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This pictue is bilpfel o wmdostacd  phevomminn Lhe #.5:

Defree /)7: :={ x € fi?h/ Z, /x;lsq} avd ks B

T b ("J"’ Enclidian Rall combamed s Kk b radis 4 ,,(#Le.aL k bes
diamehr 203 Mf wis o racdie octuasgenl cobbon, fha knuk

with kgl probabibhy ove Fe choict of U hes dimmihs boundind &
an  wrndpradit  gusbant C.

So e Sohvsechin cnks off all ofliers avd lesves s it He bulk,
what z.r;u./-falt/ a Gnclidi balt

g )Lkun.; (I.hﬁ""‘“"‘ V&ﬁllv.s)

Duvuchileys Hom.: Ay wrcwed spuie (R, Ho1l) bos a approdnanhly
Enclidenn spbspact of oliom. .,/(,],,, . Mo
Lolds /a— a rm/lw-l/ closnn subspace of taat dimenni
with lm,&. > as us o

[ 6o's 4305 by Duvebely & Milunnn )

(This answvdd a quakie by Cootmdlek )

BQL\»SnV\'L;MD(‘VS}\’MS :F(."w.g Livwan: lf {x,,-.., f«} = X ¢ tz” Hewn

k
?

Hve wust avw “alinest dsomee Me ;,\.,L(lu.a ! ,.{ X iedo (
wiith k- lav .
[ '?4 by Lohwsm & Lin b shrannss ]
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I. Mot ed spaces Ad o AD‘L"U

Def: Let X be a veche space ovr K € {R. €}

A e X R s oa funekin Mot .n)-fsf(cs Px./GX:
) lxll »0 gk fIxh:06 x=0

(-'-') "z\xﬂ = Al NN V/\é"(
(i) ”xt," < syl

(X. [ ") i MHaw a "horwed Space " awh  elld ‘Suutk spac )

;ff s to-m’hk (:.c.' alle Gwck/r sequinies comvige )

Dt Looe Two Eauu"\ L‘.au_( Ve d ! l-So\»o-(:L:(“ 'ﬁL 'H'er N Uuur
[,\O\Mtowo-rrutw Litwean Hwa . If Hos Conn 1 addikron be closen,

b be on fsowck/‘ -ﬂ\e/ we ealled *I’Sawehn/cnl(/ I}OWO'(FL\A‘C‘

o« :Snbl‘ " ;)0%&‘*“4 : [au.l( W LJ!':"Q X g)/) ,

lf T : (X.u'"’) - (_7‘"7"7) s a b earm e p L.(Luu\n

'T(J‘)").
fwo  Ranek spOs, Hew (A3 Il := Swp = sup [T ll,_

u u x X\ 4oy llxllx (PUI]
15 'H\C o‘o(rm‘vr notuwn

T s awlled  "bowndid” i N T <o and e spoce of all
boun ded  Livtar tanps Uill b olemobked by RUX ).

?rv‘o.; Let X\/l T be 50“""1" spaes and Té@(y./)_ Se 8()’,2)
() I STU ¢ ftshiT

Gy I TO < NTHIx VyeX
(i) Aun isoworrwsw T s an ;‘.sawul-r, :# ”T”- Tl - 1

Prsp.: I fritt dintinsivug

() ol morimed spacts ovu Rec € are Ravacl, speces
(i) all  Lwens hasps ot bovnded  (ond Hus COh“wuou:),
(1)) +teo Ranadn s pacts PN :&DWNPLL:L lf‘

J""‘/ LA-vt ‘“4 Samt Ou""l\-.s:h—\
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Exwrh: L; i= (”?“, Il - h’) where
"x "’ 1= (2;' ]x;||° )Vg’ #' r_,e[‘l.ao)

Nx Ny, os ax ;|

Hs [ der .'u,uaL‘*/: 'i' "‘;/;' € kx’l‘, ﬂ/", it pelrie] L

1,2.4
Ve wocwa "-ur Mo daeed r

by a scalw prodasct o P2, The Hold weque Lty
[ RS2 27 L(A“-/ Lccow.cg GA«(.L7 _chwu}.

e Wl almosh lxcbv«sivd/ deel oith  verl veedoe spects o(’
’Gm'k (albet lwa,c) drvrtansion

De{.: TLC “Ma( srue ! X* of' a hO“‘"“L :ruc X s “—L srt'& d/’ a‘l
(ou"’. l/;hfhf 'F»uckw-‘-i ow X

' (Y]
Pag.r > L x*a f = LIl == sep "‘:’,T, X" becomes o Rawack specc.
xeX \{oy

¢ Foe X: (IR"‘ Il-ll) ‘ ) S isowchatl/ )‘40\~\er¢ o (IR“, 0- ",,) with
U l, = swp <xy3 (aud e will iv He 'lvllou.g l'vflml-ff/ Heose S(MU) .

lix =)

* “
EJ‘QMEL( : Fov "F"‘ :i =1 (L's ) = l-, .

Def: « keR™ 3 "o iff xy€h AAel0d D> Axs (- y ek

For A < ﬂ?h‘ dle “tomve bl " comv (A) is He suallisk conve

set tod'a;u-'z») A.
« R<ecR

L)

S A "Cov\vv( Loo(l" 3’6‘ o covvu'comrac+ ord heg
Moutw-r”)’ .\.MH‘_

. We callt S€R” "S!W.w.dvft" i# S-S (ie. xe§S= ~x€5)

v For C< Kh ‘I‘Lc Eolar ' s C° = '{ 7‘ R" I <x yd £ VXGC} .
Ex-Wﬁ(z}: « It € s a cowvw f't/l'l" Wit v et omd {-AHJ, Hew (°
LA comvix rul,/l-fc with wm vekus and {»ata .

