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Abstract

This thesis deals with the decomposition of periodic signals into their fundamental parameters.
Based on the well known Frequency Adaptive Observer (FAO) that consists of Second Order
Generalized Integrator (SOGI) and Frequency Locked Loop (FLL), three different systems (es-
FAO, mFAO, tFAO) based on the concept of observers are developed. Hereby, each observer has
unique characteristics. All observers are designed to estimate amplitudes and phase angles of a
predefined number of harmonic components out of the periodic signal as well as its fundamental
angular frequency. All observers are further developed such that they imply the estimation of
offset. The prescription of settling time and the possibility to estimate the angular frequencies of
a given number of harmonic components with largest amplitude are named as special characteris-
tics of some of the observers. Then, the basis for another system (eFAO) which is not completed
yet, is acquired. The developed observers are evaluated using error metrics and compared to each
other. Finally, they are investigated experimentally, also in comparison to well known methods
from literature.

Kurzzusammenfassung

Diese Dissertation befasst sich mit der Dekomposition periodischer Signale in deren fundamen-
tale Parameter. Ausgehend von der bereits bekannten Methode des Frequency Adaptive Observer
(FAO), welcher sich aus Second Order Generalized Integrator (SOGI) und Frequency Locked Loop
(FLL) zusammensetzt, werden drei verschiedene Systeme (esFAO, mFAO, tFAO), welche auf
dem Konzept eines Beobachters beruhen, entwickelt. Jeder Beobachter weist hierbei seine eige-
nen Charakteristika auf. Allen Beobachter gemein sind die Funktionalitdten, Amplituden und
Phasen einer vordefinierten Anzahl an harmonischen Komponenten aus dem periodischen Signal
zu schitzen sowie dessen Fundamentalfrequenz. Alle Beobachter sind dahingehend weiterentwick-
elt, dass sie auch die Schitzung eines Gleichanteils miteinbeziehen. Als spezielle Eigenschaften
von einigen der entwickelten Beobachter sind die Einstellung einer gewiinschten Einschwingzeit
und die Méglichkeit, die Frequenzen einer vorgegebenen Anzahl an harmonischen Komponenten
mit grokter Amplitude gesondert zu schitzen, genannt. Anschliefend wird die Grundlage fiir
ein weiteres, noch nicht fertig gestelltes System (eFAQO) erarbeitet. Die entwickelten Beobachter
werden mit Hilfe von Fehlermetriken bewertet und miteinander verglichen. Abschlielend werden
diese experimentell untersucht, auch im Vergleich zu bekannten Methoden aus der Literatur.
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Chapter 1

Introduction

This thesis deals with the online decomposition of unknown periodic signals into its amplitudes,
phase angles and angular frequencies. But, at first, the relevance of this issue is motivated in
Section 1.1. Afterwards, a detailed overview of existing methods is presented in Section 1.2
from which the remaining field of research is deduced and gaps are filled. A summary of the
decomposition methods proposed in this thesis as well as a description of the structure of this
thesis is given in Section 1.3.

1.1 Motivation

Periodic signals are present everywhere in the surrounding world. For example, acoustic or optic
signals, population developments, and electric, mechanic, biologic or climatic processes can be
modeled by periodic functions. Hereby, any periodic function is uniquely defined by amplitude,
phase angle, offset, and angular frequency. In the following, some of these examples are described
in more detail where periodic functions must be analyzed.

Acoustic signals, used e.g. for conversation or music, are characterized by loudness (amplitude)
and pitch (frequency), where the phase angle is not relevant in this context [1|. Especially for
speech recognition, the typically distorted signals must be decomposed into their fundamental
parameters amplitude and frequency. Thus, characteristic patterns can be recognized that relate
to syllables |[2].

Another example are optical signals. These play an important role when taking into account
fiberglass technology. It can be used for information transfer where a large amount of data is
coded onto a wide frequency range that promotes fast communication [3]. Afterwards, the trans-
mitted information must be decoded again, which means that the incoming signals frequencies
and amplitudes are analyzed. Other applications may be found in optical sensors.

As a last field of application, examples in electrical energy systems (e.g. power grid, inverters,
electrical machines) are considered. The first thing to mention is that, in accordance to the
norm 'TEC TS 62749:2020 RLV’, certain restrictions to the voltage are formulated. E.g., the
allowed range for the fundamental frequency in Furope is defined as 50 Hz £ 0.2 Hz. Counsider-
ing three-phase-four-wire transmission lines, the fourth (neutral) line also has limitations to the
current flowing through it. Moreover, to keep the overall grid balanced, which is also described
in this norm, the well-known Fortescue transformation [4] must be applied to the three-phase
signals. However, this transformation needs pure sinusoids, i.e. the three (or four) phase voltages
and currents must be decomposed in real-time. Transformers are other applications in electrical
networks. For example, an impedance spectroscopy of transformer insulations can be used to
identify the transformer’s state of health, where especially the low-frequency range is of inter-
est [5,6]. It also is worth noting that the proper functionality of grid converters, that are used
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to couple sustainable energy systems, such as solar or wind power plants, mainly depends on
the voltage quality on the grid side. Voltage abnormalities such as frequency drifts, offset or
voltage sags might cause detoriated converter performance [7]. A reason for poor voltage quality
may be found in the decentralized power generation by sustainable energy systems. Because
these significantly depend on natural chaotic events (clouds, lulls, etc.), the overall grid inertia
diminishes due to the fluctuating and non-controllable generation and consumption that leads
to frequency deviations. Concluding, all these examples show that online decomposition and
monitoring of the grid voltages and currents is necessary to identify and counteract possible
faults. This ensures stability and quality of frequency and voltages and thus prevents blackouts.
Another very important aspect is that, in addition to economic damage caused by powerless or
destroyed equipment, faults can also pose a danger to humans.

As motivated, a lot of fields of application exist in which periodic functions must be decomposed
into their amplitudes, frequencies, phase angles, and offset. Hence, the aim is to develop an
intelligent method of how to extract these in real-time.

1.2 State-of-the-art estimation and detection methods

To begin with, throughout this thesis two kinds of principles for acquiring values using dynam-
ical systems are used. The first one is detection and means the calculation of values using the
results of the dynamic system and its input (i.e. with feedthrough). The second one is estimation
and means the calculation of values using only the results of the dynamical system (i.e. without
feedthrough).

The most popular solution for the problem of signal decomposition is the Discrete Fourier Trans-
formation (DFT), which is often used in signal processing. Related to the DFT is the Fast Fourier
Transformation, which is an efficient implementation of the DFT [8]. It requires a time frame
that is divided (discretized) into smaller time frames of equal length. Based on the large time
frame, it can detect all amplitudes, phase angles, and frequencies comprised in the signal to be
decomposed. The detectable frequencies (and related amplitudes and phases) are limited to a
lower and upper boundary. The lower boundary is defined by the length of the large frame and
the upper by the length of the small one. Moreover, inside this frequency band, only discrete
frequencies can be detected that also arise via discretization.

In recent years considerable progress was achieved in the field of signal decomposition by de-
veloping a new method known as Direct-Second Order Generalized Integrator-Frequency Locked
Loop (DC-SOGI-FLL). It also will be used in this thesis. The basic component of this method
is a SOGI whose task is to estimate amplitudes and phase angles of all harmonics. A DC com-
ponent is included to estimate offset. To cover angular frequency estimation as well, a FLL is
attached; it should be noted that other frequency estimation methods like the Phase Locked Loop
(PLL) [9-14] exists, which are not addressed in this thesis.

Many applications for the SOGI with or without angular frequency adaption by a PLL or FLL
already exist. For example, it is used in Static Compensators or Distributed Static Compen-
sators [12,15-23|, in Shunt Active Power Filters [9,24-33], in synchronization techniques for
grids or other applications [13,34-96]. It is also used often for filtering issues [97-139]. Besides
filtering, the filters’ task is the provision of orthogonal signal components [140-149| that are
needed for the Fortescue transformation [4] to calculate symmetrical components [150-180], for
PLLs [45,181-243] or FLLs [244-277], for explicit fundamental or harmonic extraction [278-309]
or for other applications like electrical generators, transformers, inverters, converters, electrical
vehicles or PV systems to name a few [310-460].

In the following, the progress in research until now is reviewed for each component of the DC-
SOGI-FLL.
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In [461], a system is described that is capable of estimating the fundamental parameters (ampli-
tude, phase and frequency) of a randomly distorted signal with offset. This system is not based
on the SOGI-method, but on Moving Average Filters. However, it is not designed for estimation
of harmonics or offset. Another system, called the PI-SOGI, is based on the SOGI system com-
bined with a PI controller for calculating the derivative of the input signal where cascading n
PI-SOGISs results in the n-th derivative [462]. A system for extracting the fundamental compo-
nent based on Zero Crossing Detection is shown in [463]. A different system for filtering out the
fundamental amplitude is considered in [464]; it is denoted as the Multi Harmonic Decoupling
Cell. Also, it permits the estimation of harmonics. Sliding mode observers for parameter esti-
mations are studied in [465]. The authors of [466] report a quadrature signal generation method
based on Derivative Elements. A Second Order Generalized Differentiator to suppress offset is
published in [467]. In [468], a Frequency Fixed SOGI (FFSOGI) is proposed where the resulting
outputs from the SOGI are incorrect, if the actual frequency is not equal to the fixed one. To
solve this issue, the outputs are corrected by a frequency estimated by a PLL which permits
a faster performance. However, from Figure 3 in this article, it can be seen that the proposed
FFSOGI contains an algebraic loop. This method is extended by an adaptive tuning for the
SOGI in [469]. Another method to achieve a faster performance is proposed in [470]. In view
of adaptive tuning, [471] introduces a wavelet transformation. It is used for online parameter
tuning to satisfy desired filtering characteristics of the SOGI. The authors of [472,473] intro-
duce a system of dual SOGIs (two parallel SOGIs, called DSOGI) with joint frequency adaption,
one for each of the o and 8 components resulting from the Clarke-transformation where the ~
component is neglected. Its purpose is to calculate the positive and/or negative sequence of a
possibly unbalanced three-phase signal. Clearly, no information on the zero sequence can be
acquired with this approach!. In view of the same aim, [474| report a system called Reduced
Order Generalized Integrator (ROGI), that directly feeds both signals from the transformation
(o and ) to one SOGI structure. It is designed to halve the computational burden with respect
to the DSOGI. An alternative to the basic SOGI is illustrated in [475]. It is called Enhanced
Adaptive Filter and is designed to provide estimates of the input and the respective quadrature
signal®. In view of harmonic and offset filtering, [476] compares two prefilter techniques for the
SOGI-FLL. The first technique (SOGI-FLL with prefilter) is described in [477] and the second
(SOGI-FLL with in-loop filter with feedback) is found in [478-480]. In [481], a different compar-
ison is done which includes a Third Order Generalized Integrator (TOGI). It is an extension of
the SOGI to filter offset [482-484]. Offset filtering is also an aim in [485] wherein the authors
attached an All Pass Filter after the SOGI structure. A Zero-tracking SOGI-FLL (ZT-SOGI-
FLL) is proposed in [228]. It is designed to have better dynamic and stability characteristics
than the conventional SOGI-FLL. In [486], the authors claim to propose a Novel Second Order
Generalized Integrator (NSOGI) for offset filtering; however, the NSOGI is doubted to be novel.
Instead, the authors just use a different gain selection and arrangement that can be transferred
to the normal SOGI (with a preceding gain). Lowpass SOGIs (LSOGI) and Highpass SOGIs
(HSOGI) are benchmarked to the standard SOGI in [487] to determine their advantages. The
difference between LSOGI, HSOGI and standard SOGI is found in the output signal acquisi-
tion. In [488] another method on how to acquire the quadrature signal (called the Second Order
Adaptive Filter (SOAF)) is shown. It is compared to the SOGI method and the SOGI is better
than the SOAF in all investigated characteristics (e.g. Band width, settling time, total harmonic
distortion of the fundamental component). A review and Linear Time Periodic Modeling of some
types of SOGI-FLL is presented in [489].

! According to the Fortescue transformation, a negative sequence consisting of zero signals for all times does
not imply a balanced three-phase signal.
2The quadrature signal has 90 degrees phase angle delay with respect to the input signal.
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Until now, almost all citations dealt with single SOGIs which solely allow the extraction of one
component of the input signal. A parallelization of SOGIs for extraction of multiple harmonics
can be found in [490-493]. A modified parallelized SOGI system, called the Multi-Magnitude
Integrator-Orthogonal Signal Generator (MMI-QSG) is found in [494]. Therein, the authors
claim that the Magnitude Integrator-Orthogonal Signal Generator approach has better dynamic
response than the SOGI that is verified in a single experiment. The DSOGI (see above) is paral-
lelized in [495]. A comparison of parallel SOGIs to a DFT, FFT and others is published in [496].
The authors of [497] provide a stability proof of the generic parallelization and show the allowed
tuning range for the gains. However, it is based on an assumption: all gains are assumed to be
positive where the case of (at least one) negative gain(s) is not considered.

So far, nearly all of the cited papers do not consider the estimation or detection of offset in
the input signal, although some were designed to filter it (e.g. TOGI). For explicit detection,
in [498-500] an easy way on how to obtain offset from the SOGI outputs is shown. Offset esti-
mation is shown in [501] where also a damped SOGI is proposed. Another method on how to
obtain an estimate for offsets is shown in [502|. The SOGI capable of estimating offset, called
the DC-SOGTI, is also used for the DSOGI [7,503,504]. The LSOGI and HSOGI are extended to
the Extended State HSOGI (ESHSOGI) and the Extended State LSOGI (ESLSOGI) in [505] to
additionally estimate offset. A good overview of existing methods for offset detection, filtering or
estimation can be found in [506,507|. Besides the already mentioned DC-SOGI and SOGI with
prefilter, these papers additionally cover a SOGI with delayed signal cancellation, a SOGI with
complex coefficient filter and a notch filter®. The authors of [508] describe a globally stable PLL
with offset filtering capability. Another SOGI-PLL with offset filtering capability is proposed
in [509]. In |510], the authors claim to introduce an improved SOGI-FLL that is designed for
special focus on any offset in the input signal. However, since the authors failed to setup ap-
propriate equations, one must rely on Figure 1 within this paper for implementation. However,
from this figure it can be concluded that the implementation shown must be wrong, since the
frequency integrator is always multiplied by zero and, hence, outputs a constant frequency. A
parallelization of the DC-SOGI structure is described in [511] that is based on a Kalman Filter
which is almost similar to a DC-SOGI. The only difference to the common SOGI is an addi-
tional tuning parameter. Although they briefly mention that a general parallelization is possible,
neither is it mathematically shown nor is it explicitly validated. The basic concept for such a
SOGI with additional tuning is also shown in [512] but this is put into perspective as they set
the additional tuning factor as a function of the others. It also comes with an offset estimator.
Alternative approaches for offset estimation are shown in [513]. These use a parallelization of
extended SOGIs, called Accurate Magnitude Integrators (AMI) (with three integrators per AMI)
and an offset estimator block. In [514], a parallelization of order three is shown where each har-
monic estimation block consists of a SOGI with in-loop filter (as above) and an offset estimator
(i.e. five integrators per block).

For now, only the amplitude, phase angle and offset was considered although frequency esti-
mation was also part of some of the papers. Hereby, the fundamental frequency was usually
adapted by a FLL or PLL. Hence, in the following, the focus is placed on publications explicitly
dealing with frequency estimation. A common way for frequency estimation is found in the FLL
with the SOGI or DC-SOGI as a basis that often comes with a Gain Normalization as described
in [515]. It is compared to other frequency adaptive systems related to the FLL in [516-519].
Another comparison of different FLLs is shown in [520]. The authors concludes that, by proper
gain selection, the investigated FLLs are equivalent. Anonther FLL is found in [521] wherein the
classic FLL is extended by additional signal modifications. The authors of [522] show a tuning

3 A rather unusual name for the SOGI is "Adaptive Notch Filter" (ANF); since this term is also used in other
contexts, this thesis sticks to the widely used expression "SOGI".
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for the FLL based on fuzzy logic. Another adaptive tuning variant, called Auto Adjustable Gain,
is shown in [523]. An additional method for enhancing the FLL performance is found in [524]
that includes a saturation and anti-wind up. The authors of [525] present a FLL that is tuned
adaptively by characteristics of the SOGI. In [526], a FLL for estimating the fundamental angular
frequency even under heavily distorted signal conditions is proposed. In [527], a slightly modified
SOGI-FLL with an additional SOGI as prefilter is proposed. It is designed for robust behav-
ior when being fed with signals characterized by offset, harmonics or phase angle jumps. The
authors of [528] introduce a SOGI with shifted frequency, i.e. the estimated reference frequency
is artificially shifted by an enforced constant (initial) frequency in the SOGI. The frequency
integrator then estimates the gap between the constant frequency and the actual one. However,
functionality cannot be guaranteed in the proposed setting since any constant frequency set too
high will prohibit the frequency estimation to converge. In [529], a study on three-phase FLLs is
carried out. The authors of [530] analyze a FLL based on high-order Complex Band Pass Filters.
In [531,532], a Linear Time Periodic modeling of a SOGI with FLL is performed to get insight
into the stability region and robustness of the FLL. The same task is done for a DC-SOGI with
FLL in [533] and for parallelized SOGIs with FLL in [534]. A method on how to obtain the
fundamental frequency as the differential of the estimated angle of a frequency fixed SOGI is
explained in [535]. A FLL for the TOGI is developed in [536] that shows better filtering and
dynamical characteristics. Other single phase frequency estimators can be found in [537-544]
which are based on Cascaded Delayed Signal Cancellation, alternative orthogonal signal gener-
ators with adaptive frequency estimators, Discrete Fourier Transformations, Recursive Discrete
Fourier Transformations, Inverse Recursive Discrete Fourier Transformations, Modulating Func-
tions Frequency Estimators, Particle Swarm Optimization or Teager Energy Operator.

In terms of stability, no signal decomposition system has yet been properly studied (the only
exception is [497]). Stability is considered in [545] for parallelized TOGIs and in [546] for a
SOGI-FLL with active noise cancellation. The authors of [547,548] show a globally stable single-
phase parameter detection system. In [549], it is extended to three-phase systems. In the last
three approaches, no signal with offset was considered, which is the case in [550]. However, these
methods still require knowledge on the harmonic orders, i.e. they only are able to estimate the
fundamental frequency.

This issue is addressed in the following literature. The first publication to note is [551]; it is
based on coordinate transformations. It estimates all parameters (amplitudes, phase angles and
frequencies of all harmonics) and is denoted as the Full Parameter Identification (FPI). However,
the estimation is performed in transformed coordinates, which does not permit a calculation of
back-transformed estimates. In fact, it cannot be solved analytically for a system order greater
than four. In [552], frequency estimates based on the algebraic derivative method in the frequency
domain are obtained. Back to the parallelized SOGI, a globally stable frequency adaption for
each SOGI-block based on the averaging approach is reported in [553]. However, it does not
consider signals comprising offset. The authors of [554] show a method for estimating squared
harmonic frequencies that requires a very long estimation time, up to half a minute. A method
for estimating the frequency out of a TOGI is shown in [555]. This is extended for parallelized
TOGIs in [556] which permits estimating multiple frequencies. However, no generic tuning rule
or stability is shown; additionally, convergence seems to be highly dependent on tuning and
initial values (briefly investigated in Section 4 of this thesis).

To fully review the progress in the recent years, some discretization methods for SOGIs and/or
FLLs are considered in [557-569].
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1.3

Proposed methods and structure of this thesis

From the review made in Section 1.2, to the best knowledge of the author, no generic system
capable of estimating offset, amplitudes, phase angles and frequencies of a prescribed number of
harmonics with an acceptable performance is known. Thus, the aim of this thesis is to develop
such a system (called observer, cf. Definition 2.1). It should be

capable of estimating amplitude, phase angle, angular frequency, and offset;

generically extendable to n amplitudes, phase angles and angular frequencies (where n is
a natural number);

robust to parameter variations — that is, the performance of the system is normed to
amplitude and angular frequency of the signal to be decomposed; and

exponentially stable.

In order to create an understanding of the development, this thesis proposes methods that
improve performance and/or capability step by step compared to the most common state-of-the-
art methods known from the literature. To give an introductory overview, all proposed methods
are listed in the following:

The enhanced standard Frequency Adaptive Observer with High Pass Filter
(esFAQO) is a very simple parameter detection method with only moderate improvements
in performance and capability. It is able to estimate a predefined number of amplitudes
and phase angles with prescribed harmonic orders, offset, and the fundamental angular
frequency. The stability range of the system is bounded. Parts of it were already published
in [570].

The modified Frequency Adaptive Observer (mFAOQ) is constructed to significantly
accelerate the performance when frequency adaption is neglected; in fact, it theoretically
allows for an infinitely fast settling time. It is capable of estimating a predefined number
of amplitudes and phase angles with prescribed harmonic orders. If frequency adaption is
included, then it is capable of estimating the fundamental angular frequency but at cost
of deceleration. The stability range of this system is bounded. Parts of this method were
published in [571]. Based thereon the modified Frequency Adaptive Observer with
offset (mFAOQO,) is constructed to expand the capability of the mFAO for estimation of
offset. Parts of it were already published in [572].

The transformed Frequency Adaptive Observer (tFAO) is based on the work in [548]
and designed for estimating multiple amplitudes, phase angles, and angular frequencies
without knowing their harmonic orders. It is based on a coordinate transformation. The
systems stability range is theoretically unbounded, i.e. global. An extension of this system,
the transformed Frequency Adaptive Observer with offset (tFAQO,), is developed
to estimate offset. Both methods are back-transformed into original (o, ) coordinates.

Ideas for the exponential Frequency Adaptive Observer (eFAQ) and the exponen-
tial Frequency Adaptive Observer with offset (eFAQO,) are shown, but they are not
finished yet. The aim of these observers is to estimate a given number of amplitudes, phase
angles, angular frequencies without knowledge on their harmonic orders and offset (in case
of eFAQ,) within a prescribed time frame. The stability range will be bounded.




1.3. PROPOSED METHODS AND STRUCTURE OF THIS THESIS

To conclude this section, the thesis’ structure is shown in the following. Starting with Section 2,
the most important mathematical definitions and relations used throughout this thesis are shown.
Section 3 contains the theoretical part dealing with the derivation of the proposed methods. All
methods are verified by simulative and experimental setups and compared to each other and
selected literature in Section 4. Finally, Section 5 completes this thesis with a summary and also
shows remaining problems.
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Chapter 2

Mathematical preliminaries

In this chapter, the most important definitions, mathematical facts, observations and claims used
throughout this thesis are collected. Where possible, the proofs are omitted and can be found in
the respective references.

Definition 2.1 (Observer). Let tg € R. Consider a system of n € N autonomous differential
equations and output y

. geEt)=f=(1) eRY, 2(th) = 20
V> to: dy(t):g(m(t))eR } (2.1)

with some vector valued function f and scalar function g. Hereby, only the output y is measurable.
Then, another system

z(t) = h(z(t),y(t)), Z(to) = Zo
y(t) = g(z(t))
18 called observer, if it satisfies

tlggo x(t) —x(t) — 0,.

Fact 2.2 (Observability of autonomous systems). [573] Consider the autonomous system (2.1).
This system is observable, if and only if the equation

T
y@®) = (1) Sut) - Sy(t)) (2:2)

is uniquely solvable for x. If system (2.1) is linear in x, then the well known requirement for

observability [574, Sec. 2.3.1] is obtained.

Note 2.3. If (2.1) is observable, then an observer for (2.1) exists.

Fact 2.4 (Trigonometric identities). [575, p. 124f] Let x1,x2,..., Ty, a1,a2,...,a, € R. Then,
the following holds:

sin(acl + x9) = sin(x1) cos(x2) + cos(x1) sin(xs) , (2.3)

cos(xy + x9)= cos(xy) cos(z2) F sin(xq) sin(xz) , '

sin arctan2< )) = 22

( Vx4l (2.4)

—_m

cos (arctan2< )) =
non i a; sin(z;—x1)

Z a; cos(x;) = a;a;-cos(z; — xj) cos |xy + arctan2 | ‘FH——— || , (2.5)
i=1 i=1 ; ai coy(w;—1)
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arctan2( L2ZaE01T4 ) — aretan2( 22 ) 4 arctan2( % ) . (2.6)
T T3

T1T3FT2T4

Hereby, the arctan2-function is defined as

arctan (%) , x>0
arctan (£) +m, 2 <0Ay>0
, r<0Ay=0
arctan2(%) := < arctan (%) —m, z<0Ay<O0 (2.7)
T r=0Ay>0
-5 z=0Ay <0
L0, r=y=0.

Fact 2.5 (Hurwitz matrix characteristic). [576, Fact 11.17.6] Let A € R™*" and let xa(s) :=
det(sI, — A) be decomposed into x a(s) = x4 (s5) + X% (s) with only even and odd powers, respec-
tively. Then, A is a Hurwitz matriz if and only if the following three conditions hold:

(i) all coefficients of x a(s) are positive,

(ii) for all s* € {s€ C|x%(s) =0} and for all s° € {s € C|x%(s) =0}, the condition
R (s¢) =R (s°) =0 holds and

(11i) the roots are interlaced on the imaginary axis, i.e. for any two consecutive roots of the
even (or odd) polynomial, there exists exactly one root of the odd (or even) polynomial in
between.

Observation 2.6 (Solution of a specific definite integral). Let w,wi,ws € R\ {0}, ¢1,¢2 € R
and t € R. Then, the following holds:

2
4+

cos(wi1T + ¢1) cos(waT + ¢2) dr

~+

sin <¢1+¢2+(w1 +w2)t+M> —sin (¢1 +oo+(wi +w2)t)
= 2(w1tw2) ’ w1 7& w2 Aw = w1 — w (28)
= cos(p1 — ¢2), W=w = wr

Proof. Observe that

t

ely

cos(w1T + ¢1) cos(waT + o) dT

cos(w1T) cos(waT) cos(¢1) cos(pz) — cos(wrT) sin(waT) cos(¢1) sin(p) dr

W\‘T ”‘\J"‘

y2n

— / sin(w17) cos(waT) sin(¢y) cos(¢pa) + sin(wq7) sin(weT) sin(¢p1) sin(¢z2) dr

10



: _ 2m in| (w Ir
[575,:p. 165] cos(61) cos() {s (( ;:2)5: )) . s (( ;Zif}j w ))]
cos| (w1 —w cos | (w1+w2) t+%r
— COS ¢1 sin ¢2 |: i w12 w2 )) - ( ;(wlif&) >)]
"~ cos ¢1 cos (252 [sm (511—:)222 sm2(((:11:-;22))t):|
cos (w1 — wg)t) cos((w1+w2)t)
+ cos(¢1) sin(¢2) wi—wa) 2(writw2)
cos| (w1 —w2) tJrzir cos | (witwsz) t+2wi
+ sin(¢1) cos(¢2) [ : w12 ‘EQ >> + ( ;(w1j’£2) )>]
sin| (w1—w sin | (w1-+w2) t+2wi
o 5m(o [ 1 mz (v vi5)) ) 52) ))]
cos (w1 wz)t cos( (w1twa)t )
— sin(¢1) cos(¢2) (w1 —w2) + (w1tw2)

2
sm (w1— wg)t sm( (w14w2)t )
—Sll’l(¢1 sin ¢2 2(wi—w2)  2(witw2)

sin (¢>2+(w1+wQ) (t+2§)>

(2.3)
- — cos(¢1) STy + cos(¢1) ey
i in ( g2+ (w1 +w2)t
+ cos(¢1) S cos(¢r) s (22(%61;2) 2)t)
cos ¢2—(w1—w2)<t+ 27r> ) cos ¢2+(w1+w2)<t+2§)
+ sin(¢1) ( (o1 —w2) ) + sin(¢1) ( 3@ Tw2) )
. cos | p2— (w1 —w2)t . cos | P2+ (wi+w2)t
—sin(¢1) (22(W1—:d2) : ) — sin(¢1) (22(w1+iuz) : )
. 21
(23) s <¢1_¢2+(w1_w2)(t+7>> Siﬂ(¢1—¢2+(wl—w2)t)
- 2(w1—w2) - 2(w1 —w2)
sin (¢1+¢2+(w1+wz)(t+2§)) sin(¢1+¢2+(w1+w2)t)
+ 2(0.114—0.)2) - 2(w1+w2) : (29)
Setting w = w; — wo simplifies (2.9) to
b+ W127rw2
sin <¢>1 + P2+ (w1 +w2)(t+2§)) —sin (¢1 + P2+ (w1 +w2)t)
cos(w1T + ¢1) cos(waT + ¢2) dT = Ty (2.10)

t

what shows the first part of assertion (2.8).
Setting wy = w9 instead, (2.9) can be simplified to

422

lim cos(w1T + ¢1) cos(waT + ¢2) dT
w2 —Ww1
t
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sin <¢1 —¢2+(UJ1 —wg) (t+ 2%) ) —sin <¢1 —¢2+(w1 —wg)t)

(2.9) y
- w21_r>1(101 2(w1 —w2)
sin (¢1 +at(w1twa) (t+2§)) —sin (1ot (w1 +w2)t)
+ 2(w1 +w2)
[575’—1). 130] 1 (t—i—%) cos <¢1—¢2+(w1—w2)(t+%)>—tCOS(¢1—¢2+(w1—wz)t)
- waion 2

sin (¢1 +p2+2w1 (t—‘r%)) —sin (d)l +po+2w1 t)
_|_

4w

¢1+d2+2w1 <t+ 2%) ) —sin ((;51 +pa+2w1 t)

— T cos(p1 — ¢2) + sm(

Tor (2.11)
With the choice w = w1 = we, (2.11) can be simplified to
i
cos(wT + ¢1) cos(wT + ¢2) dT = T cos(p1 — ¢2). (2.12)
t
This completes the proof. ]

Claim 2.7. Define the physical unit function U that returns the physical unit U of an expression
e, i.e. U(e) = U. Further consider a exponentially stable dynamical system

Vi>tgeR: L$@=f(Z,2 L), Z(ty) = Zo (2.13)

with estimates © = (T, ..., Tn)' € R™ of generating states x € R™ and system gain L € R™*",
n € N. The generating states model a sinusotdal signal characterized by angular frequencies w,
amplitudes a and (unitless) phase angles .
It is claimed that the settling time tset of (2.13) is (approximately) proportional to some linear
map in w and independent of a, if and only if L is chosen as L # L (x) such that for every
i€{l,...,n} it holds that

U(fi(@,z, L)) = U(z:)U(w).

Fact 2.8 (Lyapunov identity). [577, Corollary 3.3.47] Let A € R™"™ be Hurwitz. Then, for
any given 0 < Q = Q" € R " there exists a 0 < P = P € R"" such that

AP+ PA=-Q. (2.14)

Fact 2.9 (Scalar inequalities). Let a,b € R and let m € R~. Then, the following is true:

2

2
2ab = £ 4 mb? — (ﬁ—ﬁb) < b, (2.15)

Further, let a € R" and A = A" € R™ ™ where Amin(A), Amax(A) € R denote the minimal and
mazximal eigenvalues of A. Then, the following holds:

Amin(A) la]> < aTAa < Apax(A) |Jal?. (2.16)

'The eigenvalues of a hermitian matrix are always real [575, p. 112].
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Fact 2.10 (BELLMAN-GRONWALL-Lemma (differential form)). [578] For tg < t; € R, let
(), 9(:) € C([to, t1); R) and let h(-) € C*([to,t1);R). Then, if

Vtefto,t1):  Sh(t) <g(t)+ f(R)h()

15 satisfied, the following holds:

. t
Vtefto,t1):  h(t) < hto)eln /™I 4 / g(r)els FOdgr (2.17)

to
Observation 2.11 (Summation I). Let k1,k2,...,k, € C. Further let K := {ki, ..., k;} C

{1,...,n} CN, I := K| and j € N. Then, the following holds:

ﬁ = ki) =KD =R 1252 1)”—“1@-2”: ﬁ K+ (1) ZHFLZ (2.18)

=1 i=1 h=1
1K zéK i¢K h¢i, K ng]K

Proof. The proof is conducted via mathematical induction.
Initial case. For n =1 and K = & it follows

1 0
|| ) =kj — K1 and Ii ||/£ij] K1.
=1
¢ z§é®

Induction step. Observe that the following holds

n+1 n
H (/ij — /ii) = (Hj — Hn—&-l) H (Kj — /{Z')
=1 =1
igK igK
(2.18) "L
g (K,j _ K'n—i—l) Hr_zf _ gl Z’il 1)n_l+1ﬂjz H K + ( n lH K
1 e
K K ik K
n
= ”l“ ?lZnZ—i— - IQ]HIQZ
z§ZK 1¢K
_ﬁy_lﬁn—f—l — (_1)nil+1/€j’€n+1 Z H Rp — (_ n Hn—&-l H Rj
i=1 h=1
;ﬁK hé¢i, K zQK
_ K§n+1) _ n+1 -1 Z”l 1)(n+1)—l+1,{j Z H K + ( n+1 -l H K.
Z¢K Z;ﬂé h}%j}K 1¢K
This completes the proof. ]

Note 2.12. Let k1,K2,...,kn € C. Further let K := {k1, ..., k;} C{1,...,n} CN, [ := K|
and j € N. In view of the definition in the Nomenclature, the following holds:

n—I+1 4 n n
> (=Rt > 1w H — ;) (2.19)
=1 h1<hn,l+1,i:1\Kl€€h ]Ié

13



CHAPTER 2. MATHEMATICAL PRELIMINARIES

Observation 2.13 (Summation II). Let n € N, K1,...,kp,v1,...,0, € C and ¢,r € {1,...,

Then, the following holds:

> Z Y ue ZWﬁl K.

k
]757" k#r.j

Proof. The proof is conducted via mathematical induction.
Firstly, note that the following is true:

n n n n
2 vy 2\yi—1 _ 2
Z > s wesd™ = > D mu []#i-
=1 j1<jn_i=1\r k€j lej =1 j1 <jn—s=1\r l€J kej\l

Initial case. For n = 1 it follows

1

1 1 1
Z Z Z/ﬁvl H K%(—H%)i_l =0 and Zﬁjvj H (m% — n%) =0.

