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V oof fl) ia & o whiel 75-’/ cor. b elecdid fo a Sinoott, s
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bt (r)={ xeh| 3 (upjed: xeld. 7. >°}
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fli) adR' = F . Defie U Uatynll > .
Stwee M &5 simooth ma,w.'ﬁll Wt bonndlary | we have
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“ {
—
DeE.; Let éh,A) le & Swwwobh m»w-:l[au. o{‘ &u v !RM-K
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(waw, wof| ) witn (Uf)ed | v R"— R
Loe ol {u(n;w) S W a (RTT)
prfi W e subepace heolw W becomts o bop. baanifold, B remais bo
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cribcal  values af *F in N has mtasure zero.

Femark:  wote Hhat He b of cribeal fzafl»"S i P hewwrar | weed ot have
measwe U0 | l\L {of iwstance {ch§=)/ s concbunt . then auny xell is

a crheal Pn;bv"‘,

proofi (oo simphity we ossumt diw MU ddon M2 s For Mo gumeendl groof s
eoA [H""“L»]) Fooswffees bo comsids a Smoobln wrnp {:["(‘]ML'GZ-’RH'
Sinee ]Lé " and @ % caw.awi-, Wt lave L»‘Ptclm"’g-- cawkwwsl-/v:
Vx <eQ : [lf(:\-][tx-)[] €Ll x-x'] {;e come Lelo®),
Letb ce N be a cribenl point, Thn dfl@) is contained v o« propur
sabspace of R™. Hemct, Hure %o o hypoplane H=R™ with
H2{yeR™| ye a‘.FC(.d)*fu)} _

B/ Ta/éor'j Him, with  comandir Hut % a K e Co|d7) st Vkéa:

wf Hfw-pl o« | fro- (fordfoeo)| ¢ R Axcl”

y6H



This l<-cll s¢ => | {(_A- y | < k(l {-\oc Sowme féH

I fia-flal ¢ Le

N

L
— / -".fzc)/

/'Lé
£

TLz fmal of o owbe  that COM{'w;kb X K. [4 (IML "\4._5 UL& ’.Lwé“n ém

-
s J’LUL][W“G wa{'w;V\‘L n @ CwLD;D{. OF vo vt (ch‘)(lLe) = O(L'MH)

[
oo cnsids Q2 U @ subdivided inbo A" cobis of ehy LengHh X
iz

Ld’ T be sd. el & Q.( Contains o c'-:RwL fo:u‘l' . Th

[ flua)] ¢ T mlfe) mo(em) ¢ o)
eI ier T 1
eV ¢ X (xis A™ O

Thiai ( Sards Hum. fov mapmifolds witls bownduny )
Leb Filo U be o sunooth wnep frow o swooth mani fold  woits
l)denthr/ M h o sutobh manifold V. Th subet of & conf'afus‘es
priwls Hat we eithr ceibel valwts of Foor of P Bl ks

oM

poof i If xedM Hlw T3M i a swhspae of Tent and Af, s He
reshicRon  of  dF, b bt subspace . Huwee | ronk oL * obnn (w)
fan PL.‘(,s ~an K oLF,‘ = dawe A



So CVU‘/ crm Keal valunt af F o tither cobenl ][.,r 1{; o F,,«-
f’-\:’ := FI_ H) The clama Hen ‘Ccu,owﬁ {:—ow\ Sl Honn, arrln'c.(,
o f ond F. o

Coctllary: Let M be o sumsoth wmawifoll vt (poscibly cuphy) bomadary o
a Swootl wawi fold omd ]C:T'l—':/l/ Swmooth . They, f kas o H,%.J.N‘
volwe

goofi Uf A0, Koo ol foe Sedd Hiorin,

[f D N0 bt Do dieebe Hen b L«:V»;.»I,L/v bt sivce

o‘.(_leo\”)f(‘): nzd:k-(.h) — {01 is WLI'J'?G SM—"S'—GL'VC~ n



IX. NoRSE Funcriong

Def.:  Let f-' N— R be suwoth .
o A crikend Po-‘u’r x, €6 M "IL]C i called v»ov\oﬁ&uu—wl-c, .‘f Fhere

ic o chat (,(Al‘f) a.rammo{. ¢, s+ the Huscion Hé('{“.‘) 0'{"
3:= ‘[o f'l S nonSin WLO\.I'.

¢  Tht huwbic o]c' héy\-kvb l/éyhvu‘ml-.s 0f Hét'fl"-)) s called Hhe
runolux 07[ He uOMJLAl,wvmk crr Real fO:hL'

° ]C s calltd o Tlesse ‘[mn»cL'Ov\ :‘f all it cr;kca.l. f)o;h+,5 e

houdL&hUﬂ\J‘(_ .

Fow W The ou,‘-\n,\,’.H‘o\ﬂ % ?VJL[). o‘f the chort . lf (‘Fla) s owother

chrt | Flw Be Hussans we whbed via FH:e 3THT Gheee
Tow He Lacki wabix of  dY LiHa Y {7 The
claiva  Flew ‘Cru,aws F‘mm S/Lvle'v(_s Lars v{- inU-Ba Jva/,wl’ku‘
wbh tle {&& Hot ¥ s @ &Ew\mw‘olm?sw,

Thue wt U)Lzud-k/ af Movee fumd-romsj

Thim ;s Let WeR” be opiin awd ][: U= R stwotl, For ueﬂzh d:,f-'»-c

][4("):’ 'f‘-“3"<“|">. T hen {.o.éﬁzh 1 {:G ‘s et Norstl

"
hos Wmeaswl  ZUD 1w R .

F"°°£z DQ_P.A A WM as élx) 2 VEG L Tha VL - 3(,&) +a. Hoce
Ve = 0 & ale s - a
ok H{ () = okéx oS if “a s rsw[.«r valwe a]L A thtn  all
coRenl fm‘l.-is of ]L¢ we wau%uuuk_. Wsws apply Sord. n



L&W\Mm: APDU\-\‘\L o.my ;vw{rkbll. MWL“:X H € R:;: ‘I’L\U-L 0\\‘"& [+ 8 V\A:A‘Abo*‘ 1\47°°L
wkw
(I EES)M ok & steoth waap O: W= GL(wR) 54,

OLx) X 6(x) = X ¥xew.

That Tsl Hloe & a w%LvLo-rL\mL O]L Cavxéhntw‘l' moabnets  awd e Com qfntnie

nlfq,us VC\NM*H\G—- re Stwootla.

TL\.W\ . (_rllN‘FC'.S Ltww\-.n. v.1 ) L&t F € Cknz M. R) £e o((.f(»u( o o of‘h
set WER™ and  x €U a uon- pb_é;wa-k eheal f"\""L ,,f ][ ks 1.
Tlve Moopen sets Vdxe and Wi R" ad o (4 g'ﬂww-rf L,

Vs Wt
]L‘(,) . )C(xo) y 3 < H-F (x,) (), F () D

oo f solta : l,J.L.oA_ weR” Comvrte | U2x =0 ond ‘[(.\403’0.
Foo ke U\1o}  dofie alos Flexy . Th

CMLLy|5 V{.rs\\au o‘f Tmﬁﬂ".& ‘H/L'M-
l

Fro: ald = alo) v g'lo) + j(«-e) 4" L8 at

o

]LLx,,) + :‘l— <A(x)x‘x>
|
whie ALy =) (E) Ho(Ex) ot

°
Since A‘Lt\f < \7~F U:x\lxb | Vf(sc,): 0
OvaL 3“ L{T) = < H+ (Ex) X, X )

wm R )

g ) aad ALY: H, ()

peclu R
lf Vel s»»é‘icm'L,v tonall  He o Lewann a fww:&s a wap
¥ e Ck( V‘ [;L"‘-R)) .4, Flx) H+(x,§ W) = < A () *, x>

Ehp‘ﬁf% Fo duwose {muk‘oh e, ot on welbe (V) a

€ bt

n



los .o ( Moeses Lomumnn v.2)

Let %€M be a Muhé(,ww‘-c ¢ hoal Po?ut- af fades a{.

