Technische Universitat Miinchen

TUM School of Computation, Information and Technology

Solving Forward and Inverse Problems

with Differentiable Physics and Deep Learning

Philipp Marcel Holl

Vollstandiger Abdruck der von der TUM School of Computation, Information and
Technology der Technischen Universitdt Miinchen zur Erlangung des akademischen

Grades eines
Doktors der Naturwissenschaften (Dr. rer. nat.)

genehmigten Dissertation.

Vorsitz: Prof. Dr. Jens GroRRklags
Priifende der Dissertation: 1. Prof. Dr.-Ing. Nils Thuerey
2. Prof. Phaedon-Stelios Koutsourelakis, Ph.D.
3. Prof. Matthew Piggott, Ph.D.

Die Dissertation wurde am 12.04.2024 bei der Technischen Universitdt Miinchen
eingereicht und durch die TUM School of Computation, Information and Technology am
16.09.2024 angenommen.



Abstract

This dissertation encapsulates the research papers I authored during my tenure as a Ph.D. candidate at the
Technical University of Munich, providing a comprehensive contextualization of their significance. My pri-
mary contributions revolve around the application of machine learning methodologies, particularly neural
networks, to tackle both forward and inverse problems.

The focal point of my work lies within the realm of addressing numerically intricate scenarios, particularly
those involving simulations of partial differential equations, such as the Navier-Stokes equations governing
incompressible fluids.

In order to conduct the numerical experiments essential to these studies, I devised a software library tailored
for differentiable simulations, known as ,,, which will be elaborated upon herein. The utilization of
is ubiquitous across all the publications enumerated in the subsequent pages, and it has garnered attention
from independent researchers who have subsequently employed it in their own diverse publications.

The primary publications are reproduced at the end of this document.

Zusammenfassung

Diese Dissertation fasst die Forschungsarbeiten zusammen, die ich wahrend meiner Zeit als Doktorand an
der Technischen Universitdt Miinchen verfasst habe, und stellt eine umfassende Kontextualisierung ihrer
Bedeutung dar. Meine priméren Beitrdge drehen sich um die Anwendung von Methoden des maschinellen

Lernens, insbesondere von neuronalen Netzen, um sowohl Vorwarts als auch inverse Probleme zu l6sen.

Der Schwerpunkt meiner Arbeit liegt im Bereich der Behandlung numerisch schwieriger Szenarien, insbeson-
dere der Simulation partieller Differentialgleichungen, wie der Navier-Stokes-Gleichungen fiir inkompressible
Fluide.

Um die fiir diese Studien erforderlichen numerischen Experimente durchzufiihren, habe ich eine Software-
Bibliothek g, entwickelt, die auf differenzierbare Simulationen spezialisiert ist. Die Verwendung von oy
ist in allen auf den folgenden Seiten aufgezdhlten Publikationen allgegenwartig und hat die Aufmerksamkeit
unabhéngiger Forscher auf sich gezogen, die es anschlief3end in ihren eigenen Publikationen eingesetzt haben.

Die wichtigsten Veroffentlichungen sind am Ende dieses Dokuments abgedruckt.
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Introduction

This dissertation summarizes and contextualizes the various publications and contributions I have made
during my work as a doctoral student at the Technical University of Munich. These broadly revolve around
employing deep learning and differentiable physics for forward and inverse problems in science. This chapter
introduces the general topic and outlines my contributions to the field.

1.1 Machine Learning in Science and Engineering

In recent years, the integration of machine learning techniques into scientific and engineering disciplines has
revolutionized the way we approach complex problems, driving innovation and discovery across a spectrum
of fields [LBH15]. From deciphering intricate biological mechanisms to optimizing manufacturing processes,
the application of machine learning algorithms has become increasingly pervasive, offering unprecedented in-
sights and efficiencies [JM15]. This dissertation delves into the profound impact of machine learning method-
ologies for problem solving in science and engineering, highlighting my own contributions along the way and
examining existing challenges and opportunities.

The convergence of machine learning and traditional scientific and engineering practices has ushered in a
new era of exploration and problem-solving. By leveraging vast datasets and powerful computational tools,
researchers have been able to unravel intricate patterns, predict behaviors, and uncover hidden relationships
within complex systems [GHV17]. Whether it be in the realms of materials science, environmental engi-
neering, or biomedical research, machine learning algorithms have demonstrated remarkable capabilities in

accelerating the pace of discovery and innovation.

However, despite the remarkable progress achieved, significant challenges persist. The interpretability of
machine learning models and the robustness of algorithms in the face of uncertainty are but a few of the
pressing issues that demand careful consideration [Lip18]. Moreover, the interdisciplinary nature of many
scientific and engineering problems necessitates a holistic approach that bridges the gap between domain
expertise and computational proficiency [Car+15].




1 INTRODUCTION

This dissertation seeks to address these challenges and provide a comprehensive overview of the current state-
of-the-art in machine learning for science and engineering. Through a synthesis of theoretical frameworks,
practical case studies, and critical analysis, it aims to shed light on both the promise and the pitfalls of
integrating machine learning techniques into traditional research methodologies. By examining real-world
applications across diverse domains, it endeavors to uncover best practices, identify areas for improvement,
and chart a course towards the responsible and effective utilization of machine learning in pursuit of scienti ¢
and engineering advancements.

As we stand on the cusp of a new era de ned by unprecedented technological capabilities, the exploration of
machine learning for science and engineering represents not only a scienti c endeavor but also a philosophical
and societal one. By embracing the potential of these transformative technologies while remaining vigilant
to their limitations and implications, we can forge a path towards a future where innovation is empowered
by intelligence, and progress is driven by knowledge.

1.2 My contributions

I will begin by reviewing the necessary background required to understand my research. Chapter 2 includes
an overview of current machine learning methods as well as partial differential equations (PDEs) which
govern the evolution of physical systems.

A large part of my time as a doctoral student was spent developing tools for simulating complex PDEs in a
differentiable way to enable advanced machine learning methods. This effort has resulted in the software
libraries gow @and . Which I will introduce in chapter 3.

With access to differentiable simulations, my colleagues and | have trained neural networks on various tasks
which can broadly be categorized into two types, forward problems and inverse problems. In this context,
forward problems refer to solving PDEs given the initial and boundary conditions. Deep learning can be used
for forward problems in various ways, and we have made three separate contributions to this eld, which are
explained in chapter 4. First, we have trained neural networks to act as surrogates for a particle-based liquid
simulator (4.2). Second, we have trained correctors to reproduce the behavior of higher-resolution solvers by
learning the evolution differences over many time steps (4.3). Third, we have explored using neural networks
to approximate a smoothed version of physics-based objective functions to improve optimization (4.4).

Applying machine learning techniques toinverseproblems poses a different set of challenges, and | have made
multiple contributions to this area as well. Chapter 5.1 presents my work on the advantages of optimizing
inverse problems with neural networks compared to traditional optimizers. Then in 5.2, | present my work
on controlling dynamical systems as a practical application of this approach. In performing these studies,
we have identi ed some fundamental limitations in traditional machine learning methods, which have led

to two improvements for neural network training involving the principle of update inversion. Chapter 5.4
explains my work on inverting the physics, and chapter 5.5 summarizes related work | have contributed to,
which inverts the gradients.




Background and Preliminaries

This chapter introduces machine learning as a whole as well as partial differential equations (PDEs) and
traditional methods of solving them. Chapter 3 then investigates the interface between these two, which
naturally leads to differentiable physics and the ¢, library | implemented.

2.1 Deep learning and its applications

Deep learning, a sub eld of arti cial intelligence (Al), has emerged as a transformative force in modern
science and technology] Gool6]. It represents a class of machine learning algorithms that enable computers
to learn complex representations of data through the use of deep neural networks, inspired by the structure
and function of the human brain [LBH15]. The evolution of deep learning has revolutionized various scienti ¢
disciplines, offering unprecedented capabilities in data analysis, pattern recognition, and decision-making
processeq Schilg.

Historically, the roots of deep learning can be traced back to the development of arti cial neural networks
(ANNS) in the 1940s and 1950s [MP43; Ros5d. However, it wasn't until the 1980s and 1990s that signif-
icant advancements were made in training deep neural networks with the introduction of backpropagation
and other optimization techniques [RHW86]. Despite these advancements, deep learning faced signi cant
challenges due to limited computational power and insuf cient amounts of labeled data [HOTO06].

The breakthroughs in deep learning can be largely attributed to the convergence of several factors, including
the exponential growth of computational resources, the proliferation of big data, and innovative algorithmic
developments. The resurgence of deep learning began in the mid-2000s, with the introduction of deep con-
volutional neural networks (CNNs) by Hinton et al., which demonstrated remarkable performance in image
classi cation tasks. Subsequently, deep learning techniques have been extended and applied to a wide range
of scienti c domains, including but not limited to:
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1. Biomedical Imaging: Deep learning has shown exceptional promise in medical image analysis, facili-
tating tasks such as disease diagnosis, tumor detection, and organ segmentation. For instance, CNNs
have been employed to interpret radiological images with high accuracy, aiding clinicians in making
more informed decisions [KSH17].

2. Genomics and Proteomics: In genomics, deep learning techniques have been utilized to analyze DNA
sequences, predict gene functions, and identify genetic variations associated with diseases. Similarly,
in proteomics, deep learning models have been applied to protein structure prediction and drug dis-
covery [Ang+ 16].

3. Drug Discovery and Development: Deep learning has the potential to revolutionize drug discovery
pipelines by accelerating the process of drug screening, lead optimization, and target identi cation.
Deep learning models can learn complex relationships between chemical structures and biological ac-
tivities, leading to the design of novel therapeutics [GHS1§ .

4. Climate Science: Deep learning techniques have been employed to analyze climate data, predict ex-
treme weather events, and model climate patterns. By leveraging deep neural networks, researchers
can extract valuable insights from large-scale climate datasets, contributing to our understanding of
climate dynamics and informing mitigation strategies [RPG19.

5. Neuroscience: Deep learning plays a crucial role in analyzing neuroimaging data, deciphering brain
connectivity networks, and understanding neural activity patterns. These insights are instrumental in
advancing our understanding of brain function and neurological disorders [ Sch+ 17].

Furthermore, deep learning nds application in engineering [Alz+21; And+ 23], computer vision [Vast 17],
speech recognition[Hin+ 12], medical imaging [Lit+17], autonomous vehicles[ Boj+ 16], recommender sys-
tems[CAS14, nancial services [BYR17, drug discovery [GHV17], gaming [Mni+ 13a], robotics [ Lew+ 16],
cybersecurity [SB15), agriculture [KP1§, retail [Tan+ 18], energy [Hos+ 17; Li+24], among others.

Overall, deep learning represents a paradigm shift in scienti ¢ research, empowering scientists and re-
searchers to tackle complex problems across various disciplines. With ongoing advancements in hardware
capabilities, algorithmic innovations, and interdisciplinary collaborations, the potential applications of deep
learning in science continue to expand, promising transformative breakthroughs in the years to come.

2.2 Partial di erential equations (PDES)

Partial Differential Equations (PDEs) are fundamental mathematical tools used to describe various physical
phenomena and processes occurring in elds such as physics, engineering, biology, and economid<H62;
SSS8j.