=1 j1<ji—i=1\1 I€] kej\l j=1 k=1
' J#1 k#Lj

Induction step. Observe that the following holds

n+1 n+1
2
> 2 I s
i=1 j1<fny1—i=1\r I€j kej\l
n+1 n+1
S0 SHED SEED DI | (1T IS LD DD DI | i 1
i= 1]1<]n+1 7,—1\7“ lej kej\l 11<jo= 1\7‘ lej kE]\l
=0
n n
2
= > 2 sm ]l #G
i=1 j1 <fny1-i=1\r I€j kej\l
n n
2 2
+hn g g g KU H Ky (—
i=1 j1<jn—i=1\r I€] kej\l
n n
2
+Kn+1Un+1 E E H“k(_
=1 j1<jp—;=1\r k€j
(2.19),
D SRED SRED DI | [ (SR DI SRl )
=2 j1<jpy1—i=1\r €] kej\l J1<jn=1\r l€J kej\l
=0
n
2 2 2
+h2 4 E KjUj H — Kg) + Kng1Ung1 H (ki — K7)
k=1 k=1
];ér k#r,j k#r
n n
2 2 2\i—1 2 2
= —K: E g g KUy H Rip(—kK2)' — K E g Kiuy H Ky (—
i=1 j1<fjn—;=1\r l€j kej\l J1<jo=1\r l€j kej\l

(2.20)

=0
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n
2 2 _ .2
+r2 4 ZNJUJ H — K2) + Kng1Ung1 H (ki — K7)

k=1 k=1
];ér k#r,j k#r
n
_ 2 2
- Y Y Yan [[AC
i=1 j1<jn_i=1\r l€] kej\l
n n n
2 2 2 2 2
K71 g KjU;j H (ki — K2) 4 Fn+1Un+1 H (ki — K7)
j=1 k=1 k=1
J#T k#r,j k#r
-2 2 2 2 2 2 2 2 2
= —Ky E KjUj H (“k — /@C) + Kng1 E KjUj H (K,k — /{C) + Kp4+1Unt1 H (”k - HC)
G k#r.j J#T k#r.j k#r
n n+1 n+1 n+1 n+1
2
= E KjU; H (Iik — K ) + Kn4+1Un+1 H ﬁk — I€ ZEJU] H Iik — K,C) .
j=1 k=1 k=1 k1
J#T k#r,j k#rn+1 j;ﬁr k#r.j
This completes the proof. ]

Claim 2.14. Let n € N and k1,...,k, € C. Then, the following is claimed:

n n n

Z H_n H Kk H (K’kl - Kkz) - H ("fkl - HkQ) . (2.21)

=1 k7£1 k1<k2:1\i k1<ko=1

Observation 2.15 (Summation III). Let n € N, k1,...,k, € C and ¢ € {1,...,n}. Then, the
following holds:

n Ke H (”c “k) kl:ll(“k_"%)

Z K’,-i/{ - k#c l - ,K;i = - k#cn N (222)
i—1 e Ki H (ki—Fk) ¢ I &

1#£c k#z k=1

Proof. The proof is conducted via mathematical induction.
Initial case. For n =1 it follows

n
1 K1 H (k1—Kg) kl_[l(ﬁk—m)
1 k;él i 1 1 k#1 _ 1
Z Ri—k1 T TR ond - Ta—— =g
i=1 Ki H (ki—kk) [T ~e
1#£1 k=1
k:;éz
Induction step. Observe that the following holds
n+1
- re 11 (re=rs)
1 _ k;éc i _ L
Ki—K n+1 K
i=1 te Ki kl_[ (ki—rKk) ‘
; =1
e ki
n n
ke [T (Ke—kk) ke I] (Ke—kk)
n k=1 k=1
_ Z 1 _ Kc—Kn+41 k;ﬁc 2 _ i 1 o k#c
- Ki—K Ki—K K K —K [
i=1 ‘ N ‘ ot Rq H (R'L*"Qk) ¢ ot N Kn+1 H (HrH»lf"fk)
i#c k#i k=1
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n n n
Ke H (Ke—rE) Ke H (’fc—’ik) Ke H (’fc—’ik)
n k=1 n k=1 k=1
_ 1 o k#c,i . L . k#c + 1 o k#c
- : : Ki—kK n K § : n+1 Kntl—FK n
el knl(ﬁi_ﬁk) ¢ o s I (s e H”+lkn1(nn+l_mk)
i#c ki i#c i;i B
n n
Kg—RK Ke Ke—K
kl;Il( k C) n+1 c kl;ll( c k)
(2.22) kc ke
- D E g1
kljl Kk i=1 ®i I1 (ki—rkg)
= k=1
ki
n n n+1 . n+1 n+1
1 (kk—re) ke [T (k—re) 2 (1) T mk T1 (%ky—Fky)
k=1 k=1 i=1 k=1 kq<ko=1\i
k#c k#c ki
- - n - n+1 n+1
H Kk H Kk H (’ikl —H,kQ)
k=1 k=1 kq<ko=1
n n n+1 n n+1
Rn+1 H (’Qkf"‘fc) Kce H (kalic) H (Hkl 7”]‘:2) (7'€n+1+ﬂc) H (nkfnc) H (kanc)
k=1 k=1 k1 <ko=1 k=1 k=1
(2_21) k#c k#c o k#c . k#c
- - n+1 + n+1 n+1 - n+1 - n+1
IT #k IL ek II (kK —kky) [T sk IT
k=1 k=1  ki<kg=1 k=1 k=1
This completes the proof. O

Fact 2.16 (Strictly positive realness). [579, p. 127, Theorem 3.5.1] Let G(s) be a rational
transfer function with relative degree |rd(G(s))| < 12 taking on real values for real s and not
being identically zero for all s. Then, the transfer function G(s) is strictly positive real if and
only if the following conditions are satisfied:

(i) G(s) is analytic in R(s) >0,
(i) Vw € R: R(G(yw)) > 0 and

) I\imooWQ%(g(JW)) >0, rd(G(s)) =1or
(i) lim RO - rd(G(s)) = —1.

|w]—o00 J

Fact 2.17 (MEYER-KALMAN-YAKUBOVICH-Lemma). [579, p. 129f, Lemma 3.5.4] Letn € N,
A € R™" be Hurwitz, b,c € R" and d € R and let G(s) := d + ¢ (sI — A)~'b be strictly
positive real. Then, for any given 0 < Q = Q' & R™ ", there exists 0 < q € R, q € R" and
0<P=P" cR"™ such that

AP+ PA=—qq" —qQ and Pb—c=+qV2d. (2.23)

Fact 2.18 (Invariance principle of LASALLE). [580] Let ag = 0,,n € N be an equilibrium of
%a = f(a) (i.e. f(ag) = 0,) and let, for B € Ryg and v € Ry, V: R™ — [0, 5] be positive
definite and let %V: R™ +— [0,v] be negative semi-definite. Then, ay is locally asymptotic stable
if the largest positive invariant subset M of S := { @ € R"| £V (a) = 0} is M = {0,,}. Moreover,

if V (a) is unbounded, i.e. f — 0o, ay is globally asymptotic stable.

2A function f(z) is called rational, if it can be written as a fraction of two polynomial functions: f(z) = Zéi))

Its relative degree is defined as the difference between the degrees of the denominator and nominator polynomial,

ie. rd (f) := deg(d) — deg(n).
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Observation 2.19 (Time derivative of matrix exponential with time dependent matrix). Let

n € N and let A € R™™™ be time dependent and invertible. If a decomposition

At)=VDH)VE

(2.24)

exists with V' being constant and D being in diagonal (or Jordan normal) form, the following

holds true:

deAll = o AW (A1) + 1L A(1)).

Proof. First of all, the argument ¢ is dropped. Observe that

d At d N AME = ARt LA (SAArAL A2
a® T a 2 _Z (k—1)! T T 2!
k=0 k=1
(£AA2+ AL AA+A2 LA (£ AA1+ALAAP A2 AA+AR L At
+ g + a1 o
eAtA+(IT_ A3t4+_‘_)gA
+ (L + 40+ AL 4. ) AA+(I"t3 +A8 4. )44+
:eAtA+(I _|_,?'t_|_A|t2+A§'t3+A:!t4+”._ n)A_I%A
2 343 4.4 _
+( +x¢11't+A2‘t+A3't +A4It +_In_&)A 2%AA
2 343 4.4 2,2 _
+( +,11|t+A2‘1t+A3't_'_A4'1t+ _I_At AQ!t)A3%AA2+
:eAtA+( ~I,)A 'S A4 (e -1, - 4)A2d A4
2,2 _
e T AT
=eMA+ ( —I,)A T ($A+ATT4AA+ A2 A4+ )
—1((d —1d AQt2
—AT (A AT EAAL A (GA AR+
oo
=eMAtetATIY AR AAN - A7 Z AFd AARA
k=0 =
+ lim A*I(A*TQAATAf (AT AL p AT AATY A
AtA+A IZA At%A—%AeAt)Ak
k=0
9] .k k
: —r—1 A"t ld l +1
+lim ATy A S AlGAAT AT
k=0 =0

P2V oA g L AT ARV (PP A D —  De PVl AF
k=0
kik k
r—1 D ld —lpyr+ly,—1
+VT1L1£102D &> D'gDD DV
=0

o) k

o At DFktk d
A+VZ )'Z&D
k=0 1=0

2.24
(:)eAtAHeAt%A

where in the last steps, commutativity of

(2.25)
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(1) two matrices in diagonal and/or Jordan normal form and
(ii) any (quadratic) matrix or its inverse and respective matrix exponential
was used. This completes the proof. O

Definition 2.20 (Performance measures). Define, for allt € T := {7|t) <7 <tx} C R, the
scalar error function e: T — R. Then, the error metrics Integral of Absolute Error (TAE) and
Integral of Time-weighted Absolute Error (ITAE) are defined as

t
Miag: T — Rxy, t— Miag(t) = f le(7)|dr
VteT: t?«: (2.26)
Mitag: T — R, t = Mipag(t) == [ 7le(r)|dr.

to

18



Chapter 3

Signal decomposition

This chapter describes the proposed methods for decomposing a signal into its fundamental
parameters. It is divided into six sections:

Section 3.1 introduces the generation of arbitrary signals;

Section 3.2 shows the enhanced standard Frequency Adaptive Observer with High Pass Filter
(esFAO);

Section 3.3 shows the modified Frequency Adaptive Observer (mFAO) and the modified Frequency
Adaptive Observer with offset (mFAQ.,);

Section 3.4 shows the transformation-based Frequency Adaptive Observer in transformed coor-
dinates (tFAQO) and the transformation-based Frequency Adaptive Observer with offset in
transformed coordinates (tFAO,);

Section 3.5 shows the transformation-based Frequency Adaptive Observer in «, 8 coordinates
(tFAO) and the transformation-based Frequency Adaptive Observer with offset in a, B co-
ordinates (tFAQO,); and

Section 3.6 illustrates an idea for the exponential Frequency Adaptive Observer (eFAO) and the
exponential Frequency Adaptive Observer with offset (eFAQO,).

Each section is subdivided into different sections. These are briefly summarized at the beginning
of the respective section. All Frequency Adaptive Observers (FAQ) are a combination of paral-
lelized Second Order Generalized Integrators (SOGI) for estimation of amplitudes (@) and phase
angles (¢) and a Frequency Locked Loop (FLL) for angular frequency estimation (@). A general
FAO is pictured in Figure 3.1.

—) a1, ag, ...

Figure 3.1: Frequency Adaptive Observer consisting of parallelized Second Order Generalized Integrators
and a Frequency Locked Loop.
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CHAPTER 3. SIGNAL DECOMPOSITION

These FAOs are designed for single-phase applications. Simulative results are shown throughout
this chapter to illustrate characteristics of the proposed FAOs. At the end of each section, test
signals (defined in Section 3.1) are evaluated by the respective system to show its benefits. Ex-
perimental validations are presented in Chapter 4. Additionally, mathematical proofs are shown
along with the derivations.

3.1 The internal model principle: Generation of periodic signals

To start with, any periodic signal can be represented by
Noo
Vig > 0:  y(t) =ao(t) + > a;(t)cos(d;(t))
j=1

with offset ag(t), amplitude a;(t) and phase angle ¢;(¢) of the j-th component. The order of
the j-th component is denoted as v;, and all v; are collected in Hy,. It is denoted as the set of
harmonic orders. It contains positive and possibly unbounded rational numbers, is sorted and
possibly unlimited, i.e.

Heoo :={v1, 10,3, .. ., Voo } € Qs0, 1€ Hy, max(Hy) — oo and |Hy| =: nee — oo.
(3.1)
The component relating to the harmonic order 1 is said to be the fundamental component and
all other components are said to be harmonic components. Note that also harmonic numbers
lesser than one are permitted. Further, the phase angle of each harmonic component is given by

t
¢;(t) = /t w; (T)dT + ¢ 0

0

with the angular frequency w;(t) and initial phase angle ¢; o of the j-th component. All variables
(offset, amplitudes, and angular frequencies) are allowed to be time-varying. However, they are
assumed to be constant on certain time intervals:

Assumption 3.1.1. Defining the total time interval
T := [to, 1,82, too) C Rso,  foo — 00
what s divided into subintervals
T; == [ti, tit1) such that T=TouTiUTyU---.

In each T;, all parameters (offset, amplitudes, and angular frequencies) are constant. Conse-
quently, the input signal on each time interval can be written as

=1y~ (1)

VT, CcT,VteT;: yt)=ao+ Zaj cos(¢;(t)) = ao + Z ajcos(w;(t —t;) + djr,).  (3.2)
j=1

= =y (1)

Note that for readability, the rest of the chapter refers to any time interval T; C T what therefore
is not explicitly mentioned anymore. Now, any sinusoidal signal can be generated by a harmonic
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3.1. THE INTERNAL MODEL PRINCIPLE: GENERATION OF PERIODIC SIGNALS

oscillator given in its state-space representation by

=:z;(t) €R? —. JeRr2x2
(t) 6
a (75 0 -1 N
VteT;: dt (1’?@)) J |:1 0 :| $-7(t)’ L (tl) =Tt
bt = (1 0) o0
——
=" €R2?

Consequently, the generation of n., harmonics is represented by

=i @(t) ER?"o0 —: J(w) € R2noo X2noo
x1(t) wlj 02X~2 |
Ve, % mz.(t) _ 02'><2 wQ.J 02'X2 o oo
Tnoe (1) 02x2 Ogxo -+ wpoJ
y~(t) = (ET . ET) ().
e coma

Hereby, all angular frequencies are collected in the vector
w = (wl7 .. .,wnoo)T e R™
Each angular frequency can be written in dependency on the fundamental one by
Vie{l,...,neo}: wj=rjw

what permits a decomposition of J into

J o 02x2 -0 Oy
0 v -+ 0
3.4 ox2 V2 2%2
J(w) &8 w | _ )
O2x2 O2x2 -+ Vsl
::NER(2"00)><(2"00>

Second, any constant (e.g. offset) can be modeled by

VteT;:

Lao(t) = 0-mo(t), x0(ts) = zoy,,
y—(t) = 1-mzo(t)

what, combined with (3.4), leads to the overall generation system

=:x,(t) € RZPootl = Jo(w) € R(Zroo+1) X (2no0+1)
(t) T
4 xo(t _ 0 0y, |
VteT;: dt (:B(t) > o [02%0 J(w) zo(t), X, (t;)
yt) = (1 €")  a(t) =y=(t) +y~ (1)

——
=:¢] €R2ncot1

= Tot

)

i

(3.3)

(3.4)

(3.5)

(3.7)

(3.8)
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Again, pulling out the fundamental angular frequency from the system matrix yields

(3.8) 0 OTn
J(w) = w [02n 3\;0} : (3.9)

| S —
= No c R2n00+1><2noo+1

(3.2) and (3.8) are related by

VteTi: ao(t) = zo(t), a;(t) = \/(x?)Q(t) + (xjﬁ)Q(t) and ¢;(t) = arctan2<i§8> . (3.10)

For both equations (3.4) and (3.8), the time derivative of w is given as

Vie{l...nw}: Sw=o0, 22 4, _g (3.11)

The test signals for evaluating the proposed methods mentioned in the introduction are defined
as

Yrest, N (£) = 50V cos(2w50t + %) + 10V cos(2 - 2750t — Z)

Ytest,No(t) == —20V + 50V cos(2750t + §) + 10V cos(2 - 2w50t — %) 31
Yrest,@(t) = 5OV cos(2m50t + §) 410V cos(1.5 - 2750t — %) :
Yrest,o(t) = —20V + 50V cos(2r50t + %) 4+ 10V cos(1.5 - 2750t — %) .

In Figure 3.2%, their amplitudes and frequencies are plotted.
Note that, for readability, the argument ¢ is always dropped in the following.

3.2 The enhanced standard Frequency Adaptive Observer

This section reintroduces the standard Second Order Generalized Integrator (sSOGI) and stan-
dard Frequency Locked Loop (sFLL). In this thesis, the combination of both is called the standard
Frequency Adaptive Observer (SFAO)2. The goal of this section is to enhance the sSOGI in terms
of estimation speed and offset detection®. The resulting system is called the enhanced standard
Frequency Adaptive Observer (esFAO); parts of it were published by the author in [570].

This section is subdivided as follows:

Section 3.2.1 introduces the SOGI principle and the sSOGI,
Section 3.2.2 describes the parallelization of sSOGIs,
Section 3.2.3 discusses the feedback gains of the parallelized sSOGIs,

Section 3.2.4 explains the enhancement of the parallelized sSOGIs with respect to estimation
speed (esSOGI),

Section 3.2.5 expands the parallelized esSOGIs to detect offset,
Section 3.2.6 introduces the FLL principle and the sFLL,

Section 3.2.7 discusses the tuning of the FLL and expands it in view of stability (esFLL) and

!Simulation parameters: T, = 100 ps, Solver: ode4.

*In common literature (e.g. [522]), it is called SOGI-FLL instead.

®Recall that in this thesis, detection means calculation with feedthrough and estimation means calculation
without feedthrough.
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3.2. THE ENHANCED STANDARD FREQUENCY ADAPTIVE OBSERVER

ap, ay, a2 / A%

ap, ay, a2 / A%

-20

ag,a1,ay |V

ag,a1,az |V

60F

40+

20+

40+

20+

60F

40+

20+

40+

20+

-20

Ytest, N

40t

Ytest,N,

100

0.1

time ¢t / s

Figure 3.2: Offset, amplitudes and frequencies of the test signals (- --).

Section 3.2.8 summarizes and proves the stability of the overall system (esFAO).

3.2.1

The principle idea of a SOGI

First of all, a short recapitulation of the SOGI principle is given [515]. Since a SOGI’s purpose
is to reduplicate sinusoidal signals, it is based on a harmonic oscillator. The sinusoid’s angular
frequency @ is defined by the total oscillation gain 2, which represents the gain to a signal in a
single circulation (see blue arrow in Figure 3.3). The angular frequency then is given by

w=+v-0Q>0.

Note that, although the angular frequency @ is assumed to be positive, also negative frequencies
are allowed in a mathematical sense. This is not the case in physical systems where the angular
frequency is positive per definition. A block diagram of a harmonic oscillator consists of two
integrators with initial values 7y and :’I:\gj connected to a circle as shown in Figure 3.3 where two
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commonly used models of such harmonic oscillators are shown.

—02%2 =0z

$’8 f —w f

SRS

-z
Figure 3.3: Two different types of harmonic oscillators.

So far, a harmonic oscillator outputs a signal with fixed angular frequency @ = /—Q. The
amplitude @ of the output signal is defined by the integrator’s initial values 77, , ic\fo and the ratio
of the frequency gains between the integrators in the harmonic oscillator. If the ratio is equal

to one which is the most common case, the amplitude is given as @ = /(Zf)? + (@80)2 Recall

that the purpose of a SOGI is to reduplicate a given signal with unknown amplitude®. To cover
this issue, the harmonic oscillator must be extended such that it is fed by the difference between
reference signal y and estimated signal y = . This difference is further referred to as the signal
estimation error

ey =Y —Y. (3.13)

To have some influence options on the performance of the resulting system, the signal estimation
error e, is multiplied by some gain [*. The resulting system is called Adaptive Notch Filter
(ANF) or standard Second Order Generalized Integrator (sSOGI), indicated by the subscript “s”.
Two common structures of such sSOGIs (or ANFs) are shown in Figure 3.4.

~ ~

Ys Ys

ABL J o5 24

Ts

8)

Figure 3.4: Two different types of sSOGIs (or ANFs).

The estimate ys of the input is given by the state & and is called “direct signal”. It has the same
amplitude and phase angle as the input signal, if the resonance angular frequency s matches the
signal’s actual angular frequency w. As a consequence, the signal estimation error e, will tend
to zero and the harmonic oscillator keeps oscillating without external input. From Figure 3.4 it
can be seen that an additional signal, 5?5 , is available; this signal is called “quadrature signal”.
Considering the left block diagram, EESB has the same amplitude and a phase angle shifted by 7
with respect to the input signal y, if the harmonic oscillator’s angular frequency @y is identical
to the signal’s angular frequency w. In case of the right block diagram, the only difference is
that the amplitude of 58’8 is damped by w. The gain [ remains unspecified for now; from now

*The angular frequency is unknown as well. This is considered in Section 3.2.6.
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on, only the left type of sSOGI from Figure 3.4 is considered.
As mentioned above, the signal estimation error es, will tend to zero if the signal’s angular
frequency w and the harmonic oscillator’s angular frequency Wg are identical. Otherwise, although
the harmonic oscillator produces signals with angular frequency &g (instead of w), the signal
estimation error e, superposes the harmonic oscillator’s signals such that all signals (e, 25,
zb ) oscillate with the angular frequency w of the input signal y. In other words, exemplarily for
the estimated direct signal z¢, in quasi-steady state it holds that

z$ = a(Ws, w, t) cos(Wst + @(Ws,w, t)) = A(Ws, w) cos(wt + P(Ws,w)) .
In either case, the amplitudes and phase angles of the estimated signals Z$ and 28 and the signal
estimation error eg, with respect to the input signal are obtained by calculating amplitude and
phase responses. These responses describe the distortion of an input signal

VteT;: y=acos(p),

to a signal x = aAx(w)cos(¢ + Px(w)) where x € {Eg‘,ff,es’y}. Ay is called the amplitude

response and @, the phase response. These are calculated by using the transfer function
X(s):=53 = X(w) = R(X(w)) + IS(X(w))

as

Aw) = VRXG0)Z + S(X(w))2 and  Dy(w) = arctan2<§§§8§§§) . (3.14)

However, a transfer function must not contain time-dependent parameters. Consequently, for
the sSOGI, the harmonic oscillator’s angular frequency must be assumed as constant. Then, the
sSOGT’s transfer functions are given by

ar) . Zes) . Wslgs B(o) . T(s) _ B2 oey(s) P4
X, (S) T oy(s) T os2Hwslgst@2 s (3) T oy(s) T s24@eles+w2? Sw(s) T oy(s) T os2Hwsle st

details on their derivation are shown in Appendix A. The respective amplitude and phase re-
sponses, also shown in Appendix A, are obtained as

widsl® _ w2 —w?
AW = Ty W = amtaﬂ(w@sls“)’
@21 _ —wislg
AW = Jae ey T = aretan?( 72 ) (3:15)
522 —wwsls
and Ag,, (@) = S e () = arctan2( 5224 )

Note that the amplitude and phase responses show the system’s reaction to an input signal when
the system is in quasi-steady state. Moreover, the system only tends to quasi-steady state if it
is stable, which can be influenced by the feedback gain [&. To show the allowed tuning range of
&, a brief stability analysis is conducted. The differential equations describing the left sSOGI
shown in Figure 3.4 are obtained as

viem. A Lroofa) TN Aadw)) e, (3.16)
. xg
o= 0 (5).

S
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This system is stable if all eigenvalues of the system matrix are in the negative complex half
plane. The eigenvalues are given by

s 0 ~ _l? -1 _ ~ ja N2
det([o S]—ws[l 0}>s(s+wsls)+wso

= SE{—@S(Zgi (1;1)2_1>}‘

Hence, if and only if the gain [ is chosen positive, the system is stable and the signal estimation
error es, decreases exponentially. In this case, the system matrix is called a Hurwitz matriz.
Hereby, the choice [$ = 2 minimizes the maximal eigenvalue leading to a faster settling time.

(3.17)

Figure 3.5 shows the influence of I on the sSOGI’s estimation performance’.
' 1“=5 =2 1°=1 1 = —0.01
1+ -
=
A
~
s> 0
&
1k -
1 1 1 1
0 o 2% 3% 4 52
time t /s

Figure 3.5: Influence of the gain I& on the estimation performance of the sSOGI.

As predicted, for I$ < 0, the system becomes unstable which can be seen in the rising signal
estimation error amplitude. For [ = 2, the fastest decrease is achieved. For the other choices
of [, the system is still stable but decreasing more slowly. This can also be seen in the Integral
of Time-weighted Absolute Error (ITAE) (see Definition 2.20) penalizing slow decrease (whereas
the Integral of Absolute Error (IAE) penalizes high overshooting). These measures are shown
for the used gains in Table 3.1.

¢ 5 | 2 | 1 | -o01
Miag / Vs | 0.31784 | 0.31830 | 0.44231 | 6.89359
Murae / Vs | 0.00501 | 0.00203 | 0.00312 | 0.35366

Table 3.1: TAE and ITAE for the different choices of [<.

Coming back to the oscillation characteristic of a sSSOGI, a decomposition of the system matrix

reveals
N _1] g [0 _1] g (la> ——r
Ws s = Wy —ws | 2] (1 0).
{1 0 1 0 0 ( )
N———’

(3.3) 1
~ = cC
(3:3) J

®Simulation parameters: Ts = 1ps, y = 100sin(2750t), Solver: ode4. All initial values are 0.
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Note that the term including J represents the harmonic oscillator and the remaining term rep-
resents the feedback.

3.2.2 Parallelization of sSOGIs

Until now, the basic SOGI principle as well as its system characteristics were described. However,
such a system is only capable of estimating a single component. The next step is the estimation
of multiple components. Therefore, a parallelization of sSOGIs is a very intuitive approach.
More precisely, harmonic oscillators with different resonance angular frequencies s ; = ;W 1
are parallelized. It must be highlighted that only prescribed orders p; collected in the finite set
H,, can be used. Clearly, only if H,, = Hy,, the input signal y can be reconstructed perfectly.
However, this is very unlikely since H, possibly is unbounded and, moreover, unknown in general.
The prescribed, sorted set of harmonic orders is defined as

H, :={p1, ..., pn} C Qsp, 1€H,, max(H,) < co, |H,| =:n < 0. (3.18)

n is called the system order. The assumed set H,, and the actual set H,, have at least one
element in common, i.e. it holds that

le (H,NHy) and |H, NH| > 1.

Each harmonic oscillator is fed by the signal estimation error es,. This error is the difference of
the input y and the sum 7 = 2?21 Z/L'\gij of the direct signal outputs from each SOGI. Hence, a
straightforward mathematical description results in the parallelized sSOGIs

VieT: S2,=0,1 (N—Lec') Zs+0s1ly, Zs(t) = Zsy,, Us =€ Zs (3.19)
—_———
::As €R2n><2n
with ¢ as introduced in (3.4), N as in (3.6), Zs := @?,17 5?571, e T, ffn) € R?" and I :=
( a1 0y 1S, 0) € R?". To visualize (3.19), Figure 3.6 shows the corresponding block diagram

and a corresponding detailed single sSOGI for the j-th component.

v~ . 1 : 1

N 1-st sSOGI 2-nd sSOGI ooc n-th sSOGI
Us| - — L — L —
T 955,1 TG xsﬁ,z Ton ivsﬁn
A . 7

(a) Block diagram of the parallelized sSOGIs.

€s,y W @ f /x\?,j
~B
%50 T th sSOGI J

(b) Construction of the j-th sSOGL

Figure 3.6: (a): The parallelized structure of sSOGIs and (b): the j-th sSOGI for estimating amplitude
and phase of the j-th component.
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To understand the functionality of this system, the system’s transfer functions are given by (see
Appendix A)

n
s@s,llgi I (sz—i-@g’k)
k=1

YOUs) ze, _ ki
Sﬂ( ) y(s) ﬁ (32+@2k)+§: 85,112 ﬁ (32+@2k)’
k=1 RS k=1 B
k#j
B BBl kﬁ1(52+@§,k)
#i(s) ki
X B | 320
8,0 u(s) kﬁ1(52+as*k)+§1 souigy 11 (2482,)
k#j
1 (s*+32,)
+w;
Eoyls) = b = — '
y kgl(serag’k)jL 3 s@s1lg ;};[1(52%52”“)
k#j

By defining the abbreviations
n
ps(w) := H (Azk - wQ) and  vg(w was 1lg; H k —w?
k=1
k#J
the respective amplitude and phase responses are calculated depending on the input angular
frequency w with the formulas given in Appendix (A) as follows

n
e fe ~2 _ .2
w;Ws, 11 kl:ll (ws,k wj)

« - = k1 o ) — Ps(wj)
Axs’i(w]) = I @Xs’i(w]) = arctanQ(Us(wj)> ,
as,las,ilgi kﬁl(Afk UJJQ)
. — ki . (‘*U))
Axfi (wj) = AT I (I)Xf,i (wj) = arctan2< o) ) (3.21)
ﬁ (@2 —w3)
Ag, , (wj) FITATTOPL D, (w)) = arctanQ( e R

They give information on how an input component y; (see (3.2)) with angular frequency w;
is represented in the signal estimation error eg,, direct xsi or quadrature EESB ; signals. More
precisely, the amplitude response indicates the amplification of y; to the invéstigated signals
and the phase response indicates the phase angle lag. Since the actual input signal usually is
a superposition of various components with different frequencies w;, for every component, the
amplitude and phase responses (3.21) must be calculated for each angular frequency w; and then
superposed again. From (3.21) one can deduce that the i-th sSOGI outputs the i-th harmonic
component y; (and its quadrature component) of the input signal. Other input components y;
are canceled, if their angular frequency is comprised in the parallelized sSOGIs, or filtered (with
respective damping and phase angle delay), if not.

With the obtained direct 55\31 and quadrature Ef ; signals for each component, its amplitude and
phase angle can be calculated as follows: 7

S0 S,7 o

26
VteT: ag; =1/(T%)%+ (@5 )2 and ¢sz = arctan2<x ) . (3.22)
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3.2.3 Stability of the parallelized sSOGIs

In Section 3.2.1, the relation between feedback gain [ and stability for a single sSOGI was
investigated. In this section, this relation is investigated for the parallelized sSOGIs; it is stated
in the following theorem.

Theorem 3.2.1 (Hurwitz system matrix). Let H,, as in (3.18) and As as in (3.19). Then, if
and only if for all i € {1,...,n} it holds that Ig; > 0, the system matriz A is a Hurwitz matriz,
1.€.

Vie{l,...,n}:1¢;>0 = {seC | xa.(s) = det(sIa, — Ag) =0} C Cpp.

Proof. First note that the characteristic polynomial of s 1A in (3.19) is given by the denom-
inator of (3.20). It is reduced to the characteristic polynomial of the system matrix Ag by
normalization with respect to the angular frequency Ws 1, i.e.

X@s,1As(s) = det(sIgn — alAs) det(@s 1819, — @1AS)
= OPdet(3l, — A = 02X (3) (3.23)

n
= XAS(/S\) (3£0) @%n H( sls +w k +Zwslsl]H slS +w )

k=1 j=1
ksﬁj

5T @+ 1) +ZSZSJH (@ +12). (3:24)

k=1 j=1
i)

Now, by splitting (3.24) into xa,(5) = x%_(5) + x%_(8) where x4 (5) and x% (8) have even and
odd orders, resp., Fact 2.5 can be used to investigate the Hurwitz property.
Therefore, all three conditions listed in Fact 2.5 are shown: It is easy to see that if for all
ie{l,...,n}, ¢ si > 0 is satisfied, the coefficients are products and sums of positive constants.
Hence, all coefficients of the characteristic polynomial x4, (5) are positive, which shows that
condition (i) is satisfied.
Next conditions (ii) and (iii) are shown. Note that the roots of the even polynomial x4 (5) are
given by

Vie{l,...,n}: (e =Hm = R((57)12) =0,

Except 55 = 0 (clearly, with R(53) = 0), all other roots of the odd polynomial x% (5) cannot
be computed analytically but can be assessed using the intermediate value theorem. Therefore,
consider two consecutive positive imaginary roots s¢ and fs\]e of the even polynomial x4 (3),

i,7€{1,...,h,1,5,k,...,n}. Inserting these roots into the odd polynomial X%, (5) yields

Xa.(35) = guild (L—pif) ... (up — pif) (u? - u?) (uf —13) - (o — 1),
o (Qe o 2 i 2 2 2 2 2 2::Ki 2 2 (325)
Xa,(35) = guile; (1 —p3) - (i — 13) (ui - uj) (i = #5) - (un = 15) -
:;H]— ::Kj

Now, according to the intermediate value theorem, a continuous function f has at least one root
in the open interval (a,b) if f (a) and f (b) have opposite signs [575, p. 132]. Since the terms H;,
Hj, K; and K; contain an equal amount of positive and negative factors and H,, C Qo, if and
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<€

only if sign(lgi) = sign(lgj) it follows sign(xils(si

<€

) = —sign(Xf’%( ])) In this case, it follows
§j> such that x4 (5°) = 0.
Hence, R(5°) = 0 and 3(s7) < I(5?) < §(55). If two consecutive negative roots or two roots
with opposing signs are used instead, the result is identical. Next, according to the fundamental
theorem of algebra, a polynomial of m-th order has exactly m roots on C [575, p. 63]. Since
deg(x%,(5)) = 2n — 1 and deg(x%_(5)) = 2n, for each two consecutive roots of x4 (8) = 0 there
exists exactly one root of x% (5) = 0 in between. Thus, conditions (ii) and (iii) are fulfilled.

Hence, the matrix Ag is a Hurwitz matrix. This completes the proof. ]

from the intermediate value theorem that there exists 5° € (§f,

3.2.4 Design of the gain vector: the parallelized esSOGIs

So far, the system is well understood, except for the choice of the gain vector ls. In literature,
common choices are Iy = v/2c [492] and I = c [497]. These usually are chosen such that a
certain filtering characteristic is obtained (cf. (3.21)). However, these choices usually result in
very slow system dynamics and shall therefore be improved here. The goal of this section is to
provide a general method for optimizing the tuning of parallelized sSOGIs in terms of speed of
the estimation. An important fact in this context is that the estimation speed of linear systems
is determined by its largest eigenvalue. This eigenvalue is referred to as the dominant eigenvalue
in the following. Hence, a vector

lesi= (12, 0 1%, 0 - 12, 0)' (3.26)

(where the subscript “es” means “enhanced standard”) minimizing the dominant eigenvalue of
Aes i = N — lose! must be found. More mathematically speaking, the task is to minimize the
following function

Amax (Aes(les)) == leirel]iR%n {rgela})({)\ € Cldet(Aa, — Aes(les)) = 0}} (3.27)

where A\ denotes an eigenvalue. Usually, the eigenvalues can be calculated from the characteristic
polynomial y 4, in (3.24). Since this polynomial of degree 2n is not factorisable and solutions
for random polynomials only can be determined analytically for 0 < n < 4 [581], a general and
direct correlation between gains and eigenvalues cannot be deduced. Thus, it must be solved
numerically by the gradient method [575]. This method takes advantage of characteristics of the
matrix Aes: (i) a set of eigenvalues correlates uniquely to a feedback vector les and (ii) for any two
vectors leg 1, les2 for which it holds that les1 =~ les 2, the same holds true for the corresponding
eigenvalues. Hence, an algorithm (implemented as MATLAB-code) is developed, beginning with
an initial gain vector lvec_init and searching the direction minimizing the dominant eigenvalue
by the trial and error method. Hereby, the calculation of the eigenvalues is done numerically
by the eig-function. In the case that in one step multiple equivalent directions are found, the
algorithm chooses the last option. The algorithm terminates, if the minimal dominant eigenvalue
is found, i.e. if there does not exist any direction resulting in a more minimal dominant eigenvalue
and if this eigenvalue has negative real part. The respective MATLAB-code is shown in Appendix
B.

The enhanced system, referred to as the enhanced standard SOGI (esSOGI), is given in its state
space representation by

d ~ o~ ~ ~ ~ P
dtLes = wes71Aesmes + wes,llesya zes(ti) = TLes,t;

vtETZ T
Yes = C Tes.-

(3.28)
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To validate the parallelized SOGIs graphically, an exemplary simulation is shown in Figure 3.7°.

ey / p-u.

1

.271' .27r .27\' 21 2.7\' .27r .271' .271' 2
by 0 R ol ol ol Do
time t / s timet /s

Figure 3.7: Comparison between parallelized esSOGIs with tuning les according to (3.27) (—), paral-
lelized ANFs with tuning ly = ¢ (—) and parallelized sSOGIs with tuning Iy = \/2¢ (—).
Shown are the input y and its decomposition into the direct signals x§ — x§, their estimates
Y, T —z§ and the signal estimation error e,.

As can be seen in Figure 3.7, the parallelized esSOGIs accurately detects all signal components.
Although it is faster than parallelized ANFs and parallelized sSOGIs, it takes about three fun-
damental periods for the system to settle down. In comparison to Figure 3.5 where only a
fundamental system was used, the system with order n = 4 is slower. Thus, the question of
dependency between the system order n and the dominant eigenvalue A\pax(Aes) arises. It is
answered in Figure 3.8. Hereby, the set H,, is assumed to be H,, = {1,2,...,n} C N. In Figure
3.8, also the choices from literature, i.e. lg € {\/ic, c} corresponding to parallelized sSOGI and
parallelized ANFs, respectively, are shown.

5Simulation parameters: T, = 1lps, y = 100 cos(27w50t) + 20 cos(47r50t+ %) + 50 cos(67r50t+ %) +
10 cos (850t + %), Solver: ode4. All initial values are 0.
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esSOGI (with 1) ANF (with I = ¢) sSOGI (with I, = v/2¢)

1 4 7 10
n

Figure 3.8: The real part of the dominant eigenvalue R(Apmaz) of As and Aes versus the system order n
for different choices of ls and les.

Clearly, for higher system orders, the dominant eigenvalue is getting larger which results in a
slower overall system response.

3.2.5 HPF and APC

For now, the system is not capable of detecting offset. On the contrary, the presence of offset
in the input signal y will lead to a malfunctioning system as can be seen from the amplitude
and phase responses (3.21) (by inserting w; = 0 %) Although in the direct signals 7, any
offset is filtered out completely (and therefore in the estimate of the input y as well), it is still
present in the quadrature signals. In view of post processing applications such as the Fortescue
transformation [4], it could deteriorate their performance. Hence, an intuitive solution is given
by filtering any offset from the input signal, which can be done by a High Pass Filter (HPF).

Such a HPF has the state space representation

d
VieT,: JiThpf =  —WhpfThpf + WhptY,  Thpf(ti) = Tupt s, } (3.29)
Ynpf = —Thpf + v,

with a constant and positive cut-off angular frequency wype. The filter’s transfer function is given
by

Vhpt(s) = 10 = o8 (3.30)

S+whpt

Its amplitude and phase response follow as

Axy(Ww) = —=— and Q(w)x,, = arctanQ(%) . (3.31)

2 2
\/ “hpt T

A High Pass Filter is drawn in Figure 3.9.

Y-y +— Yhpf

e LT <t

Figure 3.9: A HPF.

By feeding the HPF’s output signal yp,¢ to the parallelized esSOGISs, this signal comes without
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offset, at least in quasi-steady state. On the other hand, each harmonic component is damped
and shifted according to (3.31). Consequently, the parallelized esSOGIs estimate these distorted
signals, which must be reconstructed again. This can be done in quasi-steady state by an
Amplitude Phase Correction (APC), which is stated in the following proposition.

Proposition 3.2.2 (Amplitude Phase Correction for HPF). Let t € T, whps,w > 0, a,¢ € R,
and let y := a cos(wt + ¢) and ynpt = aAx, (W) cos(wt + ¢ + Py, (w)) be the in- and output
of a High Pass Filter in quasi-steady state. Further, let ¢ and qupr be signals having identical
amplitude and a phase lag of —75 with respect to y and ynpt, respectively. Then, there ewists a

correction (transformation) matriz

1 “hpf
Chpf = {_whpf v } € R?*? (3.32)

such that the amplitude- and phase-corrected signals Ynpr and qnpe have identical phase and am-
plitude as the input signals, i.e. Yy = Ynpr and q¢ = qupr for allt € T.