LeC™(MR) kol Thn Foc i o Cchurt (fw) wownd
s.t. F‘f“ ( %, . kw) z ]C (K.) - 'Z KJI + Z'M ,a<§
5" 3:I‘+|

Coc. : I ~f:r'l-—*siZ s o Mosse fmok‘m‘ Hew ke ekl fo:‘n"é we Jsolakd
f Rk v addibon | ompadt | thn Houe act {twil-ulf Wy oo Renl

f)a:h+s .

o s Movse ]C\mcl—-“ehs contann o Lo o{' ;wfoi‘bwak&z\ abont i Lo«otoéy
of He tmonifold . For ieshamces
sl fihe R s o Mewe fuwilon with fuo o cnhil pots ou a
i cotmpact  manifeld U Hha H s howtomorplis do ST
( Miloor ][oumt "ecobre sagl.ns' Hont o Aow.wwwrwc bt ot
s feormocple o S7)
Sinle wyeh  Mowe ooy do prove i "he oboe DOstn Fln . gud
Fle Ponewt cowiechvt i A Y5
Mosels Homn,  shabs glab for fiH >R Momse | He 'Enbe
chamoboshe " XL can b ompkd i B2 T (Y e L)

thare C—‘ s tle bl cmHenl @afb—‘l'g of -F o{ ol (



X BRouvwER'S FIXKED PoIMT THERER

I
T hen (/Uo rehackon J—Lw\.)

Let MU be o Cowf,a.c+ Swmoe FLa Maw[{ulv{, with

bouund-l!‘?’ M % ¢ Thot s o  Swwoth MA.f)
: H -5 él"l +. = fﬂl,

ﬁw0£‘- SV.‘;PcSC Suola o w\.ufz ex;shol.
g}l SM-I‘A.'_S ‘HMM ~F ww.>+ have o \"23&«,[—0)' V'Gl.MG 763'1

Thin ¥ (4yY)> W is &  smvobh  Fdien, psini fold bl bounday
QW 2y | M camof contai any otk poi-t s oW £3m

o d 7['«- oy XE€SM f’(x):x.

As a clased sobset o/ a catmfa.cf pace A 5 compoac?

/4h/ COlea-Cf Sawott ""Maw'v[d/o( , Adw{vu_l has al, eviu

humébf‘ o’[ Aouwo(ar/‘ Ww'mts. A

Thia . (Brcmwor's VQ‘x«l ra»‘»«* Hawa . = smoofh w-sia.,.)

Coumsider D" 3= { xeR" / Zh: x:' ¢ 7} as a Coooth m.émaw';é’lo(
T Aow—.olar/ of I/E" . Evv‘/ Stmootl ma/o 7[\: D" - Dw heg
ferxed point e, I2eD: fli): R, 3%

voo i S:_.‘ofoiﬂ F has o e fat'w,', Thewn o(;/n,.( 3: D"—-> AD"z_gu-; L

-

%(.X) £ X ¢+ '6()&" fbt)) J[Or sownt é’/o g.'nc! 5 /:S' Smoftp , ;L":S
ccw/radfn‘uL} Fe no- rt/ra-u('lau .



The ; ( BPOuuwr.c ﬁxg.L f"'""* ;‘L,m_ - alu(fﬂvé vus,'a.,,)

Let R be AowwAA.or,nlw'c o D”. /f )&5“’5 s cau,L.'uMu_g, Fhea ;f

has a /“'xll P";”L'

roof: |t .cuff\'ces fo cousidir R =D" cince ,'f 7”-‘ 8- Dh 3 a Aow(otwrfﬁicm ,
Hhew 72:—"‘ f'f"f-l-‘ .D‘1 '—"Dh 5 Cow /-’Luau.s andl AA; a 74*(0( Pa"u/‘
l'ﬁ f has oue.

u

Sivee D7 s cow/aac/I we cau oplet  Fle Sone- Weiwrshonse Fan. aud
approx, mate ’/' by a polyuomial £ Fhus Sarsott, tap )o:D“~o R" ot
Il fe)- pod [ <& VeeD™

Flam (Be) pte) is Hew cunootle amd of. F:D" D" since

I Feall = (we)” lpton < ('"6)"( Lf e ll+ //f[x)-flr)ll) s 1.

Hoceovie, I Fla~fla | = (126" [[pto- (1ne)fta] < 2¢ .

lf £ bl w0 fixed poit, then puiz daf N fto-« [ 0.

xéD"
lith &= L >

ra e JU‘ Vké.’)h"
IFeo-x 1l > D fw-xf - ] F0)-Foay
> /A - Zf =0

So te suootts beag F D" » D" would bave s /4/«0( fal;wf. o



—_—

! hn . - (_&\‘ouwer‘s Java dncl o',[ 040wo,§v\)

,f ]Li P [R"‘ S o comRuueus ;K\.SCCROV\ | Flaw 3+ 3 OW-W\.

Emo£ ( s’uhL\) :

b suffius do dhoo Bt for auy conRusnns injechion (107 07
Fl> € lat £(D7)
Fiesh ok thot  [iD 2f®) 3 clowh sivce o closed
st AED" ik cowpack wagek b oa compact seb f(A)
b % cld e B @ comgact Subiek of o Hansloef 0.
So [ FOY 2D % ke,
Tha F alio has o conb. tthwsion Gi R > R"

]L,,. whdh G () s 0 .
Bsswme £ €3D" it He 2o of G Lis on He biuadey c{-]C(Dh).
Thew | wt con onshontk o oo bur bakian, b e CLFOY R™Y) Livw | L:’L-ll,f'
Hat g wo oo i (D7),
oo, by Browws's fiseh point Hoa.| D 3x b x= [ (f19) 2 (G- G)(f )

(

lvw.ﬁ'l' have F‘/.u( fo:hL 2 e D“ ][w wLJolA Flan Er(]“*)):O ' o

Cor. : (_?wm'o.mcc of ou\w.usion) Thot s o owh, Iu&u“‘w\ {::Rh» RM :{.]. Wém,

ﬁmofi Lt’k h<w.l L: IE“ -> RMI x B (.V;D) . Su.rfosz {:: m“‘% &h f5 a (_0wl'_ l‘u\.'su, {'\“Dv\l

TLJM L°]C7 'RM“’ QM wonld b a cont. l‘v\.&tl.l'l‘dw ”I/w{'l Low!,vu'| cawwo" be Of-tvl , A



X1.ENBEDDINGS

Et’.cwul A— .Sl/vwo‘H/\ MLP F‘H"/U lu,‘i'wum slmeoH\ Ma,\,,‘]ﬁqus s Ow
famosi0n I Fke M vank (odfy) 2 dia U ok R o et
L\MELM:\AA "{' F0 an Twmmoston & {4 Mo {:Lh) a \r\ewtomvg\'\'\-sw.
E”LV""WAM”H% it i a sweetly twa B{,H)u\é ?{» ]C: Mo fm) s o OUEwamgln“sm,

Levnvnn: lF M i um‘)a.d" Oy -‘«&uhvc | on 1S o Stoofl bmbuu)\%,

“’ remnins o show Hnt l[.l:-FU“l) - M Lw\—\'\/bu.owsl wLJgL s

&(1u,;vo\b.m+ $o F: M- {:LH) be'-u% clesed
}.té 4<h be closed . S.:'n..ce n s Cew\fuc" )
a.u.j- So 'S f(#’) 1/’ con /\'L\.u.n'L/ o-f 7£ 5 h‘a a Cmnfa-c)L rn.‘.rq‘

of o Husdooff oae I8 s clowed

4 /35 Compao)‘f as vaa

a

Tha .: Lot N be a siwsoth w-mw‘.fal.& l ]C-' Mo RY o iu‘swkn MmmUsipn  am b
Pv: RN'*’H =~ RM-I ‘Hﬂb M"VO&OML rn&ukuw ow"v an /U-"('OL:W\. su-l"

sg ~ee o«{'hoémL to veS"” ety H: P\,RM ’ixe RNI K.LV},

'f N Z-.v\+'l‘ Fao, ][oc all ve s™ uCc\o"’ o wt 9{, wtaure 200 i §°7

”-' ~ \ - N .
P\r.f M- HY R IS am u,\,set,\-(v{, w10 W,

oo i We Fv—s"' ?rovt ;W;Su'kv:l—f' To ‘Hm‘s cu\.'{l olL]L've a Swwo)(’la bv\,ﬁ?

m-l - fiy)
. Mxn A =5 b (x ‘s fw-fo . Siwee A 2§ lapdenwn|
8 \ Ay 7 alxn { Forfin) e A=

K=)’:\S s cloted ! Rert\ M, % a Swwseth ?,m“lfvu\-wi{»'u.,

as aASu,wuL.

