TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 376, Number 1, January 2023, Pages 507-553
https://doi.org/10.1090/tran/8788

Article electronically published on October 14, 2022

LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS

CHRISTOPH AISTLEITNER, NINA GANTERT, ZAKHAR KABLUCHKO,
JOSCHA PROCHNO, AND KAVITA RAMANAN

Dedicated to the memory of Nicole Tomczak-Jaegermann

ABSTRACT. Let (ag)ren be an increasing sequence of positive integers satis-
fying the Hadamard gap condition ag41/ar > ¢ > 1 for all k € N, and let

n
Sp(w) = Z cos(2mapw), neN, wel0,1].
k=1

Then Sy, is called a lacunary trigonometric sum, and can be viewed as a random
variable defined on the probability space © = [0,1] endowed with Lebesgue
measure. Lacunary sums are known to exhibit several properties that are
typical for sums of independent random variables. For example, a central
limit theorem for (Sy)nen has been obtained by Salem and Zygmund, while a
law of the iterated logarithm is due to Erdés and Gal. In this paper we study
large deviation principles for lacunary sums. Specifically, under the large gap
condition ag41/ar — 0o, we prove that the sequence (S, /n)nen does indeed
satisfy a large deviation principle with speed n and the same rate function T
as for sums of independent random variables with the arcsine distribution. On
the other hand, we show that the large deviation principle may fail to hold
when we only assume the Hadamard gap condition. However, we show that in
the special case when ay, = ¢* for some q € {2,3,...}, (Sn/n)nen satisfies a
large deviation principle (with speed n) and a rate function I, that is different
from f, and describe an algorithm to compute an arbitrary number of terms
in the Taylor expansion of I4. In addition, we also prove that I; converges
pointwise to T as q — oo. Furthermore, we construct a random perturbation
(ax)ren of the sequence (2F)pen for which ayy1/ay — 2 as k — oo, but for
which at the same time (Sn/n),en satisfies a large deviation principle with
the same rate function I as in the independent case, which is surprisingly
different from the rate function I one might naively expect. We relate this
fact to the number of solutions of certain Diophantine equations. Together,
these results show that large deviation principles for lacunary trigonometric
sums are very sensitive to the arithmetic properties of the sequence (ag)ken-
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This is particularly noteworthy since no such arithmetic effects are visible in
the central limit theorem or in the law of the iterated logarithm for lacunary
trigonometric sums. Our proofs use a combination of tools from probability
theory, harmonic analysis, and dynamical systems.

1. INTRODUCTION

The study of lacunary series is a classical and still flourishing topic in harmonic
analysis that has attracted considerable attention. In the article [48] published in
1922, Rademacher studied the convergence behavior of series of the form

> bk (w),
k=1

where w € [0,1], b = (bg)ren € RY, and 7, denotes the £ Rademacher function,
that is, 7 (w) = sign(sin(2"7w)). He proved that such a series converges for almost
every w € [0,1] if >, . |br|? < oo, or equivalently, b € £5. The necessity of square
summability was obtained shortly after by Khintchine and Kolmogorov in 1925
[35], thereby establishing an interesting ¢3-dichotomy in the convergence behavior
of such series. Note that by the structure of the Rademacher functions one has

Z bprg(w) = Z b (28 1w),
k=1 k=1

where on the right-hand side we have a series of dilates of a fixed function, with an
exponentially growing dilation factor. This leads naturally to the study of similar
questions for lacunary trigonometric series, that is, series of the form

Z by, cos(2magw) and Z bi sin(2magw),
k=1 k=1

where w € [0,1], b = (bg)ren € RY, and (ax)ren is a sequence of positive integers
that is lacunary, in the sense that it satisfies the Hadamard gap condition

(1.1) % >q>1, for every k € N.

k
Interestingly, results similar to the Rademacher case were obtained for such series.
Kolmogorov showed in [37] that the square summability of b is sufficient for the
almost everywhere convergence of lacunary series and Zygmund proved in [60] that
the square summability condition was necessary, again establishing the same #o-
dichotomy as for Rademacher series.

An important property of the Rademacher functions is that they form a sys-
tem of independent random variables. More precisely, if (by)ren is a sequence of
real numbers, then the weighted Rademacher functions byryg, & € N, form a se-
quence of independent and centered random variables with Var(bgry) = b7. One
readily checks that Lindeberg’s condition is satisfied whenever both b ¢ /5 and
maxi<ik<n |bk| = 0(]|(bx)7_1ll2). This means that under these two conditions we
have, for every ¢ € R, the central limit theorem (CLT)

n . . )
1im)\<w€0,1: birn(w) <t (br)T >__/ .
Ji A({o € 0.0 St <tlniale}) = 5= [

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 509

which in particular holds when b, = 1 for every k£ € N. In 1939 Kac proved an
analogous central limit theorem in the lacunary case for integer sequences (ay)ren
with very large gaps, that is, those for which ag41/ar — oo, as k — oo. The
case of Hadamard lacunary sequences (ay)ren was settled in 1947 when Salem and
Zygmund established in [52] that, for all ¢ € R,

(1.2)  lim A({w €[0,1]: Zcos 2wagw) <t\/7 > \/_/ e Y /2dy

n—oo

These results suggest that lacunary trigonometric sums behave in many ways like
sums of independent random variables, and in fact, this has become a classical
heuristic that has been confirmed in many settings. Indeed, under the Hadamard
gap condition, the sequence of scaled partial sums of the functions cos(2mwayx),
k € N, not only satisfies the central limit theorem in (LZ), but, as Salem and
Zygmund [53] and Erdés and G4l [23] showed, also satisfies a law of the iterated
logarithm (LIL), that is, for almost every w € [0, 1],

lim sup > or_ cos(2magw)
n— 00 \/nlog logn

A generalization to non-integral sequences (ay)ren was also later established in [57].

A natural question is to ask whether the CLT and LIL still hold under the

Hadamard gap condition when the function w — cos(27w) is replaced by an arbi-

trary l-periodic function f. A famous example of Erdds and Fortet (see, e.g., [32])

shows that this is not true in general. However, under the additional condition that
the function f : R — R is of bounded variation on [0, 1] and satisfies both

=1.

1
(1.3) flw+1) = f(w) and /0 f(w)dw =

Kac was able to show in [31] that a central limit theorem holds for scaled partial
sums of the functions w +— f(2*w), k € N, but in this case the variance of the
Gaussian limit law is

(1.4) 02:/0 f(w)de—i—ZZ/O F@) F(28w) d,
k=1

rather than fo )2 dw, as one would have in the independent case, namely for
the sequence of partlal sums Y ,_, f(2*Uy), where {Uy}ren are independent and
identically distributed (i.i.d.) random variables distributed uniformly on (0,1).
This shows that general lacunary function systems possess a more complicated
dependence structure than lacunary trigonometric function systems, and that in
the general case, the arithmetic structure of the lacunary integer sequence plays a
crucial role. Gaposkin found a remarkable relation between the existence of a CLT
and the number of solutions to a certain Diophantine equation [29]. It was only
more recently, in 2010, that Aistleitner and Berkes improved Gaposkin’s result and
provided the precise condition for the central limit theorem to hold in the general
lacunary framework [4, Theorem 1.1].

While we have seen that the probabilistic behavior of lacunary series is quite
well understood on the scales of both the CLT and LIL, this is not the case for
large deviations. Specifically, large deviation principles (LDPs) seem to have not
been studied at all in the lacunary setting. In contrast to the CLT, which captures
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universal behavior in the sense that the limits are insensitive to details of the
distribution beyond the first and second moments, probabilities of (large) deviations
on the scale of laws of large numbers are non-universal and describe the asymptotic
likelihood of rare events. More precisely, LDPs are sensitive to the distribution
of the underlying random variables and their non-universality is reflected in the
so-called rate function and/or the speed, which together define the asymptotic
exponential decay rate of large deviation probabilities. The most classical result
in this direction is Cramér’s theorem [15] (see also [16] and [I7, Theorem 2.2.3]),
which guarantees that if X, X7, X», ... are i.i.d. random variables with cumulant (or
log-moment) generating function A(u) := log E[e“X] < oo for u in a neighborhood
of zero, then one has

1
lim —logP (X; +...+ X, >nt) = —A*(t),

n—o00 N

for all ¢ > E[X], where A* is the Legendre-Fenchel transform of A given by

A*(t) = sup [0z — A(9)] .
0cR
LDPs in the spirit of Donsker and Varadhan, who initiated a systematic study
(see [I756] and the references cited therein), generalize the idea behind Cramér’s
theorem. Loosely speaking, a sequence (X, )nen of random variables in R? is said
to satisfy an LDP with speed s,, T co and a rate function I : R? — [0, oc] if for
sufficiently large n € N and A C R¢ sufficiently regular,

P(X, € A) ~ ¢~ nfacal(@)

More precisely, a sequence (X,,)nen of random variables in R is said to satisfy
an LDP with speed s, and rate function I : RY — [0,00] if T : RY — [0, 00] is
lower-semicontinuous and for every Borel measurable set A C R,
(1.5)
— inf I(z) < liminf 1 logP(X,, € A) < limsup 1 logP(X,, € A) < — inf I(z),
rEA° n—oo  Sp n—o0o Sn z€A
where A° and A, respectively, denote the interior and closure of the set A.

In this paper we study large deviations for lacunary sums, thereby complement-
ing existing limit theorems like the CLT and LIL mentioned above. More precisely,
if (ax)ren is a lacunary sequence, that is, a sequence of positive integers satisfying
the Hadamard gap condition (L]), we study the tail behavior of the associated se-
quence of lacunary sums, namely partial sums of the sequence X (w) := cos(2waiw),
w € [0,1], k € N, viewed as real-valued random variables on the space [0, 1] equipped
with the Borel o-algebra B(]0,1]) and Lebesgue measure A. Our results reveal an
interesting and surprising behavior, showing how sometimes — depending on arith-
metic properties of the lacunary sequence (ay)ren — the large deviations behavior
of the associated sequence of lacunary trigonometric sums resembles that of partial
sums of independent and identically distributed random variables, whereas in other
situations it does not. This is particularly interesting since no such influence of the
arithmetic structure of the lacunary sequence is visible under the Hadamard gap
condition when considering lacunary trigonometric sums, neither in the case of the
CLT nor in the case of the LIL.

We present precise statements of our main findings in the next section, with the
proofs presented in the following section.

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 511

2. MAIN RESULTS

We now present the main results of this paper. Let U ~ Unif(0, 1) be a random
variable with the uniform distribution on the interval [0,1]. Given a sequence
(ar)ren of positive integers, define the random variables

(2.1) X = cos(2marU), k€N,

and their partial sums

(2.2) Sp = Z X = ZCOS(QWakU), n € N.
k=1 k=1

These random variables are most conveniently defined on the probability space 2 =
[0,1] endowed with the Borel o-algebra B([0,1]) and standard Lebesgue measure
A, which we shall sometimes also denote by P. As a function on Q, Xj is then
given by Xj(w) = cos(2marw), for w € [0,1] and k¥ € N. Note that the random
variables X1, Xo, ... are identically distributed and (if all ay, k € N, are distinct)
uncorrelated. To see that the correlations vanish when (ax)ren are distinct, recall
that cos(a) - cos(3) = 27 cos(a — 3) + cos(a + B)] and hence, whenever k # ¢, we
have

1
/ cos(2mapw) cos(2maw) dw
0

e e
= 5/ cos(2m(ay — ag)w) dw + 5/ cos(2m(ay + ag)w) dw = 0.
0 0

However, the elements of the sequence (Xj)ren are not independent and in fact,
the sequence is in general not even stationary.

2.1. Behavior as in the independent case. Our aim is to prove LDPs for the
sequence (S, /n)nen. It is natural to try to compare the behavior of S, /n to the
behavior of partial sums of independent random variables with the same distribution
as X1, the common distribution of X,k € N. To this end, consider the random
variables

(2.3) Xy, = cos(2nU;), k€N,

where (Ug)ren are i.i.d. random variables with the same distribution as U, and
define their partial sums

(2.4) Sui=Y Xp, neN.
k=1

By Cramér’s classical theorem (see, e.g., [I7, Theorem 2.2.3]), (S, /n)nen satisfies

an LDP with speed n and rate function I : R — [0, +00] given by the Legendre-
Fenchel transform of the logarithmic moment generating function, that is,

(2.5) I(z) = sup [990 - K(G)} )
0cR

where

(2.6) A(0) :=10gE[’X1], 9 eR.
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The function A can be computed explicitly. The common distribution of the random

variables )ka, k € N, is the arcsine law on (—1,1) with Lebesgue density
@)= —m—s el <1
x) = 5 X .
V1 — 22

The moment generating function of X, is accordingly given by

05 1 0 1 o0 02771 1 x?m
E 1 = e m—) d
[ /_1 ¢ /1 — 22 v 7;) (2m)! /_1 V1 — 22 o
6™ T(m+1/2)
@2m)!'T(m+ 1)/

6™  (2m)!
(2m)! 22mm!m)!

M

m=0

)

m=0

i f2m
(2.7) -

A= 22 (ml)

Note that the right-hand side equals the modified Bessel function By (6) of the first
kind. When combined, the above calculations yield

. e f2m
m=0 ’

Since )2'1 is supported on the interval [—1, 1], the function I equals 400 outside
[—1,1]. Moreover, the asymptotics of the modified Bessel function By given in [I]
p. 377, 9.7.1] imply that

A(G) =6 — %log(Qﬂ'@) +0 <$) , as 0 — +oo,

which, after taking the Legendre-Fenchel transform, yields that I(£1) = +oo. On
the interval (—1,1), the function I is finite.

Now, let us finally turn to the partial sums (Sy)nen defined in [22]). Our first
result states that when (ax)ren satisfies the so-called “large gap condition”, the
associated sequence of lacunary sums (S, /n)nen satisfies an LDP with the same
speed and the same rate function I as in the truly independent case, that is, as

(Sn/n)nen.
Theorem A. Suppose that (ar)ren i a sequence of positive integers that satisfies
the “large gap condition”

Ap+1
ag

as k — oo.

Then (S, /n)nen satisfies an LDP with speed n, and rate function I.

The proof of Theorem [Alis given in Section B.2] after an instructive special case
has been treated in Section Bl

Remark 2.1. In this paper, we discuss only sequences that satisfy Hadamard’s
gap condition. If (ap)rey C N is a sublacunary sequence, that is, increasing and
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 513

log(ax)/k — 0 as k — oo, then for z € (0,1), we argue below that

1 1
. im inf — D= > =
(2.9) hnrr_1>1£f - logP <{w € [0,1] - 321 cos(2mapw) > z}) 0,

which says that in contrast to the lacunary case, these probabilities decay slower
than exponentially in n. To show ([23]), fix z € (0,1) and choose § = d(z) > 0
such that cos(2mw) > z for |w| < §. Then, cos(2marw) > z for all k € {1,...,n} if

lw| < é/ay. But P (w < ai) =% and

Qn

1 1
liminf — logP €[0,1]: — 2 >
iminf — log ({w [0,1] nkZ:lcos( Tapw) z})

1
> lim inf - logP({w € [0,1]: cos(2marw) > 2z,Vk € {1,2,...,n}})

n— oo
1
> lim —logP (w < i)
n—oo 1N an
fr— 0,

where the last equality uses the assumption that (ax)gen is sublacunary. Since the
opposite inequality follows trivially, this proves (29).

2.2. The case of geometric progressions a; = ¢*. Let us now consider the case
when there exists ¢ € {2,3,...} such that a = ¢* for k¥ € N. Contrary to the case
of a large gap condition (see Theorem [Al), we now obtain LDPs with the same speed
n, but with rate functions that are different from IN, and depend on the particular
value of the growth factor ¢q. Our main findings in this case are summarized in
Theorem [Bl whose proof is given in Section 3.3l Let us point out that the main
aspect of Theorem [Blis not the LDP itself, which follows from standard results (see,
e.g., [B45159]), but rather the properties of the rate function which are specified in
(i) (iv).

