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Abstract

Gradient-based structural optimization has achieved great success in a wide
range of industrial applications, in conjunction with linear finite element
analysis. However, further applications in large-scale industrial problems
with nonlinear behaviors, including geometric, material, and boundary
condition nonlinearities, remain challenging tasks and face numerous
hindrances. One of the fundamental difficulties lies in sensitivity analysis,
i.e.,, evaluating derivatives of system responses with respect to design
variables. Considering the characteristics of nonlinear finite element
systems, much higher complexity and larger computational efforts are
foreseeable, especially when node-based design variables are adopted.
Obtaining sensitivities accurately and with high efficiency is hence of
significant importance.

This thesis investigates several issues related to obtaining efficient and
accurate sensitivity analysis for two types of nonlinear structural systems:
geometric nonlinearity and elastoplasticity. Firstly, a semi-analytical
adjoint method for geometric nonlinear problems is explored. To eliminate
the numerical errors introduced by element rotation in semi-analytical
approximation, a correction term that can be analytically constructed is
proposed. With this correction, the sensitivities become more accurate.
More importantly, the stability of sensitivities is improved, thereby
expanding the range of proper perturbation sizes in the semi-analytical
approximation.

Secondly, an adjoint sensitivity analysis approach is explored for
simultaneous consideration of geometric nonlinearity and elastoplasticity.
The sensitivity must be evaluated through a stepwise backward procedure
due to the history-dependency of plasticity. Consequently, both storage and
computational costs increase in proportion to the number of load steps. To
address this issue, rules for load step reduction in the sensitivity analysis
are investigated. The proposed strategies are mathematically proven based
on two special properties of adjoint variables. The effectiveness of these
techniques is demonstrated through various numerical examples, including
a large-scale engineering example under complex load histories.



The proposed load step reduction is first discussed and demonstrated
under small strain conditions and an isotropic hardening material model. It
is then extended to kinematic hardening and general mixed hardening cases,
where back stresses and hardening ratios are taken into consideration.
Finally, the applicability of the techniques to finite strain elastoplasticity is
investigated. Multiple examples show that the presented techniques are
well-suited to evaluate the sensitivity of these types of problems both
accurately and efficiently.



Zusammenfassung

Die gradientenbasierte Strukturoptimierung hat in einer Vielzahl von
industriellen Anwendungen in Verbindung mit linearer Finite-Elemente-
Analyse grofen Erfolg erzielt. Dennoch bleiben weitere Anwendungen in
grof3 angelegten industriellen Problemen mit nichtlinearem Verhalten,
darunter geometrische, materielle und Randbedingungs-Nichtlinearititen,
eine anspruchsvolle Aufgabe und stehen vor zahlreichen Hindernissen. Eine
der grundlegenden Schwierigkeiten besteht in der Sensitivitatsanalyse, das
heifdt in der Bewertung von Ableitungen der Systemantworten im Hinblick
auf Designvariablen. Angesichts der Eigenschaften nichtlinearer Finite-
Elemente-Systeme ist eine erheblich hohere Komplexitiat und grofierer
Rechenaufwand absehbar, insbesondere wenn  Kknotenbasierte
Designvariablen verwendet werden. Die genaue und effiziente Ermittlung
von Sensitivitdten ist daher von erheblicher Bedeutung.

Diese Dissertation untersucht mehrere Probleme im Zusammenhang mit
der effizienten und genauen Sensitivititsanalyse flir zwei Arten
nichtlinearer  Struktursysteme: geometrische Nichtlinearitit und
Elastoplastizitiat. Zunachst wird eine semi-analytische adjungierte Methode
fiir geometrisch nichtlineare Probleme erforscht. Um die durch die semi-
analytischen Ndherung eingefiihrten numerischen Fehler aufgrund der
Elementrotation zu eliminieren, wird ein Korrekturterm vorgeschlagen, der
analytisch konstruiert werden kann. Durch diese Korrektur werden die
Sensitivitaten praziser. Noch wichtiger ist, dass die Stabilitat der
Sensitivititen  verbessert wird, was den Bereich geeigneter
Perturbationsgrofden in der semi-analytischen Naherung erweitert.

Zweitens wird ein Ansatz fiir die adjungierte Sensitivitatsanalyse erforscht,
der die gleichzeitige Berticksichtigung von geometrischer Nichtlinearitat
und Elastoplastizitit ermoglicht. Aufgrund der geschichtsabhangigen
Plastizitit muss die Sensitivitait durch ein schrittweises, rickwarts
gerichtetes Verfahren ermittelt werden. Infolgedessen steigen sowohl die
Speicher- als auch die Rechenkosten proportional zur Anzahl der
Lastschritte an. Um dieses Problem zu losen, werden Regeln zur
Reduzierung der Lastschritte in der Sensitivititsanalyse untersucht. Die
vorgeschlagenen Strategien werden mathematisch basierend auf zwei



speziellen Eigenschaften der adjungierten Variablen nachgewiesen. Die
Wirksamkeit dieser Verfahren wird durch verschiedene Beispiele,
einschliefdlich eines grofd angelegten industriellen Beispiels unter
komplexen Lastverlaufen, demonstriert.

Die vorgeschlagene Reduzierung der Lastschritte wird zuerst unter
Bedingungen geringer Dehnung und einem isotropen
Verfestigungsmaterialmodell diskutiert und demonstriert. Anschlief3end
erfolgt die Erweiterung auf kinematische Verfestigung und allgemeine
Mischverfestigungsfille, in denen Rickspannungen und
Verfestigungsverhaltnisse berticksichtigt werden. Schlief3lich wird die
Anwendbarkeit der Techniken auf die Elastoplastizitit mit grofden
Dehnungen untersucht. Mehrere Beispiele zeigen, dass die vorgestellten
Techniken gut geeignet sind, die Sensitivitat dieser Art von Problemen
genau und effizient zu bewerten.
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1. Introduction

1.1 Motivation

Structural optimization, categorized into size optimization, shape
optimization, and topology optimization, plays a crucial role in the modern
design of structures to enhance product performance. In the field of shape
optimization, a traditional method for describing structural shapes is through
parametric representation. However, these geometric parameters
automatically introduce additional constraints on the various modes of
structures to be optimized.

Non-parametric shape optimization, also known as node-based shape
optimization, overcomes this disadvantage by utilizing the coordinates of
surface nodes in the finite element model of a structure as design variables.
This approach provides a much more detailed description of structural shapes,
significantly expanding the design freedom of structures. Another advantage
of non-parametric shape optimization is its natural suitability for local
improvements, such as local stress relief features.

To solve non-parametric shape optimization, two types of algorithms are
usually employed: gradient-based algorithms and derivative-free algorithms.
Starting from an initial point, gradient-based algorithms iteratively search for
an optimal solution based on sensitivity information, i.e., derivatives of
responses with respect to design variables. To obtain sensitivities for non-
parametric shape descriptions, adjoint variable methods are normally
preferable to direct methods because the number of design variables is often
much larger than the number of responses. Accurate and efficient adjoint
sensitivity analyses for linear structural systems have been widely
investigated and have achieved great success in a wide range of industrial
applications.

Among the challenges of nonlinear sensitivity analyses, efficiency cannot be
overemphasized. For nonlinear structural systems, the solution procedure is
often more complicated than that for linear problems, leading to increased
complexity in nonlinear sensitivity analysis and resulting in higher

computational and storage costs compared to the linear case. On the other
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hand, the number of iterations in nonlinear optimization is often much larger
than that in linear optimization for the same problem size. Therefore, the
required number of sensitivity analyses in nonlinear optimization is
correspondingly much larger. The efficiency issue becomes even more
significant when the number of design nodes is large.

In addition to efficiency, the accuracy of sensitivities is also important in
nonlinear optimization. It not only influences the search direction to optima
but also affects the convergence speed, i.e., the number of iterations, in the
optimization procedure. Hence, a highly efficient and accurate sensitivity
analysis procedure is essential for a successful gradient-based nonlinear
shape optimization. This dissertation makes every effort to investigate
techniques to eliminate numerical errors and employ appropriate methods to
improve efficiency in sensitivity analyses.

1.2 Literature survey

In this section, state-of-the-art sensitivity analysis methods are summarized,
along with their advantages and disadvantages. An overview of research on
sensitivity analysis for geometrical and material nonlinear problems is
presented.

1.2.1 Design sensitivity analysis methodologies

There are various methods for conducting design sensitivity analysis (DSA) in
structural optimization, as depicted in Figure 1-1. These methods can typically
be categorized into [HA89, CK05a, CKO5b]: global finite difference (GFD)
approach, continuum approach, discrete approach, and other computational
approaches.



Design sensitivity analysis

Global finite difference Continuum approach Discrete approach Other comp. approach
Direct differentiation method Adjoint variable method
Analytical Semi-analytical

Figure 1-1. Hierarchy of design sensitivity analysis methods

The global finite difference method employs forward, backward, or central
finite differencing schemes to calculate sensitivities. In the continuum method,
derivatives are first taken on the variational equations of a structural system,
and then the formulas are discretized. The discrete approach derives the
sensitivity of structural systems based on discretized governing equations of
finite element systems.

Other computational approaches employ specialized tools to compute or
approximate sensitivities. Based on the chain rule, automatic differentiation
methods compute sensitivities by differentiating elementary functions of
structural systems [NQR98]. However, these methods have limitations for
structural design sensitivity analysis due to their significant demand for
computer memory. The complex variable method utilizes a complex finite
element formulation and computes a system response by perturbing design
parameters along the imaginary axis. It then takes the division of the
imaginary function by the perturbation size as an estimation of the derivative
of the response [MWB+13, HSM15]. The virtual distortion method evaluates
sensitivities based on a so-called influence matrix, which describes the
interaction between physical quantities related to design variables and the
entire structure [KH98, KWHO07]. Response surface methods first establish
response functions between design variables and structural responses and
then compute sensitivities analytically on the response surface [SC02, Kam11].

The global finite difference method is a computationally expensive method to
calculate sensitivities and thus is not applicable to large-scale problems.
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However, as the most straightforward way to evaluate derivatives, global
finite difference results are good benchmarks for investigations of more
sophisticated sensitivity analysis techniques. The continuum approach and
the discrete approach are two general solutions for finite element based
sensitivity analyses. The discrete methods are more commonly implemented
in commercial finite element codes [KHKO05].

Both the continuum approach and the discrete approach can be further
classified into the direct differentiation method (DDM) and the adjoint
variable method (AVM). The direct approach computes sensitivities based on
the direct differentiation of state variables. In the adjoint variable method,
direct differentiations are eliminated by introducing adjoint variables and
governing equations. The adjoint sensitivity analysis method is more efficient
when the number of design variables exceeds the number of response
functions, which is usually the case in non-parametric shape optimization.

No matter whether a direct or adjoint approach is employed, derivatives of
physical quantities such as the stiffness matrix or pseudo-load vectors are
often required after discretization. The analytical derivatives of these
quantities are difficult to obtain. Therefore, the semi-analytical technique,
where analytical derivatives are approximated by finite differencing, is widely
employed.

1.2.2 Sensitivity analysis with geometric and material nonlinearity

The design sensitivity analysis of a nonlinear system is often more complex
than that of a linear system, with an exception being the elastic nonlinear
problem. Geometrical nonlinearity and hyperelasticity are two typical issues
that fall into this category. In this type of problem, sensitivity is determined
solely by the final load step due to the path-independency [CD00, CKO5b].
Linear sensitivity analysis approaches can be straightforwardly extended and
applied to it. Additionally, based on the co-rotational formulation of geometric
nonlinearity, element-independent analytical sensitivity expressions are
presented [PM06]. The co-rotational framework utilizes only the linear finite
element library and does not require kinematic nonlinear element
formulations.



Sensitivity analysis for general nonlinear materials, which exhibit plasticity or
viscosity, is essentially different from linear cases due to path-dependency.
The responses and state variables of a load step are characterized not only by
current loading conditions but also by previous loading histories. Therefore,
sensitivity computations are often performed following each load step or time
step in an incremental procedure [WA87, PC99b, SMRO1, CKO5b].

The direct differentiation method has been successfully applied to various
material nonlinear sensitivity analyses in an incremental procedure.
Sensitivity computations are presented for cases such as Norton-Soderberg
power-law creep materials [VLH91], spread plasticity with geometric
nonlinearity under seismic loading [HM10], in-plane stress elasto-
viscoplasticity [KK96], anisotropic elastoplastic shells [Ho05], ]2 plasticity
with multi-yield-surface and nonlinear hardening [WKT03, GCE09], Prandtl-
Reuss elastoplasticity with geometric nonlinearity [SRO1, Sch01], beam
elements with plastic hinges [Pe03], laminate composites with bilinear
elastoplastic materials [CG95], nonlinear elasticity with frictionless contact
[ST94], and elastoplasticity with frictional contact [KCC00, SKD02]. A non-
differentiable problem that may occur at transition points, such as at points
where material behavior turns from elastic to plastic or vice versa, has been
discussed [0A94]. Taking the derivatives of adjacent points above or below
the discontinuity will well solve the problem without leading to substantial
errors. It is not necessary to compute the sensitivities at the initial yielding
point in order to obtain sensitivities at the subsequent steps [SR01].

Unlike the direct differentiation approach, the applicability of adjoint variable
methods for path-dependent problems was once an issue [RHW+85, KAH+97].
Since each adjoint variable corresponds to a response function at only one
single step rather than the entire loading history, the sensitivities of state
variables at all previous steps are still required [TA90, VH93, SR01]. These
sensitivities at previous steps must be treated as additional response
functions, which would significantly increase the total number of responses
and jeopardize the advantage of the adjoint variable method [KK99, Hi95].

The key to solving the challenge is to avoid implicit derivatives of state
variables in previous steps by introducing additional adjoint variables.
Following this idea, adjoint sensitivities for transient non-linear coupled
systems are achieved by introducing adequate adjoint variables for the
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independent and dependent residuals [MTV94]. Adjoint sensitivity analysis
with elastoplasticity is obtained as a direct extension of this method. By
employing adjoint variables corresponding to nodal balance equations and
the boundary conditions of material flow velocity, adjoint sensitivity analysis
for non-steady forming could be implemented [CFC+03]. By introducing
adjoint variables corresponding to boundary conditions on average residence
time fields, sensitivity analysis and optimization of polymer sheet extrusion
and molding processes are presented [Sm03]. Based on equilibrium governing
equations, as well as a computational fluid grid induced by elastic
deformations, adjoint sensitivity information for fluid-structure interaction
problems is obtained [MNFO03].

For path-dependent problems, it is shown that both direct and adjoint
methods maintain their relative advantages as in linear or path-independent
problems [Car05]. It has also been pointed out that sensitivity analysis for a
path-dependent problem must be based on the consistent tangent operator,
which specifies the variation of stress with respect to strain in the underlying
finite element analysis [VLH91, VH93].

Both the computational cost and memory cost of path-dependent nonlinear
sensitivity analysis increase significantly compared to single-step analysis. In
the direct differentiation method, derivatives of state variables at each load
step must be computed. In the adjoint variable method, additional adjoint
variables at each load step must be solved. Some empirical experiences may
be utilized to reduce the number of load steps or simplify the load history.
Through numerical investigation involving a single tetrahedral element and a
two-bar truss structure with bilinear elastoplastic material, it has been
demonstrated that sensitivities only need to be calculated at the last step in a
monotonic loading process [Kob15]. For a cyclical load history, design
sensitivities must be computed at both the unloading starting point and the
actual load point [Car05]. However, a theoretical justification for proper load
step reduction is still lacking. The systematic investigation into load step
reduction is particularly crucial for the application to large-scale problems.

1.2.3 Accuracy problem of semi-analytical approximation

In sensitivity analysis, derivatives of intermediate quantities, including the

stiffness matrix and pseudo-load vectors, are often required. A widely
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employed approach is to evaluate these derivatives using finite difference
approximation, also known as semi-analytical approximation. The biggest
advantage of this approach is that it leads to straightforward implementation,
and there is no need to access specific finite element formulations.

However, the semi-analytical approach causes accuracy problems, even in
linear sensitivity analysis [BCH88, PCR89, Mle92, CO93]. Rigid body rotation
of finite elements is recognized as the source of the error, and various
techniques have been presented to eliminate its influence on sensitivities. It
has been shown that the first-order finite difference results, when multiplied
by appropriate correction factors which can be easily pre-computed, are equal
to the analytical derivatives of the stiffness matrix, mass matrix, and initial
stress stiffness matrix for the isoparametric Mindlin plate element [PC99].

For general types of elements, "exact" semi-analytical sensitivity [ORL93,
BFDO08, Fil0] and refined semi-analytical analysis [BK97, KB98] are two
effective methods in linear cases, although neither of them leads to the exact
analytical derivatives. The "exact" semi-analytical approach corrects the finite
difference approximation of the tangent stiffness matrix by adding an
additional term, called the correction term, so that a set of rigid-body
conditions is satisfied. The correction term is expressed as a member in the
product space of a set of zero eigenvectors. The refined semi-analytical
technique focuses on correcting the approximation error of the derivatives of
internal force vectors, and the correction term is a linear combination of zero
eigenvectors. The refined semi-analytical approach has also been extended to
the geometric nonlinear case [BK0O].

1.2.4 Implementation of sensitivity analysis in commercial finite

element codes

Commercial finite element analysis software is favored for large-scale
structural analysis in the industry due to its efficiency, robustness, and
recognition. Therefore, optimization and sensitivity analysis techniques are
often integrated with commercial finite element analysis codes to expand
their fields of applications. However, commercial software always functions
as a black box, where intermediate quantities needed in sensitivity analysis
may not be available or accessible.



With limited information, linear sensitivity analysis with Kirchhoff flat shell
elements is implemented in Abaqus based on the discrete direct
differentiation method [ZD99]. Direct semi-analytical sensitivity analysis with
refined correction is realized in ANSYS for linear problems with solid and shell
elements [LYLO4]. Sensitivities with linear elastic solid elements in a contact
problem are attempted in MARC using the direct method [PRA93]. The
complex variable finite element method and sensitivity analysis are
implemented in Abaqus for pure elastoplastic problems with 16-node
axisymmetric quadrilateral user elements [MWB+13, MFG+15]. There is still
not much reported regarding the integration of geometric nonlinear
sensitivity analysis into commercial codes, not to mention geometric
nonlinear problems with material nonlinearities.

1.3 Scope and outline of thesis

This dissertation is based on the research in Work Package 2, Nonlinear
Sensitivity-Based Shape Optimization of the LaSciSo project (Large Scale
Industrial Structural Optimization for Advanced Applications). The focus of
the work package is on high-quality sensitivity analysis for nonlinear, non-
parametric shape optimization. The objective of this dissertation is to
investigate methods to improve the accuracy and efficiency of adjoint
sensitivity analysis in nonlinear, non-parametric shape optimization.
Specifically, two types of nonlinearities are within the scope of this research:
geometric nonlinearity and elastoplasticity.

The major contributions of this thesis to the research field are:

e Extension of the correction term in exact semi-analytical sensitivity
analysis to the case of geometric nonlinearity.

e Analytical formulation of zero-eigenvectors, which are used in
constructing the correction term efficiently.

e Proposal and theoretical proof of two numerical properties of adjoint
variables for adjoint sensitivity analysis, considering simultaneous
elastoplasticity and geometric nonlinearity.

e Proposal and theoretical proof of two load step reduction rules in the
adjoint sensitivity analysis procedure to improve efficiency.
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e Extension of proposed load step reduction techniques to elastoplasticity
with a mixed-hardening material model.

» Extension of proposed load step reduction techniques to the case of finite
strain elastoplasticity, along with a discussion on the applicability.

The dissertation is organized as follows.

In Chapter 2, an in-house finite element solver used in the study is presented.
The solver can deal with simultaneous geometric nonlinearity and
elastoplasticity. Although the ultimate and ideal industrial goal is to develop
and implement the sensitivity analysis procedure in commercial finite
element codes, an accurate in-house nonlinear finite element solver is highly
demanded due to two reasons. Firstly, commercial finite element codes may
not provide all necessary outputs to calculate sensitivities. Secondly, the
intermediate quantities provided by commercial finite element codes may
introduce numerical errors, which may lead to unreasonable sensitivity
results and even fallacious conclusions.

Based on the solver, the semi-analytical adjoint sensitivity formulation for
geometric nonlinear problems under both external force and prescribed
displacement is derived in Chapter 3. The accuracy problem of the semi-
analytical approach for geometric nonlinear sensitivity analysis is
investigated. The "exact" semi-analytical correction is extended to this
problem, and a correction term is constructed analytically to eliminate the
errors. The sensitivity analysis procedure is integrated into the TOSCA
optimization platform, and several non-parametric shape optimization
examples are presented for demonstration.

In Chapter 4, the adjoint sensitivity approach for simultaneous geometric
nonlinearity and small strain elastoplasticity with the isotropic hardening
model is formulated and implemented. Techniques to reduce the number of
load steps in the sensitivity analysis are proposed, theoretically proved, and
demonstrated with multiple examples from small-scale bar truss examples to
large-scale solid structures in Chapter 5. In Chapter 6, the presented
techniques are extended to kinematic hardening and combined hardening
material models with proof and demonstrations. In chapter 7, the applicability
of the adjoint sensitivity analysis and load step reduction rules is investigated
for a more general case, i.e. large strain elastoplasticity, where the logarithmic



strain measure and multiplicative decomposition of the deformation gradient
are adopted.