° ,‘C C i oun dL'rm-( with  stwiaxey r_",__,l’“’o . Fhin c’ IS aw L(L-'ru:o(

. . . ) iy ]
willh sewiaxts 1 r

M 4 'k

New Section 1 Page 4



’_L‘V‘v-‘ (Kfrblﬂ 'HMM) l’f .Sg Rh 1S a 0[05%( conv &x S&’l CGV'/‘nl.n-'E) ol‘/tt

o0

01‘;'3'.‘4 . }“\lm S = S,

Peap

I x= (" I ") is a Rawah spaie FHaw s unid balt

B)‘."{xém“‘/ hxuf’l} s a S/mw(,"ﬂc COn v &x Lo[f

mevu(/' .‘f kﬁm“ s a .(/w-wwaL Conv & Loa‘y, "“-lvv -Hw( s

6 hoewn “ .uk s.t. k s J'le (oirtsroutcya uv\:} Lo,
Emé 5 ééﬂM'M J-“, ovA 'fﬂ‘ He comvwse nses  Fle n”iukowsk' 'f\AnCH'“'l "
Y ,'.,..'({{>0 , xeék}. ox

x/t

a4
Tl comsrmno&we s as u;c'LAL ag .\}w-rh: it

u((aws do ()‘row-s/»(r ‘So’-al-twlmﬁl} F’“‘ 5:1«.(‘\ s.ouc
J’LQH/ (c'.(. 'F,wckwa( wal/s.‘s) Jo Cownvix a,cow-c)?r L buk.

Prog.: Let X = (/I?“, - I/) be & Rawets space aund Bx s wnidt ball. Thea BX' = 8)‘. .
Enof: 5}(‘ z i 76 m“ I ”/ ﬂx“,‘ } N { ye m“ I Vxe gx : <x,7> < 4} s BX' .
[,

s gup < y3
Wxh=q

O

Browple The duality (L) 2 (L is vefuckd by he frct Hant

B
Ry e bipsls Hum we bove bt (B2) = BT wlbih
w “
Foru COffCSfdul_( to (L”) = L., )
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_E. Lew's' Hh. & Bahulvh,zvr Alsdance

Def:  Let Xey=R" aud N1l Le a worim on Sl4y). e dlefie
e "dvalworn” NI g BOnX) by hwe dualihy”)
as 1T = sup { wIs73 | Ush<a}
ctmarts o B Rine e we hewe Hd die deal D (Escy.y’).ll-ll)*
cow be idakfed (e, i isowmabeally owsrphic ) bo
(300, 1) sinee He spae is fiuike dimasionsl ond
(T, 1) FIT R o sealor product.

L twavmn: L& X ¥ /= R se Rovach spoects avd -1 o‘W'*LW hottm o\

33 (X,/) T hen I T UY eqnals Fe So-aalld " wuclew wosua
1

V(T) i= V“‘;"‘{ % I X« "x ")’: ")N ' T’ ui XK)’I: UL"‘ /:e/"

x € X  ovd Nens }

2
huuvv‘ owt caw cloose WVen® |

rmo;k; Hu( /: ;lmv‘s f.r o t(tw\twf' T Fle alAAt»L 7* aur(‘ 0.4 ch LA e kwe‘

f‘;( He vow veche cctrl.srmv.v(—:g o He coluinn veclor v }Ju.;c.
/:(/) = <)’V.,7> owd
(X“/:)Iy»x , e xK/:(y):x“</“'7>.

E\co{(ﬁl“"“ﬂ)I ode Hat f,,.: Sg 53[)('/) .
s - "S:“c' Il St ="‘-:‘:“P"':4 )’}(Sx) : Shf{ "-*[Sx7‘_], V()‘/*)S'l}

= sup {h[srj I vtv)s4} .

Hiunce R ond L/ He L.'raLar o,

(BLx )1 1) ’ ’3( 3(rx) »)

(8tr),v) B(Mx.y),u-u) - { T¢ 5(7.X), K[sT3ca

B
VseBixy): st}
’ -B(B("J).'"“)* : B(B()’-X).Il- ).

TLL thuL N 5\} cawn LC SLDW\'- \Ab.‘V‘é (N’A"Leovlﬂ7'} ’LL‘V" 1:!
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Lewis then [lewis P37 Led X(R-1)4e a Banek spuce B, s wat batl
ond II- Il a werr o= 8 (Y‘ Rh) . /f Te (X ﬂ") &) nt 28
vv( ( rgx ) awoha a«l( or(ra'ors u-“ﬂ- // T« 1 , /—Lu. /_ Y4

jave-hble ’ 4 7'"'[/* *u and ITH=1,

r{MMkSZ . _I-Bx = R“ f_‘ a covwv X S‘e'é ay\i +L\v\$ ﬂ‘h" [} (LOLfSOV'C) Mta}k}lflu.

1
 Siwce  te BIXNRT)= R 5 fuik dimtnsionnl, bk wnt bt s

zow‘raw/’ so Fhet 4 ,.[“,73 ontans a T Hat wearin 2 ,,,[(7'3)‘)'

roe ¢ u,(-'ua +hat V'L(TB;;)= Io&fLT)‘va‘.le) latﬂud’ l-J:‘Hn Hle aJJIAwM'L
& betnee( fmfvf/ of T we a}f b’Sf B(X.Tk“)-'

T+s
‘”“* ( Tl ), < [det (7) |
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[t (2+T78) |« NTeSH™ < (5 0s0)

”T" “' & ,'f-'a-a‘( ;ulll.

Since S is wL.'lm] we have Wero:
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Uicy that fe s He dvivahoe of det ot A e et (4+1) 40 [N+ 0(0) o1 620
we yf il TS] sulsll oud Heus
NT0 = sup { AcLT7S3 | Dshea} < w.
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This s (.yhv-oxCEUL w He ﬁﬂow;va:
Clov.: Let X=(R"U-1) Y: (/2‘.”-”),) with wnit balls <. Bxf 5% owdd.

voL('—Bx>£ vol(Bx) for vy Te¢ 50‘./) 74( wbi 7‘3" 4 B/,
T hew thve ot Poiwl:s {x‘....,)‘”} < 33,(,.93), ’ {7:' '),;} s;&x’n 35,’

awd A, >0 o4 ’_!L:Z Aw X“): and 2 Ak u.
k:

k=t

N
ﬂorcwtr' one cov cloosse N <ow

Zro-f: Lue °I’PL7 Lew:s' Hheortum with 4he o,ou»‘of werwn - 1l o 3()(7) Tl

X

TR < B, (orres/om./.s Fo NTH41 ol tee fo(tv-’\'*/ s ‘/ ‘U‘““"/'”““

ha At i e voléer) awo-—a U maps with WTH ¢4, Hewee

¥ o~ »
Ilakl&/ll»“”)”/ ‘ﬂ—% akbu}

M=

we Nyt - ,M;.,{

s M;ﬂ {
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’\u”x“l!(“/:”,./ 4 - Z Ak "u7: ~ {"«}4 QBX

74 24
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wWhere we uwsed Hat Fe vucltar wotan ¢ dmal Jo Hle o‘,vn"a-c horn .