Proof. Define

Uhpf hpf Chpf,] —Chpf
(Q P > := Chpt <y P > N O [ pht P ’2] (3.33)

Ghpf Ghpf Chpf,2 Chpf,1

and observe that
<g7hpf> _ |:Chpf,1 _Chpf,2:| <yhpf> _ |:yhpf _thf:| <Chpf,1> (3 34)
Ghpf Chpf,2 Chpf,1 Ghpf Ghpf Yhpf Chpf,2
(S —
= Shpf

Note that, for all (yhpf, thf) € R?\ {02}, the matrix Sppr is invertible:

S—l — 1 Ynpf Ghpf

hpf (Unpt)2+(gnpr)? ~Qhpf  Yhpt
def. 1 cos(wt 4+ ¢ + Do, () sin(wt + ¢ + Py, (w))
aAxpe (W) | —sin(wt 4+ ¢ + Py, ((w)) cos(wt+ ¢ + P, (w))

] . (3.35)

Therefore, equation (3.34) has a unique solution for chps,1 and cppt,2. More precisely, by invoking
(2.3), one obtains

o1\ a1 (Unpf) L o1 (¥ G35 1 [ cos(Pxy (W) | B3 [ 1
<Chpf,2>_5hpf <E]Vhpf)_shpf <q> ) <_Sin(‘I’Xpr(W)) = _% . (3.36)

Inserting (3.36) into (3.33) yields the matrix in (3.32). This completes the proof. O

In conclusion, by using an HPF as a prefilter to the parallelized esSOGIs, the amplitude and
phase distortions resulting from the HPF can be corrected by the APC. Since every harmonic
component with angular frequency w; is damped and shifted uniquely, for every estimated har-
monic component, an APC with angular frequency w; (i.e. Chpt,;) is required such that

VteT,Vie{l,...,n}: <£y’l> = Chpt,i (f%s’l> . (3.37)
La,i Les,i

This also allows the detection of an offset present in the input signal y, but due to the HPF-
APC structure, not in the corrected output signals. These signals are merged in the vector
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T = (Ty1, Tg1, - -» Tym, Tqn) . Thus, a subtraction of input and estimated output yields the
detected offset

VteT: To=y—c Z. (3.38)
Remark 3.2.3. Besides the possibility to detect offset, an HPF-APC can also be used to suppress
low-order harmonics without the typical amplitude and phase distortions in quasi-steady state.

Remark 3.2.4. Considering a Low Pass Filter (LPF) that can be used solely for pre-filtering
of high-order harmonics, the derivation of the corresponding matrices Chyt; s similar as for the
matrices Chpr; and results in

1 _wi
Chpt,i = [wi of‘pf] . (3.39)

Whpf

Its derivation is shown in Appendiz C.

Remark 3.2.5. In the matrices Cypt; and Cipt;, the actual angular frequencies w;, if unknown,
must be replaced by the estimated angular frequencies Wes ;.

3.2.6 The principle idea of an FLL

This section addresses angular frequency estimation. Therefore, at first, the principle idea of a
Frequency Locked Loop (FLL) is reviewed. It is based on quasi-steady state observations. For
these observations, the solutions of the signal estimation error and states of (3.28) in quasi-steady
state are required. More precisely, the impact of every harmonic component comprised in the

input y to the signal estimation error ees, and the states g, ; and ffs,i is given by

Noo Noo

Tai = 2 ajdag,(wg) cos (wjt +0j + Pae (wj)) = 2 Tasigy

L oo Tine »

Tosi = 2:1 ajAXe[i i(wj) COS (wjt +¢; + @Xi i(wj)> =: '21 Leg i jo (3.40)
J= o > j=
Noo Noo

and  eesy = 2:1 ajAs,,,, (wj) cos(wjt + @5 + e, , (wj)) =: 2:1 Ces,y,j-

j= j=

The amplitude and phase responses with subscript “es” result from (3.21) by replacing all Ig; by
@ .. The principle idea for a FLL is stated in the following proposition.

es,i’

Proposition 3.2.6 (Sign-correct adaption for the enhanced standard Frequency Locked Loop

over one period). Let i € {1,...,n}, w; >0 and T; := i—f and v; = p;. Consider system (3.28)

with Wesi > 0 and Tes i = (fg‘sw, ffs7i7i)T and the integral
"y
vie{l,....n}: / enyi (1)L B () . (3.41)

t

Therein, ecsy; is the component of the signal estimation error with angular frequency w; and
§§s7i7i,§fsii are components of the i-th states with angular frequency w;. All signals are assumed

to be in quasi-steady state. Then, the following holds

Vie{l,...,n} Voe, € { <”1) € R?
K2

Kalos; < O} :
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t+T; >0, aes,l < w1
T -~ ~
€es,yi0 s, iLes,iidT § =0, Wes1 = w1 (3.42)
t <0, Wes,1 > W1-

Moreover, if for any K € Ry 0es, = (0, /<c)T is chosen, then the phase angles of eesyi and

esz

Les i are identical.

Proof. Define for all i € {1,...,n} 0, := (0 o” )T € R? and observe that

~
Ues,imes,z,z

(3.40)

es,i? Oes K

ogsitiAxa  (wi) cos (wit +¢i + Pag (w,))

+ 5“ AXB (wi)cos(wit—l—(bi—i-q))(g(w,;)). (3.43)

S,1

Invoking (2.5) it follows

T ~
Ues,iwesﬂﬂ

(3.43)

2 2
|:( eszalAXD‘ ( )) +( eﬁsz AXeﬁ“(wi))
1
2
202,100 07 Awg () Ay (i) cos(B s (w) = Pz ()]
-cos | wit + ¢y + P s (wi)
0% iAxa (@) sin(Pxa (W)= 5 (@)
+ arctan2 5 Tossi
eszAXﬁ .(wl) Ue“AXa i(w)cos(@;{%i(wz) @Xﬁ (wz))
w2a2, 1 (12, )? T1 (22, —w?)’ 22,82,02,0° 11 (@2 —o?)’
k=1 k=1
2 2 ki B \2.2 ki
X (T - oy +(0ei) 0 FAEAERTNen)
1
"")7«'®(§s,1@CS Z( es, z) H( esk 1)2 2
+20§S7i05&ia? p%s(wi)Jrj:sz) cos (@Xi i (wi) = P, (wl))

~cos | wit + ¢ + P s (wi)

esz

es Wi sm<<1>Xa (w)—P 2B (wl)>

eﬁz

+ arctan2
0’55 1@es, H‘Ues Wi cos(‘b;{a (wi)— <I> (%))
es [3

aleSLweSI H( esk w?)

i [( a 2, 2 B \2~2
O i) Wi + (0ng ;) Wi s
pgs(wl)"’_ves(wi) €s,? (2 €s,? €s,?

+20¢ ;0 55 Wiles,; COS (arctan? (%) — arctan2 (%) )]
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-cos | wit + ¢; + arctanZ(%ww;))

o2 .w; sin| arctan2| Pes (i) —arctan2 _UL(MZ)
es,i Ves (wz) Pes (Wz)
+ arctan2 ) &N
o'i Zw% 1+0'e§ Wi Cos(arctanQ(M) 7arctan2(M>>

Ves (wz) Pes (wl)

alcsszSI H( esk w?)
(2'6) k;éz |:( e )w +( 5 )2@2

\/Pgs (wi)+v2(ws) Oes,i es,z es,i

2 2 l

o —Vas(wi) —pes (wi) 2
+2Ges ;1% es, zwlwes 3 COS arctan? %

-cos | wit + ¢; + arctan2(%)

9 Pas(wi) v, (wi)
0

Pas (wi)gvgs (wi) ))

e> Wi sm(arctan
+ arctan2

B
Oos Zweq Z+Ues ;wi cos| arctan2

n
ailgs,i&‘]\esvl H (ags,kiwlz)\/(o-eab 1)20.7 +( es 1)2&‘]\25,7;

k=1

(2.7) ki

pgs (wi ) +’U§S (wl)

-cos | wit + ¢ + arctanZ(LW) + arctan2 0“’“71%
Pes (wi) o ;Wes, i

es, 7
5 T (52 2 2 B
a‘ilgs,iw‘?svl knl (wes,k_wi )\/(Ugs z)2w +( es 1)2 es @

ki

—
N
=)

N2

VPE (i) +ud(wi)
B
. oS (wzt + d)l + arctan? <Ues ,szpes(o.)z) (< zwes tes(w ))) . (344)

Ues ;WiVes (Wz)“l’o'eb Zwes zpes( )

Now, multiplying a;,ﬁesm and ecs y,; yields

— (3.40),(3.44)
Ces,y,i0 es,iLes,i,i = aidg.,, (w;) cos (Wit + ¢i + Pe.., (Wz))
a; les zwes 1 H ( es,k w2)\/(aé"s 2)2 2+( Oes z)Qaer,i
k;éz'
VP2 (wi) v (wi)
8
- cos (Wzt + i + arctan2< o, WiPes (Wi) =Ty Dos,ives (Wi )>>

T, Zwlvcs(wz)wLJes chs zpcS( )

n
2 5 52 2 2 B 2552

a; lgs,iwesﬁl(wes,i_wi ) b1 es k:_w \/(a.s; 1)2 + eq 1)2 es,i

(3.21) ki

P2 (wi)+v3(wi)
- COS (wzt + ¢; + arctan2 <%>>

. COS <wlt + (Zsz + a.rctan2 <Zes 1wzpesiw2) Ues zwea zveb(w ))) . (345)

os.iWiles wl)+Ueb Z"Jes zpeb( )
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Solving the integral (3.41) over one period T; = Z—T yields

2r
Wy
P R
/ ees7y77'a.es,’iwesv7’72d7—
t
a2l o (@2 _wz) ﬁ(w —w? \/(U )2 2+(UB )22
1°es,i es,1 es,i 7 es,k esz es,i es,i

(3.45) s

P (wi)+vZs(w;)

[ cos(isr + 00 arcana(559))

t
UB es
- COS <w17 + ¢)Z + arctan? < es, szpeg(wz) es zwei iU (w ))) dr

cs ;WiVes (wz)‘l'o'cs Z‘ch zpeq( )

t+

n
a2lc 2 2 52 2 2 52
a; lcs szS 1( es,i —w; ) kljl (wes,k_wi \/(Ugs,i)Qwi +(Ues,i)2wes,i
(2.8) ki
- pas(wi) +vgs (wi)

o . N B
) wl Cos (arctang (“es,i“wﬂes(wz) T s, iWes,iVes (Wi ;) — arctan2 (77%5(%) ))

O'gés’iwives(wi)‘f'a'esylwes,zpes( i 'Des(wi)

n
a2l 2 2 52 2)2 2 B 2552
a; leq chs 1( es, iTWi ) 1:[1 (wcs,k_wi ) \/(Ugs 1)2 +(Ueb 2)2 es i

(2:6) i
- Pes(wi)+vgs (wi)
Tra?lgs zgfs 'Llu‘z eQG l(ags 1 wl) H ( es,k 12)2
o wi (2.4),(3.5) =l
— COS (arctanQ (Cfe”@eqv> > = (pes (wz)+vgs( B) . (346)

Since w; > 0, observe that only @ wes | — w? can change its sign in (3.46). All other terms of the

are non-negative. Hence, for ol e <0 what,

nominator and denominator, except for [ es.iles i

eS’L esz’

due to les; > 0 (cf. Section 3.2.1) implies ags,,, < 0, the following condition is satisfied

vo’es,i € {( ) ERQ
K2

This proves assertion (3.42). Moreover, for all k < 0 and if and only if oes; = (0, ) T, the phase

t+T; >0, aes,l <wi

. T ~
RQles i < 0} : /ees7y7io-es iLes,i ZdT =0, Wes,1 = W1
<0, Qes,l > w1

angle of 0'es ,"Bes ii 18 given by
O P (3é4) arctan? Ugs’iwlpes(wi)ioi’iaes’lUes(wi)
T es,iPes,isi Ugs,iwl'ch(wi)‘i’aiyi@es,lpcs(wi)
Oes,i=(0,k) T o (w) (3.21)
= arctan2< pe:zo(h;)) = Pg, (W)
This completes the proof. O

Remark 3.2.7. In Proposition 3.2.6, the expression ft ees Wa;la:eS”dT was investigated.

However, in view of implementation, only the expression j; ¢ Ces yUeTS ZesidT can be evaluated.
In the case of higher orders n > 2, or if H,, # Hy, this integral can be split up into terms

ftHTi ees,y,ia';@es’i,iah with v; = p; (which, according to Proposition 3.2.6, are helpful) and
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others, e.g. ft ¢ Cos y,gG'eTSZiEesUdT The aim of this Remark is to cover these and to show their
influence. For any T € R, they are given in general by

t+T

.o . T ~
Vhyije{l,...,n}: / Ces,y,h O esiTes,ij AT
t

Repeating the procedure described in the proof for Proposition 3.2.6 up to (3.45) and assuming
wp, > wj, the integral expression with T = —=& - follows as

WhH—W
2
t+ UJ]—L_LUJ'
T ~
ees7y,haes7imes,i,j dT
t
B ~
ahajleb zweb 1 H ( es,k wh) e es k UJ \/(O'gS 2)20.2 + es 7.)2 gsg
(3.45) k;ﬁi
\/pes wh)+ves UJh \/pes w] +Ues(w])
2
Wh—Wj
/ cos (whr + on + arctanQ(%))
t

Ues iWjVes (wJ )+U§s i‘-/’-’\es JjPes (WJ)

B %) . .
- COS (wﬂ' + ¢] 4 arctan? <Ues Wi Pes(Wj) =0 i Wes, jVes(Wj) >) dr

B o~
ahaJles ZUJeS 1 H ( es, kiwh) L ea k w \/(Ucas z)2w2+ cs 1)2 35,3
(2.8) k;ﬁi
\/pes wh)+ves UJh \/pes w] U w )
_ ol wjp (w-)—crﬁ Wes, jVes (wj)
sin<¢h+¢j (wh-i-w])(t—&—wh —; )+arctan2(pves(wh))—&-arctaﬂ( Z“ e cs,i 7080 PR

es(wn) o3 iyves (w5) +0b Des,j Pes ()
Q(UJ;L +(Uj )

_ ol wip (w')fa’(a‘ Wes, jVes (Wj )
sin <¢>h+¢j+(wh+wj)t+arctar12(Ues(wh)>+arctan2< es,i%g Pes os,i 98,0 ORI

pes(wn,) 0'(‘:5 Wi Ves (wj)+ Ugsyiaes,jpes(wj)
B 2(wpFwy)
2 o~
apa; les zw% 1 H ( es,k wh) L1 e< k w \/(o.eo; z)gw + Oes z)2wgs,j

\/pgs (wh )+Ues Wh ) \/pgs (wj ) +Ue25 (wj )

sin (¢h+¢j+(wh+w]-)< +Wh —w; )+6> —sin (¢h+¢j+(wh+wj)t+5)
’ (wh-l—wj)
ahajles 'L(")e5 1 H ( es,k wh) n ea k w \/(O'g; 1)2 2+ gq 1)2/\3%,]
=1
(2.3) ki
\/pgs(wh)+ves wh \/pgs(wj)+vgs(wj)
sin <¢h+¢j+(wh+Wj)(t+wh —; )) cos(0)+cos (¢h+¢j+(wh+wj)(t+wh —; )) sin(0)
2(wn+wj)

sin (¢h+¢j +(wp4w; )t) cos(d)+cos (¢h+¢j +(wp4w; )t) sin(d)
o 2(wp, +wj)
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n n
Jo o ~2 2 ~2 2
ana;le ;Des,1 k]:II (wes’k wh) kl_[l <wes,k wj)

(2.4) ki
(P2 (wn)+v& (wn)) (P2 (wy) +v& (w)))
‘ O'S;,Z‘Wj(Pcs(wh)'ch(Wj)+ch(Wh,)ﬂcs(wj))‘i’ofs’iacs,j(pCS(Wh)pCS(wj)f’ucs(wh)vcs(wj))
2(wp+w;)

. <s1n<<z>h + ¢j + (wp + w;) (t + wh?fwj)) — sin(¢p + ¢; + (wh + w;) t))

Wy (pes(wh) pes (“Jj )—Ves (Wh )Ves (wj ) _Ufs,iaes,j (pes(wh )ves (wj )AVes (Wh) pes (Wj )
2(wn+w;j)

a.a

+ es,i

: (cos(gbh + ¢ + (wp + wj) (t + wffwj)) — cos(¢p + ¢ + (wh + wj) t))) (3.47)

wherein

@

§ = arctan? < Oes,; Wi (pes(wh) pes (Wj ) —Ves (Wh ) Ves (“Jj ) _Ugsﬂ;@es,j (Pes(wh )ves ("Jj)"‘Ues (Wh) pes (Wj)) >

Tes,ii (Pes (wh )Ves (w5 ) +Ves (wWh) pes (Wj))*‘gfs,iaes,j (Pes(wWh) pes (W) —ves (wh ) Ves (w; )

From this expression, no tendency is recognizable. Assuming wy, = w; instead what implies
¢n = ¢, an = aj and p; # vj, the result for T = i—: s obtained as

2T
t+E
T A~
/ ees,y,haes,iwes,i,th
t
n
~ ~ - 2 =
“il?s,iwesal(wzs,i_wi) kljl(wgs,k_‘*’z) \/(Ugs,i)Qw%L"’(Ugs,i)ngs,h
(3.45) ki
pgs(wh)+vgs(wh)
2
o
cos| wpT arctan?2 ( —Ves(wn)
/ ( h +¢h + ( Pes(wh)
t

o PN
Uesyiwhpcs(wh)foes,iwes,hvcs(wh)
- COS (th + op + arctanQ( = dr

Ues,iwhves (wh)‘i’o‘fsﬁiaes,hpes (wh)

n
2 ~ ~2 2 ~2 22 2 B ~2
ahlgs,iw%vl(wes,i_wh) kl:ll(wes,k_wh) \/(Ugs,,i)Qwh+(Ues,i)2wes,h
ki
P2 (wn)+vZ(wn)

B —~
Ves 0% whpes(Wh)—0L, ;Des, hVes (wWh)
—J’ coS <arctan2< Ues(wh)) — arctan2< es, A% o8, 0
1

(2.8)

pes(wn) USSJWhUes(wh)JrUfsﬁiaes,hPes(Wh)

n
2 ) 52 2 ~52 2)2 2 B 2752
Wahlgs,iwesvl (wcs,i_wh) klz[l(wes,k_wh) \/(Ugs,i)zwh+(aes,i)2wcs,h

«
25 M . cos | arctan2 | —yesi®h
wh(pes(wh)+ves(wh)) O-gs,iwesvh
8 & 2
Tra%baes,il(els,iaesalaeswh (ags,i 7(“)}21) H (@es,k 70.);21)
(24) i

(3.48)

wh (pZs(wn)+vZs(wn))

Since all factors are positive except for Ugs,ilgs,i <0 and

~9 2 (3:5) 9 (Ao )
wes,i_wh a4 wes,l_Ewl )
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it follows

VUes,i S { <H1> S R?
K2

Note that this counteracts the desired goal.

In conclusion, although the statement of Proposition 3.2.6 suggests that for each i-th component to
be estimated, a vector ocs; should be multiplied by the respective states, this is counterproductive
due to (3.49). To illustrate this, consider the following example. Assume that an input signal
contains more than one harmonic component, e.g.

1?—‘,—277T ~ v,
Wh > 0, wes71 < 7}:(&)1

o . T = ~
HQles,i < 0} : /ees,y,ho'esJa:es,i,th = O, Wes,1 = ';—’;wl (3.49)
t

~ 1%
O, Wes,1 > fwl‘
K]

Vt>ty: y=ajcos(wit+ ¢1) + ag cos(wat + ¢2)

where the fundamental amplitude a1 dominates as. This signal shall be estimated by parallelized
esSOGIs. Assume that the parallelized esSOGIs have appropriate orders H,, = Hy = {1,v}
but are initialized with a wrong reference angular frequency Wes1 # w1. Consequently, the signal
estimation error eesy as well as the parallelized esSOGIs states f‘gs’i,ffsﬂ- contain all angular
frequency components included in the input signal (in the quasi-stationary state). Now, if all
parallelized esSOGI states are weighted by oes; and multiplied by the signal estimation error, for

the given example this would result in

T A T A (3.40) T A T A T A
€es,y o'es71mes,1 + O es,2Les,2 = ees,y,lo'e&lmes,l,l + €es,y,10 og 1Les,1,2 + €es,y,10 g 2%es,2,1

T ~ T ~ T ~ T ~ T ~
+ €es,y,10 o5 2%es,2,2 + €es,y,20 o5, 1 Les,1,1 + €es,y,20 o5 1Les,1,2 + €es,y,20 g 2Les,2,1 + €es,y,20 o5 2Les,2,2-

As investigated above, only the terms €es,y,10';’1§es,1,1 and ees,yga‘;rsgiesg,g help finding the cor-
rect estimate of the angular frequency (cf. (3.46)). Meanwhile, the terms eesy 10k oTes2,1 and
eesyijza;’lﬁesvljg disturb the correct estimation (cf. (3.48)). For all other terms, their contribu-
tion is unclear (cf. (3.47)). Hence, the following sum dominates the angular frequency adaption

(3.46),(3.48)

T = T =~
eeS,Zl,lo-es,leS,Ll + eeszyvlaes72wesv2’1 -

2\ 2 2
22 a B a2 2\ (52 w1 a B 252 Y1) (52 22
Ta]Wes 1 (lcs,laes,l (wcs,liwl) (wcs,17ﬁ> +lcs,20.es,2y wcs,liﬁ (wcs,liwl)

w1 (pZs(w1)+v3s(w1))

B

« B «
les,laes,l+les,20es,2

It has three equilibria: (i) Des1 = w1, (i) Des,1 = <+ and (i) Wesy = \/l w1.

v eas,lgegs,ly2+lgs,2geﬁs,2
Therefore, considering all states Tes; weighted by oes; does not lead to a correct estimate of the
angular frequency. In contrast, if the adaption considers only the fundamental components (with

highest amplitude), the result for the angular frequency derivative would be

T = (3.40) T = T 4 T A T ~
Ces,yOes,1Les,1 = Ces,y,10 g 1Les,1,1 + €Ces,y,10 g, 1Les,1,2 + €es,y,20 o5, 1Les,1,1 + Ces,y,20 o5,1Les,1,2-

Although this expression still includes an disturbing term 6657%20;’1%%7172, its 1mpact can be
neglected when as is assumed to be significantly smaller than ai. Then, the fundamental term
ees,y,lo';rs,lﬁes,l,l dominates and, hence, leads to a correct estimate of the angular frequency Wes 1 .

Thus, the following adaption law for the enhanced standard Frequency Locked Loop (esFLL) is
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proposed:
. d ~ . T ~ ~ o~
VteT;: dtWes,1 = YesCes,yOT eg 1Les, 15 Wes,l(ti> = Wes,1,t; (350)

with some angular frequency gain ~es > 0.

3.2.7 Gain normalization and output saturation for the esFLL

Now that the angular frequency adaption of the esFLL has been investigated, the Gain Normal-
ization (GN) for the esFLL is introduced. Its purpose is to normalize the performance of angular
frequency adaption with respect to the input signal. A common way to design a GN is to cancel
the influence of the input signal’s amplitude by the respective estimated amplitude as reported
in [515]. Accordingly, the angular frequency adaption law is

o~ T o~
Feswes,lees,yaes’lmes,l

VteT;: %@es,l =

s (Fasile)  Pest(ti) = Qesis (3:51)
with some I'gs > 0 and g5 > 0. Hereby, the constant ¢ serves as a lower limit for the estimated
amplitude to avoid division by zero. However, it is derived by using linearizations as reported
in [516]. A variation of this GN-method is found in [476]:

T ~
d ~ 1_‘esees,ya'es’lwes,l

Vte Tl JiWes,1 = R aes,l(ti) = (’/‘365717%' (352)

max(||@es,1 % ees)
Both methods do not normalize the angular frequency adaption with respect to the input angular
frequency. In fact, the settling time is non-linear dependent on the input angular frequency as will
be shown later. To resolve this issue, a total normalization considering amplitude and angular
frequency normalization is proposed. According to Claim 2.7 and assuming that y has the unit
U(y) = U, it follows

~2

U(Ves) = ﬁ — Yes = mre& U<Fes) =1.

This results in the proposed angular frequency adaption law

Feswcs71€es,yocs71$es,l

Vit e TZ %@es,l = , @es,l(ti) = Qes,l,ti- (353)

max([|Bes,1 ]|, ges)
To show the effectiveness of the proposed GN, comparative simulations are made rating the
performances of three overall systems (esSOGI and esFLL). Such an overall system is called
enhanced standard Frequency Adaptive Observer (esFAQ). Each of the three FAOs uses one of
the mentioned GNs. In these simulations, the FAOs are fed by an input signal whose angular
frequency is varied over a wide range. For each tested angular frequency, (i) the sampling and
simulation time is adapted to the respective input angular frequency such that every test uses
an equal amount of samples and (ii) the performances of the FAOs are analyzed in terms of the
normlized settling time fget,n. The normalized settling time indicates how much oscillations of
the input signal are needed for the estimated angular frequencies to reach and stay within the
1%-band around the reference angular frequency. More precisely, it is defined as

Vi> Ehepn A Bt < Zlern: 0.99w1 < Desy < 101wy, (3.54)

Additionally, to incorporate dependencies from initializations, two different initial values for the
estimated angular frequencies are used: Wes 1+, € {0.5w1, 1.5w;i}. Figure 3.107 illustrates the

"Simulations parameters: Number of Samples = 400000, w; € {27r10 %,27T15 %,...,27&00 %d}, y =
cos(wit), Solver: oded. les = (2,0)7, Ges1 = (0, =2)7, €es = 0.01. All initial values (except for the angular
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simulation results.

aes,l(o) = 0.5wq aes,l(O) = 1.5w;

20f 1 F

tsetn / Oscillations

10 50 100 150 200 10 50 100 150 200
w1 / 27T%d w1 / 271'%(1

Figure 3.10: Comparison of different Gain Normalizations in view of the normed settling time tsy that
is plotted against the input angular frequency wy; (3.51): —, (3.52): —, (3.53):

As can be seen from the left and right plot in Figure 3.10, for the known GN methods ((3.51): —
and (3.52): —), the normalized settling times depend on the reference angular frequency. This
does not hold true for the proposed GN method ((3.53): ) that is constant in the investigated
angular frequency range. However, it also can be seen that the settling time is dependent on the
chosen initial values for all investigated GN methods. For some frequencies (where ts et n = 20),
(3.52) (—) is not able to estimate the correct angular frequency within the given time frame
and for wy € {27rlO %, ... 2m25 %}, it even diverges.

Thus, (3.53) is the best choice for an adaption law for the angular frequency Wes 1. Nevertheless,
it is based on quasi-steady state observations. The quasi-steady state only can be reached, if the
linear system (3.28) is stable. This is the case, if the estimated angular frequency is positive®.
Thus, it must be kept positive which is achieved by an output saturation (OS). In detail, the
OS limits the estimated angular frequency to lower and upper bounds 0 < wes; < Wes1, TESP.
To distinguish between the estimated and the saturated angular frequency, the estimated one is
referred to as Wes 1 and the saturated one as Wg, 1. The resulting angular frequency estimation is
illustrated in Figure 3.11.

€Ces,y

~

~ ol 1 Bes1 Wes, 1 Wes, 1 —~

Les,1 | ——71~ 2= [ X J S f _/— —— Weg 1
max(|[@es,1 || ges) Weat ,

esFLL (-)?

Figure 3.11: Block diagram of the esFLL.

3.2.8 Summary and stability proof of the esFAO

In this section, the overall system consisting of HPF, parallelized esSOGIs, esFLL and APC,
called the enhanced standard Frequency Adaptive Observer (esFAQO) is summarized. Its mathe-

frequency) are 0.
8 All eigenvalues of Aes are multiples of the estimated angular frequency.
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matical representation is given by

%xhpf = —WhpfThpf T WhpfY, Thpf (ti) = Thpt ¢,
Yhpf = —ZThpf +y
%ies = @es,lAesies + (v/‘}es,llesyhpfa aes(ti) = ies,tia
d ~ Teslfy 1 €es,yT o 1 Tes,1 -~/ ~/
dt%Wes,1 = LS , Weg 1 (ti) = Wes 11,5
VteT;: d R ngq'wf’;“ , Ees) e e (3.55)
Wes,1 = sa‘@%1 (wes’l),
%es = bllkdlag (Chpf,i) ﬁeSa
I )
ges = CTie&
5es,O = Y- ges‘
Its block diagram is illustrated in Figure 3.12.
esFLL
(3.53)
I (’A"}(,es,l
HPF esSOGI APC — ~
Yy — — CTSCeS Yes
(3.29) [ whpt | (3:28) 7 | 337 2
by ges,O

Figure 3.12: Block diagram of the esFAQ.

To evaluate the esFAO’s performance, the test signals introduced in (3.12) and shown in Figure
3.2 are processed by the esFAQ. The results are shown in Figure 3.13°.

Firstly note that, although one estimate for each of the angular frequencies comprised in the
input signal is shown, the esFLL only estimates the fundamental one. The other results from
this fundamental one by multiplication (and is not estimated). In the case of correctly assumed
harmonic orders Ho, = H,, the esFAO settles down within 78.2ms (Ytest,n) and 86.2ms (Ysest,N,)
where (3.54) was evaluated in view of the estimated angular frequency Wy ;. If the actual
harmonic orders Hu, do not match the assumed ones H,, (Ytest,@, Ytest,Q,), the esFAO fails to
estimate all parameters satisfactory. However, it still is able to give a rough estimate of the
fundamental angular frequency w;.

In the following, a stability proof is presented. Note that the HPE is stable for all wype > 0,
which therefore is neglected in the proof.

Theorem 3.2.8 (Bounded-input bounded-state /bounded-output stability of the dynamics of the
esFAO). Consider an essentially bounded input signal, i.e. ynpr € L(R>0;R) and assume that
(i) the estimated fundamental angular frequency is continuous, bounded and uniformly bounded
away from zero by Wes 1 > Wy 1 > Wes 1 > 0, d.e. Wl € L2(R0; [Weg 1, Wes,1]) and (i) the system
matriz Aes in (3.28) is a Hurwitz matriz. Then, the time-varying system (3.28) is bounded-input

bounded-state /bounded-output stable, i.e.

Vit e Ti:  Fces, Cos > 0: |Zes|l < ces  and  |Yos| < Ces-

Simulation parameters (in addition to Footnote 1): H, = {1,2}, whpt = 27500, les = (0.667, 0, 1.328, 0) T,
Tes = 0.375, 0res,1 = (0, —0.667) T, £es = 107, w,_ , = 2735, Weu1 = 2765,
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Ytest,N,
120

100

Ytest,Qo
120 . . .
as
~ 80\ _ _
= 60
= — - - = -
40
50 . . . . . .
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
time ¢t / s time ¢t / s

Figure 3.13: Continuation of Figure 3.2. Offset, amplitudes and frequencies of the test signals esti-
mated/detected by the esFAO (—).

Proof. Since Aes is Hurwitz, Fact 2.8 holds, which implies the existence of symmetric matrix
0 < Po € R?*2" Next, consider the nonnegative Lyapunov-like function

L2 ~ ~ AT ~
‘/es- R*" — RZO7 Leg > V:ss(wes) = xeSPeswes-

The right-hand side of (3.28) is locally Lipschitz continuous with bounded Lipschitz constant
and bounded exogenous perturbation. Hence, the solution of (3.28) exists globally on R>q [577,
Theorem 2.2.14 & Proposition 2.2.19] (but still might diverge as ¢ — o). The time derivative
of Ves along the solution of (3.28) is, for all ¢ > ¢;, given and upper bounded by

d=T

d ~ ~ ~T d ~
_‘/es(wes) — _wespesmes + mesPes_wes
dt dt dt

3.19 ~ ~ ~ ~
( = ) wés,l [w;rs(A;rsPes + PesAes)wes + 2$;Peslesyhpf:|
(2.14)

~T ~ ~T
= wes,l [_xesQesxeS + 2$esPeSlesyhPf]
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(216) o R
< o, {—Amm@es) 1@esll? + 2 |@esl | Pesll [ ||yhpf|roo]
——
=:a =:b
(2.15) R . 9 9 9 9
< [— i (@es) — 1) sl + 1 | Pes]? o] ||yhpf||oo]
HmZIS.t.(-)Zees,m>0 =!Ces,m <00
(2.16) s =R .
< _;\"T(Hpe'::) es(mes) + Ces,mWes, 1
(217) o~ ~ — )\max es
— ‘/es(wes) < V:es(wes,ti) + zces,mwe&l&‘ (356)

€es,mWeg 1

Hence, in view of Fact 2.9 and (3.56), and with ¢ as in (3.4), one can conclude that

= = — Amax Pes
Ve T ||Zes] < \//\mm%peb) (‘/es(mes,ti) + 2Ces’mw6871#> =1 Ceg < OO

€es,mWeg 1
G N _
and  |Yes| < el |Zes]| < [|ef| ces =t Ces < 00.

This completes the proof. O

Theorem 3.2.9 (Boundedness and exponential decrease of the signal estimation error of the

esFAO). Let Wes1 > Weg1 > Wes1 > 0 be bounded. Consider any continuous and bounded input

signal, i.e. ynpr € C(R>0;R50) N L®(R>0;R) and assume that ynpe s fed to the parallelized
esSOGIs (3.19) with Aes being a Hurwitz matriz. Then, the signal estimation error, defined by

VteT;: €es:i=T— Tes (3.57)

with  as in (3.4) and Tes as in (3.19), is bounded, i.e. there exists cese > 0 such that ||€cs|| < Cese
for allt > t;. Moreover, if wy = @é&l and Hy = H,, for all t > t;, then the norm of the signal
estimation error is exponentially decreasing, i.e. there exist constants ces v, fles,v > 0 such that

t—t;
VieTi: |eew| < cosvll€cs[le v
Proof. First, define the angular frequency error as
Cesw ‘= W] — @é&l (3.58)

and the estimation error vector as
€es = T — Les. (3.59)

Next, evaluating the time derivative of the signal estimation error vector yields

0 B, N Na
¢ €Ces = wiNz —w N —lc' ) Tes — wes71lesyhpf

es,1

. ~/ ~/ T
= CeswINT + Weg 1 N €es — wes’llesc €es

= €eswNT + @ésylAeseeS. (3.60)

Now, the time derivative of the Lyapunov-like function Ves = eg—SPeseeS (with Peg as introduced
in Theorem 3.2.8) is given for all ¢ > ¢;, along the solution of (3.60), as follows

d d T T d
E‘/es(ees) = aeespesees + eesPesaees
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3.60)

(3.60) Wés 1eeS (A P+ PeSAeS> €cs + 2€es € PeSNa:

(2.14)

= —wés le;QeSeeS + 2ees7weeTSPesN:c

e I~ ||ecs ol

< Wes, 1 \min (Qes) Heesn +2 esl [l €es| ||PeSH | IN| ||5C||

=:b
215) ) o
< 0t uin(Qes) — ) ees!? +Mmu Pe [N |12,
Im>1 s, (1) >ehg >0 = Cog,m OO
(226) :es mfesl V ”ees,szo /
S T (P Veslees) + 0 S e
N—_—— ’
::/u'es,V>0
2.17 ) 2 t
CD Vilew) < VislewyJo e (1) 4 ool / e ey (=T, (3.61)
Wes. .
Hence,
2 lees I ‘
ViteTi: el < m %s(ees,ti)e_“CS’V(t_ti)-i-ff;:lf"’cés,m/ e—ucs,v(t—r)dT]
(2.16) P 2 L 3
< Qe fewwn Pt (700 . Lol [ oy i o < 00, (362
———— i
::CCS,V>O

and clearly, for all t € T; where ees, = 0 and H,, = He, the estimation error decreases expo-
nentially. This completes the proof. O

3.3 The modified Frequency Adaptive Observer and the modified
Frequency Adaptive Observer with offset

In the previous section, we have seen that the parallelized esSOGIs are able to estimate the direct
and quadrature signals generated by the internal model (3.4). The main disadvantage of the
parallelized esSOGIs was found in a significant limitation of its estimation speed. To tackle this
problem, this section discusses a more general type of SOGI that is based on a LUENBERGER-like
observer. The basic idea in this context is to construct an observer for (3.4) (which was published
by the author in [571]), called the modified Second Order Generalized Integrator (mSOGI). As
the esSOGI, the mSOGI requires an estimate of the angular frequency. It is provided by the
modified Frequency Locked Loop (mFLL). The overall system (mSOGI and mFLL) is called
the modified Frequency Adaptive Observer (mFAO). Additionally, an extension for estimating
offset is proposed where the respective observer is based on (3.8) (which was published by the
author in [572]). The respective components modified Second Order Generalized Integrator with
offset (mSOGL,) and modified Frequency Locked Loop with offset (mFLL,) construct the modified
Frequency Adaptive Observer with offset (mFAQ,).

This section is structured as follows:

Section 3.3.1 proves the observability of (3.4) and (3.8),
Section 3.3.2 constructs observers for (i) (3.4) (mSOGI) and (ii) (3.8) (mSOGI,),

Section 3.3.3 discusses the feedback gain selection for these observers,
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Section 3.3.4 describes the angular frequency estimation including advanced stabilization mech-
anisms, and

Section 3.3.5 summarizes and proves the stability of the overall systems.

3.3.1 Observability

As mentioned above, the goal of this section is to construct an observer based estimation system.
Hereby, the systems to be observed are given in (3.4) and (3.8). Therefore, the first step is to
check observability. This is stated in the following proposition.