The thesis is finally summarized in Chapter 8 with an outlook on further
research work.
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2. Introduction to nonlinear finite element analysis

In this chapter, the theory of nonlinear finite element analysis for geometric
nonlinearity and elastoplasticity is briefly introduced. This serves as the basis
for deducing the adjoint sensitivity formulation of structural responses. The
mechanical quantities obtained from the finite element analysis form the
foundation of sensitivity analysis. To overcome potential limitations of
outputs from commercial finite element codes, an in-house nonlinear finite
element solver is developed based on the theory and is employed in the
research.

2.1 Geometric nonlinear analysis with secant stiffness matrix

2.1.1 The Newton-Raphson method

Geometric nonlinearity describes the nonlinear relationship between load
and displacement when large structural deformation occurs. The Newton-
Raphson method is commonly used at each load step of the finite element
analysis to obtain the displacement of equilibrium iteratively. The flowchart
of this method from load step t to the next load step t+1 is depicted in Figure
2-1.

In the flowchart, ‘U is the nodal displacement vector, ‘F is the nodal
external force. Throughout the paper, the upper left superscript denotes the
load step. R is the residual force, K1 denotes the tangent stiffness matrix,
F™t is the internal force vector corresponding to the displacement. In each
iteration, an incremental displacement is obtained by solving a system of
linear equations, with the residual force on the right-hand side. Then the
displacement is updated by the increment, and the residual force is
recomputed. The iterative procedure terminates if the residual force is
sufficiently small.
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Given U, 'F, R="'"'F - 'F

Vv

> Solve K+(**'U)-AU =R

y
Add AU to **'U

Calculate residual force R = **'F — Fint(*+1p)

)4
No

IRll<e

) Yes

C Obtain 't1U >

Figure 2-1. Newton-Raphson iterative solution procedure for geometric

nonlinearity

On the element level, the internal force is obtained through stress integration:
Fint = J Bodv (2.1)
%4

where B is the deformation matrix, o is the elemental stress and V stands
for the volume of an element.

Instead of stress integration, when Green-Lagrangian strain is employed, the
internal force vector can also be straightforwardly evaluated by multiplying a
secant stiffness matrix Kg by the displacement vector, as shown in the
following equation [OOM+86, Pe05]:

Ft =K. (U)-U (2.2)
This approach via secant stiffness matrix is introduced in the next section.
2.1.2 Introduction to the secant stiffness matrix
The secant stiffness matrix possesses a straightforward physical meaning that

connects total displacement and internal force. The formulation and
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application of the secant stiffness matrix in geometrically nonlinear finite
element analyses have been investigated [OOM+86, 0fi91, MOM98].
Additionally, the secant stiffness matrix has been employed in the analysis of
the stability of frame structures [CG96] and the estimation of buckling load
factors [ON95].

Fa
equilibrium curve
) (V)
Fintf-------5 SRS
Ks(U)
0 U >y

Figure 2-2. Tangent and secant stiffness matrices at an equilibrium point

Figure 2-2 depicts the force-displacement equilibrium curve of a general
nonlinear problem. The secant stiffness matrix is the slope of the secant line
connecting the initial point and the equilibrium point. While the tangent
stiffness matrix reflects the relationship between incremental displacement
and incremental force, the secant stiffness matrix describes the relationship
between total displacement and total force.

There are three kinematic descriptions that are usually used in geometrically
nonlinear finite element analysis: total Lagrangian formulation, updated
Lagrangian formulation, and co-rotational formulation [No12, Cr00]. In the
total Lagrangian formulation, strains and stresses are measured with
reference to the initial undeformed configuration. The updated Lagrangian
formulation uses the deformed configuration from the previous step as the
reference state, and the reference configuration is updated as the solution
procedure proceeds. In the co-rotational formulation, a local reference frame
is attached to each element, and it translates and rotates with the
corresponding element as a rigid body. In the context of the secant stiffness
matrix approach, where the stiffness matrix is dependent on the total
displacement, the total Lagrangian formulation could be naturally employed.

In the following, the formulations of the secant stiffness matrix for general
finite elements under geometric nonlinearity is introduced. These
13



formulations have been derived by Pederson [Pe05, Pe06, Pe08], where
Green-Lagrange strain and its conjugate second Piola-Kirchhoff stress are
adopted.

The components of the nonlinear Green-Lagrange strain g; in Cartesian

coordinates are defined as
1 1
gij = E (ui,]- + uj,i) + E (uk,i . uk‘j) (23)

where variable u is the displacement field and indices i, j, k represent the
three directions in three-dimensional space. The Einstein summation
convention applies to the index k. After discretization, the formulas can be
expressed in matrix form using the Voigt notation for strain:

1
£=B'U + 5 UTBNU (2.4)

where B is the linear strain-displacement matrix, BN is a symmetric
matrix describes the nonlinear relation between displacement and strain, and
the upper right superscript T represents the transpose operator. The variation
of strain follows

6 = (B' + UTBN)sU (2.5)

The general equilibrium equation, according to the principle of virtual work
over an element volume, is

J 6e'odv = 8U - F (2.6)
%4
By substituting Eq.(2.5) into Eq.(2.6), the equilibrium equation is derived:
f (B +U™BMTodv = F (2.7)
14
Comparing Eq.(2.7) and Eq.(2.1), it follows that

B=B"+U"BY (2.8)
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The constitutive relationship between the second Piola-Kirchhoff stress and
the Green-Lagrange strain is

1
a=D£=D-<BL+§UTBN)-U (2.9)

where D represents the elastic constitutive relation between strain and
stress.

For simplicity, denotes

_ 1
B =B'+ 5UTBN (2.10)

The equilibrium equation is derived by substituting Eqs.(2.8) to (2.10) into
Eq.(2.7),

fBTDEdv -U=F (2.11)
|4
Thus, the general formulation of the secant stiffness matrix is obtained:

Ks(U) = f B"DBdv (2.12)
14

In addition, the tangent stiffness matrix can be derived from Eq.(2.12):

1

K+(U) = Vy(Ks(U)-U) =Vy j (B +UT™BM)TD (BLU +5 UTBNU) dv

v (2.13)

= fBTDde + f VyBTodv
|4 |4

The first term reflects the elastic stiffness matrix and displacement stiffness
matrix, while the second term represents the stress stiffness matrix. It can be
seen that, unlike the tangent stiffness matrix, the secant stiffness matrix in Eq.
(2.12) is asymmetric.

Furthermore, both tangent and secant stiffness matrices for several element
types can be analytically formulated using nodal coordinates and nodal
displacements. An example is provided in Appendix A for the 3D 4-node
tetrahedral element, as presented by Pederson [Pe06]. The analytical
expressions of stiffness matrices offer a solid foundation for studies on
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sensitivity analysis. In particular, they are helpful for tracing the source of
errors.

2.2 Simultaneous geometric nonlinear and elastoplastic

nonlinear analysis

In this section, nonlinear analysis is extended to simultaneous geometric
nonlinearity and small strain elastoplasticity.

2.2.1 Elastoplastic material model

Plasticity describes a material undergoing irreversible deformation in
response to an applied load. The elastoplastic material model depicts a
material that possesses both elasticity and plasticity. Most ductile metals,
widely used in mechanical engineering, fall into this category.

Figure 2-3 presents a 1D rheological model of elastoplasticity. It is composed
of two springs with stiffness E (Young’s modulus), E¥ (Plastic modulus),
respectively, and a frictional element with maximum friction force oy (yield
strength).

EP E
—000000000——> 0o
SIS,
OY

Figure 2-3. 1D rheological model of elastoplasticity

The elastoplastic material behavior in a loading-unloading procedure is
illustrated in Figure 2-4. The material behaves elastically initially. Once the
stress exceeds the initial yield strength o, the plastic strain &P gradually
accumulates, which is the irreversible part after unloading.
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Figure 2-4. Elastoplastic material behavior in a loading-unloading procedure

In the small strain case, the total strain & is additively decomposed into
elastic strain part &€° and plastic strain part &P

e=¢g°+¢P (2.14)
The relationship between total stress and total strain is
o = D°e® = D¢(g — &€P) (2.15)

where D€ is the elastic constitutive relation matrix. In a 1D case, D€
represents the elastic modulus E. In Figure 2-4, E*™" denotes the tangent
modulus, which reflects the relationship between incremental stress and

incremental strain
do = E¥" - de (2.16)

The plastic modulus EP denotes the relationship between incremental stress
and incremental plastic strain

do = EP - deP (2.17)

Therefore, E'™" has the following relation to Young’s modulus and the plastic
modulus
EEP

pran — 2.18
E +EP (2.18)
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The total plastic strain results from the accumulation of incremental plastic
strains from individual load step

eP = Z ‘AP (2.19)
t

where the incremental plastic strain is the product of the incremental
equivalent plastic strain and a vector a which is called the flow vector

AgP = Agpo, - a (2.20)
The flow vector describes the direction of incremental plastic strain. In metal
plasticity, it is typically assumed that flow vector is in the same direction as
the normal to the yield surface. This is referred to as the associated-flow rule:

_df(6) _ dl6leq
a= =

2.21
do do ( )
Otherwise, it is referred to as a non-associated flow rule.
In Eq.(2.21), f(o) is a function of stress that defines the yield surface
f(O') = |a|eqv - O-Y(Sre)qv) =0 (222)

where |-|.q, is an equivalent stress measure, oy is the yield strength, which

is dependent on the material properties and equivalent plastic strain &g,

The equivalent stress measure is determined by the employed yield criterion.
One widely used criterion for metal plasticity is the von Mises yield criterion.

The von Mises equivalent stress is then determined by this criterion

|0 von mises

_ \/(011 — 032)% + (022 — 033)% + (011 — 033)% + 6(012% + 0537 + 013%)
2

(2.23)

[y}

~

(o —O’)2+(O' —cr)z+(cr —0)2 3
=J1 2 223 1 3=§ZZSLH

i
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where o; to o; represent the three principal stress components, and s;;
denotes the deviatoric stress components defined by

Sij = 0y — %akk (2.24)
According to the development of yield strength, plasticity is categorized into
three types: hardening, softening, and perfect plasticity. Hardening plasticity
depicts an increase in yield strength as plastic strain accumulates, while
softening plasticity depicts just the opposite, i.e. a decrease in yield strength.
Perfect plasticity is an ideal model where the yield strength remains
unchanged. These three types of plasticity are defined by the sign of the

tangent modulus

>0 hardening
E®™ and EP{ = 0 perfect plasticity (2.25)

<0 softening
For the hardening plasticity, three typical hardening rules describe the
development of the yield surface: isotropic hardening, kinematic hardening,
and mixed hardening, also known as combined hardening. The development
of the yield surface under the isotropic hardening rule is depicted in Figure
2-5. It assumes that the yield surface expands uniformly in all directions as

plastic strain increases.

The cases of kinematic hardening and mixed hardening will be discussed in
Chapter 6.

2.2.2 Newton-Raphson iteration for elastoplasticity

The Newton-Raphson method is also employed to solve elastoplastic
nonlinear problems. The flowchart for this method at a new load step t+1 from
the previous step t is depicted in Figure 2-6. In each iteration, an incremental
displacement is obtained by solving a system of linear equations, similar to
the process in geometric nonlinearity. Two major differences exist: the
inclusion of the tangent stiffness in the linear equation system and the
utilization of a return mapping algorithm.
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(a) 1D development of yield strength (b) 3D development of yield surface in
the space of principal stress
components, taking von Mises yield
criterion as an example
Figure 2-5. Increase of yield strength and expansion of yield surface under isotropic
hardening rule

Given quantities at step t: R = “*'F —'F

Assume U = 'y, ttlg =to

> Solve 'K AU = R,and add AU to U
W Use return mapping algorithm
Update *lg, Hlsfqv
\
Calculate R = '*1F — Fint
V
[IRll<e
No
v Yes

: t+1 t+1 t+1_Pp
Obtain U, o, Eequ

Figure 2-6. Newton-Raphson iteration for elastoplasticity
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The tangent stiffness matrix follows the expression in Eq.(2.13), with the
elastic constitutive matrix being replaced by D®P. D®P describes the
relationship between incremental stress and incremental strain in
elastoplastic analysis

Ao = D°P - Ag (2.26)

In an elastic step, it equals the elastic constitutive matrix D®. During a plastic
step, D®P is expressed as follows [Cr00]:

d
D =0"1-p — —— 2.27
Q a-r+EP ( )
where
e da P
Q:I+D '%'Ageqv

[
| \
ad _ {[—05 —-0.5 1 _aT-a i
do |oleqy k 3 / (2.28)

After updating the nodal displacement, the stress and equivalent plastic strain
will be updated to calculate the internal force and stiffness matrix in the next
iteration. These quantities cannot be determined explicitly from nodal
displacement when plasticity occurs. A return mapping algorithm is typically
employed to perform this task implicitly. The algorithm is introduced in the
next section.

2.2.3 Return mapping algorithm

The return mapping algorithm [Cr00] is usually used to determine the stress
and equivalent plastic strain with a given incremental strain. The algorithm is
described below, taking the von-Mises yield criterion as an example.
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Given stress ¢

o and equivalent plastic strain ‘e, firstly, calculate the
incremental strain Ae through the incremental displacement AU. Then,

assume it is an elastic increment, i.e. Aeg,, = 0, and update the trial stress with

AO’try = De - Ag
(2.29)
Oy = ‘0 + Aoy

Calculate the von Mises equivalent stress using oy, and check whether it is
not larger than the yield strength at step t.

If it is true, then the element is indeed in an elastic state, and the assumption

Aep, = 0 holds. Therefore, it follows “*'¢ = oy, *lepy, = “e5qy, and D®P = D°,

Otherwise, initiate the return mapping algorithm:

a) Calculate trial associated flow vector a:
dlat | - 3
= Y Mises _ [S11, S22, S33, 2512, 2513, 2523] (2.30)
do 2|”try| :
Mises
b) Update the incremental plastic strain
p
Aé'p = Aep |o-trY|Mises - tO-Y —EP- AEqu
eqv — eqv .pe.qT p
a-D¢-a"' +E (2.31)
AgP = Agg, - a
c) Update trial stress
Oy = ‘0 + D®-Ag — D° - AgP (2.32)
. t . P _ s s . .
d) Check if |atrY|Mises — "oy — EP - Aggq, = 0.If it is not satisfied, go

back to step a). Otherwise, the algorithm stops and provides the
result

t+1, —
g = o'try
(2.33)
t+1. P _ t P p
geqv - geqv + ASqu
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After updating the stress and equivalent plastic strain, the internal force could
be calculated following Eq.(2.1).
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3. Adjoint sensitivity analysis with geometric nonlinearity

In this chapter, the adjoint sensitivity formulation for geometric nonlinear
problems is derived using the secant stiffness matrix. An analytical correction
term is proposed to eliminate the rotation error in the semi-analytical
approximation. Several optimization examples with the TOSCA shape
optimization solver are presented.

3.1 Adjoint sensitivity analysis formulation under prescribed

displacement and external force

Under both prescribed displacement and external force, the system response
fof a geometric nonlinear system can be expressed as a function of unknown
displacement, unknown reaction force, and design variables. The
displacement and reaction force are also dependent on design variables.
Therefore, the sensitivity of the system response with respect to a design
variable s follows

df (U(s),F(s),s) _ of . QT dau QT dF

= _ il (3.1)
ds ds 0U ds OF ds

where derivative of displacements and reaction forces need to be evaluated.
The idea of the adjoint variable method is to avoid the calculation of these
derivatives by cancelling them out with additional terms. These additional
terms are products of adjoint variables with derivatives of governing
equations, which are identical to zero and contain dU/ds and dF/ds. Here,
the equilibrium equation of the finite element system is utilized

R(U(s),F(s),s) =Ks(U(s),s)- U(s)—F(s) =0 (3.2)

The total derivative of the residual force vector, which is identical to zero, is
calculated as

_dR_OR OR" dU OR" dF 0Kj dU dF (33)

=% ostau astar @ as PRt T @
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Define the adjoint variable 4 as a column vector given by 4 =[2f 24]7,
where A' corresponds to degrees of freedom with external force, and A4

corresponds to degrees of freedom with prescribed displacement. Pre-
multiply the transpose of the adjoint variable to Eq. (3.3) and then subtract it
from Eq. (3.1), this yields

df of of" du of' dF . <6K5 du dF)
2 2,70 -7 . _ N L T 3.4
is=astau astar @ h (G UtKegemgs)  BY
After merging similar terms, the sensitivity has been reformulated as
df of . 0Ks ( af>T dU (af )T dF
2 1 _ AL o g2y .= L R 3.5
is=os Aoy U \Kra-gy) ot Grtd) o B

The external forces and prescribed displacements on a structure are given
quantities, independent of design variables. Consequently, the components of
the derivative of the displacement vector, which correspond to the degrees of
freedom with prescribed displacement, are zero. Similarly, the components of
the derivative of the reaction force vector, which correspond to the degrees of
freedom with external force, are also zero. They are expressed as follows:

au _ [de/ds]
ds 0

F o[ oo (3.6)
ds [dFd/ds]
With Eq.(3.6), the fourth term in Eq. (3.5) is
(% + A)T : Z—: = (Vpaf +29)"- dd—Pj (3.7)
Enforcing Eq. (3.7) to be zero leads to
24 = —V,uf (3.8)

With Eq.(3.6) and Eq.(3.8), the third term in Eq. (3.5) is
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s3] (e [ ) 0] oo

Enforcing Eq. (3.9) to be zero yields that Af satisfies the system of linear

equations
Ky [_é; f] =[] (3.10)

Afand X are unknown variables to be solved. Finally, the sensitivity of

response f equals

f T
afF _of [ ¥ 1 9Ks (3.11)
ds 0s |—Vgaf ds

According to Eq. (3.11), the adjoint sensitivity analysis could be obtained by
following the flowchart in Figure 3-1.

Step 1: Full geometric nonlinear analysis to
get equilibrium displacement U

y

Step 2: Solve Eq. (3.10) with pseudo prescribed
displacement —Vaf and pseudo force V sf to
obtain adjoint variable 4

'

Step 3: Evaluation of dKg/ds

A

G’cep 4: Calculate sensitivity with Eq. (3.1D

Figure 3-1. Flowchart of adjoint variable method for geometric nonlinear

sensitivity analysis

In the flowchart, the linear perturbation analysis in step 2 involves solving a
system of linear equations using the tangent stiffness matrix at the
equilibrium point. The pseudo displacements and forces are determined
through the appropriate partial derivatives of the response function.
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In the third step, the partial derivative of the secant stiffness matrix with
respect to design variables needs to be evaluated. This derivative can be
approximated using a forward scheme semi-analytical approach

0Ks(U,s) AKs(U,s) Ks(U,s+As) — Ks(U,s)

3.12
ds As As ( )

This semi-analytical approximation can be implemented with little effort for
general types of elements. The disadvantage of this apporach is the well-
known accuracy problem, which will be discussed later in Section 3.2 and 3.3.

It should be noted that, the design variables in non-parametric shape
optimization are the nodal coordinates. Therefore, the finite difference of
Eq.(3.12) is carried out at the element level, considering only those elements
with design nodes as their vertices. This ensures the efficiency of the semi-
analytical implementation.

3.2 Validation of adjoint sensitivity analysis

In this section, the semi-analytical sensitivity analysis procedure presented in
the previous section is numerically validated.

A cantilever beam structure, depicted in Figure 3-2(a), is employed, and 3D 4-
node tetrahedral elements are used to mesh the structure. The design
variables consist of the vertical coordinates of nodes on the centerline of the
bottom surface, as illustrated in red in Figure 3-2(b).

Fixed end

.
u
X

(a) Model description (b) Design nodes (red points) along the beam

Figure 3-2. Cantilever beam model (Length = 300 mm, width = 15 mm, height = 15

mm, Young’'s modulus = 209 GPa, Poisson’s ratio = 0.3)

The structure is fixed at one end, and a prescribed displacement of 100mm in
the vertically downward direction is applied at the other side. The total
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vertical reaction force at the support is defined as one response function. In
Figure 3-3, the sensitivities of this response obtained by the semi-analytical
adjoint variable method are compared with the global finite difference results.
The horizontal axis represents the x-coordinate of the design nodes. The
perturbation size in the semi-analytical approximation is 10->mm, while the
perturbation size in the global finite difference approach is 10-*mm. It can be
observed that the adjoint sensitivity results match quite well with the finite
difference results from a real value perspective.

200

==global FD
== =semi-analytical adjoint

\

\

=
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\
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Sensitivity (N/mm)
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o

\\
0 50 100 150 200 250 300
x-coordinate of design node (mm)

a1
o

Figure 3-3. Sensitivity of reaction force obtained by semi-analytical adjoint variable
method and global finite difference method

However, concerning the perspective of relative error, the accuracy issue
mostly discussed in linear systems arises. Figure 3-4 illustrate the scaled
sensitivity, defined as the ratio of semi-analytical adjoin sensitivities to global
finite difference results:

. Sensitivity of semi analytical adjoint method
scaled sensitivity = Sensitivity of global FD (3.13)

The scaled sensitivity measures the relative error between the two results. It
indicates that, near the free end, the scaled sensitivity deviates significantly
from 1, signifying a notable increase in relative error.
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Figure 3-4. Scaled sensitivity of reaction force response

The perturbation size employed in the semi-analytical approximation
influences the correctness of the sensitivity result. Figure 3-5 presents the
semi-analytical sensitivity results using different perturbation sizes, ranging
from 10-3 to 10-8 mm. It shows that if the perturbation size is too small or too
large, incorrect sensitivity results could be obtained.

3 : : : : :
[*sensitivity of design node at x:290mm[

—~ 2
S
£1
z
g o= ——t—— ——‘—i ——————— -- global FD result
31 \
c
- \

-2 \

33 -7 -6 -5 -4 -3 -2

log10(A s)

Figure 3-5. Sensitivity of reaction force response with different perturbation sizes.

