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Abstract

During the master thesis, Bayesian Additive Regression Tree (BART), Bayesian Causal Forest(BCF),
and Double Machine Learning(DML) are applied to solve American Causal Inference Conference
2022 Data Challenge. Bayesian Causal Forest(BCF) is a variant of the Bayesian Additive regres-
sion tree (BART) model. The R language is used for all implementations. For evaluation of the
performances of these three models, Root Mean Squared Error(RMSE), uncertainty interval cov-
erage, uncertainty interval width, and absolute bias are employed as metrics. Root Mean Squared
Error(RMSE) and uncertainty interval coverage are emphasized among the four metrics since
they are highlighted by the Data Challenge host. The evaluations show that the three models
all have a good performance regarding Root Mean Square Error(RMSE) and the two BART-based
models have much better performances than Double Machine Learning(DML) in terms of uncer-
tainty interval coverage. Within BART-based models, Bayesian Causal Forest(BCF) outperformed
Bayesian Additive Regression Tree(BART). Moreover, the two BART-based models outperformed
Double Machine Learning(DML) significantly concerning the subgroup estimands, which is cru-

cial for dealing with treatment effect heterogeneity.
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1 Introduction

American Causal Inference Conference 2022 Data Challenge was held by the Society for Causal
Inference. It is an annual causal inference competition, and a team at Mathematica led by Mariel
Finucane and Dan Thal was running the most recent competition. The Mathematica team has
generated thousands of datasets resembling policy assessments and integrated hidden causal re-
lationships. Participants will compete to identify the best state-of-the-art methods for measuring
these impacts and assessing which social policies are making a difference to the individuals and
communities they serve. The annual Data Challenge provides an opportunity to compare causal
inference methods across different data generation processes (DGPs) and they will propose a chal-
lenging problem each year. The emphasis of the 2022 Data Challenge was on the time-varying
property of the given datasets.

Bayesian addition tree (BART) and double machine learning are the two dominant baseline
models among all submissions to the American Causal Inference Conference 2022 Data Chal-
lenge. We use three causal inference models in the thesis: Bayesian Addition Regression Tree
(BART), Bayesian Causal Forest (BCF), and Double Machine Learning. Based on the root mean
squared error (RMSE) results, they all performed well in providing us with estimates of sample
average treatment effects on the treated (SATT). Furthermore, the Bayesian causal forest outper-
formed the other two models. Considering the submission results of Mathematica’s American
Causal Inference Conference 2022 Data Challenge, my implementation results are still among

the top-performing methods.






2 Problem Setting and Related Work

Causal inference is about counterfactual predictions. The causal inference model predicts what
would happen to the same unit if faced with a counterfactual situation. Most causal inference
statisticians define a causal effect as a comparison of what happens in two or more different states.

One is fact and the other is counterfactual.

Definition 1 (unit [21])

A unit is the atomic research object in the treatment effect study [21].

Definition 2 (Treatment [21])

Treatment refers to the action that applies to a unit [21].

Definition 3 (Potential Outcome)
We define the causal effect of treatment via potential outcomes. For a binary treatment Z € {0, 1},

we define potential outcomes Y;(1) and Y;(0) corresponding to the the ith unit [19].
1. Y;(1) = Y(Z = 1) is the outcome if the ith unit is under treatment.
2. Y;(0) =Y(Z = 0) is the outcome if the ith unit is under control.

The fundamental problem with causal inference is that we can only observe one of the potential
outcomes for each unit, and the other outcome is counterfactual. Therefore, only one of Y;(1)
and Y;(0) can be observed at a time [19]. We can build causal inference models to predict the

unobserved potential outcomes Y;(1) or Y;(0) and infer the causal effects.

2.1 Data

Since 2016, the American Causal Inference Conference (ACIC) has hosted a data challenge in

which teams compete to estimate causal impacts on simulated datasets based on real-world data



from fields such as health care or education [20]. The competition provides a ground for state-
of-art causal inference methods that have the potential to revolutionize program evaluation [20].
The ACIC 2022 Data Challenge is designed to help understand which methods provide the most
accurate and sophisticated estimates of policy effectiveness. The challenge’s organizing com-
mittee designed the datasets to reflect data from evaluations of large-scale U.S. healthcare system
interventions aimed at reducing Medicare expenditures [20]. The outcome of interest in the chal-
lenge is Medicare spending.

The ACIC 2022 Data Challenge consists of 200 realizations of 17 data generating processes
(DGPs), with each realization producing a new sample of practices. Mathematica conceals the
data generation processes (DGPs), and we have no idea which datasets share a common DGP.
It is frequently unclear whether there is measured (or unmeasured) confounding in a real-world
observational study.

We have 3400 datasets in total, with each dataset containing 500 practices. Practices decide
whether or not to participate in the intervention. This means that in a treated practice, all patients
are treated, while in an untreated practice, all patients are untreated. The data has a longitudinal
structure, with patients being observed annually over time. Despite the fact that patients enter
and exit the sample throughout the four-year observation period, all primary care practices are
observed for the entire four-year period. The first two years are a baseline period during which
no intervention is provided. The intervention is then initiated in treated practices at the start of
Year 3. They will continue to receive the intervention until the end of Year 4.

The variables that are shared by 3400 datasets are described below:

id.practice: Practice identifier; Range from 1 to 500 in each dataset

Z: Treatment variable; Indicator for whether practice is in the treatment group (Z = 1) or control

group (Z = 0)

year: Observation year; range from 1 to 4

post: Indicator for whether the intervention has begun for treated practices. post = 1 in Years 3

and 4, post = 0 in Years 1 and 2.

Y: Outcome variable (monthly Medicare expenditures for patients, in a year).



X1, X2, X3, X4, X5: Unordered categorical and binary practice-level covariates used to define

subgroup SATT estimands.

X6, X7, X8, X9 : Additional practice-level covariates.

V1, V2, V3, V4, V5: Continuous, unordered categorical, and binary patient-level covariates

n_patients: the number of patients in each practice at a certain year

Each of the 3400 datasets has an id.practice value ranging from 1 to 500. Id.practice value ¢
corresponds to a year between 1 and 4 and treatment status Z;. We have the outcome Y; and the

number of patients n_patients,; at year t. Table 2.1 depicts these relationships.

vd.practice | Z |year | 'Y | n_patients

Y1 | n_patients; ;
Yy | n_patientss ;
n_patientss ;
Yy | n_patientsy;

B~ W N
e

Table 2.1 Table to show the data block of id.practice ¢ in one of the 3400 datasets.

2.2 Assumptions

Assumption 1 (Stable Unit Treatment Value Assumption (SUVTA) [21])
The potential outcomes for any unit do not vary with the treatment assigned to other units [21]. Also,
there are no different forms or versions of each level of treatment with different potential outcomes

for different entities [21].

Assumption 2 (Ignorability)
The data generating processes are free of unmeasured confounding. In the longitudinal context, this
means there are no unobserved covariates that relate to both treatment assignment and to the change

in the untreated potential outcome Y;;(0) from the period before the intervention (Years 1 and 2) to

5



the intervention period (Years 3 and 4). However, that ignorability does not preclude confounding by

trends in the observed outcomes during the period before the intervention, Yo — Y;;.

z L (Y;,’L(l)ay;f,z(o)) | Ls, fOVt S {374} ( )
2.1
Zi 1 Y;/l,z<0) — Ko,i(()) ’ X, fOl"tl S {3,4}, to € {1,2}
Assumption 3 (Positivity/Overlap)

For all i such that z; = 1, we assume overlap for the treatment group:

0<P(z;=1]z) <1

2.3 Estimands

The data challenge’s targeted estimands are sample average treatment effects on the treated
(SATTs). In total, we need to calculate 15 SATT statistics for each dataset: one overall SATT,
two year-specific SATTs, and 12 conditional SATTs defined by the 2+3+2+3+2 levels of the cate-
gorical variables X'1,X2, ..., X5. To clearly define SATTs, we will first go over the definitions of
causal effects ATE and ATT. The causal effect is the comparison between the potential outcomes

under treatment and under control for the same unit or a common set of units [21].

Definition 4 (Average Treatment Effect (ATE) [19])

Individual treatment effects are calculated from the difference between the outcome with treatment
and the outcome without treatment. The Average Treatment Effect(ATE) is the expected treatment
effect across every unit in the population. We calculate the ATE by taking the average of all individual

treatment effects.

ATE =E)Y(Z=1)-Y(Z =0)]. (2.2)

Definition 5 (Average Treatment effect on the Treated group (ATT) [19])
The Average Treatment Effect on the treated group(ATT) is the expected treatment effect across every
unit in the population which is exposed to treatment. We calculate the ATT by taking the average of

all individual treatment effects which are under treatment.

ATT =E[Y(Z=1)| Z=1]-E[Y(Z=0)| Z = 1]. (2.3)



Corollary 1

Under Assumptions 1- 3, we have:

ElY;(1) = Y(0) | X; =2] =E[Y; | Xs; =2, Z; = 1] - E[Y; | X; = 2, Z; = 0]. (2.4)

Proof. Under Assumption 1 and 2,

LHS of Equation 2.4 = E[Y;(1) | X; = z] — E[Y;(0) | X; = 7]
=ElY:(1) | Xi =2,Z; =1] - E[Y;(0) | X; = 2, Z; = 0]
(2.5)

= RHS of Equation 2.4.

Corollary 1 is very important. It gives us the foundation for calculating SATTs in the empirical
setting. In each dataset, for each practice, we only have a unique Z; value, so we do not know

the value of LHS of Equation 2.4. However, we could compute the RHS via modeling

In order to calculate SATTs, we also need to take the variable n.patients into consideration. It

serves as a weighting variable to define SATTs. With the notation of V;:
= Z n_patients,;, (2.6)
i:Zi=1

where n_patients;; denotes the number of patients in the ith practice at year ¢, we have the

following definitions.

Definition 6 (The overall SATT)
The overall SATT corresponding to all observations on the treated group across year3 and year4 is

given as follows:

4
SATT yeran = Z n_patients; ;(Y; (1) — Y;,(0)). (2.7)
Zt 3 Nt t=3 1: 1:



Definition 7 (SATT by year)
The yearly SATT corresponding to all observations on the treated group across the year3 or year4 is

given as follows:

SATT earty = Z n_patients; ;(Y; (1) — Y;,(0)). (2.8)

: ;=1

Definition 8 (SATT for subgroup S)
The subgroup SATT corresponding to all observations on the treated group and subgroup S across

year 3 and year 4 is given as follows. For example, the subgroup S could be {i € [1,500] | X, = A}.

SATT supgroup = Z Z n_patients; ;(Y; (1) — Y;,(0)). (2.9)
Ztht t=3 i:Z;=1,i€S

Here, Ni(S) = Zi:Zi:MeS n_patientsy

In addition to SATTs, we must calculate the corresponding 90% uncertainty intervals in the
2022 ACIC Data Challenge. Because the Bayesian Additive Regression Tree (BART) and Bayesian
Causal Forest (BCF) models are based on Bayesian statistics, the SATTs calculated from these
two models are based on the posterior distribution. The uncertainty intervals are then known as

credible intervals. The following is the definition:

Definition 9 (Credible interval)

Let 6 be a random variable, then a credible interval of size 1 — « is an interval (a, b) such that:
Pla<O<b|z)=1-a. (2.10)

However, the double machine learning model is not based on Bayesian statistics and the cor-

responding derived uncertainty intervals are referred to as confidence intervals.

2.4 Evaluation Metrics

To evaluate the implementation results, we primarily use root mean squared error (RMSE) and
uncertainty interval coverage. Mathematica’s presentation at ACIC 2022 also emphasizes these

two metrics. In addition, we investigate bias and uncertainty interval width in Section 6.1.



Definition 10 (Root Mean Square Error (RMSE) [19])
Root Mean Square Error(RMSE) is a standard way to measure a model’s error in predicting quanti-

tative data. It is the standard deviation of the prediction errors.

" (7 — 1.2
RMSE = Zu (2.11)
n

i=1
Here, n: number of observations; 1);: predicted value, y;: observed value

Definition 11 (Uncertainty interval coverage rate)
Assume Y1, Y, . . ., Yn are the ground-truth values of a statistic, and [ay,b1], ..., [a,, b, are their
corresponding uncertainty interval calculated through modelling, then the uncertainty interval cov-

erage rate is:
n

1
, 3" 1y, € [ai, bi]}- 2.12
ci_coverage - {yi € [a;,b]} (2.12)

=1
2.5 Propensity Score

Definition 12 (propensity score [19])
The propensity score is the conditional probability that a unit could be assigned to the treated group

based on the observed covariates [19].
e(r) =P(Z;=1]| X; =x). (2.13)

Nowacki et al. summarized a conclusion in a published article that adding propensity scores
to pure prediction models does not improve predictive performance [16]. However, as suggested
by Hahn et al,, it is a common practice to include the propensity score as a covariate in a causal

inference model [8].

Definition 13 (propensity score as an additional covariate)

The mathematical model to predict outcomes with propensity score e(x) is given as follows:
}/i = g(X“ ZZ‘, Q(XZ)) + €, €; ~~ N(O, 0'2> 1.1.d. (214)

In Equation 2.14, a Bayesian non-parametric prior of ¢(-) provides modelling flexibility, while

the propensity score covariate provides the anchor for robustness [21].



In the implementation of the BART model and double machine learning for the 2022 ACIC Data
Challenge, we add propensity score e(x) as an additional covariate. By definition, the propensity
score e(x) is part of the Bayesian Causal Forest (BCF) model.

As a result, it is necessary to consider a baseline model to estimate propensity score e(x) for
all observations (X, y). Since the treatment variable in the problem setting of the 2022 ACIC
Data Challenge is a binary variable, it is possible to implement any binary classification model
to estimate propensity scores e(z), such as the Logit model and the Prohit model. In our imple-
mentations, we use the BART Classification model to estimate propensity score e(x) to get more

precise predictions.

10



3 Bayesian Additive Regression Tree (BART)

A decision tree is a flowchart-like structure that consists of a root node, branches, branch nodes,
and leaf nodes. Predictor space is a p-dimensional space comprising all possible values of the p
covariates {z1, Za, ..., T, } that describe the observations we have. A decision tree divides the
predictor space into multiple distinct and non-overlapping regions { Ry, R, ..., R,,} and a new
observation = will be assigned to one of the regions { Ry, Rs, . . ., R, } based on its corresponding
values of the p covariates. A decision tree could also be mathematically expressed as a function
g(+) that defines binary split rules {z, € A} vs {x} ¢ A} which induce partition over predictor
space. When evaluating the value of a decision tree 7', give the input value x, one would take
x and move down the tree 7" until reaching one of the leaf nodes. BART is a Bayesian method
using sums of regression trees. Regression trees are decision trees where the target variables can

take continuous values instead of the class labels in the leaf nodes.

x1<0.4

/N

x2<0.8 x1<0.6

NN

u3=0 x2>0.5

/N

p4=2 u5=7

Figure 3.1 An example of decision tree

In Figure 3.1, assuming that there are p predictors, the decision tree divides the covariate space
into five distinct regions { Ry, Rs, R3, R4, R5}, where Ry = {z = (21,22,23,...,7p) | 1 <
0.4, 7, < 0.8} and so on. Therefore it could be expressed as a function g(z) = >0 1(z € R),

where (1 is the mean of all outcome values y; which are assigned at leaf node /.

11



The partition of covariate space which corresponds to the decision tree in Figure 3.1 is illus-

trated in Figure 3.2.

X1

pé

u5

Figure 3.2 Illustration of partition of covariate space

Bayesian Additive regression tree (BART) is a Bayesian non-parametric model for causal infer-

ence which is first introduced by Chipman et al. [4]. It is a sum-of-trees model for approximating

an unknown function f(-). Each tree in the model acts as a weak learner and explains only part

of the result due to regularization. Considering the common regression framework:

y=f(z)+e e~N(0,07), (3.1)

we could define the BART model as below:

’y:zgj(fﬂ, (irja;uj))_l_ea ENN(OaUQ)a (32)
j=1
where:
m: the total number of regression trees,

Tj:

i

gj:

the jth binary regression tree,

represents leaf nodes of the jth binary regression tree, assuming that the number of leaf

nodes is L;, then the vector of leaf node means 1; = (p1, - . ., 45z, ),

function mapping each leaf node to the set of predictors = {z1,...,x,}.

12



The pair (7}, j1;) defines the structure of the jth tree. We can deduce from the definitions
above that f(z) = Ely | ] is the sum of all the leaf nodes assigned to x by a series of functions
{91, -.,9m}. In equation 3.2, the number of trees m is a hyperparameter that should be pre-
specified before the experiment, while 6 = {(11, 1), ..., (T, ftm), 0 } is the set of parameters
to be determined during the experiment. Compared to ordinary decision tree models, BART is a

Bayesian model based on Bayes’ Theorem. Hence, building the BART model requires two steps:
Step 1: Specify the prior distribution for all the parameters in set 6.
Step 2: Draw posterior distributions using Gibbs sampler and Metropolis-Hastings algorithm.

We will show the details of the two steps in the following part.

3.1 Prior Specification

To construct priors for the parameter set 6, it is trivial to make independence assumptions. Here,
it is assumed that all the trees in the model are independent, i.e. 7; L T}, and all the leaf nodes
within the same tree and between trees are also independent of each other. As a result, we could

decompose the prior distribution of the parameters:

p((T1, pa)s - s (T i), 0) = [

(Ty)p(p; | T5)lp(o®) (3.3)

3.1.1 The Leaf Node Prior

We assume the normal distribution for each single leaf node, i.e. pj; | Tj ~ N (p,, 05). The
prior of f(x) follows A (myi,, mo?,). The hyperparameter 11,,, 0, are set by solving the following
equations:

Ymaz = MUy, + k\/EO'M,
(3.4)

Ymin = MLy, — k\/ﬁaw

13



where Yimaz, Ymin are derived from the observation data, k is a hyperparameter which could be
tuned [21].

In software implementations, it used linear transformations to set 1, be zero. In the follow-
ing sections, we also assume /i, to be zero for the sake of simplicity in posterior calculations.

Therefore, we could refer to the leaf node prior as:
pj | Ty ~ N(0,71r)), (3.5)

where 7 denotes the variance of the kth leaf node 1., conditioning on 7 after the linear trans-

formation and could be computed via the following equation:

_ max(y) — min(y)

2/

(3.6)

3.1.2 Error Variance Prior

The prior distribution for o2 is set to be inverse Gamma distribution with hyperparameter v and
A
o? ~ InvGamma(v/2,v\/2). (3.7)

A is chosen based on ¢, which is the residual standard deviation of simple linear regression Y =
X 3 + €, such that:
Plo <o) =q. (3.8)

Here, the hyperparameter pair (v, ¢) should be chosen before the experiment.