Tle ?Lm_ég, o{- 3 s mtnswe  zoo iw s¥! ?f ?,nm</u-lI
Howtuul of ?,ﬂf i< ot -‘»:yd-m 'H-tu. Hae we xiy st f[“3'fl73&vl

So Mce“aoi(,)z v € 6(’1x!‘l\Ah)



Tv ryvove Fle mmusion rﬂ@'r{?’l we 0-76.,.4, S'.m:l.»l.?: J.L{.‘ve

AT whtre  x€M and
I 4fsel

KET,J'I \{01‘ Aéo.-\\.. He I‘ML& o{ h Lae tsus e LD if -1 5 2w,

h: TR\ (hkiw&) - 5™ as h(xt) :=

For ?".F ‘]'° be au ;mwsv-s'uo\a' we l‘\&,vc lo Lu,\r(, Pahk(d@v]c)x) 2 m

'C:v all x€h. Howcvu‘l o(,(Pv]C))‘ = P ol.{:x kas N /S ]QN— all xeh

waltss v i fw e fw;ae a{- L. n
Cocollwryi ( Wlaihrey ' tmbeddiog Hrm. = easy vosion )

lf M % o compad wanifsld of dima. m, Hlw b o b owbedded

. R?.wq—l
ﬂ{_ By @ swectl vosin of Hle umbedding Hum. Hue & o swmorbia

waluo{.b?\é) o owme RY. Dut b wwea,d-ms ?u{gcokve Iwvmbsions e

mlmwva;, H&mkc% He provions Hom. e con vedmee He dwtncipn

In}

LOWIA 4‘0 wal' ‘1 .

"Ww'ﬁi l/dc Can Lot fwo st ‘}’l/\i%L ‘cv'm e Pooo{—'-
“ @M\)ﬂibb\.&s art M}L cxcc‘))‘ru“»(, avw( Iib\ )[Ao+| OLlN\Se w Hrt S»o"' a‘f’ a,“

Smooth waf nto le’l (3‘4 [Hieselnd E” a f"‘"f )

° 5{'. WL we owl_?/ Whthed Tk an Jwwwusion e can reduce He

duntinsi o {:‘,r('lar L7/ ont \via resl-fiol-\“v\é o uwit vedboes 1w He J-m\&p\i'

Sfut.

T,Mm - ( UL\.H‘v-Ly(L LW‘LLLL:% g., 7\«/\\.«»0'5-\0\4 ‘I’LLD(\(.\M - SI‘FDV\Q VU'S‘OH) A-u\}/ SWOH'\

M-w\a‘«:‘P{'L [ 3% be Smo“«kf 'vMLt“LL iw R.IM\ anmd :mw\U'sLL iw R‘LM-I :f 31,



\-ew\urlks: “ HA,?& 73 H_l_ lxd- Fm:L(e. o)tEh{ LDM& f:'n-f& RPM Cb"\.uw" Lﬂ
L=l
ewbedted W, R 3{: wm s a ?owu‘ of ‘ue .
° fo( ;uw-.us"ous * hé"d- ):ow»L is l/uwwln- (froutv\ 5[ Colﬂ.»\ " (35)'.

2t L)

Gy Com‘;a,d' Swmosth M‘Mum{olk Com 3¢ Twwmustd i (N |

whice  wlm) s He nbts o{- owet 1w He L’cu»?« ep amnsYonn 01 -



XU . kororopy £ ropz-DEGREE

u}-(aw-o/e)f/ “ fo‘-mn[-'&d coulhn uau/.\‘woflf oé’é“‘wﬂ'(/"ﬂ' 074 “"Af-r .
Dcf..‘ Let }43, > A be Swwootl nag s dehvten  Swootl ma-«."é‘(o{r.

i ’[&tj e called flzwoaflvsy thv/'f/'c 1‘7[ thwe s a Somoof, M&f

F: Rxlo7o 4 skt Veel? : Flx o) : f/t) ' F{x_-r)=<T(x),
UC NI\:H Fé-(‘) 22 F(('.é) .

s F s Hew, catled Shoolts /ww/"// betuten ,ﬁfé

The epivalince  clase If7 of mapS  Spootlly bowdfopic b f

s s swootl /wva/v/ 74 class

Lomn: (" stact of records )
Led M de mh,fac%, /':/“7—3/0 Stnsotb Lt olin (F) = dlvin ()
ol ye o ryelar vabue (o, fU): o olf, surfechie ) Thea s
) 7 ke ke 5 fte
[,-,-) Tiwe 5 ae gper “guwhad. Udy st F'(w) s Vu.c.uV hee each
V; % aw opun wlighborkood of x ol [filioU i a olifrororpbiti..
| perkculor, y /f"(;)/ is Coustrnt o U auod fhe set of "éj“(“’

vabats 48 open. H N

uey

<

Our Aua IS plo choco )LAA]t //[-’(/)/wooéz r's I'L\o(tf.’,u oéwf 0/ /‘/-( V\éjulnj‘
vabt and  conslont ouw the swooth Aobwd"af/ clasc o/[ 7[



Lc,lmlm.a..' /7 colmf.“f S'bu.oale | N Swof‘lq (f"’m'él)’ L_,,-/L Aom,.o(af/v_) ,
L (R) s oben (W) . /If 7['6 s we smaoﬂn(/ /»abuolvf,‘c 4
ye M s a redb\.(au- vabue of bottn ][a.»a{ 3 : Floew,

/f"(/) [ o2 = [ §7'()) [ ol 2

Jﬂf—; Lt FiRAx[o1] > be a swooft Aomo/of/ st Brf, F”c’.\'
Assuine oA ryular vl }Cr F. Tl Fly) is a compact T-olw.
Stmoofli o ‘[ulo( wit 6ouno<~7
I(F») = Flly) o 3(Nulon)
: F'l) A (Pxdod o m{;})
£ xde) UJ-’()«)x{l}
Since  [I(FD) [ st be etn | He sae hes bo be hue for

LF' D] + 1 gD . So [£7 ()] mod 2 = [570)] o 2 .

[{‘ J s not a rcauCAF Wb[vc of f/ Falke

Uf, aﬂ open L.cféLém‘Laao(_c Of)’ st

nK{O.S }--1[/) ﬂx{l} lf"(/)/ aundd /é\ll)')/ ove 4‘01«:/1»\7" ou a{ P ad

!Z), Sou-/t_’( 7LL|M /‘lyot S a réu(ar Vué\.c}’é' (,({naa af F for “é"’ct‘
evew = [d (F"(f))/ = [F7(7)] 4 la'(;)/
S LFD g n

Deé i Twe o(/éz‘eomarf&akm! ][:é > o called ”Umwﬂx()/ /‘.rofof/"c )

if Hore 75 a smao/ﬁn Aomo/vf/ F’/’?x[a./_] > c.; /Tt_ ‘s
a J:#DMW/?L\A“M /44‘ all fE[U,IZ-



L etuma: Let P de tewo for'-»v‘,s jn o countehked Staootl m:'fa(a( L,

There is a o&'f‘zomar,vlw‘.cha h: V- st

() l\()r) 22 and i) b ~ Ch‘oo/'lz[/y /‘:a/‘p'ﬂfc tfo fLe l‘o(luA’/)/ .

I’Lmow( fLe fT‘W’][ (LS NI Hoat {KG/!// L\é(,() J(_,(} s “"“F“’L
Vée Callj' (,JAA)'C ["é s He /‘fatéor)/ WI'/’Lq Ao: [\' L‘ . I’D(.

Qrpaé.‘ Tle {f,)‘ 0][ ES y)[,.- whisl, Fhas e /"u{ /4‘- a él‘f{h / Z4N~J
oun 31m-'wa.ﬁuct 6(&)'(. L/c A/-l'/( /DT‘UV‘C /‘\m?‘ )"A‘: class 5 au,
ofu. .sa/, Sfuce /{/ 5 ﬂeh a oL:SJ'o"l-)‘ tni' O o/[ o/au. .J‘u{r’
éeﬁa comn ected /;hfﬁ'q fhet FHhoe /s ouly oue clasc wheel,

Ylav, conssshs of tle eutre mmm‘ﬁ/'(,

lﬂl.y):[-
Ufﬁ%} cloats 108 Caw aSStame  Fhat /U=fk’h, y=0 and
e: (e, 0)c ReR” . Chose P eC (R R) st {01

and  lxll v € 3> fle): O

Defre by s ReR™ 5 (at) o (ar 7 () f(a)s, &) .
Thar, () bt 2
(i) ke i
Gi) b, =% f x>V €
b ctmains to choo Hat hy s a difeorscplbise for saff semalt [,

(Jc ’C'rt 7‘ f“r"'c )‘AA/’ l-)L X é':“(c //‘rc . Cowsiolo- 6 ca 7’; (a) ¢ 7{_, () 2, .

