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ABSTRACT

Bipedal walking is the most prevalent form of human locomo-

tion — versatile, robust, and efficient. However, it is a form of mo-
tion few other animals share, and plantigrade bipedalism is fairly
unique to our species. Plantigrade feet play an important role
in shaping the fundamental gait dynamics, and understanding
their role unlocks a huge potential for biomechanical insights for
locomotion research, gait rehabilitation, and humanoid robotics.
Still, a comprehensive functional model of the foot, which ties
the fundamental dynamics of walking to the interaction of foot
and ground, does not yet exist due to the inherent mechanical
complexity.
In this paper, we present a set of assumptions in detail to sim-
plify the development of a mathematical description of the foot’s
motion during stance phase in human walking. These assump-
tions are validated using experimental data. We can show that
the complex motion of the foot can be ultimately reduced to a
simple rotation, which allows the formulation of a single degree
of freedom equation of motion that ties proximal dynamics and
constraints into a planar foot model of dynamic interactions.

Keywords: biomechanics, contact interaction, mechanical
dynamics, legged robots, reduced order models, bipedal
walking

NOMENCLATURE

CoM center of mass

CoP  center of pressure - point of force application of the
resulting GRF

CoR center of rotation - velocity pole of the foot during stance

GRF  ground reaction force

*Corresponding author: Daniel.Renjewski @tum.de

1. INTRODUCTION

Early attempts to understand the fundamentals of human
locomotion date back thousands of years. Apart from various
motivations, we assume a common scientific curiosity at the core
of biomechanics to understand an impressive mechanism that has
evolved without any immediately conceivable design strategy or
input, let alone a clearly defined design objective.
The foot has been studied concerning various aspects of its role
in bipedal human walking, e.g., [1-3], and key functions have
been identified:

=> support and stability [4-6],

=> increasing stride length and energy conversion [2, 7, 8],
=> reducing the contact collision [9], and

=> absorbing the impact by forceful plantarflexion [10, 11].

The functions listed above have been devised from experimental
observations, and derived from design constraints imposed by
control requirements of bipedal machines [12].

These analytic approaches revealed certain aspects of the foot
mechanics, but especially modern bipedal robots often attach a
foot rather for anthropomorphic than for functional reasons and
fail to reproduce the intricate dynamics of natural human gait.
Mathematical models of bipedal gait, on the other hand, might
suggest that a foot is entirely unnecessary to reproduce human
walking dynamics [13], while omitting fundamental features like
the shifting CoP.

We hypothesize that, by synthesizing a functional mechanical
model of the foot, a deeper understanding of its function as part
of the dynamic interaction of body and ground can be achieved.
Towards that end, we aim at reducing the complexity of the whole
interacting system as much as possible, while still capturing its
fundamental dynamical properties [14].
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FIGURE 1: A SCHEMATIC REPRESENTATION OF THE PLANAR
FOOT MODEL WITH THE GRF ACTING AT THE COP, ITS DISTRI-
BUTION SHOWN BY TWO DASHED FORCE VECTORS AT BOTH
ENDS OF THE FOOT WITH THEIR RESPECTIVE POSITION VEC-
TORS SHOWN IN BLACK.

This encompasses the proposal of a foot model with as few de-
grees of freedom as possible, in order to clear the way for a most
compact formulation of the foot’s equation of motion.

2. FUNDAMENTALS OF FOOT MODELING: GRF, COP, AND
COR

The foot is a multi-segmented, articulated body with all sorts
of connective tissue and non-primitive joints [4]. On the one
hand, its evolutionary history [2], along with its intrinsic com-
plexity and versatile application in various gaits, hampers the
identification of fundamental functions for a specific gait. On
the other hand, simplifications like curved feet [15] or the com-
plete omission of feet [16] in robots indicate a functional under-
appreciation of the role of the foot in walking.