3.1.3 Tree Prior
The prior distribution of the trees consists of two parts:
1. A prior on the shape of tree Tj.

2. A prior for the splitting rules {z;, < hy} for each branch node of the tree, where z; is a
predictor variable(part of x) and h;, is chosen from available values at the branch node by

the discrete uniform distribution [21].

For the first part, we should think about a function that limits the depth of trees so that each

tree is only a weak learner. A node at depth d is a a branch(non-leaf node) with prior probability

14



W, with D,, = 1 indicating that the nth node at depth d(n) is branch. Here, n is the node

index in the tree, and d(n) = |logz(n)]. Thus, D,, = 1 has the following probability:

P(Dn=1):(1fd)ﬁ, 0<a<1,8>0. (3.9)

The hyperparameter pair («, ) is pre-selected to make the decision tree shallow. The hyper-
parameter setting will be further explained in Section 3.5.1. Assuming that there are p predictor
variables and the probability to select each predictor is equal to 1/p, the prior probability for the

entire tree 7j could be expressed as:

1
= H a f E x — x P(select the kth value of predictor j to split)
p
v

X 1:[[1 - ﬁ]’

(3.10)

where 7 is the set of branch node indices and  is the set of leaf node indices.

3.1.4 Summary of Prior Specification

Probability model:

vi | {5 i) Yies. o ~ NO g5 Ty pg), o).
j=1

15



The priors for BART could be summarized as:

p((Te )+ (T i) 0) = [ ] (Tl | T))p(0®),

x P(select the kth value of predictor j to split)

X H[l - IP)(DTL = 1)]7

o® ~ InvGamma(v/2,v\/2).

3.2 Posterior Draw

Following Bayes’ Theorem, the posterior distribution is given below:

P({(Tj: 1) ¥t o | y) o< ply [ {(T5: 1) }itrs 0 X)p({(T5: 1) i, 0).- (3.11)

It is tricky to derive the posterior draws of tree structures, leaf node means, and the error vari-
ance. Chipman et al.developed a strategy that used Metropolis-Hastings within a Gibbs sampler
to obtain posterior draws [4]. It is called the MCMC Backfitting algorithm [4]. Gibbs sampling is

the primary structure used to derive posterior distributions.

Definition 14 (Gibbs Sampler [5])

The process in a Gibbs Sampler is described as follows:

B Initialize2©) = (zy,...,2p) ~ q(2)
B For iterationi = 1,2,... do
o :cgi) ~p(Xy=a | Xo = xg;l), X3 = xéifl), .., Xp= x%ﬁl))
o :zjgi) ~p( Xy =1 | Xy = :n§i‘1),X3 = :l?i())i_l), .., Xp= asg_l)) :
o x%) ~pXp=ap|X; = xgi_l),Xg = x;i_l), oy Xpo = x%:ll))
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Let pair (7_;, u—;) denotes {(T3, 11;) }11 \ (7}, 1) ,then we could make one posterior draw of

{(T}, j15) }72, by the following procedure:

Procedure 3.1:  Posterior draw of {(7}, i1;)}72, and o

[

Sample ThMl ‘ (T—h/ﬁ—l)v@y
Sample T27/’L2 | (T—27,u—2)70-)y

N

Sample Trn, i | (T i), 0,y
Sample g | {(1—37ﬂj)};‘n:17 Y

(S

Definition 15 (Partial residual of observations [4])

The jth partial residual of the ith observation in the BART model is defined as:

Tji = Yi — Zgh(%’; T, pin)- (3.12)
h#j

The general form of the j-th partial residual in the BART model is defined as:

ri=y— Y gn(@; T, ). (3.13)
hj
Since
rji = [y — Zgj(fl?i;Tij)] + g;(@i; Ty, 1), (3.14)
h=1
then 7;; could also be written as:
rji = gj(l’z, Tjj, ,M]) + €, €~ N(O, 0'2). (315)

Hence, the likelihood of ;; conditional on (77, 1;), o is:

p(rji | (ijluj>70-) NN(gj(xi;I}7Mj)702)' (3-16)
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We could replace (1", p1—;), o, y with r; in Procedure 3.1 to derive posterior draw of {7}, f1;}72,.
Therefore, the posterior draw of a single regression tree (77, it;) could be written as: p(7}, 11, |

r;,0). It can also be further decomposed using Bayes’ Theorem.
p(Tj pj | 755 0) < g | Ty, 0)p(T5 | 7, 0)- (3.17)

Following the notation of r; and the decomposition stated above, Procedure 3.1 could be modified
to the following procedure. Compared with Procedure 3.1, the following procedure based on
partial residuals r; allows the Metropolis-Hastings algorithm to be used to draw posterior trees

from conditional distributions.

Procedure 3.2: Posterior draw of {(7}, u1;)}72, and o

Compute 71

Sample T} | 71,0
Sample p1 | Th, 71,0
Compute 79

Sample T3 | r9, 0

A G e W N =

Sample ug | To,r9, 0

~

8 Compute 7,

9 Sample T}y, | 7, 0

10 Sample pi, | Trny "'y 0

11 Sample o | {(T) 1)} 1,y

3.2.1 Posterior Draw of Tree

To propose a new tree from the old tree, an additional algorithm must be used. Chipman et al.

used the Metropolis-Hastings algorithm to generate a candidate tree [4].

Definition 16 (Metropolis-Hastings algorithm [5])

The process in the Metropolis-Hastings algorithm is described as follows:

B Start from an initial state y*) andt = 0

B For iterationt = 0,1,--- do
o Sampley* from a proposal distribution q(y* | y)

18



o Compute the acceptance probability «, defined as:

* (t) *
ey e P [ y)
aly™, y\") = min{l1, (3.18)
( ) t pyD)a(y* | y(”)}

o Sample U ~ U(0,1)
o IfU < a, then:

Yyt oy (3.19)
o Else:

S ) (3.20)

There are four possible ways to generate a candidate tree 7™ from current tree 7}:

1. Grow: Randomly chooses a leaf node of current tree 7} and splits it further into left and

right children;

2. Prune: Randomly chooses a branch node(non-leaf node) where both the children are leaf

nodes and prunes the two leaf nodes to make the branch node a leaf node;
3. Change: Randomly chooses a branch node(non-leaf node) and changes its splitting rule;

4. Swap: Randomly chooses a parent-child pair which are both branch nodes and swap their

splitting rules;

However, Pratola et al. demonstrated that only grow and prune proposals are necessary for
generating tree candidates [17]. Typically, only these two proposals are implemented in BART
models by software packages. The probabilities of modifying the current tree 7} with grow pro-

posal or prune proposal are pre-specified.

Pgrow(ﬂ) =0.5 Pprune(,-rj) =05 (321)

If we sample ¢ from a Bernoulli distribution with p = 0.5, then £ = 1 indicates that we will
choose a grow proposal, otherwise we will choose a prune proposal. Let us now consider how
to use the Metropolis-Hastings algorithm(Definition 16) to generate a new tree structure. Since
the prune proposal is simply an inverse operation of grow proposal, the details for calculating

acceptance probability « are nearly the same. We will go over the details of grow proposal. Since
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p(T; | rj,0) < p(r; | T;,0)p(T;), and p(T;) represents the prior distribution of tree 7}, then the
acceptance probability is:

p(r | T, 0)p(T")q(T; | T)

a(T",T;) = min{1, p(r | Ty, 0)p(T;)q(T* | T5)

}. (3.22)

Thus, the procedure for generating a single tree 7; in Procedure 3.2 is described below:

Procedure 3.3 Generate a single tree 7}

Sample w ~ Bernoulli(p = 0.5)
If w = 1, then: run grow proposal
Else: run prune proposal

Calculate acceptance probability a:

p(r™ | T, 0)p(T")q(T; | T7)

p(r; | T3, 0)p(T;)q(T* | T;) } (3.23)

a(T*,T;) = min{l,

Sample U ~ U(0, 1)
if U < a, then: Tipq =T

Else: Tiq < T;

Here, we only consider one iteration in the Metropolis-Hastings algorithm since it is inside a
Gibbs sampler. Thus, the only thing left to derive the posterior draw of 7} is to calculate . Fig-
ure 3.3 and 3.4 visualize the current tree 7; and candidate tree 7™ in a grow proposal respectively.

In Equation 3.23, p(7}) and p(1™) are prior distributions of trees which are pre-defined in Sec-
tion 3.1. ¢(T™ | Tj) is the transition probability from 7} to 7™ with a grow proposal, while
q(T}; | T*) represents the transition probability from 7™ to7; with a prune proposal. The follow-

ing three steps determine the transition probability ¢(7; | 7):
1. Randomly choose a leaf node and turn it into a branch node.
2. Randomly choose a predictor x; for the splitting rule.

3. Randomly choose a cutoff point b; from the observation values of x; to split at.
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Figure 3.3 Current tree 7} in a grow proposal
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Figure 3.4 Candidate tree 7" in a grow proposal

Thus, ¢(T™ | T;) for a grow proposal is calculated as follows:

q(T" | Tj) = Pgow(Tj) x P(Selecting a leaf node h)

x P(Selecting a predictor variable z;) x P(Selecting the kth observed value of ;)

1 1
=05xX =X
L numberofavailablepredictorstospliton
1

number of available observed values of x; as cutoff point’

(3.24)

where L is the number of leaf nodes in the tree 7}.
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To make a prune proposal, we simply choose a branch node whose children are all leaf nodes

at random and remove these two child nodes. Thus, ¢(T™ | T}) is calculated as follows:

q(Tj | T*) = Pprune(T™) x P(Selecting a branch node whose children are all leaf nodes)
) (3.25)
= 0.5 x

number of branch nodes whose children are all leaf nodes

Thus, the only way to derive a(T™*,Tj) is to get p(r; | 1},0) since p(r* | T%, o) could be
calculated in the same way. It is simple to deduce from Definition 15 that for a single observation
i, p(rji | Tj, pj, 0) ~ N(g;(zi; Ty, i), o), We will show p(r; | T}, j14, o) in a multivariate normal
distribution form later. Then, using Bayes’ Theorem and integration, we can derive p(r; | 1}, 0)

as follows:

p(rs | Ty o) = /p(mﬂj Ty, 0)dy,
(3.26)

= /p(rj | 13, Ty 0)p(s | T5)
where p(y; | T;) is the prior distribution and has been specified in Section 3.1.

g; is an indicator function that maps one observation x to the a single leaf node i. We assume
that tree 7; has L; leaf nodes and that there are n observations. Consider the predictor matrix
X = (@1, 22,...,2,)" with all the observations included, thus the dimensions of X is n X p. g;
maps matrix X to vector WW; with dimensions n x 1, and W} is defined with the help of basis

matrix X; with dimensions n x L;:

Definition 17 (helper matrices [5])
In order to clearly derive the posterior distribution formulas in the following parts, two helper matrices

are defined as follows:

1(z1 € Rj1) 1(z1 € Rjp) -+ 1(z1 € Ryp,)

X 1(zy € Riy) 1(zo € Rin) -+ 1(x9 € Rir.

X] — ( 2 ' ]1) ( 2 ' ]2) ( 2 ‘ JLJ) ’ (327)
| 1(z € Rj) 1(zn € Rpp) -+ Lwa € Ryr,)]
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~

:Xj X Hj
1(z1 € Rjy) (w1 € Rjp) --- 1(x1 € Ryp,)

1(za € Rjy) (w2 € Rjp) --- 1(x2 € Ryp,)

1(3771 € le) 1(l’n c Rjz)

1($n € Rij )_

Hj1
Fj2

| H5L;

ujll(xl < le) + ,Ujgl(Il € Rjz) + -4+ ,Ujl].(l’l - RjL].)
pj1l(ze € Rj1) + pjol(xa € Rja) + -+ + pjr, 1(22 € Rjr;)

_,U,jll(l’n S le) —f‘,ujll(l‘n € Rjg) + .- +Mj11<xn S Rij)_

(3.28)

where, R;;, represents a partition of the covariate space corresponding to leaf node I in tree T}, [y,

defines the leaf node mean corresponding to leaf node h in treeT;, and L; is the total number of leaf

nodes in tree T;.

Assuming the independence of distinct observations, with the notation that r; = (71,72, ..., 7jn)
isanx1vectorand p; = (1, fij2, - - -, ftjz,)" isa Ljx 1 vector, we could express p(r; | T}, i, 0)
in a multivariate normal distribution form:
T'j ’ Tja Hj, 0 ~ N(Xj,ujv 02[n)7 (3.29)
n _ 1 . .
p(rs | Ty 13, 0) = (2m) ™ det(0® L) Peap{—g 5 (ry = Xyuy)" (r; = Xy} (330)

In the BART model discussed above, the concrete form of p(r; | T}, 0) could be derived in the

following theorem.

Theorem 1

The distribution of partial residual r; conditional on (T}, 0) is:

ri | Tj,0 ~ N(0,0°I, + TXJXJT)

(3.31)
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Proof.

Py | T3e0) = [ 00| T ool | T
= (2m)” "2 det(0?1,) 72 det(rLy) T
X /eXP{—%[(Tj — X)) (0% 1,) " (ry — Xjuj)]}exp{—% X pd (T1,) " Yy,
= (2m)” )2 det(0?1,) 72 det(rL;) 71
X /eXP{—%[(Tj — X)) (02 1,) 7 (ry — Xjpg) + gk (71p,) " gl by

T,
TiTy

= (27r)—(n+Lj)/2 det(02[n)_1/2 det(TLj)_l/Q exp{—#}
g

1 s - .
X /exp{—é[u;‘r(a X7 X+ 7 )y — 2r] (021,) 7 X ) Y.
With the following definitions of extra variables:

. —2vT v -1
B.:O' Xj Xj"i‘T ILJ-;
a ::a_zB_lerj],

A Y 1T,
ci=—o0 1 TX;B X r;,

yields
rEr; c
plry | Ty, 0) = (2m) )2 det(021,) 2 det(rLy) ™ exp{—5 } exp{—}
1
< [ exp{=5l(n; ~ o Bl ~ )}
(3.32)
According to the properties of multivariate Gaussian integral,
1 , _
/GXP{—§[(MJ‘ — )" B(p; — a)|}dp; = (2m)"7 det(B~)"/2, (3.33)
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Thus,

plry | Ty, o) = (2r) "+ L)/2 det (0 1,) /2 det(rL;) /2

rTy;

- g} x (2m)Ei2det(B1)1/2
o

= (2m) 7" det (0 L,) "/ 2det(r L)/

x exp{—

1 _ 4 el _
X exp{—ifr’jT[a ’I, — o 'X,B 1XJT]T]'} x det(B~1)Y2,
Applying Woodbury matrix inverse formula, yields:

p(rj | Ty, o) = (20) "2 det(0*1,) "/ *det(rL;) /2 det([a’QXjTXj + 7"1ILJ,]’1)1/2

1 S ST
X eXp{—ETJT[O'an + TXijT] ).
Using properties of determinant, yields:

o S ST 1 S ST—
p(r; | T;,0) = (2m) /2 det (0?1, + TXijT) 1/2 e><p{—§7“jT[<721n + TXijT] lrj}.

(3.34)

Thus, p(r; | T}, o) follows the form of a multivariate normal distribution and we could say:
ri | Tjoo ~ N (0,01, + 7X,X]). (3.35)

]

3.2.2 Posterior Draw of Leaf Node Means

Definition 18

In order to simplify the notations in the derivation of the following theorem, a helper matrix © and

a helper variable 7; are defined as follows:

O =(r'I, + o2 X X)), (3.36)
;=02 XTr;. (3.37)
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Theorem 2

In the BART probability model, the posterior distribution of y; is as follows:

Hj | ’f’j,T‘mU NN(@?%,@) (338)

Proof. According to Procedure 3.2, to derive the posterior draw of leaf node means is to calculate

p(pj | 5, T;,0) and sample from this posterior distribution. Thus, using Bayes’ Theorem,
P | 75, T, 0) o< p(rj | i Ty, 0) X pp; | T5). (3.39)

p(p; | T;) is a prior distribution and has been pre-specified in Section 3.1. From Equation 3.30,

vy |y, Ty, 0~ N (rj = Xjp5,0°1,), thus,

Py [ 75, Ty, 0) ocp(ry | g, Ty, o)p(py | Tj)

1 5 . 5 _
MeXP{_g[(Tj — X)) (02 0) " (ry = X)) + g (72 11,) " ]}
By multiple matrix operations, yields:

plis | 75, T5,0) oxexp{—5 (s — ©7)70 1, — O]}

(3.40)

Because a normal prior is conjugate to a normal likelihood with known variance, p; | 5,7}, 0
also follows a multivariate normal distribution. As a result of the preceding derivations, we can

obtain that y; | r;, T}, 0 ~ N (O7;, O). O

3.2.3 Posterior Draw of Error Variance

According to Procedure 3.2, to derive the posterior draw of error variance, one must calculate

p(o® | {(T}, 11;)}71, y) and sample from this posterior distribution. Using Bayes’ Theorem,

p(o® | {(T, i)Yy, y) o< p(y | {(Ty, 1) Yoy, 0)p(0). (3.41)

0? ~ InvGamma(v/2,v\/2) is pre-specified in Section 3.1.
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Theorem 3

In the BART probability model, the posterior distribution of o is as follows:

m

v+n 1

5 aﬁ[yi_zgj(xiQE’Uj)+VA])' (3.42)

o? | (TG, 15) ¥ier, y ~ InvGamma(
j=1

Proof. According to the definition of the BART model, for a single observation %, we have:
Yk | {(7}7 ] 1,0 Zg] T; ]a,uj ) (3.43)

Thus, assuming the independence of distinct observations, ¥ = (y1, ¥z, ..., ¥.)’ conditioning on
({(T‘]a l’[’]) §n:1a U) yieldS:
y {15, m)}ier, 0 ~ NG, 0 L), (344)

where ¢ := (371, g;(x1; Ths 1), 22500 95 (s Ty ), - - 2000 95(@as Ty, 15))" Thus,

p(o® | {(T5, i)Yy, y) ooy | {(T5, 1)}y, 0)p(0)

(o) expl =5 Z[w =3l Tl (@) e e

}
A2
OC(Uz)_(V+n)/2_1€Xp{ Z Zg] i ]a,u] v / 2Ly

—(\V—n — 1 -
ox(g?) W/ 16XP{—ﬁ Z[yi—zgj(l'i;Tjaﬂj)‘i‘V)\]}-
=1

j=1
(3.45)
Hence,
9 m v+n 1 o
0" [{Ti i}ty y ~ InvGamma(—=, Sly: — > 93w Ty, py) + vA). (3.46)
j=1
OJ

3.3 Summary of BART Model

The details for calculating a posterior draw of {(7}, i) }7~,, o are now completed. The MCMC

Backfitting algorithm is summarized below to sample iter.max posterior draws:
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Algorithm 1: Metropolis-Hasting within Gibbs sampler for BART model
Input: n observations {z;, y; }I ,, hyperparameter set (v, q, k, «, ), number of MCMC

iterations iter.max, number of trees m.

