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ABSTRACT

Despite the continuous efforts to search for dark matter particles in various
approaches, no significant signal of dark matter-nucleon interactions has been
detected so far. When casting the null-search results into constraints on the
dark matter properties, it is commonly assumed that dark matter couples to
nucleons via the so-called spin-independent and spin-dependent interactions,
with equal strength to protons and neutrons. However, these assumptions do
not hold in many concrete models. In the non-relativistic effective field theory,
dark matter in general interacts with the nucleon via 28 different couplings (for
dark matter spin up to 1/2) and several of them may appear at the same time,
interfering with one another. It is therefore not straightforward to compare
published limits with model predictions. In this work, we present a method-
ology that allows to determine model-independent upper limits on the dark
matter-nucleon coupling strengths, taking into account the interference among
interactions. We apply the method to derive upper limits using data provided
by XENONI1T, PICO-60 and IceCube. For some interactions, the limit can be
relaxed by 6 orders of magnitude. We further make use of the complementar-
ity of the different detector compositions to constrain the parameter space of
dark matter-nucleon interactions in a strong, but model-independent manner.
Combining data from XENONI1T, PICO-60 and IceCube, we obtain limits for
some interactions that can be up to 4 orders of magnitude stronger than those
from the single-experiments. Further, it is commonly assumed that the velocity
distribution of dark matter particles in the Solar System follows a Maxwell-
Boltzmann distribution. We also investigate the impact of distortions on the
Maxwell-Boltzmann distribution on the constraints on the coupling strengths
of the non-relativistic effective field theory.
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ZUSAMMENFASSUNG

Trotz der kontinuierlichen Bemiihungen, mit verschiedenen Ansdtzen nach
Dunkle-Materie-Teilchen zu suchen, konnte bisher kein signifikantes Signal
fiir Wechselwirkungen zwischen Dunkler Materie und Nukleonen nachgewiesen
werden. Wenn man die Ergebnisse der Nullsuche in Beschrénkungen fiir die
Eigenschaften der Dunklen Materie umwandelt, wird tiblicherweise angenom-
men, dass Dunkle Materie iiber die so genannten spin-unabhangigen und spin-
abhéangigen Wechselwirkungen mit Protonen und Neutronen in gleicher Stérke
an Nukleonen koppelt. In vielen konkreten Modellen sind diese Annahmen
jedoch nicht zutreffend. In der nicht-relativistischen effektiven Feldtheorie
wechselwirkt Dunkle Materie im Allgemeinen mit dem Nukleon iiber 28 ver-
schiedene Kopplungen (fiir Dunkle-Materie-Spin bis 1/2), und mehrere davon
konnen gleichzeitig auftreten und sich gegenseitig beeinflussen. Es ist da-
her nicht einfach, verdffentlichte Grenzwerte mit Modellvorhersagen zu ver-
gleichen. In dieser Arbeit stellen wir eine Methode vor, die es ermdoglicht,
modellunabhédngige Obergrenzen fiir die Kopplungsstarken zwischen Dunkler
Materie und Nukleonen zu bestimmen, wobei die Interferenz zwischen den
Wechselwirkungen beriicksichtigt wird. Wir wenden die Methode an, um obere
Grenzwerte aus den Daten von XENONI1T, PICO-60 und IceCube abzuleiten.
Fiir einige Wechselwirkungen kann der Grenzwert um 6 Grofenordnungen ge-
lockert werden. Dariiber hinaus nutzen wir die Komplementaritat der ver-
schiedenen Detektorzusammensetzungen, um den Parameterraum der Wech-
selwirkungen zwischen Dunkler Materie und Nukleonen auf eine starke, aber
modellunabhéngige Weise einzuschrénken. Durch die Kombination der Daten
von XENONIT, PICO-60 und IceCube erhalten wir Grenzwerte fiir einige
Wechselwirkungen, die bis zu 4 Groflenordnungen stérker sein koénnen als
die der Einzelexperimente. Auflerdem wird allgemein angenommen, dass die
Geschwindigkeitsverteilung Dunkler-Materie-Teilchen im Sonnensystem einer
Maxwell-Boltzmann-Verteilung folgt. Wir untersuchen auch die Auswirkungen
von Abweichungen der Maxwell-Boltzmann-Verteilung auf die Grenzwerte der
Kopplungsstarken der nicht-relativistischen effektiven Feldtheorie.
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Introduction

Observations in the twentieth century showed that the dynamics of galaxies
and galaxy clusters did not match the expectations from the Newtonian grav-
itational theory (or its relativistic extensions) [5-9]. A promising explanation
that could account for this puzzle is the existence of an additional hidden
matter component in the universe. In subsequent decades, a lot of effort was
put into finding out more about the so-called “dark matter”. By today, there
is evidence that the Milky Way (and other galaxies) is embedded in a halo
of dark matter particles, which affect gravitationally the motion of its stars.
On the other hand, the particle physics characteristics of dark matter, such
as the spin, mass or interaction strength with the Standard Model particles,
are still largely unconstrained [10]. If the coupling between the visible and
non-visible sectors is non-zero, dark matter particles from the galactic halo
that traverse a material are expected to interact with Standard Model mat-
ter. Based on this fact, a series of experiments (such as XENONIT [11] and
PICO-60 [12]) have been developed with the aim of detecting the interaction
of dark matter particles with nuclei in a dedicated detector. An alternative
probe of the non-zero coupling between dark matter particles and nuclei is to
use the Sun as a target for dark matter-nucleon interactions. Dark matter
particles from the galactic halo pass through the Sun and, with some prob-
ability, interact with the solar interior, transferring energy to the target. If
this energy transfer was large enough so that the velocity of the dark matter
particle after the scattering is less than the local escape velocity, it becomes
gravitationally bound to the Sun. After some time, this process creates a dense

accumulation of dark matter in the solar core where dark matter annihilation
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can take place. Neutrinos produced in this process can leave the Sun almost
unhindered and can be detected in a neutrino telescope, such as IceCube [13],
thus providing evidence for the capture of dark matter in the Sun. Despite the
deployed effort, no significant signal has been seen so far.

In interpreting theoretically the results from experiments, it is typically
assumed that dark matter couples equally to protons and neutrons via the
standard spin-independent and spin-dependent interactions. In general, how-
ever, this assumption does not hold in concrete models (see e.g. [14-23]). In the
non-relativistic effective field theory (NREFT), dark matter generally interacts
via 28 different couplings (for dark matter spin up to 1/2). Several of them
may appear at the same time, interfering with one another. A straightforward
comparison of model predictions and published limits is therefore not possible.
In order to address that problem, we developed an analytical method that al-
lows to determine model-independent upper limits on the dark matter-nucleon
coupling strength in the NREFT by allowing interference among operators [1].
We apply this method to determine model-independent upper limits on the
couplings using data from XENONIT [24], PICO-60 [25, 26] and IceCube [13].

The interaction between a dark matter particle and a target nucleus de-
pends on both, the nature of dark matter and the characteristics of the target
nucleus. In this thesis, we indicate the advantage of taking target nuclei with
complementary properties in order to explore the vast parameter space of the
NREFT of dark matter-nucleon interactions. We combine the results of several
experiments, in particular XENONI1T [24], PICO-60 [25, 26] and IceCube [13],
and show explicitly how our model-independent upper limits on the coupling
strengths become significantly strengthened [4].

Another assumption commonly made when interpreting the results from
experiments is that the velocity distribution of dark matter particles in the
Solar System follows a Maxwell-Boltzmann distribution. On the other hand,
the true form of the dark matter velocity distribution in the solar vicinity is
not positively known [27-43], and various theoretical arguments even suggest
that this assumption does not hold [44-47].

To investigate the impact of such deviations, we considered distortions
from the Maxwell-Boltzmann distribution and re-derived the limits on the
dark matter-nucleon coupling strength for IceCube in the NREFT using the
developed method.



We start this work by reviewing the current knowledge about dark mat-
ter including its observational evidence and the resulting restrictions on the
properties of dark matter candidates in chapter 2. We close this part by com-
menting on different approaches to search for dark matter. In chapter 3, we
review the construction of the NREFT of dark matter-nucleon interactions,
and the calculation of the interaction rate within this framework. In chapter
4, we present our method to set model-independent limits on the dark matter-
nucleon coupling strengths for a single experiment, followed by the limits ob-
tained by using data from XENONI1T, PICO-60 and IceCube. In chapter 5, we
firstly generalize the method which then allows us to do a combined analysis
of data of more than one experiment at a time. Secondly, we present limits
resulting in the combined analysis of XENON1T, PICO-60 and IceCube data.
In chapter 6, we discuss the effect of distortions from the Maxwell-Boltzmann
distribution on the limits. In chapter 7, we draw conclusions. This work is
supported by appendices that provide more detailed information about the nu-
clear response functions relevant for this thesis (A), experimental likelihoods
(B), the solar composition and its impact on the dark matter capture rate (C),
the propagation of numerical errors in the analysis (D) and the experiments

we take into account in this work (E).



CHAPTER 1. INTRODUCTION



The dark matter puzzle

Since the 1930s, there has been increasing evidence that baryonic matter can-
not make up the total amount of matter in the universe. It has been proposed
that an additional matter contribution is present in the universe, contributing
with five times more mass to the total mass density of the universe than bary-
onic matter, the so-called “dark matter”. In the first section of this chapter, we
address the evidence for its existence at different scales in the universe. Since
the dark matter paradigm has to be consistent with observations, requirements
on its characteristics can be inferred. In section 2, we comment on these prop-
erties and briefly review one of the most promising dark matter candidates.

Finally, we list different techniques to search for dark matter in section 3.

2.1 Observational evidence

We briefly review the evidence for the existence of dark matter on the galactic,

galaxy cluster and cosmological scale.

2.1.1 Galactic scale

Using Gauss’ theorem and assuming spherical symmetry of the galaxy, it turns

out that the velocity v of the stars at distance r to the galactic center reads

vir) = 1, 2.1)

where G is Newton’s gravitational constant and M (r) is the enclosed mass in a

sphere with radius r. Since in the outer regions of the galaxy, the enclosed mass



6 CHAPTER 2. THE DARK MATTER PUZZLE

of visible matter remains roughly constant, it follows that the corresponding

velocity is expected to decrease as

v(r) oc v Y2, (2.2)

This relation between velocity and radial distance would predict a behavior of
the galactic rotation curve such as the dashed line in Fig. 2.1, which depicts
the circular velocity of luminous matter, i.e. stars and dust, in NGC 6503 [48].
However, numerous observations especially between the 1930s and the 1980s

raised doubts about that prediction.

200.;.;[||1||||i|
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Figure 2.1: Observed rotation curve of NGC 6503 (solid) with error bars [48].
The contributions of the individual components, which are gas (dotted), lu-
minous matter (dashed) and the required amount of dark matter to fit the
observations (dash-dotted), are shown as well.

Although it turned out later that the measured numbers were too large,
it was firstly reported in 1932 by Jan Hendrik Ooort that stars in the solar
neighborhood have speeds faster than expected assuming a mass distribution
corresponding to the one of visible matter [49].

A few years later, in 1939, Horace Babcock measured that the mass-to-
luminosity ratio in the Andromeda Galaxy increases with the radius [7]. Trying

to find an explanation for that unexpected outcome, he ascribed it to either
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the absorption of light or to modified dynamics in the outer regions of the
galaxy, however, he did not comment on the possibility of having a sort of
missing matter. Similar to Oort’s measurements, Babcock’s findings emerged
to be in disagreement with later observations.

In 1957, the measurements of the galactic rotation curve of the Andromeda
Galaxy carried by Henk van de Hulst et al. were the first in good agreement
with modern data [8]. In a related paper [9], Maarten Schmidt demonstrated
that the determined rotation curve could be explained by a flattened mass
distribution, which would be in disagreement with the one of the luminosity.
In the following years, similar observations for rotation curves of other galaxies
were made, e.g. by Louise Volders who found a disagreement in the rotation
behavior of the Triangulum Galaxy to the one predicted by theory [50].

In subsequent decades, Vera Rubin and collaborators studied the rotation
curves of 60 galaxies [51-53]. Their results indicated that the rotation curves
in the outer regions of the galaxy are “flat”, i.e. the ionized hydrogen regions
move with the same speed at different radii rather than following the relation
in Eq. (2.2). The constant velocity of those stars require that M(r) ~ r,
i.e. the enclosed mass in the outer region needs to increase linearly with the
radius. Although the visible disk is fading while moving away from the galactic
center, the enclosed mass still seems to increase, also far beyond the visible
part of the galaxy. A promising solution for this puzzle is to have a huge
amount of non-visible matter. To give an example, for the galaxy NGC 6503,
the required dark matter component is shown as dash-dotted line in Fig. 2.1.
For the Milky Way this means for example that ~ 95% of the matter content
needs to consist of dark matter [54, 55].

2.1.2 Galaxy cluster scale

Another observation supporting the existence of dark matter is the structure of
the galaxy cluster 1E 0657-56 [56, 57], better known as Bullet Cluster, which
consists of two clusters that collided at a speed of roughly 16 million km /h,
now moving apart. To render the distribution of different matter contributions,
different techniques were applied. In order to map the distribution of the inter-
stellar baryonic gas, X-ray observations were carried out, whereas weak gravi-

tational lensing revealed the total mass distribution of the two colliding galaxy
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clusters. While the gas is concentrated in the center of the collision, most of
the mass contribution is located outside the center and the gas contribution.
This can be explained by the fact that the luminous parts of the clusters
interacted during their encounter and were slowed down. A promising inter-
pretation why the location of the major mass contribution does apparently
not coincide with the location of the luminous matter is that galaxy clusters,
in particular the Bullet Cluster, are mostly consisting of (almost) collisionless
dark matter [57]. In contrast to baryonic matter, dark matter does neither in-
teract significantly with Standard Model matter nor with itself except for the
gravitational attraction. This allowed the dark matter contribution to pass on
the collision nearly unaffected. This is illustrated in Fig. 2.2, where the gas is

colored in pink and the dark matter contribution in blue.

Figure 2.2: Bullet Cluster with the interstellar gas highlighted in pink and
dark matter highlighted in blue [58]

2.1.3 Cosmological scales

Evidence for dark matter on cosmological scales are for example the anisotropies
measured in the Cosmic Microwave Background (CMB) [59, 60]. The CMB
was discovered by Penzias and Wilson in 1964 [61, 62] as an excess background
temperature of ~ 2.73 K. Its origin lies in the early universe. At the time of

recombination, 380,000 years after the Big Bang, the plasma made of photons
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and charged particles, which the universe was composed of at that time, has
been cooled down sufficiently due to the expansion of the universe such that
atoms could have been formed and the universe became transparent for pho-
tons. The photons that scattered with a charged particle in the end of the
opaque universe are nowadays seen as CMB.

The Cosmic Background Explorer (COBE) [63], that has been launched
about two decades after the discovery of the CMB confirmed, firstly that the
CMB is quite uniform and secondly that it is an almost perfect blackbody.
This property can be transferred to the early universe. Despite the remark-
able smoothness of the CMB, COBE later discovered small fluctuations within
the CMB. The large scale fluctuations can be explained by the so-called “Sachs-
Wolfe effect” [64]: Photons with low energies are nowadays observed to come
from areas with high densities at the time of decoupling, in which they lost
lots of energy while escaping the deep potential wells. COBE determined the
difference in the photon temperature AT to be AT = O (107°)-T on large an-
gular scales [65], which simultaneously is a scale for the size of the anisotropies.
A possible explanation for the the origin of the small scale fluctuations are the
“baryonic acoustic oscillations” (BAOs): During the epoch of photon decou-
pling, the universe was mostly composed of a photon-baryon fluid which was
not perfectly uniformly distributed. The overdensities of the baryon-photon
fluid went through cycles with the following phases: (1) The density accumu-
lations got compressed due to their gravitational potential. (2) At some point,
the induced pressure of the fluid forces its expansion. (3) While expanding,
the pressure decreases, gravity takes over and causes the fluid again to com-
press itself. This process repeats until the photons decouple. We show an
illustration of this cycle in Fig. 2.3.

Depending on what point in the cycle the photons decoupled, the photons
have different temperatures. Therefore, the observed temperature fluctuations
in the CMB are indicators for the density perturbations of the baryon-photon
fluid and their behavior before the recombination. After the launch of the
Wilkinson Microwave Anisotropy Probe (WMAP) [67] and the Planck satellite
[68, 69] in subsequent decades, more data of the CMB has been collected and
the resolution of the temperature fluctuations could be significantly increased.
An image provided by Planck is shown in Fig. 2.4. These temperature fluc-

tuations for different angular scales are shown in Fig. 2.5. The anisotropy on
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Figure 2.3: Baryonic acoustic oscillations [66]. Effective mass (yellow) of
the density accumulations affected by the photon/radiation pressure (purple),
causing an expansion, and the gravitational infall (blue) due to the potential
well (black).

Figure 2.4: All-sky Mollweide map showing the anisotropies of the CMB as
observed by Planck [70]

a certain observed angular scale today can be related to the density pertur-
bations of the early universe [71]. Further, these oscillations are a powerful
probe of the baryonic and dark matter fraction of the universe. It turns out
that the heights of the second and third peaks, which appear at an angular
scale of roughly 0.36°and 0.24°, respectively, fit to a universe made of roughly
25% dark matter and 5% baryonic matter. This can be explained by the differ-
ent properties of baryonic and dark matter. The former interacts significantly

with radiation, whereas the latter does not.

Recent measurements of Planck [73] constrain the matter density of the

universe to be

2nmh?* = 0.1430 £ 0.0011, (2.3)

where dark matter makes up the majority of the matter density, namely
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Figure 2.5: Power spectrum of the temperature fluctuations of the CMB pro-
vided by Planck (red dots including error bars) confronted with the Standard
Model of cosmology, ACDM (green curve) [72]. The height of the second and
third peak suggests that the energy content in the universe is made of 25%
dark matter.

24h* = 0.1200 + 0.0012, (2.4)

whereas the density of baryonic matter is

2,h* = 0.02237 + 0.00015. (2.5)
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2.2 Dark matter properties and the WIMP

Despite the considerable evidence of the existence of dark matter, we do not
yet know what it is exactly. However, there are several constraints on its

nature coming from astronomical observations:
e Stability

The lifetime of dark matter needs to be long compared to cosmological

timescales.

e Electric charge

If the dark matter particles had a small electric charge g,, or electric
or magnetic dipole, they would have coupled to the baryon-photon fluid
in the early universe, leaving an imprint in the power spectrum of the
CMB that does not coincide with today’s observations. Therefore, there
are strong constraints on the electromagnetic properties of dark matter
[74]. Note that these constraints do not require a completely neutral
dark matter particle. There are models of the so-called “millicharged
dark matter” which are still valid (see for example [75-77]). It turns out
that the most stringent constraint comes from the requirement that dark
matter was completely decoupled from the baryon-photon fluid during
recombination. This leads to a limit of ¢, = 3.5 x 1077 (m, /1 GeV)?8
for my, > 1 GeV and ¢, = 4.0 x 1077 (m, /1 GeV)"¥ for m, < 1 GeV

in units of electron charge [78], where m, is the dark matter mass.

e Self-interactions

There could be self-interactions among the dark matter particles them-
selves. Even if the dark matter particles do not couple to ordinary mat-
ter apart from gravitational interactions, the dark matter self-interactions
could for example affect the merge of galaxy clusters [79]. A current con-
straint on the ratio of the dark matter-dark matter cross-section and the
dark matter mass at 95% C.L. coming from the observations of 72 cluster

collisions is oy, /m, < 0.47cm?/g [78].
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e Cold or warm dark matter

While in the cold dark matter hypothesis, dark matter consists of weakly
interacting particles moving at very small velocities compared to the speed
of light, hot dark matter travels at ultra-relativistic velocities. As the
name suggests, the properties of warm dark matter are transitional. Sim-
ulations of our universe assuming to be consistent of cold - or at most
warm - dark matter produce structures that coincide quite well with what
we observe [80-84]. In this scenario, the structure grows hierarchically,
i.e. small objects contract under their self-interaction first and then form
larger and heavier objects. Hot dark matter instead would smear out the
large-scale structure of galaxies and can thus not account for all of the

dark matter in the universe.

e Non-baryonic dark matter

Firstly, we would expect for example the power spectrum of the tem-
perature fluctuations in Fig. 2.3 to look significantly different if dark
matter was of baryonic nature, i.e. if dark matter had the same interac-
tions than baryons. Secondly, the strong dependence of the abundance of
light elements created during the big-bang nucleosynthesis on the baryon-
to-photon ratio allows to constrain the dark matter nature. Measuring
the abundance of light elements such as deuterium or helium is also re-
sulting in the exclusion of the possibility that dark matter could be of

baryonic nature [85].

