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DIFFERENTIAL TOPOLOGY

I .
 Topological spaces  

-

 a  reminder

I. n
.

 Basic definitions

Def .  i topology  T on  a  set X is  a  collection  of  subsets  of X sit
.

( i ) 0
,

X  e  T

( ii ) U
.

VET  Un V ET

( iii ) U
,

e  T  ⇒ U U ,
c-  T

LEA

° ( Xi T ) is  called topological space ,

its  elements ( UE i ) are

called open  sets
,

their  complements ( XIU ,
UET ) closed sets

.

°  The closure A of A  EX is the smallest  closed subset  of X that

contains A lie
;

the intersection  of  all closed sets  containing A )

°  The interior  int A  of A  EX is the Largest open  subset  of X

contained in A ( i.e.
,

the union  of  all open  subsets  in A )

° The boundary 2A  of A  EX is 2A :-. Flint I A )
.

° A  EX is dense  in X if A -
- X

.

° U EX is  a  neighborhood of  x  EX if 7 VET:  x  EV EU
.

•  BET is  a basis  of  T if FU ET the  B : U : U V

VE  A

Def . : ( Properties  of top .
 spaces ) A top .

 space C X
,

T ) is  called
.

.
.

°  connected if  X -
- X

,  uh  ,
① t X

;
ET  implies  X. n X

,
=L Of

° Hausdorff ( a.k.a
.

"

T2
"

) if for  all distinct x. yc. X there  we

disjoint neighborhoods .

' second countable if  there exists  a countable basis  of T
.
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remark : o ( x.  T ) is  connected iff 0 and X  are the only
"

clop en

"

( :  closed & open ) subsets  of X

examples :
 o Metric topology  of  a  metric  space L X. d)

.

With

Bru ) I y  EX I die
. y ) e r } define  T :=f UEX I -VxEU7r > O :  Bru ) EU )

Then . ( x.  T ) is  a Hausdorff  space

° I Brl
req ,  , ×

is  a basis of  T

ZFC
° ( X. T ) is  second countable iff  X has  a  countable dense

subset ( i.e
.

,  it  is
"

separable
" )

° Trivial
topology  of  a  set X is  T : f 0 ,

X }
( This  is  not Hausdorff  if 1×172 }

°  Discrete topology T : : fu ex )

(Z

:
 " 77,7,

.de?jhesnaintssa..4Ied.setstosesown-onsotagesra-c )

I. 2
. Constructing new  spaces from  old ones

Def .
:  he  subspace topology ( a.k.a

.

"

relative topology
"

) of  a  subset A  EX of  a

top .
 space ( KT ) is defined by  Tla f Ve  A I 7  UET :  Un  A -

- V }
( Its  elements  are  sometimes  called "

relatively  open
"

)

examples
:  o he

-  -

n - sphere
"

S
"

:= fee IR
" '

I Hell
,

-
- n ) inherits  a topology from

Euclidean  space IR
" "

.

a  The  metric topology  of (IR
"

,
It . K ) coincides  with the subspace topology

of IR
"

in IR
" '

with  metric topology  writ
.

A - K .
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Def . : o The product topology  of two  top .  spaces ( X. T ) and Cy
,

R ) is defined as

I U E  Xx Y / tf  Cry ) E U I  Ux  ET
, Uy  ER :  xehxnytllyn Ux  thy  EU )

^

remark :  a basis  can be  obtained in the

u

?
form Vxw by  running over  all

- elements V of  a basis  of  X  and

all  ' W  of  a basis  of Y .

(  ) >

Ux

°  The quotient topology  of  a quotient XI -  of ( X. T ) is

defined as Qi : f Ve Xf - / g.
 '

I v ) E  T ) where
g

: X - s Xf -

is the "

quotient  map
"

,  i.  e.
 , 9 :  ×  I → HT

.

warning : Quotients  can  ruin Hausdorff property ?

examples : o Projective  spaces for IK Ef IR
,

E )

I Kp
"

:= ( Ik
" '

tho ) ) / -  where  x - y # Flick :  x .

- Ay

Alternatively, e.g . for IRP
"

: .

- f
'

te
,  

- x ) / xe  Sh }

° Torus T
'

can be  regarded as product  space
5×5

,

as  a quotient  of [0,73×50,7] by  identifying ( i  "

gluing together
")

parallel edges ,

or  as  a  subspace  of IRS
.

Product
, quotient & subspace topologies

← .
.

.
. .

. .
.

.
.

.

.

, coincide .

^

?
:

s ' i
.

.

S '

O  7





r
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I. 3
. Compactness , convergence & continuity

Def . : Let ( X. T ) be  a top .
 space  

.

° A  subset A  EX is  called compact  if  any  open  cover

( TU .it
*  net with Kenna

' 
- A )

has  a finite  sub cover

( i.e
. Un

,

? A ) -

remark : Closed subsets  of  compact  sets  are  compact .

Def . : A  sequence C xn )
new

is  said to  converge to  XEX if

FU ET : ( x  EU  ⇒ F  m  EAV tfntm  :  xn EU )remarks:  o In  a  metric  space the closure At of  A  is the  set  of  limits  of  all

sequences  in A
.

• In Hausdorff  spaces limits  are  unique  .

sequential compactness metric  space compactness
S  )

( =  sequences have  cow
.

 subsea .  s )

Hans -

metric

dorff space

v  u

closed ness boundedness
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Def . i A  map f :X → Y between two top .
 spaces C XT )

,
Cy

,
R ) is  called

o continuous  if U ER ⇒ f-
 '

( u ) ET

o  open  if VET  ⇒ f I v ) ER

o homeomorphism  if  it  is bijective , continuous  and has  cont
.  inverse

.

( C x
, Y ) i=  set  of  all cont

.  maps f :X - of

X and Y are  called homeomorphic  if  there  exists  a homeomorphism
between them

.

remarks :
 o If f  E C ( X

, Y ) then  Xu
- se  implies f I xn ) → fix )

.

In  metric  spaces

His  is  equivalent to  continuity

. f : I 0,2T ) → S
"

. fts ( call )
.

 since ) ) is  an  example of  a  continuous

bijection that  is  not  a homeomorphism
.

°  continuous  maps preserve  compactness d connectedness

I
. Topological manifolds

Def . i A  second countable Hausdorff  space ( M
,  T ) is  a topological manifold

of dimension  me No  if  it  is locally homeomorphic  to  IR
"

.

That  is
,

for  any  XEM there  is  an  open  neighborhood UEM and a homeomorphism

f :  U - sve Rm
.