Proposition 3.3.1 (Observability of generation systems (3.4) and (3.8)). Let J, J,, ¢, c, be
as in (3.4) or (3.8), respectively. Then, if and only if w1 # 0 and Ho C R\ {0} where for all
vi,v; € Hoo, i 5 7, it holds that |v;| # |v;|, the systems (¢',J) and (¢, J.) are observable.
Proof. Note that the following is true:

=1 ~
~1(33) J(=1)2J, [ odd

VieZ: J = I (3.63)
(=1)2I,5, I even

Testing the pair (¢',J) for observability [574, Sec. 2.3.1] yields that

[ cl i i cl i
c' J(w) wic' N
Ow) = . = ;
CT J2noo_2 w) w%noo*2cTN2noo_2
_CTJQnoofl (w)_ _w%nooflcTN%Lw—l_
- oT .
wie! bllkdiag (yiJ )
yeeesThoo
w2 l)llkdiag(ufn""_QanorZ)
yeeesTloo
wie et bllkdiag(yfnwflj%w_l)
L yeeesThoo |
G, [ 1 0 -1 0 ]
3.4), _ . _
E3.5§, 0 w1 0 Wn oo
(3.63)
—w2 Noo _ % noo
(—wi)mee (—wp o)™
|0 o 0 o
[ 01 (wl) Onoo (wnoo)
1 0
= . s Ol(wi) = |: :| .(3.64)
(cwd)res (ko )= 0 —wi
L 1 oo

The large matrix must have full rank, i.e. rank(O) = 2n.. This is the case, if and only if the
following conditions are satisfied: (i) w1 # 0 and (ii) Hoo € R\ {0} where for all pairwise different
elements v;,v; € Hy, it holds that that |v;] # |vj|. This proves the observability of the pair
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(c",J).
An observability test for the pair (¢, J,) shows
c/ 1 c’
O.(w) := & Jo(w) (38) ¢! (3.64) [ 1 ¢! } . (3.65)
° O2p. J(w) 02,., OJ(w)
e J (w) e J¥e="1(w)

Note that J has full rank if O has full rank since wy # 0. Thus, OJ has full rank and therefore
O, has full rank which proves the observability of the pair (¢, J,). O

o )

3.3.2 Observer construction: The parallelized mSOGIs and the parallelized
mSOGIs with offset

With the knowledge of observability, LUENBERGER-like observers are constructed for the gener-
ating system (3.4) in Section 3.3.2.1 and for (3.8) in Section 3.3.2.2. As in Section 3.2.2, they
use the set H,, instead of H.

3.3.2.1 The parallelized mSOGIs

First thing to note is that the observer is not based on the matrix J as in (3.4) but the matrix
N as in (3.6). According to Proposition (3.3.1), the pair (¢, N) is observable!®. This observer
is a parallelization of modified Second Order Generalized Integrators (mSOGI) and denoted by
the subscript “m”. It is constructed in a straight forward manner as follows [574, Sec. 2.3.1]

:5Am ER2n><2n
——

VieT;:  S3, = O (N = lch) T+ Omilmys  T(ts) = T, (3.66)
?/J\m = CT%m
wherein
T = (@1 Toge s T, Tmn) | € R¥ (state vector)
and Ly = (12,00, 1%, lha)T € R (gain vector).

A visualization of (3.66), especially in view of the additional gains lrﬁrm, with respect to (3.19) or
(3.28), is given in Figure 3.14. The parallel structure is inherited by Figure 3.6 (a).

€m,y— w _ —> f —I—> EU\%’]-
i’\r’;,j J * @

P

ol j-th mSOGI

Figure 3.14: The j-th mSOGI for amplitude and phase estimation of the j-th component.

107f wy =1, it holds that J = N
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To complete the structural analysis, according to Appendix A the system’s amplitude and phase
responses follow with

pu(w) = [ (@h;-w Zwmlwm,Jm]H (3.67)
k=1

ksﬁj
n n
and vp(w) = E wlm 1l 5 H (@ip —
j=1 k=1
k#j
as
wm 1 H \/UJ la +@2 ’L ZB )2
Axa (wj) = iz
I i (wj)+vh (w5)

pm (@ )wi 12 +0m (W)@ il
Py (wj) = arctan2 Lo e
Um (wj)w; 1% i—pm(wj)wm ilm i

B T1 (82, 5 —3)y/@2,1 05, 2 4307, 02

. _ k#z
AXrﬁ,i(w]) N VP2 (w))+v (w)) (3.68)

vm<w]~>wm,¢lf:,,i+pm<wj>wjl§1,i>

(I)Xxi,i(wj) - aJrCtanQ< Pm(wj)‘:’m,il?n,ﬁrvm(‘*’J')‘*’jli,i
n
kl;II (afn,k_wjg)

Agn, (W) = —5——— and &g

PR (wj)+vi (w5) il

(wj) = arctanQ(‘/;:rEE:.S‘ )> _

Remark 3.3.2. System (3.66) is a genemlizatwn of systems (3.19) or (3.28), respectively; by
a proper choice of the gain vector ly, where all l =0,i € {1,...,n}, the parallelized mSOGIs
become the parallized (enhanced) standard SOG[S

3.3.2.2 The parallelized mSOGIs with offset

The construction of the observer for (3.8) can be done similarly to equation (3.66). The observer
is based on IV, as in (3.9):

—- Am c R2n+1><2n+1
. o

——
VieTi: S8, = Oma (No—lmocoT> By + O bty B (b)) = Tan, (3.69)
Umo = C;r%mo
wherein
T, (Trnos0s By 1 o107+ T& s Tongn) T € 2L (state vector)
and ln, = (lngo, 19 1, to 1o o 1 s 18 ) TR2n+1 (gain vector).

The observer, called the parallelized modified Second Order Generalized Integrator with offset
(mSOGIL,) and denoted by the subscript “m.”, is illustrated in accordance to (3.69) in Figure
3.15. Therein, the structure of a single modified Second Order Generalized Integrator with offset
is identical to the one shown in Figure 3.14.

With
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Y AT
A ! ! j !
mDCI 1-st mSOGI voc n-th mSOGI
/y\mo ~ ~, ~ o
Tm,,0 x%o,l iﬁio’l x%o,n 5?510771
c 2, T,

(a) Block diagram of the parallelized mSOGIL.

emo,y | T

mDCI
(b) Construction of the mDCI.

Figure 3.15: (a): The parallelized structure of the mSOGI, and (b): Offset estimator. The j-th mSOGI
s depicted in Figure 3.14.

n n n
po(@) = 0[] @g 0 ~ Bmer Y Bl ; [ @s—w?)  (3.70)
k=1 j=1 k=1, k+#j
n n n
and  vm,(w) = W%mo,l Zl%o,j H (@rznk - wz) — Wi, lmo 0 H (arznk - w2) )
j=1 k=1, k#j k=1

the amplitude and phase responses of this system follow according to Appendix A as

n
U/Dmo,llmo,o H (a?no.k_w]z)
k=1 )

A Wi = i) W, :arctan2(7_pm°(%))
Xmo,O( ]) \/p?no(wj)+vr2110(wj) ) Xlno,O( ]) 7Umo(w]~) )
n
st 11 (@ =)V} U5 )40 1,0
Aye (w)) = ki
mw( i) VP2 (i) +ud (wj) ’
~ B
Pmo (W;)w;lS 4 Umg (W) )Bmg,ill.
Pyo (w;) = arctan2| —=—1 et To I Totmod ) (3.71)
mo,? Umg (Wj)wjlmo,i*pmo (w]‘)wmo’ilmo_’i
n
st 11 (k=) Bl 3 O, )7
A B Wi = e
xg, (i) D e !
—Vimo () Bmo il s FPmo (W) Jwilo
<I>X5 (wj) = arctan2 = J)Am Lm"’l mo () jamo’l )
mo,i Pmo (wj )wmmilmo,i—’—vmo (wj )wj lmo,i
n
A i knl(wano’k_w?) d @ —Umg (Wj)
w:) = = an w;) = arctan2<#) .
5mo,y( ]) P2, (wi)+v2, (wj) gm"’y( ]) Pmo (W)

3.3.3 Pole placement for the parallelized mSOGIs and the parallelized mSO-
GIs with offset

Unlike the parallelized (e)sSOGIs from Section 3.2, the parallelized mSOGIs and parallelized
mSOGILs have exactly as many gains as states. This allows to choose all eigenvalues of the
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system matrices Ay, and Ay, respectively. The results of the so called pole placement are
appropriate feedback gain vectors I, and [, , respectively. The calculation of the gain vectors
l,, and Iy, is shown in the following, where at first, a preliminary observation must be made:
Consider the matrix

[ ALY ALl At ]
LAl Al o LAl
A= J?ﬂ ' 1#2 ' ' J#n ’
(3.72)
STooa—1 1T 2A-1 T2 a1
I m5Aey T A, - T1 sjAL,
j=1 j=1 j=1
i1 2 J#n ]
where Vie {l,...,n}, u; € Hy: A;lli:: [1 0 ]
’ U
Its inverse is given by
B 2(7L 1) 2(n—2) n 7]
niAm,l 77LH7AII1,1 te MAHIJ
U(“l i) H(“l ) H( 13)
§'¥12( N ?’%12( ) i
n— n— n+1
e Ay Mgy e A
1T (H3—n2) IT (13—12) I (H3—n2)
Ay = | =t j=1 j=1 , (3.73)
J#2 J#2 J#2
2(n—1) 2(n '2) n
nuiAm,n _niAmm n(_l) = Am,n
H (12—12) H (H3—n2) H (H2—n?2)
_J#n J#n J#n ]
since the product of the r-th row of A, and the c-th column of A yields
2(n—1) L20n=2) 1t
71“7Am TAil - n mr MQ n Amr ,U,2A 1
H(MT 1?) e H(ur ) Z ! H( H
o 1% J#C I 3750
n n A A—1
<o Sy [ | et
j=1 j=1 1:[ (“T_“j)
e j#e i#r

Now, the statements can be formulated.

Proposition 3.3.3 (Pole placement for the parallelized mSOGIs and the parallelized mSOGI,s).
Let x € {m,m,} and let v="2n ifx=m orv=2n+1ifx =m,. Let N ' as in (3.6) or (3.9)
and cx as in (3.4) or (3.8), respectively. Let H,, be given as in (3.18) and let Ay, be as in (3.73).

1 The subscript “x” is also inherited by the generation parameters and variables; the model specific subscript
“m” is neglected in this case.
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Further let

/ Afl 0;71 nl
A 1 nC,Uzo m A 'H1M?

. = = = 7= 3.74
o H M? Og—n e Am - n1 Am ;»Lo ( )

= 11 4

Jj=1
n n n T
where ¢, = (1 0 > M? 0 - > II m 0) . (3.75)
° j=1 J=1k=1,k#j

Consider the matriz Ay, == N—l,c' or A, = No—lmocj, resp., with characteristic polynomial
Xoy, 1 Ay (@x,185)

xa,(s) = —m Let

(e}
.
==t
=
SLN
N———
4{
»
Il
=

Cu

o
=1 (3.76)
P

X T <0 2

Let, for all i € {1,...,v}, A € C be the prescribed roots of the desired characteristic polynomial

(e
.
[f=t
=
SN
o
N————
4‘
i
Il
g

v

XAX,deS(S) = H (5 - )\x,i) . (377)

i=1
The coefficients of X A, des are collected in
v v T
_ <—ZAXJ ZA,J S Ak - (—1)UHAX,J-> _
=1 k=j+1 j=1

If and only if the feedback gain vector ly is chosen as
I = A (A —cux), (3.78)

then the desired characteristic polynomial x A, des(S) and the actual characteristic polynomial
XA, (s) have identical coefficients and, hence, Ay is a matriz with eigenvalues Ay ;.

Proof. Recall that the characteristic polynomial x4, can be deduced as follows

Xax 1 Ax (@x,18) = det(swy, 11y — Wx1A4x) = C\u};’ldet(sIv — Ay) =1 Wy 1xA,(5) (3.79)
n n n
(o), | TI(s2+p2) + (12— mil ) T1 (52 + 1), x=m
(A18) ) =1 j=1 k=1, k#j
= XAX (S) - 42 n ﬂ L
(S + lmo,O)H (82 + /’L%) + SZ(SZIC‘IVIO j lmoj) H (82 + MZ)7 X = M.
k=1 =1 k=1, kj

n n n
< i - Sptny o XIlE Y m]mk> <=m
= — g
CA, = Cux + n o el ki (3.80)
<lm070+ gllglo,i - Zl/j“jlmo 7 - Z/‘LJ mo ]Hlu’k’ mO,OHMj> X = m,
k#]

=X
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and observe B
A = AN (3.81)
The desired polynomial in (3.77) should have the same coefficients, merged in the coefficient

vector Ax. A comparison of ¢4, and A yields

A2 e P et A O e+ AT (3.82)

with A as in (3.72) or (3.74), respectively. Solving for I, proves the assertion
— L= Ay (A — Cux) - (3.83)
0

Remark 3.3.4. Let x € {m,m,} and let v =2n if x =m or v =2n+ 1 if x = m,. For all
eigenvalues \x; € Cypp, i € {1,...,v}, the matriz Ax is a Hurwitz matriz.

Remark 3.3.5. MATLAB provides the place command for pole placement. However, this com-
mand does not allow choosing eigenvalues with a multiplicity greater than rank(c) = rank(c,) =1
(i.e. every eigenvalue must be unique). If this is desired, the manual pole placement (3.78) must
be implemented.

Remark 3.3.6. As already noted in Section 3.2.4, the dominant eigenvalue defines the set-
tling time of the system. This also is shown in Figure 3.16' wvisualizing the influence of this
eigenvalue to a single mSOGI. For a comparison, its eigenvalues are chosen as (Am,1, Amz2) €

{(_17 _1)7 (_27 _2)7 (_37 _3)}'

T T T
0_ /\

5 025 .
o
~

S 05 §
g
\8)

~0.75 i

1k 4

| 2I ‘3I 7

0 = @ o Y

time t / s

Figure 3.16: Influence of the dominant eigenvalue: Convergence of the signal estimation error for Ap.x €

{=1(—), —2(—) & =3(—)}.

Apparently, the choice of Apax = —3 leads to the fastest decrease; the normalized settling time
(similar to that defined in (3.54)) is obtained as tsetn = 0.333. For Amax = —2 and Apax = —1
it 15 tset,n = 0.499 and tsern = 0.997, resp.

7

3.3.4 The mFLL and the mFLL with offset

With the linear observers described, now the angular frequency adaption is put into focus. As in
Section 3.2.6, it is based on quasi-steady state observations. Due to the changes in the observer

12GSimulation parameters: Ts = 1ps, y = cos(2750t), Solver: ode4. All initial values are 0.
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gains I, and [y, with respect to the former gains Iy and le, it is to be expected that the
angular frequency adaption law must be adjusted accordingly. Hence, the aim of this section
is to investigate the necessary adjustments. These firstly are observed in a general manner.
Afterwards, sub-structured into the Sections 3.3.4.1 for the mFLL and 3.3.4.2 for the mFLL,,
the respective angular frequency adaption laws are formulated.

Proposition 3.3.7 (Sign-correct adaption over one period for the mFLL and the mFLL,). Let

be x € {m,m,}. Leti e {1,....,n}, w; >0, T; := i—’: and v; = p;. Consider system (3.66) or

(3.69), respectively, with Wy; > 0. Let the system’s signals be given in quasi-steady state by

Noo Noo
= % ajAxe (wy) cos(wit + 65 + e (w))) =5 3 B2,
j=1 ’ ’ j=1
-8 _ = A ) -+ 1P ) —- X g
Tyi = Zl a; Xﬁ‘,(wj)cos wjt + @5 + XB,(WJ) =: 21 T j (3.84)
j= X, X, ]:
Noo Moo
and exy = 3 ajAs,,(w))cos(wit + ¢ + Pe,, (7)) =t 3 exy
j=1 i=1
and let be Ty ;; := (fc\;i’i, Agii)—r. Consider the integral
t+T;
Vie{l,...,n}: / 6X7y,ialﬁx,i,idr (3.85)
t
Then, the following holds
Vie{l,...,n} Vo, € { (Zl> € R?| kol — /ﬂlfi < 0} :
2 ’ ’
t+T; > 0, Qx,i < wj
€xi0y i Brxiidr § =0, By =w;  (3.86)
t <0, Wx; > wj.

Moreover, if ox; = Iijlx = /@(—lﬂ g )T s chosen where k € R, then the phase angles of

XV U,
ex,yw; ond U;iixm are identical.
Proof. Defining for all i € {1,...,n} UL- = (0% vai)T € R? and repeating the procedure as
in the proof of Proposition 3.2.6 yields

27’[’ n
B 2( B B 2~2 (~2 2 ~2 2)2
o w; a; (Ux,ilg,ifag,ilx,z)”i Wx,l(“x,lf%) kljl(wx,i*‘“i )
P N ki
/ i = A R : (3.87)

t

Since w; > 0, only ©F | —w} can change its sign in (3.87). Thus, if and only if afilf;i —aff’ilf’i <0,

it holds that

Vo € { () R
K2

which proves assertion (3.86). Next, for all kK < 0 and if and only if ox; = /ﬁ(—lg,,, lf("y)T, the

t+T; QXJ < wq

(¢4 . T 4 ~
ralgy, — Rl < 0} : / €x,y,i0x,yTx,iidT { =0, Ty1 = w1
0, W1 > wi,
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phase angle of O')I@Xﬂ-,i is identical to the phase angle of ey, ; since

P arctan2 7 <l’£‘¥’iax’1Ux(wi)flf’iwlp"(wiw*"3
T ~ =
a’x,iwxy’i;i

*Uf,i (lii@x,lpx (wi)+lf’iwlvx (w,)) 70)‘& (l;"iwlvx(wi)flfyiﬁxylpx(wi))

s

l(l,‘f’iwlpx(wi)Jrlf,i@x,wx(wi)) )

oxi=r(=12 1o )T ol ) _
(:’ R arctan2( px?c(w;)) (3.68),(3.71) D, (wi)

which completes the proof. O

Remark 3.3.8. As stated in Remark 3.2.7, it is advisable to use only the fundamental compo-
nents for angular frequency adaption for the same reasons mentioned therein.

3.3.4.1 The mFLL

According to Proposition 3.3.7 and Remark 3.3.8, the adaption law for the angular frequency,
called the modified Frequency Locked Loop (mFLL), is chosen with ~y,, > 0 as follows

) d ~ . T ~ ~ o~
VteT;: TWm,1 = Ymlm,y0 m 1Lm,1; wm,l(ti) = Wm,1,t,; (3.88)

Remark 3.3.9. Recall that in Remark 5.53.2, it is stated that the parallelized mSOGIs are gen-
eralized parallelized (e)sSOGIs. The same holds true for (3.88) with respect to (3.50).

In the following, a Gain Normalization (GN), a sign-correct Anti Windup decision function (AW),
a Rate Limitation (RL) and a Low Pass Filter (LPF) are applied to the mFLL to improve its
stability and performance. Since the parallelized mSOGIs as well as the mFLL are generalizations
of the parallelized (e)sSOGIs & (e)sFLL, the GN is identical to the one as described in Section
3.2.7. The AW is designed to ensure stability of the parallelized mSOGIs and mFLL'3. A RL is
applied to smooth the adaption. Additionally, the mFLL input signals ey, and &y, 1 are low-pass
filtered to damp higher harmonics. This is necessary, especially in view of the amplitude and
phase responses of the parallelized mSOGIs (3.68). A comparison of those to the responses of
the parallelized esSOGIs (3.21) is illustrated in Figure 3.17'4.

e 0 ey 0_'/ ' ' N 0
< —30 Q? —50 \ Qa’ ~30
Y =5 —100 0
g —60 £ 150 £ W
S S _ 8 —90
N 90 N 200 o
100 200 0
. 50 ) 100 —50
& I/ A & 100
—100 : —200 : - :
100 100 102 10 104 100 10! 102 10 104 100 100 10> 10® 10*
;’—;T / Hz ;—717 / Hz, “2"—; / Hz

Figure 3.17: The amplitude and phase response of the signals 7y, 1, iﬁm and ey, y (—) and T 1, ‘7?55,1

and eesy (—) for H, = Hy = {1}.

13For the parallelized (e)sFLLs, the Output Saturation only guarantees stability of the parallelized (e)sSOGIs
but not of the (e)sFLL.
“Simulation parameters: £- € {1,1.25,...,10,12.5,...,100,125,...,1000,1250,...,10000}, Ges,1 = D1 =

2750, les = (2,0)7, I = (6,—8) .
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In view of the amplitude responses depicted in the top row of Figure 3.17, it gets clear that
the mSOGI (—) is much more noise sensitive for higher (angular) frequencies than the esSOGI
(—). More precisely, in comparison to the fundamental direct signal Zg; ; (left column), Z7, | has
a higher amplification of all angular frequency components (in the observed range). Especially
in a small range (50 Hz = % < 5% < 200Hz) above the angular frequency &y of the SOGIs,
the respective angular frequency components are not damped but amplified. For the quadrature
signals feﬁsg and fil (middle column), in the range (1Hz < X < % = 50Hz), the mSOGI
has better (noise) attenuation than the esSOGI. Again, for certain angular frequencies (50 Hz =
%17 < 5% < 325Hz) above the SOGIs” angular frequency @i, the mSOGI amplifies the respective
components overproportionally. For all angular frequency components larger than the angular
frequency @i, the esSOGI attenuates these frequencies better than the mSOGI. However, the
signal estimation error of the mSOGI (right column) has better noise attenuation for all angular
frequency components. For higher frequencies (1kHz > %), the amplification of these angular
frequency components is approximately the same for esSOGI and mSOGI.

Hence, the signals Z,, ; must be filtered by a Low Pass Filter (LPF) (see Figure 3.18).

y@ I v

Figure 3.18: A LPF.

To maintain the relation of the amplitude and phase responses between the signal estimation
error ey, and the states Zm,1, the signal estimation error em,y must be filtered as well. With
wm,lpt being the cut-off angular frequency of the LPF, the LPF’s state space representation is
given by

. d €m71 f, . ~ 6m7 ~ A
VieT:: H (2" ) = —wmiptZmpf + Wmlpt { ~ 7 )5 Zmlpt(ti) = Zmprs,-  (3.89)
Lm,lpf,1 Lm,1

)

=: C/I:\rﬂ’lpf cR3

Next, the AW decision function is defined as

awi™ (81,02) =40, & Swy A G2 <0

1, else.

Therein, w,,,wyn > 0 are the lower and upper limits of the AW decision function. The last
modification to the basic angular frequency adaption law (3.88) is the RL which is a saturation

of %@m,l with lower and upper limits z,,, Zm, i.e.

Zm, O >7Zm
sat?(6) = 46, 2y, <6< 7

Zms  Zm <O.

Thus, the modified angular frequency adaption law is given by

—~ = T @2 €m 1pf O'T ﬁ Apf.1 - —~
VteT;: éitwm,l — sat?“ < mWh, 1€m,lpf,y @ m,1Lm,lpf, aw®m (wm’h Zm) (3_90)
Zm

T 2 Wm
max ”mm,lpf,l || s€m

=!Zm
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wherein Oy 1(t;) = Wm1,, and 'y, > 0. To justify these modifications, Figure 3.19'% shows the
influence of each part step by step.

O A et e
o
g wn
~ 3w [ .
- 4
g
(3 —— -
am,l
W @, with LPF
9 By with LPF & RL
| | By with LPF, RL & AWU
0 T2r 2 32r 2
2w wy 2w w1
time t /s

Figure 3.19: The impact of single modifications to the frequency adaption.

The angular frequency estimation without modifications (——) is very noisy. Applying an LPF
(—) results in a much smoother curve, but also comes with overshooting. The RL (——) removes

this overshoot, which, on the other hand, results in a slower performance. Finally, the AWU
(—) speeds up the performance again.

The resulting block diagram of the mFLL is illustrated in Figure 3.20.

€m,Ipf
emy —) e AWU
LPF |4 ~

~ wm71pf71 o’[—ngm,lpf,l Zm ‘|/ -
Tm,1 — ~ 3 i < [ _/— : N = Wm 1

’ max(”“’m,lpf,l H 75m) Zm ’

2
mFLL Tl ()2}

Figure 3.20: The mFLL.

3.3.4.2 The mFLL with offset

The design of the modified Frequency Locked Loop with offset (mFLL,) is similar to the design
of the mFLL described in Section 3.3.4.1. Hence, the LPF is described as follows

. d emm] f, ~ ern07 ~ ~
VieTi: & (4 PRV ) = —m 1pfZm Ipf + Wing 1pf - V) B ipt(ti) = Bg,iprye; (3.91)
mo,lpf,1
———

mo,1

= 5mo,lpf €R3

15Simulation parameters: T = lps, y = cos(2w50t) + n with noise function n, Noise power= 10~°, Noise
seed= 23341, I;m = (6,-8)7, om1 = (=8, —6)", T'm = 0.37, wmipt = 27100, z,, = —271000, Zm = 271000,
w,, = 2740, Wm = 2760, Solver: ode4. All initial values are 0 except for &m,1(0) = 2725.
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and the angular frequency adaption law is given by

“mo

~ z Tino@2, 1 €mo,Ipf,y O e 1 Zmo,Ipf, 1 Do [~
Va7 c TZ %wmo,l — Satimo < Mo“'my,1%mo,lpf,y % my,1*mo,lpf, aWWmo (wmo717zmo) (392)

Zm, ~ 2 w
© max ||mmo,lpf71’ »€mo

= Zm,

with Wm, 1(ti) = Wme,1,4, and I'y,, > 0. The block diagram of the mFLL, is identical to the one
of the mFLL (with m, instead of m). It is depicted in Figure 3.20.

Remark 3.3.10. Instead of using a Low Pass Filter inside the mFLL or mFLL,, the LPF can
be placed before the mFAQO or mFAQ, to filter the input signal instead. Consequently, only one
filter is needed leading to amplitude and phase deviations of the observer input signal. As noted
in Remark 3.2.4, this requires post processing APCs (cf. (3.39)).

Remark 3.3.11. Let x € {m,m,}. For all oy that are element of the set described in (3.86),
the adaption speed depends on the phase angle difference between Uiliml,l and ey 1. The speed
is mazimized for identical phase angles, (i.e. (I)crl@x,l,l = O¢,  (w1)) due to (2.8). This results
in the specific choice

oxa=—J(13 1) (3.93)

3.3.5 Summary and stability proof of the mFAO and the mFAO with offset

This section completes the investigations on the parallelized mSOGIs with the mFLL, called the
modified Frequency Adaptive Observer (mFAQO) and the parallelized mSOGI,s with the mFLL,,
called the modified Frequency Adaptive Observer with offset (mFAQ,). In Sections 3.3.5.1 and
3.3.5.2, a complete mathematical and graphical representation for the mFAO and the mFAQ,,
respectively, is shown. These are evaluated using the test signals introduced in (3.12) and shown
in Figure 3.2. Afterwards, both systems are proven in view of stability.

3.3.5.1 Summary of the mFAO

The mFAO is mathematically described as follows

d ~ o~ ~ o~ ~ ~
3 fm = Wm,lAmmm + Wm,llmyv :Bm(ti) = Tmt;,
d =~ ~ €m, ~ oA
T Tm,lpf = —Wm,IpfLm,Ipf + Wi, Ipt <§ y1> v Tmipt(ti) = Tm,ipt.t;
m7
Vit e Tii 7 = Fma?n,lem,lpf,:u‘sz,lim,lpf,l (3.94)
m = = 2
maX(me,lpf,l ‘ 75m)
d ~ = T [~ ~ ~
Wm,1 = Satz: (Zm) awgi: (Wm,lu Zm)’ Wm,l(ti) = Wm,1,t;
Ym = C L.
Its block diagram is shown in Figure 3.21.
mFLL (3.90)
Wm,1
Y mSOGI  (3.66) — ¢ Ty [ Um
Lm

Figure 3.21: Block diagram of the mFAO.
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Figure 3.22'6 shows the evaluation of the mFAQ where the test signals from (3.12) are used.

Ytest,N
120 =
> 4ol i 7 s 100 [ — e oo e
~ [d L
8 204 ~ 80p
SN & S DT e S R—
§ 0_ =7 e e — - H: 40S [
-20 :
Ytest,N,
120
mN 100 /= e — ——
80F
< oof
S A0
20t
Ytest,Q
60 I R oo oo g A 120 A
> e oM e e i iy Aent'w « 100
~ 40 o o m :
o ~ 80 -
% 20 & el T T T T ]
S "B O b ol ol b v ot o e P e o o S - A\ A Y - o S e
g (] S L Nt o W A0 W A WY A WY 0 6 W R Y Y 6 T Y A DY A W «J 400 "

Figure 3.22: Continuation of Figure 8.13. Offset, amplitudes and frequencies of the test signals estimated
by the mFAO (----+).

Note that, although one estimate for each frequency is shown, the mFLL only estimates the
fundamental one. The other results from this fundamental one by multiplication (and is not
estimated). Since the mFAO cannot estimste offset, no estimate for this value is plotted. If the
harmonic orders are assumed correctly, i.e. Hy, = H,, and no offset is present in the input y
(Ytest,n) the mFAO settles in 33.3ms which was evaluated for the angular frequency by using
(3.54). Hence, it is an improvement to the esFAO. However, when offset is included in the input y
(Utest, N, ), the mFAO cannot estimate the amplitudes and frequencies anymore. In fact, frequency
estimation fails completely and is only held stable by the anti windup. If H, is not equal to H,
(Usest, @ Ytest,Q,), the mFAO fails to estimate the parameters. But, if no offset is present, it at

Y6Simulation parameters (in addition to Footnote 9): H, = {1,2}, Im = (7.5, —0.9375, —1.5, —6.28125) ",
Wmipt = 27100, T = 0.2756, om1 = (—0.9375, —=7.5)7, em = 107°, 2, = —2710°, Zp = 2710°, w, = 2735,
1P m m
Wm = 2765.
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least gives a rough estimate of the fundamental angular frequency w;.

3.3.5.2 Summary of the mFAO with offset

The mathematical description for the mFAQO, follows as

d =~ ~ ~ ~ ~ ~
Gt Lme = Wmo,lAmowmo + Wim,,1lm, Y, T, (ti) = Lmo,t;5
d ~ . ~ €m,,y ~ oA
@t Lo, Ipf = ~Wine,Ipf Ly, Ipf T W, Ipf <§ ° L) T, Ipf (ti) = Ty Ipt t;
Mo,
VteT;: o — Dmo®ing,1€mo,lpf,y T mg 1 Bmo Ipt 1 (3.95)
me —

~ 2
maX(meo,lpf,l ‘ 7€tno)
W, ~

%@mml = Satéz: (Zmo) awzz: (E\Umml’ Zmo)’ wmml(ti) = @mmlyti

ymo = co mmo

and the block diagram in Figure 3.23.

mFLL, (3.92)

wmml

Yy mSOGI,  (3.69) ¢ T, F— Um,

~
Lm,

Figure 3.23: Block diagram of the mFAOQ..

In Figure 3.24'7 the evaluation of the mFAQ, is plotted where the test signals from (3.12) are
used.

Note that, although one estimate for each frequency is shown, the mFLL, only estimates the fun-
damental component. The other results from this fundamental one by multiplication (and is not
estimated). In case of correctly assumed harmonic orders Hoo = Hy, (Ytest, s Ysest,N,) the mFAO,
correctly estimates the amplitudes a; and the fundamental angular frequency w;. Compared to
the mFAQ, the normed settling time (obtained by evaluating the angular frequency using (3.54))
is larger for the mFAQ,, which is 60.2ms (Yiest,n) and 48.1ms (yest,n,). Nevertheless, it still
outruns the esFAO. On the other hand, when actual harmonic orders Hy, are not equal to the
assumed ones Hy, (Ytest, Qs Ytest, Qs ), the mFAQ, cannot estimate the parameters anymore and the
estimation fails. However, the fundamental angular frequency wy can still be roughly estimated.

Theorem 3.3.12 (Bounded-input bounded-state/bounded-output stability of the dynamics of
the mFAO and mFAQ,). Let be x € {m,m,}. Consider an essentially bounded input signal,
i.e. y € L2R>0;R) and assume that (i) the estimated fundamental angular frequency is con-
tinuous, bounded and uniformly bounded away from zero by €,x > 0, i.e. Wx1 € L2(R>0;Rx0),
and (ii) the system matriz Ax in (3.66) or (3.69), respectively, is a Hurwitz matriz. Then,
the time-varying system (3.66) or (3.69), respectively, is bounded-input bounded-state/bounded-
output stable, i.e.

VteT: Fex, x>0 ||2g]] <ex and  |7x] < .

Proof. Let t,, be the rise time to the limits of the AW decision function of the mFLL or the
mFLL,, respectively. Since Wy is bounded where, for all ¢ > ty it holds that Wy; > 0 and,

Y"Simulation parameters (in addition to Footnote 16): H, = {1,2}, lm, = (7.6171875, 6.09375, —12.1875,
—6.2109375, —5.15625) T, wingipt = 27100, Tun, = 0.33, o1 = (—12.1875, —6.09375) T, em, = 107°, 2z, =
—2m10%, Zm, = 2710°, w,, = 2735, Wi, = 2765.
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Ytest,N
120

100F

Figure 3.24: Continuation of Figure 3.22. Offset, amplitudes and frequencies of the test signals estimated
by the mFAO, (—).

moreover, for all ¢t > ¢, it holds that Wy > Wy 1 > wy, the idea described in the proof of Theorem
3.2.8 can be repeated. This completes the proof. O

Theorem 3.3.13 (Boundedness and exponential decrease of the signal estimation error of the
mFAO and mFAOQ,). Let be x € {m,m.}. Let, for all t > ty, Wx1 > €, x be bounded. Consider
any continuous and bounded input signal, i.e. y € C(R>0;Rs0) N LP(R>0;R) and assume that
y 18 fed to the parallelized mSOGIs (3.66) or the parallelized mSOGLs (3.69), respectively, with
Ay being o Hurwitz matriz. Then, the estimation error, defined by

ViteTi: ex:i=xy— Ty, exi = Txip;, — Txy,

7 143

(3.96)

with Ty as in (3.4) or (3.8) and Ty as in (3.66) or (3.69), respectively, is bounded, i.e. there
exists cx e > 0 such that ||ex|| < cxe for all t > t;. Moreover, if wy = W0x1, Hoo = H,, and ag =0
if x =m for all t € T;, then the norm of the estimation error decreases exrponentially, i.e. there
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exist constants cx v, pix,v > 0 such that
VieT: el < cvllexy || e vt

Proof. The proof is identical to the proof of Theorem 3.2.9. O

3.4 The transformation-based Frequency Adaptive Observer in
transformed frame and the transformation-based Frequency
Adaptive Observer with offset in transformed frame

In Section 3.3, observers were constructed with the purpose of observing the generating systems
(3.4) and (3.8). However, for proper functionality, the harmonic numbers collected in H,, had to
be (at least roughly) known. Hence, the following section addresses this problem where the basic
idea, that already was published in [548], is to transform the generation system into Controllable
Canonical Form (CCF). This section’s structure is as follows:

Section 3.4.1 describes the transformation of the generation systems (3.4) and (3.8) to CCF,
Section 3.4.2 briefly restates observability,

Section 3.4.3 constructs observers for the transformed systems,

Section 3.4.4 discusses the gain selection for both systems and

Section 3.4.5 proves stability for both methods where, as an outcome, the angular frequency
adaption laws can be formulated.

3.4.1 Transformation to Controllable Canonical Form

First of all, the transformation into Controllable Canonical Form (CCF) is described. To this
end, at first the transformation of (3.4) is explained and, based thereon, (3.8) is transformed
afterwards.

3.4.1.1 Transformation of the generation system without offset to Controllable
Canonical Form

The basic idea for the transformation to CCF was already reported in [548], which defined the
transformation of system (3.4) to CCF as

z:=T(w)x. (3.97)

where here and in the following, all symbols marked by an underline (i.e. “_”) represent an
expression in transformed coordinates. The transformation matrix 7' and its inverse matrix are
given by

T(w) = : : € R#meeX2n0 (3 98)




3.4. THE TRANSFORMATION-BASED FREQUENCY ADAPTIVE OBSERVER IN
TRANSFORMED FRAME AND THE TRANSFORMATION-BASED FREQUENCY
ADAPTIVE OBSERVER WITH OFFSET IN TRANSFORMED FRAME

SN ]
i=t oo
T W) e T (W)
T (vt-7) T (w17
#£1 #1
T Hw) = : : (3.99)
(~pmeett T w2
j=1
T v, =Dt
nﬁo (w2 w2) Noo (U)) nlglo (wQ —wz) Noo ((.d)
L J#neo J#noo ]
since the product of the r-th row of T~! and the ¢-th row of T yields
(—1ymeett T w?
j=1
Gy _ 1 noo+1 _ _ 2’”00
T (@) Te(w) e T T w) ST )
jl;ll(wr —wj ) jI;Il (w'r —wj )
AT T
Noo Moo 1
_ oo o= 0=2 | Tr (w)Te(w)
=1 (1" +1Hw]2~+---—wg” 4ij2-—|—w3” 2 S
j=1 j=1 ,1:[1(“’3—“’]2)
J#T T i
Noo
(2.18) 9 o\ Trlw)Te(w) _ ) O2x2, c#7
- H(wﬁ_wj) noo “"2 2"‘" - T _
j=1 I1 (@ —w?) 2 =T
J#T J#r
In T, each sub matrix T'; is defined as
nm(l)j&]'?[ *%?,%(“’) wicﬁj(“’)]
Vie{l,...,no}: Ti(w):=-—2" wia W) wg,@)] (3.100)
(f (1w} e, (w>> + ( > (- (w))
Jj= Jj=
The transformation parameters ¢, and gﬁi,i € {1,...,nx} are constant. Hence, since the

frequencies w; are assumed to be constant, the time derivative of (3.97) results in
= J(w)

T(w)J(w)z =T(w)J ()T (w)z, z(t) =z, =T(w)z, (3.101)

&le
18
I

vie T c'x = cTT_l(w) x.

