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Soft-collinear Gravity and Soft Theorems

Soft-kollineare Gravitation und Soft Theorems

Patrick Hager

Abstract

In this thesis, we construct the soft-collinear Lagrangian for gravity systematically beyond lead-
ing power in the power-counting parameter and provide a set of minimal building blocks for the
N-jet operators. We find that the effective theory is covariant with respect to an emergent soft
background field that is obscured in the full theory. The emission of a soft gluon and graviton
from a non-radiative process is investigated and an operatorial version of the soft theorem is
obtained.

Zusammenfassung

In dieser Dissertation wird die soft-kollineare Lagrangedichte fiir Gravitation systematisch in
hohere Ordnungen im Entwicklungsparameter konstruiert und eine minimale Menge von Bausteinen
fiir die N-jet Operatoren priasentiert. Die effektive Theorie ist kovariant beziiglich eines emer-
genten soften Hintergrundfeldes, was nicht aus der vollen Theorie ersichtlich ist. Zusétzlich wird
die Emission eines soften Gluon bzw. Graviton betrachtet und eine operatorielle Darstellung des
Soft Theorems bestimmt.
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Introduction

It would be difficult to pretend that the gravitational infrared divergence
problem is very urgent. My reasons for now attacking this question are:
(1) Because I can. [...] (2) Because something might go wrong and this would
be interesting. Unfortunately, nothing does go wrong.

— Steven Weinberg [1]

Soft physics, and the related infrared divergences, are among the oldest conceptual problems in
quantum field theory. Already in 1937, Bloch and Nordsieck [2] uncovered that in Quantum Me-
chanics and Quantum Electrodynamics (QED), soft photons break the perturbative expansion
as the radiative corrections and real emissions of soft photons lead to divergences.

This can be seen directly at the amplitude level. The emission of a photon with momentum
k from an external (massless) fermion leg carrying momentum p takes the form

_ p+Ek
€l 7 A,
O Ay
where A denotes the rest of the amplitude. If the photon and fermion are on-shell, p?> = k? = 0,
one finds that the denominator of the propagator takes the form

2p -k = Eyw(1 —cosb),

where E, = |p| and wy = |k|. If either the fermion or the photon is soft, meaning E, — 0
or wr — 0, the denominator becomes small and the propagator diverges. The same is true for
the collinear limit § — 0, when the photon is emitted in the same direction as the fermion.'
Physically, in these limits, the intermediate particle goes on-shell (p + k)2 — 0. This not only
holds for real-emission processes but also for virtual corrections, which cause further infrared
divergences. At this point, one can start to wonder if these real and virtual divergences are
related, as they have the same origin.

By investigating these divergences, Bloch and Nordsieck uncovered what is now known as
the eikonal approrimation and performed the first true all-order computation in perturbative
QED [2], proving that real and virtual corrections cancel out by virtue of soft exponentiation,
and thus providing a proof that infrared-safe observables exist in QED. Since then, much has
been learnt about soft physics [3,4], and, more importantly, the focus has switched to Quantum
Chromodynamics (QCD) [5-7].

Some of the intuition and knowledge obtained from studying soft effects in QED did transfer
over to its non-Abelian counterpart, even though the naive cancellation is violated and a more
careful treatment is necessary, culminating in the Kinoshita-Lee-Nauenberg theorem [8-12].
However, in QED, no massless charged particles exist, and hence there are no true collinear
divergences. This is in contrast to QCD, where the massless gluon carries a colour charge and
collinear singularities pose a threat. The rigorous and systematic study of the singular structure
has led to the important ideas of factorisation and universality, which have proven valuable in
QCD. For an overview see [13,14].

If the fermion is massive, the collinear divergence is controlled by the fermion mass as E,(1 — |v|cos#). In this
case, there are no true divergences but there can be large enhancements.



1 Introduction

Compared to gauge theory, which is strongly connected with elementary particle physics,
gravity is often viewed as fundamentally different. It is usually formulated in terms of geometric
objects that encode deep ideas and intuition about the classical properties of space-time, very
distinct from the microscopic nature of quantum gauge theories. Despite this, the quantisation
of gravity has a long history [15-24], although it is not a story of great success. When viewed
as a quantum theory, the gravitational interactions are accompanied by a dimensionful coupling
that causes the theory to be non-renormalisable and invalid at high energies, corresponding to
short distances. This seems to rule out gravity as a fundamental quantum theory, unless it is
modified at high energies.

However, as a low-energy effective theory, gravity can be viewed as a perfectly consistent
quantum theory [25,26]. For this low energy setting, corresponding to small curvatures, the
Einstein-Hilbert action is simply the theory of a massless spin-2 field on flat Minkowski space,’
very similar to a gauge theory. Its action can be constructed in an analogous way as the one for
a massless spin-1 field in gauge theory, based on locality and gauge-invariance. In gravity, this
gauge symmetry corresponds to invariance under local translations. From this point of view,
gravity and gauge theory seem to be quite similar in nature.

One example, where these similarities can be made more precise, is the soft theorem [1,27-29].
For single gauge-boson emission, the soft theorem, in this context also called the Low-Burnett-
Kroll (LBK) amplitude, states that the amplitude is universal up to next-to-leading power in
the soft expansion. It can be derived only from gauge-invariance and the form of the eikonal
factor, as we show in Section 1.1. The LBK amplitude takes the form

pi - €%(k) n ket (k) J;Y
pi-k pi -k

-Arad = _gzt? ﬂ(pz) < ) -Anr + O(k) )
=1

and relates the radiative amplitude A,,q with an additional soft gauge boson emitted, to the
non-radiative amplitude Ay,. Here, t¢ are the gauge generators, p; is the momentum of the
emitting particle, and @(p) is its polarisation vector. The soft gauge particle carries momentum
k and has the polarisation vector €}, (k). In the subleading term, the angular momentum operator
JI = L + ¥ appears.

In the following years, Weinberg [1] investigated soft and collinear divergences in gravity and
generalised the soft theorem to include gravitons. It was subsequently further generalised in the
late 1960s [30,31], where also a subleading term was identified. In the same article [1], Weinberg
also found diagrammatic cancellations for the collinear singularities in gravity—an important
result, crucial for the consistency of gravity. Unlike QCD, which is confining and hence there are
no asymptotic massless colour-charged states in Nature, gravity features a number of massless
charged particles, including photons and the graviton itself. The presence of collinear divergences
would either be a catastrophe or of vital interest. (Un)Fortunately, there are no such divergences.
With this clarification, the interest in soft and collinear gravity faded.

In 2014, however, the soft graviton theorem had a surprising spike in popularity. Motivated
by asymptotic symmetries and using spinor-helicity methods, the soft graviton amplitude was
reconsidered, and a third universal term was discovered [29]. The gravitational soft theorem is
thus expressed as

Kx—_ e (k)pipy e (k)pik, TP 1eu (k)k ks JH TV 9
A — (D Hv 17 e R ) g P [ ) Anr Ok,
red Z (pz)< pi-k * pi-k +2 pi-k +O(k)
and takes a remarkably similar form to the gauge-theory result—except for the presence of a
third term. This renewed interest in soft gravitons, soft theorems [32-37], and the gauge-theory
result, but it was shown that there are no further universal terms.

20r some other classical background.



1.1 Low-Burnett-Kroll Amplitude and Soft Theorem

This sparks the question: how can we understand why there are only two universal terms in
gauge theory, but three terms in gravity? In what way is the theorem affected by the gauge
symmetry, and how can we deduce its form from the underlying theory?

Unfortunately, neither the spinor-helicity formalism nor the conventional derivation provides
deep insights into these questions. In the spinor-helicity derivation [29], the third universal term
appears simply from the little-group scaling of the graviton amplitude. In the old-fashioned
derivation [33], the gravitational gauge-invariance can be used “twice” to yield this term. While
it seems clear that the underlying reason is the different structure of the gauge symmetry in
gravity, it is not so obvious how this can be made more transparent.

The existence of soft theorems shows that infrared effects can be viewed as universal long-
distance effects and are indeed independent of the underlying short-distance (hard) physics.

Another lesson learnt from the study of infrared divergences is that the conventional per-
turbative approach of quantum field theory is not suited for studying infrared effects. Often,
all-order computations and summations have to be performed to resolve the infrared problems,
which are cumbersome in standard perturbation theory.

These two points motivate an investigation of infrared effects using methods from effective
field theories (EFTs). They offer a convenient and systematic separation of the long- and short-
distance physics and provide the possibility to perform all-order computations using the pertur-
bative expansion of the effective theory, based on power-counting and not the coupling expansion.

One of the tools that emerged to study these effects systematically is soft-collinear effective
theory (SCET) [38—41]. SCET is one of the more complicated effective theories in high-energy
particle physics. Here, the dynamic degrees of freedom are energetic (“collinear”) and soft modes
of the full-theory particles, while hard modes are integrated out. This yields an expansion
around the classical light-cone of the energetic particle. In the Lagrangian construction, it was
understood early on [41,42] that gauge symmetry heavily constrains the form of the Lagrangian
and is essential in the all-order construction.

However, while SCET QCD is quite advanced and developed, soft-collinear gravity has not
received much attention, besides the leading-power construction [43] and a first construction of
the subleading collinear sector [44].

Moreover, while the subleading LBK amplitude has been investigated using SCET [36, 45],
the subleading terms of the soft graviton theorem have not yet been considered, and a direct
comparison between gauge-theory and gravity was not possible before, since the framework of
soft-collinear gravity did not exist.

Therefore, this thesis focuses on the investigation of the subleading soft-collinear interactions
in gravity as well as the systematic construction of the effective Lagrangian. With this tool at
hand, we examine the soft graviton emission using the SCET point of view, to see if the effective
theory can provide additional insights for the number or form of the universal terms.

1.1 Low-Burnett-Kroll Amplitude and Soft Theorem

In the following section, we review the classical derivation of both the LBK amplitude [27, 28]
as well as the soft theorem [33], pointing out how gauge symmetry constrains the subleading
terms.

Soft Photon Emission

Consider a generic scattering amplitude ¢ — f with N external legs, which we take to be
scalar particles for simplicity. We are interested in the emission of an additional soft photon
with momentum k from this process, ¢ — f + . Generically, there are two classes of diagrams
contributing to this process, as depicted in Fig. 1.1. For the leading-order in the soft momentum,
corresponding to O(1/k), only the emission from the external legs contributes as the intermediate
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PN p1 PN b1

b3 b2 b3 b2

Figure 1.1: The two classes of diagrams contributing to the single soft-emission process. The
first one corresponds to emissions off the external legs, which contribute already at
leading power (9(%) The second class are emissions that originate from the hard
scattering and start to contribute at next-to-leading power O(kV).

propagator becomes singular. The second type of diagrams comes into effect at next-to-soft
power O(kY).

The emission from the external legs splits into the sum over the individual legs, where one
immediately finds the well-known spin-independent eikonal emission® [1,27,28]

N
A (oi3i) = 3 QP ). (111)
i=1 v
Using this result, one could now consider the emission of n soft photons and derive soft expo-
nentiation [1]. However, we do not proceed in this direction and instead consider the subleading
terms.

At the next-to-soft order, the emission from the hard vertex can contribute. We decompose
the amplitude as

N 3
AL ({pidik) =% eQiﬁAnr(m, it By ) F RE(pi i E) (1.1.2)
=1 v

where we stripped off the polarisation vector e#(k) as Avaq = ;A% 4 and introduced the remain-
der term R*. Note that the first term reduces to the eikonal term (1.1.1) in the soft limit, but
can generate higher-order contributions when Taylor-expanding the non-radiative amplitude in
the small momentum k. The second term corresponds to the contributions from the second type
of diagrams in Fig. 1.1.

We can now constrain the terms appearing inside R* by performing a gauge transformation
et(k) — e#(k) + k*a. Since the amplitude (1.1.2) must be gauge-invariant, this yields

N

0= ZeQiAnr(pl, oDtk pN) FERY i} R) (1.1.3)
i=1

Expanding this result for small k, we find at O(k?)

N
0= eQiAu(p1,---,pir---,DN) (1.1.4)

i=1
which is satisfied if charge-conservation ), QQ; = 0 is applied. At the next order in k, we can
relate the derivative of A, and the remainder term R* as

N
0= eQubt A {pi}) + KR ((pi)50). (1.1.5)

=1

3We consider all particles to be outgoing, so there are no relative signs between the legs.
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which fixes R* to be N

R ({pi}; 0) = — ZeQz Anr({pi}) - (1.1.6)
i=1 Pip
Inserting this result in (1.1.2), we see that the subleading term of the radiative amplitude Ay;aq
is completely determined in terms of the non-radiative amplitude A;, and its derivative as

rad {pz} k ZEQZ ( ] kY i Anr({pi}) - 6}?

Di (o

Anr({}%‘})) : (1.1.7)

second term, which yields

B (02 ) it

8pip,

We can now simplify

rad {pz} k

”E“ )L“”.Anr({pi}) : (1.1.8)

o)
Opiv -
line. For fields with non-zero spin, one finds in its place the full angular momentum operator

JM = L + ¥ where X" is the spin-operator in the given representation of the particle
1. Note that this term is manifestly gauge-invariant due to the antisymmetry of the angular
momentum J!*’. Therefore, one has no further constraints that can be employed to completely
restrict the higher-order contributions.

In summary, the LBK theorem states that the amplitude for single soft photon emission takes
the form

where we identified the orbital angular momentum operator L = pl' P; 5.~ in the last

N ..
Anna({pi}i k) = 3 e (pp 5(:) + ’“Z“(:) JW) A {pi}) + O(R), (1.1.9)

i=1
where the higher-order terms are no longer universal. This statement can also be extended to
QCD [28], where one finds the same expression (replacing the charge @; by the colour-generator
t* and the coupling e by g).

Soft Graviton Emission

Let us now investigate the same process in gravity, i.e. we consider the emission of a soft graviton
from the non-radiative N-scalar process. This derivation follows [32]. The contributing diagrams
take the same form as in Fig. 1.1. At the leading order, one finds that only the emissions from
the external legs are relevant, which again results in the spin-independent eikonal term [1]

A ({pi}i k) = Z?“&ﬂML (1.1.10)

=1

where we employ the stripped amplitude A;,q4 = 5W~Arad At the subleading order, the emission
from the hard vertex can start to contribute, and we can split the amplitude like in (1.1.2) as

= PipY v
rad({pz} k Zp Anr(pla -y Pi + k, s 7pn) +R# ({pi};k)a (1'1'11)
1 K

where we introduced the (symmetric) remainder term R*. This amplitude must be gauge-
invariant under the transformations of the graviton-polarisation

cuv(k) = e (k) + kpow + kpay, (1.1.12)
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which gives the constraint
0 = kuAna({pitik)

K = v v
= 3 Zpi Ane(P1, -0 + s ion) FERY ({pi}i ) (1.1.13)

We now expand this equation in small & to find relations between the remainder R*” and the
derivative of the non-radiative amplitude. At leading-power, (1.1.13) implies

(sz> a({pi}) (1.1.14)

which is valid if momentum-conservation », pY = 0 is imposed. At next-to-leading power, we
obtain a relation between R*” and the derivative of the non-radiative amplitude similar to
(1.1.5), which reads®

R*({pi}; 0) = _*Z D; Op; Anr<{pz})- (1.1.15)

Inserting this in the amplitude (1.1.11), we find that also in gravity, the next-to-leading order
O(K%) can be expressed in terms of the non-radiative amplitude as

ALY i) = QZ(p’p;k o nr<{pz}>—pzapibAm<{p,-}>>. (1.1.16)

i=1

Similar to the corresponding equation in gauge theory (1.1.8), one can combine both terms into
the orbital angular momentum as

N
Aok = 53 (P e ) (1117)

i=1 ¢

However, there is an important difference compared to the result (1.1.8) in gauge theory: the
subleading term (1.1.17) is not manifestly gauge-invariant. Performing a gauge transformation,
we find the condition

3 p?f = (kv + ) ky LE” = 0. (1.1.18)
i=1 47

The first term vanishes identically due to the antisymmetry of L. The second term, however,
yields

N

ok, <Z Lg”f)) =0, (1.1.19)
i=1

which holds true if angular momentum conservation is imposed. It seems that we have not yet

completely exploited all constraints that gauge-invariance has to offer. This motivates us to go

one order beyond, to sub-subleading order in the soft momentum. The second-order O(k?) of

the constraint (1.1.13) reads

Feh 1, 0 0 P
= — Vﬁ pLo_—~ = ) w '
0=7 ;pl Sk oo é)prm({plD + Kk, lak R ] ({p:},0), (1.1.20)

4This relation comes multiplied by k,, which we have dropped. Strictly speaking one has to be careful that one
does not miss any terms when doing this. However, here and in the next order in k it works out since there
are no gauge-invariant objects that could be missed [32].
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which fixes the symmetric combination of the first-derivative of the remainder term as

ORM  ORFY 0?2
nr 7 . 1121
[ o7 + o, ] {pi}; sz s ({pi}) ( )

Using this in the soft-emission amplitude, we can rewrite the sub-subleading term as

2 n%

(2):‘“’ k) = pz pz ZkPEC 9 W)+ k IR 1.0
Ana ({piki k) ;pz OpipOpio Anr({pi}) P ok, ({pi}; 0)

K pipt 1 02 1 o2

= — (A 7]{:'0160- .Anr 7 - 7k‘ ;/ -AI'II‘ 7
9 ~ <p2 k2 8p1pap10_ ({p }) 9 Pp apzuapzp ({p })
1 OR*  ORP¥
+ gt [8/@ - (Wf] ({pi:0) (1.1.22)

N
L up O L1 [orm R
=52, gk 31 g A (i) + 3K, [(% T | (i),

where the angular momentum L!” can be identified in the second line. Half of the sub-

subleading term has already been reduced to derivatives of the non-radiative amplitude. To

constrain the remaining terms, we use gauge-invariance again, but now with the second index
yAL ({pi}, k) = 0. Applying this to (1.1.22) yields the constraint

ZkkL, B

which determines the antisymmetric combination in terms of the non-radiative amplitude

0

ZO’

Auc({pi}) + kpky, l?]: — a;]z:”] ({pi}; 0), (1.1.23)

[aww ORP V]

Ok, ({pi}:0) ZLz 8 o, e ({pid) (1.1.24)

Using this relation in (1.1.22), we find

N
@ _ K up_9 WLy o O , >
Arad - 9 4 Z <pz kk k L (9 nr({pl}) k L 6 nr({pl})
0 0
=35 Hpka ( ;j - ZQ ) Apr i
lz; Di P apio’ P 8]%1/ ({p })
1 kpko
== Z L””L””.Anr({pi}) . (1.1.25)

Note that the notation is slightly misleading since the angular momentum operators do not act
on each other when computing the explicit amplitude. However, for an on-shell amplitude, it
does not matter if the angular momenta are taken to act on each other or not, the difference
between both versions vanishes using on-shell properties and equations of motion [32].

In summary, we find that for the soft graviton emission, one can determine three universal
terms using the constraints from gauge symmetry, which take the form

N v
K bi u e 1
ALY E : kyJ;

rad — 2 Pt (pi i kpz + k P 2

ok T ) An(p]) + O). (11.20)

In [32], it is explicitly verified that there are no further constraints due to the gauge symmetry,
and thus the soft emission at the next order O(k?) is not universal. While the actual derivation
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is surprisingly simple® it offers no real explanation as to why gravity has three universal terms
compared to the two in gauge theory, it just happens this way. In addition, it remains unclear
why the angular momentum appears, even twice in the sub-subleading term, and what the precise
relation between the gauge-theory and gravitational result is. In Chapter 7, we reconsider these
soft theorems both for gauge theory and gravity from the point of view of the soft-collinear
effective theory. This will provide a new explanation as well as some intuition for both the
number of universal terms as well as their form.

Outline. This thesis is organised as follows: we begin in Chapter 2 with the construction of
the soft-collinear effective theory for a self-interacting scalar field, introducing all the necessary
concepts and notation, as well as performing an example matching computation. Then, in
Chapter 3, we extend the discussion to include gauge symmetries and point out the necessary
steps required for deriving the effective action. In Chapter 4, we provide a quick review of
perturbative gravity, matter fields coupled to gravity, and the vierbein formalism for including
half-integer spin fields. Equipped with this knowledge, a theory describing purely-collinear
gravitons and matter fields is constructed in Chapter 5, where the first analogies to the gauge-
theory situation can be made. In Chapter 6, the full soft-collinear effective theory for gravitation
is derived for a scalar matter field, and the extension to higher-spin fields is briefly discussed.
The effective theory is then employed in Chapter 7 to derive the soft theorem for both gauge
theory and gravity at the Lagrangian level. A discussion of loop corrections for the gravitational
case is included. Finally, in Chapter 8, we change the focus and briefly examine an application of
these EF'T concepts to the dynamics of a light (or massless) scalar field in a deSitter space-time.
In Chapter 9 we conclude.
This thesis is mainly based on the following publications and preprints

e M. Beneke, P. Hager and R. Szafron, Soft-collinear gravity beyond the leading power, JHEP
03 (2022) 080 [2112.04983]

e M. Beneke, P. Hager and R. Szafron, Gravitational soft theorem from emergent soft gauge
symmetries, JHEP 03 (2022) 199 [2110.02969]

e M. Beneke, P. Hager and A. F. Sanfilippo, Double copy for Lagrangians at trilinear order,
JHEP 02 (2022) 083 [2106.09054]

o M. Beneke, P. Hager and R. Szafron, Soft-Collinear Gravity and Soft Theorems, [2210.09336]

e M. Beneke, P. Hager and D. Schwienbacher, Soft-collinear gravity with fermionic matter,
[2212.02525]

and work yet to appear

e M. Beneke, P. Hager and A. F. Sanfilippo, in preparation

5If one is aware of the tricks and knows that there is a third universal term. Recall that it took almost fifty
years between [1] and [46] until the sub-subleading term was discovered.



Scalar SCET

Soft-collinear effective theory is the theory describing the interactions of collinear and soft par-
ticles with themselves. It is one of the most advanced and successful effective theories in high-
energy particle physics and has greatly contributed to pushing the accuracy of modern collider
experiments. Originally constructed in the context of QCD [38—41], it has since been extended
also to describe gravity [47,48]. However, the theory contains many subtleties, especially when
featuring a gauge symmetry as in QCD or gravity. Thus, in this section, we present the con-
struction of SCET for one of the simplest possible situations: a self-interacting scalar theory.
This allows us to introduce the necessary concepts and notation without the additional com-
plexities that gauge symmetries require. Instead, one can start to build some intuition for the
basic principles of the construction. Later, in Chapter 3, we explain how gauge symmetries are
consistently implemented and in what shape they affect and constrain the form of the theory.
In this section, we are not interested in detailed applications of the theory, but rather in the
principles underlying the systematic all-order construction.

o

Figure 2.1: A prototypical process considered in SCET. The hard scattering at the origin creates
a number of energetic particles, depicted in blue. These are assigned to different
collinear sectors as indicated by the cones. Soft radiation, depicted in red, is emitted
isotropically either directly from the hard scattering or from the classical trajectory
of the energetic particles. It cannot resolve the internal structure of the cones.



2 Scalar SCET

2.1 Power-counting

In SCET, we consider processes where a hard scattering of order () creates multiple energetic
particles (jets). Each such jet is characterised by carrying a large momentum of order ) in the
direction of a light-like reference vector n!’ , i counting the number of distinct jets. In addition,
we allow for (ultra-)soft isotropic radiation. The situation is depicted in Fig. 2.1. Within the
sector corresponding to the direction n!’ , one introduces a second light-like reference vector n/’ "

71—
such that
niy -ni- =2, ni=0. (2.1.1)

These two vectors, in combination with the remaining two transverse directions, then constitute
a basis. A collinear momentum p can be decomposed in this basis as

n#

- nt.
P =mnigp f +n_p—

2

+ ', (2.1.2)

where the subscript L is understood to be transverse to the n’, vectors. We expand the theory in
the small parameter A ~ p, /(n;+p) < 1, and the components of the collinear momentum-vector
scale as

(nisp,pL,niep) ~ (LA ANQ. (2.1.3)

In the following, we set the hard scale = 1 as is conventional. This implies that collinear
momenta satisfy p? ~ A2, The (ultra-)soft particles carry momenta k satisfying k? ~ A% and
these momenta are taken to be isotropic, hence k* ~ A\2. We assume that no other modes,
besides the hard modes that we integrate out, are relevant for the problem at hand.! This
situation is usually denoted as SCET].

2.2 Field Content

The theory aims to reproduce the soft and collinear limits of the full-theory scattering ampli-
tudes. The construction differs quite drastically from traditional effective theories, like the Fermi
theory of weak decay or the Standard Model Effective Theory. In these conventional approaches,
one is interested in the “light physics” up to some high energy scale A, and integrates out the
heavy fields present in the full theory. The low-energy effective theory then only contains the
light modes and higher-dimensional operators that reproduce the effects of the heavy modes.

In SCET, however, we wish to describe soft and collinear regions of all relevant particles in
the full theory. Hence, instead of integrating out heavy modes, one integrates out fluctuations
corresponding to certain regions of loop momenta, and the effective degrees of freedom are then
the left-over modes. These modes must have a definite scaling in the power-counting parameter
A, e.g. ¢ ~ A% which allows one to label them as hard, soft, and i-collinear. We call this a
homogeneous scaling in A\. This means that the effective theory makes use of multiple fields
describing the same particle species, but with the different fluctuations representing different
kinematic regions.

The relevant modes for the effective theory are the soft and collinear modes. The hard region,
given by momenta scaling as p, ~ 1, is integrated out. Because of this, the theory is in general
non-local along the respective n; -directions. This is the effect of integrating out the hard modes
while having modes present in the effective theory that still depend on this hard scale. In SCET,
the collinear fields still have a dependence on the large scale via the large momentum component
nyp ~ 1. The non-locality can be traced to operators featuring an arbitrary number of large
derivatives ny 0, which all scale as ny0 ~ 1, and can be added in principle at any order in .

!This also means that we ignore the possibility of Glauber modes. For details, see [49].
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2.2 Field Content

However, this tower of derivatives may be traded for the non-locality in the ni direction, simply
by rewriting the derivatives as a translation, using
plz+ing) =) 71 (1+0)"p(2). (2.2.1)
k=0
Thus, instead of keeping infinite towers of derivatives (n40)™, one allows for non-localities in the
ni-direction of collinear objects. Often this non-locality also appears in the form of an inverse
derivative operator [40]

1 0
—f(z") = —i d » Y. 2.2.2
o @ =i [ ds e et (222)
Let us now turn our attention to the scalar theory. To be concrete, consider the action
1 g3 g4
Slel = [ dla S0,0(@) 0p(w) - Bid(a) - Srt(a) (2.2.3)

We split the full-theory field ¢ into its collinear and soft modes, integrating out the hard region.
In the EFT, this is manifested by introducing a collinear field ¢, (¢, in case of multiple collinear
directions) and a soft field ¢, for the original full-theory field .

Our approach is based on the position-space formulation of SCET developed in [40,41]. In
this formalism, we assign a scaling to the position argument of the fields, which is reciprocal to
the momenta. In the Fourier transform, we impose e??% ~ 1 and obtain the scaling for collinear
and purely-soft coordinates. Collinear fields depend on the coordinates

n_x~1, z,~\1, npz~A2, (2.2.4)

and the A-scaling reflects the characteristic distance over which the fields exhibit substantial
variations. For example, the soft field fluctuates only over large distances x5 ~ A2, It cannot
resolve the internal structures of a collinear jet, but only its large momentum and direction, as
well as its charge (in the case of gauge theory). Consequently, this scaling of = also determines
the scaling of derivatives when acting on collinear and soft fields. These scale precisely as
collinear and soft momenta, namely

N1 00c(7) ~ 0e(x), OLpe(®) ~ Ape(x), n_Opc(x) ~ Npe(x), (2.2.5)

for collinear fields, and the isotropic

Dups(x) ~ Nopy(x) (2.2.6)

for soft fields.

Unlike in conventional effective theories, the power-counting of the fields is not linked to their

mass dimension, and the soft and collinear fields differ in their scaling. From their respective two-

point functions, one can determine the power-counting of collinear and soft fields themselves [40].
For the scalar field, we have

_ ' ipay

OIT(p(x)ow))10) = [ 5ty e

AAMLA8 A1 A2 A

7
p?+ie
———

(2.2.7)

where we inserted the power-counting (2.1.3), namely p?> ~ A2, d*p ~ A* for collinear, and
p? ~ A%, d*p ~ A8 for soft momenta, respectively. One obtains the scaling

Ve~ A, s~ A, (2.2.8)

for collinear fields ¢, and soft fields ;.

Finally, we need to assign the power counting to the d*z measure in the effective action. If
collinear fields are present in the integral, we take the counting of the collinear coordinates and
assign d*xz ~ \™%. For purely soft fields, only the soft coordinate is relevant and we assign A~5.
Notably, if both soft and collinear fields are present, we have collinear counting d*z ~ A74.

11



2 Scalar SCET

2.3 Light-front Multipole Expansion

Due to the power-counting of their momenta (and thus coordinate arguments), products con-
taining both soft and collinear fields are not homogeneous in A. In Fourier space, one finds, for
example,

d'p  d*k, —i(ptks) T ~ N
QDC("L‘)SDS(J:) = (271')4 (27’(’)46 @C(p)SOS(kS) . (231)
Here, the product in the exponent is expanded as
1 1
(p+ks) x= 3 (nyp+niks)n_x+ (pL + ks )zl + 5 (n_p+n_ks)nyx, (2.3.2)
—_—— N — | ——
142 A2 A2422

but unlike collinear momenta, we have k% ~ A2 for all components. Thus, only the combination
n_p+n_ks ~ \? (2.3.3)

scales homogeneously as O(\?), while the k,, and n ks components are suppressed with respect
to p; and nip. In an amplitude, this is taken care of by expanding away the suppressed soft
components in the interaction vertices, and expanding propagators where necessary.

In the position-space formalism, this is accounted for by a multipole expansion. First, one
expands the exponential in (2.3.1) as

. . n 1
e—l(p+ks)~.z’ — e_Z(p"l‘nfk’sT_'—)'x <1 + Zk‘gj_ “ X + 52n+ksn7$ + . ) , (234)

keeping only the homogeneous soft momentum n_ks in the exponent, and one rewrites this in
an operatorial fashion as

emilPHha) @ — omi(p4n_hi ) (1 +x, -0 + %n_xmra +.. ) : (2.3.5)

Thus, the original interaction (2.3.1) contributes as
pela)pu(z) = pele) (ala-) + a1 00 (0-) + groalmdol @)+ ) . (236)
where z” = n+x%, and the square brackets indicate that the field is evaluated at xz_ after

derivatives are taken. Thus, the expansion in small momenta at the amplitude level is equivalent
to the so-called light-front multipole expansion [40,41]

pul) = @al) + (& — 2 )% [Bupal (22) + & — 2 )(w — ) [Pudapal () + .., (237)

and we perform this for each soft field whenever it appears in a soft-collinear interaction. This
guarantees that each term in the Lagrangian is manifestly homogeneous in A, and in turn, this
procedure generates an infinite tower of subleading soft-collinear interactions. In addition, one
immediately notices two features: first, the soft fields are evaluated at x_. This implies that in
the momentum-conserving delta-functions that are present in the effective vertices, soft momenta
only enter with the n_ks-component, and one sets the kg and ni ks components to zero. This
also leads to eikonal propagators for the collinear modes. Second, the coordinates x| and n_x
appear explicitly in the interactions, which modifies the Feynman rules of the effective theory.
These coordinates lead to derivatives in momentum space that act on the momentum-conserving
delta functions.

Note that the multipole expansion can be cast into an integral form, where ¢4(x) is expressed
in terms of ¢s(z_) and its kinetic 1-form [0,¢] (x_) as

1
ps(r) = ps(z-) = /0 ds (2 — 2)" [Oups] (y(s) (2.3.8)

12



2.3 Light-front Multipole Expansion

Pe

.

Figure 2.2: Soft scalar emission with momentum k, indicated by the dotted line, off an external
collinear leg with momentum p connected to the non-radiative amplitude Ag.

where y(s) = x_ 4+ s(x — x_). Such identities also reappear later for the gauge and graviton
fields and control the expansion to all orders in A.

As an explicit example, we show how this multipole expansion precisely reproduces the ex-
pansion in small soft momenta. This serves as a small invitation, the systematic construction is
explained in detail in the later Section 2.5. Consider a cubic interaction

Lin = =26 (@), (2:3.9)

and the emission of a soft scalar with momentum k from an external leg with momentum p, as
depicted in Fig. 2.2. For simplicity, we assume that the rest of the diagram, denoted by Ay,
does not depend on external momenta. Then the full-theory result is given by

1

A=g———-Ao. 2.3.10
gg(p+k)2+zo 0 ( )
We choose the external states to be on-shell, p?> = k? = 0, and can use
(p+k)?=2p-k=nypn_k+2p, -k +n_pn k. (2.3.11)
—— —_——— ——
~A2 ~\3 ~)4
Thus, the propagator containing a soft and a collinear momentum is expanded as
i i 2py ki p-ky | Alpy-ky)? 3
= 1-— — + +O(\7), 2.3.12
(p+k)?  pik- ( k- kyp- (p4ko)? ¥ ( )

where we introduced the short-hand notation nyp = p4, and the A-expansion of the amplitude
(2.3.10) is given by A = AW + A®) + A®) 1 O(A*),? where

1
AWM = 9 A, (2.3.13)
2 k 1
A0 = (55 () 2319
_k 4(]31_ . kj_)2 1
A® = (P ( A) . 2.3.15
( pik— (pk-)? Bk ( )

In SCET, these results should be obtained directly from the Feynman rules of the homogeneous
Lagrangian. Namely, for the considered three-point interaction (2.3.9), the effective Lagrangian

contains an interaction g
3
Lin O =5 @l(@)ps() (2.3.16)

2Here we assign gs ~ A for consistency. Therefore, the first term in the soft emission is already suppressed by
O()), in contrast to the soft photon emission considered earlier.
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2 Scalar SCET

which yields after multipole expansion

ol = %3@3%(96—), (2.3.17)
£ = —%3%% [Oatps] (x-) (2.3.18)
L) = =~ Jeinzln de (o-) - Felatal [0adses] (a-). (2.3.19)

plus higher-order contributions. Recall that for soft fields, depending only on x_, the momentum
conserving delta-function only contains the n_k component of the soft momentum k. Thus,
whenever no explicit z* is present, we use this to impose momentum conservation. The Feynman
rules are then given by

Pe D1 0 O\
\ k 9 ( )
—— . 17 O(Al)
................. 905 f— _Zg3 2 (2320)
— X"k, O(X%)
. “ XX kaks — In_Xnik, OO

where X* is defined as [50]

XH = on [ (2m)1s@ (me Zpout)} , (2.3.21)

and the derivative 0 = 9/0pin or O = —0/0pout acts on incoming or outgoing momenta inside
the delta function. If soft momenta k are present, one sets the k| and n_k components to zero
inside the momentum-conserving é-function after the derivative is taken.?

At O()), one immediately realises that the SCET momentum conservation leads to the eikonal
propagator of the internal line as

/ (;ijr) : 52 (2m)1a (ﬁ—P—”—knj) - (2.3.22)

and one recovers A, For A, one needs to evaluate X ﬁ, the derivative acting on the delta-
function, as defined in (2.3.21). The explicit contribution reads

AL = d*p —igsk, XA
- (2) g3 ~2 0

d4p 1 8 n
_ W5 _p_ ot

d*p 3 1 (4) Ny
_gBk“/(Qw)‘*( o P M0>5 Pp-—p—n_k— )

i

_ 2p;
= —g3k, (p+k;)2AO’ (2.3.23)
and we reproduce (2.3.14). This way, one explicitly sees how the multipole expansion (2.3.7)
reproduces the expansion in the soft momenta order by order in k. Thus, the only two in-
gredients required to construct the soft-collinear effective theory for interacting scalars are the
mode decomposition and the multipole expansion. Already here we see a new feature of SCET
compared to standard effective theories: the Lagrangian reproduces the soft emission from the
external leg. However, the underlying scattering Ay is not described by the effective interaction.
Instead, this scattering must be accounted for differently.

3In practice, one simply integrates by parts and sets the soft momenta to k_ directly inside the §-function.
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2.4 A Bird’s Eye Perspective on the EFT

2.4 A Bird’s Eye Perspective on the EFT

We are now ready to discuss the form and construction of the effective theory. First, we consider
the effects of momentum conservation and homogeneity, which lead to a first manifestation of
factorisation.

Recall that a collinear sector is characterised by its collinear momentum p;, where the large
component n;yp; ~ 1 is of order of the hard scale. Thus, to generate particles of different
collinear sectors 7,j with momenta p;, p;, one needs an underlying hard scattering to source
these. A collinear particle of momentum p; cannot source one with p; without a hard momentum
in the interaction vertex. This means that the physics within each collinear jet is described by
a collinear Lagrangian £;, which only features modes of sector i, as well as interactions with the
soft modes.

The effects of a hard scattering sourcing different collinear sectors and soft radiation are
allocated in the so-called N-jet operators. These operators are the only place where Wilson
coefficients appear, renormalisation takes place and a matching computation is necessary. In-
tuitively, one can think of the leading-order N-jet operators as the underlying non-radiative
scattering amplitude, to which radiative corrections are considered.

One can understand their appearance in two ways. On the formal side, they are the result
of integrating out hard modes. In conventional effective theories, integrating out heavy fields
gives rise to higher-dimensional operators that account for the effects of these heavy fields. In
complete analogy, one can think of these N-jet operators as the objects that mediate the effect
of the hard regions that one integrated out. On the physical side, these objects must exist since
one keeps all particles as valid external states in the effective theory, which can in general depend
on hard momenta n, P. Therefore, to describe scattering between such external particles, one
requires additional ingredients on top of the effective Lagrangian that can account for hard
momentum transfer. This is why these currents usually do mot exist in a conventional EFT.
But formally, they can be thought of as an analogue to the higher-dimensional operators in such
EFTs.

