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Why are copulas useful in financial modeling?

Financial data has often complex dependency patterns, such as non
symmetry and dependence in the extremes

Cannot be captured by the multivariate normal distribution.

The copula approach allows for these dependency patterns
Activity: Google scholar with " copula statistics”
period 60-69 70-79 80-89 90-99 00-10 10-12
entries 106 360 710 1690 8920 5970
@ Areas: Google books: medicine 638, biology 429, computer science
251, economics 1230 and finance 4100 entries.
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Motivation and background

Overview

© Motivation and background

© Copulas

© Pair-copula constructions (PCC) of vine distributions

@ How can we estimate and model select PCCs ?

© Risk management with vine factor models: Euro Stoxx 50
@ Copula based systemic risk stress testing

@ Special vine models

© Summary and outlook
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Copulas

Questions:

o How to construct multivariate distributions with different
margins?

e How to separate the dependency structure from the
margins?

Setup: Consider d random variables X = (X1, ..., X4) with

density function  distribution function

marginal filxi)), i=1,..,d Fi(x), i=1,...d

joint f(X1, .y Xd) F(x1, .y Xd)

conditional f,-|j(x,-|xj), i #j F,-L,-(x,-|xj), i #j
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What are copulas and how it all started ...

Copula

A d-dimensional copula C is a multivariate distribution on [0,1]¢ with
uniformly distributed marginals.

. . d
Copula density function: c(u1, ..., uq) = %.E)UdC(ul7 ey Ug)

Theorem (Sklar 1959)

F(x1,...;xq) = C(F1(x1), .., Fa(xq))
f(Xl, ...,Xd) = C(Fl(Xl), 0009 Fd(Xd))fl(Xl)...fd(Xd)

for some d-dimensional copula C.

d=2:
f(x1,x2) = ci2(Fi(x1), F2(x2)) fi(x1) fa(x2)

Hi(xalx1) = c2(Fi(x1), F2(x2)) fa(x2)



How to measure dependence?
Pearson correlation, Kendall’s 7 and Spearman’s p:
@ Pearson correlation: linear dependence and not invariant
o Kendall's 7: probability of concordance minus discordance.
@ Spearman’s p: Pearson correlation of the ranked observations.
o 7 and p are rank based and determined by the copula.

Tail dependence coefficients:

Upper (lower) tail dependence: probability of joint large (small)
occurrences as one moves to the extremes.

1-2t+4+ C(t,t
AUPPET = lim P(Xp > Fy Y(8)|Xa > FUR(E)) = lim 1-2te4CtY)
t—1— t—1— 1—t
. - - . C(t, 1)
lower — __ 1 1 _ )
Aewer = lim P(Xe < F (01X < FHE) = lim =




What bivariate copula families are available?

Elliptical copula families

@ Construction by inversion of Sklar's theorem:
C(ur, o) = F(F{ Y1), Fy Y(w2)), w1, w2 € (0,1),

where F is elliptical.
e Gaussian (from bivariate normal with correlation p)

e Student’s t (from bivariate Student’s t with v df and association p)
Archimedean copulae

e Construction through generator ¢ (McNeil and Ne$lehova 2009):

Cur, u2) = @~ H(p(u1) + p(w2)), w1, up € (0,1).

@ Examples: Clayton, Gumbel, Frank, Joe ...

Books: Joe (1997) and Nelsen (2006)
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Bivariate elliptical copula families

Gaussian copula t-copula with df =3
(left 7 = .25, right: 7 = .75) (left 7 = .25, right: 7 = .75)
symmetric dependence symmetric dependence
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Bivariate Archimedian copula families

Gumbel copula Clayton copula
(left 7 = .25, right: 7 = .75) (left 7 = .25, right: 7 = .75)
upper tail dependent lower tail dependent
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Bivariate Archimedian copula families

Frank copula Joe copula
(left 7 = .25, right: 7 = .75) (left 7 = .25, right: 7 = .75)
symmetric dependence upper tail dependent
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How does copula based modeling work?

e Consider a d dim. sample of size n (x;)

@ Copulas need to be estimated based on an random sample living on
[0,1]9, called copula data (u;)

o If the marginal cdfs F; are known, then wuj; := F;(x;;) (probability
integral transform)

o If the marginal cdfs are unknown, then estimate them parametrically
or non parametrically.