Output: Posterior draws of Z;nzl g5 (24 Tj(t)7 uﬁ-”) and o®, fort = 1,2, ..., itermax.
1 /* Step 1: Initialization at ¢t=0 */
2 for j =1tomdo

3 | Initialize Tj(o) with a single leaf node

-

Sample u§0) ] Tj(o)from prior distribution

5 end for

=)

0 0 m
Sample (U2>(0) ’ {(7}( )7M§ )) j:luy

~

/% Step 2: Posterior draws */
s for ¢t = 1 to iter.max do

9 for j = 1tom do

10 Setrj; < yi — Zh# 9n(@i; Th, pin)
1 — a grow proposal
1 Sample £ ~ Bernoulli(p = 0.5), £ =
0 — a prune proposal
12 Sample Tj(t) | 7y, oY) Tj(t_l) from Metropolis-Hasting algorithm according to a
grow/prune proposal
13 Sample ,u§-t) | 7}, Tj(t), oY ~ N(O7;,0)
14 end for

15| Sample (o) | (T, u))ymy g ~ 1G22, Ly — ST g T, i) + wA))

16 end for

3.4 BART Model for Classification

What has been discussed until now is the BART model for regression with continuous outcomes.
According to Chipman et al., BART could also be used for classification with binary outcomes [4].
It could be extended to include classification using the Logit model or Prohit models. The Logit

and Prohit link function could map probability p € (0, 1) to the real axis(—o0, +00).
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Definition 19 (BART for classification [4])

The concrete expression of the BART model used for classification is given as follows:

Py =1 | i, {Ty, p_g¥iey) = w(Y gi(xi Ty 1)), (3.47)
j=1
where u(a) = m oru = ®, the cumulative distribution function of a standard normal
distribution.

Then, let us consider the case when u = ®.
Py = 1| 2, {T), 15}y Zg] T, (3.48)

Considering a latent variable Z, which satisfies:

Y; = 1{Zl > O},
(3.49)
ZZNN(/\,l),:>Zl:)\—|—€“ €1NN(0,1)
Thus, by symmetry of standard normal cdf,
Ply: = 1w, {T) 15 }720) = P(Zi > 0 | @, {T}, 172
“ PO 6> 0] (T 1)
=P(e; > —A | i, {1}, i } =) (3.50)
=Ple; < A i, {T), s }ity)
= d(N).
According to Definition 19, we could choose the value A as:
A= gi(wi Ty ). (3.51)
j=1
Thus,
N g Th,py), 1), (3.52)
j=1
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Meanwhile,

Zi >0 lfyZ = 1,
(3.53)

The preceding discussions provide us with the intuition to define Z; conditioning on y;.

Definition 20 (latent variable Z [3])
We introduce latent variable Z with the following form in the procedure of the BART model for

classification.

Zi | yi = 1~ maa{N (Y g;(xs; Ty, 17), 1), 0},

J=1

Zi |y =0~ min{N(Zgj(xi;Tj,,uj), 1),0}.

J=1

(3.54)

As aresult, in the procedure of the BART model for binary outcomes, we could use latent vari-
able Z instead of y as continuous outcomes. We draw a new Z; based on the current Z;nzl gj(xi; Tj, 1)

in each MCMC iteration, and then the new Z; is used to update Z;n:l gi(xi; T5, 115)-

In terms of the BART model’s prior distribution specification, the independence assumptions
and hyperparameters are the same as in the BART model for continuous outcomes, except for
error variance o2. The parameter o is not included in the BART model for classification due to
Definition 19. The procedure in Gibbs sampler is nearly identical to Algorithm 1. As a result,
the Metropolis-Hastings within Gibbs Sampler for BART with Probit link is summarized below,

along with definitions of © and 7'; in Definition 18.
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Algorithm 2: Metropolis-Hasting within Gibbs sampler for BART model with binary outcomes

Input: n observations {z;, y; }I , , hyperparameter set (k, v, 5), number of MCMC
iterations iter.max, number of trees m.
Output: Posterior draws of 2721 g5 (24 Tj(t)7 uﬁ-“) and o, fort = 1,2, ..., itermax.
1 /* Step 1: Initialization at t=0 */

2 for j =1tomdo

3 | Initialize Tj(o) with a single leaf node

-

Sample u}o) | Tj(o)from prior distribution

5 end for

=)

/% Step 2: Posterior draws */
7 for t = 1 to itermax do

-1 —1ym
s | Sample Z; | y;, {77V, pul70ym ~

mam{/\/’(z;":l gj(xi;@(t_l),ugt_l)), 1), 0} if y,=1 _
for j = 1tomdo
min{N (3270, g4(i; Tj(t_l)7 u(t_l)), 1), 0} if y=0

J

9 Set Tji — Z; — Eh;ﬁj gh<xi;Tha,uh)
1 — a grow proposal
10 Sample ¢ ~ Bernoulli(p = 0.5), £ =
0 — a prune proposal
11 Sample Tj(t) | 75, 0, Tj(t*l) from Metropolis-Hasting algorithm according to a
grow/prune proposal
12 Sample ugt) |7, Tj(t), ot=Y ~ N (O7;,0)

13 end for

14 end for

3.5 BART implementation

3.5.1 Hyperparameter Setting
3.5.1.1 Hyperparameters for Tree Size

We know from Section 3.1 that the probability of a node at depth d being a branch node is (1 +
d)_ﬁ ; thus, with the default setting & = 0.95, 5 = 2 we can get the table of tree size and its

corresponding probability.
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tree size 1 2 3 4 5
probability || 0.05 | 0.55 | 0.28 | 0.09 | 0.03

Table 3.1 Table to show the distribution of tree size.

Thus, it is likely to have trees of size 2 or 3. This means that the default setting for o« and /3

prefers small trees.

3.5.1.2 Hyperparameters for Error Variance

As a rule of thumb, we have three realizations of a hyperparameter pair (v, q) to choose from.
Each of the choices leads to a different probability distribution of o and thus results in different
fitting results. (10, 0.75) leads to conservative fitting, (3, 0.9) leads to default fitting and (3, 0.99)

results in aggressive fitting. We use the default setting (v, ¢) = (3,0.9) in our implementations.

3.5.1.3 Summary of Hyperparameter Setting

Cross Validation is a common method for fine-tuning hyperparameters. We try several times
with different settings of (v, ¢, k, «, 3), and their differences are slight. A number of articles have
mentioned that the default settings for the BART prior are effective and that BART models are
easy to use. As a result, they rarely require hyperparameter tuning. For hyperparameter m,
increasing the number of trees usually makes a difference for m < 200. However, for large m,

the difference is marginal, and the computing power and time consumption are excessive.

3.5.2 Inference Statistics

In posterior inference for the BART model, we discard the first 500 iterations and used the next
1000 iterations for posterior inference as the default setting. Let us assume that the posterior
draws of f(z;) are {fi(2;), f2(x:) ..., fiooo(xi)}, where f; is the sum of trees in one iteration

and z; denotes the ith observation, i.e. as described in Algorithm 1,

Filws) =D gias T, P00y, (3.55)

Jj=1
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Thus, the posterior mean of f(x;) is given by f(z;):

~ 1 1000 R
f@i) =—=> fi (3.56)
1000 ; g

Furthermore, we are able to derive credible intervals from posterior draws. We consider the fol-
lowing two approaches to creating credible intervals. Method.1 was first proposed by Chipman

et al. while we also design Method.2 ourselves [4].

Method.1 Directly use quantiles:

To get a (1 — a)% credible interval is to calculate the upper a//2 and lower /2 quantiles

0f{f1(33¢), fz(%% SR flooo(i’fi)}~

Method.2 Add stochastic error:

From each posterior draw, we could also get ¢(°°+*) and then draw posterior §j;, by adding

a stochastic error which is sampled from a normal distribution, i.e.

O = fxk(z;) +¢é

v (3.57)
— Zgj (s 7(500+k) M('500+k)) e, e~ N(0, 0000

J 1
j=1

where z; denotes the ith observation. Then we can construct a (1 — a))% credible interval

by calculate the upper /2 and lower «/2 quantiles of {1, 92 ..., U1000}

3.5.3 Posterior Inference for Propensity Score

Although the propensity score could be computed by any classification algorithm in principle,
we estimate the true propensity score e; using Prohit BART for more robust results with the

following model.

e =D gn(@ Th, ) + €, € ~N(0,1), (3.58)

h=1
where ® denotes the cdf of standard normal distribution and the covariates z; to estimate propen-
sity score e; may be different from covariates x; to estimate outcome variable Y;.
According to the official website of the 2022 ACIC Data Challenge, treatment status can be
a function of practice-level covariates X and pre-treatment outcomes. Furthermore, because

we choose to work on a practice-level track, we discard patient-level covariates V' and added
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the number of patients in each practice in the pre-treatment stage. Because the organization
committee, Mathematica, emphasizes the difference in outcomes Y between years 1 and 2, it is
included as an additional covariate.

There are several R packages available to implement the BART model, and we use the "BART"
package(Sparapani et al. [6]) for our implementations. The "BART" package includes functions
for the BART model that produce both continuous and binary results. It is convenient to select
data for training and testing. We use BART::pbart to model propensity scores with the previ-
ously mentioned covariates. It is worth noting that the function’s output values are not predicted
propensity scores €;. We need an additional logistic function to convert the posterior draws of a

sum of trees )" | g;(wi; Tj, 1) to range (0, 1). The procedure is outlined below.

Algorithm 3: BART to estimate propensity score using R package
Input: 3400 datasets and number of trees m.

Output: Estimated propensity scores for each dataset.
1 for v =1 to 3400 do
2 Read ith dataset
3 Construct dataframe df 5o With practice-level covariates X, pre-treatment outcomes
Y] and Y5, number of patients in pre-treatment stage size; and sizes, difference of

year1 outcome and year2 outcome di f f

4 Convert categorical variables to factors
5 Use BayesTree::makeind to dummy-encode factors
6 Run BART::pbart with treatment status Z as response variable for training data,

df pscore as training data as predictors for training data

7 Convert BART::pbart outputs to probabilities with a logistic function

8 Average the probabilities across iterations to get estimated propensity scores
9 Save the ith dataset with estimated propensity scores
10 end for

3.5.4 Posterior Inference for SATTs
In this subsection, we will demonstrate how to estimate SATT,,.,q;. We use the following model
to fit outcomes Y in year 3 and year 4.

Yi = fu(x, Z,6(Z)) + e k € year3, yeard (3.59)
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Where = denotes selected predictor covariates except treatment status, Z denotes treatment sta-

tus, é(x) denotes the estimated propensity score which is obtained in Algorithm 5.

With regard to variable selection, for £ = year3, we select the practice-level covariates X,
estimated propensity score é, treatment status variable Z, pre-treatment outcomes Y; and Y5,
number of patients in pre-treatment stage size; and sizes, the difference of year1l outcome and
year2 outcome di f f. While for k = year4, we select the same covariates as for year3 together
with the year 3 outcome Y'n_patientss. It is important to note that we add estimated propensity

score as an additional covariate for both year 3 and year 4 to increase the robustness of the model.

Moreover, to reduce the number of covariates, we performed the variable selection algorithms
proposed by Bleich et al. [1]. Unfortunately, no significant results were obtained. The selected
variables varied too much across different datasets and the prediction results were bad with the

selected variables. As a result, they were not used in my implementations.

Since
4

1 .
SN, > Y nopatients; (Y,;(1) — Y.,(0)), (3.60)
t=3 "'t =3 4:7;=1

with ¢ as the practice id, I built two BART models respectively with R package "BART". I build

SATToverall =

one BART model with the selected predictors and Y3 ; as the response variable with, and then
predicted Y3 ;(1) and Y5,(0). I used Y,; as the response variable with the selected predictors
to build another BART model and then predicted Y, ;(1) and Y, ;(0) in the same way. The pre-
dicted values of these two BART models are also used to compute annual SATTs and subgroup
SATTs. I tried both Method.1 and Method.2 in Section 3.5.2 to construct credible intervals.

The processes are summarized below.
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Algorithm 4: BART to calculate SATTs using R package with Method.1 to construct credible

intervals
Input: 3400 datasets and number of trees m.

Output: Estimated SATTpyerair, SATTyeqriy and SAT Tgypgronp and their corresponding
credible intervals for each dataset.
1 Initialize record dataset which is used to save estimated SATTs and the upper and lower
bounds of credible intervals
2 Initialize count = 0 which remembers the index to write the estimations in the record
dataset
3 for i =1 to 3400
4 | Read ith dataset
5 | Read the record dataset
6 | Read the estimated propensity score é saved in Algorithm 5
7 Construct dataframe df .,-3 Which consists of the practice-level covariates X,
treatment status variable Z, estimated propensity score ¢, pre-treatment outcomes Y;
and Y5, number of patients in pre-treatment stage size; and sizes, difference of yearl
outcome and year2 outcome di f f and estimated propensity score é
8 Construct dataframe dfcqr4 Which consists of the practice-level covariates X,
treatment status variable Z, estimated propensity score é, pre-treatment outcomes Y;
and Y5, number of patients in pre-treatment stage size; and size,, difference of yearl
outcome and year2 outcome di f f, year3 outcomes Y3 and estimated propensity score
é
9 Convert categorical variables in dataframes dfyeqr3 and dfyeqra to factors

10 Use BayesTree::makeind to dummy-encode factors in dataframes df c.-3 and df yeqra

11 | Select rows in dataframe dfycq,3 with Z = 1 and save it as df;ggfgt

: . s ptarget
12 | Change the column of Z in d ;nggt to (0,0,...,0)" and save it as df yizgrz
13 | Select rows in dataframe dfycqr4 with Z = 1 and save it as df;ggfit

> .target

14 | Change the column of Z in d ;ngit to (0,0,...,0)" and save it as df .o,

15 Run BART::wbart with Y3 as response variable for training data, dfc.-3 as predictors

o , - target
for training data, rbind(df %5 dfyfﬁ?,

year3 s ) as predictors for test data

16 Run BART::wbart with Y, as response variable for training data, df,c.-4 as predictors

o , - target
for training data, rbind(df 95 dfyZLiZ

yeard

) as predictors for test data
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Algorithm 4: BART to calculate SATTs using R package with Method.1 to construct credible

intervals

17

18

19

20

21

22

Initialize 15 numeric vectors each with length 1000 for satt,yerai, Sattyears, Sattyeara
and 12 subgroup SATTs

Use predictions from the two BART models and the number of patients of
corresponding practice in year 3 n_patients,c. 3 and year 4 n_patientsyeqr4 to
calculate SATTs in 1000 posterior draws and save them in the 15 numeric vectors

Average each of 15 numeric vectors to get the final estimation for
sattoverall, S0ttyears, Sattyeqra and 12 subgroup SATTs and save it to the record dataset

Construct credible intervals for 15 SATTs with 0.05 and 0.95 quantiles of their
corresponding numeric vectors as lower and upper bounds and save them to the
record dataset

Update count < count + 15

end for
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Algorithm 5: BART to calculate SATTs using R package with Method.2 to construct credible

intervals
Input: 3400 datasets and number of trees m.

Output: Estimated SATTpyerair, SATTyeqriy and SAT Tgypgronp and their corresponding
credible intervals for each dataset.

1 Initialize record dataset which is used to save estimated SATTs and the upper and lower
bounds of credible intervals

2 Initialize count = 0 which remembers the index to write the estimations in the record
dataset

3 Set num_samples = 10 which reflects number of posterior Y; sampled from each
posterior draw N (>, g (s T,Et), ug)), o®),t e {1,2,...,1000}

4 for i =1 to 3400

5 | Read ¢th dataset

6 | Read the record dataset

7 | Read the estimated propensity score é saved in Algorithm 5

8 Construct dataframe dfcqr3 which consists of the practice-level covariates X,

treatment status variable Z, estimated propensity score €, pre-treatment outcomes Y;

and Y5, number of patients in pre-treatment stage size; and size,, difference of year1

outcome and year2 outcome di f f and estimated propensity score é

9 Construct dataframe dfcqr4 Which consists of the practice-level covariates X,

treatment status variable 7, estimated propensity score é, pre-treatment outcomes Y;

and Y5, number of patients in pre-treatment stage size; and size,, difference of yearl

outcome and year2 outcome di f f, year3 outcomes Y3 and estimated propensity score

é
10 Convert categorical variables in dataframes dfycqr3 and dfyeqra to factors
11 | Use BayesTree::makeind to dummy-encode factors in dataframes df c.-3 and df yeqra
12 | Select rows in dataframe dfcqr3 with Z = 1 and save it as df;ggfgt
13 | Change the column of Z in d ;nggt to (0,0,...,0)" and save it as df;‘;fli?
14 | Select rows in dataframe dfycqr4 with Z = 1 and save it as df;ggfit

> .target

15 | Change the column of Z in d ;ggﬁjt to (0,0,...,0)" and save it as df .,

16 Run BART::wbart with Y3 as response variable for training data, df,c.-3 as predictors

o , - target
for training data, rbind(df 95 dfy‘l%

year3 ?

