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Outline

Uncertainty Quantification (UQ) and(vs.) Sensitivity Analysis (SA)

UQEF & UQEF-Dynamic

¢ Two software tools for efficient UQ developed at the chair
e Case study: HBV Hydrology model

UQ when Qols are time series

® Research question: Building a gPCE for time-dependent responses?

UQ and Sparse Grids

® Research question: Building an adaptive SG surrogate for time-dependent
responses?

Ivana Jovanovic Buha | Lehrstuhl Treffen | 20.11.2023



UQ and/vs. SA

Prior Distribution of the Parameters.
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uQ:

E[O(f)] = /r oO(f)(t,0)p(6)d6

var[o(f)] = E[O(f)°] - (B[O(M)])*

Variance-based SA [Sobol 2001]:
S Var[f] — Eq;[Vare _[]6]]]
T Var([f]
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UQ & SA: Monte Carlo Methods

Stochastic quadrature algorithm with uniform weights and (pseudo) random node
® Pro: scales well to higher dim.; simple to implement; embarrassingly parallel

e Cons: slow convergence rate RMSE[] € O( %)
uQ: ua - McC: ;N
Bl =T=5>
E[O(f)] = /r O(f)(t,0)p(0)d6 k;
1
Var[O(f)] = E[O(f)?] — (E[O()])? Var(f]l = 57— ;(fk —7)
SA - MC: [11]

® generate triplet of matrices A, B, Ag)
® needed number of model evaluations

Variance-based SA [[12]]: N(d +2)
 Var[f] - Eq [Vare_[fl6)]] 1Y ) ~
S = o S| =35 ;(f(A)k — f(A5)k)?/ Varf]

® good news: there are new approaches that
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UQ & SA: gPCE surrogate

v UQ - gPCE:
Mmm:/EM@mmmw E[fv(t,0)] = co(t)
r .
varfo(] = E[0(1?] — (E[O(])* VAT O = Do L)

f(t,6) = fu(t,0) == > Co(t)Pp(8) = _ < f(t,8), ®p(8) >,(0) Pp(6)
P P

Q
Cp(t) = Z f(t,04)®p(8g)w
g=1

SA - gPCE: [[13]]
T_ > pea; (1)
17 Varlfy(t, 0)]
Aj={p € Pp AVk # j,px =0}

SA:
 Var[f] — Eq;[Vare_,[f|6]]]
S = Varl[f]
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UQEF & UQEF-Dynamic Software Tools

A CONDA

UQEF &
UQEF_Dynamic

Possible decoupling
of simulations and
postprocessing

In parallel exe.
of model runs

In parallel processing
of time-series

Confi ion
File (.json)
Nodes

Running + Predefined set of values
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Model
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Visualization

Script (sh) ——> . (Quasi) Monte Carlo

Sample [Sobol, LHC, etc.]
« (Sparse) Quadrature rules
« Diff. Transformations

« Ensemble runs
+ Monte Carlo methods
+ gPCE [SC, (Sparse) PSP]

« From dependent to
independent node

%% chaospy

« (Time-varying) Ool/Qol
« Statistics - E, Std

+ Sobol Indices

« Active Scores

« Gradient analysis
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Figure: Schematic representation of the UQEF-Dynamic toolbox for efficient time-varying
UQ & SA with different functionalities and important aspects
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UQEF-Dynamic - Case study: HBV-SASK [6]

Detailed plot of most important time-series
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UQEF-Dynamic - Functionalities

Facilitates analysis with multiple quantities of interest (Qol)

* Important aspect when designing UQ and SA and interpreting the results (of SA)
® Qol - Streamflow
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UQEF-Dynamic - Functionalities

Facilitates different analyses, providing diverse insights into the complex model
¢ Total period likelihood functions analysis

* Analysis of Sl over different hydrometeorological conditions
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Time-varying gPCE Surrogates
Single timestamp -> single gPCE surrogate

Detailed plot of most important time-series plus ensamle of surrogate (gPCE) evaluations
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Figure: Evaluation of the time-vise gPCE surrogate
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Measured and Predicted Data m
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Time-varying gPCE Surrogates o e — -