2.1 Fundamentals

GREF distribution in a contact plane. The foot in stance ap-
plies forces to the ground and is, for all intends and purposes, the
major link that allows changes in momentum of the locomoting
human. The interaction between foot and ground is most accu-
rately described as a force distribution but can be simplified to a
resulting ground reaction force (GRF) with the center of pressure
(CoP) as the point of force application. An inherent part of this
compacted formulation of the foot-ground interaction is that only
one additional factor, the yaw torque about the CoP, is required
to fully capture the contact mechanics. In its simplest form, the
position of the CoP can be modeled, without loss of generality,
by assuming two separate forces applied at two distinct points of
the foot, fixed in space. Accordingly, we consider the GRF vector
ﬁG RF to consist of exactly two distinct contributions:

FGrr = Forra + FGrF2 - (D

These contributions are assumed to act at spatially separated
points of application R1 and Rz, respectively, in a transversal
plane, most commonly assumed at ground level. To reduce the
complexity of modeling, we restrict full generality by introducing
the additional parameter 8 and, assuming parallelism, define

Forr1 = Bl - ForE ()
for both F g p-contributions, which yields
Forr = (1+18]) - Forr1 - (3)

Equation (3) implies [17, 18], [19, egs. 2]

- F, -
Reop = GRF,l,n 'ﬁ'Rl
FGrF,1n+FGrE 2.0 |
FGRF2.n &
FGRF 1,n* FGRF2,n
. 1 .
B . R1 + . R2 (4)
1+|B] 1+ B

where FGRrF,i,n are the components normal to the ground of each
contributing force share. As mentioned above, the two points
of force application R, and R, are treated as fixed anatomical-
geometrical parameters, with their distance specifying a charac-
teristic length of the body contacting the ground, i.e., the foot.
The position ECO p of the net CoP is always defined for a flat
plane of contact between two bodies. Equation (4) formulates the
sum of all single force application positions R; ; of all force contri-
butions FG RF.i» With each R (here: R 1 and Rz) being weighted
by the respective force component FGrr,; » normal to the plane.
In case =0, the model would simplify to having incorporated
]ust one GRF contribution FG RF = FG RF 2, wWhich acts exactly at
Rcop=Ro.

Velocity pole A velocity pole, also referred to as the instant
center of rotation (COR), is a point in space around which all
points of a body pivot. In other words, given it’s current velocity,
the body’s movement can be described as a pure rotation around
this point in this particular instant. A translational motion is
equivalent to a rotation with infinite radius, and its velocity pole
is located at the end of parallel pole beams. Composed motions,
as e.g., rolling, exhibit well-defined but time-dependent instanta-
neous CoRs. Accordingly, time-invariant CoRs can be found for
bodies executing a pure rotation around an axis fixed in space.
This kind of rotation is characterized by time-invariant distances
between the CoR and points of the rotating body i

|Rcor.il = const. (5)

In order to simplify the model of the foot’s motion during stance
phase in walking, we hypothesize that a time-invariant velocity
pole exists. This hypothesis is explicitly assumed to be not valid
for early stance from the instant the heel strikes the ground until
the entire foot is firmly planted and flat on the ground.

For the purpose of identifying this velocity pole, we apply a
nonlinear least-square fit to experimental data. As points of the
foot for which we require constant distances around the velocity



pole (Eq.5), we select the experimentally measured ankle joint
position ﬁAnk and the derived CoM position of the foot ﬁCo M,f
[20] (see. Fig. 1).

The deviation d(¢) from the assumed constant vector length can
be expressed as

dcom,f(t) = Rcom.f
—\/(XCOM,f —xc)?+ (ycom,r —ye)?  (6)
dAnk(t) = Rank - \/(xAnk - xc)2 + (yAnk - yc)zv

where Rconm, s and Rauy are the time-invariant Euclidian dis-
tances between the CoR and the experimentally determined foot’s
center of mass (CoM) and the ankle, respectively; the vectors
(Xxcom, f» YCoM,f)T and (Xank, Vank)? are the time-dependent
positions of the respective landmarks, and (x., y.)? is the posi-
tion of the time-invariant velocity pole.