°  The pair ( U
,

f ) is  called a  chart
.

• A  collection I ( Us .fr ) )
.vn

of  charts  is  called an  atlas for M if

U U
,  I  M

LEA

. fr ,
. . .

,
fun  we  called coordinates  and f

-  '

a parametrization  .












































































































































Excursion Classification of low dim manifolds

up to homeomorphisms

the only connected manifold is a point
d there are two connected manifolds air and S

Every connected compact 2 dim topological manifold

is homeomorphic to one of the following
i 5 sphere

ii T T orientable surface of genus g
hr of T's

iii RP IRP non orientable surfaces of
non orientable genus g

ur of IRP's
remarks o refers to the connected sum

NzMn

Mn th

S s S2
Rp Rp Rp RP T

Rp RP Klein boltece

e RP is in this context called cross cap
d 3 is the content of Thurston's geometrization conjecture

proven by Perelman in 2003 µ






































































































































A
Def A topological manifold with boundary M is a

second countable Hausdorffspace that is locally
homeomorphic to Rh i f ee IR xn 30

The Esi of 17 is then n

The manifoldboundari 217 17 is the set ofpoints
that are mapped to Xu 0 by some chart and the

manifold interior int M the set of points that are mapped
to Xu 0 by some chart

Examplei Mobiusstrip Xin where X Rx 0,7 with

x y n ett 1 y

n v

H

Propi If n is a topological manifold with boundary then
int M and 217 are top manifolds without boundary and

i din int 1h dim M

ii 217 to dim 2n dim Ch 7

proofi exercise



Prop If f U s V is a Ck Diffeomorphism then

i Ue Xa Ve Y din x dimly
ii freeU det dfa to

iii Fx c Ui d f ly dfe with y fix
iv f e V U

proofi Chain rule applied to fof 1 and f of He gives
dfxdff ly 11 and dlf l dfa thx

So dfe is a vectorspace isomorphism i Lii Ciii

For iv assume f EC with L K From iii we get
d f ly dff int

Y s Bly X Hence dlf l e d

f e c
C's f c i

d f eCKIX Blt X I

Thin Inverse function theorem

Let X Y be Euclidean spaces UEX open and f EC U Y

with kertrutoo If det dfa to there is an openneighborhoodVox s t f v V s f Iv is a C diffeomorphism



Corollaryi constant rank thin Let f EC UeRm R best

b tell rank dfe r Then VxeU there are open neighborhoods

Vaz we fCH and C diffeomorphisms

fi V far e Rm

µ W 41W c IR

such that to f of xn Xm x er O o

for all xe flu
proofi Set a x er b xr Xm and g f fr

h frt fu That is f a b gCais hla.be

Assume w.C.o.g.dk dfafz to

For flab glab b weget dfz f II
and def dfe to 2

By the inverse function theorem f is a local C diffeomorphism

Define f a b ACab Bcab

Then a b f f a b GLAB B

so that g A B a n B b

Therefore fof a b f A B g A B LCA B

a h Ala.b b H

and d fol t Hr O

agg 2
must be of rank r

This requires b O which implies fof a b a Hal



Now define 4 air Lu v Heu

Since It I 0

fgyu
is iauvh.se

we can apply the inverse function theorem

Y is a local C diffeomorphism and composing
the mapsyields to f of a b a o I

II.is FFERENTlABLF

NFOLDSDefLet h be an m dim top manifold and kervuto

Two charts Unf LU f we C compatible if
f of f Unruh aRm s f Unruh c Rm is a

C diffeomorphism

A C as is an atlas with pairwise C comp charts

A Chstructurer for h is a maximal C atlas i e one

that is not contained in any strictly longer C atlas

If A is a C structure for M then M t is called

C d of dimension m

smooth is synonym for C

E et
4T H



For Ks 7 every C atlas has a unique extension to

a Ck structure

proofi Let A be a C atlas for M and A the set of all charts
that we C compatible with A A C structure 5 satrsfre

K
AE 8 E A We show that A is a C atlas and thus

A L For lui f e t we have to show that fifi
is C diff on f Unruh
For any y face c h U.nu there is a chart w 4 tf
that is C compatible with I and sit xeW Hence

f of f 0 0 o of is a composition of two

local C diffs and therefore itself a local C diff D

remark This implies that two C atlases determine the

same C structure iff their union is a C atlas

examplesio R becomes n dim C manifold with the single chart R id

The resulting smooth structure is called the standard

smooth structure This can be applied to any open subset
such as G Lch R

Spheres as C manifolds
For the two charts given by
f e I Lin Xn on S l o o n U

T Xun

f x I ou S l O O 7 i Uz
rt Xuti

one obtains f of z z which is a C diff
on f U n U IR 1103



Projective spaces as co manifolds exercise

C product manifolds If th th are C manifolds
then 17 Me becomes a C manifold of dim 17 172
dim Mitdim th with charts of the form Uxv txt

Th Whitney If Kun every C structure contains

a co structure

proof i see Whitney or Hirsch D

remarksio Motivated by this we will only consider C ar
o

There are tap manifolds that do not admit a smooth structure

eg the 4 dim F8 manifold discovered by Freedman
From a given smoothstructure f Usafa we can obtain another

one 1 Ue fut byacting with a homeomorphism 4 Such smooth

structures are called equivalent
For 112 with nt4 all smooth structures are equivalent

For IR however there is an uncountable infinity of inequivalent
smooth structures workby Freedman Donaldson There are

eg exotic112s with compact sets that cannot be surrounded

by anysmoothly embedded S3

If M is an m dim top manifold then there is up to

equivalence a unique smooth structure for m c4 and

fruitely many or none for m 4

Many Fields medalists worked on problems related to the abovei

Thurston Milnor Smale Donaldson Freedman not to mention Perelman




























I.Smooth ps

Def.ie Let MA MB f
_ube smooth manifolds

A map f M N is called ff
smooth if for all lu.lt EA

X fofand all LYNE B with flu c V

the map tofo f flu ER THEIR is smooth

A map g X EM N is called smooth if trek there is an open

neighborhood WEM and a smooth map f U NS.t.f gonunX
g X EM Yc Nisa diffeomorphism if it is bijective smooth and has a

smooth inverse X and Y are then called d orph.ec

all smooth maps from X to Y

Leni The composition of smoothmaps is smooth
proofi exercise

Exampt o GP and s are with the smooth structures considered before

diffeomorphic A diffeomorphism is f S EP µ

f a 1 for x 1

1 for x 1

Here z Zz denotes the equivalence class in formedby

f is well defined since 1 on 51T 1

Similarly RP and S are diffeomorphie



Lenin Smooth invariance of domain Let M N be smooth manifolds of
equal dimension and fill flu EN a diffeomorphism from an open