Single timestamp -> single gPCE surrogate . -

0

Surrogates built in this way are so-called frozen-it-time (i.e., can hardly be used as
general surrogates for different forcing/internal-state conditions)
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Figure: Inspection of learned gPCE coeff. over time (i.e., for different hydrometeorological
conditions)
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gPCE for Time-dependent Responses
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1. Moving-window approach
Heuristic approaches
2. Autoregressive model of the first order

3. Filtering technique followed by construction of the gPCE surrogate

4. System identification technique followed by construction of the gPCE surrogate

Ivana Jovanovic Buha | Lehrstuhl Treffen | 20.11.2023 13



UQ of Dynamical Models ﬂﬂvwww’fm'm'wm L

Sliding-window |

O(fu(t, 0)) = 32 Go(t)®5(68)
a

® Time-varying analysis
(i.e., single timestamp -> single gPCE) oios s miooe  niwe  oxis  mmo i i
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UQ of Dynamical Models
Sliding-window I

e Time-varying analysis
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gPCE for Time-dependent Responses

1. Moving-window approach
Heuristic approaches
2. Autoregressive model of the first order

3. Filtering technique followed by construction of the gPCE surrogate

4. System identification technique followed by construction of the gPCE surrogate
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UQ of Dynamical Models
Autoregressive-like model
® Another heuristic approach - Building surrogate of the “delta” of Qol:
er=a- e_1+g; g ~N(0,0°%) = fr=ft+ > -p Ctp®p(6)
Detailed plot of most important time-series - QoI delta_Q_cms
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UQ of Dynamical Models
Autoregressive-like model

® Another heuristic approach - Building surrogate of the “delta” of Qol:
ee=a-e_1+g; g~N(0,0%) = fi="fis+ > -p Ctp®p(6)

Detailed plot of most important time-series - QoI delta_Q_cms
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gPCE for Time-dependent Responses

'™

“ MY, A o
T L T TTY VAR ]
L o o -’W',‘("M ‘““"fn“‘ oy e

1. Moving-window approach
2. Autoregressive model of the first order

3. Filtering technique (e.g Particle Filter) followed by construction of the gPCE
surrogate [3]

® |dea:
3.1 explicitly incorporate model states and sequentially import observations
to update parameter dist.
3.2 for each timestamp - feed the current parameter posterior dist. to the gPCE model

® Produce “more accurate” UQ analysis
® Work-in-progress...

4. System Identification technique followed by construction of the gPCE surrogate
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gPCE for Time-dependent Responses
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1. Moving-window approach
2. Autoregressive model of the first order
3. Filtering technique (e.g Particle Filter) followed by construction of the gPCE

4. System Identification technique followed by construction of the gPCE
surrogate [7]
® |dea:

4.1 build a surrogate (e.g., nonlinear autoregressive exogenous model - NARX) - explicitly
incorporate past and current forcing data

4.2 conduct UQ in the parameter space of the surrogate
(i.e., build gPCE surrogate of the NARX surrogate)

® Work-in-progress...
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Efficient UQ & SA using (adaptive) Sparse Grids

Coupling UQEF-Dynamic and SparseSpACE [9]
(tool for dimension-wise spatially adaptive SG)

Ivana Jovanovic Buha | Lehrstuhl Treffen | 20.11.2023
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UQ & SG: Multiple ways how to combine the gPCE and (Adaptive)
SG

Var 1: Sparse Quadrature

® Approximate all the weighted integrals of f via some (adaptive) sparse interpolatory
quadrature scheme

Sp(t) = Y- S [(1, O, 08 0p(O, .., OB )y ..