Unlike ordinary differential equations (ODEs), which involve functions of a single variable, PDEs involve
functions of several variables and their partial derivatives [ Eva22; Str07; Hab04].

The study of PDEs dates back to the 18th century, with seminal contributions from mathematicians such as
Leonhard Euler and Joseph-Louis Lagrange. However, their signi cance in modeling real-world phenomena
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became more pronounced with the advent of modern science and technology. PDEs provide a powerful
framework for describing continuous systems and have applications ranging from uid dynamics and heat
transfer to electromagnetism and quantum mechanics.

A generic form of a partial differential equation can be expressed as:

' @u
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where u is the unknown function of variables x4, X,, ..., X,,, and F is a given function involving u and its partial
derivatives up to order m.

Most PDEs describing real systems have timé as one of their variables and these terms can usually be
separated. Higher-order temporal derivatives can further be reduced to rst-order by increasing the dimen-
sionality of the dynamical system, e.g. describing the evolution of phase space. This results in the following
form:
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PDEs are classi ed based on their order, linearity, and the number of independent variables. Common types
include elliptic, parabolic, and hyperbolic equations, each with distinct characteristics and solution methods.

Elliptic equations, such as Laplace's equation, describe steady-state phenomena and are characterized by
smooth solutions. Parabolic equations, exempli ed by the heat equation (Fig. 2.1), govern processes involving
diffusion and exhibit solutions that evolve over time. Hyperbolic equations, like the wave equation, model
wave propagation phenomena with solutions that propagate along characteristic curves.

The study of PDEs encompasses a wide range of mathematical techniques, including separation of variables,
Fourier and Laplace transforms, numerical methods, and variational principles. These tools enable the anal-
ysis and solution of complex problems arising in diverse elds of science and engineering. In the following
section, we will explore numerical schemes for solving them, before moving on to machine learning methods
in later chapters.

2.3 Traditional PDE solving methods

Solving PDEs analytically is often intractable for complex systems, necessitating the development of numerical
methods. Here we present an overview of traditional numerical techniques for solving PDEs.

Finite Di erence Methods  Finite Difference Methods (FDM) discretize PDEs by approximating deriva-
tives using nite difference approximations. The domain is discretized into a grid, and the PDE is solved
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Figure 2.1: 1D heat convection. Initially (left edge) all values at constant temperature u = 0. The boundaries are
constrainedtou= 1. The PDE% =10 3 r 2u determines the evolution. Simulated with ¢,

iteratively at grid points. Common schemes include explicit, implicit, and Crank-Nicolson methods, each
offering trade-offs between stability, accuracy, and computational ef ciency [LeV07]. FDM is conceptually
simple and applicable to a wide range of PDEs, making it a foundational technique in computational physics
and engineering.

Finite Element Methods Finite Element Methods (FEM) discretize the domain into nite elements, where
the PDE is approximated by piecewise polynomial functions de ned over these elements. FEM provides
exibility in handling irregular geometries and complex boundary conditions [ZTO05]. It achieves higher
accuracy compared to FDM for problems with smooth solutions but requires solving a system of algebraic
equations, making it computationally intensive.

Finite Volume Methods  Finite Volume Methods (FVM) discretize PDEs by dividing the domain into control
volumes and approximating integrals over these volumes. FVM emphasizes conservation laws and uxes
across control volume interfaces. It is widely used in uid dynamics and heat transfer simulations due to its
robustness and conservation propertied FP0Z. FVM is particularly suitable for problems with discontinuous
solutions or shocks.

Spectral Methods Spectral Methods represent solutions using basis functions such as Fourier, Chebyshey,
or Legendre polynomials. These methods provide exponential convergence rates for smooth solutions and
are well-suited for problems with periodic boundary conditions [Boy01l]. However, they are less exible for
handling complex geometries and boundary conditions compared to nite element methods.
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Traditional PDE solving techniques offer a diverse toolkit for approximating solutions to PDEs across various
disciplines. Each method has its strengths and weaknesses, and the choice depends on factors such as problem
characteristics, computational resources, and desired accuracy. This begs the question as to whether machine
learning approaches can improve upon the existing algorithms. As we will see, a key ingredient to enable
advanced machine learning techniques is being able to differentiate through these numerical methods in order

to obtain feedback for optimizing the learned model. In the next chapter, | will introduce g,, a software
library | developed to tightly integrate differentiable simulations with existing machine learning libraries.




Di erentiable Physics and g,

Differentiable physics refers to simulated processes for which we can compute derivatives. Imagine we can
simulate a processP (x] ), such as a weather forecast, to obtain a resulty, such as the weather some days
after the initial state x. This simulation is in uenced by various parameters , like modelling the in uence of
microphysics or turbulence[Cou+12]. Then to improve the simulation, we must nd the optimal parameters

to reduce the difference between forecast and recorded weather datal(x) on a set of historical weather
data D. And to nd the optimal parameters, we would like to know how L is affected by each parameter,
i.e. %. For a squared error metric, this gradient is %% Here, the second term denotes the derivative of
the simulation output w.r.t. the parameters . We call a simulation differentiable if this quantity and / or %
(and optionally higher-order derivatives) can be computed ef ciently, i.e. the computational cost scales sub-
linearly with the number of parameters . This is typically achieved by calculating the analytical derivative

via the adjoint method, i.e. backpropagation [Goo16].

3.1 Applications of Di erentiable Physics

Numerical applications involving processes can broadly be categorized intdorward and inverseproblems. For
a known processP(xj )! vy, forward problems involve solving for y given (x, ), while inverse problems
generally search for parameters from either x or . In the context of PDEs, forward problems amount to
solving the initial value problem given by the speci ed initial state x and boundary conditions . The classi-
cation into forward and backward problems is somewhat ambiguous, since it depends on the de nition of
P. Furthermore there are applications that require solving both forward and inverse problems.

In recent years, researchers have applied machine learning techniques to a wide variety of both forward and
inverse problems. Many of the corresponding applications are made possible by differentiable physics or can
strongly bene t from its usage. Fig. 3.1 categorizes a broad range of methods by the type of problem they
are designed to solve as well as their usage of machine learning and differentiable physics.
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Figure 3.1: Overview of methods and tools used to solve forward as well as inverse problems.

The combination of deep learning and physics simulations has sparked a multitude of promising lines of
research. For applications where PDE solvers are traditionally employed, surrogate ML models have been
shown to provide signi cant performance improvements for certain types of problems [Sant+ 20; Tom+17]
or improve simulation accuracy for xed resolutions [Koct+21b; Um+20]. This can come in the form of
completely replacing PDE solvers or augmenting them by providing correction terms to model unresolved
dynamics. These models can be trained without differentiable physics on single time steps, but this training
scheme is prone to instability at inference, when the models are autoregressively executed on long sequences.
Here, differentiable physics enables rolling out multiple time steps during network training. We have shown
that this reduces the risk of numerical instabilities at inference time and bene ts accuracy [Um+20].

PINNSs are an alternative way to of solving PDEs using neural networks. PINNs directly use the partial deriva-
tives of the governing PDE as a training objective but do not require a differentiable simulator. They will be
introduced in more detail in chapter 4.
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In addition to these applications for forward problems, ML has also seen success for inverse problems. Most
classical inverse problems involve estimating parameters of a known modeP from observations, but learning
the optimal behavior of agents also falls into this category. There are numerous classical algorithms to solve
these problems, which can be broadly classi ed by whether they require the derivative of the objective func-
tion w.r.t. the unknown parameters. Derivative-free optimization can be applied to discontinuous or integer
problems as well, but for continuous and differentiable problems, making use of the gradient and possibly
higher-order derivatives via differentiable physics can signi cantly speed up convergencen[JOB91; Jam03.

In recent years, neural networks have been applied to inverse problems from science, engineering, robotics,
health care, video and board games, and many more. Notable breakthroughs have been achieved using rein-
forcement learning (RL), such as learning to play Atari games[Mni+13b], Go[Sil+17] and Dota [Ber+19].
RL relies on a non-differentiable model of the environment, which allows it to be applied to a vast range of
problems. On continuous problems, RL research has been working on integrating differentiable models into
the training. This branch, known as model-basedRL [ Moe+ 23], is converging with the work from the science
and engineering community on ML methods for inverse problems.

There, ML methods have been applied to inverse problems, such as controlling complex physical sys-
tems [Bie+20; HKT20], encoding physical states and sequence§RPK19, and nding conservation
laws [GDY19. These approaches are based on the assumption that there are exploitable patterns in
the optimal solutions to similar inverse problems. Chapter 5 provides more information on ML methods for
scienti ¢ inverse problems, including my contributions to the eld.

3.2 Backpropagation and the adjoint method

Differentiable simulations have long been used in classical optimization where the adjoint method is typically
employed to compute the required gradients[Ple06]. The adjoint method is also used in machine learning,
where it is known as reverse-mode differentiation or simply backpropagation. Consequently, it can also be
used to backpropagate through joint systems comprising of both neural networks and physical simulations
as long as all parts are differentiable.

Despite this deep connection between the two elds, most software frameworks focus on only one of them.
There are frameworks for differentiable simulations [TET12; MFD19 and separate frameworks for neu-
ral network optimization, such as PyTorch [Pas+19], TensorFlow [Abat+ 16], and Jax [Bra+18; Bab+20;
Hen+20]. Combining these frameworks is hard to achieve in practice and many researchers have instead
chosen to implement custom differentiable simulations compatible with one speci ¢ machine learning frame-
work [Tom+17; Koc+ 21b; Bie+20]. However, this approach results in highly specialized and low-level sim-
ulation code, preventing adoption to different projects.

A number of libraries target this problem [ SC20; Hu+ 20] but they are either very specialized or use different
programming paradigms than the popular machine learning frameworks, making seamless integration dif -
cult. The programming language Julia [Bez+17] offers language-level differentiation but is not compatible

10
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with most established machine learning frameworks. The dif culty in training neural networks with differ-
entiable physics has led many authors to fall back to supervised learnind Sar+20; RT21; TLY20; Sta+ 21].

33 wand gy

row (PhiFlow) is an open-source framework for differentiable simulations | developed during my Ph.D.
Originally developed as one project, g, iS how distinct from , which provides a science-oriented tensor
API and fully integrates with PyTorch, TensorFlow, Jax and NumPy{Har+20]. g, buildson , to provide
access to geometry and physics functions and and is intended to be used for a wide variety of simulations.
It includes high-level data structures for grid-based (Eulerian) as well as particle-based (Lagrangian) simu-
lations. (o IS designed to make simulation code as reusable as possible without sacri cing readability or
performance. Additionally f, aims to accelerate development iterations by promoting interactivity and
clean code.

3.4 Design Principles

Here, we lay out our goals in developing ;. and gqn- These serve as the foundation for the design as well
as the metrics for their evaluation.

Reusability Simulation code based on ¢, should be able to run in many different settings without modi-
cation. The dynamics of a system, e.g. governed by a partial differential equations, are often formulated in a
dimension-agnostic manner. Simulation code implementing these dynamics should also exhibit that property.
Most simulations use some form of discretization, such as particles or grids. Simulation code written for one
such discretization should be easy to port to another appropritate one.