<
I

=¢! (w)

The resulting matrix J is in CCF, i.e.

8 1 8 8 S0 1 0 0]
0 0 0
Jwy=| 5T e e =g(e), (3.102)
S 0 0 0 1
—Ilwj 0 -2 W o [-8,, 0 —0, 0,
L =1 7=1 i
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Due to the specific choice of T';, the output vector ¢; collects the transformation parameters

gt(w):(gﬁl(w) ggl(w) g (w) gﬁz(w) s (W) gﬁnw(w))T. (3.103)

The transformed angular frequencies

0, = > Tl (3.104)

are collected in the transformed angular frequency vector
0:= (0, 0, - 0, ) eR"™. (3.105)

They refer to the matrix J via

01 --- 00 0 0O 00O ---10
J@O)=|" ° R : L L A S (3.106)
00 - 01 0 0010 -~ 00
00 .- 00 1 1 0 00 00
~——
:,QeRQnoo ZZEERnOoXQ’ﬂoo

This completes the description of the transformation of (3.4) to CCF.

3.4.1.2 Transformation of the generation system with offset to Controllable Canon-
ical Form

Similar to (3.97), the transformation for (3.8) is defined as
z, = T,(w)x,. (3.107)

The transformation matrix T, uses a matrix T based on T from (3.98) and is given by

o ts(w) trT(w) (2n00+1) X (2n00+1)
T,(w) = [tc(w) T(w eR (3.108)

whereas its inverse is obtained as

18] (@) (1 () T(w)—te @)t (@)

_ ts(w ts(w

T w) = = t(()w( N pl telw)t] () !
L (T(w) - S2580) o) (Tlw) - L)

k(W) ts(w)

Taking the time derivative of (3.107) yields

Sz =T, (w)J(w)T, = To(w)J.(w) TS (w) z
—J,

(w)
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(3.8),
3.108 Tw @ Tal cU-’TUJ -1 aal clWw Tw —1
<<31_09>> e (T(w) - %) te(w) t] (w)J(w) (T(w) _ ”&%)”) )
= T(w w = o(w T(w —1 o > (w T 1] =,
_%ﬁ) (T(w) - %) to(w) T(w)J(w) (T(w) _ t<t>(+)<>)

To obtain J, in CCF,

te(w) =02 and t(w) = —J Y(W)T ' (w)i12n.

must hold. Moreover, the south-eastern sub matrix TJT ' must be in CCF as well. However,
this is already the case if T is chosen similar to T as in (3.98) but with

|: 0 Qto,o(‘”)

wi

Qto,o(“’) 0

+n§(—1)jwfj_2{ oy @) _wicé”j(w)}

j=1 wlct ]( ) wlct g w)

Vie{l,...,n0}: T,i(w)= : - = )
(f’( Diwf e ,j<w>> +<t° z< Diw el J<w>

(3.111)
instead of T';. This choice, together with

ts (w) - Qto,;(w)

leads to a similar structure of ¢ like ¢; as in (3.103). Hence, the resulting system in CCF is
given by

do, = J (0, z,(t) ==z, =T (w)T.y,
VteT;: y = e, =c] T (w)x, (3.112)
h/—’
=:¢/ (w)
where
0 1 0 0 0 0
0 1 0 0 0 0
J.0) = |: : . : ol and
0 0 0 0 0 --- 0 1 (3.113)
_O _Qnoo 0 _Qnoo—l 0 - _Ql 0_
o 8 " 8 T
a @) = (co@) @) @) @ w) @ w) -

The frequencies are collected in the transformed angular frequency vector 8 as in (3.105). Thus,
the matrix J_ can be decomposed into

0 1 00
J@=1" " (Y et o, x® . (3.114)
- b

00 - 01 b - =

00 --- 00 ::QOER/?-:ooH —: 3 € RnooX (2noo+1)

This completes the description of the transformation of (3.8) into CCF.
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3.4.2 Observability

Before the observer construction can be done, at first, the observability must be clarified again
since this characteristic might change with state dependent similarity transformations.

Proposition 3.4.1 (Observability of transformed generation systems (3.101) and (3.112)). Let
J., ¢, be as in (3.101) or (3.112), resp., and Tx as in (3.98) or (3.108), resp. Further, let
v = 2no — 1 if no offset is considered and v = 2ny otherwise. Then, if and only if w1 # 0,
He C R\ {0} where for all v;,v; € Ho, i # j, it holds that |v;| # |vj| and det(Tx) # 0, the
systems (c{ ,J) and (¢, J.) are observable.

=0

Proof. According to [574, Sec. 2.3.1], investigate

O 1 [ dTiw)
0, (w) = : (3.100) : B89 0 ()T (W) (3.115)

i (0)J3() ex Jy(w) T (W)

which must have full rank. This holds if (i) Ox has full rank (which was stated in Proposition
3.3.1) and if (ii) the transformation matrix T’y is invertible. Hence, this shows the observability
of the pairs (¢, J) and (¢, J,) and completes the proof. O

o

3.4.3 Observer construction: The parallelized tSOGIs in transformed frame
and the parallelized tSOGIs with offset in transformed frame

The next step, similar to Section 3.3.2, is the construction of a LUENBERGER-based observer.
However, as in Sections 3.2.2 and 3.3.2, not the whole systems (3.101) and (3.112) with Hy, can
be observed. Instead, a reduced subsystem must be used. But, unlike the (e)sFAO, the mFAO,
and the mFAQ,, the reduced set of harmonic numbers is not fixed to some selected values, but is
estimated by the frequency adaptive observer and denoted as @n. However, its cardinality must
be set before observer construction and is denoted by n := ’Hn’ This cardinality is identical
to the system order. In the following, the observer for system (3.101) is constructed in Section
3.4.3.1 and the observer for (3.112) in Section 3.4.3.2.

3.4.3.1 The parallelized tSOGIs in transformed frame

A direct construction of the observer yields, where the subscript “t” means “transformation-
based”,

— ;& (95 )€R2n><2n

VieTi:  $& = (J@)-LO)e(0)) @, + L0y, Z(t) = i, (3.116)
7 = Oz
with the state vector z; := (¢, Zv\tﬂl, c, Ty, :?fn)T. Since this system already contains the

maximal amount of degrees of freedom (collected in ¢;), the observer gain is not required to
allow for any further ones and thus can be selected to define system characteristics. As will be
discussed in Sections 3.4.4 and 3.4.5, it is advantageous to choose [, as proposed in [548]:

.
1,(9) = (0 0 - 00 5 1) c R, (3.117)
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The block diagram of the so-called parallelized transformation-based Second Order Generalized
Integrators (tSOGI) in transformed frame is illustrated in Figure 3.25'8.

Yy S
Ly,
parallelized tSOGIs
~B S
~ L 1 L1
6, ] f f

Figure 3.25: Block diagram of the parallelized tSOGIs in transformed frame.

3.4.3.2 The parallelized tSOGIs with offset in transformed frame

For the parallelized transformation-based Second Order Generalized Integrators with offset (tSOGIL,)
in transformed frame, the observer equations are obtained as follows

::At (Q»Et )GRQn-HXQn-H

vteT: 43, = (L0 1,0)c©0)E, +1 O B (1) =8, ( (118
J. = <0z,
with
2y, = (T, 0, T 1, @3071, B @tﬁon)T c R2nH
T
and 1, (6) = (0, 0, -+, 0,0, 5~ 1) e R21, (3.119)
Cto,n\&

The block diagram for the parallelized tSOGLs in transformed frame is similar to that in Figure
3.25.

3.4.4 Pole placement for the parallelized tSOGIs in transformed frame and
the parallelized tSOGIs with offset in transformed frame

With the observer equations known, the gains ¢, and QB - as well as ¢ c® . and gﬁ NS
’ t,1 t,1 t0,07 =to,? 10,17

{1,...,n} must be selected for the sake of the matrices At and Ato being Hurwitz matrices.
Therefore, pole placement is used which requires the system matrices’ characteristic polynomials.
Note that if a matrix is in CCF, the characteristic polynomial can be obtained directly from the
system matrix’ last row [582, Sec. 6.1.2]. By an appropriate choice of the observer gain vectors
i and I, this structure can be achieved. In fact, that is why the observer gain vectors Iy and [
were designed as in Section 3.4.3. For example, the system matrix for the tSOGI in transformed

'8 Although the parallelized tSOGIs in the transformed frame do not have a parallel structure as shown, for
example, by the parallelized mSOGIs in Figure 3.14, they are called such for consistency. Their transfer functions
and the respective amplitude and phase responses are neglected since they are not needed.
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frame is given by

[ 0 1 > 0 0 ]
0 0 0 0
A (0,0,) = 0 0 1 0
(0 _dae cta(8) 0
cn(®) (0 (O
[ O —c$1(8) —[1(8) -+ —By; — () —c,(0)]

whose north-western sub matrix is again in CCF. According to [582, Sec. 6.1], its characteristic
polynomial and the one for A; can be collected as

= Xét,red(s’g)

Q B o
X4 (50) = (s+d,(0) G SPGBy 20
A, ) ca(0) ¢ ,(0) (@) (3.120)
~ — B Ci,,0(0) C.1(8) Cion(®) 2n—1 2n .
%, 50 = (s+da@) <cé1,n<e>Jrc&,n(ms+ et T )
= XAto ,red(s’Q)

Note that these are independent of the estimated transformed angular frequencies ét,i and é\to’i,
respectively.

Proposition 3.4.2 (Pole placement for the parallelized tSOGIs in transformed frame and the
parallelized tSOGILs in transformed frame). Let x € {t,t,} andletv=2n—14fx =1t orv =2n if
x = t,, respectively. Let J be as in (3.116) or J as in (3.118) (summarized as J ), respectively,
and 1, as in (3.117) or (3.119), respectively. Let

o0 --- 1

A = I =A = At e RV, (3.121)
01 -0
1 0 --- 0

Further let A, ; € C, i € {1,...,v+ 1} be the desired eigenvalues of A =J —Lc!. Let

v v v v T
Area(8) = (— S AG(O) Y AGO) X ASO) - (—1)7 ] Am(e))
=1 i=1 Jj=i+1 =1

be the vector containing the coefficients of the reduced desired characteristic polynomial

(2

XAx,red,des(s’Q) = H (S - AX,Z(Q)) .

=1

If and only if the output vector c, is chosen as follows

w0 = o 5] () 512
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then the desired characteristic polynomial

XAX,des(S’ Q) = (S — AX,'U—‘,—I (Q)) XAx,red,des(S’ Q)

and the actual characteristic polynomial given in (3.120) have identical coefficients and, hence,

A, is a matriz with eigenvalues A\, ;
)

Proof. Define the reduced output vector as follows

5 TRy
(@) (@) ... &.(0) €R x=t

Qx,red(g) = 5 T )
(ceo(® c1(0) c1(0) ... c.(0) €RY x=t.

and collect the coefficients of the reduced characteristic polynomial x5z . in (3.120) in

o B oo T
<an(e) 721(Q) 2{1(9)> c RU, x =t
_ 0) :— Qtyn(g) C, n(g) Qt,n(g) 3.123
Ca red(—) T 8 T ( . )
- cen(0) 1@ c1(8)  c0(8) cRY. x=t
ctn(9) .0 .0 .0 LT
Observe that the relation between ¢, o4 and c3 A red is given by
chvred (Q) = P n( ) A‘XCX red(e) (3124)

In view of the characteristic polynomial x 3 as given in (3.120), one eigenvalue can be assigned
directly as

An(0) = = 0i1(0). (3.125)
The other elements of ¢, collected in Cx red> follow by a comparison of Ax,red and ¢y ., as
! (3.124)
Ax,red (Q) = CAx,red (Q) = méxgx,red (Q)
= Qx,red(g) (3.1:21) QQ,H(Q)AXAX,Fed(Q) (3.1:25) _Ax,v—ﬁ-l(Q)AxAx,red(Q)' (3126)

Hence, the total output vector is given by

c (0) _ Qxléred(g) (3'125!3'126) _Ax,v—l-l(Q)AxAx,red(Q) — _ Ax 0y Ax,v+1(Q)Ax,red(Q) .
T Q(,n(g) _Ax,v—i-l(g) OT 1 Ax,v—i—l(g)

v
This completes the proof. ]

Remark 3.4.3. Let x € {t,t.}. For all eigenvalues A\, ; € Cygp, i € {1,...,v}, the matriz A,
18 a Hurwitz matriz. Moreover, note that if for any set it holds that p := ‘{Ax,l, . an,v}‘ > 1
(p different eigenvalues), the resulting matriz A, is not unique. Instead, there exist p matrices

A, with eigenvalues ) ; dependent on the choice for Bn which is illustrated in the following
example.
Consider x = t,, n = 1 and choose the eigenvalues as Ay = —a, A\ o = —b+ jc and A\ 5 =

—b— gc where a,b € R and ¢ € R\ {0}. Further consider /Q\tc,l € R. The possible output vectors
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¢, follow as

a(b® + %) a(b® + c?) a(b® + c?)
c; € 2ab cab+0%+ % —gac], | ab+b? + 2+ jac
a b— e b+ gc

Those lead to system matrices

0 1 0
A, e _@ —50 K
—a(b* +¢*) —0, ,—2ab —a
0 1 0
_a(b®>+c?) __ab+b?+c%—jac 0
b—jc =R b—yc ’
—a(b® +c*) =0, —ab—b* —c* 4 jac —b+ e

0 1 0
_a(®>+c?) __ab+b2+c?+jac 0

b+c - b+7c
—a(b® +¢*) =0, —ab—b* —c* —jac —b—jc

3.4.5 Stability proof and summary of the tFAO in transformed frame and
the tFAO with offset in transformed frame

Although angular frequency adaption was not considered yet for the tSOGI in transformed
frame as well as the tSOGI, in transformed frame, stability proofs for these systems are carried
out. However, from these proofs, angular frequency adaption laws can be deduced. Therefore,
summaries of the overall systems are given at the end of the section. In these summaries,
evaluations of the respective systems using the test signals defined in (3.12) are not feasible,
since this would imply a comparison of signals in «, 8 and transformed coordinates. But before
the proofs can be formulated, some preliminary observations are required.

For the following observations, let be x € {t,t.} and v =2n —1if x =t or v = 2n if x = t,.
Define the transformed angular frequency error matrix as

~

0,8,) = J,(8) — J(6,). (3.127)

Ey.

Note that it only consists of the transformed angular frequency errors defined by and collected
in

o~

e, =0-0,, (3.128)

ie. E,, can be rewritten as
Y

E, (8, 0,) = —b.el 5, (3.129)

according to (3.106) or (3.114), respectively. Next, introduce the signal estimation error as
(3.130)

Its state space representation is given by

(3.101),(3.116)

VteT;: %QX

[

<

o

=
8
!

2, — (1.8, - L(0)c](8)) &, — L (O)c! (O)z,

(3.130) ~

(3.127) e, —1(0)c, (0)e, + E, (0,0,

Il

<
>/<\
=

0
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CARLEHD 4 (0)ey — boel BB, ellti) = ey, (3.131)
Exy = cl(@e.=y—7,. (3.132)

Therein, the matrix
A (0) = J(0) ~ L(0)c; () (3.133)

Z) T X\ &

denotes the nominal system matrix. It is A, as introduced in (3.116) and (3.118), resp., where
for i € {1,...,n} the estimated transformed angular frequencies 0, ; are replaced by the actual
frequencies 6,. For example, A, is given by

0 1 e 0 0
A () = 0 0 o 1 0
(9 - a0 0
. (8) ,; . (0) () 5

| =0, —c1(0) —c1(0) -+ —0; —cf(0) —ci,(09))

)

In view of Fact 2.16, Equation (3.131) can be made strictly positive real. This is shown in the
following.
C 0y

Rewrite the matrix A, in (3.133) as A, =: [Ur 5 } The error transfer function with input

“%x,n

Zx & _g;l(—,wzxix
is defined by
Ey(s.0) = L5 = el (0) (T2 — A(0) b
. 0
Iy,—1—C(0))" 02
(3.103),(3.106) o (sI2n—1 n
= (Qt,l(Q) Qﬁn@)) v (@)l -CO)" 1
s+ep ,(0) ste,@) | |0
1
5
. Qt,n(g)
B 8+9€,n(g) (3134)
ifx=tor ;
Eio(5,8) 1= o) = Cap® (3.135)

stcp, . (0)

if x = t,. It shall be tested for strict positive realness. It must fulfill the assertions of Fact 2.16:
If and only if ¢%, € R\ {0}, Ex,y is a rational function with relative degree rd (&) = 1, Exy
takes only real values for real s, and &, is not identically zero for all s. Thus, checking the
conditions for strict positive realness of Fact 2.16 shows that & , is strictly positive real.

Remark 3.4.4. The requirement gﬁm € R\ {0} influences the allowed range and assignment of

the eigenvalues for pole placement described in Proposition 3.4.2, if the tSOGI in transformed
frame is considered. Considering the tSOGIL, in transformed frame instead, this requirement does
not influence the allowed range, since one eigenvalue must be real anyway (assuming a real-valued
implementation). On the other hand, one of the real eigenvalues must be assigned to gfmn, see
Remark 3.4.5.

Next, the strict positive realness of (3.131) allows to invoke the MEYER-KALMAN-YAKUBOVICH-
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Lemma 2.17

Al(O)P,(0)+ P, (0)A.(0) =—q (0)G () — G (0)Q () and ¢, (0) =P (0)b, (3.136)
=-Q (0)

~ ~T
where @ = Q_ > 0 can be chosen arbitrarily. Note that the usual statement “for any given

Q = Q—r > 0" does not hold anymore if additionally P,b, = ¢, must be fulfilled. More
prec1sely, Q is restricted to a bounded set as shown in the follovvlng example.

1
Example 3.4.5. Let J = [_09 (1)]; ¢ = (Z%), L = (f) b= <(1)), let A, = J — Ll be

Hurwitz and let & , = g;r (sIy — At)fl b be strictly positive real. Then, P, can be determined as
follows

P, (3.136) [p ey

,3:|a pER

o
Co G

which leads to a restricted set for Qt given by

Zip+290§“+2(c?)2 ( ) +0c +2c0¢0

Q E{QEeR” |IpeR: Q= >0

( ) + Gct + 2¢¢ ct 2(9?)2

The eigenvalues of Q,, needed for the estimation bounds in stability proofs (see e.g. (3.56) or
(3.61)), are given by

NQ) = Sp+0c + (&) + ()’

2 2
i\/<22p+00?+(03)2—(05)2> +((Cf) +0c +2tht> :

For the positive definiteness of Qt’ they are required to be positive. This implies

2
C? C? 2 0 (6% (e} (6%
p>c?<<2((c€))2+2+ct> —0¢ —(Ct)2>

which gives a lower bound for p. Clearly, there does not exist an upper bound for p, but in view

of

lim )\mln(Q ) — 2(25)2

p—o0

and since the eigenvalues are continuous functions of p it is obvious that there exists a mazimal
)\min(gt). Hence, Qt cannot be chosen arbitrarily.

This leads to the following assumption.

Assumption 3.4.6. Lel x € {t,t.}. Let J., b, be as in (3.106) or (3.114), respectively, c,
as in (3.103) or (3.113), respectively and l, as in (3.117) or (3.119). Let A, as in (3.133) be
a Hurwitz matriz, let ¢, be strictly positive real and let the norm of the transformed angular
frequency error vector be bounded by Hewa < Cyew < 00. Although the minimal eigenvalue of
QX fulfilling (3.136) is limited to an upper bound as shown in Example 3.4.5, assume that it still
satisfies the following inequality:

Im > 1 Aun(Q (0)) — & — 2., e O)| 2] > € > 0. (3.137)
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Now, the stability proof can be formulated.

Theorem 3.4.7 (Bounded-input bounded-state/bounded-output stability of the dynamics of
the tFAO and tFAQ, in transformed frame). Let x € {t,t.} andv=2nifx =t orv=2n+1if
x = t,. Consider an essentially bounded input signal, i.e. y € L(R>0;R) and assume that (i) the
matriz A, as in (3.133) is a Hurwitz matriz, (i) J’én is a real scalar and (iii) angular frequency
adaption is globally asymptotic stable such that Hewa < Cyew < 00. Then, the time-varying
systems (3.116) and (3.118) are bounded-input bounded- State/bounded—output stable, i.e.
VteT;: 3Fe, 6 >0 |z

X? =X

<ee and |7 |<e.
Proof. Firstly, since A, is a Hurwitz matrix and gffn € R, equation (3.136) holds. Secondly,
introduce the non-negative Lyapunov-like function

K}gac: RY — RZ()’ ix = K}gaz (ixv Q) = :IBX (Q)ix
Although the right-hand side of (3.116) or (3.118) is locally Lipschitz continuous with bounded
Lipschitz constant and bounded exogenous perturbation which implies a global solution of (3.116)
or (3.118) on R, it still might diverge as ¢ — oo. The derivative of V. with respect to time
along the solution of (3.116) or (3.118) is, for all ¢ > ¢;, given and upper bounded by

LV, .z, 0) 43 P (0)Z, +Z, P (0)4

dt Lx

(2/4,(0.0,) + L (0)y) P,(0)z,

(3.1:16) 0
2, Py (0) (A4(0,0,)2, + L (O)y)

CAOLEED_3TQ (0)8, + 22, ¢ (0)e], B, &, + 201 ()P, (0)Z,

(2.16) 9 9
< — 12 * Mnin(Q,(8)) + 2|2 I [l ()] €y e |1 Zc
+2 &)l 11 (0)| | P (®)] 19l
N——
=:a =:b
(2.15)
< —(Amin@X@) — L 2e e (0)] ||;X||) |2, >
(3.137): ()2ey, >0
+m L (0)]1* |1P(0)]1* [|ylI%,
=i1Cy ;<
(2.16) B R
< - mzx,z (ng Q) + Qx,m
POV @00 < V(8.0 + 2, B0 (3.138)

X, m

Thus, in view of (2.16) and (3.138) and with ¢, as in (3.103) or (3.113), one can conclude that

(2.16),(3.138) R N
Vi el S\ gy (L @) + 20, O < < oo

Ex,m

_, (3.116),(3.118) B
and |7 | < lex @) |zl < llex(@)] ¢ =: & < 0.

This proves the assertion. O
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Theorem 3.4.8 (Boundedness and asymptotic decrease of the signal estimation error & the
transformed angular frequency estimation error of the tFAO and tFAo, in transformed frame).
Let x € {t,t,} and let v =2n if x =t orv = 2n+ 1 if x = t,. Consider any continuous
and bounded input signal, i.e. y € C(R>0;Rx0) N LP(R>0; R) with bounded angular frequency,
i.e. 8 € L2(R>0;R") and assume that y is fed to the parallelized tSOGIs in transformed frame
(3.116) or the pamllelized tSOGLs in transformed frame (3.118), respectively, with A, being a
Hurwitz matriz. Let ctn be a real scalar. If the transformed angular frequency vector EX 18
adapted by the update law

~

VteT;: $0,=—e Do (2,,0)5,2,, 0,(t)=0,, (3.139)

with a positive definite and symmetric matriz L'y, then

(i) the signal estimation error vector e, as defined in (3.130) is bounded, i.e. there exists c, , > 0
such that |e|| < cc . < oo for allt € T; and, if neo = n for allt € Ty, it decreases asymptotically,
i.e. tlggo llexll — 0;

(i) the transformed angular frequency error vector e, , is bounded, i.e. there exists c > 0 such

X, €W

that Hewa < Crew <00 forallt € T; and, if no =n for all t € Ty, it decreases asymptotically,
i.e. lim Hg H — 05
t—o0 g

(i) the estimated transformed angular frequency vector O is bounded, i.e. there ewists ¢y ,, > 0

w <00 forallt e T;.

Proof. The time derivative of the Lyapunov-like function

V@, 0, ey €5) = €5 Pr(0)e, + €5 T (2, 0)ey
—_— !
::Kx,z(gx’g) :3Zx,w(§x7gvﬁx7w)

(with P, as used in the proof of Theorem 3.4.7 and 0 < I', = I'] € R"*"), along the solution
of (3.131) is given by

%V (z,,0,e.,e..,) = e, P (0)e, +el P.(0)d

L Ex0 Exyw dt € L~ dt €x

+dt xwrx (213 0) Xw+ewaX (CC e)di
el (AlO)P O+ P04, ) e,

—2eTP (B)ngxw z, +2e I l(x,, 9)

—X,W—X

(3.131)

(3.131),(3.136) —eTQ @e. —2e (WZXEX r O)dt Xw) (3.140)

Now, by choosing

G = ExyDx(@y )2, T, (3.141)
it follows that
(3.140),(3.141) (2.16)
e fece.) T e[Q e < Auin(@,(0) e
(2.16) Amin (Q_(8))
< — @) V(e 0). (3.142)
\W_/

::Hx,1>0

Note that these results are independent of e, ,; hence, it might happen that Hewa — 00 as
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t — oo. In fact, the following holds

VteTi,VgxeRv,gxweR”.dV(w 0,e..e..) <0

) =X =X,w
and VteT;, Ve, =0, e, €R": dV (T, 0, ey, e ,) =0,
which allows to invoke LASALLE’s invariance principle (see Fact 2.18). To verify its requirements,
first observe that (e, ;—w) = (0], 0])7" is an equilibrium, i.e.
d _ d _
a0 (er o7 yT=or,0pyT ~ M dte"’“"(«a;e;wﬂ(o;,ozﬁ = O

Second, the function V is positive definite whereas its time derivative is negative semi-definite
as shown above. The largest positive invariant subset of

eX vTNn O’U
S, = { <€xw> ER| &V (z.e,.0,e,,,) = 0} = { <RX>

is given by M, = {(OI 0, )T}, since otherwise the following would hold:

Ky € R"}

€,
which violates the equilibrium condition. Hence, the error vector (e, e)z B
asymptotically and therefore, the estimation error vector and transformed angular frequency

error vector are both bounded and converging asymptotically to zero, i.e.

decreases global

ng,wH <Crew < 00, and thm Hewa — 0,
viels: 7 (3.143)
lexl <ee < oo and  lim [le,| — 0.

Note this asymptotic behavior only holds true if no, = n. Otherwise, it converges asymptotically
to some non-zero value, since the observers are not able to estimate the input signal completely.
Moreover, in return, the boundedness and asymptotic decrease of the transformed angular fre-
quency error implies a global boundedness of the angular frequency adaption. This becomes
clear when taking into account

(3.128) ~
fitxw = —aibx (3.144)
Thus, it follows
~(3.141),(3.144) ~
= %Qx = _Qx,ygx(gxﬂg)zxgx‘ (3145)
Finally, observe that
~ 1] (3.128) (3.143)
ViteT;: ‘QX =710 - el < 181 +llecwl] S cht Crew =t Crw <0
—~—
=ic, <00
which completes the proof. O
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3.4.5.1 The tFLL in transformed frame and summary of the tFAO in transformed
frame

As an outcome of Theorem 3.4.8, transformed angular frequency adaption is achieved by

VieT: §0,=—¢,Li(z 022, 0,(t)=0,, (3.146)

which is called the transformation-based Frequency Locked Loop (tFLL) in transformed frame.
Its block diagram is illustrated in Figure 3.26.

Ct,y l

2, —-L,2z (x| [ F—8,
tFLL

Figure 3.26: Block diagram of the tFLL in transformed frame.

Concluding, the overall system of parallelized tSOGIs in transformed frame and tFLL in trans-
formed frame, called the transformation-based Frequency Adaptive Observer (tFAQO) in trans-
formed frame, is described by

~

4%, = A(0,0)z, +1,(0)y, Z,(t;) =2y,
vieTs  Afed) - | |-z 100 (3.147
2n—1
%Qt = (QtT Q)it - y) L, (@a Q);@m Qt (tz) = Qtﬂfi'

Its block diagram is depicted in Figure 3.27.

tFLL
(3.146)
b,
) tSOGI =13
3116) [z, 1=Z] =

Figure 3.27: Block diagram of the tFAQO.

3.4.5.2 The tFLL with offset in transformed frame and summary of the tFAO with
offset in transformed frame

From Theorem 3.4.8, the transformed angular frequency update law is obtained as

~

VteT;: $0, = —e, L (2,022, 0,(t)=0,, (3.148)

what is denoted as the transformation-based Frequency Locked Loop with offset (tFLL,) in trans-
formed frame. Its block diagram is similar to the one illustrated in Figure 3.26. To conclude,
the overall system is called the transformation-based Frequency Adaptive Observer with offset
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(tFAO,) in transformed frame. It is described by

%ito = Ato (Q7 Qto)ito + Lto (Q)yv ito (tl) = @to,ti
~ ~ AT
vieT:  Aed) - % o¥|-pdlz-L@do (3.149)
2n
%Qto = (91 (Q)@to - y) Lco (z,, Q)goitw Qto (t;) = Qto,ti

and its block diagram is depicted in Figure 3.28.

tFLL,
(3.148)
0,
tSOGIL, T~ ~
Y — Co Ty, — Yy,
(3.118) Z,

Figure 3.28: Block diagram of the tFAQ, in transformed frame.

Remark 3.4.9. Let x € {t,t.}. Note that the transformed angular frequency estimation vector
0, does not contain the unique frequencies Wy ;,1 € {1,...,n} but certain combinations of them
as in (3.104), i.e.

—~ n
— 2
QX 1 - Z wx,j
J=1
N n )
bi = 2 | | (3.150)
~ 1 ~9
Qx,n = wx,j‘
Jj=1 7

Inserting the éx,z‘ into each other yields

Vie{l,...,n}: 0=02 0220, +02 0+ + (-1)"0, (3.151)

X,

where it should be noted that the Oy ; are unknown, i.e. they can be treated as variables whereas
the O, ; are known, i.e. they are irealed as coeflicients. Hence, the unique eslimated angular

frequencies can be calculated as the roots of the function
Ejlf”
flr) = K20 4 (_K2n72 k2n—4 . (_1)n+1,£2 (_1)n> EX (3.152)
= {/{0|f("/”‘0) = O} = {iax,lv"')iax,n};

A proof for this assertion is provided in Appendixz D. However, in view of the Theorem of ABEL-
RUFFINI shown in [583], the roots can only be calculated analytically for n < 4.

Remark 3.4.10. Let x € {t,t,}. Post-processing the states collected in x, — that is, back-
transforming — into o, B frame is done straight forward according to (3.97) or (3.107), respec-
tively. In the inverse transformation matriz, the actual angular frequencies w;,i € {1,...,n}
must be replaced by the estimated angular frequencies Wy ;. Then, the amplitudes @, ; and phases

)

axi are calculated as shown in (3.10).

Remark 3.4.11. Since most likely, it holds that ne > n and H/i\ln 18 not prescribed but esti-
mated, the tFAQ in transformed frame and the tFAQ, in transformed frame will detect the signal
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components with the most dominant amplitudes such that the estimation error is minimized.

3.5 The transformation-based Frequency Adaptive Observer in
a, 0 frame and the transformation-based Frequency Adaptive
Observer with offset in «, 3 frame

In this section, the tFAO and tFAQ, in transformed frame introduced in Section 3.4 are back-
transformed into «a, 5 frame. Although they do not require a prescribed set H,, but are capable of
estimating all parameters of a fixed number of components with dominant amplitude of unknown
signals, they have two significant numerical disadvantages:

1. The matrices J, are bad conditioned due to the frequency vector 8. For example, the
transformed angular frequency vector follows from the angular frequency vector in «, 3

frame as
w = (2750 27100 27150)"
= 6 = ((2m)?35-10® (2m)*306.25 - 10° (27r)6562.5-109)T.
Hence, the matrix
0 1 0 0 0 O]
0O 0 1 0 0 O
J_ 0o 0 0 1 0 O
=10 0 0 0 1 0
0o 0 0 0 0 1
(=03 0 —0, 0 6, 0]
contains elements that vary by a factor of (27)%-562.5-10° ~ 3.5-10'6. On the other hand,

the matrix J or J,, respectively, is better conditioned since it varies by the factor of 3 in
this example.

2. As already stated in Remark 3.4.9, the unique angular frequencies &y ; are not obtainable
analytically for n > 4. In this case, numeric methods like the NEWTON-RAPHSON method
must be applied which come with high computational burden. This might endanger real-
time applicability.

Thus, the aim of the back-transformation is to maintain the advantages of the tFAO in trans-
formed frame and the tFAQO, in transformed frame such as the estimation of harmonic angular
frequencies and to improve the numeric characteristics. This section is structured as follows:

Section 3.5.1 discusses the back-transformation of the tFLL in transformed frame (3.146) and
tFLL, in transformed frame (3.148),

Section 3.5.2 shows the back-transformation of the tSOGI in transformed frame (3.116) and
tSOGI, in transformed frame (3.118),

Section 3.5.3 discusses the gain selection for both systems and

Section 3.5.4 proves the stability for both methods.
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3.5. THE TRANSFORMATION-BASED FREQUENCY ADAPTIVE OBSERVER IN «, g8
FRAME AND THE TRANSFORMATION-BASED FREQUENCY ADAPTIVE OBSERVER

WITH OFFSET IN «, 8 FRAME

3.5.1 back-transformation: The tFLL in o, frame and the tFLL with offset

in o, § frame

This section shows the back-transformation of the angular frequency adaption law. The trans-
formed angular frequency vector 8, is back-transformed to a vector w; containing the single

frequencies @y ; in Section 3.5.1.1. The same is done for offset in Section 3.5.1.2.

3.5.1.1 The tFLL in «, § frame

Recall the transformed angular frequency vector (3.105)

n T
—~ —~ ~92
Qt:(Qt,l ) (Zwta H‘%a’)
and define the angular frequency vector in «, 8 coordinates,
~ ~ ~ AT
Wy 1= (wm tee wt’n) .

Calculate the time derivatives of the elements of Et as follows

—~ n n
d _d ~2 _ ~ d~
aba = @ Z Wy j = 2 Z Wt,j gt Wt.J
dp _d _
aQt,i = @ Z Hwtk = 2 Z Zwtkdtwtk H th
]1<]z—1 kej ]1<]z—1 kej lej\k

dp _ _
Gibin = Hwty = QZwtﬂdtwtﬂ H wtk

=1 s

k’sﬁy

From them, deduce the transformation matrix

@) (@) - @), (D)
Q@) = : : with @] (&) = 20y Z 122
w%,l(at) w%,n@}t) ki<k;_1=1\j lek
such that
d v d A~

The inverse of Q7! is obtained as

w11 (W) o wie(@t) A _
N . . : . (1)t 2!
Q(wt) = : : with Wi’j(Wt) = ﬁ
wn,l(‘:’t> o Wn,n (‘:’t) i

k#l

since the product of the r-th row of € and the c-th column of Q7! yields

n n
~2n—5~ ~9 na—1~ ~9
wt,r W, e Z wt,k (_1) wt,TWt,c H wt,k

~2n—3~ k=1 k=1
Wi Wt,e o k#c 4o k#c
n n
I1 ("Jt,r W?k) II (wgr_w?,k) I1 (war—wak)
k=1 k=1 k=1
k#r k#r k#r

(3.153)

(3.154)

(3.155)

(3.156)
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n n
_ | ~2n—2  ~2n-4 ~2 n ~2 Wt,eWg
- tyr T e We ket (71) Hwt,k o 9
k=1 k=1 1:[ (wt,r*wt k)
k#c k#c Z;i

1, c=r.

Now, by introducing the back-transformation for the tSOGI in transformed frame (what will be
investigated in Section 3.5.2 in detail)

~ ~—1 ~ A
T =T, (w,w)Z, (3.157)
the differential equation for the angular frequency estimation can be finalized as
(3.146),(3.156)

veeT:  Sa " (@l (w)g, - y)Q@0)L, (@ )28,

CLT (T3, — ) QGOL, (2, ) ST (w, B) Bee Gu(ts) = Beg,. (3.158)

=Ty (,w,&) S (@,w,&t)

It is called the transformation-based Frequency Locked Loop (tFLL) in «,( frame. Its block
diagram is drawn in Figure 3.29.

y—ZC;}———

cTﬁt

~ 2 [~ =~ ~
Iy, I X I‘t(wt)Et(wt)zt 1 f (4
tFLL T

Figure 3.29: Block diagram of the tFLL in «, 8 frame.

3.5.1.2 The tFLL with offset in o, 8 frame

The transformation-based Frequency Locked Loop with offset (tFLL,) in «, 8 frame is obtained
in an identical manner. It follows as

VteT: 4B, = (c] & — ) Q@)L (@0 W) E T (w,3) B, Bu(t) =By, (3159)

%

~~

= fto (movw’ato)ito (movw’ato)

where its block diagram is similar to the one shown in Figure 3.29.

