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Abstract: Ensuring safety is of paramount importance in physical human-robot interaction
applications. This requires both adherence to safety constraints defined on the system state,
as well as guaranteeing compliant behavior of the robot. If the underlying dynamical system
is known exactly, the former can be addressed with the help of control barrier functions.
The incorporation of elastic actuators in the robot’s mechanical design can address the latter
requirement. However, this elasticity can increase the complexity of the resulting system, leading
to unmodeled dynamics, such that control barrier functions cannot directly ensure safety. In
this paper, we mitigate this issue by learning the unknown dynamics using Gaussian process
regression. By employing the model in a feedback linearizing control law, the safety conditions
resulting from control barrier functions can be robustified to take into account model errors,
while remaining feasible. In order to enforce them on-line, we formulate the derived safety
conditions in the form of a second-order cone program. We demonstrate our proposed approach
with simulations on a two-degree-of-freedom planar robot with elastic joints.

Keywords: Machine learning, data-based control, constrained control, intelligent robotics,
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1. INTRODUCTION

Applications focusing on human-robot interactions, such
as rehabilitation robotics, are highly safety-critical. The
safety constraints manifest in two different ways. On the
one hand, the system must satisfy state constraints to
avoid damages due to the joint limits of the robot. On
the other hand, the safety of humans requires the absence
of peaks in the interaction forces, which has led to the
application of robots with elastic joints in rehabilitation
robotics to ensure compliant behavior (Yu et al., 2015).

Elasticity in the joints is commonly achieved by adding
a spring between the motor and load side of a joint,
which is commonly referred to as a series elastic actuator
(Spong, 1987). This approach allows modeling a robot with
elastic joints as a coupled system with a relative degree of
four, such that a feedback linearizing controller can be
straightforwardly derived (Moberg and Hanssen, 2008).
Moreover, control barrier functions (CBF) (Ames et al.,
2017) for systems with a higher order relative degree can be
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easily constructed (Xiao and Belta, 2019), which provides
an intuitive approach to enforce state constraints on robots
with series elastic actuators (Nguyen and Sreenath, 2016).

While control barrier functions are a theoretically appeal-
ing method for ensuring safety, they crucially rely on the
availability of accurate models of the system dynamics.
This is a particularly challenging requirement for elastic
joint robots due to their comparatively high complexity.
In order to mitigate this issue, supervised machine learn-
ing techniques are increasingly applied to infer models
of nonlinear dynamical systems from data. In particular,
Gaussian process (GP) regression is commonly employed
in safety-critical applications due to its strong theoretical
foundations (Rasmussen and Williams, 2006). When a
learned model of the dynamics is used together with CBFs,
the possible learning error must be taken into account to
ensure the safety of the unknown system (Cheng et al.,
2019). Thereby, it is possible to prove that the satisfaction
of robustified CBF conditions ensures the safety of systems
with learned higher relative degree dynamics with high
probability (Dhiman et al., 2021). However, the feasibil-
ity of these conditions can generally not be guaranteed
(Castañeda et al., 2021), such that safety cannot be di-
rectly enforced using on-line optimization of the control
inputs. This problem is also not avoided when learning
the CBF conditions instead of the system dynamics using
GPs similarly as in (Greeff et al., 2021).

We address this lack of feasibility guarantees by proposing
a novel approach for ensuring the safe control of unknown
elastic joint robots via CBFs when models learned via



GP regression are available. For this purpose, we switch
between a feedback linearizing control law based on the
learned model and one relying on bounds for the inertia
and stiffness matrices. This allows us to exploit high proba-
bility learning error bounds to admit an effective robustifi-
cation of the CBF conditions for ensuring the satisfaction
of state constraints, while the matrix bounds serve as a
conservative back-up to guarantee the feasibility of CBF
conditions. In order to admit the efficient enforcement of
safety using on-line optimization, we reformulate the CBF
conditions into second-order cone constraints. We demon-
strate the effectiveness of the proposed approach in simula-
tions of an elastic joint robot with two degrees of freedom.

The remainder of this paper is structured as follows. In
Sec. 2, we introduce elastic joint robots and formalize our
problem setting. The approach for learning a model using
GP regression is explained in Sec. 3, before our approach
for ensuring safety of elastic joint robots using CBFs and
GP models is derived in Sec. 4. In Sec. 5, the approach
is evaluated in simulations of a robot with two degrees of
freedom, before the paper is concluded in Sec. 6.