The Lagrangians £; and L4 correspond to the full theory in different kinematic limits expanded
around certain backgrounds, and thus these are not renormalised by loop corrections. The
purely-collinear theory corresponds to the full theory (in light-cone gauge if gauge symmetries
are present ), whereas the soft-collinear theory corresponds to the physics of a collinear fluctuation
on top of an emergent soft background. The purely-soft Lagrangian corresponds again to the full
theory, but with soft power counting. We make these statements more precise when we introduce
gauge symmetries in the later sections. Crucially, these Lagrangians are not renormalised and
exact to all orders in the couplings and in A [40]. In Fig. 2.3, this factorisation into soft and
collinear is depicted at the example of SCET QCD, considered in Chapter 3.

This split into soft and collinear modes can be viewed as a Lagrangian-level implementation
of the method of regions [51]. Namely, the effective theory precisely reproduces the soft and
collinear contributions of loop integrals. The hard contributions are absorbed into matching
coefficients, which only appear in the N-jet operators that describe the (hard) interactions
where multiple collinear sectors are present.

Note that this allocation of operators is quite distinct from the conventional EFT setup.
Usually, one includes all higher-dimensional operators in the effective Lagrangian. Then, when
computing a process, one decides which operators contribute and calculates their effect. In
SCET, one can arrange the operators differently. In any given process, soft-collinear, purely-
soft and purely-collinear interactions will always be relevant and must be included, since these
can be added to the external legs. However, the kinematics of the process dictate what kind
of underlying N-jet operator is relevant. Thus, the split into N-jet operators — the choice of
which depends on the process at hand — and universal Lagrangian interactions — which always
contribute — arises quite naturally.

The strategy of construction is quite simple. First, one constructs the effective soft-collinear
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2 Scalar SCET

purely j-collinear

purely é-collinear @

soft-collinear

nj_As(x;-)

soft-collinear @
n;—As(z;_)

purely soft

Figure 2.3: The factorisation present in the SCET QCD construction due to momentum con-
servation. Hard momenta are required to source modes of different collinear sectors.
These objects are sorted into N-jet operators. The collinear sectors themselves
are described by collinear Lagrangians £;, which feature purely-collinear and soft-
collinear interactions. The soft field is described by a purely-soft Lagrangian L.
The appearance of n;_ As(x;—) will be clear after Chapter 3.

and purely-soft Lagrangians. For the purely-scalar theory, this will turn out to be straightfor-
ward. Next, one investigates the possible building blocks that can appear in the N-jet operators,
to find a minimal basis. Once these objects are identified, one can perform hard matching to the
full theory and the construction is concluded. The result is the SCET Lagrangian and operator
basis to the desired order in A.

2.5 The Effective Lagrangian

We can now proceed with the construction of the effective collinear and soft Lagrangians. For
the full theory, we consider the Lagrangian from (2.2.3), given by

L= L0up(w) 0p(a) ~ L) ~ (). (25.1)

As explained above, the SCET Lagrangian takes the form

LscrT = ZLz [@ci, ‘105] + Esoft[@s] , (2'5-2>

where L£; is the soft-collinear Lagrangian containing only i-collinear and soft fields. There is
no Lagrangian containing multiple collinear fields, as these only enter in the N-jet operators
discussed further below. For the scalar theory, the full theory field is related to the EFT modes
simply as

p(r) = pe(r) + @s(z) - (2.5.3)

We can interpret this split (2.5.3) as a collinear fluctuation on top of a soft background, and this
interpretation is justified by the following construction. For the scalar field, this interpretation
does not have any inherent advantage, but once we introduce gauge fields this intuition turns
out to be useful. The effective theory describing the soft and collinear scalar modes can now be
constructed in three steps:

16



2.5 The Effective Lagrangian

(i) Introduce the decomposition (2.5.3) into the action (2.5.1). This yields a Lagrangian de-
scribing the collinear modes ¢.(x) and the soft modes ¢4(x), which is not yet homogeneous
in A. This is due to the presence of terms like [ d*z ¢?(x)ps(z), where the soft field is
evaluated at the collinear argument x. However, as explained in Section 2.3, the soft field
varies only over the large distance z_, thus it should appear as ps(x_) in soft-collinear
interactions.

(ii) To render each term manifestly homogeneous in A, perform the multipole expansion (2.3.7)
of soft fields in the soft-collinear interaction terms. The resulting theory takes the form
of a collinear fluctuation ¢.(x) in a soft background ¢s(z_), with an infinite tower of
subleading terms controlled by the identity (2.3.8).

(iii) In the last step, expand these closed integrals and obtain a theory where each term has a
definite and homogeneous power-counting in A.

In step (i), we perform the expansion about the soft background ¢s(x) by inserting (2.5.3) into
the action (2.5.1). In the following, we adopt the convention that the argument of collinear
modes is suppressed ¢.(z) = ¢, whereas for soft modes we keep it explicit. Inserting the
decomposition yields the Lagrangian

1 E
£ = 50ups(@)0pu(w) — Fed(w) — Jrod(a)

2 1
1 g3 94 g3 94 94
+ 5 Ouped o — gwi’ - Ew‘é — 5%%(«’6) - gwi’ws(w) - zw?wi(x) : (2.5.4)

Note that the Lagrangian does not contain terms linear in (., like p.p2(x). These terms violate
momentum conservation since an energetic collinear particle cannot decay into purely soft ones.
This is consistent with the expansion about a soft background ¢s(z), as these linear terms are
proportional to the soft equation of motion and can be dropped. This emphasises the point
of view that already for a purely-scalar theory, the Lagrangian takes the form of a collinear
fluctuation on a soft background.

The Lagrangian can be split into a (soft-)collinear L. and a purely-soft part L, where

1 93 94 93 94 94

L= B 0 e 30 v - ESOZCL - 5803%(%) - E@i’@s(ﬂf) 7 pps(z), (2.5.5)
1 93 94

L= 9 Lps0ps — gw“z - E@é- (2.5.6)

The purely soft theory is completely equivalent to the full theory of a (soft) scalar field 4. Since
only soft fields are present, we count the integral d*z ~ A\~%, and the kinetic term is of order 1.
Thus, in the purely-soft Lagrangian (2.5.6), we suppress the argument of the soft fields, as no
multipole expansion is necessary.

The Lagrangian L. contains a purely collinear part, which is simply the full-theory Lagrangian,
as well as interactions between soft and collinear modes. However, the soft-collinear Lagrangian
is not yet homogeneous in )\, since the soft fields must be multipole expanded about xz_. This
is step (ii).

Performing this expansion and using the identities (2.3.8), one can express the all-order soft-
collinear scalar Lagrangian as

1 g3 94
£ = 5Onpedpe = 100 = e (2.5.7)
g3 o 94 3 g4 2 2
- B2, Hp, 9 2.5.
Ec, sub 2 PP 6 PP 4 PcPs ( 5 8)
= 5% [ ds(z—2-)"[Oups] (y(s)) — P | ds(z—z-) [Oups] (y(s))
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_%¢g¢s/ ds (z — 2 )" [Oups] (y(s)) —%Pg (/ ds (@ = @) [Oupl <y(8))>2'

Here, we dropped the argument for soft fields evaluated at x_, ps(x_) = ps. Furthermore, we
assigned a scaling g3 ~ A to avoid a super-leading cubic interaction term."

It is interesting to note the structure of the Lagrangian, as this is completely general and will
manifest itself in the same form also for gauge theory and gravity. The purely-collinear inter-
actions take the same form as the full theory. In fact, the purely collinear theory is completely
equivalent to the full theory. The soft-collinear interactions give rise to a leading term, where
ws(z_) appears, as well as an infinite tower of subleading terms. This theory corresponds to a
collinear fluctuation on top of a new soft background, in this case ps(z_), and subleading terms
expressed in terms of the kinetic 1-form 0,¢,. In gauge theory, this structure will re-appear
for the mode n_A,(x_), with the field-strength tensor Fj,, in place of J,p,. In gravity, the
Riemann tensor appears instead.

The fact that both the purely-soft and purely-collinear Lagrangians are equivalent to the full
theory (2.5.1) is easy to understand: without any external sources, there are no other scales
present in either Lagrangian. Thus, without reference to any other scales, both theories are
of course equivalent to the full theory, as one could simply boost the theory to a reference
frame where all momenta scale homogeneously. It is the presence of other scales, either via soft-
collinear interactions or via N-jet operators describing sources, that allows one to distinguish
the soft and collinear modes, as one can now no longer boost to homogenise the momenta.

For practical computations, the structure presented in (2.5.8) is not useful, as it is not homo-
geneous in \. If we expand the integrals in step (iii), the soft-collinear Lagrangian up to O(\?)
is given by

Lo=LO+ 204232 (2.5.9)
where
1 g3 94
£ = S0upedpe — Sr0% — 10t (2.5.10)
g3 g4
L) = =0y — L lps (2.5.11)
94 g3 94
£ = —Z2 0203 — 5 ool [Oups] — olel (0] (2.5.12)
1 g3 g4
Ls = 50ups0ps = 105 = 15 (2.5.13)

The explicitly appearing =/, n_z due to the multipole expansion are a prominent feature of
SCET and lead to rather complicated Feynman rules. These explicit coordinates correspond
to the expansion of the suppressed components of soft momenta in soft-collinear vertices, as
demonstrated in Section 2.3. The advantage of this Lagrangian is that any term has a definite
power-counting in A, and is thus homogeneous. This makes it straightforward to compute
contributions at a desired order in A, and no further expansions of the scattering amplitudes
are necessary. In particular, this also holds for loop corrections. The systematic investigation
of loop corrections is one of the main advantages of the Lagrangian approach compared to the
explicit expansion of scattering amplitudes.

Note that this Lagrangian is constructed starting from a renormalised full-theory (2.2.3).
Therefore, the effective Lagrangian is not renormalised to any order in the couplings g3 and g4
and in A [40]. The only place where renormalisation takes place is in the N-jet operators.

The Feynman rules for the effective theory are readily derived. The propagator of the collinear
and soft modes is the standard scalar propagator

i

- 2.5.14
p* +ie ( )

4Strictly speaking, with this choice the interaction remains super-leading for the purely-soft sector and should
probably be integrated out. We will not worry about this in the following.
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2.5 The Effective Lagrangian

The purely-collinear and purely-soft vertices are only present at leading power,” and one finds
the standard self-interaction

Pec p1
D 1, O
E—
Yo =—igsq 0, O, (2.5.15)
0, O\

%4

Pe P11 D3 Pe
\ / ’ (9()\0)
=—igsq 0, O, (2.5.16)
0, O\
R I (A%
Ps kl
\ ks 1, O\
e ps =—igs{0, O, (2.5.17)
@s.‘ L/k2
st‘. k1 k‘3 _.908
I L oY)
s = —ig1{0, O\ (2.5.18)

Pe P1
\ k 07 O()\O)
—
................. Vs =—ig341 , O()\) , (2519)
—X"k,, O\
Pe “ . )

— i1, on (2.5.20)

SWith the given choice, either the purely-soft cubic interaction is super-leading, or the g3 vertex should be
suppressed by A2, Since we do not employ purely-soft cubic interactions in the following, we do not pursue
this discussion further at this point. A similar subtlety arises when considering mass terms within SCET.
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Pe 1 1 Ps
= k/’ 0, O\
2 = —igs{0, O . (2.5.21)
0o N, o
(2.5.22)

This is a crucial difference to both gauge theory and gravity. In the purely-scalar SCET, there are
only leading-power purely-collinear interactions and no leading-power soft-collinear interactions.
This is a first indication that there are no soft divergences in “pure matter” theories.

2.6 N-Jet Operators

As explained before, scattering processes which feature different collinear sectors are allocated to
the N-jet operators. These objects are necessary, as the Lagrangian £; only describes interactions
within the same collinear sector, and with the soft background field. Notably, there are no
interactions between different collinear sectors in the Lagrangian. These processes require a
hard momentum to source the different collinear sectors and are not part of the Lagrangian
interactions. Instead, the additional objects that describe such processes are the so-called N-jet
operators. For the scalar theory, the minimal N-jet operator basis is trivial. Later, we will see
how additional symmetries affect and constrain the operator basis.
A generic N-jet operator J in SCET takes the form of a light-ray operator [52]

N

J= /[dt]N Cltiy, iy, ) Io(0) T[ ks tins ), (2.6.1)

=1

where [dt]y = [, dt;,. Here, J; denote the collinear and J; the soft building blocks, and
é(til,ti2, ...) is the hard matching coefficient. The collinear operators are non-local along
their respective collinear light-like direction n/’ +, indicated by the displacement ¢;, , due to their
dependence on the large collinear momentum n; p;, which is of the order of the hard scale. Thus,
any field ¢, can in principle come with an arbitrary number of large derivatives (nHB)kcpci ~ P,
We trade this expansion in infinitely many large derivatives in favour of a non-locality along the
light-cone, as explained in (2.2.1). This also eliminates any 7,10 as possible building blocks in
the operator basis. In the end, we evaluate the operator at X = 0, where the hard scattering
takes.

At leading power, the elementary building blocks, denoted by JZ»AO, are simply the collinear
scalar fields themselves,

TO(t) = e, (ti) ~ X (2.6.2)

The first important observation is that additional O(1) objects, namely the derivatives n;; 0,
are already accounted for since the collinear operators are non-local along the n!' _-direction.
The derivative is then absorbed using integration by parts. Crucially, this shows that at a given
order in A, there are only a finite number of operators.

There are three possible ways to construct subleading operators starting from these JA0:

(i) Adding derivatives i0; ~ O(A) or in;_d ~ O(A\?) to the A0 currents. For the simple scalar
field, observe that the leading-power equation of motion reads

o7 g3 1 g1 1
O, = — ©Oe: + = <02_—|—— <p3_+(9)\. 2.6.3
i “ n;40 “ 2 n;40 ci 6 n;+0 ¢ ( ) ( )
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Therefore, one can trade n;_0y,, in favour of the leading-power collinear building blocks.
At next-to-leading power, the equation of motion receives corrections from the soft-collinear
interactions, and also soft building blocks will appear in the relation (2.6.3). In summary,
n;—0 can be eliminated at all orders in favour of soft and collinear building blocks, so
derivative operators are characterised entirely by the number of 0, derivatives added. We
denote these types of operators by JZA”, where n denotes the order in .

(ii) Adding more building blocks of the same collinear direction, as each block is itself of O(\).
An operator consisting of two (three) fields is denoted by JZ" (JE™).

(iii) Adding g3 ~ \. This is specific to the scalar field with three-point interaction and will not
re-appear in either the gauge-theory or gravitational setting.

Similarly, the leading-power soft building block corresponds to the soft scalar field
Js(z) = ps(x) ~ A2, (2.6.4)

Subleading soft building blocks can be obtained by combining multiple soft scalars or adding
derivatives. Since all soft derivatives have homogeneous counting in A, there is no need to
distinguish different directions.

In addition to these elementary building blocks, we incorporate the subleading Lagrangian
interaction vertices by time-ordered product operators of the form

JT0 () = i / T {72, £ (@)} (2.6.5)

JAm

and similar for subleading operators J7("*™) formed with subleading currents . Of course,

one can also form these products with B, C,...-type currents.

2.7 An Example Matching

To familiarise ourselves with the formalism, we consider a simple matching computation for
the theory described above. The process of interest is some hard scattering that creates four
energetic scalar particles, well-separated in angle. This is what we later call the “non-radiative”
hard matching, as we do not consider additional soft or collinear emissions. To perform the
matching, we first compute the scattering amplitude in the full theory. This amplitude is then
expanded in the power-counting parameter A\, and one decides based on the power-counting and
fields present in this amplitude which operators contribute in SCET to deduce the matching
coefficients from explicit matching. For the process at hand, we will find that the entire physics
can be encapsulated by A-type operators. In addition, they can all be related to the leading A0
operator.

2.7.1 Full-theory Computation

We consider the scattering process ¢ — @@ with momenta p, ..., ps, all taken to be outgoing
and on-shell, i.e. p? = 0. These momenta are collinear but well-separated in angle, meaning
they belong to different collinear sectors with their own reference vectors ni_,...,ng4—. The
contributing diagrams are given in Fig. 2.4, and are proportional to g4 and ¢g3. The amplitude
is computed in a straightforward fashion as

I —ig2)? i ¢ : . .
A = ~iga t (=igs) <<p1+p2>2+<p1+p3>2+<p1+p4>2) (27.1)
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Figure 2.4: Diagrams contributing to ¢ — @@. The first diagram is proportional to the four-
point interaction g4, while the remaining three stem from the three-point interaction

and are proportional to g2. The last diagram is the u-channel contribution where
the lines are crossed.

Since the momenta belong to different collinear sectors, the sum p; + p2 is not homogeneous in
A. We introduce their respective reference vectors and can decompose the Lorentz scalars in the
denominators as

2 2
n;—-nj—

= Nt PiNG4+Pj + Ni— * PjL N4 Pi + Nj— - Pil N4 Dj

ng;— N+ n;_ M54+
Di-pj = <nz'+10iZ +Dpil + n@'pz‘Z) : (nj+pjj2 +DpjL +n-pj ;)

~1 ~A
n;-n;

4

NG —-ny;
4
~A2

+ +
Nj_Pjni+P; + N;—PiNnj4+Pj + Pil * PjL

1 1 NN
+ 5N+ PGP+ SN PPt Z+4 ni_pinj_p; . (2.7.2)

~A3 ~d

Thus, we can expand the denominators appearing in the amplitude as
L2 1 1 2 Mi-Djl | Mj-Pil
2pi-pj  Mi—nj— pitpi+ Ni—Nj— \  Pit Pj+

2 2
n 2 Mi-Pjl | Mi-Pil
Ti—Tj— Di+ Pj+

2 i—TMj+ Pj— j— it Di— il " Pj

i1 2 pi+ 2 P+ PitDi+

where we introduced the short-hand notation n;.p; = p;1. The A-expansion of the full amplitude
is then given to O(\) by

2
A0 = —igy —ig3 (
n1_Na— P1+Pa+

A(U:—z’gg( 2 1 (_ 2 (nl‘p2L+n2'p1L>>>+(perm)' (2.7.5)

ni-n2— p1+pP2+ ni-na— P1+ P2+

Lo+ 4)) , (2.7.4)

Note that all subleading corrections (only relevant for the gs-part) are related to the leading

amplitude and are proportional to p;,, via n;,_p; = —%. Thus, one could fix a reference
frame where all momenta are aligned with their respective reference vectors, i.e. p;1 = 0. Then
these subleading contributions identically vanish. One can exploit this property and deduce
these subleading parts from a symmetry of the effective Lagrangian, called reparameterisation
invariance (RPI) [53]. Then, one only has to perform the leading-order (LO) non-radiative
matching, and all subleading parts are fixed by constraints from this symmetry. This is due to

the fact that the full amplitude (2.7.1) depends on the Lorentz scalar p; - p;. In the effective
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theory, this scalar must be expanded in A, and we break the Lorentz symmetry. However,
ultimately the effect of this UV Lorentz symmetry must still be present, and it re-appears in
the form of RPI.

2.7.2 SCET Matching

Next, we perform the non-radiative matching at O(1) and O(X) in SCET. The leading-order
contribution in SCET must contain the four scalar fields. It is unique and given by the A0
operator

T = /[dthé({ti})@l(751)@2(752)903(753)904(754)- (2.7.6)
We can then match this to the LO-contribution of the full amplitude as
"4(0) = <p17p27p3)p4‘ jAO ’0>
— / [dt]ae’ 22" GAY ) = A%y, npa) (2.7.7)

and the leading-power momentum-space matching coefficient is determined to be

2 1

n1-n2— P1+pP2+

CA%nyip1, ... nayps) = —igy — ig? < +2¢3)+2« 4)) : (2.7.8)

To obtain the position-space version, we simply perform a Fourier transformation. For the
constant term, we find a d-function, since

/ dt; (—iga) €™ P (t;) = —igy . (2.7.9)

For the terms proportional to (n;yp)~!, we use

[ ~ ot (—ig3) emritio(—t;) = (~ig3) [ Uty it — (~ig3) - (2.7.10)

Ni+Di
Therefore, the position-space matching coefficient reads
CAty, ... ta) = —igad(t1)d(t2)6(t3)5(ta)

2.7.11
_ig? (n1_2n2_9( 1)0(t2) + (2 & 3) + (2 <—>4)) . (2.7.11)

We see that (2.7.7) can be read as the simple statement that the momentum-space matching
coefficient corresponds to the non-radiative amplitude order-by-order in A.

For the non-radiative process we consider here, there is no collinear splitting, and the only way
to construct a subleading operator is to attach a transverse derivative 9, ~ A to the fundamental
building block ¢, i.e. to replace

Pe; (tiniv) — 10 @e, (tiniy) (2.7.12)

for one J;(t;). The corresponding N-jet operator, now O(\) suppressed compared to the leading-
power (2.7.6), takes the form

Alzz/[dt]4éf1“(t1,..., ) JAL( (HJAO ) (2.7.13)

i#]

Again, the matrix element of this operator must reproduce the scattering amplitude at O()),
which yields the condition

AD = (i pal 70y = =y [[dtla € B S )
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A
= —p} CLu(nigpr,. . nagpa), (2.7.14)

and CA1% can be computed explicitly by comparing with (2.7.5). For example, the coefficient
that comes with 9/ ¢ is given by

2 1 2 nk'
Ctt = —ig? ( 1= ) , (2.7.15)
N1-N2— N14pP1N24p2 \ N1-N2— N14+P1

and it seems to contain the leading-power coefficient C19, which is sensible since this term stems
from the Taylor expansion of the full-theory amplitude.

Indeed, instead of performing the matching order-by-order in A, one can exploit the fact that
for the non-radiative scattering captured by the A-type operators, the A-expansion is entirely
due to the expansion of the scalar products inside A. Therefore, all subleading coefficients are
in principle already determined from the leading-power result using RPI constraints. For the
A1 current, this constraint reads [54]

2nf o

A= CMnaop1, ..., nNLPN) - 2.7.16
e, O (n1+ +PN) ( )

A
C] 1M(n1+p17 ces 7nN+pN) = - Z
=y

Intuitively, if the Fourier transformation of the leading-power matching coefficient is simply
the non-radiative amplitude depending only the leading-power momenta n;yp;, n;1p;, then this
equation states that the A1l matching coefficient is simply the next term in the Taylor expansion
of the non-radiative amplitude. Since the hard matching coefficient in SCET can only depend
on the large components n;1p;, the equation (2.7.16) takes this somewhat cumbersome form.

In summary, the Fourier-transform of the hard matching coefficient C4™ in the n-th power
suppressed N-jet operator J (") corresponds, roughly speaking, to the n-th term in the Taylor
expansion of the non-radiative amplitude.

These results are important in the derivation of the soft theorems from the effective theory,
and we will come back to this later. The matching coeflicients of the non-radiative amplitude
can be inferred to all orders from the leading-power matching, which corresponds to the full
theory in a special reference frame (where all p; are aligned with their reference vectors).’

5This statement holds as long as the A-expansion of the non-radiative theory is entirely due to the expansion of
scalar products, and not due to additional higher-order contributions.
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Now that we understand the basic principles underlying the SCET construction and formalism,
we are ready to incorporate gauge symmetries. This complicates the discussion for two reasons,
both of which are also present in gravity. First, the gauge symmetry itself must be modified.
One must implement the split into soft and collinear modes, then determine the relevant gauge
symmetry of each sector, and finally consistently modify these symmetries to respect the light-
front multipole expansion. Second, the gauge fields contain modes that are not suppressed in
the power counting. These components must be controlled to all orders in the power-counting
parameter to obtain a finite operator basis. These two problems are readily dealt with by
introducing a number of Wilson lines, which allow us to give closed expressions that hold to
all orders in the power-counting parameter A. These expressions can then be expanded in A
in a straightforward fashion and one obtains the effective Lagrangian where each term has a
manifestly homogeneous power-counting, and the emergent gauge symmetry of the effective
theory then also respects this counting. In the operator basis, the gauge symmetry allows us to
identify a set of minimal soft and collinear building blocks.

We will see that it is the covariance with respect to this emergent gauge symmetry, and the
constraints that follow from it, that ultimately give rise to the soft theorem from the EFT
perspective.

The position-space derivation of the SCET Lagrangian was first presented in [40], and in
full-generality featuring also non-Abelian symmetries in [41]. The following discussion follows
closely the exposition in [47] by the author in collaboration with M. Beneke and R. Szafron,
which expands on the previous derivations in a few key aspects related to the gauge symmetry
and gauge condition, which prove valuable when considering the generalisation to gravity. Most
of the results can already be found in [40,41,47] and [48].

3.1 Field Content

We begin our discussion with scalar QCD, the theory describing a scalar field ¢® in the funda-
mental representation of SU(NN), and the corresponding gluon field A,,.

The overall intuition from the previous purely-scalar consideration discussed in Section 2.4
still holds true, and most concepts can be carried over in a straightforward fashion.

Just as in the purely-scalar theory, we introduce collinear and soft modes for both fields, and
use the two-point function (2.2.7) to determine their power counting. For the scalar, one obtains
again the power counting (2.2.8)

¢c ~ )\7 Cbs ~ >\2 . (3.1.1)

For the gluon, one finds in a general gauge [40]

d'p e i Puby
OT (A A W) 10 = [ Gl e g+ ()] (312)
which determines
nyAc~1, Ao ~X, n_Ac~ N Ay~ A2, (3.1.3)
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Note that the gluons, both soft and collinear, scale like the respective components of the mo-
mentum, i.e. A, ~ p. and A; ~ k. This means that the purely-collinear and purely-soft
covariant derivatives, denoted by D. and Ds, respectively, where D,/ = 0 —igA./,, are ho-
mogeneous in the power-counting parameter A, but the total soft-collinear covariant derivative,
D =0 —igA. — igAs, consisting of both soft and collinear fields, is not.

3.2 Gauge Symmetry

There is a major new feature that was not present in the previous discussion: QCD is invariant
under a SU(N) gauge symmetry. This leads to additional complications when constructing
the effective theory. Namely, the gauge symmetry is extended in a non-trivial fashion in the
effective Lagrangian: the collinear fields take the role of fluctuations on top of the underlying
soft background. This is a consistent way of implementing the desired soft and collinear physics.
This structure is imposed by momentum conservation, as we argue in the following.

First, the full-theory gluon field A, transforms under a gauge transformation as

Aﬂ—+UAﬂUV+§U[@“Uq. (3.2.1)

This field is decomposed into soft and collinear modes as
Au(z) = Acu(z) + Agu(x) . (3.2.2)

Both of these gluon fields should acquire a gauge transformation, and the sum of both fields
must transform as the original full field. However, when performing a gauge transformation, the
transformation matrices themselves are either soft or collinear objects, meaning the position-
argument of the respective infinitesimal gauge parameter a./,(v) has either soft or collinear
power-counting. One must ensure that the soft field does not transform under collinear gauge
transformations, else the resulting transformed field is no longer soft. In that case, the notions
of “soft” and “collinear” would not be gauge-invariant, which is problematic. On the other hand,
the collinear field can transform under soft gauge without problem.
A consistent solution is to impose the transformations

collinear: Ao — UoAUS + ~Ue [Dy, UF] e = Uste,
g

As = As, bs = @s

3.2.3
soft: AC — USACUST, ¢c — Us¢07 ( )

A= UAUL+ 20, [0.U1] 60— Uit
g

Under collinear transformations, As does not transform. However, it appears in the form of
the soft-covariant derivative D¥ = 0" —igA# in the collinear transformation. Conversely, under
a soft transformation, A has the standard transformation (3.2.1), and A. has the covariant
transformation of a (non-gauge) matter field in the adjoint representation.! Note that the z-
argument of the local transformations U, and U has the same scaling as the argument of collinear
and soft fields, respectively. This ensures that the scaling of the gauge fields (3.1.3) remains
unaltered by the gauge symmetry of the effective theory. One can verify that the transformation
(3.2.3) has the property that the full field, defined as (3.2.2), indeed transforms as a standard
gluon (3.2.1). Therefore we do not need to modify the naive decomposition (3.2.2) further.

In the purely-scalar theory, this line of reasoning led to the interpretation that the split
© = @c + s is a split into a collinear fluctuation on top of a soft background. Now, based on

'From the soft perspective, any collinear field, regardless if gauge or matter, has the same transformation,
depending only on its representation.
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the transformations (3.2.3), we again see that the decomposition (3.2.2) can be interpreted as
the split into a collinear fluctuation on top of a soft background, and the gauge transformations
immediately follow from this identification: the fluctuation (collinear mode) comes with its own
gauge symmetry, covariant with respect to the non-trivial background configuration A, (the
soft mode). The soft background has the standard gauge transformation, and each fluctuation
satisfies the homogeneous — non-gauge — matter transformation. Thus, momentum conservation
imposes this extended symmetry, consisting of the two separate soft-background and collinear-
fluctuation gauge symmetries, in the effective theory. In the case of multiple collinear modes,
each mode would be interpreted as a fluctuation and would come with its own i-collinear gauge
symmetry. However, all these collinear modes transform in the same way under the soft gauge
transformation.

The soft matter fields are slightly more involved. Just as for gauge fields, the soft matter field
cannot transform under collinear gauge transformations, as seen in (3.2.3). However, the naive
decomposition

¢(x) = ¢e(2) + ¢s() (3.2.4)

is inconsistent with the proposed transformations (3.2.3), as the sum on the right-hand side
does not transform like the full-theory scalar field on the left-hand side. Instead, one has to
implement the transformation using a combination of Wilson lines. Namely, one decomposes
the matter field as

b= b+ WZles, (3.2.5)

introducing the Wilson lines

0 _ 0
WZ' = Pexp [29/ dsniA(x + sny)| Pexp [—ig/ dsnyAs(x +sny)| (3.2.6)

where P (P) denotes (anti-)path-ordering. These Wilson lines transform as

collinear: Z" — ZT, W — U(x)W,

(3.2.7)
soft: Z = Z1Ul(z), W — Uy(x)W,

where we used U(z — oony) = 1, i.e. that the gauge transformation vanishes at infinity.

We can interpret the decomposition (3.2.5) as follows: The soft field ¢s(x) only transforms
under soft gauge transformation Us(z). The semi-infinite Wilson line ZT, only containing the
soft gluon field, moves this soft transformation from = to —oony, where we impose that the
transformation vanishes. Thus, the combination ZT ¢, (x) is gauge-invariant under both soft and
collinear transformations, since, by construction, a purely soft object does not have a collinear
transformation. On the other hand, WT, the full-theory Wilson line,” can be used to render
the full-theory scalar field gauge-invariant. Thus, when multiplying ZT¢s(x) with W, one re-
covers the object W ZT¢,(x) that transforms like an ordinary full-theory scalar field. Therefore,
the right-hand side of the decomposition (3.2.5), combined with the proposed transformations
(3.2.3), does indeed transform like the full-theory scalar field on the left-hand side.

One realises that for gauge theories, already at this first level of the mode decompositions,
SCET requires non-local objects in order to implement consistent gauge transformations. These
and other related Wilson lines play a central role in the later constructions. For more details on
these, we refer to [40,41].

3.3 Multipole Expansion and Redefinitions

Now that we understand the field content and the gauge symmetries, we can start the construc-
tion of the effective theory. Just like in the scalar case, as explained in Section 2.4, the effective

2We call it full-theory since only the full-theory gluon field A = A, + A, appears.
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theory separates into soft-collinear Lagrangians L., and the N-jet operators. We first discuss
how the effective Lagrangian is constructed, and later proceed with the analysis of a minimal
operator basis for the N-jets. The basic principles are the same ones as outlined in Section 2.5:
one inserts the field decompositions (3.2.2), (3.2.5) in the Lagrangian and then performs the
multipole expansion as introduced in Section 2.3. However, the gauge symmetry leads to addi-
tional subtleties with regard to the multipole expansion, which we explain and address in the
following sections.

3.3.1 Homogeneous Gauge Symmetry and Multipole Expansion

There is an immediate problem in the construction concerning the soft component of the gauge
transformations. From (3.2.3), one sees that collinear matter fields transform under the soft
gauge symmetry as

Ge(x) = Us(z)ge(z) - (3.3.1)

This poses a potential problem when performing the light-front multipole expansion about z_ =
nix’- as explained in Section 2.3, since the soft gauge transformation Uy(x) in (3.3.1) depends
on the collinear coordinate x, which has the wrong scaling for a soft field. This means that
Us(x) in (3.3.1) must also be multipole-expanded, and this in turn generates an infinite tower
of subleading terms in the power-counting parameter A, since

Us(z)pe(x) = Us(z-)de(x) + 23 [0aUs] (2-)¢e(z) + O(N¢c) (3.3.2)

In other words, after multipole expansion, the proper soft transformation should only depend
on z_, i.e. the collinear scalar field should transform as

QSC(:U) - Us(w—)¢c(fv) ) (3.3.3)

without any subleading corrections. This way, the soft gauge transformation is homogeneous in
A and respects the soft multipole expansion.

The second problem, at first glance unrelated, concerns the transformation of the collinear
gluon under the collinear gauge symmetry,

Aulz) = Usle) Ac(2) Ul (2) + ;UC(:U) EXCRAGIE (3.3.4)

Here, Dgs(x) appears, i.e. the full soft field As(x). Even after consistently implementing the
multipole expansion, the transformation

Au(z) = Uo(2)Ac(2)U (z) + ;Uc(:c) [Ds(z_), Uj(x)] (3.3.5)

is still inhomogeneous in A, due to the power-counting of the gluon components (3.1.3). Namely,
the gluon scales as

noAe+n_Ag~ XN, nyAc+niAs~14+X, Aol +Ag ~ A+ A2, (3.3.6)

and only the n_A; component is the one that has the same scaling as the respective collinear
component, while the remaining ones are subleading with respect to their collinear counterpart.
Thus, the homogeneous collinear gauge transformation of the gluon should take the form

Ao(z) = Un(2) Ac(2) U] (2) + ;Uc(x) (D), Uf@)] , (3.3.7)
where i
Di(a_) = o — n_As(x_)% , (3.3.8)
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and only n_Ag(x_) is present.

In summary, there are two issues one has to address: first, one needs to ensure that the soft
gauge transformation of collinear fields respects the multipole expansion — this guarantees a
soft gauge transformation homogeneous in the power-counting parameter A. Second, one has to
effectively replace the soft background field As(z) by n_Ag(x_). These two steps are necessary
in order to construct manifestly homogeneous and gauge-covariant terms in A, i.e. terms that
have a definite power-counting and are not related to subleading terms via gauge symmetry.

3.3.2 The Static Multipole Expansion and Fixed-point Gauge

In order to explain how these two problems can be addressed, we first give a simpler example,
to build some intuition. Namely, we consider the standard multipole expansion for an Abelian
gauge field. To be precise, we consider a (hard) Dirac matter field ¥(x),> which transforms
under a U(1) gauge symmetry as

P(z) = U)p(x) = e @y(), (3.3.9)

coupled to a (soft) background vector potential A, (x) with the standard transformation
Ay(z) = U(x)Au(2)UT (x) + éU(x) [8HUT] (z) = Au(z) — dua(z), (3.3.10)

for the Abelian field with gauge parameter a(z). The Lagrangian of these fields is then

L = ()i O (x) + e (z)1" Au(2)y (). (3.3.11)

We are now interested in the limit where A, (z) is slowly varying compared to (). That is, we
assume a “soft” power-counting for A, (z) ~ A\? = ¢, 9,A(z) ~ €%, and a hard power-counting
for the field ¢(z) ~ 1 and the coordinate = ~ 1. Thus, one needs to perform the multipole
expansion about z = 0 as

Au(z) = Ay (0) + 2% [0aA4,)(0) + %maxﬁ [0a054,] (0) + O(3A,,) . (3.3.12)

In this expansion, one can also use the order in x as power-counting, since each term adds a
further power of ¢, and we adopt this convention. Inserting the multipole-expansion (3.3.12) in
the Lagrangian, one obtains to second order in z, or equivalently to O(e?),

L=L01 W4 2O 42O L 0@E?), (3.3.13)
where the superscript indicates the order in €, and the individual terms are given by
£ = i oy, (
LY = eyt Ay, (3.3.15
LP = edya® [Da A ¥, (
- 1
£B) = ew'y"gxo‘mﬁ [0a08AL] Y. (
Here, we used the short-hand notation ¢ = ¢ (z), A, = A,(0), and derivatives of A, are taken
before setting x = 0, as indicated by the square brackets. The gauge transformation of ¥ now

mixes different orders of z, or e, respectively, since the parameter of the transformation still
depends on x, hence

Y — Ux)y = U(0)y) + 2 [0,U)(0)y + O(x?) . (3.3.18)

3We employ a Dirac field here simply because the Lagrangian is linear and thus less complicated.
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In other words, the gauge transformation is not homogeneous in the power counting and does
not respect the multipole expansion. The proper, homogeneous transformation of the matter
field would correspond to a global transformation

Y(z) = U(0)y(z) . (3.3.19)

The matter field should effectively no longer have a gauge transformation, and one would expect
that the proper Lagrangian reflects this property, by consisting only of manifestly gauge-invariant
terms, and without explicit A,,(0) appearing. Consequently, there should be a way to simplify
the Lagrangian.

One possibility is to employ the leading-power equation of motion

$p=0-+0(N), (3.3.20)

to simplify the subleading Lagrangian.? This is a standard operation in effective theories and

often leads to simpler forms of the Lagrangian.” The term in £(1) (3.3.15) can be rewritten as
Y A0)Y =y [0u2"] A (0)1)
= —2"4,(0) ((Ou )" + 1" 0u0p) = 0. (3.3.21)
In £? in (3.3.16), we have

et [0,A4,] (09 = y"a” (9,2 [0, Aa] (O)
— —7"a” [9,A4,] (0)4 + (eom). (3.3.22)

There is no contribution from the subleading part of (3.3.20)

_F —
My = —eA(0)p + O(x), V@ = —ep A(0) + O(z), (3.3.23)
7% - -
where ¢ @ = —(0u)¥*, since the relative sign between 1) and v leads to cancellation. Thus, we

can rewrite half of this term with the above identity (3.3.22) to obtain
I [0, 4,] (O = Lin¥a¥ [, 4] (01 — L0k (3, Au] (0)0
_ %%uxvmw, (3.3.24)
where we introduced the field-strength tensor
Fy = [0,4,) (0) = [0,4,) (0) (3.3.25)
Next, the expression in £®) (3.3.17) can be rearranged in a similar fashion as

Iyt aa? (060 Au) ¥ = Pyt s [0,2"] (005 AV]

= —2¢Hz" 1 [0,0, AL V. (3.3.26)
Accordingly, we can split the term in £®) as
1 - 2 1
L? = §€¢7“$a3«"ﬁ (0005 A, ¢(§ + g)

“Note that the relevant contribution of the subleading terms of this equation of motion up to O(\*) vanishes
when inserted into the Lagrangian.