‘/—Alh al(“> = T+ ./-,'{“)6 7’&.-1 (‘) 2, >0 VfG Lo} and  Soanll Cl—.oua‘- //3-4'



e - - - - = . -

Heuee by 6:\‘52:4’4 o Tloceovu, R AT IO T
dlb), o : "

So 1/ e invese ][4:-».6’4"»- Fln, . l.é s q a‘"ﬁohlﬂ*}zl..'su, ,4*"

mf_ somall N2y,

T him - L o )""| N bt snwsoth MAIAA.{L’ Lds of 87 anl Lmtnsip, | M Connpa o
Ol-vw‘ /{./ (onn eu(u( (an.( rm;h’l)[/ w:)"L\ Aouu clnr/) }—;pr a gmauﬂ.
ap l[ Rt it rgw[ar value Y #le " prod -2 - o{e(l ~e of' f
"l‘;&z ()= 1f" ()| mod 2 i wdtpendint of He  cholce of te

KAWlU valng % ound clt‘oau(s o-«l/ ouw flo  Suwoth komu(af/ elass of £.

ﬁr()"{: L{,é )/ﬁ-} Le )Lwo requln- \r»]Mv._s amw{ Lé an /‘,sa)(o‘o/v ag dle
previons Levwo <o Fhat L.qu)m}'

The 2 & a rélwlau- v ovbwe of L\_,of and by hsz Sinao Fia Aamo/vf)e:

l(lr\."F)—‘L?)l wod 2 = ’-F"(%)I wod 2

f
v h'L%) L, swootuly howohogic fo Lyzid

[f IC“"A e §IMOOH~L/ Law»ol-of?c, ‘ Hew o{Lél(:ﬁt ’LQ‘LQ) ;]C
Hue & Cormmon ﬂéwbd' vwlm(,l wlut ol wLwnyg wasts L)« SWJ,'s Hown .
|



rew»u‘/is HE

deg, LEY e only defoud A (F) = b () N
cownccf-coi & H XY cow\fM)L .

lf OQAI L)L) =0 .CO\P/ {f has tutna oL!.aH—i, ( oud | edd
duge | if oy 6 - 1)
J;e./omf. mod 2 o Sluar Las nokon of OIILSH'L ( I@ Onlyu -

o&&r“' ) Co A( a((/{"ual :I[ MLV e IO""!ulLﬂé/l I.



A couwnechd & ol M= i, &

TLMJ l&'l' h.U LL 5""‘90{4’\ ‘N‘-a-""; {'\"(‘L5 0'(' J’LL Sowmd J/‘\M{.w}t own . M cowe“g"—
ok M connedded (o~d fuleL/ v ith Bovw\"l'*’?')~ Thew 'F"‘_ o swaootla
W\-A,P €‘ M ""9/‘./ w”’b\ rcAw(-OJ" vobwe 7/ Fle

! wodk 2 &Actt ' o]L ‘F
0(“%7,({): ' {"‘(_7) ’ wod L s ;wO(La'.)bV\O(J-W'I— o{ he, chetce o(— fve
”&w(.ar valwne y s o(”,wub OML)( 0w tlhe Sumootn L»Gwa“'of/ class o{ \C

“&o{-_i\ Let f&& be two VQWLU valwes  amd L g .‘so*'py ot Ja

He prev o ) tvwnea s0 Heat l,\(_y) =2,
Then T s a &—%v\(,l\r vwl/m!. o‘{‘ L\,."f oLwA— L)« M.‘%'M’w-o‘-ofrz

L Lok 2 = J(baef Y O] ok = | 7000 ] a2

.
7 ?

b lo\.:\’\ (.?\ ln,‘ sw-oo"‘*(r FOW!‘G“Q o \o\.,’-‘&

If L g e smoothly lonotopic | Hun e, (- deg, (4) 7f

tHhoe is a owanmon \-tbw(-ar wlwe whaola O\-LW‘?’S ol )’f SwA‘S N

n
rewarlls i o d_ek.,' (_]C) s o\..,{,y o(-l,(—:nec‘x.t-{ v Ll"l): oo (A/)' N s comm cokd g\

Yy conn fa.b""

0 [1[ o(,g(,y_c\L) = 0 we Say Wt g s Y i ’hé";"—" (a,wt( Y odd o‘LKie_“
f{ O(LA.LC{.) =1 ) X

°o LCYO«\L V\Mkz {'LC V\A’kﬂv\ o{: 0\" Jlgl'u- :& Owty JLFM* ;'f n &U we “Of:(v\l"k "-

Ema.w\laLLSE 4

)o(,trl-")n XS odd hg% (_45 will as OM\/ o"w \)?&cd’(‘u \—v«f)
o M (o~ . AP ‘[t M- o {: K > ¢ has eun 0("3‘“ L Siwet

a.v\.f 7/5{( s @ '-céw(.n\r vadu e & [{""(,)I:O.



@

° Moce wau-y . .‘]L Fin"/\/ < wet sw&cckli, ][ has  Lvin oh&nt.

. As a Uv-%clMMC,f bas  evin ouxcu. ;f /U .S M" Nwwfcl‘
( Simet ]LU“) :‘s) or A has boan p(..r7 ( ghet Hw 1( % howeo Lﬂ??c
booa wap bt i ret sweelkve - by ‘Covsl‘ﬂ.(,“wé' o L

W\.Ow‘a-é F aw«y F‘Ovvs fLe blwnd-'-‘"/)

° /{/e"'( “‘L..Aj' I’l/v:s 6(.“4}&(/:}&5 +LL l—u"l‘th» Of f'b\c JL&TK 01[ A

P’LY V\.O“V"‘A'L ; )Clx)

(G‘-\ (&Amfl{ o{~ a

'{’q(y‘>| red2: 0 7

r.(yv\.ovw(‘»(. T RVIIV

%t dyee )

% s X

:&T_' LJ-'nd-'va wnmber wod 2

DL{.: Lk N be a CO\N\-FM'}' Suosth MAM‘FG(-*' with i V=
and Lt {:2 VAV ﬁE“M bt & swsotn v p omdk 7/6 'EW’\\{(-U) .

TL{‘ M*2~w:hdﬁg wumbu” a]l' f arouwmd ' is OQ{(..M as
Wo (fry)des deny (v)
fm-y

whare vily> S0 0(‘-{':“‘“ as vOA 0 fro-yl

kst 0 Moo Flak [ v (3)] is et nwwbe of  Rues -'CLK)")’ p"""""—‘ v He sawme
.
drechon as & if we vwy x ovr all o{ . Se W () is te wokl

0{’ os huua bV,

o If w=5" i} i ¢esy b s Haf Ly lf y) is sndked Fe ol 2 o f
Fhe fam,'u,u- SN dJ‘% huw\&r/‘ °f tle (/uc/( Csve ’[[/’) m/vwa'f)',



—

Tha.: Lt T be a o part e dlun . sunesthh .M..,WLF,H. v HA 5’“"\0(”7’ N +‘¢,
fAN> R a st tnp ek Fim =R sweobtn s F| o f
[_f 7¢{[an) is a sowle value of F | then F (7) s e {}w(k ot L

Wy (o) = [FT ()] vt 2,

E,.,,]é; Supprse et Hot ¢ F(R),

THu V:H»Sh”. V[é) iz 1M s wtll 'Qf‘“"( and "=V/ :
IF(o- y 91

Sr SMI“J 'H,\w\ J’LUC M.-‘J".( A (owwnon r%w‘-kl‘ m‘w( a—éShA vf v & V

V_'l('?) ;S \"le‘ a Com(&&"' 4‘¢:‘M. Sm}l’b\ M‘.M‘?[vu So 'PLA."'
Q(V"q(})) s an n V"'é!): \/-"(_2-) cowl'o\,.‘us On crtn b\,waU' Of Pd:“'\l'e‘.