@ Therefore often a two step approach is utilized.

@ If each margin has time series or regression structure, then a copula
model will be applied to the fitted standardized residuals.
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What are these vine copulas?
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@ Vine copulas are multivariate copulas built out of bivariate copulas.

@ A pair copula construction (PCC) is possible through conditioning.
Joe (1996) gave a first example.

@ Many PCC's are feasible. Bedford and Cooke (2002) introduced a
graphical structure to help organize them.

e Gaussian vines were analyzed in Kurowicka and Cooke (2006) while
ML estimation for Non Gaussian ones started with Aas et al. (2009).
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Pair-copula constructions (PCC) of vine distributions

How does this work in 3 dimensions?

f(x1,x2,x3) = f312(x3]x1, X2) o)1 (x2|x1 ) fi (1) J

Using Sklar for f(x1,x2), f(x2,x3) and fizp(x1, x3|x2) implies

hi(elx) = c(Ffi(x), FR2(x))f(x)
Ba(xslxi, x2) = casza(Fip(xalxe), F3p(xs)x2))fp(xs)x)
= caszp(Fp(xlx), F3p(6|x))cs(F(x), F3(x3))f(x3)

f(x1,x0,%3) = 613;2([:1'2()(1‘)(2), F3|2(X3|X2))C23(F2(X2), F3(x3))
x cia(Fi(x1), F2(x2))
X f3(x3)fa(x2)fi(x1)

The copula corresponding to the distribution of (X1, X3) given X5 = x5 is
denoted by c;3.2. Only bivariate copulas and univariate conditional cdf's
are used. This can be easily generalized to d dimensions.
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Pair-copula constructions (PCC) of vine distributions

How do vines work in higher dimensions?

@ Which pairs of variables are needed in the density expression?

@ What are the conditioning variables for the term in density?

Components of a regular vine R(V, C, 0) distribution

@ @ Tree structure: The set of linked trees V identifies the pair of variables and
the corresponding set of conditioning variables.

@ Parametric bivariate copulas C = C(V) for each edge in the tree structure

© Corresponding parameter value 6 = 0(C(V))

e Conditional distribution functions can be computed recursively.
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Pair-copula constructions (PCC) of vine distributions

Can we see an example of a tree structure?

3,5/14 2,314
451 @ 1,214

Ty

T

Ty

Density
f=h-Hh-fz-1f4
©C14 - C15 - C24 * C34
© C12;4 - C13;4 * C45;1
+ €23:14 - C35;14

+ €25:134
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Pair-copula constructions (PCC) of vine distributions

How is a regular vine tree structure defined?

An d-dimensional vine tree structure V = {Ty,..., Ty_1} is a sequence of
d — 1 linked trees with
Vine tree structure (Bedford and Cooke (2002))

@ Tree T7 is a tree on nodes 1 to d.

@ Tree T; has d + 1 —j nodes and d — j edges.

@ Edges in tree T; become nodes in tree T, ;.

@ Proximity condition: Two nodes in tree T; 1 can be joined by an
edge only if the corresponding edges in tree T; share a node.

Are there special cases?
@ D-vines use only path like trees

@ canonical (C)-vines use only star like tree
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Pair-copula constructions (PCC) of vine distributions

How do these C and D-vines look like?

