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Abstract. We study a one-dimensional branching random walk in the case when the step size distribution has a stretched exponential
tail, and, in particular, no finite exponential moments. The tail of the step size X decays as P[X > 7] ~ a exp{—At"} for some constants
a, » > 0 where r € (0, 1). We give a detailed description of the asymptotic behaviour of the position of the rightmost patticle, proving
almost sure limit theorems, convergence in law and a growth condition dichotomy. The limit theorems reveal interesting differences
betweens the two regimes r € (0,2/3) and r € (2/3, 1), with yet different limits in the boundary case r =2/3.

Résumé. Nous étudions une marche aléatoire branchante uni-dimensionelle quand les déplacements n’ont pas des moments expo-
nentiels. Plus précisement, la queue d’un déplacement X se comporte comme suit : P[X > t] ~ aexp{—At"}, pour des constantes
a, . >0etr e (0,1). Nous donnons une description détaillée du comportement asymptotique du maximum, en montrant des lois
limites presque sires, des theorémes de convergence en loi et une dichotomie basée sur une condition de croissance. Ces lois limites
diverses font apparaitre des différences interéssantes entre les deux régimes r € (0,2/3) et r € (2/3, 1), et le cas critique r = 2/3 est
encore différent.
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1. Introduction

We study branching random walk, which is a discrete time Galton—Watson process with a spatial component. Given a
reproduction law with expectation m > 1 and a step size distribution represented by a centred random variable X the
evolution of the branching random walk can be described as follows. At time n = 0 we place one particle at the origin
of the real line R. At time n = 1 this particle splits according to the reproduction law and each new particle performs an
independent step, according to the step size distribution. We assume that the branching mechanism and the displacements
are independent. The particles evolve in the same way, independently of other particles. We refer to Section 2 for a more
detailed description of the model.

We are interested in the position of the rightmost particle at time n, which we will denote by M,,. In the case when
the step size distribution has (some) exponential moments, the asymptotic behaviour of M, is fairly well understood
(see the recent monograph [23] and references therein). We will investigate the case of steps with stretched exponential
distribution, when the upper tail of X is of the form

PIX > x]=a(x)e ™,

where a(x) — a as x — oo for some constants A, a > 0 and r € (0, 1). The law of large numbers for M,, proved in [15]
asserts that, under some mild technical conditions, almost surely on the set of survival

.M, <logm>1/r
lim —— =«a:= .

n—oo nl/r B A
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In the present article we provide a more detailed description of M,,. More precisely we investigate the second term in the
asymptotic expansion and prove almost sure convergence of

M, —ant/r
n2—1/r

forr > % and convergence in law of

M, —anl/"

nl/r—1

forr < %, see Theorem 3.1. We also provide a description of upper and lower space-time envelopes of M), in the latter
case. It is well known that the stretched exponential distribution follows the principle of one big jump which we apply
to our analysis of M,,. The biggest displacement up to generation n has a leading term an'/" followed by fluctuations of
the order n'/"~!. For r < % the asymptotics of M,, is determined by the aforementioned one big displacement while the
contribution of other particles is negligible. The case r > % is slightly different, since one big jump is supplemented by

a “moderate deviations” contribution of the order n>~!/" coming from other particles. In the boundary case r = % one

sees fluctuations of order n!/"~! = n?~1/" coming from both the behaviour of the biggest jump and other particles. While
there has been a lot of recent interest in the case of step distributions with regularly varying tails, see [2,3,20] and [4], it
seems that stretched exponential tails have been considered only in [11,15].

The paper is organized as follows. In Section 2 we present the necessary preliminaries concerning the step size distri-
bution and the branching mechanism followed by a detailed description of our model. The main results are presented in
Section 3 which also contains some heuristics. The proofs of the main results are in Section 4. In the Appendix, we give
the proof of Lemma 4.2 and Lemma 4.3, two results on iid stretched exponential random variables which we did not find
in the literature.

2. Preliminaries

Throughout the article we write f(x) < g(x) if f(x) =o0(g(x)) and f(x) ~ g(x) if limy_, o f(x)/g(x) = 1. We write
“const” to denote positive constants whose values are of no significance to us. The actual value of “const” may change
from line to line. For better readability, we often omit integer parts when no confusion arises. As mentioned in the
first paragraph of the introduction, we suppose that the branching mechanism and the displacements are independent.
Therefore we can introduce them separately.

2.1. Step size distribution

Let X, X1, X3, ... be a collection of iid random variables of zero mean and unit variance and let S = (S,),>0 be the
corresponding random walk, that is Sp =0, S, = > ;_; Xx. Throughout the analysis of the branching random walk the
behaviour of the probabilities

P[S, > x,], x, —> 00

as n — oo plays a crucial role. In the case when Cramér’s condition holds, that is
(1) E[e'*] <00 for some s > 0

it is well known that

—I(p)n, x,=pn,p>0,
logP[S;, > x,] ~ 2
S —;—,’;, xXp <03,

where I (p) = sup, g (sp — log E[e*X]), see [7] for the case x,, = pn if (1) holds and [13] for a complete description with
a full range of possible orders of x,. If on the other hand, E[¢*!X!] = oo for any s > 0 it is known that the probabilities
P[S, > xn] decay slower than exponentially in n with the exact rate being determined by the tail P[X > x] as x — oo.
We will focus on the case of stretched exponential distributions.
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Assumption 1. The random variable X is centred (E[X] = 0), has variance 1 (E[X?] = 1) and has a stretched exponential
upper tail, that is there exist A > 0, r € (0, 1) and a function a(x) with a(x) — a for x — oo such that

P[X > x] = a(x)e
for all x > 0. Furthermore we assume that the lower tail of X satisfies:

ifr>2/3, lim x~ 31 logP[X < —x] = —o00,
(2) X—> 00
ifr <2/3, E[|X*|]<oco, VkeN.

Note that 0 < 3r —2)/2r — 1) <rifr > % Deviations for a random walk in the case when Cramér’s condition is
not fulfilled go back to [21]. The statements we will need are collected in the following lemma.

Lemma 2.1. Let Assumption 1 be in force. Then for any constant ¢ > 0,

ifr>2/3, logIP’[Sn>cn2_rl']~—?n r,

2

ifr <2/3, logP[|Sy| > cy/nlogn] ~ —% log .
If xp > n®, where s = 2_1W’ then
P[S,, > x,] ~nP[X > x,].
The proof of the first part of this lemma can be found in [12] and the second follows from Theorem 8.2 in [§].

2.2. Branching mechanism

Let Z = (Z,)n>0 be a Galton—Watson process with Zy = 1 and the reproduction law (pi)«>0. The key parameter describ-
ing the asymptotic behaviour of Z is the mean of the reproduction law denoted by

o0
m:= Z kpy.
k=0

It is well-known that, provided p; < 1, the branching process survives with positive probability if and only if m > 1. In
this case one can introduce the probability

P*[]=P[ |VneN, Z, > 0].