2. PROBLEM STATEMENT

We consider a rigid link robot with m elastic joints
described by differential equations 2 (Spong, 1987)

M(q)q̈ +C(q, q̇) +K(q − θ) = 0, (1a)

Jθ̈ +K(θ − q) = u, (1b)

where q∈Rm represents the joint angles, θ∈Rm represents
the motor angles, M(q) ∈Rm×m is the inertia matrix of
the rigid links, J ∈ Rm×m is the inertia matrix of the
motors, C(q, q̇)∈Rm represents Coriolis, centrifugal and
gravitational terms, K ∈Rm×m is the matrix of stiffness
coefficients, and u∈Rm is the column vector of torque in-
puts provided by the motors. For the purpose of controller
design and analysis, we require the following assumptions.

Assumption 1. The symmetric inertia matricesM(q) and
J and the stiffness matrix K are bounded above and be-
low, i.e., there exist constants γ

M
, γ̄M , γ

J
, γ̄J , γK , γ̄K ∈

R+ such that for all q ∈ Rm

γ
M
Im ⪯M(q) ⪯ γ̄MIm, (2)

γ
J
Im ⪯J ⪯ γ̄JIm, (3)

γ
K
Im ⪯K ⪯ γ̄KIm. (4)

Assumption 2. The functions M(·) and C(·, ·) have con-
tinuous partial derivatives up to the third order.

Ass. 1 is needed to guarantee the global controllability
of the dynamics (1) since it eliminates the possibility of
internal dynamics. As it holds for all robot manipulators
with only revolute or prismatic joints (Ghorbel et al.,
1998), Ass. 1 is not restrictive in practice. Ass. 2 ensures
that the functions M(·) and C(·, ·) are well-behaved,
which is commonly assumed for the control design of
2 Lower/upper case bold symbols denote vectors/matrices, R+,0/R+

all real positive numbers with/without zero, Im denotes the m×m
identity matrix, σ̄(·)/σ(·) the maximal/minimal singular values of
a matrix, ∥·∥ the Euclidean norm, N (µ, σ) a Gaussian distribution
with mean µ and variance σ, and ⪰ defines the Loewner order of
positive semi-definite matrices. We denote a continuous function
α : R+ → R+ as extended class K function if it is strictly increasing,
α(0) = 0, limr→∞ α(r) = ∞ and limr→−∞ α(r) = −∞.

nonlinear systems. Since the dynamics (1) follow from an
Euler-Lagrange formalism, the functions M(·) and C(·, ·)
usually exhibit this required smoothness. Therefore, Ass. 2
is generally not restrictive.

Since the precise identification of the parameters of robots
with elastic actuators is a challenging problem, we merely
assume that an approximate model

M̂(q)q̈ + Ĉ(q, q̇) + K̂(q − θ) = 0 (5a)

Ĵ θ̈ + K̂(θ − q) = u (5b)

is known, while the true dynamics (1) are unknown. In
order to infer a model of the residual error between the
true system and the approximate model, we consider the
availability of training data as described in the following.

Assumption 3. A data set

D =
{
q(n), q̇(n), q̈(n),

(3)

q̇ (n),
(4)

q̇ (n) + ω(n)
}N

n=1
(6)

is available, which contains N quintuples consisting of
noise-free measurements of joint angles and their deriva-
tives, while the fourth order derivatives are perturbed by
Gaussian noise ω(n) ∼ N

(
0, σ2

on

)
.

The assumption that only the highest derivative of a signal
is perturbed by Gaussian noise can commonly be found in
the literature when inferring models of unknown dynamics
(Lederer et al., 2020; Dhiman et al., 2021; Greeff et al.,
2021). While this might be difficult to achieve in practice,
numerical differentiation approaches ensure that noise in
lower order derivatives is comparatively small. Since the
focus of this paper is on the development of a safe control
approach for elastic joint robots with learned models, we
leave the extension to training data sets where all samples
are perturbed by noise to future work.