The design variable is the vertical coordinate of a design node near the loaded end

The maximum stress is usually another typical response in structural
optimization. Since the location of the maximum stress point may change
between iterations, stresses of a number of elements should be defined as
responses to capture the maximum stress. To reduce the number of system
responses, some aggregation functions are proposed to approximate the
maximum stress with a single system response [QL10]. One of the typically
used function is the P-norm of a set of interested elements:
29



1 m 1/p
Omax ~ <az Gep) (3.14)
e=1

where m is the number of selected elements, and p is the aggregation
parameter, which is an integer.

The adjoint sensitivity analysis approach is validated with the P-norm of von-
Mises equivalent stress as a response. The von Mises stress of 28 elements
around the fixed end is included into the function evaluation. The parameter
p is set to be 20. The sensitivities of the P-norm response obtained by semi-
analytical adjoint variable method and global finite difference method are
presented in Figure 3-6. The scaled sensitivity result is presented Figure 3-7.

60 : :
‘ == global FD
’g 40 = =semi-analytical adjoint||
g
= 20
2
= 0 —
_—

g-200 \_—

_400 50 100 150 200 250 300

x-coordinate of design node (mm)

Figure 3-6. Sensitivity of P-norm stress obtained by semi-analytical adjoint variable
method and global finite difference method
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Figure 3-7. Scaled sensitivity of P-norm stress response
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As it appears, the sensitivity results of both approaches match well with each
other. However, the accuracy issue resurfaces at the free end.

3.3 Rotation error of semi-analytical approximation

As presented in Section 3.2, the semi-analytical approximation leads to an
accuracy problem in the sensitivity analysis. The following example clearly
illustrates that this error is caused by the rigid body rotation of elements.

In this example, the same cantilever beam model as in Section 3.2 is employed.
As depicted in Figure 3-8, instead of applying a vertical prescribed
displacement, a displacement of 30mm is applied in the axial direction at the
free end.

Y
T PR o

Figure 3-8. Cantilever beam model under prescribed displacements in axial

direction

This prescribed displacement leads to a pure extension of the beam. The total
axial reaction force is defined as the response, utilizing the same design
variables as presented in Section 3.2. The sensitivity and scaled sensitivities
of semi-analytical adjoint approach and global finite difference approach are
illustrated in Figure 3-9 and Figure 3-10, respectively.

-2000

==global FD
-3000 == =semj-analytica adjoint

-4000

-5000

sensitivity (N/mm)

-6000 N

_70000 50 100 150 200 250 300

x-coordinate of design node (mm)

Figure 3-9. Sensitivity of reaction force under axial prescribed displacement
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Figure 3-10. Scaled sensitivity of reaction force under axial prescribed
displacement

The results show that, under pure extension, the semi-analytical sensitivity
perfectly align with the benchmark without any accuracy issues. This
numerical demonstration highlights that the accuracy problem only arise
when there is elemental rotation in the underlying finite element system.

3.4 Correction term for semi-analytical approximation in

adjoint sensitivity analysis

In the linear case, the rotation error has been successfully eliminated by both
the "exact" semi-analytical approach and the refined semi-analytical approach.
The idea behind both methods is to add a correction term to the finite
difference of either the stiffness matrix or the internal force vector. This term
is introduced to ensure that the semi-analytical approximation satisfies the
so-called rigid body conditions or zero-eigenvector conditions. The correction
term is constructed from the rigid body movement vectors of individual
elements.

In this section, this idea is extended to the geometric nonlinear case. The
construction of the correction term is based on the secant stiffness matrix
outlined in Eq. (2.12).

Firstly, the zero-eigenvector conditions are deduced. Similar to every stiffness
matrix, the secant stiffness matrix of a 3D element has a degree of rank
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deficiency of 6. This means there are in total six zero eigenvectors {@;}i-1 ¢
that satisfy the condition

Ks- @, =0 (3.15)

Since the matrix transpose operator does not change the rank of a matrix, the
rank deficiency of Kg' is also 6. As a result, there must be six zero
eigenvectors {w;}j—; ¢ such that

K" w;=0 (3.16)

When the secant stiffness matrix is asymmetrical, the sets {¢;} and {w;} are
not identical. They are referred to as right and left eigenvectors, respectively.
Both sets of eigenvectors can be orthogonalized using the Gram-Schmidt
process, as presented in the following. The orthogonalized vectors are
denoted by {¢?} and {w}.

(0]

P1 =91
é:ll', (p] >(pl (fori=2,...,6) (3.17)
0w = w,
w? = w; — :Z: w’p)) ° (fori=2,..,6) (3.18)

j<i

The operator (-, ') represents the inner product of two vectors. The
orthogonalized vectors {¢?} and {w?} are still eigenvectors of Kg and
K", respectively.

Further, by replacing ¢; with ¢{ in Eq. (3.15) and taking partial derivative
with respect to the design variable, pre-multiplying w]pT on the left yields

(o]

0K 0;
w}’T-a—:-(p?+ ‘Kg - (;ﬁ =0 (3.19)

Using
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T T
w® -Ks=(Ks"- o) =0 (3.20)
The second term in Eq. (3.19) vanishes, and the following 36 zero-eigenvector
conditions are obtained
0K
w;’T-a—SS- @ =0 (forij=1,..,6) (3.21)

If a semi-analytical approximation of dKg/ds is accurate, it should satisfy all
of these conditions. Unfortunately, this is usually not the case. Therefore, a
correctionterm T mustbe added to the semi-analytical approximation result

0Ks AKs

—_—r — 3.22
ds As +T ( )

Substituting Eq. (3.22) into Eq. (3.21) results in

AK
0= w;’T-A—:- @0+ T @? (forij=1,..,6) (3.23)

Therefore, the correction term must satisfy

,OT.%

w]?T-T' @ = —w, - @ (fori,j=1,..,6) (3.24)

Constructing the correction term in the production space of {¢{} and {w?}

6 6
1=1 j=1

By substituting Eq. (3.25) into Eq. (3.24), the coefficients {ai]-} are obtained
using the orthogonality of {¢?} and {w?}

oT . AKS . )
i As % (3.26)
(@), o)X, @7)

—w

(Ii]' =

Usually, the sets of zero eigenvectors {¢;} and {w;} are obtained by solving
the eigenvalue problems of Egs. (3.15) and (3.16). The numerical solution may
introduce extra numerical errors, and the errors will be further transmitted
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to the sensitivity analysis. Therefore, efficient and accurate way to obtain
these two sets of eigenvectors is valuable. The following analytical
expressions of these eigenvectors are proposed in [WCB15], which avoid
additional numerical calculations.

The set of {w;} can be obtained from a mechanical point of view by pre-
multiplying the displacement vector at the equilibrium point with Eq. (3.16)

UT K" w,=F"-w;=0 (3.27)

It means that the work done by an external force F on {w;} is zero.
Therefore, {w;} should be the rigid body movement under the deformed
configuration. Taking the 3D 4-node tetrahedral element shown in Figure
3-11 as an example, where the four nodes are numbered from 0 to 3. Nodal
coordinates in the undeformed configuration are denoted by {c;,}, nodal
displacements by {u;,}, and the nodal coordinates of the deformed
configuration by {d;,}, where i = 0, 1, 2, 3, and a = x, y, z. The following
relations hold

dia = Cja + Uix (328)

Figure 3-11. 3D 4-node linear tetrahedral element

Then, the three zero eigenvectors representing the rigid translation of the
deformed element along x-, y-, and z- axes are

w;=[1 001 0010010 0]
(3.29)
w,=[0 1.0 0100100 1 0]
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w;=[0 0100 10010 0 17

and the three zero eigenvectors representing rigid rotation of the deformed
configuration around x-, y-, and z- axes are

wy,=[0 —do, doy 0 —di; diy 0 —dp, dyy 0 —d3z dzy]T

w5=[d02 0 _dOX dlz 0 _dlx de 0 _d2x d3z 0 _dSX]T (330)

w6 = [_dOy dOX 0 _dly le 0 _dzy dZX 0 _d3y d3X O]T

Egs. (3.29) and (3.30) are the analytical expression for {w;}.

The zero eigenvectors {¢;} canbe assumed to have the same form as {w;},i.e.
the position of zero entries in {¢;} are the same as those in {w;}. With this
restriction, a set of empirical formulas for {¢;} is found through numerical
observation. Analytically, {g;} contain three rigid body translation vectors
that are identical to w; to w;

Q1= W,
(pz == (1)2 (331)
Q3 = W3

and three rotational vectors as follows

Py = [0 _(dOZ + COZ) doy + Coy 0 _(d1z + Clz) dly + Cly 0 _(dZZ + CZZ) d2y + CZy 0 _(dSZ + C3Z) d3y + C3y]T
@s=[dos+ o, 0 —(dox+cox) diztc, 0 —(dix+c) dyp+ca, 0 —(dpg+ o) dyztes, 0 —(dax+c3)]™  (3.32)
P = [_(d()y + COy) de + Cox 0 _(dly + Cly) dlx + Cix 0 _(dZy + CZy) d2x + Cax 0 _(d3y + CSy) d3x + C3x O]T
where ¢, to ¢, differ from w, to wg by replacing the terms d;, with
di(x + Cia-

With analytical expressions of both {¢;} and {w,}, there is no need to solve
the eigenvalue problems, thereby improving both the efficiency and accuracy
in constructing the correction term.

It should be noted that, the above formulas are obtained and verified based on
the asymmetric secant stiffness matrix of the 3D 4-node tetrahedral element.
Although it has not been verified in this dissertation, there is no foreseeable

36



reason that these formulas are not applicable to other types of 3D finite
elements.

3.5 Numerical examples

In this section, the effectiveness of the correction term is demonstrated
numerically with the same cantilever beam example presented in Section 3.2.
The two responses, namely the reaction force and P-norm stress, are also the
same.

Figure 3-12 presents the scaled sensitivity of the reaction force response with
and without the correction term. These values are calculated by dividing the
semi-analytical adjoint sensitivity by the global finite difference sensitivity.
The figure clearly shows that the large relative error near the free end is
significantly eliminated after incorporating the correction term into the semi-
analytical approximation. Although not presented here, a similar
phenomenon is also observed with the P-norm stress response.
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Figure 3-12. Scaled sensitivity of semi-analytical adjoint method with and without

correction term

Sensitivity results for the two responses with different perturbation sizes are
presented in Table 3-1 and Table 3-2, respectively. The design node is located
near the free end, where the largest relative error occurs. It shows that, for all
perturbation sizes, the accuracy of sensitivity is significantly improved by
adding the correction term.
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Table 3-1. Sensitivities of reaction force response at a design node near the free end
(ref. result = 0.0500 N/mm)

Perturbation Semi w/o correction Semi. with correction
size (mm) Sensitivity(N/mm) Error(%) Sensitivity(N/mm) Error(%)
10-3 -3.02 -6131% 0.0582 16.2%
10-4 -0.256 -612% 0.0509 1.62%
10-5 0.029 -43% 0.0501 0.16%
10-¢ -0.001 -102% 0.0501 0.02%
10-7 0.284 467% 0.0501 0.02%
10-8 -2.76 -5612% 0.0503 0.51%
10-° 6.22 12326% 0.0508 1.50%

Table 3-2. Sensitivities of the P-norm stress response at a design node near the free
end (ref. result =-0.0072 MPa/mm)

Semi w/o correction Semi. with correction
Perturbation
Sensitivity Sensitivity
size (mm) Error(%) Error(%)
(MPa/mm) (MPa/mm)
10-3 0.1833 -2637% -0.0086 19.4%
10+ 0.0118 -263.9% -0.0074 1.82%
10-5 -0.0054 -25.79% -0.0072 0.06%
10-¢ -0.0073 1.53% -0.0072 -0.12%
10-7 -0.0095 31.8% -0.0072 -0.14%
10-8 -0.0469 550% -0.0072 0.08%
10-° -0.2820 3804% -0.0071 -1.77%

What's more, the results also demonstrate that sensitivity outcomes are
significantly less reliant on the choice of perturbation size when the correction
term is applied. In industrial applications, structures are often meshed with
varying element sizes in different areas, and the element size may change
when the structure is updated during optimization. Therefore, special
attention must be given to the selection of the perturbation size for nodal
coordinates. By incorporating the correction term, the stability of sensitivity
results increases, facilitating the selection of perturbation size.

It is also interesting to investigate the relation between the accuracy of
sensitivity and the degree of nonlinearity. The degree of nonlinearity could be
measured by the magnitude of loading. In this cantilever beam example, it is
the magnitude of the prescribed displacement. If the prescribed displacement
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is sufficiently small, the problem is close to a linear one. A larger prescribed

displacement leads to a higher degree of geometric nonlinearity.

Three different levels of prescribed displacement, i.e. 1 mm, 10 mm, and 100

mm, are applied to the free end of the beam. Sensitivity results with correction

term for the reaction force response are listed in Table 3-3.

Table 3-3. Sensitivities of the reaction force response at a design node near the free

end under different prescribed displacement

u=1mm

Perturbation Ref. Sens.= 0.00035 N/mm

u=10 mm

Ref. Sens.= 0.0035 N/mm

u=100 mm

Ref. Sens.= 0.05N/mm

size (mm) Sensitivity Sensitivity Sensitivity
Error(%) Error(%) Error(%)
(N/mm) (N/mm) (N/mm)

10-3 0.000397 13.5% 0.00399 14.1% 0.0582 16.2%
10-+ 0.000355 1.35% 0.00355 1.41% 0.0509 1.62%
10-5 0.000350 0.13% 0.00350 0.14% 0.0501 0.16%
10-¢ 0.000350 0.01% 0.00350 0.01% 0.0501 0.02%
10-7 0.000350 0.00% 0.00350 0.02% 0.0501 0.02%
10-8 0.000350 0.03% 0.00351 0.29% 0.0503 0.51%
10-° 0.000354 1.06% 0.00353 0.88% 0.0508 1.50%

For the convenience of observation, the relative errors against the

perturbation size under different prescribed displacements are depicted in
Figure 3-13.

20% :
=%==1mm

15% =m=y=10mm ||

= u=100mm

o

o 10%

(]

=

T 5%

s\

0% --‘....."“'-'_)mr._f__‘(.I.I.j__\.-...u s

-B0,

5f(é-3 le-4 le-5 le-6 le-7 le-8 le-9

perturbation size (mm)

Figure 3-13. Sensitivity errors versus perturbation size under different levels of

prescribed displacement

It shows that the relative error of the semi-analytical approach with the

correction term are nearly independent of the level of nonlinearity. This
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property is also important in practical applications when the load factor itself
is a system response or when the linear behavior of a structural system
changes to nonlinear due to change in the structure’s shape.

3.6 Optimization examples with TOSCA Structure

In this chapter, the semi-analytical adjoint sensitivity method with a
correction term is integrated into the TOSCA structure shape optimization
environment. Several optimization examples are presented to demonstrate
the applicability of the sensitivity analysis procedure in solving geometric
nonlinear optimization problems.

3.6.1 Introduction to TOSCA Structure

TOSCA Structure is a software package that aims to enhance product
development through topology and shape optimization. As depicted in Figure
3-14, TOSCA Structure can generate an optimized CAD model from a
conceptual design space by combining topology optimization and shape
optimization techniques.

Topology optimization

Finite element model Smoothing and

of design space generation of validation

SIMULIA
Tosca Structure

lidati
Optimized Validation run

CAD reconstruction
Shape optimization

Figure 3-14. Production development circle of TOSCA Structure (Source:

https://www.3ds.com/products-services/simulia/products/tosca/)
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Both a derivative-free controller method, and a gradient-based algorithm
(Method of Moving Asymptotes) are employed in the TOSCA optimization
module. The controller method possesses the advantages of fast convergence
and easy integration into general finite element solvers. It has already been
extended to tackle both linear and nonlinear structural optimization problems
demonstrating successful applications in lightweight optimization and stress
concentration reduction problems [MSS05]. However, the limitation of the
controller method is that it is difficult to handle constraints in optimization.
To overcome this restriction, a sensitivity-based algorithm is employed. It is
capable of handling multiple objectives and large number of constraints. The
flowchart in Figure 3-15 depicts the sensitivity-based structural optimization
procedure of TOSCA.

Original structure

A 4

Adjoint sensitivity analysis <

v

Sensitivity filter

A 4

Sensitivity-based optimization

v

Mesh smoothing & regularization

Optimization

criteria satisfied?

( Return optimal design >

Figure 3-15. Flowchart of sensitivity-based shape optimization in TOSCA

The presented adjoint sensitivity analysis procedure is integrated into the
TOSCA environment. After each sensitivity evaluation, a sensitivity filter is
applied to eliminate oscillations in the sensitivities. Subsequently, mesh
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smoothing and regularization tools are employed to ensure the smoothness of
the optimized surface and maintain a high-quality mesh for the updated
structure. The iteration continues until the optimization criteria are satisfied.

3.6.2 Optimization example of a cantilever beam under large

prescribed displacement

In this example, an optimization example of a cantilever beam subjected to a
large prescribed displacement is presented.

The original structure is the same as in Figure 3-2 (a), including the material
properties. The prescribed vertical displacement is ~94.7mm which leads to a
total reaction force of 20000N in vertical direction. The vertical coordinate of
all nodes at the bottom surface are the design variables, depicted by the red
dots in Figure 3-16. The objective is to maximize the vertical reaction force at
the fixed end. One constraint is that the total weight, measured by the volume
of the structure, should not increase.

Figure 3-16. Design nodes at the bottom surface of the structure

With the presented semi-analytical adjoint sensitivity analysis procedure,
sensitivity-based optimization is carried out in TOSCA Structure. The result
after 30 iterations is depicted in Figure 3-17. The total reaction force increases
from 20000N to 32336N, representing a 61.7% improvement. The total
volume of the optimized structure is 67520mm3 which remains almost the
same as the original.

A

(a) Side-view of the optimized structure (b) Deformation of the optimized beam
under prescribed displacement

Figure 3-17. Optimization results of the cantilever beam after 30 iterations
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3.6.3 Optimization example of a V-shaped beam with snap-

through

In this section, a V-shaped beam optimization problem is presented. The
structure is depicted in Figure 3-18, which is plane symmetric and fixed on
both ends. The vertical coordinates of all nodes at the top and bottom surfaces
are chosen as design variables. A prescribed displacement is applied at the
center, and the total vertical reaction force is measured. The force-
displacement curve at the loading point is depicted in Figure 3-19, showing a
snap-through behavior of the structure.

A S s
AR, =,

plane symmetry fixed

Figure 3-18. V-shaped beam structure (red dots depict design nodes at the top and
bottom surfaces)
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Figure 3-19. Reaction force-displacement curve of the original structure

The objective of the optimization is to maximize the reaction force when the
prescribed displacement is 12mm. One constraint is that the total volume of
the structure should not increase. The optimization converges after 50
iterations. The undeformed, optimized structure and its deformation under
the prescribed displacement at the final load step are depicted in Figure 3-20.
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Figure 3-20. Optimized structure (top) with its deformation (bottom) under the
prescribed load

The force-displacement curve of the original structure and the optimized
structure is compared in Figure 3-21. It shows that the reaction force
increases significantly after optimization, rising from 3383N to 14869N.
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Figure 3-21. Reaction force-displacement curve of original and optimized structure

Another optimization is performed with the same original structure. The
optimization aims to maximize the reaction force under a prescribed
displacement of 1mm, i.e. to achieve the highest possible initial stiffness of the
structure. The volume constraint still applies. Additionally, a lower bound of
300N is set for reaction force throughout the entire loading procedure, i.e.
with prescribed displacement ranging from 1mm to 12mm.

The optimization procedure convergences after 74 iterations, and the
optimized structure, along with its deformation at the final load step
(u=12mm), is illustrated in Figure 3-22.

The force-displacement curves of the original structure and the optimized
structure are depicted in Figure 3-23.
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Figure 3-22.

Figure 3-23. Reaction force-displacement equilibrium curve of original and

The results show that the minimum reaction force of the optimized structure
is 363N, which satisfies the constraint. The reaction force at the first step
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increases from 1865N to 2056N, representing a 10.2% increase.
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4. Adjoint sensitivity analysis with isotropic hardening

elastoplasticity and geometric nonlinearity

In this chapter, the adjoint sensitivity formulation for simultaneous isotropic
hardening elastoplasticity and geometric nonlinearity is presented. The
deduction follows the procedure outlined by [MTV94]. The formulation is
confined to small strain elastoplasticity with large deformation. The derived
approach is demonstrated through numerical examples. Extensions to more
general hardening models and finite strain elastoplasticity will be discussed
in later chapters.

4.1 Adjoint sensitivity formulation

4.1.1 Definition of state variables

For elastoplasticity analysis, the physical quantities at an equilibrium point
are not determined solely by the current displacement due to path-
dependency. Through the solution procedure presented in Section 2.2, sets of
displacement vectors {*U}Y,, stress {‘c}),, equivalent plastic strains
¢}, are obtained. These quantities serve as the basis for deriving all other
physical quantities and mechanical responses. Here, N is the total number of

load steps.