5Note that the application of equations of motion in the operator basis is not as straightforward in SCET. Here,
equation-of-motion operators can mix into physical ones under renormalisation [54]. However, this is only
relevant for the N-jet operators and not for this discussion.
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1 -
= 561/1 (’y”xax'g [0a0sAL] — YHa" [80[3,“4”]) ¥

= ée&v“x”xa OaFup) ). (3.3.27)
To summarise, we find the Lagrangian terms
LO) = piykd, (3.3.28)
£ =0, (3.3.29)
£® = %eFW%#x”zp, (3.3.30)
£O = % (€00 Fyp] byt e’ x4, (3.3.31)

where the field-strength tensor and its derivative are evaluated at « = 0 after the derivatives are
taken. Thus, the interactions with the background field can be completely expressed in terms of
the field-strength tensor F},, and its derivatives. The couplings correspond to interactions with
the dipole, quadrupole, and higher-pole moments of the matter field.

The application of equations of motion is equivalent to a field redefinition starting with

Y(x) = () = Y(x) —iex®Aa(0)p(z) + O(2?). (3.3.32)

This redefinition has an interesting effect on the gauge transformation. Namely, the redefined
field ¢ transforms as

A~

U(x) = p(z) — tea(0)Y () — iex” [Ou0] (0)ih(x)
— iex* Ao (0)Y(2) + iext [0 0] (0)Y(z) + O(2?, a?)
= 1h(z) —iea(0)(z) + O(z?,a?). (3.3.33)
Thus, the redefinition is actually responsible for homogenising the gauge transformation of the
matter field. We can systematically extend this to all orders by employing a Wilson line. Namely,

we desire an object that transports the gauge transformation of the matter field from point z
to point x = 0 in a straight line. This is achieved by the Wilson line

V(z) = Pexp (z’e /Om dy" Au(y)) = Pexp (ie /01 ds x“AM(sa:)> , (3.3.34)

where P denotes path-ordering and is relevant if we generalise this to the non-Abelian situation.
In the Abelian case, the Wilson line is just given by the exponential itself. This object transforms
as

V(z) = U(z)V(2)UT(0). (3.3.35)
Thus, we can redefine the matter field using this Wilson line as
d(z) = Vi) (z), (3.3.36)
which now has the desired transformation
P(z) = U0)(x) (3.3.37)

to all orders in z. When inserting this redefinition in the Lagrangian (3.3.11), one finds
L = pin 9,1 + et (Vy“Au(a:)VT +ly [O#VTD b. (3.3.38)
e
The object in brackets in the second term is of special interest. This “dressed” gauge field

Ay(x) = VA, (2)V + év*aﬂv, (3.3.39)
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is a manifestly gauge-invariant object, that only transforms with a global transformation

A, (x) = U0)A,(z)UT(0), (3.3.40)

as can easily be seen by inserting (3.3.35) and using the standard photon transformation (3.3.10).
In fact, this object corresponds to the gauge field in fixed-point, or Fock-Schwinger gauge, namely
it satisfies

A, (z) =0. (3.3.41)

An interesting property of fixed-point gauge is that the gauge potential flu (z) can be expressed
purely in terms of the field-strength tensor as

N 1
Ay(z) = / ds sxt'F,(sz) . (3.3.42)
0
This identity holds even for non-Abelian theories, where the field-strength tensor has an addi-
tional commutator term. To prove this relation,® write
3 I 1 3 L0
A, (z) :/0 ds T (sAu(sx)) :/0 ds (Au(sx) + sz a(sx)l’A“(Sx)> (3.3.43)

1 - o . L
= /0 ds (Au(sx) — 53" Fy(sv) + sz (‘)(sx)NAV(Sx) + igsx” {AM , AV} (sx)) .
In the non-Abelian case, the gauge condition (3.3.41) eliminates the additional commutator
term, i.e. the last term in the second line of (3.3.43). Next, observe that after integration by
parts,

a(i)ﬂAu(saz) = ey (57 Ar(s2)) = Ap(sz) = —Au(sz), (3.3.44)

which cancels with the first term in the second line of (3.3.43). Hence one is left with (3.3.42).

One immediately notices that in fixed-point gauge (3.3.41), the Wilson line V' (3.3.34) sim-
plifies to V(x) = 1. Thus, the Wilson line can be interpreted as a special gauge transformation
that moves the generic field configuration A,(z) to a configuration fl#(x) satisfying fixed-line
gauge, according to

sx”

Ay(z) = VA (2)V + évTa“v. (3.3.45)

The field A, (x) then transforms only with the global transformation U(0). By continuity, the
gauge condition (3.3.41) implies A,(0) = 0, so one finds A,(0) = 0 in (3.3.42).
Let us now apply the identity (3.3.42) in the Lagrangian (3.3.38). we obtain

L= @i’y”@uw + ey’ </01 ds sx“FW(sx)> U, (3.3.46)

and find that the interactions can be expressed using the field-strength tensor to all orders in .
The expansion of this integral in = yields

1 1 1
/0 ds sxt'F,(sv) = ix“FW + gfc“xa (00 Fw] + O(z?), (3.3.47)

where the field-strength tensors on the right-hand side are evaluated at x = 0. Consequently,
we recover the Lagrangian (3.3.28) — (3.3.31), but to all orders in € or z, in a closed form.

The circle now closes and we can start to appreciate the systematics behind the construction we
just uncovered: In order to homogenise the gauge symmetry, we use the Wilson line V' defined
in (3.3.34) to transport the gauge transformation from point = to point = 0. The matter

5We show this directly for the non-Abelian situation.
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field 1) (z) is redefined to h(x) according to (3.3.36) and now transforms with the homogeneous
U(0). Inserting this redefinition is then equivalent to “dressing” the gauge field, i.e. replacing
Ay(x) — Au(aj). This dressed gauge field flu corresponds to the gauge field in fixed-point gauge
(3.3.41). In this special gauge, we find that A,(0) = 0, while the subleading terms in the
multipole expansion can be expressed in terms of the field-strength tensor as (3.3.42). Thus, the
Lagrangian expressed in terms of the redefined matter field zﬂ(x) no longer has a residual gauge
field, and all interactions are due to couplings of the dipole, quadrupole, and higher-pole terms
to the field-strength tensor and its derivatives. In other words, one obtains a Lagrangian where
each term is manifestly gauge-invariant by itself. However, let us stress that no gauge is fixed
in the Lagrangian itself. The gauge field still has the full transformation, but can only appear
inside the gauge-invariant combination F),, (0).

We now wish to extend this construction to the more general situation, where we want to
keep a residual dynamic background field. This situation arises naturally in the SCET context,
as well as in non-relativistic QED and QCD. We consider the former case in detail, but the
construction works completely analogously also for the latter case.

3.3.3 Light-front Multipole Expansion and Fixed-line Gauge

We now generalise the previous discussion to the situation encountered in SCET. The appearing
fixed-line gauge was introduced for the first time in [41], and most of the results stated here can
also be found in this reference. However, here we provide a more detailed exposition since un-
derstanding the systematics will be paramount to the more involved gravitational construction.
The details can be found in [47].

In the following discussion, we focus purely on the soft gauge transformation and ignore the
collinear gauge symmetry for the moment. As field content, we now consider the soft gluon field
A, () and some collinear matter field 1.(x). The situation in SCET is in a sense more general
than the standard multipole expansion discussed in the last section. Here, one has to perform

a multipole expansion about the collinear light-cone coordinate 2" = n % instead of z = 0.
Consequently, all soft fields have a left-over dependence on x_ and are dynamic. Therefore, the
first step is to extend and adapt the previously introduced fixed-point gauge 2#A,(x) = 0 to
this new situation. The more general fized-line gauge is defined by the condition [41]

(x —a_)lAgu(z) =0. (3.3.48)

This gauge condition differs significantly from fixed-point gauge since it does not restrict the
n_As component at all. For the other components of the soft gluon, A and ny Ag, however,
the gauge condition (3.3.48) is equivalent to standard fixed-point gauge (3.3.41). For these
components, one can immediately derive the identities corresponding to (3.3.42), and one finds

niyAg(x / ds s(x —x_)'n" Fou(y(s)), (3.3.49)

Ag ( / dss(x —x_)!'Fou (y(s)), (3.3.50)
where y(s) = x_ + s(x — z_). Similar to fixed-point gauge, ny As(x_) = Az 1 (x—) = 0. For

n_ As, however, there is no constraint. Instead, one can treat this component in the same fashion
as the soft scalar field ¢, in the purely-scalar theory, where we found (2.3.8)

1
pu@) =) = [ ds (@ =2 ) 0] (0() (3.3.51)

simply by rewriting the multipole expansion. The corresponding result for n_ A then reads

n_Ay(z) —n_ Ay /ds (@ — z_)"n” 8, A (y(s)). (3.3.52)
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Using fixed-line gauge, one can write this in a manifestly gauge-covariant fashion by completing
the right-hand side to the field-strength tensor

(x — 2 )28, A, (y(s)) = (x — 2 )"nZ Fu(y(s)) + (2 — 2-)"n2 0, Au(y(s))
—ig(z —z)'nZ [Ay, Al (y(s))
= (z —2_)"n" F(y(s)). (3.3.53)

The additional second and third term in the first equality vanish in fixed-line gauge, by noticing

(z — 2 )" Au(y(s)) = 1(y(S) —y—(8)"Auly(s)) =0, (3.3.54)

S

which eliminates the commutator term, while for the other term, one has
(x—2_)'n_0A,=n_0[(x —x_)l'A,] =0 (3.3.55)

since [n_0(y — y—)*] = 0. Thus, one obtains the identity
1
n_Ag(x) —n_As(z_) = / ds (x —x_)'nY Fy.,(y(s)), (3.3.56)
0

where the kinetic 1-form 0,¢ of the scalar in (3.3.51) is replaced by the corresponding kinetic
2-form F},, of the vector.

These identities now allow us to again rewrite A, (x) in terms of manifestly gauge-covariant
field-strength tensor. However, from (3.3.56), notice that there is a residual background field,
n_As(z_), which is homogeneous in A\ and dynamic in the effective theory. Accordingly, we
rewrite n_Ag(z) in terms of the homogeneous soft background field n_Ag(x_), as well as a
tower of subleading terms proportional to the field-strength tensor and its derivatives. This
emergent residual background field is necessary to obtain a theory that is covariant with respect
to the homogeneous gauge symmetry consisting of transformations Us(z_).

Let us go back to the example of a charged fermion with Lagrangian (3.3.11) and generalise
the discussion from (3.3.12) — (3.3.46) to the expansion about x_. Performing the multipole
expansion about ", we obtain the generalisation of (3.3.12),

Asu(z) = Asp(@-) + 29 [0aAsp] (z-) + O(/\QASM> ) (3.3.57)

where now the counting in A is relevant, and not the power in x or . Just as before, we also
have to take into account the multipole expansion in the transformation of the matter fields

Ve() = Us(x)e(z) = Us(z_)he(z) + 2% [0,Us) () + ON2Uy) . (3.3.58)

Again, the soft transformation mixes different orders in A, as the homogeneous transformation
would correspond to
Ve(x) = Us(z-)he() . (3.3.59)

Consequently, we can again construct a Wilson line, the analogue of V' defined in (3.3.34), that
moves a general field configuration into fixed-line gauge. The corresponding Wilson line, now
denoted by R(z), is given by [41]

R(z) = Pexp (ig /01 ds (v —x_)l'Agy (x4 s(x — x_))) , (3.3.60)

and is responsible for moving the gauge transformation from point x to z_ in a straight line
along the directions orthogonal to x_. Under soft gauge symmetry, it transforms as

R(z) = Ug(z)R(z)Ul (z_). (3.3.61)
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Using it, the collinear field can be redefined as

e(r) = Ri(2) (), (3.3.62)

and now transforms homogeneously with Ug(z_),

Qgc(x) — Us(x—)iﬁc(x) . (3.3.63)

As an example, we insert the redefinition (3.3.62) in the leading term

&cﬂgn—Ds(x)wc = d;c%;RTn—Ds(x)Rlﬁc

_ gty
—1/107

(n_a +g (RTn_AS(x)R +<R [n_aRTD> be, (3.3.64)
where all fields are evaluated at . To make use of the fixed-line gauge identities (3.3.49) —
(3.3.56), add and subtract the homogeneous background field n_A,(xz_), to find

wcﬂgnDs(z)q/JC = 7+ (n-Dy(@-) + [Rlin_Dy(@)R — in_Dy(x)] ) . (3.3.65)
The object in square brackets in the second term

Ag(z) = RTAy(z)R + ;RT [Ds,R] , (3.3.66)

is the analogue of the “dressed” field A(x) (3.3.39) of the previous section and can be seen to
satisfy fixed-line gauge
(x—z_) - As(x) =0. (3.3.67)

The identities (3.3.49) — (3.3.56) in fixed-line gauge can be promoted to the general case by un-
doing the transformation to fixed-line gauge with the gauge transformation U = RT, resulting
in [41]

Rlin_Dy(x)R —in_Dy(z_) = /01 ds (x — 2_)"n” RY(y(5))gFsu (y(s)) R(y(s)) , (3.3.68)
RIDa, (1)~ 10, = [ ds sl — 2 B0 Fo (W) R, (3369
R'nyDy(z)R —in, 0 = /01 ds s(x — z_)'n", RV (y(s))gFsu (y(s))R(y(s)).  (3.3.70)

They give closed all-order expressions for the soft fields. Once expanded in A, they generate an
infinite tower of subleading terms. The Lagrangian expressed in terms of the hatted collinear
fields contains the homogeneous soft background field n_Ag(x_) in the covariant derivative
n_Dg(x_), as well as subleading interactions, expressed entirely in terms of Fj,,. Once the in-
tegrals are expanded in A, these interactions will depend on Fj,, and its (covariant) derivatives
at x_. Again, let us stress that the gauge-field in the Lagrangian has the full gauge transfor-
mation and is not gauge-fixed. It is due to the redefinitions that only n_Ag(x_) appears inside
the covariant derivative while all other components are allocated to the field-strength tensor.
We now understand that fixed-line gauge and the R Wilson line can be employed to render
the matter transformation manifestly homogeneous in A\. But also the second problem explained
in Section 3.3.1, namely the collinear gauge transformation of the collinear gluon, is addressed
by this construction. To understand this, consider again the implication of the redefinitions like
(3.3.62) using R: we effectively obtain a theory that is covariant not with respect to the full
Ay, (z), but rather only the residual component n_Ag(z_). Therefore, the redefined collinear
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ni+ A(k) Tt AW
niy A(k1)  nip A(kn) ;gii&«w“/l(k”)
p7_‘@éfp pi@__é_:::.'.::-ép pi A p

Figure 3.1: Diagrams depicting the emission of a single and multiple n;y A. gluons from a leg of
different collinearity in the full theory (first and second) and in the effective theory
(third). The dashed line indicates propagators that must be integrated out. The
third diagram is the corresponding one in the effective theory, where the gluons are
emitted via an effective operator.

gluon A, that should be used in the effective theory corresponds to a fluctuation on top of a
background described by n_Ag(x_) and transforms as

collinear: A, — UCACU;[ + 3Uc [Ds(x,) , UJ} ,
g (3.3.71)

soft: A, = Ug(z AUl (z).

However, to relate this redefined A, to the previous A., we require one additional ingredient.

3.3.4 Collinear Gluon emission: the Collinear Wilson Line

Besides its problematic collinear gauge transformation, which we now understand how to deal
with, the collinear gluon faces a second difficulty: it contains a component ny A. that scales as
n4Ae ~ 1, as seen in (3.1.3). In principle, this implies that to any given process, one can attach
an infinite number of emissions of ny A., and they all contribute to the same order in A\. That
is, it seems that there is no finite operator basis for the N-jet operators, and one would have
to perform infinitely many matching computations at each order in A, which would render the
power-counting futile. However, this is not the case. Note that one can fix a gauge-condition
independently in each collinear sector. Thus, it is a valid choice to impose ny A, = 0 in each
sector, i.e. to fix the respective collinear light-cone gauge. In this gauge, only the physical
transverse components propagate, and so the first valid gluon building block is A.; ~ A. This is
an indication that the n4 A, component is a gauge artefact and can be controlled to all orders in
the expansion. But there is a second problem: if such a gluon is emitted from a leg of different
collinearity, the intermediate propagator is hard and must be integrated out. Both problems are
connected and solved by the same tool — the collinear Wilson line W..

For the next part of this discussion, we neglect the soft background by setting A; = 0 and
focus on the purely collinear theory, i.e. the interactions of collinear matter fields .(x) with
the collinear gluons A.(z).

We show how the emission of these collinear gluons can be absorbed in an effective operator
that takes the form of a Wilson line, following [55]. The computation and results are very
similar to the derivation of eikonal exponentiation [1]. Consider a scattering process featuring
two energetic particles, ¢ and j, where a gluon n;; A, is emitted, as depicted in Fig. 3.1. If this
gluon is emitted from the i-collinear particle, the intermediate propagator is also i-collinear, and
the full process is captured by the SCET Lagrangian. However, emission of the gluon from the
j-collinear particle results in an off-shell intermediate propagator that must be integrated out.
Schematically, the amplitude takes the form

i(p + k) . n_
Ui(pi) 75— t9yH [ ni g A%(k)—2 ) u;(p) . 3.72
) o e g g AP gt (mis 4°(0) "5 ) o) (3372
Note that since p and k are vectors of different collinear sectors, their product is indeed hard
(p+k)? =ni_-nj_njpnirk +ON). (3.3.73)
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To simplify the amplitude (3.3.72), we first expand the denominator, keeping only the leading
term. Then, we move the 9 _ all the way to the left, neglecting the subleading contributions and
using the Dirac equation for u;, as well as the projection wu;, = 0.” The simplified amplitude
is then schematically given by

() (—g”’*’“’”) A({p})u(p) (3.3.74)

Tli+k
Extending this result to the emission of n gluons n; A, with momenta k1, ko, .. . ky, one finds

— (—g)” nZ+A(k1) . TLH_A(]{ZR)
) p;n n! ([nz‘+kl][”i+(k1 + k)] i (k4 4 K

)A({za})uj(p), (3.3.75)

where all permutations of the gluon emissions must be taken into account. The last step is to
perform the sum over the number of gluons. The result takes the form [55]

i(pi)We; Auj(p) , (3.3.76)

where W, is given by

_ (=9)" nitA(k1) - - niy A(kn)
WCi - Z Z n! <[ni+k1][ni+(k1 + kg)] o [ni—i-(kl Tt kn)]) . (3.3.77)

n perm

This object is the momentum-space version of an i-collinear Wilson line W,,. In position space,
suppressing the index 4, this semi-infinite Wilson line reads

0
We(x) = Pexp (zg/ dsnyAq(x + Sn+)) , (3.3.78)

and is defined along a straight line in the n" direction going from point  to infinity, denoted
by x — oon.
Under collinear gauge transformations, it behaves as

We(z) = Ue(z)Wo(x)U] (z — cony ), (3.3.79)
and we adopt the convention that the transformation falls off at infinity, resulting in
We(z) = Ug(x)We(z) . (3.3.80)
Moreover, this Wilson line has the defining property
iny DWW, = Weiny 0, (3.3.81)

or, applied directly to the gluon field,
Win, AW, + éwj (e OW,] = 0. (3.3.82)

In other words, the Wilson line W, can be thought of as the transformation that takes a general
gauge configuration A.(x) and moves it to light-cone gauge, where nyA.(z) = 0. This also
explains why it appears in the matching computation (3.3.76): if light-cone gauge is fixed,
W, = 1 and no such emissions can take place. Accordingly, the Wilson line relates the amplitude
in light-cone gauge to the one in a general gauge, thereby controlling the appearance of ny A,
to all orders.

"This property is explained in the later Section 3.7 and follows from the expansion of the Dirac equation. For
now, it is only important that this contribution vanishes and the result simplifies.
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Applying the Wilson line to the other gluon components, one obtains for example
Al = WAL W, + éwj ERIAR (3.3.83)

which is manifestly gauge-invariant, i.e. A.; — A.;. At the linear level,® this object takes the
form

9]
‘ACHL = ACML - ﬁAcﬂ- + O(gAcuL) . (3.3.84)

One can also define manifestly gauge-invariant matter fields y. as
Xe = Wi, . (3.3.85)

This gives us the possibility to control the large ny A, component, by working in “covariant”
light-cone gauge, i.e. by working with general gauge fields A., but always dressed with the
collinear Wilson line W, as in (3.3.83). Furthermore, since these objects A, are manifestly
collinear gauge-invariant, by employing these fields in the operator basis one is automatically
collinear gauge-invariant in any direction, and there is no further need to check gauge-invariance
explicitly. Therefore, the purely-collinear theory strongly urges one to use the Wilson line W,
and the collinear gauge-invariant objects whenever possible.

3.3.5 Field Redefinitions in the Soft-collinear Theory

Let us summarise the key insights of the past two sections. First, from the purely collinear
theory, we learned that we should employ the collinear Wilson line W, to construct manifestly
collinear gauge-invariant building blocks. This controls the large components of the gluon n A..
Second, we understood that the effective theory, once multipole expanded, should be formulated
as a theory that is covariant with respect to the emergent soft background described only
by n_As(x_), the homogeneous component of the soft gluon that lives only on the classical
trajectory of the energetic particles. In order to achieve this formulation, the Wilson line R(x)
(3.3.60) can be used to transport the gauge transformation.

However, recall that the collinear gluon has a non-trivial collinear gauge transformation once
we include the soft background as seen in (3.2.3), and, in particular,

nyAe — Uy AU + éUC [n4Ds(), U] (3.3.86)

Therefore, in the soft-collinear setting, the Wilson line W, as defined in (3.3.78), using the
original gluon field A, with transformation (3.2.3), does not have a good gauge transformation
either under soft or collinear, as the covariantly-transforming gluon would be n4 A, + ny Ag(x).
The Wilson line should always be defined in terms of A, and the relevant soft background
field. However, from the previous discussion, we understand that the redefined matter fields are
covariant with respect to the emerging homogeneous background n_Ag(x_), so the redefined
collinear gluon A, should transform as (3.3.71), where in particular

nyAe — U AUT + ch [nou] (3.3.87)

has the standard transformation, without any reference to the background. Consequently, the
Wilson line W, defined in terms of A, as

O A
We(x) = Pexp (zg/ dsniAq(x + sn+)> (3.3.88)

8Which is exact in QED.
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has well-defined collinear and soft gauge transformations, as

Weo(z) < Ud(a)Walz),  Welz) 22 Uz )We(z)Ul(2_). (3.3.89)
We can now use this collinear Wilson line, in conjunction with the previously defined soft R(x)
(3.3.60) to redefine the collinear gluon and matter fields. To achieve the proper transformations
(3.3.71), one first fixes collinear light-cone gauge ni A, = 0, eliminating the collinear gauge
transformation. Then, the redefined and the original gluon field are related according to their

soft gauge transformation as
A, = R(x)A. R (z). (3.3.90)

Similarly, the matter fields are related as
de(x) = R(x)de() . (3.3.91)

In collinear light-cone gauge, we have A, = A., and one can reinstate the gluon field in a generic
gauge using the W, Wilson line. Thus, the redefinition reads

A= R(WCTACLWC + ;WJ (01, W] )RT, (3.3.92)
—AL
n_A, = R(an_AcW + ;Wj [n_Ds(z_), W,] >RT , (3.3.93)
=n_A.

where the object inside the brackets corresponds to the collinear-gauge-invariant building block
A.. For the matter field, one can reinstate the collinear gauge transformation in a similar fashion
and one finds

Ve = RWI, . (3.3.94)

In summary, the effective theory should be expressed in terms of the homogeneously trans-
forming fields éc, A,, which are covariant with respect to the soft background described by
the component n_Ag(z_). The other components of A, as well as the subleading terms from
the multipole expansion, are expressed in terms of the field-strength tensor and its derivatives.
These fields are related to the original fields ¢., A, via the soft Wilson line R and the collinear
Wilson line W,.. Using the collinear Wilson lines W,, one can further define manifestly collinear
gauge-invariant building blocks.

With these definitions out of the way, the effective Lagrangian can now be constructed in a
straightforward fashion, following closely the construction in the scalar case in Section 2.5.

3.4 Constructing the Effective Lagrangian

We are now in a position to construct the soft-collinear Lagrangian. The derivation is essentially
the same as in the purely-scalar case presented in Section 2.5, with the additional complication
of the gauge symmetry, as explained in the previous section. Consequently, there is an additional
step in the construction where we make use of the R and W, Wilson lines to relate the original
fields A., ¢., which are covariant with respect to the full As(x), to the redefined fields A, qgc,
which are now covariant with respect to n_Ag(z_). This derivation was first presented in [41]
and is also explained in detail in [47], which we follow closely, and consists of four steps:

(i) Like in the purely-scalar case, one introduces the decompositions given in (3.2.2), (3.2.5)
into the Lagrangian. This yields the theory of a collinear fluctuation on top of a soft
background Ag(x), each sector with its own gauge symmetry. However, the Lagrangian
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is not yet homogeneous in A for two reasons: First, in soft-collinear interactions, like
[d*zp(x)hs() ..., the x argument of the soft field has a different power-counting than
the collinear measure d*z, and it should be evaluated at z_, which has the same scaling for
both soft and collinear fields. This problem was also present in the purely-scalar theory.
Second, there is a new problem. The soft gauge transformation is also evaluated at collinear
x, and it must be homogenised in A.

(ii) Next, to render soft-collinear interactions homogeneous, we perform the multipole expan-
sion of the soft fields As(x) = As(x—) + O(A). This way, each term is now, in principle,
manifestly homogeneous in A\. However, the soft gauge symmetry does not yet respect the
multipole expansion, namely, collinear fields still transform with the full transformation
Us(z) (3.2.3), but should only transform with the homogeneous Uy(x_). Thus, the gauge
transformations still mix different orders in A.

(iii) To remedy this, we redefine the collinear fields ¢. — ¢ using the R Wilson line (3.3.60), so
that the soft gauge transformation Uy of these fields respects the multipole expansion and
depends only on z. At the same time, this also makes the transformation homogeneous
in A. Expressed in these new fields, one finds a theory that is covariant with respect to the
homogeneous background field n_ As(z_), which appears inside a new covariant derivative.
All other terms due to the multipole expansion and due to the other gluon components
are expressed in a manifestly gauge-covariant fashion in terms of the field-strength tensors,
using identities like (3.3.49) and (3.3.56). This yields a closed all-order expression of the
subleading Lagrangian.

(iv) As the final step, one can perform the A expansion of this closed result to obtain the
Lagrangian order-by-order in A. Each term is now homogeneous in A, that is, it has a
definite scaling in A and is covariant with respect to the homogeneous soft gauge symmetry
due to n_As(z_).

We first show how this construction works for the scalar QCD scenario, as presented in [47].
This procedure can be extended in a straightforward fashion to both fermionic [40,41] and
vectorial matter [48], since the construction only depends on the representation under soft gauge
transformations.

3.4.1 Background-field Lagrangian

To begin, in step (i), we insert the decompositions (3.2.2), (3.2.5) into the scalar QCD Lagrangian
to obtain

£ = LinDod n Déet g [n Dadln, Do,
Dy, 6] D" + [Dyytrs] D
n Do n_DWZ16, + = [nyDWZ'6,]) 'n_De

2

1
(1D ny DW 219, + 3 [n-DWZ216,] s Do,

|
1
)
1
T3
[

T
+ Dy, 0T D W 2l + | Dy, WZTe,| Do, (34.1)
where D,, = 0, —igAc, —igAsu(x). This Lagrangian is invariant under the full background-field
gauge symmetry (3.2.3) and describes a collinear fluctuation on top of a soft background A4(x).
To render the terms in this Lagrangian homogeneous, we perform the multipole expansion of all

soft fields about z", as in (2.3.7). At the same time, we can already employ the results from
Section 3.3.5 and introduce the redefined fields A, ¢ (3.3.92), (3.3.94), which are covariant with
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respect to the homogeneous n_Ag(x_), that is, they transform with a gauge symmetry that
only depends on the parameter e5(z_) at z_. This means that in practice, steps (ii) and (iii)
are performed simultaneously.

Since the fields are covariant only to n_Ag(xz_), it is useful to introduce the corresponding
soft-covariant derivative

Dy = 8, —ign_Ay(z_) % , (3.4.2)

as well as the gauge-covariant “dressed” combination (3.3.66)
Ay(z) = RT A (2)R + éRT D, ,R], (3.4.3)

where D, is the one in (3.4.2). This combination A#(z) corresponds to the manifestly gauge-
covariant part of the original field, which can be expressed in terms of the field-strength tensor
and its covariant derivatives using the identities (3.3.49) — (3.3.56). The full-theory gauge
potential Ag(x) splits into the homogeneous background field n_Ag(x_), which only appears
inside n_Dg(x_), and the gauge-covariant object As(x), which is expressed in terms of the
field-strength tensor Fj,, (z_) and its derivatives, as explained in detail following (3.3.64).

3.4.2 All-order Soft-collinear Lagrangian

We now discuss the technical implementation of steps (ii) and (iii) in detail. Since the computa-
tion of all terms in the Lagrangian is completely analogous, we explain in detail the derivation
for the case ¢s = 0 and give the final result containing all terms. We therefore focus only on the
first three terms of the Lagrangian (3.4.1).

We want to make use of the field redefinitions (3.3.92) — (3.3.94), this requires us to fix
collinear light-cone gauge for the unhatted fields. The Lagrangian (3.4.1), where we set ¢5 = 0,
then reads

1 1
L= [n+Ds(x)pe)' n_De. + 3 [n-D¢c]" nyDy(2)de + (Dy, de) DH 6, (3.4.4)
where D, = 0, — igAcu — igAsu(x), and here D, (z) = 0, —igAs,(x) still contains the full soft
gauge field. We now insert the redefinitions (3.3.92) — (3.3.94), and express the Lagrangian in
terms of the manifestly gauge-invariant x. and A, which are defined in the very same equations.
We obtain

1 . N . A N

L= B [(n40 —igni As(z)) Xe]' (7LDS —ign_A. — zgn,AS(m)> Xe + h.c. : )
3.4.5
s . N I . N

+ K(?,u —igAcu, —igAg, (m)) Xc} (8‘“ — ig Akt — jg AL (x)) Xe s
where now Dy is defined with respect to the homogeneous background field n_A(z_) given in
(3.4.2). Next, use the fixed-line gauge identities (3.3.49) — (3.3.56) to eliminate Ay, (x), ny Ag(x)
and the subleading terms from the multipole expansion of n_ A4(x), which are all collected inside
Ag(z), in favour of the field-strength tensor. In addition, to simplify the notation, we introduce
the Noether currents j;

@ _ cotea ‘5&
ny)w =Xl ny dXe,
<>
j, = iXH Dy, Re (3.4.6)
0 — iotya %A
)" =Xt n-Dxe,
and the covariant derivatives .
Dey, = 8#1_ - igAC/JJ_ )

A (3.4.7)
n-D=n_Ds—ign_A..
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The left-right arrow indicates
I Dep, Ko = i (%14 Dep, e — [Dens E] %) (3.4.8)
with ¢ the colour generators in the representation of the scalar field. This yields the Lagrangian
£L=L9+ Loy, (3.4.9)

where the leading-power terms are

1 . N 1 N N N N
£0 = 5 [n+aXc]T n-DsXc+ 5 [nstXc]T n40xXc + a,uJ_XlauLXc

1 . T R
+ ggn-Aini g + g AL, 5 + g? AL,
1

. o1 . . N .
=35 [n+8xc]T n_Dx.+ 3 ['n_DXC]T nyO0xXe + [DCMXC]T DHLXe. (3.4.10)

Abrigtpaghs,

The advantage of this construction is that the subleading terms are expressed to all orders in A
in a closed form via the integrals. One finds

Lo = 2 [ ds (o — i RV(6)) Ko (0(s)

1
1 g /0 ds s(x — o )P R(y(s)) P, (4(5))

1 b ! " VRab e
+gon-d® [ dssa =)t R y(s) P ()
+ %g%&i GRare /0 s (& — 2 )R (y(s))n” F2,, (y(s)) (3.4.11)

1
« /O ds' s/ (& — )"0 R (y(s)) Fps(y(s))

1
45 {# 0 e [ ds sta - ) Ry (5) P (u(s)

1
x| - ) Ry Foaalu()
where we introduced the adjoint R-Wilson line
R®(z)t* = R (2)t"R(x). (3.4.12)

A few comments are in order. First, £(®) contains all collinear interactions, as well as the soft-
collinear interactions mediated by the covariant derivative n_Dg(z_). It counts homogeneously
as O(A?) and is the leading-power Lagrangian, as we show below. These leading soft-collinear
interactions are precisely the eikonal terms that one finds in the diagrammatic approach.

The subleading terms in Lg,, are not homogeneous in A. All these interactions stem from
the multipole expansion of the soft field. Using fixed-line gauge, we managed to re-express all
these terms, including the relatively-suppressed components A, (z) and n4 Ag(z) (compared
to the respective collinear modes), in a closed form as an integral over the field-strength ten-
sor. Expanding these integrals yields an infinite tower of subleading soft-collinear interactions.
Therefore, we see that this Lagrangian (in conjunction with the N-jet operators) describes the
full soft-collinear physics to all orders in A, even in a closed form. No additional conceptual
ingredients are necessary to describe these limits beyond subleading power, and the form of the
theory is completely determined by covariance with respect to the homogeneous soft background
gauge symmetry mediated by n_Ag(x_).

However, for practical computations, one should work with objects that have a homogeneous
scaling in A\. Hence, we expand the integrals in A and determine the Lagrangian to O()\?).
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3.4.3 Expansion in )\

In this last step (iv), we only need to expand the integrals appearing in (3.4.11). The leading-
power term (3.4.10), does not need any expansions and is already homogeneous in A. Conse-
quently, the leading-power Lagrangian is given by

E(O) =5 {n+Dc$c]Tn—D$c + % {n—D(%crn—I—Dcéc + [Dc,uléc} T Dé“'éc . (3'4'13)

For the integrals in (3.4.11), use the expansions [41]

1
/0 ds (z — z-)'n” RN (y(s))g Fyu (y(5)) R(y(s)) = 2| n” gFy,

+ %n_xnin’igFSW + %J;ixmnlj (D, gFsn] + O(N°), (3.4.14)
[ ds st = 2 B )0 Fa, () R = 320, + OO, (3.4.15)
/o1 ds s(x — z_)'n{ R (y(s))g Fsyu (y(3)) R(y(s)) = ONY). (3.4.16)

Here, we do not need to expand all terms to a fixed order (e.g. O(A\?)), since the second and third
integral appear power-suppressed in the Lagrangian, starting at O()\) and O(\?), respectively.
The subleading terms (3.4.11) then yield up to O(A?) the contributions

E(l) — 2$J_n Y gF, i j® (3.4.17)

1 L1 1
£ = Jn_anlin? gy, ny ¢ + Jalle n? tr (DS, gFan] t*) naj® + 5l gFy,, j™* . (3.4.18)

spv

For any practical applications, the Noether current should also be expressed in terms of the
non-invariant fields ¢. and A.. The complete Lagrangian then reads

E(O) = % [nJrDcCgc} n— Dd)c [n D¢c} nJrDc@gc + {DCMLQEC}TDng;C) (3'4-19)
L’((;c) = %(Z)Z (:rin’ichFsWWC) z‘n+Dc<lA5¢ +h.c., (3.4.20)

1, ) A~ 1 ‘ .
£<(¢>2¢) — Zqﬁi (n_:cn’frni chFSWWJ) iny Depe + E(bi (w‘in’iprWc (D2, gFy) WCT) iny Deoge
1. o
+ 5(]51, (x’ichFSWWj) iD?| ¢. + h.c. (3.4.21)

The construction of the terms containing soft matter fields ¢ proceeds in complete analogy to
the previous discussion. The soft matter field gives rise to new contributions starting at O(\),
which take the form

'C((gblc)¢s = % [n-&-DcQgcrn—Bch)s + [Déu' (ch} T BCML Weps + % [n_D(chrn_FBch(ﬁs + h.c.,
(3.4.22)

I N A= IS T A=
£, = (2 [iny Dede| n-D+ [iDt 6| Doy, +3 [in_D.| n+Dc> W, 2", [Dsp, 6]

. 1
+ | Do @] WeDl 65 + S6IWE (ny Den D + Doy, D) Wes + hc. (3.4.23)

These Lagrangians completely describe the soft-collinear physics of scalar matter particles cou-
pled to Yang-Mills theory. Let us stress again that this Lagrangian is not renormalised and all
coefficients are exact to all orders in the coupling o and the power-counting parameter A [40]
since the starting point is already a renormalised theory.

To describe processes that feature more than one collinear direction, one must include the N-
jet operators that describe hard sources emitting multiple collinear particles. These operators
are explained in the next section.
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3.5 N-jet Operator Basis

The N-jet operators are introduced for the purely-scalar theory in Section 2.6. Most statements
directly generalise to the gauge-theoretic situation. However, we now need to account for the
gauge symmetry, which further constrains the form of the building blocks. Recall that these
operators are required to mediate interactions between different collinear sectors, which depend
on the underlying hard process, and are thus not part of the Lagrangian interactions. The
operator basis of these objects in the position-space formalism has been worked out in [50,52]
and we state the most important results here.
A generic N-jet operator takes the same form as in the scalar case (2.6.1)

N
J= /[dt]N Cltiy tiy . )(0) [ Jiltirs tias- ) (3.5.1)
=1

where [dt]y = [, dt;,. Here, J; denote the collinear and Js the soft building blocks, and
C(ti, , tiy, ... ) is the hard matching coefficient.