Based on these assumptions, we consider the problem of
designing a control law π : Rm × Rm × Rm × Rm → Rm

which ensures the safety of the robotic system with elastic
joints. In this paper, we examine safety in terms of state
constraints expressed through the zero-super level set

C = {q ∈ Rm : b(q) ≥ 0} , ∂C = {q ∈ Rm : b(q) = 0} (7)

of an arbitrary function b : Rm → R with continuous
derivatives up to the fourth order. Therefore, safety es-
sentially reduces to forward invariance of C, as formalized
in the following.

Definition 1. (Safety (Ames et al., 2017)). A system (1) is
safe with respect to the set C if the set C is forward
invariant, i.e., for any initial condition x0 ∈ C, it holds
that x(t) ∈ C for x(0) = x0 and all t ≥ 0.

3. LEARNING GAUSSIAN PROCESS MODELS OF
CONTROL-AFFINE SYSTEMS

In order to learn a model of elastic joint robots, we employ
GP regression (Rasmussen and Williams, 2006). The fun-
damentals of GP regression are explained in Sec. 3.1, be-
fore we show how control-affine models with error bounds
can be learned in Sec. 3.2.

3.1 Gaussian Process Regression

Gaussian process regression is a supervised machine learn-
ing method, which relies on the assumption that any finite



number of evaluations {h(x(1)), . . . , h(x(N))}, N ∈ N, of
an unknown function h : Rd → R at inputs x ∈ Rd

follow a joint Gaussian distribution. A Gaussian process,

denoted as GP(ĥ(·), k(·, ·)) is fully specified using a prior

mean ĥ : Rd → R and a covariance function k : Rd ×
Rd → R+. The mean function incorporates prior model
knowledge in the form of an approximate model into the
regression, while the covariance function encodes abstract
information about the structure of the regressed function
such as differentiability.

When training data {x(n), y(n)}Nn=1 with Gaussian per-
turbed training targets y(n) = h(x(n)) + ϵ(n), ϵ(n) ∼
N (0, σ2

on) is available, the joint Gaussian distribution of
function evaluations can straightforwardly be exploited to
perform regression by determining the posterior distribu-
tion. Due to the properties of Gaussian random variables,
this distribution is again Gaussian with mean and variance

µ(x) = ĥ(x) + kT (x)
(
K + σ2

onIN
)−1

(y − ĥ), (8)

σ2(x) = k(x,x)− kT (x)
(
K + σ2

onIN
)−1

k(x), (9)

where k(x) and K are defined element-wise via ki(x) =

k(x,x(i)) and Kij = k(x(i),x(j)), respectively, ĥ =

[ĥ(x(1)) · · · ĥ(x(N))]T , and y = [y(1) · · · y(N)]T .

3.2 Learning Models of Control-Affine Systems

While Gaussian process regression is often employed for
completely unknown functions h(·), for efficient control
design, we often know the types of function structure the
model must adhere to. A very common structure makes
the dynamical system affine to the control input, which
yields training targets of the form

y = h(x,u) + ω = f(x) +G(x)u+ ω, (10)

where f : Rm→Rm, G : Rm→Rm×Rm are unknown func-
tions and ω∼N (0, σ2

onIm) is Gaussian observation noise.
In order to encode this structure into regression, we put a
GP prior on each individual element of f(·) and G(·), i.e.,

fi(·) ∼ GP
(
f̂i(·), kfi (·, ·)

)
, i = 1, . . . ,m, (11)

gij(·) ∼ GP
(
ĝij(·), kgij (·, ·)

)
, i, j = 1, . . . ,m. (12)

This implies for each row of (10) that

fi(x)+

m∑
j=1

gij(x)uj ∼ GP(ĥi(x,u), ki(x,u,x
′,u′)), (13)

where we have the composite means and kernels

ĥi(x,u) = f̂i(x)+

m∑
j=1

ĝij(x)uj , (14)

ki(x,u,x
′,u′) = kfi(x,x

′)+

m∑
j=1

ujkgij (x,x
′)u′j . (15)

Using these priors, it is straightforward to derive the pos-
terior distributions of functions fi(·) and gij(·) analogously
to standard GP regression by conditioning the joint prior
of the individual functions fi(·)/gij(·) and hi(·) on the
training data (Duvenaud, 2014). The resulting posteriors
are again Gaussian with means

µfi(x) = f̂i(x) + k
T
fi(x)

(
Ki + σ2

onIN
)−1

ỹi, (16)

µgij (x) = ĝij(x) + k
T
gij (x)Uj

(
Ki + σ2

onIN
)−1

ỹi (17)

and variances

σ2
fi(x) = kfi(x,x)

− kTfi(x)
(
Ki + σ2

onIN
)−1

kfi(x), (18)

σ2
gij (x) = kgij (x,x)

− kTgij (x)Uj

(
Ki + σ2

onIN
)−1

Ujkgij (x), (19)

where ỹ
(n)
i = y

(n)
i − f̂i(x

(n)) −
∑m

j=1 ĝij(x
(n))u

(n)
j , Uj =

diag([u
(1)
j . . . u

(N)
j ]) and Ki =Kfi +

∑m
j=1UjKgi,jUj .