The asymptotic growth rate of Z, will be of crucial importance. It can be described by considering the sequence W,, =
m~"Z, which is a non-negative martingale with respect to F,, = 0 (Zx : k < n) and thus has an almost sure limit

3) W= lim m™"Z,.

n—o0
The Kesten—Stigum Theorem provides a necessary and sufficient criterion for W to be non-degenerate.
Lemma 2.2. Assume that m > 1. Then

P*[W>0]=1 <& E[Z110g+Z1]<oo.

The proof can be found in [23, Chapter 2]. We will prove our main result in the case when W > 0 P*-a.s. Our standing
assumption on the branching process will be the following.

Assumption 2. The Galton—Watson process Z is supercritical, that is m > 1, and we have E[Z;log™ Z;] < oo.
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2.3. Branching random walk

The branching random walk is a discrete time stochastic process that can be described in the following way. At time n =0
one particle is placed at the origin of the real line. This particle will start a population which will be described by the
branching process Z = (Z,),>0. At time n = 1 the initial particle splits into Z; new particles which move independently
of each other and of Z;. We assume that all displacements of particles from their place of birth are independent copies of
X. Each particle evolves according to this rules independently of all other particles. More precisely, at time n = 2, each
particle, independently of the others, splits into a random number of particles distributed according to the reproduction
law. The total number of particles present at the system at time n = 2 is denoted by Z,. Each particle performs, indepen-
dently of all other particles and of Z, Z;, a step which has the same law as X. The system continues according to these
rules. Let 7 = (V, E) be the associated Galton—Watson tree with the initial particle denoted as the root 0 € V (see [23]
for more information and many results on this model). Let D,, C V denote the set of particles present in the system at time
n. Clearly | D, | = Z,. For v, w € V write [v, w] for the set of vertices along the unique path in the graph 7 from v to w
(including v and w). Write x| =n if x € D, and |x| <n if x € [ J;_, Dk. For x, y € T denote by x A y the last common
ancestor of x and y. Finally we write x < y if x € [o, y], that is if x is an ancestor of y. To model the displacements,
assume that each vertex of the tree 7, except the root, is labelled with an independent copy of X, that is we are given a
collection {Xy}yev\ (o} Of iid random variables distributed as X. The random variable X, describes the displacement that
the particle v took from its birthplace. We set X, = 0. Then the position of the particle v is equal to

So= Y X
u€lo,v]

and the position of the rightmost particle at time » is

M,, = max S,.
[vl=n

It is well known, that if (1) is satisfied, then M,, has a linear speed, that is n~M, converges to a constant a.s. (see [5,
16,19]) and the second term is of logarithmic order. More precisely, denote ¢(s) = logm -+ log E[¢*X] and suppose that
there exists so > 0 such that so¢’(sg) = ¢ (sg). Then, under some mild technical assumptions,

M, + ¢'(so)n

P 3
drent
logn 250

see [17,23]. Moreover it is known that M,, + ¢’ (so)n — 3log(n)/(2s0) converges in distribution [1,23].

In our case, as proved in [15], under Assumptions 1 and 2, M,, grows faster than linear in 7.

Lemma 2.3. Let Assumptions 1 and 2 be in force. Then

M 1 1/r
@ lim My = ( Og’”) P*-as.

n—oo pl/r A

3. Main results

We can now present our main results. Denote

5) o=

o0
. p=Y m*PIZ >0l
k=0

Theorem 3.1. Suppose that Assumptions 1 and 2 are satisfied. If r € (%, 1) then

M, —an'/"  rl
6) lim % _ TR

n—oo p2=lr T 2g

Ifr € (0, 3) then

M, —an'/" 4
(7 “onl/ir—1 -V,
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where V is a random variable with c.d.f.

(8) P*[V <x]=H(x)= E*[exp{—a,oWe_x}].
Ifr= % then

M, — 3/2

Sn o 4 Va3,

o/n

where V3 is a random variable with c.d f.

) P*[V2/3 <x]=Hy;3(x) = E*[exp{—apWe_x+072/2}].

Theorem 3.1 states for r < % a convergence in distribution. It is natural to ask about the almost sure behaviour of M,

in this case.
Theorem 3.2. Suppose that Assumptions 1 and 2 are satisfied. If r € (0, %) we have P*-a.s.

M, —an'/" 4 on'/""1loglogn

liminf
n—00 nl/r=1

= o log(ap W),
and for any positive, non-decreasing function ¥ : [1, 00) — R such that ¥ (n) = o(n),

o0
— j —¥ )
M, —an'/" —on'/""1y (n) _ > lf/l ¢ dx < oo,

lim sup

. 1/r—1 00
e " 400 lf/ e VO dx = o0.
1
Ifr= % then P*- a.s.
M, —an3/? M, — an3/?
10 limsup——=——=0 and —oo<liminf ——— <o
(10) rHoop J/nlogn n—oo  ./nlogn

After presenting the main results, we describe the strategy of the proofs. First, we explain the arguments concerning
almost sure convergence and convergence in law in Theorem 3.1. Then, we give the arguments leading to a description of
the upper and lower space-time envelopes in Theorem 3.2.

3.1. Almost sure and weak convergence

In order to understand the limiting distributions in the case r < % and to illustrate what leads to this behaviour of M,,, we
first introduce a simpler process which we use in the proof of Theorem 3.1. Consider the biggest displacement of particles
which have (at least) one descendant at generation n, i.e.

n
N, =max{X, :veN,}, J\fn:{UGUDk:EIxeDn,vfx .
k=1

Due to Assumption 1, the law of the displacements lies in the maximum domain of attraction of the Gumbel law. Since
N, is just a maximum of

Y, = |Nn|

independent random variables it is relatively easy to obtain its asymptotic behaviour. In what follows we describe the
behaviour of the extremes of {X, : v € NV, } using the convergence of point processes, that is measurable functions taking
values in the space of point measures equipped with the vague topology [22]. The convergence mentioned in Proposi-
tion 3.3 below is the convergence in distribution with respect to vague convergence of measures on R. Equivalently by
[22, Proposition 3.19] the point process A,, converges in distribution to a point process A if and only if for any continuous,
non-negative f: R — R with compact support

/ F()An(ds) > / F($)A(ds).
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In the sequel we will use a special class of random measures. A point process A is a Poisson point process with intensity
measure u if and only if for any f: R — R continuous, non-negative with compact support,

(1) E[exp{—/f(s)A(ds)” =exp{—/(1 —ef(s)),u(ds)},
R

see [22, Proposition 3.6]. We will denote by ¢, for x € R the probability measure concentrated at x. That is €, (A) = 1 if
x € A and €, (A) = 0 otherwise. We refer to [18,22] for an introduction to the topic of random measures.

Proposition 3.3. Suppose that Assumptions 1 and 2 are satisfied. Then

N, —anl/t 4 v
onl/r—1_

where V has the c.d.f. given by (8). Moreover the point process on R given by

1/r

A % Xy, —an
n= 2 R Ly
veN,

converges in distribution to a random measure A, which conditioned on W is a Poisson point process with intensity (L
given by

(12) w(W.,dx)=apWe *dx.
We can already see, that the asymptotics of M,, and N, coincide for r < % In fact, we will prove the following.