W.l,oé. wt (e choese )\K>0 ad A< v-l,

ginte _5)( € B), and -l'L\M_g [ Xy "7 < e, "X we have

v 4
w: de[4]: %., A R yued € %‘ A |<,,“.\/“,| )
»~ . ~ N ) )
< 2 A lxkufuy,ur’ ¢« Zadx iy, ",* T At

k=t
So Wk “x““x= Il xy “7=4 and <xu,7k>=4 .

}—(O\'\» "‘L‘ la‘"‘U’ we L'& 4 - <XK‘ 7M> £ “ xK 'X “ 7K ”x* ; I' 7k "7, - 4 )

=1

w'rn'c'f\ " r',:l} ”7k "X* =1, 37* c Bx’
R . o
ex-Cie
renaarks «  Tle x,"s ok 7:'5 we o{hh enled * coubech roid; " simee

He wnit balls  {ouh Hwe,

lv +he wvese we will sse Hat +hi (oca(lu/ hos a _;,'-Mflg Comyvs€
If Xooe ) is (,: no Hee previons a—*ouﬂ’/‘ o JuT xyq Stace tHua

<xK‘yK>= Il Xy "L“ “)’K “L" .
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Soku'i Hoeo [‘1.1,.., 'ug) .
Let Y=R" be o Rawnch spact ovd 13)’ s wunit ball . Theee s a um31vc

mrax thanu volune CL(/\.PSO;(A‘( f Jnsi de B/ owd s Lsolo(s tlat
EsB chE

oot : We {‘ﬁ-} prove v\u;.[..h,.(s.(.
Let & be e v.wmét, o)l Bt: vede Sowne T € 5((:,‘/). T baein
E € B)’ is equivalnt fo NTl<a f},f Fhe ofwlvf horna, Sun.-u
Hle volame s lm«x.'m.‘zul ﬁ-f 7: and 7; . _57 L:wi:' thn, I’T;””’
au'L ” T'."‘ 'l*=la. B/ Folu' o‘-(taw,osiklu thoe S an waJoup( V_r,",
P:= K-‘t V >0. Let ‘{ r;’U};H be e liyy.vu‘/u(; of P, The
T op e LPY R TIT  ad 2R TP T T
Hance Pi® 1V ( Since ws < P‘i- P‘"‘> < |l P~,” "r'ﬁ'” ) )
so  Flhet 'Tz s 7: vV ouhida .'w.ruu vtw-'.'uiuus of E since VBL,": B‘: .
For 'H-c se(o\n,l rwl‘assuwl u.‘-".a. '“m" E = BL: ( '7 aﬂ,()«:u.é 'y st-.Lb.
Fsoworr\«\isw) . The  +eke ovy € 57 ot wse e &wwrosl‘{o\a
a4 - '% Aw X K: ((Ow +le ruv.'aus co«—auw)/:
1 k3 '3 %
l2ll = <2,2>: %,\K |<z,xK>| < ?z\k ||z[|7 I, ll,x € w

e
€9 =

So 57.‘.\/_:5‘. Qg

Thot +le Yo '[Ador 1w _Lhu's Fthaa, s sLarra , s setn be ~hk.é> )’= (’: .
Thew (os proven v He weveise ) £ = _BL.. s te mae, velmmae elipsoid
rd

avd  siuce e:= ("'.---.") s«lﬁq[(ts Cce B/ and ”C”t_= Vo' e have
Flot B,*cf fava«n76<“’:‘-
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Def.: o Let )“/ be +wo "Jow"rl—u‘c nocmnel spmces The (al—a(//ft)

n BM‘IA—anur ﬂ;/’ﬁ“(f " ," 0&,41-"4 [ ¥

o(()‘. )’) ‘= ’.“f { //7'//// 7'-"// / T~'X">)’ I:fowlfflu.!m}

let k,L be .r/w-w.c/n'c torvex boolles I Rh. 7le (deaweﬁr/e)
rs Aﬁuu( af

o((k.l‘) sz '.“'f {aé)O / g'L €Tk € al f’of Son€ —I—e B[IR“)}

”

.Bauuk' Mazer distavce

Coe . : lf )l_":)/k RH ot \»o-cwaL _;'rall} 4,.).“-. vu;" La“} BK W'k Br on o

e

R"x'>), ‘s an ’:“"‘"‘"f’t":s"",/‘“" OL(x\y) = A(Bxlgf) s ‘((R'gx.Rg)«) .

. ) ) Il'rxl ‘
wof: The frutf e1°"‘L"7 74”"“" ‘4”‘ i 'hf{aeRlV,‘ex: > ‘“}

iuf{ueml T3, SGB), }

ovd  Ho  Seeond Aom T_Bx < aB, <> T'RBX € aQB), wh T RT‘P':'
|

Pup: (Poperkis of Bovadde- Marae diskance )
Let xsysts R™ be vocmed comees  Then
() dlxy) 21 ad L(Xyd):=q4 if X=y
(i) ol(¥y) = )y x)
(i) X y) € d(x2)d(2,))
(iv) Alxy) - olx* y*) .
" These ﬁllw m;(/ 'C»M. e lefrnibons arh  He rmrvkts a‘/ $le oewk‘- Wothn .
P Noke Het afte o logwithim, () ) e L) beconme ».m.-.,.gam:/y,
speimthy and hisngle jnequlity of o mehic:
G (Bamet Maer wehic) (X, 7) = Loy ol 00)) olefnas a mehic on He

sPult Of all Baunu"\ S‘aattj 'LL"" e ;Sbburcruc to Rh whte ;sblutj\'.‘c
5()&415 e :o(lmkfl“(.