Due to the strong theoretical foundations of Gaussian
process regression, it is straightforward to extend Bayesian
prediction error bounds (Lederer et al., 2019) to the
individual learned functions as shown in the following
lemma.

Lemma 1. Assume that the functions fi(·), gij(·) are sam-
ple functions from corresponding GPs, i.e., (11) and (12)
hold. Then, there exists a constant β ∈ R+ and a proba-
bility δ ∈ (0, 1) such that

P
(
|µfi(x)−fi(x)| ≤

√
βσfi(x) ∀x ∈ X

)
≥ 1−δ (20)

P
(
|µgij (x)−gij(x)| ≤

√
βσgij (x) ∀x ∈ X

)
≥ 1−δ (21)

holds for a compact set X ⊂ Rd.

Proof. The proof straightforwardly follows by extending
(Lederer et al., 2021, Lemma 1) to multiple summands and
in combination with the choice of a sufficiently large value
for β (Lederer et al., 2022, Proposition 1). □

While this lemma ensures only the existence of a constant
β, this limitation is used merely for notational simplicity.
It is straightforward to compute a value β in practice
using the results in (Lederer et al., 2021, 2022). There-
fore, this result enables the quantification of the possible
model error, which we use for the robustification of safety
conditions.

4. SAFE CONTROL OF ELASTIC JOINT ROBOTS
USING GAUSSIAN PROCESS MODELS

Since the learned model of the elastic joint robot ex-
hibits model errors, we need to employ robust CBF con-
ditions, which potentially can be infeasible. As outlined in
Fig. 1, we approach this issue using a feedback linearizing
controller which switches between the GP model and a
back-up model based on conservative model error bounds.
Bounds for the linearization errors of these control laws are
presented in Sec. 4.1. In Sec. 4.2, robust CBF conditions
for ensuring the safety of unknown elastic joint robots
are derived and a switching strategy for ensuring their
feasibility on-line is developed. By reformulating the CBF
conditions into a second-order cone program in Sec. 4.3, we
provide an efficient method for enforcing safety of arbitrary
control laws on-line.

4.1 Feedback Linearization for Elastic Joint Robots

In order to develop a safe controller for elastic joint robots,
we follow the idea of Moberg and Hanssen (2008) and
reformulate the dynamics, such that they admit a feedback
linearization. Therefore, we sum (1a) and (1b) yielding

M(q)q̈ + Jθ̈ +C(q, q̇) = u. (22)
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Fig. 1. Safety of elastic joint robots is ensured using con-
trol barrier functions derived for a switching system,
which results from a feedback linearization using a
learned model or a conservative prior model.

We solve this equation for θ and substitute the result into
(1a) after differentiating it twice. This allows us to express
the dynamics as the control-affine system

ẋ1=x2, ẋ2=x3, ẋ3=x4, ẋ4=f(x) +G(x)u, (23)

where

f(x) =−M−1 (x1)
(
KJ−1

(
M (x1)x3 +C

(
x1,x2

) )
−
(
K + M̈ (x1,x2,x3)

)
x3 − 2Ṁ (x1,x2)x4

− C̈ (x1,x2,x3,x4)
)
, (24)

G(x) =M−1 (x1)KJ
−1, (25)

with x1 = q. Due to the structure of (23), the states xi

correspond to the joint angles and their derivatives. We
concatenate them into a vector, i.e., x = [xT

1 x
T
2 x

T
3 x

T
4 ]