) as predictors for test data
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Algorithm 5: BART to calculate SATTs using R package with Method.2 to construct credible

intervals

17

18

19

20

21

22

23

24

25

26

27

28

29

for j =1 to 1000
Run BART::wbart with Y} as response variable for training data, dfc.-4 as

. . . + target
predictors for training data, rbind(df ‘9" df. 7"

yeard » Af years ) @s predictors for test data

Initialize 15 numeric vectors each with length (1000 x num_samples) for

sattoverall, Sattyears, Sattyeqra and 12 subgroup SATTs

() ()

year3? Uyear4 and

Extract the posterior o

ZZLZI gk<x1’ Tlg,@ear& Mgfj,g)/emﬁ% Z?:l 9k (‘T’“ Tli,];ear@ Ml(cj,g)/ear4) in the Jth posterior
draw for the two BART models respectively

Sample num_samples Y;3 from N (>, gi(z;; Tlf:,]geargv ,u,(j ;emﬁ), G) )

year3
Sample num_samples Yi4 from N(ZZLZI 9k (mﬂ Tlg,];ear@ M](c{;eaﬂl)? gSQar4)

Use sampled num_samples (Y3, Yi4) and the number of patients in
corresponding practice n_patientsyeqr3, n_patientsyeqr4 to calculate

Sattoverail, S0ttyears, Sattyeqra and 12 subgroup SATTs, then save them to 15

numeric vectors

end for

Use predictions from the two BART models and the number of patients of
corresponding practice in year 3 n_patients,c. 3 and year 4 n_patientsyeqrs to
calculate SATTs in 1000 posterior draws and save them in the 15 numeric vectors

Average each of 15 numeric vectors to get the final estimation for

sattoverall, Sattyears, Sattyeqra and 12 subgroup SATTs and save it to the record dataset

Construct credible intervals for 15 SATTs with 0.05 and 0.95 quantiles of their
corresponding numeric vectors as lower and upper bounds and save them to the
record dataset

Update count < count + 15

end for
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4 Bayesian Causal Forest(BCF)

4.1 Regularization-induced confounding(RIC)
Consider a true model with X = (21, 2o, ...,,2.),y = (Y1, Y2, -, Un)",

Ti1,Ti2 ~ N(O, ].) 1.1.d.
1 if Ti1 < Ty, (41)
h(z;) =

—1 if Ti1 Z ZTi2.
This example demonstrates the so-called "targeted selection phenomenon". In real life, doctors

treat patients who they think need it. If the expected outcome without treatment is large, the

probability of treatment increases or decreases. In model 4.1, E[y; | Z; = 0, x;] = h(xz;), thus,
P(Z; = 1|z, 7i0) = ®(Ely: | Zi = 0,2])
d(1) =0.84, ifzyy < 249, (4.2)
In this case, patients with x;; < x;2 are five times more likely to receive treatment owing to their
better outcomes when not treated. Hahn et al. first introduced the concept of a phenomenon

called "regularization-induced confounding" (RIC) [8]. The regularization-induced confounding

phenomenon is consistently produced by targeted selection.

Definition 21 (Regularization induced confounding (RIC) [8])

The regularization-induced confounding occurs when the following conditions are fulfilled:
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1. h(z;) = Ely; | Z; = 0, x;] is complex.

2. e(x;) = P(Z; = 1| x;) looks like h(x;), then misattributing h(x;) to treatment effect can
result in a similar overall fit with a much simpler response surface, which may be favored by

a regularization prior.

In Definition 21, since e(x;) = P(Z; = 1 | x;) looks like h(x;), h(z;) could be approximated
by a tree that splits at Z;. Given the prior specification in the BART model, which prefers small
trees and penalizes the total number of splits, the BART model would rather split on Z; than z;.
This is referred to as "confusing confounding" for treatment effects. As a result, when only the
BART model is used, it is likely to have a higher bias.

A simple solution to solve regularization-induced confounding (RIC) is to add propensity score
as an additional covariate. Adding propensity score as an additional covariate makes it simple to
deconfound. Section 2.5 discussed using a classification model to estimate propensity score e(z;).
Assuming that the estimated propensity score is é(z;), the new BART model with propensity
score is:

Y; = f(iL'Z, é(l’l), Zi> + €, €; ~ N(O, 0'2). (4.3)

4.2 Bayesian Causal Forest(BCF)

Hahn et al. first proposed the Bayesian Causal Forest (BCF), which is a variant of the BART
model [8]. BCF is specifically designed for estimating treatment effects. The BART model lacks
a direct mechanism for regularizing the treatment effect function. Hahn et al. also proposed the

following model to reparameterize the BART model [8]:

yi = h(xi, é(z)) + 7(25)z + €, € ~ N(0,0?). (4.4)

Thus,

T(2:) = Elyi | ©i, 20 = 1] — Elyi | 24,2 = 0]. (4.5)

Let 7(x;) denote the treatment effect function. BCF model consists of two sequential BART mod-
els, one for modelling h(+) and the other for modelling 7(+). Hence, we could apply stricter BART
prior on 7(-) by changing the hyperparameters set (m, a, ) to have fewer trees and smaller sizes

of trees. As a result, the BCF model is more robust than the BART model.
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Definition 22 (Bayesian Causal Forest(BCF) model [8])

In more detail, the BCF could be expressed as
L K
Yi = ZU{(J?Z,é(fl?l),T’Z,MZ)+ZU}€($Z7S]€,W]§) +e&, € NN(ngQ)v (46)
=1

k=1

where w; is the function that assigns j; € fi; to (x;, é(x;)) {11,T5,...,TL} denotes L trees for
modelling h(x;, é(x;)). {p1, 2, - .., jr} denotes the mean vectors of the corresponding leaf nodes.
v, is the function that assigns wy; € wy, tox;, {S1,Se, ..., Sk} denotes K trees for modelling 7(z;),

and their corresponding leaf node mean vectors are {wy,ws, . .., Wk }.
In the BCF model, E|y; | z;, é(x;)] is approximated by sum of L + K trees.

Definition 23 (Total residuals [10])

The total residual in the BCF model is defined as follows:

K

L
Z (i, €(w:); Ty pu) = Y 05w Sgy wi)- (4.7)

J=1

Definition 24 (Prognostic residual [10])

The prognostic residual in the BCF model is defined as follows:
L
Z l’“ ﬂa Ml) (48)

Definition 25 (Treatment residual [10])

The treatment residual in the BCF model is defined as follows:
K
=Y —Zvj(xi;sj,wj). (49)
j=1

In accordance with Algorithm 6, the update steps for tree 7;, S; also depend on partial resid-

uals.
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Definition 26 (Partial residual [10])
The partial residuals corresponding to the prognostic term or the treatment term in the BCF model

are defined as follows:

Tl[zﬂ =1 +w(, e(x;); 1y, ),

(4.10)

S
rj[-i] =1 + vj(xi; Sy, wj).

The partial residuals defined in Definition 26 have the same form as the partial residuals defined

in Definition 15 due to Equation 3.14.

The BCF model could be decomposed into two sequential BART models. It is obvious that
r; ~ N(0,0%), and thus

Pl o N (s, €(:): T, ), 02),

(4.11)
rid) ~ N (wj(@i; Sj,w;), 0%).
Recalling the partial residual in Section 3.2,
ryi ~ N(g;(i; Ty, p15), 0°). (4.12)

They share a similar form and could thus be used to generate posterior draws in the same way.
In addition, the mathematical details to derive p(rl[iT] | T, 0), p(u | rl[iT], T),0), p(rj[-f] | S;,0),
p(u; | rj[-f], S;,0) is the same as described in Section 3.2. We refer h(-) as the prognostic term,
7(-) as the treatment term. No published article clearly shows the procedure and algorithm for
the vanilla BCF model. We summarize the procedure and algorithm for the vanilla BCF model
based on contents from Krantsevich et al. and Caron et al. [10, 11]. The procedure for the BCF is

summarized as follows:

Step.1 Update prognostic term:

We first initialize L trees for modelling A(-) with a single leaf node. The covariate space
included the estimated propensity score é(x;). The prior specification follows the same as
what has been discussed in Section 3.1, including regularization in tree size, independence
assumption of distinct observations, and leaf nodes. The partial residuals updating, on the

other hand, is quite different. In this case, the partial residual depends on the total residual.
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Step.2

For each tree [ € {1,2,...,L}, TZ[T] is computed. After one loop through trees, the total
residual must be updated. For each tree, we sequentially update the following terms:
o Ty nyf o, T7

o ’ rl[l‘T]7T’laa

After one iteration of L trees, we update the total residual r; and sample new o.

Update treatment term:

Then, for modelling 7(-), we then initialize K trees. For each tree j € {1,2,..., K}, T;S} is
computed. The main difference is that we have stricter prior regularization. The residuals

updating are updated in the same order as in Step.1. K tends to be much smaller than L.

< Sk ’ T[S]

prev
ii 10> Sk

[S]
o wlrj, S0

After one iteration of K trees, we update the total residual ; and sample new o.

Following the notations in Definition 18, we define 64, O, flT and fj[-s] in posterior draws of

the BCF for two sequential BART models.

Definition 27 (matrix © and vector 7; in two sequential BART models of BCF separately)

With basis matrix definition in Definition 17, we could easily define basis matrics X, and X, which

correspond to the prognostic term and the treatment term respectively.

Following the definition of © and7; in Definition 18, we could get ©, and fl[T], O, and f][-S] for the two

sequential BART models within the BCF model. We denote the covariates used to predict prognostic

term as x.

B For the [th tree in the posterior draws of prognostic term,

0, = (1 Iy, + 02X} X)), (4.13)

Al = o2 X", (4.14)
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where the [th tree has W, leaf nodes, { R;1, Ry2, . .
by the lth decision tree, 1y | Tj ~ N (0,7 Iyw,) in the prior specification, and:

1(:13‘1 € Rll)
1(1‘2 € Rll)

l(xn S Rll)

1(%1 € Rlz)
1(:62 c ng)

1 (Jin € Rm)

1(561 € RlWZ)
1(:62 € RlWZ)

1 (:L’n S RlWl )

., Riw, } is the partition of covariate space

(4.15)

Although X is in a similar form as X,, its covariates to predict treatment term may be different

from x and we denote them as 7.

B For the jth tree in the posterior draws of treatment term,

(4.16)

(4.17)

where the jth tree has D; leaf nodes, {Gj1, Gy, . .., Gjp, } is the partition of covariate space

by the jth decision tree, w; | S; ~ N(0, ol p,) in the prior specification, and:

S
I

1(.%1 c Gjl)
1(.%2 c Gjl)

1<£i'n S Gjl)

]_(j'l c ng)
1(@'2 c sz)

1(.f'n € ng)

]_(fl € Gij)
1(@2 c Gij)

1((2,1 € GjD].)_

(4.18)
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4.3 Summary of BCF Model

Algorithm 6: Bayesian Causal Forest(BCF)

[~}

10

11

12

13

14

15

16

17

18

19

20

21

/% Step 2: Posterior draws of prognostic term

Input: n observations {z;, é(x;), y;}*_,, and hyperparameter set (v, ¢, k1, ay, 1) for

modelling prognostic term, (v, q, k2, aa, 52) for modelling treatment term, number

of MCMC iterations iter.max, number of trees K and L.

Output: Posterior draws of [, w(x;, é(x;); T( ol 1 ) + Z] L Sj( ),w]t))] for

t=1,2,..., itermax.

/% Step 1: Initialization at ¢=0 */

for!=1toL do

(0)

Initialize 7, with a single leaf node

Sample ,ulo) ] T(O)from prior distribution

end for

for j = 1to K do

Initialize S, ©) with a single leaf node
(0)

Sample w ] S Jfrom prior distribution

end for

0 (0 0 (0
sample (%) [ {(T;", ")}y, {(S)” i) MLy
Initialize r; < 1; — Zl L (g, e(x;); T(O),pgo)) Zli vj(mi;5§o),w](-0))

7=1

fort =1 to itermax do

for!=1toL do

Set i} ri + wiwi, é(we); Th, u)
Sample 7, @ | T[T], -1 Tl(t_l) from Metropolis-Hasting algorithm
Sample ult) | rlT],Tl( ) o= o N(@lfl[T]7 ©,)
end for
Update r; ¢ y; — Yy wi(ws, () Ti, ) = 20 oy (s S0, ™)
sample (o) | {(1,", ")}y A8 ) ”) f_l,y~
InvGamma(“5%, 3y — 3L i, é ( ) ENTOED SRR CIE % b))

end for
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Algorithm 6: Bayesian Causal Forest(BCF)

22 /* Step 3: Posterior draws of treatment term */
23 for ¢ = 1 to iter.max do

24 for j = 1to K do

25 Setr[ } —ri + (55, w;))

26 Sample S, 2 | 7’» ,a(t), Sjt Y from Metropolis-Hasting algorithm
27 Sample w(t) | £ ) S]( ) o® ~ (@277][-5],@2)

28 end for

29 Update 7; + y; — ZZL Lz, é(z Z),T( ),,ul(t)) Z]K:1 vj(xi;S](t),w§t))
s | Sample (02)® | {(T}", ")} (S}, ) )My ~
]G(V;-n,%[ Zl 1ul(xla ( ’L)aT(t)wul()> Zjilvj(xhsj(t)awj(t))])

31 end for

Due to the modifications discussed above, BCF outperforms BART and other tree-based models
in CATE estimations when compared to BART. SATTs are the target estimands of the 2022 ACIC
data challenge. Because SATTs are calculated using estimated 7(-), thus BCF model is more likely

to have better predictions for the targeted estimands.

4.4 BCF Implementation

Bayesian causal forest(BCF) consists of two sequential BART models. For our BCF implementa-
tions, we use the R package "bcf," which was written by Hahn et al. [7]. Let us recall the expression

of the BCF model:

h([zi e(F)]) + 7(wi)zi + &

. K (4.19)
Zul xi, €(Z4); Ty, ) +ka x5 Sk, wk) + €, EiNN(O;UQ)-
=1

k=1

Equation 4.19 differs slightly from Definition 22 of the BCF model proposed by Hahn et al., since
w; may differ from x; in implementations [8]. Moreover, according to Section 3.5.3, the predictor

covariates Z; used to estimate propensity score € are also different from z;.
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4.4.1 Hyperparameters Tuning

The tuning situation for hyperparameters is similar to that of the BART model. For the BART
used to estimate h(-), we simply use the default settings of hyperparameters for the BART model.
However, for the BART model used to estimate 7(-), Caron et al. proposed that it uses a smaller
number of trees in the ensemble by setting K = 50 [11]. It also prefers smaller tree sizes for each
tree by changing the hyperparameters to control tree depth (v, ) from (0.95, 2) to (0.25, 3). The
reasoning for changing the hyperparameter settings of BART to estimate 7(+) is to improve its
ability to detect weak heterogeneous patterns. Similarly to the BART implementations, the first

500 iterations were discarded and the next 1000 iterations were used for posterior inference.

4.4.2 Inference Statistics

Let us assume that the posterior draws of 7(w;) to be {71 (w;), To(w;), . - . , Tr000(w;) }, where 7y is

the sum of trees of the latter BART model in one iteration, i.e. as described in Algorithm 6,

K
Z (w5 S, W), (4.20)

where x; denotes the ith practice in year3 or year4. Hence, the posterior mean 7(w;) of 7(w;) is
given by - S°12% 7,. Let us denote the posterior mean of 7(w;) as 7(w;). Like Method.2 in
Section 3.5.2, to get a (1 — )% credible interval for 7(w;) is to calculate the upper /2 and lower

Oé/2 quantiles Of {721 (wl), 7A'2 (wz), e ,%1000(’(1]1')}.

4.4.3 Posterior Inference for SATTs

In the BCF model, the estimated propensity score is part of the input data. We choose the esti-
mated propensity score modelled by BART using Algorithm 5. Unlike processes in Algorithm 6,
we do not need to take treated practices and construct test data to predict Y;1(1),Y:,(0), ¢ €
{3, 4} before running BART. After obtaining the posterior draws of 7(-), we could directly select
the practice id for which Z; = 1. Overall SATT could thus be re-expressed as:

SATT yperanl = Z Z n_patients; ;7 (w;). (4.21)
Zt 3Nt t=3 i:Z;=1
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Like the implementations in the BART model, we implement the BCF for year 3 and year 4 re-
spectively. The variable selections are nearly identical to those found in BART implementa-
tions. The design matrix in R package "bcf" consists of selected covariates except for estimated
propensin_patientsty score é(Z) and treatment status Z. In a BCF model, the design matrix for
h(-) and 7(-) must be specified separately. With the same notations of covariates in Section 3.5.4,
the design matrix for A(-) denoted as z_moderate is (X, Y7, Y, sizey, sizeq, di f f) for year3 and
(X, Y1,Ys, Y3, sizeq, sizey, dif f) for yeard. The design matrix for 7(-) is denoted as x_control
and we set z_control = X, where X denotes the practice-level covariates. The regularization
prior for 7(+) selects a much smaller number of trees and a much smaller tree size, resulting in
a much smaller number of splitting rules across the trees. That is why, to estimate 7(-), we only

use a subset of covariates X. Section 4.4.2 describes how to construct confidence intervals for

4.4.4 Summary of BCF Implementation

The process to implement BCF in the R package to estimate SATTs is summarized as follows.
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Algorithm 7: BCF to calculate SATTs using R package

Input: 3400 datasets and number of trees K and L
Output: Estimated SATTyerai, SATTyearty and SAT Tgypgr0up and their corresponding
credible intervals for each dataset.