Theorem B. Fiz q € {2,3,...}. Let a, = ¢* for k € N, and let S,, be the partial
sum defined in 22)). Then the following limit exists:

i L 0S.,
(2.10) Ay (0) ._nlingoglogE[e 1,

with the convergence holding uniformly for 8 in compact subsets of an open set D
in the complex plane such that R C D. Moreover, (S, /n)nen satisfies an LDP with
speed n and rate function I, which is the Legendre-Fenchel transform of A4, that
is,
I,(z) = sup [0z — Ay ()], z eR.
(SN

Furthermore, each I, satisfies I,(x) > 0 for x # 0 and I, is equal to +oco out-
side [—1,1], and the family of rate functions I;,q € {2,3,---}, has the following
properties:

(i) For every q € {2,3,...}, we have I,(1) < I(1) and I (x) < I(z) for z €
(0,1), where I is defined in @B8). In particular, the functions I, and I are
different.

(ii) The limit limg_,o0 I4(z) = I(x) holds uniformly on compact subsets of the
interval (—1,1).
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514 C. AISTLEITNER, ET AL.

(iii) There is a smooth transition of I, towards T as q — 00, in the following
sense: for allm € {1,...,q}, we have

(d%)mAQ(g)‘e:o - (d%)mx(e)‘e:o = rim(X2),

where A is defined in (26), X1 in @3), km(X1) is the m™ cumulant of

X1. Further,
(&) 1., = () T

In other words, the coefficients of 1,0,...,0% in the Taylor exzpansions of
1,(0) and I(0) coincide at the origin.
(iv) Whereas in (iii) the first ¢ derivatives of Ay and A coincide, this is no

longer true for the derivative of order ¢ 4+ 1. In particular,

d N\ a+1 dNatl~ qg+1 dN\atl~
(@) Aq(a)‘ezo N <@) A(e)‘ezo HEETRE (@) A(a)‘ezo'

Indeed, we will see in Proposition [Z4] that not only is I, # I but it is also true
that I(h # qu if q1 7§ q2.

We comment on Theorem [Bl As mentioned above, the fact that (S, /n)nen
satisfies an LDP will be deduced from general results on thermodynamic formalism
and expanding maps of the interval [0, 1] (see the proof of the theorem in Section
B3). The key takeaways of the theorem are the properties of the rate functions
in (i)—(iv). Parts (ii) and (iii) state that the rate functions I, converge towards I
as ¢ — oo, which is in accordance with the “limiting case” of Theorem [A] where
the ratio of ay11/ay diverges to +00, and where the rate function for the lacunary
sums coincides with the one for the truly independent case. The rate functions I
and I, for small ¢ are illustrated in Figure [l

Note also that as a consequence of conclusion (i) of Theorem[Bl the probability of
large deviations of the lacunary sums S, is (asymptotically) greater than the large
deviation probability for the corresponding partial sum of independent random
variables S, defined in (Z4). However, since the statement (i) only applies to
positive values of x, this conclusion is only valid for large positive deviations of
the lacunary sum. In the case of large negative deviations there seems to be an
interesting dichotomy. When gq is odd, then the lacunary sums have a distribution
symmetric around 0, which is a consequence of the fact that the mapping w —
w + 1/2 (mod 1) transforms the function cos(2m¢*w) into cos(2mg*(w + 1/2)) =
—cos(2mq*w). Accordingly, the probabilities of large positive and large negative
deviations are equal, and we have I, (—xz) = I,(z), so that in the odd case we have
I(z) < I(z) for all z # 0, with I (z) < I(z) for all sufficiently small |z| due to (iv).
In contrast, when ¢ is even, there is no such symmetry. In fact, for even ¢, it follows
from (iii) and (iv) that A,4(#) < A(#) for § < 0 sufficiently close to 0 (because the
coefficient of 997!, an odd power, in the Taylor series of A,(f) is larger than that of

x=0.

1~\(9), while the smaller powers coincide). By taking the corresponding Legendre-
Fenchel transforms, it follows that I,(z) > I(z) for z < 0 sufficiently close to 0. We
believe the above inequalities hold without restricting |z| to be sufficiently small,
as stated in Conjecture

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 515
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FIGURE 1. The rate function I (solid line), corresponding to the
case of independent random variables, in comparison with the rate
functions I (dotted) and I3 (dashed), whose existence is estab-
lished in Theorem [Bl The plot is based on the Taylor approxima-
tion of the rate functions as given by Proposition 2.4l The rate
functions I4, Is, ... are not plotted, as they would be indistin-
guishable from I on the plot. The plot supports the heuristics
that I, should approach I as ¢ — oo, as indeed turns out to be the
case due to part (ii) of our Theorem[Bl Note also that I and I are
symmetric, while Iy is not (cf. the discussion before the statement
of Conjecture 2.2)).

Conjecture 2.2. Let g € {2,3,...} and let ay = ¢* for k € N. Let I, be the rate
function in the LDP for (S, /n)nen (which exists by Theorem [Bl). Then, if q is
odd,

I(z) <I(z) forall xe€ (—1,1)\{0}.
On the other hand, if q is even, then

I(z) <I(z) forall 0<z<1 and I (z) > I(z) forall —1<z<0.

As argued above, we have I(£1) = 4o0. Since |S,/n| < 1, it is clear that
I,(z) = +oo for |z| > 1. Lemma 23 whose proof is given at the end of Section B3]
states that I,(41) is finite.

Lemma 2.3. For all ¢ € {2,3,...} we have I,(+1) <logg.

As explained above, for odd ¢ we have I,(—1) = I,(+1). For even g, it remains
unclear whether I,(—1) is finite (and in fact, it is not even clear whether I,(x) is
finite for all —1 < z < 0).

The functions A, and I, appearing in Theorem [B] are not really explicit. In
fact, the only known formula for A, seems to be its representation as the logarithm
of the largest eigenvalue of a certain Perron-Frobenius operator (see the proof of
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Theorem [B in Section B:3). Proposition 2.4] identifies the first few terms in the
Taylor expansions of I, for qc {2,3,4}. Before stating it, let us look at the Taylor

series of the rate function I. From the expression for I in (m) and properties of
the Legendre-Fenchel transform, it follows that the derivative I I’ of I is the inverse
function of the derivative A of /N\, see [50, Corollary 23.5.1, p. 219]. Using this fact
together with the expression for A in ([2:8)), which yields the series expansion
(2.11)

62 o4 0 1168 19910 473612

AO) =2 — — 4+ — - o1 0
6)= 7~ 61" 576 ~ 19152 + 614400 ~ 106iessz0 TC @) as ¢ =0,

one can easily compute the first few terms in the Taylor series of I near 0:

~ 2t 520 1928 143210 1769212
2.12) I(z) = 22 = Oz, —0.
(2.12) I(z) ="+ 7+ 55+ 955 T 500 T am020 T O s
Proposition 2.4. In the case when aj, = 2F for all k € N, the Taylor expansion of
the rate function around 0 is given by
9 324 1325 2920 2327 112728 290832° 120772'°

Io(2) = 22— 2F _ _ 11y
2(2) = 2 =2+ - - =+ = 5 180 30 T 1575 TOG)

In the case when aj, = 3* for all k € N, the rate function satisfies

4,6 30,8 18113210
I _2_F O(12
32 ="~ 5+ 5 = 350 T Tooso0 T O )

whereas when a = 4% for all k € N, we have
2 25 55
I - oz 427
4()z+4 +36+O()

In particular, the functions Is, I3, 14, and I all differ from each other.

In fact, in the proof of Proposition 2.4 which is deferred to Appendix [A] we
describe an algorithm to compute an arbitrary number of terms in the Taylor ex-
pansion of I, for every ¢ € {2,3,...}. The algorithm, as well as the proof of
properties (i)—(iv) in Theorem [Bl is based on an analysis of the number of rep-
resentations of 0 as a sum of m terms of the form +¢',+¢?,...,+q". Denoting
this number by A,,(n), we prove in Proposition [A] that for fixed m € N, it is a
polynomial in n for all n > m — 2. This fact allows us to compute the first few
moments of .S, and prove the above expansions.

Let us recall from ([L2) that (S, //n)nen satisfies a central limit theorem under
the Hadamard gap condition (II)). Theorem [C] states that, perhaps surprisingly,
the LDP does not hold in the same generality. More precisely, by mixing up powers
of 2 and 3 we shall obtain an example of a Hadamard gap sequence (ay)ren for
which the corresponding scaled partial sums (S, /n),en fail to satisfy an LDP. This
is stated in the following result, which is proved in Section 3.4l

Theorem C. There exists a sequence of positive integers (ax)xen satisfying agi1/ak
> q for some g > 1 and all k € N, for which (S,/n)nen does not satisfy an LDP
with speed n. More precisely, for this sequence (ay)ken there exists To € (0,1) such
that for all zy € (0, Zy),

0< hmmf—— log P(S,, > nxg) < limsup —— log]P’(S > nxg) < 00.

n— oo n—oo
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Note that if (S, /n)nen did satisfy an LDP with speed n and rate function I,
then the last display would imply that inf ey, 1) () # infyepz,,) I(2) for all
xo € (0,Zp). In particular, each such 2y must be a jump-discontinuity, because the
function

(0,Z9) D ®g — M(xg) := inf I(t)
te(xo,1)

is monotone increasing in the variable zg. But, as a montone function, M can only
have countably many jump discontinuities. This is a contradiction.

2.3. Randomized perturbation. Theorem [Al and Theorem [Bl might together
give the impression that the existence of a limit of ap41/ar as k — oo ensures
an LDP and its value determines the rate function. In particular, one might be
tempted to conjecture that the condition agi1/ar — oo is necessary for the rate
function in the LDP to coincide with 1, , the corresponding rate function for the
independent case. However, this is not true. As Theorem [D] shows, it is possi-
ble to construct a randomly perturbed version (ax)ren of the sequence (2%)ien
with limg o agt1/ar = 2, for which the corresponding sequence (S,,/n)nen al-
most surely satisfies an LDP with speed n and rate function I. This shows that a
random perturbation may completely destroy the underlying dependence, at least
at the large deviation scale, and, as also further elaborated in Section [Z4] rather
than the asymptotic growth rate of the lacunary sequence (ax)ken, what seems to
determine the form of the rate function (when an LDP holds) is the fine arithmetic
structure of (ax)gen-

Theorem D. Suppose we are given a sequence Y = (Yi)xen of independent random
variables, with each Yy, uniformly distributed on the discrete set

(2.13) Dy = {h2fk2/31 :heZ,OSthW/S]}, k€N,

all supported on a common probability space (Y, A,Py), and an independent random
variable U ~ Unif(0,1). Also, for each y € Doo := QkenDr = {(Yr)ken: Yx € Di},
define a := 2% +y;, for all k € N, and let

SY = ZCOS(QWLLZU), n € N.
k=1
Then, for PyoY ~t-almost every y € Do, the sequence (S¥/n)nen satisfies an LDP
with speed n and rate function 1.

In large deviation parlance, the LDP in Theorem [D] is often referred to as a
“quenched LDP” since the LDP is conditional on the realization of the sequence
y, and not averaged over the randomness of Y. Note however, that although the
sequence (SY/n)nen depends on the choice of y = (yx)ken, the rate function I of
the LDP (which holds for Py oY ~!-almost every y) does not. The proof of Theorem
is given in Section

Remark 2.5. Note that for every realization y of Y in Theorem [D] we have 2/(1 +
2-k"%) < ap,/aj < 2(1+2-*+D"") which implies that, as k — oo, ay,/aj — 2.
Thus, Theorem [Dl proves that there exist lacunary sequences with proper exponen-
tial growth (as opposed to super-exponential growth as in Theorem [A]) that satisfy
the LDP with rate function I.
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Also, by interleaving the sequence (2¥),en with the sequence (a})ren constructed
in Theorem [D] (in the same way as in the proof of Theorem [C]), and using the fact
that I5 does not coincide with I, , it is possible to construct a sequence (by)ren such
that as k — 00, br11/br — 2, but the corresponding lacunary sums do not satisfy
an LDP. This sharpens Theorem Somewhat surprisingly, even the randomized
construction in Theorem [D| seems to be quite sensitive. While Theorem [D| can
certainly be generalized in many directions, it appears to be more challenging to
prove an analogue when each random component Y}, is sampled from {0, 1,2, ... k},
or when it is sampled from {0, ok 2.9k . k:-2’“}. As elaborated in the next section,
this can be related to the number of solutions of certain Diophantine equations (see
also the proof of Theorem [Dl in Section B3]).

2.4. Concluding remarks and further open questions.

2.4.1. Connection between LDPs and Diophantine equations. Our results (in partic-
ular, Theorems[Bl [C] and[Dltogether) show that only knowing that limg o0 axy1/ak
= 1 for some 1 > 1 does in general not allow one to determine the rate function in
the LDP for the lacunary sum, or even conclude the existence of an LDP. The proofs
of these results, which are presented in Section [3 often involve approximating the
exponential function in E[e? "] via a Taylor polynomial in §. In turn, keeping in
mind from (ZI)) and (Z2)) that S, = >_;'_, X} is a finite sum of trigonometric func-
tions, this entails estimates of integrals of products of trigonometric polynomials.
Due to the orthogonality of the trigonometric system, calculation of these integrals
leads to counting the number of solutions to certain Diophantine equations (with
the ay’s as variables). The reason why the rate function in the LDP (when it exists)
for some lacunary sequences differs from the one for the independent case may be
attributed to the existence of too many solutions to these Diophantine equations.
For example, when aj, = 2* for all k, then the equation 2a;, — a; = 0 holds for many
combinations of £, k, namely ¢ = k + 1 for all k. The Diophantine equations that
appear in this context are always linear homogeneous Diophantine equations with
integer coeflicients. Thus, there are many more solutions to such equations when
the sequence (ax)ren allows many quotients ag/ax that are integers. In contrast,
when the quotients ag/aj are bounded away from any integer (and any rational
with a small denominator), then these Diophantine equations would have fewer
solutions. Thus, while specific random perturbations such as the one chosen in
Theorem [Dl may drastically diminish the number of solutions, any generalization
of Theorem [D| would require determining precisely how the Diophantine structure
is altered by an arbitrary random perturbation, which appears to be highly non-
trivial. This also suggests that there may still be some information that can be
gleaned from the existence of the limit limg_,o0 ar41/ar = 1, but only when 7 is a
number that is not well approximated by rationals with small denominators, and
when the same is true for n%,73,..., which correspond to the limits of ayyo/ay,
ak+s3/ak, and so on. We formulate this as an open problem.

Problem 2.6. Let (ax)ren be a lacunary sequence and assume that agy1/ax — 1
for a transcendental number 7 > 1 (i.e., 1 is not the root of a non-zero polynomial
with integer coefficients). Is it true that (S, /n),cn satisfies an LDP with speed n
and rate function I (i.e., with the same rate function as in the independent case,

that is, as for (Sp)nen)?
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It may be that stronger assumptions on 7, such as a condition on the irrationality
measure of 1 and its powers, are necessary to derive the desired conclusion. How-
ever, we think that such an additional assumption should not be required. On the
other hand, we believe that just assuming axy1/ar — 7 for an algebraic irrational
n > 1 will not be sufficient to deduce an LDP with rate function I.

Since the Diophantine structure of the sequence (ay)ren plays such a key role in
establishing the LDP for lacunary trigonometric sums, it would be very interesting
to study this phenomenon in more detail. A natural candidate to analyze is the
sequence aj = 2¥ + 1, k > 1, known from the Erdds-Fortet example mentioned in
Section[Il In the context of the CLT and LIL, this sequence and its generalizations
have received widespread attention. The different type of behavior resulting from
“pure” geometric progressions such as ar = 2¥, k > 1, on the one hand, and
“perturbed” sequences such as a; = 2¥ + 1, k > 1, on the other hand, can be
explained analytically in terms of Fourier analysis. However, there is also a very
interesting dynamical perspective, where the pure geometric progressions allow a
natural interpretation as an ergodic sum, while the perturbed sequences have been
interpreted as modified ergodic sums; see for example, [14,28]54].