r(um.rlu: . E‘,w-rau‘»"'(/‘ ont oblrrs a el o~ Hle quo“tvd' ;‘,Ng 0f ;/wm.an'c
(A A% Lo'uls e R“ w»o(or 7‘L¢ ¢1w:vullht¢ rclwkm k"’L (&>
INe GLL) : k=NL .
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Thaet s, el(/-'fsoh( onnd dalls e MAMH/MK as wtl as cnbis and

Povnu,c(olvris | Lu" v-of’ cnélj nut( Lna.t,

© The obtained wmelete space Lucns ot do be Cow‘otd’ ond s calld ¢

" b
Bauu‘n' rla%vt’ ‘o“ﬂr"(‘)‘hw .

dlx,y) is wielly d@anlt fo compule .
Thw: (10(‘\"5 ')4\&. 2”( VlrJ;Oh)

Let X=py= 3 be nocmed spaces . Thea Al(X L) € V2 aud ol(x./) Cw

Erovf: From Hhe wa'm»l/’ shaded  vusion ,7l Tobuls thm. we kuow Haut Fhre o
an F.soa«orrL,'sw T: L: > X ¢, L. E:= TBL" we beve
:

£ ¢ B, © Y2 £ . Hunee B € T"Bx e Vo Bl: 0wk s
d( X, 1) « V2
This iw.';L'(s e second :/-mllu-.woL Sl d[)(‘/)s A x,(:)o((l,h,)’)\f w,

a
rtmals: o Toomn He ddscussion  oboud SL\»(\MK 0{’ Lebn's 'H’“”a wt 6“' A(,L:oi‘k:)'ﬁ

» Moce atuvak/‘ :t Asp€qe o 25P51sn'&u...
d(lp Ly): W (o wwense )
W Hos cmse T2id duews ot ko be ophwel . Too 1epsrcqe =,
watvtr’ He s heaHow 8 woee Cowrlﬂ'mln{.
1381 GlwKin  Come ve with & ow-bvvial conshwekonn rf n-dawa,
spoces X annd / sk (X Y) 2 en ’,“,,,:\23 Hd Ay, ) em i
shwp up b @ cons dant

lec4 Page 2



_E, Kruun— n;ul/.owsk: '.“CTA“L:'?’_

[\]

Miclowshi swa ¢ JLFML as

Def: I AR R, Hun He
ﬂn}B He { arb ’ achA LéB} .

Exow-[‘.u ﬂ BL‘: . B i 2 BL:

A 4-@: A+R

Thwn: ( Bewwnr Mivkowsk: )
Let A8 < R™ be towpact with uomtwo volume and Ae [013 . Thien
() wL(.ﬁhB)ﬂ/“ > l(A) iR vol. (3)4"‘ PN
() vol (AA+ (=B ) > vl (M vl lB) ™ . (~p4n 4o n volime )

wf (i) If A 4R we boxes it edat lnatbs o be R:, | Haw AR D alse
L NS

a bex , wow with (‘a& Uva““s oth. Iw Hais case  G) e.lm'vn‘w'l’

Y,

o (,—7 i )l," (ﬁ b )* €1, Tl f;((ows qu Yo orthimike-

a;+£-‘ °;+‘;

Aeowc&r:c mian fuequaln'? '(.JL\:CL fmruu Hat Hhe C(hs i “pev bonoled ‘/V

“ ()
2 1 LT
LS ham
] ”

= asb;
Met, we will proce ) foe o tolleckon of boxs by iwduetiin, Lk #(A8)
be He bobl numbee of boxts v Aovd B & essumt Hot () lolds for
#(ALB) = wr-1 (with #(A0B) =2 &'“”' ‘mvlu). We tow prove it for #(408) = m
P heanslek B &R sepwrebly b A A 0B ank Be B, uR_ what
AB/AB. we He ibusakios of A B Wit He puikive [rmyakive

hlf spait ouk  waax] #(A40B,) #(4. 0B )} € w1 and

vol (A;) _ovil (»,)
L '

R D" R, wi (#) vol (B)

A. [ A,
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Siwee  A+R = (A + 3+)u(ﬁ++3_)u(ﬂ,+3+)v(ﬂ-+3-)
we Lave J/
voL( A#B) > el ( A’L-} B+> + vl (A-+ B_)

" a “ v, "/.. " L’ l.-\&u(hhn
> voL(A;)/-+ voL(R*)h) + (Vil(ﬂ-) + wl (B-) ) k,r.Hnu?;

vol (B)%‘ ) "
vl (#) Y=

- WL(A,)(Ai»—:-::—tL(%.,j) + vol(A.) ('H

¢ vl A) (4+ %’t%)m )“ - (v.t(A)“‘w.ua)"’“)n.
Ty peove He veult fw-c feride o .( bocu, which can frually Le
used o a"«x:w..k ,rL:kw, tow‘hd’ sels A ok R .
(i) -'[.Ilows (low (> by applying oo oseh AA ad (2-A)B

)

v 4 - A
V‘L( AA+ (2-2) B) s (,\ vol(A) % + (4-)) vuL(B)"/" ) I’: VOL(A’)’\ lrol,('S)
|
m-:i'hwckc-éeo\..ck:c wlan o

. vel (A) ™~
rowmarll: - Ot con aly olrive (5> f‘ow G L, ”MQ A voL(H)q’“o-w((B)‘/“ ’

Thee withk A's A/vl(M™ | B'= B/ vlBY™ (i) impUy :

vl (AA"s (2-0B') > wl(AYV wt(3)™ =4

whilh 7 turn ’."“'f Ges ()

sfhtl /\A'i- (""/\\ B l = (/4"3)/ ( Vo(.(/n‘/"+ \nlla)‘,‘.) .