subset UEM Then fln is open in N

WEM fLu EN

ni f am

proi Since f flu U is smooth there is foreach EU an open neighborhood

V of fiel in N to which f can be extended to a smooth mapflut
f V ns.t.fly f y Vyc.vn flu Due to continuity of f
f r n U Ü is an open neighborhood of and f f f of ihn
Using charts to pull this into Euclidean space weget
fft off f id on the open set flu E IR Taking the derivative

using the chain rule this implies that dltf f is a vector space

isomorphism for all ZE flu By the inverse fumethen there is an

open neighborhood around any such ze flu that is diffeomorphically

mapped to an open image under ttf Since µ is a homeomorphism

f Lu and thus also flu is open in N D

O This is a smooth version of the general invariance of domain
hm that states that if ne IR is open and f U s R is

a continuous injection then flu is open and f U µ is a

homeomorphism We will come back to this and proof this later



The extension of the notion diffeomorphism to subsets of smooth

manifolds allows byapplying it Iv R ER to extend smooth manifold

straight forwardy to smoothmanifold with boundary Then

7M EM 7 4 f E c Un fun 0 and

Int IN f xEMI 7 h f EA EU flau 0

are smooth manifolds of dim dim M 1 and dim LM respectively

The smooth invariance of domain applied to UM IR implies

Carolin If the R IHR is open and diffeomorphism to VER then

V JIRI 0
Carolin If M is a smooth manifold with boundary then 141217 Inter

pro Assume this is not the case i e for some EM there are charts 4 U c A

sit f 4 E JR and f k JR with U.sk

Since f is a homeomorphism there is an open neighborhood Ü ofxs.tn

f Lu nHR Define W 4 nur Ü
Since M is smooth manifold with boundary we have

f f off f Iw ER f Iw E R is a diffeomorphism

However flfzlwhe.IR together with f w e R 17127
contradicts theprevious corollary I

with the iv ofdomain tun the same applies to top manifolds with boundary

Corollartig If f M N is a diffeomorphism between two smoothmanifolds
with boundary then fl Intim Inter and flan 7N

proofi Assume f Intim n 2N Then there would be an open

UE R JR that wouldbe diffeomorphically mapped onto

V tofu f n s.t.vn JIRI F 0 I



 

Det Let f M A v B be a smooth map between smooth manifolds
The rank offatxc.tl is the rank of dltff.IE where

4,1 c A IV4 EB with EU fix EV

f is an immersion if rank f dimLM everywhere

f is an embedding if it is an immersion and f M fan is
a homeomorphism

f is a Cio if rank f dim N everywhere

YEN is called a rcg e off if rank f dim N Kef 4
Otherwise y is called critical value off

reina o y f IM y is a regularvalue off
immersions bunions are locally

jectrrefswjectrre.eeampksi
ocwves j.cl 1 7 R are immersions iff HEL 1,1 JK 1 0

So Lt is not on immersion sharp edge at t O

Vlt

a tee figure 8 g S R

pl cost sint sint sin 2T

is a non injective immersion

an injective immersion which is not an embedding eg an

injective curve with contactpoint µ L 1 1 R with Egypt plo
For U L E E the image glue is not open and thus µ not

a homeomorphism

the map f R Ito s fix is a submersion



inclusion maps like
S IR

R Ruth im 0 o

are embeddings

kVI Smooth submanifolds IRM

pHD Let LMA be a smooth manifold of zu
dimension u NEM is a

submanifold of M A with codimension KEI o n if the N
7 411 EA with EU s.t.hn N f IR where D IR

z z Zu 0 0

remart o a simple but important class is M R with A M id

any linear subspace is smooth submanifold of IR
the name smooth submanifold is justified due to the following

Carolin Let M A be a smooth manifold and N a smooth submanifeld

thereof Then with the subspace topology N becomes a smooth manifold

when equipped with a maximal atlas Ä containing all charts Kf
UnN To flu with U f EA IT IR R 2 z zu n

for which flau flu n ulk

proofi With the subspace topology N becomes a top manifold It remains to

check compatibility However Kofi T.fz.fi or is smooth if Kolitis

As smooth manifold the submanifold will always be understood as the pair vÄ
Clearly dim N dim M k



Thi Let f M N be a smoothmap of constant ranter between smooth manifolds
For everyyefltyttepreimagef.tl IeMisasmoothsnbmanifoldofM of
codimension r

proofi By the constant rank then for every c f I there are charts 41 lv t with

EU yEVs.t.to of z zu z Zr 0 o tz c flu and

Fly O For 2 c fln we have therefore f f z y z 0 o z zu

Hence f CIR r
f 4 n U D

aampki f.IR Ito IR HIHI Then dfü 2x has rank 1 Vxc.IR Ito
so f 1 S is smooth submanifold of codimension 1

Groth Let fi M N be smooth If you is a regularvalue then f y

is a smooth submanifold of M with codimension dim IN

proofi We use that the rank is lower semicontinuous i e if rankf k r

then there is an open neighborhood Ust trankf lx r Kien

This implies that there is an open set Veh with V f l

s.t.fiV M has constant rank dim IN So f y is smoothsubmanifeld

of V and thus of M my D

regvalue

regvalue



Exampt Consider 1 1 EGLln.IR Then the group Gif AER ANT 1

is a smooth submanifold of R of dim Zulu 1
Note that this includes eg the orthogonal and the Lorentz group

profi Define f Glut Rj Ae IR AT A IRE via

f A AnAT Then dfn.li Blatt A1B is for any AEGlln.IR
a surjective map into Rüü since for any ECT we can choose

B 1 A and obtain dfn.li C Hence 1 is regular value off
I

This Let N be a smoothmanifold and YEN Then

Y is a smooth submanifold of N
Y is the imageof an embedding f M N of a smooth manifoldM

proofi Let j Y ju EN g ps p KpcY be the inclusion map
We want to show that j is an embedding