2.4.2. Normal number theory. From a number theoretic perspective, sequences of
the form (¢*w)ren are associated with the notion of normal numbers (in base ¢),
as introduced by Borel in 1909. It is well known that almost all numbers are nor-
mal in any base. The degree of normality of a number can be quantified using
uniform distribution theory and discrepancy theory, which by Weyl’s criterion and
the Erdds-Turan inequality naturally leads to trigonometric sums such as the ones
studied in the present paper (see [201[38] for general background on uniform dis-
tribution modulo one and discrepancy theory). LDPs for such sums can thus be
viewed as quantifying the relative fraction of “non-normal” or “abnormal” num-
bers in a certain base, that is, numbers whose digital structure very significantly
deviates from “normal” behavior. Such non-normal numbers have been intensively
studied in the number theory literature, see for example [Bl4T1L[42]. A particularly
challenging and interesting topic in normal number theory is questions concerning
simultaneous normality resp. non-normality in two or more different bases (see for
example [I2,[47]). In terms of the large deviation problems studied in the present
paper, it would be interesting to quantify the proportion of numbers that are non-
normal in two or more different bases. For example, one could try to establish an
LDP to estimate the probability of the set where two lacunary sums arising from
the sequences (¢*)ren and (7F),en (for two different bases ¢, r > 2) are both large.

In the context of normal numbers, the case of general sequences (ay)ren satisfy-
ing % € Z>2, k > 1, corresponds to normality with respect to so-called Cantor
expansions. This is a topic that has been pioneered by Erdés and Rényi [221[49],
and received strong attention in recent years; see for example [2][3,25] for recent
work, and cf. also our proof of a special case of Theorem [A]in Section 3.1

2.4.3. More general lacunary sums. We finally recall from Section [ that the theory
of lacunary trigonometric sums is structurally relatively simple in comparison with
the theory of general lacunary sums, where interesting new phenomena show up
even in the CLT setting. In light of this, it would be interesting to study the LDP
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for
Sn(w) = flapw),
k=1

where f is a centered l-periodic function (possibly satisfying some regularity as-
sumptions). Already when f is a 2-term trigonometric polynomial (as in the Erdds-
Fortet example alluded to above) there can be additional arithmetic effects in com-
parison to the simple case of pure trigonometric sums. It would certainly be inter-
esting to investigate LDPs in this general lacunary Setup A further challenging
step would be to go beyond lacunary sums for a single fixed function f and inves-
tigate LDPs for the discrepancy (which is defined as a supremum over indicator
functions), in the spirit of Philipp’s [46] resolution of the Erd6s-Gél conjecture and
Fukuyama’s [27] very precise results for the LIL for geometric progressions aj = ¢*.

3. PROOFS

In our proofs we will make use of the Géartner-Ellis theorem, which we require
in the following form. For a reference, see, for example, [I7, Theorem 2.3.6].

Theorem 3.1 (Gértner-Ellis theorem). Let (Sy,)nen be a sequence of real-valued
random variables. Suppose that the limit

A(0) = lim llogIE [695"]

n—o00 N,

exists for all § € R. Assume furthermore that the function 6 — A(0) is differentiable
for all & € R. Then (Sp/n)nen satisfies an LDP with speed n and convex rate
function I, which can be expressed as the Legendre-Fenchel transform of A, that is,

I(z) = glelg [0z — A(0)] € RU {+o0}, z €R.

3.1. Proof of Theorem [A] in a simple special case. We first give a proof of
Theorem [Al in a special case, the justification being two-fold: we believe that the
proof helps the intuition of the reader, but we also point out that it goes through
if we replace cos(27-) by any Lipschitz continuous function f that also satisfies
(@3) (i-e., is 1-periodic and centered). We consider a sequence (ay)ren of positive
integers such that a; = 1,

a a
my = —tL e {2,3,...},keN, and lim — = 400,
ag k—oo Qg
The assumption a; = 1 is without loss of generality, but the assumption that

my, k € N, are integers will be essential for the following argument. By the Gartner-
Ellis theorem, it suffices to show that for all § € R,
1 ~

lim —logE [ees"] = A(0),

n—oo N
with A as defined in [236). To this end, we shall approximate each S,, by a random
variable T, that is easier to deal with, in the sense that it can be written as a sum
of independent random variables expressed, as defined below, in terms of certain

INote added during revision stage: a first major step towards a theory of LDPs for general
lacunary sums was taken in a recent paper of Frithwirth, Juhos and Prochno; see [26]. They
obtained a perfect analogue of Theorem [A] of the present paper, and a version of our Theorem [B]
in which the rate function depends in a delicate way on an interplay of properties of the function
f and the growth factor gq.
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conditional expectations. First, recall that the Cantor series expansion (&)ren of
w € [0,1) associated with (my)ken C {2,3,...} is given as follows:

o= X e~ et

a
k=1 =1 kt1

with & (w) € {0,1,...,my—1} for every k € N. This expansion was first introduced
by Cantor in [I0], and the investigation of its probabilistic properties appears to
have been initiated by Erdds, Rényi, and Turdn [22[49,[55]. Our construction
uses the following key property established by Rényi in [49] (see also (7) of [44]):
the image of Lebesgue measure on [0, 1), under the correspondence w — (£ (w))ken
makes (k) ken a sequence of independent integers with each & uniformly distributed
on {0,1,...,my — 1}

Given this property, now consider the filtration /o C F3 C ..., where the o-
algebras are defined by

]:k+1 = 0(Jk+17i,i—0,...,ak+1—1), keN,

where for k € N|

i i+1 .
Jk+1,i:_|: ; >v 1=0,...,a541 — L
k41 Ok+41
We now define certain conditional expectations:
ak+1—1
Vi = E[XulFin] = Y E[XuJorri] Ly kEN.
i=0
In particular, we see that by construction, for every k € Nand i =0,...,a541 — 1,

A4+1—

1
Yk = Z Ck+1,iﬂJk+1,m
i=0
where cj41,;, the constant representing the value of Y, on Ji11,, is given by
Cht1,i = akﬂ/ Xi(w) Mdw).
Jit1,4

Since the function Xy is (1/ax)-periodic, for any k € N, ¢xy1,; = cgx41,i# Whenever
|i—i'| is a multiple of my, = ay1/a. Hence, for each k € N, the random variable Y},
is only a function of &. Since the {&}ren are independent, the random variables
{Yi}ren, are also independent.

We now show that the approximation of Xj by Y is sufficiently good, more
precisely, for each k € N and i = 0,...,ary+1 — 1, using the mean-value theorem

2This is simply a generalization of the possibly more familiar result going back to Borel [7],
where my, = r for all k and the correspondence between elements of [0, 1] and their r-ary expansions
maps Lebesgue measure on [0, 1] to the Bernoulli product measure on the space of {0,1,...,r—1}-
valued sequences, with uniform marginals (see also [39, Section 2.3] for a more detailed exposition).
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and the fact that X has Lipschitz constant 2way, we have

max | Xp(w) — Yi(w)| = max

wEJk+41,i wEJp41,i

Xel) —ans [ Xelw) dy\
Jr41,i

= maXxX ‘Xk ) Xk(w0)|

wWEJk41,4
< max 27ra;€’w w0’
wE€Jpt1,i

a
<27 k

Q41

where wy = wo ki € Jix+1,; is obtained from the mean value theorem. Taking the
maximum over all ¢ =0,...,ax41 — 1 yields

(3.1) ||Xk - YkHoo S 2w .
Ak+1

In particular, this means that if S, := > ,_; Xy and T, := >, _; Y%, then

15n = Tl oo <27TZ

o(n), n — 0o,
a/c+1

because by assumption ag/ar+1 — 0 as k — oco. For fixed § € R we obtain
E[e’"] =E [eeTnee(sn—Tn)} < IS —Tullw g [6T0]
We also have the analogous lower bound
E[e%5] =E [eé’Tnee’(Snan)} > e 0lISn—Tall g [¢0Tn] |
Altogether, taking into account that ||.S,, — T, ||sc = 0(n), we obtain
(3.2) E [695”] = e°ME [eQT”} , n — oo.

Since T, = Y1 +...+Y,, is a sum of independent random variables, it follows that

1 1
3.3 —logE ["5"] = 0(1) + —log E [¢""] = log E [e?*] .
(33)  —logE[e""] =o(1) + ~logE [e of Zog
Similarly, in view of (B and the fact that (X)gen are identically distributed, we
have
logE [e?"*] = o(1) + logE [¢?**] = o(1) + log E [¢?*1] k — oo.

Inserting this into (B3] and recalling that the usual convergence implies convergence
of arithmetic means to the same limit, the fact that X; and X; are identically
distributed and the definition (26 of A, we arrive at

1 . ~
—1logE [e?*"] = o(1) + logE [¢?**] = o(1) + logE [eexl] =o(1) + A(6),
n
as desired. Since the function A is differentiable by (ZX), the Gértner-Ellis theorem

(reproduced as Theorem B.1] herein) can be applied and the proof of Theorem [Alin
the case when ay1/ay are positive integer numbers tending to infinity is complete.
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3.2. Proof of Theorem [A] in full generality. Fix # € R and a sufficiently small

€ (0,1). As in the simple case, we wish to apply the Gértner-Ellis theorem, but
this time the analysis is more delicate. In contrast to the proof for the simple case,
which relied on a reduction to the independent setting, our proof for the general
case uses harmonic analysis methods and is more in the spirit of the classical works
of Salem and Zygmund, Kac, and others mentioned in Section[Il Recall from (2.1))

and (2.2)) that
(3.4) E [698”} :/ sz 1cos(2wakw)dw _/ H e&cos(Qwakw)dw
0

We start with an elementary lemma on the approxunation of the exponential
function by a Taylor polynomial of length d. For d € N, define

d m

(3.5) palz) =Y % z eR.
m=0 '

Lemma 3.2. There exists d : (0,1) — N with d(¢) — 0o as € — 0 such that the
polynomial p := py() satisfies for every k € N,
p(f cos(2rarw))

ef cos(2majw)

(3.6) 1-e< <1l+e¢, w € [0,1].

Proof. Fixd € Nand p = pg. Then, by the classical theory of Taylor approximation,
the remainder in the Lagrange form satisfies

max{0,z}
x € d+1
_ <
= pl)| < Ty o
and hence,
max{0,z}|,.|d+1 max{0,z}|,.|d+1
L e O pla) | emes0)g)
(d+1)le e (d+1)le
Noting that in our situation we have |6 cos(2mazw)| < ||, this implies that for every
keN,
[0]|g|d+1 2 16]1g|d+1
(3.7) 1€ 6] < p(QCOS‘( Tagw)) < el?l10] .
(d + 1)] ef cos(2majw) (d + ]_)l
Recall that € is assumed to be fixed throughout the section. By picking d = d(¢) € N
sufficiently large such that % < g, we have d(g) — oo as ¢ — 0, and (3.0)
follows. O

As an immediate corollary we see that for every € > 0, we have d = d(¢) € N
such that for every n € N, p = p, satisfies

fo [Ti—, p (6 cos(2mayw)) dw
fO Hk ef cos(2makw) .y
Let ko = ko(d) be a positive integer such that ayyi1/ar > 2d for all k > kg; such an

index must exist since we assumed that ayy1/ar — oo as k — oo. For n > kg, we
split

(3.8) (1-e)" <

<(1+4e)™

n ko n
H (0 cos(2majw)) (Hp (0 cos(2mazw) >< H p(@cos(27rakw))>,

k=1 k=1 k=ko+1

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



524 C. AISTLEITNER, ET AL.

and, taking into account that p(f cos(2warw)) > 0 by (3.6, note that

( H p (0 cos(2magw) > H (0 cos(2magw))

(3.9) k=ko+1 §
< M, ( H (0 cos( 27rakw))> ,
k=ko+
where
ko ko
mg = inf Hp(@ cos(2mwapw)) and My := sup HP(H cos(2marw)) | -
wel0,1] Pt wel0,1] \ 24

We now state an important estimate on the integral of the common product that
is on both sides of the inequality ([B.9).

Lemma 3.3. Fiz d € N and p = pg as in B3). Then for any 0,z € R,
(3.10) 1 (6 cos x) Zb cos(jx),

where the coefficients bj(0) = b;(0;d),j =0,1,...,d, are real numbers with
92m

(3.11) bo(0) = bo(05d) = Y 2 (i)’

0<m<[d/2]

and for j =1,...,d, bj(8) > 0 when 6 > 0. Furthermore, given ko = ko(d) € N as
above, for every 0 € R, and all n > kg,

(3.12) /0 H p (0 cos(2mapw)) dw = by ()" o,

k=ko+1

We first show how Theorem [A] follows from Lemma [3.3] and then provide the
proof of the lemma. Integrating each term in the inequalities in (39) with respect
to Lebesgue measure over the interval [0, 1], and applying ([B.12]), we obtain

mobo(6)"Fo < / Hp 0 cos(2maw)) dw < Mobo(0)" "0,
0 =

Combining these inequalities with (B8] and (34]), we arrive at

1 1
—m ——— My (bo(8))Fo,
(1+5)n (1_€)n 0(0( ))
Taking the natural logarithm of each term, dividing by n and letting n — oo, while
keeping all other variables fixed, we obtain

0 (bo(0))" " <E [695”] <

1
log bo(8) — log(1 +¢) < liminf —logE [665"]
n—oo M

< limsup —~ logIE [e?5] < logby(8) — log(1 — e).
n—oo
Recall that e € (0,1) was fixed but arbltrary, that d = d(e) depends on & and
satisfies d(g) — oo as € — 0, and that bg(0) = bo(0; d(e)) depends on this choice of
d. Note that by(f) is a finite partial sum of the series expansion for the moment
generating function of the arcsine distribution on the interval (—1,1), which we
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derived in (27). Since the logarithm is a continuous function, (BII) and (2.8)
yield
lim log bo(6; d(e)) = A(0)-

Thus, the last two displays together yield the limit

1 ~
lim —logE [¢?5"] = A(6),
n—oo 1N
as desired. Since the function A is differentiable, the Gértner-Ellis theorem can be
applied, and the proof of Theorem [A]is complete, given Lemma [3.3
To complete the proof of Theorem [A] it only remains to establish Lemma 3.3l

Proof of Lemma B3 For every fixed k € N, the function w — p (6 cos(2marw)) is a
polynomial of degree d in 6 cos(2marw). A standard trigonometric formula asserts
that for even m = 2n, (cosz)™ can be expressed as a linear combination of 1,
cos(2x), cos(4x), ..., cos(mz), more precisely, for every n € N and = € R,

(3.13) (cosz)? = 2% <2:> + 227}—_1 :2%1 (2;) cos(2(n — )z).

For odd m, (cosx)™ can be expressed as a linear combination of cosz, cos(3z), ...,
cos(ma), more precisely, for every n € N and « € R,

I (2n+1
(3.14) (cosz)?n Tl = I ; ( n;— > cos((2n + 1 — 20)x).
The precise statements of the last two formulas will not be important to us; we
will only use the fact that the coefficient of the constant term in the expansion of
(cosz)™ is (m"/Lz)Q*m when m is even and zero otherwise. So for d € N and 6 € R,

it is possible to write p (6 cosx) for € R, in the form
p(fcosx) = by(0) + b1(0) cosz + ba(0) cos(2z) + - - - + ba(0) cos(dx),

where the coefficients by (0) = br(0;d),k = 1,...,d, depend on the coefficients of
the polynomial p (and thus on d) and on 6, but not on x, and the zeroth coefficient
bo(0) takes the explicit form

m o™
bo(6) = Z (m/Z) 2mm)
0<m<d,
- Z 2m 6‘2m
B m ) 22m(2m)!
0<m<|d/2]
B mlm! 22m(2m)!
0<m<|d/2]
92m
(3.15) = Z 2m ()2’
0<m<|d/2]

which agrees with (BII). This proves (BI0). Further, when 6 > 0, since the
Taylor coefficients of the exponential function are all positive, and the coefficients
in the trigonometric identities (B.I7) and ([B.I3) are all non-negative, it follows that
bj(§) >0for j=1,...,d
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526 C. AISTLEITNER, ET AL.