T ,
such that we can employ the training data from Ass. 3 to
train a Gaussian process model as explained in Sec. 3.2.
Note that we can include the prior knowledge of M(·),
C(·, ·),K and J via suitable prior mean functions f̂i(·) and
ĝij(·) reflecting the structure of (24) and (25), respectively.
In order to employ the result of GP regression in a control
law, we concatenate the elements µfi(·) into a vector µf (·)
and the elements µgij (·) into a matrix µG(·). Then, we can
define the feedback linearizing control law

πGP (x) = µ
−1
G (x)(ν − µf (x)), (26)

where ν is the control input to the approximately lin-
earized system under the assumption that µG(·) is invert-
ible. Using this control law, we can compactly express the
controlled system as

ẋ = Ax+B (ν + eGP (x) +EGP (x)ν) , (27)

where the dynamic parameters are given by

A =

0 Im 0 0
0 0 Im 0
0 0 0 Im
0 0 0 0

 , B =

 0
0
0
Im

 , (28)

and the linearization errors due to using a learned model
are denoted by

eGP (x) = f(x)− µf (x)−EGP (x)µf (x), (29)

EGP (x) = (G(x)− µG(x))µ
−1
G (x). (30)

Due to the definition of EGP (x), its maximum singular
value is bounded by

∥EGP (x)∥ = σ̄(EGP (x)) ≤
σ̄(G(x)− µG(x))

σ(µG(x))
. (31)

While we cannot evaluate this inequality directly due
to a lack of knowledge of G(·), we can employ the GP
prediction error bound in Lemma 1 to obtain

σ̄(G(x)−µG(x)) ≤ ∥G(x)−µG(x)∥Fr (32)

=

√√√√β

m∑
i=1

m∑
j=1

σ2
gij (x) (33)

with probability of at least 1−m2δ, where ∥ · ∥Fr denotes
the Frobenius norm. Therefore, we have

σ̄(EGP (x))≤γEGP
(x) =

√
β

m∑
i=1

m∑
j=1

σ2
gij (x)

σ(µG(x))
, (34)

and consequently,

∥eGP (x)∥ ≤ ēGP =
√
β∥σf (x)∥+γEGP

(x)∥µf (x)∥ (35)

with probability of at least 1− (m2+m)δ, where σf (x) =
[σf1(x) · · · σfm(x)]T .

In order to obtain a conservative, back-up model for
feedback linearization, we exploit Ass. 1 to derive bounds
for G(x) in the Loewner order as shown in the following.

Lemma 2. Under Ass. 1, the matrix G(x) is positive
definite and it holds that

γ
G
I ⪯ G(x) ⪯ γ̄GI, ∀x ∈ Rn, (36)

where γ
G

=
γ
K

γ̄M γ̄J
and γ̄G = γ̄K

γ
M

γ
J

.

Proof. Due to the definition of G(x) in (25) and Ass. 1,
it directly follows that

γ
K

γ̄M γ̄J
I ⪯M−1 (x1)KJ

−1 ⪯ γ̄K
γ
M
γ
J

I,

which concludes the proof. □

This lemma allows us to define the back-up control law

πγ(x) =
1

γ̄G
(ν − µf (x)), (37)

which leads to the linearization error

eγ(x) = f(x)−µf (x)−Eγ(x)µf (x), (38)

Eγ(x) =
G(x)−γ̄GIm

γ̄G
. (39)

Due to the lower bound on G(·) in (36), the linearization
error for this controller can directly be bounded by

∥Eγ(x)∥ = σ̄(Eγ(x)) ≤ γEγ (x) =
γ̄G − γ

G

γ̄G
< 1, (40)

and consequently

∥eγ(x)∥ ≤ ēγ =
√
β∥σf (x)∥+ γEγ (x)∥µf (x)∥. (41)

Remark 1. It straightforwardly follows from (Lederer et al.,
2021) that the direct application of πGP (x), πγ(x) and
any control law switching between them after a positive
time ensures an ultimately bounded closed-loop system
for a suitable input ν and systems of the form (23).

4.2 Control Barrier Functions for Learned GP Models

In order to ensure the safety of series elastic actuators
with respect to the set C, the input ν to an approximately
linearized system of the form (27) must render C forward
invariant. This can be straightforwardly shown using the
concept of (control) barrier functions resulting in the
following lemma by Ames et al. (2017, Proposition 1).