One of the most popular candidates fulfilling the requirements are Weakly
Interacting Massive Particles (WIMPs) [86, 87]. WIMPs interact at most
(sub-)weakly with Standard Model matter and their mass is expected to be
in the range GeV - 10 TeV. WIMPs are proper candidates being relic dark
matter particles from the early universe, originating from a time when all
particles were in the state of thermal equilibrium. If temperatures had been
sufficiently high, as expected in the early universe, WIMPs could have been
produced by lighter Standard Model particles and vice versa, where the pro-
duction of particles of the dark and Standard Model sector was balanced

out. Due to the expansion of the universe, the temperatures decreased and
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dark matter production might have become strongly suppressed: The WIMPs
were “freezing out” of equilibrium with the Standard Model matter bath (see
e.g. [88]).

The thermally averaged annihilation cross-section that matches the ob-

served dark matter relic density of the universe, given in Eq. (2.4), is

(Oam?) ~ 3 x 1072 cm?/s. (2.6)

It turned out that for typical weak-scale pair annihilation cross-sections, such
as ¢ ~ G%T? where Gr is the Fermi constant and T ~ m, /20 the typical
freeze-out temperature, and for dark matter masses on the electroweak scale
(my ~ 200 GeV) the thermal relic density coincides well with the cosmolog-
ical density determined by observations [89]. This coincidence was denoted
as the “WIMP miracle”. Another reason to regard WIMPs as promising dark
matter candidate is that they exist in models which are supposed to solve other
remaining issues in theoretical particle physics, such as the hierarchy problem.
One WIMP candidate is the so-called lightest neutralino in the minimal super-
symmetric (SUSY) standard model that appears in SUSY models [90, 91]. In
models with universal extra dimensions, the appearing lightest Kaluza-Klein
particle serves as another WIMP candidate [92]. A last reason for the WIMPs’
popularity which we would like to highlight is their detectability, on which we

will comment in more detail in section 2.3.
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2.3 Dark matter searches

2.3.1 Direct searches: Nuclear recoils

Detecting dark matter directly relies on the assumption that it does not only
interact gravitationally with Standard Model matter, since in direct dark
matter searches, the aim is to observe collisions of dark matter particles from
the galactic halo traversing the detector and the target material in Earth-based
experiments and to measure the generated nuclear recoils.

The differential number of dark matter particles interacting with a target
nucleus N per recoil Er reads

dN do

— = tn, V. d —
dER nX T Umin Wf(W)wdER

(2.7)
It depends on the differential dark matter-target cross-section do/dER, the
dark matter velocity distribution f(w), the number of target particles Np
and the exposure time ¢. In case of elastic scattering, the minimum velocity

required for the incoming dark matter particle to produce a recoil with energy

ER is
Umin = mJVER7 (28)
V' 24

with the nucleus mass m_,» and dark matter-nucleus reduced mass

py = mymy/(my + my). Eq. (2.7) can be recast as

dN Ploc do
= d _
dER 6me</V Umin v f(W) v dER ’

(2.9)

with the exposure € = tMp, where My is the total target mass and the local
dark matter halo density pj... The differential event rate, which is the number
of observable events per unit target mass per unit time, i.e. R, » = N/e,
finally reads (e.g. [93])

dei/V Ploc / do’xﬂ/
= d )
dBr ~ mymy o ™ )

(2.10)

A common assumption is that the Solar System is surrounded by a sta-

tionary and homogeneous dark matter halo, with the local density p,. and
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the velocity distribution in the galactic frame f(w) being normalized as

/MU dw® f(w) =1, (2.11)

where w = |w| and Vpax = Vese + Vo, €. the maximum possible velocity of
a dark matter particle that is bound to the Milky Way in the solar rest frame,
Umax, 18 determined by the sum of the galactic escape velocity ves., whose value
lies in the range 499-608 km/s [94, 95], and the local speed of the Sun with
respect to the halo, vy, ~ 244 km/s [96-98]. While the above assumptions
are rather weak, commonly a much stronger assumption is made in order to
interpret dark matter searches, namely that the dark matter particles in the
galactic halo follow a Maxwell-Boltzmann (MB) distribution which has the

form

1 (W + W@>2 £
fMB(W) - mexp —T or w S Umaxa (212)

w

with the velocity dispersion o,, &~ 156 km/s [99, 100] and the normalization

) 20 v2
NBSC — f esc o = esc - esc . 2'13
. (x/iow> V 7 0w P ( 20’5,) (2.13)

2.3.2 Indirect searches

constant

Indirect detection techniques have the aim to detect products of dark matter
annihilation or decay. The differential flux of particles on the Earth created

by a point source is given by [101]

o 1
= - 47rd2/er, (2.14)

where the source term reads

p(r)? dN
(av)ﬁ.

Q = (2.15)

2
X
Here, d denotes the distance between the Earth and a point source with the

dark matter density p(r), (ov) is the thermal annihilation cross-section and
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dN/dFE is the differential particle number. Since the measured particle flux is
composed of dark matter annihilation or decay products and (astrophysical)
background, it is advantageous to search for these processes in regions in the
sky in which the flux in Eq. (2.14) is largest. Promising regions are e.g. the
cores of the Earth and the Sun, the galactic center or dwarf galaxies. They
are close to telescopes located on the Earth and expected to provide a high
concentration of dark matter. A hint for the annihilation of dark matter could
be a y-ray excess [102, 103] or anti-nuclei [104-107] coming from these objects.
Experiments with the aim to detect such a y-ray excess and anti-nuclei are for
example Fermi-LAT [108] and AMS-02 [109], respectively.

While the dark matter density in the Milky Way can be well described
by an NFW profile [110-112], and the Burkert profile [113-115] is valid for
dwarf galaxies, the density distribution inside the Sun and the Earth is deter-
mined by the so-called “capture rate”: In analogy to direct detection experi-
ments where dark matter particles from the galactic halo traverse the detector
material and a few of them may scatter off the contained nuclei, the dark
matter particles also traverse celestial objects, such as the Sun and the Earth,
and scatter off its nuclear content. If the energy transfer was large enough
such that the dark matter speed after the scattering is smaller than the lo-
cal escape velocity, the dark matter particle becomes gravitationally bound
to the object. After some time, it might have captured a high amount of
dark matter particles and becomes surrounded by its own dark matter halo.
When the dark matter particles are in thermal equilibrium with the Sun’s or
the Earth’s interior, they are expected to be strongly concentrated around the
core and Standard Model particles can be produced in dark matter annihilation
processes more efficiently. In the case of dark matter capture, especially neu-
trinos that are produced in the dark matter annihilation process are of specific
interest, since they leave the astrophysical object nearly unhindered [13]. One
experiment with the aim to detect such neutrinos is IceCube [116] (see also

appendix E.3).

In this work, we will consider the search for dark matter from the Sun,
which is tightly related to the scattering cross-section. In order to figure out
how the expected particle flux on the Earth is related to the capture rate, we

first look at the evolution of dark matter particles inside the Sun.
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Evolution of the dark matter amount in the Sun

The change of the number of dark matter particles in the Sun, dN/dt, is de-
scribed by the differential equation

dN

with the evaporation rate C'r of dark matter particles bound to the Sun. The
evaporation process in the Sun describes the loss of captured dark matter particles
that arises from the interaction between gravitationally bound dark matter and
solar content, where the former gains enough energy to exceed ves(r) and is
capable to escape the Sun. For this to be possible, the energy transfer onto
the dark matter particles needs to be significant. Since this is most efficient
for m, ~ m 4, evaporation from the Sun is relevant for light dark matter with
masses m, < 4 GeV according to previous studies [117-121]. Since we consider
dark matter masses above 20 GeV, it is valid to drop that term and rewrite
Eq. (2.16) as
dN

= - O - N2, 2.1
o C —Cy (2.17)

C'4 denotes the annihilation constant and reads [122]

Vo

OA:V712<

ov), (2.18)

with effective volume

v, = /dr3 (";?)j (2.19)

An approximated expression for the annihilation constant in case of the Sun

is given by [123]

3/2
Cy~1.63 % 10"725! (o) (mX ) . 2.20
A x 5 3x 10726 ¢cm3s! TeV ( )

Solving Eq. (2.17) analytically, we obtain the number of dark matter particles

captured in the Sun
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N(t) = \/?Atanh (j) (2.21)

where the equilibrium time 7 = 1/4/C' C4 denotes the time after which the
capture and annihilation processes are in equilibrium.

The annihilation rate of dark matter particles is given by

1 3 2
Ta= 5 / drn(r)(ov) (2.22)

and related to the source term via

—1
Iy = ;/ &rQ <‘g> . (2.23)

With the goal to relate annihilation and capture rate, we first replace the

integral over the squared number density in Eq. (2.22) by Vs, which gives

1
Iy = 5 Vang (ov.) (2.24)
After using Eq. (2.18), we get
1
Iy = 5 CaVind. (2.25)

Considering the fact that V2n2 = N(t) = Ctanh?(¢/7)/C 4, we finally obtain

1 t
Ih=5C tanh? <®> : (2.26)

T

where the age of the Sun is denoted as to, = 4.6 x 10° yr. Assuming a dark
matter-nucleon interaction cross-section of O (1074" cm?), which is currently
the strongest limit!, the equilibration time 7 = 1/,/CC4 < tg. This allows
us to simplify Eq. (2.26) to

1

In Eq. (2.27), we see that the annihilation rate is determined by the capture
rate. In the next part, we review the derivation of an expression for capture

rate along the lines of [125].

!Published by XENONI1T for the standard spin-independent interaction [124].
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Derivation of the dark matter capture rate

Aiming to solve the dark matter and solar neutrino problem, Press and Spergel
estimated the capture rate of dark matter particles in the Sun first in 1985
[126] and provided an order-of-magnitude analysis. In the following years, the
formula for the capture rate of Press and Spergel was also used by other groups,
such as Silk et al. [127], Gaisser et al. [128], Srednicki et al. [129], and Griest
and Seckel [122]. Applying the derived formula to the Sun gives quite accurate
results, however, it does not for other celestial bodies, e.g. the Earth [125].
Gould points out in [125] that the formula of Seckel and Griest suffers firstly
by dropping a factor of two in their derivation and secondly by neglecting the
non-zero relative motion of the Sun with respect to the frame in which the dark
matter distribution is isotropic. The latter reduces the result for the capture
rate by 25%. In some cases, it is enough to multiply by the overall correction
factor 1.5 to get correct results. However, it is important to note that in other
cases, e.g. for heavy WIMPs, this factor is not enough to account for the error
and so the derivation of the formula needs to be revised, as done by Gould in
[125].

For the sake of general applicability, we use the accurate formalism provided
by Gould. In the following, we derive the expression for the capture rate along
the lines of [125]. We consider a dark matter particle getting captured due to
sufficient energy loss in a scattering process inside a thin spherical shell of the
celestial body. Note that this shell is in a spherically symmetric gravitational
field, it has radius r and thickness dr and the escape velocity at distance r
iS Vesc(r). Asymptotically far away from the gravitational source, the dark
matter particles have the velocity distribution f(v). Assuming the velocity
distribution to be isotropic, we can write f(v)dv = % (v) dvdcosf, where
0 is the angle relative to the radial direction. With this, the flux of dark
matter particles going inward across a spherical surface of radius R, where R
is so large that the gravitational potential can be neglected on the surface,

reads

F = ;f(v)v cosfdvdcost (2.28)

or alternatively
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1
F = Zf(v)vdvdcos2 0, (2.29)

where we changed the integrand from dcos® to dcos?f. Note that 6 is con-

strained as 0 < ¢ < 7. We do not consider the complementary interval
g < 0 < T, since this accounts for dark matter particles moving outward.

As next step, we relate the angle 6 with the angular momentum J via

dJ?
R202°

After summing over all area elements, the rate of incoming dark matter particles

J = Rvsinf® and dcos’f =

(2.30)

R, within a d.J*interval is

dJ?
R2 02’

The relation between the asymptotic velocity v and the (accelerated) velocity

1
R, = 47R? 1 f(v)vdv (2.31)

w(r) at distance r is

w(r) = /0?2 + Vese(r)?. (2.32)

To capture a dark matter particle, its initial speed w(r) needs to be de-
creased to speed w'(r) that is less then escape velocity ves.(r). The rate for

those scatterings is

By pi/p?, do,
/l YAER S (wh ), (233)

E;v2/w? RdER

2 (w) = oLt
) = e (e
with the number density n,(r) of nucleus type a, p, = my/my,, pi, =
(o £1) /2 and E; = m,w?/2. The according probability p is
, _ dl
pw—w < vee) = 02, (w)—, (2.34)
w
where dl/w is the differential time required for the dark matter particles to
traverse the shell. The differential distance dl that the dark matter particle

travels in the shell is

(2.35)
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With J = rwsin 8 we can write instead

= (2:36)

J2
V6= e

dJ_ we finally obtain the differential time

wsinf’

Using dr =

1 J2\ 72
dt = 2 x p (1 - r2w2> dJO(rw — J). (2.37)
Note that we added a factor of two and the Heaviside function by hand. The
former arises, since a dark matter particle that moves through the shell will
always pass the distance dl twice. The latter must be added, since we need
to ensure that only dark matter particles with an angular momentum that is
small enough, i.e. rw < J, traverses the shell. Multiplying Eqs. (2.31) and

(2.34), we obtain

f(v)dv w

()

drridr 2, (w). (2.38)

Integrating over all velocities, the differential dark matter capture rate writes

Z‘(; = /dvfiv)w 2, (w). (2.39)

Since we assume that the Sun is spherically symmetric, the integrals over the
spatial angles can be calculated analytically. After applying the Heaviside
function, the total dark matter capture rate reads [125, 130]

R .
C :Z/o ? dr 4w r®ng(r) Ploc /v (s d>v L(U) w?(r)

mX S'Umax,a(r) v
242w (r) /ma do
dE - ER) . 2.40
oy ABR g (0(r). Fr) (2.40)

The lower limit of the energy integral is the minimum energy the dark matter particle
has to lose in the scattering process to be captured. The upper limit is the
maximum possible energy transfer, obtained from energy and momentum con-
servation, with the target mass m,. The upper limit for the velocity integral

m,m
U(Sun) (7") _ 2Uesc(T) XTIy

max,a

— - 2.41
my — o (241)
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accounts for the cases in which the minimum needed energy transfer is larger
than the maximum kinematic limit. In this case, we would mathematically
obtain a negative capture rate, although the capture rate would actually be

Zero.

2.3.3 Dark matter searches in colliders

Another possibility to search for dark matter is its production in a high-energy
collider. Here, dark matter particles that might have been produced in the
high temperature epoch of the early universe, such as WIMPs, could also be
produced in high-energy colliders, such as the Large Hadron Collider (LHC),
provided that the dark matter particles are not extraordinarily heavy and have
a non-zero coupling to the Standard Model sector. The LHC is a proton-proton
collider. Each proton beam runs at an energy of 7 TeV resulting in a maximum
center-of-mass energy of 13.6 TeV [131, 132]. Collider experiments with focus
on the detection of dark matter are e.g. the ATLAS [133], CMS [134] and
LHCb [135] experiments which include up to 36 fb~! of proton-proton collision
data collected in 2017 during the 2015-2018 LHC run at 13 TeV center-of-mass
energy (Run 2). Since the (produced) dark matter particles interact at most
weakly with particles from the visible sector, they will pass through and leave
the detector nearly unhindered, similar to neutrinos. Therefore, one makes use
of the energy and momentum conservation requirement. The so-called “missing
energy” caused by the non-detection of produced particles might be a hint for
the production of dark matter particles. Since in hadron colliders the detectors
are blind in the longitudinal direction, only the transverse component of the
momentum can be used to investigate a possible dark matter production. This
is the so-called “transverse missing energy”, Emiss,

Concrete targets in collider searches for dark matter are for example dark
matter models considering effective field theories with heavy mediators (e.g. [136]),
models in which dark matter interacts with ordinary matter via exchange of
a Higgs or Z boson (e.g. [137, 138]) or supersymmetry (e.g. [139]), to name a
few. In particular, the following possible dark matter signals are in the focus
of interest [140]:

(1) Missing transverse energy caused by a dark matter particle that leaves
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the detector unhindered which was produced together with a detected Stan-
dard Model particle.

(2) Anomaly in the invariant mass distribution of the di-jet or di-lepton in
the form of a bump.

(3) Anomaly in the angular distribution of the di-jet in the form of an
excess of events originated by a dark matter mediator.

For the former possibility, the dark matter particle interacts directly with
the Standard Model sector, whereas the two latter are associated with the
interaction between a dark matter mediator and ordinary matter. Similar to
other kinds of dark matter searches, a signal hinting towards the existence of
dark matter has not yet been observed. However, limits can be set on the dark
matter mass, couplings and cross-sections. No matter if there is a hint for dark
matter in collider searches or not, the results need to be confronted with the
ones from direct and/or indirect dark matter searches, since a potential dark

matter signal in colliders cannot be positively identified as such.



The effective theory of dark
matter-nucleon interactions

In this chapter, we review the construction of the non-relativistic effective field
theory along the lines of [141-144].

3.1 The dark matter-nucleon cross-section

We are interested in the dark matter-nucleon effective interactions in the non-

relativistic limit for elastic scattering processes, such as

x(p) + N(k) = x(p') + N(K), (3.1)
where p (p’) and k (k') are the three-momenta of the incoming (outgoing)
dark matter particle y and nucleon N, respectively. The interaction La-
grangian of interest has the contact form

Lini = YO, XNOxN = OxxNN, (3.2)

with the dark matter and nucleon operators @x and @N, respectively. The
effective operator O is created by @x and Oy. Considering scatterings up
to second order in momentum, we will obtain a set of effective operators @i,
whose properties are determined by imposing relevant requirements: In order

to build the effective theory, we have to ensure that the operators
e conserve momentum and energy,
e are Galilean invariant,

e are Hermitian.

25
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Momentum conservation implies that between p, p’, k and k', there are
only three independent momenta which we choose to be p, k and the momen-

tum transfer from the nucleon to the dark matter particle

qgq=p - p=k - kK. (3.3)

Since Galilean invariance demands quantities to be invariant under a con-
stant shift of velocities, we find that q satisfies the requirement, as the mo-
mentum transfer describes a difference of momenta. The single momenta p
and k instead are affected by a constant velocity shift. Therefore we rather

use the (Galilean invariant) relative incoming velocity

V=———=Vyin — VN (3-4)

of the dark matter particle and the nucleon, where m, and v, i, (my and vy )
denote the dark matter mass and incoming velocity (nucleon mass and incom-

ing velocity), respectively.

Energy conservation implies that the initial state energy equals the final

state energy, i.e.