C-vine: each tree has a unique
node connected to d — j edges

4
fizs = [H fil] - ci2-c13-cia
i=1
“C23;1 - C24;1 * C34;12

useful for ordering by importance

D-vine: no node is connected to
more than 2 edges

4
fozs = [[[f] ci-cos-caa
i=1

C13;2 * €24;3 * C14;23

useful for temporal ordering of variables

9 tree 1

@

34/12

@ 12 @ 23 @ 34 @ et

132 24J3
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Pair-copula constructions (PCC) of vine distributions

What is the scope of the vine models?
Contours of bivariate (1,3) mar-

@ Vine copulas classes gins with standard normal margins
» multivariate Gaussian
Copula VBTN

» multivariate t copula

» multivariate Clayton
copula (Takahasi (1965),
Stober et al. (2012))

@ The number of different vine
tree structures is huge (see
Morales-Napoles et al.
(2010)), additional flexibility
through choice of copula
families.

V-4 A24)4T)

(C=Clayton, G=Gumbel, t=Student,
F=Frank, J=Joe)

Efficient estimation and model selection are vital
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How can we estimate and model select PCCs ?

Three problems:

@ How to estimate the pair copula parameters for a given vine tree
structure and the pair copula families for each edge?

@ How to select the pair copula families and estimate the corresponding
parameters for a given vine tree structure?

© How to select and estimate all components of a regular vine?
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How can we estimate and model select PCCs ?

Problem 1: Parameter estimation for given tree
structure and copula families

o Sequential estimation:
» Parameters are sequentially estimated starting from the top tree until
the last (Aas et al. (2009), Czado et al. (2012)).
» Asymptotic theory available (Haff (2010)), however standard error
estimates are difficult to compute.
» Can be used as starting values for maximum likelihood.
o Maximum likelihood estimation:
» Asymptotically efficient under regularity conditions, estimated standard
errors numerically challenging (Stoeber and Schepsmeier (2012))
» Uncertainty in value-at-risk (high quantiles) is difficult to assess.
o Bayesian estimation:
» Posterior is tractable using Markov Chain Monte Carlo (Min and Czado
(2011) for D-vines and Gruber et al. (2012) for R-vines)
» Prior beliefs can be incorporated and credible intervals allow to assess
uncertainty for all quantities.
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How can we estimate and model select PCCs ?

How does sequential and ML estimation work ?
Parameters: © = (012, 023,013.2)
Observations: {(xi¢, xot,x3¢), t =1,---, T}
Sequential estimates:
e Estimate 015 from {(x1,t,Xx2¢), t =1,---, T}
o Estimate o3 from {(xo,¢,Xx3¢),t =1,---, T}
@ Define pseudo observations

Vot == F(x1¢|x2¢, 012) and U3)0¢ 1= F(x2¢|x3¢, 023)

Finally estimate 0132 from {(V1)p¢, V3p¢), t =1, , T}

Maximum likelihood

.
LOx) = Z[|Og cra(xie, X2t |012) + log co3(xat, x3¢[023)
=1

+ log cizo(F(xit|Xot, 612), F (Xt | X3¢, 023)[013:2)]
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How can we estimate and model select PCCs ?

Problem 2: Joint estimation of pair copula families
and parameters

o Classical approach:
> Restrict to a set of bivariate pair copula families and use AIC or Vuong
test to select family
» Check for truncation possibilities (Brechmann et al. (2012)) by using
independence copulas in higher trees
o Bayesian approach:
» Reversible jump (RJ) MCMC (Min and Czado (2011))
» MCMC with model indicators (Smith et al. (2010)) choosing between
an independence copula and a fixed copula family.

Only one more problem to go ...

sequential treewise approach
(see DiBmann et al. (2013))
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How does this treewise selection of R-vines work?

Idea: Capture strong pairwise dependencies first: For Tree
(=1,...,d-1
@ Calculate an empirical dependence measure gjk|D for all variable pairs
{jk|D} (— edge weights: Kendall's 7, tail dependence coefficients)
allowed by the proximity condition (D is empty for Tree 1).

@ Select the tree on all nodes that maximizes the sum of absolute
empirical dependencies (— maximum spanning tree)
Choose independence copula if possible.