Lemma 3. If there exists a continuously differentiable
function ψ : R4m → R, called control barrier function
(CBF), and an extended class K∞ function α : R → R for
the approximately linearized system (27) controlled by a
controller πν : R4m → Rm, such that

∇T
xψ(x)(Ax+B((Im+EGP (x))πν(x)+eGP (x)) ≥ (42)

− α(ψ(x))

holds for all x ∈ X, then, the set C is safe.

The term Im + EGP (x) has a crucial role in (42) since
it determines how the controller πν(·) can influence the
safety of the system. This can be easily seen when consid-
ering a singular matrix Im +EGP (x), which can prevent
the existence of any control law πν(·) satisfying (42). Since
positive singular values of Im+EGP (x) guarantee its non-
singularity, a straightforward condition for avoiding this
worst case is given by ∥EGP ∥ < 1. Due to (34), this is
ensured for the GP-based feedback linearizing controller
(26) if √√√√β

m∑
i=1

m∑
j=1

σ2
gij (x) < σ(µG(x)). (43)

Note that the satisfaction of this inequality also guarantees
the invertibility of µG(x) as it implies positive singular
values of µG(x). Based on these insights, we can define a
switching control law

π(x) =

{
πGP (x) if γEGP

(x) ≤ ζ

πγ(x) otherwise
(44)

and the corresponding linearization errors

e(x) =

{
eGP (x) γEGP

(x) ≤ ζ

eγ(x) otherwise,
(45)

E(x) =

{
EGP (x) γEGP

(x) ≤ ζ

Eγ(x) otherwise,
(46)

where condition (43) is slightly tightened using a constant
ζ ∈ (0, 1) to avoid the strict inequality.

In order to guarantee the existence of a safe control law
πν(·) satisfying (42), it remains to design a suitable control
barrier function ψ(·) to express constraints of the form (7).
For this purpose, we make use of the iterative construction
proposed by (Xiao and Belta, 2019), which determines a
CBF by differentiating the constraint function b(·) accord-
ing to the relative degree of the dynamics (27). Defining

ψ̃1(x) = b(q), this leads to the following definition of the
control barrier function

ψ̃i(x) =
˙̃
ψi−1(x) + αi

(
ψ̃i−1(x)

)
, (47a)

ψ(x) = ψ̃4(x), (47b)

where αi(·) can be simply chosen to be, e.g., identity maps.

Due to the design of the proposed switching strategy
for the GP-based feedback linearizing control law (44)
and the iterative construction of the CBFs (47), it is
straightforward to show that an input ν ensuring safety
exists for every state x.

Theorem 1. Consider an elastic joint robot (1) satisfying
Ass. 1. Assume that for its system description (23), the
functions fi(·), gij(·) are sample functions from corre-
sponding GPs, i.e., (11) and (12) hold. Then, given a
constraint function b(·) that is at least 4 times continuously

differentiable, there exists a safe control law πν(·) with
probability of at least 1−mδ2.

Proof. In order to prove this theorem, we need to show
the existence of a vector ν = πν(x) such that (42) is
satisfied. For this purpose, set ν = γBT∇xψ(x). Note
that only the summands Bν and BE(x)ν depend on ν,
for which we can easily see that, for γ ≥ 0,

∇T
xψ(x)B(I+E(x))ν≥γ(1−∥E(x)∥)∥∇T

xψ(x)B∥2 (48)
holds. Due to the definition of E(x) in (46), it follows
from (34), (40), (43) and Lemma 1 that ∥E(x)∥ < 1 with
probability of at least 1−m2δ. Moreover, the construction
of ψ(·) in (47) ensures that ∥∇T

xψ(x)B∥2 > 0 holds (Xiao
and Belta, 2019). Therefore, we obtain

sup
ν∈Rm

∇T
xψ(x) (Ax+B (ν + e(x) +E(x)ν)) = ∞,

with probability of at least 1−mδ2 for all x ∈ X, which
ensures the satisfaction of (42), such the lemma directly
follows from Lemma 3 and the straightforward extension
to switched systems (Kivilcim et al., 2019). □

4.3 Ensuring Safety with Control Barrier Functions

While Theorem 1 guarantees the existence of safe control
inputs, we generally do not want to set ν = γ∇T

xψ(x)B as
used in the proof of this theorem. For example, when the
task is to track a given reference trajectory qd : R → Rm,
we ideally want to use a tracking controller, e.g.,