In gauge theory, a colour-neutral on-shell amplitude is gauge-invariant under the full gauge
symmetry (3.2.3). Therefore, when the matching is performed, the N-jet operator should be
gauge-invariant as well. The gauge symmetry of the full theory factorises into a product of N
collinear gauge symmetries, which only act on the respective collinear sector, and one collective
soft gauge background symmetry, under which all sectors transform in a similar fashion. To
ensure full-theory gauge-invariance, one must obtain an operator that is invariant under both
the collinear as well as the soft gauge transformations, possibly after taking into account on-shell
conditions and colour-neutrality.

For the collinear gauge symmetry, it is easiest to work in terms of manifestly gauge-invariant
operators, while for the soft we employ covariant objects. Consequently, one works with opera-
tors that transform as

Ji(z) <L Ji(w),  Ji(e) 2 Uy ) Ji(x), (3.5.2)
where the soft transformation depends on the representation of the building block, but, crucially,
for J; at = is always evaluated along the collinear light-cone coordinate x; . This can be achieved
by working in terms of the redefined scalar fields (j;Ci and Aci, and employing the gauge-invariant
building blocks constructed from them, i.e. the gauge-invariant scalar field x. (3.3.85) and
the gauge field flci (3.3.83). This restricts the collinear building blocks to combinations of the
manifestly gauge-invariant fields and their derivatives. At O(\), one has the building blocks

Rei = Whbe,  gAb =wl[iDl, W] (3.5.3)

As explained in Section 2.6, the possible O(1) building blocks that can be constructed by adding
n;+0 are already accounted for by the non-locality. In gauge-theory, there is the additional O(1)
object ni+flci. However, since we work with the manifestly gauge-invariant building blocks,
which are constructed using W,,, these building blocks are effectively evaluated in collinear
light-cone gauge and satisfy nHﬁCi = 0. Therefore, there are no O(1) building blocks in the
operator basis, and at any given order in A, there are only finitely many possible operators. In
summary, the elementary building blocks, denoted by JZAO, are given by

JEO(t:) € {Rea(tamay ) RE, (tamag ) Ac 1 (tamay) | (3.5.4)

As explained in Section 2.6, there are only two possible ways to construct subleading operators
from the building blocks JZ-AO, either by adding power-suppressed derivatives or by adding more
collinear building blocks. In the scalar case, we managed to eliminate n;_d in favour of 9% and
other soft and collinear building blocks. In gauge-theory, one can similarly use the equations of
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A

motion to eliminate the soft-covariant n;_D as well as the power-suppressed n;_A., in favour
of the AO-building blocks (3.5.4) and transverse derivatives thereof, plus additional purely-soft
building blocks. This is performed explicitly in the appendix of [52].

The soft building blocks are similarly constrained. Under gauge transformations, these oper-
ators must transform as

Jo(@) < Jo(2),  Jo(z) 22 Uy(2) (), (3.5.5)

where the soft transformation depends on the representation, as above. The collinear transfor-
mation does not give any constraints, since soft fields are invariant by definition. Hence the only
requirement is that Jg is a soft gauge-covariant object, for example

ds(x) ~ N2, Fyu ~ A, iDFog(x) ~ A, (3.5.6)

where DF = Ot — igA¥(x) in the purely soft case. Let us stress again that the covariant
derivative n_ Dy is not a valid building block, since it can be eliminated by collinear equations
of motion. Therefore, the first possible soft gluon building block is the field-strength tensor
Foup ~ A%, which appears at next-to-next-to-soft order.

For J to be gauge-invariant, one has to impose colour-neutrality. This means that the soft
transformations Us(0) of all collinear and soft building blocks together must combine to unity,

Hbuilding blocks US (0) =1

3.6 Soft Emission and the LBK Theorem

As an example application, we use the previously constructed effective Lagrangian and the
operator basis to derive and prove the LBK theorem from the EFT perspective. The derivation
amounts to a straightforward tree-level computation of a soft-emission process. However, it is
instructive to perform this computation in detail to familiarise oneself with the non-standard
SCET Feynman rules.

To set the stage, recall a main insight of the previous N-jet operator discussion: there are no
possible soft gluon building blocks until O(A\*), where the soft field-strength tensor F,, enters.
However, there are soft-collinear Lagrangian interactions starting already at leading power.
This means that any contribution to the emission of a soft gluon, starting from leading power
until next-to-next-to-leading power, must stem from the universal, that is process-independent,
Lagrangian interactions.” Only at the sub-subleading level in the soft expansion, corresponding
to O(\*), a soft building block can be added to the N-jet operator, and thus process-dependence
can enter via a new matching coefficient.

Let us emphasise that this statement already implies that soft emission is universal not just
at leading but also at next-to-soft order in gauge theory. Only at the third order in the soft
momentum, there exists a possibility to add process-dependent contributions, and consequently,
the soft theorem only contains two universal terms. Remarkably, this statement is manifest from
the Lagrangian and the possible building blocks, and no computation is necessary to prove the
universality of the soft theorem. The computation is only required to derive the precise form of
the soft theorem, not the fact that it holds true.

In other words, just from these considerations we already know that the soft-emission ampli-
tude A,.q is related to the non-radiative amplitude A as

Arag = SO [A] + SP [A] + O(ks) (3.6.1)

where S(© and S®) denote universal operators acting on the non-radiative amplitude.

9We will show below that there are no physical contributions at next-to-leading power. This can be under-
stood from counting soft momenta ks ~ A\%: Next-to-soft corresponds to next-to-next-to-leading power in our
counting.
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Figure 3.2: Two diagram classes contributing to the soft emission process in SCET. The first
class represents Lagrangian insertions in the external legs via time-ordered product
operators. These contributions are independent of the underlying hard amplitude.
The second class stems from explicit soft building blocks J; added to the N-jet
operator. There are no soft gluon building blocks until O(A\*), and these diagrams
do not exist at O(A\?) or O()\?).

Moreover, the Lagrangian interactions and the soft building blocks added directly to the V-
jet operators correspond to different classes of Feynman diagrams, as depicted in Fig. 3.2. The
Lagrangian interactions simply correspond to emission from the external legs, and thus only
depend on the properties of these legs, i.e. on the precise form of the soft-collinear interactions.
These interactions depend only on fundamental properties of the elementary particles, like spin,
charge (and representation), or the kinematics of the scattering. The second type, adding a soft
building block to the N-jet, corresponds to emissions directly from the hard vertex. Recall from
the conventional derivation in Section 1.1, that these diagrams contributed at next-to-soft order,
and one had to employ gauge-invariance to address these terms. Here, in the effective theory,
these diagrams are manifestly absent.

Furthermore, since the Lagrangian £; describes only a single collinear sector ¢, one can im-
mediately conclude that the soft theorem reduces to a sum over the different legs, where each
summand must be of the same form since it stems from the Lagrangian insertions. Therefore,
one can specify (3.6.1) as

N
Aaa = 38O 4] + 52 (A + O(ky) (3.6.2)
=1

where all S; are of the same form. It is enough to compute the soft emission from a single leg
to determine S;, and we obtain the full soft emission amplitude by summing this contribution.

3.6.1 Assumptions and Relevant Operators

To derive the precise form of the soft theorem, we consider a process where a single soft gluon is
emitted from N energetic scalar particles. Therefore, we are only interested in contributions to
single-soft emission. To simplify the discussion, we will further assume that these N energetic
particles are well-separated in angle, i.e. that they can be assigned to different collinear sectors,
and no collinear splitting takes place.'” In addition, we use a special reference frame for the

radiative process: we choose a frame where each collinear reference vector is aligned with its
n

momentum, i.e. pi' = ni+pi% and p;; = n;_p; = 0. This choice is always possible, as long as
each energetic particle is in its own collinear sector.

Note that one cannot choose this reference frame simultaneously for both the radiative and
non-radiative computation, since the soft momentum k* enters in the hard vertex, and thus

10Thjs assumption is not necessary to derive the soft theorem, but it simplifies the computation drastically.

46



3.6 Soft Emission and the LBK Theorem

we can either choose to align p; + k or p; with n;;, but not both. Therefore, we compute the
non-radiative matching in a general reference frame with p; 1 # 0.

Next, we discuss the possible building blocks that contribute. At leading power, there is only
the operator

JO = / [dt]n CAty, . tn) [T 72 (3.6.3)

i
where the form of JZ-AO depends on the specific process at hand. Since we assume that we
only have a single particle in each collinear direction, the subleading operators are completely
determined by inserting the subleading building blocks

O = Tt () = i) x] (himis )

O(\?) : J;ifg”(ti) =00 0V X! (tiniy) -

(3.6.4)

Throughout the computation, we employ the all-outgoing convention for our process. Accord-
ingly, the relevant building blocks are XL,.

Note that the operator (3.6.3) contains a matching coefficient C49 which is determined by
“non-radiative” matching, i.e. matching to the underlying N-jet process without soft radiation.
This non-radiative matching is precisely the one already performed in Section 2.7, now with
slightly different building blocks and in the context of QCD. It still holds that, intuitively, the
Fourier-transformed matching coefficient CA™ is precisely the non-radiative amplitude order-by-
order in \.

Since there are no available soft building blocks, all contributions to the emission must stem

from Lagrangian interactions, which we incorporate using time-ordered products that scale as
i / e T{I (), £ (2)} ~ O(AF+) (3.6.5)

compared to the leading-power current J4°. Thanks to our choice of reference frame, there will
only be three non-vanishing contributions to O(\?), stemming from

/d%; T {j<0>, £§<0>} , (3.6.6)
/d4a; {7, P}, (3.6.7)
/d‘*xT{j(l),,cg})} , (3.6.8)

where 71 contains one subleading building block from (3.6.4). All other relevant terms vanish
in our reference frame. Since we can relate J to the non-radiative amplitude, we immediately
see the structure of the soft theorem appearing, namely as some soft-collinear operator acting
on the non-radiative amplitude 7.

3.6.2 Non-radiative Matching

We begin by performing the non-radiative matching. This section is in some sense a more
abstract version of the explicit matching performed in Section 2.7, and we keep the discussion
rather brief.

In the full theory, we denote the non-radiative amplitude for the process by A, and we need
to relate this to the hard matching coefficients C of our operators by matching. In Section 2.7,
we already found that the N-jet operator can be thought of as the non-radiative amplitude, and
its subleading corrections then correspond to the Taylor-expansion in the subleading momenta.
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This result makes the following discussion look overly technical and somewhat inconvenient at
first glance, very reminiscent of the traditional derivation [27, 28], where one has to impose
momentum conservation to relate the non-radiative and radiative amplitude before performing
the expansion in the soft momenta. However, from the effective theory point of view, this is
just a standard matching computation, which then yields a rather trivial result. Since the soft
theorem is a tree-level statement, we will restrict the discussion to tree-level matching.

The full-theory amplitude A, which depends on the scalar products of momenta, must be
expanded in \ as

A=AD L AL L 0N?, (3.6.9)

with

(3.6.10)

(3.6.11)

pi=niypint’ /2

At leading-power, the amplitude A must be reproduced by the matrix element of the leading-
power N-jet operator (3.6.3), which yields the condition

-/4(0) = <p1, v apN| \7(0) |0>
_ / ]y ¢ e P GG () = CA%ny i, D) (3.6.12)

where C49({n;,p;}) is the Fourier-transformed matching coefficient.
At next-to-leading power, one can continue matching explicitly, or use the RPI constraints
[53,56] to determine the subleading matching coefficients. For CA1, it reads (2.7.16)

2nf 0
Ng—nj— ONi1p;

C]Alu(anb L MNADPN) ==Y C%n1gp1, ..., nN4PN) - (3.6.13)

ey

3.6.3 Soft Theorem Computation

Let us now calculate the soft factors explicitly. The relevant interaction terms contributing to
single soft emission are

£O 5 gn_A‘;(a:_) (¢ltein 06, — iny0sft".) | (3.6.14)
1

ES) D Q:L“’j_nligFSanrj“, (3.6.15)
1 1 1

[,gf) ) zn,xninZgFS“erj“ + Zx‘ixlpnitr([apgﬂw] t Yy g + ix‘igFS“WLj“” , (3.6.16)

where the Noether current reads
N o
nij® =il ny O,
-a .AT a NN
Ju, = 1Lt Oy, e -
Here and in the following, we can replace the matter field ¢, with its gauge-invariant building
block xe, since they differ only by additional collinear gluon fields, which are irrelevant to the

process at hand. Consequently, we do not need to worry about ¢. appearing in the Lagrangian
but x. appearing in the operator basis. For our considerations, they are equivalent. The

(3.6.17)
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3.6 Soft Emission and the LBK Theorem

Figure 3.3: Leading-power contribution to the emission of a soft gluon. C4° denotes the (non-

radiative) leading-power matching coefficient and £ denotes the insertion of the
leading-power Lagrangian interaction.

corresponding Feynman rule for soft emission is given by

D2
\ k %(n+p1 + n_,_pg)nli ) O(AO)
Al = iqgt® —%anﬁ(mrpl + nyp2)(kadj — kdly) , O(\)
S (p1,p2) 5 (kadl — kgblt) | O(\*
0" 1 f5{fly ~ |
(3.6.18)

where we defined

1
S (p1,p2) = —inﬁinﬁ (nep1 +nypa)n_X — (pu +p2J_)XL

1
+ §n€kﬂ(n+p1 Fnyp)XEX 4, (3.6.19)

and X is given in (2.3.21)

XH =+ [ 271' 4(5 (me Zpout)} y (3620)

where the derivative 9 = 9/9pi, or O = —0/0pout acts on incoming or outgoing momenta inside
the delta function. If soft momenta k are present, one sets the k; and n_k components to zero
inside the d-function after moving the derivative via integration by parts. Notably, we keep
the momentum-conserving J-function of each vertex explicit as part of the Feynman rule. To
derive these Feynman rules (3.6.18), one simply replaces 0, = —ip,, for ingoing and d,, = ip, for
outgoing momenta while the explicit z* in the Lagrangian correspond to ¢:X* in the Feynman
rule.

Leading Power

At leading-power, we consider the diagram in Fig. 3.3. Explicitly, the amplitude reads'’

4~
©_ [ dP . a1
M, —/(27T)4 igt 5

(i + )i () =5 C(5)(2m) 50 (5 - pi = i ”’*)

~2+10

1 the following, we denote the amplitude computed using SCET by M™ | while we reserve A™ for the full-
theory radiative result, to stress that this is really an independent calculation in the EFT and not simply
matching. In the end, we will find that both are indeed the same.
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Figure 3.4: The two diagrams contributing to soft-gluon emission at O(A). The first one corre-
sponds to the leading-power emission from the subleading non-radiative amplitude,
and the second one to the subleading-power emission from the leading non-radiative
amplitude. In the first case, the subleading non-radiative amplitude is proportional
to an explicit p; = 0, so the contribution trivially vanishes. In the second case, one
sees after evaluating the explicit X | that the result is likewise proportional to p |
and vanishes in our reference frame.

where we abbreviated C’AO(anl, ...,nN+PN) to emphasise the relevant dependence on the

internal p. Since there are no explicit X*, one can directly perform the integral over p. The

momentum-conserving §-function, in combination with our special reference frame, then yields
H H

the replacement pt = ni+pi% + ni,k‘né*, which implies in particular

1 1
72 n; e ik (3.6.22)
p P=N;i4+Di %—i—ni_k% N+ PiThi—

Thus one obtains

1
Ny pini—k

CA{niypi}) . (3.6.23)

M(O) = —gt“anmi,e(k) CAO({nl+pl})

nifs(k)
’I’Li,k

a

= —gt"n;_

This is already the well-known eikonal term of soft emission, and it immediately follows from
the leading-power soft-collinear interactions.

Next-to-leading Power

By counting soft momenta, we expect the next independent contribution to appear at O(A\?) ~
O(k) compared to the leading-power amplitude. However, in principle, there could be a contri-
bution that is related to the leading-power result by reparameterisation invariance. Recasting
the leading result as M = SZ-(O)A(O), a possible NLP contribution is of the form M = SZ-(O)A(I).
These types of terms are proportional to explicit p |, and thus are absent in our choice of refer-
ence frame. However, we can verify this explicitly by inserting the O(A) Feynman rule. There
are two possible contributions, as depicted in Fig. 3.4. For the first diagram, note that C’MAl
always appears in combination with ﬁ’i. The leading-power interaction does not feature any
explicit X |, therefore this term immediately vanishes after imposing momentum conservation,
yielding p; = p; = 0. For the second diagram, we find

d*p 1
MWD = — / P igt®= (niypi + i P) X0 (kags — kaea) CA(p). (3.6.24)

(3
(2m)4 2 p? +i0
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3.6 Soft Emission and the LBK Theorem

Figure 3.5: The diagrams contributing to soft-gluon emission at O(\?). The first one corresponds
to the leading-power non-radiative amplitude with sub-subleading Lagrangian inter-
action, the second one to the subleading amplitude with subleading interaction, while
the third one is the sub-subleading amplitude with leading-power interaction. The
third diagram again trivially vanishes, since it is proportional to p/ p* . The other
two diagrams have non-zero contributions. For the second one, this is due to explicit
dependence on X | which can eliminate the p, from the subleading amplitude.

The coefficient C4° only depends on n;+p, so the transverse derivative inside X |, after integra-
tion by parts, can only act on the propagator. Here, one sees that

o 1 2

- == (3.6.25
0Py P Pt )
and after imposing momentum conservation, this term is proportional to p; = 0. Therefore,

there is indeed no contribution at O(\) in our reference frame, as anticipated.

Next-to-next-to-leading Power (Next-to-soft)

At O()\?), corresponding to O(k) suppression, there are three diagrams, given in Fig. 3.5. The
third diagram, consisting of the leading-power emission from the sub-subleading non-radiative
amplitude A®) | corresponding to C42, trivially vanishes in our reference frame, since the coeffi-
cient C;?l,z comes with p,p1,, and after momentum conservation the external p, again vanish.
We cannot use this argument for the second diagram, where Cflﬁ’i appears since the subleading
Feynman rule contains X |, which can act on this transverse momentum and the diagram can
thus yield a non-vanishing contribution. We begin by evaluating the first diagram. Here, we
find

N |
M= TP 1619578 (p, §) 2 (kacp — ksza) 5 CA(p) (3.6.26)
A0 (27‘()4 9 252 ’

where S8 is given in (3.6.19) and reads

. 1 _ -
S8 (p, p) = —5”?+n?_(nz‘+p i p)ni-X — (0] +57)X$

1
+ 5n?,k:f’(mp + i P)XTX 1, (3.6.27)

We consider the three summands of (3.6.27) individually. The first contribution is

2 1, [ d*% N _ 1 _
M(Agg = —th /(277)4 (kagp — kgsa)ni+n?_(ni+p + ni+p)ni_XZ§CA0(p) . (3.6.28)

In our kinematic situation, n;— X is defined as (see (2.3.21))

ni_X = (2w)4ng_%5(4> (p—p— ni_k”;) . (3.6.29)
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We move the derivative by partial integration and then perform the p integral over the d-function.
This yields

4 ~
@ _ 1 d’p s.p 0O o1 a0
Maor = _tha/ 2n) (kagp — kpea)ni ng_nf_ o5 (ni+p + an)]?C (»)

x (2m)* @ (5 — p — ni_k”; ). (3.6.30)

To evaluate the derivative, first observe that

0 21 1 n;—p
nf_afﬁp(nwrp?) = Nj— - ni+1§ + ni+P(—2)%T
2 2n; _k
= — PR, (3.6.31)
niypni—k  (niypn_k)
where we used p = nzurpmf + ni_k";“ and n;y -n;— = 2 in the last line. Therefore, n,_ X (and

also X |) do not act on the combination ni+]51%.12 Thus we obtain two terms, one where the

derivative acts on C4%, and one where it acts on the propagator in the term proportional to
ni+p%. This yields

1 0

1
M(2) = ——gt'n n@_ kocs — kgeg)njip——— |n; - —CA%(p
A0,1 9 dt Mit Tl (kacs 9%a) Hpnﬂ-pm_k op ?) =Nt P tn kit
1 a, o B A0
(3 11—
The second term in (3.6.27) yields a vanishing contribution, since
4~
<2>_1a/dp B Byya L A0/
=—qgt* | —= (k —k Xt=C
MAO,Q 29 (2r) (kagp s€a) (P + 7)) Lﬁg (p)
1 1
= —igta(kaag — kgea)niﬁmCAo(ni+p) + (terms ~ p, ), (3.6.33)
T 11—

which vanishes by antisymmetry and by setting p; = 0. Lastly, the third term in (3.6.27) yields
a non-vanishing contribution. First note that X does not act on n;,p, so we can already insert
n;+p = n;+-p.Then, we compute

M=~ | DD ey — hsea)nl neepX XL, 00
A0,3 2 (277)4 i— pﬁz
o ni+p
= (kagg — kﬁ%)n?_hmcm(nwm : (3.6.34)
where we used 5 5 1 o v
=— ZL + (terms ~p, ), (3.6.35)

813J_u aﬁJ_u 2? B b

as well as p; = 0. Next, we use transversality and the on-shell condition
0=Fk%, = %ni,ane + %nHlmi,e + kSeq, (3.6.36)
0=k =ni_kni k+Ekkiq, (3.6.37)
to rewrite the combination in (3.6.34) as

(kagp — kpea)nl kS = (kS kiani_e —ni_kkSeq

12This combination is precisely the usual eikonal propagator, which only depends on n;_j. We will formalise and
exploit this observation in Chapter 7
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3.6 Soft Emission and the LBK Theorem

1 1
= (—nj—kn;rkn;,_e + ni_k(ini_knpra + ini_anE)

1
= —§ni_k(ni+kni_8 - ni_kni+5) . (3638)
Using this result, we find
2 1 apa 1 A
ME4(%,3 =59 ngon] (kags — kﬁga)mc *(niyp) , (3.6.39)

which precisely cancels the last term in (3.6.32). In conclusion, we obtain for the contribution
from the first graph in Fig. 3.5 the amplitude
1i+p 9

2 1 e o
MY = —59tnfin] (kacy ~ hgea); T |ni- —aNCAO( P) . (3.6.40)
v = p ’I’Lz+p MNj—

We can now recast this into a more familiar form by introducing the orbital angular momentum
in the given reference frame as

1 0 1 0
po = Ll ol
i 4n +nl_nz+pz 8 2nz+pznz_ 8Puu}
1 [u 1/] a 1 [ a
= —n¥nn, 3.6.41
2nz+nz—nz+pla e Di + 2n1+pl i— apij_u] ) ( )
where we used n!’ W =2 aan We see that (3.6.40) contains the first term of the angular

momentum (3.6.41), namely

: L tane ni+p 0
MELX(% = —Qgt ni+n?_(ka5ﬁ — kﬁ&a)m |:nz— ?CAO( ) )
! " p=p

ol Kap  fa g ey

=g 9 NigP ni_k N 1y~
_ _gpokats nin L A (3.6.42)
=—g PR .6.

Next, we consider the second diagram in Fig. 3.5, where the subleading interaction of O(\)
is inserted in external legs of the subleading amplitude A™M). Since A™) enters the diagram via
CAlkg 1 and the O(A) Feynman rule contains an X |, there can be a non-zero contribution
despite p; = 0. Thus we compute

Ca [ AP N i, N
M = _igt / ﬁ (katp — kgea) X Lnf_mpﬁ(—p L. CAM(p)) . (3.6.43)

Since the external momenta satisfy p; = 0, the only non-vanishing contribution arises when X |
acts on the explicit p,. The relevant term reads

1

cAlY(p) . 3.6.44
nopk () ( )

Mg% = gta(kagﬁ - k‘gsa)niﬂ_nprp

Identifying C41%(p) with the derivative of the non-radiative amplitude,

9
cAlay) — (_ A(l)) , (3.6.45)
8pj_a P nthn'_

we see that this term can equally be rewritten using the angular momentum (3.6.41) as

ko 0
M(A21) =—gt'—— gé knEﬁ_an < A(1)> N
p=ni+p 2_
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oKs 1 8

In summary, from (3.6.42) and (3.6.46), and summing over all legs, we find for the next-to-soft
term
Ly

@ _ o kas(k
MBP) = —g> . A, (3.6.47)
i=1 v

and thus we reproduce the well-known Low-Burnett-Kroll amplitude

N ny
_ o [(Pi-elk) | Fuep(k)L;
Arad g;tz ( ok Tk )A. (3.6.48)
In conclusion, we see that the soft theorem follows from a straightforward computation of the
tree-level emission process in the effective theory. The universality of the leading and next-to-
soft term is an immediate consequence of the soft gauge symmetry, and the explicit form is
readily computed from the effective Feynman rules. This derivation can now be extended to
also include other matter fields besides scalar particles.

However, the derivation was slightly non-trivial and a number of accidental cancellations
occurred. This poses a simple question: Can the soft-collinear Lagrangian be recast in a form
that immediately yields the soft theorem as an emission vertex? The answer to this question is
yes, and it will be explained in detail in the later Chapter 7.

3.7 Extension to Dirac Fermions

In this section, we generalise the notions of the previous sections to also describe fermionic
matter. In the context of SCET, the effective theory was originally constructed with quarks in
mind. Therefore, the fermionic construction preceded the scalar one [40,41]. Most concepts of
the previous discussion transfer over directly to the spinor fields.

The first difference compared to the scalar field is that the Dirac spinor describes four degrees
of freedom compared to one in the scalar case. The spinor field ¥ (x) is a solution of the Dirac
equation

(i@ — m)y(x) =0. (3.7.1)

Setting m = 0 and going to momentum space, we can insert the power-counting of the collinear
momenta to find

0= pulp) = gnsph () +O(N), (3.7.2)

i.e. the leading-power equation of motion gives the condition

th_u(p) =0, (3.7.3)

so some components of the spinor are projected out. One can make this observation manifest
by introducing the projection operators Pi via

hd

1=P, +P =
+t 4 4

(3.7.4)

One can immediately verify that these objects are indeed projections and satisfy P? = P.. The
full spinor field can be decomposed into two components with definite projection properties as

E - P+¢c - %@Z}Ca n= P_¢c == ¢+4¢_ ¢c7 (375)
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and the power-counting follows from the two-point function [40]. For the first component &(x),
one finds

O1T(E@)E0) 10) = == 01 T(wa(apelo) o) o=
* i
= / % efizo(:z:fy)p2 — 7/‘+47/i }ﬂ@f‘ )\4$ -2 (3.7.6)

For the second component, the analogous computation yields

(O T (n(2)n(0)) [0) = m% (0| T (e ( )wc(o))\m%
:/(;17:’;4 e—z‘p(z—y)p2 j_ie " ¢+P¢ Py >\4>\2% 4 (37.7)

Therefore, the second component 7 is subleading compared to the leading spinor . The soft
quark scales as gs ~ A>. Inserting the spinor decomposition (3.7.5) into the Lagrangian and
using the projection properties, one finds

L= il = (€ +7) | Siny D+ "tin D i, | (€40
¢+ tin_ D¢+ &GP n+ nil) €+ nﬂ—erDn (3.7.8)

2

It is now convention to integrate out the subleading component 7 using its equation of motion

1
=D RS (3.7.9)

This yields a Lagrangian of the form

Ny - 1
L.= g@zn_Df + EllDJ_ iny D

ZJDT/;%, (3.7.10)

which forms the starting point of the EFT derivation. This is the main difference between
the scalar field and the Dirac spinor. Since both fields behave the same way under gauge
transformations, the redefinitions of the collinear fields can be directly transferred, and the
construction of the effective Lagrangian proceeds in the same way. The fermionic Lagrangian is
then given by [41]

) =¢ <m_D + UDLmiDmL) ¢2+§ +Gilyq + L) + £+ i) + £l (3.7.11)
where the interaction terms read
) =€ (an WogFs, W) Tﬁ;gc, (3.7.12)
L:,E?) ! 5 & (n z i’ WegFs, Wi+ 2tz " W[D?, gF3, W] ) 7/&56
(llDJ_ ‘TJ_’YJ_ WegFy, W+t 57 W gFy;, WT — lD ) ’y - &, (3.7.13)
zzgq) = quT DL€ —EiD, W, (3.7.14)

H
L‘g]) = qW! (in_D - iIDL(in+D)—1i]DL) V;*g + gD e, Wil ¢
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- T S =
_57 in_D +ilp, <m+D> WDy | Weq — &ilDy Wex . Dlq . (3.7.15)

In the operator basis, the collinear gauge-invariant spinor field is defined just like the scalar
field as (3.3.85)
Xe = Wk, (3.7.16)

where only the leading component £ enters. However, Lorentz invariance (or RPI in the case of
SCET) imposes that the full spinor ¢ = £ 4+ 7 should appear in the amplitude and consequently
in the operator basis. This manifests itself in a different relation of the Al current (2.7.16),
which now contains the effect of the subleading component

B , 2nt o
Al Vil ¢z+ j— A0
CHHH (n ) = | - L ——E C*®n )
. (np, - N pN) D) Zniny O pi (n14+p1, - .-, WN4PN)
Al Al
= Cz',s:in(nprpl? ey nN+pN) + Ci,ofbit(n1+p17 - ,nN+pN) . (3.7.17)

This additional, spin-dependent term will be crucial in the derivation of the soft theorem for
fermionic fields in Section 7.3.
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Perturbative Gravity

In this section, we introduce the underlying “full theory” of SCET gravity, perturbative gravity.
As a starting point, we discuss the Einstein-Hilbert action. The quantisation of this action has
a long history [15-24], and it turns out that this action is not renormalisable in the strict sense.
However, the action can be interpreted as the first term in an effective theory, where higher-order
terms, which correspond to higher-derivative terms, are necessary to render the gravitational
loops finite. In this way, one obtains a fully consistent quantum theory describing gravity at
energies way below the Planck scale. This construction of a low-energy effective theory of gravity
was pioneered by Donoghue in [25]. We introduce this approach and the necessary concepts,
and refer for further details to the excellent reviews [26,57].

Starting from the Einstein-Hilbert action, we investigate the gauge symmetries of gravitational
theories, treating them in the same fashion as in ordinary gauge theory. Then, we perform
the weak-field expansion, with emphasis on its effect on the full-theory gauge-invariance. At
this point, it is useful to compare this expanded theory, which forms the basis of the SCET
construction, to the situation encountered in gauge theory. Already at this level, one can
identify substantial differences between both theories, and anticipate what effect this may have
on the form of SCET gravity.

4.1 Gravitational Action

We consider a curved space-time described by the metric tensor g,,(r). Following general
relativity, the metric tensor g,, obeys the Einstein-Hilbert action’

2
Sen = - /d% V—gR, (4.1.1)

where k? = 327Gy, ¢ is the metric determinant, and R is the Ricci scalar. It is obtained from
the Riemann tensor

R, 5= 0aT"s, — 0TH,, + TV \ T, — TV T (4.1.2)

av )

vaf
by contracting the indices as R = g*?R" apf The Christoffel symbols I'* | 5 are defined as

1
Fuaﬁ = igup (—009ap + Oagps + 3gpa) - (4.1.3)

This action is invariant under a large class of transformations, the diffeomorphism group.
These consist of coordinate transformations

=yt (x), (4.1.4)

where y#(x) is a general invertible function of x. From this transformation, one can define the

Jacobi matrices 5
_ OyH 3 _Ox

Uﬂa (1’) = %(CE)’ Ul/ (33‘) = ayy

(z), (4.1.5)

'"We employ metric signature (4, —, —, —).
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4 Perturbative Gravity
which are inverse with respect to each other, i.e. they satisfy U*, (x)U,*(z) = 6.
Under such coordinate change, the metric tensor transforms as

gu(x) = g1, () = U, * (@)U, " (2)gas (), (4.1.6)

and one can explicitly verify that the Riemann tensor is indeed a tensor and that the Ricci scalar

is invariant R(r) — R'(y) = R(z). In addition, the measure d*z transforms, and one can identify

the invariant measure d*z,/—g. Thus, the action (4.1.1) is invariant under diffeomorphisms.
To quantise this action, one would perform a weak-field expansion

G (T) = guu(x) + /‘Gh;w(l') (4.1.7)

around some background g, (x), identifying the fluctuation h,,, as the graviton field. We explain
this in detail down below. In this expanded theory, the quantisation proceeds along the same
lines as in Yang-Mills, e.g. by performing gauge-fixing using a ghost Lagrangian. Then, from
the quadratic action, one obtains the free propagator, and higher-order terms are treated as
interactions. However, the coupling constant » is dimensionful, as K ~ /Gy ~ MLPl' This
means that the theory of a spin-2 field is not renormalisable in the strict sense. Indeed, the local
divergences encountered at the one-loop level take the schematic form? [24, 58]

1 2 1, 7 " )
_ - —R,,R") | 4.1.
16724 —d <120R + 20R“ R (4.1.8)

and one immediately sees that they cannot be absorbed by renormalising the fields and couplings
in (4.1.1).

Instead, one can now view the Einstein-Hilbert action (4.1.1) as the first term of an effective
theory. At one-loop level (and beyond), this action is modified, and one would use

2
ngv’EFT = —/d456 vV—g <A + ?R — 61R2 — CQR,WR/W +.. > . (4.1.9)

Here, we see that the additional terms R? and R, R*" can be used to absorb the divergences
(4.1.8). We also introduced the cosmological constant A, which can be accommodated in the
standard action (4.1.1). Note that the Ricci scalar contains two derivatives, R ~ 2. Therefore,
the new terms are higher-derivative terms R? ~ 9%, and are consequently suppressed at low
energies. Equivalently, in situations of small curvature (characterised by small h,,,,), these higher-
order terms are suppressed compared to the leading R term. One can see that the effective theory
quite naturally takes the structure of a derivative expansion, and at higher loop levels, one has
to take into account more and more of these higher-order terms in the curvature.

From this perspective, the effective action (4.1.9) is a perfectly well-defined and predictive
effective quantum theory, with the expansion parameter being either a low-energy parameter
or, equivalently, small curvature. Crucially, for our purposes, the action has the same set
of gauge symmetries as the original Einstein-Hilbert action, the diffeomorphisms. Since the
SCET construction only depends on the underlying gauge symmetry, one can consider as “full
theory” the action (4.1.1), or its higher-order modification (4.1.9) up to any desired order. The
precise form of the SCET Lagrangian will change at higher orders, but the underlying all-order
construction will be the exact same.

4.2 Diffeomorphism Invariance

The diffeomorphism group in gravity can be thought of as the analogue of SU(N)-invariance in
Yang-Mills theory and is of special interest for constructing the soft-collinear effective theory.

2We regularise in d = 4 — 2¢ dimensions.
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4.2 Diffeomorphism Invariance

However, in its conventional form as coordinate transformations, as introduced in (4.1.4),
the analogy is not very clear. This form can be viewed as passive transformations, where
the coordinates are transformed, and tensor fields change accordingly. For our purposes, it is
much more convenient to use an active point of view. That is, one reformulates the effect of
a diffeomorphism as a purely internal transformation of the fields, and never transforms the
coordinates directly.

To be precise, consider a local translation of the form

at — yH(x) = 2" + ¥ (x), (4.2.1)

with some (not necessarily infinitesimal) vector field e(z). A scalar field ¢(x) transforms as

o) = ¢'(2') = p(). (4.2.2)
One can write the transformed scalar field ¢'(z') as
¢'(@) =@ +e(@) = [T¢'(2)] (4.2.3)

where the translation operator T acting on some function f(z) is defined simply by the Taylor
expansion

Tof(x) = f(x) + e%(2)0af () + %E“(fﬂ)&B(w)@a@ﬁf@) +0(e%). (4.2.4)

One can now evaluate the transformed scalar field ¢’ at the old coordinate x, defining the active
transformation

p(z) = ¢ (2) = [U(x)p(x)] | (4.2.5)

where U(z) is then simply the inverse of the translation operator (4.2.4). Expanding in e, this
corresponds to

[U(z)e(z)] = @(x) —e*(2)0ap(x)
+ %sa(x)sﬁ(w)aa%(p(x) + £(x)0ac” (x)Dpp () + O(%). (4.2.6)

Note that we labelled this operation by U(z) to stress the formal similarity with the SU (V)
gauge transformation. Indeed, by treating diffeomorphisms as active transformations, we are
able to treat these transformations as purely internal ones, and we can use most of the intuition
from the gauge theory side.

One can immediately notice two further points: first, the leading-order term of the transfor-
mation (4.2.6) is just the Lie-derivative of the scalar field

Lep=—e%0pp. (4.2.7)

We will check below that this also holds for generic tensors, and one can easily verify that this
even holds for the expansion about non-trivial backgrounds. Second, and more importantly, one
sees that the inverse is not simply given by replacing € — —¢ in the definition of 7. This is due
to our choice of translation (4.2.1) and accordingly taking T to be (4.2.4). If instead, we would
consider an infinitesimal transformation like

1
at — at + et (x) + 550‘0&6“(:5) +..., (4.2.8)

corresponding to
xt — exp(e“0q )zt , (4.2.9)

this would be different, and the inverse would be defined as a translation with parameter —e(z).
This is simply a choice one has to make at the beginning of the construction, and we opt for the
simpler form of the local translation (4.2.1).
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4 Perturbative Gravity

The metric tensor g,,(x) has the active transformation

Guw = [U(@)U, (@)U, % (2)gas ()]
= g 2) — V() - Voeu(a) + O(2), (4:2.10)
where V, denotes the covariant derivative with respect to g,,,. For a generic tensor field T, (z),
one finds analogously

T," (@) = [U@)U, (@)U, (2)T,° ()]

=T,"(x) — 0ue”(2)T," () + 05" ()T, (z) — e®(2)0aT),” (x) + O(?). (4.2.11)

Again, comparing this to the Lie derivative
LT, =1T," —e"0,1," — 0,"T," + 0,e"T,7, (4.2.12)

one notices that these are precisely the linear terms in the transformation (4.2.11).

In summary, when adopting the active point of view, one is able to treat diffeomorphisms as
purely internal transformations, that only act on the fields and not the coordinates, ¢(z) —
¢'(x). This, in turn, looks formally very similar to gauge theory. Notably, at leading order in
the gauge-parameter €, these active coordinate transformations correspond to the Lie derivative.
At higher orders, they can be systematically constructed from the Taylor expansion.