Since a submanifold has the subspace topology j is a homeomorphism

onto its range It is also an immersion since

fojoflj.gl zn zn.u lzn Zn.u 0 0

where k codim Y n din.lv so its rank is dimly everywhere

UnYEN U EN

f Tollen µ
n k
IR IR

Let f M Y fln EN be an embedding i e f in Y is a

homeomorphism and rank f dimLM everywhere Then KEM there

are charts h f and Ikt s.t.xc.vn fleIEU and



fofo f z Zu z Zu 0 o Weneed to show that

Un f oLIIR EM f
KEN

fLM

Hunt flut then this is true t 9
v

Clearly Uni flu but similar to the R MIR
contact point example of an injective immersion UnfIM might be

larger than flu Since f is a homeomorphism onto itsrange f Iv
is open in the subspace topology i er there is an open Ü c NS.t

Üny f r So if U is toobig we take Ü instead I

Carolin If N is a smooth submanifold of M and fi M 5 smooth then

f Iv N IT is smooth

proofi Let j N M be the inclusion map then flu fog is a

composition of smooth maps D

reine similarly one can show that if fin M all smooth and

f IN EY where Y is a smooth submanifold of M then the

induced map f N Y is smooth as well



 

I.TK

angentbnndleMokuaky
mpk AsmoothcwvejE l Is S through flu

satisfies 11pct II 1 so that 0 411pH III 2 g'lo i e flott
t.ro

Conversely every rt is such a tangentvector for the curve

gLt cos t Hrk t sin LtHrII

The tangent space at thus corresponds tothe linear spare f v v O

Note that it has the samedem as themanifold

logine

k108
D Let LMA be a smoothmanifold A tangentvec toMatxc.tl

is an equivalence class of curves µ E l 1 M through glos
under the relation µ gr 7 4 f EA g o Klo EU

for Ilo f g lol
The tangents of Mat is the set of tangentvectors

IM f r glos

The principal of the tangent rector Er EIN w.r.t.tn chart Kh

is defined as f g o

reina The relation is indep of the chart since

f g los f t.no oyI'lo jdlfot YyultogrIlo
chainruindip.ofr

That is the principalpart transform with the Jacobian of the
transition map



The map Ey R IM with m dimLM

Ey G vlt f Ifk ttf is a bijection such that e f
defines an element of IM with principle part f In fact

j IM as m dim vectorspace

Let M A be a smooth manifold of dim m and Lh f EA at

c U IM becomes a vectorspace and g R IM avec space

isomorphism if we define for der z GER

i f feat tf f feat tz f flattlitty
The vector space structure of IM is indep ofthe chosen chart

proofi Chart independence follows from the fact that the principal part of a

tangent vector transforms under a changeof charts according to the

vector space isomorphism d f µ 1 µ D

remarki If MEIR is a smooth submanifold embedded in some R we can

define a geometrically more intuitive

IM f VER µ c Co l i n M n glos X n vi Ilo

Then IM g ju C IM turns out tobe a vectorspace isomorphism

exercise so that the two spaces can be identified in many contexts

However Ihn IM whereas TIM and TIM are not necessarily

disjoint For instance TIM TIM for e S M

Det As a set the tangentbund TM of a smooth manifold M is defined
as the disjoint union oftangent spaces TM IM flair IHMEr EIN



Th TM as Zu dim smoothmanifold

Let M A be an m dim smoothmanifold For every chart u f c A

define a chart r for TM via V f Er c TM 1 EU Tu and

Iv e flu R E IR lx Er fix f g o

Choosing the weakest topology on TM that makes the 10s homomorphisms

the resulting atlas makes TM a smooth 2in dim manifold

pr We omit the topological part of provingthat TM becomes a 2ndcountable

Hausdorff space and focus on E compatibilityof pairsof charts nd Li

So consider of Inv Ölünv and correspondingcharts

h f Ü F EA with Lo E UnÜ Then

4of fix f g los Tk Ifo8 to

F f of lx f f of g o

f f lm dtf.fr Ifor N

is indeed smooth since fof and d Yof both are

rein For Mas the tangent bundle is diffeomorphie to the cylinder SIR
However TS 5 112 which is related to the hairy ball theorem

In fact 5,5 and 5 are the only spheres with trivial tangentbundle

This is linked to the fact that IR IR D8 can be equipped with

a certain multiplicative structure leading to complex numbers quaternions

and octonions

For every new there is a diffeomorphism

f TS IR s putt



 

D Let f M N be smooth map between smooth manifolds

The differential dt IM F N off at EM is defined as

df Er for and the di df TM TN as

df x Er fix Ifor

remart the differential is also called t tmaporpnsh forwardand.issometimes written Tf f orf insteadof df
df is a smooth map
the principal part of Ifor is obtained from the one of Ig
via a linear transformation

fof.gr lo dlfofot µ Itar lol
Since g IX g o is a vector space isomorphism we get

Groth i Vxc Md.fr IM Tf N is linear

ii The chain ruh d fog dfg dye holds

iii rank f lx rank df

Thi Let f P N be smooth YEN a regular value and c f 4 Z
Then her dt IZ

prüf If Er c I 2 then dt IRI Ifor 0 since for Lt p

So IZ Eher df Equalityholds since both are vector spaces and

dim IZ dein 2 dimM dim N is equal to

dim her df dimM rank df dim M din N
i

this regular value D



remarke on manifolds with boundary

If M is a smooth submanifold of R with boundary2M 01 onemaydefine
a tangent vector for EIN again as equivalence class of curves
where now two types of curves are considered

i curves gr.CC 0,1 M n Ioi R starting at glo and

Iii curves ge C l 1,0 M n tho R ending at plo
The equivalence relation is again gr j jo fogr

lt limlfoj lo
t O

in any chart

In this way IM is again a vector space of dim dimLM

Moreover IJN becomes a subspace of IM of codimension 1

Sard's theorem

D X IR is a setof Lebesgue menswez iffor.am E 0 we can

cover X by a set of cubes or balls so that their total volume is at

most E

Lemmai Countable unions of sets of measure zero have measure zero

proofi Let each X ER i EN be of measure zero Pick E 0 and a

sequence of cubes Q E IR st Q X with vollQ 2 E

Then µ Q X und voll Q E 72
i E ß

Leinen If EUER has measure zero and fc CLU.IR then f x has

measure zero

proo.fi Let UE U B be s.t.V itk.it Rs.t.fisk Lipschitz on B Ifi EIN

Q EB is a cube of edge length h then f la has edgelength at most

Kiki Thus voll tun Bi O sothatvollfix I voll µlflxnB.it O



Det If M A is a smooth manifoldofdim Mit then KEM is said to have

measnrez if VLU.lt e A flink has measure zero in Rdi

reina It suffices to check this for any atlas Ä c A which can

always be chosen s.t.it has only a countable numberof charts
In fact due to the 2nd www.tubility requirement every top