S inded L (£ digale) = O | F7 ) | enool
7
0.

¢ Fed
Wows consiler He (o plemtntary case F L) *ﬁ/
By asswmpkon o ¢ ) < Flan) 4, pop [-F 112 Pl s K“}
Atwrat‘g bo tie shadi-of recocdks Hamn. FHut we 0"’6""‘* op b M;SkanuVlS

{,{S az_.“ ik a %f s.J-, F/Ms: u‘s‘ou we drgwmn-fw.sms_

Take o closeh balk B0D € (X Lifh vadlns £50 wond ok defens
&5 < u; fo be He clomd rﬂ't:mxs a-f Bécy) wndr FIM .

s

DN w )

F _30ye?
(2



&

IVEE v{

Y

Dc{:»c iz m\((j IM-Z;)' F . Fl. . V::VI

b
£§3%7 n

B
Tt y ¢ ?(P‘]’) , &0 we owe badi ot Hue ﬁf'd' st o Unow Heat
V kas evtn &ér(.ﬁ.

Moreover, VU : vT(DD U v:' (Duv ..y v-u“'(zv) whoue

Vg'Bgs-oShﬂ‘ v, le) 7z _;—(‘)-\y " ;t")_y
/IFU)-)’” €

K
ga 0= J_;A;CO') = J—céz_(_VB + Z_ 0"—6; CV_@) ok 2 owndd 'Huc_l(oc(_

=

W
d&éz (v = Z v‘léz [V‘;) mod 2

gz

gr He clwbie of R_g welavre Hat V\S ’s I,k‘“k'./{, oand. “wc‘[oc& A‘AZLV‘_;)’/] )
H(Mu' OQA: (v) = K wokl = | F’ ()’)(W,LL

3N

.Su.“ma heR” i o compatt smantl subwmant fub( and. M o Conuncikd

" L,ru-.(w{uc ! (;’(. o.,f C"d-:bv\‘\ﬂ-‘:'\,\ /l) w:/"« r~ CLH.X:"'\ l“"'"r f.‘ 3’7 e )}2 “-
Tlew ﬁ"' ¢ AN Pt ualue of W?_[fl x) seporahs R” u;‘,:&u (U,(f.“)’ 4) s

“ owtsiM (W (fix)=0) Hoce Xu—ﬂ-ll)«:

TIMM..’ (ioriaw- @rt’m\ur Sefu-a.klm H,\M.)

Lt X Lle a compact, comntckd swaovhl, Ambwh\—'ftbi of R il co-dhn. 1

Thew R"\X : A, v A, whot te A;‘s we o()sso.‘hf- commechid swwootlh submam folo(;

ot “?.“‘ A, s bowaid and A, and A, Luve Pm‘w{’ sot bonndories bﬂo’-aﬁ’ =X .

voof . =S se [ero Uewnin P.’U.a.tlkl {;N‘ He ‘dea.



.KTL' The Rorsulk- U lana Haortm

DL][': We el o aap {35“"’ mv\ “gii“ '\{ V,ceS"; F“&S‘-*«F(&).

(7 O'WI\"FDA-A(. wnf XH“Xl K D Liw % LN faLyuom:w‘A wikh 0‘~(.7’

E wommpUs i

od-A J.Lx-eb onns

Thw. [Roesuk- Ulawn T) )44 IC’ 7 - mhm\{og be an odh swwothn b .
TLLU\ b\)z({‘o\): /l.

Tlet [ O odd Lo rwwst ik wrouwnd  Hne oﬂ&u aw odod wianmb U™
0{- Foms .

hire 3y o ovlt nabeoe {OC'D\AV\I,VROV\.'

Tk‘M LBWSWK "'u(l.w\ ‘E> L“’é ¢‘ S’\') S“ L& O ooll)( S‘woo“n VWQF .

e —

T bt oL¢,47»./(_

7)‘-’"{ blat (&UI@ Ru ) Vet
BUL = BUZ:D (e waay comstds @ S7 R7NJ0X . Thn by BUT
1= LJZ(,(D(OB: Ol"—éz (“H QU) ) . obélbt))

kgcn
RUE » BUI :  Cfbin @lor- fo .
_D ¢ - w
TR
{, ()
Wutfiods duy, ("‘" umu) Tl (4) o

onof P o{ RiT 1‘)): indan 6"‘"1\4 . A'.u wane H l"wt f,‘_ A ‘ w2 .
—_— 4 "
Coustr S b be te Ltwd'o-“ rf S e twn bedded 1’7 tle  twoelusion

w‘lf b;(z“‘ -‘.'K"‘) HC"’\"‘“: K"' o) . SD

Sv’lc: uLSM‘)‘{(K‘O)éﬁZ“&ﬁZ I llxll“l} e ",



®

D efine A‘S’M - R . gmn f(dt)) cie AT H»(S““”) reshlebd o He
Llwd-vv. Er Sadls Flonn. "x:i, g“"‘.», $” auk 2::—{— ; S.‘ - 87 Lave

llall “{ll
A Commonm veanlar pwlnt | SAy yésh. Ey S)vwwd-r-y also =% S O ooy

rL&wLu valwne |

ST..&L (p\- AA tle ;w\.a.&' spece l,.a.5 Lg&r’ al_‘.‘,v.}.v\)-:o‘_\ {/Lm,(,‘ {'L(_ rft:\ﬂ\&
(ank Heofoce d‘AA" (e wevy be ;w\'sc,o‘w&)l Y LLIQ a N&\Au value meany
{"N.'I‘ + e vl w Hee fw\.n.& 0{ i o (awgqmbv\ﬂ./' 6(8 u«“) does wet Tutostet He roy
R-y.

foo § ,ow He ot Lk y L“‘RX“' rgw‘.qr ebut fmpllis Hab

l-'f\-" (_y)l wod 2 = o(-c.é,_(]z) = W,({.’) .

U-.s:v.é .c)(mu-.(."’)’ wt xf" l {”,(7) [ = :"-(_ l{d(?'7)l . S;"‘C -{ 0‘""5 w‘-
e p Pﬁw"j o~ te ctww"ﬂ' o Ily | v+ Snf'x‘n_s o N b tHe

u»rflr l»twv;.srbu-(— S: ==‘ (émh”l nluz’l A Xopa ’ro} o.noL lo Ciwyia(u'

for £l Tho T RA] - [£RP] ont Hos

W (o £ (Ry) ok ¢

Moo Si % a wmenifrth with boanday IS = 0 (S77) an Ll

we wort o apely He Twdmilon hppotlests | Ty flo wk G Ve R
bL H,-l. M{’Lﬂ&lv\w{ wmr (l.w\.-l,w" OIL i)-a;/ ow\ok i 1]2‘”'"_5 V He (orces -
P,,,,,LI‘:B ot’“ﬂ‘o&owﬂ(— PWSH'L\OV\' Thew it ,4’2 Te ﬂ.’ S: > V'-‘»' Rv‘

bl (onmy M o4 (sicie {3 odh&w i Doer ) 0wt O s ok in it fwaye
cnct b(.sh“) n {)’R}):ﬁ .So A)« Fle ‘wdanckRon ny‘oo'l’hs.‘s we have

l""z(‘"l 0)“-4 )

(S “‘“) '



Sincety wt  reuls oshets of £ it follas ((afhr & Ll covmpababion

s»LUP.,-A from i< =0 Fb‘)éhr‘s) ot 0 's @ .-%utau— valu ¢ of b,

We com b ecploit e natn Fhon, o—f He f;ccvfows lectwe & aﬂ"ﬁ
- - @

r.—s_/

v
L, ('”'qs»-n) .0) s [ L7 (0)] modt2
hewefy P
= | 4 DI
(A))
= v, ({‘o)

Taéd’lfu with ) HA proves fle jndineh o, S'Af.