νnom =
(4)

q̇d +L (xd − x) , (49)

where L ∈ Rm×n is a stabilizing linear feedback gain
matrix and xd = [xd,1 · · · xd,4] with

xd,1 = qd, xd,2 = ẋ1, xd,3 = ẋ2, xd,4 = ẋd,3. (50)

A common approach to render existing control laws safe
relies on the idea of modifying them towards safety in an
optimization based fashion via

ν∗(x) = arg min
ν∈Rm

∥νnom − ν∥2 (51a)

s.t. (42) holds. (51b)

When the dynamics of a system are known, such optimiza-
tion problems can be formulated as quadratic programs,
which can be efficiently solved. However, we cannot di-
rectly impose (42) as a constraint when using the learned
dynamics since it depends on the unknown linearization
errors e(·) andE(·). We circumvent this issue by exploiting
the (probabilistic) linearization error bounds (34), (35),
(40), (41).This allows us to derive a (probabilistic) worst
case of (42), which can be efficiently included in a second-
order cone program for ensuring the safety of arbitrary
nominal control laws.

Theorem 2. Consider an elastic joint robot (1) satisfying
Ass. 1. Assume that for its system description (23), the
functions fi(·), gij(·) are sample functions from GPs, i.e.,
(11), (12) hold. Then, the second-order cone program

min
z∈Rm+1

[
−2νT

nom 1
]
z (52a)

s.t. ∥Piz + qi∥ ≤ rTi z + si,∀i = 1, 2 (52b)

where



P1=

[
2Im 0
0 1

]
P2=

[
γE∥∇T

xψ(x)B∥Im 0
0 0

]
(53)

q1=

[
0
−1

]
q2=

[
0
0

]
r1=

[
0
1

]
r2=

[
∇T

xψ(x)B
0

]
s1=1 s2=∇T

xψ(x)Ax−∥∇T
xψ(x)B∥ē+α(ψ(x))

and z =
[
νT t

]T
, is feasible for all x ∈ X and its solution

ν∗ ensures the safety of (44) for elastic joint robots (1)
with probability of at least 1− (m+m2)δ.

Proof. Due to Lemma 3, safety of the system is ensured if
(42) holds. Since we do not know the functions e(·), E(·),
we instead make use of the probabilistic worst case

ξT (Ax+Bν)− ∥ξTB∥(γE∥ν∥+ ē) ≥ −α(ψ(x)),
where we use the shorthand notation ξ|=∇xψ(x), define
γE(x)=γEGP

(x), ē(x)= ēGP (x) if (43) holds and γE(x)=
γEγ (x), ē(x) = ēγ(x) otherwise. As γE(x) is a bound for

∥E(x)∥ with probability of at least 1−m2δ and ē for ∥e(x)∥
with probability 1−(m2+m)δ, (54b) implies the satisfaction
of (42) with probability of at least 1−(m+m2)δ. Therefore,
given any nominal control input νnom, safe control inputs
ν can be obtained by solving the optimization problem

min
ν∈Rm

∥νnom−ν∥2 (54a)

s.t. ξT(Ax+Bν)−∥ξTB∥(γE∥ν∥+ē)≥−α(ψ(x)). (54b)
It remains to reformulate this optimization problem into
a second-order cone program. The cost function can be
expressed in the required form by introducing a slack
variable t ∈ R, which yields the identity

min
ν∈Rm

∥νnom − ν∥2 = min
ν∈Rm,t∈R

−2νTνnom + t (55a)

s.t. νTν ≤ t. (55b)

Constraint (55b) can be formulated as the second order
cone condition (Alizadeh and Goldfarb, 2003)∥∥∥∥[2Im 0

0 1

] [
ν
t

]
+

[
0
−1

]∥∥∥∥ ≤
[
0
1

] [
ν
t

]
+ 1,

such that the cost (54a) has the form of a second order cone
program. Finally, it can be straightforwardly seen that the
constraint (54b) can be expressed as∥∥γE∥ξTB∥Imν

∥∥ ≤ ξTBν + ξTAx− ∥ξTB∥ē+ α(ψ(x)),

such that we can equivalently solve (52) for ensuring the
safety of (44) for elastic joint robots (1) with probability
of at least 1− (m+m2)δ. □