By, = Eou. (3.5)
Here, it is convenient to work in the center-of-mass frame. Then, Ej, =
2
%,quz and E,y = %,uN (V + ”%) , with the nucleon reduced mass uy =
MM N . .

s+ Together with Eq. (3.5), we obtain
2
q

veq = ———. 3.6

2im (3.6)

After applying the kinematic constraints, we need to guarantee the Her-
miticity of the interaction. Considering the fact that Hermitian conjugation
exchanges incoming for outgoing particles, the momentum transfer q is clearly
anti-Hermitian. Therefore we work with the Hermitian quantity ¢q instead.
Similarly as for the momentum transfer, we have to construct a new quantity
containing the relative incoming velocity, since v vy lliN is not Hermitian.

We introduce the perpendicular velocity v+ that fulfills v- - q = 0. Together
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with Eq. (3.6), we obtain the Hermitian quantity
vi=v+ —. (3.7)

Apart from the momentum transfer and relative incoming velocity, the
interaction can also depend on the dark matter and nuclear spins S, and Sy,

respectively, where

0  for spin-0
Syn =11 .1
3 for spin-;,
with the Pauli matrices 0. S, and Sy fulfill the constraints formulated

above. Finally, our set of Galilean invariant and Hermitian operators is
Al
ig, 0, Sy, Sn. (3.8)

Before we construct the operators, we think about a possible categorization.
The operators can be classified as transforming evenly or oddly under parity
(P) and time reversal (T'). The specific properties of an operator after the
transformation under P- and T-symmetry are determined by the corresponding
transformation behavior of its constituents, 7§, 9+ and S. Whereas 9+ and S
(ig and ©1) transform oddly under time reversal (parity), ig (S) transforms

evenly. In the following table we provide a summary:

T|P

iq | +1) -1
vt | —1]-1
Sy, Sy | —1]+1

Furthermore, the operators can be classified into dark matter spin-independent

(SI) and dark matter spin-dependent (SD).
In order to construct the effective operators, we consider combinations of
the operators in expression (3.8) at most linear in SX, Sy and o+ and at most

quadratic in ¢, except for 015, which is cubic in q. The resulting effective
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operators are given in the following table:

CHAPTER 3. THE EFT OF DM-NUCLEON INTERACTIONS

1 P-even, SI

2 P-even, SD

3| P-odd, SI O7 = Sy - ot

4| P-odd, SD Os = 8- it, Og = i8y- (S x q)
T-odd

5/ P-odd, SI O = iSn - §

6| P-odd, SD On = iSy - 4,

The two operators O; and O, highlighted in blue correspond to the stan-

dard spin-independent and spin-dependent interactions, respectively. Any in-

teraction of the non-relativistic effective field theory is of the form [[;, @f

with O, - Oy as building blocks. We keep operators up to order O (¢%,q - v).

Therefore, we additionally consider the operators

Orp = 01005 = S, - (Sy x 0*)

O15 = 01005 = i (S - o) (S - 4)
Ou = 0107 = i (Sy-q) (Sn - 0*)
O15 = 0105 = — (S - 4) [(Sn x %)
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Note that interference is possible among
° @1 and @3

° @4, @5 and @6

° @8 and @9

° @11, @12 and @15.

The final list of operators in the non-relativistic effective field theory up to
O (¢*,q - v) describing dark matter-nucleon interactions with an exchange of
a particle with spin-0 or spin-1 is shown in Tab. 3.1. Further, note that we
show s, shaded in gray, for the sake of completeness. However, it is typically
neglected in the listing of effective operators, since this cannot be a leading-
order operator in effective theories. An advantage of the categorization into
these 6 groups is that we can directly see which operators could interfere with

one another: Interference is not possible for operators in different groups'. To

O, =11y Og =Sy - (Sn x ;L)

Oy =iSy- (& x ot)  Ow=iSy- ;L

@4:AX.§N @szAX méN

Os =iSy - (GL xt) O =25, (Sy x o)

O = (S’X miN)(gN ﬁ) O3 = i( Ax o)( Sy - mLN)

O, =Sy - vt O = i(Sy - 75-)(Sy - 0
(’58—@(-@L @15——(Ax'er){(SNX@L) 751\,}

Table 3.1: Non-relativistic Galilean invariant operators for dark matter with
o1
spin-3.

this order, the non-relativistic dark matter-nucleon (xN) interactions are most

generically described by the Hamiltonian

Hon (r) = 3.3 0, (v) 17, (3.9)

!Notice that operators within one group do not necessarily interfere with one another.
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where 7 labels the non-relativistic interaction types. Remember that index
v = 2 is skipped in the summation. Further, ¢ is the Wilson coefficient for
operator O, and t7 is the isospin matrix with t° = 1 and t!' = o3, the third
Pauli matrix. For the couplings, there exist two bases which are commonly
used, namely the proton-neutron basis (7 = p(n) for proton (neutron) com-
ponent) and the isospin basis (7 = 0(1) for isoscalar (isovector) component).
The couplings in both bases can be calculated from the Hamiltonian. The

result is

1
2 (3.10)
2

Additionally summing over all nucleons a in the nucleus with mass number
A, the most general Hamilton operator describing the dark matter-nucleon

interaction reads

Hor (1) = 32330 ()17, (3.11)

In order to determine the dark matter-nucleus cross-section, we calculate the
matrix elements on nucleon level, 7.e. for nucleons inside the nucleus that
are involved in the interaction. It is advantageous to distinguish between the
motion of the nucleus center of mass and the intrinsic motion of the nucleon,
which points relative to the nucleus center of mass. This yields the coordinate

space representations

A= iV d(X —y +F) —i0(x —y + )V (3.12)
vE=39 + vy, (3.13)

where
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v —5(x—y+f)(i€x—i€y) +iq (3.14)

m_y My 20

gl = 2 (V6 (F — £) — (¢ — £) V. (3.15)

2ﬂ1N

Here, uy = —X™4  jis the dark matter-nucleus reduced mass. Further, Vy
My +m g

(Vy) and Vi act on the center-of-mass wave function of the nucleus (dark
matter particle) at position x (y) and constituent nucleon wave function at
position ¥, respectively. In a frame where the origin is in the nucleus center of
mass, T (T,) denotes the radial coordinate of the dark matter particle (nucleon
a). Looking at the operators in Tab. 3.1 and Egs. (A.2) and (3.13), it becomes
clear that the r,-dependence can occur in five different forms. In order to

categorize those dependencies, we form the Hamiltonian in Eq. (3.11) to

1

How (7) =30 (055 ®) + [apha (&) + 1555 (F) + 15 (F) + i (7)) -
TZO (3.16)

Here, pj and pj4 denote the nuclear vector and axial charges, and pf, pj, and

p% the nuclear spin, convection and nuclear spin-velocity currents, respectively.

The concrete expressions for those charges and currents read

A A
Po(F) =D 6(F — T)t7" = ) 1,7
a=1 =1
& i
Poa(E) = > ola) ¥y t™
a=1
A A
Pr(F) ==Y o(a)d(F — Fo)t7™" = > o(a) 1,07 (3.17)
a=1 a=1
<
P (T) = Z‘A’N
a=1
& i
P (B) = 3 ola) x ¥k,

e
Il
—

with the Pauli matrices o, acting on the ath nucleon and 1, being equivalent

to 0 (f — F,) in coordinate space [144]. Further, the operators I are given by
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143, 144]

m
A 1 a a
T T N T
oA = —5 ¢ T Sy €14
2 my
I N U A q q 4 . 4 . q
I, = —|i— xv, G +S,cf + ——S,¢f + ¥, cTi— xS, +i—
2\ mpy my my ’ my my
A P . q A a T -AL q A T q /\L q & T
+ v, xS, ¢y +1—Vv,S, ¢, +i1v,—S, ¢, + — xVvV,—S, ¢
N x €12 —_ A 9x €13 ,/VmN x €14 p—_ ,/VmN X
AT 3 q A - A T~
].M:ZmiN XSXC5 — SXCS
~T 1 q A q N . q q A
lp = - | —c; +1S,¢cly — — X Syc3 —i———S,¢cl5 .
2 my my my my
(3.18)

In order to get the scattering cross-section, we first calculate the transition

amplitude

(| Herli) = @m)°3 (Ky + 9 —ky = p)iMyr  (319)

between the initial state |i) and final state (f|. We obtain H, s by integrating
the Hamiltonian in Eq. (3.16) over the spatial coordinates. In the initial
state, there is the nucleus with nucleus initial state |k 4, J, M, T, M7) with
the nuclear spin J, nuclear isospin 7', and the associated magnetic quantum
numbers M and My, and the dark matter particle with initial state |p, j,, M)
with the dark matter spin magnetic quantum number M,. The total initial
state is then given by |i) = |k, J, M;, T, Mr) ® |p, jy, M,). Analogously,
we obtain the expression that describes the final state: (f| = (p’,jy, My| ®
X, ,J, My, T, Mr|.

Next we perform a multipole expansion along the lines of [144]. We define

() = Gy, My 1], v, 8y ] iy, M) (3.20)

~T

where 1 stands for one of the operators Zg , i;, l,, and iTE With this, we can

already evaluate the momentum-dependent part in the initial and final states

|

-
€10
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of the amplitude. We obtain

(K 3D’ Gy My 1[a, v5, 8, ] kv podis My) = e7@7(2m)%0 (K, +p' — k. — p) (D).
(3.21)

Then, the matrix element writes

1

A
iMyg = (J, My, T, M| Y |(l5) D> e "
a=1

7=0

A |J, MJ, T, MT> .

Apart from a term providing information about the scattering kinematics and
on the dark matter-nucleon coupling strength, each term in Eq. (3.22) con-
tains a factor given by the nuclear matrix element. In order to evaluate this
contribution, we perform a multipole expansion of the nuclear charges and

currents using the identities
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eiq'rzz (2L + 1) (qr; ) Yo (£2¢,)
T e, = Z VAT (2L + 1) —jL (qri) Yoo (£2¢,)
erey = Z \Var (2L + 1)i >\]L qr; YLLI () ' (qri)Y/L\m ()],
A= =*1
(3.23)
and
A=Y (A-eel (3.24)

with the spherical unit vector basis e, with z-axis along q. Using Clebsch-
Gordon coefficients and scalar spherical harmonics, we write the vector spher-

ical harmonics in Eq. (3.23) as

Y70 (2e,) = > ALmINLILLM) Y, (£2:,) €y, (3.25)

mA\

fulfilling YETL,l = —(—1)/\Y22/1-

Further, we assume that nuclear ground states are eigenstates of P and C'P
and therefore, only multipoles that transform evenly-evenly und P and C'P
contribute to | (f| H|i) |*. There are six nuclear response operators obeying

this condition, which read
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Zlg) = —zz [ Ve x N1 <qf~a>] (0],

Stal) = i llﬁaMLM qra)] co(a)tly

=1

Q

A
ALM;T(Q) = Z L qra ’ 76?«1{;‘{(1)

=1

A
élLM;T(q> = Z [(1 o X MLL (qra)> : <‘7 16%) + MLL (gta) - o (i) t(Ta)

a=1 q

<c117raMLM qra>> | (U<a) : ﬁ“) e

S

A

a=1

(3.26)

It further turns out that all terms related to ig 4, do not contribute [142]. Apart

from this, the remaining charge and currents induce the following responses:

charge/current | response
I M
1 3 9
1, A
1, . P

It is important to mention that also the interference terms @’ M and AY" arise.

In order to obtain the transition probability, we square the transition am-

plitude, sum over final spins and average over initial spins. This finally yields
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where R[™ (W) are the dark matter (nuclear) response functions. The dark

N

(3.27)

matter response functions read [144]

2 . .
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The nuclear response functions, on the other hand, have to be calculated
numerically for each isotope within a nuclear model. In Appendix A, we
reproduce for completeness the nuclear form factors calculated in [142, 144]
for the nuclei relevant for this thesis. Finally, the differential scattering cross-
section of a dark matter particle off a nucleus .4 can be calculated from the

Hamiltonian. The result is

dcg (wir)? %) = %Ptot (w(r)?,¢?). (3.29)

Since the interaction rate of dark matter particles with nucleons depends
linearly on the differential cross-section, and therefore quadratically on the
coupling constants ¢, we can express the number of expected signal events for

experiment ¢ as [4, 145, 146]

N¥8(c) = ¢"N.c, (3.30)

where N- is a 28 x 28 real symmetric matrix corresponding to experiment
e. For a direct detection experiment, such as XENONIT and PICO-60, N.
depends on the detector composition, exposure and dark matter local density,
velocity distribution and mass. For a neutrino telescope, such as IceCube,
it depends on the solar model, and the dark matter local density, velocity
distribution, mass, annihilation channel and rate, and the neutrino propagation

and flavor conversion inside the Sun.
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From the dark matter response functions we can figure out which nuclear
responses the couplings c; are sensitive to and what is the corresponding mo-
mentum and velocity dependence. In Tab. 3.2, we summarize this information.
Firstly, note that while in interactions induced by the M, X' X" A or @" CP
is conserved, it is violated for ¢’. Secondly, note that responses depending on
v are strongly suppressed due to the small dark matter velocities. Therefore
they do not significantly affect the results, while responses depending on the
momentum transfer or being independent on momentum transfer and velocity

do.

¢ R ¢ R™T

¢ M (q°) Co ' (q%)
cs| D" (¢"), X' (¢%) , & (qz, (V%)2> C10 2" (¢?)
C4 (g%, X' (q°) ci M (¢?)

Cs AgY), M (qQ, (V%)E)) 2 |9 (), D (?), X" (qo, (V% 2) , 2 (qo, (

)
Co X7 (q*) €13 @ (q"), X" (q2, (V%f)
)

¢ 3 <q0’ (VJT')Q) - 5 (q27 (V% 2)

cs A(g?), M (QO’ (v%>2> 15 " (¢%), X <q4, (V%>2)

Table 3.2: The coupling constants ¢; forv = 1, 3, 4, ..., 15, the related response
functions and the dependence on the momentum transfer ¢ and transverse
velocity v.

In the following, we briefly explain the characteristics of the responses and
highlight the required property of the nucleus to be favored in a corresponding
interaction. This allows a rough forecast whether a certain element is appropri-
ate to constrain the parameter space strongly or not. Further, we comment on
the expected shape of the allowed parameter space in two dimensions, 7.e. in

the case of interference among the proton and neutron component. In most
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cases, it is a closed region whose eccentricity depends on the nucleus species.

There are two special cases in which we expect something different:

e Isoscalar strip: For isoscalar elements, i.e. elements with the same
number of protons and neutrons, we do not expect to get a closed region,

but a strip with infinite elongation in the isovector direction.

e Proton strip: This very special case applies to elements consisting only
of protons, i.e. the only element that is affected is 'H. Since it does not
contain neutrons, the neutron component cannot be constrained by 'H.
Therefore, we also expect here to have an infinite strip, perfectly aligned

with the ¢]'-axis.

M - response

For small momentum transfers, the M-response measures the mass number A.

Therefore, dark matter interactions with heavier elements are favored.

The orientation of the allowed parameter space

For the M-response, the orientation of the allowed parameter space can be
determined easily. We start with the dependence of R, the corresponding rate,
on the couplings to protons and neutrons, ¢ and ¢, respectively, and the

number of nucleons A and protons Z:

R [Z + (A—2)c. (3.31)

To determine the orientation of the allowed parameter spaces, we first solve
Eq. (3.31) for ¢, which gives us

R
Z+(A-2)%

c

& (3.32)

F%

=g

Since we aim to obtain the maximum for ¢, the denominator on the RHS

needs to be small, i.e. we equate it with zero. Solving

7+ (A-2)% =0 (3.33)

S[%

for ¢/, which is the slope, we get
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= . (3.34)

Y’ - and X" - responses

X (X") measure the transverse (longitudinal) component of the nucleon spin.

Therefore, elements with unpaired protons or neutrons are favored.

A - response

Elements with unpaired protons or neutrons in a non-s-shell orbit are favored.

@" - response

At zero-momentum transfer it can be related to (L - S)n’p. Due to that, heavy
elements are favored with orbits of large angular momentum which are not fully

occupied.

¢’ - response

This response is only relevant for elements with nuclear spin J larger than 1/2.
Regarding Tab. C.1 , in our case it is only relevant for N (J = 1), **Na
(J = 3/2) and Al (J = 5/2).
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3.2 The effective field theory: From quarks to

nucleons

In dark matter scatterings with ordinary matter, the involved energies are
usually very low. For this reason it is common to consider dark matter to
interact with the nucleons or nuclei - the degrees of freedom in the non-
relativistic theory - instead of the quarks and gluons, which are the degrees
of freedom in the high-energy theory. In order to describe the interactions
of dark matter particles with detector material and to determine limits on
the coupling strength between dark matter and ordinary matter, we choose
the non-relativistic approach. However, dark matter models are formulated in
terms of operators that involve quarks and gluons.

In this section, we review how to convert interaction operators result-
ing from the high-energy theory into the operators appearing in the non-
relativistic theory along the lines of [147]. In our calculations we consider
dark matter particles with spin up to 1/2, i.e. dark matter could either be
fermionic or scalar. Therefore we distinguish between the operators arising for

fermionic and scalar dark matter in the following two sections.

3.2.1 Fermionic dark matter

In the theory in which fermionic dark matter y interacts with a quark ¢, the

interaction operators are of dimension six and read

Of = Yxag, Of = Yiv’ x @,
Of = X\xq7i7° ¢, Di = X’ x§iv° g,
Of = XV"X GV, Ol = X" X TN
O = \y"x 4 4, Of = X" x i1’ ¢,
Of = X" XG0, Oy = Xio" X 100 q.
with o = —ﬁ (""" — 4Y4*]. For Majorana dark matter, the operators @g,

O, Of and O, identically vanish. Note that the operators
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Xo"'xqio,y g and  Xi0MYPx qio,Y° g

are omitted in the list as they can be formed into @i’o and — @g , respectively,
using the identity io"y® = — LetPTo,,.

Regarding high energies, a dark matter particle could also interact with
a gluon field G7,,. The corresponding interaction operators are of dimension

seven and read

@g - 127r XX Ga Ga @g = 127|—XZ/Y XGa GZw
Of = & yx GG, Of = & yiydxGa,Ga,

o — ~pUpoYa
where G}, = "G,

On the quark-gluon level, the effective Lagrangian reads

Leg = ZZ ciOf + Z O, (3.35)

=1 ¢q

where ¢! (¢f) is the coupling constant between dark matter and a quark (gluon)

of dimension [mass] 2 ([mass]~3). The induced effective Lagrangian on nucleon

level is
10
Lot =Y. > O (3.36)
i=1 N=p,n
Here, @ZN are
O = Xx NN, Oy = Xir’ x NN,
Oy = xxNiy° N, OF = xi’xNiy® N,
O = xv"x Ny, N, OF = X" XNy, N,
OF = "X NvA° N, O = X" XN° N,
@év = )ZU“”X}VUWN, @{\6 = )?ia“”75xNUWN.

While the quark related operators contribute to all of the nucleon operators

listed above, the gluon related operators only contribute to operators @{V , @év ,
OY and OV
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In order to relate the quark-gluon level with the nucleon-nucleus level, we
evaluate the matrix elements (y, N| O |y, N) and write them in terms of ONR,
the non-relativistic operators?. As a first step, we expand the solution of the

Dirac equation in the non-relativistic limit,

NS 2m — p-o)&°
w(p) = P :L( p-o)¢ +(9(p2), (3.37)

virme | VI am s ploye

with o# = (1,0) and ¢ = (1, —0). This ingredient allows us to relate fermion

bilinears and spin, momentum and velocity. We obtain

u(pu(p) =~ 2m (3.38
u(p') iv° u(p) ~ 2iq-s (3.39)
, 2m
u(p) v u(p) ~ (3.40)
P + 2igxs
L . 2P s
u(p) "y’ ulp) ~ (3.41)
4dms
o 0 1q — 2P xs
u(p') o u(p) ~ (3.42)
—iq + 2P x5 4me s
s 0 —4ms
u(p') ic" v’ u(p) =~ : (3.43)
4ms igipqr — 2P’ + 2P;s'

withq = p—p,P = p+p'ands = S'T%@ Contracting the dark matter and
nucleon bilinears and using % — 2—% = 2v'!, we obtain expressions that relate
X

the operators of the relativistic and non-relativistic approach:

2In previous sections, we denote (’A)%\IR as @i. Here, we explicitly keep the index NR in
order to distinguish the corresponding operators from the several operators appearing in the
relativistic approach.
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(OF) = (05) = dmmyOT™ (3.44)
<Oév> — 4my O (3.45)

(07) = 4m, Oy (3.46)

(O = 405® (3.47)

(OF) = 8m, (myO™ + O3F) (3.48)

(OF) = 8my (—m,OFF + OFF) (3.49)

(O) = S{ON) = — 16mmy O} (3.50)
(Of) = 8(myON — myONt — 4m,myO}}) (3.51)

As one can see in Eqgs. (3.44) and (3.50), the relativistic operators 01" and O
coincide, and OF can be expressed in terms of O}. In the context of direct
detection this means that these interactions are indistinguishable, and so are

the related bounds on the couplings.