It only remains to show that when integrating the product-form integrand on
the right-hand side of (3I12) only terms involving the zeroth coefficient remain. To
this end, note that by ([B10) we have for w € [0,1],

H p (0 cos(2mazw))
k=ko+1

= H (b0(9)+b1 (0) cos(2magw)+b2(0) cos(2m2apw)+. . .+bg(6) cos(27rdakw)).
k=ko+1

When multiplying out this product, we obtain a constant term by (6)" %0 as well as
a sum of many mixed terms of the form

bo(0)" " =t b, (0) cos (2mjrak,w) - . . . - by, (0) cos (2mjear,w)

for some ¢ € {1,...,n —ko}, (j1,...,J¢) € {1,...,d}", and (ki,...,k;) € {ko +
1,...,n}¢ such that k; > --- > ky. Thus, to prove [B.12), it suffices to show that
for any such configuration, we have

1
(3.16) / cos(2mjrak,w) - ... - cos(2mjear,w)dw = 0.
0

We now show that this follows because agy1/ar > 2d for k > ko (by the choice of
ko). Indeed, recall the standard trigonometric identity

1
(3.17) COSTCOSY = 3 ( cos(x — y) + cos(z + y)),

which implies that the product cos(2mjiag,w) .. .- cos(2mjeak,w) can be written as
a linear combination of cosine functions cos(2rmw) with frequencies of the form

m = j1ag, = - x jeag,.

As already mentioned above, we have k1 > ko > ... > ky > kg. Then, taking into
account that j; > 1, we have

Ji6g, £ - £ jear, > ag, — dakz — dakS — = dake.

The inequality ag41/ax > 2d for all k > ko then implies
S|
A,y —dak2 —daks — -~-—dakl 2 Ay (1 —dz 77“)
r=1 (d + 1)

o (- ()

>0

Consequently, the product cos(2mjiag,w) - ... - cos(2mjeag,w) can be written as a
linear combination of cosine functions cos(2rmw) that have all non-zero frequencies
m € N. This clearly implies (BI6]), and thus completes the proof. |

3.3. Proofs of Theorem [Bl and Lemma 2.3l Let q € {2,3,...} be fixed, let
ar = ¢ for each k € N, and let S,, be as defined in ([Z2). We establish the LDP by
first recasting S, /n as a Birkhoff average (or time average) of a stationary sequence
induced by the expanding piecewise continuous map 7 : [0,1] — [0, 1] given by

(3.18) Tw:=qw (mod1l)=qw— |qw], w e 0,1]

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 527

(which is merely the fractional part of qw). Then, (2] and the identity a; = ¢*
show that the lacunary sums of interest can be expressed as

n—1

(3.19) S(w) =Y X1 (Trw) = Xy (w) + ...+ Xa(w), we0,1].

We can then apply tools from the theory of LDPs for (uniform and non-uniform)
hyperbolic dynamics and mixing processes; see for example [8]9][13]18]19,[30]34,
36L140,[43.58]. Since in some references (see, e.g., [IIl, p. 422] or [8, Thm. 10.8 on
p. 90]), an LDP is stated only for some small neighborhood of 0, and since parts
of the argument will be needed to prove property (iii) in the statement of Theorem
[Bl we provide a sketch of the full proof in Section [3:3.1l The proofs of properties
(i)—(iv), which are the main message of Theorem [B] are presented in Section B33
They rely on additional estimates that are first obtained in Section [3.3.2] Finally,
the proof of Lemma [2.3]is given in Section B.3.4]

3.3.1. Proof of the LDP in Theorem [Bl By the Girtner-Ellis Theorem, to prove
the LDP it suffices to show that the limit Ay(6) := lim, o + log E[e?S"] exists for
all @ € R and is differentiable in #. We now express e/~ in terms of a certain linear
operator. Let Lip[0, 1] denote the Banach space of Lipschitz functions f : [0,1] — C,
endowed with the norm || f]| := || flleo + L(f), where L(f) is the Lipschitz constant
of f. Next, for § € R, consider the linear operator ®g, : Lip[0,1] — Lip[0,1]
defined, for g € Lip[0, 1], by

1 (¢ ]
(3.20) (®6.49)(w) = EZ “xL) (‘*%J) , w e [0,1],
where we recall from 21 that X;(w) = cos(2mqw), w € [0, 1].
The proof of the LDP for (S,,/n)nen stated in Theorem [Blis a direct consequence
of Proposition 3.4

Proposition 3.4. Fiz q € {2,3,...} and 8 € R. Then
i L 05,1 _
Ag(8) = nl;rrgo - log E[e”""] = log Ag.q,

where g 4 is the Perron-Frobenius eigenvalue of the operator ®g , defined in (3.20).
Moreover, there exists an open domain D of the complex plane that contains the
real line R such that the convergence above holds uniformly for 6 in any compact
subset of D. In particular,  — Ay(6) is differentiable.

In the language of thermodynamic formalism [59], log Ag is referred to as the
pressure or the free energy of a one-dimensional lattice system, and its differentia-
bility expresses the known fact that there are no phase transitions for such systems.
(For more background on the spectral gap property of Perron-Frobenius transfer
operators, the reader is referred to [6lBI5T] and [59, Chapter 4].)

Proof of Proposition [34l Recall the definition of the map T : [0,1] — [0,1] given
in (3I8) and note that Lebesgue measure is an invariant measure for 7, i.e., T
maps the measure space ([0, 1], B([0,1]), A) to itself and satisfies \(7T(A4)) = A\(A)
for every A € BJ0,1]. Indeed (for simplicity we only consider g = 2),

2z : 0
20 —1

—_ N[

T(z) =2z (mod1l)=2zx—|2z]= { §<

\/\/\

.1
© 2
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528 C. AISTLEITNER, ET AL.

and so, for every positive and measurable function f : [0,1] — R,

F(T (@) M) = /[ | T )+ / f(22 — 1) A(d)

[0,1] [1/2,1]

1 1
5 [ sy [ A = [ s,
2 ) 2 )1 [0.1]
In ergodic theory parlance, (([0,1], B([0,1]),A); T) is a measure-preserving dynami-
cal system and we refer the reader to [2I] for further details. The Perron-Frobenius
operator ®, : Lip[0, 1] — Lip[0, 1] associated with 7 is defined by

qg—1 .
g (—) ’ wE [Oa 1],9 € Llp[07 1]5

where recall Lip[0, 1] is the space of Lipschitz functions defined above. Note that
for any g € Lip|0, 1]

[ @i = %g [o(“E) o= [ sme)

where the last equality uses the fact that 7 is A-preserving and {(w + j)/q, j =
0,1,...,¢ — 1} is the preimage of w under 7. This shows that ®, preserves the
integral for any function g € Lip[0,1]. Next, for 8 € R, note that the operator
Dy , defined in (B20) can be viewed as a perturbation of the operator ®, since for
g € Lip[0, 1],

g—1 ) w .
(3:21) (Baa)() = (2,]6"%g)) () = & 30 () (%) we 0,1,
j=0

where once again recall from ([2.1]) that X;(w) = cos(2mqw), w € [0, 1]. It is imme-
diate from the definition that both ®, and ®¢ , are linear operators. Denoting by
¢y and @ the n-fold composition of ®, and ®g 4, respectively, a straightforward
inductive argument (see, e.g., [8l Proposition 5.1 (P4)]) shows that

(3.22) 0.q9 = @Z[ees"g], for every n € N.
Let 1 denote the constant function on [0, 1] that takes the value 1, and henceforth,

denote dA(w) just as dw. Then, the moment generating function of S, can be
expressed as

1 1 1
(3.23) E[ees"] :/0 eesn(“’)dw:/o @Z[egs"](w)dw:/o (@5 ,41) (w)dw,

where the second equality uses the fact that @7 preserves the integral and the last
equality uses ([3:22)) with g = 1.

We will now use the crucial fact that the operator ®4, has the spectral gap
property; see, e.g., [59, Theorems 4.1 and 4.23] and [0, Theorem 1.5], where all
essential arguments can be found. Namely, we use the well-known fact that for
every 6 € R, ®p , admits a decomposition

(3.24) @97(1 = MQo + Ry,
where
(3.25) X =Xg g >0
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 529

is a simple eigenvalue of @44, Qs = Qo4 is a projection operator onto a line
spanned by an eigenfunction hg = hg 4 > 0 associated with g, and Ry = Ry 4 is
an operator whose spectral radius is strictly smaller than A\y. More precisely, there
is a probability measure pg = pg 4 on [0, 1] such that for every f € Lip|0, 1],

fo w)dpg(w)
fo ho(w )dNH( )

Continuing to omit the dependence of the quantities Ag, Ry, Qg, hg and pg on g,
by raising the decomposition of ®¢, to the n-th power, it follows that for any
f € Lip[0, 1],

QGf = and RQQ@ = QgRg =0.

fo w)dpg(w
fo he(w)dpg(w )

Now, setting f = 1, taking the integral on both sides, and using ([B:23]), one obtains

o051 — ! n Wdw = A\ folhg(w)dw ! 11 (w)dw
(3.26) E[ ]_/0 (5 ,1) (w)dw = A —fol ho (o) dio (@) +/O (Rp1)(w)dw.

Recalling that the spectral radius of Ry is strictly smaller than Ay, one obtains
E[efSn ! ho(w)dw
(3.27) tim °L _ J_ lfo owydw
noeo Ag Jo ho(w)dp(w)
Note in passing that this shows that the sequence (S, ),ecn satisfies some version

of mod-phi convergence [24], but what is more pertinent, it implies the weaker
statement

1
(3.28) lim —logE[e?*"] = log A,

n—oo N

0.0 =XQof+Rgf =g -h ol

which proves the first assertion of the proposition.

We now turn to the proof of the remaining assertions, which we claim (and
justify below) can be deduced from the perturbation theory of linear operators
[33, Chapter 7, §3, p. 368], in particular the Kato-Rellich theorem, as stated
in [59, Theorem 4.24]. Indeed, since the family of operators ®y , depends on § € C
in an analytic way (see [8, Proposition 5.1 (P3)] and [33, Theorem 1.7, p.368]),
the decomposition ([24) continues to hold in some neighborhood D of the real
axis (with g, hy and pg becoming complex-valued), with A\g # 0 and Ay (as well
as hg, g, Rg) being analytic on D. Moreover, |\g| stays strictly smaller than the
spectral radius of Ry if D is sufficiently small, which, looking at ([.26)), shows that
convergence in ([3.28)) is uniform on compact subsets of D. (]

3.3.2. Moment estimates for the partial sums S, and gn Let n € N and consider

R 1 0S,] 1 > o™ m
(3.29) Agn(0) =~ log E[e?%"] = ~log ZZ:O W]E[Sn 1,
and
(3.30) Ra(0) = log E[¢?5n] = L log i e—m]E[§m]
" n n — !

where we recall that S, =3 X;, and (X;) ey are ii.d. having the same distri-
bution as X, as defined in (24) and (2Z3]), respectively. The proof of properties
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(i)—(iv) in Theorem [Bl presented in the next section, involves a comparison of the
coefficients in the Taylor expansions of ([3:29) and ([B30) considered as functions

of #, which in turn relies on estimates on the moments of S,, and §n, obtained in
Lemmas [3.5H3.71 We start with Lemma on estimates of the moments of .S,,.

Lemma 3.5. Fiz q € {2,3,...}, let a, = ¢* for all k € N, and let S, be as defined
in Z2). Then, for every m,n € N, we have

A
Elsy] = o),
2m
where Ap,(n) is the number of solutions to the equation Y .-, e:q" = 0 in the

unknowns ki, ..., kyn €{1,...,n} and eq,... ey € {+1,—1}.

Proof. For every m € N, we have

E[S7] = /01 (écos(Qﬂ'qkamdw

I
C\,_.
b
o
2
o
)
QS
£
&

[T [ela™w) + e(—a"w)| dw,
1 4=1

where we write e(z) := €2™* for 2 € R and used that cosz = (e?* + e~%*)/2. By

rewriting the product in the last line of the last display in terms of an exponential

and using the elementary identity fol e(kw)dw = 0 for all integer k # 0, we see that
m 1 -

(3.31) ]E[Sn ] om Z Z H-{Elqk1+"'+€mqk7'L:O}.

Eiyorskm=1 £1,....em€{—1,1}

To complete the proof of the lemma, observe that the right-hand side equals
Ap(n)/2m. O

Next, we give a combinatorial interpretation of A,,(n) for m < ¢q. Let B,,(n)
be the number of simple random walk paths in Z" of length m that return to the
origin, which is sometimes also referred to as the number of bridges of length m in
z".

Lemma 3.6. For all n,m € N, we have A,,(n) > By (n) and, if m < q, then
Apn(n) = By(n).

Proof. We start with the proof of the second statement. Let m < q. We first claim
(and justify below) that

(3.32) quk@ =0, ke e{l,...,n}, e, € {-1,1}
=1
if and only if for every k € {1,...,n},
(3.33) Hy = -k} =0
=1
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 531

In other words, ([8:32) can hold only if every term +¢* is canceled by a term —g*
at some other place. One direction of the claim is immediate. We note that

n m

m n
(3.34) Z:&?zqk‘Z = Z ( Likp=ky '64) ¢ = Z Hiq"
=1 1 k=1

k=1 (=

and therefore if all Hj, vanish, then Y, e¢q™ = 0. For the opposite direction,
suppose Y -, £¢q" = 0. Then, due to the identity in (3.34)),

Zn:Hk " =0.
k=1

We first show that this, along with the fact that m < ¢, implies H; = 0. First,
dividing everything by ¢ > 2, we obtain

n
(3.35) > Hpd"'=o,
k=1

which clearly implies divisibility of Hy by ¢. Now, if m < ¢, then |Hy| < m < ¢
by definition. Hence, H; = 0. If m = ¢, then either H; = 0 or H; = £¢q and the
latter case only occurs if all €1, ...,¢&,, are equal and k, = 1 for all £ € {1,...,m}.
In this case, the condition Zznzl £0q" = 0 is violated. Hence, for m < ¢, we have
H; = 0. Now dividing (B38) by ¢ and repeating the argument, it follows that
Hy = --- = H,, =0 as well. This completes the proof of the claim of equivalence
between the conditions (33) and (332).

Next, note that the conditions (B.33) on Hjy may be interpreted as follows: for
given €1,...,6, € {—1,1} and k1,...,k, € {1,...,n}, we consider the nearest
neighbor path of length m in Z" whose £*® step is equal to €€y, for €1,...,é, the
standard vector basis in R". Clearly, condition ([B:33) is satisfied if and only if the
path returns to its starting point. It follows that A,,(n) = B,,(n), which proves
the second assertion of the lemma.

To prove the first assertion, note that if m € N is arbitrary, then the solutions
of (B32) can be divided into the trivial ones (i.e., those for which H; = ... = H,, =
0), and the non-trivial ones (such as ¢> — ¢ — ... — ¢ =0 for m = ¢ + 1, where the
term —q appears m times). Since the number of trivial solutions is By, (n), and
(by definition) A,,(n) is the total number of solutions, the claim A,,(n) > B,,(n)
follows. |

Taken together, Lemmas and show that, for each m < ¢,

B (n)
oam

E[sy] =

Let us turn to the computation of E[gfl”], where we shall prove that the analogous
identity holds, this time for all m € N.

Lemma 3.7. Recall that §n = X’l + ...+ )~(n, where )~(1, )~(2, ... are i.i.d. random
variables with the arcsine distribution on (—1,1). Then, for all m,n € N, we have

Bm(n).