Gauge-invariant expressions are of course invariant, regardless if one considers active or pas-
sive transformations. Therefore, one can derive a set of useful properties of these translation
operators. These are given in Appendix A.

4.3 Weak-field Expansion

Next, we discuss the weak-field expansion and its effect on the gauge symmetry. For now, we

take as action the first term, (4.1.1), and for the matter part, we consider the minimally-coupled
scalar field?

1
Sy = /d4:): \/—gig’“’@ugo&,w. (4.3.1)

We perform the weak-field expansion (4.1.7) around flat-space, corresponding to g, () = M.
The expansion of the metric tensor

guu(x) =N + /‘Qhuy(x) (4.3.2)

is taken to be ezact, that is, we do not consider any higher-order modifications in x to (4.3.2).
All other functions of the metric tensor, however, are in general given as infinite series in
huv, or k, respectively. For example, the inverse metric tensor g"”(x) can be determined from
Iua(r)g® (z) = &} to be

9" =" — B+ PR — WP haght + O(hY) (4.3.3)
while the metric determinant is given by
1 1
V=g =1+h+ g(h2 — 20 hop) + O(R3) . (4.3.4)
The action then turns into an infinite series in h,, resp. &:
oo
S=>"kks®, (4.3.5)
k=0

where the precise form of S*) at higher orders depends on which terms one considers to be part

of the “full theory”, i.e. if one only considers Einstein-Hilbert (4.1.1), or also takes into account
higher-order Riemann terms as in (4.1.9).

30ne could add to this action a self-interaction, e.g. f%gf‘. However, this does not affect the SCET construction
in any form, so we omit this term for now. We will add it back once we give the final Lagrangian.
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4.3 Weak-field Expansion

4.3.1 Einstein-Hilbert Action

Using these expansions in the Einstein-Hilbert action (4.1.1), we obtain to leading order in h
the quadratic Lagrangian

Lo — % (Db OB — 8hd®h — 20, W (Duhls — B,h)) . (4.3.6)

To quantise this theory, we must now add a gauge-fixing term. We consider a generalised de
Donder gauge 0“h,q = 0,h with parameter b by adding the gauge-fixing term

Sur = b [ ke (2uh; - S0uh) (9sh™ — S0mh) (4.3.7)

Following the standard Faddeev-Popov procedure, the gauge-fixing term also introduces a ghost
Lagrangian. However, like in the gauge theory situation, the ghost Lagrangian is not of interest
for the construction of SCET, and we omit its discussion here as well. However, in off-shell
computations, or scattering into unphysical polarisations, one has to keep in mind that ghosts
are present in gravity as well.

One can then compute the graviton propagator in standard fashion by inverting the bilinear
part, which yields

) d4p e~ (z=y) 1-5
Dyw,ap = (O[T (huw () has(y))[0) = Z/ (21)" W(P;Maﬁ + TSHV7Q5) , (4.3.8)
where
1
PMMOCﬂ = 5 (nuanvﬁ + NupNva — nuunaﬁ) 5 (4.3.9)
1
Syvap = 55 (MualuPs + NusPuvPa + PuPallvs + PuPslva) - (4.3.10)

2p?

The self-interactions begin at the trilinear level, corresponding to O(k) suppression, with the
Lagrangian x£(1) = £,3, which reads

1 (03 v 174
£ = —5h p (haaaﬁh + 20, W Oy hop + OahywOsht™ + hagOh + 20" h,60gh
+ Oahpu0'h — hO Ouhg, — hEOhyg + 20,hs, 0V hE + 48“8”hwh5,,> (4.3.11)
1 1
= 4 hOuh0"h + L hdohyw "W .

4.3.2 Scalar Action

Using the same expansions in the scalar action (4.3.1), one obtains the leading Lagrangian

1
£O = 5Oupd" ., (4.3.12)

which is just a free scalar theory. Correspondingly, we find the standard propagator (2.2.7)

d*p i

T = ~ip(e-y) : 4.3.1
0Tl 0) = [ 55 P (4313)
At higher-order in hj,, we find the scalar-graviton interaction terms
1 1
LW = — 5P <8“<,0 0o — n“”§8a¢ a%) : (4.3.14)
1 1 1
£ = 3 (huahg — 5th + g(h2 - 2ha'8ha5)17“”> O Opip . (4.3.15)
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4 Perturbative Gravity

4.3.3 Weak-field Gauge-invariance

In the weak-field expansion, we slightly change conventions and redefine the parameter of local
translations as
xt — ot + ket (z) . (4.3.16)

We use this choice so that the infinitesimal transformation of h,,,, determined from (4.2.10), is
the simple shift
By (%) = Py (2) — Open(z) — Oye () + O(E2). (4.3.17)

Note that this already implies that the gauge symmetry mixes different orders in x. For the
graviton field h,,,, which enters at O(k) itself, the gauge symmetry corresponds to a linear shift,
plus non-linear higher order terms in k. For matter fields, however, this rescaling results in

© — ¢ — k%O + O(K?) . (4.3.18)

This is a somewhat subtle feature of the weak-field expansion: once one performs the weak-field
expansion, one has to truncate the expanded action at some order in h,,. In turn, also the
diffeomorphisms must be expanded and truncated. This means that the expanded action is only
gauge-invariant order-by-order in h, and subleading gauge transformations are cancelled by the
leading gauge-transformations of the subleading Lagrangians.

For example, the leading scalar action (4.3.12) is gauge-invariant by itself, since the scalar
field does not have a leading-power gauge transformation. At O(k), one has

0cp = —KEYDpp, (4.3.19)

and in turn, the Lagrangian generates a subleading
s 0 — ag (Lo Lon ag o
S = —k | %0, 58,&8 @) + 0ue®0apdty | . (4.3.20)

For the subleading Lagrangian (4.3.14), one only has to consider the linear shift of b, and one
finds

1
5§0)£(1) = kOyuey <8“g03”g0 — n“”26a908ag0) . (4.3.21)

Combining both terms, one obtains
s LO 4600 = _kp, (ga;aﬂapaw) , (4.3.22)

which is a total derivative and thus the Lagrangian £ 4+ £ is gauge-invariant up to O(x).
This generalises also to £(2), where the sub-subleading gauge transformation of £ is relevant.

An immediate consequence of these truncated diffeomorphisms is that we cannot have objects
that are homogeneous in h — that is, are monomials in A — and gauge-invariant at the same time.
Gauge-covariant objects, such as the Riemann tensor, are represented as a series order-by-order
in h or k. When working with a theory expanded in h, one finds that subleading terms, that is,
higher-order terms in h, appear in precise combinations to yield a gauge-invariant theory. This
is a generic feature of non-linearly realised symmetries.

4.4 The Vierbein Formalism

4.4.1 Spinors in Curved Space-time

A problem arises if one wants to consider half-integer representations of the Lorentz group in
curved space-times, like spinors. These correspond to representations of the covering group
SL(2,C), and have no direct corresponding representation in the diffeomorphism group GL(4)
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4.4 The Vierbein Formalism

[59]. Therefore, to properly implement such half-integer fields, one makes use of the vierbein
formalism. Intuitively, this is a literal implementation of the equivalence principle. Namely, one
introduces a local inertial frame %, a = 0,1, 2,3 at every point X. These coordinates have the
property that the metric at point X corresponds to the flat-space Minkowski metric. To relate

these to the generic reference frame z*, one defines the corresponding vierbein eau(X ) as
a a
¢ (X) = [W} . (4.4.1)
K 85(}“ =X
The generic metric tensor g,,(x) can then be expressed as
G () = nabeau(x)eby(x) . (4.4.2)

Such a local inertial frame is not unique. At each point X, one can perform a Lorentz trans-
formation A% (X) that leaves the decomposition (4.4.2) invariant since the Minkowski metric is
unchanged by Lorentz transformations. Therefore, the vierbein comes with its own local Lorentz
transformation (LLT), where it transforms as
b
e, (z) = A%y (z)e” (z). (4.4.3)

In addition, the vierbein transforms under diffeomorphisms, in this context also called “General
Coordinate Transformations” (GCT), like a standard covariant tensor

a a 81}‘]/ a
et (x) = €, (a) = i€ (). (4.4.4)

In the following, we adopt the convention that Greek indices from the middle of the alphabet,
W, v, ... are reserved for GCT tensors, while LLT indices are denoted by Latin ones a,b,m,n, ...
In addition, we use Greek indices from the beginning of the alphabet, «, 3, ... to denote spinor-
indices. Note that while GCT indices are still raised and lowered with the full metric g,,,, the
LLT indices are raised and lowered with the flat Minkowski metric 7,,. It is useful to define the
inverse vierbein E*, (x) which satisfies

EH e, =6,
EF. e, =5 (4.4.5)

Tensors can be defined either as standard GCT tensors T#, , which transform under diffeomor-
phisms according to their representation

or'"  OxP
ox? ()

T, (z) — ()T (), (4.4.6)

x/Oé

or as LLT tensors T™

', which transform under GCT as a scalar, and under LLT according to
their representation

™ (z) — A™ (2)A 0 (x)T", (). (4.4.7)

These two versions of the tensor 1" are related by the vierbein as
(z) =™, (x)E% (2)T", (z) . (4.4.8)

One can transform any GCT tensor field into a set of GCT scalars. This has the advantage that
one can now implement also half-integer representations of the Lorentz group, simply by defining
them in the local inertial frame. To promote these objects to a generic curved space-time, one
then ensures that the Lagrangian describing these objects is local Lorentz invariant and forms a
scalar. Once one arrives at a scalar Lagrangian, the invariant action is defined in the usual way
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4 Perturbative Gravity

by performing the integration d*z\/—g. We explain this in detail at the example of the Dirac
fermion.

The Dirac spinor lives in the (%, 0) @ (0, %) representation of the Lorentz group, where it has
a Lorentz transformation

ba(®) = Das(A)s(x) (4.4.9)
Here, A is the Lorentz transformation and D,g(A) is the associated spinor transformation defined
by

Dos(A) = e 2han/™ (4.4.10)

where Ay, is the parameter of the infinitesimal Lorentz transformation and J = =7 {’y Y }
the generators of the Lorentz group for the Dirac representation. In curved space-times, thls
transformation is now promoted to a local one, and the spinor field now transforms as

Ya(®) = Dap(A(x))Ps(2). (4.4.11)

The only difference is that now the Lorentz transformation corresponds to a local A(z). As in
gauge theory, a local Lorentz transformation poses a problem, since derivatives now also act
on the local parameter and are no longer covariant. Therefore, one defines a Lorentz-covariant
derivative

Dytba = Outha — i [ 45 15 (4.4.12)

Here, we introduce the object [€2,,] ap B8 the gauge-field corresponding to local Lorentz transfor-
mations. It has the standard transformation of a gauge-connection

Q,(2) = D(A2))2D ™ (Alx)) - i [3,D(A(x))] D' (A(a). (4.4.13)

and can be defined in terms of the Lorentz generator J as

[Qulos = % [Jab} sl (@) (4.4.14)

The coefficient [w),] , is called the spin-connection. Using the spin-connection, one can con-

struct the gauge-field 2, for any Lorentz representation by contracting it with the appropriate

representation of the generator J. The spin-connection can be computed from the vierbein
s [59]

Wil = 9B (9B +T7,,E)) - (4.4.15)

With the help of the Lorentz-covariant derivative (4.4.12), one can now define the Dirac action

in curved space-times.
One starts from the flat-space Dirac Lagrangian

Ly = iy b, (4.4.16)

where 1) = 1)11% as usual. One promotes the spinors to local Lorentz spinors, and changes the
derivative to the Lorentz-covariant derivative accordingly. Thus, one obtains

Ly = it (O — iQp) 1. (4.4.17)
Using the transformations (4.4.11) and (4.4.13), one finds for the transformation of the La-
grangian
— D~ ( ) “Ag"E",D(A) D,
¢ [DTHAY D) ALY, Dy
Py E“aDuw, (4.4.18)

by EF, Dty —
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where we used in the last line that
D(A)*DHA) = A%A°. (4.4.19)

Therefore, the Lagrangian is indeed a local Lorentz scalar. Under GCT transformations, the
spinor transforms like a scalar field*

P(x) — ' (x) = Ulx)y(z), (4.4.20)

while the spin-connection and vierbein transform like tensors according to their index position
Q= U(2)U," (2)Q (),

E* (z) — U(z)U", (z2)EY, (). (4.4.21)

Since all GCT indices are contracted, the Lagrangian itself transforms as a scalar field, and
invariance follows from integration over d*z\/—g. Consequently, one defines the Dirac action in
curved space-times as

Sy = / doy/=g it (8, — Q) b . (4.4.22)

This action is manifestly LLT and GCT invariant and describes a spin—% field in curved space-
time. Note that in this approach, the gamma matrices v fulfil the standard Clifford algebra in
the local inertial frame,

{727} = 2. (4.4.23)

4.4.2 Weak-field Expansion

Next, we investigate how the vierbein and spin-connections are determined in the weak-field
expansion. We consider the expansion around flat space, where the metric tensor is given by

9w (@) = Npw + Ay - (4.4.24)
To determine the vierbein, we make the ansatz
e, =0+ v, (4.4.25)

where ¢,* denotes the vierbein fluctuation. From the metric condition (4.4.2)

€,"€, Nab = G () = Ty + o | (4.4.26)
one can determine that the fluctuation ¢ satisfies to first order in h
Puv + Qop = h,ul/ + O(hz) ) (4.4.27)

where ¢, = 1,a05¢%,. Here, one notices a subtlety: in the weak field expansion, we seem
to mix the notions of LLT indices and GCT indices. Furthermore, the condition (4.4.27) only
constrains the symmetric part of ¢, which corresponds to 10 degrees of freedom. The remaining
6 antisymmetric components are not constrained. These components are of course linked to the
local Lorentz symmetry. To see this directly, consider a parameterisation of the vierbein as

e, (z) = A% (2)¢, b (), (4.4.28)

where the hatted vierbein is gauge-fixed such that it is symmetric, i.e. one defines the 6 param-
eters of the local Lorentz transformation so that they precisely cancel out any antisymmetric

4We adopt the active point of view for the GCT transformations.
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4 Perturbative Gravity

component of the vierbein. Then, from the metric condition (4.4.27), one immediately deter-
mines the symmetric vierbein in terms of the metric fluctuation h,, as

e, =0+ %hz - éhwh”“ +O(h?). (4.4.29)
It is important to stress that the result (4.4.29) only holds in “symmetric” gauge. If one fixes
a different gauge, one can determine the non-vanishing antisymmetric components in terms of
huv, and the weak-field expansion will be different. It is relevant to discuss this detail for one
subtlety: unlike in gauge theory, where fixing different gauges has no effect for e.g. matching
computations, the LLT gauge has an effect, since the asymptotic spinor states are also modified

by the gauge choice.
To see this, insert the relation (4.4.28) into the action (4.4.22) to obtain

‘C = &WaEuaDu,(b
= 7" ASEY Dy
= 4D (A B, D(A) Dy
= (D(A))yE", D,y (D(A)Y) . (4.4.30)

One notices that the relevant spinor in this gauge is the gauge-fixed spinor D(A)z/; . This is the
object that one should use as asymptotic states, i.e. we define

Y(@) = DM (A)(x), (4.4.31)
and the spinor 1&(33) has the standard mode decomposition
@)=Y [ @ (a)e™alw)s + vl (p),) | (4.432)
with polarisations
1
. 110
u%(O) 7 (4.4.33)
0

The important point is that these external spinors are defined only in the reference frame where
the vierbein takes the form e, If one chooses a different vierbein, it is related to the hatted
one by a LLT A(z). This means that we change the local reference frame. Thus, following a
reasoning similar to (4.4.30), the spinors in this new frame are related to the hatted ones as

W(x) = D(A), (4.4.34)

which also affects the external polarisations us(p). Therefore, if one performs matching compu-
tations for spinors in curved space-times, one has to ensure that one either fixes the same LLT
gauge in both the full theory and the EFT or that one accounts for the different spinors. From
now on, we will always fix the symmetric gauge unless otherwise specified, as this is the simplest
and most natural gauge choice.

To summarise, we give the weak-field expansion of the Dirac action and all relevant objects
in symmetric gauge. The vierbein and its inverse are given by

a a 1 a 1 a, 1 Q, v
ey = 0+ Shiy = Shhgu+ Lh™hsy b + O(hY), (4.4.35)
1
BY, = 6= ShE -+ SH o — hash™ B+ O(Y). (4.4.36)
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The spin-connection is determined from (4.4.15) to be
1 14 v 1 v
(wulay = = Oahoy = 5 (RaBuyhya — W00 by + S, Bty ) (4.4.37)
1 v 3 1 3 v v
+3 (Pugah Ol + St Oy = Shyah O by, + hjahan@*ht;) + O(h),
(4.4.38)

where the antisymmetrisation only acts on Latin indices. Since we fix symmetric gauge, we can
freely change between Latin and Greek indices, and keep the Latin ones only for clarity. The
weak-field Dirac Lagrangian is then computed as

L=1L0 4 kLM 402, (4.4.39)

where the individual terms are given by
LO = ipyra,y, (4.4.40)
L0 = b (1%, 0,3 6 — T (0 0+ 580} v (4.4.41)

Here, {-,-} denotes the anticommutator.

4.5 QCD and Gravity: a Comparison

At this point, it is instructive to compare gauge theory and gravity, to draw some conclusions
on how the EFT construction might differ in the gravitational case.
At first glance, there are four main differences:

(i) The full theory considered in gravity, defined by the action (4.1.9), is itself an effective
low-energy theory. Contrast this with Yang-Mills, where the full theory is a UV-complete,
renormalisable theory.

(ii) The graviton hy, is defined as the fluctuation around a non-vanishing background config-
uration g,,. Therefore, one has to perform a weak-field expansion of the original action
(4.1.9), and the full theory is defined as an infinite series in . This also affects the gauge
transformations, which must be truncated. At this stage, the weak-field expansion is not
motivated by the SCET power-counting, but by a small curvature expansion. In gauge
theory, Yang-Mills does not need to be expanded around a background configuration.’

(iii) Yang-Mills features purely internal gauge transformations of some non-Abelian group.
Therefore, these gauge transformations are not affected by the SCET kinematics, and
generators have no scaling in A\, 7% ~ O(A\%). In gravity, however, the gauge symmetry
consists of local translations. These translations are generated by momenta P*, which
have non-trivial scaling in A. Moreover, soft and collinear momenta have different scaling.
Therefore, soft and collinear gauge transformations differ in their power-counting. In
gravity, it is therefore inevitable that gauge transformations mix different orders in .

(iv) In QCD, we encountered a large component ny A. ~ A°. If uncontrolled, this would render
the power-counting meaningless, since there would not be a finite operator basis. The intro-
duction of a collinear Wilson and gauge-invariant building blocks alleviates this problem,
and only objects corresponding to the physical transverse gluons appear in the operator
basis. In gravity, the situation is even worse: looking at the two-point function (4.3.8),
one can anticipate h, ~ A~!, one component is power-enhanced! This component must
be controlled, otherwise one can enhance subleading contributions by adding arbitrarily
many hy 4 to it.

5 . . . . . .
°Unless one wants to consider more exotic situations, like instanton background.
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Let us expand on these points in more detail. The first point, the full theory being an effective
theory, is relevant for the high-energy behaviour of quantum gravity, and one would expect that
this should not have a great impact on the soft and collinear limits. Indeed, this problem is
more of a conceptual one: if one considers only the leading term R, i.e. pure Einstein-Hilbert,
one can perform the weak-field expansion to arbitrary order in k, and construct SCET to any
order in A from this. In principle, the SCET construction is even more general, since the SCET
Lagrangian is not renormalised. However, if one wants to compute some scattering process
involving quantum corrections, that is, loops, one needs to modify the full theory to account
for these loops. In the matching computation, this will also require a modification of the SCET
Lagrangian, since these higher-order terms in R are now part of the full theory.

It is important to stress that this does not affect the underlying construction in any form.
The soft-collinear effective theory is derived purely from gauge symmetry considerations, and
this gauge symmetry is not affected by the introduction of higher-order terms. Therefore, one
only needs to specify the full theory, i.e. the action (4.1.9) up to some loop order, and can then
use the construction presented below to construct the SCET up to this loop order. For the sake
of simplicity, we will only consider the easiest scenario, Einstein-Hilbert (4.1.1) below. But the
construction is completely general.

The second point is also not an actual problem. While the weak-field expansion is motivated
by a small curvature expansion at the moment, we will see in the following section that the SCET
power-counting also imposes a weak-field expansion. Intuitively this is clear since a purely-soft
or purely-collinear theory must be equivalent to the full theory, which is a weak-field expansion.
Therefore, our construction is in principle valid for any backgrounds and curvature regimes, as
long as the kinematic situation is valid. In particular, this implies that the SCET Lagrangian
is valid for trans-Planckian energies, as long as the momenta satisfy the SCET kinematics

Based on this explanation, we can also elaborate on point (iii). The A-expansion is analogous
to the weak-field expansion and leads to a non-linear realisation of the original diffeomorphism
symmetry. Already in the full theory, we observed that an object cannot be diffeomorphism
invariant and homogeneous in x at the same time. That is, objects are only gauge-invariant
order-by-order in the truncated diffeomorphisms.

Now, in SCET, we see that the gauge transformations are generated by an object that has
non-trivial A-counting. We also know that the expansion in A must share similarities to a weak-
field expansion and that the purely-soft and purely-collinear theories must be equivalent to the
full theory. The only sensible conclusion is that again, the gauge transformations are realised
non-linearly. Therefore, the gauge symmetry links different orders in A. Again, any object
cannot be homogeneous in A, i.e. have a definite scaling A%, and gauge-invariant at the same
time. But this feature is not surprising, it is directly inherited from the full theory, where it is
present in a slightly different fashion.

However, the soft-collinear interactions are different from the full theory. Here, the guiding
principle in QCD is to impose a homogeneous gauge transformation that respects the multipole
expansion. This led to the discovery of the homogeneous background field n_A(z_), and
we could construct the soft-collinear interactions by formulating the theory with respect to
this background field. In gravity, gauge transformations are inherently inhomogeneous in A.
Therefore, simply imposing homogeneous transformations does not lead to a sensible result,
since we expect the “proper” EFT gauge symmetry to not be homogeneous, precisely because
the generators are not. Therefore, we have to carefully understand what it means to “respect
the multipole expansion” in the gravitational context.

Finally, point (iv), which seems to be the most distressing one, is surprisingly the point that
is closest to the gauge theory situation. One can define analogues of the Wilson lines W, used
in QCD to control nyA.. In gravity, these Wilson lines control the components h,. Recall
that collinear momenta scale as (ny P, Py,n_P) ~ (1,\,A?). It turns out that the enhanced
component h, always comes with the suppressed momentum n_ P ~ A2 to yield a contribution

68



4.5 QCD and Gravity: a Comparison

hyyn_P ~ X. This can be made manifest by constructing the collinear Wilson line, and one
can verify explicitly that it is not possible to power-enhance operators. This Wilson line is then
an object of the form W, = 1+ O(\). One can understand this fact intuitively by recalling that
gravity does not have any collinear singularities. Indeed, this Wilson line shows that one cannot
construct gauge-invariant leading-power interactions between collinear matter (or gravitons)
with collinear gravitons. Surprisingly, the one aspect that seems the most different from gauge
theory is actually treated formally in the exact same fashion. It is the EFT power-counting
of the gauge charges that leads to a very different physical situation, but not the underlying
formalism.

Besides these differences, we will see that the construction of the soft-collinear interactions
proceeds along remarkably similar lines as in the gauge theory situation. Indeed, we will find that
at the formal level, the construction is identical, once the correct Wilson lines and redefinitions
are identified. Furthermore, most of the intuition developed for gauge theory still carries through
in the gravitational situation.
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As a first step, we introduce the purely-collinear theory. This means that we only consider the
collinear modes, expanded around a trivial background, and do not introduce soft modes. This
theory considered in isolation is of course quite trivial and should be equivalent to the full theory.
Regardless, already in this simple theory, we can make contact with some subtleties of SCET
gravity. First, we will see that the graviton field has a large component and one that is even
power-enhanced. To control these, the analogues of gravitational Wilson lines are motivated,
constructed, and introduced in the simpler setting of the purely-collinear theory. Then, we
make contact with the first iteration of gauge-invariant building blocks. In the end, we give the
purely-collinear Lagrangians for the matter theory and Einstein-Hilbert and verify that they are
indeed equivalent to the full theory.

5.1 Power-counting and Field Content

We consider the minimally-coupled scalar field (4.3.1) and the Einstein-Hilbert action (4.1.1),
where we use only a single collinear mode. For the scalar field, this is trivial, ¢sy = @, while
for the graviton this implies'

G (%) = Ny + Py - (5.1.1)

For each collinear direction, we define the light-like reference vectors n! as usual and de-
compose the collinear momentum in this basis with the scaling (2.1.3), which we restate here
(nap,pL,n_p) ~ (1,X,\?).

Inserting the decomposition (5.1.1) in the Einstein-Hilbert action (4.1.1) leads to an infinite
series in hy,. Recall that we also introduce a gauge-fixing term as explained in (4.3.7). At the
moment, we do not assume any weak-field expansion. From the bilinear terms of this theory,
one determines the two-point function (4.3.8), given by

O[T (h () o= [ AP e, L-bg 5.1.2
(O (hyw () hap(y))| >_Z/(27r)4p?+i()< paf T 0 (5.1.2)
where
1
Puviap = 5 (Muatlus + upTiva = NuvTlas) 5 (5.1.3)
1
SuvaB = 75 (MuabvPs + NuaPrvPa + PuPaflvs + Pubslva) - (5.1.4)

2p?

Inserting the collinear scaling, notice that P, .3 ~ 1 always, since it does not depend on
momenta. The other combination, S, g has non-trivial A-scaling. For example, for the ++
and L1 modes, one obtains [43]

1
Sttt ~ g Prrts =0,

Sipar~1, Py ~1. (5.1.5)

'We now work in units where x = 1, and h,. denotes the collinear fluctuation from here.
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5 Collinear Gravity

Then, the scaling of these modes is easily determined to be hyy ~ A7 h | ~ A In general,
one finds the scaling
p'p”
A )
which implies h ~ X for the trace. The scalar field scales as ¢, ~ A like before.

s ~ (5.1.6)

Notice that hy, ~ A~! is power-counting enhanced, in addition to the large hy | ~ A°. This
enhanced component is a new feature that was not present in gauge theory. However, there are
two things to observe. First, the full theory does not feature any collinear divergences. There-
fore, when viewed in isolation, the collinear Lagrangian cannot have leading-power interactions
between collinear gravitons and matter fields. Despite the super-leading nature of hi, any
possible contraction in the Lagrangian must be suppressed in A. Indeed, any contraction of A,
with a collinear vector from the same sector yields power-suppression, since we have

1
'V, = Q(hiv, + VL) + RV ~ AV (5.1.7)

and thus the expansion in A\ agrees with the weak-field expansion in the purely-collinear theory.

However, this argument does not work for N-jet operators, which feature multiple collinear
directions. Here, any contraction between an i-collinear graviton and a j-collinear vector has
the property

B .
WV = SR LV 4 OO0) ~ OO, (5.1.8)

which counts as O(A~!). Therefore, if one were to add h, | to a suppressed operator, its power-
counting would reduce and it would contribute at an earlier order than anticipated. This is a
serious problem and cannot be a feature of a sensible EF'T. Moreover, on the physical side, such
behaviour would cause collinear divergences, which are known to be absent in gravity [1,60].

Notice the analogy to QCD: the collinear gluon scales like a collinear momentum, with large
component ny A, ~ 1. In the Lagrangian, however, derivatives only enter in a combination like
0% ~ X2, so0 each large n, A, always comes with a small n_9 or n_A., so that the combination
scales as A\?. In the gravitational Lagrangian, we observe the same feature. The power-counting
enhanced component always comes with a suppressed one.

In the N-jet, however, one could in principle add arbitrarily many n4 A, to any given operator.
However, we noticed that ny A, = 0 in light-cone gauge, and introduced collinear semi-infinite
Wilson lines W, that moved the fields to this light-cone gauge. This definition gave rise to
gauge-invariant building blocks, which correspond to the physical polarisations of the gluon. In
turn, the couplings of ny A. are controlled by this Wilson line.

In gravity, we use the same intuition: first, notice that gravitational light-cone gauge can be
expressed as the condition hy, = 0, thereby removing both the power-enhanced as well as the
O(1) component. The idea is now straightforward: Using the gravitational gauge symmetry, we
construct the analogues of the collinear Wilson lines, defining gauge-invariant building blocks.
Then, when employing only these building blocks in the N-jet operator basis, one can never add
explicit hyy or hy | to the N-jet, and the power-counting is saved.

5.2 Gauge Symmetry

In this section, we focus on the gauge symmetry of the collinear sector. They are inherited from
the full theory, which is itself a weak-field expansion. Here, the diffeomorphisms are truncated
at some order in k. We already know that in the purely-collinear theory, the expansion in the
parameter A is equivalent to the weak-field expansion in «, since any contraction of h,, with a
collinear vector (of the same sector) is power-suppressed. Therefore, power-counting alone will
allow us to truncate the diffeomorphisms at some order in A.
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5.3 Collinear Wilson Line

To define the A-scaling of the gauge-parameter €, we impose a homogeneous linear transfor-
mation for the collinear graviton

hyw = hyy — Opey — Ouey ~ O(hyy) - (5.2.1)
This leads to the scaling
1
M4E~ Y, Mg A, ettt ~1. (5.2.2)
When comparing this to the scaling of collinear coordinates
1
AT~ g n_x~1, xi‘wx, (5.2.3)

notice that e* scales as Azx#, consistent with the notion of a “small” translation, i.e. power-
suppressed compared to x*. However, this A-scaling also means that the gauge transformation
mixes different orders in A, and must be truncated if we consider the theory only to some finite
order. For example, the scalar field transforms as (4.2.6)

1
P = P — E%0ape += £ 00050 FON0,) (5.2.4)
~APe ~A2p.c

and we see that the A-scaling indeed agrees with the k-scaling encountered previously. The
collinear graviton inherits the non-linear transformation

by = [Ue (U U Ot + hag) )| =y - (5.2.5)
Expanded to second order in A, it reads
W = Py — Opey — 0uey — 0ue“hay — 0 hay — € 0aliy

5.2.6
+ 0,E%0ney + 00 0ncy + 04000 + %00 (0uey + Ouey) + (9(/\3) , ( )

which is also completely equivalent to the transformation in the weak-field expansion.

Again, notice that since the gauge transformation mixes different orders in A, one cannot
construct an object that is simultaneously gauge-invariant and homogeneous in A. We have to
make a choice on which feature to prioritise.

5.3 Collinear Wilson Line

In QCD, the collinear Wilson line W, was constructed to control ny A, to all orders in the
operator basis. In gravity, we wish to find a similar object. Unfortunately, we do not have a
notion of parallel transport for the coordinate transformations and the Lie derivative. Therefore,
there is no standard concept of a Wilson line we can employ.

Instead, we take the explicit route: we compute an inverse gauge transformation that renders
the fields gauge-invariant. The guiding principle is that this gauge transformation should move
an arbitrary field configuration to light-cone gauge.

Since we denote the gauge transformation (which is an inverse translation) by U(x), we define
for a local translation

y=x+ 6.[h] (5.3.1)
the inverse gauge transformation as the translation
Wot =Ty (5.3.2)
In addition, we denote the Jacobi matrices as
oy* ox®
w29 o _ T
Wk, = 5’ W, g (5.3.3)

73



5 Collinear Gravity

Here, 0.[h] is a parameter that is to be determined.
Intuitively, the new coordinate (5.3.1) corresponds to the choice of a new reference frame
where we impose light-cone gauge h,,+ = 0. The metric tensor in this new gauge is given by?

N + b (@) = W, WE, (W, gap(2)], (5.3.4)

where go(z) = Nap + hap(x). Gauge transformations are inhomogeneous in A, therefore we
anticipate that the parameter 6. can be determined order by order in A, and we introduce

o1 = o0 g 4 (5.3.5)

where the superscript denotes the A-counting relative to the leading term, which is denoted as
00O for simplicity. Expanding the translation operator

1
W l=Ty, =1+60%0, + 50395%85 +0(62), (5.3.6)

and inserting this in (5.3.4), one obtains the non-linear equation
B = Ppw + 04 + 0u0cp + 005 how + 0,0 oy + 0500y + 0,050,000 + O(02,621) . (5.3.7)

To determine 6., impose b, = 0 and work order-by-order in A. At leading-power, since the
gauge transformation of h,, is defined to be homogeneous, one only needs to consider

buv = by + 0,0 + 9,00 + O(N?). (5.3.8)
For b+ =0, one finds
0=hyt+20.6%, (5.3.9)
which yields®
0 = —;niahﬂ. (5.3.11)
Inserting this in the condition for h4,, one finds
0=hiy+0:00) +9,00 (5.3.12)
which is solved by
0) = L (hw - 1a"h++> : (5.3.13)
nyo 2n40

One order higher, the non-linear terms become relevant and the computation becomes slightly
more involved. Regardless, one can still first compute 6.4 from i = 0 and then insert this in
B4, = 0. This results in

1 1
o) = ~3me3 <2n+89g0>aha+ + 00, h + n+aeg0>an+aegg)> , (5.3.14)
1
o) = W, (aueﬁlj + 0,00% 0 + 11000y, + 600, hy
+ auegmamaegg)) . (5.3.15)

2Note the interchanged order compared to (4.2.10), since we consider an inverse gauge transformation.
3Recall that the inverse of in, 0 acting on a function f(z*) is defined as

1

0
my u w
P (z") z[wdsf(x +snk). (5.3.10)
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5.3 Collinear Wilson Line

At this point, it is instructive to explicitly compute b, to the first order. Here, we find
9) 10 0, 10
v =hu — - hyy — =—%h — L (hyy — =—Lh ) M) . 3.1
by m n+8< T 90,0 ++> n+8< NP e + O(Ayw) (5.3.16)

Comparing this to QCD, we find that this looks remarkably similar to the gauge-invariant
collinear gluon field (3.3.84),

1 . )
Ay, = Wl [iDepy Wel = Ay, — L2 Ay + O(gAcu, ) (5.3.17)
g nyo

which indicates that the W, ! we construced is indeed the correct object.
From the explicit result (5.3.13) — (5.3.15), we can determine its gauge transformation to be

o1 — 9Or L gMr e 9O g 1] 1+ O(N?). (5.3.18)

Inserting this in the translation operator W, !, we find the transformation
-1 a 1 apB
W, :1+0£h+§eeéh%+m”
1
14 0% + %0 + 0 VP93e%0, + §9a966a85 +e%0%8,05 + . ..

:O+W%+;WW%%+”>u+ﬂ%+“)
=W U (z). (5.3.19)

Here, we implicitly assumed that gauge transformations vanish at spatial —oo, which is used
when explicitly evaluating the inverse derivatives in the definition of 6.
Therefore, we find that the gravitational Wilson line transforms order-by-order as

Wt s woluT (), (5.3.20)

just like its gauge-theory counterpart. We can now employ this object in the same form as in
QCD to construct gauge-invariant building blocks. Recall the scalar field transformation (4.2.5)

o(z) = ¢'(@) = Ula)p(a), (5.3.21)

where U(x) is the inverse translation operator. Therefore, to render a field gauge-invariant, we
apply W ! like a translation to define

xe=|Wote| (5.3.22)

which is manifestly gauge-invariant. One can also explicitly verify that the metric tensor b,
defined in (5.3.4) is manifestly gauge-invariant. This also gives us a recipe to render any tensor
field gauge-invariant: First, one applies W, ! to remove the scalar-like transformation. Then,
for a tensor T*,, one applies the Jacobi matrices as

T, = W, WE, [WoT ()] (5.3.23)

The conceptual similarity to QCD is now immediate. In gauge theory, we employ W/ to fix
light-cone gauge. This object depends on the dynamical field A, via ny A., and each field in
the full theory is redefined according to its gauge transformation. In gravity, the corresponding
object is given by the translation W, !, which similarly depends on huw via hy,. To define
gauge-invariant tensor fields, one applies the Wilson line according to the tensor representation.

There is an alternative way to derive this Wilson line, based on the geodesic equation. This
approach was first presented in [61] and also used in [62]. It is presented in detail in the
appendix of [47], including the proof that both parameters agree. In addition, similar to QCD
in Section 3.3.4, it is possible to find this object by considering the emission of h,-polarisations.
This is presented in the subsequent Section 5.5.
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5 Collinear Gravity

5.4 Manifestly Gauge-invariant Lagrangian

The purely-collinear Lagrangian is completely equivalent to the standard weak-field expansion
since the M-expansion immediately leads to the k-expansion. However, we can express the
Lagrangian in terms of the gauge-invariant building blocks. This yields

1
£O = 5 X0 Xe — fXZCL, (5.4.1)
1 1
ﬁ(l) = _ihuu(aMXcaVXc -t 2&3{)((:a XC) - §h 41 Xcv (5'4'2)
1 1 1
£ = 3 (5 = 5H0 0 = 2000 O
1 A
— (67 = 26%hag) S Exe (5-4.3)

up to O(A\?). For brevity, have not yet expanded out the contractions. Note however, that e.g.
for the first term in £V, one finds

1
50" Xxc0" Xe = By v, 01 X0 Xe + bp, —0 xeng-Oxe + Zh——m@xcmé’xu (5.4.4)

since h, = 0. One can simplify this Lagrangian further by noting that the trace h and h_,, are
subleading and can be eliminated by their equations of motion, which read up to O(\))

1
b= (hcum hoLis — 32(3#)%&3&%&)) ) (5.4.5)
+
ot Oy
bp, = _2Ehlu0u + ( 83 (8+haLBJ_8+haLﬁL) (5.4.6)

1 0
82( 208 B0, - h%m+2hama+aalhmm+a+ham mwfﬁ)).