By introducing a state variable ‘V, which is composed of stress and equivalent
plastic strain

to
V(1) .

eqv

For any system response f, it can be expressed either explicitly or implicitly
as a function of {tUIN_,, {*V}},, and the design variables in optimization, i.e.

f=fCAU(s),2u(s),...,NU(s), W(s), 2V (s),...,NV(s),s) (4.2)
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4.1.2 Deduction of adjoint sensitivity formulation

According to Eq. (4.2), the sensitivity of a response function f with respect
to a design variable is determined by

N T ot N T ot
df B 8f+ of d U+ of ~d'v
ds ~ ds 0tU ds otV ds

t=1 t=1

(4.3)

Following the concept of adjoint sensitivity analysis, the computing of
derivatives of displacements and state variables can be circumvented by
cancelling them out with additional terms associated with adjoint variables.
For this purpose, several governing equations are employed. Firstly, in
accordance with the equilibrium condition, the residual forces must be equal
to zero at all load steps

= 'R(*U, 'V, s) = FoXt — Fint = pext _ f ‘BTgdv (t=12,...,N) (4.4)
%4

The total derivative of the residual force with respect to a design variable is

dtR (')tR d'R dtU d'R dtV

4.5
ds  ds atU ds 6tV ds (4:5)

According to Eq. (2.15), the stress and plastic strain follow the incremental
relation

to = t"lo + D°[(te — t1g) — tAEP] (4.6)

where the increment of plastic strain, as per Eq. (2.20), is
‘AgP = ‘eP — TleP = (fegqy — Tlecqy) ‘2 (4.7)
and according to the yield and consistency condition, it has

tggqv - t_lggqv) ) [lto-leqv - O—Y(tggqv)] =0 (4-8)
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Writing Egs. (4.6) and (4.8) as a vector function ‘H:

—10.+De[(t _t—lg)_ tlp ) t]

eqv €eqv

4.9
‘e tla)qv et (Ia)qv) [l aleqv - GY(t eqv)] ( )

t
tH(tU, t—1U’ tV, t_IV, S) — (

'H is referred to as dependent residual in literature [MTV94] and is identical
to zero at each load step.

The dependent residual is a function of variables at both the current and the
previous load step. The total derivative of the dependent residual with respect
to a design variable is

de_afH+atHdtU+ otH dt-1U+afdeV O'H dt=v _
ds ds 0tU ds 0dt-U ds otV ds = 9t~V ds

=0 (4.10)

As the residual force and the dependent residual are both zero at each load
step, pre-multiplying adjoint variable vectors ‘A to ‘R and adjoint variable
vectors 'y to ‘H, and then subtracting them from the response function,
will not alter the response value, i.e.

N N
f:f_ztAT tR_ZtyT tH (411)
t=1 t=1

Utilizing Egs. (4.3), (4.5), (4.10) and Eq. (4.11), it follows

df 0f+ZN:6detU ZN:adetV i’l R _O'R 4V O'R dV
s c')tU ds atV ds

t=1 t=1 t=1

(4.12)

I OH O'HJ'U 9'H d-U 9'HAWV 9'H dt-W
—nyT + + + +
ds 0tU ds 0dt-U ds o0tV ds 9dt~v ds

By merging similar terms and enforcing the coefficients of d‘U/ds and
d'V/ds to be zero, it yields
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t=1 t=1

af T oNR ONH \ dNU
aNU oNU aNU | ds

af T oNR oNH \ dNv
Ny aNy oNV | ds

(4.13)
T

— tAT@_{_ tyTat_H+ t+1yTat+1H_ af dtU

otu otu otu oty ds

=0

~+
1l
[y

0
Juy

T
OR o pOH |y n 0 Of T )dW
oV oV o oW | ds

_ tAT

~+
1l
[y

=0

alHdOU_I_(')lHdOV
0%U ds 0% ds

=0

1,,T

-y

A series of systems of linear equations related to the adjoint variables is
obtained

aNR' aNHT\ /af\
oNU 9N NA oNuU
NoT aNgT <N >= of (4.14)
oNR' oNH Y of
oNy 9N oNy
otR" atH" at+1H\‘ of
atu  otw | ta | etu | L., otu |
SRT otHT (ty)—— ateig Y+ of (t=N-1,..,1) (415)
v o atV/ otV

Then the sensitivity of the response is
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df of <o _0'R <~ . 0'H
—Z:::—Z:—- tAT______:E:t T
ds O0ds Js ds

t=1 t=1

(4.16)

Instead of computing derivatives of displacements and state variables, the
partial derivatives of the residual force and dependent residuals are required
to solve the adjoint variables and calculate sensitivity. For the convenience of
further discussion, these partial derivatives are derived and presented in the
following.

According to Eq. (2.1), it follows

d'R df, "B tadv f
= — = — VUtBTto-dU (417)
oty out v
0'R 0 0
__(Z B gy = — ([ tBTd 0) .
atV <at0- até"sq‘,)_l; B'todv (J;/ v (4 18)

If load step tis an elastic step, then the dependent residual is

. t—lo. + De(tS _ t—lg) _ to.
H = t.p _t-1.P =0 (4.19)
Eeqv geqv
According to the expression of ‘e in Eq. (2.4), it yields
0'H Dea_tg DetB
0
otH [_ped '€ 9t-H
W = at—IU = —W (421)
9tH L0(fe—""1¢) 0% L0
| Df———— | _ | D" — D
K‘( ds - ds |~ ds (4.22)
0 0 0
0'H 0 0 —] —pet atH\ "
— === ‘H = A= (— 4.23
- (e 7g) -G Gw) o
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JtH 0 0 I Det otH
_ tg — ay _
oW <6Ha ot-tel ) H= (0 -1 ) 0w (4:24)

eqv

If load step tis a plastic step, then the dependent residual is

- - p ~1,.P
H = (t o+ D[ =) — ((eeqy — Tecqy) 1] - ta) =0  (4.25)
|ta|eqv - o'Y(tgng)
where the yield strength for isotropic hardening follows
‘eqy
oy (PeB,) = 0y + f EPdER,, (4.26)
0

The expression d'H/0'U, 0'H/9' U, and 0'H/0ds still follow Egs. (4.20)
and (4.22). Other partial derivatives of ‘H are obtained as:

dta
atH < d d > —I—De—Asp _Deta
— == tH = dtg (4.27)
t p

otV dto (’)teeqv T _gp

(')tH a a I Det

_ ty = a 428
ot~ <6t‘1a at—lsg’qv> <o 0 ) (4.28)

4.1.3 Solution of adjoint variables
The adjoint variables are obtained by solving the linear systems in Eqs. (4.14)

and (4.15). It should be noted that these equations must be solved backward,
from the last step N to the first step 1. At step N, Eq. (4.14) yields

(4.29)

_ T _
ONR 9“RO“H '9NH\ ., of 9“H o“H ' of
oNU NV oNV  oNU ~oNU oNU NV oV

The following will show that the matrix on the left-hand side conforms
Eq.(4.30) for all load steps
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O'R 0'RO'H ' 0'H

_ - _t 4.30
oty otV 9tV dtu K (4.30)

Eq. (4.30) is proven separately for an elastic step and a plastic step. Firstly, if
load step t is an elastic step, utilizing Eqs. (4.17), (4.18), (4.20), (4.23) and
(2.13), it follows

9'R 0'RO'H ' 0'H

atU v atv  otu

_ tpTt tpT —I —D®ta <DetB>
= LVUB adv+<LB dv 0)(0 1 ) 0 (4.31)

=- f ‘B D°'Bdv — f Vy'B tadv = —'Ky
14 14

Secondly, for a plastic load step t, denote

-1

FH " _ (WI WZ) (4.32)
ov w; w,
By referencing Eq. (4.27), it can be verified that
d-pet
—n-1_ 4.33
w.=e a'r+EP ( )
where Q, r and d follow Eq. (2.28).
Combing Egs. (4.17), (4.18), (4.20), (4.32) and (2.13), it follows
d'R 0'RO'H '0'H
dtU  aV otV dtu
= —fVUtBTtadv
14
d-De
— et
+([ vu'Btoav o) (Q i E W2> (P8 (34
v 0
W; W,

d
= _f ‘g" (Q—lne - P) ‘Bdv — vafBTfadv
v a'r+FE v

=— f ‘8" D*P'Bdy — f Vy'B todv = —K
|74 v
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Therefore, Eq. (4.30) holds for both elastic and plastic steps. By substituting
Eq. (4.30) into Eq.(4.29), the adjoint variable vectors NA and Ny can be
obtained:

of oNH oNH T af
oNU~ aNU o 9NV

=T T
Ny:aNH of 9"R Ng
oNv  \oNv  oNv

NKTNA —

(4.35)

Adjoint variable vectors ‘A and ‘y are obtained backwardly by solving
Eq.(4.15) from load step N-1 to load step 1, which yields

, otH atH T ottiH"  gttig" of tH otH " of
Kptd = _ tHly 4 _
otU oW oW atu atU ~ otU oW oW
(4.36)

=T T T
o O (OF 0T, R
v \ov "o FI7

4.2 Numerical examples

In this section, two numerical examples are presented to demonstrate adjoint
sensitivity analysis in Section 4.1. The first example involves a truss structure
with bar elements, while the second example features a cantilever beam
structure meshed with tetrahedral elements.

4.2.1 100-bar truss structure

In this example, a 100-bar truss, as depicted in Figure 4-1, is employed. Nodes
on the left end of the structure are fixed, and an external force is applied to the
right end. The material is assumed to be incompressible with a Young’s
modulus of 210GPa, an initial yield stress of 235MPa and a plastic modulus of
100GPa. A bilinear elastoplastic and isotropic hardening material model is
assumed.
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Truss beam structure
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Figure 4-1. 100-bar truss structure (design nodes are highlighted by red dots)

The load history is presented in Figure 4-2 (a), consisting of a loading and a
fully unloading stage. The force-displacement curve of the loaded end is
shown in Figure 4-2 (b). The plastic strain history of a bar element at the fixed
end is depicted in Figure 4-2 (c). The deformation of the structure at fully
loading and fully unloading steps are illustrated in Figure 4-3.
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(a) Load history on the structure
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Figure 4-2. Load history and finite element analysis results of the truss beam

structure
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Figure 4-3. Deformed configuration of the 100-bar truss structure

In the sensitivity analysis, the remaining vertical displacement of the free end
after fully unloading is defined as the system response. Design nodes, located
at the bottom of the structure, are highlighted by red dots in Figure 4-1. The
vertical coordinates of these nodes serve as the design variables. The
sensitivities obtained using the adjoint variable method are compared with
global finite difference results in Figure 4-4, where the horizontal axis
represents the x-coordinate of the design nodes. The figure shows a perfect
match between the two results.
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Figure 4-4. Adjoint sensitivity results and global FD results

4.2.2 Cantilever beam structure with tetrahedral elements

In this example, the adjoint sensitivity analysis approach is validated using an
example of 3D solid elements. The cantilever beam structure, previously
introduced in Section 3.2, is employed here for demonstration. The material
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properties remain consistent with the bar truss example, with a Poisson's
ratio of 0.3. The vertical coordinates of the design nodes, highlighted by red
dots in Figure 4-5, serve as the designated design variables. Two different load
histories are applied to the free end of the structure.

Figure 4-5. Illustration of the cantilever beam example

In the first load case, a procedure involves loading, partially unloading, and
reloading is applied to the free end of the beam. The load history is depicted
in Figure 4-6 (a). The contour of equivalent plastic strain at the final step is
presented in both the original and deformed configuration in Figure 4-6 (b).
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(b) Contour of equivalent plastic strains
(a) Load history on the original and deformed
structure

Figure 4-6. Load case one: load history and contour plot of equivalent plastic strain

The sensitivities of two system responses are evaluated: one pertains to the
vertical displacement at the free end, while the other concerns the equivalent
plastic strain of one element at the fixed end. The partial derivatives of the
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second response with respect to displacement and state variables are as
follows:

af—O t=1,2 N
g =0 (t=12..N)
af—O t=1,2 N-—-1
=0 (t=12,..,N=1)
01 (4.37)
9 0
=1
0
nl

The non-zero entry is at the position that corresponds to the equivalent plastic
strain of the element in the state variable vector.

The adjoint sensitivity results of the two responses are compared with global
finite difference results in Figure 4-7. The horizontal axis represents the x-
coordinate of the design nodes. The comparison reveals that the adjoint
sensitivities closely align with the finite difference results for both responses.
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(a) Sensitivities of vertical displacement (b) Sensitivities of equivalent plastic

response strain response
Figure 4-7. Sensitivity results comparison for the first load case of cantilever beam

example

In the second load case, two single forces are simultaneously applied in the

vertical and horizontal directions to the free end. The vertical force follows a

loading-partially unloading-holding constant procedure, while the horizontal

force undergoes a monotonically loading procedure, starting from the load

step when the vertical force begins to hold constant. The load histories in both
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directions are depicted in Figure 4-8 (a). The contour of the equivalent plastic
strain at the last load step is presented in Figure 4-8 (b).

10000 ; y
— Fy ',I
goool ——-F2 7
,l
~—~ 'l
Z 6000 Y A
3 /' ‘l‘i‘k"'
& 4000 A AANRR
/
4
2000 / s
’
'!
0 4
0 3 9 12 15 18
Load Step Y

_ (b) Contour of equivalent plastic strain on
(a) Load history

both original and deformed configuration

Figure 4-8. Load case two: load history and contour plot of equivalent plastic strain

on the original and deformed structure

Two responses are defined as system responses. One is the equivalent plastic
strain, which remains the same as in the first load case. The other is the
displacement in the horizontal z-direction at the free end. Sensitivities using
the adjoint variable method and the global finite difference method are
presented in Figure 4-9, showing good agreement between the results.
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Figure 4-9. Sensitivity results comparison for the second load case of

cantilever beam example
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The above examples demonstrate the adjoint variable sensitivity analysis
approach for addressing simultaneous elastoplasticity and geometric
nonlinearity problems.
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5. Load step reduction in the adjoint sensitivity analysis

In this chapter, the computational cost and memory cost of the adjoint
variable method presented in Chapter 4 are analyzed. Techniques to reduce
both costs through load step reduction are discussed, and the efficiency and
accuracy of the proposed methods are demonstrated through multiple
examples.

5.1 Computational and memory cost of adjoint sensitivity

analysis

Section 4.1.2 and Section 4.1.3 show that the primary computational cost of
adjoint sensitivity analysis lies in solving adjoint variables.

The solution of {*A}; requires solving linear systems N times, where N is
the total number of load steps. Each linear system is of the size of total number
of degrees of freedom of the underlying finite element system. The solution of
adjoint variables {*y}.; could be carried out element by element. Therefore,
the computational cost for 'y is negligible. In sum, the total computational
cost to obtain adjoint variables lies in the solution of {¢A}Y,, which is
proportional to the total number of load steps.

The memory cost is measured by the number of non-zero values that must be
stored simultaneously in a computer system. According to Egs.(4.35) and
(4.36), tangent stiffness matrices at the equilibrium point, partial derivatives
of the residual force, and partial derivatives of the dependent residual are
required in the solutions of adjoint variables. These quantities are gradually
collected during nonlinear analysis at each step. Due to the backward solution
procedure of adjoint variables, these quantities at all load steps must be kept
in memory until the last step of finite element analysis is finished.

The direct storage of all these variables is not the most efficient way from the
memory point of view. To minimize memory cost, it is suggested to store only
displacement and state variables at all load steps. During sensitivity analysis,
intermediate quantities are retrieved from them. Recomputation happens

only at the element level. Therefore, the computational effort could be
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neglected. However, the required storage space is still proportional to the
number of load steps in sensitivity analysis.

Based on the discussion, the key to saving computational and memory costs
in adjoint sensitivity analysis is the reduction of the total number of load steps.
In the following sections, how to decrease the number of load steps without
sacrificing accuracy is investigated. In Section 5.2, two properties regarding
adjoint variables are claimed and theoretically proven. With these properties,
Section 5.3 further proves that many load steps can be skipped in the
sensitivity analysis. Adjoint variables needs to be solved only at much fewer
load steps.

5.2 Two properties of adjoint variables

Before entering the discussion, it is important to clarify one assumption
regarding system responses and establish a clear definition of load steps.

Firstly, given a sequence of load steps L= {1, 2, .., t-2, t-1, t, ..., N}, a system
response finvestigated in this section is assumed to be dependent only on the
displacement and state variables at the last step. This assumption is
mathematically formulated as follows:

af

ﬁ=0 fort <N

of (5.1)
W=0 fort <N

Many practical mechanical responses fall into this category, including final
displacement, maximum equivalent plastic strain and maximum equivalent
stress. In addition, many responses can be expressed as a composition of
functions of this type, i.e.

g(u,?u, ... Nu, W, %, .., NV) = ke (U, W), 5, UL 20, ..., fiy(NULNY))  (5.2)

where function f;,(*U, *V) is dependent only on the quantities at step k. The
sensitivity of g is obtained using the chain rule with sensitivities of f;. To
calculate the sensitivity of f;, just take step k as the last load step. Thus, f;
is a function satisfies the assumption in Eq. (5.1).
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Secondly, in future discussions, an elastic load step is defined as a load step in
which all finite elements behave elastically. Otherwise, the load step is called
a plastic load step.

In the following, two properties regarding adjoint variables are claimed and
proved.

Property 1. If a load step tis an intermediate (i.e. t<N) elastic load step, then
tA=0.

Proof:

According to Egs. (4.24) and (4.28)

at+1H _ (I Det+1a)

atv 0 c
(5.3)
_ {—1 if stept+ 1iselastic
“Zlo if stept+ 1is plastic
By combining Eqs.(4.20), (4.21), (4.23) and (5.3), it yields
otH" atH "9t H"  9ttiH’ -1 o/ I ©
— — (tpTpe
U oV oW gy~ (BDT 0 ((—faTDe 1) (f“aTDe c) * I)
(5.4)
tpTpe 0 0
= (‘B™D 0)<(t+1aT_taT)De C+1)=o
By substituting Eq.(5.1) and Eq.(5.4) into Eq.(4.36), it follows
OH O'H O H 9U'H of otH otH " of
K = (ﬁ W v oW ) Yo aw aw aw- 0 D)
which leads to
tA=0 (5.6)
Ul

Property 2. If both load step t and t+1 are plastic, and the flow vectors satisfy

t
to _ t+1, dfa _ ta b Yo \ t+1y, )
a=""a, ——=0,then ‘A=0 and y'_<t)’sp >_( . o)

eqv
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Proof:

Using the assumption of d'a/d'c = 0, Eq.(4.27) is simplified to

O'H' —1I ‘a
FE2 (—taTDe —EP> (>7)
Using the assumption ‘a = ‘*la and Eq.(4.28), it follows
at+1HT I 0
i 5.8
FI% (taTDe 0) 8

The first column of Eq.(5.7) differs from that of Eq.(5.8) only by a negative sign.
Therefore

O'H 0" H' _ (0H' ( I 0)_(—1 0) (5.9)
atv v \aw taTpe 0) " \o 0 '

By combining Eqs (4.20), (4.21) and (5.9), it follows

OtH atH Tat+ig"  gt+ig”
gty atv otV otU

= (‘BTD® 0)(8 (1’)=0 (5.10)

Substituting Eq. (5.1) and Eq. (5.10) into Eq. (4.36), it follows

tgT At~ T 4t+1yT t+1gT tygT atgg~T
SN il i N el A VSN L . i P
oty otv otv oty otu  otU oV otv
which leads to
tA=0 (5.12)

Furthermore, substitute Egs.(5.1), (5.9) and A = 0 into Eq. (4.36). It has

OtH™ [(of ottH" atR" I o £+1
tyy — _ t41,, _~ — t3 | = t+1,, — Yo 513
V= 5w (atv PG o A (o o) ( 0 ) (5.13)
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5.3 Load step reduction in the adjoint sensitivity analysis

Based on the properties of adjoint variables, this section proposes and proves
load step reduction rules in adjoint sensitivity analysis. These rules
demonstrate that certain load steps can be skipped in sensitivity analysis
without altering the results.

Elastic load step reduction rule: Given a sequence of load steps L = {1, 2, ...,
t-1,t,t+1, ..., N}, if step tis an intermediate elastic load step, then skip step t as
the load steps contain only S = {1, 2, .., t-1, t+1, .., N} will not change the
sensitivity results.

Before delving into the proof, it is important to clarify several points. Firstly,
the load step reduction occurs only during the sensitivity analysis phase, with
no impact on the nonlinear finite element analysis.

Secondly, when the load step t is skipped in the sensitivity analysis, step t-1
becomes adjacent to step t+1 in the backward calculation of adjoint variables.

Thirdly, it is obvious that by skipping step t, the adjoint variables obtained
from step N to step t+1 remain unchanged, as no step has been skipped in the
backward procedure yet, i.e.,

sy =1y (forn>t)
(5.14)
A =14 (forn>1t)

where the left subscript S and L denote quantities obtained with load steps
sequence S and L, respectively.

Lastly, since the finite element analysis is independent of the sensitivity
analysis, the quantities and partial derivatives in load step sequences S and L
are the same if they are not related to step t. Mathematically, it follows

0%R OTR
35 = 3 (forn # t) 515,
O%H dTH '

s 3 (forn#tandn#t+1)
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and

dsH O[H ¢ <t
onu o (forn <)
dsH O[H ¢ <t
g~ gy (dorn<t
0'sH LH (5.16)
Jn-1y = -1y (forn <t)
0SH TH
Jn-1g — gn-ig (forn < t)

Ky =1Kr (forn<t)

Now, the proof of the first load step reduction rule is presented.
Proof:

Mathematically, it needs to show:

S _dsf (5.17)
ds ds
According to Eq.(4.16), the left-hand side and the right-hand side are
duf _of
s s T
(5.18)
dsf _9f _ 4_
ds ds S S
where
t-1
dTR dLRT at
_ nqT__ L™ | taT L naT_ L
LA_ZLA ds 14 65-'_2]“'1 ds
n=1 n=t+1
(5.19)
t—1 N
0%R 0%
_ nqT ~S™% nqT S
s/ ZSA as+ Z s4 ds
n=1 n=t+1
and
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o"H otH o H o
I = n,, T L t,, T L t+1., T L z n, T L
L Ly as + Ly as + L aS + Ly aS
n=1 n=t+2
(5.20)
t—1 41
I = nyT 0’; t+1yTa +SH Z n Tag
S St 9 S ds ST s
n=1 n=t+2

Comparing both formulas in Eqgs.(5.19) and (5.20) and taking Egs.(5.14) to
(5.16) into account, Eq.(5.17) holds if the following three items are all proven:

1. f2=0
2. 5A=T2and Sy =1y forn<t-1

t+1
TaLH+t+1 Ta LH t+1,,19 "sH

3.
Ly das as S as

Since step t is elastic, the first item is directly obtained from Property 1. in
Section 5.2.