manifold is a Lindelof space i e every open cover like an atlas

contains a countable subcover

Thm.ie Sardbtheor Iff M sN is smooth then the set of
critical values of f in N has measure zero

remarki note that the set of critical points in M however need not have

measure zero If for instance f k p is constant then any cM is

a critical point

proofi for simplicity we assume dim M dim N m For the general proof see

e g Hirsch It suffices to consider a smooth map f 4 Q IR

Since f c C and Q is compact we have Lipschitz continuity

x c Q fkl flx.tl ELIlx x'H for some LE 0

Let CEM be a critical point Then df.IQ is contained in a proper

subspace of IR Hence there is a hyperplane HEIR with

H fyc.IR yc df.la t fcc

By Taylor's thin with remainder there is a KE 0,0 s.t.tt cQ

info 11ft II 11fies fast df.lu c 11 K Hack



Thus Auch EE KfW yH Ki for some YEH
KfW flake LE

f
c

µ i tk
k
fix

The image of a cube that contains dc and has edge length EVT

is therefore contained in a cuboid of volume 2k d 2LE 01in
Now consider Q t.IQ subdivided into b cubes of edge length J
Let I be s.t.ie I Q contains a critical point Then

volfflq.IQ vollHQ III Oli s

F E III b I

We can extend Sand's thin to the case where M is allowed to be

a smooth manifold with boundary

Thi Sad's them formanifolds with boundary
Let F Ms N be a smooth map from a smooth manifold with

boundary IM to a smooth manifold N The subset of N containing
points that are either critical values of For of f Flo has

measure zero

proofi If EIN then IDM is a subspace of IM and df.is the
restriction of DE to that subspace Hence rank dfxe din.CN
implies rank DE dim N



So every critical value of F is either critical for for for
E Flinty The claim then follows from Sand's thin applied

to fand F I

Grotto Let M be a smooth manifold with possiblyempty boundary N

a smooth manifold and fitt N smooth Then f has a regular
value

p.ru lfdimNs0 this follows from Sand's theorem

If demN O i e N is discrete then it is trivially true since

dlfof.tt IR So is always surjective D






































































































































MORSEFUNCTIODef.ie
let f D R be smooth

A critical point x c M off is called nondegenerate if there
is a chart 4,1 around eos.tn the Hessian Hglflx.tl of

g fof is nonsingular
The number of negative eigenvalues of tlglfl.no is called the

of the nondegenerate critical point

f is called a Morsefunct if all its critical points are
nondegenerate

r The definition is indep of the chart If IT Ü is another

chart then the Hessians are related via Ä 543 where

is the Jacobimatrix of dt with µ f f The

claim then follows from Sylvester's law of inertia together
with the fact that 4 is a diffeomorphism

There are plenty of Morse functions

Thi Let KEIR be open and f Uns R smooth For ac IR define

f x f Ht a Then LAER fa is not Morse
has measure zero in R

proofi Define g U IR as gle Vfl Then Pfahl gut a Hence

Pfau 0 gtx a

and Hf dg So if a is regular value of g then all

critical points of fave nondegenerate Now apply Sand B



nen
Lemma Around any invertible matrix HEIR there exists a neighborhoodsyn

UE IRI and a smooth map 0 U GLLn.IR s.t

OlX XOLX T XV XEU

That is there is a neighborhoodof congruent matrices and the congruence

transformation is smooth

Utz
Thi Morse's Lemma v 1 Let fc CLU.IR be defined on an open

set HER and x.EU a non degenerate critical point off k c

KThere erst open sets Von and W in IR and a C diffeomorphism

V V W s t
f x flu Hf4 UK Ole

t.proW.l.org WER convex U x 0 and fly O

For x c Ulto define glt fax Then

Cauchy's version of Taylor's thin

f x gh g o t g o t 1 t g t dt

f t Als

where Alt 1 t Hf tx dt

since JH Pflte VfL O

and g t Hfltx x

A c U Rüti and Alo 4 1 0

IfVEH is sufficiently small the Lemma provides a map

NE C V G Lln.nl s.t.MX tflx.SU x Alex x

Employing the inverse function tun we can make LU V a
k
C chart D



t Morse's Lemma v 2

Let x EM be a hundegenrate critical point of index ioffc M R hat Then there is a C chart f n around x
i m zset f f m f Z x t

s5 1 j.it

C If f D IR is a Morse function then its critical points are isolated

If M is in addition compact then there are finitely many critical

points

rema Morse functions contain a lot of information about the topology
of the manifold For instance

If f Ms IR is a Morse function with two critical points on a

n dim compact manifold M then M is homeomorphic to S

Milnor found erotic spheres that are homeomorphic but not

dikomorphie to 57

Smale used Morse theory to prove the h cubordrsw.tk and

the Poincare conjecture in dein 25

Morse's thin states that for f M SIR Morse the Euler

characteristic ZIM can be computed via KLM l n c Lf

where c is the number critical points off of index i



t

ERSFXEDPONTTHEOREMJMThm.ie
No retraction then IT

Let M be a compact smooth manifold with

II III III
is summa

proofi Suppose such a map existed

By Sarah's thin f must have a regular value yc.SN
Then f Ip N is a smooth 1 dim manifold with boundary
JNI y.IN cannot contain any otherpoint since 2N EIN

and for any XEON fix X

As a closed subset of a compactspace N is compact

Any compact smooth 1 manifold however has an even

number of boundary points D

This Brouwer's freed point then smooth version

Consider D f ER I 1 as a smooth submanifold

with boundary of R Every smoothmap f D D has a

ED f

profi Suppose f has no freed point Then define g D 3D S

s.t.glxttlx.fm for some t O Since g is smooth this
contradicts the no retraction then D



Thi Brouwer's fixedpoint then general version

Let B be homeomorphic to D If f B Bis continuous then it

has a fixed point

proofi It suffices to consider B D since if f B D is a homeomorphism

then f fofof D D is continuous and has a fixedpoint

iff f has one
Since D is compact we can exploit the Stone Weierstrass then and

approximate f by a polynomial thus smoothmap p D R e t

Hf k pH II EVxc.is

Fl It E pl is then smooth and set F D D since

IIFCHII LTTE Apk II 1TE Kf Ix Ht 11pm fix II 1

Moreover 11Fl flet II LTTE Apk Ltte fix 11 2E

Iff had no fixedpoint then µ inf 11fix 11 0
ED

With E I weget theD
11Fix 11 11ft xD HfG FINK

µ 2E 0

So the smooth map F D D would have no freedpoint An






































































































































Thi Brouwer's invarianceof domain
If fi R IR is a continuous injection then it is open

p.ro
sketch

It suffices to show that for any continuous injection f D R

flo E tut f D
First note that f D fLD is closed since a closed

set AED is compact mapped to a compact set FIA
which is closed since it is a compact subset of a Hausdorff space
So f i f ID D is continuous