I+ remouns o peove Hle Slakm ot fm- e, whih cam be olone 4/



QLULLL; &onu\k'ulmw\-. ,f F:Shﬁ flE““\%aﬁ fg oulaL f. SMQD)LL\, l—/Le\,,
Wy oy s T RY [ ok =0 koo [ 5 f ashokd b0 He

wppvr LAMLfM ad y any Né' vl uf x B 'IL‘K)/”]CM”-

§
J=

If a Swmeooth g F S ﬂh“\{"} s odd C:"-. ]L‘"")=']L“) V">‘
Han f(_(h) Twluse e evu-/ bie H»roual'\ fle oc.'a,lm at last omwce,
groofi 1f FUST) by RY - F Han Wit e webwhon from A
foegoing proof LR med 22 0 Ay coild be o .

vabe [ since Ny} Tu He Fw&)‘ Flis wonld  conbmdick .U, R

Car_l[; Ll,t [,\ ‘--.lf—.: Sh"’ R &t oM SWO'HA ][umcl\‘ﬂwi, T Lew qxe Sh=

fao: = fL=0,
poofi Suppme v kot He ase . Thn fi S R"™ '\ o}
fFodee (L6, oo fulo, 0) wonll wob iabsect $e g (o, .. .0, R)
oav\HobickwA Cor. I . a
Corlllt Lt ki S" =R be cmooth . Thn 3x€5” . by = hi-x).
ﬂp_-. St Lol by 00 Ly Gx) and fusart b Inde e previons  coollwry. n
remork: &/ u,sfa smsoth aggrerimalons  one can (n')[i' Hus veswlt 0 Hant ‘guoofh !

can be rcf;(,uuL L/ lLamkhuphsl,

Tl"""\.i Let 2 QRMI& He uwt dall o][ SOt Wt Rhﬂav\p{_ {6 C(a.&lﬂh) .

Thin Hoe 5 an x € 3B s.t. fFlo = {bk) )
&"E (o) ¢ & IR - S'*l x b X/"’("I;s a Law{aww‘-rb\bw\ Hot banps auﬁrolul, poirs do
ownh roo‘-wL Pa)r} . T claw tan {ouows {f‘ow. tle rrl.v-‘ms co"ol_(.u-7 w e

conhunone S!.H'I‘Q oTPL;Ll ) ‘[95'. n



Aw o‘(’f’uc“ko"‘ i Offm)":m»k\ov\ )Ll«wr7;

Q: How AOML can aﬁom)«'mwh‘hg L/ v\~ftu~-.w\d"f x‘[wm(l/*‘ts Ltz.'

T hw. : Let X Lle o how bmed s‘rafdl k < X and FEc¢ C(L(' /Q“) |
D: [2\1_; K . Tklln SIAP ”F"D‘E()C)” > Suf) S“F{)‘[’\Bvekl ,
v

Fe v
where Sup s owu

=: b, " Runs ki ikt af k.
all S‘u»é.s‘wtu_s Ve X LJ:Hf\ dpva (V) 2kl and

R, { «ev]|ichea}

proef: Swpeose A0 AB el Eo By s,
unit sphot Lerbl Somd morwe b0 R By Bocsuks (Ulam ot
soow £edAB, L E(R): E(-f). Th,

U = (-2 Ep)- (~fDECH) . So
QA fl ¢ N f-DeEp ]+ f - DeECR )

's a cowt. et o F’“" Fo

Hince f o -(: pid a.“)roximnlti wiblh  steor v A |

So Lvuv - SPa.bL rf-
Lipsth funehoong

—
Limnea: For X-= Lw(l:o.—lj) ‘ Kk:= 4 f € l,\/q'w(E°.'ﬂ) ’ ,lFllw1'a==h«u‘lh‘F"@.

wt have b ¥ - “f\n‘}”

“ Llnt) -

¢ otale drivelw *



o0 || L{f 47-' € Uq'w(to"]) L\: a (Sq,uu"{‘mHz\ Fvv\ OL‘\UV\' So +L~"
¢ >0 ¥x d (‘-T;.'Jn) {'0“ "éll"“""‘l and
La;u=1 ‘ "d’-" l: 2. 1,\ ¢;Lx)

V- span 6 ¢i}:n S0 iz,

‘fe},\@vmcaus t ; > X

i
"

i-l
-

PrZ G b it Il L)AL

0+ He othe hand //{//m” = macd I, NPy 2 2 e 2 A

Se AB, €U ® A1 & A

1

Tn.ll.:% e SurJ o{' e )&‘5 Ltul.s lo Bhé 2(\“4.1) . n

So( Low,Ly sﬁ)ewlz\j%| awmxi bvwbkv\% L-LL@UCI/\,&J’& f»»\ol\“o\,\ w s
Ly  up o on eror € n1m1rts ot lmt ~2—£L—~ real FM‘IA.W\C‘]'U‘S_
&LAU‘ qq@m?\'lw\wl—?ov\5 o fess:ua ovu(,y T—f cowl{mmﬁ—/ of E S
oUowuk.

Th: ( Parammchrized  Sards Hortin. )

Let RPNV bt Swooth, Maw"&[ol.( cyf Aratusions m ru
f‘e.ff{cA'vL(// ot i Ascone be e Pgn/nl' vale of a se00tl
Md[; F: Hx P >N, TAAM }4.‘- W/[Lv.a!)‘ ow-/ Fé P /[t ‘wq,P

Foi Mot/ Fo(x):= F(X./:) has y as 'éJ“/‘" pabut oo

voofi  For s‘fhnpé.'c.‘/-/ asfume /1= @M, p=//?r1 = "?". 7t 6«"""’"‘”( casl

,4’/‘”#5 A// odféj C/\.Ar/s .
De_[tw. Fle /’"J 'H'= r‘k?"Pl ("ll’) Pp, ¥ Cwbw"tué

[ F‘llll_y‘k) g HXPZ (x|]7) g CX\P) a“'L s ‘?'j:OL s :F-‘Uly}) = P .



Ass g pe P rsulﬂ‘ vabue v/ m oomd x sk Flyp) =y

>

ol

VoeR™ 1Ly e TFG,

fs

a

noﬂ.ouu-‘ Swee [\’] ¢TF¥ (7)0:\?) =

- ~ - A
) : TF'(,)fr.r)—> R s gwje;//‘ve , Hat 7S

S‘.f. 0(]7'“"’) [y] = 7 .

OLT“‘P) : o(.h‘c“n ° OLL"‘-I’) . oLTT("r) =77 awd
— S
TFp > TR, meprsieds tle *—mam‘l- sphce

OL L Lxp) ; (ep)

J-Uw.s af'f 'H'(’. %l,mmek\'c. Hv%tv\ s-ful, .
i g + L¥IP (xt0a)

we have

D(-‘F(x\” Ll =0 Hos mieans  Heat

qu-lgr 1xe R™ ot i (x,9) = O .

(A B)"‘ be ¥ lunlﬁ'wh:)& r(,')ro.ﬂvxl‘\g ou:,_,‘?) o $UIs

Let
e b 'HM\.'I’ quQr 3 KCRM : Ax + Bal =0
So ron A 2 ran B omd  Flng raw (ol_'Fulr)) 2 rom B+ ranB o an ,

A p) s a r&uhr fofv»"' we have =7 g

Bt

CWO u.N“Z B

pnd Flas  ran Ao R,

ﬂ :_S sl'-!n"' ‘H”ﬁ luab;‘mnj\“l( 0f T:P a,',’ x € F;;' ()() . n

If M=WxR Lhwe € % a 1-din swooth h«aw‘fﬂ['(, Flew,
FP P MR ANV anmd  tach Coufawm\L af FPJ (/) IS & Speooth

cwurd Fu\- a:L'IV\.0$+ uﬂr)' PE P

TLe vlea 1S LCWOI\) to we é'—‘RM a Ilwz,\,o/-u‘f/ IONAWA/-, Hent Tk -

r olodes

x

s

I:S &,howlﬂ aﬂ\o( an

.Soua

é;b)l-wzc». any 37‘,"4‘1"0‘_, FI" (x,o) = )/ fb‘» WL“o[/\ He ;aé(,‘}f‘n..

gqm/n‘m,. FF("‘U =y A«— L\/Lw‘cl,, Lie Sobofrou

LV)L . TLe o»éolrc rcéL"'L)ES )LLélA Com alA.ﬁJ'RM 'L'td //Z\ﬁﬂt ﬁ\"

O.LMAO-S 7L 0«-'«/ /a (= P 71'1-0{ /\J a SMDO!’L{ lyn/’L\ ( wthont & {l«/‘c,\j.‘o-\_s o
Cros5i kas ) Lt  Covntc )L5 Flo )['Lua ) /oll.w{/é a ' A/{’l Uo s
3 /ar J

Wcéw;,m’ Flow, fruds He  sou bF  sobubra



Tl/um.; (Hum~sahdw;ak f’bum)
Lot PR be ]Q“.‘J-c Rovel mreaswes ow R" that all

assf:y. U0 mlasue do L\;,Vtrrlow.{s, Tl\lh Huoare 15 a }u.[f:fa.ce
HeR" o Vi o (H): 3 p (R

proofi  For veS oefee ML { xe @7 z €€ Ve | b MY ey,
any  halfspace  eovwsponds o oue ve S”

T hew f:S“~> R" Cf s (palH), r«h(HM)) 5o comNwwons
so Hat  Bowsals Uton imolies He wiskuce of xe $" s {10 f1n).