For the second item, firstly, show that it holds for n = t — 1. Using the
assumption in Eq.(5.1), it follows from Eq.(4.36) that

t-1gT At-1~ T ;tgyg T
-1y g -t (O OTIH C OfH , 0iH (5.21)
L4 = LTT at-1y a9t-1y  a9t-1y Ly — gt 1U Ly )

By utilizing Eq.(5.16) and substituting the terms on the right-hand side with
quantities from the load sequence S, it obtains

1 [0t 1H ot~ 1H ofH ofH
=12 = 1K, 1 ( > (5.22)

at-1y 9t-1y  a9t-1y Ly 9t-1y Ly
Due to the assumption in Eq.(5.1) and A = 0, it gets from Eq. (4.36) that

=T T
otH ~9'*iH
r=-3w Sw (523)

By substituting Eqgs.(4.23), (4.24), (4.28) into Eq.(5.23) and using Eq.(5.14), it
has
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Ity = (taTDe _1) (t+1aTDe C) t+§y = ((taT _ t+1aT)De —C) t+é}’ (5.24)

where ¢ equals —1 if step t+1 is elasticand c equals 0 if step t+1 is plastic.

When step t is skipped, step t-1 and step t+1 become adjacent. Therefore,
according to Egs.(4.24) and (5.24), it follows

ofH " I o I 0 I 0 I iH"
t-1y vy = (taTDe _1) ((taT — t+1aT)pe _C> gy = (t+1aTDe C) Hy = -1y % (5.25)

According to Egs. (4.21) and (5.24), it follows that

alt-H ! t t—-1RT e 1 0 t+1
at—lU LY = _( B'D 0) (taT _ t+1aT)De —C N4
(5.26)
at+1HT
= —(t-1BTpe O)t+§y — af-iU t+é

By substituting Eqs.(5.25) and (5.26) into Eq.(5.22), and using Eq.(4.36), it
obtains

- T _ =T T T
-1y _ -1 1. <at H 0UlH o'*lH  0'*iH )
L — ST

Jeig iy ey geig | Y= A (5.27)
Using the assumption in Eq. (5.1), it follows from Eq. (4.36) that
o tH " (otH", IR,
e '(atflv ¥+ =y A (5.28)

Finally, using Eqgs.(5.16), (5.25), (5.27) and replacing terms on the right-hand
side by quantities in the load sequence §, it gets

t-1,, _
LY =

14y T T 1T
- at éH . at+§H t+1 at éR t_ll — t-1 5.29
Jt-1y at-1y sY + at-1y S =" sy ( . )

From Eqgs.(5.27) and (5.29) at step t-1, it easily gets
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UA=T4and 5y=T1y (forn<t—-2) (5.30)

Thirdly, from Eqs.(4.22), (5.14) and (5.24), it gets

BEH t+1,,T BH%H

Ly ds L ds
dote o0t le dttle o'le
e(ty, __ t+1 e — e —_
=T ((I) b( a_c a)) <D (65 ds )) + 5T (D < ds 65)

0 ) (5.31)
ottle  gt-lg .
e _ dsH
t+é)’ <D ( 35 s >>=t+%yT ass

0

The proof of the three items is concluded here.

To reduce a plastic load step ¢, the following rule is proposed and proven.

Plastic load step reduction rule: Given a sequence of load steps L = {1, 2, ...,
t-1, t, t+1, ..., N}, if step t and step t+1 are both plastic load steps, ‘a = ‘*la

and j—: = 0, then skip step t as the load steps contains only S = {1, 2, .., t-1,
t+1, ..., N} will not change the sensitivity results.

Proof:

The same as the previous proof, it is suffice to show

1. =0

2. A=TA and Yy=7y forn<t-1

TaLH 1 Ta LH t+1 Ta sH

3. [y + "y 4

The first item is directly obtained from the Property 2 in Section 5.2.

For the second item, firstly show that it holds for n=t-1. Obviously, Eq.(5.22)
still holds here

(ot iH ot lH T atH T OtH "
12 = “IK, 1-( > > v by (5.32)

Jt-1y 9t-wv  gt-wy L Ity L

Using Eq.(4.21) and Property 2 in Section 5.2, it follows
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T t+1 T
ofH T t+l,, 1 Yo GRAE): R
geig LY = —(+1B"pe o)( p >= —(+*B"D* 0) sy, |TaEg S (5.33)
eqv

According to Eq.(4.28) and the assumption of ‘a = t*!a, it has
OfH " I 0
W = <t+1aTDe 0) (534)

Using Property 2 in Section 5.2, it follows

tyy T t+1 t+1pr T
e Va2 2 T O A Y L _O7sH t+ly  (5.35)
gt-1y L t+13Tpe 0 t+1aTpe t+§y£p gt-1y S

eqv

By substituting Eqgs.(5.32) and (5.35) into Eq.(5.32) and using Eq.(4.36), it
obtains

at—lHT at—lH_Tat+1HT at+1HT
> > > — |y =t (5.36)

- - -1
i =5k (at-lu P A T A T
Using the assumption in Eq.(5.1), it follows from Eq.(4.36) that

14— T T “1pT
1y, o OTIH (OfH T, OTIR (5.37)
LY ot-1y at-1y LY at-1y L )

Finally, using Eqs.(5.16), (5.35), (5.36) and replacing terms on the right-hand
side by quantities in the load sequence S, it obtains

— -T T _1 T
t-1,, — _ at éH . at+§H t+1 + at éR t—l)' — t-1 (5 38)

From Eqgs.(5.36) and (5.38) at step t-1, it easily gets

SA=T4and y=1y (forn<t—2) (5.39)

1

Lastly, according to the Property 2 in Section 5.2 and “*ly = **{

sY, the third

item is proven by
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T
T dte ot le t+1 ot*le ole
OtH ARy t+1 [0 E O & Vo e _
o’ —aLs + Hi}’Ta—; = < SOY"> <D (65 ds )) + <t+1 b ds Os

0 Yebo, 0

T -
~ t+sly0 De (at+1£ B E) LT otH
= t+éy , ds ds =5 5y

0

(5.40)

OJ

The elastic load step reduction rule is applicable to all types of elements. It
theoretically proves that, in the adjoint sensitivity analysis, all intermediate
elastic load steps can be skipped without losing accuracy.

The plastic load step reduction rule states that, for two consecutive plastic
steps, the former plastic step can be skipped without changing the sensitivity
results if two conditions are satisfied. The prerequisites include ‘a = ‘*'a

dta
and — = 0.
dte

For a bar element undergoing tension or compression, the flow vector equals

1 in tensi
a :{ . in en51o.n (5.41)
—1 in compression
Hence, its derivative is equal to 0, i.e.
da
—= 5.42
gy (5.42)

Therefore, the two prerequisites could be strictly satisfied by bar elements
when two adjacent plastic steps are both in tension or in compression. In such
cases, sensitivity analysis following plastic reduction rule will yield the same
results as using all load steps.

However, for general 3D elements with the von Mises yield criterion, da/dc
follows Eq.(2.28) and it is always non-zero. Therefore, the second prerequisite
in the plastic load step reduction rule can’t be satisfied. The same holds true
for general 2D elements. Thus, the plastic reduction rule cannot be used
directly.

The prerequisites in plastic case require that the flow vectors in two
consecutive plastic steps remain constant. It is expected that if the flow
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vectors do not change too much, the sensitivity results could still be valid.
Therefore, the following empirical rule is proposed to reduce the plastic load
steps in the sensitivity analysis with 2D and 3D elements.

Empirical rule: Given a sequence of load steps L = {1, 2, .., t-1, t, t+1, ..., N}, if
step t and step t+1 are in a monotonic loading stage, then step t could be
skipped in the sensitivity analysis.

Sensitivity analysis following the empirical rule will not yield exact results.
The effectiveness and influence on result accuracy will be investigated
through numerical examples in Section 5.5 and 5.6.

5.4 Demonstration with a 100-bar truss structure

In this section, the presented load step reduction techniques are verified using
the same 100-bar truss structure presented in Figure 4-1. The material
properties and design variables are also consistent with those in Section 4.2.1.
Three load cases are applied to the structure to demonstrate the reduction in
load steps under different situations.

In the first load case, the vertical force at the free end of the structure follows
a total of 35 load steps, as depicted in Figure 5-1. The load history could be
divided into three stages: an initial stage with the load monotonically
increasing from step 1 to step 12, followed by a partial unloading stage from
step 13 to step 22, and finally, a reloading stage from step 23 to step 35. The
force at the final step is greater than that in the intermediate steps. The green
dots in Figure 5-1 represent elastic load steps in the nonlinear finite element
analysis, while the red diamond points illustrate plastic load steps.

According to the reduction rule for elastic load steps, all the elastic load steps
can be skipped in this example. For the plastic steps, since the load
monotonically increases during the initial loading and the reloading stage, all
bars maintain their status either in tension or in compression between two
consecutive steps. According to the plastic reduction rule, the former one in
each pair of consecutive plastic steps can be skipped. This results in only two
steps, step 12 and step 35, remaining in the sensitivity analysis. Now, step 12
and step 35 become two consecutive plastic steps. They have the same load
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Figure 5-1. Load history of the first load case. The pentagram depicts the reduced
load step in sensitivity analysis

direction, and hence there is no alternation of tension and compression for
any bar element between these two steps. Therefore, step 12 can once again
be skipped. Finally, only the last load step is needed in the sensitivity analysis,
which is listed in Table 5-1 and highlighted by a pentagram in Figure 5-1.

Table 5-1. The reduced load step for load case 1 of the 100-bar truss example

Reduced load step Corresponding FEA load step Load (N)
1 35 15

The sensitivity result calculated with the reduced load step is compared with
that employing all load steps in Figure 5-2. The two system responses
considered are the vertical displacement at the free end and the maximum
equivalent plastic strain at the fixed end.

To assess the accuracy of sensitivities, the relative value is defined as the ratio
of sensitivity calculated using the reduced load steps to sensitivity calculated
using all load steps:

Sensitivity with reduced load steps

- e = 5.43
relative value Sensitivity with all load steps (643)

The relative values are presented in the subfigures on the right. The results
show that, for both responses, sensitivities with the reduced load step are the
same as those obtained using all load steps.
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Figure 5-2. Sensitivities comparison for load case 1 of the 100-bar truss example

In the second load case, the vertical force follows a total of 50 load steps, as
depicted in Figure 5-3. The load history comprises four stages: initial loading
from step 1 to step 10, complete unloading from step 11 to step 20, reverse
loading in the opposite direction from step 21 to step 35, and finally, a fully
unloading stage from step 36 to step 50. The maximum force of the load in the
opposite direction is larger than that in the initial loading stage.

According to the load step reduction rules, all elastic steps, except the last one,
can be skipped in the sensitivity analysis. Since the force monotonically
increases during loading and reverse loading, the states of tension or
compression remain unchanged for each bar in either stage. Hence, the former
one in each pair of consecutive plastic steps can be skipped in the sensitivity
analysis. Therefore, only plastic steps 10, 35, and elastic step 50 remain. Now,
steps 10 and 35 are two consecutive plastic steps with opposite external force
directions. Some bars change from tension to compression, and some change
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Figure 5-3. Load history of the second load case. Pentagrams depict the reduced

load steps in sensitivity analysis

from compression to tension. Therefore, the former step 10 can’t be skipped
in this case. In summary, steps 10, 35, and 50 are needed in the sensitivity
analysis. They are listed in Table 5-2 and highlighted in Figure 5-3 by
pentagrames.

Table 5-2. Reduced load steps for load case 2 of the 100-bar truss example

Reduced load step Corresponding FEA load step Load (N)
1 10 10
2 35 -15
3 50 0

The sensitivity results are presented in Figure 5-4. The two system responses
are the same as in load case 1. The results show that the sensitivities with
reduced load steps match exactly with those obtained using all load steps.

In the third load case, a force with both horizontal and vertical components is
applied at the free end. The load history is depicted in Figure 5-5. defining
three stages: an initial loading stage from step 1 to step 5, horizontal
unloading and vertical loading from step 6 to step 38, and finally, a vertically
plastic loading stage from step 39 to step 50.

In the first stage, the stress state of bars is primarily influenced by the

monotonically increasing extensional force in the horizontal direction.

Consequently, there is no transition between tension and compression in bars.
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Following the plastic load step reduction rule, the first four steps can be
skipped. Applying the elastic load step reduction rule allows for the omission
of all elastic steps in the sensitivity analysis.
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Figure 5-4. Sensitivities comparison for load case 2 of the 100-bar truss example

In the last vertically plastic loading stage, tension or compression is
determined by the bending moment caused by the vertical force. As the
vertical force monotonically increases, all steps except the last one can be

skipped in the sensitivity analysis. At this point, only steps 5 and 50 remain in
the sensitivity analysis.

The horizontal force in step 5 induces tensional stress in all the bars. In step
50, the vertical force leads to bending deformation of the structure, resulting

in some bars being in compression. Therefore, both steps 5 and 50 must be
included in the sensitivity analysis.
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Figure 5-5. Load history of the third load case. Pentagrams depict the reduced load
steps in sensitivity analysis

The reduced load steps are listed Table 5-3 and highlighted in Figure 5-5.

Table 5-3. Reduced load steps for load case 3 of the 100-bar truss example

Reduced load step Corresponding FEA load step Load (N)
1 5 Fx=5000, Fy=5
2 50 Fx=0, Fy=40

Sensitivities of the two system responses are evaluated, and the results are
presented in Figure 5-6. It shows that the sensitivities with the reduced load
steps match exactly with those obtained using all load steps.
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Figure 5-6. Sensitivities comparison for load case 3 of the 100-bar truss example

5.5 Demonstration with a cantilever beam structure meshed

with 3D solid elements

As discussed in Section 5.3, theoretically, plastic load steps of finite element
systems with general 2D and 3D elements should not be skipped in the
sensitivity analysis. However, the number of load steps can be significantly
reduced by following the proposed empirical rule. Therefore, it is worth
evaluating the inaccuracy that the empirical rule will introduce into the
sensitivities. In this section, the load step reduction rules are demonstrated
with a cantilever beam example meshed with 3D 4-node tetrahedral elements.
The accuracy of sensitivities will be quantified.
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The structure is the same as in Figure 4-5, including material properties and
design variables. Three typical load cases are applied on the structure. Both
geometric nonlinearity and small strain elastoplasticity are considered.

The first load case is depicted in Figure 5-7, where the load history is
composed of three stages: the initial loading stage from step 1 to step 5, the
unloading stage from step 6 to step 8, and the reloading stage from step 9 to
step 16. In this example, the average vertical displacement at the free end and
the maximum equivalent plastic strain at the fixed end are the two system
responses.

10000

—Load history 16
8000 - elastic step
+ plastic step

6000 -

Force (N)

4000

2000

8 10 12 14 16
Load step

Figure 5-7. Load history of load case 1 for the cantilever beam example. The

pentagram depicts the reduced load step

This load history is similar to the load case 1 in Section 5.4. Following the
elastic load step reduction rule and the empirical rule for plastic steps, only
the last load step is left in the sensitivity analysis. The reduced load step is
listed in Table 5-4 and highlighted with a pentagram in Figure 5-7.

Table 5-4. Reduced load step for load case 1 of 3D cantilever beam example

Reduced load step Corresponding FEA load step Load (N)
1 16 10000

Sensitivities calculated with the reduced load step are compared in Figure 5-8,
with those calculated using all load steps, from both real and relative value
perspectives.
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Figure 5-8. Sensitivity comparison for load case 1 of 3D cantilever beam example

From areal value point of view, it shows that the sensitivities with the reduced
load step match well with those using all load steps. From a relative value
point of view, sensitivities with a reduced load step have errors of less than
0.5% for the displacement response. The error of sensitivities for the
equivalent plastic strain response is 3% on average, with a maximum of 7%.

The second load case is illustrated in Figure 5-9, where the load history
comprises loading, unloading, reverse loading, and unloading stages. By
excluding monotonic plastic load steps and elastic steps, plastic step 4, plastic
step 14, and elastic step 20 remain in the sensitivity analysis. It is important
to note that, even though steps 4 and 14 are consecutive, they experience force
in opposite directions. The load history progresses from ON to 4000N (step 4)
and then to -6000N (step 14), making it non-monotonic. Consequently, both
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steps must be included in the sensitivity analysis. The three reduced load
steps are listed in Table 5-5 and highlighted with pentagrams in Figure 5-9.

4000
—Load history
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AN + plastic step
Z 04 N
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N\ /
-4000 - N\ 14 / /
-6000 ! I \% I
0 5 10 15 20
Load step

Figure 5-9. Load history of load case 2 for the cantilever beam example.
Pentagrams depict the reduced load step

Table 5-5. Reduced load steps for load case 2 of 3D cantilever beam example

Reduced load step Corresponding FEA load step Load (N)
1 4 4000
2 14 -6000
3 20 0

The sensitivities results are compared with those using full load steps in
Figure 5-10.

The results indicate a good match between sensitivities obtained with
reduced load steps and those obtained with all load steps from a real-value
perspective. Errors in sensitivities for the displacement response average 2%,
while errors in sensitivities for equivalent plastic strain response average
3.5%. The change in force direction during loading and reverse loading stages
results in a more significant alteration of flow vectors. This more pronounced
change in flow vectors leads to an increase in errors following the empirical
rule.
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Figure 5-10. Sensitivity comparison for load case 2 of 3D solid beam example

To demonstrate the necessity of load step 4 in sensitivity analysis, two
situations are discussed. In one scenario, step 4 is skipped in the sensitivity
analysis, meaning only steps 14 and 20 are considered, as shown in Figure
5-11(a). The resulting vertical displacement sensitivities are presented in
Figure 5-11(b). Clearly, if step 4 is omitted, the sensitivity results are entirely

incorrect.

In another scenario, step 3 is employed in the sensitivity analysis instead of
step 4, as illustrated in Figure 5-12(a). The vertical displacement sensitivities
obtained are presented in Figure 5-12(b). Clearly, the sensitivity results are

also entirely incorrect.
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Figure 5-11. Sensitivity results if load step 4 is wrongly skipped in load case 2
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Figure 5-12. Sensitivity results if step 3 is included instead of step 4

The two situations mentioned above demonstrate that the load step reduction
rules proposed in Section 5.3 are not only sufficient for obtaining accurate
sensitivity results but also necessary. Adhering to these rules is essential, as
skipping load steps that violate these principles will result in inaccurate
outcomes.

The third load case on the cantilever beam is depicted in Figure 5-13, where
the load applies in the vertical y-direction and horizontal z-direction
simultaneously. Together, they define three stages: a vertically plastic loading
stage from step 1 to step 5, an elastic stage from step 6 to step 8, and a
horizontally plastic loading stage from step 9 to step 18. The deformation and
contour plot of the equivalent plastic strain at the last load step are depicted
in Figure 5-14.
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Figure 5-13. Load history of load case 3 for the cantilever beam example.
Pentagrams depict the reduced load step
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Figure 5-14. Contour plot of equivalent plastic strain at the last step on undeformed
and deformed structure

In the sensitivity analysis, the first four plastic steps are skipped according to
the empirical rule. The three intermediate elastic steps are also skipped due
to the elastic load step reduction rule. In the horizontally plastic loading stage,
the force in the y-direction holds constant, and the force in the z-direction
monotonically increases. In this situation, the empirical rule still applies.
Hence, steps 9 to 17 are skipped in the sensitivity analysis. In summary, only
steps 5 and 18, as listed in Table 5-6 and highlighted in Figure 5-13, are
employed in the sensitivity analysis.

Figure 5-15 compares the sensitivity results obtained using both reduced load
steps and all load steps.

From the perspective of real values, sensitivities obtained with reduced load
steps still match well with sensitivities obtained with all load steps. However,
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Table 5-6. Reduced load steps for load case 3 of 3D cantilever beam example

Reduced load step Corresponding FEA load step Load (N)
1 5 Fy=5000, Fz=0
2 18 Fy=2000, Fz=10000

Sensitivity (mm/mm)
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Figure 5-15. Sensitivity comparison for load case 3 of 3D cantilever beam example

the relative error in this case is larger than in the previous two cases. The

maximum error of the displacement response is 8%, with an average of 5%.

The maximum error of the equivalent plastic strain response reaches 17%,

with an average of 8%. This can be explained by the change in the direction of

the resultant load force during the horizontally plastic loading stage. The

resultant load force changes its direction in every load step. Correspondingly,
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the flow vectors also change direction in every step. Therefore, a more severe
change in the flow vectors could be imagined, leading to larger errors in
sensitivities.