An optimization problem based on Eq. (6) for determining R4k,
Rcom, > Xc, and y. was formulated as

argmin " |dank (1) - dcoms (1) | (7)
Rank,RcomfsXc,Ye “
and solved for these four parameters using Isgnonlin in Mat-
1ab2020b (The Mathworks, Nattick (MA), USA) for each cap-
tured experimental walking step individually. The formulation of
the objective in terms of a product of deviations (Eq. (7)) turned
out to yield particularly consistent optimization results.

Functional considerations for the GRF components. Gener-
ally, R 1,2 can be treated as free parameters in the CoP modeling
considerations presented above. Yet, with the ultimate aim of
simplifying the equations of motion of the foot, we introduce
the point I_éwn as a fixed CoR (a geometric constraint), to be
identical with R,. The distributed force components thus receive
specific functional meaning, with the geometric constraint to be
maintained by exactly the force ﬁGR F.con, Which therefore in-
herits the character of a constraint force. The vector ﬁGR F.1,0n
the other hand, marks an active force, from here on denoted as
vecFGRF.act, With R, as the respective point of application, to
be identical with R;.

For further simplification, we assume that the origin of the coor-
dinate system be located at the CoR, i.e., I_éwn =0, which makes
Eq. (4) contract to

®)

Thus, implying ﬁcnn =0, the number of model parameters that
specify the Fgrr distribution at the ground can be reduced to just
B and ﬁact =(Ruct,x,0) = (=£r,0), with the length £y > 0 being
a natural suggestion for fixing the absolute value of Raer (solely
its horizontal component in our case).

The distribution of forces can then be calculated from Eq. (3) as

- FGrr
FoRrr.act = 9
GRF.act = T A )
and (Eq. (2))
ﬁGRF,con = FGRrF — ﬁGRF,act (10)

3. METHODS

In Sec.2.1, we have established the basis to simplify the
mathematical description of the foot during stance phase in human
walking by identifying a velocity pole and constraining the motion
to one degree of freedom. In order to verify this assumption we
have used experimental data of human subjects walking at normal
speed.

3.1 Experimental protocol

Experimental data had been recorded in a previous study
[21], in which three-dimensional (3D) lower limb kinematics and
GRFs were collected from 21 subjects (11 females, 10 males)
walking on an instrumented treadmill (type ADAL-WR, HEF
Tecmachine, Andrezieux Boutheon, France) at 75% of their pre-
ferred transition speed between walking and running (approxi-
mately 1.5ms~!, which corresponds to a good approximation
of normal walking speed). The study had been approved by the
University of Jena Ethics Committee (in accordance with the Dec-
laration of Helsinki), and written informed consent was provided
by all subjects prior to the experiments. Subjects wore athletic
footwear in which they felt comfortable, and they were given am-
ple time for warming up and getting familiar with the treadmill.
None of the participants reported any case of locomotor deficit.

Motion analysis was performed using eight wall-mounted
high-speed infrared cameras (Qualisys, Gothenburg, Sweden)
recording at a sampling frequency of 240 Hz. For the present
study, we used the recorded sagittal positions of four reflective
markers placed over anatomical landmarks on each of the sub-
ject’s lower limbs, respectively.

Marker kinematics and GRF data were recorded simultane-
ously, with both measuring systems’ data sets being synchronized
by a trigger signal provided by the treadmill computer. The re-
maining time delay (2.5 x 1073 s) and time drift (2.0 x 107> s s~ 1)
between both systems were identified and corrected after the mea-
surements [22].