B[y] - 2l
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Proof. Recalling that (Uy)ren is a sequence of i.i.d. random variables with the same
uniform distribution as U, we can write

> U -U

X, = cos(2nUy) = W,

27z For m € N, we have

where we again write e(z) := e

E[Sy] = 2%1&3[ (;ﬁl [e(Uk) + e(—Uk)]>m}

n -

e S S b §

kiyeoskm=1 e1,....eme{—1,1} =1

1 n
:2—m Z Z Ele

kiookm=1 e1,eme{—1,1} - £=1

- I
T >, Ele

K1,eeey km=1 e1,....eme{—1,1} *~ (=1

where for any fixed k; € {1,...,n},e; € {—1,1},i=1,...,m, we set
Hg Z:Z]].{ki:g}'é“g, KZ].,TL

i=1
Then we have

E{e(éHgUgﬂ = Z_f[l]E{e(HgUgﬂ = 1ty =, —0)

Since Hy = --- = H, = 0 if and only if the associated nearest neighbor path of
length m in Z", whose /! step is equal to €;€%,, with €1, ..., &, the standard basis
in Z", returns to its starting point, we have shown that

o 1 - B,,(n
E[Sy] = om Z Z Lm = =n,=0} = Qri ),
kiyoikm=1 e1,....eme{—-1,1}

which completes the proof. (Il

3.3.3. Proof of properties (i)-(iv) of Theorem Bl We now complete the proof of
Theorem [Bl First, note that the function A,, as a uniform limit of analytic func-
tions, is itself analytic for all § € C, |6] < &g, for a sufficiently small g > 0.

Proof of (i). First, let us observe that the proof that I, < I on the positive real
axis is simple. Indeed, Lemmas imply that for all m,n € N,
E[Sy] > E[S;']-
When combined with [8:29) and [B.30), it follows that for every n € N and 6 > 0,
Ag.n(6) > A, (0).

Passing to the limit as n — co on both sides, and noting that both limits exist and
are equal to A,4(0) and A4(0), respectively, due to the proof in Section B3 Iland the
independence of (X)ken, we conclude that A, (6) > A4(8) for all > 0. Passing to

the Legendre-Fenchel transform we then obtain I,(x) < I(z) for all z > 0.
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The proof of the strict inequality I,(x) < I(z) for z > 0 is more delicate. Assume
that ¢ > 2 and 6 > 0 are fixed. We choose a large integer d > ¢; at the end of
the proof we will let d — co. As in the proof of Theorem [Al we approximate the
exponential function by a Taylor polynomial p = p4 of degree d, and by B1), we

have
09d+1

E[eesn] > <1+ i+ 1) ) / Hp (0 cos(2mq w))d

We recall from Lemma B3] that we can write p(9 cos(27rq w)) in the form
(3.36)  bo(0) + by (0) cos(2mg*w) + ba(0) cos(2m2¢ W) + - - - + ba(6) cos(2mdg*w),

where by = by(0;d) is given by BI5) and b; = b;(0;d) > 0 for j =1,...,d. Since
d > ¢ by assumption, the ¢-th term in the Taylor expansion for p(f cos(2m¢*x)) is
(0 cos(2mq*x))9/q!. From ([BI3) and (BI4) we see that the expansion of (cosy)?
into a linear combination of cosine functions contains the term 279! cos(qy). We
emphasize again that all coeflicients, in the Taylor expansion of e¥ as well as in
BI13) and BI4), are non-negative. Thus the coefficient b,(0) in ([B30) is at least
as large as the contribution coming from (6 cos(2mw¢*r))?/q!, and so we have

07 1

(3.37) by = by(8) > s

By a similar reasoning the coefficient b;(6) in (B30) is at least as large as the
contribution coming from the linear term in the Taylor expansion, which is simply
6 cos(2mgFx). Thus we have by () > 6. Once again using the fact that all coefficients

are non-negative, in ([B:36) as well as in B17), (I3) and BI4), we have

/ Hp (0 cos(2mqFw)) dw > / H (bo + b1 cos(2mg*w) + by cos(2mg" M w)) dw.
0

Now the point is that there will always be interference between the term
by cos(2mgiT1z) coming from index k, and the term by cos(2r¢*1z) coming from
index k + 1. Let us assume that n is even. Always combining two consecutive
factors together, we have

1 n
/ H (bo + by cos(2mq"w) + by cos(2mg" T w)) dw

0 k=1
1 n/2
= / H (bo + by cos(2mg* ' w) + by cos(2mg* w)) (bo + by cos(2mg* w)
0 =1
+bg cos(2mg* T w)) dw
1 n/2
> / H (b3 + by cos(2mg* w)by cos(2mg* w)) dw
0 =1
n/2
> H (bg )
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where the last inequality uses (837) and b;(0) > 6. Consequently, we have

-1
. 1 05, 699d+1 ) 9(]"1‘1

—1 as d—oo

Recall that by depends on d and #, and that we have logby — 1~\(9) as d — oo.
For every fixed 9 > 0 since the logarithm is a strictly increasing function, the

term log ( b2 + ,2q

d — oo. Consequently, we have

) converges to a quantity that is strictly larger than K(G) as

Ay(0) > A(0), forall @ > 0.

From the properties of the Bessel function By(0) it is easily seen that for z € (0,1)
the supremum in the definition of I(z) is actually a maximum, and is attained at
some (finite) value 6, > 0. Consequently, we have

I,(z) = sup [0z — Ay(0)] = Oz — Ag(0,) < Opz — A(0,) = I(x).
0>0
Thus, we have I,(x) < I(z) for all z € (0,1).
In conclusion, we note that we can make the difference between A, and A quan-

titative. Recall that 8 > 0 by assumption. Since by() is a partial sum of By(f), we
have bo(0) < By(6). Furthermore, from the series expansion for By(f) it is easily

seen that By(f) < e?. Thus b2(0) < €2’, and b2 +
letting d — oo, we deduce that

9<1+ gatl

> p2 (1+ ,2%29). Thus,

o L ga+1

Proof of (ii). It follows from Proposition 34 that for 6 € R, A,(0) = log Ag 4, where
Ag,q > 0 is the largest eigenvalue of the Perron-Frobenius transfer operator defined
in (320). Fixing # € R and sending ¢ — oo, the Riemann sums converge on the
right-hand side of the definition in (320]) converge to the corresponding Riemann
integrals; hence this sequence of operators converges in the norm topology to the
operator

Jy "X Og()dz
Jy e0X1(=)dz
where Xg = fl X120 gy = eK(a) where A is defined as in @5). Thus, ;I;g/Xg

is a projection onto the line spanned by the function 1. The Perron-Frobenius
eigenvalue of <I>9 q s /\9 Now, if # € R stays constant and ¢ — oo, we can view

~ 1 ~
(Bag)(w) = / X g(2)dz = Xy

®y , as a perturbation of dy. By perturbation theory (see, e.g., [33]), we have
the convergence of the Perron-Frobenius eigenvalues, that is, limg .o Ag g = Xg for
every 6 € R. Taking the logarithm, we get lim,_,, A4(0) = 1~\(9) Since the involved
functions are convex, the convergence is, in fact, uniform on compact intervals. By
taking the Legendre-Fenchel transform, it follows that limgy o I4(z) = I(z) locally
uniformly on (—1,1).
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Proof of (iii). Lemma [B.7] shows that for every n € N, whenever m € N satisfies
m < ¢, one has
Gmy _ Bm(n)
B[Sy = B8] = 2,
or, in other words, the moments of S,, and S,, coincide for all m < q. Since
cumulants of order less than or equal to ¢ can be expressed in terms of moments of
order less than or equal to g, we infer that as long as m < g,

K:m(Sn) = Km(g’ﬂ) =nc Hm()?l)’

where Kk, (Y') denotes the mth cumulant of a real-valued random variable Y. Hence,
for m < g and every n € N, we have

(5) A

Now because the uniform convergence of the analytic functions A, , — A, (es-
tablished in Proposition B.4]) implies the convergence of the derivatives, we obtain

(i)

Proof of (iv). In the case when m = ¢ + 1, a slight modification of the argument

used to prove Lemma shows that any solution to ([32]) either satisfies H; =
.= H, =0, or is a permutation of one of the solutions ¢* + ...+ ¢* — ¢**' =0

or ¢"*t1 — ¢k — ... —¢* =0, where k € {1,...,n — 1}. The total number of such
exceptional solutions is 2(¢ 4+ 1)(n — 1), hence

Agt1(n) = Bgyi(n) +2(g + 1)(n — 1).
From Lemma and Lemma [3.7]it follows that

A n B n)+2(g+1)(n—1 ~
]E[S,Z+1] — qQZi(l ) _ q+1( ) 2q(+1 )( ) :E[Sgﬁ_l} +

= %Hm(sn) = K (X1) = %Hm(@l) = ((%) A(6)

6=0 6=0

(¢+Dn-1)

24 '
The cumulant r441(S,) can be expressed as E[S2T!] plus some polynomial function
of the lower moments E[S™'] with m < ¢. A similar representation holds for the

cumulant x4+1(Sy), and the moments of all orders m < ¢ of S,, coincide with those
of S,, by part (ii) of Theorem [Bl It follows that

gt (82) = g (§) + LD

For the derivatives of order ¢ + 1 of A, and A at 6 = 0 we therefore obtain

L 1 = (g+D)mn-1
Al(z?;l_l)(o) = Eﬁqul(Sn) = Eﬁqul(Sn) + T

— Ale+D) () + (g+1)(n— 1).

24n,
Letting n — oo and using that the uniform convergence of analytic functions A, ,, —
A4 implies convergence of their derivatives, we arrive at

q+1

(g+1) — Alg+1)
ATV(0) = A (0) + TR

This proves (iv).
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3.3.4. Proof of Lemma 23 We now present the proof of Lemma 23l The idea
is that in the lacunary sum S, all cosine functions cos(2mg*U) are equal to 1 at
U = 0. Thus, S, is close to n if the uniform random variable U ~ Unif(0, 1) takes
a value that is sufficiently close to 0. To make this precise, fix € € (0,1). We have
cosz > 1 —x2/2. Tt follows that

V2e

X, = cos(2mg"U) > 1 — ¢ provided that U < Z—q_k.
T
Hence, if U < %q_", then we have S,, > (1 — ¢)n. It follows that

I,(1-¢)=— lim llog]P’(Sn >(1—¢)n) < — lim l1og1P’(U < é—fq‘")

n—oo n n—oo M
1 2
< — lim —log <£q">
n—o00 N, 2T
= logq.
Since this holds for every ¢ € (0,1), by the lower semicontinuity of I, it follows

that
I,(+1) < limi(r)lfIq(l —¢) <logg.
E—r

This completes the proof.

3.4. Proof of Theorem [Cl. We know from Theorem [B] and Proposition 4] that
there exists some sufficiently small Zy > 0 such that 0 < I3(zg) < I3(zg) for every
o € R with 0 < z¢p < Zy. By interleaving the powers of 2 and 3 appropriately, we
shall construct a Hadamard gap sequence (a)ken such that for all ¢ € (0, ), the
corresponding partial sums (Sy,)nen satisfy

1 1
0 < liminf ——log P(S,, > nzg) < limsup —— log P(S,, > nxp) < oo.
n n

n— oo n—oo

Since both I and I5 are continuous, there exist g € (0,x0) and dp > 0 such that

sup D(z)+d < inf I3(z) and inf  Ir(xz) > do.

|z—z0|<eo |z—z0|<eo |z—z0|<e0

Our construction proceeds inductively. Assume that for some n € N we have

constructed increasing positive integers aq, ..., a, such that
! logP(S,, > nxo) > inf I3(x)— % =:cy.
n - |lz—x0|<eo 3
We want to extend the sequence aq,...,a, to a longer sequence aq,...,an, with

N € N, N > n in such a way that

—%logP(SN > Nxo) <  sup Ig(x)+6 =ic_.

20

lz—x0|<eq 3

Note that 0 < c— < ¢4. Thisis done as follows. We define a,,+1 := 2™, where m € N

is any number such that 2™ > 2a,, (to guarantee the Hadamard gap condition) and

m > n + 1. Further, we define a, 4, := 2™T=1 so that with N = n 4+ (N —n),

we have ay = 2V ""+tm=1 We choose N € N sufficiently large, in particular such
that 2m/N < eo/5. Clearly,

<n and <m.

m—1
Z cos(2m2 )
k=1

n
Z cos(2magxo)
k=1
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 537

Therefore, by replacing the first n elements aq,...,a, by m — 1 powers of 2,
more precisely, by 2,22, ...,2™ 1 respectively, and using the specific choice of
Gpt1, Anto, - - - together with the two estimates in the previous display (which guar-
antee that the replacement of n by m —1 cosine terms yields an error bounded above
by n 4+ m), we obtain

1
N logP(Sy > Nxo)

N—n+m—1
1
< N logIP’< Z cos(2m2F o) > Nxg + (n + m))
k=1
N
< —ilogIP> Zcos(QwZ’“x )>Nzog+(n+m)+(m—n-—1)
SN 2 0) = Nxo
1 N
< N logIP’< Z cos(27r2kx0) > Nxg + 2m>
k=1
<

N
1
- IOgP<kz:1COS(27T2kxO) > N(zo + 50/5))7

where we used that 2m/N < g¢/5. The latter expression converges, as N — 0o, to
Iy(zg + £0/5). Hence, making N € N larger, if necessary, we obtain

1 ) )
—Nlog}P’(SN > Nxg) < I2(x0+€0/5) + 30 < sup Lz)+ = =c_.

|w—mo\§50 3
Now we can continue this argument back and forth, by adding strings of consecutive
powers of 2 in odd steps and strings of powers of 3 in even steps, we can construct
an infinite sequence (ay)ren for which —% log P(S,, > nxg) is infinitely often smaller
than c_ and infinitely often larger than c.

3.5. Proof of Theorem [Dl Recall that the i.i.d. sequence Y = (Y} )ken is defined
on a common probability space (V,.A,Py) with each Y uniformly distributed on
the discrete set

(3.38) Dy, = {h2“€2“1 heZ,0<h<2k } , keN.

Since by definition a} = 284}, (a) )ren is also a sequence of independent random
variables defined on (¥, A,Py). We also assume (without loss of generality) that
the independent uniform random variable U is realized as the identity map on the
space ([0,1],B(0,1), A) and, since U and Y are independent, that both Y and U are
defined on the product measure space () x [0, 1], A® B(0,1),Py ® A). Throughout
the argument, fix § € R. The proof proceeds in several steps.

Step 1 (Construct a suitable partition of the integers). For any large n, we split

the set of all positive integers into disjoint sets Ay, Ay, ... and A}, Al ..., which
are defined via the following recursive construction. First, set A; := {1,...,n'/?},
1/2

where for notational simplicity, we assume that n'/? is an integer. Let the set A
contain the next n?/® smallest positive integers not already contained in A;, where
(again for notational simplicity) we assume that n?/5 is also an integer. Then, for
each i € N, we recursively define A; | to contain the n'/? smallest positive integers
not already contained in Uj.zl(Aj U A}), and the set Aj,, to contain the n?/®
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538 C. AISTLEITNER, ET AL.

smallest positive integers not already contained in A;1; U U;=1(Aj U A%). This
decomposition can be characterized by the following requirements:

o A; < Al < Ayj4q for all i € N, where the inequality is understood to hold
element-wise

o UZ, (A, UA) =N,

e #A; =n'/2 for all i € N, and #A/, = n?/® for all i € N.

The philosophy is that the primed index sets are sufficiently large to cause a strong
“independence” between the trigonometric functions in the non-primed sets, while
at the same time the total cardinality of the primed index sets is so small that
they are asymptotically negligible. The precise choice of n'/? and n?/° for the
cardinalities of the A and A’ blocks is somewhat arbitrary, the relevant facts are
that the one type of block is significantly larger than the other, and that both types
of blocks are not too small in comparison with n.

For i € N, let 0; min and §; max denote the smallest and largest integers in A;,
respectively. Then our construction ensures that

(3.39) i max + n?/5 < Oi+1min, Vi €N, and max  0; max + n?/® < n,

1<i<M,

where
M+1

(3.40) M, ::min{MEN:{l,...,n}C U (AiUA;)}S\/ﬁ,
i=1

with the last inequality being a simple consequence of the fact that |A;| = /n for
each 7 € N.