3.2.2 Scalar dark matter

The interactions of scalar dark matter with a quark are described by the

dimension-five operators

Of = ¢*¢4qq, 0% = ¢*6qin’q

and the dimension-six operators

OF = i0,(¢"¢) 17" g, Of = i0,(¢"6) 177" ¢,

where the operators @g and @Z are zero for a real scalar field ¢. Apparently, the
operators 9, (¢*¢) 7" q and 9, (¢*¢) §7"~° ¢ are missing above. The former
does not contribute to the scattering process in which quarks are external.
This becomes apparent after integration by parts where this is proportional
to the divergence of the conserved current ¢ v* ¢ which vanishes after applying
the equations of motion. The latter reduces to 2m,¢*¢ivy°q after integration

by parts and applying the equations of motion, and is identical to @g .
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We do not take into account the dimension-six operators

_.<_> _.<_> 5
"¢ qiDq, "¢ qiDY° q,

<~ <~
with the ‘hermitianized’ quark covariant derivative D, = %aﬂ — eQq A, —
19514 gy
For interactions of dark matter particles with gluons, the most relevant

gauge-invariant operators are

Of = {L¢*¢ G4, G Of = £¢*¢ G4, GO

127 pv? 2

which have dimension six. The numerical factors were chosen for convenience.

For scalar dark matter, the effective Lagrangian at the quark-gluon level

reads

4 4
Log =Y oI+ d07, (3.52)
=1

-1 q
where ¢! (¢f) is the coupling constant between dark matter and a quark (gluon)
of dimension [mass] ™' ([mass] ®) for & = 1,2 and [mass] > ([mass] ") for

k = 3, 4. The induced effective Lagrangian at nucleon level is

4
Log =D > O, (3.53)
i=1 N=pn
where O} are
O = ¢"¢ NN, O = ¢"¢Ni® N,
OY =0, (¢*¢) NN, OF =0, (¢*¢) Nv"7°N.

The relations between the relativistic and non-relativistic operators read
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(ONY = 2myOTR, (3.54)
(0 = 208}, (3.55)
(03) = dm,myOT"R, (3.56)
(OY) = —8m,myO3" (3.57)



Cross-section limits for a single
experiment

In order to reduce the number of free parameters in the analysis of the dark
matter-nucleon interactions when casting experimental data into limits on the
dark matter-nucleon coupling strength (see e.g. [13, 24, 25]), it is common prac-
tice to consider a purely isoscalar interaction between dark matter particles
and nucleons, and only one single interaction at a time. Since this assumption
does not necessarily coincide with theoretical models, experimental results and
model predictions cannot be straightforwardly compared. For the latter in gen-
eral it is expected a non-zero coupling of dark matter to both the isoscalar and
isovector component, as well as more than one operator, possibly interfering
with one another (see e.g. the models predicting isospin violation [14-18, 20—
23]).

In this chapter, we develop a methodology to determine model-independent
limits on the dark matter-nucleon coupling strengths for a single experiment.
We show the limits using data provided by XENONIT [24], PICO-60 [25, 26]
and IceCube [13].

4.1 Developing a method for a single experi-

ment

We consider experiment ¢ with the number of expected background events
NPacknumber of observed events N°* and number of expected signal events
Nsg(c). The x? distribution in terms of the experimental likelihood reads
(148, 149]

47
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X2 (c) = —2log £ (N2 (c)) . (4.1)

Since the experiments we consider here are counting experiments, we choose a
poissonian likelihood such that the general expression for £ (N5 (c)) has the

form

. (Vs o) + Noma)™ e
[’(N?g <C)) - ]\ obs| e (N enE), (4.2)

For the choice of experiments in this work, a valid approximation of Eq. (4.1)

using Eq. (4.2) is given by the quadratic function

Ve) = a. (N5 (c))" + b.NI# (c) + c.. (4.3)

The coefficients a., b, and ¢, are listed in Tab. 4.1.

experiment Qe b Ce
XENONIT 0.06713 —1.072 8.707
PICO-60 (1st bin) 0.29010 —1.728 5.440

PICO-60 (2nd bin) 0 2 0
IceCube 0.001046 0.01092 8.696
DeepCore 0.002376 —0.06191 8.298

Table 4.1: Coefficients a., b. and c. of the quadratic approximation in Eq.
(4.3) for XENONIT, first and second bin of PICO-60, IceCube and DeepCore.

The proper choice of the quantity Ax2 = x2 — x2.;,, < n is crucial to
determine the allowed region of parameter space, for which we obtain Ximin
by minimizing x? with respect to the number of signal events. This yields

b2

2= — = 4.4
Xs,mln ¢ 4@5 ( )

For 90% C.L. and if the experiment has observed a non-zero number of events,
such as XENONIT, PICO-60 (1st bin), IceCube and DeepCore, the difference
in dimensionality between x? and X?,min is equal to one. In this case, ny = 2.71
according to the y2-distribution table. For 90% C.L. and if the number of
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observed events for an experiment is zero, such as for PICO-60 (2nd bin), the
difference in dimensionality between y? and X{imin is equal to two. In this case,
we find ng = 4.6.

The y?-formalism is typically used in the literature under the assumption
that one has only one single operator at a time and equal coupling to protons
and neutrons (see e.g. [13, 24, 25]). This assumption reduces the number of
free parameters in the analysis, however, this prohibits a straightforward con-
frontation of experimental limits and theoretical predictions of specific dark
matter models, since the latter typically predict more than a single effective
field theory operator. Having more than one interaction at a time may cause
interference among each other, resulting for example in dark matter models in
which the dark matter particle interacts with protons and neutrons (or equiv-
alently with the isoscalar and isovector component) with different strengths.
In Fig. 4.1, we schematically show the allowed parameter space for experi-
ment ¢ when considering two interactions, ¢, and cg, at a time'. Under the
common assumption that only one coupling, e.g. ¢, is non-zero, we obtain the
model-dependent limit max{c,}|.,—0. Here, a wrong conclusion can be drawn
if we consider for example a model that predicts certain values for the coupling
strengths ¢, and cg, indicated by the red cross. Using the limit max{cq }|cs=o
leads to the conclusion that the value for ¢, predicted by the theoretical model
is ruled out. However, this point is actually allowed by the experiment as it is
contained in the allowed region (blue). This makes clear that using the limit
max{cq}|c,—0, the coupling strengths indicated by the red cross would be ruled
out erroneously. In order to rule out couplings in a model independent way,
we consider instead the model-independent limit ¢™** = max{c, }; if a model
predicts a coupling strength beyond this limit, it cannot lie inside the blue

region, which leads to the conclusion that it is for sure ruled out.

max

In order to determine ¢

, we construct the Lagrangian
L =cu— A [X? (C) - Xz,min - no} ) (45)

with the Lagrange multiplier A\ enforcing the constraint that the coupling

strengths saturate the limits at 90% C.L. Extremizing the Lagrangian with

!The coupling constant ¢, (cg) could for example represent the standard spin-
independent interaction strength between a dark matter particle and a proton (neutron).
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s

cmax

Figure 4.1: Allowed parameter space spanned by the couplings ¢, and cg.
Assuming that the coupling ¢s = 0, the resulting limit is max{cq }|c;—0. How-
ever, this excludes for example the point marked by a red cross, although it
is allowed by data. With the model-independent limit max{c,} we can safely
exclude the parameter space beyond at a certain C.L.

respect to cz and A gives

oL si max max

8706 c=cmax - 5’80‘ - 2A [QG‘SN&g (C ) + ba] (Na)ﬂ'y Cy =0, (4.6)
oL _ ) _

R — Sig ( ~Mmax sig ( . max N2 . -
D [aa (Ne (c )) + bINZE (€™) + cc — Xopuin — 271 = 0.

(4.7)

Note that we used the approximate function for x?, Eq. (4.3). Using Eq. (4.6),

we obtain .
g = . NZY) 4.8
B 2\ |:2a€ slg (Cmax) + bE:| ( )Ba ( )
Inserting this relation in Eq. (3.30), we obtain
) 1
NZe (em) = 5 (NZ1) (4.9)

4A)\2 {Qaa 8 (gmax) 4 bg}

Finally, we use Eqs. (4.7) and (4.9) to determine A and N®® (¢™**) which we
substitute in Eq. (4.8) to obtain the expression for the model-independent

upper limit

(e — /NS (emax) (NZ1), (4.10)

- =
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The transformation of the limits to another basis (such as from the proton-
neutron basis to the isoscalar-isovector basis) can be done very easily. In the
following, we denote quantities in the other basis with a tilde. Then, it follows
that

gmax — \/NSig (&max) (N;l)aa. (4.11)

For a quick determination of N,, we use the transformation of the couplings

¢ =Tc (4.12)

and the condition that the signal does not depend on the basis:

N¥¢(c) = ¢'N.c = &"N.é. (4.13)

It follows that

N, = (1) NT (4.14)

If one considers only one operator, the transformation from the proton-neutron
basis to the isoscalar-isovector basis can be carried out by the transformation

matrix

T = . (4.15)

The corresponding transformation matrix for a set of ¢ interaction operators

would be a block-diagonal 2i x 2i-matrix with Eq. (4.15) on the diagonal.
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4.2 Model-independent upper limits using XENON1T,
PICO-60 and IceCube data

We apply the method presented above to derive model-independent upper lim-
its on the coupling strengths of the 14 operators of the effective field theory
at 90% C.L. assuming the Standard Halo Model. In Figs. 4.2, 4.3 and 4.4, we
show the limits in the proton-neutron basis for XENONI1T [124] (left panels),
PICO-60 [25] (middle panels) and IceCube [13] (right panels). For the lat-
ter, we show the corresponding results assuming the W*W~- channel (7F7-
channel) for m, > 100 GeV (m, < 100GeV). Fig. 4.5 can be used to convert
the presented results for IceCube of Figs. 4.2, 4.3 and 4.4 into the results for
7t7~ in the mass range 100 GeV to 10 TeV and bb. It does not require any
information about the interaction operator being responsible for the capture

of the dark matter particles.

For the dashed lines we assumed only one operator at a time, but allowed
the interference among the proton and neutron component. We obtained the
solid lines by allowing interference among the proton and neutron component
and all possible operators. To compare our results with the published limits,
we added the dotted line for which we made the assumptions of having an

isoscalar interaction and only one operator at a time.

From Figs. 4.2, 4.3 and 4.4 it becomes clear that the limit is strongest
making specific assumptions, such as assuming isoscalar interaction, whereas it
gets relaxed taking interference into account. While the parameter space above
the solid lines is excluded at 90% C.L. and assuming a Maxwell-Boltzmann
velocity distribution, the parameter space below is not necessarily excluded
as the published limits (dotted lines) suggest. In some cases the impact of
interference on the limits can be significant: The limits for XENONI1T can be
weakened by up to 4 orders of magnitude (like e.g. ¢};), for PICO-60 up to 6
orders of magnitude (like e.g. ¢}) and for IceCube up to 2 orders of magnitude,
(like e.g. c];).

To get more insight, we make use of the geometrical property of Eq. (3.30)
of leading to an allowed parameter space in the c¢f-c! parameter space taking
only one interaction operator into account. In Figs. 5.3 and 5.4, we show the

resulting single experiment allowed parameter spaces at 90% C.L. for m, = 1
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TeV for XENONIT (blue), PICO-60 (green) and IceCube (yellow). These
plots illustrate the impact of proton-neutron interference on the limits of the
dark matter-nucleon coupling strengths for each of the 14 interaction opera-
tors. Note that our analysis for the XENONI1T experiment excludes the point
= ¢ = 0, due to the large number of observed events compared to the
background expectation. A more refined analysis by the XENON collabora-
tion, however, includes this point.

Figs. 5.3 and 5.4 show that the relaxation of the limits depend on the
orientation and the size of the allowed parameter spaces. In general one can
say that the relaxation is stronger, the less the allowed parameter space is
aligned to the cf- or cI-axes and the more it is elongated. A relaxation due
to the allowed parameter space’s orientation can e.g. be seen in the plot for
O, for the 3 experiments. In the exclusion plot for O, in Fig. 4.2 e.g. we
see that the relaxation is significant as well. Regarding the corresponding
allowed parameter spaces, they are closely aligned to the /- and ¢-axes. At
the same time, however, they are strongly elongated which is caused by strong
cancellations of the interfering contributions?.

Due to its composition of many different elements with their unique prop-
erties, the Sun can be seen as multiple target experiment. While every single
element in the Sun actually results in a unique allowed parameter space, we
show in Figs. 5.3 and 5.4 only the resulting allowed parameter space contain-
ing all elements, since we are interested in the model-independent limits on
the couplings using the dark matter capture process in the Sun in which the
combination of all elements contributes. For a deeper investigation of how the
eccentricity and size of the final allowed parameter spaces are determined by
the unique allowed parameter spaces of the single elements, we refer to Ap-
pendix C. There, we also comment on how the elements’ properties together

with the interaction operators affect the limits.

2Strong cancellations occur if there is a large hierarchy between the eigenvalues of the
N-matrix. At the same time, this can be the origin of numerical instabilities. In Appendix
D, we estimate its impact on the calculation of the limits
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Figure 4.2: 90% C.L. upper limits on the coupling strengths ¢/ and ¢! for
i = 1,3,...,6 for XENONIT (left), PICO-60 (middle) and IceCube (right).
For the dotted lines, we assumed neither interference among the proton and
neutron component, nor among the interaction operators. For the dashed
line, we allow the interference among the proton and neutron component for
one operator. For the solid line, we allow interference among the proton and
neutron component, and among all interaction operators. For IceCube, we
assumed the annihilation final state W*W~= (7777) for m, > 100 GeV (m, <
100 GeV).
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Figure 4.3: 90% C.L. upper limits on the coupling strengths ¢! and ¢! for

7,...,11 for XENONIT (left), PICO-60 (middle) and IceCube (right).

For the dotted lines, we assumed neither interference among the proton and
neutron component, nor among the interaction operators. For the dashed
line, we allow the interference among the proton and neutron component for
one operator. For the solid line, we allow interference among the proton and
neutron component, and among all interaction operators. For IceCube, we
assumed the annihilation final state W*W~ (7F77) for m, > 100 GeV (m,, <
100 GeV).
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Figure 4.4: 90% C.L. upper limits on the coupling strengths ¢/ and ¢! for
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For the dotted lines, we assumed neither interference among the proton and
neutron component, nor among the interaction operators. For the dashed
line, we allow the interference among the proton and neutron component for
one operator. For the solid line, we allow interference among the proton and
neutron component, and among all interaction operators. For IceCube, we
assumed the annihilation final state W*W~ (7+77) for m, > 100 GeV (m,, <

100 GeV).
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Cross-section limits for combined
experiments

Since targets with complementary properties, as the elements inside the Sun,
can constrain all directions in the vast parameter space, we adapted the for-
malism we developed in subsection 4.1 such that it allows a combined analysis
of multiple dark matter detection experiments. The aim is to find the param-
eter space that is allowed by all experiments taken into account, such as in
Fig. 5.1. There, we schematically show the two-dimensional parameter space
spanned by the couplings c, and cg. Using data provided by experiment €y,
we obtain the allowed parameter space that is illustrated in blue, whereas the
parameter space marked in green is allowed by experiment €5, both at 90%
C.L. The region in parameter space that is allowed by both experiments at
90% C.L. is illustrated in red. While the red cross is ruled out by assuming
that cg = 0, it is still allowed by the model-independent single experiment
limit of €;. By combining ¢; and €5 we can now exclude it by the strong, but
still model-independent limit max{ca}|c,+e,-

In the first section, we develop the method that allows a combined analysis
of several experiments and leads to the model-independent upper limit on the
dark matter-nucleon couplings of the combined parameter space, which we

present in the second section.

5.1 Developing a method for combined analy-

S1S

To determine a 90% C.L. limit on the coupling strengths by combining n

experiments, we again start with the Lagrangian. In this case it reads

39



60CHAPTER 5. CROSS-SECTION LIMITS FOR COMBINED EXPERIMENTS

s

—7 X }
/ I
} .

7 |

+ P C,
& / max{ca}
max{Cq}| €1 +€p

Figure 5.1: Allowed parameter space at 90% C.L. of experiments £, (blue) and
g2 (green). While the red point is excluded by the limit max{ca}|c, cs=0, it
is still allowed by data and therefore not excluded by the model-independent
limit max{c,}. The combination of experiment &; with experiment e, allows
to set a strong but conservative limit max{c, }|¢, e, using the parameter space
that is allowed by both experiments at 90% C.L. (red).

L = Ca — A [X$0t<c) - Xgot,min - no} ’ (51)
with
Xt (€) = D x2(c). (5.2)

Proceeding analogously to section 4.1, we obtain

cmax — ;A (Xaa) (5.3)

where

X = 3" [20-N#(c™™) + b.| N.. (5.4)

3
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Inserting this into Eq. (3.30), for each experiment we obtain n implicit equa-

tions for the number of events at the n experiments, N8 (¢™#), given as

1

si max\ __ —1 —1
NE# (€)= 5 (XTINXTT) (5.5)
Using Eq. (5.5) together with
Xt20t(c) - Xt20t,min = No (56)

we can find solutions for N%& (¢™*) and A. Finally, the maximum value for

the coupling ¢, is determined by

e — ;A (x7) . (5.7)
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5.2 Upper limits on the coupling strengths from

the combination of several experiments

In Fig. 5.5, we show the 90% C.L. upper limits on the dark matter-nucleon
coupling strength assuming one operator and isoscalar interaction only. The
red line is the result of the combined analysis of XENONIT, PICO-60 and
IceCube. In order to see the impact of combining the experiments, we also
show the limits of the individual experiments. It turns out that for purely
isoscalar interactions, the limits for higher masses are mostly dominated by
the single experiment limit of XENONIT, whereas for low masses PICO-60
dominates for some operators. Note that for some operators, e.g. @14, and
dark matter masses the combined isoscalar limit does not exist. The reason
is the large number of observed events in XENONI1T; the parameter space
related to isoscalar interactions is ruled out by the combination of XENONIT,
PICO-60 and/or IceCube data. Such a case is schematically shown in Fig. 5.2.

cP=c"

(9]

»

» c°

AN Y
AN\

Figure 5.2: Allowed parameter space at 90% C.L. of experiment ¢; (blue) and
g9 (green). The black line illustrates the specific case in which ¢ = ¢", which
is excluded by the combination of both experiments (red).