Coe . : ( lso‘:u-;w.dw-:c iuevaL; {’/ )

- AW \* [ seay 7
If Ac R s a tonvux Loi/ owd Rz B . Then (:ut(&)) < (S(B)))

w he K):= W 1 val - vol (K “e wear w~N e
" S(K) ‘zwf( (k+eB) )) defimss Hie swface wea

(‘u rw'-‘cw(nrl .'f S(ﬁ)' S(B) l"‘Lﬂ'\ voLLﬁ) < VOL(B) )

B.1.
Y 1 4, \"
Eﬂ‘f: S(A) > t.:ﬂo %[(vo((ﬁ) /“+£voL( B),")-vot(#)]
bt X el b
= novel(A) T vl (B) T = WA T wL(B) T oS(B)

S(R) = wwl(B)

lec4 Page 4



V. ComcevleaH o o][ hlasuit o, Sh

—

—_—

Defr s W dawke by ST e BT Jxb, =1} He ot sphue i R
whith we reawd as a Laehc spoct with wee e ""/)"’”"'/”7-
(We conld ae well dake He «oa&s.‘c disbance  dlxy) = arceos <x,y> |

whih cabifie Thepl, v dly) s 1yl )

+ By o we dimoke He nocmalived  spholeal witasuce " oo "7
That ig T i¢ o(LfmuL o Rocel subsets of ST Al salupcs

T(S""):=1 sk o (TAY:=w(A) VYV Te o).

( This wtaswe odsB‘ s V\h'°¢|M and saks F"

‘T(A) = vu(( K)/w!,(&t:) u.‘Ha 'K== {xe R“' 3,\e[o,|]30€A‘-x=)\ak )

V\‘3 h=A0 s 406

%

22 /L7 s/ 77 77 7722,
77 7 ,

-

%,

A bavk orowed e equike " Hhat cves N7 of the
sphv e sheivlks  as O (4/,/:3) as Fhe dmtnsion w s jaectased

T hat i_g. Fle sufue measurl ! tam(-lh/"‘hl(} ! W’MMA #le 610\&‘#('.

\/\IQ wl‘l Se¢ o gowd-rfc & [/ {;Av\cudunl versl ow o'f ('Oul(nJ'rﬁ)fon of
mlaswe ow He S,olvuc. Hm '5 J'Lc auwc‘ﬂ owt:

-

The.: Lt Acg”

be o weaswabl subset

w1

and A8:= { xe S I 376)4: llx-,ll,_s S} T henn

-W Sl/q
(4

lec5 Page 1



~

Ewof: Dgf.'hc 5 1 S“-"\ A& ' z:: [0.‘11'/‘ , R [9.41'& as ow p. Iy

T baw vo((ﬁ) : w(ﬂg)' ""L(Bt;) vel LE)t V(B) vol (.'3(;)

ahA 6’( a\,\f :6 ﬁ. -t € 5 \-l;""" s .%"2 . b= "—;“l Wt Cown
\  beed JEE e R VS e
5 Hewe, 30T £ 0Bp o bt
~% ~\% B P8 w
vel (A) vel (R) < Vol.( . ) £ V'L(Bt:)
“’(AYI‘ V( B) <3 VoL( B‘:) .
WLCCL\ ;wru()
1-¢(A): v(B) « v(a) "
-4 £\ R V0
= ¢(a) (4';) < v(a) ¢ . n
i
Tex € ex
Tok-'a A as Fe werv wau'_grl«.r(. ol Hhes T(ﬁsz?j_ , we 8&“ +Hlat

C-a. ﬁ&'/- 6f "'Lt srtvu( ?5 \,J""’\a»:\-. [\ &&*ahct af O(#E\) f.-ow\ A'

R“’“““& He aauw»u»” with ¥l lowu Lmr.srlwt o:.k cow\a:v&% the
+N°l WY 8‘* Hat A3 7. ae withia .Ms‘)'ﬂv\‘t o(ff‘) {l’ﬂm te
¢1Mk: _

(’Ou\tlh)‘rﬁkﬂa of Wwalasus @ OLl)D OCCWS 1w o'H»u‘ Spuus. 0\—( U(aw\rtl=

émss;uu wmeaswe COV\HV\J“H.'\:

9
< xh /2

For A< R" Lt y(ﬂ)n (?w)’%j e Ax  be He

A
gmss-'a». hatasucel | T Len for auy w.tuv.l/\“l A Lt \/(ﬂ)’%l

1
y (As) > 1~ et
Hee tn dots et euter the bouod oL'rlclL)/‘ bot wok Foab &
reuvdown 'oo,l.fx(aao-raug o‘a() bes  flxlt ~ V2,

OHu (omCtmbraNowm o{' wtaswe ttswlys  we  Uvown Fn e wdta,
'l'""\s S-'V eeo X S-'. J'Lt Haww:% cuLl J[ 0'41\' ) OJ’C- ncs'l Of

‘Hnlw\ cov Lc rnvw\ f*om (- TN :bePb'.lv—-tL\:-c ;«..ul.,uL;k/,

lec5 Page 2



Thw .

S,’uce T s a rcoLAL.'L""' Mtasnrl Ow 5"-"01.‘/ meuswaLQ
{w..cklvw f’ Shm~> R Cé Le l‘al«n‘ll{ ag raullam vu—-‘o‘él{ wit,

! g’o(tl'hkdn ve lee ! E(-f) :s j flx) Aotx and a
SM'I

" median Mt&('f)-': SnF'{ €e kR ( f'[fs {1 sg} whete

F[.fs t]:= q-({xéquI 'f(")“f}) .

/,Ok +hot L)/ (ov}l\'u(kdn P[{ < wcL(f)l < % a\.k r[f >|h\lo((f)] 6% .
The {ouowwa s @ .{m—.ckount vusiown | 'f comctnira R o-[»

wrlagure ow  The S‘alnu(.-

Q.évly.J Ltw\m«) l'f ][5 S“m» R s a wﬁoudﬂ\n H«a"’ SA,-G{N;

'f"‘"'f‘f)l‘ l1<- 5 I (,-,L. + .‘5"4~L;P5¢L‘;4t ")' How VSelol:
PL[ £ > Mu((f)+8] « 2 L

P[ f<|m¢¢((f)-81 € 2 C_gzu/q

‘”‘: D‘I“"‘ A:: '{xé Sh-', -f(n) suuL(f)} . The V‘ﬁ) ”%

avd if ye Ay Hhen 3xeA Gtk Syl e [f)- f0

so that  yehy D> f) ¢ wmed(f)+ S

Us.'a He prrvions Hhw we 3& 1

PI ]C > med(f) + 8] ¢« 1- ¢(Ag) « Zc’“S/q .