Compatibility  There are many toolkits and libraries extending machine learning frameworks with special-

ized functionality. These are generally only available for a certain framework, be it TensorFlow, PyTorch or

Jax. pgow Users should be free to choose whatever framework they desire without modifying their simula-

tion code. Additionally, simulations should be able to run on GPUs and CPUs and be vectorizable without
modi cation. g, Should support Linux, Windows and Mac.

Interactivity To develop code, tune parameters or nd issues quickly, it is vital to get immediate visual
feedback on what the code is doing and in uence it if necessary. This requires a user interface that can
visualize physical quantities as well as statistics and provide user-speci ed controls to adjust parameters. It
should work for remote processes as well as locally executed scripts. Users should be able to halt execution
at any point using a debugger and visualize variable values.

11
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Usability g, Should be easy to learn and use. To achieve this, the API should be intuitive with expressively
named functions matching existing frameworks where possible. User code as well as built-in simulation
functionality should be easy to read, i.e. concise and expressive.

Maintainability =~ Users should be able to read and understand all high-level source code of ¢,,,- All relevant
framework functions should undergo continuous testing to ensure patches do not break existing code. When
installing 0w, Users should be able to check the installation status and get hints as to how to solve potential
issues.

Performance Simulations using g, Should make use of hardware accelerators (GPUs, TPUs) where pos-
sible. During development, we prioritize rapid code iterations over execution speed but the completed code
should run as fast as if written directly against the chosen framework.

3.5 Design

We choose Python VD95] 3.6 and newer as the main programming language for , 'sand gq,'S APl due to
its simplicity and compatibility with machine learning frameworks and operating systems. We also implement
all core functionality in Python to enable users to easily locate and understand the implementation of all
library functions. In the following, we list the major design decisions, which affect both libraries.

Layered Architecture rlow Consists of ve sub-modules forming a software stack

(Fig. 3.2), each designed to minimally wrap functionality with as little intersection to

each other as possible.. Thanath module, now part of ,, , manages tensor calculus

and includes BLAS, differentiation, jit-compilation and optimization functionality. The

geonetry package provides classes to represent n-dimensional shapes and collections

of shapes. The modulefield contains various data structures to discretize continuous

physical elds, such as centered and staggered grids and point clouds. The functions rigyre 3.2:  Modules
in the physics module operate on these and serve as building blocks for physics sim- of g,. The math API

ulations. Finally, the vis module includes user interface and plotting functionality for Is partof ..
elds and tensors.
Uniform API for PyTorch, TensorFlow, Jax and NumPy mL'S math APl is similar to NumPy, containing

a Tensor class and functions to operate on tensors. However, we extend the base functionality that is present
in all popular machine learning frameworks by new features to make writing reusable code easier. ,, tensors
can be created from all supported backends — PyTorch, TensorFlow, Jax and NumPy — and act as a wrappers
for the underlying arrays which we refer to as native tensors Since all native tensors are represented by the
same class in y, , code written against , 's math API is backend-agnostic. Data can also be passed between

12
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backends, internally using the tensor sharing functionality of DLPack[all7] when possible. This way, an
easy-to-use PyTorch network can interact with a Jax simulation for performance but also with an identical
PyTorch simulation to facilitate debugging.

Named dimensions In , and gq,, dimensions are not referenced by their index but are given a name
instead, similar to pandas [McK10Q]. This allows code to only interact with certain dimensions while being
agnostic to the number and order of other dimensions. This is especially relevant considering PyTorch net-
works require dimensions to be laid out in the order batch, channel, spatial while TensorFlow needs
batch, spatial, channel . It also saves users from reshaping tensors because non-matching tensors can
internally be reshaped to match, adding missing dimensions as needed.

Element names along dimensions Like with the dimension orders described above, there are also multiple
conventions for component orders, such as storing vectors ax, y,z) or (z,y,X). yL Supports component-
order-agnostic code by allowing users to specify the component order explicitly. This enables extracting the
X component of a vector-valued tensor using the syntaxtensor.vector['x'] instead of the traditional
tensor[;, 0, ...] or tensorf:, -1, ...] , assuming PyTorch dimension order.

Non-uniform tensors With some data structures, such as staggered grids, the number of elements along
one or multiple dimensions can be variable. We will refer to tensors holding such data asnon-uniform tensors
but they are also known asraggedor nestedtensors. Users will often pad the missing elements with zeros to
make the data easier to handle but this can lead to problems down the line. Instead, , automatically creates
non-uniform tensors when stacking tensors with non-matching shapes. Theshape attribute of a non-uniform
tensor stores its exact layout, allowing users to operate on non-uniform shapes like on regular shapes, e.g.
allocating new memory with zeros(non_uniform_shape) .

Uni ed functional math  For differentiation, just-in-time compilation and iterative solves, we adopt a
function-based approach similar to Jax. This is different from TensorFlow, where gradients are tracked
via Python context managers, and PyTorch, where gradients are attached to tensors. ,, unies these
different paradigms, providing unied function operations that run with all backends. For example,
math.functional_gradient(f) returns a function that computes the gradient of f and, to solve a sparse
system of linear equations, users simply supply a Python function and the desired output of that function.

Built-in simulation and learning functionality = To make it as easy as possible for users to get started,
mL Ships with many common building blocks for simulations, such as classes to represent grids and point
clouds. Built-in functions like nite-difference operators, diffusion, advection or pressure computation for
uids allow users to quickly assemble readable and exible physics simulations. Additionally, they facilitate
altering the physics later, e.g. switching resolution, domain size or boundary conditions. All provided classes
and functions are implemented in Python and interface only with , 's math API, not any particular backend.
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This makes it easy for users to navigate and read their source code. \,_ also provides generic convenience
functions for setting up common neural network types, such as fully-connected networks or U-Net§ RFB15.

Dimension types Each tensor dimension in , is assigned one of four types: batch, spatial, instanceor
channel Batchdimensions have no physical interpretation but serve to run operations in parallel. All math
functions treat slices along batch dimensions as independent, i.e. all operations are performed element-wise
along batch dimensions. Since all functions in , 's math module adhere to this rule, user code will also
exhibit that property unless batch dimensions are referenced explicitly. This enables seamless parallelization
for ef cient GPU utilization without additional functions like vmap Spatial dimensions list data sampled at
regular intervals. They de ne the physical space in which spatial operations like grid sampling or the Fourier
transform operate in. Thus, a simulation written for 2D can be scaled to 3D simply by adding an additional
spatial dimension to the initial state, assuming the simulation code does not explicitly reference a speci c
spatial dimension. This feature mimics the operator notation in mathematics and abstracts out the error-
prone process of porting code to new shapes. In contrast to spatial dimensionsnstancedimensions list data
sampled atirregular intervals. They can be used to represent collections of points, particles, nite volumes
or elements as well as graph nodes. Lastlychanneldimensions enumerate properties of single instances or
sample points, such as the x, y and z components of a vector eld.

Floating-point precision by context vL'S tensor operations determine the desired oating point precision
from the operation context rather than the data types of its inputs. The precision can be set globally or
speci ed locally via context managers and operations will automatically convert tensors of non-matching
data types if necessary. This avoids data-type-related problems and errors, as well as making user code more
concise and cohesive.

Lazy stacking Simulations often perform component-wise operations separately if there is no function
achieving the desired effect with a single call, like computing the x, y and z-component of a velocity eld in
three lines. This often leads users to declare separate variables for the components to avoid repeated tensor
stacking and slicing. However, this clutters the code and prevents it from being dimension-agnostic. Instead,

vL performs lazy stacking by default, i.e. memory is only allocated once the stacked data is required as a
block. Consequently, functions can unstack the components, operate on them individually, and restack them,
without worrying about unnecessary memory allocations.

Just-in-time compilation  While the previous features allow for concise, expressive and exible code, the
added abstraction layer and shape tracking induces additional overhead. To avoid this in production, .
supports just-in-time (JIT) compilation for PyTorch, TensorFlow and Jax. Once compiled, only the tensor
operations are executed, eliminating all Python-based overhead.
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Sparse matrices from linear functions Solving linear systems of equations is a key requirement in both
particle and grid-based simulations. Since the physical in uence is typically limited to neighboring sample
points or particles, the resulting linear systems are often sparse. Constructing such sparse matrices by hand
yields code that is hard to understand and debug as well as limited to speci ¢ boundary conditions. Instead,

v lets users specify linear systems with a linear Python function, like with matrix-free solvers. However,
these functions often consist of many individual operations, which makes it inef cient to call them at each
solver iteration. To avoid this overhead, ,, can convert most linear and af ne functions to sparse matrices
so that solvers can perform the matrix multiplication in a single operation. When JIT-compiling a simulation
that includes a linear solve, the matrix generation will be performed during the initial tracing of the function,
assuming the sparsity pattern is constant.

Custom CUDA Operatorions mL provides custom CUDA kernels for speci ¢ operations that could bot-
tleneck simulations, such as grid sampling for TensorFlow or linear solves. If available, these will be used
automatically in place of the fallback Python implementation.

Plotting recipes Flow Provides convenience plotting recipes for tensors and all built-in data structures,
such as grids and point clouds. These plots can be created with a single function call and can be used during
debugging, e.g. to visualize a variable. g, supports the popular plotting libraries Matplotlib [Hun07] and
Plotly [Inc15] as well as basic visualization for the command line.

Web-based user interface To provide instant feedback and enable interactivity, g, includes user inter-
faces for both Jupyter notebooks[Klu+ 16] and stand-alone Python scripts. The user interfaces employ the
above-mentioned plotting recipes to show selected module or notebook variables in real time. They can also
display graphs to track scalar quantities, such as learning curves. By annotating numeric, Boolean or textual
variables or functions, control components can be added to the interface, allowing users to interact with the
code, e.g. to adjust the learning rate or to tweak physical parameters in real time without restarting the
program. 'S interface uses Jupyter interactive widgets[com15] for notebooks and Dash[Inc15] for the
web-based interface, enabling supervision and interaction with remote scripts.

3.6 Evaluation

We now test whether ,'s design ful lls the design principles. Speci cally, we examine the design prin-
ciples in order and measure the degree to which they apply to ¢, as objectively as possible. We consider
examples implementations for three important applications of g4, running simulations, optimizing physi-
cal parameters, and training neural networks.

Running simulations without computing gradients is a common task in learning as well as science, e.g. to
generate synthetic data sets for training or validation. For this task, we set up a galaxy-like simulation,
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Table 3.1: Number of lines changed by porting the experiment code to a different setting. We break the changes down by
category: 1. executing script, 2. visualization, 3. simulation. Asterisks indicate that there are multiple options depending
on the desired outcome; the minimum is shown.

Task 2003D Backend Device Parallelize Boundary Precision Production
Galaxy sim. 1,0,0 1,0,0 1,0,0 1,0%0 n/ a 1,0,0 1,0,0
Bubble opt. 1*, 0,0 1,0,0 1,0,0 1,0%0 1,1,0 1,0, 0* 1,0,0
Fluid learn.  3,0,0 1,0,0 1,0,0 1,0%0 1,0,0 1,0, 0* 1,0,0

Table 3.2: g, SUpport matrix as of PyTorch 1.11.0, TensorFlow 2.8.0, Jax 0.3.1.