3.2 Velocity pole determination

Based on landmark data and after having performed initial
marker processing [23, appendix], the optimization problem ac-
cording to Eq.7 was solved. In order to calculate meaningful
data in accordance with the scope of our hypothesis, an appro-
priate time period for fitting had to be determined for each step.
Accordingly, the period during which the foot rotates in terminal
stance, while still maintaining contact with the ground, had to be
identified beforehand. The onset of rotation was determined as
the moment in time when the foot starts to move, after a period of
being firmly planted on the ground. As an indicator, we used the
vertical velocity of the ankle marker pointing up (beyond noise:
¢) for the first time in stance

d
fsrart = r(% > €). (11)

For determining the derivative, the numerical gradient of the data
using the sample frequency f; was calculated. The end of stance
phase was determined from GRF-data at the instant when the
vertical force dropped below O N. To account for inaccuracies in



force measurement during very late stance phase, the final three
samples were omitted

1
tstop = H(GRE, <0) =3 . (12)

In order to execute the optimization, by means of
Eq.7, xcoM, £ (1), Ycom, £ (1), Xank (1), Yank (1) were
taken from experimental measurements throughout the

time period determined beforehand ¢ = [tgars,tsropl,

and initial values [Xc,0, Ye,00 Rcom, f,0o Rank,0]
of the searched  parameters were chosen  as
the most anterior position of the fifth
Xc,0 - metatarsal joint marker during stance
phase,
Ye.o -> the experimental ground height,

Rcom,ro = 0.2m,and

Rank,0 2> 03m,
respectively. The optimization search space for
each parameter was bound to the intervals of
(0.3 m,+0.3m,[0.05,0.4]m,[0.1,0.5]m). The bounds were
set as to not restrict the optimizer while still keeping a suf-
ficiently small and meaningful search space. This has been
confirmed by checking that no optimization results appeared
near or at the search space boundaries.
The optimization was executed using Isgnonlin in MAT-
LAB2020b (trust-region-reflective algorithm, max. iterations:
2000, function tolerance 10~%, max. evaluations: 10°, optimality
tolerance [24]: 107).
The quality of the result was, on the one hand, determined from
the squared norm of the residual, normalized to the number of
considered samples (At)

At

Rres,opt =
tsmp = Istart

D (dank (1) - deom £ (1), (13)
t

and on the other hand as the deviations da,«(t) and dcom, (1),

each normalized to its optimized distance (lever length) R4, and

Rcom, f, respectively, for each sample

d;
err:;,i:CoM,f;Ank (14)

1

3.3 Force distribution and CoP

In order to calculate the force distribution, we fixed the ap-
plication point I_éuct =(—{r,0) of the action force without loss
of generality at an arbitrary length estimate £y > 0 of the foot:
1.2-times the distance from the CoR to the heel of the projected
foot determined by the initial position Rc,p,, of the CoP. We
then determined B(¢) from Eq. 8:

— Rcop,
3 Take.n. Reor <0
Blr) =4 7 pTRCon (15)
CoP,x R >0
1.2 6=Rcop.  O0F =

The force distribution between FGrF,ac: and FGrF,con Was then
calculated from Eqs. 9 and 10.

single subjects all subject
event | avg. std. avg. | std. unit
steps 57 - 1143 - [1]
tstep | 0.93 0.02 | 098 | 0.05 S
TO. | 12.06 | 0.85 | 11.44 | 1.00 | % GC
TD. | 5055 | 0.75 | 50.45 | 1.12 | % GC
TO | 62.01 | 0.82 | 61.19 | 1.00 | % GC

TABLE 1: STEP TIMING COMPARISON FOR A SINGLE SUBJECT
AND ALL SUBJECTS. THE NUMBER OF STEPS AND THEIR AVER-
AGE DURATION ARE SHOWN AS WELL AS THE INSTANCE OF THE
FOLLOWING GAIT EVENTS: TAKE-OFF OF THE CONTRALATERAL
LEG (T O¢), TOUCH-DOWN OF THE CONTRALATERAL LEG (T D),
AND TAKE-OFF OF THE IPSILATERAL LEG (T O)

4. RESULTS

This paper exposes key methodical steps that carve out es-
sentials of human walking dynamics by reflecting them in the
mechanical variables of a reductionist foot model. This model is
derived from foot properties and behavior as observed in experi-
ments. The validity of the proposed methods is demonstrated in
the following experimental analysis. For readability, all figures
depict results for a single, representative (see Table 1) subject.