The secondl inequalily is proctn o He Samt oy by clorsing

A accosebuoyly . o

Hee we conld as well have daken He uped-od-rov. valume  ns lead of

e wedldan

lec5 Page 3



,L_‘L“‘_'l”_'l:— Let {':_Sh"-"‘ R Le a measwable 4’1..'fxcl~.'h -fw.cl(m. T bkt

| wed () - E(F)] < 4 ,,'-r—-;

Enof: wiz waed (f)
|- B |+ JECaf) ] < E([w-f1) , gL Imn ]

:j A detx)

j (/w X(x t) olt ) dele) Z(r.t):;{ :, t < g
o

"
4

(j X let) J-v'(x)) oAt
9 S“‘"

)T PLI—tl ] At

0
«© 2
-tusy uVw
P~
4

n

lec5 Page 4



—

L- :Sotw-swa' Ll'uo(lu;#mj; Lemma

Tbe. ( €xictence o{ Hoor wlasure)
Leb (na) be a cowpact medsc space avd G o aonp of
sewtbits g MaTl (ie, Voot VacG: dlyng, ) dingy) ).
T hea Hhee u?slsarcoL.L:L'#/ A He Rocel sets Hat
1 G iwerieat (i, VaeG V Bud sehs As: p(af): ()
Moctovw, n is umique, if & otbs fransikvly on N
(ie, Weel: Gx- R ).

TL:; tmeagwe i called "Hawr wensure

o\aw\e(pl: . H’Swﬂl &= 00 : Tl per is e srL(h't"L WAt aSWC .
M: G = 0) : '-(— $ it a wmeNie on _(h-' wet, whidh & s « Jvau(
of Boweht, dho (g b gap  S(ge k)
Jgf(us a el on & ' whith  wheibs FlUs Pfor’lr")n

/u s case Ht Har easure dlﬁv! "r.u/ow' rots Noas .

C 60, At Gyt dedie. subspars of RT] T Soanamia
Eeh eltwmot in Gonw con be "o(cuk'&ul with  a U-dien octh,
projeckeon Pe R™. S"’"r athon aud wekic con $un be defrned g
Pro aAPS" aed d(RP)Z IP-p'N, The Hawr waeasuie Faw,

JL‘-IMU ‘ra\—\low sML:‘onuaj. ) ov ‘t-.w.h\.. Pro&.ukcu} ! .

lec6 Page 1



LCMMQZ Ltf ‘Aé oW Le s How* PG\AJOM \'Ol'a"*‘iv\ X

() Let xe S°7 be fred. Thew Ux is oligheibukd a.c..ou% Lo tle
5Fkv:cat mtaswre ow ST
() Leb Le Gy Thm WUL) s o Hoar- ronkom kodiw subspae m R
l’\[ () Let AcS" be a Rocel st Fluw i probabiliby foc Uxe A
sabafis PLUcend s p (Jucom | wen}).
NI T it
: PL uxeva]

Liwee | P ux er] defras an OL)-icvaitant wmeaswe o Roel shs of <t

y

'13), ki quiir ¢55 o'f He _grl,,,u.( wtsswe  we Love P[ Ux 6/4_7 s v iA) .

) = &xuise . a

Tl&h\.: ( Eo(mso«n- L.'uollus *rdMSS qul )

Foe evwy €30 thee /s a comstont ¢>0 <. ﬁr evey Hildert space H aud any

subset X €M with IX|evweprsr #hoe is a bueawr tma L:H- L with
/" 2

k< Clah s.t Vu,veX: (1-€) lu-vll € NLu-Lofl € (14€) fu-vl

n

cemarks: 0 This i vefered bo oas He " Nohusowr Livdivmshars {/.#wb Lrvina
o The eeswld ks > 4500 pidaborms .
The posibilty of Aimmsionaldy ceduckon ' of His dppe dipends o He worin,
For Hhe - Locmn foe Y PINT T TR rm:“t L ove can sheo
[Xoheson, Marve 20081 +lb de  XL-Lomima  almest chwaderives Hilbot spares.
i (HY  does vot oppes v He fhim. Ade Hlat L.,.l.aa. Wt Con atlluime
dw (M) = w . ik Hu auuw./-/fu. He ,4//04.,,(1] 7?7 /now'é_l woie tails and

flu,yL/l} I‘/{ ZL“ Lnul.aq :

lec6 Page 2



Pror.: Let w33, selon3, {u_, . ‘4...} cR". I+ Q: R > R v oa raudow  oh..

@

rw&((kiv\ owlo a S\ALS?“( of da:w!ms;bn k = %lgh' Fhen
with poobability % A% Ll heve  Vigedtond

() () Mw-wll ¢ T2 A Cww) ||, € (48 Bui-wg

whtee ST § “ Gu", -(N Gu, xE S"d.

rtwmorlK I—Le cou>"*ou~'l.s wne ',.ol’ ofkw\al, . Wit sowe é"{ﬂ“"" Ouwe caw rlpbue 6u l./ 46,
loa(")

Tle SCA‘/"% caw be l.lefoA J'O n ltl'é(“,‘) X

f"""/f 0‘“’ Qi S J‘° ‘L‘Wst k SMLLA ‘Hud’ F" o.ur X € Sh-' auL }—tav* ra»-AO\M

()

K- diwn. o*’“'\.Y:ro'\uk‘ov. Q
PLI@xli-w | s em] <

,f #"Ms i '\'hc \ "'L(\a -(N Owny Pw\'r w, 3 ui He c,a‘vw-kon (g)
'S \n‘olnh* w-'“» ‘oroanL", < n'3 owdld  since tHove e (‘;) € \AI
swchh falrs ik Lolde (»( ol of' Huw. wtl ‘oroLaLZ L'Y y -1

B) e rrev;ﬂhs L rman et con inshead 07( /Aﬂa x€S h! adl  clsesing a
~frn .(ol.q r m&((’*’l\ﬂ 158 (") a$ M/‘ ﬁk 0 aM/ (“0.!( X y-aa-.'(O“'l/ d((”l"‘:j
o Hle Sr; heoiaal  paeasure | T heo, 7[: x> fHaxl s 1- ["rs:tn',é with, tmelan

i awd L('V/." lel—ua a"VCS-'
- £t/
(7_) P[/ //a)(//-h/>£k—v] < LIC € "/.