© For each selected edge {j, k} ({j,k}|D ) in Tree 1 (in Tree £ > 1),
select a copula and estimate the corresponding parameter(s).

© Then transform to pseudo observations . p(uji|u; xup; 0 k;p) and

Fujup(uikluijup, 0;k:0), i = 1,...,n.
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How does this look like for Tree 17

(1) Pairwise dependencies. (2) Maximum dependence tree.
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Euro Stoxx 50:
50 large Eurozone companies.

Major market indicator for the Eurozone.

Underlying of many investment products.

Brechmann and Czado (2012) consider 46 members from 5 countries
(Germany, France, Italy, Spain and the Netherlands) together with
their national indices.

Daily log returns from May 2006 to April 2010 (985 obs.) are used.

Questions

» How do stock returns depend on the European and the national
indices? Is dependence on national index dominant?

» Which dependencies are most important? Are they asymmetric
and/or heavy-tailed?
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Copula based models for Euro Stoxx 50 returns :

e Fit appropriate (ARMA-)GARCH models for return time series.

@ Fit copula model such as R- and C-vine copulas as well as
multivariate Student-t copula for comparison to standardized residuals

Results

Copula Log No. of BIC
likelihood param.

R-vine 30879.60 596 -57651.19
C-vine 30839.68 685 -56957.90
Student-t | 30691.36 1327 | -52236.18

R-vine > C-vine > Student-t )
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First tree of R-vine and C-vine order

uceMI
TIRMI IBE;MC
ISRMI ENELMI - rep MClBBVAMC FTE.PA
TERNC DTEDE
GMEETSEMIB.MI
NBEX.
RWEDE SAN.MC
AGN.AS
EOAN.DE
DB3.DE csPA DBK.DE
PHIA.
SAR.DE ~STOXX50E Ras
SIEDE—AGDAXIP UNA.AS
AAEX
BAYN.DE Mg
BASDE VivPA
DAKDE \ CApA LPA
BNF.PA
ALO-PA
ALVDE neef—PEPA
GLEPA SANPA OR:PA
FP-pA
MUV2.DE ACA.PA ALPA
BNPA SGO.PA ERtLMI
SUPASSZ.PA

Order

Root nodes

1st
2nd

4th
5 th
6 th
7 th

13.th

“STOXX50E
“FCHI
“GDAXIP
“IBEX

FTSEMIB.MI

“AEX
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Risk management with vine factor models: Euro Stoxx 50

Factor models

@ r;: return of asset / at time t, ryy , market return at time t
@ Gaussian ¢; ¢ idiosyncratic error ind. of €; ;1 and €+ Vj # i

CAPM (Sharpe (1964), Lintner (1965))

it = Birm,e + €i e

Extension: The C-Vine Market Model (CVM) of Heinen and Valdesogo
(2009b) loosens assumptions of Gaussianity and linearity:
@ GARCH-models for the marginal time series, and
@ dependence between assets and the market modeled with bivariate
copulas (— C-vine with 'market’ as root node).
@ Remaining (idiosyncratic) dependence captured with multivariate
Gaussian copula.
@ Including sectorial dependence gives C-Vine market sector model
(CVMS)
@ However CVMS needs restrictive independence assumptions.
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Regular Vine Market Sector (RVMS) model

First tree:

Second tree:

Gi)
1AM[A
24 M|A
@D
) 20, M|C
I ke

2BM|B

B,2B

o Independence assumption: conditionally on the market, sector

returns are independent.

@ Remaining pair-copulas of regular vine are modeled as Gaussian.

29 /45



Model comparisons for Euro Stoxx 50

Independence assumptions... First tree of RVMS model:
DTE.DE
o ...of the CVMS model are not N copoe
t. f d RWE.%ZKDESAP-D MGPA £p,pa
satistied. \ SUPA
BAYN.DE e ALVDE BNPA OR.PAT TE-PA
° CS.PA
Those .of the RVMS model o o (. nion
approximately hold. oare MU e
' SGOPA CAPCSZPA

The RVMS model provides...