3.5.2 Dback-transformation: The parallelized tSOGIs in «,( frame and the
parallelized tSOGIs with offset in «, f frame

This section describes the back-transformation of the parallelized tSOGIs in transformed frame
and tSOGILs in transformed frame from transformed coordinates to «, coordinates. More
precisely, the reverse procedure of what is shown in Sections 3.4.1.1 and 3.4.1.2 is applied to
(3.116) in Section 3.5.2.1 and to (3.118) in Section 3.5.2.2.
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3.5. THE TRANSFORMATION-BASED FREQUENCY ADAPTIVE OBSERVER IN «, g8
FRAME AND THE TRANSFORMATION-BASED FREQUENCY ADAPTIVE OBSERVER

WITH OFFSET IN «, 8 FRAME

3.5.2.1 The parallelized tSOGIs in o, 8 frame

According to (3.157), the back-transformation is achieved by

~ ~—1 ~ A ~— ~ N\ ~ N~ ~—1 ~ ~
%wt = % {Tt (w,wt)gt} = %Tt (w, W) Ty (w, W)@y + T} (w,wt)%gt
(3.116) (g1, -~ ~—1, N T ~ P TN
=V (ST @) + T (@,@n) (I@0) ~ Lw)e] (@)) Tr(w, @)@t T, (w,80L(w)y
(3.160)
with ) = (B, -, &(,) and for all i € {1,...,n} Ty; = (T, a:fl) . In (3.160), the

transformation matrix T, dependent on w and ¢ (w), is substituted by T, depending on @y and
¢ (w). Next, the expressions in the a, 8 coordinates are introduced, which are

Q) J@) = T, (w,@t)l@t)i(w,at):bllkdiag(@tvij);
(11) c = Tt—r(w7at)§t(w>; and
J=1 gt,n(w)
~ ~_1 I1(@8-225) (3.161)
(111) lt(w,@t) = Tt (wvat)Lt(w): G£i L
S (— 1) S Bric; (@) (@)
j:1 o Qﬁn(w) 7t"j
1 (22,-52,)
Jj=1
J#i

Al . . el U .
In view of the remaining term ST, T,Z; in (3.161), the time derivative of T} is required.
Thus, the time derivative of its sub matrix in the r-th row and c-th column is given by

NI DU s =

J1<dn—c=1\r k€j 1 ~

d
dt n t,r (w7 wt)
2
hl:[1 (wt,r_wt h)
h;r
n
2(— )n+1 H ("Jt 7‘_@ h) > Zwtldtwtl H W
J1<bp—c=1\rl€j —
_ h;ér 1 ~
- L 9 2 2 t,r (w7 wt)
hljl(wtm t h)
h;r
n41 - ~2 s~ A~ ~ d .~ &
2(—1) > IT Wik > (“Jt,rawtw*wt,lawt,O H (""t r*"-’g h)
J1<In—c=1\r kEJ %;i ; ~_1 .
— T, (w wt)
Do ap N2 t,r )
hl:ll(wt,'riwt,h)
h;r
CENND SR
i1 <in_e=1\rk€j ~—1 ~
S g )
hljl(wtm_wt,h)
h;r
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. d d - _d
YR SUNE B ettt A S T
J1<Jp—c=1\rk€Jj g;i t,r t,l lej Wt N ~_1 R
= n Tt,r (wth)
II ("-’t,r wt,h)
h=1
h#r
oY e,
J1<ipn—c=1\rk€EJ d — ~
T e 4T, (w, @) (3.162)

H (wt,'r_wt,h)

h=1

h#r

The time derivative of the transformation sub matrices is obtained as follows
Vie{l,...,n}:
n o~ . —~ ﬁ
~—1 - - i 27 —2 ¥ (w) —(27—2 ic (W
AT (w, @) = 300, ) (17X (2 ”iy%ﬂ )~ )wi;zgw( . 3163)
= ’ (27 — D wi ¢y j(w) (27 = 3) cfj(w)
- St i (wth)

~_1~
With (3.162), the matrix %Tt T can be calculated, where only the sub matrix of the r-th row
and c-th column is shown, as

n (—1)n+1 22,
§ d 1<in-—i=W\rk€i " gl ~2 \i— 1A N
« (22,22 L (@80 | (-7 Tho(w, @)

=1 H (wtﬂ‘_wt,h)

h=1

h#r

n n ~a n LUt T(?tth wtl(?twtl AQ i

n 2(-1) _ Z H,wt,k > a2,)

(3.162) J1<dn—i=1\r kEJ =i 2 —©2, . )
16 I#r T R T ~
- o2 t,r (w7 wt) t7c<w, wt)

=1 hl;[l(wt”‘_wt h)
h#r
n n ~9 at’l%at,l o i1
n 2(-1) . 2 " kl;[ Wtk l%:' T(f‘“t,c )
E J1<In—i=*\" J 7 — o~ R
- Tt,’/‘ (w7wt)Tt7c(w,wt)
B h=1 ’
h#r
n (=1t I1 @2, (-32,)i~!
J1<ip—i=1\rkej d ~_1 .
* Z 52 2 ET‘D,T ( )Tt,c( t)
i=1 I (@2,-@2,)
h=1
h#r

e (o i
i Wt r dtwt,r W, 5 dtwt,j 9 9
B Z Of ‘th i (wt7k wt,c)

=1 i k=1
JFr k#r
2(—1)" ~—1 o~
g Wt j dtwt,a H wt & wt,c) o T, (w, @) Ty o (w, Dy)
hlj1(wt’r_wtah)
]75" k;ér,] i
n
(o 1 (@2,-02)
Z -1 ~
k#r - N
+ & 2 ~92 ETET’ (w7 wt)Tt’c(w’wt)
kljl(wt rfwt k)
k;r
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~ d ~ ~2 ~ d 2 52
n wt,Tth,T(wt,-—wt ) thd th(wt wt’ ) n N .
-
e . - T, (w,00) Tt o(w, Wt)
kljl(w?,'r—wt k)
k';_ﬁ'r‘

+ % C?tT (w wt)i,c(w wy)
kH (wtzr_agk)
k;r
-2 Z Be,r Bt H (@2.-22,)
b7 . i b+—1“(wagi4%ag,r:c
gl(@g,riag,k)
= k#r (3.164)
—20¢ Ldtwt ¢ knl (wt o—0; k)
r,.Cc ~—1 T A~
0 A’j T, (w, @) T c(w, @y), r#c
I1 (wt,r_“"t k)
k=1
k#r
4 721215% r kﬁl (wt c C//J\t k)
~ “r 7’r,' -1
t(litwtﬂ‘ = n f;& JA Iy + St,r (w wt)Tt C(w wt) y T=¢C
kI:[ (w‘g,riwt k)
(3.163) = (3.165)
—2Wt,c kl_Il (@t c Wy k)
~ :7',(, 1 ~ ~
(‘iitwtc nk;; T, (w, )T} o(w,wy), r#c
kljl (wt’,,—wt k)
k;'r

~_1~
Next, since the matrix %Tt T; is dependent on the time derivative of the estimated angular

~ . ~—1=
frequency vector Wy, the expression %Tt Tix; must be rearranged such that

%i (wyat)Tt(waat)it = Et@tawyat)%ata
5t,1,1(3t7w> W) e Et,l,n@m w,Wy)
Ei(Zy, w, W) := : : e R?™™, (3.166)
€t7n,1(£t7w7at) e £t7n,n(§t7waat)

Therein, the sub vectors & . . are given as

2 Eww 11 @.-a2,)
~—1 o~ = ~ ~
o - k’E”A I+ 8, (w,00)T.c(w,&4) | B, T=c
H (wt2,7‘_wt2,k)

R | (3.165) ks
T, W, Wt =
€iire(@h, w0, 01) ooee 1 (02,-02,)

k;r
(3.167)
Concluding, (3.160) can be rewritten as follows

VteTi:z(ti) = Doy,
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. (3.160 ~_1, .~ e ~—1, A PN
43, LY AT w0, @) T (w, @) + T, (w,e0) (@) T (w, @)
~_1, ~ e ~—1,
~T, (0, @)l (w)e] (W)Ti(w, &)@+ T, (w, @)l (w)y
(3.166)
3.161) =~ .. N d ~
( = ) =t($t;wawt)%wt
+ (T@) = Tilw, B)eT (@) B+ Lw, &)y
= A (w,@t)
(3.158) [~ ~ ~ S S v~ T -~
= (At(w,wt) + B (T, w, i) Ty (2, w, 04 B (¢, w, W) Tre ) T
+ (Tt(wa@t) - ét@tvW,@t)f‘t(%waat)it(%w#@ﬁt) y,(3.168)
Vs = Q,T(w)’ft(w,@t)it = CT@t-

The so called parallelized transformation-based Second Order Generalized Integrators (tSOGI) in
«, B frame and j-th tSOGI in «, 8 frame are illustrated in Figure 3.30.

o o
2,1 T.1
'@ 20y | lsttSOGI | &7,
- €t — ~ ~ z y
\ Y _ e~ o~ ~ A~ O\ t 0o o
Y @ _et,y‘:t(a:m wt)I‘t(wt)Zt(wt)wt S R
)
«a o
&\)t Ztn Tt m
B =B
Zp, n-th tSOGI | 7t ,

75 /

17
bJ j-th tSOGI

(b) Construction of the j-th tSOGI in o, B frame.

Figure 3.30: (a): The parallelized structure of tSOGIs in o, frame and (b): the j-th tSOGI in «,
frame for estimating amplitude and phase of the j-th component.
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FRAME AND THE TRANSFORMATION-BASED FREQUENCY ADAPTIVE OBSERVER
WITH OFFSET IN «, 8 FRAME

3.5.2.2 The parallelized tSOGIs with offset in «,( frame

In view of (3.107), the back-transformation of the parallelized tSOGIs in transformed frame is
given by

~ ~—1 ] (3.118) ~ 1 -
$o, = § [T o0z, "= (4T, .o

~—1 R R ~ R R ~—1 ~
T, (@,@1) (L(@1) - L, (@)el(@))) T (@, ), + T, (w, )k, @)y (3.169)

. ~T ./~ ~ ~ ~ (A ~B \NT
with & = (Tt,0, Bt,1, -~ Tion) and By, := (T, Ty, ;) '+ Introduce

. ~ 1 ~ ~ A ~ . ~ )
(1) Jo(wto) = Tt (w7 wto)lo(wto)Tto (w’ wto) = blkdla‘g (0’ Jo(wto)) 7

(i) ¢, = T, (w &), (w); and

(i) T(w@) = T, (@&l )
Qt 0(“-’)

o2
122

(4%%225 g Q(M“t”( >) (3.170)

~2  _~9
= I1 (wto,i_wto,k)
k=1
ki

i 52 B
M YZ“‘( 1) 3<WC§Z,J‘(“’)>

Broich (@) | & n(w)
n

kl;ll (‘%20,1: _afo,k)
ki

~ 1
Further, the time derivative of T} = is required and given as

~ ~—1
T 4 |7 ~ —1/~ \p ~
~—1 —~ . 0 _Qo w)t dt To(w7w O)J (w O)TQ (w7w o)
4T, (w,r,) P2 B R | FRE T
02n, §iTh, (w,&0)

o

~—1
The time derivative of T} is obtained in the same manner as for the parallelized tSOGIs in «, 3
frame shown in (3.165) but with

O 2Qto,o("")
= 53 .
\V/Z 6 {1’ T 7n} : %Ttoi_l(w7wto) = %wtovi Ct 0( ) wtOOY’L
to'L
: ~ B
- (25 —2 woyc w 2j —2) W, ic i (w . =—1 =N
_Z j tQOJ ) Wiy i %]( ) ( ) t Zatmj( ) = %wt07isto,i(w7wto>' (3.172)
(2.7 - 1) wt zcto](w) - (2.] - 3) Qto,j(w)

Next, the calculation of the product

~ ~—1 ~
d ~—1 o~ -~ o~ 0 _tho (w>1’1T,2’I’L(?t|:Tto (w7 wto)J_l (wto)Tto (w7 wto) Tto (w7 wto)
aTto (w7wto)Tto(w7wto): ~_1 .
02n diT (w7 [:’to)Tto (w7 ato)
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~_1~

is required wherein the south-eastern sub matrix dtT T, is obtained in a similar manner as
~ ~—1] =~
shown in (3.165). Hence, the vector _Qto,oiszn% [TtOJ T, ] Ti, is the only unknown expres-

sion. Its c-th sub vector follows as

. -1, =1 N
n n (71)77.-&-1 Z \i kH wt tho,’L(w wto)'] (wto)Tto,i(wtho)
T d J1<ip—p=1\ikecj
— C W)t 47
E Co0(W)E1 o gy E =
h=1 i=1 Weo,i 1:[ (@2 to,k)
k#1
~2 \h—17n ~
’ (_wto,c) Tto,C(w7 wto)
n
(g3ﬁ)1:) n n (=1)™F! > 12, -
. d J1<ip_p=1\i k€j T ~2 Nh—1m ~
= Co0(W) g7 Z o 9o | (=W )" T, c(w, @t,)
h=1 =1 wto,i klill(wto,i_wto,k)
ki
d 5 d -
n n 2(=n)m f: 1 &2 . Z tOvldtw;Ov f;o,ldt to,l
<jo_r=1\ikej O i=1 Yio,i T Yto,l ~
(3.162) A <In—p=ive i T 2 \h_1FE .
= gtozo (w) Z ~9 L (o o 1’2,2(_wtc,c) thuc(w’ wto)
h=1 i—1 Wi kl;ll(wto,i_wco,k)
k#i
n
n e AP D | S df%:j’ _
91 <dn_p=1\i k€] T T (. ~2 \h—1mn ~
- Qto,o(‘*’) E : U N 12,2(—wto,c> T, o(w, Wy,)
h=1 i— of . 11 (@2,—9¢ 1)
= =1 to,i Pl to,i  “to,k
ki
n
n n 2(—1)"dtwt07L Z n kH A?O,k ~
1 <in—h=1\i k€j T/ ~2 \h—1ms ~
+ Qto,O(w) § : n 7’2,2(_{'%0,0) Ttﬂyc(w7wt0)
P — @3 T (@2 ,-a2 )
= =1 to,% b1 to,% to,k
ki
2(—1)" o ~2 =z @tmi%thi_ato»l%Qto»l
(2.19), n (_ ) H( Wio h wto,c) Z 52 o2
2.20 b = to,i ~ “tol . R
= tho(w)E Y . %Q,QTto,c(wywto)
i=1 “ho,i k1;11(w'°°’ to,k)
ki
N~ d o ~2 -~
2(=n" leto,jawto,j IT (@ =%, )
Jj= = ~
i#i ki, T S
—¢,0(w) E 7 i 9 Tt, (W, Wy,)
© o2 52 52 ’
i=1 Yo, kljl(wto,i_wto,k‘)
ki
n ( 1)n atoﬂ H( Wi,k tc c)
h . i o~
+Qto,0(w) z ~3 n Ajl ~2 z;QTth(w’wto)
i=1 “to,i k]-:ll(wto,i_wtc,k)
ki
2(—1)" ﬁ (a2 —52 ) Xn: Otg,c c?totmc_@to,l%ato,l
?;1 to,h to,c %;1 AtQQ, Ago,l - ~
1£C c . ~
=Ct,,0 (w) ~ ~ @2,2Tt0,c(w7 Wy,)
wtoyﬂkljl(wtmﬁ wtoyk)
k';c
Ll o~
2(=1)" Zl 0,3 qt Whosd I1 (wto,k to,c)
Jj= = ~
Jj#c k#c,j m
—¢, 0(w) — 90T, (W, @t,)
Wio,c kljl(wto,c_wto,k)
k;c
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( 1) wto C(?twto c kl_[l ( to,k tho c)
245 . .T ~
d— Tto,c(wa W)

n
k#c,i T 7 A~
_Qto,O(w) E 7 N 7'2,2Tto,c(‘*’v Wi,) — th,o(w) 222
— &2 .11 <w2 o2 ) B
?_1 to,% k=1 to,i to,k
iF£c ki
( ) Z Wto, Cdtwto c H ( to k thO c)
. l;ﬁc k;tcl T & ~
= *Qto,o(‘-") PURRETRPN ) '52,2Tt070(wawto)
Wio,e kljl ("-’to,c*"-’tmk)
k#c
2( 1) wto C(?fwto c l_.[ ( to k wtzo c)
~ d ~
Mo T m ~ 256 T
_Qto,O(w) E A 7'2,2Tto,c(‘*’tho) _Qto,O(w) o7 12 2th, (w,@y,)
i=1 Wio,i kl_ll (wgo i to,k> 0,
i#c ki
BF . kl_Il (@¢,,.—@, 1)
2¢ w) L3, ke T == —~
= 7%’0(’\ Jiroc § =3 1A2 - fLH - 7A21 Z;FZTto o(w, @y,)
Wto,c wto i_wto,c ~92 H ( 2 2 ) wto,c 3 ’
i=1 ’ Wio,i Wio,i ™Yo,k
i#c k=1
k#1
A2 ~2
H (wto,k_wto,c)
(2.22) d~  kze = .
=" = 2¢,0(W) Wt "= L2 2 Ttoc(w, @, ) (3.173)
Wto,e [T OF 5

A rearrangement can be done as follows

~_1 R ~ R R = R R
iT (w7 wto)Tto (w7 wto)mto = '='to (wtcﬁ w’ wto) (flit wto’
Eto1 (Tt,, w, W1, Eton (Tt w, W)

€t0711(mt07w7wt0) 5t0717n($*5‘0,w7wt0) c R2nH1xn (3_174)

to(£t07 w, (:\Jto) =

[

Eto,n,l (/:D\tcﬂ w’ a}to) Etg,n,’l’b(%to7 w7 a}to)

wherein the sub vectors §;_,.. and scalars & . are given as
(Al ’

(2% G 11 (88.-08,)
]#7" k#m =
n Tt ,C
kljl(wto r ago k) ’ r=c¢
k;r
—~ —~ (3.165) ~—1 = PN
Eiore(@ro, w, @) = +810r (W, 01 ) T (@, O ) B
2"‘)% c H (wto c tQO,k) 1
kirc T‘Eo, (w wto)Tto (w wto)mth? r # c
H (wgoﬂ wto k)
k=1
k#r
n
. | (3.173) 2ei00(@) 1 (9,1 -8%c) | o
gtoyc(mt:ﬂ W, wto) = O — k:;écn Tto:c(w7 wto)wtmc‘
Wo,c H a?o,k
k=1
(3.175)

Hence, the dynamics of the parallelized tSOGI,s are described by

VteT;: @y (t;) = To,t,
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(3.159),

~  (3.169) ~ ~ ~ = /-~ ~ ~ o\ ~ A ~
%wto = <(J°(wto) - lto(w7wto)c;r) +:to(wto7w7wto)rto(w07w7 wto)zto(wmw? wto)wtoc;r) a:to

= ‘Zto (W,L:’to)

+ (lu(w,@1,) = B (@, w, @1, T (@ w0, @1,) B, (@2, w0, B0, )1, ) (3.176)
/y\to = C;rito.

Figure 3.31 shows the parallelized tSOGI,s.

w
to e ~L
0,Y =~ —~ ~ = ~ i —~ ~
y~2) —Cto,y Bt (Tt , Wi, ) T, (W, ) Bt (W, ) Tt
Zto
o (67
20,0 Ztc,l 25371 Ztmn Ztﬁo,n
tDCI 1-st tSOGI ooc n-th tSOGI
~ ~a B ~a ~
Tt,0 Ly 1 Ty Ty n IEtﬁn
cTﬁto l Tt,

(a) Block diagram of the parallelized tSOGLs in o, 8 frame.

o O
Zto,0 tDCI

(b) Construction of the tDCI in o, 8 frame.

Figure 3.31: (a): The parallelized structure of tSOGIs in «, 8 frame and (b): Offset estimation block in
a, B frame.

Remark 3.5.1. Comparing the parallelized tSOGIs (or tSOGLs) in «, B frame to the parallelized
mSOGIs (or mSOGLs), the parallelized tSOGIs (or parallelized tSOGLs) in «, 5 frame can be
understood as generalizations of the parallelized mSOGIs (or mSOGLs) with state-dependent
observer gain vector and a direct concatenation of SOGI- and FLL-dynamics.

This becomes apparent if all (estimated) angular frequencies are constant: then it holds that
%G)t = %G)to = 0,, and the respective terms in (3.168) and (3.176) can be removed. As a result,
the parallelized mSOGIs and parallelized tSOGIs in o, B frame (or mSOGLs and tSOGLs) are

identical.

3.5.3 Gain selection for the parallelized tSOGIs in o, 5 frame and the paral-
lelized tSOGIs with offset in «, 3 frame

Due to the equality of tFAO in transformed frame and tFAO in «a, 8 frame or tFAQ, in trans-
formed frame and tFAO, in «, frame, respectively, the parameter selection for the back-
transformed systems can be inherited from Proposition 3.4.2.

Remark 3.5.2. Let x € {t,t,} and let v=2n ifx =t orv=2n+1 if x =t,. The eigenvalues
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of the matrix A, in a, B frame are identical to the ones of AX i transformed frame since

et (5T, — Ax(w, @x)) = det (5T (w, ) To(w, D) — T, D) A, (0, 8 Ti(w, )
= det (T ' (w, @x)) det (sI — A, (w, wx)> det(Tx(w,@y)) = det (sIU — Ax(w,cf:x)) .
Howewver, it should be noted that the overall system matriz
Ay ot (B, w, D) 1= J(@y) — (Zx(w,ax) — By (B, w, By) fx(mx,w,ax)ix(mx,w,ax)ax) c,

has state-dependent eigenvalues. This has no impact on stability, as the following Section shows.

3.5.4 Stability proof and summary of the tFAO in «, [ frame and the tFAO
with offset in «, § frame

In this section, summaries of the presented systems are given. The parallelized tSOGIs in «, 8
frame together with the tFLL in «, 8 frame, called the transformation-based Frequency Adaptive
Observer (tFAO) in «, 8 frame, is shown in Section 3.5.4.1. Afterwards, the parallelized tSOGI,s
in «a,f frame with the tFLL, in «, frame, denoted as the transformation-based Frequency
Adaptive Observer with offset (tFAO,) in «, 8 frame, is presented in Section 3.5.4.2. In these
sections, the tFAO in «, 8 frame and tFAQO, in «, 5 frame are evaluated using the test signals
introduced in (3.12) and shown in Figure 3.2. Thereafter, their stability is proven.

3.5.4.1 Summary of the tFAO in «, S frame

The tFAO in «, 8 frame is described by the following set of differential equations:

43 = (' — Y)Eu(@r w, BT (@, w, &) B4 (w, w, By Z
Vi e - (J @) ~Lw.@)eT) 3+ T(w, &)y, Bi(ts) = B,
it
3@t = (cT @ — y)l"t(w w, W) B (x, w, W) Ty, Wi (t;) = Wiy,
b = c'zy.
(3.177)
Its graphical representation is summarized in Figure 3.32.
tFLL
(3.158)
Wt
y tSOGI Tz = 5
c'z
(3.168) B, ¢ i

Figure 3.32: Block diagram of the tFAO in «, 8 frame.

Figure 3.33'% shows the evaluation of the tFAO in a, 3 frame where all gains are chosen in the
transformed frame and inherited by the «, 8 frame. The test signals from (3.12) are used.

Recall that in the previous tests (shown in Figures 3.13, 3.22 and 3.24) only estimates for the
fundamental angular frequency were provided by the respective models. Nevertheless, “estimates”

'®Simulation parameters (in addition to Footnote 17) [in transformed frame]: ¢, = (45703125 - (27)*, 1453125 -
(2m)3, 16875 - (2m)2, 75 - 2m) T, T, = [1010 1010]

1010 1019

89



CHAPTER 3. SIGNAL DECOMPOSITION

Figure 3.33: Continuation of Figure 3.24. Offset, amplitudes and frequencies of the test signals estimated
by the tFAO in «, 8 frame (----).

for the higher frequency components were shown as well. Considering the tFAO in «, § frame,
it actually permits an additional angular frequency estimate. As can be seen in all the subplots,
the estimation of the tFAO in «, § frame is very slow. However, a faster performance was not
achieved since the model would diverge otherwise. The reasons for the possible divergence are
twofold: (i) The gains for the tFAO in «a, 8 frame are rather high (cf. Footnote 19) which might
lead to numerical difficulties and (ii) the tFAO in «, 8 frame is only locally stable which will be
shown in Theorem 3.5.3.

3.5.4.2 Summary of the tFAO with offset in «, 8 frame
The tFAQ, in «, 8 frame is represented as

VteT;:
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dtmto (CoTﬂBto - y)—'t (mto>wwto>rto(mmw wto)zto(mmw Wt, )T,
+(L(@1,) = Ly (w, ©i)e; ), + L, (w, @1,y ro(li) = Pror L3 97g)
dtwto ( Iﬂﬁto — )T (@0, w, D1, ) Bt (T, w0, B, ) B, Wi, (ti) = Wy '
o C tho

and illustrated in Figure 3.34.

FLL,
(3.159)

=

y SOGL —1 -

(3176) [ &, Lo "t %

Figure 3.34: Block diagram of the tFAQ, in «, 3 frame.

In Figure 3.35%° the evaluation of the tFAO with offset in «, 8 frame is illustrated where the
test signals from (3.12) are used.

Although the estimation performance of the tFAQ, in «, 8 frame seems to be faster than for the
tFAO in «, 8 frame with respect to angular frequency estimation, the performance is still limited
and very slow.

Theorem 3.5.3 (Bounded-input bounded-state /bounded-output stability of the dynamics of the
tFAO and tFAOQ, in «, 8 frame). Let x € {t,t,}. Consider an essentially bounded input signal,
i.e. y € L®(R>0;R) and assume that (i) the matriz A, as in (3.168) or (3.176), respectively,
is a Hurwitz matriz, (ii) gg,n is a real scalar, (i) for all i,j € {1,...,n} the elements Wy; of
Wy are non-zero and there does not exist i # j such that ©y; = & ; and (i) the matriz T, is
invertible. Then, the time-varying systems (3.158), (3.159), (3.176) and (3.168) are bounded-
input bounded-state/bounded-output stable, i.e.

VteT;: Fex, &, xw >0 |2 < e,

U] <& and (@] < cx

Proof. For the norm of the state vector in «, 8 frame it holds that

~ -1 ~ N~ ~—1 ~
| T, (@002 < |1 (@&

(3.179)

[,

First note that T must be invertible. Concerning the boundedness, Z is bounded by || Z,|| < ¢,
(cf. Theorem 3.4.7). Further, since |¢,|| < oo is bounded, the boundedness of Ty depends on
the boundedness of the back-transformed angular frequency vector @y. It might be unbounded
which is contradicted in the following. R

According to Theorem 3.4.8, the transformed angular frequency vector @, is upper bounded by

Hence, in view of the first element of éx, the following holds

7X1 E wX]<oo

~

0

0,|| < cxw < 00. Consequently, this holds true for the vector’s elements 0, ;,i € {1,...,n}.

*’Simulation parameters (in addition to Footnote 19) [in transformed frame]: ¢, = (9521484375 -
(2m)°, 267187500 - (2m)*, 3468750 - (2m)°, 22500 (2n)%, 75 -2m) |, T = 105 10a0).
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> OF '|:""l5"'l:':'|s~ T K
PR T/ e B
i« 20 -
s 2
S 0 VA
-20
> 50 L e B , N
B TRLELTH = sof
s =

0.1 0.15 0.2
time ¢ / s

Figure 3.35: Continuation of Figure 3.13. Offset, amplitudes and frequencies of the test signals estimated
by the tFAO, (—).

Since for all j € {1,...,n} it is Wx; € R, unbounded &y ; would result in unbounded é\x,l' This
contradicts the statement of Theorem 3.4.8 and, hence, all &y ; are bounded. Thus, the vector

Wy is bounded as well:

VieTi: Fexw >0 ||Ox]] < e < 00.
Thus, the matrix TX is bounded by cx 7 < oo and it follows

_(3.179)
VteT: |2« < cxre =1cx <00

and  [yx| = |CIEEX‘ < lex| [|2x]] < [lex]| ex =: e < oo.

This completes the proof. O
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Theorem 3.5.4 (Boundedness and asymptotic decrease of the signal estimation error of the
tFAO and tFAO, in «, § frame). Let x € {t,t,}. Consider any continuous and bounded input
signal, i.e. y € C(R>0;Rs0) N L®(R>0;R) and assume that y is fed to the tFAO in o, 3 frame
(3.177) or the tFAO, in «, 8 frame (3.178), respectively, with A, being a Hurwitz matriz. Let
gﬁm be a real scalar. If the angular frequency vector Wy is bounded away from the set of critical
angular frequency vectors defined as
W, = {KJER”’ Vije{l,....,n},i#j: dlk=0V (iiynj:ijm)Tm:O},

then

(i) the estimation error ex 1= Tx—Tx is bounded, i.e. there exists cx . > 0 such that ||ex|| < cxe <
oo for allt € T; and, if noo = n for all t € Ty, it decreases asymptotically, i.e. tlim llex|]| — 0O;
— 00

(it) the angular frequency error ey, = w — Wy is bounded, i.e. there exists cx e, > 0 such that
llexw|l < exew < 00 for allt € Ty and, if no = n for all t € Ty, it decreases asymptotically,
i.e. lim [lex | — 0.

t—o00

Proof. The listed assertions are shown separately:
(1) In view of the result from Theorem 3.5.3, it follows

=:cp <00

VieTi: |lex]| = l2x = x| < [[#xlloo + @]l < cx +cr =2 exe <00

what shows boundedness of ex. Note that, according to Theorem 3.5.3, this result only holds
if T is invertible. Therefore, all forbidden angular frequency combinations which imply a non-
invertibility of T are collected in the set Wy. Considering

Crex = ¢ (Tx — Tx) = & (W) (2 — &) = ¢
the asymptotic decrease of the signal estimation error is proven since according to Theorem 3.4.8,
the signal estimation error e, decreases asymptotically.

(ii) The norm of the frequency estimation error has the following bound:

~

lexwll = llw = ox| < [lwllo +ll@x]] < o + exo =t exew <20

5 =

This shows boundedness of the angular frequency estimation error ey,,. Finally, since the esti-
mation error ey decreases asymptotically, this holds true for the angular frequency error vector
ex ., as well. This completes the proof. O

Remark 3.5.5. Let x € {t,t.}. Let the initial angular frequency vector @x(ty) be chosen as any
vector ensuring the invertibility of T.,. Furthermore, let the initial values of tFAO in o, and
transformed frame or tFAQO, in o, B and transformed frame, respectively, be chosen equivalently
(i.e. B (to) = T(@x(to))Ex(to) and Dy(ty) = wa(ax(to))gx(to) with some angular frequency
transformation matriz Ty ,,). Assuming that while estimation is running, it holds that &y ¢ W
without explicit restriction, the responses of tFAO or tFAQ, in «a,B and transformed frame,
respectively, to any input signal y are identical in view of the estimation errors e, and ex, and
estimated inputs QX and .

Y

For x = t., an example is illustrated in Figure 3.36° .

21Simulation parameters: Ts = 100 ps, y = —0.5+cos(2750t), Poles: (i1, Atg,2, Mto,3) = (—1.5, —1.547, —1.5—
7), Tt, = 10°, Solver: oded. All initial values are 0 except for &,1(0) = 2725 and 0,,(0)= (2725)2.
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w1 Wi
EE EE
~ ~
v—L '_‘.-
i 3
(3 (S
wi i
2 | | | | vy ] ] ] ]
0 2r 921 32m 42 52n 0 2m 92m 32m 42 52n
wi w1 w1 w1 w1 w1 w1 w1 Wi w1
time t /s time t /s

Figure 3.36: Comparison between tFAO in «, (—) and transformed (—) frame.

Despite the differences in state estimates T o & Tt o, 231 & fff‘,l and @51 & 5531 for tFAQ, in o, B
frame (— ) and tFAQ, in transformed frame (— ), their signal estimation errors e, ,, and et and
estimated inputs gt and 1y are identical. Note that this also holds true for the angular frequency

estimates é\t,l and &y 1. For a better comparability, the manually calculated (transformed) angular

Jrequency values, obtained as @iy = \/0;y (---) and 0,y = BF, (---), are also drawn.
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3.6. THE EXPONENTIAL FREQUENCY ADAPTIVE OBSERVER AND THE
EXPONENTIAL FREQUENCY ADAPTIVE OBSERVER WITH OFFSET (AN IDEA)

3.6 The exponential Frequency Adaptive Observer and the expo-
nential Frequency Adaptive Observer with offset (an idea)

So far, no FAO was developed with the possibility to analyze a completely unknown signal and
to perform this estimation in an acceptable time frame. The best options so far are:

(1) The mFAO (or mFAQ,) (cf. Section 3.3). They allow for an acceptable, but still limited
estimation speed. However, they require knowledge on the harmonic orders Hy;

(ii) The tFAO (or tFAO,) in «, 8 frame (cf. Section 3.5). They do not require knowledge on
the harmonic orders but, on the other hand, show an unacceptably slow performance and
still have numerical problems.

The motivation for this section is to develop an idea of how to construct observers capable of
unifying the advantages of mFAO and tFAO & mFAQO, and tFAO, and to minimize numeric
problems.

Unfortunately, the idea is unfinished. However, at the end a set of equations is obtained which
remains to be solved in future approaches. This idea relies on some assumptions, which are
justified in detail when made. This section is structured as follows:

Section 3.6.1 reintroduces signal generation and discusses observability;

Section 3.6.2 shows the actual progress in development of the exponential FAO and the expo-
nential FAO with offset; and

Section 3.6.3 gives hints for future work and summarizes unsolved problems.

3.6.1 Generation of periodic signals and observability

According to Section 3.1, the generation of any periodic signal without offset is represented by

%w =J(w)x, x(t;) =,
Vit e TZ %w = Onoo’ w(tz) = wy, (3180)
Yy =c'x.

Thus, the overall nonlinear system is described by

=T R = Jor(w) € RInoo X3noc
(w)
d €T (3.180) J(w 02noo><noo . B -
vieT: <”> [Onooxznoo O o (1) =, (3.181)
y» = (c'0, ) =
N—_———
:ZC;LEERBT"OC

If offset is additionally considered, the overall nonlinear system is obtained in a similar manner
as

=, € R3noo+1 = Jo,tot (w) c R(Snoo+1)><(3"oo+1)
x, (3.180) J(w 0 _ _ _
% < > ¢ |: ( ) (2n00+1)Xnoo T, $o(tz‘) =T,
VieT;: w 0nx(2n00+1)  Onooxnee (3.182)

y = (coT 0,10) T.
~——

[ 3nco+1
— o,totER i
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To conclude this section, observability is investigated.

Proposition 3.6.1 (Observability of generation systems (3.181) and (3.182)). Consider the
dynamical systems (3.181) and (3.182). Then, if and only if wy # 0 and Hy C R\ {0} where
for all v;,v; € Huo, i # 7, it holds that |v;| # |vj|, these systems are observable.

Proof. To prove the assertion, Fact 2.2 must be used. Writing out (2.2) in case of (3.181) yields
2 x?
- Ez 1 Wil

T J—
Ciot L , Moo €ven

;

P o (15%) (1) lo;?’"w N
djy (3.181) : B (0= Xim e
ginos 2 - o (T | oo o
my Ciot < 0, ) 201 % 5
prerr—— - J3”°°_1(w)m — Z?:mi wix;
Ctot < Onoo > . , Moo odd
(=1)57 o e %)
(—1)*% i wfrelag
(3.183)

In either case, the first 2n., equations of (3.183) form a system of linear equations with observ-
ability matrix O as in (3.64). Since this matrix must be invertible, this implies that wy # 0 and
Hs C R\ {0} where for all v, v; € Hy, @ # j, it holds that |v;| # |vj|. More precisely, it holds
that

T
— 2noo—2 2noo0—1
z=0"w)(y Sy - Sy fa) (3.184)
where the matrix O~ ! follows as
_ ﬁgfw .
J=
%01—1(‘*’1) ﬁofl(wl)
.Hl(“ﬁ_‘*’j) jHl(“’l_Wj)
= =
J#1 J#1
0~ (w) = (—1)"=+! ; z (3.185)
s K 1 1
’Vhooj#n—oo207_loo (Wneo) - ﬁoﬁm (Wnoo)
l:[ (w%oo—wj) ‘Hl (w%oo—wj)
_Jgﬁ;oo Jinoo _

H w
—1)n°°+1nwL0;1(wr)Oc(wc) 4+t (_1)nw+lﬁ0r—l(wﬁ (*i}?:m Oc(wc)
IT (wE—w?) IT (wz—w?) ¢
Jj=1 j=1
J#r JF#T
(- 1)noo+1 H wj 24 +w2"oo 2 élf[j(“)gfwjz‘)or_l(wr)oc(wc)
= ”é’" O, (w,)O(we) 218) 37 o _ {02 eFT
H (w2—w ) 1:[ (w%—wf) IQ, c=r.
J#r §¥i
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The last n equations of (3.183) are extracted as

;

Phis 0 w2nes 0
éig;‘z : : : T, Noo even
nootl nse  Bneo—1 n%e  Bneo—1
dthoo+1y i 0 (—1) 2wy 0 (—1) 2wy
Snoo—Q B 2N oo 2Noo
((iit;”Tl?y —wr 0 - WS 0
Ty : Lo : oz, Noo 0dd.
Nnoo+1 3neo—1 Nnoo+1 o—
(LD 2w 0 - (1) T w0
(3.186)
Inserting (3.184) with (3.185) into (3.186) yields the respective i-th equation as
Noo Moo
7—1 24i—1 2noco0+i—3 2noo+i—1
= dd:tz 1 y H wk’ + §t2+z ly Z H wh + + C(lit2’ﬂoo+7« 3'!/ Zwk + ddt2noo+z 1 (3187)
k=1h=
=
Using the short notation defined in (3.104), (3.187) can be reduced to
2neo+i—1 2noo+i—3 2+4+i—1 7—1
- §t2noo+i71y C(lit2noo+7« yel + + C?t2+l 1anoo—1 + %ygnoo (3188)
This consequently leads to the vector valued equation
2n00 2no0 —2
jtzinooy fmﬁy o Y
— : — : : 2] = 0=-Y 1y (3.189)
3neo—1 3nco—3 Nnoo—1
dBnee—1Y aFre—3Y 7 Greo—T1Y
—:iyeRnoo =Y € RnooXnoo

It must be noted that, although Y is not invertible for all times, the product Y ~ly exists for
all times. This becomes clear when taking into account that by inserting (3.2) and its time
derivatives into (3.188), (3.188) holds independent of choices made for all w;,i € {1,...,n0}
and thus the solution (3 189) must exist. Now, as stated in Remark 3.4.9, the quadratic angular
frequencies w2, i € {1,...,nx} are obtained as the solutions of (3.152),

O:Rnoo_i_(_ﬂnoofl (_1)noo)Q C K/noc_(_/fnoofl (—1)n°°)Y71y.