Lemma 3.4. Let the Assumptions 1 and 2 be in force. For r < %,

M, — N,
(13) lim —=—" =0, P*a.s.

n—o00 nl/r*I

The scaling and convergence of M,, given in (7) for r < % is a direct consequence of Proposition 3.3 and (13). It says

that M,, is asymptotically determined by one big displacement.
The boundary case r = % is more subtle and requires more detailed information about the extremes of the displace-
ments. Let us give a heuristic argument for (9). Consider the order statistics of {X, : v € N},

(14) Ny=ND>N& >...> N = min X,

veN,
It turns out that when r = % there is a polynomial number of big jumps in { X, }|y|<, that can affect M,,. Consider a particle
v € Dy, that had an ancestor whose displacement is among the aforementioned big jumps, say N,Ej ) for j(v) = j < nconst,
Then the position of v is composed of N,Ej ) and a sum S, ; = S, j(v) of displacements of other ancestors of v. One can
show that given Z and {N,Sj )} j<nconst, the Sy, ;’s are asymptotically independent. Since the S, ;’s are also asymptotically

normal, by conditioning on Z and the N,Ej )’s, we see that

~P*| max <

_j SnCOﬂS[ O’ﬁ

() 32
N, —an
~ E* || Plx— 2L
(x o/n >i|

~ j <nconst

~E[ ] q,<x_ L@W)]
LN, o/n

r @)
P*[Mn —an®/? g x} N+ 8y, j —an’/? x}
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where ® denotes the cumulative distribution function (c.d.f.) of a centred Gaussian distribution with variance o ~2. The
last quantity can be described in terms of the point process A,:

N )
=E* [exp{/ log(®(x — y))An(dy)H

— E* [exp{/log(@(x - y))A(dy)H
=E* |:exp{— /(1 —®(x — y))u(W, dy)”

=E*|:exp{—a,0W/ d(y —x)eydyH = Hy;3(x),

where we used (11) in the second to last equality. We conclude that both large and typical displacements of the particles
contribute to the second term in the asymptotic expansion of M,,. From this sketch one can also see that H/3(x) is the
c.d.f. of the rightmost particle of the point process A with independent, Gaussian shifts. More precisely, let {&}x>1 be
the points of a point process with intensity measure given by (12) such that

o0
A= Z €&
k=1

and take a collection {n}x>1 of iid random variables with common cumulative distribution function ¢, independent
of A. Consider a new point process Y pe; €+, and note that, by the same arguments as above, the distribution of the
rightmost particle is given by

P* [ max (g +m) < x| = E* [exp{ f log ®(x — y)A(dy) H

=E* |:exp{— /(1 —®(x —y))u(W, dy)” = Hy3(x).

In the case r > % the limiting behaviour is different. In contrast to the boundary case, there is an exponential number of

N,E/ ) ’s, i.e. big jumps that can affect M,,. This in turn leads to a much greater number of S, ;’s that can contribute which
in turn yields a more concentrated asymptotic behaviour.

3.2. The space-time envelopes

We already mentioned the significance of the biggest displacement for the convergence in law. As we will see, this is also
the case for the almost sure behaviour.

Proposition 3.5. Suppose that Assumptions 1 and 2 are satisfied. Then

N, — 1/r l/r—ll 1
liminf o — @ Fon P8R _ s log(apW), P*as.
n— 00 nl/”—l

and for any positive, non-decreasing function ¥ : [1, 00) — R such that ¥ (n) = o(n),

oo
— ; —¥(x)
Ny —an'/" —an'/"= 1y (n) _ > lf/l ¢ dx < oo,

nl/r—1

(15) lim sup

n—oo

o
+o0 lf/ e VW dx = 0.
1

Since M, — N, = o(n'/"1) for r < %, see (13), we see that in this case the description of M,, will be exactly the
same. The boundary case r = % is more subtle. We already mentioned, in the heuristics behind the proof of Theorem 3.1,



546 P. Dyszewski, N. Gantert and T. Hofelsauer

that M,, is composed of the biggest jumps (N,Ej ))jfnconsl and sums of typical displacements (S, ;) j<pconst (recall (14) and

the discussion that follows). Since with high probability the S; ,’s are in [—+/nlogn, /nlogn] and N,El) —an’/?isin
[—o+/nloglogn, o4/nlogn] with high probability, one can deduce the correct order of M,, by comparing both intervals.
It turns out that the upper time space envelope of M, is determined by the upper space-time envelope of the biggest
displacement and the lower space-time envelope is determined by the sum of typical displacements.

4. Proofs

We begin with some auxiliary lemmas followed by the proof of Proposition 3.3. Next we present the arguments for our
main result.

4.1. Some auxiliary results

Recall that W, = m™" Z,, is a positive martingale whose limit W plays a significant role in the asymptotics of our model.
For technical reasons we need almost sure bounds for W,,.

Lemma 4.1. Let Assumption 2 be in force. There exists B > 0 such that

oo o
ZP*[ann_ﬂ]<oo and ZP*[Wn>nﬁ]<oo.
n=0 n=0

Proof. The second part is immediate, since P*[W,, > nPl <E*[W,]n~? = n—P. For the first part we need to distinguish
between Schroder and Bottcher cases, that is pg + p1 > 0 and po + p; = 0 respectively. In the former case, by [14,
Theorem 4] (note that P[W > 0] =P[Z,, > 0, n > 0] under Assumption 2),

IP’*[W,L < n_ﬂ] =IP’*[Z,1 < m"n_ﬂ]
<const-P[0 < Z, < m"n_ﬂ] ~ const- P[0 < W < n_ﬂ].
By [6, Theorem 4] the left tail of W, i.e. P*[W < x] exhibits a polynomial decay, so for 8 > O large enough

Zn P*[W < nP] < co. Turning to the Bottcher case we denote k* = min{k : p;y > 0}. One can use [14, Theorem 6],
for & = (logm/k*)~!, to get

lim sup(2n) ~*# log]P’*[Z,, < m"n_ﬁ] <0

n—oo

and so the probabilities P*[W,, < n~#] decay faster than any polynomial for any fixed 8 > 0. O

Lemma 4.1 implies that for sufficiently large n, nf < W, < nP, P*-a.s. The next two lemmata are statements about
iid stretched exponential random variables which we did not find in the literature. We provide the proofs in the Appendix.
Lemma4.2. Let Assumption 1 be in force. Let § € (@277 ) and take x,, to be any sequence such that x, ~ o~ 'n'=1/7,
Then for X = X1(x _s,1/r, we have

E A )»Zx,% 1
[exp{kan}] <1+ > +o0 a1 )

Lemma 4.3. Let Assumption 1 be in force and r > % Then form > 1 and € > 0,

o0

Zp[sn Vs ﬂ@ﬂnz—m]mn .
o

n=1

We will often use the following asymptotics for the r-th power, which follows easily from the mean value theorem.
Assume that (a,), (b,) are positive sequences such that a, — oo, b,, — 00, 2—: — 0. Then

r b
(16) (an +bn)r=a;+bnﬁ +0< lir>'
Aan n



BRW with stretched exponential tails 547

4.2. The biggest displacement

Proof of Proposition 3.3. Recall ¥,, = |{v:3x € D,, v < x}|. Following [9] write

n
Yo=Y 2" z)=|veD;:3xeD, v=u}|.
j=1

Note that by the branching property and the law of large numbers, for fixed k € N as n — oo, Z,(,"fk) Z;_lk — P[Z; > 0]
[P*-a.s. and therefore by an appeal to (3),

m Y, — pW P*as.
To prove weak convergence of N,, fix x € R, take
en=en(x):=an"/" +on'/""1x

and write

N, — 1/r
P*[# <x ‘ T} =P[Ny < e | T1= (1= PIX > ,])"".
on Jr—1
Since, using (16), m"P[X > e,] - ae™™ and m™"Y,, — pW P*-a.s. we have
P*[N, <e, | T]1= exp{—a,oWe_x(A,, + 1)}

for some A, — 0, P*-a.s. The weak convergence of N, follows after taking expectations and using the dominated con-
vergence theorem.