Operating system PyTorch TensorFlow 2 Jax NumPy (CPU)
Linux 1] Ubuntu 16.04+  Ubuntu 16.04+ (/]
Windows Vistat+ 7+ 10+ (WSL2) a
macOS @g(CPU*)  10.12.6+ (CPU) 12.12+ 1]

i.e. a many-body system evolving under Newtonian gravity. In the next experiment, inspired by related
work [SC2(, we consider a collection of non-overlapping spherical particles or bubbles. We de ne an energy
function based on the pair-wise distances between them and minimize it using the popular L-BFGS-BLN89]
optimizer to obtain a valid con guration of the system. For the third task, we consider the movement of test
particles in an incompressible uid and train a U-Net [RFB13 to exert control forces upon the uid to move
the particles towards the center.

Reusability To measure reusability, we port our experiments to different settings and measure how many
lines of code are changed in the process. In particular, we port all problems to two and three-dimensional
physical settings, run them with all backends, both on the CPU and GPU and with 32 and 64 bit oating point

precision, extend them to batched settings, modify the physical boundary conditions, and switch between
production and debug mode (see Tab. 3.1).

We observe that the simulation code is compatible with all tested settings and does not require any modi ca-
tion. The built-in visualization adapts to the dimensionality of the data and only requires manual tweaking
for the case of plotting particles on a periodic domain or plotting large batches of data. Remarkably, switching
between PyTorch, TensorFlow and Jax only requires a single change to the executing script in all examples
despite all tensor operations being different. Speci cally, the backend is selected via the import statement,
e.g. phi.torch.flow  for PyTorch and phi.tf.flow  for TensorFlow. This even holds for the case of training
a 3D U-Net interacting with an incompressible uid simulation because identical U-Net implementations are
available for all backends.

Compatibility rlow Itself runs on Linux, Windows and macOS. However not all backends are available on
all operating systems, e.g. Jax has no of cial support for Windows. Table 3.2 shows which operating systems
are supported by which backends.
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Interactivity rlow 'S built-in plotting recipes include curve plots for 1D data, heatmap, vector and scatter
plots for 2D grids and points, as well as 3D density, scatter and vector plots. Composite plots can be created
by overlaying multiple plots or laying out multiple elds in a grid-like structure. Fig. 3.3 shows a selection of
basic plots, each visualizing a single eld. Additionally, scalar quantities can be graphed over time.

Figure 3.3: Example plots created through plotting recipes included in ,,. Each plot was set up in one line of code.

The interactive user interfaces enable fast iterations without restarting the program each time a change is
made. Instead, program and visualization code can be combined into a single interactive application, see
Fig. 3.4. This is similar in spirit to Jupyter notebooks which also let users make changes to speci ¢ pieces of
code without restarting the whole program and  g,,,'s visualization and interaction tools are fully compatible
with Jupyter notebooks. For controlling running applications, g, currently includes check boxes, sliders,
drop-down menus, text elds and buttons. Making a variable or function accessible to the user interface
typically requires changing one line of code. Interactive controls make it possible to adjust the time increment
of a simulation in real time based on the CFL number or to switch optimizer and change the learning rate for
a neural network during training.

Usability Fig. 3.5 compares our gy, implementation of the galaxy simulation against an equivalent Jax
version. Implementations for PyTorch, TensorFlow and NumPy strongly resemble the Jax version. While most
Jax operations require dimensions being passed as integers, g, Uses human-readable names, such astars ,
to improve clarity and reduce the chance of mistakes. The implementations of the other two experiments
are shown in Figs. 3.6 and 3.7. They are both incredibly short and expressive considering the complex tasks
being solved. The loss function for the uid learning experiment (Fig. 3.7), for example, consists of only
twelve lines of Python code, including function declaration and return statement. Within the ten remaining

Figure 3.4: A classical work ow requires restarting the program for a parameter change while the interactive work ow
in  gow €nables parameter and logic changes at runtime.
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Figure 3.5: Galaxy simulation function, implemented against Jax and go,-

lines, it executes the neural network to predict the control force, simulates an incompressible 3D uid ow
for n time steps as well as the passive advection of the marker particles and computes the two loss terms for
training.

Figure 3.6: Top : Energy function for the bubble relaxation experiment, our implementation (  g,), Bottom: Jax M.D.
function dependency graph for the same task.

The collection of built-in functions further improves readability by replacing common series of operations
by their proper name. Among others, g, includes functions for vector calculus (length, rotation, dot
and cross product, normalization, etc.), common training losses (L, L2, frequency-based losses, etc.), nite
difference derivatives (gradient, Laplace, curl, divergence) as well as exact operations for periodic domains,
grid sampling (up-/ down-sampling by factors of 2, arbitrary resampling), diffusion, and advection (Euler,
MacCormack, RK4 for both grids and particles). These functions serve as building blocks for users to de ne
complex physical simulations.
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Figure 3.7: Implementation of the loss function and simulation for the uid control training experiment. We set STEPS=1
for the performance measurements.

Maintainability Fow iNcludes a diagnosis function that can be used to verify the installation and help in
nding both software and hardware-related problems. Most notably, it tests both availability and functionality
of all relevant dependencies as well as checking for available GPUs by backend.

rlow Nas been used in production for multiple publications [HKT20;
Um+20; HKT21] and we have validated our solvers on a variety of
standard uid ow cases, such as the lid-driven cavity, laminar pipe
ow, Taylor-Green vortex decay, and the Backward-facing step prob-
lem (see supplemental material). Additionally, 'S code base un-
dergoes automated unit tests and coverage reports upon each push.
Fig. 3.8 shows the coverage by module as measured bgodecov.io .
Nearly all math, field and physics functions are covered by unit
tests, with most untested lines amounting to error handling code. Figyre 3.8: Test coverage of g, by mod-
The vis package displays the lowest coverage at 64%. While the ule.
plotting functionality is tested extensively, there are no automated
tests for the user interfaces as of yet.

Performance Table 3.3 shows performance measurements for the experiments described above, run with
all backends in both production and debug mode. In production mode, the JIT compilation optimizes out all
Python-based convenience functionality, such as tracking dimension names, automatic reshaping or data type
checking. Debug mode is slower across all backends but we deem this acceptable since typically only a couple
of simulation steps need to be performed to nd numerical problems or bugs. We observe that Jax yields the
best performance in production across all tasks due to its advanced code optimization features. PyTorch
is faster than TensorFlow in our particle-based tests but is beaten by TensorFlow in our three-dimensional
uid experiment. In all experiments and with all backends, production mode can be enabled by decorating
the simulation or loss function with the jit_ compile  decorator. This simple and uni ed approach is only
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Table 3.3: Mean iteration time (ms) for various tasks, standard deviations captured within one process.

GPU (GeForce RTX 3090) CPU (Intel Core i7-7700K)
Task Mode PyTorch TensorFlow Jax PyTorch TensorFlow Jax NumPy
Galaxy sim Prod. 18.0 6.0 515 15.0 3.6 0.7 3,853 90 2,204 44 657 6 5669 10
Y " Debug 276 6.3 53.7 14.2 29.1 0.9 5,418 38 3,103 9 3,146 30 '
Bubble ont Prod. 521 115 736.0 3.8 28.7 59 3,370 25 3,159 74 1,813 19 na
Pt Debug 158.2 0.9 1,535 8 212 6 3,611 19 3,252 4 5,298 27
. Prod. 3,927 609 545 21 158.9 3.2 26,921 496 15,556 184 15,899 112
Fluid learn. n/a

Debug 6,264 88 3,118 396 9,953 3,558 31,940 629 21,202 336 29,249 1,889

possible because g, includes workarounds for the various limitations in the underlying machine learning
libraries.

To check for other sources of computational overhead, we also implement the Galaxy simulation against the
native Jax API (Fig. 3.5) and measure(3.8 0.7) ms in production and (19.2 0.8) ms in debug mode.
While the variation in measured time between consecutive iterations is relatively large, the overall time of
the experiment varies only by about 0.01 ms per step, making the g, implementation with (3.6 0.7)
consistently faster than the Jax version in production, if only slightly. This surprising result is not generally
true likely due to Jax being able to better optimize the g, code in this instance. Comparing the low-level
Jax representations of both versions shows that the two versions are indeed different. Despite this, we can
conclude that, in production, any additional overhead induced by g, must be negligible.

3.7 Summary and Outlook

Flow IMproves upon existing frameworks in three major ways. First, it uni es the APIs of NumPy, PyTorch,
TensorFlow and Jax, enabling the development of framework-agnostic code bases. This allows members of
a project to collaborate on a shared code base even though they might prefer different machine learning
frameworks, as is typical outside large corporations hiring for speci ¢ frameworks. Second, g,'S live visu-
alization makes the framework easy to work with as users can get an intuitive understanding of what their
code is doing in real time. This greatly facilitates nding bugs or numerical problems with simulation, opti-
mization and training code. Monitoring a physical quantity over time requires no more than one additional
line of code. Third, the live visualization combined with the functionality to make parameters controllable
through the user interface at runtime enables much quicker iterations than with traditional frameworks. The
instant feedback makes it possible to quickly test different con gurations without restarting a program, which
simpli es nding optimal settings for simulations and neural network training.

While the performance of g, already matches backend-speci c implementations in production, we aim to
further improve performance, e.g. by adding specialized CUDA operators and by supporting preconditioners
for linear solves.

We hope that widespread adoption of our framework will lead to more code sharing across simulation as well
as machine learning projects. This will facilitate collaborations between different groups and give researchers
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and developers a broader code base to work with. Since libraries built on top of ¢, are automatically
compatible with all major Python-based machine learning frameworks, it could also lead developers working
on similar libraries for different ecosystems to combine their efforts.
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Learning Solutions to PDEs

Machine learning techniques for solving partial differential equations (PDEs) encompass a variety of ap-
proaches tailored to address the challenges of computational cost, accuracy, and scalability inherent in tra-
ditional numerical methods. Applications that rely on precise and fast simulations range from weather and

climate modeling to aerodynamics and biomedical simulations [TSM12; Sto+ 13; RC83; Joht+ 04]. Despite

the effectiveness of numerical methods, computational costs remain a signi cant challenge due to the high
resolutions required for accurate real-world simulations. Deep learning methods have garnered attention for

their potential to address components of solutions that are challenging to resolve or not well-captured by

traditional physical models [Mor+18; Bar+19; GDY19.

In this chapter, | will rst give an overview of various ML-based techniques before delving deeper into three
contributions my colleagues and | made to this eld.