Step 2 (Bound the moment generating function in terms of polynomial integrals).
Recall that Dy, = ®renDy, where the definition of the discrete set Dy was re-
peated again in ([3.38), and for y € D, af = 2% + y;,. Recall also that S¥(w) =
Son_, cos(2maiw), w € [0,1].

Lemma 3.8. Fiz n € N sufficiently large such that n?/5 < M,,. Then, for y € Dy
and w € [0, 1],

1 1 1
(3.41) 6_59”9/10/ HY(w)dw S/ 9@ dwy < 650"9/10/ HY (w)dw,
0 0 0

where for w € [0, 1]

(3.42) HY(w) = H H o0 cos(2maiw)

n2/5<i<M, kEA;

Consequently, for any € > 0, there exists d = d(e) € N such that the Taylor
polynomial p = pq(e) of length d(e) defined in [B.3) satisfies
(3.43)

My,

1 1 1
(1—5)"/0 HY (w)dw §/0 H H p(6 cos(2malw)) dw < (1 —1—5)”/0 HY (w)dw,

i=n2/5 kEA;

for every y € Do and for all sufficiently large n € N.
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 539
Proof. Fix n € N as in the statement of the lemma. Also, fix y € D, and for

notational conciseness, omit all dependence on y. Then for any w € [0, 1], we can
split

n
eesn(w) — H 60 cos(2marw)
k=1

H H 69 cos(2marw) ™ H H 69 cos(2marw)

1<i<n?2/5 keA;UA! n2/5<i<M, ke€A;

=:H1) (w) =:H(®)(w)

™ H H 60 cos(2marw) ™ H 69 cos(2marw)

n2/5<i<M, keA] 1<k<n,
kUL (8,047

—H® (w)

= H® (w)

We will show below that H®), H®) and H® are all sub-exponential in n (that is,
their logarithms are all sublinear in n), and thus these three factors will be negligible
in comparison with H®, whose logarithm is linear in n. Indeed, first note that
by construction H®) is a product of at most 2n%/5n'/2 factors, each of which is
trivially between e~ ? and €Y, so in total we have 6729"9/10 < H(l)(w) < 629”9/10
for all w € [0,1]. Next, the product H®) contains all contributions coming from
the complete short “primed” blocks A’; the purpose of these blocks was just to
separate the longer blocks, and H®) is also small in comparison with H®. Since
the product H®) has a total of at most M,n?/5 < n%19 many factors, we have
e—0n" < HO(w) < " for all w € [0,1]. Lastly, the product H® is split off
since it does not cover a full block; this is no problem, since H* only has a small
number of factors. More precisely, since by B40), n — M,, < M1 — M, < 2y/n,
we have e~20n"* < HW(w) < e20n% for all w € [0,1]. Owerall, this implies
e300 < W (W) H®) (w)H® (w) < 2" for all w € [0,1]. When combined
with the last display, and the observation that everything inside the integrals is
positive, this yields 41 with H,, := H?) which agrees with the expression in
B42). The second estimate ([B43]) is then a simple consequence of BA]), (B8] of
Lemma [3.2] and the relations |A;| = y/n for all i and M,, < \/n. O

Step 3 (Evaluate the integral fol Hi]\i:ﬂﬁ erAip(H cos(2majw)) dw from (B43).
The key idea is to first show that we can take the product vai’;ﬁ/s outside the
integral; see (B.43]). In other words, we show that there are no correlations between
cosine functions with indices from different blocks A; and A;, for 7, 7,4 # j, in the
range, and thus, that it is possible to evaluate all integrals entirely within each block.
Indeed, this was the purpose of the construction of A; and A’ in Step [l Then we
simplify each of the integrals in the product using the expansion for the polynomial
p obtained in Lemma B3l Indeed, recall from [B.I0) and B.II) of Lemma B3] that

for d € N, there exist non-negative coefficients b; = b;(0;d),j = 0,...,d, such that
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540 C. AISTLEITNER, ET AL.

for all £ € N, the Taylor polynomial p = pd satisfies
(3.44) p (0 cos(2majw)) Z b;(0) cos(2mjaiw),

where the zeroth coefficient by = by (6; d) is given explicitly by the finite series in
(BII). To shorten notations we suppress the dependence of by, by, ... on 6 and d
in the formulas below.

Proposition 3.9. Fiz d € N and p = py the Taylor polynomial of length d. Then,
for all sujﬁciently large n, and every y € Doo,

(3.45) / H H p(f cos(2majw)) dw = / H p(0 cos(2maiw))dw

i=n2/5 k€A, i=n2/5 0 keA;

Furthermore, fori € {n?/®, ... M,},

(3.46)

C(Z) / H p(0 cos(2maiw))dw
0 ke,

(3.47)

R e f
=by" + ZZZ b~ bjy by, F]1{jla’,{l+sgj2az2+-~+szjeaiﬁo}’

where the four summations in the displayed formula above are taken over the ranges
(in the order of appearance)

(348) > > > >

1<0</n (K1, ke)EA, (J1s--572)€{0,...,d}", (82,--,80)E{—1,1}¢-1
k1>:>ke (J15--270)#(0,...,0)

and the coefficients b; = b;(0;d), j =0,...d, are as in 344). Furthermore, for all
sufficiently large i, given £ and kp,, jm, Sm,m =1,...,£ as in (B4Y), we have
(3.49) jiaj +sajeal +---+sejeay, =0 = jiyk, +5252Yk, +- -+ 80jeyk, = 0.

Proof. Fix y = (Yr)ken € Doo. We will start by establishing ([B.47) and (3.49)).
Multiplying out the product [],c, p(0 cos(2majw)) within a certain fixed block
A;, using [B44) and the cosine product trigonometric identity ([BI7) we obtain

(3.50)

H p(f cos(2majw)) = e
keA;

+ Z Z Z b(\)/ﬁfebj1 o by, 25' T COS (271'(]1%1 +52j2(1k2+ —I—nggake)w)
where the four summations in the displayed formula above are taken over the ranges
(in the order of appearance) in (3.48]), and the power \/n in the constant term ba/ﬁ
and the coefficient b(\)/H ~* arises from the fact that |A;] = y/n. Note that ([B350)
shows that [, ., p(0 cos(2majw)) can be written as the sum of the constant term

b(‘)/E (which would be the contribution for the “independent” case; see (BI12]) of
Lemma [33)) plus a linear combination of cosine functions with frequencies

(3.51) i, £--- ijgazg,
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the latter following from the trigonometric identity ([B.I7). Assume that the ex-

pression in (3.5I) is non-zero. Recall that aj = 2% + yj,, where yj, takes values in
. K2/3 k2734, . . 12/3 [kz/s]

Dy = {h2 : 0 < h <27} here and in the sequel we write 2 for 2

for notational conciseness. Substituting aj = 2% + y; into B51]), we can rewrite

the frequency of the cosine function as

(3.52) j1(2" 4y, )£ £50(2" +yr,) = 12 £ £ 528 4 Gy, £ £ Gy,

fixed part Doo-dependent part

which is different from zero only if at least one of the parts is non-zero. Note that
by [B43)), the absolute value of the fixed part in this expression, whenever it is
non-zero, has a value between

251‘,,min and d\/ﬁZ&‘,,max,

where recall §; min and d; max, respectively, are the smallest and largest elements of
A;. Indeed, the upper bound is trivial and since k1 > ko > --- > ky, we also obtain
the lower bound:

12" £ ge2h = 28 2t R £ £ | > 200,

>1, since non-zero

Similarly, recalling the structure of Dy, from ([B38), the D..-dependent part, when-
ever it is non-zero, has absolute value between
2/3 2/3
26i,min and d\/ﬁ25z‘,max .
Thus (if both are non-zero), the absolute value of the sum of the fixed and Deo-
dependent parts always lies between

1
526i,min and 2d\/ﬁ26i,max.

Hence, the product [, ¢, p(f cos(2majw)) can be written as a constant term, plus
a linear combination of cosine functions, each of which has a frequency that is
contained in the range

_ : 1
(353) R,L = [25?,/11111 , d,\/ﬁ26i2,/n:iax:| U |:§26'L,min , 2d\/ﬁ25i,n)ax] .
In other words, from ([BE0) and the above discussion, it follows that
(3.54) [T pOcosmafw) = ') + D el (v) cos(2mm )
keA; mWeR;

for some appropriate set R; C R; of positive integers, and appropriate coefficients
cg,i)(y). Note that c(()i) may differ from b(‘)/ﬁ since some frequencies of the form ([B.51])
may vanish, and the coefficients of the corresponding cosines would then contribute
to the constant term. Using ([B.50) and the fact that the integral over [0, 1] of any
cosine term in that expansion with a non-zero frequency vanishes, we obtain (3:47).
Note that the dependence of c(()z) = c((f) (y) on y arises because the value of the
indicator

I, _ )
{jlazl +52j2az2+~-+sulaze :0}

depends on (y,, - - -, yk,) via the values of a ..., aze.
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We now turn to the proof of ([3:49). Recall that we constructed our blocks A;, Al
and defined M,, such that 6; 41 min > 6 max+n?/® and for i < My, §; max+n?/® < n,
see (339), which together with the mean-value theorem implies that

2/3 2 1 2
2/3 2/5 2/3 4/15 2/3 1/15
6i+1,min Z (&L,Inax + n / ) Z 6i7max+§ (5 + n2/5)1/3n / Z 5i7max+§n / )
7,max
and hence, for 1 <i < M,
(3’55) 25i+1,min > 2”2/5+6i,1nax and 25?_{_?,1,3“ > 25?,/333(*%”1/15.
Also, for sufficiently large n and n?/® < i < M,,, note that &; min > (n%°)(n'/?) =
n9/10 — 7/3042/3 > /30 4 p2/3 5 7/30 4 5]2\47?:7111%, and so
7/30
1 s on —1 62/3
3.56 Z92%2/5 min > (d 2 Mn,max> .
(3.56) - > S (avm

The last inequality shows that for all sufficiently large n € N, any “D,.-dependent
part” of a frequency that could originate from some product with indices in A;
(with n2/b << M,,) is of a much smaller order than the smallest non-zero “fixed”
part that we could encounter from such blocks, which proves (349). (This is why
we split off the product H) with the frequencies in A; UAlforl <i< n?/5 earlier
in Lemma [3.8] since the frequencies there are so small that their fixed parts could
cause correlations with the Do.-dependent parts coming from blocks with higher
indices.)

To complete the proof of the proposition, it only remains to prove [B.45). To
show how our construction facilitates control of the value of the integral

1 My
(3.57) /0 H H p(0 cos(2maiw))dw,

i=n2/5 kEA;

note that ([B54) implies that we have for y € Do, and w € [0, 1],

(3.58)
M, M, _ _
H H p(f cos(2maiw)) = H c(()l)(y) + Z 07(7?(1-) () cos(2rmDw) | ,
i=n2/5 kEA; i=n2/5 m®eR,;

with c(()i) as in (B:47) and Cg,?(i) other coefficients as described above (whose precise
values will not matter for what follows). When multiplying out the terms in the
product on the right-hand side of (358), for each i in the range n?/®> <i < M,, we

can either choose the factor céi)(y) or a factor of the form ngl)(i) (y) cos(2mmDw) for

some m(* € R;. That is, we can write the right-hand side of ([B:58) as

Z(HQ@(y)) H Z Cii)(i)(y)cos(%rm(i)w) ,

u,v \ieu i€V meR,

where the sum is taken over all sets U,V that form a disjoint partition of
(25 .. M.}, ie, UNYV =Pand U UV = {n?° ... M,}. Assume that V is
non-empty. Then using the standard trigonometric identity ([BI7) we can expand

H Z ci)(i)(y)cos(me(i)w)

i€V m(l)eRI
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into a linear combination of cosine-functions with frequencies of the form

Z :l:m(i), m® e R,.

i€V
Since R; is contained in the range set R; defined in ([3.53)), and since we have the
estimates ([3.50) and (B50) separating these respective ranges for different values of
i, it is not possible that the linear combination equals zero (provided that n is large
enough). Thus our construction ensures that all frequencies of cosine-functions in

this linear combination are non-zero, which implies that their integrals vanish over
[0,1], so that we have

/H Z L () () cos(2rmDw)dw = 0,

i€V m)eS;

and consequently,

/(Hc(z) ) H Z m() (y) cos(2rmDw) | dw =0,

ieU 1€V meR,

whenever V is non-empty. Thus, the only term that actually contributes to the
value of ([3.57)) is when all indices ¢ are contained in & and V = (). The contribution
of this case to the integral is

/ H c(z) Ydw = H c(z)

i=n2/5 i=n2/5

so that in total we have for every y € D,

I
/ H H p(6 cos(2maiw))dw = H c((f)(y)

i=n2/5 kEA; i=n2/5

/ H p(6 cos(2majw))dw.

i=n2/5 0 keA;
This is (3:45]) and completes the proof of the proposition. |

Step 4 (Give an explicit formula for H " 2s fol [T1ea, P(0 cos(2may w))dw which
holds with large Py-probability). We will prove the following result.

Lemma 3.10. Let Y = (Yi)ken be the sequence of independent random variables,
with each Yy, uniformly distributed on the set Dy defined in (B38). Then for every
d € N, with p = pq, the Taylor polynomial of length d, and by = bo(0;d) as in

BII), we have
(359) Py ( H (6 cos(2ma) w))dw = H b‘/_> >1-—n%2

i=n2/5"0 kea; i=n2/5
for all sufficiently large n € N.

Proof. Fix d € N and set p = pg to be the corresponding Taylor polynomial, and let
b :=b;(0;d), j =0,1,...,d, be the associated coefficients as presented in equations

BI0) and BII) of Lemma B3l (see also (3.44)). For any y € D™, let c(z)( ) be
defined as in ([B47)). Combining B47) and (B49) in Prop051t10nW1th the fact
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544 C. AISTLEITNER, ET AL.

that i > n?/® in ([B47), we see that for all sufficiently large n € N and for all i in
the range n2/% < i < M, we have

/ H p(0 cos(2maiw))dw

0 kea,
(3.60)

n—~
:b(\)/_ + Z ZZ b(\)/_ bj, -+ by, Z 25 1 {lekl +8252Yky ++Sejeyr, =0}

with the summation ranges as specified in ([3:45).

We now estimate the probability of the event {j; Yk, + s2j2Yk, + - + s0jeYr, =
0}. We recall that by assumption, Yy, ,...,Ys, are independent discrete random
variables, and that ss,...,s, are just some plus/minus signs. In principle the
distribution of j; Y%, + s2j2Yk, + -+ - + s¢je Yk, could thus be calculated exactly by
some convolution argument. However, for our purpose it suffices to establish a
very crude bound. Observe from (3.48]) that there is at least one value among
J1s-.-,je that is non-zero. Let us assume, without loss of generality, that j, # 0.
We split off the corresponding random variable Yy, in the indicator in ([B:60]), which
is independent of Y,,...,Ys, , since k; > --- > k;, and use the fact that by

assumption Y}, is uniformly distributed among the ok, + 1 different values in the
set Dy, defined in ([B.38)), to obtain

Py (j1Yk, + s252Yk, + -+ + 50jeYe, = 0)

= Z Py (j1Ye, + s252Yk, + -+ + S0—150-1Yk,_, = @) Py (sejeYr, = —a)
a€Z

2/3
<27k

<275 N Py (1Y) DY 1 Yi, =
<2 Z y(h ket S202 Yk, + -+ Se—190-1 Yk, = a)
a€’Z

52/3.