Finally, the quadratic angular frequencies wiz imply that there exist no unique solutions w; in
R\ {0} which contradicts the requirement of Fact 2.2. However, one possible solution for each
angular frequency was already discarded for the invertibility requirement of the matrix O and
thus, the uniqueness is guaranteed.

In the case of (3.182), the procedure is carried out in a similar manner, which completes the
proof. O

Remark 3.6.2. Observability only implies the existence of (stable) observers but not the exis-
tence of exponentially stable observers. Note that an asymptotically stable observer was already
constructed in Section 3.5.
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3.6.2 An idea for observer construction

Since observability was clarified in Section 3.6.1, a direct observer construction (unlike observer
construction in transformed frame as in Section 3.4) for the nonlinear systems (3.181) and (3.182)
is possible. The observer’s parameters and states are subscribed by “e” for “exponential” or “e,”
when including offset. In the following, the development is done independent of offset estimation,
and thus the subscript x € {e, e,} is used, that comes withv =2nifx =eorv=2n+1ifx =e,.

A straight forward approach for observer construction is given by
oa () ~ lx7x(§x) T =~ =~ Sy
VteT:: H(~ | = I tot (Wx) — e Cytor | Te+1x(Tx)y, Tx(ti) = Txy,. (3.190)
de lx,w(mx) ’
N——

=T, €RvN =1, (Tx) ERVF™

Assumption 3.6.3 (Dependency of Iy from %X) Firstly, it is assumed that

o~

lX,x(xx) = lx,x(ax) = ix,xclw&}x (3.191)

with ¢y, € R™ and im € RY being constant vectors.
Secondly, w.l.o.g. it is assumed that

Le(®x) = Lyo(To)®y, Ly, € R (3.192)
Remark 3.6.4. Without offset estimation, a more intuitive choice would be le,x(%e) =l (We) =
(diag(@e) ® I)lep = (@eJlng,@e7ll£x71,@e72lgx72,@evglfix’% ). However, when taking offset

into account, this choice fails.

Define
3 0 0o --- 0
~ wl .. 2 ~ - Jml o 02 -
J(@e)x = : : We, J (Do, )T, = . ) . We, (3.193)
02 . Jmn 02 . jmn
=:J(x) e R2nxn =: Jo(x) € R2n+D)xn
and
€y = Ty — %X = < Ex ) e RV, (3.194)
€Ex,w

The differential equations for the signal estimation and angular frequency errors then can be
written in various forms as follows

= Ax,ac,l(wx#,-\’x) ::Ax,x,Q(wyix)
%exz [JX(QX) — waclwﬁxcz jx(wx)]éx = [Jx(w) — ichlwu?xcl 7X(£X)]EX

=: Ax,x,s(ﬁx,%:()
_ (@2 _ (3.195)
= [JX (wx) - lx,a:c—rwwc)—l— CTeXlX,ICT + JX((I}X)]éx

X, X X,W

::Ax,w,l(%x) :3Ax,w,2(5X7§x)

&\)XCI Oan]éx - LX,UJ(%X) [_wc)—(r C)—(reXIn]EX‘

%eew = Lx,w (ﬁx) [_

98
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To ease the following, the argument of all matrices is generalized as (EX,%X) and therefore
dropped. Nevertheless, the argument is highlighted when necessary. Thus, the most general
expression for the time derivative of the overall error €y follows with weighting matrices

Wiat, Wepo € RV and W, € R™"
as

VteT: Sex= Wio1Axe1 + Tv — W) Wiz 24k
+ (Iv - m(,x,Z)Ax,x,S))éx = Ax,méx
%ex,w = (W/)gwa,w,l + (In - v‘/x,w)Ax,w,Q)éx = Ax,wéx

_ Al _ _ _
:> %ex = |:Ax7z:| eX = Axex, ex(ti) - eX,ti (3196)
Cxy = C;cr,totéx = CIGX = €xy- (3.197)

Note that the overall error vector merges two vectors with different physical units. When con-
sidering a Lyapunov candidate, this fact implies state dependent matrices Py and Q, which
consequently includes the time derivative of Py. To avoid this issue and therefore ease the
following calculations, introduce the invertible transformation matrix

gx,w

e, = < Ex ) = X, &, Z,:=XxTx and ix = X Ty (3.198)

It is designed such that the vector €, only has one physical unit. Now, consider the Lyapunov
candidate
VX(EX) = E)—(FBXE)U Bx = B;(r > 0 (3199)

and make the

Assumption 3.6.5 (Lyapunov and transformation matrix). Assume that the Lyapunov matriz
P is constant. Defining the transformation matriz as

Xy Exw

—
= Qx

X, = [ ] . Xy €RYY. Q€ R (3.200)

it 1s assumed that Qy is invertible.
This assumption implies that the physical units of the block matrices of the transformation
matrix must satisfy

UXx) _ u(‘*’) UXx) M(Xx) — L)
UE.) — Uy UE.) — b and gy =

(w
Uy
Calculate the time derivative of (3.199) as

diVx(&) = diex Py, + e P gie,
P Sl X (X + ATX)PE + B P (5 X+ KA X2
= -e/Qe,. (3.201)
Thus, if and only if the matrix
A = (X + X A)X, (3.202)
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is a Hurwitz matrix, the system (3.190) is stable.

Remark 3.6.6. Unlike for linear time invariant systems like the mSOGI (with constant fre-
quency) (3.66), the eigenvalues of A, only give information on stability (shown in Section 3.6.3);
they do not allow for a specification of the system dynamics, which is shown in the following.
First, an additional requirement of A, is formulated as

A, (T, Ty) = V. D, (T, T V! (3.203)

X

with constant V.. If A, can be decomposed into

A, =B, + t B (3.204)
then, by using Observation 2.19, the following holds:
VteT;:

(3291 0psn = ¢ Bx "By +tgBy)e —c Ext(glt x(2£5) —gi (e Exte)

d—= _ —
agx - Axgx

d ExT — *EX(Ex,ti,%x,t )tz 7§x(EX7%X)t7
== / 0yppndr = — /dT(e e )d T=e¢e e ., —e e
ti

— g, = eB@FI Bt i llig (3.205)

This expression does not allow insight into the system dynamics. So, neither A, nor B, can be
manipulated such that certain specifications (except stability) of (3.190) are met.

Remark 3.6.7. Since it 1s desirable to choose the eigenvalues of A, as only being dependent on
Wy, it is advised that

! ~

A (T, Tx) = A (Bx) = Q (T, Ty) = Q_(&y).

—X
Lx,e

To meet the requirement of A, := {ﬁ“ ﬁ:_’j }, its elements are investigated blockwise with

mx@ = (Iv - WX,I71)(IU - m(,x,2) and KX,J = (IU - m(,:c,l)vvx,xﬂ

and by invoking (3.195), (3.196) and (3.200) as

A, (@) = (A — A 0By 0) (Xx — B ' Bxa)

A 5(@x) = Ay — (A — Ay oBs) (Xx — B 18xs) B! (3.206)
A, (G3) = (Ags — A yBr) (Xx — By 1 Baa) ‘

A (@)= Ay~ (Ags — A uBra) (X — B 1Bxs) T B

Therein, the substitutes

Ax,l = %X +X le _'XWKXS
A= (L8, + X« K, o+ EuK, )"

( .
; 3.207
AX3 :%:X +HX£E Q KX3 ( )
AX4 _(%Qx—i_EXIE X2+QKX4)Q !
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and
K, ;= Jx(@x) + W, jJ(exw) = W, lizel exwe) — Lot @xe)
Kx,2 = jX(mX) - Wx,JjX(eX) + exvny,le,l“c)—(r,w (3 208)
K, 3:= LXM(EX)‘EXCI + (In — M,w)Lx,w(EX)ex,ch .
K, 4= exy(In — Wew) Ly ().

are used.

3.6.3 Concluding remarks

In this section, some hints based on the calculations so far are given. Thereafter, all open tasks
are summarized.

First note that, since A, must be independent of ex and ey, the same must hold true for
A .y Ay 4 since in view of (3.206), it holds exemplarily that

7}(’1, .
1 )—1

[1]

X

OUXU = (Ax,l(ex) - Ax,Q(eX)EX,QC) (XX - EX,UJQ X,T
— —_ I —1 = _
0v><n = AX,Q(EX) - (Ax,l(ex) - 7x72(€x)'='x,:1:) (XX - ‘='x,wQX 1'='X,x) '='x,wQX !
= Ax,l(eX) = Oyxv, Ax,Q(ex) = Oyxn-

Second, the following assumption seems reasonable:

Assumption 3.6.8.

- All weighting matrices W

o Wi g and Wy, are independent of ex and ex,; and

- The matriz Xy is independent of ex and ey, .

What remains is to obtain a solution for X, where the results shown in the previous Section
3.6.2 might help, and also the choice of A, is a question to be answered. However, it is assumed
that the matrices A,, Xy, W, ;, W, and Wy, are unique (besides the tuning). Note that

X,T
the matrices EX’J, Exw and W, ,, manipulate the matrix J and the gains Iy ; and Ly . This
can be used to manipulate (3.208), which facilitates the existence of a solution.
Assuming a set of matrices A, Xy, W, ;, W, , and Wy, satisfying the constraints is found,
then the final steps are briefly drawn as
1. Pole placement:
A tuning rule must be derived, which outputs a tuning vector Iy such that the matrix A, has
desired eigenvalues {ijl, co A +n} C Cypmp and therefore is Hurwitz. As stated in Remark
3.6.6, these only give information on system stability but not on system dynamics. That is, their
influence on system dynamics is not clear.
2. Proof of boundedness and decrease of e, :
If A, is Hurwitz, it holds that

Vi(e,) =&l P&, = LVi(e)=-2/Q (&.)e

Thus, it follows that

L (216) i 12
VteT;: EVX(QX) < _)\min(gx(wx)) HQXH
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(2.16) Amin(Q_(Bx)) - (2.1 ) . . —fllx,v(ax)d’r
< - )\m;(xgx) VX(QX) = VX(QX) < VX(QXJi)e K
::MX,V(‘:}X)>O
and therefore
ft (wx)d t
— [ by vy (@x)dT ~
(216) V@, ye b (2.16) = [ b,y (@x)dr
— 12 X\=x,t; Amax BX = 2 ;
Vt E T’L HQXH S t >\min(£x) é Amin((Bx)) ng’ti ¢ K
N—_——

::c§7v>0

Since pyy > 0 for all ¢ € Ty, ftt pix,vdT is a strictly monotonically increasing function. Thus, it
holds that
VteT;: &l <oo and lim |e.] — 0.
t—o0

Remark 3.6.9. Note that this does not prove stability of the overall error €x in o, frame.

To be able to show this, more information on the transformation matriz is necessary. Hereby,
several methods are possible. It can be shown that

. (3.198) |___
(i) the spectral norm of XX1 is bounded, wich implies that ||€x|| < HXX1

[ llexl < oo;

(3.
«ll

198) ||\ ==
(i1) every element of €x must be bounded, since every element of || 1%8) HXXEXH 1s bounded

(as it was used in Theorem 3.5.3).

If boundedness of € can be shown, this implies boundedness of Ty since

_ _ ~ 1 (3194)  _ _ _ _
[l <00, [[exll <o = |[&| =" IE -l < 7] + Ilexl] < oo
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Chapter 4

Experimental validation

Now, the theoretical results shown in Chapter 3 are investigated in terms of experimental valida-
tion. Additionally, comparisons to existing methods taken from literature are shown. Therefore,
firstly the chosen systems from literature are shown in Section 4.1. Afterwards, in Section 4.2,
the signals to be investigated are defined. In Section 4.3, these signals are used for validation
and comparison purposes of proposed systems and literature.

4.1 Reference systems

As reference systems, a set of systems has been selected with the aim of covering a wide variety of
functionalities. However, these are chosen with the restriction of time-continuous implementation
and estimation in the «, S-frame. Angular frequency estimation and offset estimation/detection
is optional. The selected systems are shown in the following, where

Section 4.1.1 shows the Multi-Magnitude Integrator Quadrature Signal Generator,

Section 4.1.2 shows the Multiple Second Order Generalized Integrators Frequency Locked Loop
and

Section 4.1.3 shows the Multi Adapted Frequency Locked Loop.

4.1.1 The Multi-Magnitude Integrator Quadrature Signal Generator

The first system selected is taken from [494]. It is called the Multi Magnitude Integrator Quadra-
ture Signal Generator (MMI-QSG). It is designed to extract the harmonic components xf‘,xf;
estimation of frequency or offset is not its purpose. The MMI-QSG’s dynamics, marked by the

subscript “mmi”, are described by the set of differential equations'

ds o Na B () — B
vt 6 r:[[\l: dt:?\mml (t{mml lmmlcmml) wmml + lmmly7 :Bmml(tz) wmml,tl} (41)

~
Ymmi = CrypiLmmi-

The system vectors and matrix are specified as

0 _wi2 2lmmi
Jmmi = blkdlag 1 0 0 c R3n><3n’
1,...,n 0 0 0

'The system equations are obtained from Figure 3 inside [494]. Since it only shows the MMI-QSG for n = 4,
it is generically parallelized here.
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lnmi = (QZmrnia 07 lmgmia T 2lmmia 07 lm%)'l' € R?m’

Coomi = (1, 0,0, ---,1,0,0)" € R¥™,

= N =~ N o~ ~ T 3

and  Tumi = (Tmi 1> $ﬁlmi,1v :c?nmi’l, c s i xﬁlmi,n, x?nmm) e R°"™,
The block diagram of the MMI-QSG is illustrated in Figure 4.1.
e

y E mimi I o l

1-st MI-QSG n-th MI-QSG
@\mmi —~ N e ~ ~ ~

x%mi,l xr’ilmi,l w?ﬂmhl xﬁlmi,n ximi,n x’ryﬂmi,n

cr—;miammi ammi

(a) Block diagram of the MMI-QSG structure.

j-th MI-QSG
Cmmi —— ) b © » [ T j
E f E;Ynmi,j /-73\,8 f

mmi,j

(b) Construction of the j-th MI-QSG.

Figure 4.1: (a): The parallelized structure of MI-QSGs and (b): the j-th MI-QSG for amplitude and
phase estimation of the j-th component.

4.1.2 The Multiple Second-Order Generalized Integrators-Frequency Locked
Loop

The next reference considered is selected from [492]. In the paper, it is denoted as the Multiple
Second-Order Generalized Integrators-Frequency Locked Loop (MSOGI-FLL). Its purpose is to
estimate the harmonic components xf‘,wlﬂ and the fundamental angular frequency wy; offset
estimation is not considered. Here, it is indicated by the subscript “msf”. It is a parallelization
of sSOGIs; the used SOGI structure is similar to the right block diagram shown in Figure 3.4.
Additionally, it comes with an sFLL with Gain Normalization as in (3.51). Although in [492], a
lower amplitude limitation e, > 0 was not used inside the FLL, it is included here. The overall

system dynamics are described by

d =~ . T ~ ~ oA
At Lmsf = (Jmsf - lmsfcmsf) Tmst + lmsfy7 wmsf(ti) = Lmsf,t;
~ T ~
Ymst = CpopLmsf
_ T =
Vt € ’]Tz emsf — y - Cmsfa:msf 5 (42)
d ~ o 7lmsfrmsf@msfemsf§msf,l,l ~ o~
dtWmsf = — 5 2 ’ wmsf(ti) = Wmsf,t;-
max ( H (xmsf,ul ) xmsf,ul ) ’ Eme)

The matrices and vectors are given as follows

_ 12752
st = blkdlag 0 Vi Winst c R2n><2n’
1,...,n 1 0
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~ T 2
lmsf = Wmsf(lmsﬁ 0, M) lmsfa 0) eR n’
T 2
Cmsf:<170"'7170) ER”:
d _ aa Aﬁ L. s Aﬁ Rg
an Lmsf = (:E sf,1s msf,p » Lmsf,ns L msf, n) S

4.1.3 The multi-Adapted Frequency Locked Loop

The last reference system chosen is taken from [545]. It is called the multi-Adapted Frequency
Locked Loop (mAFLL) and subscripted by “maf”. It is designed to estimate all harmonic com-
ponents x", a:? and all angular frequencies w;. Its mathematical representation is given as

d o~ T ~ ~ ~
dELmaf = (-_lj_-maf - lmafcmaf) Tmaf + lmafya Lmaf (tl) = Tmaf,t;
f = ChparPmaf
VteT;: Ymaf = CmafTmal (4.3)
€maf = Y = C¢Lmaf

d ~ e ~ ~ ~
dr¥Wmaf (Lmafemaf - Xmaf)rmafzmafmmafa wmaf(ti) = Wmaftt, -

The system matrices and vectors are obtained from [545] generically as

0 —1 0
Jmat = blkdiag | Opari |1 0 0 € R33N,
ie{l,...,n} 0 0 _lmaf,i
Lyor = di Imati) € R™™ B = blkdiag (0 —1 lpags)) € R™3"
maf — 1ag maf,i ) maf — 1ag maf,i )
€{l,..,n} ie{1,...,n}
<= . ~ >< . ~ ><
Xomaf = dlag (ngaf?i) €R" n’ I'mat = dlag (Wmaf,irmaf,z‘) €R" nv
i€{l,...,n} ie{l,....,n}
-~ 2 -~ 2 -~ 2 -~ 2 T 3
Lnat = (wmaf 1lmaf 1> 0, Wmaf,llmaf,la T wmaf,nlmafm; 0, wmaf,nlmaf,n) €ER n’
1 T 3
cmaf (lmaf 1’ >l fn’ O’ 0> E R n,
Afy ~ /\B ~y T 3n
wmaf - ( maf 15 maf 1 maf,l’ B xmaf,n’ xmaf,n’ xmaf:n) eRr ’
T
wmaf ( Wmaf 1, " ° wmaf,n) € R".

However, in [545], they only described their implementation for n € {1,3} with varying sets of
parameters and initial values for each of their investigated four examples. A generic tuning rule
or an allowed set of initial values guaranteeing convergence of the mAFLL was not given. Hence,
the sets of parameters and initial values showing convergence in the paper are adapted to the
examples considered in this thesis. A block diagram of the mAFLL is presented in Figure 4.2.

4.2 Reference signals and scenarios

This section introduces the reference signals used for evaluation and defines eight scenarios. The
evaluation is shown in the next Section 4.3.
The scenarios explained in the following list:

Scenario (S1) considers an input signal consisting of only a fundamental wave without offset and
with a known fundamental angular frequency. The FAOs, MMI-QSG, MSOGI-FLL and
mAFLL are designed to estimate one component wherein angular frequency adaption is
implemented but turned off. The time frame is T = [0s,0.15,0.25,0.358,0.4s]. The input
signal is designed as follows: At ¢t = 0.1s, the amplitude jumps, at ¢ = 0.2s, the phase angle
jumps and at ¢t = 0.3s, the amplitude and phase angle jump. The respective values for
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‘/‘\Jmaf
Cmaf "Aumaf,l A amaf,n
Yy _E I * l
1-st AFLL e n-th AFLL
Ymat A?naf,l fﬁlaf,l ‘%\znaf,l /x\%af,n fﬁaf,n fsz,n
cr—rrlafamaf amaf

(a) Block diagram of the mAFLL structure.

j-th AFLL | Tat j -
—)— x J Tat.j
=
'%\a f .
€maf w 3 X f matf,j w%af’j
— T

=B
xmaf,j 8 f X
T maf j T
Wmaf,j ~ f
Wmaf,j

(b) Construction of the j-th AFLL.

Figure 4.2: (a): The parallelized structure of AFLLs and (b): the j-th AFLL for amplitude, phase and
frequency estimation of the j-th component.

amplitude, phase angle, offset, and fundamental angular frequency are collected in Table
4.1. The input signal is plotted in Figure 4.3.

Scenario (S2) considers an input signal consisting of only a fundamental wave without offset and
with an wnknown fundamental angular frequency. The FAOs, MMI-QSG, MSOGI-FLL
and mAFLL are designed to estimate one component wherein angular frequency adaption
is turned on. The time frame is T = [0s,0.25,0.458,0.65,0.8s]. The input signal is designed
as follows: At ¢t = 0.2s, the angular frequency jumps, at t = 0.4s, the amplitude and phase
angle jump and at ¢ = 0.6 s, the amplitude, phase angle and angular frequency jump. The
respective values for amplitude, phase angle, offset, and fundamental angular frequency are
collected in Table 4.2. The input signal is plotted in Figure 4.5.

Scenario (S3) considers an input signal consisting of only a fundamental wave with offset and
with a known fundamental angular frequency. The FAOs, MMI-QSG, MSOGI-FLL and
mAFLL are designed to estimate one component wherein angular frequency adaption is
implemented but turned off. The time frame is T = [0s,0.18,0.25s,0.358,0.4s]. The input
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signal is designed as follows: At t = 0.1s, the amplitude and offset jump, at t = 0.2s,
the phase angle jumps and at ¢ = 0.3s, the amplitude, phase angle and offset jump. The
respective values for amplitude, phase angle, offset, and fundamental angular frequency are
collected in Table 4.3. The input signal is plotted in Figure 4.7.

Scenario (S4) considers an input signal consisting of only a fundamental wave with offset and

with an unknown fundamental angular frequency. The FAOs, MMI-QSG, MSOGI-FLL and
mAFLL are designed to estimate one component wherein angular frequency adaption is
turned on. The time frame is T = [0s,0.2s,0.45,0.6,0.8s]. The input signal is designed as
follows: At t = 0.2s, the fundamental angular frequency jumps, at t = 0.4, the amplitude
and offset jump and at ¢ = 0.6, the amplitude, offset and fundamental angular frequency
jump. The respective values for amplitude, phase angle, offset, and fundamental angular
frequency are collected in Table 4.4. The input signal is plotted in Figure 4.9.

Scenario (S5) considers an input signal consisting of a fundamental wave plus nine harmonic

waves without offset, with a known fundamental angular frequency and known harmonic
orders. The esFAO, mFAQO,, MMI-QSG and MSOGI-FLL are designed to estimate ten
components wherein angular frequency adaption is implemented but turned off. The time
frameis T =[0s,0.18,0.25,0.3s,0.4s]. The input signal is designed as follows: At ¢ = 0.1s,
all amplitudes jump, at ¢t = 0.2s, all phase angles jump and at ¢t = 0.3 s, all amplitude and
phase angles jump. The respective values for amplitudes, phase angles, offset, fundamental
angular frequency, and harmonic orders are collected in Table 4.1. The input signal is
plotted in Figure 4.4.

Scenario (S6) considers an input signal consisting of a fundamental wave plus nine harmonic

waves without offset, with an unknown fundamental angular frequency and known har-
monic orders. The esFAO, mFAO,, MMI-QSG and MSOGI-FLL are designed to estimate
ten components wherein angular frequency adaption is turned on. The time frame is
T = [0s,0.25,0.4s, 0.6s,0.8s]. The input signal is designed as follows: At t = 0.2, the
fundamental angular frequency jumps, at ¢ = 0.4 s, all amplitudes and phase angles jump
and at ¢t = 0.6 s, all amplitudes, phase angles and the fundamental angular frequency jump.
The respective values for amplitudes, phase angles, offset, fundamental angular frequency,
and harmonic orders are collected in Table 4.2. The input signal is plotted in Figure 4.6.

Scenario (S7) considers an input signal consisting of a fundamental wave plus nine harmonic

waves with offset, with a known fundamental angular frequency and known harmonic or-
ders. The esFAO, mFAO,, MMI-QSG and MSOGI-FLL are designed to estimate ten com-
ponents wherein angular frequency adaption is implemented but turned off. The time frame
is T =[0s,0.18,0.25,0.38,0.4s]. The input signal is designed as follows: At ¢t = 0.1s, all
amplitudes and the offset jump, at ¢ = 0.2, all phase angles jump and at ¢t = 0.3s, all
amplitudes, phase angles and the offset jump. The respective values for amplitudes, phase
angles, offset, fundamental angular frequency, and harmonic orders are collected in Table
4.3. The input signal is plotted in Figure 4.8.

Scenario (S8) considers an input signal consisting of a fundamental wave plus nine harmonic

waves with offset, with an unknown fundamental angular frequency and known harmonic
orders. The esFAO, mFAQO,, MMI-QSG and MSOGI-FLL are designed to estimate ten
components wherein angular frequency adaption is turned on. The time frame is T =
[0s,0.25,0.4s, 0.65,0.8s]. The input signal is designed as follows: At ¢ = 0.2s, the fun-
damental angular frequency jumps, at ¢t = 0.4s, all amplitudes and the offset jump and
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at t = 0.6, all amplitudes, the offset and fundamental angular frequency jump. The re-
spective values for amplitudes, phase angles, offset, fundamental angular frequency, and
harmonic orders are collected in Table 4.4. The input signal is plotted in Figure 4.10.

i 1 2 3 4 5 6 7 8 9 10
0s<t<0.1s
Harmonic orders v; 1 2 3 4 5) 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 T 107” & 37” ?ﬂf 0 5 0
Offset ag/V 0
Fundamental frequency f;/Hz 50
0.1s<t<0.2s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 100 175 35 225 175 15 15 10 125 10
Phase angles ¢; 0 T 107“ 5 37” %T’T 0 m 5 0
Offset ag/V 0
Fundamental frequency f1/Hz 50
0.2s<t<03s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 100 175 35 225 175 15 15 10 125 10
Phase angles ¢; 3 %TW % % 0 %” 3 37” s o
Offset ag/V 0
Fundamental frequency f;/Hz 50
0.3s<t<04s
Harmonic orders v; 1 2 3 4 5) 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 T 107” 5 32” ?ﬂf 0 5 0
Offset ag/V 0
Fundamental frequency f;/Hz 50
Table 4.1: Signal parameters for scenarios (S1) and (S5).
200 T T T T T T T y
100
>
-~ 0
>
-100+ .
-200- ! ! ! ! ! ! !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

time t /s
Figure 4.3: Input signal y for scenario (S1).

The system parameters for all systems involved in the experiments (esFAO, mFAO, mFAQO,,
MMI-QSG, MSOGI-FLL, mAFLL) are shown in Tables 4.5 and 4.6.
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200 Y
>
~ 0 N
>
-200+ _
| | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
time ¢t / s
Figure 4.4: Input signal y for scenario (S5).
i 1 2 3 4 5 6 7 8 9 10
0s<t<02s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 7 107” z S0 ¢ 200
Offset ag/V 0
Fundamental frequency f;/Hz 50
02s<t<04s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
™ 107 s 3 3 ™
Phase angles ¢; 0 T = = 5 = 0 T 5 0
Offset ag/V 0
Fundamental frequency f;/Hz 62.5
04s<t<0.6s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 400 70 140 90 70 60 60 40 50 40
Offset ag/V 0
Fundamental frequency f;/Hz 62.5
0.6s<t<0.8s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 7 107” z o0 o 200
Offset ag/V 0
Fundamental frequency f;/Hz 40

Table 4.2: Signal parameters for scenarios (S2) and (S6).

4.3 Experiments

In this section, the methods proposed and taken from literature are compared to each other. But
first, the experimental setup is described in Section 4.3.1. Input signals with only fundamental
waves (Scenarios (S1) — (S4)) are discussed in Section 4.3.2 and in Section 4.3.3, input signals
with ten components (Scenarios (S5) — (S8)) are shown.
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400+
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-400

Figure 4.5: Input signal y for scenario (S2).
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Figure 4.6: Input signal y for scenario (S6).
T T T T T T T
)
200
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time ¢t / s
Figure 4.7: Input signal y for scenario (S3).
T T T T T T T
)
200
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-200+
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time ¢t / s

Figure 4.8: Input signal y for scenario (S7).

4.3.1 Experimental setup

The measurements are obtained from the experimental setup described in the following:
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1 1 2 3 4 5 6 7 8 9 10

0s<t<0.1s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 T 107“ 5 o0 5 0
Offset ag/V 0
Fundamental frequency f/Hz 50

0.1s<t<0.2s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 100 175 35 225 175 15 15 10 12.5 10
Phase angles ¢; 0 1 107“ £ 37” %TW 0 =« 3 0
Offset ag/V 20
Fundamental frequency f;/Hz 50

02s<t<0.3s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 100 175 35 225 175 15 15 10 125 10
Phase angles ¢; 5 3@{ % %r 0 %’T 5 37” 0 5
Offset ag/V 20
Fundamental frequency f;/Hz 50

03s<t<04s
Harmonic orders y; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 T 107“ 5 o0 5 0
Offset ag/V 70
Fundamental frequency f/Hz 50

Table 4.3: Signal parameters for scenarios (S3) and (S7).

T T T T T T T
400+ N Y]
200
- \/\/\/\/\/\/\/\Z
~ 0
=N
-200 -

-400 - | | | | M | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
time t /s

Figure 4.9: Input signal y for scenario (S4).

e All models for signal generation or decomposition are built in Matlab/Simulink R2018b on
the host computer;

e Two models per measurement (one for generation and one for decomposition) are down-

loaded via LAN to the dPSACE Processor Board DS1007;
e The generated signal is D/A-converted by the dSPACE I/O card DS2103;
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1 1 2 3 4 5 6 7 8 9 10

0s<t<0.2s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 7 IOT” 5 32” o0 ow 5 0
Offset ag/V 0
Fundamental frequency f;/Hz 50

02s<t<04s
Harmonic orders v; 1 2 3 4 5 6 7T 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 T 107” E 32” ?ﬂf 0O =« 5 0
Offset ag/V 0
Fundamental frequency f;/Hz 62.5

04s<t<0.6s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 400 70 140 90 70 60 60 40 50 40
Phase angles ¢; 5 ?’T’r 217% % 0 %” 5 37” T 5
Offset ag/V 20
Fundamental frequency f;/Hz 50

0.6s<t<0.8s
Harmonic orders v; 1 2 3 4 5 6 7 8 9 10
Amplitudes a;/V 200 35 70 45 35 30 30 20 25 20
Phase angles ¢; 0 7 IOT” 5 37” %Tﬂ 0O = 5 0
Offset ag/V 70
Fundamental frequency f;/Hz 40

Table 4.4: Signal parameters for scenarios (S4) and (S8).

200

-200

0 0.1 0.2 0.3 0.4 0.5
time t /s

Figure 4.10: Input signal y for scenario (S8).

e The generated signal is transmitted from the dSPACE system to the amplifier via a BNC
cable with a length of 10 m;

e The generated signal is amplified by a Spitzenberger Spies PAS 5000 four quadrant ampli-
fier;

e The amplified signal is measured by a LEM CV 3 — 1000 voltage sensor;
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x € {es,m,m,} | esFAO | mFAO | mFAOQ,

n 1 | 10 | IR 1| 10
SOGIs

Iy (3.27) | (3.27) (3.78) (3.78) (3.78)
resolution 1073 1073 X X X
Poles (v€{(0),£1,...,4+n}) X X —3+v —3+v —34v
Initial values 0, 099 0y 03 091
LPF

Wipf X X 27100 27100 27100
Initial values X X 03 03 03
HPF

Whpf 27500 | 27500 X X X
Initial value 0 0 X X X
FLL

Iy 0.1 0.1 0.35 0.2 0.2
Ox1 Jlog Jlog Jly Jln, Jln,
Ex 1075 | 107° 107° 107° 107°
S Zx X X —10°, 10° | —10°, 10° | —10°, 10°
5=, % 35, 65 | 35, 65 35, 65 35, 65 35, 65
Initial value 2125 2125 2125 2125 2125

Table 4.5: System parameters for the esFAO, mFAQO and mFAO with offset.

x € {mmi, msf, maf} | MMI-QSG | MSOGI-FLL | mAFLL

n 110 ] 1 | 10| 1

“SOGI”

Iy 100 | 100 | V2 V2 2

Initial values 03 039 09 029 03

“FLL”

'y X X 50 50 0.02
Ex X X 1075 1075 X

Initial value X X 2725 | 2725 2125

Table 4.6: System parameters for the MMI-QSG, MSOGI-FLL and mAFLL.

e The measured signal is transmitted from the voltage sensor to the dSPACE system via a
BNC cable with a length of 10 m;

e The measured signal is A /D-converted by the dSPACE A /D card DS2004;

e The measured signal is decomposed in real time by the downloaded model for signal de-
composition and recorded on the host computer.

The experimental setup is illustrated in Figure 4.11.

Remark 4.3.1. Due to the length of the BNC cables, any constant is damped out and, hence,
forbids transmission of offset. This problem is solved by splitting the generation signal into an
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Amplifier

voltage measurement

Figure 4.11: The experimental setup used for the measurements.

AC signal including the fundamental and all harmonic waves and a DC signal including only the

offset:
Ygen(t) = G0, + > ajcos((1))

='YDC,gen J=1

='YAC,gen (t)

The AC signal is transmitted directly using one cable. Instead of the DC signal two pure sinusoids
are transmitted using two cables. The sinusoids have a phase angle lag of 5 with respect to each
other and their amplitudes are set as the value of the DC signal:

YDC,gen,sin(t) 1= ag sin(wpct) , YDC,gen,cos (t) 1= ag cos(wpct) .

The sinusoid’s angular frequency is chosen as wpc = 27100 %. Clearly, all AC signals are
damped as well. But, contrary to a constant value, the damping is negligible. By measuring these
three signals as described above, the original signal can be reconstructed by

ymeas(t) = yAC,meﬂS(t) + Sgn(yDC,gen)\/y]%c,meas,sin(t) + yIQDC,meas,cos (t)

Remark 4.3.2. Due to the sampling, there is a time lag of one sampling period between gener-
ation and measurement. Hence, all signals based on the measured signals are shifted backwards
by one sample to match the generation signal.

Remark 4.3.3. For all scenarios (S1) — (S8), the offset, direct, quadrature and frequency errors
are shown. However, for the calculation of the error metrics Miag and Mirag, only the overall
estimation error ey s taken into account since the others are not measurable.

4.3.2 Experimental results for Scenarios (S1) — (S4)

The first scenario (S1) compares the methods MMI-QSG, MSOGI-FLL, mAFLL, esFAO, mFAO,
and mFAQ, in Figure 4.12. A fundamental wave without offset and with a known angular fre-
quency is used as a reference. Thus, angular frequency adaption is turned off (but still imple-

114



4.3. EXPERIMENTS

mented with correct initial angular frequency). The parameters for the input signal are shown
in Table 4.1 (where the column ¢ = 1 is used) and the parameters for the methods are shown in
Tables 4.5 — 4.6.

100 4

> 0 k L k
=100 Y Vﬁ i
<-200 -
-300 ! ! ! . .

! ! !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
time ¢t / s

Figure 4.12: Measurement results for scenario (S1). Used methods: MMI-QSG (—), MSOGI-FLL

(—), mAFLL (—), esFAO (—), mFAO (—) and mFAO with offset (—). Shown

are the estimated states T, %7 and their estimation errors e := 1§ — 79, e == 2 — V.

Figure 4.12 illustrates the experimental result for scenario (S1). The first subplot shows the di-
rect reference signal z{ and their estimates ¢ (MMI-QSG: , MSOGI-FLL: —, mAFLL: —,
esFAO: —, mFAO: —, mFAOQO,: —) and the second shows the respective errors e{ := z{ — 7.
The third and fourth subplot show the quadrature reference signal :L‘f , its estimates Zc\f and the
errors e? = x? — fff . All methods decompose the reference precisely. The fastest estimation is
achieved by the mFAO and mFAQO, within 10 ms followed by the esFAO being slightly slower. Al-
though the MSOGI-FLL and mAFLL estimate the direct component almost as fast as the esFAQO,
they are slower in quadrature estimation (about 20ms). The slowest method is the MMI-QSG,
which takes about 40 ms for correct estimation. In view of overshooting, the MSOGI-FLL and
mAFLL are best, followed by mFAO, MMI-QSG, esFAO and mFAQO, showing the highest over-
shoot. The error metrics Miag and Mipag for the used methods, which are calculated from the
overall estimation error e,, are listed in Table 4.7.

Method | MMI-QSG | MSOGI-FLL | mAFLL | esFAO | mFAO | mFAO,

Miag | Vs 4.521 2.389 1.919 | 0.940 | 1.462 | 1.387
Mirar / Vs2 | 0.070 0.044 0.041 | 0.039 | 0.038 | 0.039

Table 4.7: IAE and ITAE for the different methods used in scenario (S1).
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In view of the metrics shown in Table 4.7, the esFAO performs best; it is only slightly outper-
formed by the mFAQ in view of the MiTaE.

Scenario (S2) compares the methods MMI-QSG, MSOGI-FLL, mAFLL, esFAO, mFAQO, and
mFAQ, in Figure 4.13. The reference signal is a fundamental wave without offset and with an
unknown angular frequency. Thus, angular frequency adaption is turned on. The parameters for
the input signal are shown in Table 4.2 (where the column ¢ = 1 is used) and the parameters for
the methods are shown in Tables 4.5 — 4.6.