We now turn our attention to the random measures A,, which we will analyse using the corresponding Laplace trans-
forms. Take f from the class C.F(R) of continuous, non-negative, compactly supported functions and note that by a
standard approximation argument

. X —anl/r _
17 lim m"E[f(—)} =a/f(s)e Sds.

n—o00 o‘nl/r_l
In other words the sequence of measures m"P[o~'n!~1/7 (X —an'/") € -] converges to ae™* ds in vague topology. This,

by the merit of [22, Proposition 3.21], implies that A,, —¢ A. For convince we will sketch the argument. The convergence
(17) for f € C}(R) implies, by boundedness of f, that

_ 1/r
Jim m" L, (f) = —a/(l —e e ds,  where L,(f) = IOgE[exp{—f(ix on )”

onl/r—1

which further allows us to infer that P*-a.s. for any ¢ > 0,
E[exp{—t/f(s)An(ds)} ‘ T:| = exp{Ynth(f)} — exp{—a,th/(l - e_f(s))e_s ds}.

If we combine the above convergence with the dominated convergence theorem we can conclude that A, —< A. ]

Proof of Proposition 3.5. To treat the lower space-time envelope take y > 0 and define
_ o r 1/r=11601 1/r=14 Y,
= uy,Yy)i=an'" —on oglogn +on og yaﬁ .

Using the inequality 1 — x < e~ and (16), a calculation gives
P*[Ny < fu | T1 < exp(=Y,P*[X > fo | T1)

=exp(—y ' (logn) exp{l + A,})
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for some A, — 0 P*-a.s. After taking expectations we see that Y oo | P*[N, < f,] < oo provided y < 1. By the Borel-
Cantelli lemma

N, —an'/"=1 4 on!/7=1oglogn Y,
Py > o log yaW

for sufficiently large n. Letting n — oo followed by y 1 1 yields

N, —an'/"=! 4 onl/=lloglogn

(18) liminf

n—00 nl/r—1

> o log(apW).
To show that “<” holds in (18) as well, fix y > 1, take ny = ke for e < y — 1 and consider the o -algebras
Tk =0(’T, Xyl < nk).

‘We have

P [N < fop | Ze—11= ]l{Nnk_lffnk}P*[ max Xy < fy |Ik—1]~

ng—1<|v|<ng

We first show that the events
Ak = {Nnk71 > fnk}

can occur only finitely many times. We have
_ _ Z
P*[Ag] < P* [N,,k_1 > om,](/r - an,lc/r "oglogny + an,lc/r ! log<ya ﬂ)]
m'k

<P Wy, <n.’]

_ _ _ Z
+ P* |:W,,k >ny ‘9, Ny, > (xn}{/r — an,lc/r ! loglogng +an,1€/r ! log(yamZi )i|

<P Wy, <n.’]

1/r

+ P*[ Ny, >om,1</r—ank r

- loglogn; — ,ch,](/r_l logny + UI’ZI]( - log(ya)]
<P*[Wy, < ”l:ﬁ]

,i/r — on,i/r_l loglogny — ﬁan,lc/r_l log(ynp)]

k€

+ const - m"'P*[X > an
< ]P’*[W,,k < nk_’g] + const-m™

Applying the Borel-Cantelli lemma and using Lemma 4.1, 1 ag =1 for sufficiently large k. Set

ng
AYy, = |ANy, |, A./\/nk={ve U Dj:EIwean,vfw}.

J=nk—1

Using similar arguments as for ¥,,, m =" AY,, — pW P*-a.s. We can write for sufficiently large k,

PV = fo | Tt =P max Xy < o [ Zimt | = (1= PAIX > £ | 7D

veEA i

Since we have

Yo, \ !
m"*P*[X > fo, | T1= (ym k}() lognk(l +0(1))

n

we can write, for some Ay — 0 a.s.,

_I+e
P*[Nuy < fe | Te1] = exp(—y " logn (8 + 1)) =k~ 7 4D,
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By the choice of our parameters, 1% < 1. Using a conditional version of the Borel-Cantelli Lemma (see [10, Theo-

rem 5.3.2]) yields that P*-a.s.
Nnk S fnk
for infinitely many k. Letting k — oo and y | 1 yields

L N,,—anl/’_l+an1/’_1loglogn
liminf

n—00 nl/r—1

<o log(lapW).
We finally consider the upper space-time envelope. Take v (x) such that fooo e V™ dx < oo but ¥ (n) = o(n) and

consider, for K € R,

gn =an'/" + onl/’_l(l//(n) + K).
Using (16) as always, one can check that m"P[X > g,] ~ ae K e V™ Take the union bound

P*[N, > gu] <m"P[X > g,] =ae_Ke_'/’(")(l +0(1))

to obtain

N, <an'/" —i—cml/r_l(l//(n) + K)

for sufficiently large n. If we take n — oo, followed by K — —oo, we will obtain the first part of (15). Now suppose that
Jo e V™ dx = oo. Put

H, =U(Xv,Zk:keN, [v] §n).

Use the inequality 1 — (1 — x)¥ > xy(1 — xy), x € (0, 1), y > 0 to obtain

P*[max X, > g | ’Hn_l] =1-P[X < g% =1—(1—P[X > g,])*

lv|=n
= Zn]P[X > gn](l - ZnP[X > gn])

> const - (W + 8,)ae Ke V™

for some 3§, — 0, P*-a.s. By yet another appeal to the conditional Borel-Cantelli lemma we obtain that infinitely often,
a.s.

N, > ‘nvlle:u’i X, >an!/" +onl/m1 (w(n) + K).
Again, take n — oo, followed by K — oo to obtain the second part of (15). (I
4.3. Branching random walk
To show (6), we will prove two inequalities.

Proposition 4.4. Suppose that Assumptions 1 and 2 are satisfied with r > % Then,

liminfM" —an!/" > rlogm
n—00 n2—1/r 20

P*-a.s.