< 27 % min

where the last inequality holds because (k1,. .., k;) € A;, and 6; min is by definition
the smallest element of A;. In the quadruple sum in line (3:60) the total number of

summands is at most \/_\/—\/ﬁ(d + 1)\/52‘% Note that by construction §; min >

n?/10 for all i > n?/°, so that 2~ ilmin < 267" for all i > n?/5. Thus, by
a union bound the Py-probability that there exists at least one configuration of
€ (ki,. oo ske), (Jis--vsde)s (s1,- .., 8¢) such that j1 Yy, +s2j2Yk, +- - +50je Yk, =0
holds is bounded above by

v (d + 1)Vr2vrgnt),
Observe that, since d is fixed, for sufficiently large n € N, (d 4+ 1) < y/n and
VY (d + 1)Vagvro(-n®?) < g2vilogy(n)—n®/®

for which we can give the crude upper bound n~2 holding for all large enough
n € N. Thus,

Py (cgm#bof) <. ient M),
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 545

for all sufficiently large n € N. Now, by @40), |{n?*/5,...,M,}| < M, < /n.
Thus, we have

M, .
o (U {menm}) < s
i=n2/5

for all large enough n € N, which implies the statement of the lemma. (Il

Step 5 (Complete the proof of the LDP stated in Theorem [D)). By the definition
of M,, in ([340]), we have the relation

M, +1

U (aiua) o {1,...,n}

i=1
and M,, < /n. Together with the fact that A;, A}, i € N, are all disjoint, |A;| = /n,
and |Af] = n?/®, this implies

M,, M, n?/5-1
Z Vn>n— Z AV Z (1A + [A%]) = (| Anr, 41| + Ay, 41 ])
i=n2/5 i=n2/5 =1

>n—n?5/n—2vnn?® - 2v/n
=n—3n%1 —2/n,

while in the other direction trivially Zi]\i’;lz/s v/n < n. Thus, for the factor
Hf\i?ﬂ /s ba/ﬁ appearing in Lemma [3.10 we have the lower and upper bounds

My,
(3.61) pp e < T wy™ < b

i=n2/5

Thus, for any fixed § € R, given any & > 0, choosing d = d(¢) such that 43)) of
Lemma[3.8holds with p = pg(.), then invoking (B.41]) as well as (8.45) of Proposition
B9 next applying Lemma with d = d(e), by := by(0;d(e)), and finally using
B8 we obtain

1
(362) (1 + 6)—ne—59n9/10b’g—3n9/10—2\/ﬁ S / e@s:(w)dw S b8659n9/10(1 _ E)_n
0

with Py-probability at least 1 — n=3/2, for all sufficiently large n € N. Next, note
that we have log(1+¢) < €, and we can (and will) assume that € > 0 is so small that
log(1 —¢) > —2¢. We also have the trivial bound 50n°/10 4+ (3n%/10 4-2,/n) log by =
n/10(50 + 3log by) + (2y/n) log by < ne for all sufficiently large n € N. Thus, from

B82) we can deduce that for sufficiently large n € N, with Py-probability at least
1— ,'173/27

1
25 < —log(1+¢) - (59n9/ 10 4 (309710 4 2/n) log bo>

1 1
—log (/ Sy (‘”)dw> — log by
n 0

1
E[59n9/10] —log(1l —¢)

< 3e.

IN

IN
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546 C. AISTLEITNER, ET AL.

This implies that for all sufficiently large n € N,

1 1
Py <‘— log </ eesz(”)dw) —log by
n 0

By the Borel-Cantelli lemma, with Py-probability equal to one only finitely many
exceptional events occur. This implies that Py-almost surely we have

1 1
—log (/ R (“’)dw> — log b
n 0

Recall from [BIH) that by(0; d(e)) is a finite polynomial approximation to the mod-
ified Bessel function By(6), the moment generating function defined in (27]), and
that by(6;d(e))) can be made arbitrarily close to By() by choosing the degree
d = d(¢) sufficiently large. Thus, letting ¢ — 0 (and hence d(¢) — +00) and using
B.63) together with (28], we derive, for every fixed 6 € R,

< 3e> >1-—n"%/2

(3.63) lim sup

n—roo

< 3e.

1 ' oas -
lim —log (/ ef 2= COS(Q”“’““’)dw) = log By(0) = A(9) Py-a.s.

n—oo N 0

Since A(f) is a continuous (in fact, differentiable) function in 6, we can deduce that
Py-almost surely this result holds for all § € R: for Py-almost all realizations of
the random sequence Y, or equivalently, al ,ad ..., we have

1 ! 1 s o ~
lim —log (/ eesz(“)dw> = lim —log (/ 692k=1°°5(2m’¥w)dw> = A(9)
for all 6 € R.
Together with the Géartner-Ellis theorem, Theorem [B.I] this proves the desired
result.
APPENDIX A. PROOF OF PROPOSITION 2.4]

Fix an integer ¢ € {2,3,...}. For m € N and n € N recall that A,,(n) denotes
the number of solutions to the equation

(A.1) Zeiq’“ =0
i=1

in the unknowns ki,...,k, € {1,...,n} and e1,...,&, € {+1,—1}.

Proposition A.1. Fiz m € N. Then, the function A,,(n) restricted to the values
n>m — 2 is a polynomial in n of degree at most [m/2].

Proof. Let Ay, p, p, (1) be the number of representations of zero as a sum of signed
powers of 2 which begins with p; terms of the form +¢' followed by p, terms of the
form —q' and does not contain any more +¢-terms. More precisely, for p;,ps € Ng
such that p; +p2 < m, we define A,, p, ,,,(n) to be the number of solutions to (AT

such that
ky=...=kpip, =1,
g1 =...=¢€p, = +1,
Epi+1l = - = Epi4py = —1,

kie{2,...,n}forie{p1+p2+1,...,n}
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 547

Since in any general solution to (A} the terms +q can appear at arbitrary posi-

tions, we have
m p1 + P2
An(n) = Am.pyps ().
=5 (7)) At

1
p1,p220 p
p1tp2<m

To establish Proposition [A.1] it suffices to prove the following two claims for all
feN:
(a) Ago,0(n) is a polynomial in n of degree at most [¢/2] in the range n > ¢ —2.
(b) For (p1,p2) # (0,0), Asp, p,(n) is a polynomial in n of degree at most
[¢/2] — 1 in the range n > ¢ — 3.

First of all, observe that these claims are true for £ = 1 and ¢ = 2 because
Ar0(n) =0, Azpo(n)=2n-2, Az11(n)=2, Az01(n)=A210(n)=0.

For larger values of ¢, we shall prove these claims by induction. The inductive
argument is based on certain recurrence relations for the functions A, ,, », (1) that
we now derive.

Case 1. Let first p; = ps = p € Ny. Then, in (AJ]) we can cancel the +g-terms with
the —g-terms, which yields a representation of 0 as a sum of +¢2, +¢3, ..., £¢", the
total number of terms being m — p; — p2. Dividing all terms by ¢, we obtain a

representation of 0 as a sum of m — p; — py terms of the form +q, +¢2,...,£¢" %

The number of such representations is A,,—p, —p,(n — 1). Hence, we arrive at

(A.2)

M) = A opin—1)= S (M) (M) 4 (n—1)
m,p,p — “im—2p - et o+ T r m—2p,r1,T2 .

ri+re<m-—2p

Case 2. Let now p; > po. Then, in the representation (Al we can cancel p, terms
of the form +¢' with the same number p, of terms of the form —¢'. The resulting
representation of 0 contains p; —py > 0 terms of the form +q' and m —p; —po terms
of the form +¢%, +¢>, ..., £q¢". If p1 — ps is not divisible by ¢, then A,, ,, p,(n) =0
because the sum on the left-hand side of (Al is not divisible by ¢2. So, assume
that p; — pa = sq for some s € N. Divide the remaining p; — po terms of the form
+¢" into s groups of the form +¢' + ...+ ¢, each consisting of ¢ terms, and replace
each group by +¢?. We obtain s terms of the form ¢2. However, we have also to
take care of the terms of the form +¢2 that can appear among the m —p; —ps terms
of the form +¢2, +¢3,...,+¢". Let r1, respectively, ro, be the number of the terms
+q?, respectively, —¢?, among these m — p; — ps terms. Dividing all terms by ¢, we
obtain a representation of 0 starting with s = (p; — p2)/q terms of the form +¢*,
followed by a sum of m — p; — p2 terms of the form +¢',+¢?,...,+¢" !, among
which 71 terms are of the form +¢' and ro terms are of the form —g'. Since the
positions of these terms can be arbitrary among the m — p; — po terms, we arrive
at the identity

(A.3)

Am1p11p2 (n) = Z (m P p2> (Tl * T2> As+m7P1*P2,S+T17T2 (n - 1)7

T T T
71,7220 LFr2 1

ri+ra<m-—pi1—p2

which holds if p; — ps = sq for s € N.
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Case 3. Similar arguments show that in the case when p; < py we have A, p, p, (n)
= 0 if po — py is not divisible by ¢ and
(A.4)
m—p1—p2\ (1 +T2
Amprpe(n) = Z ( > ( )As-i-m—m—pz,n,s-i-rz (n—1),

r o+ r
71,220 L+ 72 !
r1+ra<m—pi1—p2

if po — p1 = sq for some s € N.

We are now in position to prove claims (a) and (b) by induction. As already
mentioned above, the claims are true for £ = 1,2. Assume that the claims are true
for ¢ =1,...,m — 1 with some m € {3,4,...}. We prove them for £ = m.

Case A. Consider first the case when (p1,ps) # (0,0). Then, (A2), (A3), (Ad)
yield a representation of A, ,, »,(n) as a linear combination of the terms Ay ,, ., (n—

1) with £ < m. Applying the induction assumption, we obtain that A, ,, p,(n) is
a polynomial in n of degree at most [m/2] — 1 in the range n > m — 3. In the
individual cases, this can be seen as follows:

e Case 1: If p; = py = p # 0, then from ([(A2]) we have £ = m—2p < m. By the
induction assumptions (a) and (b), the terms A,,_2p r, r,(n — 1) appearing
in (A.2)) are polynomials in (n—1) of degree at most [(m—2p)/2] < [m/2]—1
in the range n — 1 > m — 2p — 2, which lies in the range n > m — 3.

e Case 2: If p;y > ps and p; — po = sq for s € N, then £ = s +m — p; — po,
which is strictly less than m since ¢ > 2. By the induction assumption (b),
the terms Agsim—p;—py,st+ri,m (0 — 1) (for which we have s+ 71 > 0 since
s € N) appearing in (A3) are polynomials of (n — 1) of degree at most
[(s+m—p1—p2)/2]—1 < [m/2]—1in the range n—1 > s+m—p; —p2 — 3.
This lies in the range n > m — 3 since p; +p2 —s = p+p2 — (p1 —p2)/q > 0
and hence, being integral, is greater than or equal to 1.

e Case 3: If po > p; and po —p; = sq for s € N, then £ = s+m —p; —pa < m.
The remaining considerations are similar to Case 2.

In all three cases we obtain that (b) holds for £ = m.
Case B. Consider now the case when p; = ps = 0. Then, (A2) yields

m—2 r+r
Amoo(n) = Ap(n—1) = Z <r +Tp>< 17~ 2>Am77«17r2(n—1).
1,720 1 2 1

ri+ra<m
Separating the term with (r1,73) = (0,0), we obtain

-2
Amoo(n) = Amoon—1)+ Y (m p) (” + TQ)AmMM (n—1).

re+r r
71,7220 ! 2 .

ri+re<m

(r1,72)#(0,0)
To each term in the sum on the right-hand side we can apply the same considerations
as in Case [Al due to the restriction (r1,72) # (0,0). Thus, the sum on the right-
hand side is a polynomial in n of degree at most [m/2]—1 in the range n—1 > m—3.
Denoting this polynomial by P,,(n), we have
Amo0(n) = Amoo(n —1) 4+ Pn(n)
for all n > m — 2. Tterating this, we obtain

Amoon) =Pun)+ Ppn—1)+...+ Pp(m—2)+ Anoo(m —3),
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LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 549

for all n > m —2. The right-hand side is a polynomial in n of degree at most [m/2].
This proves that (a) holds with £ = m, thus completing the induction.

Proposition [A] allows us to find explicit formulae for A,,(n) for every fixed m
and all n > m — 2. This also yields the moments of the lacunary sums S,, because,
as shown in Lemma B7] these are given by

Am (n)

Bsy) = 220,

m,n € N.

To compute A,,(n), we can proceed as follows. Let some m € N be given. Using
computer algebra, calculate the values A,,(n) for n = m —2,...,m — 2+ [m/2].
For example, one may just expand the Laurent polynomial

(S )

k=1

and observe that A,,(n) is the coefficient of 2° there. Then, compute the unique
interpolating polynomial of degree [m/2] taking the same values as A,,(n) for n =
m—2,...,m—2+ [m/2]. By Proposition [A] this yields a formula for A,,(n) for
all n > m — 2. For example, for ¢ = 2 we obtained the following formula

Ai(n)=0 for all n € N,
As(n) =2n for all n € N,
Asz(n) =6n—6 for all n € N,
Ay(n) = 12n% 4 18n — 48 for all n > 2,
As(n) = 120n? — 130n — 240 for all n > 3,
Ag(n) = 12003 + 900n? — 3310n + 870 for all n > 4,
Az(n) = 25201 + 840n? — 40446n + 48552 for all n > 5,

and so on. By computing more values of A,,(n) than necessary, it is also possible to
check the correctness of these formulas. Since the m-th cumulant «,,(S,) of S, can
be expressed as a polynomial of the first m moments E[S,],...,E[S™], we obtain
that £,,,(S,) is a polynomial in n of degree at most [m/2] for all n > m — 2. In
fact, it is even a polynomial of degree 1. To see this, recall that the convergence of
analytic functions in (2I0) is uniform on some disk around 0. Differentiating (Z10)
m € N times, we get

lim l/-;m(sn) = A™(0),

n—o00 N
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which implies that k,,(S,) must be of degree 1. For example, in the case when
q = 2, we obtained

Sh
%:0 for all n € N,
I€2(Sn) _n
= for all n € N,
-1
%:n8 for all n € N,
k4(Sn) 3n—38
_ for all n > 2
o ol oralln > 2,
Ks(sn) B -—n—24
= for all n > 3,
6 (Sn) _ ~115n—-51 for all n > 4,
6! 4608
k7(Sp) 916 — 393n
_ forallm >5
7 15360 e

and so on. This yields the first few terms in the Taylor expansion of As. Since I
is the inverse function of Aj, this easily yields the Taylor expansion of I3 stated in
Proposition 2.4

REFERENCES

[1] M. Abramowitz and I. A. Stegun, Handbook of mathematical functions with formulas, graphs,
and mathematical tables, volume 55 of National Bureau of Standards Applied Mathematics
Series, 1964.

[2] Dylan Airey and Bill Mance, Normality of different orders for Cantor series erpansions,
Nonlinearity 30 (2017), no. 10, 3719-3742, DOI 10.1088/1361-6544 /aa82f0. MR3705133

[3] Dylan Airey, Bill Mance, and Joseph Vandehey, Normal number constructions for Cantor
series with slowly growing bases, Czechoslovak Math. J. 66(141) (2016), no. 2, 465-480, DOI
10.1007/s10587-016-0269-7. MR3519615

[4] Christoph Aistleitner and Istvan Berkes, On the central limit theorem for f(nyx), Probab.
Theory Related Fields 146 (2010), no. 1-2, 267-289, DOI 10.1007/s00440-008-0190-6.
MR2550364

[5] Sergio Albeverio, Iryna Garko, Muslem Ibragim, and Grygoriy Torbin, Non-normal numbers:
Sfull Hausdorff dimensionality vs zero dimensionality, Bull. Sci. Math. 141 (2017), no. 2, 1-19,
DOI 10.1016/j.bulsci.2016.04.001. MR3614114

[6] Viviane Baladi, Positive transfer operators and decay of correlations, Advanced Series in
Nonlinear Dynamics, vol. 16, World Scientific Publishing Co., Inc., River Edge, NJ, 2000,
DOI 10.1142/9789812813633. MR 1793194

[7] E. Borel, Les probabilités dénombrables et leurs applications arithmétiques, Rend. Circ. Mat.
Palermo (2) 27 (1909), no. 1, 247-271.