We do not perform this explicitly for the scalar Lagrangian, but only for the gravitational part.
The Einstein-Hilbert Lagrangian is given up to O(\) by

1
ﬁ](i?gl = iauhaJ_ﬁJ_aﬂhaLﬁL 9 (547)
1 0,00, . g O
ﬁgl){ = 2<f)aj_,8J_a_2,_f)aLﬁl PL@ LpPLor 2haj_ﬁj_6+aplh 181 5 Bp, o,
T +
+ hOCLBL pr_(TJ_ HPLHoL baLBL _ Qbou_ol hﬁuu HPLHL halﬂl
o oPLOL
0,0, D2 hm) . (5.4.8)

Note that b, is not homogeneous in A, but is instead defined order-by-order as b, = hf},,) +

h(Q)

v + ..., where

h;}g = hyw + 9,08 + 8,0%) (5.4.9)
b2 = 9,08 + 0,685) + 8,0 ha, + 0,08 heyy + 0Dy + 0,008,000, (5.4.10)
and 6, is defined according to (5.3.13) — (5.3.15). Each order is gauge-invariant under the trun-
cated diffeomorphisms at that order, but only the full infinite series b, is gauge-invariant under

the full diffeomorphisms. Regardless, one can still consider the Lagrangian to be “homogeneous”
in A, in the sense that each term as a well-defined leading piece that determines its scaling in
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5.5 Collinear Emission

A. Furthermore, if one were to fix light-cone gauge, all subleading pieces would vanish, and the
Lagrangian would be manifestly homogeneous. For practical computations, it is convenient to
fix a standard covariant gauge, like de Donder gauge, and keep Wilson lines explicit if this is
necessary.

Furthermore, these Lagrangians are expressed manifestly in terms of the physical graviton
polarisations b ;. They show that there are no leading-power collinear graviton interactions,
and thus from Lagrangian interactions alone, it is not possible to obtain collinear divergences.
In the N-jet operators, one also employs the collinear Wilson line to render the fields manifestly
gauge-invariant. The leading and superleading graviton fields are contained in this collinear
Wilson line, which takes the form W, ~ 1+ O(\), and there is no coupling to these components
at leading power. Therefore, additional emission of these leading-power collinear gravitons is
also suppressed at least by O(\), and it is not possible to obtain collinear divergences.

Contrast this with QCD: here, the purely-collinear Lagrangian features leading-power inter-
actions. In addition, the collinear Wilson lines W, used in the N-jet operators, multiplying
every field to yield a gauge-invariant building block, describe leading-power emissions of the
large gluon components ny A.. Thus collinear emissions are not suppressed, and divergences are
possible.

In summary, we found that the purely-collinear theory is completely equivalent to the stan-
dard weak-field expansion since the A-expansion agrees with the k-expansion. By imposing
light-cone gauge, we constructed a collinear “Wilson line” W1, which is the precise analogue
of the collinear Wilson line in gauge theory and has the same intuition as an inverse gauge
transformation that moves a field configuration to light-cone gauge. Using this Wilson line,
or light-cone gauge in general, we managed to write the Lagrangian in a form where only the
physical polarisation h is present. The dangerous components hi and h, are controlled
by the Wilson line. However, this Wilson line takes the form W, ! ~ 1 + O()\), and one can
conclude from this property that there are no collinear divergences in gravity.

5.5 Collinear Emission

In this section, we compute the process p1p2 — @3p4h1, i.e. the emission of a 1-collinear
graviton off a four-scalar scattering, and check that it is indeed reproduced by the Lagrangian.
In addition, this serves as an explicit check that the collinear Wilson line indeed captures the
emission of the large components A, similar to the matching computed in Section 3.3.4.

For simplicity, we only consider the five diagrams corresponding to the scalar four-point
interaction with graviton emission and not the ones where we have a graviton mediating the
interaction.

5.5.1 Full-theory Computation
Non-radiative Amplitude
The non-radiative amplitude is simply given by the four-point vertex
M = —i)s. (5.5.1)

The radiative amplitude consists of three different contributions: the emission directly from the
scattering via the five-point p?h-vertex, the emission from the leg of the same collinearity, and
the emission from all other legs. We discuss these contributions in this order.

5-point Vertex

The 5-point vertex simply yields

h, (5.5.2)
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where h = h®,, denotes the trace of the graviton polarisation tensor.

Emission off Leg 1
Here, we find the amplitude

-1 iR
m;(p’f(pl + k) +pl(pr + k) —0"p1 - (p1 + k)huw
_im\s 1 1K Ag

9 m(pupy +p’uku)huy + Th, (553)

My = —i)s

which is already homogeneous in A and needs no further expansion.

Emission off Leg j

Next, consider the emission of the 1-collinear graviton with momentum k off a leg j # 1 with
momentum p. In this case, the amplitude must be expanded in A, as the intermediate propagator
becomes off-shell and must be integrated out in the effective theory. We employ the relations
1 4 2
(1

n1-Mj-Pjt kv

p-k minjpjikiy
1
- (m-ny4p;-k i pivki_ +4ki1p; 5.5.4
n1-nj-pjykiy (n1-njpj—Fkit +n1pnj-pjeki- +4kip;1) ( )
2 2 2 2 3
_—— _p; Mi_pi ik . O\
+<n1_nj_pj+k1+) ((n1—pj1)* +2n1—pjinj_kii + (nj_kiy) ))+ A%,

(ni—pj kit +nj—ki1pj+)

as well as*
N1_Ti_
—1 =) ?hytpiy +

ni—pij1.\2 ni—n;— ny_n;—
Tj) hiy + Tjhmp;ﬁpﬁ +— = hianf_p}s (5.5.5)

a a b

n;_ N1_Nji_ N1LNj_ n:_n;_
+ ]7h+apj+nlfpjl + A ’ +2 ’ h+*py2‘+ + hap = 4 ’ pJQ'Jr + O()‘z) ’

ny-n;—

4

Ni—Mj_ N1—_Njt
1 5 N+Di+Pi-

hyuwp!p” = ( hytpjtni—pjL +

+(

and
ny-n;—

By
hywpt'k 1

h+ykypj+ . (556)

Inserting these expansions and keeping terms to O(\), we find the amplitude

1K ks [, hiw
My = =2h - = (k: ™ (5.5.7)
hyymy_ mjp Mty hea (15— hy—niyn;— >
9 el . . Dite il a b il .
+ (k+ 5 ( 5 Pj+ T Pjiut 5 pj )+ k+( 9 Pj+ +p]J_)+ s 4 Pj+
h++ n’f_ njf,u anru le,“ TLlJrTLj,
(ky )2 <k+ 5 ( 5 Pit+ T Pipt =5 Pj—)““ﬁ( 5 Pit +PjJ-u)+k— 1 pj+)
1 b2 ( hyp 1 hyt hia 1 hyt )
0% b 2 (hay — (kat = Shaky ) = (ke — kgt ) ) )
m_n;_pjiky 0 9Pl ( by 2 b(k+)2) (s k. 2 (k+)2)

When summing the diagrams for j = 2, 3,4, we use momentum conservation

p1+p2t+pstpst+k=0, (5.5.8)

4Latin indices denote transverse components.
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and find for the sum of the j # 1 diagrams the result

iIiAS h+ h+ h++ 3 .
M; = — (—2 Epl+ —EkH + k -p1>—|—m/\sh
j; ’ 2 ke TN Ry (k)2 4

iKAs I
+ =5 Zj:< bab> (5.5.9)

ni-n;-pjtky

The full-theory amplitude, expanded in A is then given by

ili)\s 1 h+ h+ h++
M= — E)hy —h —2—— a2 i+ kH—E Eyk.
B (pl k(P1PV+P1 ) k:+ + s + (k:+)2
_nb_p?,
cr( )
j;l n1-nj-pj+ky
- —iHAS 1 h Vh+y Mh_;,_“
~ 9 <p1-k<(p1p1 + plk” Vhuw — p1 - kpl k p1 - kpi oy p1 - kk E,
hit hip nj-1j—Pj+
+ (p1-k)? —h+2p ~kk:“>+ <hab)
1) (k)2 ! ko 275:1 ni-nj-pj+ky
:_MAS 1 (pp +p“k: f h_,_z(j—ﬂpﬁh b) (5.5.10)
2 \pr- o \P 1 v 2\, ks a

As we can see, there is no direct appearance of hy, once we rewrite it in terms of the gauge-
invariant combination . This can be viewed as yet another explicit derivation of the collinear
Wilson line.

Inspecting the result closer, notice that the first two terms come with the collinear propagator
%k. This indicates that these terms are captured directly by the Lagrangian (5.4.1) — (5.4.3).
The third and fourth term combine momenta of different collinear sectors and require an ad-
ditional operator insertion of the gauge-invariant collinear graviton field h. Note that only the
transverse components of h appear in these terms.

At O(A\?), the full amplitude receives the additional corrections

. (2 nd_pl| b, | MnY Ba—
iM® = _ 282( = ki_F#nH_ykij_’_
SR\ ki +
2 nj_ k" 2 nj—kipje\ N1 bay
n J _ - G- kLpi ) -1 “>, 5.5.11
nin;_ ki Bav ni_n;_ (nz DjL + ey ) nin;_ ky ( )

which all take the form of a N-jet operator insertion. Note that here, b is the linear combination,
which reads

hew  h h
O = Py — byl — k=2 ke — o (5.5.12)
ket ky k2

This is to be expected since the full-theory amplitude is linear in h.

5.5.2 Matching

The non-radiative amplitude is matched to the 4-jet operator

Jur = /dtldt2dt3dt4énr(t17t27t37t4)X1(t1n1+)X2(t2n2+)X3(t3n3+)X4(t4n4+)

= /dpldmdpgdm Crur(P1, P2, 3, P4)X1(P1)X2(P2) X3(P3) X4(P4) 5 (5.5.13)
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where x; is the gauge-invariant building block (5.3.22) and the coefficient C),; is determined by
evaluating the matrix element

(p(q1)e(g2)p(a3)p(a)| T10) = (5.5.14)
/dpldpzdp3dp40(p17p2,p3,P4)5(Q1 —p1)6(gq2 — p2)d(q3 — p3)d(qa — pa) -
Here, we employ the Fourier-transformation of the operators x(P;), defined as

JA(P, /dt e~ JA0 (1) (5.5.15)

which depend only on the large collinear momentum n;, P;. For brevity, we write these momenta
simply as p;. We find C,; = —iJ, i.e. the non-radiative matching coefficient is simply the stripped
amplitude. The corresponding position-space coefficient is given by

C(t1,ta, ts,ts) = /dpldPQdPSdp4 e P il2paUssTIMPAC () py ps. py) (5.5.16)
which is computed to be
Chr(t1, to, t3,tg) = —iNS(t1)8(t2)0(t3)d(ts) . (5.5.17)

Next, we consider the time-ordered products of the subleading Lagrangian. Note that we have
to re-express the building block b, in terms of the original graviton field h,,.
The contribution of the insertion of £ in (5.4.2) yields

—7/ Y/K/ ~
(F1T2%10) 1) tmsertion = —iAs / )PP+ 9P — 0 p1 - DI (k)3 (P — (p1 + k)

1K Ag 1 TKA\g

e (0) M. v
2 pr khlw(k)(plpl PR + =0, (5.5.18)
where . , ,
(0) — o v Nty Nyt 1
b (k) = by (k) — by 7= = b 5 = bk g (5.5.19)

is the linear gauge-invariant polarisation tensor. Note that since £ only contains terms ~ h2?,
there is no contribution of T{JA4%, £(2)} to this amplitude.
Subtracting (5.5.18) from the full amplitude, we are left with the remaining terms

1K Ag 1K Ag n;_N:_p
Miest, = 76 - Z<H LS ha )

4 2 e ANCE R ki
IR\ nq_pbj_b p  ni_nf_ ba
S S e e
j#1 1—1lyj— Rt i—Tbj— +
2 nj_k" 2 nj—kipjy\ - bab)
v — i D . 5.5.20
+ ni—nj— ki ba Ni—Nj— (nl it ky )nz,nj, ky ( )

These terms must now be matched to the possible A1 and B-type currents. The Al-currents
are obtained by adding a @, to the current, while the B-type current carries an additional h,(f)y)
building block. For the B-type currents, we make use of momentum fractions z in the Fourier
transformation. In position space, the B-type current is then defined as

- / dty, dt1, dtadtsdty (5.5.21)

Cap(t1, t1y, o, t3, t2)0%® (b1, 114 ) x1 (F1,m1 4 ) x2 (Fanay ) X (tsnay ) xa(fanar)
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where latin indices a,b indicate that b, is purely transverse. As there are two fields in the
1-direction, we define the Fourier-transform as

JBL( Py, z) = P? / dty,dty, e ePiFtnele) gBLg 4y (5.5.22)

where T = 1 — x and z is the momentum fraction.
Computing the overlap of the Bl-current with the state |h(k)p(q)), we find

(0 (k) (a4 T} (P,2)[0) = P (¢P)(xP — k)§(zP — q) (5.5.23)
and we can now use
1 n+k
0(aP —ky)o(zP — q4) = 5O(P — (kt +¢4))0(x — —57), (5.5.24)
to find, omitting the overall momentum conservation,
nik
(B (k)@ (a4 Ty (P, 2)[0) = Phy (zP)8(x — %) : (5.5.25)

To reproduce the remaining terms in the amplitude (5.5.20), we require the following types
of B1 and B2 currents:

- / dt1, dty, dtadtsdts (5.5.26)
Cap(t1y, tiy, tas ta, t) D™ (t1,n10) X1 (f1,m14 ) X (tamas ) X3 (tanas ) Xa(tanay)
I8 = / dty, dty, dtadtsdty (5.5.27)
Cabe(t1y, 1y, o, t3, £4) (1055 (t1,m14)) X1 (b1, 11 ) X2 (bana ) xs (tana ) xa(tanay)
- / dty, dty, dtadtsdts (5.5.28)
Caltry, 1y, o, t3, t)h* (b1, n1 )X (Froma ) xa(tana s ) xa(tansy ) xa(tanay ) ,
Tbit = / dty, dty,dtydtsdty (5.5.29)
Cap(ty, tiy, ta, ta, t) D™ (t1,n14) X1 (t1,114) (1016 x2 (tanog ) ) X3 (tanss ) Xa(tanay) |

where the 2 in the last current indicates the position of the derivative 9;. Note that using the
equations of motion for b, we could eliminate h,_ and b in favour of b,,. However, we choose
to keep these operators explicitly in the basis for now. We define the momentum fractions of the
1-direction so that ¢ carries zP. The momentum-space matching coefficients are then computed
as

b .
m)\ ng_n;_ 1 KA
c% = S P; nib 5.5.30
T (z) 2 ]Zz ni—n;— P’ * g ( )
4 b b
C}C o) — IR Z 2 <nc nj_nj_ 1 B n?_nf)
(8h)x 2 o M-y ni-n;_ vPy zP;
. 4 a b
1K As 2 c fjj n; Ty, 1
P, 5.5.31
+ 2 z_: ni—n;j_ "= zPini_nj_ Py ( )
Jj=2
. 4 a v
a 1K i Ny 1 1 a
=— v P; ' 5.5.32
‘73,2)( (SC) 2 ]ZQ nyp-n;— it I.Pl J * ;Mg Tl] ( )
ik MI_ 1
e _ _ J 5.5.33
oael 2 ni_nj_aP’ (5.5.33)
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and the full amplitude for collinear graviton emission is indeed reproduced by the effective theory.
This explicit computation serves as a check that the collinear Wilson line W, indeed also arises
from an explicit matching computation, as we also verified for QCD in Section 3.3.4. It can be
viewed as a third, independent derivation of the Wilson line, or as an explicit double-check of
our construction.
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In this section, we present the full soft-collinear theory for gravity, the derivation of the effective
Lagrangian as well as a discussion of the N-jet operator basis. Conceptually, the construction
is very similar to the gauge-theory one presented in Chapter 3. However, on a technical level,
the various definitions and expressions used in the derivation differ quite drastically. The main
complication, similar to gauge-theory, arises after the multipole expansion of the soft fields
and consists of the identification of the “homogeneous” soft background field. Once the proper
background is identified, one can employ various Wilson lines to define redefined “homogeneously
transforming” fields. Then, inserting these fields and using the same manipulations as in the
gauge-theory case presented in Section 3.4 yields the full soft-collinear Lagrangian.
The derivation and construction follow closely [47] by the author in collaboration with M. Beneke

and R. Szafron, where it was performed for the first time.

6.1 Power-counting, Field Content and Gauge Symmetry

The first step is to define the field content. As usual, we include only the soft and collinear
modes of the full-theory fields in the effective theory. For the gravitational part, this means we
consider collinear gravitons h;,,, one for each collinear direction, and one soft graviton field s,
The split in the gravitational sector is implemented similarly to gauge theory (3.2.2) as a sum

G = M + Iy + Spv = gspw + Py - (6.1.1)

In the following construction, it is convenient to employ the soft metric tensor gsu, = Ny + 50,
since the effective theory turns out to be covariant with respect to this soft background gs, .
Therefore, one can employ geometric notions and intuition throughout the construction. In the
previous section, the scaling of the collinear graviton was determined as (5.1.6). From the same
two-point function (4.3.8), the scaling of the soft s, is found to be homogeneous,

S ~ A2 (6.1.2)

The gauge symmetry is affected in a non-trivial fashion by the split (6.1.1). Namely, the
original full-theory diffeomorphism symmetry is extended to a semi-direct product of a soft and
a collinear gauge symmetry. Since all fields have to be homogeneous in the power counting, one
has to ensure that a soft field never transforms under collinear gauge transformations. Else, the
soft field would turn collinear. Therefore, the original symmetry is now realised as two different
symmetries.

Under full diffeomorphisms, the metric tensor transforms as (4.2.11)

, = U|U,YU, g,
I 100,00 (6.1.3)
= 09w — Ve, — Ve, + 0(e?),

where V is the standard covariant derivative with respect to the full metric tensor g, .
Now we consider the split (6.1.1). The left-hand side only transforms under full diffeomor-
phisms. Therefore, if the right-hand side transforms under soft or collinear diffeomorphisms, the
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6 Soft-collinear Gravity

sum of the transformations must correspond to a full-theory one. One consistent way of imple-
menting the two separate symmetries — under the constraint that a soft field never transforms
under the collinear diffeomorphism — is to treat the soft field as a background, and the collinear
field as a fluctuation on top of this soft background.

Consider first the soft gauge transformations. Here, the soft background field should transform
like an ordinary metric tensor. For the fluctuation s,,, this implies that it should have the
standard inhomogeneous gauge transformation (5.2.6). Inserting this transformation in the split
(6.1.1) then implies the transformation for h,,. Combined, they read

b = [Us (U, Uy, %has) |

(6.1.4)

Suv = {USUsuaUsuﬁ(naﬁ + Saﬂ)} — N -
Note that the collinear graviton h,, transforms like an ordinary rank-2 tensor field, and not
like a graviton, whereas the soft graviton s,, has indeed the standard inhomogeneous gauge
transformation. The soft transformation implies the standard transformation for the background
metric gs;w

Goar = |Us (U4, Uy %9505 | - (6.1.5)

In addition, there is also the collinear symmetry related to h,,. The soft graviton s,, must
not transform under this symmetry, otherwise, the homogeneous scaling would be violated —
the soft mode would acquire collinear fluctuations. Therefore, imposing s,,, — s,, yields the
transformations

by = [Ue (U Vs (9508 + hap) ) | = Gy
Sy — S, (6.1.6)
Gspv — Gspw

where we have also added the transformation of the soft background g,,,. Comparing this to
the standard graviton transformation in the weak-field expansion (5.2.6), one immediately sees
that the transformation (6.1.6) of hy, is covariant with respect to the background g, which
appears instead of 7),,,. Indeed, the transformations (6.1.4) and (6.1.6) simply implement a small
fluctuation h,, on top of a background gs,,,. The small fluctuation comes with its own gauge
transformations, which we call collinear. Since the fluctuation is expanded around a non-trivial
background, the gauge transformations are covariant with respect to this background. These are,
however, on such small scales that the slowly-varying background is blind to them. Therefore, it
does not transform under this symmetry. That is the essence of (6.1.6). On the other hand, the
background has its own diffeomorphism symmetry, where it transforms in the standard fashion.
From the point of view of the background, the fluctuation then transforms as an ordinary tensor
field, the fluctuation is not special compared to any other matter field present in the theory.
This is the statement of (6.1.4).

One can compare the transformations to the ones encountered in the gauge-theory situation,
presented in (3.2.3). One immediately notices that the intuition is the same. Also in QCD,
the soft gluon acts as a background field to the collinear one. This is evident from the soft
gauge transformation (3.2.3), where the soft gluon has the standard (inhomogeneous) gauge
transformation, but the collinear one transforms like a matter field in the adjoint representation.
This is the same situation as depicted in (6.1.4) in gravity. For the collinear transformations
in QCD, the collinear gluon transformation is covariant with respect to the soft background
As, since the covariant derivative Dy appears in the inhomogeneous term instead of 3. The soft
background is invariant. In gravity, we find conceptually the same in (6.1.6). The inhomogeneous
term in the graviton transformation (5.2.6) is characterised by 7),,, which changes to the soft
background g, in (6.1.6). In both gravity and QCD, the gauge symmetry is implemented
as a number of collinear fluctuations (with their own symmetry) on top of a soft background.
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Therefore, the intuition and concepts derived for the gauge symmetries in QCD should directly
transfer to the gravitational context.

As matter content, we consider the collinear and soft scalar fields ¢. ~ A and s ~ A2, Under
diffeomorphisms, a scalar transforms as

v — [Ugl
= —Vap+0O(?). (6.1.7)

Under a soft transformation, both fields should transform as ordinary matter fields, which implies

Pe — [Us@c] s

Ps — {Us@s] : (6.1'8)

Under a collinear one, however, the soft field cannot transform, and thus we have to impose

Pe — [UCQOC] )

o (6.1.9)
S S -

In QCD, the situation is the exact formal analogy. Here, we employed the Wilson line WZT to
relate full-theory and EFT fields (3.2.5). In gravity, the analogue is to the “Wilson line” W2~}

=g+ [WZ7lp,| . (6.1.10)

Here, W~! and Z~! are the standard gravitational “Wilson lines” encountered in the previous
section (5.3.6), but expressed in terms of the full graviton and the soft graviton field, respectively,
that is

— = -1

oath] (6.1.11)

gs] >

where 6[g,,,] denotes the light-cone gauge parameter 6 for a theory with metric tensor g,,. In
other words, the Wilson line W fixes light-cone gauge in the full theory, where the fluctuation is
defined as hfun, i = hyuw + 5.0, while Z fixes light-cone gauge for the purely-soft theory s, = 0.
This is the exact formal counterpart to the gauge-theory situation (3.2.6).

In summary, the formal setup looks very similar to the QCD scenario. Two main issues arise
at this point, both of which are also encountered in gauge theory:

e The collinear graviton features large components hy; ~ A~ hy, ~ 1, similar to the
collinear gluon niA. ~ 1. To control these components, we make use of the collinear
Wilson line W1 of the previous section (5.3.6). This Wilson line needs to be modified to
account for the now non-trivial soft background.

o After performing the light-front multipole expansion, the soft gauge transformations (6.1.4)
and (6.1.8) of collinear graviton and matter field will mix different orders of the multipole
expansion. We need to identify the “homogeneous” background field that has a gauge
symmetry which respects the multipole expansion.

6.2 Inhomogeneities in \

This second issue, the identification of the correct background field, is the main complication in
the gravitational setting compared to QCD. In gauge theory, it was straightforward to deduce
the form of the homogeneous background field n_As(z_). QCD SCET only has one source of
inhomogeneities in A, namely the multipole expansion. The background field n_Ag(z_) is the
only homogeneous component of the full covariant derivative, and covariance with respect to
this field immediately leads to transformations that are homogeneous in .
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In gravity, this situation is more complicated. Here, we have not one but two sources of
inhomogeneities in A. In addition to the light-front multipole expansion, the gravitational gauge
charges, namely the momenta P* — most notably the collinear momentum (n4 P, P;,n_P) ~
(1, A, A%) — lead to gauge transformations that are inherently inhomogeneous in \.

This second inhomogeneity already appears in both the full theory as well as the purely-
collinear one. It is related to performing the weak-field expansion, which imposes a truncation
of the gauge symmetry at some order in x, correspondingly A in the EFT. As a consequence,
one has to decide if one expresses objects in a manifestly gauge-invariant fashion, which is
inherently inhomogeneous in A, or via manifestly homogeneous fields, which cannot be gauge-
invariant. This seems to be in stark contrast to QCD, where gauge-invariant objects are also
homogeneous in .

However, at the formal level, the situation is not as different as it seems. This is best explained
using the collinear Wilson line. In QCD, it is defined as (3.3.78), and one immediately sees that
it is inhomogeneous in the strong coupling g, but counts as O(A°). In gravity, however, the
corresponding Wilson line takes the form (5.3.6). This object looks very similar to the gauge-
theory one and is also inhomogeneous in the coupling x. However, now the gauge charges
have a scaling in A, therefore the Wilson line is also inhomogeneous in A. Hence this type of
inhomogeneity seems unavoidable in gravity, and it turns out that it poses no problem for the
EFT construction. If one forgets about the power-counting for a moment, the formal definitions
in terms of the couplings are very similar, and one can borrow much intuition.

In gravity, this simply implies that there are intricate relations between subleading terms in the
Lagrangian, which combine into geometric (gauge-covariant) objects, similar to RPI constraints
in standard SCET.

The first type of inhomogeneity, on the other hand, is the one that is also present in QCD. In
soft-collinear interactions, the soft fields gsu. (), ¢s(x) can only depend on the large coordinate
2" . Therefore, the light-front multipole expansion (2.3.7) must be performed, e.g. for the metric
tensor

gSMV(x) = gsuu(x—) + xﬁt_ [8agsul/] (‘T—)
1 1 . 5 5 (6.2.1)
+ gn=7 [n40gsu] () + 9 TLtL [0a08gsw] (2-) + O(Ngspr) -
This means that any soft field generates an infinite tower of subleading interactions, which are
all of the same order in the coupling x, and are not related to the non-linearities of gravity. This
also applies to the gauge transformations, and one has to ensure that the gauge symmetry of
the effective theory respects this multipole expansion.

However, due to the aforementioned inhomogeneous gauge symmetries, the tricky part is to
identify this new background field. Whereas in QCD one could simply impose the homogeneous
transformations Us(z_), in gravity it is a priori not clear what the precise form of these trans-
formations should be. For example, the naive diffeomorphism ¢, — Us(z_)p. is not the right
transformation, as this does not lead to homogeneously transforming tensor fields. For example,
the transverse derivative of a scalar field should intuitively transform like

01pe — Us(x_)Uy | “(2-)0npc - (6.2.2)
However, with the above transformation, 658(55) = 0, so the Jacobian would not be generated,

and the derivative would not transform like a tensor 7'y — Ug(x_)U | “(x_)Ty. Therefore, the
identification of the homogeneous gauge symmetry is a non-trivial task in gravity.

6.3 Multipole Expansion and Normal Coordinates

In QCD, the guiding principle to modify the soft gauge symmetry is to find the transformation
that is homogeneous in A\, which corresponds to ¢. — Us(x_)p.. This transformation no longer
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mixes different orders in A, and one can construct a Lagrangian where each term is manifestly
gauge-covariant and homogeneous. In gravity, however, the gauge transformations are inherently
inhomogeneous. Consequently, this is not a sensible approach, and we require a different guiding
principle.

The end result in QCD is a soft sector that is expressed in terms of a number of building
blocks that respect the multipole expansion, see (3.4.17) — (3.4.18). It features the soft-covariant
derivative n_ Dy, which depends only on the homogeneous n_Ag(x_), and the field-strength
tensor Fj,,, as well as its (covariant) derivatives. Therefore, the aim is to find the analogous split
into a “homogeneous” background field and gauge-covariant objects in gravity. In QCD, these
fields can be identified by employing fixed-line gauge in the soft sector. In section Sections 3.3.2
and 3.3.3, we have seen explicitly how fixed-line gauge, and the simpler fixed-point version, follow
quite naturally in the context of a multipole expansion. Accordingly, we will first consider the
static multipole expansion in gravity and determine the analogue of fixed-point gauge. Only
then we generalise this result to the light-front situation and determine the “homogeneous”
background field. This circumvents the necessity for a homogeneous gauge transformation, as
we work directly with the multipole expansion, the gauge-fixing, and its residual symmetries.

6.3.1 Fixed-point Gauge and Riemann Normal Coordinates

Consider a theory consisting of a scalar matter field p(x) and a metric field g, (z). The metric
field is multipole expanded about x = 0 as

() = 90 (0) + 2 [0ugpn] 0) + 32°2° [Padsgyu] (0) + O%). (6.3.1)

In gauge theory, fixed-line gauge can be employed to render the subleading terms of this multipole
expansion manifestly gauge-invariant, by expressing the derivatives of the gauge field in terms
of the field-strength tensor. In gravity, a similar, well-known gauge condition exists, namely
Riemann normal coordinates (RNC). In these coordinates, the metric tensor is expressed as

- 1
Gur(®) = gun(0) = =207 (R, (009 (0) + R15(0)90(0)) + O(a?) (6.3.2)
and the higher-order terms correspond to derivatives of the Riemann tensor. In addition, one
can always diagonalise the metric at the origin to obtain the standard result

G () = M — 530" Ry (0) + O, (6:3)
where the metric tensor is expressed purely in terms of the flat-space Minkowski metric, the
Riemann tensor, and its derivatives.

It is instructive to compare this result to QCD. Note that in fixed-point gauge, the leading
term A,(0) = 0, and the first derivative term is rewritten via the field-strength tensor. In
contrast, gravity features a non-vanishing leading term g,,,(0) or 7,,,, depending on the reference
frame, then the first derivative is vanishing % [0ngu.] (0) = 0 and the second derivative terms
are expressed via the Riemann tensor. Intuitively, one can understand this by comparing the
gluon field A, not with the metric tensor, but with the Christoffel symbol I'* B’ which is the
analogue of the gauge field from a geometric perspective, as both fields are the respective gauge
connections. The RNC gauge condition applied to the Christoffel symbol reads

xaxﬁfﬂaﬂ(x) =0, (6.3.4)

which is similar to the fixed-point condition 2#A,(x) = 0. In addition, the vanishing of the first-
derivative term of the metric tensor corresponds simply to I'*, 5(0) = 0, similar to A,(0) = 0.
Therefore, Riemann normal coordinates are the direct analogue of fixed-point gauge.
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Since these coordinates must be extended to the more general light-front situation, it is in-
structive to derive the standard RNC and the metric tensor in the same formalism that is used
in gauge theory in Section 3.3.3. In the following, we adopt the convention that a field which
has no explicit argument is evaluated at x = 0, e.g I 5 =T* _5(0).

Riemann normal coordinates are defined such that in a small neighbourhood around the origin,
a geodesic y*(s) satisfying y#(0) = 0 and y*(1) = z#, i.e. passing through the origin at s = 0
and through point x at s = 1, is parametrised as a straight line

yH(s) = sz (6.3.5)

To derive the coordinate transformation, one now considers this geodesic y#(s) in a generic
reference frame, where it is not straight, and employs the geodesic equation.
In this generic reference frame, parametrise the geodesic as

yH(s) = szt + vk (s), (6.3.6)

where v#(s) satisfies v#(0) = 0, since both frames are taken to have coinciding origins. Here,
v (s) can be thought of as the displacement of both frames. Note that v*(s) is in general
also xz-dependent, but for convenience, we suppress this dependence. The geodesic satisfies the
geodesic equation

d*y"(s) dy°(s) dy”(s)

r =0. 3.
d82 + aﬁ(y(s)) dS dS O (6 3 7)
One now inserts (6.3.6), expands the equation in v#(s), and solves it iteratively. Using
I (5 4 0(s)) = TV g(s2) +07(s) [B,1" 5] (s57) + O(s?), (6.3.8)
one finds at leading order
dv(Or(s) N
—a = —T* s(sz)z e (6.3.9)
and its solution )
v Or(s) = —/ ds' / ds" %P T a(xs”). (6.3.10)
0 0

To further evaluate this integral, one has to expand I'* | B(xs” ) around z = 0 and integrate term
by term. Immediately, one sees that while this can be done to any desired order, there is in
general no closed expression for v*(s). This general feature of gravity is in contrast to the QCD
situation, where closed formulas for fixed-point gauge could be obtained (3.3.42).

To relate the generic reference frame, denoted by x, to the RNC frame Z, use (6.3.6) for s = 1.
The left-hand side corresponds to the generic reference frame, while z# on the right-hand side
is the RNC coordinate. Both frames are displaced by v#. One finds

- L .. 1 o-p-v -
ah =Gt — 5 axﬁf“aﬂ - gl‘aazﬁm (QF“MI‘TBV — [avFﬂaBD +0(zh). (6.3.11)
The inverse can be computed order by order in x and is given by
= o ST saeafer (TR, T, + 0,1 O(a* 1
ot =2+ 5a2% aﬁ—i—éwmx ( or By—i—[y aﬁ})—i— (%), (6.3.12)

which is the standard form of RNC.
To explicitly verify the form of the metric tensor (6.3.2), one computes

- . oz, 9P
G (T) = @(x)aj'/ (2)gap(z) - (6.3.13)
Here, g, (x) on the right-hand side must be multipole expanded
(e 1 (03
Gy () = Guv + 2% [Oagy] + 57 2 [0a089,0] + O(2°) . (6.3.14)
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Using metric compatibility V,g,, = 0, one can derive the relations

Oagpr =T ap9r0 + T gru (6.3.15)
%%wu:Pﬂﬁﬂgm+P%J%ww+FQJ%ﬂM+uu+m. (6.3.16)

The explicit evaluation of (6.3.13) is now straightforward and directly leads to (6.3.2).

In the following construction, we want to employ the same formalism that is also used in
gauge theory. This means that an expression like (6.3.2) should not be computed explicitly
from a gauge transformation (6.3.13). Instead, it should be defined using the analogue of the R
Wilson line that was introduced in Section 3.3.3. Since we have access to the explicit coordinate
transformation, it is straightforward to derive the R Wilson line — it is simply the translation
to these coordinates.

This “Wilson line” can be thought of as the transformation that moves a generic field con-
figuration to Riemann normal coordinates. More importantly, it must also transport the gauge
transformation from a generic point x to the point z = 0, where only global transformations
remain. Therefore, once we construct the R Wilson line, we can redefine the matter fields
accordingly and find the “homogeneous” gauge transformations.

In the static example, similar to fixed-point gauge, we anticipate that the homogeneous gauge
transformations will be global transformations.

6.3.2 The R Wilson Line for Riemann Normal Coordinates

With the explicit coordinate transformations (6.3.11) and (6.3.12), we can define the analogue
of the R Wilson line. Recall from the collinear discussion in Section 5.3 that the “Wilson lines”
in gravity take the form of translation operators (5.3.6)

— « 1 0]
Rixe(®) = Tonye() = 1+ 0ino(@)da + 508x0(0) frxe (1)0a0s + OBine) - (63.17)

To construct such a Wilson line, one simply needs to determine the correct parameter, which
we denote by Ornc. This parameter is obtained from the explicit coordinate transformation
(6.3.11), interpreted as

2t = [Topne "] - (6.3.18)

Expanding the translation operator and comparing it with the explicit form in (6.3.11), one
obtains

1 1
O () = —52°alT¥ g+ catala” (20%,, 075, = [B,T",5] ) + O@") . (6.3.19)

In addition, one requires the Jacobi-matrices

o
Ozt

B ozt
- 0z@

R, () (), RF,(x) (z). (6.3.20)
The metric tensor in Riemann normal coordinates is then defined by transforming it with the
R Wilson line and Jacobians according to its representation, namely

G (@) = R, (2) R, (2) | Rk (0)gas (0)] - (6:3.21)

Note that R is the inverse of a gauge transformation, hence the “dressing” is inverse to a gauge
transformation (4.2.10). Replacing R with W, one sees that this is the same prescription that
yields the gauge-invariant building block in collinear gravity (5.3.4).

The interpretation of this object is the same as in gauge theory. Starting from a generic metric
field g,.,, one constructs the Wilson line R[g,,,,], which moves this field into a gauge corresponding
to Riemann normal coordinates. This gauge-transformed field is defined as (6.3.21) and satisfies
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the properties of a metric in RNC. If one were to start from RNC directly, note that R(x) = 1
and there is no redefinition.
To explicitly evaluate (6.3.21), one first determines

S /1 2 \ 1 1
RO@) = 05 =Tt e (3Tl + T = 5 [0 = 3 [0, )
+0(2?), (6.3.22)

and using (6.3.15), one can check that (6.3.21) indeed agrees with (6.3.2).

The object g, () as defined in (6.3.21) or explicitly (6.3.2) is expressed only in terms of the
metric at the origin, g,,,(0) and the manifestly gauge-invariant Riemann tensor. Note that there
is still a residual gauge symmetry that respects this multipole expansion, namely the symmetry
transformations of the residual background metric g, (0) These transformations correspond to
global transformations A,* € GL(1,3) and global translations &', i.e.

at — A 4t (6.3.23)

One immediately verifies that also the Riemann tensor R” 5(0) transforms covariantly under
these transformations, and the object (6.3.21) indeed covariantly transforms under (6.3.23).

If one applies R(x) to a matter field, the effect is to change the gauge transformation from the
generic diffeomorphism evaluated at = to the new set of transformations (6.3.23) evaluated at
x = 0, similar to QCD where we move the gauge transformation from « to x = 0. Note, however,
that the transformations are not simply the ones where one takes the parameter e(xz) — ¢(0).
Instead, they consist of two terms, one translation and one global linear transformation, as
we already anticipated. These transformations lead to homogeneous and non-trivial tensor
transformations since the global linear transformation is required for this.

Therefore, in gravity, the “homogeneous” residual gauge symmetry that respects the static
multipole expansion does not just consist of global translations, but also of global linear trans-
formations.

But one can achieve more than just this result. Note that the actual coordinate transforma-
tion (6.3.11) is non-trivial starting only at the second order in x. Consequently, there is still
the possibility to modify the linear level of these transformations. One can use such a linear
coordinate transformation to transform g, (0) — 7., at the origin, thereby simplifying the form
of the final metric tensor.