Proof. Let e € (0, %) and define

2
o — 14 2¢ <r10gm) 32 b, — (1+42¢)? rlogmnz_l/r
2 o 2 o

and

rlogm ,_
n = rosnm a-1/r
o
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In the first step we show that with probability one, for all n large enough there are many particles in generation n making
a large step. Moreover, these particles all have a different ancestor in generation [en]. More precisely, for w € Dy, let
DE‘(’I_ el denote the subset of D), consisting of descendants of w, and define

Ap={w € Digny: vy € Di(1_gyn St Xu,, > an'/" — bn}.

Note that v,, is a descendant of w. We will show that

o0
ZIP*[|A,1| <e™] <o
n=1

which implies that {|A,| < e} occurs for only finitely many n almost surely. By Lemma 4.1, there is some 8 > 0 such
that

o0
ZIP’*[W,, <nPor Wien) > (sn)ﬁ] <00
It remains to show that

o
(19) D PHIAnl < €, Wien < (en)’, Wy > n™P] < oo
n=1

Fori e N, let Z[(El —eyn] denote the number of descendants in generation n of the ith particle from generation [en]. Then

0
sz —eyn) = Zn>

where the Z[(EL en) S are independent copies of Z(1—¢)n). Using the independence of the branching mechanisms and the
displacements, we estimate for sufficiently large n, taking into account the inequality 1 —x <e™*,

]P*[|An| =< ean’ W[an] =< (En)ﬁa W, > n_ﬂ]

[0
[e] Z(l)

]
Z
<const-E LWy (o) Wy sn—h) (Z[gn [jn[ean]> ]P’[X <an'/" — b, ] [(1—e)n]
i=1

Zlen) —[e]
< const- B Ly, p-p)m*"” eXp{_P[X >an'"=ba] 3 2 H

[e®]
= const - E| m?eme” exp:_P[X > an'/" - ( Z Z(g—s)"]) }:|

[e

an]
<const-E m28ne“" exp{—P[X > anl/r - bn] (m”n_ﬁ Z Z[(éi s)n]> }]

i=1

Now note that by Markov’s inequality, for n large enough

[e“]
P* |:Z Z[(é; o] >m(l—£/2)n:| fCOHSt~m_8n/2€a” Sm—an/?y
i=1

and therefore we can continue further with
P*[|An| =< eany W[en] =< (Sn)ﬂv W, > n_ﬂ]

< m28ng”n exp{—IP’[X > anl/r _ bn](mnn—ﬁ _ m(l—£/2)n)} +m—sn/3.
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Since
P[X = an'/" — bn](m"n_'8 — m(l_g/z)") ~ an_ﬂe’\“"ril"lil/rb” =an”"? exp{(l + 28)""}

we see that indeed (19) holds true because nltP e = o(e(1128)any,

In the second step we consider maxyea, (Sv,, — Xv,, — Sw). Note that the random walks (S,, — Xy, — Sw)wea, are
independent and independent of {X,,, , w € A,} and have the same distribution as Sj(j—¢),). We show that maxyea,, (Sy, —
Xy, — Sw) < ¢, occurs only finitely often almost surely. Write

P max (81, = Xu, = Su) < e | <P max (S, = Xu, = Su) = | 14a] > e ]

weA, weA,

+P*[|An| = ean].
But

P*I:max (va _ Xvw — Sw) <cy | |An| > ean:l < (1 — P[S[(l—é‘)n] > cn])e n

weA,
< exp{—e“P[S|(1—e)n] > Cnl}

2
C}’l
=exp| —ex - ——(1 D),
o~ exta, — 5o
where we used Lemma 2.1 for the last equality. The last expression is summable by the choice of ¢. In the third step we
prove that

r

liminfn>~Y" min S, > —¢'/3
n—oo weA,

provided ¢ is small enough. For sufficiently large n we can write

]P)*I: min Sw < _81/3n2_1/r:| < COHStmn]P[X > O{I’ll/r - bn]P[S[sn] < —gl/3n2_l/r]

weA,

-1/3
2r 1(>z‘%’”n3—2/r _¢ n3—2/r}’

< constexp
oo 3

where in the last inequality we applied Lemma 2.1 yet again. Taking ¢ sufficiently small secures our claim. All three steps
together imply that

fiming M =0Ty b s () (4207 rlogm s
n— 00 n2-1/r n—oo p2-1/r 2 2o
Letting ¢ — 0 finishes the proof. ([

Proposition 4.5. Suppose that Assumptions 1 and 2 are satisfied and r > % Then

M, —an'/"  rlogm P*as.

lim sup
noee n2Ur T 2

Proof. Let ¢ > 0. Using a union bound

P*| My, —an'/" > (dte)rlogm +8)rlogmn271/r <P|S, —an'/" > {dte)rlogm +8)r10gmn271/r o .
200 200 1—gq

It remains to show that the r.h.s. is summable, and this is the statement of Lemma 4.3. O

We can now turn to the case r < %, and prove Lemma 3.4. To analyse M,, we need to partition D, into four classes of

particles. The first one consists of those particles with no big displacements along their ancestral line, i.e.

Anz{weDn:Vve[o,w],vac?nl/’},
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where § € (@277, &) is fixed. The next class consists of those particles that had (at least) two big displacements along
their ancestral line, i.e.

By ={we D,:3v,uclo,w],v+#u,s.t mn{X,, X,} > 8n1/r}.

All other particles have exactly one big displacement along their ancestral line. We will need to distinguish further if this
jump is greater or smaller than

(20) sp=an'/" —Tnl/7= Mogn,

where T is fixed to be sufficiently large, thatis 7 > 1*3(0‘11%:)*71 Define

C, = {w €D, :qveo,w]st X, € (8n1/r,sn],and Yu € [o, w]\ {v}, X, < 8n1/r}
and
D, = {w € D, : v € [0, w] such that X, > s,,and Yu € [0, w] \ {v} X, < Snl/r}.

By the merit of Proposition 3.5, for sufficiently large n, D,, is non-empty P*-a.s. If we denote

M,fl = max Sy, Mf = max Sy, Mnc = max Sy, MnD = max Sy,
weA, web, weC, weD,

we can write
M, = max{ M4, MB, mMS, MP).
We will see that the relevant term is M.
Lemma 4.6. Let Assumptions 1 and 2 hold for some r € (0, %]. We have P*-a.s. for sufficiently large n,
M;,4 <anl/r —pl/r-1 logn.

Proof. Let

1) Xp=XiLix, csniiry Sn=Y Xeo  ya=an'/"—n'"logn.

Using the Markov inequality and Lemma 4.2 we can estimate P* [M,;4 > y,] in the following way:
IP’*[M,;4 > ¥n] < const - m"P[S, > yu]

r 1/r—1
"P[Aw&, >k Ol "n4nl/T 1 i|
Vn

o n+n1/’ L }

=const-m
< const - exp{—)ml/r_1 }E[exp{

1/r—1 <
:const-exp{—)\nl/’_l}E[exp{ ot ”

r 1/r—152
) -1 2@'n4n ) 3-2/r
< const - exp{—An }exp{nk SNTE +o(n )

= const - exp{—An'/""! (1 +0o(1))}.