We want to emphasize that we neither want to confirm the exclusion of
isoscalar interactions nor the detection of dark matter. Our aim was to apply
the developed methodology and to point out that (1) the interference among

operators can relax the limits significantly and (2) a combination of experi-
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ments can lead to strong model-independent limits.
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Figure 5.4: Same as Fig. 5.3 but for operators 8 to 15.
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Figure 5.5: 90% C.L. limit on the dark matter-neutron couplings for the in-
teraction operators O; (1 = 1, 3,...,15) using data from XENONIT (blue),
PICO-60 (green), IceCube (yellow) and the combination of data provided by
the three experiments, under the assumption of isoscalar interaction.
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Fig. 5.6 shows limits for one interaction operator at a time, but allowing
interference among isoscalar and isovector interaction. The red dashed line
corresponds to the limits we obtain by combining XENONI1T, PICO-60 and
IceCube. We additionally show the combined limit assuming only isoscalar
interaction as red dotted line. We see that especially for the operators @4,
@6, @7, @9, @10, @13 and @14, the combination of the experiments has a
significant impact on the limits. This can also be concluded when looking at
Figs. 5.3 and 5.4; for the mentioned operators the allowed parameter space of
¢ and ¢ are nearly orthogonal. For the other operators and m, = 1 TeV,
we see in Figs. 5.3 and 5.4 that the allowed parameter space of XENONIT
lies completely within the allowed parameter spaces of PICO-60 and IceCube,
which leads to the conclusion that the combined limit is equivalent to the
limit of XENONIT. This is also reflected by the limit plots in Fig. 5.6 for
m, = 1 TeV; the combined limit coincides with the limit of XENONIT. Same
conclusions hold for other dark matter masses. For a detailed discussion on
how properties of different elements affect the orientation of allowed parameter
spaces for a given interaction operator, we again refer to Appendix C.

In Fig. 5.7, we show as red solid line the limit resulting in combining the
three experiments and allowing not only interference among the isoscalar and
isovector component, but also among the 14 interaction operators. Firstly,
comparing this limit to the red dotted and red dashed line (combined limit
assuming only isoscalar interactions and allowing isospin interference, respec-
tively) a small relaxation occurs for some operators. Secondly, comparing the
red solid line to the individual limits of the experiments, we again see that
there must be a complementarity between the allowed parameter spaces of
XENONI1T, PICO-60 and/or IceCube.
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Figure 5.6: 90% C.L. limit on the dark matter-neutron couplings for the in-
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A model- and halo-independent
analysis

Another common assumption is the Standard Halo Model in which the local
dark matter density is pi. = 0.3GeVem™ and the dark matter particles
follow a Maxwell-Boltzmann velocity distribution truncated at the escape
velocity of the Milky Way, vee = 550kms !, and the velocity dispersion
vo ~ 220kms~!. However, the true values of the local dark matter density
and velocity distribution are unknown. Possible signals from direct detection
experiments and the dark matter capture in the Sun, though, depend on these
quantities: Dark matter particles in the high velocity tail of the velocity dis-
tribution generate more energetic recoils in direct detection experiments [150],
whereas dark matter particles in the low velocity tail are more likely to be
captured by the Sun [151, 152].

The model-independent limits in the previous chapters are only valid for
the Standard Halo Model, i.e. if the dark matter velocity distribution in the
galactic halo follows a Maxwell-Boltzmann velocity distribution. Due to the
expected deviations from the Standard Halo Model and Maxwell-Boltzmann
velocity distribution in the Solar System, we use the methods presented in sec-
tion 4.1 and in [146, 153] to subject the limits to a model- and halo-independent

analysis. For this, one introduces the parameter [153]

A >

(6.1)

fw) — fMB<W>’

Sus(w)
which quantifies the deviation of the actual velocity distribution f(w) from the
Maxwellian. In Fig. 6.1 we show the Maxwell-Boltzmann distribution (black)
and the bands around are characterized by specific A’s. We chose A = 1, 10,
100 and 1000 (see legend).
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Figure 6.1: Optimized velocity distributions (non-transparent) providing the
weakest limits on the dark matter-nucleon coupling strength in the case of
IceCube for A = 0 (Maxwell-Boltzmann), 1, 10, 100 and 1000. For each
of these values we additionally show the largest possible deviation from the
Maxwell-Boltzmann distribution as transparent region limited by a dashed
line colored correspondingly.

Since we want to obtain the weakest halo-independent limit, we have to
find a velocity distribution that leads to the smallest capture rate. Since the
capture rate decreases monotonically for increasing dark matter velocity, it is
minimized when the dark matter particles carry velocities as high as possi-
ble. We show these velocity distributions in Fig. 6.1 for different values of A.
The optimized velocity distribution saturates the upper boundary of the cor-
responding band at the high velocity tail down towards lower velocities until
it switches down to the lower boundary caused by the normalization condition
in Eq. (2.11).

Assuming A = 0 (Maxwell-Boltzmann), 1, 10, 100 and 1000, we calculate
the 90% C.L. model- and halo-independent limits on the dark matter-nucleon
couplings using IceCube data, taking only one operator at a time and assuming
interference among the proton and neutron components. As in the previous

section we consider the W-channel for m, >100 GeV and the 7-channel for
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m, <100 GeV. We show the results in the Figs. 6.3 - 6.11.
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Figure 6.3: Model- and halo-independent 90% C.L. limits on the coupling
strengths ¢ (i = 1, 3, ..., 7) assuming A = 0 (Maxwell-Boltzmann), 1, 10, 100
and 1000 taking one operator at a time and assuming interference among the
proton and neutron components.

While for dark matter masses < 100 GeV the limits get relaxed by up to a
factor of 2, the limits in the range of 100 GeV < m, < 1 TeV can be relaxed

by up to two orders of magnitude for A > 10 (see e.g. O,). The couplings

for the largest dark matter masses cannot be constrained for high values of
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Figure 6.5: Model- and halo-independent 90% C.L. limits on the coupling
strengths ¢ (i = 8§, ..., 13) assuming A = 0 (Maxwell-Boltzmann), 1, 10, 100
and 1000 taking one operator at a time and assuming interference among the
proton and neutron components.

A, since the combination with high velocities prohibits capture kinematically

which results in having no limit for this mass range.
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Figure 6.6: Model- and halo-independent 90% C.L. limits on the coupling
strengths ¢ (i = 14, 15) assuming A = 0 (Maxwell-Boltzmann), 1, 10, 100
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and 1000 taking one operator at a time and assuming interference among the

proton and neutron components.
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Figure 6.8: Model- and halo-independent 90% C.L. limits on the coupling
strengths ¢ (i = 1, 3, ..., 7) assuming A = 0 (Maxwell-Boltzmann), 1, 10, 100
and 1000 taking one operator at a time and assuming interference among the
proton and neutron components.



5

107 - ' — cland <-';unf\ i ' — cjand du»ml '
vees only eses cgonly
| 103 1
~= 10°F B o
g S
Nl =o
i)
1L
101 i \__// T 10 “
RRTTI . |
107 10° 10
my [GeV]
i —— g and r';“un'ly ! i — oy and cf, ol:ly !
-+ chonly 5 eee ) only
10°F -
10%F 1
nE aE
g g 104 .
< 101 B — :LT \_’//
e . 1071 Fel i
g i ;aé‘”““‘ ................. et
1071 . A::;;;.'.-hl-- . . un;..;:;..l.a )
10° 10° 10" 107 10 10
my [GeV] my [GeV]
6 ! 5 and b, I ! ! 5 and o, I !
10 " rony 10°F o o 1

Hl A=0 mm A=1 A =10 A = 100 A = 1000

Figure 6.10: Model- and halo-independent 90% C.L. limits on the coupling
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proton and neutron components.
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Figure 6.11: Model- and halo-independent 90% C.L. limits on the coupling
strengths ¢ (i = 14, 15) assuming A = 0 (Maxwell-Boltzmann), 1, 10, 100
and 1000 taking one operator at a time and assuming interference among the
proton and neutron components.



Conclusions

In the non-relativistic effective theory the interaction of dark matter particles
with nucleons can be induced by different operators (4 (14) for spin-0 (spin-
1/2) dark matter). These operators are constructed by considering all possible
combinations of the dark matter and nucleon spins, momentum transfer and
relative velocity of the scattering, up to second order in the latter. Further, the
operators must be Galilean invariant and Hermitian. Since the target for the
dark matter particles in this interaction is a nucleon doublet, we further have
to take into account its number of internal degrees of freedom, i.e. the isospin.
It can either be expressed in terms of the isoscalar and isovector, or the proton
and neutron components. Together with the interaction operators, we count
8 (28) possible interactions for spin-0 (spin-1/2) dark matter with a nucleus.
In order to reduce the number of degrees of freedom, it is common to assume
that dark matter couples to protons and neutrons with equal strength when
casting null-search results into limits on the dark matter-nucleon interactions.
However, it is possible that some interactions interfere with one another, which
means that published limits cannot be compared directly to model predictions.
In this work, we derived an analytical formula that allows to determine a
model-independent upper limit on the coupling strengths. We have applied the
derived formula to determine model-independent single-experiment 90% C.L.
upper limits of the 28 coupling strengths using data provided by XENONI1T,
PICO-60 and IceCube. For each coupling strength, we have investigated the
impact of, firstly, having only one operator at a time, but interference among
the proton and neutron components, and, secondly, taking all operators and

the interference among the proton and neutron components into account. We
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find that, depending on the interaction, the limits can be weakened by up
to 4 orders of magnitude for XENONIT (e.g. ¢!;), 6 orders of magnitude for
PICO-60 (e.g. ¢}) and 2 orders of magnitude for IceCube (e.g. ;).

We also scrutinized the impact of the complementarity of experiments con-
sisting of elements with different properties. Similar as in our previous study,
we developed a methodology that takes into account interference among oper-
ators, but considering a set of experiments at a time. This allowed us to de-
termine model-independent 90% C.L. upper limits on the dark matter-nucleon
coupling strengths by combining data provided by XENONI1T, PICO-60 and
IceCube. We found that especially the limits of those operators which depend
on the nuclear spin can be strongly affected by the combined analysis; for some
couplings it is possible to achieve a strengthening of the limits by 4 orders of
magnitude compared to the strongest single-experiment limit (e.g. ¢}).

Another common assumption is that the dark matter velocity distribution
in the Solar System follows a Maxwell-Boltzmann distribution. In order to see
the effect of possible deviations from the Maxwell-Boltzmann distribution, we
additionally subjected the data to a halo-independent analysis. We found that
the limits in the small dark matter mass range (< 100 GeV) are relaxed by
up to a factor of 2 and in the intermediate dark matter mass range (~ 100
GeV to ~ 1 TeV) by up to two orders of magnitude (see e.g. O,), whereas the
interactions cannot be constrained in the high dark matter mass range (2 1

TeV) for large deviations from the Maxwell-Boltzmann distribution.



Nuclear response functions

Below, we list the nuclear response functions for te nuclei that are relevant for

this thesis, originally provided in Ref. [144]. They only depend on the dimen-

2
sionless variable y = (bg—q) , with the length parameter b = \/ e A,ljﬁlf% =573

[143]. Note that we only show the non-zero contributions.

Hydrogen (H)

W (y) =0.0397887 W% (y) =0.0397887 W% (y) =0.0795775

W (y) =0.0397887 W (y) =0.0397887 W (y) =0.0795775

W (y) =0.0397887 W10, (y) =0.0397887 W2(y) =0.0795775
WOl(y) =0.0397887 WO (y) =0.0397887 WO(y) =0.0795775

Helium (*He)

W(y) =0.358099 2 W (y) =0.0397887 =2 W% (y) =0.0795775 e=2
Wik(y) =0.0397887 e~ Wl (y) =0.0397887 e  Wii(y) =0.0795775 =2
Wi(y) =0.119366 e~ WS (y) = —0.0307887 e W10(y) = —0.0795775 e~
W (y) =0.119366 e W% (y) = —0.0307887 e W2 (y) = —0.0795775 e~

Helium (“He)

W%(y) =0.31831 ¢~
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Carbon (*?C)

W(y) =0.565882 ¢~ (2.25 — y)°
W% (y) =0.0480805 =2
WO (y) =e 2(— 0371134 + 0.164948y)

Nitrogen ('*N)

WY (y) =e 2(11.6979 — 11.1409y + 2.67574y?)
W% (y) =0.0230079¢2¥(1.20986 + y)>

WOO(y) = 0.134532¢~24(0.707578 — y)?

W% (y) =0.0905048 =2

W% (y) =0.00126432 e

W (y) =0.0424075 e~

WO (y) =e 2(—1.02414 + 0.483267y)

W2 (y) =e 2(0.0534451 — 0.0755325y)

Oxygen (*¢0)

W%(y) =0.000032628¢2(395.084 — 200.042y + )2
W% (y) =0.000032628¢2(3.66055 — )2

W (y) =e2(—0.0471874 + 0.0367831y — 0.006646413> + 0.000032628y?)
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Fluorine (19F)

WP (y) =e 2(81. — 96.y + 36.9> — 4.7y + 0.19y1)

Wi (y) =e 2(100. — 130.y + 61.y* — 11.y3 + 0.73y%)

WiP(y) =e 2(90. — 110.y + 48.y* — 7.5y> + 0.37y?)

W (y) =e 2(90. — 110.y + 48.y* — 7.5y> + 0.37y?)

WP (y) =e (0,903 — 2.37y + 2.35y* — 1.05y° + 0.175y")

Wk (y) = e 2¢(0.000303 — 0.00107y + 0.00114y? — 0.000348y* + 0.0000320y*)
Wi (y) =e (—0.0166 + 0.0509y — 0.0510y> + 0.0199y* — 0.00237y*)
Wi (y) =e (—0.0166 + 0.0509y — 0.0510y> + 0.0199y* — 0.00237y*)
W(y) =e ?(1.81 — 4.85y + 4.88y° — 2.18y* + 0.364y")

Wor(y)  =e 2(0.000607 — 0.00136y + 0.000266y> + 0.000550y° +
0.0000997y*)

()
W (y) =e~2(0251 — 0.0800y + 0.0160y2)
W2(y) =e~2(0.0335711 — 0.0201y + 0.00401y2)
Wan(y) =e2(0.0181 — 0.0145y + 0.00290y2)

W(y) =e2(—0.0331 + 0.0815y — 0.0511y> — 0.00142y> + 0.00602y*)
W2 (y) =e 2(—0.0331 + 0.0815y — 0.0511y% — 0.00142* + 0.00602y")
W2 (y) = e 2(0.0392 — 0.0314y + 0.00627y%)
Wre(y) = e 2(0.255 — 0.204y + 0.0408y?)
W22 (y) =e (100 — 0.0800y + 0.01603%)

(

(

(

WP (y) = e 2(—0.0213 + 0.0170y — 0.00341y?)
W2 (y) = e~2(—0.0213 + 0.0170y — 0.00341y?)
WP (y) =e2(— 178 + L77y — 0.509y* + 0.0347°)
W (y) =e~2(—5.05 + 539y — 178y + 0.172°)
WP a(y) =e (—1.98 + 2.11y — 0.697y* + 0.0675y°)
W (y) =e (=455 + 4.51y — 1.30y> + 0.0884y")
WP (y) =e2(—0.213 + 0371y — 0.210y% + 0.0382y°)

SPA(?/) =e %(—0.00331 + 0.00503y — 0.000138y* + 0.000537y>)
W;?A(y) =e 2(0.00390 — 0.00592y + 0.000163y*> + 0.000632y>)
WP (y) =e~2(0.181 — 0.315y + 0.178y% — 0.0325y?)
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Neon (*°Ne)

W (y) =0.0431723¢2Y(13.5766 — 9.05108y + y?)?

W% (y) =0.00348077e~2¢(2.50001 — y)?

W . (y) =e 2(—0.416077 + 0.443815y — 0.1416y> + 0.0122586y)

Magnesium (**Mg)

W(y) =0.123467e~2(9.63385 — 7.49299y + )2

W% (y) =0.0260816¢ (2.5 — y)’

W]?fqy/(y) =e 2(—1.36673 + 1.6097y — 0.567072y* + 0.056747y>)
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Sodium (**Na)

W (y) =e~2(42.0965 — 63.4498y + 32.5913y2 — 6.57878y3 + 0.483166y*)
Wil(y) =e2(0.0795776 — 0.212207y + 0.182041y> — 0.0543892y° +
0.00523012y*)
Wi(y) =e=2(—1.83028 + 3.81972y — 2.50445y2 + 0.597822y3 — 0.04545y%)
WO (y) =e2(—1.83028 + 3.81972y — 2.50445y* + 0.597822y3 — 0.04545y*)
W9 (y) =e (00126672 — 0.0262533y + 0.0401886y> — 0.010514y° +
0.00078605y*)
W (y) =e 2(0.00917577 — 0.0167053y + 0.0332751y> — 0.00765719y" +
0.000597676y%)
WY (y) =e 2(0.0107811 — 0.020986y + 0.0360971y> — 0.00876213y® +
0.000626718y%)
W% (y) =e2(0.0107811 — 0.020986y + 0.0360971y> — 0.00876213y" +
0.000626718y4)
WO(y) =e2(0.0253345 — 0.0750847y + 0.100235y> — 0.0384261y% +
0.00466396y*)
Wii(y) =e 2(0.0183515 — 0.0567009y + 0.0887794y> — 0.0374699y> +
0.00477955y%)
W(y) =e2(0.0215622 — 0.0652627y + 0.0941439y> — 0.0379511y% +
0.00472138y*)
WO(y) =e2(0.0215622 — 0.0652627y + 0.0941439y> — 0.03795113% +
0.00472138y*)
W ( ) =e~2(0.612149 — 0.49308y + 0.107832y?)

) =e~2(0.00940911 — 0.00747826y + 0.00163204y?)
W;B y) =e 2(—0.075893 + 0.060682y — 0.0110124y2)

) =e2(—0.075893 + 0.060682y — 0.0110124y2)

=e

—e
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W2 (y) =e2(0.000495589 — 0.00010394y + 0.00000544981y?)
W (y) = e 2(0.00000616583 + 0.00008381y + 0.0002848y?)
W (y) = e 2(—0.0000552785 — 0.000369894y + 0.0000393968y?)
W (y) =e2(—0.0000552785 — 0.000369894y + 0.0000393968y°)
WP(y) =e~2(0.0335711 — 0.0268568y + 0.00656896y2)
Wil(y) =e=2(0.00772326 — 0.00617861y + 0.0021619y2)
W1(y) =e=24(0.0161021 — 0.0128817y + 0.00362952y2)
WO(y) =e2(0.0161021 — 0.0128817y + 0.00362952y2)
W, (y) =e 2(—5.07498 + 5.86765y — 2.09908y + 0.226345y%)
WH L (y) =e 2(—0.0273574 + 0.0474719y — 0.0213121y + 0.00280825y%)
W (y) =e 2(0.220651 — 0.382932y + 0.17682y> — 0.0226015y%)
WO (y) =e 2(0.62922 — 0.727336y + 0.243236y> — 0.0210943y%)
W9 (y) =e2(—0.0291634 + 0.0548817y — 0.0305345y> + 0.00476387y?)
W (y) =e 2(—0.0119052 + 0.0231539y — 0.0164035y> + 0.00310235y?)
WY (y) =e 2(—0.024821 + 0.0482732y — 0.02884y> + 0.00481368y%)

() (-

= e 2y

0.013988 + 0.0263236y — 0.0171362y* + 0.00306717y?)
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Aluminium (*"Al)

W¥(y) =e 2(87.0146 — 146.097y + 83.5367y* — 18.5981y> + 1.43446y*)
Wil(y) =e2(0.119366 — 0.31831y + 0.337291y* — 0.132526y> + 0.018155y*

_ 2y

(y) (
(v) (
Wi(y) = e 2(—3.22283 + 7.00266y — 4.92756y> + 1.33587y* — 0.11524y"
(y) =e(

)
)
—3.22283 + 7.00266y — 4.92756y2 + 1.33587y° — 0.11524y%)
W (y) =e2(0.0309465 — 0.0367242y + 0.0265347y> — 0.00241606y° +
0.0110011y*)
W (y) =e2(0.0218834 — 0.00944476y + 0.011506y% + 0.000953537y* +
0.0104813y*)
W (y) =e 2(0.0260233 — 0.0210567y + 0.0158643y> + 0.000606077y +
0.0105713y*)
W2 (y) =e 2(0.0260233 — 0.0210567y + 0.0158643y> + 0.000606077y> +
0.0105713y*)
W%y) =e 2(0.0618929 — 0.210848y + 0.244466y> — 0.0942682y> +
0.0243737y*)
Wi(y) =e 2(0.0437667 — 0.165622y + 0.221193y> — 0.101991y° +
0.0277477y*)
Wiy) =e2(0.0520466 — 0.18713y + 0.233007y> — 0.0985082y> +
0.0259327y/*)
Wo(y) =e 2(0.0520466 — 0.18713y + 0.233007y> — 0.0985082y +
0.0259327y*)

W9 (y) =e2(2.80498 — 2.24306y + 0.455491y?)