. . . RERMC 7SIORXS0E
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NMBEX
@ which is however close to full SANIC
R-vine model and Beu(MEEHC SR
FTSEMIB.MI
@ superior to CVMS model. voe i S
ENEL.MI
ENLMI TIEMI

R-vine 2 RVMS > C-vine > CVMS = Student-t

BNP.PA 3
ACA.P&LO.PA UL:PA

VIVPA SAN.PA
PAEX.
PHIA.AS
INGA.AS
AGN.AS
UNAAS
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VaR backtests

S
=} —— observed
—=— 90% VaR
—— 95% VaR
—A— 99% VaR

0.05

log return
0.00

-0.05

-0.10

2009-12-30 2010-03-11 2010-05-24 2010-08-02 2010-10-11 2010-12-20

@ Test period: year 2010 (250 obs), moving window size 900
@ Backtests: RVMS and DCC with Gaussian innovations perform
similarly well.
@ Why using copula models then?
» Risk capital may be reduced!
» Full DCC model requires a huge number of parameters!
@ Simulations from RVMS are ~ 40% faster than from full R-vine
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Copula based systemic risk stress testing

What is systemic risk and what are important
criteria?

Systemic risk (FSB)
risk of disruption to financial services that is
@ caused by an impairment of all or parts of the financial system and

@ has the potential to have serious negative consequences for the real
economy

Important criteria for systemic risk
@ size (Too big to fail)
@ lack of substitutability

@ interconnectedness (Too interconnected to fail)

FSB already classified banks according to their systemic importance while
this is expected also for insurers.
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CDS spreads and credit worthiness

@ CDS spreads of a company are often considered as a market based
indicator of credit worthiness of the company.

@ Interdependence among CDS spreads from different companies
studied using copulas for first time in Brechmann, Hendrich, and
Czado (2013).

o Data base: Senior CDS spreads with a 5 year maturity observed daily
from Jan. 4, 2006 until Oct. 25, 2011 from 38 financial sector
companies

» 18 banks and 20 (re-)insurers

» Among the 18 banks there are 15 systemically important and 3 are not

» Geographical regions: Europe (EU) (11 banks/12 insurers), USA
(US) (3 banks/6 insurers) and Asia Pacific (AP) (4 banks/2 insurers)
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Copula based systemic risk stress testing

Vine based modeling of CDS spreads

o Marginal models:

> Separate GARCH models are fitted to each time series of log returns.

» Specification includes asymmetric exponential GARCH and
GARCH-in-mean

» Nonstandard innovations needed: generalized error, generalized
hyperbolic and inverse Gaussian.

» Exploratory analysis of pairwise empirical Kendall's tau shows strong
clustering of sectors (bank, ins.) within region (AP, EU, US).

@ Copula models:

» C-vines are fitted using the selection method of Czado et al. (2012)
allowing Gaussian, Student t, Clayton, Gumbel, Frank and rotations for
pair copula families (C-vine)

» Parameters in C-vine are reduced by independence tests.

» Other copulas: multivariate Gaussian (Gaussian), multivariate Student
t (Student's t) and multivariate exchangeable Gumbel (Gumbel)
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How well do these multivariate copulas fit?

Copula Max. log lik. # Par. AIC BIC
Gumbel 8640.22 1 -17278.45 -17273.22
Gaussian 18326.53 703 -35247.07 -31575.09
Student’s t 19915.88 704 -38423.76 -34746.56
C-vine 20393.29 488 -39810.58 -37261.61

@ C-vine best and much fewer parameter than Student t.
@ Gaussian is not sufficient and multivariate Gumbel does not fit.

@ C-vine: 3 upper tail Gumbel pair copulas in first tree, overall nearly
50% of selected pair copulas are non-elliptical
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What is copula based systemic stress testing?