4.1 Overview of ML approaches to solving PDEs

The property of neural networks to approximate any function has led to a range of approaches to lever-
aging their exibility to solve PDEs. These approaches include learning simulation surrogates, where ML
models approximate PDE solutions to accelerate computations; learning correctors, which re ne numerical
solutions by training ML models to correct discrepancies between approximate and true solutions; physics-
informed networks (PINNs), which integrate known physical principles into neural network architectures
to enforce governing equations and boundary conditions during training; and Lagrangian/ Hamiltonian net-
works, which leverage principles from Lagrangian and Hamiltonian mechanics to model PDE dynamics in
a higher-dimensional space using neural networks, as well as various other approachegSon+22]. These
techniques combine the exibility of ML with the interpretability of physics-based models, offering promising
avenues for enhancing the ef ciency, accuracy, and scalability of PDE solvers across diverse scienti ¢ and
engineering domains.
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Physics-informed neural networks Physics-informed neural networks (PINNSs) integrate principles from
both neural networks and physics-based modeling to solve partial differential equations (PDEs) and inverse
problems. Traditional methods for solving PDEs often require discretization of the domain, which can be
computationally expensive, especially for complex geometries or high-dimensional problems. PINNs offer an
alternative approach by leveraging the expressive power of neural networks to approximate the solution of
the PDE directly, without discretizing the domain. This is achieved by training the neural network to satisfy
both the governing PDE and the boundary initial conditions, effectively incorporating physical knowledge
into the learning process.

PINNSs typically consist of two components: a neural network architecture and a loss function that enforces the
PDE and boundary initial conditions. The neural network takes inputs corresponding to spatial or temporal
coordinates and outputs the solution of the PDE at those points. The loss function penalizes the deviation of
the neural network's predictions from the PDE and boundary initial conditions. Through iterative optimiza-
tion techniques such as stochastic gradient descent, the neural network learns to minimize this loss, thereby
approximating the solution of the PDE.

Several notable publications have contributed to the development and application of PINNs. Raissi et al.
introduced the concept of PINNSs in their seminal work [RPK19, demonstrating their effectiveness in solving

a variety of PDEs, including Burgers' equation and the Navier-Stokes equations. Subsequent research has
extended PINNSs to tackle inverse problems, where the PDE is used to infer parameters or initiAboundary
conditions from observed data [Ract 20]. Furthermore, efforts have been made to improve the robustness
and ef ciency of PINNs, such as incorporating adaptive re nement strategies[ LMK21] and developing hybrid
approaches combining physics-based and data-driven modelingZhu+ 19]. These advancements continue to
broaden the scope of applications for PINNs across various scienti ¢ and engineering disciplines.

Lagrangian and Hamiltonian networks Lagrangian and Hamiltonian neural networks represent another
paradigm in physics-informed machine learning, focusing on conservational laws and symplectic structures.
These networks are tailored to emulate the dynamics of physical systems governed by Lagrangian or Hamilto-
nian mechanics, which are foundational frameworks in classical physics for describing the motion of particles
and systems.

Lagrangian neural networks are designed to learn the underlying Lagrangian function of a system directly
from data, often in the form of trajectories or observations. The Lagrangian of a dynamical system is de ned
asL=T V where T is the total kinetic energy and V is the total potential energy. Using the Euler-Lagrange
equations and techniques from variational calculus, one can then derive the evolution of the physical state
from the Lagrangian. Consequently, the neural networks allow inference of the equations of motion governing
the system's behavior. This approach is particularly useful when explicit equations of motion are unknown
or dif cult to derive analytically, as it allows for data-driven discovery of the underlying dynamics. Notable

work in this area includes methods for learning Lagrangian systems from observed trajectorieg§ Cra+ 20b].

On the other hand, Hamiltonian neural networks aim to preserve the symplectic structure of Hamiltonian sys-
tems, which ensures energy conservation and long-term stability in numerical simulations. These networks
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are trained to approximate the Hamiltonian function of a system, which describes its total energyH = T+ V,
as well as the corresponding Hamiltonian dynamics. By enforcing symplecticity constraints during training,
Hamiltonian neural networks maintain the key properties of Hamiltonian systems, such as conservation of en-
ergy and phase-space volume. Research in this eld has demonstrated the effectiveness of Hamiltonian neural
networks in simulating complex physical systems while preserving important conservation laws[GDY19.

Both Lagrangian and Hamiltonian neural networks offer promising avenues for physics-informed machine
learning, providing powerful tools for modeling and simulating a wide range of physical phenomena. By
incorporating principles from classical mechanics into neural network architectures, these approaches enable
more accurate and interpretable predictions, while also capturing the fundamental conservation laws that
govern the behavior of dynamical systems. Ongoing research in this area continues to advance the capabilities
of Lagrangian and Hamiltonian neural networks, with applications spanning from fundamental physics to
engineering and beyond.

4.2 Learning simulation surrogates

Learning simulation surrogates involve training ML models to approximate the solutions of PDEs based on
given input parameters and boundary conditions. This approach aims to accelerate the solution process by
replacing computationally expensive simulations with fast predictions from trained ML models. Techniques
such as neural networks, Gaussian processes, and kernel methods have been employed for building simulation
surrogates.

One such application aims to learn the behavior of liquids using a particle-based (Lagrangian) representa-
tion. Under my supervision, Jonathan Klimesch implemented a Lagrangian simulator and used it to train a
surrogate neural network with the aim of signi cantly reducing computation time compared to the simulator.
This section summarizes our ndings which are available in full on the ArXiv [KHT22].

Previous work suggested that deep learning models can be an ef cient and accurate alternative to traditional,
hand-crafted simulation approaches[Sant 20; He+19; Thu+ 18]. Graph networks in particular have become
popular in collider physics [SBV2(, astrophysics[Crat+20a] or chemistry [Gil+17] and have been used to
build various data-driven simulators [Bat+ 16; Gil+17; Bat+ 18; San+18; Li+ 18].

Sanchez-Gonzalegt al. proposed the Graph Network-based Simulator@GNS) framework, where they approx-
imate uid dynamics by learned message-passing on particle graphgd Sar+20]. We replicate their results on
data from our custom uid-Implicit-Particle (FLIP) [BR86; ZB0Y simulator written in g, and extend the
GNS framework with new training variants, investigating the impact of the random noise and the general-
ization of the trained model to different domains.

Using gow allows for rolling out multiple simulation steps during training, enabling the formulation of
an alternative training scheme where we feed the predicted next simulation state back to the network as
an input. The network can thus learn under conditions matching inference time, which makes the noise
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term super uous. This methodology requires the use of differentiable physics in order to backpropagate the
gradients to previous time steps and would not been feasible without ¢,

To apply the GNS architecture to the FLIP simulation, we rst use our simulator to generate training, valida-
tion and test data from randomly placed liquid blocks and elongated obstacles.

To quantitatively compare the tested model variants, four metrics are employed. The rst metric, MSE-acc

1, measures particle-wise mean-squared error for one-step acceleration predictions. The second metric, MSE
20, averages MSE across time, particles, and spatial dimensions for 20 frames, sampled every 20 steps of 400-
step rollouts. This metric provides insights into model performance across different stages of FLIP trajectories.
The third metric, MSE 400, is the average MSE across time, particles, and spatial dimensions for full 400-step
rollouts.

While MSE-acc 1 offers valuable insights, it can be misleading due to particle permutation sensitivity. Thus,
the fourth metric, Earth Mover's Distance (EMD), computed using optimal transport (OT) principles, provides
a distributional metric invariant to particle permutations. OT seeks to minimize the cost of transporting
one particle distribution to another, employing a cost matrix ( M) based on particle-wise distances. The
resulting distance, also known as EMD, measures dissimilarity between predicted and ground truth particle
distributions. Figure 4.1 depicts error trajectories for MSE 400 and EMD.

Figure 4.1: Error trajectories of the MSE 400 (MSE averaged over full rollouts) and the EMD metrics for all ve model
variants. The blue line represents the mean (over the entire data set) and the shaded area indicates the range of possible
values. Source:[KHT22]

The 1-step model exhibits superior performance in MSE-acc 1 due to its specialized training for one-step
predictions. However, it struggles with EMD, potentially indicating a tendency to maintain particle positions
rather than simulating dynamic uid behavior. Conversely, the 1-step-noise model, challenged by arti cial
noise during training, achieves better EMD results but lags in MSE-acc 1. The 1-step-noise-bounded model,
removing boundary features, excels in EMD while maintaining competitiveness in MSE-acc 1 but suffers in
MSE 20 and MSE 400, possibly due to the loss of boundary information.
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Figure 4.2: Domain generalization experiment. Both left and right examples show ground truth (FLIP), predictions
from 1-step-noise and predictions from 1-step-noise-bounded at the indicated frames. The red dashed lines indicate the
original domain size. Videos available athttps://git.io/JOOQn . Source: [KHT22]

Among the 2-step variants, the 2-step-initialized model, initialized with weights from the 1-step model, out-
performs the 2-step-scratch model across all metrics, showcasing the bene ts of initialization. However, both
inherit compression tendencies, affecting uid density during rollouts.

Importantly, training the GNS models with our multi-step loss enables the models to mitigate accumulating
errors in simulation rollouts and yields competitive results compared to models trained with the arti cial
noise proposed by Sanches-Gonzalest al. [ Sant+ 20].
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Furthermore, a domain generalization experiment, shown in Figure 4.2, illustrates how the models respond
to larger domains. The 1-step-noise-bounded model demonstrates improved behavior compared to the 1-
step-noise model, but still exhibits deformations in uid blocks, suggesting the model's sensitivity to velocity
thresholds and boundary distances. Replacing the domain-speci ¢ boundary distance features with obstacle
boundaries increases the generalization to larger domains. This indicates that the GNS does not learn the true
underlying physics but rather problem-speci ¢ correlations between input velocities and output accelerations.
This is supported by the fact that the architecture takes the previous ve velocities as inputs and does not only
rely on just the previous velocity as one would expect from physical dynamics. Furthermore, most models
are unable to retain the original density of the uid and compress the uid particles much more than the FLIP
simulator.

Extending the GNS architecture with strong inductive biases towards physical laws and symmetries could im-
prove its physical understanding and force it to learn actual dynamics instead of problem-speci c correlations.
Future work should also concentrate on examining the physical reasoning of learned simulators in more de-
tail. Transforming parts of learned simulators into symbolic models [ Crat+ 20a; Cra+ 19] and extending tools
like the recently proposed GNNEXxplainer from Yinget al. [Yin+19] could provide further insights into the
reasoning of Graph Networks and could yield new ideas on how to improve their physical understanding.

4.3 Learning correctors with di erentiable physics

Learning correctors focus on improving the accuracy of existing numerical solvers by training ML models to
correct their solutions. These correctors learn the discrepancies between approximate numerical solutions
and true solutions of PDESs, thereby enhancing the overall accuracy of the solver. Reinforcement learning,
adversarial training, and variational methods are among the techniques utilized for learning correctors.

In this context, Kiwon Um, Robert Brand, Yun Fei, Nils Thuerey and | contributed Solver-in-the-loop[ Um+20],
which showed that differentiable physics can be used to unroll time sequences in order to improve correction
accuracy, similar to the purely surrogate approach discussed above.

Our study targets the identi cation and mitigation of numerical errors arising from PDE discretization. Our
research demonstrates that although closed-form descriptions of discretization errors are lacking, these errors
exhibit regular and repeating structures that can be learned by neural networks[ Gho96; Arn12]. By training

a neural network to recognize and correct these errors, it becomes possible to improve the accuracy of PDE
solvers by reducing their numerical error.