[8] Anne Broise, Transformations dilatantes de lintervalle et théorémes limites (French, with
English and French summaries), Astérisque 238 (1996), 1-109. Etudes spectrales d’opérateurs
de transfert et applications. MR1634271

[9] Wlodzimierz Bryc, On the large deviation principle for stationary weakly dependent random
fields, Ann. Probab. 20 (1992), no. 2, 1004-1030. MR1159583

[10] G. Cantor, Ueber die einfachen zahlensysteme, Z. Math. Phys., 14 (1869), 121-128.

[11] J.-R. Chazottes and P. Collet, Almost-sure central limit theorems and the Erdds-Rényi law for
ezpanding maps of the interval, Ergodic Theory Dynam. Systems 25 (2005), no. 2, 419-441,
DOI 10.1017/S0143385704000550. MR2129104

[12] C. M. Colebrook and J. H. B. Kemperman, On non-normal numbers, Nederl. Akad. Wetensch.
Proc. Ser. A 71=Indag. Math. 30 (1968), 1-11. MR0227128

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=3705133
https://www.ams.org/mathscinet-getitem?mr=3519615
https://www.ams.org/mathscinet-getitem?mr=2550364
https://www.ams.org/mathscinet-getitem?mr=3614114
https://www.ams.org/mathscinet-getitem?mr=1793194
https://www.ams.org/mathscinet-getitem?mr=1634271
https://www.ams.org/mathscinet-getitem?mr=1159583
https://www.ams.org/mathscinet-getitem?mr=2129104
https://www.ams.org/mathscinet-getitem?mr=0227128

LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 551

[13] Pierre Collet, Some ergodic properties of maps of the interval, Dynamical systems (Temuco,
1991/1992), Travaux en Cours, vol. 52, Hermann, Paris, 1996, pp. 55-91. MR1600931

[14] Jean-Pierre Conze and Stéphane Le Borgne, Limit law for some modified ergodic sums, Stoch.
Dyn. 11 (2011), no. 1, 107-133, DOI 10.1142/S021949371100319X. MR2771345

[15] H. Cramér, Sur un nouveau théoréme-limite de la théorie des probabilités,” Actualités Scien-
tifiques Industrielles 736 (1938), 5-23.

[16] H. Cramér and H. Touchette, On a new limit theorem in probability theory (Translation of
‘Sur un nouveau théoréme-limite de la théorie des probabilités’), arXiv e-prints, 2018.

[17] Amir Dembo and Ofer Zeitouni, Large deviations techniques and applications, Stochastic
Modelling and Applied Probability, vol. 38, Springer-Verlag, Berlin, 2010. Corrected reprint
of the second (1998) edition, DOI 10.1007/978-3-642-03311-7. MR2571413

[18] Manfred Denker and Marc Kessebohmer, Thermodynamic formalism, large deviation, and
multifractals, Stochastic climate models (Chorin, 1999), Progr. Probab., vol. 49, Birkh&user,
Basel, 2001, pp. 159-169. MR 1948295

[19] Manfred Denker and Matthew Nicol, Erdds-Rényi laws for dynamical systems, J. Lond. Math.
Soc. (2) 87 (2013), no. 2, 497-508, DOI 10.1112/jlms/jds060. MR3046282

[20] Michael Drmota and Robert F. Tichy, Sequences, discrepancies and applications, Lecture
Notes in Mathematics, vol. 1651, Springer-Verlag, Berlin, 1997, DOI 10.1007/BFb0093404.
MR1470456

[21] Tanja Eisner, Bélint Farkas, Markus Haase, and Rainer Nagel, Operator theoretic aspects
of ergodic theory, Graduate Texts in Mathematics, vol. 272, Springer, Cham, 2015, DOI
10.1007/978-3-319-16898-2. MR3410920

[22] P. Erdds and A. Rényi, On Cantor’s series with convergent Y 1/gn, Ann. Univ. Sci. Budapest.
E6tvos Sect. Math. 2 (1959), 93-109. MR126414

[23] P. Erdds and 1. S. G4al, On the law of the iterated logarithm. I, II, Nederl. Akad. Wetensch.
Proc. Ser. A. 58 = Indag. Math. 17 (1955), 65-76, 77-84. MR0069309

[24] Valentin Féray, Pierre-Loic Méliot, and Ashkan Nikeghbali, Mod-¢ convergence, Springer-
Briefs in Probability and Mathematical Statistics, Springer, Cham, 2016. Normality zones
and precise deviations, DOI 10.1007/978-3-319-46822-8. MR3585777

[25] Ferdindnd Filip and Jan Sustek, Normal numbers and Cantor exzpansions, Unif. Distrib.
Theory 9 (2014), no. 2, 93-101. MR3430812

[26] Lorenz Frithwirth, Michael Juhos, and Joscha Prochno, The large deviation behavior of la-
cunary sums, Monatsh. Math. 199 (2022), no. 1, 113-133, DOI 10.1007/s00605-022-01733-x.
MR4469810

[27] K. Fukuyama, The law of the iterated logarithm for discrepancies of {0z}, Acta Math.
Hungar. 118 (2008), no. 1-2, 155-170, DOI 10.1007/s10474-007-6201-8. MR2378547

[28] Katusi Fukuyama and Sho Miyamoto, Metric discrepancy results for Erdds-Fortet se-
quence, Studia Sci. Math. Hungar. 49 (2012), no. 1, 52-78, DOI 10.1556/SScMath.2011.1186.
MR3059788

[29] V. F. Gaposkin, The central limit theorem for certain weakly dependent sequences (Russian),
Teor. Verojatnost. i Primenen. 15 (1970), 666-684. MR0282394

[30] J. Grigull, Grofie Abweichungen und Fluktuationen fir Gleichgewichtsmafle rationaler Ab-
bildungen, Dissertation, Georg-August-Universitdt Gottingen, 1993.

[31] M. Kac, On the distribution of values of sums of the type 3 f(2*t), Ann. of Math. (2) 47
(1946), 33-49, DOI 10.2307/1969033. MR15548

[32] M. Kac, Probability methods in some problems of analysis and number theory, Bull. Amer.
Math. Soc. 55 (1949), 641-665, DOI 10.1090/S0002-9904-1949-09242-X. MR31504

[33] Tosio Kato, Perturbation theory for linear operators, Classics in Mathematics, Springer-
Verlag, Berlin, 1995. Reprint of the 1980 edition. MR1335452

[34] M. Kessebohmer, Multifraktale und Asymptotiken grosser Deviationen, Dissertation, Georg-
August-Universitat Gottingen, 1999.

[35] A. Khintchine and A. Kolmogorov, Uber Konvergenz von Reihen, deren Glieder durch den
Zufall bestimmt werden, Rec. Math. Moscou, 32 (1925), 668-677.

[36] Yuri Kifer, Large deviations in dynamical systems and stochastic processes, Trans. Amer.
Math. Soc. 321 (1990), no. 2, 505-524, DOI 10.2307/2001571. MR1025756

[37] A. Kolmogoroff, Une contribution & l’étude de la convergence des séries de Fourier, Fund.
Math. 5 (1924), no. 1, 96-97.

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=1600931
https://www.ams.org/mathscinet-getitem?mr=2771345
https://www.ams.org/mathscinet-getitem?mr=2571413
https://www.ams.org/mathscinet-getitem?mr=1948295
https://www.ams.org/mathscinet-getitem?mr=3046282
https://www.ams.org/mathscinet-getitem?mr=1470456
https://www.ams.org/mathscinet-getitem?mr=3410920
https://www.ams.org/mathscinet-getitem?mr=126414
https://www.ams.org/mathscinet-getitem?mr=0069309
https://www.ams.org/mathscinet-getitem?mr=3585777
https://www.ams.org/mathscinet-getitem?mr=3430812
https://www.ams.org/mathscinet-getitem?mr=4469810
https://www.ams.org/mathscinet-getitem?mr=2378547
https://www.ams.org/mathscinet-getitem?mr=3059788
https://www.ams.org/mathscinet-getitem?mr=0282394
https://www.ams.org/mathscinet-getitem?mr=15548
https://www.ams.org/mathscinet-getitem?mr=31504
https://www.ams.org/mathscinet-getitem?mr=1335452
https://www.ams.org/mathscinet-getitem?mr=1025756

552 C. AISTLEITNER, ET AL.

[38] L. Kuipers and H. Niederreiter, Uniform distribution of sequences, Pure and Applied
Mathematics, Wiley-Interscience [John Wiley & Sons|, New York-London-Sydney, 1974.
MR0419394

[39] Gunther Leobacher and Joscha Prochno, Statistical independence in mathematics—the key
to a Gaussian law, Math. Semesterber. 68 (2021), no. 1, 69-104, DOI 10.1007/s00591-020-
00287-z. MR4227856

[40] Artur O. Lopes, Entropy and large deviation, Nonlinearity 3 (1990), no. 2, 527-546.
MR1054587

[41] Greg Martin, Absolutely abnormal numbers, Amer. Math. Monthly 108 (2001), no. 8, 746—
754, DOI 10.2307/2695618. MR1865662

[42] L. Olsen, Eztremely non-normal numbers, Math. Proc. Cambridge Philos. Soc. 137 (2004),
no. 1, 43-53, DOI 10.1017/S0305004104007601. MR2075041

[43] Steven Orey and Stephan Pelikan, Large deviation principles for stationary processes, Ann.
Probab. 16 (1988), no. 4, 1481-1495. MR958198

[44] P. Erd8s and A. Rényi, Some further statistical properties of the digits in Cantor’s series
(English, with Russian summary), Acta Math. Acad. Sci. Hungar. 10 (1959), 21-29 (unbound
insert), DOI 10.1007/BF02063287. MR107631

[45] C.-E. Pfister and W. G. Sullivan, Large deviations estimates for dynamical systems without
the specification property. Applications to the 8-shifts, Nonlinearity 18 (2005), no. 1, 237-261,
DOI 10.1088/0951-7715/18/1/013. MR2109476

[46] Walter Philipp, Limit theorems for lacunary series and uniform distribution mod 1, Acta
Arith. 26 (1974/75), no. 3, 241-251, DOI 10.4064/aa-26-3-241-251. MR379420

[47] A. D. Pollington, The Hausdorff dimension of a set of normal numbers, Pacific J. Math. 95
(1981), no. 1, 193-204. MR631669

[48] Hans Rademacher, Finige Sdatze dber Reihen wvon allgemeinen Orthogonalfunktionen
(German), Math. Ann. 87 (1922), no. 1-2, 112-138, DOI 10.1007/BF01458040. MR1512104

[49] Alfréd Rényi, On the distribution of the digits in Cantor’s series (Hungarian, with English
and Russian summaries), Mat. Lapok 7 (1956), 77-100. MR99968

[50] R. Tyrrell Rockafellar, Convex analysis, Princeton Mathematical Series, No. 28, Princeton
University Press, Princeton, N.J.; 1970. MR0274683

[61] Marek Rychlik, Bounded variation and invariant measures, Studia Math. 76 (1983), no. 1,
69-80, DOI 10.4064/sm-76-1-69-80. MR728198

[52] R. Salem and A. Zygmund, On lacunary trigonometric series, Proc. Nat. Acad. Sci. U.S.A.
33 (1947), 333-338, DOI 10.1073/pnas.33.11.333. MR22263

[53] R. Salem and A. Zygmund, La loi du logarithme itéré pour les séries trigonométriques lacu-
naires (French), Bull. Sci. Math. (2) 74 (1950), 209-224. MR39828

[54] Daniel Schnellmann, Law of iterated logarithm and invariance principle for one-parameter
families of interval maps, Probab. Theory Related Fields 162 (2015), no. 1-2, 365-409, DOI
10.1007/s00440-014-0575-7. MR3350048

[65] P4l Turdn, On the distribution of “digits” in Cantor-systems (Hungarian, with English and
Russian summaries), Mat. Lapok 7 (1956), 71-76. MR99967

[56] S.R.S. Varadhan, Large deviations, Ann. Probab. 36 (2008), no. 2, 397-419, DOI 10.1214/07-
AOP348. MR2393987

[67] Mary Weiss, The law of the iterated logarithm for lacunary trigonometric series, Trans. Amer.
Math. Soc. 91 (1959), 444-469, DOI 10.2307/1993258. MR108681

[68] Lai-Sang Young, Large deviations in dynamical systems, Trans. Amer. Math. Soc. 318 (1990),
no. 2, 525-543, DOI 10.2307/2001318. MR975689

[69] Michel Zinsmeister, Thermodynamic formalism and holomorphic dynamical systems,
SMF/AMS Texts and Monographs, vol. 2, American Mathematical Society, Providence, RI;
Société Mathématique de France, Paris, 2000. Translated from the 1996 French original by
C. Greg Anderson. MR1724307

[60] A. Zygmund, On the convergence of lacunary trigonometric series, Fund. Math. 16 (1930),
no. 3, 90-107.

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=0419394
https://www.ams.org/mathscinet-getitem?mr=4227856
https://www.ams.org/mathscinet-getitem?mr=1054587
https://www.ams.org/mathscinet-getitem?mr=1865662
https://www.ams.org/mathscinet-getitem?mr=2075041
https://www.ams.org/mathscinet-getitem?mr=958198
https://www.ams.org/mathscinet-getitem?mr=107631
https://www.ams.org/mathscinet-getitem?mr=2109476
https://www.ams.org/mathscinet-getitem?mr=379420
https://www.ams.org/mathscinet-getitem?mr=631669
https://www.ams.org/mathscinet-getitem?mr=1512104
https://www.ams.org/mathscinet-getitem?mr=99968
https://www.ams.org/mathscinet-getitem?mr=0274683
https://www.ams.org/mathscinet-getitem?mr=728198
https://www.ams.org/mathscinet-getitem?mr=22263
https://www.ams.org/mathscinet-getitem?mr=39828
https://www.ams.org/mathscinet-getitem?mr=3350048
https://www.ams.org/mathscinet-getitem?mr=99967
https://www.ams.org/mathscinet-getitem?mr=2393987
https://www.ams.org/mathscinet-getitem?mr=108681
https://www.ams.org/mathscinet-getitem?mr=975689
https://www.ams.org/mathscinet-getitem?mr=1724307

LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 553

INSTITUTE OF ANALYSIS AND NUMBER THEORY, GRAZ UNIVERSITY OF TECHNOLOGY, STEYR-
ERGASSE 30/II, 8010 GRAZ, AUSTRIA
Email address: aistleitner@math.tugraz.at

DEPARTMENT OF MATHEMATICS, TECHNICAL UNIVERSITY OF MUNICH, PARKRING 11, 85748
GARCHING, GERMANY
Email address: nina.gantert@tum.de

INSTITUTE FOR MATHEMATICAL STOCHASTICS, UNIVERSITY OF MUNSTER, ORLEANS-RING 10,
48149 MUNSTER, GERMANY
Email address: zakhar.kabluchko@uni-muenster.de

FacurLty oF COMPUTER SCIENCE AND MATHEMATICS, UNIVERSITY OF PASSAU, INNSTRASSE 33,
94032 PAssaU, GERMANY
Email address: joscha.prochno@uni-passau.de

DIVISION OF APPLIED MATHEMATICS, BROWN UNIVERSITY, 182 GEORGE STREET, PROVIDENCE,
RHODE ISLAND 02912
Email address: kavita_ramanan@brown.edu

Licensed to Technical University Munchen. Prepared on Tue Jan 10 05:54:57 EST 2023 for download from IP 129.187.254.46.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



	1. Introduction
	2. Main results
	2.1. Behavior as in the independent case
	2.2. The case of geometric progressions 𝑎_{𝑘}=𝑞^{𝑘}
	2.3. Randomized perturbation
	2.4. Concluding remarks and further open questions

	3. Proofs
	3.1. Proof of Theorem A in a simple special case
	3.2. Proof of Theorem A in full generality
	3.3. Proofs of Theorem B and Lemma 2.3
	3.4. Proof of Theorem C
	3.5. Proof of Theorem D

	Appendix A. Proof of Proposition 2.4
	References