Rationale

Severe drop in credit worthiness of a company — sharp increase of CDS
spread — large standardized residual — large copula data value

@ Therefore we study the impact of a large copula data value for a
specified company on the copula data values of remaining companies

@ For chosen company / we set u; = .99 and then we need to

sample from the conditional distribution U_;|U; = u; J

@ Brechmann et al. (2013) develop the necessary conditional sampling
algorithms.

@ This sampling is repeated N = 10000 times for each company
resulting in sampled values 1y j;, j € {1,...,38} \ {i}, £=1,.., N.
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Copula based systemic risk stress testing

What is the impact on sector (within region) of two
chosen companies?

Impact of company i on sector (within region) s with members M;:

N
_ 1. _ 1 _
fisi = 7 Y Upsliy Where Tpgji= e > Tpji
N IMs\ {i}] 4~
P JEMA(i}

JP Morgan Chase Hartford Financial Services
1.0 10
Gumbel
= Gaussian
0.9 - ® Students t 0.9 4
= C-vine
0.8 08 -
0.7 0.7 4
0.6 0.6 -
05 - 05 -
APbanks  USbanks EUbanks  EUins. US ins AP ins. APbanks USbanks EUbanks  EUins. US ins. AP ins.
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Impact of a stressed sector on another sector?

Mean impact of a stressed sector s; on another sector s,

_ 1 _
Hsy|sy = T3 7 Hsyi-
= Tl 2 ™

Stress situation in
Impact on AP banks  US banks EU banks EUins. USins. AP ins.

AP banks 0.68 0.63 0.65 0.66 0.64 0.69

US banks 0.63 0.88 0.74 0.73 0.72 0.60

EU banks 0.65 0.73 0.87 0.83 0.67 0.62

EU ins. 0.66 0.72 0.83 0.87 0.68 0.64

US ins. 0.64 0.73 0.68 0.69 0.79 0.62

AP ins. 0.69 0.61 0.63 0.65 0.62 0.62
@ Stress effect of a member on the other members of the sector highest

compared to other sectors in US and EU.

@ Stress effect in US banks on US ins., EU banks and EU ins. similar
@ Stress effect in EU banks on EU ins. higher than on US banks and ins.
@ Stress effect in EU ins. on EU banks higher than on US banks and ins.
@ Stress effect in US ins. on US banks , EU banks and EU ins. similar .



What else can we do?

e Time varying R-vines: ( AR(1) copula dynamics (Almeida and
Czado 2011),Almeida et al. (2012), regime switching (Chollete et al.
2008), (Stober and Czado 2011))

e Truncated and simplified R-vines: (truncated C-vines (Heinen and
Valdesogo 2009a), truncated R-vines (Brechmann et al. 2012) )

e Non Gaussian DAGs (Bauer et al. 2012)
e Discrete vines (Panagiotelis et al. 2012)

o Applications: VaR, multivariate option pricing, genetics, hydrology,
insurance
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What have we learned?

@ Standard multivariate copulas are less flexible, while PCC's such as
C-, D- and R-vines are much more flexible.

@ Sequential and MLE parameter estimation of C-, D- and R-vines are
available in R packages CDVine and VineCopula.

@ Sequential and full Bayesian estimation and Bayesian model selection
of vine trees and copula families for regular vines available, but need
further testing and development

@ Pair copula constructions can be extended to mixed continuous and
discrete data.

@ Vine copulas are useful for financial risk management
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Summary and outlook

What needs to be done?

@ non parametric pair copulas, spatial vines, vines for data mining
@ more applications in finance, insurance ...

Vine resource page:
www-m4.ma.tum.de/forschung/vine-copula-models

Vine workshop book: Kurowicka and Joe (2011)

Thanks to my collaborators (K. Aas, A. Frigessi , A. Min, E.
Brechmann, C. Almeida, M. Smith, A. Panagiotelis, A. Bauer, T. Klein,

M. Hofmann, J. DiBmann, H. Joe, J. Stober, U. Schepsmeier, D.
Kurowicka, L. Gruber, N. Kramer...)
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