5.6 Demonstration with a connecting rod example

In this section, the rules for reducing load steps are demonstrated using a
large-scale industrial example, specifically, a connecting rod structure in an
internal combustion piston engine, also known as a conrod. Figure 5-16 shows
the finite element model of a typical connecting rod structure, meshed with
6584 nodes and 27160 3D 4-node tetrahedral elements. The material
properties are listed Table 5-7.

small end

rod bolt, fixed

Figure 5-16. Finite element model of a connecting rod structure

Table 5-7. Material properties of the connecting rod example

E-modulus Plastic modulus Initial yield strength
Poisson’s ratio
(GPa) (GPa) (MPa)
210 100 450 0.3

The rod bolt is fixed, and a horizontal force in the x-direction and a vertical
force in the y-direction are uniformly applied to the inner surface nodes of the
small end. The load history contains 19 load steps, as depicted in Figure 5-17.
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The structure is initially compressed in the y direction in step 1. From step 2
to step 7, the compressive load monotonically increases, and additionally, a
horizontal force is gradually applied, leading to the bending of the rod. From
step 8 to step 12, the horizontal force is fully unloaded, while the vertical force
is partially released. The bending load increases in the negative x direction,
accompanied by a slight increase in the compressive load from step 13 to step
16. Finally, from step 17 to step 19, the horizontal force is fully unloaded again,
while the vertical force gradually increases to the same value as in step 1.

-10

——Loading history
[ elastic step
|| ® plastic step

-30 -20 -10 0 10 20 30
Fx (kN)

Figure 5-17. Load history on the small end of the connecting rod

Nonlinear finite element analysis shows that there are 10 elastic steps and 9
plastic steps, as illustrated in Figure 5-17. Under the given load history, the
maximum horizontal displacement is 15.0 mm, occurring at step 7 at the top
of the small end. The contour of displacement at step 7 is depicted in Figure
5-18, showing both the original and deformed structures. When compared to
the dimensions of the model, the displacement is significant, making the
problem geometrically nonlinear.
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Ux=15.0mm at step 7

167.8mm

H=

Figure 5-18. Contour plot of displacement on original and deformed structure at
step 7

The contour plot of equivalent plastic strain at the last load step 19 is depicted
in Figure 5-19 (a). The maximum equivalent plastic strain is 2.34%, located on
the surface of the neck near the larger end. A total of 106 elements around this
point are selected, as shown in Figure 5-19 (b), and the average equivalent
plastic strain of these elements at the last step is defined as one system

response.

(a) Contour plot of equivalent plastic (b) Selected elements around the

strain at load step 19, max=2.34% maximum equivalent plastic strain point

Figure 5-19. Contour of equivalent plastic strain at the last load step
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Figure 5-20 shows the deformation of the structure at the last load step. The
average x-displacement and y-displacement at the small end are defined as
the second and third system responses, respectively.

@=p x

Figure 5-20. Contour plot of displacement on both original and deformed
configuration at the last load step. Average displacement of small end nodes:
Ux=6.48mm, Uy=-0.47mm

The design variables for the structure consist of the x-coordinates of 228
nodes highlighted in Figure 5-21. These nodes are situated on one side of the
surface between the small end and the big end.

Figure 5-21. Design nodes of the structure
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According to the rules for reducing elastic load steps, all elastic load steps are
disregarded in the sensitivity analysis, except for the last step. Following the
empirical rule, plastic steps 2 to 6, 14, and 15 are also omitted due to the
monotonic load history. However, the remaining plastic steps, 7 and 16, are
necessary since their loads are in opposite directions. The three reduced load
steps in the sensitivity analysis are highlighted by pentagrams in Figure 5-17
and listed in Table 5-8.

Table 5-8. Reduced load steps in sensitivity analysis of the conrod example

Reduced load step Corresponding FEA load step Load (kN)
1 7 Fx=29.7, Fy=-49.5
2 16 Fx=-29.7, Fy=-13.9
3 19 Fx=0, Fy=-19.8

The contours of sensitivities for the three responses are depicted in Figure
5-22. As shown in Figure 5-22 (b), the sensitivities of the equivalent plastic
strain response are close to zero for nodes far away from the maximum
equivalent strain point. This is reasonable because the equivalent plastic
strain is a local response influenced mainly by the local structure shape. The
negative value means that if the node moves along the positive x-direction,
which is the outer direction of the surface, the equivalent plastic strain will
decrease.

In Figure 5-22 (c), sensitivity results show that if design nodes move along the
outer surface direction, the final displacement in the horizontal direction will
decrease. In Figure 5-22 (d), the sensitivity results reveal that if design nodes
move along the outer surface direction, the final displacement in the vertical
direction will increase. This is attributed to the decrease in plastic strains
when the design nodes move outwardly. In the final step, the small end of the
conrod returns closer to the centerline due to less plastic deformation.
Consequently, this results in a decrease in horizontal displacement and an
increase in vertical displacement.
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Figure 5-22. Contour of sensitivities for the connecting rod example

To verify the accuracy of the results, the relative values of sensitivities are
calculated and depicted in Figure 5-23. The figures show that the relative
values are close to 1 for all three responses, demonstrating that the sensitivity
results with the reduced load steps closely match the results obtained using
all load steps.
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Figure 5-23. Relative values of sensitivities for the connecting rod example
The maximum and average relative errors of sensitivities are summarized in
Table 5-9. They show that sensitivity errors with reduced load steps are small.

Table 5-9. Relative error of sensitivities for the connecting rod example

Response Maximum error Average error
equivalent plastic strain 10.0% 0.9%
x-displacement 1.2% 0.3%
y-displacement 1.3% 0.2%
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6. Adjoint sensitivity analysis and load step reduction for

mixed hardening elastoplasticity

In this chapter, the presented adjoint variable method for sensitivity analysis
and load step reduction techniques is extended to a mixed hardening material
model. Pure kinematic hardening is a special case of this discussion.

The major difference from isotropic hardening arises from an additional
quantity, i.e., the back stress, in nonlinear finite element analysis. Its influence
on the adjoint sensitivity analysis formulations is presented. The properties
of adjoint variables and the load step reduction rules are verified. Finally,
numerical examples are provided to demonstrate the applicability of load step
reduction rules.

6.1 Nonlinear analysis procedure and consistent tangent

stiffness matrix for mixed hardening elastoplasticity

The fundamental difference between mixed hardening elastoplasticity and the
isotropic hardening case lies in the development of the yield surface. In the
isotropic hardening model, the yield surface expands uniformly in all
directions. Mixed hardening elastoplasticity assumes that not only does the
size of the yield surface expand, but also the center of the yield surface shifts
in the stress space. As depicted in Figure 6-1, the stress tensor «, referred to
as back stress, measures the translation of yield surface’s center.

The yield strength at a step t is equal to

t.p
€e

qv
EPBdeP (6.1)

eqv

taY=00+f
0

where f is the hardening ratio, which lies between 0 and 1. If f equals 1, it
describes pure isotropic hardening behavior. When g is equal to 0, the size
of the yield surface remains constant, describing a pure kinematic hardening
rule.
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(a) 1D development of yield strength (b) 3D development of yield surface in
the space of principal stress
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criterion as an example
Figure 6-1. Development of yield strength and yield surface of mixed hardening

elastoplasticity

The nonlinear Newton-Raphson iterative solution procedure in Section 2.2.2
still applies to the mixed hardening case, except that the back stress is an
additional quantity to be determined through the return mapping algorithm.

Given stress ‘o, back stress ‘a, equivalent plastic strain ‘eb,, at step t, and

an incremental strain Aeg determined by the incremental displacement, the

trial stress is calculated as follows:

Aoy, = D° - Ag
(6.2)

Oy = ‘0 + Aoy
where Al , =0, Aa =0 are assumed. Then the equivalent stress is
calculated with @, — ta. If the equivalent stress is smaller or equal to the
yield strength at step t, then the element behaves elastically and ‘' =
Oy, Tla="ta, “1ef, =, . Otherwise, the return mapping algorithm is

employed to determine the increments [SH98]:

Set Aggp, = 0,A@ =0, AGyy = D° - Ag, 04y = 0+ AGyy, Ay = 'a+ Aa
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a) Calculate trial associated flow vector a based on oy, and ay:

d |°'try - “try|

do

eqv (6.3)

a=

b) Update the incremental plastic strain:

p
|O-try - atry|eqv - tO‘Y —EP- A‘geqv B

Aepy = Aeggy + =
a-D¢-a' +EP (6.4)
AgP = Agp, - a
c) Update trial stress:

Oy = ‘0 + D®-Ag — D° - AgP (6.5)

d) Compute trial back stress:

Aa=(1—) -D*-AeP

(6.6)

Ay = ‘0 + A

where

|
. ‘ (6.7)

Check if |atry - atry| —toy — EP - Asé)qv - = 0.Ifitis not satisfied, then go
back to step a. Otherwise the algorithm stops.

When the stopping condition of the algorithm is met, it provides:

t+1 .
o= atry
t+1,, —
a= gy (6.8)
t+1.p _ t P p
geqv - Seqv + AEqu
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The consistent tangent stiffness matrix has the same expression as in
EqQ.(2.13). The constitutive matrix D°®P at a plastic step is:
d

ep — -1, pe _
b=e"D a-r+EP-B+a-D%-aT-(1-p) (6:9)

where Q, r and d follow in Eq.(2.28).

6.2 State variables and adjoint sensitivity analysis

In mixed hardening elastoplasticity, the back stress is also a state variable.
Define the state vector as follows

W= gy (6.10)
a

For a system response f, it can be either explicitly or implicitly expressed as a
function of {*V}', and {*U}};:

f=fCU(s),2U(s), ..., NU(s), W(s), 2V (s), ..., W(s),s) (6.11)

To derive the adjoint sensitivity formulation, the dependent residual ‘H
should be defined. The two governing equations in Eqgs. (4.6) and (4.8) still
hold in mixed hardening case. Additionally, as described in the return
mapping algorithm, the incremental back stress and incremental plastic strain
have a relation

ta—"la=(1-p) D“-tAeP (6.12)
where the incremental plastic strain is:

t —t t—1 — (t.P t—-1.P .t
AgP = tgP —t71gP = (Tl  — "1l )-Ta (6.13)

Therefore, the dependent residual ‘H could be defined as
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t-1g 4 De[(ts _ t—1£) _ tgsqv _ t—1€§qv) . ta] _tg
) 0 (6.14)

‘H('U,*7'0,',W,5) = < (tggqv - t_lggqv) [I'e — taleqy — UY(tsgqv)]
Hla+ (1-p) DY (Pelyy — lebyy) fa—ta

The adjoint sensitivity formulation is then derived in the same way as in
Section 4.1.2, which leads to

N N
df odf . T(’)tR . TatH
—_ = _— E— 6.15
ds O0s z 4 ds Z Y das ( )

t=1 t=1

The adjoint variables ‘A and ‘y are solved backwardly through

otU oW oW oW Y*5i0 " otw aw aw
(6.16)

tyT ot~ T at+1yT  Ht+1yT tyT oty T
tKTtA:(aHaH 0t 1H 0+H>t+1 of O°H 0*H  of

t

— _ __ 't
Y=%wv \otv ™ o v 4

tyg~T t+1ggT tpT
_0'H (6f o*'H , 0'R )
The derivatives of the residual force vector and the dependent residual for
mixed hardening elastoplasticity with an associated flow rule are presented
below for the convenience of further discussion.

According to Eq.(2.1), it has

'R 0f,'B"fedv f
= — = — VUtBTta'dv (617)
otu otu v

aw = \atc aer, oa

9tR p) 0 0
( _>J tBTtgdy = _(f tBTdv 0 O) (6.18)
v v

If a load step tis an elastic step, then the dependent residual is

t-1g + D(te — t1g) — tq

tH = Leoqy — T lebqy =0 (6.19)
t-lg _ tg

According to Eq.(2.4), the derivatives of ‘H are
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- = = 2
3t 0 0 (6.20)
0
0
t—lg
o'H [ D5 o' 'H
= 0 | = (6.21)
at-1y 0 at-1y
0
d(te — t-1g) dte t-1g
0'H D¢ D — D¢
Z = ds = ds | - ds (6.22)
ds 0 0 0
0 0 0
O'H ( o a2 9 > - <_' —D*a 0 ) otH 623)
v = |32 P jig) H=| 0 1 0= :
otV 0tc 0'eeq, ola 0 0 e Ity
OtH < ad 0 ] >tH I D®fta 0 ItH 624
= — — = 0 _1 0 = —— .
ot~y \ot-l¢ 0t 1e£qv 0t la o o 1 otV ( )
If a load step tis a plastic step, then the dependent residual follows
t—10. + De[(ts _ t—ls) _ tS‘I:qV _ t—1€£qv) . ta] _ to.
tH = ‘o — ‘at|eqy — aY(te}qu) =0 (6.25)
“la + (1-p) D% tgcle)qv - t_lggqv) ta-ta

0'H/0'U, 0'H/0""'U and 0'H/0ds are the same as Egs.(6.20) to (6.22).
Other partial derivatives are

ta p
—J — D¢ _pet

J0tH _ i d d (- I-D dto.Ageqv D°*a 0 626
oty ~ \dte atsgqv ola - taT —EP-B _tgT ( . )

0 1-p)-D*-ta -—I

tH < 9 F) P <I D‘a 0

- ty —
t-1y — \gt-1 t—1P t-1 > H=1|0 0 0 (6.27)
0t \0t-le 0'ley, 0@ 0 —(1—p)-D*-a I
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6.3 Load step reduction for mixed hardening elastoplasticity

In this section, the properties of adjoint variables in Section 5.2 and the load
step reductions rules in Section 5.3 are extended to mixed hardening
elastoplasticity. They are also theoretically proven. The system responses
discussed here are assumed to still satisfy Eq.(5.1).

Property 1. If a load step t is an intermediate elastic load step, then A4 = 0.

Proof:

According to Eqgs.(6.24) and (6.27)
at+1H I Det+1a 0
= < ) (6.28)

Sy |0 ¢ 0
o a4 1

where

_ {—1 if step t is elastic
“lo if step t is plastic

(6.29)
d = { 0 if step t is elastic

—(1—-p)-D*-ta  ifstep tis plastic
Combining Eqgs.(6.20), (6.21), (6.23) and (6.29) yields

OtH otH T ottiH"  attig’
atu otv  atv atuU

= | 0 0 1 0 0
— (tBTDe 0 0) <_taTDe 1 0 )(HlaTDe c dT> + 1 (630)
0 0 -I 0 0 I

0 0 0
=(B™p¢ 0 0) ((f“aT - faT) D¢ c+1 dT> =0
0 0 0

By substituting Eq.(5.1) and Eq.(6.30) into Eq.(6.16), it follows

T -T 14T 14T T -T
tKTtA=<atH O'H™ 0''H'  9“'H >t+1 of O'H 9'H™' of _

— — — - - =0 :
otU oV 9 oW ToU o v W (6:31)
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which leads to

tA=0 (6.32)
O

Property 2. Ifload steps t and t+1 are both plastic, and the flow vectors satisfy

t+1

, Yo
ta = ttlg jTa = 0,then ‘A=0 and ‘y = 0
o t+1ya

Proof:

By employing the assumption that dfa/d'c =0, Eq.(6.26) is thereby
simplified to

—— =|-fa"p® —-EP-B (1-p)ta’D® (6.33)
IV 0 —ta -1

Using the assumption ‘a = ‘*1a, it follows from Eq.(6.27) that

at+1HT | 0 0
- taTp¢ 0 —(1-p)ta’™p* (6.34)
0 o I

[t follows from Eqgs.(6.33) and (6.34) that

(')tH_T at+1HT (—I 0 O )
- - =({0 0 O (6.35)
t t
ot oV 0 0 —I
By combining Eqgs.(6.20), (6.21) and (6.35), it has
atHT atH_T at+1HT at+1HT 0 0 0
— — (tRT e —

Substituting Eq.(5.1) and Eq.(6.36) into Eq.(6.16) yields
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OtH otH T Attt H"  AttH" of o'H'o'H™" of
Kifd=|or — —— — tHyy L —— =0  (6.37)
ot oV 9w ot otU ~ 9tU 9V 9
which leads to
tA=0 (6.38)

Furthermore, by substituting Eqs.(6.35), (6.38) and Eq.(5.1) into Eq.(6.16), it
yields

atH_T af at+1HT atRT I 0 O Vs
t, _ _ t+1,, t7 ] — t+1,, _
Y=%w <afv v Yo A <° 0 0) L (6.39)

Building upon the two properties mentioned above, the load step reduction
rules proposed in Section 5.3 can be extended to mixed hardening
elastoplasticity as follows.

Elastic load step reduction rule: Given a sequence of load steps L = {1, 2, ...,
t-1,t,t+1, ..., N}, if step t is an intermediate elastic load step, then skip step t as
the load steps contain only S = {1, 2, .., t-1, t+1, ..., N} will not change the
sensitivity results.

Proof:

Following the same discussion as in Section 5.3, it is suffice to prove
1. fA=0

2. A=72and Yy=Ty forn<t-1

t t+1 t+1
3 EyTaLH+ t+%‘ TOLH _ t+1, 70 'SH
) ds

ds S ds
The first item is obtained directly from the first property of adjoint variables.

For the second item, firstly, prove that it holds at n = t — 1. By substituting
Egs.(5.1) and (5.16) into Eq.(6.16), it has
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- T J¢— =T T T
-1y — t-1p 1, O7SH 0" SH = o *,  OiH 6.40
Lt — SBT at-1y 9t-1y 9t-1y Ly_m LY ( )

Using Eq.(5.1) and {4 = 0, it follows from Eq.(6.16) that

=T T
OfH " 0"™“[H . .
v o Y

Ly =- (6.41)

By substituting Eqs.(6.23) and (6.28) into Eq.(6.41) and using Eq.(5.16), it has

I 0 0 I 0 0 1 0 0
fy = (taTDe 1 0) <t+1aTDe c dT> Hly = ((t“aT —fah)pe —c —dT> 5y (6.42)
0 0 I 0 0 I 0 0 I '

Step t-1 and step t+1 are adjacent steps in load sequences S. Therefore, using
Eqgs.(6.24) and (6.42), it follows

oin T I 0 0 I 0 0
STy Ey= taTDe -1 0 (taT_t+1aT)De —C —dT t+éy

D ’ ot 6.43
| 0 0 at+éHT ( . )
- (D c dT) “y =S Yl
0 0 I
Additionally, using Eqs.(6.21) and (6.42), it has
otH " I 0 0
0 0 1
(6.44)
trig’
= _(t—lBTDe O 0)§y — at—iU t+§y

Finally, by substituting Eqs.(6.43) and (6.44) into Eq.(6.40), it yields

— T — -T T
0'"3H 0'"iH " 0'*iH

T
t-13 — t-1p -1 aHéH t+l, _ t-13 6.45
L4 = SUT at-1y oat-1wv 9t-y - ot-1y s¥ =" s (6.45)

Further, by combining Eqs.(6.16), (6.43), (6.45) and (5.16), it obtains

101



- H—T H T .
t—-1,, — at 114 af t at 114 t—-1 —
=—— . + A=

Ly ot-v gt-iy YTy L

(6.46)

t—1gy~ T t+1g4T t-1p7T
_ _6 SH . d +SH t+1 d SR t-17 | = t-1
Tty at-1y sy + ot-1y S =" gY

From the proofat n = t — 1 and backward calculation with Eq.(6.16), it can
be easily derived that

MA=TAand S5y=Ty (forn<t—-2) (6.47)

Thirdly, from Eqgs.(5.14), (6.22) and (6.42), it has

. I D(ta—t+a) oy [pe(2E_9T¢ pe(0E _0'
t TaLH+ t+1 Ta (1L ds ds 4 t+1y,T ds ds
LY 3 ng s sy {0 —c 0 sY

s s 0 d I 0 0
0

. (0ttlg  9t-lg (648)
:t+§yT(D ( ds  0Os >\:t+1yT@

s )T

O

Plastic load step reduction rule: Given a sequence of load steps L = {1, 2, ...,
t-1, t, t+1, .., N}, if step t and step t+1 are both plastic load steps, ‘a = ‘*la

and j—: = 0, then skip step t as the load steps contains only S = {1, 2, .., t-1,
t+1, ..., N} will not change the sensitivity results.

Proof:

The same as in the previous proof, it is suffice to show

1. A=0

2. 3A=T4Aand {y=7y forn<t-1

t t+1 t+1
t,, TOLH | t41. 70 "{H _ t41, 170 "sH

3.y ot Y = sy 5,

The first item is directly obtained from the second property of adjoint
variables.

The second item will be obtained if it holds at n = t — 1. To prove that,
Substituting Eqgs.(5.1) and (5.16) into Eq.(6.16), it has
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t1g o -1 L 0“"sH 0“"sH OoH , O{H 6.49
L4 = SUT oty 9t-wy at-1y LY — at 1y Ly ( . )

Since step t-1 and step t+1 are two consecutive steps in load sequences S,
therefore, by combining Eqgs.(6.20), (6.21) and the second property of adjoint
variables, it yields

t+1

t+1 Yo
a{H LYo 41 af+§H
— _(t-1pTpne — _(t-1RTpe
geig = —(TBDS 0 O)<t+? (T'BTD® 0 0| Tirer, | =gmg S (6.50)

t+1
LYa iYa

Utilizing Eq.(6.27), it obtains

atH I 0
gy ¥ =™ 0 —(1- ﬂ)f TD“
at-ty 0 0 t+1

\ (6.51)

t+1
_a SH t+1
v/ T at-1y 4

0 0

I 0 / T
=<fa.TDe 0 —(1- ﬁ)f TD“>\
t+1

Finally, substituting Eqs.(6.50) and (6.51) into Eq.(6.49) yields

tHy =13 (6.52)

i ey -1 (OUIHTOULHT ATIH 9UYIH
=75k gmy e rw T aewg

Further, substituting Eqs.(6.51), (6.52) and (5.16) into Eq.(6.16), it has

_ -T T _ T
1 o' iH o{H . o' iR 14
y=- Ytor—0y, 1A=
L ot-1y at-1y L ot-1y L

__at_éH_T aHéHTtﬂ _|_at_§RTt—1)L _ t-1
 9t-1y at-1y s¥ at-1y sA|= " sY

(6.53)

From Eqgs.(6.22) and the second property of adjoint variables, the third item
is obtained
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The elastic load step reduction rule, the same as in the case of isotropic
hardening, applies to all types of elements. The plastic load step reduction rule
strictly applies to 1D elements. For general 2D and 3D elements, the following
empirical rule is proposed to reduce the plastic load steps.