Wi(y) =e /(0021493 — 0.0156159y + 0.00596886y2)
W9 (y) =e2(—0.180417 + 0.137389y — 0.0239615y%)
WO (y) =e~2(—0.180417 + 0.137389y — 0.0239615y2)
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Xenon ('*®Xe)

WP (y) =e 2¥(2900. — 11000.y + 15000.y> — 11000y> + 4200y* — 950.y° +
120.y% — 7.8y" + 0.20¢%)

Wir(y) =e=2(5500. — 23000.y + 38000.y% — 32000.3° + 16000.y* — 4600.° +
790.y5 — 75.y7 + 3.3y® — 0.041y° + 0.00015y'%)

Wit (y) =e~2(4000. — 15000.y + 24000.y% — 19000.y* + 8300.y* — 2100.y° +
320.y° — 25.97 + 0.85y° — 0.0055y°)

WP (y) =e~2(4000. — 15000.y + 24000.y% — 19000.y* + 8300.y* — 2100.y° +
320.y° — 25.97 + 0.85y% — 0.0055y°)

W (y) =e 2(180. — 440.y + 410.9> — 180.5° + 42.5* — 4.9y° + 0.22y)
(y) =e W (44. — 140.y + 170.y% — 110.9° + 36.9* — 6.8y° + 0.74y% —

45//
0.042y™ + 0.00095y°)

Wii(y) =e (91, — 250.y + 270.y%> — 140.y° + 40.y* — 6.2y° + 0.48y° —
0.014y7)
Woi(y) =e (91, — 250.y + 270.y* — 140.y° + 40.y* — 6.2y° + 0.48y° —
0.014y")

W i(y) =e ?(—730. + 2200.y — 2500.y° + 1500.y° — 450.y" + 76.5° —
6.4y% + 0.21y")
W (y) =e ?(—490. + 1800.y — 2600.y> + 1900.y*> — 780.y* + 190.y° —

25.9% + 1.997 — 0.060y® + 0.00038y")

W (y) =e 2(—1000. 4+ 3300.y — 4200.y* + 2700.y* — 940.y* + 180.y° —
19.4% + 0.85y" — 0.0058y°)

WP (y) =e2(=360. + 1200.y — 1600.y> 4+ 1100.5° — 390.y* + 81.5° —
9.5y% + 0.57y" — 0.014y®)



87

Xenon ('*?Xe)

W (y) =e2%(2900. — 11000.y + 15000.y> — 10000y* + 3900y* — 840.y° +
98.45 — 5.6y7 + 0.12y%)
Win(y) =e=2(5600. — 24000.y + 39000.y> — 34000.y> + 17000.y* — 4900.3° +
850.y% — 82.y" + 3.9y — 0.065y° + 0.00034y'°)
Wir(y) =e 2 (4000. — 16000.y + 24000.y% — 19000.3> + 8200.y* — 2100.y° +
30045 — 23.y7 + 0.77y® — 0.0065y")
W (y) =e 2 (4000. — 16000.y + 24000.y% — 19000.3> + 8200.y* — 2100.y° +
30095 — 23.y7 + 0.77y® — 0.0065y")
W (y) =e(0.00021 — 0.0015y + 0.0043y> — 0.0063y® + 0.0049y* —
0.0020y° + 0.00042y5)

i (y) =e 2(0.25 — 0.84y + 1.4y* — 1.5y° + 0.94y* — 0.37y° + 0.089y° —
0.012y57 + 0.00076y°)
W (y) =e2(0.0072 — 0.038y + 0.082y* — 0.097y* + 0.068y* — 0.027y> +
0.0061y° — 0.00073y")
W (y) =e2(0.0072 — 0.038y + 0.082y* — 0.097y* + 0.068y* — 0.027y> +
0.0061y° — 0.00073y7)
W (y) =e*¥(0.00042 — 0.0019y + 0.0065y> — 0.012y° + 0.017y* — 0.012y> +
0.0041y° — 0.00063y7)
Wi (y) =e 2(0.49 — 3.3y + 8.8y* — 12.° + 9.8y* — 4.5y° + 1.2y° — 0.16y" +
0.010¢®)

WTP(y) = e 20(0.014 — 0.080y + 0.23y> — 0.41y* + 0.43y" — 0.24y> + 0.070y5 —

0.01057 + 0.00058y°)

WP (y) =e 2¢(0.014 — 0.080y + 0.23y* — 0.41y° 4 0.43y* — 0.24y° + 0.070y° —

0.01057 + 0.00058y°)

WP (y) = e 2(130. — 300.y + 280.4> — 130.4° + 30.4" — 3.55° + 0.164)
m(y) =e (120, — 360y + 440.47 — 2704° + 931 — 1847 + 1.9y5 —

0.10y" + 0.0021%®)

Wi (y) =e (120. — 330.y + 360.y° — 190.y° + 55.5* — 8.4y° + 0.64y° —

0.019y7)

Woi(y) =e (120. — 330.y + 360.y* — 190.y° + 55.y* — 8.4y° + 0.64y° —

0.019y7)
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W (y) =e 2(0.038 — 0.090y + 0.091y? — 0.048y> + 0.014y* — 0.0021y° +
0.00012y°)

Wnin(y) =e 29(0.00046 + 0.0038y + 0.0091y* + 0.0054y> — 0.00062y°)
WiF(y) =e2(—0.0041 — 0.012y + 0.012y* + 0.00056y> — 0.0032y* +
0.00062y°)

W' (y) =e2(—0.0041 — 0.012y + 0.012y* + 0.00056y> — 0.0032y* +
0.00062y°)

WP i (y) =e 2(—610. + 1800.y — 2100.y> + 1200.5* — 360.y" + 59.4° —
4.8y° + 0.14y")

wron L, (y) = e ?(—800. + 3000.y — 4300.y> + 3100.5° — 1300.y* + 310.y° —
42.9° + 3.1y7 — 0.10y® + 0.00085y°)

W (y) =e ?(—840. + 2800.y — 3500.y° + 2300.y> — 810.y* + 160.y° —
17.9° + 0.78y7 — 0.0074y®)

W2 (y) =e ?(—=580. + 2000.y — 2600.y> + 1700.y*> — 600.y* + 120.y° —
14.4% + 0.76y7 — 0.0144®)

W% (y) =e?(—0.0040 + 0.014y — 0.033y> + 0.040y° — 0.024y* +
0.0076y° — 0.0011y°%)

W (y) =e2(0.015 + 0.012y — 0.13y* + 0.11y* + 0.018y* — 0.030y° +
0.0050y° + 0.00051y" — 0.00012y)

W (y) =e ?(—=0.1440.61y — 1.1y° 4+ 0.95y® — 0.47y* + 0.13y> — 0.019y° +
0.0011y7)

WP (y) =e?(0.00044 + 0.00083y — 0.0010y> 4 0.0067y> — 0.00090y* —
0.0018y> + 0.00037y")
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WP (y) =e2¥(2900. — 11000.y + 15000.4% — 11000y® + 4100y* — 910.y° +

110.45 — 797 + 0.17¢%)

Wor(y) =e~2¥(5800. — 24000.y + 41000.52 — 36000.y% + 18000.y* — 5200.y° +

910.y% — 89.y" + 4.2y — 0.068y° + 0.00034y'°)

WT(y) =e2(4100. — 16000.y + 25000.52 — 19000.5 + 8600.5* — 2200.4° +

330.45 — 26.47 + 0.91y% — 0.00764°)

WP (y) = e 2(4100. — 16000.y + 25000.y% — 19000.4° + 8600.* — 2200.y° +

330.4°5 — 26.47 + 0.91y% — 0.0076y°)

WP (y) = e 29(150. — 370.y + 330.4% — 150.5° + 34.y* — 3.8y + 0.17y")
m(y) =e (100, — 320.y + 390.47 — 240.4° + 80.y" — 1547 + 1.7y5 —

0.094y7 + 0.0021y%)

Wii(y) =e (120. — 350.y + 370.y* — 190.y° + 54.y* — 8.2y° + 0.63y° —

0.019y7)

Wei(y) =e (120. — 350.y + 370.y% — 190.y° + 54.y* — 8.2y° + 0.63y° —

0.019y7)

Wfqu/, (y) =e 2(—670. + 2000.y — 2300.y* + 1300.y> — 400.y* + 65.y° —

5.49% + 0.17y")

W](L/;;//(y) =e 2(—760. + 2800.y — 4100.y* + 3000.y> — 1200.y* — 300.y° —

41.9% + 3.1y7 — 0.10y® + 0.00085y°)

W;[pqsu(y) =e 2(—940. + 3100.y — 4000.5% + 2500.y% — 900.y* + 180.y° —

1845 + 0.84y" — 0.00755%)

WJZ\ZSN (y) =e 2(—540. + 1800.y — 2400.y> + 1600.> — 580.y* + 120.y° —

14.4% + 0.81y7 — 0.019y®)
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WP (y) =e 2¥(2900. — 11000.y + 15000.y> — 10000y> + 3800y* — 810.y° +

92.95 — 5.1y" + 0.11y®)

Wir(y) =e=2(5900. — 25000.y + 43000.y% — 37000.3° + 19000.y* — 5500.° +

980.y5 — 97.y7 + 4.99% — 0.096y° + 0.00061y%)

Wit (y) =e~%(4200. — 16000.y + 25000.y% — 20000.y> + 8600.y* — 2200.y° +

310.y° — 24.97 + 0.83y® — 0.0082y°)

W (y) =e 2(4200. — 16000.y + 25000.y% — 20000.y* + 8600.y* — 2200.y° +

310.y° — 24.97 + 0.83y® — 0.0082y°)

WP (y) =e 2(0.00013y* — 0.00062y* + 0.00088y* — 0.00053y> + 0.00015y°)
wh(y) =e (0.088 4 0.30y — 0.23y* — 0.47y° + 1.2y" — 1.1y° + 0.44y° —

0.086y" + 0.0067y®)

Wt (y) = e 2(0.0023 + 0.0032y — 0.011y* — 0.00077y* 4 0.019y* — 0.018y° +

0.0066y% — 0.0011%7)

Wi (y) = e 2(0.0023 + 0.0032y — 0.011y* — 0.00077y* 4 0.019y* — 0.018y° +

0.0066y% — 0.0011y7)

W¥(y) =e ¥(0.00012 — 0.00089y + 0.0015y> + 0.0015y> — 0.00069y" —

0.0012° + 0.00080y° — 0.00016y7)

We(y) =e 2(0.18 — 1.6y + 5.8y* — 9.7y® + 9.1y* — 4.9y° 4+ 1495 — 0.21y" +

0.012y®)

W (y) =e2(0.0045 — 0.039y + 0.095y> — 0.038y* — 0.077y* + 0.087y> —

0.035y° + 0.0059y" — 0.00035¢°)

WP (y) =e 2(0.0045 — 0.039y + 0.095y> — 0.038y* — 0.077y* + 0.087y> —

0.035y5 4+ 0.0059y” — 0.00035%°)

Wii(y) =e (130. — 300.y + 280.y> — 130.y° + 30.y* — 3.5y° + 0.16y°)
mi(y) =e 2(120. — 360.y + 440.y> — 270.y% + 93.y* — 184" + 1.9y° —

0.10y" + 0.0021y®)

Wii(y) =e (120. — 330.y + 360.y> — 190.5° + 55.y* — 8.4y° + 0.64y° —

0.019y7)

Woi(y) =e (120, — 330.y + 360.y° — 190.5° + 55.y* — 8.4° + 0.64y° —

0.019y7)
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W (y) =e 22(0.022 — 0.054y + 0.053y> — 0.026¢> + 0.0071y* — 0.00098y°> +
0.00012y°)

Wnr(y) =e 29(0.56 — 1.4y + 1.8y% — 1.3y° + 0.51y* — 0.11y° + 0.0097y5 —
0.00015y7)

Wi(y) =e 2(0.11 — 0.28y + 0.31y> — 0.19y® + 0.062y* — 0.010y° +
0.00073y°)

W' (y) =e 2(0.11 — 0.28y + 0.31y> — 0.19y® + 0.062y* — 0.010y° +
0.00073y5)

W i(y) =e (=550 + 1700.y — 1900.y> + 1100.y* — 320.y* + 51.y° —
4.0y° + 0.11y")

W, (y) = e 2(—1100. 4 4100.y — 5900.y + 4400.y* — 1800.y* 4 440.° —
61.9° + 4.5y7 — 0.16y® + 0.0015y°)

W (y) =e 2(—=T790. + 2600.y — 3400.y° + 2200.y* — 770.y* + 150.5° —
16.4° + 0.77y" — 0.0086y°)

WP (y) =e 2(—=T770. + 2600.y — 3400.y° + 2200.y> — 790.y* + 160.y° —
17.4% + 0.96y7 — 0.021%%)

WY (y) =e(0.0016 — 0.0081y + 0.0047y> + 0.0049y*> — 0.0061y* +
0.0023y° — 0.00039y%)

Wt (y) =e (0.31 — 1.9y + 3.8y> — 4.1y> + 2.5y" — 0.87y° + 0.15y° —
0.011y")

W (y) =e(0.063 — 0.3y + 0.72y> — 0.68y> + 0.35y" — 0.098y° +
0.014y5 — 0.00077y")

WP (y) =e ?(0.0080 — 0.041y + 0.027y* + 0.020y* — 0.038y* + 0.020y° —
0.0042y° + 0.00032y")
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W(y) =e2(2900. — 11000.y + 15000.4% — 10000y + 4000y* — 880.4° +
110.y% — 6.4y" + 0.15¢%)
Win(y) = e2(6100. — 26000.y + 44000.52 — 39000.4° -+ 20000.* — 5900.4° +
1000.45 — 100.57 + 5.3y® — 0.099y° + 0.00061y'0)
WP (y) = e2(4200. — 17000.y + 26000.52 — 20000.5 + 9000.5* — 2300.y° +
34045 — 2747 + 0.98y° — 0.0095°)
W (y) = e~29(4100. — 16000.y + 25000.4% — 19000.5% + 8600.4* — 2200.4° +
33045 — 2647 + 0.91y% — 0.0076y°)
W (y) = e 25(6100. — 26000.y + 44000y — 39000.4° + 20000.* — 5900.4° +
1000.4° — 100.47 + 5.3y° — 0.099° + 0.00061y0)

m(y) =e (180, — 570y + 700.y7 — 4304° + 140.y* — 27.4° + 345 —
0.17y" + 0.0038y®)
Wii(y) =e ?(150. — 430.y + 460.y* — 240.y° + 67.y* — 10.9° + 0.77y° —
0.023y7)
Woi(y) =e (150, — 430.y + 460.y> — 240.y° + 67.y* — 10.9° + 0.77y° —
0.023y")
Wfquu(y) =e %(—620. + 1900.y — 2100.y% + 1200.3° — 360.y* + 59.y5 —
4.7y% + 0.14y")
W]T\Z;//(y> :6_2y( —1000. + 3900.y — 5700.y 4 4200.y> — 1700.y* — 420.7° —
59.45 + 4.5y7 — 0.16y° + 0.00155°)
W™ (y) =e2(—900. + 3000y — 3800.4% + 2500.5° — 880.y" + 170.4° —
18.4% + 0.85y7 — 0.00924°)
Wf/};u(y) :6_2y(— 720. + 2400.y — 3200.y% + 2100.3° — 760.y* + 160.y° —
1845 + Ly7 — 0.0245%)
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W (y) =e2%(2900. — 11000.y + 15000.y> — 10000y* + 3700y* — 770.y° +
85.4° — 4.5y7 + 0.098y% — 0.00028y")
Win(y) =e=29(6400. — 28000.y + 48000.y% — 43000.y> + 22000.y* — 6600.3° +
1200.4% — 120.y" + 6.6y® — 0.15y° + 0.0012y'°)
Wir(y) =e 2(4300. — 17000.y + 27000.y% — 21000.3> + 9200.y* — 2300.y° +
340.y5 — 26.y7 + 0.93y® — 0.0119°)
W (y) =e 2(4300. — 17000.y + 27000.y% — 21000.3> + 9200.y* — 2300.y° +
340.y% — 26.y" + 0.93y® — 0.011y°)
Wii(y) =e 2(80. — 190.y + 180.y> — 774> + 17.9* — 1.9y° + 0.085y° —
0.00064y")

mr(y) = e 2(380. — 1200.y + 1500.y* — 910.y* + 310.y* — 59.4° + 6.3y° —
0.35y" + 0.0075y®)
Wi (y) =e ?(180. — 490.y + 520.y* — 270.y° + 75.y* — 11.9° + 0.85y° —
0.026y7)
Woi(y) =e (180, — 490.y + 520.y° — 270.5° + 75.y* — 11.9° + 0.85y° —
0.026y7)
WP i (y) =e ?(—480. + 1500.y — 1700.y> + 920.y* — 270.y" + 41.9° —
3.1y% + 0.094y" — 0.00047%%)
won L, (y) = e ?(—1600. + 5900.y — 8700.y* 4 6500.y° — 2700.y* — 660.y° —
92.94% + 7.1y7 — 0.263° + 0.0030%°)
W (y) =e ?(—=T720. + 2400.y — 3100.y° + 2000.y> — 720.y* + 140.y° —
15.9% + 0.75y7 — 0.012y%)
WP (y) =e (= 1100. 4 3600.y — 4700.y> + 3000.y* — 1100.y* + 210.° —
23.y% + 1.3y" — 0.027y")
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WP (y) =e 2¥(2900. — 11000.y + 15000.y> — 10000y> + 3700y* — 770.y° +
85.9° — 4.5y7 + 0.097y® — 0.000283")

Wir(y) =e~2(6700. — 30000.y + 51000.y% — 46000.3° + 24000.y* — 7300.° +
1300.9° — 140.y" + 7.6y% — 0.17y° + 0.0014y'°)

Wit (y) =e~%(4400. — 18000.y + 28000.y% — 22000.y> + 9700.y* — 2500.y° +
360.y° — 28.y" + 1.0® — 0.012°)

W (y) =e~2(4400. — 18000.y + 28000.y% — 22000.y* + 9700.y* — 2500.y° +
360.y° — 28.y" + 1.0® — 0.012°)

W (y) =e (81 — 200.y + 180.y> — 78.4° + 17.y* — 1.95° + 0.088y° —
0.00065y7)

™ (y) =e (400 — 1200.y + 1600.52 — 910.4% + 320.y* — 62.4° + 6.7y —

0.38y" + 0.0085y°)

Wi (y) =e (180. — 510.y + 540.y* — 280.y° + 78.y* — 12.9° + 0.90y° —
0.028y7 + 0.00011¢y8)

Woi(y) =e (180, — 510.y + 540.y° — 280.5° + 78.y* — 12.9° + 0.90y° —
0.028y7 + 0.00011¢y")

WP (y) =e ?(—490. + 1500.y — 1700.y> + 930.y° — 270.y" + 42.9° —
3.2y% + 0.095y7 — 0.000483°)

won L, (y) = e ?¥(—1600. + 6200.y — 9200.y* 4+ 6900.y* — 2900.y* — 710.y° —
100.y5 + 7.8y — 0.29y% + 0.0034y°)

WP (y) =e ?(—T740. + 2500.y — 3300.y° + 2100.y*> — 760.y* + 150.5° —
16.y% + 0.82y7 — 0.013y®)

WP (y) = e 2(—1100. 4 3700.y — 4800.y* + 3100.5* — 1100.y* + 220.° —

24.4% + 1.3y" — 0.029y8)



Experimental likelihoods and upper

limits
The likelihood-ratio test is defined as
) . 7]\/'sig;
A(my, N%) = ~2log Lelmy, N¥) | (B.1)
Es,min <mX7 SSIg)

where L. (m,, N8) is the experimental likelihood of the signal + background

£

hypothesis and L. min (M, N'8) is the minimum of the likelihood function after

varying over all parameters. According to Wilks’ theorem [154], A (m,, N&&)
asymptotically converges to a y?—distribution, where the significance and de-
grees of freedom define the difference in dimensionality between £, and L. jin.
In this work, we consider the experiments XENONIT [24], PICO-60 [25, 26]
and IceCube [13]. The degrees of freedom of the y? for the single experiment
upper limits of XENONI1T, PICO-60 (first bin) and IceCube, and their com-
bination of limits is one. In this case, the 90% C.L. upper limit condition
is

2log [[,E,mm (mx, Nsig)] — 2log [,ce (mx, Nsig)] = 2.71. (B.2)

3 3

Since there are no observed events for PICO-60 (second bin), L., is zero for
all dark matter masses. In this case, the degrees of freedom are two, and the

condition for the 90% C.L. single-experiment upper limits reads

€

—2log [CE (mx, Nsig)} = 4.6. (B.3)

Since the likelihoods of the experiments depend on several parameters and are

complicated to reproduce, we consider the poissonian likelihood
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Experiment INPbs | pyback

XENONIT 14 | 7.36
PICO-60 (first bin)| 3 | 1
PICO-60 (second

bin) 0 0
IceCube 926 | 931
DeepCore 427 | 414

Table B.1: Number of observed and background events for the considered
experiments.