Var 2: SG Interpolation Surrogate + gPCE
® SG Interpolation of f(x, 8)
® Use SG model surrogate to compute the gPCE coefficients [4]

2o(t) = [ fs0z(t.0)0p(0)p(0)d0

Var 3: Sparse PSP [1, 2]
® Rely on the connection between projection and interpolation
® Use the resulting Combination Technique from SG-based interpolation of the function

® Compute gPCE coeff. on smaller anisotropic grids and then combine them according to the
interpolatory CT scheme
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UQ & SG: Benchmark Examples

Step 1: Benchmark Convergence of different methods
® UQ & SA: Ishigami function (3D) - analytical values for S| available
® Convergence results as expected

® For simple cases, building an intermediate SG surrogate is not beneficial time-wise; wip -
implementation and analysis of Var 3

Variant | Method Interpolation method (SGl) quadrature method gPCE
Var 1 m1 no Full Gauss-Legendre yes
m2 no (Sparse) Clenshaw-Curtis yes
m3 no (Sparse) delayed Kronrod-Patterson[10] yes
Var 2 m4 (piecewise linear) standard CT Gauss-Legendre (high order) or analytical computation yes
mb5 (piecewise linear) spatially adaptive CT | Gauss-Legendre (high order) or analytical computation yes
Convergence plot ishigami - error_model_I2_scaled (gPCE of order(s) 7) Convergence plot ishigami - sabol_t_error_x0 (gPCE of order(s) 7)

Method —e— e mSnab i e ms ) e mi e m2 Metnod —e—

o mBrob e i s ) el e m2

sobol_t error_x0

0o s e wo ¢ s 0
Number Full Model Evaluations
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UQ & SG: Coupling UQEF-Dynamic and SparseSpACE tools

Step 2: Efficient UQ & SA of Hydrological Model (6D-10D) with SG surrogate

® Time-aggregated - Var 2: Building a single spatially adaptive SG approximation of the RMSE
surface (relying on SparseSpACE [8])

® Again, the same question - How to build an SG surrogate over time?
One idea: building multiple surrogates for different regimes
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Figure: Dimension-wise spatial refinements of 000 002 004 006 008 0.0
Gen function

Figure: Dimension-wise spatial refinements of
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To conclude...
UQEF & UQEF-Dynamic Software tools

When Dynamics enters the game
¢ Work-in-progress - filtering and system identification approaches
Other paths of my research

e Sparse Grids for UQ - optimizing the number of necessary model runs

® Work-in-progress - how to build spatially adaptive SG surrogates for dynamical
models

® Using learned surrogate models for efficient calibration under uncertainty
MISC

® PyApprox: A newly published python-based tool that implements some of the
methods in the domain of UQ

° UM-Bridge: tool intended for coupling advanced models to existing

methods/frameworks
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https://sandialabs.github.io/pyapprox/intro.html
https://um-bridge-benchmarks.readthedocs.io/en/docs/

Thank you for your attention!
Looking forward to fruitful discussions! :-D
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uQ:

UQ and/vs. SA E[O(f)] = /r O(f)(t,8)p(6)d0
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General Polynomial Chaos Expansion (gPCE) with
Pseudo-spectral projection (PSP)

f(,0) ~ f(t,0) = > cp(t)®p(0) == > _ < £(t,0), p(6) >p(6) p(6)
P P

® p=(p1,...,pq) is a multi-index in Pp = {p € N’ : 37 | p; < P}
¢p(0) = ¢p1 (61) Cat ¢pd(0d) SUCh that < q)p/k (6/), ¢p/m(91) >pf(el): 5/(/77
Q

Co(t) = Z f(t,0q)®p(0q)w

=1

total number of coefficients. N = (%)

total number of model evaluations Q = H]‘; Q
has to hold - P = ﬂOOI’(DE(Q].)/2) [1]
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UQEF & UQEF-Dynamic Software Tools

The tools implement various methods for efficient inspection of high-dimensional
parameter spaces with

* in-parallel execution of (expensive) simulation models

o efficient collection, processing, storing, and visualizing the results of the UQ
and SA

* with the goal of facilitating simulation-aided knowledge discovery, prediction,
and design.

Tools should be easy to install, configure, deploy to the computer clusters, and extend
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Time-varying UQ analysis
Detailed plot of most important time-series - Qol Q_cms
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® Kurtosis of Q_cms
Skewness of Q_cms
std. dev of Q_cms
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Time-varying UQ analysis
Detailed plot of most important time-series - QoI Q_cms
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