Empirical rule: Given a sequence of load steps L = {1, 2, .., t-1, t, t+1, ..., N}, if
step t and step t+1 are in a monotonic loading stage, then step t could be
skipped in the sensitivity analysis.

Sensitivity analysis following the empirical rule will sacrifice some accuracy
in exchange for efficiency. Its effectiveness and influence on the accuracy of
sensitivity are investigated through numerical examples in the following.

6.4 Demonstration with a 100-bar truss structure

In this section, the load step reduction rules for mixed hardening
elastoplasticity are demonstrated through 100-bar truss examples presented
in Section 5.4. The only difference is that the material is assumed to follow
mixed hardening rule with a hardening ratio equal to 0.1.

The load history, comprising a total of 50 load steps, is illustrated in Figure
6-2. It is the same as the second load case in Section 5.4. This load history
consists of four stages: the initial loading stage from step 1 to step 10, the fully
unloading stage from step 11 to step 20, the reverse loading stage from step
21 to step 35, and finally, the fully unloading stage from step 36 to step 50. In
comparison with Figure 5-3, where an isotropic hardening model is assumed,
more steps exhibit plastic behavior here under the mixed hardening model.

104



10

\ —Load history
10 § elastic step
5} o ¢ plastic step |
,I \ 1 O
e N\
= of \ '¢
8 o
o
L -5 y 4 .
e
Ve
4
10+ ¥ 4 1
35
e
-15 I I I 1
0 10 20 30 40 50
Load step

Figure 6-2. Load history of the 100-bar truss example under mixed hardening
model. Pentagrams depict the reduced load steps in the sensitivity analysis

All elastic load steps could be skipped in the sensitivity analysis according to
the elastic load step reduction rule. In the monotonic loading and reverse
loading stages, flow vectors remain constant. The former in each pair of
consecutive plastic steps can be skipped following the plastic load step
reduction rule. Therefore, only plastic steps 10, 35, and 50 remain in the
sensitivity analysis. The force directions in these three steps are opposite,
causing the flow vector of some bars to change direction. Hence, the load steps
can’t be further reduced. In summary, steps 10, 35, and 50 are necessary in
the sensitivity analysis. They are highlighted in Figure 6-2 by pentagrams and
listed in Table 6-1.

Table 6-1. Reduced load step for the 100-bar truss example with mixed hardening

elastoplasticity
Reduced load step Corresponding FEA load step Load (N)
1 10 10
2 35 -15
3 50 0

The system responses are the vertical displacement at the free end and the
equivalent plastic strain of an element at the fixed end. The sensitivity results,
calculated by reduced load steps, are compared with those using all load steps
in Figure 6-3 (a) and (c). Their relative values are presented in Figure 6-3 (b)
and (d). They show that the sensitivities with reduced load steps are perfectly

accurate in this 1D element example.
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Figure 6-3. Sensitivity comparison for the 100-bar truss example with mixed
hardening elastoplasticity

6.5 Demonstration with a connecting rod example

In this section, the applicability of load step reduction rules for mixed
hardening model is demonstrated through the conrod example in Section 5.6.
All the setups of the problem are the same except a hardening ratio 0.3 is
assumed for the material. The load history, identical to that in Section 5.6, is
depicted in Figure 6-4. It illustrates that, due to the change in the hardening
model, the elastic and plastic steps in the nonlinear analysis differ.
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Figure 6-4. Load history on the small end of the conrod with hardening ratio of 0.3.

Pentagrams depict the reduced load steps.

According to the elastic load step reduction rule, all intermediate elastic load
steps are skipped in the sensitivity analysis. Based on the empirical rule,
plastic steps 2 to step 6, step 11, step 13 to step 15 could be skipped because
they lie in monotonically loading procedures. The four load steps needed in
the sensitivity analysis are highlighted by pentagrams in Figure 6-4 and listed
in Table 6-2. In contrast to the isotropic hardening case, the inclusion of plastic
step 12 is necessary in this scenario.

Table 6-2. Reduced load steps in sensitivity analysis with hardening ratio 0.3

Reduced load step  Corresponding FEA load step Load (kN)
1 7 Fx=29.7, Fy=-49.5
2 12 Fx=0.0, Fy=-9.9
3 16 Fx=-29.7, Fy=-13.9
4 19 Fx= 0.0, Fy=-19.8

The three system responses are the same as in Section 5.6, i.e., average
equivalent plastic strain around critical area, and average x and vy
displacements at the small end. The sensitivities obtained with reduced load
steps are compared with those using all load steps in Figure 6-5. They show
that the sensitivities match very well.
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Figure 6-5. Comparison of sensitivity results. In each of these three figures, the
result with reduced load steps is depicted on the left and result with all load steps

is presented on the right

To investigate the influence of the hardening ratio on sensitivity accuracy, the
percentage errors of sensitivities under isotropic hardening (=1), kinematic
hardening ($=0) and mixed hardening with 3=0.3 are compared in Table 6-3.
The errors are calculated by comparing sensitivities using reduced load steps
to sensitivities obtained with all load steps.

Table 6-3. Relative error of sensitivities under different hardening ratio

Isotropic hardening Mixed hardening Kinematic hardening
(B=1) (8 =0.3) (8=0)
Response

Maximum Average Maximum Average Maximum Average

error error error error error error

equiv. plastic strain 4.3% 0.3% 5.9% 2.3% 31.3% 6.2%

x-displacement 1.2% 0.3% 17% 6.5% 19.1% 4.5%
y-displacement 1.2% 0.2% 28% 10.0% 51.9% 10.3%

It should be noted that sensitivities are typically used to determine the
direction in which to update the design variables in gradient-based

optimization. The directional vector is primarily influenced by relatively large
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values, while sensitivities with relatively small values are considered less
important. However, the relative error at these small value points could be
extremely large due to small denominators, introducing unnecessary noise in
the assessment of sensitivity accuracy. For this reason, the average and
maximum relative errors listed in Table 6-3 are evaluated only with
sensitivities whose absolute values are not less than 1% of the maximum
absolute value.

Table 6-3 shows that the levels of accuracy for the mixed hardening model and
pure kinematic hardening model are similar. The errors under the pure
isotropic hardening model are the least. The increase in errors in kinematic
hardening and mixed hardening can be explained by the more severe violation
of the constant flow vector condition in reducing plastic load steps. Under
these two models, the flow vectors and their derivatives are not only
dependent on the stress tensor but also on the back stress tensor. Therefore,
even in a monotonic loading procedure, the flow vector may change its
direction more significantly than in the pure isotropic hardening case.
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7. Adjoint sensitivity analysis and load step reduction for

finite strain elastoplasticity

In this chapter, load step reduction rules for finite strain elastoplasticity are
investigated. The finite strain elastoplasticity analysis is briefly introduced,
followed by the presentation of adjoint sensitivity formulations. The
discussion on load step reduction is then extended to this type of problem.
Applicability and limitations are demonstrated through several examples.

7.1 Finite strain elastoplasticity

The extension of the small strain plasticity to the finite strain plasticity is not
straightforward. The fundamental difference lies in the strain measure and
how the total deformation is decomposed into elastic and plastic parts.

In the small strain case, the Green-Lagrangian strain could be used, and the
total strain is additively decomposed into an elastic and a plastic term. For
finite strain nonlinearity, the logarithmic strain, or the so-called Hencky strain
measure, is always employed as a proper measure. The elastic and plastic
parts are obtained based on the multiplicative decomposition of the total
deformation gradient.

Given the total deformation gradient (X, which is the derivative of deformed
configuration at step t with respect to the original configuration at step 0, it
can be decomposed into the multiplication of an elastic deformation gradient
tX® and a plastic deformation gradient ‘XP

EX = tXe - tXP (7.1)

This multiplicative decomposition is proposed by Lee and Liu [LL67, Lee69],
and widely accepted in the finite strain elastoplasticity analysis. The elastic
deformation gradient can further be decomposed through right polar
decomposition:

txe = ‘Re - tye (7.2)
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where fR® isan orthonormal matrix, referred to as the elastic rotation tensor,
and 'U® is a symmetric positive-definite matrix, called the elastic right
stretch tensor. The elastic logarithmic strain is then defined by

1
tge — zlntXeTtXe = IntUe (7.3)

The work-conjugate stress measure of this strain is the rotated Kirchhoff
stress T [GB95, CMB11, NEM16]. The constitutive relationship between
them is

t7 = petee (7.4)

The rotated Kirchhoff stress is the spatial Kirchhoff stress t rotated to the
intermediate stress-free configuration by ‘Re€. The spatial Kirchhoff stress is
eventually obtained by back-rotating T as

ty — tRetptRe’ (7.5)

The Kirchhoff stress is related to the Cauchy stress o through the Jacobian
determinant of the deformation gradient by:

tt = J'o = det|{X| - to (7.6)

The internal force can be obtained by integration either under the deformed
volume or the initial volume:

Fint =J tBtadv=J tBttdv (7.7
v vo

The nonlinear Newton-Raphson solution procedure for finite strain finite
element analysis is illustrated in Figure 7-1. In contrast to the small strain case,
the plastic deformation gradient is an additional quantity to be solved at each
step. To simplify the discussion, isotropic hardening plasticity is assumed
initially. The extension to mixed-hardening and kinematic hardening cases
will be presented in Section 7.5.

111



Given quantities att, R = **'F — 'F

Assume iy = ty, tHiXp = txp t+ip = !ig

t+1.p _ t_P
Seqv - geqv

|

Solve ‘*1K AU = R toget ‘YU and '*}X

Y

\ Use return mapping algorithm

t+1 t+1 t+1_p
Update XP, T, Eeqv

Calculate R = '*1F — Fint

No

Yes

Obtain t‘+1U' t+1xp' t+1T, t+1€£qv

Figure 7-1. Newton-Raphson solution procedure for finite strain elastoplasticity

The return mapping algorithm is employed to determine stress, equivalent
plastic strain, and plastic deformation gradient at step t+1 based on the total
deformation gradient at t+1 and quantities from the preceding step at t. The
algorithm's procedure is summarized as follows [EB90, DPR94]:

Given '*}X, and quantities of ‘XP, tsé’qv, ‘T atprevious step ¢,

(a) Assume a trial elastic state, i.e. Aefqv =0 and AeP = 0. Obtain the

trial elastic deformation gradient by
t+1X$ — t+éx . tXp—l (78)

(b) Perform the right polar decomposition
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t+1Xf — t+1R$ . t+1U$ (79)

(c) Calculate the trial elastic logarithmic strain and trial stress
t+1 1 1yeTt+1 1
tlee = Elnt+ Xe trixe = [nt*t1ye (7.10)
t+1f* - DEH_ISE (7.11)

(d) Check for the yield condition. If ["*'7,|eq, — ‘oy — EP - Agby, < 0, then
t+1z = 17, and the algorithm stops. If not, continues to step (e).
(e) Calculate the trial associated flow vector:
dl t+1i.
eqv (7.12)

*

*
t+1a —

(f) Update the increment equivalent plastic strain and incremental plastic
stretch

p

|t+1
eqv (7.13)

= t
AP AP 4 T.leqv — foy — EP - Ac
€eqv = Béequv t+ly . pe.t+1qT L EP

AgP = Agg, - Tt1a (7.14)

(g) Update trial elastic deformation gradient and trial elastic strain

t+lye _ t+lye,—AsP (7.15)
t+1 1 T
g€ = Elnt+1Xe t+1lye (7.16)

(h) Update trial elastic stress and go back to step (d).

t+1‘f — Det+1£e (717)

For moderately large elastic strain, such as those encountered in metal
plasticity, it has been noted [MB05, CMB11] that Eqs.(7.15) and (7.16) could
be approximated by
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tHige o tHlge _ AgP (7.18)

This approximation is exact for isotropic hardening plasticity with associated
flow rule or combined hardening and kinematic hardening cases where the
stress and back stress tensors commute [EB90]. Substituting Eq.(7.18) into
Eq.(7.4), it follows

t+1T = D®e® — D®AsP (7.19)

When the return mapping algorithm stops, the following quantities are

obtained
t+1p — t+ige . t+1z . t+1peT (7.20)
Hlegw = febqy + Acogy (7.21)
t+lyp — pAePtyp (7.22)

In Eq.(7.20), the trial elastic rotation tensor is employed to back-rotate the
stress tensor. Under the associated flow rule, the incremental plastic stretch
AgP and the trial elastic stress tensor *1U¢ have the same eigenvectors.
Consequently, it can be verified that the trial elastic rotation tensor ‘*'R¢
equals the real elastic rotation tensor ‘*1R®.

According to Eq.(7.7), the tangent stiffness matrix at step t is calculated by

tpe
t

. d Fint dtBt ind —tneT
Ktan = dtU = VodtU Tdv‘l' vo B dtU 'R dv
(7.23)
dtee o dtRe"
+ | 'B'RED——'R°® d +f ‘BtRetT d
fvo av T ) atw
where the constitutive relation matrix is
D¢ (elastic state)
b= {Dep in Eq.(2.27)  (plastic state) (7.24)
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7.2 Adjoint sensitivity analysis with logarithmic strain

elastoplasticity

The formulation of adjoint sensitivity with logarithmic strain elastoplasticity
is derived in this section.

Firstly, a set of state variables sufficient for deriving other physical quantities
at each time step should be selected. The selection of state variables is not
unique. To achieve a less complicated expression in the sensitivity
formulation, the following four quantities are chosen: displacement, rotated
Kirchhoff stress, equivalent plastic strain, and the inverse of the plastic
deformation gradient.

UL AR (7.25)

In comparison with the small strain case in Eq.(4.1), a variable describing
plastic deformation is included due to the multiplicative decomposition of the
deformation gradient.

The adjoint sensitivity formulation can be derived in a manner similar to that
of the small strain case, employing several governing equations. The
equilibrium condition serves as one of them:

0="'R(‘"U,'V,*"V,s) ='F — f ‘BIR®'TRe dv (t=12,..,N) (7.26)

Vo
As stated in Eq.(7.9), ‘R® sa function of the total deformation gradient at step
t and the inverse of the plastic deformation gradient at the previous step t-1.
Therefore, the residual force is a function of the current displacement and

state vectors at the current and previous steps. The total derivative of the
residual force with respect to a design variable is

dtR_afR+afR dfu+afR dtv+ dtR dt~ly
ds ds 9tU ds 09tV ds 9t-W ds

(7.27)

Besides the equilibrium condition, according to Eq.(7.19), the stress and
elastic right stretch tensor follow the relation
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t7 = D°IntUS — D° - tAeP (7.28)

where the trial elastic stretch tensor is a function of the total deformation

gradient at step t and inverse of plastic deformation gradient at previous step
t-1.

The yield and consistency condition is

Loty — Tlebgy)  [|Tleqy — ov(‘ebqy)] = 0 (7.29)

And the inverse plastic deformation gradient is updated by
txp~t = t-ixp~l. p-faeP (7.30)

Egs.(7.28) to (7.30) form the dependent residual *H, which is identical to zero
at each load step

tT — DeIntUS + D - tAeP
tH(U, W, W, s) = | (“eoqy = " 'eoqv) " [|Tleqv — ov(Peaqy)] | =0 (7.31)
tXp—1 _ t—1Xp—1 . o~ 0eP

The total derivative of the dependent residual with respect to a design
variable is

dtH_(')tH_I_(')tH dtU+6tH dtV+ J0tH dt~v
ds ds 0tU ds 90tV ds o4tW ds

(7.32)

Then, following the same procedure as in small strain case, the adjoint
sensitivity formulation of a response f is

df of <. .0'R <. .0'H
af _Of N¢y79R Ny 2 OH 7.33
ds O0s Z 4 ds Z Y ds ( )

t=1 t=1

where the adjoint variables ‘A and 'y are obtained by solving the following
systems of linear equations in a backward manner:
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\W N7 \6NV/

'R 0'H 0 \T 0 \T of
ot 9U ‘4 t+1 t+1 otu
'R OH (fy) == (a H) “ly - (a R) 2+ of | €=N-1..1) (7.35)

2t 27 atv otV —~
atv v v
The formulation of partial derivatives for the residual force and the dependent

residual is presented in Appendix B, from which it easily shows that by solving
Egs.(7.34) and (7.35), the adjoint variables are

tKT " tl

T =T T T
_Of OHIOHT(of MM, 0MRT, N\ oo
otU 9tu 9w \owv oW otV

t

Y =3 -— 2 (7.37)

_O'HT(of  9™H' iy "R, _OR
o~ oW oW otV

7.3 Load step reduction in the adjoint sensitivity analysis

In this section, the properties of adjoint variables and load step reduction
rules for finite strain elastoplasticity are discussed. The assumptions about
the system response in Eq.(5.1) still apply.

Firstly, for an intermediate elastic load step, it is the same as in the small strain
case.

Property 1. If a load step tis an intermediate elastic load step, then ‘A = 0.

Elastic load step reduction rule: Given a sequence of load steps L = {1, 2, ..,,
t-1,t t+1, .., N}, if step tis an intermediate elastic load step, then skip step t as
the load steps contain only S = {1, 2, .., t-1, t+1, ..., N} will not change the
sensitivity results.

The theoretical proofs of the property and load step reduction rule can be

found in [WCB22]. They essentially follow the same idea as in the small strain
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case, except that the expressions are more complicated due to the logarithmic
strain measure and the multiplicative decomposition of the total deformation
gradient.

At an intermediate plastic step, the adjoint variable A4 could also be zero
under four conditions. The following property is proved for such a plastic step.

d'a ¢ t+1 ot*1Re t+1A oD tyvp
Property2: If 36 = 0, ‘a=""a, prom 0, AeP? and ‘XP commute,
T

then ‘A = 0.

The first two conditions require that the flow vector be in the same direction
at adjacent load steps, which is the same as in the small strain case. The other
two conditions require that the elastic rotation tensor should be constant with
respect to the plastic deformation gradient, and the incremental plastic strain
should have the same principal directions as the accumulated plastic strain.

If all these conditions are met, and furthermore, the last two conditions are
also satisfied in the previous step, then the following plastic load step
reduction rule is proven in [WCB22].

Plastic load step reduction rule: Given a sequence of load steps L={1, 2,.,, t-
1, t, t+1,.., N}, if the prerequisites in Property 2 are fulfilled, additionally

otRe .
prarpc 0, 'AgP and *"1XP also commute, then skip step t as the load

steps contain only S = {1, 2, .., t-1, t+1, ..., N} will not change the sensitivity
results.

The plastic load step reduction applies strictly only to 1D element. For general
types of elements, the following empirical rule is suggested in practice.

Empirical rule: Given a sequence of load steps L ={1, 2, ..., t-1, ¢, t+1, ..., N}, if
step t and step t+1 are in a monotonic loading procedure, and the incremental
plastic flow is in close direction to the accumulated plastic flow, then step t
can be skipped in the sensitivity analysis.

The application of the empirical rule in finite strain elastoplasticity is
demonstrated through several examples in the next section. Additionally, one
example is presented to show a situation where the load step could not be
significantly reduced.
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7.4 Numerical examples

7.4.1 Cantilever beam under severe bending

In this example, the 3D cantilever beam is employed once again. The structure
is depicted in Figure 7-2. A bilinear isotropic hardening material is assumed,
with a Young’s modulus of 210 GPa, a plastic modulus of 50 GPa, an initial yield
stress of 235 MPa, and a Poisson’s ratio of 0.3.

Figure 7-2. Cantilever beam structure in size 300mmx15mmx15mm. Red dots are

design nodes

Two external forces in the horizontal x-direction and in the vertical y-
direction are applied to the free end of the structure simultaneously. There
are 11 load steps, as described in Figure 7-3. The downward vertical load
increases in the first three steps and then decreases gradually. The horizontal
load in the x-direction increases throughout the procedure.

Before proceeding to the sensitivity analysis, it is essential to verify the
accuracy of the primal finite element analysis. Figure 7-4 presents the results
of the finite element analysis with an in-house code, following the procedure
outlined in Section 7.1. The x and y displacements at the free end are
compared with those obtained from ABAQUS. The curves demonstrate that
the displacements obtained by the in-house solver match perfectly with the
benchmark results at all load steps.
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Figure 7-4. Comparison of nodal displacement of finite element analysis using in-
house code and ABAQUS

The finite element analysis show that all the load steps are plastic. The
maximum equivalent plastic strain at the last step is 25.2%. The contour of the
equivalent plastic strain is presented in both initial and deformed
configurations in Figure 7-5. Areas where the equivalent plastic strain is
larger than 5% are depicted in red. The deformation shows that the beam
structure is severely bent under the given loads.
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Figure 7-5. Contour of the equivalent plastic strain under original and deformed

configurations

In the sensitivity analysis, the design variables are the vertical coordinates of
center nodes on the bottom surface of the beam, as indicated by the red dots
in Figure 7-2. The two system responses include the maximum equivalent
plastic strain at the fixed end and the vertical displacement at the free end.