. Nobs
i Nslg + NebaCk : _(NSig back
L. (N;bSyNglg + Nfack) = ( oo ) e~ (N +N=t) (B.4)

with the number of predicted signal N*€, observed N2> and background NPack
events.

Taking the logarithm of the likelihood for a given set of n experiments,

Etot = H ‘Cz-:a (B5>

e=1

and multiplying by — 2, we get

—210g [‘Ctot} = 9 Zn: [NESig + Ngback - N;bs log (N;ig 4 N;Da()k) + 10g (N;bﬂ)} .
e=1
(B.6)

The numbers of observed and background events for each experiment we take

into account are given in Tab. B.1.



The solar composition and its
impact on the dark matter capture

In this Appendix, we investigate the link between the operator, target prop-
erties and the orientation of the allowed parameter space. For demonstration,
we choose the solar interior as target. Due to its composition, it can be seen
as multiple target experiment and allows an investigation of multiple targets
with different properties at the same time.

In the first section, we comment on the commonly used model of the solar
interior, AGSS09ph [155], and list the element’s properties that are important
for the eccentricity of the allowed parameter space. In the second section,
we present the allowed parameter space, capture rates and differential cross-
sections for the most important elements for each operator and interpret the

outcome.

C.1 The solar model AGSS09ph

In the solar model AGSS09ph [155], Serenelli et al. divide the Sun in shells.
The width of each shell is 0.00150 R. Here, R denotes the solar radius for
which they assume 6.9598 x 10'% cm. Further, AGSS09ph provides informa-
tion about the total mass fraction, temperature, density, pressure, luminosity
fraction and the mass fraction of the contained elements for each shell. The el-

ements appearing in AGSS09ph and their relevant nuclear properties are listed
in Tab. C.1.
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Element| N, | N,,| J | oy, ay Nuclear shell P n

'H 1 |0 |1/2/0.75144  [0.92661  |1sy/ X |
"He |2 |1 |1/2/1.003x107%4.123x107° sy RN
‘He |2 |2 |0 0.23484  |0.07240 | 1sy9 AR
2¢ 6 |6 |0 |2.355x107%0.00024  |1sy/21ps)s NV
BC 16 |7 |1/22.782x107° 2.639x 1075 Lsy/o1pssa (1p12) NV X
UN 707 |1 ]6.959x107%6.129x107°| 151 /21p3/a1p1 2 T Xt X
15N 7 |8 |1/2]2.695x1075 2.215x1077| Ls1/21p3/21p1 /2 T X |tV
O 18 |8 |0 [5.779x1073/0.00045 | 1s1/21psselpije TN
70 |8 |9 |5/2|2.862x107° 2.076x 1077 s1/21ps/21pyj2 (1ds2) N X
B0 |8 [10|0 |1.631x107° L117x107% Ls1/21psjalpyja (1ds2) NV X
“Ne |10 |10 |0 |1.281x1073|7.898x107°| 181 /91ps/21p1/21ds /o U SRR ¢
Na |11 [12]3/2]3.049x107°1.635x 107 151 0 1p3/o1p1 j21ds o X |1 X
Mg |12 120 |7.384x10743.794x107°| 181 /9 1ps/21p1 2 1ds o X 1L X
TAL |13 |14 |5/2]5.803x107°(2.650x 107 11 9 1p3 /2 1p1 2 1ds /o XNV
G114 |14 |0 [6.935x10743.054x107° 18y o 1p3 o 1p1 j21ds 2251 /2 XX
P 15 |16 | 1/2]6.076x 1076 2.417x1077| 18y /o 1ps o 1p1 j21ds 2251 /2 T XNV
329 16 [16 |0 |3.226x 1074 1.243x107°| 15y /2132 1p1 /2 1d5 /2251 2 NVt
¥Cl |17 |18 |3/2|8.555x 1070 3.014x1077| 181 jo1ps olpy jolds 2251 21d3 0| T X | 1L X
YK 11920 |3/2/3.197x107 1.011x 1077 181 /91ps o 1p1 jolds o281 /01d32| T X | 1L v
PAr 18]22 10 16.958x107°|2.145x1075 .. 1ds 22s1/21ds )2 (1f7)2) tLX ML X
“Ca 2020 |0 |6.691x107° 2.063x 1075 Lsy jo1ps/21pi 2ldsa2si2ldss| TL v |1V
BSc |21 |24 |7/2]|4.846x 107 1.328x1079|...1d59251/21d3/91 f7/9 T X Tl X
®Ti 22126 |0 |3.256x107° 8.365x1078...1d52251/21d5/21 f7 /o XX
'V (23 128(7/2(3.309%1077 8.001x107° ... 1ds5 /2251 /21d3/21 f7 )2 T XNV
Cr |24(28 |0 |1.732x107° 4.107x1077|...1d5 /2251 21d3 01 f1/2 MNX NV
Mn |25 (30 |5/2]1.128x 107> 2.529x 1077 ...1d5/2251/21d3/21 f7/2 (2]93/2 X 1 X
Fe 126 (30 |0 |1.348x10732.968x107°|...1d5/225121d3/21 f7/9 <2p3/2 TLX |t X
Ni |28 (30 |0 |7.433x107°1.580x 1076 ...1d5 22512 1d3/21 f7 /9 <2p3/2 vt X
¥Co |27 (32 |7/2/4.395x1076 9.186x 1078 ...1d5 2251 /21d3/21 f7/2 (2])3/2) T XMV

Table C.1: In this table, we list all elements contained in the AGSS09ph together with
the corresponding number of protons (neutrons) N, (N,), nuclear spin J, mass (number)
density ., (an), and the nuclear shells which the protons and neutrons occupy. Notice that
the latter needs to be treated independently for protons and neutrons. Some of the elements
have enough neutrons so that they occupy an additional shell compared to the protons.
Those shells are given in brackets. Further we specify the properties for each element for the
protons and neutrons having an unpaired nucleon “1” or only paired nucleons “t]”. If the
element’s most outer shell is (not) fully occupied, we mark this with a cross (tick). Some of
the rows are shaded in gray. This marks the elements for which no form factor is provided.
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C.2 Interpretation of the allowed parameter

space

In order to investigate the impact of different elements on the coupling con-
straints, we present three sets of plots for each interaction operator in this

section, in which we show the

(1) ¢ — c-parameter space (Figs. C.1, C.4, C.7, C.10, C.13, C.16, C.19,
C.22, C.25, C.28, C.31, C.34, C.37 and C.40),

(2) capture rate versus dark matter mass (Figs. C.2, C.5, C.8, C.11,
C.14, C.17, C.20, C.23, C.26, C.29, C.32, C.35, C.38 and C.41),

(3) differential cross-section versus recoil energy Figs. C.3, C.6, C.9,
C.12, C.15, C.18, C.21, C.24, C.27, C.30, C.33, C.36, C.39, C.42.

Before we deal with the specifics of the plots for each operator, we explain

the plots and give conclusions applicable for all operators in advance:

(1) &#-c'-parameter space

For the plots displaying the allowed parameter space, we show the parameter
space spanned by ¢! and ¢. The parameter space allowed by IceCube data
[13] is depicted as black region, whereas the allowed parameter space for a
single isotope is presented as colored region. As will become apparent in the
next subsections, the elements we choose are not the same in every plot, since
we show the elements that make the most important contribution to the dark
matter capture rate for each operator. To create the plots, we assume m, =1
TeV. While the horizontal and vertical black lines are the axes in the -l

basis, the diagonal blue lines are the axes in the ?-¢} basis. The results can

be transformed into one another using Eq. (3.10).

(2) Capture rate versus dark matter mass

For the presentation of a plot of type (1), we have to assume one specific

dark matter mass. In order to get an idea of how the importance of the
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elements changes with the dark matter mass, we also show how the capture
rate depends on m, for the most important elements for each operator. The
presented elements correspond to the ones in the related plots of type (1). In
the left (right) panel, we assume that only the coupling ¢? (c}) for the single
operator O; is non-zero. The vertical dashed line indicates m, =1 TeV which

fits the case presented in plots of type (1).

(3) Differential cross-section versus recoil energy

In the upper (lower) panel of the figure, we present the results assuming a
scattering in the center (on the surface) of the Sun. For the left (middle)
[right] panel, we assume the asymptotic dark matter velocity v = 0 (200)
[400] km/s. Each of the plots shows colored lines for the relevant elements of
the corresponding operator, matching the ones in the plots of type (1) and (2).
Note that the thick solid line indicates the range of possible recoil energies for
the respective element. The dashed line, on the other hand, shows the general
behavior of the curve, however, these recoil energies are not possible for the
chosen scattering position and asymptotic dark matter velocity.

The lower limit of the possible recoil energy range comes from the fact that
the dark matter particle needs to lose a certain amount of energy such that it
can get bound to the Sun. The asymptotic energy of the dark matter particle

is

1
Easym = meUQa (C.1)
and its energy at distance r to the Sun’s center is

1

E(r) = imxw(r)z, (C.2)
where w(r) = v* + vee(r)%. Dark matter particles with an energy at the
scattering position 7 up to F,; = %mxvgsc can be bound to the Sun. In the

special case of v = 0, E,; coincides with Eq. (C.2), i.e. no energy transfer is
required to get captured. For plot type (3) this means the lower recoil energy
limit in the left panel is 0. For the middle and right panel, we consider v = 200
and 400 km/s, respectively, i.e. taking Eq. (C.1) into account, we expect the
lower recoil energy limit to be larger in the middle than in the left, and largest

in the right panel.
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The upper limit on the possible recoil energies E™** is of kinematic nature.

Applying energy and momentum conservation, we obtain

Emax — ;Bmxw(r)Q, (C.3)
with

2mamy
(Mma + my)?

B = (C.4)

Note that the dark matter particles can only be captured after a single scat-
tering if E™* > E,q . We see in the related plots that this is sometimes not

fulfilled anymore for high asymptotic velocities.
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Operator O,

The only interaction that is sensitive to the M-response, and velocity and
momentum independent is the one caused by @1, the widely known standard

spin-independent interaction.
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Figure C.1: Allowed parameter space spanned by ¢} and ¢} for all elements
(black) and for the most important nuclei 'H, *Fe, °0, **Ne and *He (see
legend) for m, = 1 TeV.

Using Eq. (3.34), one can very well forecast the eccentricity of the allowed
parameter spaces for each kind of nucleus in Fig. C.1, where we show the
allowed parameter space for the five most important elements contributing
in O;-interactions, which are 'H, *He °0, %Ne, and “°Fe for m, = 1TeV.
While the slope of 'H is infinite, which means that the strip is aligned with
the cJ-axis, the isoscalar elements “He %0 and *°Ne have the slope —1 and
their corresponding strips are aligned with the ci-axis. The absolute of the

slope of the allowed parameter space for *°Fe is slightly smaller than the one
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Figure C.2: Dark matter capture rate C' versus mass m,, for all elements (black)
and the most important elements (see legend), assuming ¢] = 1. Left panel:
Only ¥ is non-zero, right panel: Only ci is non-zero. The dashed vertical line
indicates the dark matter mass (1 TeV) assumed in the corresponding plots of

type (1).

for isoscalar elements. For this reason, its orientation is similar to the one of
isoscalar elements, though slightly rotated counter-clockwise. As mentioned in
the previous part, the M-response favors elements with a high nuclear mass
number A, such as *°Fe. However the most constraining element for the neu-
tron component is '°0 and for the proton component it is 'H. This can be
explained by the huge amount of '®0O and especially 'H in the Sun, compared
o *°Fe.

The importance of the different elements in the whole mass range between
20 GeV and 10 TeV can be seen in Fig. C.2. For m, < 100 GeV the relevance

of the elements changes, such that the strongest constraint on the neutron

component no longer comes from '°0, but from the lighter element *He.
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Figure C.3: Differential dark matter-nucleon cross-section do,. y/dEr X
squared dark matter velocity w? against recoil energy Ep for operator 1, m,
= 1 TeV and the most important elements (see legend). Upper panels (lower
panels): Scattering point in the center (on the surface) of the Sun, left panels
(middle panels) [right panels]: Asymptotic dark matter velocity v = 0 (200)
[400] km/s. Solid (dashed): Possible (Impossible) range of recoil energies.

Operator O,

The relevant responses for operator Oy are ¢ with ¢*-suppression, and Y’
with ¢*- and (V%f-suppression. As we see in section A, the @-response prefers
heavy elements with orbits that are not fully occupied. The heaviest elements
contained in the Sun (see Tab. C.1) do all fulfill this requirement. However,
only *°Fe is present in the Sun at a sufficient amount to significantly contribute
to constrain the allowed c§-c§-parameter space as we show in Fig. C.4. Further
we can see that an important contribution comes from the isoscalar elements
28Gi and *2S. While it is clear that these bands are aligned with the isovector
axis due to their isoscalarness, it might be counter-intuitive that **Si is more
constraining than *?S from the ¢”-response point of view, since it is lighter and
only has fully occupied orbits. However, this can be explained by the higher
amount of 2*Si contained in the Sun compared to **S. Number four of the most
important elements is “*Ar which does not anymore take part in constraining
the allowed parameter space considering all elements.

In Fig. C.5, we again show the capture rate for the mass range between 20
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Figure C.4: Allowed parameter space spanned by 5 and c} for all elements
(black) and for the most important nuclei *°Fe, “°Ar, *Si and **S (see legend).

GeV and 10 TeV. As we also show in Fig. C.4 the most important elements
are 2°Si and *°Fe, this is confirmed by the corresponding plot for the capture

rate for m, < 110 GeV, Fe alone constrains the parameter space.
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Figure C.5: Dark matter capture rate C versus mass m,, for all elements (black)
and the most important elements (see legend), assuming ¢ = 1. Left panel:
Only ¢§ is non-zero, right panel: Only c} is non-zero. The dashed vertical line
indicates the dark matter mass (1 TeV) assumed in the corresponding ellipse
plot.
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Figure C.6: Differential dark matter-nucleon cross-section do,, s /dEr X
squared dark matter velocity w? against recoil energy Eg for operator 3 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity v = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.

Operator O,

Similar to operator @1, operator O, describes a special case among the 14 ef-

fective operators: A linear combination of the corresponding responses X" and
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Y results is the widely known standard spin-dependent interaction. Also this
operator does neither depend on the velocity nor on the momentum transfer.
As already described in section A the two X-responses are sensitive to un-
paired protons or neutrons. As we show in Fig. C.7, the four most important
elements fulfilling this requirement are *H, "N, *He and *"Al for m, = 1TeV.
The different alignments can be understood quite easily: The "H-strip and the
allowed parameter space for 2Al are aligned with the ¢} axis, since they have
one unpaired proton and can therefore not at all or at most badly constrain
%, whereas the allowed parameter space for *He is aligned with the cf-axis,
since it has one unpaired neutron and can therefore badly constrain ¢§. The
fourth element, N, is quite special, since it has one unpaired proton and one
unpaired neutron, and it is isoscalar. The latter property causes the alignment
with the isovector axis. The most constraining element for the proton com-
ponent is 'H due to its alignment and higher abundance in the Sun compared
to 2"Al. The strongest constraint for the neutron component comes from N,

which is slightly more abundant in the Sun than *He.

Although the capture rates for the dark matter mass range between 20 GeV
and 10 TeV in Fig. C.8 show that the sizes of the ellipses would change for
different masses compared to m, = 1TeV, the two most constraining elements

however will remain 'H and ™N.
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Figure C.7: Allowed parameter space spanned by ¢ and ¢} for all elements
(black) and for the most important nuclei 'H, N, *He and ?"Al (see legend)
for m, =1 TeV.

Operator Os

Contributing responses to interactions involving operator Oy are the A-response
suppressed by ¢* and the M-response suppressed by ¢* and (V%)Z. The four
most abundant elements in the Sun fulfilling the A-response requirement of
having a non-s-shell unpaired proton or neutron are **N, which has even an
unpaired proton and an unpaired neutron, 2’Al, "*C and **Na, having an un-
paired proton. In Fig. C.10 we confirm that N and *"Al are indeed the two
elements constraining the black ellipse. **Na appears as important contribu-
tion as well. According to the forecast, also **C should be present in the figure.
The reason why it is not is that the form factors for **C are not provided in

[144] and therefore it was not possible for us to generate the allowed parameter
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tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u
(dashed): Possible (Impossible) range of recoil energies.
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Due to the velocity and momentum suppression, the M-response does not

significantly contribute compared to the A-response, which can also be seen

in Fig. C.10.
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The plots for the capture rates for m, = 1 TeV in Fig. C.11 fit the
results of Fig. C.10. We also see that the order of the relevant nuclei remains

unchanged considering different dark matter masses.
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Figure C.10: Allowed parameter space spanned by cf and c; for all elements
(black) and for the most important nuclei "Al, **Na and "N (see legend).
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Figure C.11: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢ = 1. Left
panel: Only 2 is non-zero, right panel: Only ct is non-zero. The dashed verti-
cal line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.
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Figure C.12: Differential dark matter-nucleon cross-section do, s /dEg X
squared dark matter velocity w? against recoil energy Eg for operator 5 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity v = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.

Operator Og

The only relevant response for operator Og is X" which is ¢*-dependent and ve-

locity independent. Therefore, dark matter would only couple to elements with
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unpaired protons and/or neutrons. For this operator and dark matter mass
the most constraining elements are "N, 2?Al and **Na, where the two former
constrain the black parameter space, which we show in Fig. C.13. Although
'H fulfills the X”-requirements and is contained in the Sun with a high amount,
it is not important for operator Qg and m, = 1 TeV. This can be understood
by looking at Fig. C.14: The high amount of 'H cannot compensate its small

mass in this case.
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Figure C.13: Allowed parameter space spanned by i and ¢} for all elements
(black) and for the most important nuclei >’ Al, **Na and N (see legend).
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Figure C.14: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢ = 1. Left
panel: Only ¢ is non-zero, right panel: Only c} is non-zero. The dashed verti-
cal line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.
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Figure C.15: Differential dark matter-nucleon cross-section do, s /dEg X
squared dark matter velocity w? against recoil energy Eg for operator 6 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity v = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.