4.1 Velocity pole
For each step, the number of samples that has been taken into

account in each optimization, depending on the instant of foot ro-
tation onset (see Sec. 2.1), averages to (25.9+4.7) samples with a
minimum of 7 and a maximum of 46 samples considered (Fig. 2).
The resulting residual is documented (Fig. 3) individually for the
optimization period as well as the entire period from the onset of
single support phase to the end of the optimization period. The av-
erage residual (Eq. 13) amounts to (0.3505 + 0.3422) x10™1%m?,
i.e., a mean of 1.8 mm deviation from the optimized foot lever
lengths (Rcom,r and Rani) at each sample. The location of
velocity poles for all steps of a single subject along with the nor-
malized deviation (Eq. 14) for all samples is shown in Fig. 3.

For each step, a time-invariant velocity pole can be found on
average (10.1 + 1.2) cm in front and (6.6 + 0.7) cm below the
most forward position of the Mt5 marker during flat-foot phase
(see Fig.3). The step-specific CoRs of all subjects scatter within
aradius of 2 cm around the median. The resulting vector lengths
measured from the respective CoRs were (20.50 = 0.14) cm to
the foot’s CoM (|I3C0M,f|) and (26.80 = 0.44) cm to the ankle
joint (ﬁAnk). The mean percentage residuals for all considered
samples were (0.42 + 0.34) % of the optimized foot lever length
during the optimization phase, and (1.24 + 1.07) % during the
single support plus optimization phases.

4.2 CoP projection

The CoR defines a new virtual ground level, which allows to
consistently model the interaction between foot and environment
via a CoP defined on a flat surface. For the purpose of deter-
mining a CoP in this plane, this point of action of the GRF is
transferred, maintaining its torque applied on the foot, from the
CoP, determined experimentally in the plane of the force platform,
along the GRF’s line of action into the x-z-plane that contains the
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FIGURE 2: STEP TIMING FOR ALL (57) RECORDED STEPS OF A
SINGLE SUBJECT. THE SINGLE SUPPORT PHASE (SS) IS PRE-
CEDED AND FOLLOWED BY , IN-
DICATED BY THE GRAY SHADED AREAS, IN EARLY AND LATE
STANCE. BLUE BARS INDICATE THE PERIOD FOR WHICH EXPER-
IMENTAL DATA OF THIS STEP HAVE BEEN USED TO DETERMINE
THE OPTIMIZED CoR POSITION IN THIS SPECIFIC STEP; THE NUM-
BER OF SAMPLES ARE NOTED RIGHT TO THE RESPECTIVE BAR.
THE RED BAR INDICATES THE PERIOD FOR WHICH THE RESID-
UAL OF MEASURED VERSUS OPTIMISED LEVER LENGTH HAS
BEEN CALCULATED.

CoR (Fig.4). Since we choose the CoR as the origin for a shifted
inertial reference frame and accordingly shift the experimentally
determined position vectors, the CoP transfer can be performed
by first solving

FGRF,x -1 0 u RCoP,x,s
Fgrry 0 0 || v [=]| Rcopr,y.s (16)
0 0 -1 w 0

for u. In this linear system of equations, FGrr x/y denotes the
GRF components in the saggital plane, and Rc,p, «/y,s the exper-
imentally determined CoP position expressed in terms of compo-
nents w.r.t. the inertial reference frame that originates at the CoR.
The CoP transferred into the latter reference frame (CoP),) (shift
along ﬁG RF: preservation of the torque on the foot by ﬁG RF) 18
then calculated as