To Protrcd‘ we owpnk a low o bound ﬁ( wmot o Jo Hhr end | nolc dat
o ECF )= E(Maxl)  for fuek xe S 4 @ condonn
: E (EZ <’<;.Qx;>)= t k[a:(="’:?

v EGf') € PLfcwr8] (ww8) + P wmr8]un fi
e (e 8) #2657 gl o)
;z(w}'bﬁ‘#c-%&) sz(uuz-}‘%-r%)
$VE '

k> '-‘t(gh

lec6 Page 3



@

=6 K12
- k k J k- ¢
° Cowl.m.ua He too - A E‘. 3 73 > 7 &

IM;U‘I\'Q "L\,s i‘Jo *LC l‘.L\-(, pf (1) e 6&6
F[I"QK“‘MI>5M1$L/C-k‘/4‘
wh. /s Swallor Hoaw w3 /f k s 4:1' (OA(L‘MB) .

<. {.f wsd we cam cloose k- %“a“-

r'iwuﬂ'll): . Av\ uo‘vm‘-'& (omrwlo( 0‘1) oﬂqr 0‘4‘.44-(“5:'0%! Lf/ rll“"tklv\

Lfc'nvv\'qwls I‘S J’L'J’ 1L :\.s Mdn-@‘n{l"{v , .',l.' "'Ll 'ofa'y()-tov-
Cev Lt CLouu Lclﬁt "'Lc J‘LA -.5 avl—:lAL‘L. T‘«.; a“ows C.A,

f wuse 31_ la 's"v-u\w-iva wbﬁjlnws '.
o duslkad of usivz) rondon rn&uk..; ove (rv UK  randoun

conskrut Kons  based ow Smu?n“ o Buuonlls racdow vwrlabls
(ved fo e edas of Q)

b Tw gu(« Ja"a r.:\..l x€ R” owt Ll} )—o Cow(wl'c Qx .,..L:AA. simee
a L 6] ( ‘;'I? l‘A “‘) tdeleg . r(.llm; s O ( ‘:it ‘Oév‘) o.ﬂruklw} .
lv\ 2006 Ailow & (Lamtle [ hoduweed +ie ! Fast 3L keaws .‘nw\ )

Hat by uwnr..hknml tost  closer 1o O(Allta/") ovd uxs Q
,f Hee foew. Q= PFD , whee P s :’out. F a Founser )n{v
QVA _D 0(1‘2)0\'\.\‘» wt.ha rahllw Sléh} .

o Rocall e lv-ta.uo.hé of Hee _c/ml,al.s O() ok () {uf He
as,w’vJ—wac LeLAv-'ar 1 St L.va

, (_J - 00 !

fl“)" 0(3"‘)) mtaws a s \Ar "va (ouy"aw’» an u/wf)v'—fc

wppv bonnd 94,, f , e (,.'....._.,,r / g‘(—:, < oo .

u=>0

El'u;\n‘lw't,. JC503wm V> lf(ml gclal“)' .

H"‘)" ﬂ(a(”) mmlans 3 DY url‘v ucaus/'am"' T “/“"f"
lo..l&f on‘V\A F«» f. L. UM;n‘f l ﬂ“ll > 0.

25T =] a(h)

lec6 Page 4



IL. NC ‘/‘fl.( CMLllL‘u *Llory @
/—

—<)

fo-: l{" (x, o(). (7. & ) LC mehc Sraltj . A. iu'&uhvt el o F:x_b)’ - Cauc&
a hD-l\M Lclﬁ..t.):‘ whice D"’l 7 aceal nuwbe | if Hwe s g +3 0 st
V,‘/e X rg((wl)/) < S({l-).{(,)) < Drl((x‘s/),

TLL lu( ovy o.lt D‘$ fq-r w\f\:c‘n f ;_5 A D’t/vwbiiou.\é XY alld "o(,,‘s}nka.\ "

o 1

S(F“‘)n F")) , &("'7)
B T R e 7 e AL ey e

we + It Hle dushe fow 'S D=Lir(f)'1:f(fd).

s Xy R me ek spaus of Rawek Mezwr dsstance ol (47D
How Hoe obk o L D-embedboy i D> dlxy)
b AL we have o D'tmbelua wht. D % = A2+ 0(¢Y)
iwbo L;‘ wibh k=o(ﬁ’A{1f—') Tk {ouow;% shows Head o distockon

iko((‘ou\h,v} o‘(’ |X| Cavrwet al\mx?w be acliivid whhew cw.)mluva who L;-‘

TLw-.I [ El«flo ‘65] Lc-f x::{o"ll* , w >l be He ' Hnww:vsé CMLL“ ¢1\.:r(4A

W‘+L\ +L( L_'- WL"T:C ( ! )'Iaw\m:ué o‘/‘sJ‘nuC( “) ° lf (: X-) LZ f; a
D»:wbel‘oﬁ% .'Hue“ D 2 S .

_L""[ (sketeb):  The idia o b show Heot if or cvabeds such Hot ednes
heve ogproxivneskly i eigb Lghs | e sone dinyenls et ko shaet,
€ d (uo) e XeX | Huewll, =1 edses
Food (o) e XoX | il e} oy dinyemels
Mote Heat TEL: 27 qud (F) 22"

Foo ceal mumbos x>, one Leg

2 2 1 1 1

g ()t-\"z) + (&,' x;) + (x:;x.,)f»(x.,-x.,) - ("1"‘5)1- ("z' X“)
z ("""‘z* Xy = 3y )1 )«D R J-‘luu (;K w2
Z " F (w) - 'f ) ':‘ < Z " -{lh)- { (v) ": .