Speci cally, the study focuses on iterative PDE solving algorithms, highlighting the importance of neural
networks interacting with the solver during training to achieve optimal performance [GV1Z]. Leveraging
differentiable simulations enables the trained model to explore and experience the physical environment
autonomously, receiving feedback throughout solver iterations[ AK17; Tou+ 18].

Fig. 4.3 shows the effects of correction in a 3D incompressible uid setting. The low-resolution solver is not
accurate enough to resolve the turbulence that develops behind an obstacle. However, in combination with
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Figure 4.3: A 3D uid problem (shown in terms of vorticity) for which the regular simulation introduces numerical errors
that deteriorate the resolved dynamics (a). Combining the same solver with a learned corrector trained via differentiable
physics (b) signi cantly reduces errors w.r.t. the reference (c). Source: [Um+ 20].

the corrector network, trained on the difference between this low-resolution solver and a high-resolution
ground truth solver, the turbulent dynamics is restored at a much lower cost than the high-resolution solver.

Our approach facilitates improved generalization capabilities of the trained models and enhances their accu-
racy in handling varying physical behaviors encountered during solution processe§Weil7]. Through empir-
ical studies across a range of canonical PDEs and solver types, including explicit, semi-implicit, and implicit
solvers, our research demonstrates the effectiveness of the proposed method in improving solution accuracy
while handling complex real-world scenarios [MW70].

Our study positions itself within the broader context of machine learning as differentiable programming, em-
phasizing the recurrent interactions between highly nonlinear PDEs and deep neural networks as a promising
avenue for future research[ AK17; Tou+18; SC19; Hu+ 20; Inn+19; HKT20].

4.4 Learning smoothed objective functions

The previous sections considered the problem of nding solutions to PDEs given initial and boundary con-
ditions, i.e. forward problems. However, inverseproblems also play a pivotal role across scienti ¢ and engi-
neering domains, with applications ranging from optimizing uid dynamics [OBA22 and materials design
[Fun+21] to enhancing structural health monitoring [MJU17], manufacturing optimization [Wur+ 23], and
weather prediction [Hua+ 05].

These problems pose signi cant challenges due to the inherent complexity of reconstructing inputs from
outputs. Traditional methods like Bayesian inference[ Shat+ 15] and quasi-Newton techniques[ Rud17; Bro70]
often struggle with convergence issues in non-linear landscapes. Recent approaches employing deep neural
networks (DNNSs) as surrogates show promise but face hurdles such as data limitations, over tting risks, and
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generalization dif culties [CDP21; Caa-22; Moh21; Ant+23; GBC1g. My own contributions in the eld of
inverse problems are given in the next chapter.

However, | supervised Girnar Goyal on a project training proxy networks to predict aninverse lossquantifying
deviations from known trajectories induced by sampled parameters[ Dhe+ 22]. Through implicit and explicit
regularization techniques, inspired by prior work, our work aims to simplify the complexity of inverse loss
landscapes during training. While the ultimate goal of this project is nding better solutions to inverse
problems, its machine learning aspect involves surrogate networks for the forward dynamics, similar to the
previous projects.

We employ a surrogate neural network, implemented as a deep proxy network, that is trained to approximate
the con guration loss function, which quanti es the in uence of control parameters on the spatio-temporal
evolution of physical states. This network is designed to map pairs of inputs—consisting of the true trajectory
of system states,Y , and randomly sampled control parameters, X.—to the corresponding target con gura-
tion loss values,L (Y , X,).

The training process involves minimizing a network training loss, denoted asL , using the Adam optimizer.
The network's parameters ( ) are adjusted iteratively to minimize the difference between the predicted con-
guration loss values (f (Y , X)) and the ground truth con guration loss values ( L(Y ,Xs)). This training
loss is calculated as the squared Euclidean distance between the predicted and true con guration loss values.
Mathematically, this can be expressed as:

Ly=0if (Y, X) L(Y ,Xj? (4.1)

Here, f (Y ,X,) represents the output of the proxy network given inputs Y and X, while L(Y ,X,) is the
ground truth con guration loss value for the given inputs.

To enhance the network's generalization capability and control its complexity during training, we employ
various regularization techniques. These include noise regularization, loss penalty-based regularization, and
atness regularization. Noise regularization involves training the network with noise-labeled inputs, which
helps mitigate the impact of high-frequency signals within the target con guration loss function. Loss penalty-
based regularization favors low-lying regions of the target inverse landscape, encouraging improved learning
of geometric features. Flatness regularization penalizes learning trajectories that traverse steep slopes across
the con guration loss surface, promoting smoother mappings and enhanced generalization.

These regularization techniques, with their respective hyperparameters, are incorporated into the training
process to achieve reasonable control over the complexity of the proxy network while ensuring effective
approximation of the con guration loss function. Fig. 4.4 shows the effects of regularization on a billiards
optimization problem, where the task consists of nding the optimal cue ball velocity in order to push another
ball towards the target. Due to the chaotic nature of the combined collisions, the loss landscape plotted by
angle (blue curve in Fig. 4.4b,d,f) shows discontinuous and chaotic behavior. The proxy network learns to
smooth this to yield a differentiable model of the loss function, better suited to optimization tasks.
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Figure 4.4: Effect of complexity control on proxy network predictions for con guration loss L using (a,b) noise regular-
ization; (c,d) combination of noise and loss-penalty regularization; and (e,f) atness (gradient-based) regularization in
the billiards setup.

Our results demonstrate that complexity-controlled proxy networks enhance convergence in solving complex
inverse problems, outperforming traditional methods across scenarios including uid dynamics, rigid body
simulations, and chaotic systems[ Pfr+18; RPM2(Q]. This research contributes to a deeper understanding of
utilizing DNNSs for inverse problems and presents a novel approach to address the challenges associated with
their complexity.

The next chapter will dive deeper into the world of inverse problems and how machine learning can be used
to solve them.
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Learning to Solve Inverse Problems

Model parameter estimation through solving inverse problems is a fundamental endeavor in various sci-
enti ¢ domains, ranging from the detection of gravitational waves [Tar05; GH18] to the manipulation of
plasma ows [Mai+19], and even in the pursuit of detecting neutrinoless double-beta decay[Ago+ 13;
Aal+18]. lterative optimization techniques, exemplied by methods like limited-memory BFGS [LN89]
or Gauss-Newton[GM78], are commonly leveraged to address unconstrained parameter estimation chal-
lenges[Pre+07]. These algorithms offer notable advantages, including simplicity, versatility, rapid conver-
gence, and high precision, typically bounded solely by noise inherent in observations and oating-point arith-
metic limitations.

5.1 Solving Inverse Physics Problems Jointly

Classical optimizers face several fundamental problems that are rooted in the fact that these algorithms rely
on local information, i.e., objective values L(x,) and derivatives close to the current solution estimate x,,
such as the gradient%jXk and the Hessian matrix %jxk. Acquiring non-local information can be done in
low-dimensional solution spaces, but the curse of dimensionality prevents this approach for high-dimensional
problems. These limitations lead to poor performance or failure in settings involving (i) local optima which
attract the optimizer in the absence of a counter-acting force. Although using a large step size or adding
momentum to the optimizer can help to traverse small local minima, local optimizers are fundamentally
unable to avoid this issue. (ii) Flat regions can cause optimizers to become trapped along one or multiple
directions. Higher-order solvers can overcome this issue when the Hessian only vanishes proportionally with
the gradient, but all local optimizers struggle in zero-gradient regions. (iii) Chaotic regions, characterized by
rapidly changing gradients, are extremely hard to optimize. Iterative optimizers typically decrease their step
size to compensate, which prevents the optimization from progressing on larger scales.
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In many practical cases, asetof observations is available, comprising many individual parameter estimation
problems, e.g., when repeating experiments multiple times or collecting data over a time frame[Car+ 19;
Del+18; GH18; Ago+13; MAL13] and, even in the absence of many recorded samples, synthetic data can be
generated to supplement the data set. In these cases, information from multiple examples can be pooled by
jointly optimizing a data set of inverse problems.

Neural networks have become popular tools to model physical processes, either completely replacing physics
solvers [Kim+19; San+20; Stat+21; Pat+22] or improving them [Tom+17; Um+ 20; Koc+21a]. This can
improve performance since network evaluations and solvers may be run at lower resolution while main-
taining stability and accuracy. Additionally, it automatically yields a differentiable forward process which
can then be used to solve inverse problemg SF18; RPM20; Alk22], similar to how style transfer optimizes
images[GEB14.

Neural networks have also been used as regularizers to solve inverse tomography probleni$luk+21; Li+ 20]
and employed recurrently forimage denoising and super-resolution[ PW17]. Recent works have also explored
them for predicting solutions to inverse problems [ Shnm+23; Luc+18; HKT22; SHT21] or aiding in nding
solutions [Khat 17; Dai+21; AMJ18]. In this context, the inductive bias of convolutional networks has been
shown to bene t the optimization of individual inverse problems with image solution spaces [UVL18; HSG19.

Underlying many of these approaches are differentiable simulations, required to obtain gradients of the in-
verse problem. These can be used in iterative optimization or to train neural networks. Many recent software
packages have demonstrated this use of differentiable simulations, with general frameworkq Hu+ 20; SC20;
HKT20] and specialized simulators[ Tak+21; LLK19].

Physics-informed neural networks[ RPK19 encode solutions to optimization problems in the network weights
themselves. They model a continuous solution to an ODE or PDE and are trained by formulating a loss func-
tion based on the differential equation, and have been explored for a variety of directions[Yan+19; Lu+21;
Kri+21]. However, as these approaches rely on loss terms formulated with neural network derivatives, they
do not apply to general inverse problems.

The training process of neural networks themselves can also be framed as an inverse problem, and employing
learning models to aid this optimization is referred to as meta-learning[VD02]. However, due to the large
differences, meta-learning algorithms strongly differ from methods employed for inverse problems in physics.

In this context, | investigated the question Can better solutions xto general inverse problems be found by
optimizing them jointly instead of individually, without requiring additional information about the problems?

To answer this question, we employ neural networks to formulate a joint optimization problem. Neural
networks as general function approximators are a natural way to enable joint optimization of multiple a priori

independent examples. They have been extensively used in the eld of machine learningl GBC14, and a
large number of network architectures have been developed, from multilayer perceptrons (MLPs)[ Hay94]
to convolutional networks (CNNs) [KSH1Z] to transformers [Vas+ 17]. Overparameterized neural network
architectures typically smoothly interpolate the training data [BHM18; BPL21], allowing them to generalize,
i.e., make predictions about data the network was not trained on. We aim to leverage thisinductive biasto
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improve the convergence on general inverse problems. In particular, we propose using the training process
of a neural network as a drop-in component for traditional optimizers like BFGS without requiring additional
data, con guration, or tuning. Instead of making predictions about new data after training, our objective

is to solve a set of given inverse problems. The so-found solutions can also be combined with an iterative
optimizers to improve accuracy. Unlike related machine learning applications [Kim+19; San+20; Sta+21;
SHT21; HKT22; SF18; RPM20; Ali- 22], where a signi cant goal is accelerating time-intensive computations,
we accept a higher computational demand if the resulting solutions are more accurate.