RCOP,x,p RCoP,x,s FGRF,x
Rcopry,p |=| Rcopy.s |tu-| FGrry |. (I7)
0 0 0

4.3 Force distribution and CoP
In accordance with the forward (anterior) shift of the CoP
progressing during stance phase, 8 decreases over the time of
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FIGURE 3: DISTRIBUTION OF OPTIMIZED CoRs FOR 57 STEPS
OF A SINGLE SUBJECT (LEFT PANEL). CIRCLES INDICATE DEVI-
ATIONS IN STEPS OF 0.5CM AROUND THE MEDIAN CoR. EACH
CROSS INDICATES THE OPTIMIZED CoR FOR A STEP. IN THE
RIGHT PANEL, THE RESIDUAL PER SAMPLE IN % RELATIVE
TO THE OPTIMIZED LEVER LENGTH OF BOTH LEVER ARMS IS
SHOWN FOR EACH SAMPLE DURING THE OPTIMIZATION PERIOD
(2862 SAMPLES, IN BLUE), AS WELL AS DURING THE ENTIRE SIN-
GLE SUPPORT PLUS OPTIMIZATION PERIOD (11560 SAMPLES, IN
RED).
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FIGURE 4: TRANSFER OF THE EXPERIMENTALLY MEASURED
CoP AT THE GROUND (EXPRESSED IN TERMS OF COMPONENTS
W.R.T. THE CoR-COORDINATE SYSTEM CoPs) INTO THE PLANE
THROUGH THE CoR PARALLEL TO THE GROUND (CoPp) FOR ALL
SAMPLES DURING STANCE.

stance phase. Correspondigly, the force distribution shifts from
being applied more posteriorly to an equal distribution just before
midstance, with the force acting at the constraining CoR (at Econ)
ultimately prevailing (Fig.5). The CoP does not reach the CoR
as the CoR is located well anteriorly to the metatarsal joint, but
the decreasing GRF in late stance reduces the absolute difference
between FGRF,con = |FGRF,con| and FGRF,act = |FGRF,act|'

5. DISCUSSIONS

The reduction of the mechanical description of the foot’s
motion during stance in human walking addresses a major issue
in understanding the foot’s function. Current models of the foot
are either too simple and cannot capture its dynamic contribution,
or they are overly complex, thus obscuring the key functionality.
By reducing the foots motion to a single degree of freedom and
transforming the experimentally measured dynamics into a plane
parallel to the ground, which contains the velocity pole, a reduced
order equation of motion can now be formulated using Newton’s
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FIGURE 5: FORCE DISTRIBUTION COEFFICIENT (8) DURING
STANCE PHASE AND FORCE DISTRIBUTION AT BOTH POINTS OF
APPLICATION(R 3¢+ AND Rcon)-

law’s of motion — a dynamic and reductionist foot model. At
the same time, the force distribution within the GRF gives addi-
tional functional insights and can reveal characteristic properties
that will be helpful to develop controllers for humanoid robots,
enabling them to generate more for human-like, versatile motion.
Beyond the work detailed in this paper, our approach offers me-
chanical considerations that allow the formulation of mechanical
equations that describe the foot’s fundamental dynamics during
stance at various degrees of complexity, with the aim of gain-
ing insights into the intricate interplay of active forces that result
from proximal segment dynamics and constraints imposed by the
ground.

Such insights will ultimately enhance our understanding of the
foot’s key role in the versatile and robust walking gait that is quite
unique to humans. This will benefit the improvement of gait re-
habilitation as well as the development of gait-assistive devices
and walking robots.

6. CONCLUSIONS

In this paper, we have shown how the dynamics of the foot in
single and final double support during human walking lend them-
selves to be described as a pure rotation around a velocity pole.
This pole is, within reasonable bounds, time-invariant throughout
a single step, but varies slightly in-between different steps. The
naturally occurring restriction of the foot’s generally superposing
linear and angular motions to only a rotation (the occurrence of
a pole) facilitates the exact determination of the distribution be-
tween an active (posterior) and constraint (anterior) contribution
to the GRF. The introduced force distribution parameter (3) de-
pends on only two landmarks, namely the assumed point of force
application of the active force (somewhere at the heel) and the

experimentally determined position of the pole (CoR).
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