J’(owa“ H(v) = RM\H("’). o

ORIENTATION

Del.i o A oritntabon o{ a veal vedos sg ace X om (’,ql/llvwbmce class of
aro(p(i J:A..(cs (AonLU' 'H‘ve r&tak‘o\n bl ~ b Aot oll."' l&) b4 O
b= (b_.l..,lL.,.) and  b': (b:,l--.,L.:\) we ool Lases o~‘L R”

tuhatre
o.ML 5 i UZ e Q ‘“{ Mbwrf'n.\svv- ‘HM«,"’ \N..nfj L; = _/SL} .
© e anboumcphing ow a vl vedee space X aalld  ovitnFakog

,grtSvah? }{ 3 L\a.s ro_(:}-;ve JL“”P\A:M‘LV\J'.

° The S/—a.uo(:\ro{, Of'\iulﬁ\.l\\ﬂv\ af ffh CalnlL&"la.S b ﬂeg"‘“‘ a.v»t( s o]LIM

[ S
W oie comvtmiint o Lt R° alo cory fwo '-,m;}blc omtabnhows

° f swooth owuv.,.'%:a[i (MA) X poitnlnble if Haee % an atlag ;5;4«:#.
(W $) €k o xelialt, = ow(oL({;{;")tm)W-

1,



Lowmai A sovortl manifold (h,4) i octububle iff thire ik o
cholce of ovintnkons of wll tFavgint spaces TN aud ou abas
e h sh foall L f)e A axeu He map of =T R =R
nags He chosen oviwdabon of TH o He chendard oeltnbabion
of R™.

romarks e R ok TR we dnkfred by repressnbivg Lyl €T, R”
by i priecple part w.rt He chat (R™, ) .

h A

of: = Set ﬁ"ﬁ. T hew J({;"{i.l)-[u‘ o“'f‘)x d(fi x)—l s
31‘
ovitwhalou Prau*vfué,

RN ’]L we  Stt ﬁ”ﬁl FHoew (0(-'(5): W*fi He stondard ot tfnkon

o{ R™ v tue olusived way 0 0w ontn FaRon of T M. I

rtrmnrlis: o Uk Fhat At a,lm:uo()/ e brmning tHe ovntmtnkong o T.h.

/? rs  called oritwted a//a; ) /4 e vanl ottt allas 1 nlled

au om‘tv\“nlﬁ\ﬁ\n of (H ‘A) .

° [7[ o Caumeulcal OVLA ot rble , Fhew Fhoe 0‘-!‘5)" fuwo

ocitntabouns .
teamples: + The Ulein-botte, Nolivs skip anol Fle real /amjec/fw: plane art
not ontntable .
If Ry otitnlable and U/ open tlen U & oritntable as a
sabmanifold of 11
If R, W we orenhdle | tHen so x lled/.
If F s o skooth ontukd wmanifold  with boucclay, flew

/'/S Ot ;‘-L.A"d.,. /:40046!_5 an oﬁ‘IM)L‘#ﬂw ou )‘lc Aouu/ﬂ// 9/1



= o 1> 1 Ve oM choxe a basi 4, ___,éM) af 7 oL
by () it represenks He ortofrbian of Tl
E () Vist: b eTonenn
(i) &, ponk owfwank of /1.
(by, .-y bun) Hen olefive au orentabhon ,,fzan o X
M dtomts au oriended h«um‘,@é{

- 0{4w‘ I7=4-' xéaf‘l g a!f/éjuto( or:‘lu'LAA"aw +7 or -1 o&f!mo&a ou

\-9/‘1 o bthher Aﬂ ,oa:‘ués onbwoard o rvord  af x.

“ Wi/

exa.h,\féz,s: S X ocltntabl as Hle éouh/“"// a][ tHe obsc D .

/f 7 s fl«uoo/l, p-p‘»(,.,,'[M( Mq,pw'/cra LJ/}LAUIA/ éobtmo(ﬂy’j AA(#]

3( Melo11) = (~R)xfo} v Me{n}

L M wh, uém/fvc orrtn Fakon

Deé.: Ze'é ’[,:,7-9/(/ be a .(‘hwo"‘» Ima/a éa‘ww«, .UMOO'LLI or/‘cn/eoﬁ Mau:ﬁ(/.(
o][ He Same olimtusion. If H s cac..faa)‘, A connedel  and e/

a rgul«r value o/ F, tlew we oéﬂc.

g (fiy) = 2 sauldf) e 2

kéf"(y)

where .;;J».(u[,,) 2 29 guof +71 fﬁf the /‘mge o/:‘le onentation o M

wnoler olfs  cornciodts wit, te owe of T W,
Thn . ; (g'“”“""'r o&ara ’LA""")

77@ Bram\nr’ o&jred oQJ [;ﬁ) = o(g [ﬁ/) o(o(s ot oéfeuo( on Fle c‘n‘ce

a/ He "élulau- value / aundd on(/ ﬁ/(hc{f oun Fhe Aa‘vw"ﬂf/ class o/[/.

Pebv«v—kf note }’Aaj‘ o‘g(;‘) nod 2 2 D%a [,[)



The proof  of te Fhua. s siwilar o Hat  fom deg, OF).

Tie wasn ,'g et are !

L tvnina 1 If = 9X whtre X 5 av oeltabed  cmoott c’oa,?oa.z/' Mam/'é/a(
A Jama(,.,-/v N, which vnhectts  He orfeababion of X anel
,[':/7->/I/ whonds fo a  covoth g F-’X-a/{/( Hlee,

allé (A/) =0 ,f.,-r au,,/ I‘éjln(&l‘ I/-AJue / 0/‘ ,C

Erv'fi [!/u/cb\) L/.(,a,d. Wl Can asSfwnt Flat pd s abo a rgu/ar value
olz F /f M?‘ . we “f!a'% ?‘l\af o(lé (’(:/V‘) /_} [ao\/(/v (0-«.(/‘“"7‘ . Lo we
MR)/ ‘Ake a "éJk(M u-a.[ue ,4-,“,‘ )“s.e ktg“&r‘-&ot)‘,
The, ;—_/(/) 5 an owenked c»m,ouc/ Smootly T-olsan . Mau;)ﬁ/o( el
émamo(w-/ aF-'(/)’ 9K a F-.()’) = f-'(/).
LCé— _Z € P-I(/) é{ oL [Ohulc/lo{ [gu,fou.omf L./-;)Lél ‘01411901-/ /eol:n/‘_f

a, b, then SJA(o(f.) * fcjh(dﬂ) = 0. u}

L tvnima 2 /f f e 3 ot rmoﬂpl// A,w/of,‘c and Y s a Commmon
rgu(u‘ valne , Fhar, olg (f,/) '—0%[3,)') .
ool (sheteh): Let L0011 e He oviented rodwst ol bowaolar
/ %
0% (-n) 4« H amd F:lodc 1 = A be Hle Shrpotth

AOM(I'LOf/ éc )Lwe-llq ,£ and a . ru‘d

o oad(r/a[ )t dglay) - dylhy)
0,13 x N u
Lemna1 —

4v}x(-"’1)u‘{l}x"l
The eect of He ,orwf off #e Browwer p(td”% Fooa, ic aua/aaous b He

W‘-Wl-‘z- Cage : I.f /dZa- Va4 éo/'L\ l'tﬂ_V‘lLLwlf /4.4- )[;f‘l-J/l/l cAoo[.( A o(,«'feo'