This shows that

oo
ZP*[MZA > Yn] <00
n=1

and concludes the proof. (|
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Lemma 4.7. Let Assumptions 1 and 2 hold for some r € (0, 1). Then, for sufficiently large n, P*-a.s.
B, =2.
Proof. We have
PH[1By| = 1] < E*[1B,]] < n’m"B[X > 5n'/"]> < const - n® exp{i(a” —28")n},
where the exponent in the last term is negative by the choice of §. (]

Lemma 4.8. Let Assumptions 1 and 2 hold for r € (0, 1). We have P*-a.s.
MC <an'/m —n'/"1ogn
for sufficiently large n.

Proof. To see that this is true recall y,, from (21) and s, form (20), set )A(k = Xi1x, <sn1/r} and put

n—1
Xy =Xnﬂ{5n1/’<X,l§sn}7 Sn—1 ZZXk’
k=1

and set H, = {Mf > yYn}. We have
P*[H,] < const~nm”IP’[S'n,1 + X, >y, on'" < X, < sn]

a’'n+ %logn

=const - nm"P |:A
VYn

s 3
(Spe1 + X)) > /\(a’n + 10gn>,8n1/’ <X, < sn]

Apply the Markov inequality and Lemma 4.2 for a bound for the exponential moment of S,_ (as we did it for S, in the
proof of Lemma 4.6) to obtain

a'n+ %logn

P*[H,] < const-n2E [exp{k
VYn

Xn}]l{gnl/r<xn<sn}}.

It remains to show that

arn—i—%logn

22) E[exp{k Xn}]l{anl/r<xn<s,l}]

Vn

is bounded. Use the inequality

Sn

E[v (X)Lisp1/r < x<g,)] < ¥/ ($)PLX > slds + v (8n"/")P[X > 6n'/"]
- snl/r

r -1
with ¥ (s) = exp{x"”’ﬂ%s}. Since

w(Snl/r)IP’[X > 8n1/r] < exp{ké(at”1 - 8r71)n +0(n)}

we will focus on the integral for which we have

Sn Sn a'n+31"ogn
¥ ($)P[X, > s]ds < const - nl =+ / exp{)»#s —As” } ds
snl/r snl/r Vn
1
s
§const~n/ exp{k—ns(a’n+3X_llogn—yns;_l)}ds.
Sa~1+o(1) Vn

To check that the last term is bounded consider the exponent

3 3
a’'n+ 5 logn — yush ' = 5 logn — ((1—r)T — l)o/*1 logn + o(1).
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We see that whenever
14 3a!727!
(I—-r)

T >

the expression in the integral is bounded by

3
ﬂ%kﬁﬂan+xk%n—m%”)}st—erl+mnﬁmy45n4ﬂﬂ%
¥

where the last inequality is a consequence of s > da~! + o(1). Thus, the integral compensates the factor n, so (22) is

indeed bounded in 7. O
Lemma 4.9. Under Assumptions 1 and 2 with r < %

MP — N,

rjl/—rJ e 0, P*'a.s.

Proof. Recall s, defined in (20). Fix ¢ > 0 and first estimate the probability that the difference is large. Note that X, —

N, <0 for all v € N, and thus, with S,}f’ =) v} Xy, using Lemma 2.1

u€lo,wl\{
]P’*[MnD — Ny >en'/771]
< IP’*[Eiw € D,, v e [0, w] s.t. Xy > sp, Vu € [0, w] \ {v}, X, <n'/", and Sl\U” > anl/rfl]
<nm"P[X > s,,]]P’[S',,_l > 8n1/r_1] <nm"P[X > 5,]P[S,_1 > KW]

T/an—Kz/Z(H—o(l))

=n-an —0

with some constant K which is sufficiently large. On the other hand if the difference MnD — N, is small, this means that
for each w* € D,, and v* € [0, w*] such that X, = N,,, it must hold that

Z X, <—en'/m"1,

u€lo,w*]\{v*}
Since, by an appeal to Proposition 3.5 there always exists at least one such w*, we have
PHMP — Ny < —en'/""1] <nm"P[X > 5,1 - P[Su—1 < —en'/""]
< const - ! FT/0=K2/2(1+o(1) -

Putting together Proposition 3.5 and Lemmas 4.6-4.9 we get Lemma 3.4. To treat the case r = % we will need a finer
decomposition of M.

Proposition 4.10. Let Assumptions 1 and 2 be in force. If r = % then

M, — an’/?

o/n

d

(23) — Va3,

where the c.d f. of V3 is given by (9).
Proof. Recall (20), take C > T /(o logm), and consider the event
A, = {N[n—C1 logn] = Sn}-

As one computes directly,

_ —1
P*[A,] < const - p~C1logm+o—T _,
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In words, with high probability, whenever w € D,, the ancestor v of w for which X, > s, must come from generation
at least [n — Cjlogn]. Recall that for x,y € 7 we denote by x A y the last common ancestor of x and y. Take Cy >
2T /(o logm) and consider the event

B, = {Elv, w € T, such that v £ w, |v|, |lw| <n, |[v Aw| > Crlogn, Xy, A Xy > sn}.

n—Cslogn

Then, since we can choose v in roughly m” ways and then choose w in roughly m ways, we have

_ _ —1
P*[B,] < const - m?*~€2102"p[ X . 5,1 < const - n~C2logm+207T _, )

This means that with high probability any two particles with big displacements must be distantly related, i.e. the graph
distance in 7 between the vertices in question must be sufficiently large. Let

~

MnD = max H Z Xuﬂ{XuSSI’ll/"}

D,
WELn uelo,w],
lu|¢[Co logn,n—Cqlogn]

Then we claim that
MD
" (0 P*as.

Nz

Indeed, using a union bound we can write

P*[MHD > 8\/;] <m"P[X > Sn]P[|S[(C1+C2)10g(n)]| > (;‘\/Z]
<const-logn - m"P[X > 5,]P[ X > gﬁ(logn)_l]

< const - logn - n°st. ]E[|X|j0]n_j0/2(10gn)j0

and, using (2), the last expression is summable provided that jy is large enough. Finally, consider

M,?:max{Xv—i— Z X, :weD,sit. EIve[o,w],|v|>n—C110gn,Xv>sn}.

uelo,wl,
lule[Crlogn,n—C1logn]

Since |]l71nD - MnD | < M,? the above considerations imply that

P — MP pe

T — P T
Jn

and therefore it is sufficient to prove weak convergence of 1\;1,? . Put

Ci)n(s) :P[S[n,(clJrcz)]Ogn] <so/n, X; < sn'/" for 1 <i< n]

Note that the X,’s that appear in the definition of A;I,,D must be some of the extremes in the collection {Xy},en;, and
therefore

P [BSN{MP <an’? +xo/n} | T]
:E*[]P’*[B,‘l'ﬂ {M,? 5an3/2+xo\/ﬁ} | Z, Xy, |v|=n—-C logn] | T]

* ~ Xv—omz’/2
e 1 @ (-2 ) 7]

veN,: Xy>s,
ZE*[HB; exp{/ log(&)n(x—y))An(dY)} ’T:|

—To~!logn
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Since 1c — 1 it is enough to argue that conditioned on 7 (recalling that ® denotes the c.d.f. of a centred Gaussian
distribution with variance 0‘2),

o - d o
/ log(®,(x — y))An(dy) — / log(®(x — y))A(dy).