To compute this transformation, one can make use of the vierbein (4.4.2) in a global version.
Namely, one can write the metric at the origin via

gNV(O) = euaeyﬂnaﬂv (6324)

introducing the global “vierbein” e,*. Since the metric tensor is symmetric, g, (0) is a symmetric
matrix and it can always be diagonalised as (6.3.24). This guarantees the existence of these
vierbeins. These objects have the same properties and expansions as the usual vierbein, and
one could think of this as introducing a “local inertial frame” at * = 0. However, this merely
amounts to rotating the coordinate system such that the metric takes the standard Minkowski
form. In the weak-field expansion, the vierbein is given by (4.4.29)

1 1
e, =0 + 5hy = ghwhﬂa +O(h%). (6.3.25)
And one can modify the coordinate transformation (6.3.12) as #* = e /"2, and find explicitly

1 1
P =e)! (:cp + ix%ﬁrpaﬂ - Eazamﬁx” (FPMFTBZ, - [ayrpaﬁ]» + Ozt . (6.3.26)

!Note that the Riemann normal coordinates are defined with respect to the origin at £ = 0. Since we employ
the active point of view, where coordinates do not transform, we can still perform a translation of the field
without affecting the RNC. In the passive point of view, this simply amounts to also shifting the RNC to the
new origin.
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To obtain the new parameter éﬁNC (), which now diagonalises the metric, one again inverts
(6.3.26) and reads it off. Here, one requires the inverse matrix E¥,, defined via

E'se,’ = ok (6.3.27)

The parameter éﬁNC(ac) then reads

3 1
Oinc(x) = (B, — h)af — ix”:cUEo‘pEﬁ(,F“aB

. (6.3.28)
+ gl B B B (2T, Ty, — 0,1 5]) + 0"

Using the same definition (6.3.26) but now with the new parameter HvﬁNc(x) yields a metric
tensor that satisfies the diagonalised (6.3.3) instead of (6.3.2).

It is now interesting to see how the residual transformation is affected. Before, we found that
using the old parameter (6.3.19) leads to a residual symmetry consisting of global linear transfor-
mations and global translations, the symmetries of g,,,(0). Now, however, the Minkowski metric
appears in its place. Therefore, the residual symmetries are changed to be the symmetries of the
Minkowski metric, that is, global Poincaré transformations. one can again immediately verify
that (6.3.3) is indeed covariant under global Lorentz transformations and global translations.

In summary, Riemann normal coordinates are the direct analogue of fixed-point gauge in
QCD found in Section 3.3.2. In these coordinates, the metric tensor can be expressed in terms
of its value at the origin and manifestly gauge-invariant Riemann tensor terms. The gauge is
completely fixed, and the residual transformations correspond to global transformations, which
are the symmetries of the metric g,,,(0) at the origin. One can modify the RNC at the linear level
(6.3.24) to change the value of g,,(0). A convenient choice is to fix this to be the Minkowski
metric 7,,. Then, the left-over global transformations correspond to its symmetries, namely
global Poincaré transformations.

Applied to matter fields, the R Wilson line (6.3.17) with the corresponding parameter (6.3.28)
moves the gauge transformations from generic diffeomorphisms at point = to global Poincaré
transformations at point x = 0. This is precisely the intuition one has from gauge theory fol-
lowing Section 3.3.2, where the V' Wilson line moves the transformation from point x to point
2 = 0. This residual transformation is the analogue of the homogeneous gauge transformation.
Crucially, already in this toy model, the residual gauge transformation of gravity is more com-
plicated than the gauge-theory analogue and does not just consist of global translations as one
might naively expect, replacing e(z) — £(0) as in QCD. However, starting from the normal
coordinates provides the gauge symmetry in a straightforward fashion, as they directly yield the
residual background field.

6.3.3 Fixed-line Normal Coordinates

The next step is to extend the previous discussion to the scenario relevant in SCET, the light-

I3
front multipole expansion about z" = n+a;n7‘. For the metric tensor, this means that instead
of (6.3.14) one uses the expansion

gs;w(x) = gs,uu(x*) + xi [aags,uu] (.r,) + én*x [n+ags,uu] (1‘*)

1
+ ixi:rﬁ [00089s] (2_) + ONgau) - (6.3.29)
The main complication in this setting, similar to gauge theory, compare Section 3.3.3 is the
x_ dependence of the fields in the expansion (6.3.29). The individual terms are now no longer
constants but are dynamical. In gauge theory, the generalisation of fixed-point gauge is fixed-line
gauge with condition (x —x_)*A,(x) = 0, where the fixed-point condition is only applied in the
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directions transverse to x_. Along the direction of x_, there is an unconstrained background
field n_Ag(z_) with residual gauge symmetry. We can anticipate that there will be a similar
result in gravity.

Therefore, the plan is to construct the RNC also only in the direction transverse to z_.
The immediate generalisation of the RNC gauge condition (6.3.4) is to adapt the fixed-line
prescription as

(@ — 2 )(z—2_)'TF 4(x) =0. (6.3.30)

Note that this is not a complete gauge-fixing, since the components I'¥__ are not constrained.
We denote these coordinates as fixed-line normal coordinates (FLNC). In the following, we derive
the relevant translation parameter fppnc using the geodesic equation similar to the previous
section. To simplify the notation, we assume in the following that soft fields without argument
are evaluated at x_, i.e. gsu(T-) = Gspv-

Instead of the parameterisation (6.3.5), a more suitable choice for the light-front setting is
y"(s) = 2t + s(z — )" +vH(s), (6.3.31)

where the geodesic is only straight in the directions transverse to 2", since these are the directions
where we want to construct the RNC.

Following the exact same steps and computations as in the previous sections, i.e. using the
geodesic equation (6.3.7) and solving for the displacement v#(s) iteratively, one determines the
fixed-line analogue of (6.3.12) to be (6.3.12) is given by

1
=t + 5(:17 —z_)(z — x_)BF“aﬁ (6.3.32)

(z—2 )@ —a ) (2 =z )" (DT, + [T 5] ) + O —2)").

=

_l’_

Note the similarity to the RNC result (6.3.12), in particular if one restricts to the transverse
coordinates. This result is the equivalent of (6.3.12), and we have not yet performed a linear
transformation to simplify the leading-order term in (6.3.29). This coordinate transformation
will not change gs, (), and it will only partially eliminate the first-derivative terms since I'**__
is not constrained by the gauge. Thus, there is a residual gauge symmetry, which is related to
the symmetries of g, (x—) as well as the Christoffel symbol. In order to cast this symmetry in
a more useful form, we will again add a linear transformation in the transverse direction (that
can now depend on z_) to simplify the residual leading term as much as possible.
In the same spirit as before, we introduce the “vierbein” e,*(z_) via

I (T-) = €ua($—)€yﬁ($—)naﬁ ) (6.3.33)

to diagonalise the metric tensor. This is the direct generalisation of the constant matrix e,”
used in (6.3.24), and is formally also equivalent to a vierbein. However, let us emphasize that we
do not introduce a local inertial frame, rather we perform a rotation of the coordinate system.
The weak-field expansion is the standard (4.4.29)

—_

1
ey =0 + 55 — gouss” +O(s%). (6.3.34)

Just as in (6.3.26), we now use the vierbein to rotate the transverse components of the FLNC
coordinates 2. The resulting new coordinate system Z is given by

Po=3_, I =e Y, n_i=n_,e ", (6.3.35)

where the Z_-coordinate is unchanged since we only rotate the transverse directions.
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6.3 Multipole Expansion and Normal Coordinates

To determine the parameter fprnc, use (6.3.32) to evaluate (6.3.35) to express & in terms of
the original coordinate x. The relation between both coordinate systems then reads

y L .. L
=gt + (BF, — )T —2-)" — i(z — )P (T — x,)aEapEﬂJF”aﬂ (6.3.36)
1 v v v v v v 1% )\ V3
(@ =) (E - 87 (& - )" B%, B B, (20, T, 2,1 5]) + 0@,

where the inverse “vierbein” E*, (z_) is defined in the standard fashion (4.4.5)

EF (z_)e,*(z=) =t , (6.3.37)

v
and its weak-field expansion is similarly given by

1 3
By =04 — b+ gsﬂﬂsﬂa +0(s?). (6.3.38)

From (6.3.36), the parameter fp,nc can be read off as

1
Opinc(z) = (B*, —oh)(z —2_)" — i(x —z_)P(x — x_)"EO‘pEﬁgF“aﬁ (6.3.39)
1 o A o v T 4
o) -2 ) (@ -2 ) B B B (20, 17y, BT 5]) + 0"

Comparing this to (6.3.28), we again see a strong formal similarity. Basically, these coor-
dinates are the standard (rotated) RNC in the transverse directions, only the z_ part differs.
However, note that each vierbein and field appearing in (6.3.39) depends on x_ and thus lives
on the classical trajectory of the energetic particles, and is not constant like in (6.3.28). Further-
more, these coordinates will not completely fix the gauge of the metric tensor, as was already
anticipated from the gauge-fixing condition (6.3.30). Therefore, when evaluating the metric
tensor in these special coordinates, we will find a non-trivial residual background field.

The next step is to construct the R “Wilson line” just as before (6.3.17). The parameter is
given in (6.3.39), and the R Wilson line (6.3.17) is then defined as

Ryine(r) = Thpino(@) - (6.3.40)

The metric tensor in fixed-line gauge, denoted by §g.. (), is then defined as in (6.3.21) as
G (@) = B, (2) R, (2) | Rpfno(@)gsas ()] (6.3.41)

where the Jacobian R®, is defined as in (6.3.20), using Rpine(@).
We now compute (6.3.41) explicitly to second order.

First, for the transverse components s, ,, (), determine the Jacobian R, (z) (6.3.20) to
be

R*, (x)=E%, —(v—z_)’E", EAPFQM
1
+ g(x —z_ ) (r—z_)7 (2E“M E) BV, (20,7 — [0,T%,\])
+ E,{PE)\O'EVMJ_ (2FallTPTﬂA - [8Vran)\])> + O(xg) : (6342)

Evaluating (6.3.41), we find

. 1
Gspyv, () =1y, v, — g(x —z_)P(x — x_)”EO‘pEﬁUE”M E’\VL Rowpr + (’)(ac3) . (6.3.43)

Note here that the transverse components in FLNC basically correspond to the standard RNC
result (6.3.3). The main difference is that all objects still have residual dependence on z_, but
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the overall form (including the appearance of the constant Minkowski metric) is very similar.
The same also holds for the components §,, + and §;4. Note that the same situation occurs
in gauge theory with the components ny As; and A, which basically satisfy the fixed-point
identities.

If one index is contracted with n”, the results differ from the RNC result. For example,
consider

G, —(2) = R, (2)R_(2) [Ritno(®)gs05()] (6.3.44)

Here, the combination R*, (z)R”_(z) is found to be

Ralu (I)Rﬁf (z) = Ea/u né -y’ (Eﬁlu E>\Pram>\n/é - Eaﬁu a_EﬁP)

1
+ ypya (6”é (2Enlud_ E)\pEVa + EKPEAO'EV/LJ_) (ZFQVTFTKA - [8Vra/<)\])
1

~0_EP E", ET°, - 5B 8_(E"pE’\GFﬂM)> + 0%, (6.3.45)

where we defined y” = (x — x_)”. The remaining factor [RE&NC(:U)QSQQ (x)} is computed as

- 1
{RFIIJNC (x)gsa,@(x)] = gsaB + ypEﬁp [&igsaﬁ] + §yprEHpE)\g [ana)\gsaﬁ]

1
— iypyaE“pE/\JFTm 0rGsap] + - - - - (6.3.46)
Then one can simply multiply (6.3.45) and (6.3.46) and compute the result order by order in x.
For the leading term at O(z"), one finds

. (0)

Spy —

(x) = E%, gsa— = E%, ey e_"npe =e_, (6.3.47)

which is simply the “vierbein” e,*(z_) that diagonalises the metric tensor, as given in (6.3.33).

Next, at O(z), one can again use the identities (6.3.15) to manipulate the first-derivative
terms, like in the RNC scenario. Then, one obtains

(1
34l (@) =y (B, B, [0cgsa-] = B, BT 0 gea + B2, [0-E7,] guas)
=y (Ealu By (I o gsr— + T gara) = By B D%\ gam + B, [a_Eﬁp] gsaﬁ)
v (B, [0-B°,] geap + B BT, _gusa )
= —y*[Q]

(6.3.48)

apg C

Here, we introduced a new object, the “spin-connection” [€,] | 5 This object is defined like the
standard spin-connection (4.4.37), but constructed from the “vierbein” e,* (6.3.33) as

2, =e,” [%E“ﬂ +e,°T",,E7. (6.3.49)
At the second order, one finds the result

2
—2yeyPBR B EP, 0¥ Ry (6.3.50)

- (2) _
Js,l, () 3

Spl —

In summary, from (6.3.47), (6.3.48) and (6.3.50), one finds for the transverse-minus component
of the metric tensor in FLNC

y 2
Gy — () = e_p, =y [y, — gyayﬁE“aE)‘BEpM n” Ryen + O(2?) . (6.3.51)
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Performing the same computation for s+, one obtains

v 2 K
ger*(x) =€+ — ya [Q*]OH- o §yayﬁE aE)\ﬂEp-i—nlianV)\ + O(:Eg) : (6352)

Finally, for gs__(x) the same computation yields
Gs——(x) = gs_ — 29° [Q,]pa e — ypy"E”“pE)‘Un‘inZwa,\
+ 7y ([0-E", | [0-E*,) g +2 |0-E", | B%, T g,

+ ER AT T gaag) + O, (6.3.53)
which one can rewrite as

gs__<$) = (e_a - yp [Q—]pa)(e—ﬁ - ya [Q—]gﬁ)naﬁ - yayﬁE,{aE/\ﬁnu nZRum/)\

+0(z?). (6.3.54)

In this form, the metric tensor g__ is decomposed as gs—_ = ¢
the “residual vierbein”.

At this point one can compare the results (6.3.43), (6.3.51), (6.3.54) in the light-front setting to
the corresponding RNC result (6.3.3). As we noted before, the transverse components formally
satisfy the standard RNC identities, but now with x_-dependent functions instead of constants.
One can even express the leading term g | (x—) = 1, using the additonal linear transformation.
For the components where one index is contracted with n” , however, we see a non-trivial leading-
order and first-derivative term, while the second-order (and higher-order) terms are expressed
via the Riemann tensor. Basically, one can identify a non-vanishing “residual vierbein” that
contains the vierbein at x_ as well as the spin-connection. It is useful to split the metric field
into this residual background field, which is denoted by §s.., and a gauge-covariant part, that
contains the Riemann-tensor terms. This term is denoted by gsu,,.2 Thus, we split

és,uu(m) = §5W($) + gsuu(fl:) ) (6355)

where the residual background field can be determined from (6.3.43), (6.3.51) (6.3.52), and
(6.3.54) to be

O‘e,ﬁnalg, and one can read off

Gor(@) = s — (@ =2 )" [y (6.3.50)
Gop—(2) = ey = (=) (2], (6:3.57)
G (@) = (=" = (@ =27 [9],%) (e = (w =) [21,") mas (6.3.58)
Gspyvy (T) =Mpyw, - (6.3.59)

We see that the residual background field has two independent contributions, e_*(z_) and
[Q_],5 (z—). At first glance, one might conclude that the spin-connection [2_] 5 (z—) is con-
structed from the vierbein e_“(z_), and these two objects are not independent. Note, however,
that in the effective theory, all soft objects must depend only on the light-cone variable z_.
Therefore, one has in particular 9,e_*(z_) = 0. Hence, the spin-connection, containing also
transverse derivatives of the vierbein, is an object that cannot be constructed from e_“(x_), but
only from the vierbein evaluated at x. From the point of view of the effective theory, these two
objects should be treated as truly independent fields, which also come with their own separate
gauge symmetries, inherited from the full theory. In the soft weak-field expansion, these objects
are given by

1 1
e =02+ 582 - és,ﬁsﬁa +0(s), (6.3.60)

2This is the same split we performed in gauge theory, where the background corresponds to n_ A, (z-), and the
gauge-covariant part corresponds to A, in (3.3.66).
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190 Ty = — 5 ([Pass ] — 0350 1) + O(). (6.3.61)

In the gauge-covariant part g, only the Riemann tensor and its derivatives appear. This
result is very similar to the gauge-theory situation discussed in Section 3.4.3, where one obtains
the soft background field n_A,(x_) as well as a tower of subleading terms that are expressed in
terms of the soft field-strength tensor Fj,. These terms are collected in the covariant expression
As (3.3.66), the analogue of gg..

This two-fold homogeneous background field is one of the most important results for the
construction of SCET gravity. Using background field methods similar to the gauge-theory case,
one can construct the effective Lagrangian to be covariant with respect to this background field
Jsuv- Then, the soft gauge symmetry of this background automatically respects the multipole
expansion and is the analogue of the homogeneous gauge transformation in the gauge-theory
case. Crucially, with this background field, the effective theory is cast into a form very similar
to an ordinary gauge theory. In the following, we show how the residual background metric
Jsuv Naturally gives rise to a soft-covariant derivative which contains the two gauge-fields. On
the formal level, the soft-collinear sector of gravity is then analogous to gauge theory, where a
gauge-covariant derivative mediates the leading-power interactions, while the subleading terms
are expressed in terms of gauge-covariant building blocks.

6.3.4 Soft-covariant Derivative

In this section, we show how the residual background field g, in fixed-line normal coordinates
can be arranged into a soft-covariant derivative and determine its residual gauge symmetry.
The starting point is the split (6.3.55) of the metric tensor in fixed-line coordinates into
the residual background metric gs,, and the gauge-covariant Riemann-tensor terms gs,,,. The
crucial observation is that the transverse components of the background metric are trivial, and
only g4~ is non-trivial (6.3.56) — (6.3.59). This means that one index of the background metric
must be contracted with n" to generate soft interactions. This, in turn, allows one to arrange
this metric tensor as a covariant derivative. For example, consider the simple scalar expression

Q?Vau% Ope. (6.3.62)
Splitting the metric tensor into its light-cone components yields

géw 1nPe Ope = gg—a,u‘/)c N4 0@, + ?ﬁyaM Pe 8VL Pe - (6-3~63)

Note that g£'~ always appears in combination with n’ . Therefore, one can define a soft-covariant
derivative n_ Dy as

n_Ds, =gt 0, (6.3.64)
=0 _1 oH 1 o i L9 1 [9) 4 3
=0- = 550" + o848 01 + {es—a, 5704 + 5 [Q-], JM + O(X),
where J¥ = (z — z_ )" — (x — z_)YO" = (x — z_)l9") is the orbital Lorentz generator or
angular momentum.® Note that this covariant derivative is substantially different from the one
encountered in gauge theory. First, it is a non-linear expression in the soft graviton s,,, due to
the weak-field expansion performed in gravity. Second, it depends on two independent objects,
one stemming from e_“(x_), and the spin-connection term [Q_] 5 (¥—) proportional to (z —z_)
from the multipole expansion. These fields begin at O(\?) and O(\*), respectively. The first
field, the vierbein, couples to the linear momentum of the scalar field, and we see that the

leading-order interaction is simply

1
_ Es_uau 7 (6.3.65)

3«QOrbital” here means that there is no additional spin-dependent term.
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the minimal coupling of the soft graviton s_,(z_) living on the collinear trajectory to the
collinear momentum 0" = —iP* of the scalar particle. This term then receives higher-order
non-linear corrections as is usual in gravity. The second term, the spin-connection [Q_] 5 (z-),
can be seen to couple to the orbital angular momentum J*” along the light-cone of the scalar
particle. Note that this is not the full angular momentum, since only the transverse coordinates
(x —x_)* appear in its definition. This angular momentum arises from combining the (z —z_)*
from the multipole expansion with the 0¥ from the derivative of the scalar. This interaction

term ; i
—[Q_ w=_Q0_ 3.
5 [ ]W J 5 (6 3 66)

quite naturally fits the standard form of the spin-connection term, where one can absorb the
Lorentz generator in the definition of €,,.

Let us stress the importance of this result. Simply from identifying the residual background
metric in fixed-line gauge, one sees that the soft-collinear interactions can be arranged in a
covariant derivative consisting of two independent gauge-fields. This is very unusual, as a scalar
field does not feature any covariant derivatives in gravity. This covariant derivative controls the
leading interactions and the gauge fields couple to the linear momentum as well as the angular
momentum of the scalar field. Therefore, the relevant gauge charges for soft physics are not just
the linear momentum, but also the angular momentum. This is a feature we encountered very
early in the discussion already when discussing the soft theorem in Section 1.1. Here, one can
realise that the first two terms of the soft theorem actually correspond to this two-fold gauge
symmetry. This point will be expanded on in detail in the later Section 7.5.

For now, let us investigate the actual form of the residual symmetry of these fields. Since the
effective theory will be constructed to be covariant with respect to the residual metric tensor
Jsuv, that is, this metric will be used to raise and lower indices, any generic tensors must be
defined to transform according to its residual symmetry.

To find these transformations, first weak-field expand the metric as

gsuu(fb) = Nuv + §y,1/($) 5 (6367)

where §,,, can be determined in terms of s, by comparison with (6.3.56) — (6.3.59) in weak-field
expansion. The original soft graviton s,, (x) has the standard gauge transformation

8, (®) = 8(2) — Open () — Dpeu(z) + O(s%). (6.3.68)

Therefore, one can simply insert the transformation (6.3.68) in (6.3.67) to find the transfor-
mations of the residual fluctuation 5,,. As a concrete example, consider the linear terms of
8, —(x). For this component, one finds from (6.3.59), (6.3.60), (6.3.61)

. 1 1, 1
S, —(x) = 35H1- + 521 [3[(15#@—} + - {OHSM]_} . (6.3.69)

Its transformation follows from inserting (6.3.68) and is given by

1 1 1 1
§Slu* — 53/11_* B 56#1_5* B 56*@&
1 1
= islu— —0-eu, + 9 (0-euy — Ouye-)
1
= 5Sui- O_ey, +w—_y, , (6.3.70)

where we introduced the antisymmetric parameter

(Ouew — Opey) - (6.3.71)

N | —

W
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By performing the same steps also for the other components, including non-linear terms and the
spin-connection, one determines the infinitesimal gauge transformation of the residual metric
field 3, as

A

Su—(x) =8, () —0_ep+w_p, —0_((x —2-)"Wpa) + ... . (6.3.72)

This transformation corresponds to a coordinate transformation
=t + et (ro) + Wt (o) (@ —x2), (6.3.73)

and is generated by the independent parameters €, (z_) and the antisymmetric w, (z_). The
first one corresponds to infinitesimal local translations, which are restricted to the classical
trajectory x_. The second parameter is also restricted to the collinear light-cone, and its corre-
sponding generator is the residual angular momentum J* = (x — m_)[“(?” I. This corresponds to
infinitesimal Lorentz transformations about (z — z_). In summary, the transformation (6.3.73)
describes an infinitesimal local Poincaré transformation that is restricted to the classical trajec-
tory of the energetic particles, i.e. all parameters can only depend on the light-cone component

A n+x%. This is the analogue of the homogeneous gauge theory Us(z_) in QCD that

respects the multipole expansion. Note, however, that due to the scaling of the gauge charges,
i.e. the momentum and angular momentum, this “homogeneous” gauge symmetry in gravity is
not homogeneous in A. It mixes different orders. Therefore, also the corresponding covariant
derivative cannot be homogeneous and is instead defined as a non-linear object order-by-order
in A

To extend this beyond the infinitesimal level, one can employ the closed forms (6.3.56) —
(6.3.59) and perform the same calculations as above to find the (non-linear) transformation
to any desired order in A. Here, also the non-linear terms in the weak-field expansions of the
vierbein e_*(z_) (6.3.60) and spin-connection [2_] 5 (z—) (6.3.61) are relevant and must be
included. In addition, one has to use the full non-linear transformation of the fluctuation s, (z)
from (6.1.4) to the desired order.

On a related note, let us also check the transformation of derivatives under these Poincaré
transformations. Since we only identified n_ Dy, this implies that the other derivatives should
already transform covariantly, consistent with the idea that only the n_0 derivative is sensitive to
the local nature of the gauge transformations. We again consider the infinitesimal transformation
(6.3.73),

pe(@) = () = e0up(@) — wag (x — 2-)°%p(x) + O(€%) . (6.3.74)
For the transverse components d; and nyd, one simply finds

O, p(x) = T, [0, 0(2)] — wy, a0%p(z) + O(2), (6.3.75)
Oy p(x) = T, [01p(x)] — wiad®e(z) + O(?), (6.3.76)

where T;rlw is defined as the translation

T, =1— %0 — wap (T — )P0 + O(e?). (6.3.77)
These correspond to the standard transformations of a derivative under infinitesimal Poincaré
transformations. The coordinate transformation is pulled in front of the derivative, and a rota-
tion of the derivative is generated. For n_0, however, the transformation is not correct. This
derivative is sensitive to the dependence of the gauge parameters on x_ and acts on these as
well. One obtains

n_dp(z) = T, [n-0p(x)] — n_0e%0up(x) — n_0wap (x — 2_)P0%(x) + O(?).  (6.3.78)
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We already anticipated this result, since the effective theory contains the soft-covariant derivative
n_Ds (6.3.64). At the linear order, it is given by

1 1 ,
n,DS = 8, — 587'“8“ - Z [Qf]uy J'u + ... y (6379)

and its infinitesimal transformation is indeed

n-Dsp(x) = T, In-Dyp(x)] — w_o DS p(x) (6.3.80)
where DY = %mr(‘) + 07 + %n_DS. To check this, simply insert the transformation of 5,,
from (6.3.72), which yields

1 1
§S_M — 58_,“ — 8_€N + OJ_M + ... y (6381)
Q-5 = [Q-]o5 — O-wap + ... (6.3.82)

Therefore, we see that the set of derivatives (n_Ds, 0 ,n40) indeed transform covariantly under
the local Poincaré transformations. This explicitly verifies that the effective theory only features
a non-trivial n_ Dy, analogous to gauge theory and that the previous geometric intuition in the
construction of n_D, is indeed correct.

There is one additional important remark to make regarding the gauge-invariance of the action.
The covariant derivative defined here is covariant in the sense that it transforms under these
local Poincaré transformations just like an ordinary derivative would transform under global
ones. This implies that a scalar object, e.g.

n-Dspceny Ope + Oy, 0t e (6.3.83)
indeed transforms like a scalar field, namely as
n_Dyspen0pc + Oy, 00" pe — TLL, In-Dypeny 0pc + 0y, 00" c] (6.3.84)

with the translation as defined in (6.3.77). Therefore, to render such a term manifestly gauge-
invariant, one requires in addition the presence of the invariant measure d*zv/—g,. This is a
standard feature of gravity. The Lagrangian always transforms like a scalar field,” and it is
only the action, which comes with the invariant measure, that is manifestly invariant under
diffeomorphisms.

In summary, when the theory is constructed to be covariant with respect to the residual metric
field g, the soft graviton can only appear inside the Lagrangian via the covariant derivative
n_Dg or inside the Riemann tensor terms, and in the definition of gauge-invariant collinear
building blocks as we explain below (6.4.6), e.g. by raising or lowering indices with §su,. In
addition, it appears via the metric determinant in front of the Lagrangian, but only once to
render it a scalar density. This already implies the soft-collinear factorisation of the effective
theory.

Let us summarise the key insights of this section:

e In gravity, the analogue of fixed-point gauge are Riemann normal coordinates. These
normal coordinates must be generalised to the fized-line normal coordinates (6.3.39).

e Fixed-line normal coordinates are not a complete gauge-fixing. Instead, there is a residual
background field g, (6.3.56) — (6.3.59). This field contains two independent components,
the leading e_, (z—) and the subleading [2_] ;5 (z—), as given in (6.3.60) and (6.3.61).
These two gauge fields are the counterpart of the homogeneous background field n_A; in
gauge theory.

40r, if one uses /9L as Lagrangian, like a scalar density.
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6 Soft-collinear Gravity

o Any further sub-subleading and higher-order terms are expressed via the manifestly gauge-
invariant Riemann tensor and can be constructed systematically to any desired order in
A. These terms correspond to the field-strength tensor terms in gauge theory (3.3.49) —
(3.3.56), but cannot be expressed in a closed form.

e The residual symmetries of the “homogeneous” background field correspond to the effec-
tive gauge symmetry of SCET gravity. These symmetries correspond to local Poincaré
transformations that are restricted to the classical trajectory z* of the energetic particles.
The effective theory is constructed to be covariant with respect to this soft background
Symimetry.

o The two gauge fields can be allocated into a soft-covariant derivative n_D; (6.3.64).

e This restricts the appearance of the soft graviton: it can only appear inside the met-
ric determinant g, inside the covariant derivative n_ Dy, inside collinear gauge-invariant
building blocks to raise indices, and inside the Riemann tensor.

6.4 Redefinitions and Collinear Gauge-invariant Building Blocks

In the previous section, we discussed in detail the fixed-line normal coordinates. Here, we
encountered the analogue of the R Wilson line that moves a field in FLNC and the corresponding
residual metric field, which serves as background in the effective theory. In addition, we found
that this metric field can be arranged as a covariant derivative. We undertook this detour
in order to identify the set of homogeneous gauge transformations, i.e. the ones that respect
the multipole expansion. This is important since the final Lagrangian should be expressed in
terms of fields whose gauge transformation does not mix different orders in (z — z_). In gauge
theory, we redefine the collinear fields and express them in terms of ¢?c (3.3.94) and A, (3.3.92),
which have homogeneous gauge transformations. These fields correspond to fields that transform
covariantly with respect to the residual soft background n_Ag(x_). Therefore, in gravity, we
want to introduce analogues of the hatted fields, which transform covariantly with respect to
the emergent background metric g, .

In gauge theory, these redefinitions use both the collinear Wilson line W,, as well as the fixed-
line Wilson line R, and are explained in detail in Section 3.3.5. The collinear Wilson line W, is
used to fix collinear light-cone gauge, and the R Wilson line then parallel transports the gauge
symmetry to x = x_.

In gravity, we already identified the analogue of W, in the purely-collinear theory in Sec-
tion 5.3. Here, the main motivation was to control the large components h, of the collinear
graviton field. Now in the soft-collinear setting, there is a small subtlety compared to the purely-
collinear situation. Since our residual background field g, has a non-vanishing component gy —
(6.3.56), it will appear in the collinear gauge transformation of }Al_:,__. This can already be seen
from the linear transformation

A

;LJF, — ]A1+7 — @Jr!ff — v7€+ > (641)

and noting that
V_£+ = 6_84_ — Fa+_€a (642)
is not a purely-collinear object. Here, the Christoffel symbol I ap 18 the one constructed from

the metric tensor g, —HAzW, i.e. it is covariant with respect to the homogeneous soft background

gs;w-
Therefore, the soft background will appear in the collinear Wilson line W in gravity, unlike
in QCD, where only collinear fields n4 A. are present.” This, however, only affects the relevant

5Note, however, that this is consistent with the notion of Wilson lines. They always have to be defined with
respect to the relevant background symmetry in order to transform covariantly.
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6.4 Redefinitions and Collinear Gauge-invariant Building Blocks

parameter 0y,c, while the formal definition of the Wilson line is the same (5.3.6), and it is again
constructed by explicitly fixing light-cone gauge — now with respect to the soft background. The
collinear Wilson line is thus given by

Wt =Ty o =1+ 608000 +0O(N?), (6.4.3)

and the parameter 0r,¢ is determined to be

1 .
noo_ n
e =— (n+3)zr++ +

N A 1 N

- 1
21
(n4+0)? < nyd (n4+0)?

If one sets §suy = N, one immediately recovers the purely-collinear result (5.3.13) — (5.3.15).

This Wilson line can now be employed to fix collinear light-cone gauge and define manifestly
gauge-invariant collinear fields. For our situation, we require the gauge-invariant scalar x. and
graviton b uwv- The scalar field is simply defined as

Xe = [Wc_1¢c] s (6.4.5)

and the gauge-invariant graviton as

~

b (@) = WO, W7, (W (G (&) + o (2))] = G2 (6.4.6)

Note the formal equivalence of these objects to the purely-collinear ones (5.3.4). Only the
parameter inside W, is constructed differently, now it is covariant with respect to gs,, instead
of M-

Next, we employ the R Wilson line to relate the hatted fields to the original ones. This Wilson
line is also defined as a translation operator (6.3.40)

R =Ty e =14 0818000 + O(N?), (6.4.7)

but with parameter fprnc (6.3.39), which reads
1
Opine = (B, —0h)(x —x_)F — 5(:16 —x_)P(x — x_)aEapE’BUI‘“aB +.o.. (6.4.8)

To redefine the collinear fields, one dresses them with R and its Jacobians according to their
soft gauge transformation. For the scalar field, this reads

Pe = [RWJ%C} : (6.4.9)
while the graviton is redefined as
b = [RR,RS (W, W (W (o + Gopo)| = Gsas) ] - (6.4.10)
In these equations, we take the original fields on the left-hand side to be gauge-fixed to light-cone
gauge. The hatted fields on the right-hand side are not gauge-fixed and have their “homoge-
neous” gauge transformation. Note that the objects on the right-hand side correspond to the
gauge-invariant building blocks, dressed by their appropriate R Wilson lines.

Now we have all the necessary ingredients and can construct the Lagrangian as well as the
N-jet operator basis of the effective theory.
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6 Soft-collinear Gravity

6.5 Effective Theory Construction

In the previous sections, we determined the field content and power-counting of the EFT fields.
In addition, we investigated fixed-line normal coordinates, the analogue of fixed-line gauge, in
order to identify the homogeneous gauge transformations in gravity, which respect the multipole
expansion and do not mix different orders in z. We found that these correspond to local
Poincaré transformations that are restricted to the classical trajectory of the energetic particles.
We used the residual background field g, to identify these transformations, and defined new
collinear fields ¢, and }ALW, that transform covariantly with respect to this background. Then,
we constructed the Wilson lines W and R to relate these fields to the original ones. With these
ingredients at hand, it is now straightforward to construct the SCET Lagrangian.

As explained in the purely-scalar case Section 2.4, the effective theory again separates into
soft-collinear Lagrangians L., and the N-jet operators. We first construct the effective action,
which follows closely the gauge-theory case.

The construction proceeds in the same four steps as in gauge-theory, Section 3.4:

(i) Introduce the split into soft and collinear modes in the full theory. We implement this by
performing a weak-field expansion

guv(x) = gsul/(x) + h,ul/(x) 5 (651)

where hy, is the collinear graviton and gs,, is a dynamical soft background. This split
also duplicates the gauge symmetry. The background g,,, comes with the “soft” gauge
symmetry (6.1.4), and the fluctuation h, has its own “collinear” transformations (6.1.6).

(ii) Perform the multipole expansion of soft fields in soft-collinear interactions to render these
homogeneous. However, collinear fields still transform under soft gauge symmetry with
the full Us(x), and therefore the soft gauge symmetry mixes different orders in (z — x_).

(iii) Redefine the collinear fields as . — ¢, using the R and W Wilson lines. The new fields are
defined to be covariant with respect to the emergent “homogeneous” background g ()
(6.3.56) — (6.3.59), and their soft gauge transformation respects the multipole expansion.
This gives rise to a soft-covariant derivative n_ Dy (6.3.64), while all other subleading soft-
collinear interactions are expressed in a manifestly gauge-covariant fashion via the Riemann
tensor and its derivatives. Each term is manifestly gauge-covariant, but not homogeneous
in A, due to the inhomogeneous nature of gravitational gauge symmetry.

(iv) Perform the A-expansion. This yields the fully expanded Lagrangian that can be used to
perform practical computations

Note that this procedure is exactly the same as in gauge theory, including the necessary concepts
like the Wilson lines. Only their actual technical implementation differs in gravity. However,
unlike in gauge theory, one cannot give closed all-order results in step (iii) for the subleading
Lagrangians. Instead, the gravitational Lagrangian is only defined order-by-order in A.

The following derivation was presented for the first time in [47] where it was performed by the
author in collaboration with M. Beneke and R. Szafron, and since this is now a straightforward
computation, we follow this exposition closely.

6.5.1 Background-field Lagrangian

In step (i), we insert the decomposition (6.1.1) of the full metric tensor into a collinear fluctuation
hu, on top of a soft background g, in the full theory. For the scalar field, we consider the
action

1 A
S = /d4z V=g <2g“”<9“<p8ygp — ﬁg04) . (6.5.2)
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6.5 Effective Theory Construction

The Lagrangian is then given by a series in h,,, which we denote by
L=Ly,+ Lop+ Lonn + O(hg) , (6.5.3)

where the subscripts denote the order of the respective term in h. The individual terms are
determined to be

Lo = oV Oupup — VG (65.4)
Lo = —%\/—TJS (95“955’1 58— égsﬂhaﬁgs ) 8900 — \/Ts @935%5) %"w“, (6.5.5)
Lohn = %x/—TS (gé‘“giﬁ 987 haphps — %gﬁﬁ hapgs? 9" hpo
+%gé‘”( $Phag)? — 395”95“9?5 hpahaﬁ> OyuspOuip
VT (5065 has ) - 1920 o) S (656)

Here, the scalar field is given by ¢ = ¢, + WZ 1, Since we have not yet expanded the soft
background, soft gauge-invariance is manifest, since all fields transform covariantly with respect
to the background g, which also contracts all appearing indices. To render the Lagrangian
a scalar density, it is multiplied by the soft metric determinant. The theory is only invariant
under collinear transformations order-by-order in h,,, similar to standard weak-field expansion
as explained in Section 4.3.3.

Next, in step (ii), we perform the light-front multipole expansion and redefine the collinear
fields according to (6.4.9) and (6.4.10) in step (iii). Since the following equations can get quite
lengthy, we focus on the details of individual terms to discuss the systematics of the construction.

6.5.2 Inserting the Redefinitions
Terms without Collinear Gravitons

To elucidate how the technical details of the construction work, we first consider the leading
term L, from (6.5.4),

7\/ gsglwau@c vPe s (6.5.7)

setting the soft scalar @5 = 0 for simplicity. In this leading term, there are no explicit collinear
gravitons present, up to the possibility of explicit appearances of the Wilson line W,. To simplify
the notation, gsu.(x), R(x) and collinear objects like p.(x) and W, (z) are always understood to
be evaluated at x and we drop the argument Soft fields that appear after multipole expansion
are evaluated on the light-cone z" if no argument is given. Throughout this derivation, we
employ the useful identities given in Appendix A.