M!H‘FLV-\.(M h: V> Fhat i fia‘vfaz o the I}dw/\éf o .t f’[))= Z ... Db



TLM-I (Nhtl-;rL.'ML“v.'l-/ 0'][ H—e, gf‘ou.uIU“ obaﬂl-)
Lt M P le swooth onchdle wanifolhs of Fle samt oliumimson,

J"LI./U C,owrm(.)" a.v\vf- /U,p Cakuc,’-(,lt . For SWUOJ’L\. lm-vfs F:n-‘:/l/l

A: NP OLLA (_ aof> = OQACA) O("'é("F)

Eroofi lf re? S oa Fe volwe of‘ aof ' Flw any )/6 A.ILF) 'S Nk ralne
af {: Since -Fof au.\y Xéf'I(/) fe g al.(auF)x; OL(‘SY'“LFX
has B be o Boworpliom . So o Lay ko be

on l\.sumo-rfL\.?.uM‘ b . TL-IM
U‘Lé(]L) = Ze:f_|l SAIA (oL]C,‘) l[gc av\)« 76 SI()’) .
x y)
J"-Lu»l-(_l Ob'é ( anf) B I__ Ssh( ALaf)&) B Z L SA‘"(-J'QY) sé"‘{"‘f;)
xelaef)" () 7ey Lo ref )
= san ( day) 2 sa- ( 2fy)
7ey'te) €47 (y)
=y (g - deg(f) ﬂ
(xww]zll.; The vefucko.  r: ¢h- 8" A T R I (_xq‘__,lxk_“'x,\,xuh“-__)
L\n.s JLA(FKB = - Jl TLe "o..,‘,Hr_,ML,,L (Nmr ! A: Sh > S hl X - -X can
lod wr;H"hn 0S CE ‘—1 o __.° ‘_b\w‘ so tlat OLLAta) = (-—J')'M-jl
Cueo(LarZ: [f nols et Hey ©®:8" o 5" L X P ox X net Suwothly

L.ow-o"@‘l‘c o He ?oUu\H’y.

v(,lmvu'k—i Ht’”& I$ ‘}’I/\,w Sf‘nk& i"L\A“' F‘ 3: h - Sl’l ([of M O?lmpm.d', ov?tml""“b
ikl (_VL):I,.) wt komohp\“c 7H otza(.f) = oué(é)
f(w..‘L.,—Lfl FoRon weweomtwbdble | Flay meohw‘cbuns wt Cowplikly

cL\v~oM%‘lo(, Ly Uué?. .



Lf;bv\lm.m.? J_(,f {la: S"‘..) S“ be SwaOHA G-IAD(. s..'l'. VKG.S“-' ]C(,x)ka(x]
TLM:. 3 75 Smoo'H'\-Ly L\'Owol‘of:c J'O e°f*.

poofi Cowids MLtk €70 s
Hi(t x) & £Oof L) v Lame) 30
' I - - I

TLTS S o Lva.o'"oG/ T{. tLle

J-OMD\M.:MLU' olots M+ wv\.rfl\ . Sl‘u‘,o& F‘--“) % a‘-“) we l«.l,vL J"‘le’ *HJ,
Oro'a-'u\ s not ow He Liune Colnhf,(/kg 9-{(4 wiHA é(u) . Hlm!l

O % € O-fiar (a4) gt . )

T . : Let ]C: €79 $" Lo simooth and w otetn | T ke f has a frxu{_ point

or sends o fo:vs{' o ik a.wl'\'f.?o&.

cool; If lc ey wo F‘xu{ ?ou'ndl Hew b/v He f”"‘"‘*‘ Lowowa it 7 suwwf'l«[/
LOMOJ'OP:L J‘O 9

l'f Fl*) 3 -x PxeS” Fhea L/ He Saume Pcuom;m.é F s awaaf'th

Lﬁlﬂnok’rt\c J‘O ;’LA l.a{tw}”'/.
HOW-LVU"' ff nos trln | J"Liv- o(.la(.@)* o‘g(,.‘i) . I}

Covollwy:  ( “haiey ball Ham. " " heky hoy Hh. )
Sh adwats o hons wum‘slafmg suwoth J-M,es,uj’ vechse /—‘N,La‘- fﬁL w s odd,
wol i Lt v be win and v S R .t VxeSh: v, x> =0, lf v
wowld be hoa-vav\n;s’m"a . Llaw ][i-gh ]C(x) l lr-)ll wonld be
SJ‘ ooxl ]CU‘) Vx GSH Ccv.ln\ Ch’a He Pﬂ\r:ous ‘HMM .

l]L wis odd ! cheose V(k—n e Xk > = ( Koy mXay Xy "Xy oe ) - B



Dt\‘*t Huar/ i EBuclidean space

Dc_ . lcf LLE fk)h be ofuu awnd 5auuol.lo(. F? a "mh swooH,\ auwd

)

ye Ra\f(m) a rrauiu' valwe of f’ux TL{,.,\ "y oLL{;'\,,e_ fle

Em(,lz\'ob-a.m OLL\,\)N.@ ottaé{‘ u‘y) s = Z Sgh (J_f‘) € 7.[.
x € £y

and dag(F,Uy) 20 f £)

rtmarlss o dUis GA\W s He hpologienl Bouadary |
°  fpote that Huis oegree i well-definal o £7()) b disemte L
o U ek Has in He cowpad wb Uosiwe fU) a3

F') s oo ogut  so bk ()] <.

Coy e ey (£ U, ) is comtheat for all wgulee prbuss T oue
skl ougonad R of RN FOW | Tl olefins oen(f,U,x)
olio for ot sagalar vrluas X652 .

Ry olff”’)dk‘\-'\-k\g o cowhwnous wip bra stmooth o
e defiwibon ok boall fe C(R,R"Y) ack ol
y € R\ fou) .

Tl (Howhf?« ;ww:mce> Let weR™ be optn ovd  bounded l
He ((To1eT R") and ye C(0073,RY) a path s.b.
V—U‘) ¢ Ht(QlA-) Veelond, Thu d"’é(“{.u. \rl.ﬂ) oloes
woF oLCfqu on t.

pw‘*f s vy siwa b fo r)"tv:owb ones ., See eq- Du’m(»‘g; " Nows Ltar

‘Fv\-vx ek oual av\.q,‘.)rh\s !



Cmuwzz (ROM.MD{,N?’ Hnwﬂw) Let ][,AG CCE.Rh) be swch

ok Flawzélau . Thu  foe oy 7e f(3MB=é(au) :

dag(foUip) = dayly,uy)

o0

u"t LUW»OLO@Y TwU 08 Lo Wit Ht (x) = 6{(1) ¥ (_-’l-é)é[z)
o

anmd xC*)=f.

Cawbcalw.wj’l,yl Fle o&(xou &f' ][ ow(.)/ JL‘}LV.‘/*L on ][/au .
o One }7«(:& of arFL‘c'nkom he ?ra.,i% He tachinge a',L solvKaoune

ﬁ-ptbu'co\ho\-s.'
oué({lulYBL ok | +L‘“"

][uc sots o‘f wou- hinewr (Zr,ua.h‘lvxs cf
][(,‘) 4 has ot least Lo | soluKouns | COL‘A(WR‘A d can  Fhin
]Cor fus"'l—hpe LC (],L‘/‘:CV(L w:g o L\ﬁw»o l‘of, ,‘0 a r;MU]LU’ S¢+ of

&Tankd‘/\},
° Hwa/’l—u 1"/{4 @f QFFL"Cﬁ_'L{\’V\ (xf[oh‘.s nou~- iltnce 0/
Rrsuwmers f,'u.t fofu/' Hesctin o

/u; w"vf/‘u such as rm

dle /Cllo w:% SA‘fIE_; "Llul'g g
Tha.: ( Po the's ﬁ‘,ue:l fm‘l—/' Htor-tunn )
Fle it bult B fes R™[ Ixl<r} e cb f[(38) €8

Let‘ ’[GC(EIE") Ou

Feon  3xeB 0 Flo) = x,.
proefi If e wie ho such x,, Hew g0 7= x- L0 b wo 200 /v B. S

o(lé Lé.BlO) =0 . I—le ()= eél.v.) F (1-¢) ¢ = x- é{lx) , 66[‘,73 i Fha o

Lowlor/ wth O¢ HQ(QB). Tlhus dg(a'B'o_) = o(g (/’o(, 5’0)-'41

o conbradichon _