—To~llogn —00
If we put

@, (s) =P[Spu—(C14+Ca)logn) < so/n | X;i < sn'/mfor 1 <i < n],
then ®,,(s) — ®(s), and

o ~
/ log(®, (x — ¥)) An(dy)

—To~llogn
o0
:/ IOg(CDn(x - y))An(dy)
—To~llogn
—}—log(IP’*[X < 8n1/r]n7(C1+C2)1ogn)An(_Tafl logn, oo)

The last term vanishes since by the Markov inequality and the fact that conditioned on 7, A, (—To ~!logn, co) is a
binomial random variable

P*[An (—Ta*l logn, o0) > n2+T"71] < n*Z*T"flE*[A,,(—Ta*] logn, 00)]

< const - n_z_T"_]m"P[X > an!/" — Tn!/r! logn]

< const - n*2

and thus n—3-70""' Ap(=To™! logn, 0o) — 0 P*-a.s. which implies that P*-a.s.

log(P*[X < sn'/r]" =M A (_T6 " logn, 00) — 0.

In order to analyse fi’oT - log(®,(x — y))An(dy) we will first introduce a point process A’ which is a marked

~llogn
version of A,, show that it is convergent and then explain how A’ is related to our random integral. Consider a family of

iid random variables {U&”)}UGT independent from Z and {X,},c7 with common distribution ®, and define a process on
R? given via

- X, —an!/"
Ay = Z €%,.u, Where X, = ————

vl o /n

Then, conditioned on Z, A} is a binomial point process. Note that, since r = % for A = (11, 1] x (s1, 821,

1
mﬂ(ﬂ U<n>> . A} N / A% it
o/n AA2w

Using exactly the same arguments as in the proof of Proposition 3.3 for the convergence A, — A, one can show that
conditioned on 7, A} — A*, where conditioned on 7, A* is a Poisson random measure with intensity

o 2 2
W (W, dt,ds) =apW ——e 7 e dt ds.
N2

Now note that
= [exp{ / L Tog(®alr— y))An(dy)} | T} =P*[A}(4r0) =0]T],
—To~'logn

where

Apy={(t,s) eR* [t +5>x,t>-To 'logn}.
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We will argue that P*-a.s.
(24) P*[A%(Anx) =0]T] = P*[A* (A x) =0 T],
where Aqo x = Unzl Ay x.Letfor R >0, Bg =[—R, RJ? C RZ. By the merit of the weak convergence of A’ to A*,
(25) P*[Af(Anx NBR)=0|T] = P [A*(Accx NBR)=0|T] P*as.
Next, note that for some A, — 0 a.s. and some sufficiently large constant “const”, we have almost surely
P*[As(Anx N ((R,00) xR)) > 0| T]| < Y,P[X > an'/" + Ro/n]
< const- (1+ An)WefR.
To treat the other component of (A4, » N Bg)¢ write
P*[A%(Anx N (R X (R,00))>0]T]

< Yn]P’[X >, UM >R, X —}—UﬁU(”) >an'/" —i—xaﬁ]

<const- (1 4+ A)Wm"P[X > 5, U™ > R, X +0/nU"™ > an'/" + xo/n].
We can estimate the last term via

m"]P’[X >s5, UM >R, X +aﬁU(”) > an!/" +xo\/ﬁ]

1

B B S AT
f— ﬁ —_ 9

T logn

X —an!lt o) M) = g
+ Z m"P Te(—j,—(j—l)),U” >R, X +0o/nU™ >an'" +ox/n
Jj=1
| 2 T logn

<const~e_”2R2/2+consto (logn) + const - Z ) . g~ (@x+))AR0)*/2
B Vn s
< const - e*R/z,

where the last inequality holds provided that R > 0 is sufficiently big. Therefore
P*[A}(An) =01 T]=P*[Ai(Anx NBrR)=0|T]+ O(e ).

Taking n — oo followed by R — oo proves (24). This concludes the proof since A* conditioned on 7 is a Poisson
random measure and so

P [A*(Aso,x) =0 Z] = exp{—u* (W, Aso.x)}

o 2
=exp{ —apW ——e S ”/26_’dsdt}
p{ P Asox V21
:exp{—apW/(l—CD(x—t))e’dt}. 0

We finally consider the lower and upper space-time envelopes.

Proof of (10). We first establish that P*-a.s.

D D
— N, M=~ — N,
(26) —00 < liminf ——2 < limsup ———" < 00

n—oo . /nlogn n—oo «/nlogn
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This can be shown using the same arguments as in the proof of Lemma 4.9. Indeed, we can use the first formula in the
proof of Lemma 4.9, to get for K > 0,

]P’*[M,? — N, > K\/nlogn] <nm"P[X > 5,]P[S,_1 > K+/nlogn]

—n-anTlo,—K*20+0) _

provided that K is taken sufficiently large. Similarly, as in the last display of the proof of Lemma 4.9,

P*[MP — N, < —K/nlogn] < nm"P[X > 5,] - P[S,_1 < —K+/nlogn]

n]+T/<77K2/2(1+0(1)).

The first formula in (10) follows if we combine (26) with

i _ om3/2
m su =0

which comes from the last part of Proposition 3.5 by testing with ¥/ (x) = (1 £ ¢) logx. The second formula in (10) lower
follows from (26) and

.. N, — an3/?
liminf ————— =
n—00 nlogn
which comes from the first part of Proposition 3.5. ]

Appendix
In this appendix, we provide the proof of Lemma 4.2 and Lemma 4.3.

Proof of Lemma 4.2. The arguments are similar as in the proof of (18) in [15]. Take k as the smallest integer with

k > 2(1 r) and use the inequality e* <1+ x+---+ & (2 emaxtx.0} o get
Molgix L p2ky2k

@7) E[exp{ix, X E[X/] + ~5 E[X™ exp{px max(X. 0}}]
j=1

Since X is centred, E[)A( 1 < 0. Due to (2), the moments E [)A( 71 for J < 2k are bounded by some constant C;. The sum
can be bounded via

2k—1 2k—1 ,; j

Mx) s Mxy e APxE ., 1
2 < 2; E E[X/] < n]E[X ]+0(4n3(1/’_1)>
j= j=

_)»zxrzl 1
= +o L2070 )

To treat the last term in (27), we first note that the integral
E[sz exp{Axn max{X, 0}}]1{X<0}]

remains bounded as n — oo and so in the sequel we only treat the expectation over the set {X > 0}. It is hence sufficient
to show that

1 - b'e 1
%) WE[X ‘”‘P(“" M )mm} ”(m )

where n =2k(1 —r) — 1 > (1 —r) > 0. We will use the following inequality for K = snl/", p(s) = s exp{ix,s} with
®(0) =

K
E[e(X)1ik>x>0)] S/O ¢ (P[X > s]ds.
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We have
K
n(l'f'—ﬂ)/r\/(; (p/(s)]P’[X >S]dS
1 ontlt 2k Axps
(29) < W )»x,,s e P[X > S] ds
n 0
1 sttt 2k—1
—1 _Axys
+ A EESyA [) 2ks e PIX > s]ds.