Then it also has a cont extension G IR IR

Tietze extension then for which G fa 0

Assume flo E JD i e the zero of G lies on the boundary of f D
Then we can construct a perturbation c C f ID IR with HÜ Ello
that has no zwo in f D
However by Brouwer'sfixedpoint tun D fw G G fln

must have a freed point 2 ED for which then FG 0 I

Co invariance of dimension There is a cont injection fi R IR

iffnrm.proLet nein e R IR 40 Suppose f IR R is a cont injection

Then LofiR R wouldbe a cont injection that however cannot be open D



IT EMBEDDINGS

Rec A smooth map fM N between smooth manifolds is an

immersion if txc.tl rank df dim M and it is a smooth

embedding if it is an immersion fi Ms fLM a homeomorphism

Equivalently it is a smoothembedding if f Msflm is a diffeomorphism

Lemmai If Me is compact auf injective immersion is a smooth embedding

pro.fi It remains to show that f f IN M is continuous which is

equivalent to fin fLM beingclosed

Let AEM be closed Since M is compact A is compact as well

and so is f A by continuity of f Being a compact subset

of a Hausdorff space FIA is closed D

Thm.ie Let M be a smooth m manifold fitt M an injective immersion and

Pv IR 71 D theorthogonal projection onto the N 1 dim

subspaceorthogonal to r ES i e 71 RR Irre R xiv

If Ns 2Mt 1 then for all VES except a setof measure zwo in S
Prof M 71 IR is an injective immersion

proo.fi We first prove infectivity To this end define a smooth map

g Mx MI IM S by g y
t Since In flat CMeint

Kfw full
p is closed Mehl b is a smooth Zen manifold

The image of g has measure zero in S if Zu N I as assumed

However if Prof is not injective then there are xtys.t.fm fly ar

so necessarily v Eg Mehl In



To prove the immersion property we argue similarly define

h TMI Mxto S as h x i
d where EM and
Hdfxill

EIN Ito Again the image of h has measure zero if N 1 Zu

For Prof to be an immersion we have to have rank DLRf m

for all EM However DIRf Rdf has rank m for all EM
unless v is in the image of h B

Caroline Whitney's embedding then easyversion

If M is a compact manifold of dim m then it can be embedded

in

RZmtt.proBy a smooth versionof the embedding then there is a smooth
embedding into some R Due to compactness injective immersions are

embeddings Iterating the previous thin we can reduce the dimension

down to 2Mt 1 D

reina We can learn two more things from theproof

embeddings are not exceptional and in fact dense in the set of all
smooth maps into R see Hirsch for a proof

if we are only interested in an immersion we can reduce the

dimension further by one via restricting to unit vectors in the tangent

space

Thm Whitney's embedding immersion theorem strongversion Any smooth

m manifold can be smoothly embedded in R and immersed in R if m 1



remart this is the best possible affine bound since RP cannotbe

embedded in IR if u is a powerof two

for immersions a tight bound is known provenby Cohen in 85

any compactsmooth m manifold can be immersed in R

where alm is the number of ones in the binary expansion of m



 

XI TOPYKMODZ

DEGREE.li
Homotopy formalizes continuous smooth deformations of maps
D Let f gilt N be smooth maps between smooth manifolds

folg are called smoothlyhom.to if there is a smooth map
F Mx op NS.t.kxe 7iFlx o flx Flx.Y glx
We write F x FK.tl
F is then called smoothkomot between folg
The equivalence class If ofmaps smoothly hometopic to f
is its smoothness

Lenin stackof records
Let M be compact fit N smooth with dim M diw Cu

and YEN a regular value i e f x y df surjective Then
i f y lx is finite
i There is an open neighborhood U ys.tn f n Ku _www where each

V is an open neighborhood of and fi U is a diffeomorphism

In particular IN If f is constant on U and the set of regular
names is open

ß
Our aim is to show that If 4 Im.dz is independent of the regular
value and constant on the smooth homotopy class off



Lenin M compact smooth N smooth possibly with boundary

dimLM diw.lv If f g M N are smoothly homotopic

YEN is a regular value of both fandg then

If y I mod2 g 1 Imod2

proofi Let F Mx on N be a smooth homotopy s.t.to f F g
Assume y is a regular value for F Then F y is a Compact 1 dim

smooth manifold with boundary
J F y F y n J Metal

F y n Mito u Mett

f 4 to u g 4 xll

Since Id F IN must be even the same has to be True for
If 4 g 4 So If G Imad g 411noch2

If y is not a regularvalueof F take
D

Uf Ug open neighborhoods of y set

If t.tl and ljt.tl are constant on Uf UgMako F y mit

By Sarah's thin there is a regularvalueJEUfaUg of F for which
even Id F III If F It g f

If y It 1g HI D

D Two diffeomorphisms f g M N are called s type
if there is a smooth homotopy F Mxto.it NS.t.F is

a diffeomorphism for all total



lemmai Lety.z.be two points in a connected smooth manifold N

There is a diffeomorphism h N NS.t

i hi z and Iii h is smoothlyisotopic to the identity
Moreover the proof ensures that fxc.ir htlxs x is compact
V tc Lo.is where he is the isotope with ho h h

id.proThe set of 2 s for which this is True for a given y forms

an equivalence class We will prove that this class is an

open set Since N is then a disjoint union of open sets

being connected implies that there is only one class which

then consists of the entiremanifold

Hi

hey z

Using charts we can assume that N IR y O and

z z 0 E Rx IR Choose f c IR R at µ 1

and 11 11 E L ff 0

Define he IR IR a b H at t f b f a 4 b

Then i h.to z

ii h ich

iii ht 4 if 11 11 NE

It remains to show that he is a diffeomorphism for suff small Kzk
We first prone that it is bijective Consider ja f a tf b z

Then g la It f a tfm b z 0 Vteto.is and small enough Htt



Hence he is bijective Moreover

du I I
So by the inverse function thm.ly is a diffeomorphism for
Suff small 11711 11