Under the given load, the structure is undergoing an increasingly bending
procedure. The plastic flows are all in close directions. According to empirical
rules, all intermediate load steps of a monotonic loading stage could be
skipped. Therefore, only step 3, where the vertical load transitions from
increasing to decreasing, and the last load step must be included in the
sensitivity analysis. The sensitivity results with only these two steps and
sensitivities with all load steps are compared in Figure 7-6. Additionally, in
Figure 7-6, the central finite differencing sensitivities are also presented,
where a perturbation size of 10->mm is adopted.

The results show that, the adjoint sensitivities match well with finite
differencing results. Therefore, the adjoint sensitivity analysis procedure is
demonstrated.

The results also show that, from a real value point of view, the sensitivities
with reduced load steps match well with those using all load steps. Therefore,
the empirical rule also applies to finite strain.
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Figure 7-6. Comparison of sensitivity results using all load steps and using only the
reduced load steps (step3+step11)

From a relative value perspective, it shows that the error increases
significantly as we approach the free end of the beam. This increase in error is
partially due to the sensitivities near the free end being close to zero. As a
result, the relative error is calculated with a smaller denominator, leading to
its amplification. After filtering out sensitivities whose absolute values are
smaller than 1% of the maximum sensitivity, the sensitivity errors for both
responses are summarized in Table 7-1. The average errors are smaller than
3%, demonstrating a good match of sensitivities when the load steps are
reduced.

122



Table 7-1. Error of sensitivities of the cantilever beam example

Response Maximum error Average error
Vertical displacement 15% 2.3%
Eqv. plastic strain 11% 0.8%

7.4.2 Cantilever beam under severe bending and twisting

One of the requirement of the empirical rule is that the incremental plastic
flow should be in close direction to the accumulated plastic flow. Due to the
vagueness of this statement, it is worth presenting an example to illustrate a
scenario where the load steps can't be reduced, even under a monotonic
loading procedure.

In this example, the cantilever beam structure is still used. The horizontal and
vertical load history are depicted in Figure 7-7. In addition to these two forces,
a constant force of 2kN is applied at the free end in the horizontal z direction.

200 ‘ T
——load history
sensitivity load step
150 - 1
100

0 20 40 60 80
Fx (kN)

Figure 7-7. Load history for cantilever beam under bending and twisting.

Pentagrams depict the reduced load steps in the sensitivity analysis

The deformation of the beam at representative load steps are depicted Figure
7-8 with contour of equivalent plastic strain. All twenty load steps are plastic
steps. The maximum equivalent plastic strain at the final step is 36.3%. Areas
with equivalent plastic strain larger than 5% are depicted in red. The
deformations show that the beam slightly bends out of the x-y plane at the
beginning under the force in the z direction. After a large enough plastic strain
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is accumulated at the fixed end, the out-of-plane load causes the beam to twist
severely.

(b) Step 13 (c) Step14

(d) Step 15 (e) Step16 0

(9) Step 18 () Step 19 (i) Step 20

Figure 7-8. Deformation and contour of equivalent plastic strain at representative

load steps of cantilever beam example under severe bending and twisting

According to the empirical rule, the turning points between monotonic
loading procedures should be included in the sensitivity analysis. These points
are at step 3, step 13, and step 20. During the twisting of the beam, the
principal directions of stress change significantly. This leads to a change in the
directions of the associated plastic flow. Therefore, the prerequisite of the
empirical rule is violated. Consequently, from step 15 onward, all steps must
be included in the sensitivity analysis, even if they are part of a monotonic
loading procedure. The load steps in the sensitivity analysis must include step
3, step 13, and steps 15 to 20, as depicted by pentagrams in Figure 7-8. These
reduced load steps are also listed in Table 7-2.
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Table 7-2. Reduced load steps for cantilever beam under severe bending and

twisting
Reduced load step  Corresponding FEA load step Load (kN)

1 3 Fx=16, Fy=200, Fz=2
2 13 Fx=80, Fy=0, Fz=2

3 15 Fx=40, Fy=-40, Fz=2
4 16 Fx=30, Fy=-50, Fz=2
5 17 Fx=25, Fy=-55, Fz=2
6 18 Fx=20, Fy=-60, Fz=2
7 19 Fx=0, Fy=-80, Fz=2
8 20 Fx=-20, Fy=-100, Fz=2

The sensitivity of vertical displacement response is presented in Figure 7-9.
The results obtained with reduced load steps (blue dashed line) perfectly
match those obtained with all load steps (red straight line). The maximum
percentage error is 2.0%, and the average error is 1.1%.

——all load steps
—e =reduced load steps| |
w/o step 15
===w/o step 16
2+ w/o step 17 .
—==w/o step 18
w/o step 19
1

Sensitivity (mm/mm)

1 1 1
0 50 100 150 200 250 300
x-coordinate of design node (mm)

Figure 7-9. Sensitivity of vertical displacement response

To demonstrate the necessity of step 15 to step 19 in the sensitivity analysis,
results of several trials are also presented in Figure 7-9. In each of these
results, the reduced load steps in Table 7-2 are used except that one additional
step between 15 and 19 is skipped. The results show that if any step between
15 and 19 is skipped in the sensitivity analysis, the sensitivity will be incorrect

or have significant errors.
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7.4.3 Demonstration with a connecting rod example

In this section, the load step reduction rules are demonstrated using the
conrod example. The structure is identical to that shown in Figure 5-16. The
load history on the small end of the conrod is depicted in Figure 7-10, with
force magnitudes intentionally exaggerated to represent an extreme load case
during engine failure.
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Figure 7-10. Load history on the small end of the conrod. Pentagrams depict the

reduced load steps in the sensitivity analysis

The contour of the equivalent plastic strain at the final step is presented in
both the initial and deformed configurations in Figure 7-11. The maximum
equivalent plastic strain is 22.3%. Areas where the equivalent plastic strain is
larger than 10% are depicted in red.

126



PEEQ
(Avg: 75%)

Max. equivalent
plastic strain point

and critical area

Figure 7-11. Equivalent plastic strain of the connecting rod at the last load step

According to nonlinear analysis, steps 2 to 7 and step 16 are considered plastic,
while the remaining load steps are elastic. Following the rule for reducing
elastic load steps, all elastic loads are skipped in the sensitivity analysis,
except for step 19. According to the empirical rule, plastic steps 2 to 6 are also
omitted since they follow a monotonic loading procedure. The three load steps
that must be included in the sensitivity analysis are highlighted by
pentagrams in Figure 7-10 and listed in Table 7-3.

Table 7-3. Reduced load steps for finite strain conrod example

Reduced load step Corresponding FEA load step Load (kN)
1 7 Fx= 240KkN, Fy=-200kN
2 16 Fx=-240kN, Fy= -56kN
3 19 Fx= OkN, Fy=-80kN

Three system responses are defined the same as in Section 5.6, i.e., average
equivalent plastic strain around the critical area, and average x and y
displacement of the small end. The sensitivities calculated with reduced load
steps are compared with those using all load steps in Figure 7-12. All of them
show that the results match very well.
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Figure 7-12. Comparison of sensitivity results of three system responses. In each
subfigure, the result with reduced load steps is depicted on the left and the result

using all load steps is presented on the right

The relative error of sensitivities is calculated and summarized in Table 7-4.
It should be mentioned that, in order to eliminate the effect of small
denominators, sensitivities with an absolute value less than 1% of the
maximum sensitivity are ignored.

Table 7-4. Relative errors of sensitivities for the finite strain conrod example

Response Maximum error Average error
Equivalent plastic strain 25% 8.5%
x-displacement 19% 6.6%
y-displacement 8.7% 4.6%

In comparison with the small strain case in Table 5-9, the relative errors are
generally larger. However, the average relative errors of sensitivities for all
three responses are still less than 10%. Therefore, the load step reduction
rules still apply well for finite strain elastoplasticity.
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7.5 Extension to finite strain elastoplasticity with mixed-

hardening model

In this section, a brief discussion demonstrates that the reduction rules for
finite strain elastoplasticity can be extended to the mixed-hardening model.

For the mixed hardening model, an additional state variable and governing
equation should be introduced for the back stress. Denote the back stress
under stress-free configuration by a. The following five quantities are taken
as state variables in this case: displacement, rotated Kirchhoff stress,
equivalent plastic strain, inverse of plastic deformation gradient and the
rotated back stress:

‘v, v = {7, e, x0T fal (7.38)
For bilinear mixed hardening elastoplasticity, the yield surface is
T — @leqy = %oy + B EP - feggy (7.39)
The rotated back stress of two consecutive steps follows
‘a=""a+ (1) DY (Yelyy — lely,)'a (7.40)

The dependent residual defined by governing equations are

T — D°InUS + D°(Peby, — ety ) a \
LH(U, W, Y s) = ey = eqy) 11T = leqy — ov("eeqv)] =0
( ) ) ,S) - -1 _ 1 —(teP - 1£p ta - (74‘1)
txp _t lxp e eqv
ta t— 1(1 (1 /3) D% - qu _t- 1 gqv)t

There are no changes in the adjoint sensitivity analysis, as in the isotropic
hardening model. The two properties and two load steps reduction rules
presented in Section 7.3 can be proven following the same procedures.
Additionally, the same empirical rule is proposed to reduce plastic load steps
in the sensitivity analysis.
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The following example demonstrates the applicability of the empirical rule for
the kinematic hardening case. In this example, the same conrod model as in
Section 7.4.3 is employed and a hardening ratio f = 0 is assumed. The load
history on the small end of the conrod is depicted in Figure 7-13, which is the
same as the isotropic hardening case in Section 7.4.3. However, it shows that
all the load steps behave plastically with the kinematic hardening material
model.
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Figure 7-13. Load history on the small end of the conrod with kinematic hardening

model. Pentagrams depict the reduced load steps in the sensitivity analysis.

Before entering the sensitivity analysis, the accuracy of the primal finite
element analysis is validated. Figure 7-14 presents the results of the finite
element analysis using in-house code. The x and y displacements at the small
end are compared with those obtained from ABAQUS. The curves show that
the displacements obtained by the in-house solver match perfectly with the
ABAQUS results at all load steps.
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Figure 7-14. Comparison of nodal displacement of finite element analysis with in-
house code and ABAQUS

The deformation and equivalent plastic strain at turning points of the load
history are depicted in Figure 7-15. Areas where the equivalent plastic strain
is larger than 20% are shown in red. The maximum equivalent plastic strain
at the final step is 73%. This indicates that the structure undergoes severe
back-and-forth bending under the given load history.
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Figure 7-15. Deformation and contour of equivalent plastic strain at representative

load steps of conrod example under kinematic hardening model

According to the empirical rule, sensitivity analysis should involve all turning
steps: step 7, step 12, step 16, and step 19. In contrast to the isotropic
hardening case, step 12 is an additional step. This is due to step 12 being a
plastic step under the kinematic hardening model. The sensitivity results of
equivalent plastic strain at the critical area are presented in Figure 7-16.
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Figure 7-16. Sensitivity results of equivalent plastic strain response

[t shows that the sensitivity analysis with reduced load steps matches well
with results using all load steps. Excluding sensitivities whose absolute value
is smaller than 1% of the largest value, the maximum percentage error is 41%,
with an average error of only 3.6%. The point with the maximum percentage
error is also identified in Figure 7-16. This figure illustrates that the large
error is partially due to the small denominator in the calculation. Therefore,
the applicability of the empirical rule to finite strain elastoplasticity with a
kinematic hardening model is demonstrated.
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8. Conclusion and outlook

In this dissertation, techniques for the efficient and accurate adjoint
sensitivity analysis of nonlinear finite element systems, specifically for
geometric nonlinearity and elastoplasticity, are investigated.

Based on the secant stiffness matrix of a geometric nonlinear system, the
accuracy issue of semi-analytical adjoint sensitivity is discussed. The
inaccuracy is shown to be dependent on the deformation form, primarily
attributable to element rotation. An analytical expression for a correction
term is formulated to address this issue while minimizing additional
computational costs.

Numerical results under different conditions show that the correction term
effectively eliminates errors. It improves the stability of sensitivity results
with respect to the perturbation size in semi-analytical approximation. When
applied to different system responses, including reaction force and stress, the
approach yields a similar degree of accuracy. Examples also demonstrate that
sensitivity accuracy after correction is independent of the degree of
nonlinearity. Therefore, the presented correction term is applicable to
problems with extremely severe geometric nonlinearity. The effectiveness of
the presented sensitivity analysis is also demonstrated in typical geometric
nonlinear optimization problems by integrating it into the TOSCA non-
parametric shape optimization module.

Adjoint sensitivity analysis with simultaneous elastoplasticity and geometric
nonlinearities is another focus of the study. The adjoint variables must be
solved backwardly because of the path-dependency of the problem. Both
computational and storage costs thus grow linearly with the total number of
load steps. To improve efficiency, this thesis attempts to provide a thorough
answer regarding when and which load steps could be reduced in the
sensitivity analysis.

Firstly, several properties of adjoint variables are theoretically proven for the
isotropic hardening model. Based on these properties, it is theoretically
shown that, without loss of accuracy, intermediate elastic load steps can be
skipped in the sensitivity analysis. In a monotonic loading stage, the former of
two adjacent plastic steps can also be skipped. Following these findings, the
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total number of load steps required in the sensitivity analysis could be
significantly reduced. Both theoretical discussions and numerical examples on
bar truss structures with typical load histories show that these strategies are
exact for 1D elements. Multiple examples with tetrahedral elements are also
presented under complex load histories. They demonstrate that, for general
3D elements, the load step reduction rules are both sufficient and necessary
to obtain sensitivities with high efficiency and accuracy.

The proposed load step reduction rules are then extended to mixed-hardening
and kinematic hardening models. Theoretical proofs and numerical examples
demonstrate their applicability.

Last but not least, the discussion extends to large strain elastoplasticity, where
logarithmic strain and the multiplicative decomposition of the deformation
gradient are commonly adopted. The prerequisites for load step reduction in
large strain cases are more stringent. Numerical examples demonstrate that if
the incremental plastic flow aligns closely with the accumulated plastic flow,
as expected, some plastic steps can still be reduced. Conversely, as anticipated,
a counterexample illustrates that when the directions of plastic flow continue
to change, the load steps should not be reduced in the sensitivity analysis.

As a direct extension of this work, the load step reduction for contact
nonlinearity is worth investigating. How to integrate the developed procedure
into commercial finite element codes, especially when state variables are not
fully available, could be a challenging topic. In optimization applications, how
the insignificant loss of sensitivity accuracy influences the optimization
performance is an important topic. What's more, the application of the load
step reduction to sensitivity analysis in topology optimization is also
interesting.
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APPENDIX A. Analytical formulation of stiffness matrices

for 3D 4-node tetrahedral element

In this section, analytical formulations of tangent and secant stiffness matrices
for a 3D 4-node tetrahedral element under geometric nonlinearity are
introduced. These formulations, as presented by Pederson [Pe06], provide
closed-form expressions of stiffness matrices, offering a solid foundation for
sensitivity studies. Particularly, they are useful in tracing the source of errors.

N, (P,,PgP,)

N, (p,,pP,)

N, (p1,p2,p3)

X

v

Figure A-1. Coordinate configuration of a 3D 4-node tetrahedral element

Figure A-1 depicts a 4-node linear tetrahedral element. Without loss of
generality, Node 0 can be assumed to be located at the base point of a local
Cartesian coordinate system. The local coordinates of nodes 1 to 3 are denoted
by p1 to p9 and arranged in a matrix P, as shown in Eq.(A.1). In this matrix,
the last three columns represent the coordinates of each node.

1 0 0 0

_ |11 p; b2 P3
P= 1 Ps Ps Pe (A1)

1 Pz DPs P9

In Eq.(A.2), several position parameters are defined for simplicity in
subsequent deductions:

Psoeg = PsP9 — PePs (A.2)
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P3g29 = P3Pg — P2P9
P2635 = P2Ps — P3Ps
P6749 = P6P7 — PaPo
P1937 = P1P9 — P3P7
P3416 = P3P4 — P1Ps
Pags7 = PaPs — PsP7
P2718 = P2P7 — P1Ps
P1524 = P1Ps — P2P4

dx = Psoes T P3s29 T P263s

dy = P6749 T P1937 T P3a16

qz = Pass7 T P2718 T P1524

With these parameters, the volume of the element is

1 1
V= cdetlP| =~ (P1PsP9 — P1PePs + P2PsP7 — P2PaPo + P3PaPs — PsPspy)  (A.3)

and the inverse of P is

6V 0 0 0
p-1= i —0dx DPsoes P3829 Pze3s
6V |—qy DPe749 P1937 DP3s16

—(z DPags7 DP2718 Dis24

(A.4)

Given nodal displacements {u;,} with respect to global Cartesian
coordinates, where i=0,.,3 denote the node number, and a=x, y, z denote the
componentin global 3D space. Using linear shape functions for the tetrahedral
element, displacement gradients can be calculated as:

Uig Uqg
Ug,x Upq

“l=pP71 A.5
uoc,y U3z ( )
uot,z u4a

To derive an analytical expression for the secant stiffness matrix, it is
necessary to formulate both terms of B“ and UTBYN in Eq.(2.4). To achieve
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these two terms, the Green-Lagrange strains in Eq.(2.3) are expressed in detail
as

_ 1 2 2 2
€11 T Uyxx t+ 2 Uy + Uy ™ +Uzx")
£ =1U +l(u 2tuy,,® +tu,y®)
22 — Yyy 2 NTXY .y zZ,y
_ 1 2 2 2
€33 = Uz, t 2 (Uy,z” + Uy " + U, .%)
(A.6)
f12 =5 (Ury + Uy x + Uty + Uy Uy y + Uz xlsy)
‘1375 (Uxz + Uz + Uy Uz + Uyl z + Uz Uz 7)

€23 = E (uy,z + uz,y + ux,yux,z + uy,yuy,z + uz,yuz,z)

By substituting the matrix form expression of displacement gradients in
Eq.(A.5) into Eq.(A.6), B and UTBN are obtained

B" =[B'* BY B (A7)
where
0 1 0 07
0 0 0 O
x_|0 0 0 0| ,4
15'_0010‘D
0 0 0 1
0 0 0 O
0 0 0 O
0 01 0
0 0 0 0| ,,u
Ly: .p—1
B 0100P (A.8)
0 0 0 0
0 0 0 14
0 0 0 O
0 0 0 O
z_l0 0 0 1| 54
B‘oooop
01 0 0
0 0 1 o
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And

UTBN = [uTBN* UTBY UTBV (A9)
where
_O ua’x 0 O —_
0 0 Uy
TpNa _ |0 O 0 Uaz| ,4
UBN =10 we w0 |'P (A.10)
0 ug, 0 Uax
_O O u(X,Z ua!y

Then, rearrange the sequences of rows and columns of B* and UTBN to
match the degrees of freedom in nodal displacement vector. As the integrals
in Egs.(2.12) and (2.13) are constant for the 4-node linear tetrahedral element,
the stiffness matrices are:

K;(U) = B"DBV (A.11)
K;(U) = BTDBV + Vy;BTaV (A.12)

where B and B are defined in Egs.(2.8) and (2.10) via B* and UTBN,

The linear elastic constitutive matrix for the 3D type element is

1-—2v

E
- (1 + V)(l - ZV) 2 1-2v (A13)

D

1-—-2v
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APPENDIX B. Derivatives of residual force and dependent

residual for finite strain elastoplasticity

The derivatives of the residual force and the dependent residual in finite strain
elastoplasticity are presented in this appendix.

Following Eq.(7.26), it has

d'R 9B dtR® T atRe”
R ___t tp_—___tytRe f BIRetTF ——— B.1
7w~ ) oW tdv+fv0 Sig © RS dv+ g T (B.1)
oR_(2 _2 G P f ‘B O'RER dv,0,0 (B.2)
S |\ 3= ) — =1 - ——av,\, .
otV \otT 6tg£qv gtxp~1 /0 o't
2R _ g g a t+lp — t 9'™*'R° t+1=t+1peT | t+1pet+ —atHRET
—5 = (ﬁ'@'atxp*) R= (0,0,—fv0 B(W Igt+ige” 4 t+iget+iz atXP'1>dv> (B.3)
Following Eqgs.(7.31), it has
. De alntue
a_H — oty (B.4)
otu 0 '
0
If load step t is elastic, then
tT — DéIntU¢
tH(tU) tV; t-lV’ S) = tggqv - t_lgll:qv = 0 (BS)
txp_1 _ t—1Xp—1
Therefore
atH_<0 0 0 )tH—I B
otV atf'atggqv’atxp‘l (B.6)
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t [0 0 —_—
0'H _ d ’ d ’ d ty :| gt-1xp~1
e AN e A L A I O 0 -1 0
l0 0 -1
Following Egs.(7.31), if load step t is plastic, then
‘T — DeIntUS + D°® - tAgP
HCU, W, 5 W,s) = | |TFleqv—ov(*elyy) | =0
txp~1 _t-1yp~1, j-fAeP
[t follows
[ Q D**a 0]
on (9 8 9 tH_| ta" —E* o
ty ~ |\ at=’ 4t -1 - A
o 0T 9 ggqv a'x” |_t—1 p=lde” " p‘lta I|
| 't |
1 Depta
DePDe —EP 0
OH™" @t oo , D
W - 7 07 " 0
. . gta tataT » . , tataT txpley
—txp (fAeeqvﬁ+ 5 )DEPDe —txp (‘Aeeqvfa+ EP> 7
[0 _pet oln'U? 1
OH (9 0 9 tH_IO bra x|
9t-1y af—lf'at—lggqv’at—lxp_l |0 0 |
o —oxta —e-taus |

where Q@ and D°P follow Egs.(2.27) and (2.28).
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