1 Initialize record dataset which is used to save estimated SATTs and the upper and lower
bounds of credible intervals Initialize count = 0 which remembers the index to write the
estimations in the record dataset for ¢ = 1 to 3400

2 | Read ith dataset Read the record dataset Read the estimated propensity score é saved

in Construct dataframe df,.,-3 Which consists of the practice-level covariates X,

treatment status variable Z, estimated propensity score é, pre-treatment outcomes Y;

and Y5, number of patients in pre-treatment stage size; and sizes, difference of yearl

outcome and year2 outcome di f f and estimated propensity score é

3 Construct dataframe df c,r4 Which consists of the practice-level covariates X,

treatment status variable Z, estimated propensity score ¢, pre-treatment outcomes Y;

and Y5, number of patients in pre-treatment stage size; and sizes, difference of yearl

outcome and year2 outcome di f f, year3 outcomes Y5 and estimated propensity score

é

4 Convert categorical variables in dataframes dfycqr3 and dfyeqra to factors

5 Use BayesTree::makeind to dummy-encode factors in dataframes df c.-3 and df yeqra

6 Convert dataframes dfycqr3, dfyeqra to matrices X moderateyeq,s, X_moderateyeqrs

7 Select the id.pratice of rows in dataframe dfycq,3 with Z = 1 and save it as

treated_index

8 Run bef::bef (Ys, Z, x_controlyeqrs, x_moderateyeq,s = X, €, nburn=500, nsim=1000,

ntree.ontrol =K, ntree,,oderate =L)

9 Run bef::bef (Ya, Z, x_controlyeqra, x_moderateyeq,a = X, €, nburn=500, nsim=1000,

ntree.ontrol =K, ntree,,oderate =L)

10 Initialize 15 numeric vectors each with length 1000 for satt,yeran, Sattyears, sattyeqra

and 12 subgroup SATTs
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Algorithm 7: BCF to calculate SATTs using R package

11

12

13

14

15

Select posterior draws of 7(+) from the two BCF models with row index treated_index

~target ~target

and save them as matrices 7,cq3 > Tyeard

~target ~target

Use matrices T,

vears » Tyeara and the number of patients in corresponding practice at

year 3 n_patientsye. 3 and year 4 n_patients,eq 4 to calculate SATTs in 1000
posterior draws and save them in the 15 numeric vectors

Average each of 15 numeric vectors to get the final estimation for satt,peran, Sattyecarss
sattyeqra and 12 subgroup SATTs and save it to the record dataset

Construct credible intervals for 15 SATTs with 0.05 and 0.95 quantiles of their
corresponding numeric vectors as lower and upper bounds and save them to the
record dataset

Update count < count + 15

end for
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5 Double Machine Learning

Machine learning methods were designed for prediction, but standard machine learning methods
are biased estimators for treatment effects. Since mean squared error(MSE) equals bias squared
plus variance, to minimize MSE, we trade off variance for bias. Another problem is that consis-
tent machine learning methods converge more slowly than 1/y/n [18]. Furthermore, standard
machine learning methods do not provide confidence intervals for the treatment estimates. As
a result, using machine learning methods for causal inference is tricky and this is why we need
double machine learning for causal inference. The following are the primary goals of the double

machine learning model:
« FEliminate the bias,
« Achieve \/ﬁ-consistency,
« Construct valid confidence intervals for estimators [18].

There are two sources of bias in naive estimators from machine learning models. One source of
bias is regularization bias. Machine learning algorithms employ regularization to avoid overfit-
ting data with complex functional forms. Regularization reduces estimator variance and prevents
overfitting. However, it also introduces bias and causes a slower convergence rate [18]. Another
source of bias is overfitting. The model overfits when it models the idiosyncrasies of the partic-
ular sample too closely [18]. This results in poor out-of-sample performance and means that the
model is unable to generalize well to new data. Sometimes the efforts to regularize fail to prevent
overfitting.

Chernozhukov et al. first proposed the double or debiased ML (DML) methods that make use
of Neyman orthogonality and sample-splitting [14]. Double machine learning overcomes these
two sources of bias in naive estimators from machine learning models. It corrects bias caused by

regularization using Neyman orthogonality and bias caused by overfitting using sample-splitting.
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5.1 Neyman Orthogonality

Definition 28 (Nuisance parameter)
A nuisance parameter is any unspecified parameter that must be accounted for when hypothesis

testing for the parameters of interest.

Definition 29 (Identification condition equation [13])

Let us assume that W is the observation data, 0 is the targeted parameter, 0 is the true value of 6,
7 is the nuisance parameter, 1y is the true value of n) [15]. The Identification condition equation for
score function v is:

E[¢(W;60,m0)] = 0. (5.1)

Definition 30 (Neyman orthogonality [13])

Let us assume that W is the observation data, 0 is the targeted parameter, 0y is the true value of
0, n is the nuisance parameter, 1 is the true value of 1), and 1(-) is the score function [15]. Then
the score function () obeys Neyman orthogonality if the Gateaux derivative of score function 1)(-)

regarding the nuisance parameter n is 0 [13, 19]. The mathematical expression is as follows:

d
an ]EW(W; 0o, "70)][77 - 770] = ar EW(W; to,mo + 7”(77 - 770))] ’r:O
(5.2)

=0.

5.2 Sample-Splitting

Assuming that in total we have N observations, we divide the sample into K folds, each of size
n = N/K. For simplicity, let us assume N/K is an integer. Let us denote the kth fold by I}, and
its complement by If, for k € {1,2,--- , K} Then, for each fold, we build a machine learning
estimator (3, and use the observations in I i to get the fit and estimate the parameters. Cross-
fitting is based on sample splitting and was emphasized by Chernozhukov et al. to allow for

broader use of machine learning models to estimate the nuisance parameters [15, 13, 14].

Definition 31 (Cross-fitting [13])
Assume that after sample splitting, we have K partitions of N observations, i.e. {(I1, I{), (I3, IS),

oo (I, I5:) }, and g is true value of nuisance parameter, 0 is the true value for the target param-
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eter [15]. Fork € {1,2,--- | K}, i is the machine learning estimator for o based on observations
in I}, is defined as below:

Mo (I5) = 15 (Wi)igr,)- (5.3)

Then, we use ) for the complementary set I, and get K estimators of 0y, which is defined by

Ok (W AE(I5)), and finally we average the K estimators to get y:

K
> OE(Wak (I5))- (5.4)

During the cross-fitting process, the most important thing to notice is that the estimator we use
for fold k was fit in I§. Let us now consider the identification condition E[¢)(WW; 6y, 170)] = 0 and
the partition(I},, I¢) [15, 13, 14]. To get 8% (W; 7 (I)) is to solve the following equation which

represents the identification condition:

E[y(W; 65, 2 (I Zw (Wi 08,35 (I7)).
lelk (55)

=0

Definition 32 (A variant of Cross-fitting [13])
Using the same notations as in Definition 31, we could construct another estimator 0o, which is the

solution of the following equation [15, 13, 14]:

E[(W; 6o, 75 ZZw Wi B0, 95 (1))

k 1i€l} (56)

= =
I

5.3 Model

In terms of double machine learning, there are two classical models for estimating causal effects.
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5.3.1 Partially Linear Regression Model

Partially linear regression model is defined as follows [15, 13, 14, 21]:

Z = mo(X) +¢, El¢ | X] =0, (5.8)

where Y is the outcome variable, Z is the binary treatment variable, X consists of other predictor
covariates, and ( and ¢ are stochastic errors [21].

The following is the most common procedure for performing double machine learning to estimate
Bo:

Procedure 5.1 Estimate 6, via double machine learning

. Use a machine learning model gy with covariates X to estimate y and set estimated residuals
W'=Y —go(X),
. Use a machine learning model 713y with covariates X to estimate y and set estimated residuals
V =7 —1ing(X),

. Estimate 6, by regressing the residual W onV and get the estimation 0o [21].

Definition 33
The following is the score function for estimating ATE using the Partially Linear Regression model [ 15,
13, 14]:

G(W50,m) = (¥ = g(X) = 6(Z — m(X)))(Z — m(X)), 59)

where W = (XY, Z), the nuisance parameter 1 ‘= (g, m), and the true value for the nuisance

parameter is 19 = (go, mg) [15]. Moreover,

E[Y [ X] = go(X), (5.10)

E[Z | X] = mo(X). (5.11)

Theorem 4
Performing Procedure 5.2 to estimate 0 in the Partially Linear Regression model is equivalent to using
the score function in Definition 33 to solve identification condition equation without sample-splitting

to estimate 0.
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Proof. Using the estimation of coeflicients in a simple linear regression model, for Procedure 5.2,
we get:

. 1 < . 1 < .
0o = (D VAo > Vi, (5.12)
i=1 i=1

where n is the number of observations. Next, let us consider the identification condition E[¢)(W; 6y, 70)] =

0 with score function in Definition 33,

n

[t (W; 0o, 7l)] :% D s = dolw:) = Oo(Zi = ig(2:)))(Zs — 1o ()]
. o L o (5.13)
:E Z(?Jz — Go(:))(Zi — mo(z3)) — éo; Z(Zz - mo(@"i))z,

where, 7) is the estimation of true nuisance parameter via machine learning methods, 6, is an

estimator of 6. Thus,

E[(W; 0y, 7i0)] = 0, (5.14)

n n

(2= o) P S = o)) (2 — (). (519)

i=1 i=1

SRS

=0y =]
Assuming that we use the same machine learning methods to obtain g, and m,,

0o = Op. (5.16)

Corollary 2
The score function Y(W;0,n) = (Y — g(X) —0(Z — m(X)))(Z —m(X)) [15, 13, 14, 21] used to

estimate ATT satisfies Neyman orthogonality.

Proof. According to Definition 30, we need to verify the following equation:

d

ar E[Y(W; 00,10 + (0 —m0))] r=0= 0. (5.17)

In the score function in Definition 33, = (g, m), let d,, §,,, be test functions respectively per-

turbing g, m, u. This means that n — 79 = (J,, )
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Thus,

d
LHS of Equation 5.17 = e E[Y(W; 600, 1m0 + 7(04,0m))] |r=0

-2 E[(Y = go(X) = 10 = 00(Z — mo(X) = 10,))(Z — mo(X) = 70m)] |r=0

ir
_ % E[(Y — go(X) — 16,)(Z — mo(X) — 18] r—0 b0
< EI(Z — mo(X) ~ 15,) o

Differentiating under the expectation sign due to dominated converge theorem, yields:

= E[d%(y — go(X) —1r0,)(Z — mo(X) — 701)] |r=0 —00o

< Bl (2 = malX) = 1) |,-g
— EI=(Y = 00(X))dn — (Z = mo(X))3,) o + E[208,85) o
O E[-2(Z — mo(X) — 16m)0m] Ireo

= —E[(Y = 90(X))dm + (Z — mo(X))dg] + 200 E[(Z — m0(X))dm].

Applying Law of Total Expectation and Pulling out known factors of conditional expectation,

yields:

=EE[Y — go(X))om(X) | X]] + E[E[(Z — mo(X))d,(X) | X]]
— O E[E[(Z — mo(X))dm(X) | X]]
=E[E[(Y — g0(X)) | X]6(X)] + E[E[(Z — mo(X)) | X]64(X)]

— O E[E[(Z — mo(X)) | X]0m (X)]

=0.
(5.18)
The last equation holds due to the following facts:
E[Y | X] = go(X), (5.19)
E[Z | X] = mo(X). (5.20)
O]
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We do not use the Partially Linear Regression model to estimate ATT because it does not allow
it. Chernozhukov et al. demonstrated that the Interactive Regression Model is the best choice for

estimating treatment effects through double machine learning [14].

5.3.2 Interactive Regression Model

Interactive regression models have the following form [15, 13, 14]:

Y =g(Z,X)+¢ E[C|Z X]=0, (5.21)

Z=my(X)+¢ E[E]X]=0, (5.22)

where Y is the outcome variable, Z is the binary treatment variable, X consists of other predictor
covariates, and ¢ and £ are stochastic errors [13]. The visualization of causal relationships is

shown in Figure 5.1.

Figure 5.1 Visualization of causal relationships in Interactive Regression Model

The Interactive Regression Model is the model that we use in implementations of double ma-
chine learning. Our target estimand is the average treatment effect for the treated (ATT). Cher-
nozhukov et al. proposed the score function in an interactive regression model to estimate ATT

for the first time [14].

Definition 34

The score function to estimate ATT using the Interactive Regression model is given below [15, 13, 14]:

W(W36,n) = 444 _5(0’ X)) _ m<W)<i(I _Zl(ly&)g’(o’X)) - 9%, (5.23)
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where W = (XY, Z), the nuisance parameter 7 := (g, m, u), and the true value for nuisance

parameter is 19 = (go, Mo, uo) [15]. Moreover,

Due to the definition of the Interactive Regression Model, we have:

ElY | Z,X] = go(Z, X), (5.25)
EY | Z=0,X] = go(0, X), (5.26)
E[Z | X] = mo(X). (5.27)

Definition 35 (Linear score function)

The score function )(W;0,n) is called linear if it has the form [13]:

Y(W50,m) = a(W;n)0 + p(Win). (5.28)

It is obvious that the score functions in Definition 33 and Definition 34 are linear score func-
tions. Furthermore, in the following corollary, we will demonstrate that the score function used

to estimate ATT satisfies Neyman orthogonality.

Corollary 3

The score function(W;6,n) = Z(Yfz(o’x)) — m(X)(Jafi(li(g)g)(o’X)) —09Z [15, 13, 14] used to estimate

ATT satisfies Neyman orthogonality.

Proof. According to Definition 30, we need to verify the following equation:

d

ar E[Y(W; 00,10 +7(n —m0))] lr=0= 0. (5.29)
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In the score function in Definition 34, n = (g, m, u), let §,, d,,, 0, be test functions respectively

perturbing g, m, u. This means that n — 79 = (4, 0, 6,,) Thus,

d
LHS of Equation 5.29 = o E[W(W; 680,10 + 1(dg, O, 0u))] |r=0
r

d _ Z(Y — go(0,X) — 16,(0, X))
= —E[
dr U + Téu

_ (mo(X) +19,(X))(1 = Z)(Y — 900, X) —16,(0. X)), 2 I
(uo + 70,) (1 — mo(X) — 70, (X)) Oug + 10, "0
o d Y —g0(0,X) —16,(0,X)  Z—mo(X)—1rdp d Z
_%E[ ug + 1oy, X 1—m0(X)—r5m]| —0o % dr E[uo+7“5 )

Differentiating under the expectation sign due to dominated converge theorem, yields:

d Y —go(0, X) — rdg(0, X) " Z —mo(X) — 1oy

- [dr( Ug + 1oy, 1 —mo(X) =1 ) o
~ 60 X Bl () o
= 90) 13030
—0m (1 —mo(X) —76y) + (Z — mo(X) — 1701)0m Z —my(X) —ropn,
8 (1 —mo(X) —1rd,)? Vo +El 1 —mo(X) —ron,
" —04(0, X ) (uo + 7’5(1;)01(:5/ )—290(0, X) - r5g)5u] lr—o —6p X E[(u0_+ngu)2] -
_ (Y —90(0, X))0m(Z — 1)
~E - 7o |

[Z(Y—g(OvX)) _ m(X)(1-2)(Y—g(0,X))

u ATm () | into account, yields:

Taking the equation 0y = %2 x

_ g = w0.0)8,(2 — 1)
uo(1 —mo(X))?
(Z —mo(X))[—updy(0, X) — (Y — g0(0, X))d,] U
TEl (= mo(X)2 =z
A = 90.X) X)) —g 0. X)) 25
Up up(1 — m(X)) ud
Y = g0(0.X))6(Z — 1)
=B e X)E
(Z = mo(X))[ =108, (0, X) — (¥ — go(0, X))3.]
TEl (= mo(X)2 |
B0 =902 = a0

ug(1 = mo(X))
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Applying Law of total expectation, yields:

(Y — 90(0, X))dm(Z — 1
up(1 —mo(X))?
(Y — 90(0, X))0m(Z — 1)
up(1 — mo(X))?
(Z — mo(X))[—u0dy(0, X) — (Y — go(0, X))éu]]
(1 = mo(X))ug
(Y — go(0, X))(Z — mo(X))5u]
ud (1l —mo(X))
(Y — g0(0, X))dy,
up(1 —mo(X))?
(Z - mO(X)>[_u069(OJ X) — (Y - gO(OvX))éu]H
(1 = mo(X))ug
(Y — g0(0, X))(Z — mo(X))5u]
ud (1 —mo(X)) '

LHS of Equation 5.29 = | ) | Z=0]xP(Z=0)

+E | Z=1]xP(Z=1)

+ E|

+ E|

— E[- | Z=0] x P(Z =0)

+ E|

+ E|

Applying tower property of conditional expectation, yields:

_(Y—go(O,X))(;m | X, Z) | Z=0] xP(Z =0)

up(1 — mo(X))?

(Z — mo(X))[=uody (0, X) — (¥ — go(0, X))du]

(= mo())ed

(Y — 90(0, X))(Z — mo(X))du
ug(1 —mo(X))

| XT]

| XT).

Considering Equations 5.21 and 5.22, yields:

(90(Z, X) + ¢ = g0(0, X))dr,
up(1 — mo(X))?
§[—u0dy(0,X) — (Y — go(0, X))d,]
(1 = mo(X))ug

— E[E[- | X, Z]| Z =0] x P(Z =0)

(Y — 90(0, X))&0u
ug(1 —mo(X))

+ E[E[ | X]]

| X + E[E]

Combing the last two terms and cancelling out two conditional expectations regarding Y —

90(0, X)), vyields:

(90(Z,X) + ¢ — 90(0, X))

— E[E[- T X7 | X, 2] | Z=0] xP(Z=0)
§u06 (07 )
e oAl
B 5n(X) _ _
=EE[-C| X, 2) - =y | 2= 0 < P(Z = 0)
U()(S (0 X 62

+E[E[¢ | X] x E]



Thus, due to the definition of the Interactive Regression Model, we have:

LHS of Equation 5.29 = 0.

5.4 Double Machine Learning Algorithm

Definition 31 and Definition 32 refer to cross-fitting and a variant of cross-fitting respectively.
These two methods, along with the score functions, provide the intuitions for the algorithms de-
scribed below, which were first proposed by Chernozhukov et al. [14]. [} denotes the kth fold
while (I, I;) forms a partition of the dataset. To estimate AT T, we use the Interactive Regression
model and the score function 1 in Definition 34. To implement double machine learning in the
Interactive Regression model, the following two procedures explain two ways that correspond to

Definition 31 and Definition 32 respectively.

Procedure 5.2 Double machine learning estimation and inference on ATT via Interactive Re-
gression Model and cross-fitting [14]

Step.1 Create K partitions { (11, I{), (2, I5), -, (Ik, I§)} from data, each of size n := N/K.
Step.2 Construct K estimators for ATT based on K partitions respectively:
B fork=1to K do
¢ Estimate the true value of nuisance parameter 79 = (go, 1m0, Uo):
A. Select two machine learning models to fit go(Z, X), mo(X) based on I} respec-
tively and get machine learning estimators g (I5), m& (I¢).
B. Calculate 4} as:
—E[Z=1]iel]= #ZZ (5.30)
N —n
o Taking machine learning estimators N = (g&(I¢),mE(I¢),af) into the Equa-

tion 5.5 with W = I}. 0k is the root of the following equation:

—Zw 0k pk(I9)) = 0. (5.31)

i€},
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Bl end for

Step.3 Aggregate K estimators to get final estimator Bo:

y 1 E
0o = —> 0. (5.32)

Procedure 5.3 Another algorithm for Double machine learning estimation and inference on
ATT in the interactive regression model and a variant of cross-fitting [14]

Step.1 Create K partitions {(I1, I{), (I3, I5), - -, (Ik, I§)} from data, each of size n := N/K.

Step.2 Construct K estimators for ATT based on K partitions respectively:
B fork=1to K do
o Estimate the true value of nuisance parameter 79 = (go, Mg, Uo):

A. Select two machine learning models to fit go(Z, X), mo(X) based on I} respec-

tively and get machine learning estimators g5 (I5), mk(I).