5. NUMERICAL EVALUATION

We evaluate the proposed approach on simulations of a two
degree of freedom robot with elastic joints controlled with
sampling rate of 100Hz. We use unit lengths and masses
for computing M(·) and C(·, ·) and set J = 0.001I2,
K = I2. Since f(·) can be directly measured when
no control inputs are applied, we consider a prior mean

f̂(·) defined through a perturbation of the true robot

parameters, while we assume Ĝ(x) = 0. We train a GP
with squared exponential kernel using 786 training samples
on a uniform grid with observation noise variance σon =
0.1 and determine the hyperparameters using likelihood
maximization (Rasmussen and Williams, 2006). In the GP
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Fig. 2. Comparison of the proposed approach for ensuring
safety based on CBFs, which switches between GP-
based (blue line) and a prior model based feedback
linearization (orange line), with linearizing controllers
purely based on the GP model (cyan dashed line)
and prior model bounds (red dashed line).
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Fig. 3. Comparison of the control inputs ui resulting from
the proposed feedback linearization, which switches
between a GP model (blue line) and a prior model
(orange line), with controllers purely based on the GP
model (cyan dashed line) and prior model bounds (red
dashed line).

error bounds (20), (21), we use β = 24, which can be shown
to ensure δ = 0.05 in Lemma 1 jointly for all times the GP
is evaluated following the ideas of (Lederer et al., 2019).
The threshold for choosing the the GP-based controller in
(44) is set to ζ = 0.95 and we use πγ(·) with γ̄G = 1640,
γ
G

= 97 for the back-up control law. As nominal control

law we employ the linear tracking controller (49) with a
manually tuned constant gain matrix

L =

[
104 0 103 0 300 0 10 0
0 104 0 103 0 300 0 10

]
(56)

and reference trajectories of the form qref(t) =
[sin(πt/c) cos(πt/c)]T, where the frequency is drawn from
a uniform distribution c ∼ U([4, 100]). The CBF is con-
structed using (47) with b(q) = 0.8−q1 and α(ψ) = 16ψ,
such that the reference violates the safety condition.

The resulting trajectories of the proposed approach in
comparison to using only a GP model or only the prior
model bound γ̄G in feedback linearization are exemplarily
illustrated for a reference with c = 15 in Fig. 2. When



Table 1. Comparison of the proposed switching
strategy with approaches based on either prior
model bounds or a GP model for 100 random
reference trajectories. Due to infeasibilities for
the purely GP-based control law, no mean

squared error can be provided.

proposed approach prior bounds GP only

mean squared error 0.0370 0.0754 —
# infeasibilities 0 0 77

using only the GP model, the robustified CBF condition
becomes infeasible, leading to unpredictable behavior and
divergence after 8s. The feedback linearization πγ(·) alone
is safe, but yields poor tracking accuracy. In contrast,
the proposed switching approach ensures a high accuracy
using the GP whenever possible, but activates πγ(·) when
necessary to preserve the feasibility of the SOCP. The
reason for this behavior becomes clear when looking at the
corresponding control input signals, which are illustrated
in Fig. 3. When approaching ≈ 8s, the GP-based feedback
linearization yields an infeasible CBF condition, the con-
trol input extremely grows. This effectively causes the pure
GP-based controller to fail. While the back-up controller
πγ(·) based on the prior model bound is safe, it results in
comparatively small control amplitudes. Thereby, it is not
capable of achieving a high tracking accuracy. In contrast,
the proposed switching between the control laws results
in inputs similar to the GP-based controller but avoids
excessive magnitudes due to infeasibility.

As depicted in Tab. 1, these advantages are not just limited
to the particular example reference, but also hold for
randomly sampled parameters c. The proposed approach
is capable of significantly reducing the average tracking
error, while at the same time avoiding any infeasible op-
timization problems (52). This clearly demonstrates the
high performance and safety achieved through the combi-
nation of prior model bounds and a learned GP model.

6. CONCLUSION

In this paper, we have proposed a novel approach for en-
suring the safe control of elastic joint robots by combining
GP regression with control barrier functions. We learn a
model of the robot dynamics with GP regression, which
is employed in a feedback linearizing controller. To ensure
the feasibility of CBF conditions, we switch to a feedback
linearization based on prior model bounds whenever neces-
sary. We reformulate the CBF conditions as second-order
cone constraints so that they can be efficiently enforced us-
ing on-line optimization. The effectiveness of the approach
is demonstrated in simulations.
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