(wefF () €E

Foro w2 He samt ;ul»‘uak"')' ean be showe L/ wdm e (whibh we gwit),

lec7 Page 1



> Mfe-for T Meeer, 2 gt

S 45 (W EF > a (w)EF L1 owm T
° 4 1 L
2 ”‘F l“)'{lv) ﬂv D " u-v l: D [vo8 2 ! Dz
(W) EE (w, v)"E
o

is Dt beddrn
f )

rewanwlls: © | Jowes |{ IXlI=:w we obtain Fhat Hwe v wo ML’L‘M% w, Hw Aty bve kov\

e ———

Less  dhan e wh (.
Exomrhs bf h-',o:n‘* W(,,\‘(C Sfdctj 'Hud' rqv\:tt ol':;’vfko\n RLLOAM)

fvt («MLu‘.tL\hQs .'u.l-o L, (24 SO‘Cﬁuﬂt 'cw>‘-0u.' -haru kro\vo‘u’ aw«‘)ks'

Uit M 5"".“ wtherc .
N Bowzy\;\.ls 'HMM (h(ow) sLowb Y ﬂ,({(au) acbhrkhn V‘\V\:-VC\M*M*'

is Y wn)*’ CeSC

TL\\N\ [F(ztlﬂ("'j eleJU\.a 'Hnw.]

Ak/ Convntnble nathx space (X. al) adwmits av isomelic embf'("—v'va
(i.e., one with obishockon 1) | into [, .

Fwof.‘ Foc  each xe X we ollﬁw [} coafochhk {;;)(" R via f)‘(u) B o(()f.u) 0"‘(
f-‘ X lel s _{‘(“) - ({x.(')‘ {“ (u)' ) . Tha

o0

,f(v)- f(v) "‘ T Sup ’-f(u)— Lo |

X ¢ A(u,v) by J~.».'¢.,ah ,'h,1.
= “ oA(xu)- Alx,v)
ierx ’ (X "‘) , 5 0(("‘\") b) se ”lva x= W, a

lec7 Page 2



@

T . Rouraamn '
1 hw.: [3 a S ]
Let (X‘o() 6( a meheic _cr,ale with lkh:héﬂ_ T here eists a D‘cwéu’d«.g

imfo Lp  with D- Ollyu) and ke O((y))  for on, p3r.

Proof (.(lfwhln):(,\lc w.lt {{r;f‘ considr He  case f=‘4 anwh (sl show FHlat (Y

,’mrutj atl othe cases.

e will wse @& Jo«b‘( ;hhx (-',&) -fvr tle Coord—;uwlt.s wlauc 5:4' ey L‘ah

—

awd S=4""' c, (néu with ¢, a swtable constont | For

each (i,‘s) P,‘ck u“ifvﬂ“t’ a rendon. st A:.sfx O'f size ,A:S,: ;—, .

. Alu, Ay)
We oLL‘-‘v-C cooro‘nhaks f‘i (w) := __“k_s_ a5 He wiminesl distance
b e set A‘S resScaled L/ the mwumbe k- c, loa"u ¢f coocolma ks .

Thew M-I, = F 2 | dlu, 0,0~ dlv, Ay) |
i

Af'nci.
€1 dlunv) = dluy)
;'s :

k
So i vemnins b Joive o lower bounek
Defre £ 5 wmin{ reR| 1B ]2 4 1BW=2) for 0.
whot w g st Fhluv) s mL s clur)  foe ot comshant ceo?).
Cowsidr o 6;\,:.. ro owith lB,.iLu)' =2'. - IB..;(v)l»Z:. Foc oy
§ ome can lowvr bouwad
P[ A n Bl =g Aa B, ()4 F1 b o vonreo coustont
I Hhis  case

{.'s'(“) > % ” f:s (v) < % so teat -f:( ﬁxu( /

I ‘F;s- (U\) = {'.‘ (V) , > :':-( (r, - ";_, ) L.plls fvr a Couél‘nv\f'
f»ul‘m of tle c, lg “ J s . [a-‘.<¢7w4u7‘£),'

Alu,nv)
/;\ O(lau) .

£ - fearly 2‘_ MQ—) (ri-r.,)

"ttulor:t FIRPRRPN [ =0,

T‘m‘_, sLows He clasan ]CN‘ r:’l, . 2 CzoL(u.V)

lec7 Page 3



For otlbo valueg ‘/ P vete tot .

g £, - (2‘_. lf_.sm-,c,.,.(v)[”)""
“§

P % 4
ol(uv) f -5
c(Z ) KTa) e

R

I LD~ Fl, k7 ; ‘Z) [f500- f 0] = I feo- £,
Ho Ldee's ineq-
)
Ollyw)

>f

rewearks s S“rr"‘ ()’,o() s o wmehve Space witl subset X £y
Thew He alove M;fx.u.a s swel Mot N FO-FOU < Aly)
fvf olC x,y é/ . Oaly H¢ lowe bouw-d eploifs  Fhat sy & X.
er(vv(rl bott aul/ requict a steas - weehe spacc (Uan o((x,/)=0
weed ot juply xzy ).

© Mk Mot Hhe chostn S indipendet of p.

For  p2 we con compose witt fe 3L ewbeddiy and obtuia
0((3;.) Ais for o into Ly wite &:0[/6..)'
[Abrabiaw, Bortal, Meiwean 2006-20n1 ]  hove skowe Fhat oue con ewbed b
oy U il ke OCly=) and disbocken O(lyw)
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vl twe 15 w0 2 € S‘“'/A/ ot we could  add to A ithont
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lec8 Page 2



@

The /olloui% Liwnan  eslmmnley, how will gue con aﬂorox'mk vpvmlvr Woflan s
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yio ox s, v x S;u{; . Thea {7;};_ will be octhonerimsl  and

i Py 8 ( A Casz{: A (4-(.;‘{;)) , Hewie | Wt con alwa)» ¢ hoost
Wor

$Le “{E'S <.t </;'A/$>= S‘S )‘o . T heuw P- Z )1'7:. s tle Somébd'

iz0

Pro&lc"ﬂ‘. o

_(_:CrLU'\'CWL ‘-ctkdlﬂ$ 0‘{ La—:r.(o:lﬁ) '{ £€ R“ l‘; auv elL.r.So;L’ 'LLJ(-'

J’_"'_t

LlwwA
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Wik N [l detd At ) fell, Ael) it bolde  Hot  HR* 21
Su-l f'"'

2z
voods nn* :: ( / ""l,:/t " X”“I‘ o("["() )

Fislde POl
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Def.: ( Dvoretaky dimtnsion) Let X: (R I1) be a vocwmed Spece.
/ ¢
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