For the first term on the r.h.s. of (29), we have

1

SVLI/r
W/o Axns2k exp{Ax,s}P[X > s]ds

1

anl/r
= Wf Axna(s)s® exp{)\xns — Asr} ds
0

1
=xné / a(énl/rs)kézank/rSZk exp{)»nSs(nl/rflxn g lgr-l })ds
0

n"]/r
1 1

< const - ank/’/ sk exp{)»n8s(n1/r_1x,, - Br_lsr_l)}ds.
n 0

The exponent present in the integral is negative for sufficiently large n, since n'/"~'x, — o'~ < 8"~1 <§"~1s"~! for

s € (0, 1]. To see that the above expression is O(MTU) take € € (0, ﬁ) s.t.e < ﬁ and write the integral as a sum

of integrals over (0, n=1/7+¢], (n=1/7+¢, n‘”’ze) and [n_1+’2€, 1). The first one is bounded via

n—l/r+£

1
ank/r/ sk exp{kn8s(n1/’_1x,, —8’_1sr_1)}ds
n 0

1
< const - p! 72/ rn/r+@ktDe < congt . g2/ =0/ 0( Y= )
ne\r—

The integral over the second interval has the following estimate

n—l+r2£

L,ﬂk/’/ s2kexp{kn5s(nl/r_1xn —Sr_lsr_l)}ds
n

nn/r —1/r+e

1
< const - n?k/" exp(2k8nr2€ —A8'n"®) = 0<m>~

The last part can be bounded by

L% : 2% 1/r—1 —1 -1
" /r/,,fm%s exp{Ands(n Ir=lx, —8" 1" )} ds

1
< const - n2k/" exp{kén’z’s (@' =8 +o)) = o<m).

The second term on the r.h.s. of (29) is treated in the same way. This proves (28) and concludes the proof of the lemma. [

Proof of Lemma 4.3. Put

_ 1+ 8)r10gmn2_1/r
200

and consider the following decomposition with § € (2%, a),

and 1, :anl/r—}—qn

qn

m"P[S, > 1,]

=m"P[S, > t,, and Yk <n, Xy < n'/"]
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+m"P[Sy > ty,and 3j #i <nst. X; AX; >8n'"]

+m”]P’[S,, >ty,3j <nst X;e€ [Snl/r,anl/r —3qn],and Vk # j, Xk < Snl/r]

+m"P[Sy > ty,and 3j <ns.t. X; > an'/" — 3q,, and Vk # j, Xi < n'/"]
=Ji(n) + J2(n) + J3(n) + Ja(n).

We have to show that all these terms are summable in 1. As before, we write X; = Xilix, <sn1/ry and Sy = Yot Xr.
Using the Markov inequality and Lemma 4.2 we can estimate J(n) in the following way

r 2(r=1),,3=2/r
a'n+ra n §u = Aa'n +Aa2(r—l)n3—2/r):|

Ji(n) = m"P[S, > t,] = m"IP’|:A

In

a'n 4 aa20=Dp3=2/r
)
n

<exp|—a2a? Dy }]E|:exp{k

r A 2(r—1),,3-2/r . n
=exp{—kzaz("l)n3‘2/’}E[exp{)LO‘ n+ ha n Xl}]

In
(@1 + r@2r—Dp3-2/r)2
212

< exp{—kzaz(r_l)n3_2/r} exp{n)»2 + 0(n3_2/r)}

2320201
< exp{ 1202 V2" exp { P 0 o) }

232201
= exp{—aTnS_z/r + o(n3_2/’)}.

Providing a bound for J>(n) is easy: we have
Jr(n) < n2m"]P’[X > (Sn]/’]2 < const - n? exp{k(ar — 28r)n},

where the exponent on the right hand side is negative due to the choice of §. The bound for J3(n) goes along similar lines
as the one for Ji(n). Put

n—1

- . (14 e)ra2=b
Sp_1 =/;Xk, Pnzfrﬁ 2/r

and write

J3(n) < m"nIP’[Sn—l + Xy >ty Xy <an'/" — 3q,,]

n 4+ 5
=m”n[P’|:Au(Sn1 + X;) > A(arn + pn), X, <an'/" — 3qni|.

n

Apply the Markov inequality and a bound for the exponential moment of S,—1 as we did it for S, to obtain

22020 —=1) o'n+
J3(n) < eXp{ —¢ f”%z/r +o(n’ ") }E[GXP{)\Iipnxn }H{anﬂlﬂl/’3(In}j|'
n
It remains to show that
a'n+py - _
(30) E[exp{ktinxn }]1{Xn<otnl/’—3qn}:| = exp{o(n3 2/)‘)}‘
n

To do so, one can employ the final steps of the proof of Lemma 4.2. That is, the integral

,
e

n
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is bounded. To treat the integral corresponding to the positive values of X, use the formula
K
B[ (X2 x,00] £ [ 9/6PLX, > slds + ¥ OFLX, > 0
0

with 1 (s) = exp{ =225} and K = 1, — 3. Since ¥ (0)P[X, > 0] < 1 we will focus on the integral for which we
have

K oml/’72q,, r
/ ¥ ()P[X, > s]ds < const - / a(s) exp{k@s —As” } ds
0 0

n
1 1/r_2
Sconst-nz/r/ exp{)\(antiqn) (ot n+Pn—tn(0m —2%) )}ds.
0 n

To check that the integral is of the form exp{o(n3_2/’)} for r € (%, 1) and sufficiently large n use rp, = o ~Inl=1rg,

and write
a'n + pn — tn(anl/r _ 2qn)r71 = pp— 21 _r)arflnlfl/rqn _arflnlfl/rqn +0(n372/r)
=pn(1=r)(A =2r)+o(n*~%").

A straightforward upper bound for the integral implies (30). To estimate the last remaining term J4(n) take N > g v4
and write

3Nl k k+1
Ja(n) < Pl X, + Sp_1 > 1y, <an'/" - X, < ——
4(”)_1(;1””” |: n n—1 = Nq on N qn

- 1
+ nmnP[Xn +Si—1>1, Xy > anl/r + Nqn]

To treat the sum just note that

~ k k+1
IED|:Xn + Sn—1 = In, N‘]n =an U — Xy < ani|
k+1 ~ N +k
< ]P)|:Xn > Olnl/r - TQm Sp—1> TCI”]

—m " expd 222220V (1 4+ )37
m- xp{ ra ( n 8N(

AN(k+1) = (1+&)(N +k)*)(1 +0(1))}

1
<m™" exp{,\z o201 4 )3 N ——(~(N=k)>+ N@#—eN/2))(1 + 0(1))}
The last term in the decomposition of J4(n) is also summable since

. 1 1
nmnP[Xn + Sn—1 >y, Xn > O”’ll/r + N‘]n] =< nm"]P’|:Xn = Olnl/r + Nqn]
2
= exp{—;—NAZaz(r_l)(l + 8)n3_2/r(1 + 0(1))}. O
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