B. Calculate 4f as:

uf=FE[Zi=1]iecI] =

1
— > 7. (5.33)

i€lf

o Take machine learning estimators 7 = (g&(I¢), (1), af) into LHS of Equa-
tion 5.6 with W = I}, get the linear form " (W;7¥)0 + «F (W;nk) and record
the coefficient % (W; 7k), ¥ (W; k) for future use with the following formu-

las:
Uh (Wi i) Zwa (W3 (5.34)
Zelk
vy (Wi g Zwb (W5, (5.35)
ZEIk
B end for
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Step.3 The final estimator 6 is the root of the following equation:
K
1 - . T X
7= DLV ) x B + (V3 )] = 0. (5.36)
k=1

Chernozhukov et al. introduced the theorem below, which provides the theoretical foundation
for double machine learning algorithms to estimate ATT [12]. Meanwhile, the theorem demon-

strates how to construct confidence intervals.

Theorem 5
Assume that the ATT, 6y = Elgo(1, Z) — g0(0, Z) | Z = 1], is the target parameter and we use the
estimator 0~0 of 0y, which is true value of nuisance parameter 1y = (go, Mo, uo) [15]. Moreover, we

define o, Jo, 62 as below [13]:

= E[*(W; 6o, m0)], (5.37)
1 K
_ .ok
0= NZZ%(M,%), (5.38)
k=1 ZEIk
62 = J;? Z > [ (Wi; o, ). (5.39)
k 1 i€l

Then the estimator 0 concentrates around 0, at a rate of 1/v/ N It is approximately unbiased and

normally distributed under regularity conditions [14]:
o W N (8, — 6y) ~ N(0,1), (5.40)

and the result continues to hold if 02 is replaced by 6. Furthermore, the confidence interval C'I

based on 0, has the following asymptotic property [14]:
P(Qo S CI()) — (1 — a), (5.41)

where CIy == [0y £ ® ' (1 —a/2)6/v/N] [15]. Thus, C I, forms an approximate (1 — o) confidence

interval.

Theorem 5 gives us the theoretical foundation for performing variance estimation and con-

structing uncertainty intervals. The approach below demonstrates how to apply Theorem 5 for
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variance estimation and confidence interval construction.

Procedure 5.4 Estimate variance and construct confidence intervals using the Inputs and out-
puts from Procedure 5.2 or Procedure 5.3

Step.1 Variance estimation:

¢ Compute jo = % Eszl Zielk Vo (Wi ﬁ§>

¢ Compute the asymptotic variance of 0o by:

ZZ W(Wi: 0y, 552 (5.42)

k‘ 1 Zelk

Step.2 Construction of approximate confidence intervals:

o Set significance level = 1 — «

o Compute fy — (1 — a/2)5/v/N as lower bound of the approximate confidence

interval

o Compute 6y + (1 — a/2)é/v/N as upper bound of the approximate confidence

interval

5.5 Modifications of Model in Section 5.4

In the previous section, we used the following model to estimate SATTs:

Yi =002, X:) + G, ElG|Z,Xe] =0, te{year3,yeard}, (5.43)

Z =mo(M) + ¢, E[§ | M] =0,
where Y is the outcome variable, Z is the binary treatment variable, X} is a collection of co-
variates used to estimate Y;, M is a collection of covariates used to estimate Z, and ( and & are
stochastic errors.
In the process of estimating SATT,,crqu in Section 5.4, we used variable id.practice to create

folds and treated year3 data and year4 data with the same id.practice in the same fold. However,
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the process for building machine learning estimators 75 (1<) = (g§(I¢), mE(If), uf(If)) could
be modified. 1} (If) is modelled from the pre-treatment stage data. Given a id.practice value, it
outputs the same value for both year3 input and year4 input. 4f (/¢) is a constant that is computed

across year3 data and year4 data.

ag(I)) =E[Zi=1]i € I{]
B 1
> e I,g(” _patientSyeqrs|t] + n_patientsyeqrali]) (5.44)

X Z Z; X (n_patientsyeqrs|i] + n_patientsyeqrali]).

ely

The modification in the process for estimating S ATT,, . q;; keeps machine learning estimators
mE(I¢), 4k (I¢) the same as described in Section 5.4. However, in Section 5.4, we used §o*(I¢),
g’g ’4(] ¢) to predict the year3 outcome Y3, yeard outcome Y} separately for each partition (I, If).
Since we treat the year3 data and the year4 data with the same id.practice value as integrals
to create folds, it is natural to think about using year as an additional covariate in the baseline
model. Following dummy-encoding, year = 0 denotes year3 and year = 1 denotes year4. After
modification, the model to estimate S ATT,,e.qu changes to the following form :

1/; = 90(Z7 Xtvt) + Ct E[Ct | Z7 Xtat] = 07 te {07 1}7 (5 45)

Z = mo(M) + ¢ EI¢ | M] =0,

where Y is the outcome variable, 7 is the binary treatment variable, X, consists of covariates to

estimate Y;, M consists of covariates to estimate Z, and ( and & are stochastic errors.

Different from notations in previous models, Y denotes the year3 outcome and Y; denotes the
year4 outcome in Model 5.45. We also implement Model 5.45 to estimate SATT,e.q; and the

results will be shown in the following chapter.
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5.6 DML Implementation

5.6.1 The Processes to Estimate SATT,,c q; SATTyeqriy and SAT T pgr0up

We use Interactive Regression Model and score function in Definition 34 to estimate SATTs. Like
the implementations of BART and BCF models in Section 3.5 and Section 4.4, we deal with ATT
in year 3 and year 4 respectively. The model is stated as follows:

Y, =90(Z, X))+ ¢, E[G|Z,Xi) =0, te {year3,yeard}, 540
5.46

Z =mo(M)+§ E[§ [ M]=0
where Y is the outcome variable, Z is the binary treatment variable, X; consists of covariates to

estimate Y;, M consists of covariates to estimate Z, and ( and £ are stochastic errors.

The Model 5.46 is slightly different from the Interactive Regression model in Section 5.3.2. The
covariates used to estimate Z may be different from covariates used to estimate Y;. This is the
primary reason that we build double machine learning from scratch rather than using existing
R packages. R includes a well-developed package called "dml" that incorporates many double

machine learning models. However, the same covariates are required to estimate go(-) and mq(+).

Let us assume that the K-fold sample-splitting is identified as { (/1,+, I ;), (To,6, I5 1), -+ s (Ircs Lic 1) }
for t € {year3, year4} and consider the estimation of SATT1,. The baseline machine learn-
ing models are flexible and we just choose BART models. Since Z is a binary variable, an estimator
for mg(+) is the estimated propensity score. We obtained the estimation é in Section 3.4.3 3.5.3
by treating the entire dataset as training data in the BART model. However, due to cross-fitting
during the estimation of SATT) ., we implement BART K times to estimate propensity score
with different training data, where K is the number of folds in sample-splitting. vy = E[Z] is a
constant and the estimation of ug in each partition is also a constant via computation of discrete
conditional expectation conditioning on the complementary set in each partition. Estimating
go,: is similar to estimating m,. For each partition (I, I}, ,), we use a BART model with I}, as
training data and fitted the model with I ;. After that, we get one estimator for SATT) a1y by
solving the identification condition equation E[¢)(W;; 0f, ﬁg Y] = 0. For data from a single year,
variable id.practice could be used to uniquely identify one observation. To create K folds, the

yearly sample-splitting is based on the variable id.practice.
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Considering the estimation of SATT,,c-qu, the most difficult task is to create K folds. In prin-
ciple, we could create one partition to estimate SATT, e by combining (Ix, years, I ,ghyem,?))

with (Iy, yeara, 1§ for 1 < ki, ky < K. If k; and ks are chosen at random, it needs ad-

z,yea'r’4)
ditional effort. For the sake of simplicity, we use ky = ky = k to create the kth partition
(Tryears U I yearas If, years U TF yeara)- In this case, we also use the variable id.practice as a unique
identifier to create K folds and the kth fold I}, consists of a set of distinct ¢d.practice values. As

a result, year3 data and year4 data with the same id.practice value will be assigned to the same

fold. Hence,

[k,year?) = [k,yem“47 (547)

]g,yem{i = Ili,year4 (548)

The process to estimate ug and gy over the kth partition is the same as that for estimating
SATT,eqry. Estimating my is another story. Since the covariates 11 used to estimate m only
depend on data from the pre-treatment stage (year1 and year2), whether to estimate S AT T} cq,y
or SATT,,eran has no effect on the estimation result of my as long as the partition of id.practice

is the same.

Figure 5.2 depicts the partition process used to estimate SATTs across year 3 and year 4.

Partition over id.practice (K = 5)

year3 data Fold 1 Fold 2 Fold 3 Fold 4 Fold 5

year4 data Fold 1 Fold 2 Fold 3 Fold 4 Fold 5

Figure 5.2 Illustration of the partition process to estimate SAT T, eran

Estimating S AT Tsypgroup differs greatly from estimating SATT,,erqu and SAT T cqr1y. To esti-

mate S ATTpgroup using double machine learning, we make the following two modifications:
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1. Train m, and g, without sample-splitting;:

In one specified subgroup, the sample size is considerably small. As a result, there may
be not enough samples in the training set and overfitting is likely to occur. Like the pro-
cedure to estimate SATT,,. ., We use variable id.practice as the identifier to create K
subgroup folds and combined the kth subgroup fold in year3 with the kth subgroup fold in

year4. For partition (I s, I{ g) within the subgroup S, we simply utilize the estimation é

in Section 3.5.3 for m’g’t without any additional efforts because they are predicted without
sample-splitting. We should notice that mf¥*"™® = i = pk if variable id.practice

is used to create subgroup folds. We use (X;, Z) with outcome Y; to train a BART model
over the entire dataset and predict over the £th subgroup fold I ; s. Hence, gg ' is created.
d’g’t is a constant via computation of discrete conditional expectation conditioning on the

complementary set [, ¢ within subgroup 5.

2. Reduce number of folds K:

Given that the score function to estimate ATT on the kth fold I}, with partition (I, I{):

; Z(Y — k0, X WE(M)(1 — Z) (Y — 80, X))« Z
oW i) = 220 - EE DO MBI g2 sa

where ug = E[Z], 7 (If) consists of the machine learning estimators which are modelled

from the complementary set I,

1 (5.50)

It is necessary to require 4§ > 0 to get a meaningful computation. Since the sample size
for one subgroup is small, if we split them into smaller folds, it is more likely to encounter
a fold with all Z;s equal to zero. To avoid meaningless computation, we should reduce the

number of folds K in SAT Typgr0up estimation.

For all SATTs estimations, suppose that we use K folds sample-splitting and cross-fitting, with
regard to the kth partition, we obtain an estimator ég for 6, by solving identification condition
equation. We adapt Procedure 5.2 in Section 5.4 to estimate SATTs by averaging K estimators

{61,62,...,65}, and then got final estimator 6.
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5.6.2 Details of the Processes in Section 5.6.1

The following subsections explain the processes for estimating SAT T cqr1y, SATTpperan and
SATT,upgroup- Since we are handling practice-level data, it is necessary to include the number of

patients in each practice as an additional coefficient in the equation E[¢)(W; 6y, 7o)] = 0.

The number of patients in practice ¢ at year t is n_patients; ;, and each dataset has 500 practices.

In this case, we use new notations for t. £ = 3 represents year3 and ¢ = 4 represents year4.

5.6.2.1 Estimation of SATT, ., at Year ¢

Step.1 Estimate SATT,,., over the kth partition (I, [} ,) where k € {1,2,..., K}:

We create the partition over id.practice and Ij,; denotes the set of distinct id.practice

values in the kth fold at year ¢. Then:

1
E[(W;00,75")] = . Z n_patients; ;X
Zz’elk,t n_patients ; =

Zi(Yes = 96" (0, ) b(Mi)(1 = Zi) (Vi — G6' (0, 24)) Zi

[ et apt (1 — k(M) - OW]
! (=2 tients,: x = x 0
_ : - n_patientsy; X —— X 6o
Zielk,t n_patients; ; iTe, Ug
Z;(Yei — 360, 2
+ > n_patients,; x | i Akt o (0.)
1€l ¢ uO

g (M) (1 — Z~)(Ym —0"(0,2,))
" (1 — g (M)

! sum sum, k.
= S npatients,; ° Wil )80 + 43" (W),
i€l "— i

)

(5.51)
where:
e W) = ) da(Wisiig”), (5.52)
lelkt
Zumt Ak:t . Z 1/}[) VVZ, Ak:t' (553)
lEIk’t
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Solve identification condition equation E[1)(W; 6, it"")] = 0, yields:

ghe_ UV il
b

2" (W)
2 (W)

. 2um,t(W; ﬁlg,t) (554)

. Zi(Yei—3t (0,21))  mEM)(1=Z) (Yai—38t(0,24))
. n_patients;; X 220 — 0 270
Dicr, NP bi X | iy g (1—mmf (M;)) |

> ier,, Npatients,; x o

Given that variable id.practice is used to create folds, m’g is not affected by the choice of

year ¢t and distinct ¢ shares the same partition over id.practice.

Step.2 Estimate SATT).,., at year ¢ via cross-fitting;:

The final estimator for SATT) ¢4, at year ¢ is calculated by averaging K estimators {9é’t, ég AP éé( .
. K
0= 6", (5.55)
k=1

Step.3 Construct (1 — a)% approximate confidence interval:

Applying Theorem 5, yields:

K

1 ) N
— . Z n_patients;; X Y,(Wi; ")
D ket Zielk,t n_patientsyi 71 er,

1
= - n_patients;; X
Z?ﬂ? n_patients, ; ; ’

.
Jy =

o (5.56)

i
/\k’
Ug

K

1 | -
K 5 g n_patientsy; X [(W;; 96,n§’t)]2
Zk:1 Zielk,t n_patients; ; = el

500

(") = (Jg)

Soy 1 : ety G .
= () =00 : > n_patientsy; x [Va(Wis o )0 + vy (Wis g "))
> .—1 n_patients,; <=
(5.57)
Thus, the (1 — a)% approximate confidence interval is give by:

_ 500 i 500

[0 —d 71 (1 —«a/2)6'/ Zn_patientst,i O+ 71— af2)6/ Z n_patients; |.
i=1 i=1

(5.58)
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5.6.2.2 Estimation of SATT,,crqall

Step.1 Estimate SATT,,..q; over the kth partition ([, I{) where k € {1,2,... K}

We create the partition over id.practice and I;, denotes the set of distinct i¢d.practice
values in the kth fold at year . Since we divide 500 id.practice values to make folds and
each id.practice value corresponds to four-years data. Thus, the partition over id.practice

satisfies (113, If 3) = (Ika, I 4) = (Ix, I§). Then:

4

L Z Z n_patients; ; X

4 .
> ies Zielk’t n_patients,; = =

[1/1(W 80, ~k, overall)] _

Ak, N
[Zi(yt,i — 90" (0,2)) g (M;)(1 — Z)(Ym — 30" (0, 7)) o Zi ]
~k,overall Ak,overall 0 ~k,overall
Uy Uy (1— ( )) Uy
1
1 . X (—n_patients;; x Z Z Akovem”
> ies Zielk,t n_patientsy ; t=3 i€lp,

4 ket
Zij(Yti — g9 (0, 5
><90+Z Zn_patz’entstvix[ i (Vi = G0 (0, 71))

ﬁlk,overall
t=3 i€l ;

g (M) (1 = Z3) (Y — 950, 7))
ﬁlg,overall(l . m’é(Mz))
1

et 7 -
thg Zie[k n_patientsy ;

+ wsum overall(W' 7¢Il€,ove7"all)]
y» 110 )

)

sum,overall . ~k,overall
(W7 Mo )90

(5.59)
where:
4
wsum’overa”(W' Ak, overall Z Z ¢a g Alg ,overall, t)7 (560)
t=3 lGI}C’t
4
;um,overall(W’ 'f]g overall Z d}b A AIS: ,overall, t)' (561)
t= lelk t
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Solve identification condition equation E[t)(W; 6y, /it *")] = 0, yields:

sum,overall . ~k,overall
ék,overall _ b (Wa Mo )
o _

- sum,overall . ~k,overall
a (Wa Mo )

sum,overall . ~k,overall

b (Wv o )
sum,overall . ~k,overall
a (W, Mo )

Zi(Yy,i—38" (0,2:)) m’g(Mn<1—Zi><m,z-—@§’f<o7xz-))]

4 .
B Zt::& Zielk,t n_patlentSt,z‘ X [ aloc,overall - aloc,overall(l_mlog (Mz))

4 . 7.
Zt:3 Zie[k,t n—pa’tlentst,l X ﬁloc,o'ucle'rall

(5.62)

Given that variable id.practice is used to create folds, m’g is not affected by the choice of

year ¢t and distinct ¢ shares the same partition over id.practice.