Operator Or

The only response contributing to interactions with operator Oy is X' with

2 .
(v%) -suppression. Similar to operator Oy, it is momentum independent and
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sensitive to the nuclear spin, i.e. elements with unpaired protons or neutrons.
Therefore, the most important elements for operator O, are also 'H, N and
*He, which we show in Fig. C.16. Like for operator O, the black parameter

space is constrained by 'H and "N.

In Fig. C.17 we show that the order of importance of the considered con-

tributing elements does not change for different masses.
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Figure C.16: Allowed parameter space spanned by ¢% and ¢} for all elements
(black) and for the most important nuclei 'H, *He and "N (see legend).
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Figure C.18: Differential dark matter-nucleon cross-section do, s /dEg X
squared dark matter velocity w? against recoil energy Eg for operator 7 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity v = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.

Operator Oq

Similar to operator Os, O is sensitive to the A- and M-response, though

2
having a ¢* (A) and (V%) - (M) suppression instead. The most abundant
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elements fulfilling the A-response requirement of having an unpaired proton
or neutron in a non-s-shell are "N, ?"Al and **Na. This is confirmed by Fig.
C.19. The black parameter space is constrained by *N and ?"Al.

Since the M-response is not momentum suppressed, it also leaves its im-
prints on the ellipse plot. Having the right balance between being a heavy
element and making up a large fraction of the particles contained in the Sun,

also %0 appears in Fig. C.19.

In Fig. C.20 we show in the left panel that for smaller dark matter masses
than ~ 110 GeV, %0 is more dominant than N, whereas the order of the

most dominating elements in the right panel remains unchanged.
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Figure C.19: Allowed parameter space spanned by ¢2 and ¢} for all elements
(black) and for the most important nuclei "N, 0, * Al and **Na (see legend).
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Figure C.20: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢ = 1. Left
panel: Only 2 is non-zero, right panel: Only ¢} is non-zero. The dashed verti-
cal line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.
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Figure C.21: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Eg for operator 8 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.

Operator Oy

The X’-response is the only response contributing to interactions that involve

operator Oy. 1t is ¢*>-suppressed. On the one hand, elements with unpaired
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protons or neutrons are favored. On the other hand, the fraction of the ele-
ments needs to be balanced by their mass, due to the moderate momentum
dependence. The most constraining elements are therefore 'H, *"Al and "N,
where 'H and N constrain the black parameter space. For other possible can-
didates that fulfill the requirement of having an unpaired proton or neutron,
such as *He or *Na are either too light or rarely present in the Sun (or both)

to contribute significantly in interactions with Oy as we show in Fig. C.22.

We show in Fig. C.23 that for very small dark matter masses (below 30
GeV) 'H becomes slightly more dominant than "N, which can be explained

by its smaller mass.
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Figure C.22: Allowed parameer space spanned by cJ and ¢§ for all elements
(black) and for the most important nuclei 'H, *"Al and "N (see legend).
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Figure C.23: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢ = 1. Left
panel: Only ¢ is non-zero, right panel: Only ¢} is non-zero. The dashed verti-
cal line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.
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Figure C.24: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Eg for operator 9 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.
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Operator O

Since the only contributing response in interactions with O is the X"-response,
which favors elements with an unpaired proton or neutron, and since the mo-
mentum is suppressed by ¢?, the resulting Fig. C.25 is very similar to Fig.
C.22 for operator O,. Requiring an element with unpaired proton or neutron
and the optimum balance between target mass and abundance, the outcome
is again that 'H, ?"Al and "N are the most dominant elements for that dark

matter mass of 1 TeV.

We show in Fig. C.26 that while *N remains the dominant element in the
whole dark matter mass range for the isoscalar component, 2" Al becomes less
important than 'H for the isovector component for m, S 600 GeV, making

'H the most constraining element for the lower mass range.
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Figure C.25: Allowed parameter space spanned by ¢, and c}, for all elements
(black) and for the most important nuclei 'H, >’ Al and "N (see legend).
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Figure C.26: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢], = 1. Left
panel: Only Y, is non-zero, right panel: Only ci, is non-zero. The dashed ver-
tical line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.

_10f ] _ 107 ] _ 10 i
5 1079 B! 5 107 4 5 1079 1
M I~ g
& 10-10f ] & 10710 ] & 10-10f i
3 ' 5 3
§ 1071 ] § 10-u ] $ 1071 i
i 10’12/— H 4 % 1012 — 1y 3 %t 10-12f ’ 14 ]
Sl 27 Sl 27 ls 27
€8 10-13 u:I ] $K 1g-13 “:' ] L u:l ]
-14 L L -14 1 1 1 L -14 L L L L
107 6o =161 107 167 10 1074 0710 707701 L 1 T L T/ LA T T1]
EnlkeV] ErlkeV] EqlkeV]
_ 1078 —— M _ 10t — M 1 _ 1078 1
L 10 e L 100 A L 10
3 [ 1y 3 1y ] 3 [ ]
& 10-10f & 10-10 ] & 10-10f ]
3 5 3
§ 1071 § 10-u ] § 1071} i
T 1012f % 1012 9 % 1012 —
| . | ) | . 27|
£l 10-13/ I8 10-13 ] €8 10-13) vy
-14 L L L -14 1 il il -14 L L L
10760 101 10 107 1074 701 10 107 10760 701 10 107
ErlkeV] ErlkeV] Eg[keV]

Figure C.27: Differential dark matter-nucleon cross-section do, s /dEg X
squared dark matter velocity w? against recoil energy Eg for operator 10 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity v = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.

Operator @11

Interactions involving operator 1 are sensitive to the M-response with ¢

suppression. Similar as for operator @1, the optimum balance between target
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mass and abundance is required to give an important contribution to the dark
matter-nucleus interaction. Since however the interaction involving operator
Oy, are moderately momentum suppressed, the optimum balance is shifted
more towards higher masses compared to the one for operator O1. As we show
in Fig. C.28 'H, which is one of the most constraining elements for operator
@1, is not visible; although its abundance in the Sun is huge, the mass is too
small to contribute significantly to constrain the black parameter space. The
most important elements are instead *°Fe, “°Ar, 0 and *°Ne, where 0 and
Fe constrain the black parameter space.

While we show in Fig. C.29 that the order of the important elements is the
same for the isovector component, “°Fe is getting more important than °Ne

< 40 GeV for the isoscalar component.
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Figure C.28: Allowed parameter space spanned by ¢; and cj; for all elements
(black) and for the most important nuclei *°Fe, “°Ar, 0 and *°Ne (see legend).
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Figure C.29: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢]; = 1. Left
panel: Only Y, is non-zero, right panel: Only ci, is non-zero. The dashed ver-
tical line indicates the dark matter mass (1 TeV) assumed in the corresponding

ellipse plot.
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Figure C.30: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Eg for operator 11 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.
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Operator @12

The relevant responses for operator O15 are &’ and &' , both with ¢2-suppression,
and X" and X', both with (V%)z—suppression. The most important elements
are °Fe, "Al, »Si and *?S. In Fig. C.31, we show that ?*Si and *°Fe constrain
the black parameter space. From Fig. C.32 we learn that "®Fe and *Si are the

most constraining elements in the whole mass range.
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Figure C.31: Allowed parameter space spanned by ¢, and ¢}, for all elements
(black) and for the most important nuclei *°Fe, *"Al, *Si and **S (see legend).
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Figure C.32: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢], = 1. Left
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tical line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.
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Figure C.33: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Ep for operator 12 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.
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Operator O13

The contributing responses in interactions with operator O13 are & with q*-
suppression and X" with ¢*- and (v%)2—suppression. The only elements that
can constrain interactions induced by the @ response are >’Al, Na and N.
Due to their abundance, "Al and N constrain the black parameter space.
Due to the isoscalarness of N it cannot constrain the isovector contribution
for which the most important element is 2" Al, whereas for the isoscalar contri-

bution it is N, as we see in Fig. C.35.
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Figure C.34: Allowed parameter space spanned by ¢J; and c}; for all elements
(black) and for the most important nuclei >’ Al, **Na and "N (see legend).
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Figure C.35: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢]; = 1. Left
panel: Only Y5 is non-zero, right panel: Only ci, is non-zero. The dashed ver-
tical line indicates the dark matter mass (1 TeV) assumed in the corresponding
ellipse plot.
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Figure C.36: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Eg for operator 13 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.
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Operator @14

The X’-response with ¢?- and <V%>2—suppression is the only relevant response
for interactions involving Oy, i.e. elements with unpaired protons or neutrons
are favored. The most important elements for this operator are *H, "N, 27Al
and *He where the 'H and N are the dominant elements that constrain the

black parameter space, which we show in Fig. C.37.

In Fig. C.38 we show the importance of the considered elements for the
whole mass range. We see that for the isoscalar and isovector component
for lighter dark matter (m, < 80 GeV) the importance of *"Al and *He is

Y

swapped, which is caused by the smaller dark matter mass.
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Figure C.37: Allowed parameter space spanned by ¢?, and ¢}, for all elements
(black) and for the most important nuclei 'H, ** Al and "N (see legend).
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Figure C.39: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Ep for operator 14 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.
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Operator O1s

Interactions involving operator O15 are induced by the responses @ with ¢°-
suppression and X’ with ¢*- and (V%)z-suppression. Favoring heavy elements
with orbits of large angular momentum which are not fully occupied, the most
important elements here are *Fe, %®Ni, ?Sj and *2S, where **Fe and *Si con-

strain the black parameter space.

Regarding the capture rate in Fig. C.41, *°Fe and **Si are the most con-

straining elements in the whole mass range.
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Figure C.40: Allowed parameter space spanned by 5 and c}; for all elements
(black) and for the most important nuclei “*Fe, **Ni, **Si and **S (see legend).
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Figure C.41: Dark matter capture rate C' versus mass m, for all elements
(black) and the most important elements (see legend), assuming ¢]; = 1. Left
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tical line indicates the dark matter mass (1 TeV) assumed in the corresponding
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Figure C.42: Differential dark matter-nucleon cross-section do, s /dEgR X
squared dark matter velocity w? against recoil energy Eg for operator 15 and
the most important elements (see legend). Upper panels (lower panels): Scat-
tering point in the center (on the surface) of the Sun, left panels (middle panels)
[right panels]: Asymptotic dark matter velocity u = 0 (200) [400] km/s. Solid
(dashed): Possible (Impossible) range of recoil energies.
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Propagation of numerical errors

During the calculation of the N-matrix errors might occur, e.g. from the nu-
merical algorithms of integration, from the limited precision in the calculation
of the nuclear response functions, from the modelling of the nuclear effects,
from the dark matter velocity distribution et cetera. Therefore it is crucial
to keep track of the propagation of numerical errors to make sure that the
N-matrix does not significantly suffer from those.

Let us assume that the true N-matrix, N, equals the N-matrix that we
obtain from numerical calculations, Ny, plus a small value that defines the
difference between Niue and Ny, ON. The elements of the perturbation are
of the form ((5N)Z.j = ea; (Ntrue)ij, where € < 1 and the O(0.1)-parameters
a;; keep in view the possible dependence of the relative errors on the matrix
element. The relation of the elements of the true matrix and the numerical

matrix is then given by

(Nnum>z’j
(Ntrue>ij = TE(IZ] = (Nnum)z’j (1 - Eaij)‘ (D1>
Using Eq. (4.10), we see that that numerical upper limit, (¢2**) ., and the
true upper limit, (¢2®),, .., on the coupling strength are related as
(™ num = (€ (D.2)
At first order perturbation
N 2 Nizie = NiueONNge: (D.3)
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and Eq. (D.2) then writes

1 5 (Nirke) , (ON)g (N
o )true L - § (N—l

true)
ao

(D.4)

In order to rewrite Eq. (D.4), we use the definition of the inverse of a matrix in
terms of its adjugate and determinant, N™' = adj(N)/det(N), and Eq. (D.1),
which leads to

- Lo S (NG N (NG
@ )true 1= idet(Ntrue) (Nt_rl )aa

~ (c

(D.5)

coincide very

max

In most cases, the true and numerically obtained value for ¢,

well, since then € < 1 controls the perturbation term and makes it negligible.
In some cases, however, namely if det(Ngye) is very small compared to the
entries of Niyue and adj(Nie), the correction is not negligible anymore and for
a few cases, the presented perturbative approach might fail completely. In the
latter cases, we cannot trust our results for ¢2**, as the numerically obtained
values can be quite different to the true ones. If the diagonal entries of N1,
contain negative numbers, the values are even imaginary. These problems
occur for very hierarchical eigenvalues of N, 7.e. when the allowed parameter
space is very elongated.

To give an example, we consider N to be a 2 X 2 matrix, which is the case
when having only one operator at a time, but interference among the isoscalar

and isovector (or proton and neutron) component. Here, Eq. (D.5) specifically

reads

(Ntru6>%2
det (Ntrue) ’
(D.6)

for ¢y = ¢ and ¢ = . From this we find that the results can be trusted if

(Ntrue)%z !
(R (det(l\ltrue)> s (D?)

€
(Cranax)num = (Cglax)true ll - 5 (a’OcOé + (all + az — 2@12))
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which is more restrictive than € < 1.

To illustrate the influence of the error on the results, we calculated the
PICO-60 upper limits for ¢ and ¢}, for different values of
e (0(107%), O (107%), O (107?) and O (107?)) and random values for a;;. We
show the results in Fig. D.1.

10
—— PICO-60 --=== PICO-60, ¢ = 10~% \ — PICO-60 -==== PICO-60, ¢ = 107*

102 77777 PICO-60, € = 1075 ====- PICO-60,e=10"2 | W e PICO-G0, e = 1075 -===- PICO-60, e = 102
L PICO-60.e=10"" |l e PICO-60, ¢ = 10~

10°

W

=

cim
n2
cimsy

10%

10" 10 10° 10! 10 10
my [GeV] my [GeV]

Figure D.1: PICO-60 upper limits on the dark matter-proton (neutron) cou-
pling strength in the left (right) panel for operator O, taking interference
among the isoscalar and isovector component into account, with a relative
error of the order e = 107°, 107, 1073 and 102 for random values of a;;.

It turns out that if the numerical calculation precision of the elements in
the matrix Nprco_go is better than 1%o, the obtained limits differ from the true
limit by a factor of the order 1. If it is worse than 1%, the obtained limit can

be different from the true limit by more than one order of magnitude.
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Experiments

E.1 XENONI1T

XENON is an underground experiment located at the Italian Gran Sasso Na-
tional Laboratory with the goal to detect dark matter particles by their recoils
off nuclei in the detector material consisting of liquid xenon [24]. XENONIT in
particular is a follow-up phase of its predecessors XENON10 and XENON100.

The setup

The detector with a fiducial volume of ~ 2 tons consists of 3.2 tons of liquid
(on the bottom) and gaseous (on top) xenon surrounded by a water tank that
has the purpose to filter out muons [11]. The xenon is used by a dual phase
time projection chamber. In both phases each, the gaseous and liquid one, an
array of photomultiplier tubes is installed with the aim to detect scintillation
and electroluminescence light produced by charged particles that interact in the
detector. Further, an electric field sufficiently large and strong is created in the
gaseous xenon phase in order to filter out the electrons from the liquid phase. If
an incoming particle interacts with the detector material, it creates scintillation
and ionization. The former is promptly detected by the photomultipliers which
is denoted as S1 signal, whereas the electron is filtered out by the electric
field, avoiding the recombination with the produced ion and enabling a strong
enough acceleration of the electron such that it produces scintillation light
which is also detected by the photomultipliers. This is denoted signal S2. Due

to the uniform drift velocity of the electrons in liquid xenon, the measurement
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of the time delay between S1 and S1 and by checking the amount of photons

seen by each photomultiplier, a 3D position determination is possible.

Dark matter searches

The release of the first results by XENONIT was in 2017 after collecting data
for 34 days. Although the collaboration could not detect the WIMP, the release
had a big impact as the resulting exclusion limits on the WIMP-nucleon cross-
section exceeded the ones from the LUX experiment, which were considered
the best limits before [24]. In 2018, the collaboration published limits after the
collection of data for 278.8 days, setting a new record for the strongest limit
on the spin-independent WIMP-nucleon cross-section [124]. In 2020, an excess
of electron recoils in XENONI1T was reported with a statistical significance
of 3.50 [156]. Several explanations for this excess have been discussed, such
as the existence solar axions or axion-like particles [157, 158], an unexpected
large magnetic moment for neutrinos [156], the impurity of the detector caused
by tritium [159] or the existence of chameleons, which are dark energy particle
candidates [160].

For this work, we use data that was released in 2018 with 7.36 expected

background events and 14 observed events [24].

E.2 PICO60

Such as XENONIT, PICO-60 is searching for recoils off nuclei of unknown
origin in an underground detector which would be direct evidence for the
existence of dark matter. It is located at SNOLAB in Canada.

The setup

PICO-60 follows the principle of a bubble chamber detector. It makes use of
small droplets of superheated liquid distributed in a gel matrix. If a traversing
particle scatters of detector material and transfers energy to a droplet, this
droplet goes through a phase transition and finally becomes a gas bubble. The

parallely induced acoustic shock wave is detected by the piezo-electric sensors.
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Dark matter searches

The first run of PICO-60 started in 2013 with an active volume of 25 liters,
however, using only half of it. As detector material CF3l has been used [25].
After the first run, the experiment was refurbished; the maximum capacity
of the active volume was increased to 53 liters and the new choice of the
detector material fell on C3Fg. The second run started in 2016 and ended
one year later [161]. The data was collected in two bins. For the first bin we
take 1 expected background event and 3 observed events, for the second bin 0

expected background and observed events [161].

E.3 IceCube

The IceCube Neutrino Observatory is a neutrino telescope located close to the

Amundsen-Scott South Pole Station in the ice of Antarctica.

The setup

Its size measures more than one cubic kilometer. IceCube is made of 5,160
spherical optical sensors, the so-called Digital Optical Modules (DOMs), each
equipped with a photomultiplier tube and a single-board data acquisition com-
puter which has the task to send the collected digital data to the surface. Using
a hot water drill, 86 boreholes (often denoted as “strings”) were created in the
ice, each filled with 60 DOMs. The horizontal separation of the DOMs is 125
meters, the vertical separation is 17 meters. It has a neutrino energy threshold
of ~ 100 GeV. The sub-detector DeepCore at the center of this configuration
is made of eight of these strings, which are arranged more compact compared
to the rest: the horizontal spacing is only 70 meters and the vertical spacing

is 7 meters. This causes a lowering of the threshold down to ~ 10 GeV.

On the surface of the ice 81 stations are located which carry the name
IceTop. The equipment of each station consists of two DOMs pointing down-

wards. IceTop has the task to serve as a veto and calibration detector for
[ceCube.
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Dark matter searches

Apart from searches for point sources of high-energy neutrinos, gamma-ray
bursts coincident with neutrinos, neutrino oscillations, galactic supernovae
and sterile neutrinos, another experimental goal is the indirect search of dark
matter particles, for example by the analysis of solar neutrinos that might orig-
inate in dark matter annihilation processes. The neutrinos cannot be detected
directly, however, they leave imprints, due to the production of electrically
charged secondary particles when they interact with the ice surrounding the
strings. In the ice these secondary particles travel faster than light leading
to the emission of Cherenkov light, which is collected by the sensors. They
additionally digitize the signal and provide a time stamp for each. After that,
the information is sent to the surface, where it is converted from the DOMs
into light patterns which sheds light on direction and energy of the neutrinos.

In this work, we use the 2016-data release, in which the Sun was the object
of dark matter searches from May 2011 to May 2013. The data states that
there were 926 (427) observed events for IceCube (DeepCore), while expecting
931 (414) background events [13].
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