N
M

f

Thi Let MN be smooth manifolds of equal dimension M compact
and N connected and possibly with boundary For a smooth

map fin N with regular value y the not off
deg.lt If y model is independent of the choice of the
regular value y and depends only on the smooth homotopy class off

proofi Let yolz be two regular values and ht an isotop as in the

previous Lemma so that h.ly z

Then z is a regular value of knot and by using smooth homotopy

If 1 1 motz p 11h f 4 müd2 If 4 mud 2
i

y hilz h smoothly homotopie to Lo ich

If folg are smoothly homotopie then deg.lt deg.ly if
there is a common regular value which always exists by Sardis then

D



remwksi odeg.lt is only defined if dim LM dim IN N is

connected M is compact

If deg f O we say f has even degree and odd

degree if deg.lt 1

beyond mod 2 a similar notion of degree Brouwer

degree can be defined if MAN are orientable




















































































































































Reca Borsuk Ulan If f S IR Ito is odd smooth then

Welt o Iff R mud2 1 where ft ist restricted to the
upper hemisphere and y any rey.nameof fix 11 full

G If a smooth nap f S IR Ito is odd i e fix fix Kx
then f s intersects every line through the origin at least once

proofi If f S stylt 0 tun with the notation from the

foregoing proof 1ft like mod2 0 As y would be a reg
www.e since it is not in the Image this would contradict B U D

cor.IT Let f fn S R be odd smooth functions Then Jx ES

f x full 0

pv Suppose this is not the case Then f s IR Ito

feel f k fm lel 0 would not intersect the line o o R

contradicting Cor I B

Let his R be smooth Then 7 ES hk hl x

p.ru Setfulx hulx huL and insert it into theprevious corollary D

remarki By using smooth approximations one can lift this result so that smooth
can be replaced by continuous

Thi Let BER be the unit ball of some worm in R und f c zB.IR

Then there is an EZB s.t.fm fl x

proofl.it g dB S IHN is a homeomorphism thatmaps antipodalpairs to

antipodal pairs The claim then follows from the previous corollary in the

continuous setting applied to fog A






































































































































Anapph.caioninapprox tiontheory

Q How good can approximations by n parameter families be

D

E

Thi Let X be a normed space KE X and EECCK.IR
D R K Then sup Hf D Elf 11 sagsupft 1dB Ek

f Ekwhere sup is over

all subspaces VEX with dim r 1 and
bn Bernstein width of

Br Er 11 11 1

pro Supposed 0 dir Ek E Elza is a cont map from the

unit sphere w.net some norm to IR By Borsuk Ulan there

is an FEHB with Elf El f Then

Zf f D Elf f D El f So

2h 112ft Hf D Elf Ht 11 f D El f 11

Hence for f is approximated with error d D

Sobolev spaceof
Lipschitz functions

Lemmai For X L Ian k ffc.hr oolio.nI IIfHwn.o maxfhfIIoo

f'llwe have bn 2cm T
weakderivative






































































































































pro Let 4 c W EKD be a saw tooth function so that

4,41 0 txt for it ft m and

dich1101,11 1 Kol II 2mi

V span f So nett m µgo.gg mean
I

f II c with 11111 m.gl cI3 d
On the other hand Hf max 11911 Hf 2h11am 2dm

So AB EK 2dm 1 tief
Taking the sup of those t's leads to bin 2 D

So loosely speaking approximating LLipschitz function in this

way up to on error E requires at least real parameters

Better approximations are possible only if continuity of E is

dropped

Th LParo.me rizedSardb rem

Let M P N be smooth manifolds of dimensions mir es

respectively with men Assume y is regular value of a smooth

map F Mx P N Then for allmost any PEP the map

Fp M N Fpl FC x p has y as regular value

too.proFor simplicity assume D R P Rr N IR Thegeneral case

follows by using charts

Define the proj.TT Mep P lx.pl tip the embedding
c F Ily Mxp lx p lx.pl and T For F Ily P



Assume PEP is regularvalue of IT and at Flap y
TF 4 Rr is surjective that isd IT p cx.pl

Vqc.IR 3 Er C TF 4 p
s t DIT Er 9

As dtcx.is diex p dlcx.is die p IT and

den p TF 4cup FF IX represents the tangent space

in terms of the geometric taugen space we have

dlcx.pe Er la q

Moreover since T.gr c TF y p
DF p Er O this means that

Vqe.IR 3 ER s.t.dtu.pk 9 0

Let Ä 5 u be the Jacobi matrix representing dfu.pe then this

means that taek Jeck Axt Bq D

So ran A 2 ran B and thus ran DF p ran A trau D ran A

ASK.pl is a regular point we have pen and thus ran A IR

But A is just the Jacobimatrix of Fp at c EIL

B.Coroll.iefM NxRwhueR is a 1 dim smooth manifold then

Fpi Nxt N and each component of Fp y is a smooth

curve for almost every PEP

The idea is know to use TER as a homotopyparameter that

interpolatesbetween an equation Fp o y for which the solution
is known and an equation Fpl x 1 p for which the solution

is sought The above results then can guarantee that for
almost any pep there is a smooth path without bifurcations or

crossings that connects the two Ideally a path following
algorithm then finds the son ht solution



 

Thi ltlam
sandwichtht.lt

µ µ be finite Borel measures on IR that all

assign zero measure to hyperplanes Then there is a halfspace
ti ER s.t.tk µ ti E µ R

proofi For res define Hk IHR 44 Event In this way

any halfspace corresponds to one rts

Then f S IR flu µ Hk MnIHN is continuous

so that Borsuk Ulam implies the existence of S s.t.flxl.FI x
However Hk litt a

ORIENTATIDef.ioAn orientation of a real vector space is an equivalence class of
ordered bases under the relation b ne b det B 0

where b b b and b bi bin are ordered bases of R
and B D R the automorphism that maps b Bbs
An automorphism on a real vectorspace is called orientation

preserving if it has positive determinant
The stand in of IR contains b HER and is often

labelled 1

It is convenient to let R also carry two possible orientations 1

A smooth manifold LMA is orientable if there is an atlas Ä Ast
hi f cÄ n xc U.inU detfdlf.fi 0