Step.2 Estimate SATT,,. . via cross-fitting:

The final estimator for SATT, ¢ is calculated by averaging K estimators {éé’ovem”, 98 overall

N K overall
e ey 60 }-

)l

K
égverall _ Z é/g,overull' (563)
k=1

Step.3 Construct (1 — a)% approximate confidence interval:

Applying Theorem 5, yields:

4 K
R 1
il . ~k, 1t
R — ) PR R
D tmg iy Nv_patientsy, t=3 k=1 i€l
1 4 500 t ) ZZ
= — " _ Zn_pa ientsg; X —,
D= 2i—1 N_patients; {=5 ‘=3 o
(5.64)
1 4 K
(é_overall)Q _ ( (())Uerall)—Q . - : Z Z [¢<W17 eguerall’ ﬁIS,OUerall,t)]Q
D =g iy M_patientsy t=3 k=1 i€l
1 4 500
_ ( gverall)—Q . - : [¢a(VVi; ﬁgatyovﬂall)egverall
D =g iy M_patientsy; = 2
+ wb(‘/vz; ﬁ(l)aoverall,t)]?
(5.65)
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Thus, the (1 — a)% approximate confidence interval is given by:

4 500
[ é(()werall _ (I)_l(l _ a/2)6_0v67‘all/ Z Z n_patientstyi : é(o)verall
=3 =1
' (5.66)
4 500
+071(1 — a/2)50 el Z Z n_patientsy; |.
t=3 i=1

5.6.2.3 Estimation of SATT,4,0up With Subgroup S

Let us denote SAT T,pgroup With subgroup S as SATT(S)

Step.1 Estimate SATT(S) over the kth partition (/. s, I} 5) where k € {1,2,..., K}:

We create the partition over ¢d.practice within subgroup S and I, ¢ denotes the set of
distinct id.practice values in the kth fold at year ¢ within Subgroup S. Since we split
vd.practice values within Subgroup S to create folds and each id.practice value corre-

sponds to four-years data. Thus, the partition over id.practice satisfies (I35, I{35) =

(Inas, If 45) = (Ir,s, If 5)- Then:

4

E[¢v(W; 00,7, i S)] ==z ! . Z Z n_patients; ; X

D3 Zielk,t,s n_patients; = i€lht.s

Zi(Yai — G0 (0,2) g (Mi)(1 — Z')(Ym — 0" (0.2:)) 0. i

[ k.S Ak .S RN S]
Uy’ (1 —mg(M;)) Uy’
4
1 Z;
= — ' Z Z n_patients;; X T X Hy

Zt:3 Zielkﬂys n_pat@entSt i t=3 lGIk t,S

4

) Z;(Y: — flo’ (0, 7))

+ tz; | Z n_patients;; X | Y ’

= ZGI]“t,S 0

mlg(M)(l Z)(Y;fz — Qg’t(0:$i))
g (1 — mb(M;))
1

= 1 -
Zt=3 ZiEI}C’t’S n—-pa/tzentst»i

J)

[0S (W3 )0 + w5 (W ),

(5.67)
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where:

AkS ~Fk,S,
P (W) = Z > (W™, (5.68)
t= 3Z€Ikts
;umS . AkS Z Z wb WZ, ~k, St>. (569)
t=3 i€l ;s

Solve identification condition equation E[1)(W; 6, 7it"®)] = 0, yields:

)" (W)

—a S (W)

(5.70)

4 . Z;(Ye,i—08"(0,2;)) k(M) (1=Z;) (Ye,i—dg " (0,27))
X n_patients; ; X . e — =0 : L J0
Zt_?’ ZZEI/M,S -p £ [ ﬁg’s ué’s(lffng(Mi)) ]

4 . Z:
Zt:3 Zielk,t,s n_patients; ; X _a’gvs

Given that variable id.practice is used to create folds, m’g is not affected by the choice of

year ¢ and distinct ¢ shares the same partition over id.practice.

Step.2 Estimate SATT(S) via cross-fitting:

The final estimator for SATT(S) is calculated by averaging K estimators {65, 62° ..., 05°°}.

K
Oy = 65 (5.71)
k=1

Step.3 Construct (1 — a)% approximate confidence interval:

Applying Theorem 5, yields:

7 1
()" = = K ;
Zt:S Zk:l Zie]ki’s n_patients; ;

K
Z Z n_patients,; x Vo (Wi; iiy>")

3 k=11icly, t,S

M”“

t
4 K
1 . Zi
= 24 ZK S o E E n_patients; ; X L
t=3 k=1 ielk,t,S n—pa en St,’L t= UO

3 k=1 ’LGI;C t,S

(5.72)
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1 4 K
(&S>2 = (Jég)_g 1 17 - Z Z n_patients; ;

D i3 Dkt Ziezk,t,s n_patients; =3 3 €Tk .5

X [(Wi; 0o, i >")]?

1 L. (5.73)
- (jos)—z - - » ZZ n_patientsy;
D i3 Dkt Zz’elk,t,s n_patients,; 4 =35 i i€lxy.s
[¢a(Wzy i St)HO + 1/Jb(W27 i St)] .
Thus, the (1 — a)% approximate confidence interval is give by:
1 K
[969—@’1( —a/2) S/ ZZ Z n_patients; 95
t=3 k=1 ie[k,t,S
(5.74)
4 K
+&71(1 — 04/2)?75/ Z Z n_patients; |.
t=3 k=1 ’L'Elk’t’s

The biggest challenge in above the estimations is computing 62. We design the following two

solutions.

1. Use two numeric vectors to save (1, (W;; A ") by (Wi e "), (e (Wi i), by (Wi 1,

(a(Wis 08), p (Wi 100)), (o (Wi e ™"), by (Wi 1°")) respectively for each i € I, or

i € Ij,.s over the kth fold at year ¢;
2. Write custom functions with 6, as the function input:

B For SATT a1y at year t, define ff(x) over each fold:

fi(x) = Z [ba(Wis iiet) X & 4y (Wi i0")]? X n_patients ;. (5.75)

i€l

B For SATT,,crq, define f,;’”em”(x) over each fold:

overall . Ak ,overall,t . Ak: overall,t .
E g [a (Wi; 15 ) X x4 Uy(Wi; 0 )]? X n_patients ;.
t=3 ZEI}C t

(5.76)
B For SATT(S), define f(z) over each fold:

Z > [aWisitg ™) x @+ (Wi i ™)) x n_patients,;.  (5.77)

t=3 i€l s
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In our implementations, we use the second method to save storage space and make the compu-

tations clear.

5.6.3 Summary of DML Implementations in R

We implement double machine learning in R with the Interactive Regression model to estimate
SATT's and wrote R codes from scratch. In the procedures to estimate SATT,,erqu and SAT Ty cqriy,
we select X' = 5. Bach et al. found that X' = 4 or ' = 5 performs better than K = 2 in a variety
of simulations and they made K = 5 the default setting [13]. However, we use K = 3 or K = 2

for estimations of SATT,pgroup to avoid the case that 11’3 = 0.

The score function defined in Definition 34 only involves ¢(0, X) to estimate AT'T. Conse-
quently, in the implementation of the BART model to estimate g’g * over the kth partition, we set

Z = 0 in the predictors for test data.
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Algorithm 8: Use Double machine learning to estimate SATT,crqu and SAT T cqry

10

11

12

13

Input: 3400 datasets and number of folds K = 5, significance level a = 0.05.
Output: Estimated SATT,yerqu, S AT T}eqr1, and their corresponding approximate
confidence intervals for each dataset.
Initialize the record dataset which is used to save estimated SATTs and the upper and
lower bounds of confidence intervals
Initialize count = 0 which remembers the index to write the estimations in the record
dataset for i = 1 to 3400
Read ith dataset
Read the record dataset
Construct dataframe df,,,, with practice-level covariates X, pre-treatment outcomes Y}
and Y5, number of patients in pre-treatment stage size; and sizes, difference of yearl
outcome and year2 outcome di f f
Construct dataframe df .3 Which consists of the practice-level covariates X,
treatment status variable Z, pre-treatment outcomes Y; and Y5, number of patients in
pre-treatment stage size; and size, and difference of yearl outcome and year2
outcome di f f
Construct dataframe dfcqr4 Which consists of the practice-level covariates X,
treatment status variable Z, pre-treatment outcomes Y; and Y5, number of patients in
pre-treatment stage size; and size,, difference of yearl outcome and year2 outcome
dif f and year3 outcomes Y3
Convert categorical variables in dataframes df,,,, dfyeqr3 and df yeqr4 to factors
Use BayesTree::makeind to dummy-encode factors in dataframes df,,,, dfyc.r3 and
df yeara
/* Create 5 folds with R function caret::createFolds: */
cu_folds_train < caret :: createFolds(1 : No, k = 5,list =
TRUE,returnTrain = TRUE
Initialize numeric vectors theta_overall, theta_year3 and theta,ear4, each with
length K, to save é’g’over“ll, 95’3, 95’4 with k € {1,2,..., K}
Initialize numeric vectors psi_a_sum_overall, psi_a_sum_year3 and

psi_a_sum,_year4, each with length I, to save gsurmeverall (17, ghoverally

s (W %%3), Py (W, ﬁlOCA) with k € {1,2,..., K}
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Algorithm 8: Use Double machine learning to estimate SATT,crqu and SAT T cqry

14

15

16

17

18

19

20

21

22

23

24

25

26

Initialize numeric vectors psi_b_sum_overall, psi_b_sum_year3 and
psi_b_sum_year4, each with length K, to save ¢;”m’0vem”(W; 77(’]“ ’Ovem”),
Y3 (Wg ), s (W) with k € {1,2,..., K}

Initialize numeric vectors N_overall, N_year3 and N_year4, each with length K

Initialize list vectors psi_squared_overall, psi_squared_year3 and
psi_squared_year4, each with length K, to save custom functions f2ve"(z), f3(z),
fi(z) with k € {1,2,..., K}

fork=1to K

train_index < cv_folds_train[[j]]

test_index < setdif f(1 : 500, train_index)

Change the column of Z in dfcqr3[test_index,] to (0,0,...,0)" and save it as
df yety

Change the column of Z in df yeqra[test_index,] to (0,0,...,0)" and save it as
s

Run BART::pbart with Z[train_index] as the response variable for training data,
df e [train_index, | as predictors for training data, predict /% ((df,,, );) for each
1 € test_index via a logistic link function and mean of posterior draws and save it

as vector p_score

Run BART::wbart with Y3[train_indez| as the response variable for training data,

target

dfyears[train_index, | as predictors for training data, df .3

as predictors for test
data, predict g§ ’3(0, (dfyears \ Z);) for each i € test_index via mean of posterior
draws and save it as vector g_0_year3

Run BART::wbart with Y, [train_indez| as the response variable for training data,

target

dfyeara[train_index, | as predictors for training data, df .,

as predictors for test
data, predict §,§ ’4(0, (dfyeara \ Z);) for each i € test_index via mean of posterior
draws and save it as vector g_0_year4

/* Compute Ngvere!l =33 . Yicr, , n-patients,; for SATT,veran: */

N_overall[k] <= sum(n_patientsyeq,s(test_index| + n_patientsyeqra[test_index])
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Algorithm 8: Use Double machine learning to estimate SATT,crqu and SAT T cqry

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

/* Compute Nj =3, , n_patientsy, t € {3,4} for SATTyecariy: */
N_year3[k] < sum(n_patientsyeq,s[test_index))

N_yeard[k] <— sum(n_patientsyeq,4[test_index))

e ~k,overall __ 1 4 . - N o)
/* Compute 4 = ST S, et D=3 Zie[,g,t Zi X n_patientsy,; : /

u_0_overall <
sum(Z[train_index] X n_patientsyeqs[train_index| + Z[train_index] x
n_patientSyeqra[train_index)) /sum(n_patientsyeq s[train_index] +

n_patientSyeqra[train_index])

/* Compute ig" = zzgz,;,tn_lpanenmﬂ Sierg , Zi X n_patients,, t € {3,4}: */
u_0_year3d < sum(Z[train_index] x
n_patientSyeqrs[train_index))/sum(n_patientsyeqrs[train_index])
u_0_yeard < sum(Z[train_index] x
n_patientSyeqratrain_index))/sum(n_patientsyeqra[train_index])
/* Compute ™ (Wig ") = Yy iy, , nopatientsi X Srtia: */
psi_a_sum_overall[k] <= sum(Z[test_index| X n_patientsyeqrs[test_index] +
Z|test_index| x n_patientsyeqra[test_index])/u_0_overall
/* Compute 3™ (W;nik") = > icr, , npatientsy; x % t € {3,4}: */
psi_a_sum_year3[k] <
sum(Z[test_index] X n_patientsyeqrs[test_index])/u_0_year3
psi_a_sum_yeard[k] <
sum(Z[test_index] x n_patientsyeqra[test_index])/u_0_yeard
/% Compute ¢y <! (W fgovere!l) =

Lkt K Skt
Zi(Yei=05 " (0,@4))  mf(M)(1=2) (Ye,i—gg " (0,24))
~k,overall

4 . .
. ) n_patientsy ; X o : *
> i3 Zzelk,,, —p ti X [ akover akoverall (1 (A1) ] /

psi_b_sum_overall[k] < sum((Y3[test_index] — g_0_year3) x Z[test_index] x
n_patientsyeqrs[test_index])/u_0_overall—sum(p_score x (1—Z[test_index]) x
(Ys[test_index] — g_0_year3) x n_patientsyeq s|test_index]/(u_0_overall x
(1 —p_score))) + sum((Ya[test_index| — g_0_yeard) x Z[test_index] x
n_patientsyeqra[test_index])/u_0_overall — sum(p_score x (1 —
Z[test_index]) x (Yy[test_index] — g_0_yeard) x

n_patientsyeqra[test_index]/(u_0_overall x (1 — p_score)))
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43

44

45

46

47

48

49

50

51

52

53

54

/% Compute "™ (W;is") =

kit o mkE(MY(1—2Z; =gkt 0,2, 2
> icr, , N—patients;; X [ZL(Y""’ o ©z0) _ O(Mﬁfi,tzi(il o " m}v te{3,4}: */
ot al Ug (1 nLO(IW,L))

psi_b_sum_year3|k] < sum((Ys[test_index] — g_0_year3d) x Zltest_index| X
n_patientSyeqrs[test_index])/u_0_overall — sum(p_score x (1 —
Z[test_index]) x (Ys[test_index] — g_0_year3) x
n_patientSyeqrs(test_index|/(u_0_overall x (1 — p_score)))

psi_b_sum_yeard|k] < sum((Ya[test_index] — g_0_yeard) x Zltest_index| X
n_patientSyeqra[test_index])/u_0_overall — sum(p_score x (1 —
Z[test_index]) x (Y[test_index] — g_0_yeard) x
n_patientSyeqra[test_index|/(u_0_overall x (1 — p_score)))

/* Compute vq(Widg * " "") and vy (Wisip " *'™"), t € {3,4} to prepare for function

feverell(z) definition: */
psi_a_overall < Z[test_index]/u_0_overall

psi_b_overall;3 +
(Yi[test_index] — g_0_year3) x Zltest_index|/u_0_overall — p_score x (1 —
Z[test_index]) x (Ysltest_index| — g_0_year3)/(u_0_overall x (1 — p_score))

psi_b_overall;4 +
Yi[test_index] — g_0_yeard) x Z|test_index|/u_0_overall — p_score x (1 —
Z[test_index]) x (Yi[test_index| — g_0_yeard)/(u_0_overall x (1 — p_score))

/% Compute . (W;;7e") and 1y (W;;70") to prepare for function fi(z), t € {3,4}

definitions: */
psi_a_year3d < Z[test_index]/u_0_year3

psi_a_yeard < Z[test_index]/u_0_yeard

psi_b_year3
(Yi[test_index] — g_0_year3) x Zltest_index|/u_0_year3 — p_score x (1 —
Z[test_index]) x (Ysltest_index| — g_0_year3d)/(u_0_year3 x (1 — p_score))

psi_b_yeard
Yi[test_index] — g_0_yeard) x Z[test_index]/u_0_yeard — p_score x (1 —
Z[test_index]) x (Yy[test_index] — g_0_yeard)/(u_0_yeard x (1 — p_score))
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55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

/* Define
SR (@) = otig Siery [a(Wasitg e ) x @ 4+ o (Wi iig )] x n_patientsy,;:
psi_squared_overall[[k]] < function(z)sum((psi_b_overall_t3 —
psi_ayverall x x)? X n_patients,eq.rs[test_index]) + sum((psi_b_overall_t4 —
psi_a_overall X x)* X n_patientsyeq4[test_index))
/* Define fi(x) =3 o, [Ya(Wisig") X @+ p(Wisnig™)]* x n_patients:, t € {3,4}:
psi_squared_year3[[k]] <— function(z)sum((psi_b_year3 — psi_a_year3 x
test_index])

x)? X n_patientSyeqrs

psi_squared_yeard|[k]] < function(x)sum((psi_b_yeard — psi_a_yeard X

]

[

]

x)? X n_patientsyeqraltest_indez))
/* Compute #werei
theta,verall[k]  solve(psi,sumoveralllj], psiysumoyverall[k])theta_overall[k] <

solve(psi_a_sum_overall[j], psi_b_sum_overall[k])
/% Compute 08", t € {3,4}:

theta_year3[k] <— solve(psi_a_sum_year3[j], psi_b_sum_year3[j])

theta_yeard[k] < solve(psi_a_sum_yeard|j|, psi_b_sum_year4[j])

end for

/* Save the final estimators 05"*"*", 63 and 03 via the weighted mean of K estimators
respectively:

satt_overall <— sum(theta_overall x N_overall)/sum(N_overall)

satt_year3d < sum(theta_year3 x N_year3)/sum(N_year3)

satt_yeard < sum(theta_yeard x N_yeard)/sum(N_yeard)

Initialize psi_squared_sum_overall < 0

psi_squared_sum_yeard <— 0

psi_squared_sum_yeard <— 0

:‘c/
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73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

fork=1to K

/% Take satt_overall into function psi_squared_overall[[k]] and update the sum across
the folds: */

psi_squared_sum_overall <+

psi_squared_sum_overall + psi_squared_overall|[k]|(satt_overall)

/% Take satt_overall into function psi_squared_overall[[k]] and update the sum across
the folds: */

psi_squared_sum_overall +

psi_squared_sum_overall + psi_squared_overall[[k]|(satt_overall)

/% Take satt_year3 into function psi_squared_year3[[k]] and update the sum across the
folds: */

psi_squared_sum_year3 <

psi_squared_sum_year3 + psi_squared_year3[[k]](satt_year3)

/% Take satt_yeard into function psi_squared_yeard[[k]] and update the sum across the
folds: */

psi_squared_sum_yeard

psi_squared_sum_yeard + psi_squared_year3|[k]](satt_yeard)
end for

~3

/* Compute estimated 6°V¢"*!, &% and 6* for Agver*!