5.2 Predictor-corrector-based PDE Control

Intelligent systems operating in the physical domain necessitate capabilities to perceive, predict, and interact
with physical phenomena [BHT13]. Historically, optimal control problems concerning PDEs have been tack-
led through iterative optimization techniques. Differentiable solvers coupled with the adjoint method have
facilitated ef cient optimization for high-dimensional systems [Tou+ 18; Avi+18; SF18]. However, direct op-
timization, particularly through gradient descent (single shooting) during test time, poses resource-intensive
challenges and may not be readily deployable in interactive settings. Although more sophisticated methods
like multiple shooting and collocation exist, they often rely on restrictive modeling assumptions, limiting their
generalizability and necessitating computationally intensive iterative optimization during testing.

The computational expense of iterative optimization methods stems from the need to iteratively re ne so-
lutions from scratch, often requiring a signi cant number of iterations to converge to an optimal solution.
Real-world control problems frequently demand rapid decision-making in specialized environments, with
reaction times constrained to fractions of a second. Thus, there is a compelling rationale for leveraging data-
driven models, such as deep neural networks, which offer swift inference times while possessing the capacity
to construct internal representations of the environment.

Previous research has explored various approaches to enhance the solution of PDE problems or utilize PDE for-
mulations for unsupervised optimization [Lon+ 17; Bar+19; Hsi+19; RYK1§. Techniques such as regression
forests, graph neural networks, continuous convolutions, and MLPs have been employed to tackle challenges
in Lagrangian uid simulation and turbulence modeling [Lad+15; Mro+ 18; Li+18; LKT16; Tom+17; Xie+ 18;
Mor+18]. Additionally, deep learning methodologies have been applied to predict chemical properties and
outcomes of chemical reactions[ Gil+17; Bra+ 19].

Differentiable solvers have demonstrated utility across various domains, including rigid body mechanics
[Degt+19; Avi+ 18], manipulation planning [Tou+ 18], protein structure inference [Ing+19], liquid interac-
tion [SF1§, soft robot control [Hu+ 19], and inverse problems involving cloth [LLK19]. These works leverage
the automatic differentiation capabilities of deep learning frameworks. Notably, while prior efforts have pre-
dominantly focused on Lagrangian solvers, this study addresses grid-based solvers, which are well-suited for
modeling dense, volumetric phenomena.
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Figure 5.1: Overview of three different predictor-corrector execution schemes. OP denotes observation predictor and
CFE denotes control force estimator, i.e. the corrector. Source{ HKT20].

In collaboration with Vladlen Koltun from Intel, | introduced a novel deep learning approach that signi cantly
outperforms iterative optimization techniques in terms of speed and ef ciency. Our method revolves around
a hierarchical predictor-corrector scheme, which breaks down the problem temporally into manageable sub-
problems.

Fig. 5.1 shows three types of predictor-corrector execution schemes we considered. The rst (a) initially runs
the predictor networks to generate a full trajectory, i.e. a plan. Then, the corrector network is used at each
time step to nudge the simulation towards the predicted plan. The second version (b) delays later predictions
and performs simulation steps immediately as soon as possible. This allows later predictions to take the actual
simulated trajectory into account, which leads to improved performance. The third version (c) goes one step
further by performing additional predictions after each simulated step. This allows predictions to always be
as close to the simulation as possible, which lead to the best accuracy of the three.

By harnessing models tailored to different time scales, we can effectively control prolonged sequences of
intricate, high-dimensional systems. Training our models involves leveraging a differentiable PDE solver,
providing the agent with real-time feedback on the consequences of its interactions at any given moment.
Consequently, our models acquire the ability to navigate solution manifolds containing myriad solutions, thus
evading the local minima pitfalls inherent in classical optimization methods.

We validated our approach through extensive evaluations across a spectrum of control tasks within systems
governed by advection-diffusion PDEs, such as the Navier-Stokes equations. Our quantitative assessments
focus on the delity of the resultant sequences in approximating the target state and the exerted force on
the physical system. Notably, our method demonstrates stable control over signi cantly extended time spans
compared to existing alternatives.

This work was the rsttouse g, (chapter 3.3) and critically in uenced its early development.

Our methodology demonstrated the feasibility of acquiring representations of solution manifolds for optimal
control trajectories through data-driven means. Rapid inference remains crucial in time-sensitive applications
and can complement classical solvers to expedite convergence, thereby enhancing solution quality.
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5.3 The problem with Gradient Descent

In the previously introduced work, the reliance on machine learning techniques, particularly deep neural net-
works, for parameter estimation from observations has become prevalenf Car+ 19; Del+ 18; GH18; Ago+ 13].
Despite machine learning methods typically not achieving solutions up to machine precision, they offer sev-
eral advantages over iterative solvers. Firstly, their computational overhead for inferring solutions tends
to be substantially lower compared to iterative methods, a critical factor in time-sensitive applications like
the quest for rare events within vast datasets typical in collider physics. Secondly, learning-based approaches
eliminate the need for an initial guess to commence problem-solving, mitigating the risk of poor initial guesses
hindering convergence to a global optimum or inducing divergence. Thirdly, these methods exhibit reduced
susceptibility to getting trapped in local optima compared to iterative techniques, owing to parameter sharing
across diverse problem instance§HKT20]. The stochastic nature of the training process further aids in escap-
ing local optima, as gradients from other problems can guide predictions away from the basin of attraction
of such local optima.

Despite the signi cant strides in deep learning, the fundamental limitations of gradient descent endure, espe-
cially pronounced when optimizing non-linear functions such as those governing physical systems. Notably,
state-of-the-art neural networks typically rely solely on rst-order information due to the computational chal-
lenges associated with evaluating the Hessian with respect to network parameters. In scenarios involving non-
linear functions, gradient magnitudes often exhibit considerable variation across examples and parameters,
exacerbating the limitations of gradient descent methods.

This is especially true when the problems being solved
are ill-conditioned, as this leads to gradients which do
not properly align with a stable descent direction but only

with the short-term steepest descent. Fig. 5.2 shows an
example of this for a simple function. In the initial gra-

dient descent updates, thex, direction overshadows the
X4 direction, leading to sub-optimal optimization steps.

Newton's method performs much better in these situa- Figure 5.2: Minimization with y P (x) = ( Xy, %2).
tions, as is uses higher-order information in the form of L contours in gray. Trajectories of gradient descent
(GD), Newton's method (N), and perfect physics inver-

. . ] sion (PI) shown as lines (in nitesimal ) and circles
mation like gradient descent. (10 iterations with constant ). Source: [HKT22].

the inverse Hessian matrixH 1, not just rst-order infor-

To mitigate the issue with rst-order updates, momentum has been introduced into rst-order optimizers
like stochastic gradient descent (SGD) and Adam[KB14], but this only moderates the issue and does not
eliminate it. In highly ill-conditioned settings, none of the traditional neural network optimizers perform
well.
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Figure 5.3: Poisson's equation (left) and the heat equation (right). (a,c) Example from the data set: observed distribution
(y ), inferred solutions, and ground truth solution ( x ). (b,d) Learning curves, running average over 64 mini-batches
(except for H-free). Source: [HKT22].

5.4 Learning with Physics inversion

In order to overcome the problems caused by rst-order updates, | introduced a novel hybrid training scheme
that integrates inverse physics solvers into the traditional deep learning pipeline. This approach aims to
combine the rapid convergence of higher-order solvers like BFG$FIe00] with the computational ef ciency
of backpropagation for network training [Go016].

Instead of employing the adjoint method for backpropagation through the physical process, we replace the
regular gradient with updates computed from higher-order solvers, capturing the local nonlinear behavior of

the physics. This can be done e.g. by using to Hessian matrixd in addition to the Jacobian J to compute

Newton updates H 1J [GSTO7, where is the step size.

These physics updates are then integrated into a traditional neural network optimizer, facilitating weight
updates via backpropagation. Our method ensures compatibility with existing acceleration and stabiliza-
tion techniques developed for training deep learning models. We present theoretical insights and conduct
an extensive empirical evaluation across various inverse problems, including the challenging Navier-Stokes
equations.

Fig. 5.3 shows the network optimization curves, i.e. the error evolution over training time, for two very
common scienti ¢ problems. The rst is the Poisson problem (a,b) which is essential to electrostatics, New-
tonian gravity, and uid dynamics [Amel4]. The second (c,d) is a diffusion problem which nds application
in almost every eld of science, such as physics, chemistry, biology, medicine, environmental science, and
engineering [Bir02].

Our results demonstrate that leveraging higher-order or domain-speci ¢ solvers signi cantly enhances con-
vergence speed and solution quality without necessitating the evaluation of the Hessian with respect to model
parameters. We introduce Scale-Invariant Physics (SIP) training, which utilizes physics inversion to compute
scale-invariant updates in the solution space.
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SIP training exhibits provable convergence under conditions of suf cient network updates per solver evalu-
ation and demonstrates convergence with a single update for a broad spectrum of physics experiments. The
scale-invariance property enables exponential acceleration in nding solutions for numerous physics prob-
lems while maintaining relatively low computational costs.

The idea of inversion to combat ill-condition problems spawned a similar avenue of research, which my
colleague Patrick Schnell and I investigated.

5.5 Learning with Gradient inversion

From a mathematical perspective, training a neural network using a physical loss function poses challenges
inherent to both network training and physics optimization. Effective handling of at regions within opti-
mization landscapes is crucial for obtaining satisfactory results. In conventional learning tasks, complex loss
landscapes are navigated using gradient-based optimizers with data-driven normalization techniques like
Adam [KB15]. Conversely, in physics optimization, higher-order methods such as Newton's method GM78]
are favored, leveraging inversion processes. HowevefHKT21] discovered that these approaches struggle to
effectively manage joint optimization of network and physics. Gradient-descent-based optimizers encounter
issues like vanishing or exploding gradients, hindering convergence, while higher-order methods often strug-
gle to scale to the high-dimensional parameter spaces typical in deep learning GBC149.

Motivated by the pivotal role of inversion in physics problems highlighted by [HKT21], we adopt an inversion-
based strategy. We propose a novel approach for simultaneous optimization of physics and network parame-
ters, termed half-inverse gradients At its core, this method relies on partial matrix inversion derived from the
interplay between network and physics, both formally and geometrically. A key advantage of our approach is
its linear scalability with the number of network parameters. To showcase its broad applicability and practi-
cal utility, we demonstrate signi cant enhancements in convergence speed and nal loss values compared to
existing methods. These improvements are assessed in terms of both absolute accuracy and computational
ef ciency. We conduct evaluations across diverse physical systems, including the Schrédinger equation, a
nonlinear chain system, and the Poisson problem.