Lemmai A smooth manifold LM A is orientable iff there exists a

choice of orientations of all tangent spaces IM and an atlas
Ä c A set forall Lu f E Ä Eu the map df.IM Ten IR IR

maps the chosen orientation of IM to the standard orientation

of R

reina there IR and Tea IR are identified by representing g cTenth

by its principle part wert the chart R id

profi Set Ä Ä Then dlf.fi e dllikdl is

orientation preserving

If we set Ä Ä then df maps the standard orientation

of IR in the desired way to an orientation of IM D

rennt Note that Ä then already determines the orientations on IM
Ä is called oriented atlas A maximal orientedatlas is called

anorientali of M A
If M is connected and orientable then there exist two

orientations

Kamt The Kleinbottle Möbiusstrip and the realprojectiveplane are

not orientable

If M is orientable and UEM open then U is orientable as a

submanifold ofM
If M Nae orientable then so is MirN

If M is a smooth oriented manifold with boundary then

its orientation induces an orientation on the boundary 2M



ä Vxc.IM choose a basis b bin of IM at

i it represents the orientation of IM
b E

iii b points outwards of M

bz bin then define an orientation of M sit

7M becomes an oriented manifold
dein M _1 c IM is assigned orientation 1 or 1 depending on

b

f
whether b points outward or inward at

examplesie S is orientable as the boundary of the disc D
If M is smooth oriented manifold without boundary then

I MXLo.is CMeto uMehr
IM withnegative orientation

D Let f M N be a smooth map between smooth oriented manifolds

of the same dimension If M is compact N connected and YEN
a regularvalue off then we define

Ideglf y Inf Guldfx c 7L

where syn df 1 and 1 iff the image oftheorientation of IM
under df coincides with the one of Fun
Brouwerdegreethen

The Bronwerdegree de.gl deglfy does notdepend on the choice

of the regularvalue y and only depends on the homotopyclass of f

reina note that deg.lt mud 2 deg f



The proof of the thm.is similar to that for degz.lt
The main ingredients are

Lenin If D 2X where X is an oriented smooth compactmanifold
with boundary M which inherits the orientation of X auch
f IM N extends to a smoothmap F X N then

deglf.ru e 0 for any regular value y of f

pro sketch W.l.org we can assume that y is also a regular value

of F If not we exploit that deg f y is locally constant so we

may take a regular value from the neighborhood
Then F y is an oriented compact smooth 1 drin manifold with

boundary JF 4 2Xn F y f y

Let I E F y be a connected component with boundarypoints

a b then Sguldfa t sogn dfb 0 D

Lemm If fand gare smoothlyhomotopic and y is a common

regular value then dlylf.ru deglg.ly

proof sketch Let oil M be the oriented product with boundary

o C M u fix M and F 0,13 17 N be the smooth

homotopy between fand g Then

0 deg Ff y deglg.yl deglf.run1 2 a Ben BLemma1
to n M

The rest of the proof of the Brouwerdegree then is analogous to the

much 2 case if yolz are both reg_values for f Msv choose a

diffeomorphismh N N that is isotopic to the identity and set fly z D






































































































































Th Multiplicity of the Brouwerdegree
Let M V P be smooth orientable manifolds of the same dimension

M N Compact and MP connected For smooth maps f IM N

g N P deg got deg.ly deglf

proofilfpc Pisarejvnheofgof thenanyyEg Lp is a reg value

of f since for any c f y the map dlgofkjdgy.dk
has to be an isomorphism So df has to be chain rule

an isomorphism too Then

deglt sguldfx for any ye g LpC f y

Hence de.glg f I sgnldls.tk
Elgof t.pl yeg.y.gr f ys5ldgr

sgnldfx

sgnldgrtf.ysgnldf.nl

deg g deglf B

exampt The reflection r S S u n uns

has deg ru 1 The antipodalmap O S S can

be written as 0 r oh so that deg o C 1

Carolin If u is even then 0 S S x is not smoothly
homotopic to the identity

remarki Kopf's then states that f g M S for M compact orientable
with dimLM n are homotopic iff deglf deglg
Similarly if M is nun orientable then homotopy classes are completely

characterized by deg






































































































































Lenin Let f g S s be smooth and set Kees f 4 Egle
Then g is smoothly homotopic to of

pro Consider H 0,1 x S s
t of lx n t gkHilt n
µ n 11

This is a homotopy if the
denominator does not vanish Since flat gut we have that the

origin is not on the line connecting Outlet with gle Hence

0 t t of e tls.tl gern A

Thi Let f S S be smooth and n even Then f has a fixed point
or sends a point to its antipode Hence fled and cannot be linearly

indep for all ES

proofi If f has wo fixed point then by the previous Lemma it is smoothly

homotopic to 0

If flxlt xkxc.sn then by the same reasoning it is smoothly
homotopic to the identity
However if u is even then deglo t degLid B

Grotto hairy ball then hedgehogthen

S admits a nun vanishing smooth tangent vector field

iffnisodd.proLet n be even and v S IR s.t.tk es rk 0 If u

would bewould be non vanishing then f S S f Ix
set xd fix HES contradicting the previous then

If u is odd choose vlt 4 Xr Xy __ D



Deg.ee heoryinEuclideanspace

D Let KER be open and bounded f Ü IR smooth and

yc.IR I flau a regular value of flu Then we define the

Fuck edeglf.my sgnldf.IE 7L
Ef y

and deglf.my O if f y 0

remarks.ro du Ü In is the topological boundary

Note that this degree is welldefined f y is discrete

in U and thus in the compact set Ü since f hinzu 0

f l is also compact so that If 411

y deglf.lt y is constant for all regular values in one
connected component 1 of IR If Un This defines deglf.U.ru

also for all singular values ER

By approximating a continuous map by a smooth map
the definition extends teak f c u.IR and all

YER f Itu
Th Homotopy invariance Let WEIR be open and bounded

HE oiixu.IR and g c 0,1 IR a path set
Lt Ht JU Vtc.IO Then de.glHt U vlt does

not depend out

Proof is very similar to previous ones See ey Deimling Non linear

functionalanalysis



Carolin Boundary theorem Let f gc CCU.IR be such

that flgj g.hu Then for any yet flan guru

deglf.my deglg.my

pro Use homotopy invariance with Htm tfte t lt Dgw
and g 4 p D

Consequently the degree of f only depends on flan
ts o One typeofapplication is provingthe leistence of solutions

for sets of non linear equations If deglf.lt y D then

f x y has at least Idl solutions Computing d can then

for instance be achieved using a homotopy to a simpler set of

equations

Another type of application exploits non existence of
komotopies such as in Brouwer's fixedpoint theorem or

the following strengthening

Thi Rothe's freedpoint theorem Let f ECCJ.IR on

the unit ball B fec.IR IHN best flab c 5
then 7x c5 fl

pr If there were no such x then gk fk had no zero in 5 So

degLg B 0 0 Held Egle t 1 t x t fix Cc 0,13 is then a

homotopy with 4 23 Thus deg.ly B o deg lid B 0 1

a contradiction B