, 03 and 0} respectively: */

stgma_overall <—

\/ sum(N_overall) x \/psi_squared_sum_overall/ sum(psi_a_overall)

sigma_year3 < \/sum(N_year?)) X \/psi_squared_sum_year3/sum(psi_a_year3)

sigma_yeard < \/sum(N_year4) X \/psi_squared_sum_yeard/sum(psi_a_yeard)
/* Save estimated SATTs to the record dataset: */
df _record$satt[count + 1] < satt_overall

df _record$satt[count + 2] < satt_year3

df _record$satt[count + 3] < satt_yeard
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90

91

92

93

94

95

96

97

98

/* Construct approximate (1 —a)% confidence intervals for SATTs and save the bounds
into the record dataset:

df _record$lower90[count + 1] «

satt_overall — gnorm(1 — alpha/2) x sigma_overall/\/sum(N _overall)

df _recordSupper90[count + 1] <

satt_overall + gnorm(1 — alpha/2) x sigma_overall/+/sum(N _overall)
df _record$lower90[count + 2| «+

satt_year3 — qnorm(1 — alpha/2) x sigma_year3/+/sum(N _year3)
df _recordSupper90[count + 2| +

satt_year3 + qnorm(1 — alpha/2) x sigma_year3/+/sum(N _year3)
df _record$lower90[count + 3| «+

satt_yeard — qnorm(1 — alpha/2) x sigma_yeard/+/sum(N _year4)
df _record$upper90[count + 3] «

satt_yeard + qnorm(1 — alpha/2) x sigma_yeard/+/sum(N _year4)

Update count < count + 15

end for
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Algorithm 9: Use Double machine learning to estimate SATT(S)

Input: 3400 datasets, record dataset and hyperparameter K = 2 or K = 3, a = 0.05.
Output: Estimated S AT T,p4r0up and their corresponding approximate confidence
intervals for each dataset.
1 Initialize count = 0 which remembers the index to write the estimations in the record
dataset
2 for i = 1 to 3400
3 Read ith dataset
4 Read the record dataset
5 Construct dataframe df,,,, with practice-level covariates X, pre-treatment outcomes Y}
and Y5, number of patients in pre-treatment stage size; and sizes, difference of yearl
outcome and year2 outcome di f f
6 Construct dataframe dfqr3 Which consists of the practice-level covariates X,
treatment status variable Z, pre-treatment outcomes Y; and Y5, number of patients in
pre-treatment stage size; and size; and difference of yearl outcome and year2
outcome di f f Construct dataframe dfcq,4 Which consists of the practice-level
covariates X, treatment status variable Z, pre-treatment outcomes Y; and Y5,
number of patients in pre-treatment stage size; and sizes, difference of yearl

outcome and year2 outcome di f f and year3 outcomes Y3

7 Convert categorical variables in dataframes df,,,, dfyeqr3 and df yeqr4 to factors

8 Use BayesTree::makeind to dummy-encode factors in dataframes df,,,,, dfyeqr3 and
0fyeors

9 | Change the column of Z in dfeqrs to (0,0, ..., 0)" and save it as df;‘;:%t

10 | Change the column of Z in dfyeqr4 to (0,0, ..., 0)" and save it as dfﬁ;ﬁt

11 Run BART::pbart with Z as the response variable for training data, df,,, as predictors

target

ears as predictors for test data, predict 771 ((dfm, )) for each

for training data, d
i€{1,2,...,500} via a logistic link function and mean of posterior draws and save
it as vector pgcore

12 Run BART::wbart with Y3 as the response variable for training data, dfeq3 as
predictors for training data, dfy.,3 as predictors for test data, predict

3530, (dfyears \ Z);) for each i € {1,2,...,500} via mean of posterior draws and

save it as vector g_0_year3
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13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

Run BART::wbart with Y, as the response variable for training data, dfcqr4 as
predictors for training data, dfycq,4 as predictors for test data, predict
3510, (dfyeara \ Z);) for each i € {1,2,...,500} via mean of posterior draws and
save it as vector g_0_year4

Extract all id.practice values within Subgroup S and save them in a vector ¢d_S

/* Create 5 folds with R function caret::createFolds: */

cu_folds_train_S < caret :: createFolds(id_S, k = 5, list =
TRUE,returnTrain = TRUE)

Initialize numeric vectors theta_S with length K to save élg’s withk € {1,..., K}

Initialize numeric vectors psi_a_sum,_S with length K, to save ¢5“™%(W; ﬁlg ’S) with
ke{l,...,K}

Initialize numeric vectors psi_b_sum_S with length K, to save 17" (W; 45>°) with
ke{l,...,K}

Initialize numeric vectors N_S with length K

Initialize list vectors psi_squared_S with length K, to save custom functions f;(z)
withk € {1,..., K}

fork=1to K

train_index_S < cv_folds_traing|[j]]

test_index_S < id_S[—train_indexg]

p_score_test < p_scoreltest_indexg|

9_0_year3_test <— g_0_year3[test_index_S)|

g_0_yeard_test <— g_0_yeard[test_index_S)|

/* Compute N = 23:32 n_patientsy ; : */

i€l ¢ 8
N_S[k] <= sum(n_patientsyeqrs[test_index S| + n_patients,yeqra[test_index_S))

S _ 1
- T -
- i c n_patientsy ;
i3 ZLEI;“'LS ¥ t,i

/* Compute )’ S Ziel; s Z; X n_patients ;: */
u_ 0.5«
sum(Z[train_index_S] X n_patientsyeqrs[train_index_S|+ Z[train_index_S| x

n_patientsyeqra[train_index_S])/sum(n_patientsyeq,sltrain_index_S| +

n_patientsyeqra[train_index_S])

87



Algorithm 9: Use Double machine learning to estimate SATT'(.S)

32

33

34

35

36

37

38

39

40

41

42

43

44

/* Compute "™ (Wiig®) = 320y Ye;, , , nopatients,i x % */

psi_a_sum_S[k| < sum(Z|test_index_S] X n_patientsyeqs[test_index S| +
Z|test_index_S| x n_patientsyeqra(test_index_S])/u_0_S

/* Compute ;"™ (W;ig") =

Lkt ok Lkt
4 . Zi(Yy,i—gq (0,z;)) g (M;)(1=Z;)(Ye,i—9y (0,25))
_ ; n_patientst ; X L 20 — i, i~ 90 . %

Ztikg Z’LEI’“LS P b [ 'ﬂg’b ﬁg’b(l—m’é(/\/li)) ] /

psi_b_sum_S[k] <= sum((Ys[test_index_S] — g_0_year3_test) x
Z[test_index_S] X n_patientsyeq,s(test_index_S])/u_0_S —
sum(p_score_test x (1 — Z[test_index_S]) x (Ys[test_index_S| —
g_0_year3_test) x n_patientSyeqrs|test_index_S]/(u_0_S x (1 —
p_score_test))) + sum((Yy[test_index_S] — g_0_yeard_test) x
Ztest_index_S| x n_patientsyeqra[test_index_S])/u_0_5 —
sum(p_score_test x (1 — Z[test_index_S]) x (Y,[test_index_S| —
g_0_yeard_test) x n_patientsyeqra|test_index_S|/(u_0_S x (1 —p_score_test)))
/* Compute t,(Wi;Ak"5) and v, (Wi;altS), t € {3,4} to prepare for function fZ(x)
definition: */
psi_a « Zltest_index_S|/u_0_S
psi_b_year3d < (Yi[test_index_S] — g_0_year3_test) X
Z[test_index_S]/u_0_S — p_score x (1 — Z[test_index_S]) x
(Ys[test_index_S| — g_0_year3_test)/(u_0_S x (1 — p_score_test))
psi_b_yeard < Yj[test_index_S] — g_0_yeard_test) X
Z[test_index_S]/u_0_S — p_score_test x (1 — Z[test_index_S]) X
(Yi[test_index_S] — g_0_yeard_test)/(u_0_S x (1 — p_score_test))
/* Define f(z) =30 3 Y eq, o, Wa(Wisilg ™) x @+ vn(Wisitg™)]? x n_patients. : */
psi_squared_S[[k]] <
function(x)sum((psi_b_year3 — psi, X ©)? X n_patientsyeqs[test_index_S]) +
sum((psi_b_yeard — psi, X x)* X n_patientsyeqra[test_index_S])
/* Compute 65°: */

theta_S[k] < solve(psi_sum_a_S[k], psi_sum_b_S[k])

end for
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45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

fork=1to K
/* Save the final estimator 95 via the weighted mean of K estimators:
satt_S < sum(theta_S x N_S)/sum(N_S)
Initialize psi_squared_sum_S <+ 0
fork=1to K
/% Take satt_S into function psi_squared_S[[k]] and update the sum across the
folds:
psi_squared_sum_S < psi_squared_sum_S + psi_squared_S[[k]](satt_S)
end for
/* Take satt_S into function psi_squared_S[[k]] and update the sum across the folds:

:‘:/

psi_squared_sum_S < psi_squared_sum_S + psi_squared_S|[[k]|(satt_S)

end for

/* Compute estimated ¢° for 67 :

sigma_S « /(sum(N_S)) x /(psi_squared_sum_S)/sum(psi_a_S)

Save satt_S to the record dataset /* Construct approximate (1 —a)% confidence
intervals for SATTs and save the bounds into the record dataset:

lower90 < satt_S — qgnorm(1 — alpha/2) x sigma_S/+/(sum(N_S))

upper90 + satt_S + qnorm(1 — alpha/2) x sigma_S/+/(sum(N_S))

Save lower90 and upper90 to the record dataset Update count <— count + 15

end for
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6 Performance and Evaluation

6.1 Metrics

To assess model performance in estimating treatment effects SATTs, we use Root mean square

error (RMSE), absolute bias, uncertainty interval coverage, and uncertainty interval width.

Definition 36 (Root mean square error (RMSE) for SATTs)
SATT; is the ground-truth value of SATT statistics for the ith dataset, and SATT; is an estimation

of this SATT statistics calculated through modelling, then the root mean square error is:

RMSE =

n . )2
Z (SATT; — SATT;) . 61)

- n
=1

Here, n: number of datasets, SATT;: predicted SATT via modelling in the ith dataset, SATT;:

true SATT in the ith dataset

Definition 37 (Uncertainty interval coverage rate for SATTs)
SATT,, SATT;, ... ,SATT, are the ground-truth values of SATT statistics for n datasets, and
[lowery, upperi], ..., [lower,,, upper,| are their corresponding uncertainty interval calculated through

modelling, then the uncertainty interval coverage is:
. RS
ci_coverage = — Z 1{SATT, € [lower;, upper;]}. (6.2)
n

i=1

Definition 38 (Absolute biases for SATTs)
SATT; is the ground-truth value of SATT statistics for the ith dataset, and SATT; is an estimation

of this SATT statistics calculated through modelling, then the absolute bias for the ith dataset is:

Absolute bias for the ith dataset =| SATT; — SATT; | . (6.3)
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Here, S ATTi: predicted SATT via modelling in theith dataset, SAT'T;: true SATT in the ith dataset

Definition 39 (Uncertainty interval widths for SATTs)

SATT; is the ground-truth value of SATT statistics for the ith dataset, and [lower;, upper;] is its
corresponding uncertainty interval calculated through modelling, then the uncertainty interval width
is:

ci_width for the ith dataset = upper; — lower;. (6.4)

The targeted confidence level for the SATT uncertainty interval estimates is 90 %, which applies

to all of my implementations.

6.2 BART with Methods1 VERSUS BART with Method2

In Section 3.5.2, we described two methods for constructing credible intervals for SATTs. We
implemented both BART with Method.1and BART with Method.2 in R and their performances

concerning SATT,,c.q are shown in the table below.

BART with Method.1 | BART with Method.2
RMSE 16.8369 16.9078
Uncertainty interval coverage rate 81.41 % 93.62 %
Average uncertainty interval width 43.8814 61.7586

Table 6.1 Table to compare performances of BART with method1 and BART with method2.

From the table, we can see that they have nearly identical RMSEs and considerably high un-
certainty interval coverage rates. However, it is clear that BART with Method.2 results in a
much wider uncertainty interval width. We discard BART with Method.2 and used BART with

Method.1 for further discussions about BART implementation.

6.3 Importance of Propensity Score

When comparing the different performances of BART with Method.1and BART without propen-
sity score concerning SATT,,crau, BART with Method.1 performs better in terms of RMSE.
Meanwhile, BART without a propensity score has an uncertainty interval coverage rate of roughly
71%, which is much lower than BART with Method.1. We could conclude that propensity score

should be included as an additional covariate in BART model implementations.
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BART with Method.1 | BART without propensity score
RMSE 16.8369 17.9955
Uncertainty interval coverage 8141 % 7151 %
Average uncertainty interval width 43.8814 39.0253

Table 6.2 Table to compare performances of BART with method1 and BART without propen-

sity score.

6.4 Visualization of BART Performance

Figure 6.1 shows the boxplot of absolute biases of SAT Ty yerai, SATTyeqrs and SATT,eqr4 Which

are estimated by BART with Method.1.

°
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°
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i o
; |
] °
]
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i)
® ° E satt_overall
-— 50 -
?} E satt_year3
< E3 satt_years
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0 -
X 1 1
satt_overall satt_year3 satt_year4

Figure 6.1

Boxplot of absolute biases of SATTs via BART with Method.1
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Figure 6.2 shows the boxplot of uncertainty interval widths for SATT,,crqu, SATTyeqrs and
SATT,eqrs which are estimated by BART with Method.1.
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Figure 6.2 Boxplot of uncertainty interval widths of SATTs via BART with Method.1

Figure 6.3 shows the scatter plot of estimated SATT,,crqu via BART with Method.1 against
ground-truth SATT,,c.qu, Where grey vertical lines represent the uncertainty intervals of esti-
mated SATT,,crqu- If the ground-truth SATT, ¢ falls within the uncertainty intervals, the

point is marked with green color. Otherwise, the point is marked with red color.
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Figure 6.3 Scatter plot of estimated SATT,,...; via BART with Method.1 against ground-
truth S ATToverall

6.5 Visualization of BCF Performance

Figure 6.4 shows the boxplot of absolute biases of SAT Ty eran, SATTyeqrs and SATTe,r4 which
are estimated by BCF.

Figure 6.5 shows the boxplot of uncertainty interval widths for SAT T, eran, SATT,eqrs and
SATT,eqra which are estimated by BCF.

Figure 6.6 shows the scatter plot of estimated SAT'T,,.,q; via BCF against ground-truth SATT e,
where grey vertical lines represent the uncertainty intervals of estimated SAT T, erq- If the
ground-truth SATT,,c.q falls within the uncertainty intervals, the point is marked with green

color. Otherwise, the point is marked with red color.
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Figure 6.4 Boxplot of absolute biases of SATTs via BCF

6.6 DML with Year as an Additional Covariate

As stated in Section 5.5, we also tried the modified DML model, which included the year as an

additional covariate in estimating S ATT, e q- Their results are shown in the table below.

DML | DML with year
RMSE 22.3636 19.2605
Uncertainty interval coverage rate || 2.26 % 2.59 %
Average uncertainty interval width || 1.0739 1.1153

Table 6.3 Table to compare performances of DML and DML with year.

Concerning SATT,,cqa1, they have nearly identical performances of uncertainty interval cov-

erage rates and mean uncertainty interval widths. However, DML with year as an additional
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Figure 6.5 Boxplot of uncertainty interval widths of SATTs via BCF

covariate results in lower RMSE. It is consistent with how folds for SATT,, .. are created. We
fold year 3 and year 4 data together if they have the same id.practice value. As a result, it is nat-
ural to consider a model that uses year as an additional covariate to fit data from years 3 and 4.

In the following discussions, we will use the implementation result of DML with year to estimate

SATToverall .
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Figure 6.6  Scatter plot of estimated SATT,,c.qu via BCF against ground-truth SATT,,c,an
6.7 Visualization of DML Performance

Figure 6.7 shows the boxplot of absolute biases of SATTp,crqu, SATTyeqrs and SAT T cq,4 which
are estimated by double machine learning.

Figure 6.8 shows the boxplot of uncertainty interval widths for SATT,erqu, SATTyeqr3 and
SATT,eqra which are estimated by DML.

Figure 6.9 shows the scatter plot of estimated SAT'T,,,q; via DML against ground-truth SATT,,crai1,
where grey vertical lines represent the uncertainty intervals of estimated SAT T, yerq- If the
ground-truth SATT,, ... falls within the uncertainty intervals, the point is marked with green

color. Otherwise, the point is marked with red color.
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Figure 6.7 Boxplot of absolute biases of SATTs via double machine learning

6.8 Comparison of BART, BCF, and DML Performances

We draw three bar plots(Figure 6.10, 6.11 and 6.12) for the metrics RMSE, uncertainty interval
coverage rate and average uncertainty interval width separately. Each plot compares the perfor-

mances of BART, BCF, and DML implementations in terms of a specific metric.

In terms of RMSE, the performances of BART, BCF, and DML implementations all seem to have
a good fit. Compared with the other two models, the uncertainty interval widths for DML im-
plementation are significantly smaller. This results in a rather low uncertainty interval coverage
rate. The BART model and BCF model are Bayesian methods, and the lower and upper bounds of
uncertainty intervals are the 5% and 95% quantiles of the SATT statistics in posterior draws. Nev-

ertheless, in the DML model, uncertainty intervals are calculated by applying Theroem 5. Com-
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Figure 6.8 Boxplot of uncertainty interval widths of SATTs via double machine learning

pared to BART and BCF implementations, DML implementations result in significantly smaller
uncertainty interval widths. This is why DML performs so poorly regarding uncertainty interval
coverage rate.

BCF is a variant of BART model. As stated in Section 4.3, it tends to outperform the BART model
in treatment effects estimation. The performance comparisons confirmed the statement. The BCF

outperforms the other two model implementations in terms of the given metrics.
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Figure 6.9 Scatter plot of estimated SATT,,...u via BCF against ground-truth SATT,,c,an

6.9 Heterogeneous Treatment Effects

In treatment effects analysis, it is important to investigate effect heterogeneity to find which
groups are more or less likely to benefit from treatment. Subgroup analysis is a method for in-
vestigating heterogeneity. We calculate the treatment effects for each subgroup and see if they
differ significantly from one another. Thus, the performances of model implementations con-
cerning S AT T ypgroup are also crucial. The 2022 ACIC Data Challenge defined 12 subgroups and
we calculate the average sample size for each subgroup by averaging the total number of patients
within each subgroup across 3400 datasets and the whole intervention period. We plot the RMSE
of a specific subgroup against the sample size of the subgroup and obtained Figure 6.13. We can

infer from the plot that one model performs better for subgroups with larger sample sizes. BART-
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Figure 6.10 Comparison the performances of BART, BCF, and DML concerning RMSE

based models (BART and BCF) outperform DML concerning estimations of SATT;,pgr0up- This
means that when dealing with treatment effect heterogeneity, we should prioritize BART-based
models over DML.
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A Appendix

The following R scripts are attached in the submission folder.
> p_score.r: Implementation of Algorithm 5.
> bart_methodl.r: Implementation of Algorithm 6.
> bart_method2.r: Implementation of Algorithm 8.
> bcf_test.r: Implementation of Algorithm 12.
> dml_test.r: Implementation of Algorithm 14.

> dml_time.r:  Estimation of SATT,,c.qa; by double machine learning with year as an

additional covariate.
> dml_subgroup.r: Implementation of Algorithm 21

> evaluation.r: Functions about metrics RMSE and uncertainty interval coverage rate.
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