500
T T T T T T T s

> [
—~ 1Y,
W oW\ :
-500 | I | | ] I I o
T T T T T T
. 200 -
~ 0 I\YA P
@ — W
)
-200 —

0.3 0.4 0.5 0.6 0.7 0.8
time ¢t / s

Figure 4.13: Measurement results for scenario (S2). Used methods: MMI-QSG (—), MSOGI-FLL
(—), mAFLL (—), esFAO (—), mFAO (—) and mFAO with offset (—). Shown

are the estimated states 3:\?,35?, their estimation errors e‘f,ef, the estimated fundamental
frequency f1 := 5t and its estimation error e == f1 — fi.

In Figure 4.13, the experimental results for scenario (S2) are depicted. The first and second
subplots show the direct reference signal z¢, their estimates ¢ (MMI-QSG: , MSOGI-FLL:
—, mAFLL: — esFAO: , mFAOQ: — mFAQO,: —) and the respective errors ef. In the
third and fourth subplot, the same signals for the quadrature component are shown. The last
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two subplots show the fundamental frequency f1, its estimate fl and the respective estimation
error ey = f1 — f1. Therein, no plot for the MMI-QSG is shown because no signals exist for
this model. Except for the MMI-QSG, which comes without frequency adaption, all methods are
able to decompose the reference. The fastest estimation is achieved by the mFAO and mFAQ,
within 30 ms. The esFAO, MSOGI-FLL and mAFLL still are able to estimate the input signal
in the observed time frames but take significantly more time to reach quasi-steady state. In
the time frame with correct reference angular frequency for the MMI-QSG, it estimates the sig-
nal components correctly. However, a wrong reference angular frequency causes the MMI-QSG
estimates to deliver wrong results. Due to the OS of the esFLL and the AWU in the mFLL
and mFLL,, overshooting is prevented in the frequency adaption. In contrast, MSOGI-FLL and
mAFLL show high overshooting. The overshooting characteristics of the SOGIs (or equivalent
structures in the MMI-QSG and mAFLL) are as described in scenario (S1). The error metrics
calculated for this scenario from the overall estimation error e, are listed in Table 4.8.

Method | MMI-QSG | MSOGI-FLL | mAFLL | esFAO | mFAO | mFAO,

Miag / Vs 62.956 8.958 6.360 | 3.242 | 4.988 | 4.202
Mitag / Vs? 6.149 0.350 0.299 | 0.268 | 0.267 | 0.261

Table 4.8: IAE and ITAFE for the different methods used in scenario (S2).

The metrics shown in Table 4.7 indicate that the esFAO performs best when taking the Miag
value. In view of the Mipag value, the mFAQ, is the best choice.

In scenario (S3), the methods MMI-QSG, MSOGI-FLL, mAFLL, esFAO, mFAQO, and mFAQ,
are compared in Figure 4.14. The reference signal is a fundamental wave with offset and with a
known angular frequency. Thus, angular frequency adaption is turned off. The parameters for
the input signal are shown in Table 4.3 (where the column ¢ = 1 is used) and the parameters for
the methods are shown in Tables 4.5 — 4.6.

Figure 4.14 shows the experimental results for this scenario. Therein, the first two subplots
show the offset xg, its estimates Ty and the respective estimation errors eg := xg — T9. However,
only the results from the methods capable of estimating/detecting offset (esFAO, mFAO,) are
drawn. The last four subplots show the direct and quadrature reference signals xf‘,xf , their
estimates 2%, 2 and estimation errors €%, ¢ (MMI-QSG: ——, MSOGL-FLL: —, mAFLL: —,
esFAO: , mFAO: —, mFAQ,: —). Fastest correct estimation is achieved by the mFAQ,
within 10 ms, which is closely followed by the esFAO. Although the MMI-QSG, MSOGI-FLL and
mAFLL are not capable of estimating offset, this has no impact on the estimation of z{, unlike
the mFAO showing a biased estimation. Considering the quadrature estimation, all methods ex-
cept for esFAO and FAQ, fail to give correct estimations. More precisely, MSOGI-FLL, mAFLL
and mFAQO show a biased quadrature estimate whereas the MMI-QSG even diverges linearly.
The overshooting behavior, only described for the esFAO and the mFAQ,, is almost identical,
which can also be seen in the error metrics shown in Table 4.9.

Method | MMI-QSG | MSOGI-FLL | mAFLL | esFAO | mFAO | mFAO,

Miag / Vs 12.466 11.924 11.585 | 0.950 | 4.178 1.380
Mitag / Vs? 0.526 0.561 0.562 0.039 | 0.184 0.039

Table 4.9: IAE and ITAE for the different methods used in scenario (S3).

From Table 4.9, it can be deduced that the esFAO shows the best performance for scenario (S3).
Scenario (S4) compares the methods MMI-QSG, MSOGI-FLL, mAFLL, esFAO, mFAO, and
mFAQ, in Figure 4.14. A fundamental wave with offset and with an unknown angular frequency
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time ¢t / s

Figure 4.14: Measurement results for scenario (S3). Used methods: MMI-QSG (—), MSOGI-FLL
(—), mAFLL (—), esFAO (—), mFAO (—) and mFAO with offset (—). Shown

are the estimated states f?,'ff and their estimation errors ef, ef.

is used as a reference. Thus, angular frequency adaption is turned on. The parameters for the
input signal are shown in Table 4.4 (where the column ¢ = 1 is used) and the parameters for the
methods are shown in Tables 4.5 — 4.6.

Figure 4.15 shows the experimental results for scenario (S4). The subplots depict the reference
offset zy, its estimates Ty and the respective errors e (for the esFAO and the mFAQ,), the direct

and quadrature signals z, xf , their estimates ¢, 53? and estimation errors ef, ef , and reference

frequency fi, its estimates f; and estimation errors ey; (MMI-QSG: , MSOGI-FLL: —,
mAFLL: — esFAO: , mFAO: — mFAQ,: —). Similar to scenario (S3), only the esFAO
and mFAQ, are able to decompose the input signal appropriately. The MMI-QSG again fails
when offset is present or when its angular frequency is wrong. Due to activated frequency adap-
tion, the esFAO now takes significantly more time to settle (> 100 ms). The mFAQ, achieves
correct estimation in maximal 50 ms. The esFAO shows less overshooting than the mFAQ,. In
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Figure 4.15: Measurement results for scenario (S4). Used methods: MMI-QSG (—), MSOGI-FLL
(—), mAFLL (—), esFAO (—), mFAO (—) and mFAO with offset (—). Shown

are the estimated states i?‘,i’\?, their estimation errors e?,ef, the estimated fundamental

frequency f1 and its estimation error ef ;.
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view of frequency adaption of the other methods, the mFAO and MSOGI-FLL show an oscilla-
tion due to offset, whereas the offset does not affect the functionality of frequency adaption of
the mAFLL. In the last time frame (0.6s < t < 0.8s) the MSOGI-FLL locks at f; = 0Hz and
thus sets all estimated signals to zero. The error metrics for this scenario, calculated from the
overall estimation error e,, are listed in Table 4.10.

Method | MSOGI-FLL | mAFLL | esFAO | mFAO | mFAO,

Miag / Vs 34.246 21.386 | 3.184 | 10.249 | 4.005
Mitag / Vs? 3.235 1.925 | 0.265 | 0.846 | 0.257

Table 4.10: IAE and ITAE for the different methods used in scenario (S4).

From Table 4.10, it can be seen that the esFAO is best when referring to the Miag value and
the mFAQ, is best when referring to the Mimag value, closely followed by the esFAO.

As a conclusion from scenarios (S1) — (S4), only the esFAO and the mFAQO, are capable of
decomposing a signal consisting of a fundamental wave and offset with an unknown angular
frequency, which is also indicated by the error metrics Miag and Mirag. These show that the
mFAQ, is the better choice, if the frequency is to be estimated, whereas the esFAO is preferred
when not. However, it should be kept in mind that these values do not take frequency errors into
account, which emphasizes the proposed choice since the mFAQ, is significantly faster than the
esFAQO in adapting an unknown angular frequency. On the other hand, the esFAO shows lesser
overshooting. In total, both methods outperform the ones taken from literature and the mFAO.
Since the mFAOQO is not capable of decomposing a signal comprising offset, it is neglected in the
following scenarios. Moreover, since no generic tuning rule was given for the mAFLL in [545], it
is also discarded.

4.3.3 Experimental results for Scenarios (S5) — (S8)

The fifth scenario (S5) compares the methods MMI-QSG, MSOGI-FLL, esFAO, and mFAQ, in
Figure 4.16. A signal composed of a fundamental wave and nine harmonics without offset and
with a known angular frequency is used as a reference. Thus, angular frequency adaption is
turned off. The parameters for the input signal are shown in Table 4.1 and the parameters for
the methods are shown in Tables 4.5 — 4.6.

Figure 4.16 depicts the actual input signal y, its quadrature signal ¢ and their estimates ¥, q
(MMI-QSG: , MSOGI-FLL: —, esFAO: , mFAQ,: —). All methods are able to esti-
mate the input signal satisfyingly, what can be seen in the error plots. In view of estimation
speed, the mFAQ, performs best and needs about 20 ms, followed by the esFAO, MSOGI-FLL
and MMI-QSG. The MMI-QSG and the MSOGI-FLL show the highest overshooting, whereas
the esFAO shows the lowest. In the quadrature error plot, time frame 0.2s < t < 0.6s, the
MMI-QSG shows very little convergence and cannot settle down within the time frame.

To give deeper insight into the single states, its estimates and errors, Figures 4.17 and 4.18
compare the estimated states z7, ff - z%, 55?0 to the references zf, af’f -z, x’fo and show the
respective estimation errors ef, e’f — €7, efo.

In Figures 4.17 and 4.18, all estimates of the direct and quadrature components z§, Ev\f - 2%, :)?fo
and their respective errors ef, e? — ey, efo are plotted. All methods are capable of decomposing
the input signal into its harmonic components. However, the higher the harmonic number is,
the noisier the respective signal is. It can be seen that the mFAQ, is the fastest method in
each component and estimates all components uniformly in about 20 ms. For the other methods,
estimation of components with higher order takes longer. For example, considering the perfor-
mance of the MSOGI-FLL, estimation of the fundamental signals z¢, ff takes about 60 ms and

120



4.3. EXPERIMENTS

200+ : ' - — =y

| | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

time ¢t / s

Figure 4.16: Measurement results for scenario (S5). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (— ) and mFAO with offset (—). Shown are the estimated direct and quadra-
ture inputs Y, q and their estimation errors ey, e,.

approximately 100 ms for z{;, ffo.
To give a more objective comparison, Table 4.11 lists Miag and Mirag of the investigated
methods for scenario (S5).

Method | MMI-QSG | MSOGI-FLL | esFAO | mFAQ,

Miag / Vs 6.027 4.936 2.576 | 1.827
Mirag / Vs? 0.131 0.138 0.098 | 0.092

Table 4.11: IAE and ITAE for the different methods used in scenario (S5).

From Table 4.11, it can be deduce that the mFAQ, outruns the other methods. But, in case of
the MiTag, the esFAO is very close to the mFAQO,, which indicates that the mFAQO, comes with
higher overshooting than the esFAO.

In scenario (S6), the methods MMI-QSG, MSOGI-FLL, esFAO, and mFAQ, are compared in
Figure 4.19. A signal composed of a fundamental wave and nine harmonics without offset and
with an unknown angular frequency is used as a reference. Thus, angular frequency adaption is
turned on. The parameters for the input signal are shown in Table 4.2 and the parameters for
the methods are shown in Tables 4.5 — 4.6.

In Figure 4.19, the input signal y, its fictive quadrature signal ¢ and their estimates 7, ¢ (MMI-
QSG: , MSOGI-FLL: —, esFAO: , mFAO,: —) are shown. Since the MMI-QSG has
no frequency adaption, it fails to decompose the input signal appropriately if the actual fre-
quency f does not match the MMI-QSG’s reference frequency. The MSOGI-FLL also cannot
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Figure 4.17: Measurement results for scenario (S5). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states T —
Z%y in subfigure (a) and the estimation errors ey — e, in subfigure (b).
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Figure 4.18: Measurement results for scenario (S5). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states To —
70, in subfigure (a) and the estimation errors € — e in subfigure (b).
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Figure 4.19: Measurement results for scenario (S6). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated direct and
quadrature input Y, q, their estimation errors ey, eq, the estimated fundamental frequency

f1 and its estimation errors ey ;.

decompose the input signal since its frequency shows a semi-stable behavior. For the esFAO and
the mFAQ,, the output saturation or anti windup, respectively, come to action at ¢ > 0.6s and
thus facilitate convergence of the frequency estimation such that the correct estimate is obtained
in about 100ms. Instead of stopping integration as the anti windup does in the mFAQ,, the
output saturation simply limits the angular frequency output of the esFAO, which could explain
the longer duration until these limits are left. Nevertheless, input estimation is achieved very
quickly by the mFAQ, as well as by the esFAO. In quadrature signal estimation, both the mFAQ,
and the esFAO take longer to settle down, whereas the esFAQ is significantly slower.

In the following Figures 4.20 and 4.21, the estimated states f‘f‘,ff - E‘{‘O,ffo and the reference
signals xff,xf - xf‘o,xfo are compared. Additionally, the respective estimation errors e‘f‘,ef -

efos efo are plotted.
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Figure 4.20: Measurement results for scenario (S6). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states T —
Z%y in subfigure (a) and the estimation errors ey — e, in subfigure (b).

125



CHAPTER 4. EXPERIMENTAL VALIDATION

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
time ¢ / s time ¢ / s

(a) (b)

Figure 4.21: Measurement results for scenario (S6). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states T5 —
7%, in subfigure (a) and the estimation errors € — e in subfigure (b).
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As can be seen in the Figures 4.20 and 4.21, the esFAO and mFAQ, are able to decompose the
input signal into its components, whereas the MMI-QSG and the MSOGI-FLL fail. In contrast
to 4.19, the estimation of direct components z{, — z{, takes as much time as estimation of
quadrature components i'\f - i:\fo.

The Miag and Miypag for scenario (S6) are shown in Table 4.12.

Method | MMI-QSG | MSOGI-FLL | esFAO | mFAO,

Miag / Vs 87.453 67.323 13.080 | 7.050
Mirag / Vs? 8.603 6.553 0.928 | 0.659

Table 4.12: IAE and ITAE for the different methods used in scenario (S6).

These values indicate that the mFAO, comes with higher overshooting and the esFAO takes
longer to settle down. Since the MMI-QSG and the MSOGI-FLL fail to converge, their metrics
are very high.

Scenario (S7) compares the methods MMI-QSG, MSOGI-FLL, esFAO, and mFAQ, in Figure
4.22. A signal composed of a fundamental wave and nine harmonics with offset and with a
known angular frequency is used as a reference. Thus, angular frequency adaption is turned off.
The parameters for the input signal are shown in Table 4.3 and the parameters for the methods
are shown in Tables 4.5 — 4.6.
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Figure 4.22: Measurement results for scenario (S7). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (— ) and mFAO with offset (— ). Shown are the estimated direct and quadra-
ture inputs ¥, q and their estimation errors e, e,.

Figure 4.22 depicts the direct and quadrature input y, g, their estimates U, q, the respective errors
ey, €q and the fundamental frequency fi as well as its estimates f and errors ey; (MMI-QSG:
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, MSOGI-FLL: —, esFAO: , mFAO,: —). As in scenario (S3), the MMI-QSG diverges
in the presence of offset in its quadrature estimation, which can be seen in the third and fourth
subplot. Moreover, its direct signal estimation error e, shown in the second subplot converges
to some wrong result. The MSOGI-FLL also shows an incorrect estimation in the case of offset
but, contrary to the MMI-QSG, converges in both the direct and quadrature estimates. Only
the esFAO and the mFAQ, can accurately estimate direct and quadrature input. The mFAQ,
achieves correct estimation in about 20 ms, whereas the esFAO takes about 30 ms.

Figures 4.23 and 4.24 show the decomposition of the direct and quadrature input signals into its
components.

In Figure 4.24, it can be seen that every quadrature signal diverges in the MMI-QSG. Concerning
the MSOGI-FLL, every quadrature component is biased. In view of the direct signal compo-
nents, the MMI-QSG, the MSOGI-FLL, the esFAO, and the mFAQ( estimate these components
correctly. Comparing the esFAO and the mFAQg, the mFAQ( shows a faster estimation speed
in every component of the direct and quadrature signals. This can be seen especially in the
fundamental and the tenth component.

A qualitative comparison is shown in Table 4.13.

Method | MMI-QSG | MSOGI-FLL | esFAO | mFAO,

Miag / Vs 12.878 12.698 2.571 | 1.827
Mirag / Vs? 0.529 0.593 0.097 | 0.092

Table 4.13: IAE and ITAE for the different methods used in scenario (S7).

In view of MiTag, Table 4.13 also indicates that the overall performances of the esFAO and
the mFAQ, are comparable whereby the mFAQq shows a slightly better value. When taking the
Miag value into account, it becomes clear that the mFAQO, performs better. This also indicates
that the esFAO has higher overshooting.
Scenario (S8) compares the methods MMI-QSG, MSOGI-FLL, esFAO, and mFAQ, in Figure
4.25. A signal composed of a fundamental wave and nine harmonics with offset and with an
unknown angular frequency is used as a reference. Thus, angular frequency adaption is turned
on. The parameters for the input signal are shown in Table 4.4 and the parameters for the
methods are shown in Tables 4.5 — 4.6.
Figure 4.25 shows the direct and quadrature input signal y, ¢, their estimates U, q, estimation
errors ey, eq, fundamental frequency fi, its estimates f; and estimation errors ey; (MMI-QSG:
, MSOGI-FLL: —, esFAO: , mFAO,: —). As in scenario (S6) & (S7), the MMI-QSG
oscillates and diverges. In view of the MSOGI-FLL, frequency estimation diverges and even leads
to instability resulting in an abortion of estimation due to a missing frequency limitation, where
this guarantees stability of the esFAO and the mFAQ,. Hereby, the mFAQO, takes about 50 ms
and the esFAO 130 ms, whereas in scenario (S6) the overall estimation error e, settles down very
quickly in contrast to the overall quadrature error e,.
Figures 4.26 and 4.27 illustrate the decomposed direct and quadrature components.
From Figures 4.26 and 4.27 it becomes apparent that the esFAO and the mFAQO, are able to
estimate the fundamental and all harmonic components. As in scenario (S6), the component
errors of direct and quadrature signals decrease in a similar way contrary to Figure 4.25. It
remains to state that the mFAQ, decreases faster in every component than the esFAO.
To conclude this scenario, Table 4.14 shows the Miag and Mirag values.
Clearly, the mFAQ, outruns the other methods where for the MSOGI-FLL no value can be cal-
culated due to abortion of estimation.
As a conclusion for the scenarios (S1) — (S8), the mFAQ, is the best choice to decompose an input
signal into its components. However, if only a fundamental wave with known angular frequency
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Figure 4.23: Measurement results for scenario (S7). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states T —
Z%y in subfigure (a) and the estimation errors ey — e, in subfigure (b).
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Figure 4.24: Measurement results for scenario (S7). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states T5 —
7%, in subfigure (a) and the estimation errors € — e in subfigure (b).
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Figure 4.25: Measurement results for scenario (S8). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (— ) and mFAO with offset (— ). Shown are the estimated direct and quadra-

ture inputs Y, q, their estimation errors ey, eq, the estimated fundamental frequency ]?1 and
its estimation errors ef .

Method | MMI-QSG | MSOGI-FLL | esFAO | mFAO,

Miag / Vs 86.949 X 11.843 | 6.950
Mitag / Vs? 8.535 X 0.851 | 0.652

Table 4.14: IAE and ITAE for the different methods used in scenario (S8).

has to be analyzed, the esFAO is more promising.
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Figure 4.26: Measurement results for scenario (S8). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states T —
Z%y in subfigure (a) and the estimation errors ey — e, in subfigure (b).
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Figure 4.27: Measurement results for scenario (S8). Used methods: MMI-QSG (—), MSOGI-FLL
(—), esFAO (—) and mFAO with offset (—). Shown are the estimated states To —
70, in subfigure (a) and the estimation errors € — e in subfigure (b).
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Chapter 5

Conclusion and Outlook

In this thesis, five different observers to decompose a periodic signal into its fundamental param-
eters, namely esFAO, mFAO, mFAOQO,, tFAO and tFAQO,, were developed. The esFAOQ is capable
of detecting offset, estimating a predefined number of harmonic components and fundamental
angular frequency. Thereafter, the mFAO was designed to accelerate the estimation process.
It comes without offset estimation, which was covered by the mFAQO,. To also be capable of
estimating multiple angular frequencies and harmonic components, the tFAO was constructed,
which was extended to the tFAQO, to cover offset estimation. Besides these properties, Table
5.1 summarizes the unique theoretical characteristics of each observer. These characteristics are
based on the investigations from Section 3.

Tuning Stability Decrease Frequency

esFAO without FLL | limited global exponential none

esFAO with FLL limited local exponential only fundamental
mFAO without FLL | unlimited global exponential none
mFAQO with FLL limited local exponential only fundamental
mFAQ, without FLL | unlimited global exponential none
mFAQ, with FLL limited local exponential only fundamental

tFAO (transformed) | unlimited global asymptotic  all (transformed)

tFAQO, (transformed) | unlimited global asymptotic  all (transformed)
tFAO (o, B) unlimited local asymptotic  all (a, f)
tFAO, («, B) unlimited local asymptotic  all («a, )

Table 5.1: Theoretical characteristics of esFAO, mFAQO, mFAQ,, tFAO in transformed frame, tFAQ, in
transformed frame, tFAQO in «, B frame and tFAQO, in o, 5 frame.

In Section 4, these ohservers were tested in an experimental setup and compared to existing
observers from literature. Due to the asymptotic decrease characteristic of tFAO and tFAQ,,
which was already visualized in Figures 3.33 and 3.35, it was not included in the tests. The
result of these tests, deduced from the error metrics, is the following;:

(i) The esFAO is the best choice when estimating a signal that only has a fundamental com-
ponent and whose angular frequency is known;

(ii) For signals comprising more harmonics and/or with unknown angular frequency but known
harmonic orders, the mFAQ, is advised.

For signals that are composed of more harmonics with unknown angular frequencies and unknown
harmonic orders, so far the best choice is the tFAQ, in «, 8 frame. Unfortunately, it requires
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an unrealistic large time frame, making real-time decomposition impossible. In order to find a
solution for this issue, an idea for exponential frequency adaptive observers (eFAO and eFAO,)
was discussed. Since it is not finished yet, the remaining tasks as well as a few ideas for future
investigations are collected in the following.

For the eFAO, open tasks are (i) to find a set of matrices A,, X¢, W, ;, W, and W, and
(ii) to derive an algorithm for the assignment of eigenvalues to A,. Other tasks are to obtain
insight into the system dynamics and to prove stability. The same tasks must be accomplished
for the eFAQ,.

More generally, discretization of all observers was not considered in this thesis, so it is a topic to be
dealt with in future works. Nevertheless, some effort was already put into this field in [557-569].
As a last idea, the development of a damped Second Order Generalized Integrator is proposed.
Its benefits are the manipulation of amplitude and phase responses of the observer, which means
that the observer can be designed to be less sensitive to noise in a certain frequency spectruim.
Hereby, to the best knowledge of the author, the structure depicted in Figure 5.1 has not been

published yet.

e

- T f wq }—@P
H@) lO |1/3 @

Figure 5.1: Block diagram of the dSOGI'.

This structure, called the damped Second Order Generalized Integrator of first order (dSOGI')
can be understood as an advanced mSOGI (but not mFAO) as reported in Section 3.3.2.1 in
this thesis. Clearly, this system has more gains than states and, hence, has additional degrees of
freedom compared to e.g. the mSOGI. These degrees of freedom can possibly be used for different
purposes, which must be investigated in the future. For now conceivable purposes are (i) output
noise reduction and (ii) speeding the frequency adaption. As a short motivation, the possibility
to reduce output noise is validated in Figure 5.2'. In it, the amplitude responses AY, Ag and Ag

of the signals 73, 79 and Eg, respectively, are compared to the ones from the mSOGI (see Section
3.3.2.1).

The first subplot of Figure 5.2 shows the amplitude response of the signal Eg, which only exists
for the dSOGI'. The second and third subplots show the responses of the direct signal 2% and
quadrature signal z%, respectively. It can be seen that the dSOGI' shows a better filtering
capability than the mSOGI, especially for higher frequencies. For frequencies lower than the
resonance frequency (located at f = 50Hz), the quadrature signal 2° shows a less effective
filtering capability than the mSOGI. In view of the direct signal 2%, the dSOGI' shows a lower
filtering capability only in a very short frequency frame above the resonance frequency.

In conclusion, Figure 5.2 motivates that further efforts should be put into researching dSOGI*.

!Simulation parameters: (lo “ lﬁ) = (E 0 %), (ko Kk k’g) = (710 10 74),lm: (4 74)T,

D =Wm = 2750 24,
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Figure 5.2: Comparison of the amplitude responses of dSOGI* (—) and mSOGI (—).

In this context, the following ideas are developed:

(a) A Second Order Generalized Integrator of m-th order (dSOGI™) for more advanced noise
reduction, which uses a cascade of m "pre-integrators" instead of only one as in Figure 5.1;

(b) Parallelized Second Order Generalized Integrator of first order (pdSOGI') comprising n
parallel SOGIs;

(¢c) A Second Order Generalized Integrator of first order with offset (dSOGI!) including an
offset estimation capability;

(d) And a combination of (a) - (c).

137



CHAPTER 5. CONCLUSION AND OUTLOOK

138



Appendix A

Derivation of transfer functions,

amplitude and phase responses of a
SOGI

In this appendix, the general transfer functions and their amplitude and phase responses of a
SOGI are derived. But first, the relation between the amplitude and phase response and the
respective transfer function is shown. Consider a transfer function F(s) := 38 . Ingerting s := jw
yields

(n(gw))) (R(d

nw) _ R +sSm(w) _ (Rn(w)4+sS G
Flw) = TS (d(e))) (R
d

d(w) — R(d(w))+s3(d(w)) — (R(d(w
(n

S )

(d(yw)
(d(gw)))

\/v

—J
J

w))
w)) =

R(d(w))R(n () +3(d()) S () 4, R(d(Gw))S(n(w)) =R(n(w))S(d(w)
R(d(w))*+S(d(w))? +J R(d(jw))* +3(d(w))* - (Ad)
=:R(F(w)) =:S(F ()
The amplitude and phase responses are obtained as
_ 2 |« 2 (A1) (n(gw))>+S(n(s ))
Ar@) = YREFG +SFG) A Bty (A2

Pr(w) = arctanQ(g(f(jw))) (A1) arctan2< Ed(Jw))gg n(g

)R () ()
R(F () R(d (o) R(n(20) S ) (A.3)

)+3(d(jw))S(n(3w))

s

Now, consider the signal estimation error e, the direct signals 7y, and the quadrature signals

f,i given as

B(s) = 2 (Igey(s) — v (s) (A4)
B(s) = & (Uey(s) +rid(s)
Inserting ff into ¢ yields
~x (A1) w1 o Vi ~x
7(s) =2 (e (s) — 2 (1ey (5) + vid(s) ) )
. GO ) R
= z(s) = %2@% = e wl Ley(s). (A.5)

1+
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APPENDIX A. DERIVATION OF TRANSFER FUNCTIONS, AMPLITUDE AND PHASE
RESPONSES OF A SOGI

By inserting (A.5) into e, in (A.4), the transfer function for the signal estimation error is obtained:

(A4), n L
(A.5) Wil§ s—v;@7 et
ey(s) =" yls)— Z Wey(s)
j=1
IT (s2+727)
= gy(s) = Z;J((:)) = R nk:I ry I . (AG)

I (32+V,3w%)+2 (wll‘ls Z/le ) I (52+ukw1)
- &

In a similar way, the transfer functions for the direct and quadrature signals are obtained as

w1 (lf‘s—uiallf> ﬁ (52+y2@%)

xo(s) = 79(s) (A-5),(A6) i (A.7)
v y(s) kl;ll(82+yza%)+321 (wllo‘s ujwllﬂ) ]Zgl(82+u2@%)
j
o (1 s+viontg) T (s2+0262)
] k=1
and XB(S) = (A.4),(A5),(A-6) e . (A8
y(s) kl;[ (s 2+ka1)+J§l<@1l?sfyj@%lf) 21;1( s2+vEe?)
j

The transfer functions include the characteristic polynomial of a SOGI’s system matrix in their
denominators, which can be read off as follows:

n n n
= H (s* + viwt) + Z (C\uﬂ?‘s — VW ) H s? + vpwy) (A.9)
f=1 =1 k=1
J

Finally, by introducing the abbreviations

(kal Zl/] l] H VEo? — WP (A.10)

i
=

k=1
k#z
n n
voi= Z H kal—w (A.11)
j=1 k=1
k#j

the amplitude responses are obtained according to (A.2) as follows

(V%@%—uﬂ)
Ag,(w) ~ =" ﬁ (A.12)

£S
2
=
=
\7:1:

1 ﬁ (VI%@%*WQ)\/l/zoﬁf(lﬂ)2+w2(l?)2

AX’Z “ (A.QL(AJ) 22 p2+u? (A.13)
w1 kﬁll( 1%/\% wQ)\/ 2A2(la) +w2(l’6)2

AXEZ. (w) (A.2)£(A.8) ki = | i
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Using (A.3), the phase responses follow as

e, (w) AHAY arctan? (*T}’) (A.15)
(A-3MA~7) wlf‘p+1/i@1lfv

@XL?; (W) = arctan? <W> (A16)
(A'3);(A~8) wlfp—uiﬁllf‘v

@Xfl ((A)) = arctan? (W) . (Al?)

If the SOGI is extended to estimate offset, the transfer functions, abbreviations and responses
follow in a similar way as

n n n

Yo(8) = (s + @o,llmO)H (s* + vj@2y) + SZ <Q07llgjs — Vjﬁillfj)ﬂ(s + V@2 )(A18)
k=1 j=1 ko1
n
po=w [[ (i@2 - —WZVJ 015031_[ Vewl — (A.19)
k=1 k#]
n n n
vo=w? Y @l [ (82 — w?) — @onleo [ | (vi@?, — w?) (A.20)
j=1 k=1 k=1
k#j
w i (V%fuil—uﬁ)
_ k=1
Ag,, (W) = — Jaia (A.21)
Wo,110,0 ﬁ (Vi@f’l—wQ)
_ k=1
AXO,O (w) - \/Ug+pg (A22)
Wo, 1 H Vi o 1— \/wQ(lo‘ 2—i—l/2u12 )2
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RESPONSES OF A SOGI
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Appendix B

Matlab code for finding the optimal
gain vector for system (3.19)

This section shows the MATLAB-code for minimizing the dominant eigenvalue of A¢s as in (3.19).
The choices for the system order n, the initial gain vector 1vec_init, the resolution resolution
and the expected harmonic set nu_expected are exemplarily and should be adapted to the system
of interest.

function lvec = iterative_optimal_gains
%% Define parameters

% system order
n = 10;

% starting values
lvec_init = zeros(2*n,1);

% resolution

resolution = le-3;
step_vector = zeros(2*n,1);
step_vector(l) = resolution;

% to prevent numerical issues (should be much smaller than the resolution)
numerical_value = 0.5%resolution;

% calculate required system matrices and vectors
J = zeros(2+*n);
cy = zeros(2*n,1);

nu_expected = (1:n)’;

for z = 1:2%n
for y = 1:2%n
if mod(z,2) "= 0 && y == (z+1)
J(z,y) = - nu_expected(y/2);
elseif mod(z,2) == 0 && y == (z-1)
J(z,y) = nu_expected(z/2);
end
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SYSTEM (?7)

end
if mod(z,2) "= 0
cy(z) = 1;
end
end

% number of directions
possible_directions = 1;
for i = 2:n
possible_directions = 2*possible_directions + 1;
end

% initialize vectors and cells
eigenvalues_cell = cell(possible_directions,1);
lvec_cell = cell(possible_directions,1);
lvec_optimal = lvec_init;
for row = 1:2%n

if mod(row,2) == 0

lvec_optimal (row) = O;

end

end

%% Find minimum
% initialize eigenvalues
eigenvalues_optimal = eig(J-lvec_optimal*cy?’);

% breaking condition initialization
looping = true;

while looping
% breaking condition for each loop
count = O;
% build new gain vectors and compute respective eigenvalues
for i = 1l:possible_directions

if 1 ==

lvec_cell{i} = lvec_optimal + step_vector;
else

lvec_cell{i} = lvec_cell{i-1} + step_vector;
end

for row = 1:n
if (lvec_cell{i}(2#row-1) - lvec_optimal(2*row-1)) > (resolution + numerical_value)
lvec_cell{i}(2*row-1) = lvec_cell{i}(2*row-1) - 2*resolution;
lvec_cell{i}(2*row+1) = lvec_cell{i}(2*row+1) + resolution;
end
end
eigenvalues_cell{i} = eig(J-1lvec_cell{i}*cy’);
end
% compare eigenvalues
for i = 1:possible_directions
if max(real(eigenvalues_cell{i})) <= max(real(eigenvalues_optimal))
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count = count + 1;
lvec_optimal = lvec_cell{i};
eigenvalues_optimal = eigenvalues_cell{i};

end
end
% breaking condition test
if count ==
looping = false;
end
end
end
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Appendix C

Low Pass Filter and Amplitude Phase
Correction

This section describes the impact of Low Pass Filters (LPF) to any type of SOGI outputting
harmonic components (i.e. all but the tSOGI in transformed frame, see Section 3.4). Moreover,
the correction of this effect is proposed. Such an LPF with state space representation

vVt eT;: %wlpf = —WipfTipf + WipflYs  Lipr(0) = Ty, (C.1)
Ylpf = Tlpf,
transfer function i
4 . Ti1pf(S) _ Wipf
Xipe(8) = T = stwnr (C.2)

and amplitude and phase responses

qupf (w) = % @(w)gqpf = arctan2(ﬁ;) (C.3)

wlpf)2+(w)2 ’

is drawn in Figure C.1. Clearly, the cut-off frequency wips must be positive in view of stability.

y@ I v

Figure C.1: A Low Pass Filter.

By feeding the LPF’s output signal yi,¢ to a SOGI system, this signal comes with damping and
shifting with respect to the actual signal y according to (C.3). Consequently, the SOGIs estimate
these modified signals, so that these have to be corrected again. This is achieved by an APC for
an LPF, which is stated in the following proposition.

Proposition C.1 (Amplitude Phase Correction for LPF). Let wips,wy, > 0, y := a cos(wyt + ¢)
and Yipt = aqupf (wy) cos(wyt + ¢ + @gﬁpf (wy)) with Ag(lpf and @gqpf as in (C.3). Moreover, let
q and qu¢ be signals having identical amplitude and a phase lag of —5 with respect to y and ypt,
respectively. Then, there erists a transformation matriz Chye, € R2%2 such that the amplitude-
and phase-corrected signals yipr and qipr have identical phase and amplitude as the input signals,

i.e. Yy = Yipr and q = qipf for allt € T. The correction matriz is given by

1 —
C]pf7y = [wV uljlpf] . (C4)

Wipf
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Proof. Define

Yipf Yipf aptiy  —Cipf2w

P = ClhW P s ClhW = P P (05)

qipf qipf Clpf2,v  Clpf,1,v

and observe that
glpf _ |Cipf, 1y —Cpf2,p Yipf | _ |Yipf _q1pf:| <clpf,1,l/> (C 6)
qipf Clpf,2,v Clpf,1,v Qipf qipf Yipf Clpf,2,v
S —
= Slpf,y

Note that the matrix Sy, is invertible (except for (yipt, qlpf)T = O2T) with inverse

Sfl _ 1 Yipft Qipf
Ipf,p (ylpf)2+(qlpf)2 _qlpf ylpf
def. . cos (w,,t + ¢+ (I)gflpf (wl,)) sin (w,,t +¢+ @gflpf (wy)

1 (C.7)
ady (@) | _gn (w,,t +¢+ (I)gﬁpf (wy)) cos (wl,t +¢+ CIJﬁ,lpf (wy)

This allows the unique solution of the following identity for cipf1,, and cipr 2,

<Clpf,1,u> _ g1 <§1pf> Lg-1 <y> (2:3),(C.7) 1 Cos(q)gqpf(wu)) (C.3) wl ‘
Cipf,2,v Ipf.v (}ipf Ipf.v q Agflpf (wv) \ —sin (¢g(‘1pf (wl/)) T;f
(C.8)

Inserting (C.8) into (C.5) yields the matrix as in (C.4). This completes the proof. O
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Appendix D

Proof for Assertion (3.151) (Frequency

polynomial)

Proposition D.1. Letn €N, k; € C, i € {1,...,n} and

n A
vl = Y Kk

k=1

n

vi = > Ik

ki,....ki=1j€k

n
vn, = ][ kg

k=1 V,

Then, the k; are obtained as the roots of the function
f@)=2" — 2" o+ (1) vy + (1) 0,
i.€.
xo €{z| f(x) =0} = {K1,...,Kkn}.
Proof. The function f is rewritten as

D.:
D2 g _ 2" o+ ()" v,y 4 (1),

f(z)
(D.1)

k=1 j=1

J#k

(219 H(ZL' — Kk)-
k=1

The roots of f are determined as shown in (D.3). This completes the proof.
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