In conclusion, our study challenges the prevailing approach of utilizing standard gradient-based network
optimizers for training neural networks coupled with physical solvers. Through an in-depth analysis of the
transition between gradient descent and Gauss-Newton's method, our novel approach, coined Half-Inverse
Gradients (HIGs), ef ciently learns physics modes without imposing undue strain on the network via large
weight updates. This results in expedited and more precise minimization of the learning objective, as demon-
strated across a diverse array of experiments. We envision our work as a catalyst for further investigations
into enhanced learning methodologies tailored for addressing physical problems. Promising directions for
future research include devising ef cient techniques for half-inverting the Jacobian matrix and extending the
application of HIGs to physical systems characterized by chaotic behavior or more intricate training setups
[BHT13; Umm+ 20; Pfa+ 20].
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As the inclusion of a physics solver signi cantly alters the gradient ow, our study underscores the necessity
of reevaluating conventional practices in network optimization for such scenarios. By devising a method that
seamlessly transitions from gradient descent to the Gauss-Newton algorithm, we offer a pathway to better
tackle the joint optimization problem. Compared to existing optimizers, our approach enables swifter and
more accurate convergence of learning objective§ KB15; GBC1§. We anticipate that our ndings will serve
as a springboard for further exploration of advanced learning techniques tailored to address the nuances
of physical problems. Particularly intriguing avenues for future investigation involve developing ef cient
strategies for inverting the Jacobian matrix within the context of HIGs and integrating unstructured solvers
into the framework [Zie+77]. The amalgamation of nite elements with graph-neural networks offers a
promising foundation for future applications of HIGs, especially in complex and dynamic physical systems
[BHT13; Umm+ 20; Pfa+ 20].
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Conclusion and Future Directions

In this concluding chapter, | re ect on the progress made in leveraging machine learning (ML) techniques for
addressing forward and inverse problems through the paradigm of differentiable simulations. This innovative
approach has garnered signi cant attention across various domains, offering promising avenues for enhancing
computational ef ciency, accuracy, and exibility in modeling complex systems.

State-of-the-Art Summary  The integration of differentiable simulations with ML methodologies has led
to notable breakthroughs in several scienti ¢ and engineering disciplines. Researchers have successfully
employed neural networks, particularly deep learning architectures, to learn and optimize simulation models
directly from observational data. This coupling allows for the seamless incorporation of domain knowledge
into ML models while circumventing the need for explicit analytical expressions, which are often elusive or
computationally expensive in complex systems.

In the realm of forward problems, where the objective is to predict system behavior given input parameters,
differentiable simulations coupled with ML have demonstrated remarkable predictive capabilities. By training
neural networks on simulated data generated from underlying physical models, researchers have achieved
high- delity predictions across diverse scenarios, ranging from uid dynamics and materials science to climate
modeling and biological systems.

Similarly, in inverse problems, where the goal is to infer model parameters or underlying system properties
from observed data, the fusion of differentiable simulations with ML techniques has revolutionized traditional
approaches. By formulating the inverse problem as an optimization task within a differentiable framework,
researchers have devised novel algorithms capable of ef ciently estimating model parameters while accom-
modating uncertainties and constraints, thereby enabling robust parameter inference and model calibration.

Moreover, the synergy between differentiable simulations and ML has facilitated the exploration of novel
research avenues, such as model discovery, uncertainty quanti cation, and decision-making under uncer-
tainty. By harnessing the power of data-driven approaches, scientists can uncover hidden patterns, discover
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emergent phenomena, and enhance our understanding of complex systems, ultimately accelerating scienti ¢

discovery and technological innovation.

Outlook and Future Directions Looking ahead, the eld of machine learning for solving forward and
inverse problems is poised for continued growth and innovation. Several promising directions merit attention:

1.

Hybrid Modeling Approaches: Future research will likely focus on integrating traditional physics-
based models with data-driven techniques, leveraging the strengths of both approaches to enhance pre-
dictive accuracy and generalization capabilities. Our Solver-in-the-loop publication [Um+20] proves
this point, and various other research is following in this vein [Koct 21b; Hei+ 21].

Uncertainty Quanti cation and Robustness:  Addressing uncertainties inherent in simulation models
and observational data remains a critical challenge, with current focusing on Bayesian analysefHA15;
And+23]. Future efforts will aim to develop robust uncertainty quanti cation techniques to improve
the reliability and trustworthiness of ML-based predictions and inferences.

Scaling with Increasing Compute Capability: ~ With hardware performance increasing exponentially,
methods that are infeasible today due to performance constraints will become more relevant in the
future. This includes compute-intensive architectures like diffusion models[ Yan+ 23] and the attention
mechanism[Vast+ 17] whose O(N?) compute scaling limits possible sequence lengths today.
Interdisciplinary Applications:  The applicability of differentiable simulations and ML spans numerous
domains, including physics, engineering, biology, nance, and beyond. Interdisciplinary collaborations
will be pivotal in tackling complex real-world problems and driving innovation across diverse elds.
Ethical and Societal Implications: ~ As ML-powered simulations become increasingly prevalent in
decision-making processes, such as in nance, attention to ethical considerations, transparency, and
accountability will be paramount. Research efforts will need to address potential biases, fairness con-
cerns, and ethical implications associated with the deployment of ML models in critical domains.
Continual Learning and Adaptive Systems: Building dynamic, adaptive systems capable of contin-
ual learning and adaptation to evolving environments represents a frontier for research. By incorpo-
rating mechanisms for self-improvement and autonomous decision-making, such systems can exhibit
enhanced resilience and performance in real-world settings.

In conclusion, the integration of machine learning with differentiable simulations holds tremendous promise
for advancing our understanding of complex systems, solving challenging forward and inverse problems, and
driving innovation across various domains. By embracing interdisciplinary collaboration, fostering ethical
practices, and pursuing novel research directions, we can unlock the full potential of this synergistic approach
and pave the way for transformative advancements in science, engineering, and beyond.
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-ML: Intuitive Scienti c Computing with Dimension Types for Jax,
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Scale-invariant Learning by Physics Inversion

Abstract of Paper Solving inverse problems, such as parameter estimation and optimal control, is a vital
part of science. Many experiments repeatedly collect data and rely on machine learning algorithms to quickly
infer solutions to the associated inverse problems. We nd that state-of-the-art training techniques are not
well-suited to many problems that involve physical processes. The highly nonlinear behavior, common in
physical processes, results in strongly varying gradients that lead rst-order optimizers like SGD or Adam
to compute suboptimal optimization directions. We propose a novel hybrid training approach that combines
higher-order optimization methods with machine learning techniques. We take updates from a scale-invariant
inverse problem solver and embed them into the gradient-descent-based learning pipeline, replacing the
regular gradient of the physical process. We demonstrate the capabilities of our method on a variety of
canonical physical systems, showing that it yields signi cant improvements on a wide range of optimization
and learning problems.

Author Contributions | performed the experiments, generated the data, trained the neural networks, ana-
lyzed the results, plotted all diagrams and drafted the manuscript. Nils Thuerey and Vladlen Koltun took on
a supervisory role in this project, giving me continuous feedback on the ongoing work and proofreading the
manuscript.

Copyright © 2022 The Author(s). Reprinted as provided by OpenReview.net with permission from Vladlen
Koltun and Nils Thuerey.
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Learning to Control PDEs with Di erentiable Physics

Abstract of Paper Predicting outcomes and planning interactions with the physical world are long-
standing goals for machine learning. A variety of such tasks involves continuous physical systems, which
can be described by partial differential equations (PDEs) with many degrees of freedom. Existing methods
that aim to control the dynamics of such systems are typically limited to relatively short time frames or a
small number of interaction parameters. We present a novel hierarchical predictor-corrector scheme which
enables neural networks to learn to understand and control complex nonlinear physical systems over long
time frames. We propose to split the problem into two distinct tasks: planning and control. To this end,
we introduce a predictor network that plans optimal trajectories and a control network that infers the
corresponding control parameters. Both stages are trained end-to-end using a differentiable PDE solver. We
demonstrate that our method successfully develops an understanding of complex physical systems and learns
to control them for tasks involving PDEs such as the incompressible Navier-Stokes equations.

Author Contributions | performed the experiments, generated the data, trained the neural networks, ana-
lyzed the results, plotted all diagrams and drafted the manuscript. Nils Thuerey and Vladlen Koltun took on
a supervisory role in this project, giving me continuous feedback on the ongoing work and proofreading the
manuscript.

Copyright © 2020 The Author(s). Reprinted as provided by OpenReview.net with permission from Vladlen
Koltun and Nils Thuerey.

43



6 CONCLUSION ANDFUTUREDIRECTIONS

Half-Inverse Gradients for Physical Deep Learning

Abstract of Paper Recent works in deep learning have shown that integrating differentiable physics sim-
ulators into the training process can greatly improve the quality of results. Although this combination rep-
resents a more complex optimization task than supervised neural network training, the same gradient-based
optimizers are typically employed to minimize the loss function. However, the integrated physics solvers
have a profound effect on the gradient ow as manipulating scales in magnitude and direction is an inherent
property of many physical processes. Consequently, the gradient ow is often highly unbalanced and cre-
ates an environment in which existing gradient-based optimizers perform poorly. In this work, we analyze
the characteristics of both physical and neural network optimizations to derive a new method that does not
suffer from this phenomenon. Our method is based on a half-inversion of the Jacobian and combines princi-
ples of both classical network and physics optimizers to solve the combined optimization task. Compared to
state-of-the-art neural network optimizers, our method converges more quickly and yields better solutions,
which we demonstrate on three complex learning problems involving nonlinear oscillators, the Schrédinger
equation and the Poisson problem.

Author Contributions | performed one of the experiments, including data generation, network training,
analysis and visualization. Additionally, | proof-read the manuscript, contributing signi cantly to the nal
text. Patrick Schnell performed the other experiments and drafted the main text. Nils Thuerey supervised
the project and helped with coordination.

Copyright © 2022 The Author(s). Reprinted as provided by OpenReview.net with permission from Patrick
Schnell and Nils Thuerey.
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Solver-in-the-Loop: Learning from Di erentiable Physics to Interact
with Iterative PDE-Solvers

Abstract of Paper Finding accurate solutions to partial differential equations (PDEs) is a crucial task in
all scienti c and engineering disciplines. It has recently been shown that machine learning methods can
improve the solution accuracy by correcting for effects not captured by the discretized PDE. We target the
problem of reducing numerical errors of iterative PDE solvers and compare different learning approaches
for nding complex correction functions. We nd that previously used learning approaches are signi cantly
outperformed by methods that integrate the solver into the training loop and thereby allow the model to
interact with the PDE during training. This provides the model with realistic input distributions that take
previous corrections into account, yielding improvements in accuracy with stable rollouts of several hundred
recurrent evaluation steps and surpassing even tailored supervised variants. We highlight the performance of
the differentiable physics networks for a wide variety of PDEs, from non-linear advection-diffusion systems
to three-dimensional Navier-Stokes ows.

Author Contributions  Kiwon Um performed most of the experiments and drafted the manuscript. | helped
performing the experiments by providing the differentiable physics software and supervised Robert Brand, a
master student who contributed experimental data. Additionally, | helped in creating the gures and proof-
read the manuscript. Nils Thuerey supervised the project and provided experimental data.

Copyright © 2020 The Author(s). Reprinted as provided by OpenReview.net.
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phi ow: A dierentiable pde solving framework for deep learning via
physical simulations
Summary This workshop paper introduces differentiable physics and the rst public version of g, It

shows how differentiable physics can be used to train networks to interact with physics solvers and summa-
rizes experimental results from our previous control and correction projects.

Author Contributions | developed the software and contributed the control results. Kiwon contributed the
correction results. Nils Thuerey drafted the manuscript.

Copyright © 2020 The Author(s). Reprinted as provided by OpenReview.net.
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