The first step is to insert the redefinitions (6.4.9) and (6.4.10) in (6.5.7). This yields

ﬂﬁ— 950" [ BW 3| [0, RV .|
_ v o B —1 4 —1 4
= 5 ~g:9!"RR,*R,” [0, W " ¢c] [0sW: ']
— 1 -1 —1_pv ap B -1 —1 A
= 5 det(R) [R™'/=g:| [R7'g"| R,RS |0aWo 0] [05W e (6.5.8)
In the last line, we used the product rule and determinant identities (A.0.10), (A.0.14), integrated
by parts and dropped boundary terms. We use the same notation as in Appendix A and indicate

the determinant of [R]#, = R, by the notation det(R). As before, derivatives act on all terms
inside the square brackets.
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6 Soft-collinear Gravity

To split off the gauge-covariant terms, introduce the residual background field g, given in
(6.3.56) — (6.3.59), by adding and subtracting

SV [0, 0] [ e (65.9)

This yields

;[ e [swi e (@gsﬁ

(6.5.10)
+det(R) [R™!v/=g,| R,*R,” [R™'gt" ()] - v—gs”‘ﬁ>
This expression can be further simplified. First, write
RRP[R7 g (x)] = n*® = e (RM, Ry [R™ s(@) 1| = 7o)+ (6.5.11)

The expression in round brackets on the right-hand side is the metric tensor in fixed-line gauge
Gspv (6.3.56) — (6.3.59). Furthermore, the right-hand side takes the form of a weak-field expan-
sion, in the sense

nf — 5P .. (6.5.12)

This identity thus simply expresses the weak-field expansion of the inverse metric in terms of the
metric §s,,,, with lowered indices, and the left-hand side is equivalent to this inverse metric g& (z).
Next, one can introduce the split into the residual background metric and the gauge-covariant
field (6.3.55) to rewrite (6.5.11) as

R'u Rl/ [R Suu( ) + 77#1/} = gspo + Jspo 5 (6513)

The manifestly gauge-covariant part, which contains the Riemann tensor terms, is given by

Mg Nty Ny 2 ny,2
gsl“’(x) = - +M4 e ximﬁRO‘*B* - 2'“ gxixﬁRaVLﬁf - 2 3xJ_ LRO‘UJ_Bf
No,N_y MNy,N_ 2 1
— ( +“4 + +4 “) gx‘ix‘jRMﬂ, - gx‘ileaMﬁ,,l (6.5.14)
n_,1 n_, 1 |
- 72M ngfiRauBJr 2’/ 3foELRamB+ 72 : gxiﬁﬁRaer”r +O(X%).

For the effective Lagrangian, only the component g__ will contribute to O(A?), since the other
components are accompanied by (suppressed) collinear derivatives 0, and n_0 and enter only
in higher order in A.

By the same reasoning, the dressed object

det(R) |[R™'v/=g,] (6.5.15)

n (6.5.10) is simply the metric determinant in fixed-line normal coordinates /—gs.,. We again
expand this around the residual metric determinant /g as

det(R) R™Y/—gs = v/— :UJ_JJLR”WB +...). (6.5.16)

However, the Riemann-tensor terms from this expansion are not relevant for the following con-
struction and contribute only beyond O()\?).

In summary, up to O()\?), the leading term (6.5.7) of the full theory yields the effective
Lagrangian

1 1. 1 B _ L = a v
E(p = 9 [aaWc 1900} [aﬁwc 1900:| ( —9s 56 T4 _gsn+n§‘xile/‘l’> ) (6517)
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This term can be simplified further, since the collinear Wilson lines cancel out in terms that
only contain the residual metric g, and collinear fields, like the first term. They do not cancel
out if soft-covariant building blocks, like the Riemann tensor, are present. This is explained in
detail further down below. On the other hand, one can simply introduce the gauge-invariant
building blocks {. = W, '@, to write this term as

1
Ly, = = [0aXc) [08Xc] <\/—gsgs — f\/—gsn+n+xLxLRM ,,_> . (6.5.18)

5 |
Including Collinear Gravitons

Now that the construction is understood for the simplest case, we consider the terms that contain
additional explicit collinear gravitons in (6.5.5), (6.5.6), namely

1 1
L= v <—gé‘ag;'ﬁhag + 2ggﬁhaﬂggW> Dypedupe (6.5.19)
1 0 1 : 1
'Cgahh = 5 V —Us (ggag;/ﬂgé) haphﬂa - iggﬂhaﬁggpgg hpa + gggy(ggﬁhtxﬂ)2
1
ng gso‘ggﬁh ha ) OupcOupe . (6.5.20)

For brevity, we again leave out the scalar self-interaction, since these terms are only multiplied
by a metric determinant.
First, consider the O(h) term. We split this into two terms

Lon = Lo, 1+ Lon,2, (6.5.21)
where
1
['cph, 1= _5 V —Gs gagzﬁhaﬁa,usocau
1
Lonz =7V P hosgh” Oppcdy (6.5.22)

which we discuss separately for transparency. First, one introduces the redefined fields ¢, (6.4.9)
and hy, (6.4.10). For the first term in (6.5.19), this yields

Lot = 5V 5s0t%0" [RRSR (WO [W g+ spe)] — 5w
x [%(RWC 'e0)] [0n(RW20)] (6.5.23)

and using the same manipulations as before (integration by parts and the useful identities in
Appendix A), one obtains

1 - K - (0% g v
Lot = =5 det(R) [R7'V=g.] R/R, [R7 4] RF7RN [R762°] Mpgr,  (6.5.24)
where we defined
Mogir = (W W5, (W (hap + Gsas) | = Gspo ) [0 ] [0V 2] (6.5.25)
Just as before, one adds and subtracts the residual background metric
5 \/ _gsg#aA ﬁMaﬁuua (6526)

and performs the split into background field and manifestly gauge-covariant terms (6.5.13). This
results in

Lph 1= -3 \/ _gsg gsV/BMaﬁ;U/
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- ;(det(R) [R'V=g5] R.PR," [R'gt| Ry"R, R

- *gs émg;»\) PORN - (6.5.27)

Here, one can neglect the second and third line in their entirety, since these terms contribute
only beyond O(\?).
Performing the same steps for the second term in L, yields
Lons f 9209 [RRS R (WO W Wi (o + depe)] — )
x [0, B 3] [0, BW | (6.5.28)
- fdet( ) [R7'=0] R Rs™ [R7'627] RSB [R7'9] Moo

where M is the same expression (6.5.25). Again, introduce the residual background field via
(6.5.26) to obtain

¢h2— ﬁsA?ﬂﬁs aBuv
(det( ) [R=g] RoRy [R162%] R7RN (R
VT ) Mo (6:5.29)

In this expression, only the first line contributes to O(A?), while the remaining terms are too
suppressed. Combining both results (6.5.27) and (6.5.29), expanding M and introducing the
gauge-invariant building blocks yields

1

~ AU BR 1.age & “ A -
Lgoh = 5 V —Ys <_9§Lagsuﬁhaﬁ + QQ?Bbaﬁgéw) 8uXcauXc . (6530)

For £(?) (6.5.20), the exact same computation gives

1 — /3. A A 1 a0 1. aa
£¢hh = 5\/_798 (ggaggﬁggahaphﬁo - iggﬁhaﬁggpg;jahpa + gggl/(g?ﬁbaﬁ)Q
]' ~ ~ “ ‘. A A~
_495Vg§aggﬁhpohaﬁ) 8MXCaVXC . (6531)

Removing Collinear Wilson Lines

In the QCD Lagrangian (3.4.19) — (3.4.23), note that the collinear Wilson line W, only appears
in the terms that contain the field-strength tensor, and not in the ones that contain the soft-
covariant derivative. This can be easily understood since the Wilson lines are constructed to be
covariant with respect to this residual background. They simply amount to a collinear gauge
transformation, and these terms are gauge-invariant. Therefore, the Wilson lines must cancel
out in the end. The same should be true in gravity, and we now explain in detail how this works.
Here, they should cancel out in all terms that are covariant with respect to gs.., and stay in
terms that contain the g, field.

The terms that contain g, are precisely the respective leading terms in the multipole ex-
pansion, which enter at O((z — x_)%), that appear in every order in A due to the weak-field
expansion in fz,ﬂ,. The first three terms are

Plyu=0= \/@9’” EALAN A (6.5.32)
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i AU BT: 1 agr & 14 1.
Lonly,—0 = (—gzagz%ag - 293%595”) 0, 2] [0, %] (6.5.33)
1 . - 1 1 Bl
Lonhlg,,,—o =5V =0 (950‘95595 Baphss — 505 0apd"9y hpo + 594" (987bap)?
L v aparoBp ¢ 1. 1.
— 294" 955" bpahaﬂ) EAlAN AT (6.5.34)
If summed to all orders in iLW, i.e. undoing the weak-field expansion, these terms L, o
Ispv=
formally sum to the closed form '
o
Z Egphl : 0 \% _gglﬂf [8#920] [au)zc] ) (6'5'35)
i=0 sur
where we introduced the metric tensor
g;w = gsyu + G,uu . (6536)

We can interpret this split as a fluctuation GMV on top of the soft background §s,,. The La-
grangian density (6.5.35) takes the standard form of a scalar field in a curved space-time de-
scribed by g,,,, and therefore the theory is invariant under dlffeomorphlsm In particular, it is
invariant under the transformations of the fluctuations x. and h uwv- The important observation
is now that the dressings

o= [Wo'ed (6.5.37)

Guu = Wa,u Wﬂy [Wc_l (ﬁaﬁ + gsaﬁ)} - gs;w, (6'5'38)

take the form of an inverse gauge transformation of the fields ¢, and ilw, by construction.
Therefore, in the terms considered here, the collinear Wilson lines simply amount to a gauge
transformation and cancel out precisely. Explicitly, one has

G = G + by = WP, W G0g] (6.5.39)
where gog = Jsap + Baﬁ is the metric in an arbitrary (unfixed) gauge, with inverse
= W WY (W (6.5.40)
Insert this in the Lagrangian (6.5.35), to obtain

Ly = det(W) [Wty/=g| W, Wy [Wg*?] [0, W ] [0,W ']
= det(W [ 1/~ } W, Wy [nggaﬁ} we, [W;lapgac} we, [nga(,@c]
_det [ 1\/7»«9#1/ M‘Pc Z/SDC]i|
= /=33" [0,pc] [0vpc] + t.d. (6.5.41)

where we dropped a total derivative using the Wilson line identity (A.0.13).

6.5.3 The Soft-collinear Lagrangian

Simplifying the Lagrangian as much as possible, we find

1 _ _
\/—gs Y0,Pc0yPe — g\/—gsxixﬁRa,ﬁ,(&rWC 1<pc \/—gs <pc, (6.5.42)
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Lo = %\/—795 ( 359  hap + ;gsﬁ hapdl ) Oupedype
—V/=9s (;gg"ﬂﬁag> %@37 (6.5.43)
Lot = 5V =0 (42898 b = 50 hapdh02 by + O (22D
PG s ) 0,00,
Vi (51050 = 000 huhas) S201, (6:5.44)

where we have now added the scalar self-interaction. To simplify the structure even further,
introduce the soft-covariant derivative (6.3.64) and use the metric tensor g, to raise and lower
indices. The Lagrangians (6.5.42) — (6.5.44) are then given by

L=, (£ + L5 + £, (6.5.45)

where the superscript indicates the leading A-counting of each term. Up to O()\?), the individual
terms are given by

£8) = 0/ 8eD_pet 00 Gel pe— 21, (6.5.46)
L) = L0, pedupe+ Th™ 5 (018eD— Pt Do G0 p0) — Lh, S2pE, (6547)
£5) = — 5000 Ry 04 W60 + 510 O Duspe — 31 0,800
b1 (B0 )2 = 288 hag) (04 0eD g+ By, $:0"00)
_ (8(hcua 2 - h“”h;w> Z' ot (6.5.48)
Here, we defined the graviton with raised indices as
A = ghG P hg . (6.5.49)

Note that the background metric g#¥ is not homogeneous and also has a A-expansion.

This is the most concise and conceptually clear form the soft-collinear Lagrangian for a
collinear scalar field interacting with soft and collinear gravitons. It includes explicitly all terms
up to sub-subleading or next-to-soft order O(A?), and the inhomogeneous objects, like the Rie-
mann tensor, the soft-covariant derivative or the collinear Wilson line, even implicitly contain
an infinite tower of further subleading terms.

The Lagrangian (6.5.46) — (6.5.48) has a strong formal similarity to the gauge-theory La-
grangian (3.4.19) — (3.4.21). In the soft sector, there is a soft-covariant derivative n_ D, which
contains not one but fwo independent soft gauge fields, one related to translations and one
related to Lorentz transformations, with corresponding charges momentum and angular mo-
mentum. This is the direct analogue of the soft-covariant derivative n_Dg in QCD, which
contains n_Ag(z_) coupling to the (colour) charge of the energetic fields.

Besides this derivative, the theory features an infinite tower of subleading terms where the
Riemann tensor couples to the quadrupole and higher-pole terms of the energetic particle. The
same structure also arises in gauge theory, where the field-strength tensor couples to the dipole
and higher-pole terms.

In the collinear sector, the two theories differ. Whereas QCD has a collinear-covariant deriva-
tive that gives rise to leading-power interactions, such an object is absent in gravity. Instead,
the collinear interactions start at subleading order O(X). This feature, in combination with
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the absence of leading-power collinear graviton building blocks in the N-jet operator basis, im-
mediately implies the absence of collinear divergences in gravity as opposed to gauge theory.
This absence is crucial, as collinear divergences would cause inconsistencies if massless charged
particles are present. In gravity, such particles exist in Nature, like the photon or the graviton.
In QCD, on the other hand, there are no massless charged particles in the asymptotic states,
since QCD is confining.

Soft divergences, on the other hand, are present in both gauge theory and gravity. These
can be controlled using the soft decoupling transformation [43], which introduces a purely-soft
Wilson line in a form similar to W,.. It converts n_D; — n_0 and moves the leading-power
(and subleading-power) soft effects into the sources directly. This is a manifestation of soft
exponentiation [1].

If one is interested in a technical application of the effective theory, for example, if one wants to
compute a soft emission process or some loop corrections explicitly, the form (6.5.46) — (6.5.48)
is not suitable, since it must still be expanded. Therefore, we also provide the fully expanded
Lagrangian density, including self-interactions, the gravitational coupling x, and the soft scalar
field down below. For brevity, it is expressed in collinear light-cone gauge h,, = 0.

1. 1 R R R Ao o
£ = §8+<,068,<,00 + iaozl@caaHPc - §577(8+4PC)2 - ZTSOéclv (6.5.50)

K ara a K P
L0 = -3 [OaS—— — 0_50_] 23 (010c)% — ZSM,OMgoC&r(,OC

K (s . . . . . 1.__ .
Y (hulylaubpcaw_‘:oc + W70, @Ot pe + Zh (a+900)2)

2
K A . N K . Ka. Ao .

+ Z}LO‘L&l (8+g068_<pc — Zs__(ébrgoc) + Oa | POt 90(:) 2hgi4—‘f<p§, (6.5.51)
K N K A A

5(2) = _E [a[+8*]*} n_x(8+goc)2 - Z [8[%3M},} x‘i@“s@c@#pc

K2 . K2 1 N
+ 5555+ (04¢c)? + 355-018 2 (01¢c)? gﬂfiJTﬁRa—ﬁ—(&r%)Q
K . L K Ap

Y

2
K2 [ o L R PO )
+ 2 <h”LaLthauﬁocaVﬁoc + W% hg —Ou, POy e + Zh alhai—(a-HOc)Q)

K2 . Sy . . A . “ 1. . .
Zh (hm' L0u, POy, Pe+ W70, $c04Pe + 4h——8+§008+900>
’%2 oa 7 7 ~ ~ k S 3 b
K2 . K2 . 9
Zh 50, 0490y, Pe + gh_alsal—(aﬁ-ég
,QQA I€2 a A
= TR 0u O pe — Tt (O sy | @t (040)?
Ap o T T
K 4910 (‘004 <(h0¢)2 - Zh L/BLhou_ﬁJ_) ) (6.5.52)
A
(1) — _Z2¢ 3
Lo) = =37 Pcbs (6.5.53)
Ao Ap K 2
(2)_704 M A2 2 Mo VTa A3
Lo, = Jhai0+0c0-ps = 70705 = 5r 5 hal Peps. (6.5.54)

Note that in this soft-collinear Lagrangian, the order in k no longer agrees with the order in
A like in the purely-collinear (and purely-soft) theories. Instead, each order in x generates an
infinite tower of subleading terms in A already due to the multipole expansion.

This result can be further simplified by employing the equations of motion for both the matter
and graviton fields, as performed in [63] below (112). This allows one to push many terms to
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O()\3) and one obtains the simpler expressions

L0 = s =0 sa 2T (0480 — Ssp 0% Db (65.5)

K [~ . R A N R 1. R
- 5 (h/ﬁ.’ﬂ.@ﬁu SOCaVL Pc + ht- 8,uL Spca—&-‘Pc + Zh (8-&-900)2)

K . K o aa s
£(2) = —1—6 [BH_S_]_} n,$(a+g0c)2 - Z {a[aLS#L]_} CL‘La'uLQOcaJr(Pc
—i—H—Qs S+ (049 )2+ﬁ—23 s (049 )2_135&3;5}3 (04 pe)?
3955+ (04 39 5-a15— (O+¢e g P 1% Ha—p—{0+Pe
K R D VA
t g5+ 0a, PO G = T4 E P
AR R R R 1. R
+ % <h1u6u hgia/u 95Caw @C + AL hcu* (2N @caJr@c + Zh_o& haj_(aJerc)Q)
K2 . K2 .
+ O sa, 04 ey, e + §h*%sm_(m@cﬁ , (6.5.56)
Ao .
£y) = =50 0kes, (6.5.57)
A
L) = -22267. (6.5.58)

6.5.4 Graviton Lagrangian

The soft-collinear graviton Lagrangian can be derived in the same fashion, albeit the individual
steps become more cumbersome and technical. The starting point is the Einstein-Hilbert action

Spn = —2/d4:c V—gR, (6.5.59)

where R denotes the Ricci scalar. The first step consists of inserting the decomposition (6.1.1)
of the metric tensor g, into a soft background g,,, and a collinear fluctuation A, . This yields

Leg = Ls+ Lup + Lupn + O(h4) , (6.5.60)

where the term linear in the fluctuation, £, is absent as usual due to equations of motion. The
first term, Ls, contains only soft gravitons and is the purely-soft Lagrangian. Here, all fields
depend only on the soft coordinate xs and no multipole expansion is necessary.

The purely-collinear theory begins in Ly, where the collinear kinetic term as well as the
leading-power soft-collinear interactions appear. This Lagrangian is determined to be

1 1
Lnn =v—gs (2VMthV“ha5 = 5 VuhVih + Vah®Vgh — Voh®’V bl
1
— 4Ragh®" B + 2Rap,h® b + Roghh®? — ZR(h2 - 2h“5ha5)> : (6.5.61)

This theory is covariant with respect to the soft background g, which is used to raise and lower
indices. Therefore, the covariant derivative V, as well as the purely-soft Ricci and Riemann
tensors R,g and R,g,, are computed from g,,,. If one now performs a split gsu, = M + S
in (6.5.61), one would find at leading order in this weak-field expansion, O(s"), precisely the
bilinear terms of the purely-collinear theory (5.4.7). The same holds true for the higher-order
Lagrangians as well. Once the A expansion is performed, note that the Lagrangian will simplify
drastically, since the purely-soft tensors are strongly suppressed in A.

Since we are interested in the graviton Lagrangian only to O(\), we do not need to compute
the full trilinear Lagrangian Lpp; in this background field formalism. Instead, we can use the
full-theory result (4.3.11) and perform a minimal substitution, as explained below.
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6.5 Effective Theory Construction

Inserting the redefinitions of the collinear fields (6.4.10), and expressing the theory covariant
with respect to the residual background field g, , one finds

— (1o & ra Lo oong ho A ho h
Lin =v~0s <2vuhaﬁvﬂh - 5 VbV b + Vab Vb = Vab*V b

~ o~ ~ ~n 1 ~ A on
— 4Ragh™"b) + 2Rap, b0 + Rophh? — iR (h? — 2ha%a5)) . (6.5.62)

This formulation is now covariant with respect to the residual metric gs,,, which is used to
raise and lower indices. Furthermore, the Riemann and Ricci tensors as well as the covariant
derivative V, are now constructed from the residual metric. Furthermore, note that this theory
contains terms that are strongly suppressed in A, despite appearing this early in the h-expansion.
For example, the last three terms contribute starting at O(\*).

We now drop these three terms, as well as the contribution due to the covariant derivative,
since T'* | 5~ A%, This yields the Lagrangian

—(1. va Lo 1. v ~a h e 0 Lo (A
Lo = @(295 Oubapdsh™ — 294" 0,60,b + 02577 9h — Oab Bauhg) +0(X%), (6.5.63)

where indices are now contracted with the residual background metric gs,,. Next, we can
introduce the soft-covariant derivative n_D; (6.3.64) to find

L (S DU B
Lpn =V —gs(2<9+haﬁD—b P+ 50k Dapd"th F— 50+0D-b — S0, ho"+h
+ 0.6 05h — 6&‘”%6‘5) +O(. (6.5.64)

For the trilinear Lagrangian Ly, we can employ a trick to save some work. First, note that the
purely-collinear theory is equivalent to the full-theory result (4.3.11). Since the cubic interactions
already scale as O()\?), we only need to take into account the additional leading-power soft-
collinear interactions in this Lagrangian. This is achieved by replacing all 0_ with the covariant
D_. Using this trick, one can avoid computing the full covariant expression with respect to a
generic background, where most terms will be power-suppressed. The expanded Lagrangians
homogeneous in A and in collinear light-cone gauge are then given by

L8 = J0uba, . 00 — o, hovh

+ (aajfumaﬁﬁ b 00 B0+ 0 R0 iaﬂ__ajz)

— (8a¢ hornLgbe Eﬁuu + Oy h st flm}u + i&rﬁ—lu 3+B#L>

- gs__mf}aﬁaﬁw + gs__a+ﬂa+ﬁ, (6.5.65)
) = —%W (ﬁaaagﬁ + 20,0 Oy hos + Ouhy O™ + hopd 0 h + 20" h,005h  (6.5.66)

+ Ouhg 0" h — hdFdnhs, — h1,0" b + 20,h5,0" B + 48“8%&,,35,,)
- %ﬂ@,ﬁa’% + %i&aaﬁwaai}w - %s_,uaﬁu WP, has + ZS—ME)”“ hoyh
- g [Oas—— — OS] 150 hy 0y b + g [Ous_— — O_sq_] 290, ho,h

5 (hags——0th — Wis— -0 hyp) + 5hs—04hdh — hs 0L hud .

To keep the result somewhat compact, we did not split the result into light-cone components
and kept the four-vector notation in EfEll){ These Lagrangians could now be further simplified
by employing the graviton equations of motion to eliminate the trace h as well as Py
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6.6 Operator Basis

The minimal operator basis in the gravitational case is very similar to the gauge theory one
presented in Section 3.5, once a few subtleties regarding gauge-invariance are taken into account.
Therefore, we focus on the differences in the gravitational setting, provide a list of gauge-invariant
building blocks and refer to the relevant gauge-theory and scalar sections for the general details
of the N-jet operator in Sections 2.6 and 3.5.

The generic N-jet operator in gauge-theory (3.5.1) takes the form

N

J(0) = /[dt]N Cltiytiy, ) Ju0) T] Fitinstins ), (6.6.1)

i=1

where [dt]n = [;, dti,. We use the same conventions as before, so .J; are the i-collinear operators
and J; are soft gauge-covariant operators. All appearing operators must be invariant under the
collinear gauge symmetries and covariant under the soft one. The collinear gauge invariance is
achieved in a straightforward fashion by using the gauge-invariant building blocks in the collinear
current J;, explicitly given down below in (6.6.3). Soft fields are automatically collinear gauge-
invariant. For soft gauge-covariance, the first subtlety appears. In gravity, the gauge symmetry
corresponds to diffeomorphisms. Therefore, any operator considered in gravitational scattering
should be defined in a manifestly translation-invariant form to be gauge-invariant. The N-jet
operators as defined in (6.6.1) are located at x = 0, however, and transform under translations.
Thus these objects are not yet gauge-invariant. To alleviate this problem, note that one can
translate the entire operator to point z and then integrate over all x. This yields the gauge-
invariant current

J = /d”‘xTIJ(O)T;l. (6.6.2)

Once a matrix element including this current is evaluated, the translation operator T, = e
and the space-time integral yield the momentum-conserving é-function. Therefore, it is possible
to simply work in terms of the standard N-jet operator (6.6.1) evaluated at = 0 and impose
momentum conservation by hand, in analogy to imposing colour-conservation in gauge-theory.

On a related note, one might wonder why there is no /g in (6.6.2) to form the invariant
measure. This is related to the underlying hard physics. The situation that we consider is a
graviton propagating on top of flat Minkowski space with metric tensor 7,,. Correspondingly,
the soft gauge transformations are global transformations evaluated at z = 0, where the scat-
tering takes place. The invariant measure for this specific space-time is simply d*z, and simply
corresponds to hard momentum and angular momentum conservation. If one were to consider
a different space-time as fundamental, equipped with a non-trivial background metric, the in-
variant measure would change. If the current were put at zg instead of z = 0, one would also
need to adapt the multipole expansion and expand about (x — (z¢ + z_) instead of (z — z_).
Therefore, one would find precisely the same soft-collinear physics, irrespective of the point of
the hard scattering.

Finally, we explicitly provide the operators that can appear as building blocks in the N-jet
operator. For the collinear sector, we use the collinear gauge-invariant building blocks (6.4.5),
(6.4.6) given by

Re = (W] s B = WO WE, (W has] + (WO W5, [WilGuas] = Gow) - (6.6.3)

Note that the scalar field counts as x. ~ O(A). For the graviton, only the transverse components
hi1 ~ O(XN), which correspond to the physical degrees of freedom, are relevant. To see this, first
note that the building blocks satisfy the light-cone gauge condition f u+ = 0, which eliminates
the large components hyy ~ O(A~!) and hy, ~ O(\Y), similar to QCD. Next, note that we
can use the graviton equations of motion (5.4.6) to eliminate the power-suppressed components
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6 1 and 6,, order-by-order in A in favour of the transverse components 6 1 1. In summary, the
collinear building blocks consist only of

J0(t:) € {Xci(tmw),auﬂtinw)} : (6.6.4)

Comparing this to QCD (3.5.4), one immediately sees the similarity. Also here, the gauge-
invariant scalar field and the physical polarisations of the gluon, A.; are the building blocks,
while ny A, = 0 and n_.A, is eliminated using the equations of motion.

Subleading operators are constructed in the exact same fashion as in QCD, namely by (i)
adding transverse 0| derivatives and by (ii) combining multiple building blocks of the same
collinear sector.

Soft building blocks must be soft gauge-covariant. Similar to gauge theory, one can use the
collinear equations of motion of the matter and gluon fields to eliminate n_ D, in favour of the
other collinear and soft building blocks. Therefore, the first purely-soft building block one can
use corresponds to the Riemann tensor, which appears at next-to-next-to-soft order O(\%).

6.7 Extension to Fermions

In this section, we give a quick summary of how to extend this construction to incorporate fields
with half-integer spin, at the example of the Dirac fermion. The full construction is explained
in detail in [64] and will be part of the upcoming [63] in collaboration with M. Beneke and
D. Schwienbacher.

The main complexity arises due to the additional local Lorentz symmetry, which results in
the introduction of two additional Wilson lines.

The local Lorentz symmetry features the spin-connection (4.4.37) which behaves like an ordi-
nary gauge field. This allows us to define a Wilson line in the standard way

W = Pexp {z/ d:c“Qu(x(s))} , (6.7.1)
y
that transforms like an ordinary Wilson line under local Lorentz transformations
W — D (A(z) WD (A(y)) . (6.7.2)

The first new Wilson line is the analogue of the R Wilson line and takes the form
)
Vo= Peap(+i [ a (R, R7I0,00) ) (6.7
1

where ), is the soft spin connection, containing only soft fields. It transforms under a local
Lorentz transformation as

Ve — [R7'Dy| (A(a2)) Vi [R7' Dy (A1) - (6.7.4)
The condition
vV, [B7] — D (@) Vv, [RTY] (6.7.5)

fixes the upper boundary as xo = x, while for the lower boundary one requires
" (x) + 0,L0,2" (x) = x_", (6.7.6)
which originates from the condition

oz,” 0

-1, ab ab
[R Ws (xl)] = Wq (1‘1) + 95# Ot st

b(p1) + ...
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w2, (6.7.7)
This equation is solved by
1
z(x)=a_ "+ 1 (x—z_)"sT n *+00N. (6.7.8)

The soft LLT-Wilson line, acting on fermions, is then given by

1
V, = Pexp (4—@'/0 ds (x — x1)" [R”HR_IQSM] (x1+ (z —21)8) + (9()\2)) , (6.7.9)
where we use % = i‘ [7“, ’yb}. The soft vierbein in the corresponding fixed-line gauge is deter-

mined by evaluating
&,2,(xr) = Vy, °R", [R—lesby(x)] , (6.7.10)
and by definition, it transforms under soft Lorentz transformations as
€ () = A% (z-)e b (x). (6.7.11)

In addition, for the fermionic case, we require a LLT Wilson line in order to define fields that
are not only GCT-invariant but also manifestly LLT-invariant. This Wilson line should be
diffeomorphism-invariant and thus we use the manifestly GCT-invariant quantity:

Qulz) = (WO W10,| (@), (6.7.12)

as our spin-connection. We can then define the collinear LLT Wilson-line as
0 A
Vi(z) = Peap (H’ / ds, (W, w10, (m)) . (6.7.13)

Note that Qp is constructed from &, = €,%, —I—Espaécpu e.g. once again from the expansion of the
vierbein about a soft background. Like the GCT Wilson line before, this object is not purely-
collinear, since the soft background enters in the combination n" [WPM W, 1(2,)} (x). According
to (6.7.2), this Wilson-line transforms under LLT as:

V() — W, D(A@)]V (@) [W; D~ (A(—00) = W D(A(@))V (a). (6.7.14)

With these ingredients, one can perform redefinitions of LLT-tensors and construct the La-
grangian for half-integer fields. The main idea is to construct fields that are LLT-tensors but
transform with the homogeneous symmetry A(z_). Under GCT, these fields then correspond to
scalar fields, and we can employ the scalar construction of the previous sections. As the explicit
expressions are excessively long, we refer for the construction of the Dirac Lagrangian to [63,64].
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As an application of the effective theory, we reconsider the soft theorems both in gauge theory
and gravity. In the explicit calculation in Section 3.6, we have seen a number of accidental
cancellations between the different contributions. This raises the question if the Feynman rules
corresponding to single-soft emission can be cast into a simpler form. This could give new
insights into the form and structure of the soft theorem.

In this section, we try to understand what the effective theory can tell us about the soft the-
orem. In particular: why there are two or three terms in gauge theory and gravity, respectively,
and no further terms? Why does the angular momentum operator appear in both theorems,
and what is its interpretation? To achieve this, we directly manipulate the interaction vertex
at the Lagrangian level, employing only standard EFT tools, like integration by parts or ap-
plications of equations of motion. This allows us to restate the content of the soft theorem in
terms of an operatorial statement. The following section is based closely on [48] by the author
in collaboration with M. Beneke and R. Szafron.

7.1 Summary of Non-radiative Matching

The non-radiative matching is discussed in detail in Section 3.6.2, and we can directly use the
results from there.
In summary, the non-radiative full-theory amplitude must be expanded in A as

A=A® + AL L O, (7.1.1)
where the individual terms are given by the Taylor-expansion
A© = A : (7.1.2)
pi=nipinf_ /2
A0 — o (24 (7.1.3)
il pi'=niypint /2

On the SCET side, this is matched to the N-jet operators. In order to simplify the notation, we
now denote the N-jet operators by A, where n denotes the suppression in A. At leading-power,
the matching condition then reads

A = (py, ..., pn]AD)0)

= /[dt]]\[ €izi Mit+Pi tiéA()(tl, .. .tN) = CAO(TL1+p1, ce ,TLN+pN) . (714)

This intuitive notation indicates that the matrix element of the operator A reproduces the
n-th term A(M in the Taylor expansion of full-theory amplitude A.

7.2 Scalar QCD

As the first example, we consider the emission of a soft gluon from scalar external legs. It is
crucial to recall that in SCET QCD, as discussed in Section 3.5, there are no purely-soft operators
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Figure 7.1: The two process-types contributing to single-soft emission in SCET. The first class
are insertions of the soft-collinear Lagrangian and corresponds to emissions from the
external legs. These processes are universal since they only depend on the properties
of the legs. The second type, emission directly from the hard vertex, corresponds to
the addition of a soft-covariant building block in the N-jet operator.

available to add to the N-jet operator until the field-strength tensor at O(\*), corresponding to
next-to-next-to soft order. This type of emission corresponds to emission directly from the non-
radiative amplitude, depicted on the left in Fig. 7.1. Adding such a building block means that one
also modifies the matching coefficient, and thus this type of contribution is process-dependent,
as the value of this coefficient can only be determined by an explicit matching computation
to the soft-emission process. The absence of such a contribution implies that there are mo
process-dependent terms at the leading and next-to-soft order, corresponding to O(A\?) to O()\?).

Since these processes are absent in SCET, this means that all contributions to soft emission
must stem from Lagrangian insertions via time-ordered product operators.

i / &'z T{I%(8), £ (@)} ~ O(N+7). (7.2.1)

Intuitively, these contributions correspond to emissions from the external legs, as depicted on
the right in Fig. 7.1 This type of emission does not depend on the non-radiative amplitude,
but only on the properties of the leg (particle species, momentum, charge, spin, ...) where the
Lagrangian is inserted. In particular, this insertion does not come with an independent matching
coefficient and is completely determined already from non-radiative matching. These processes
start to contribute at leading-power via interactions through the soft-covariant derivative.

Let us stress that this simple property of the operator basis, which follows directly from soft
gauge-covariance, already implies universality of soft emissions at the leading and next-to-soft
order in gauge theory. No explicit computation is necessary to conclude that the LBK amplitude
has two universal terms that are independent of the hard source, it is a direct consequence of
the effective gauge symmetry.

7.2.1 General Assumptions and Basic Features

Having understood this we can begin with the derivation of the soft theorem at the Lagrangian
level. The assumptions are the same as in the previous explicit derivation in Section 3.6.1.
We are interested in a single soft-emission process, with only a single energetic particle in each
direction. Moreover, we consider for the radiative amplitude a coordinate system where each

reference vector nt' is aligned with its corresponding momentum such that p;; = 0 and
"
nk_
P = niPi—y - (7.2.2)

We want to derive the soft theorem directly from the Lagrangian. To this end, whenever we
manipulate the interaction vertex, we take it to be nested inside the relevant matrix element

(p, k| z’/d4x T {A™, £} 0) (7.2.3)
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i.e. inside the tree-level matrix element with single soft emission, no additional collinear emis-
sions, evaluated in the special reference frame where all external collinear particles satisfy
pi1 = 0. However, to safe space, we will not write down the matrix element explicitly, but
only manipulate the terms in £ under this assumption. Whenever we drop terms using this
understanding, we use the symbol Z. For example, we can write external p# = ni+p%, as all
other components vanish in our reference frame.

Furthermore, since we consider only a single collinear particle and no additional collinear
emissions in each direction, we can again set the collinear Wilson lines W, = 1 and do not need
to distinguish between the fields ¢. and the gauge-invariant building blocks ..

Since we employ the all-outgoing convention and want ¢, particles in the external states, one
can always view Xi as the external particle, where p; = 0 applies, while x. might get contracted
with the Lagrangian and can carry internal momenta.

Finally, let us formalise the discovery of the eikonal propagator in (3.6.23), which we call the
“universal contraction” from now on.! It is defined as

't

iln_ knax ( } \ mn 1
[t et B (o] E0), X(@) linoxe()] 0) = 5 = (7.2.4)

and precisely corresponds to the eikonal propagator. Note the additional factor in,d acting on

the x.(x) field. This is the position-space analogue of the propagator m];-; p , and ensures that

both n_z and 2/] do not act on this term, as

/ A 3R (ol 1 (0), xE () [ing Oxe()] |0) = O, (7.2.5)
[ dtweibntner ot (o] x1(0), i) linsOxc()] 0) = 0. (7.2.6)

This is most easily checked in momentum space, where the explicit x turn into derivatives with
respect to the momentum p.

Most of the following manipulations boil down to re-arranging the Lagrangian to yield this
manifest form of the universal contraction and applying all derivatives to the external state
x!, where the simple kinematics apply. This ensures that the factors of #; and n_z, which
correspond to derivatives with respect to momenta, only act on the non-radiative amplitude,
and not on the eikonal propagator, as we observe in the soft theorem.

7.2.2 The LBK Derivation

With all these notions and assumptions clarified, we can begin with manipulating the La-
grangians. For a single leg, there are three non-vanishing contributions to the soft-emission
amplitude, as computed in Section 3.6, corresponding to the time-ordered products

/d%T{A(O),c;O)} : (7.2.7)
/d%T{A(m,Lgf)} : (7.2.8)
/d%T{fl(l),Lg)} . (7.2.9)

The first one must give rise to the leading-power eikonal term, while the second and third one
must combine to yield the subleading term. This means that we also have to explicitly verify
that there is no O()\) contribution from £(1). The relevant scalar-gluon interaction terms in the
Lagrangian are given by (3.6.14) — (3.6.16).

!This universal contraction arises differently for fields of integer and half-integer spin, due to different normalisa-
tion of the kinetic terms. In theories with a single-derivative kinetic term, it follows directly from the effective
propagator.
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Leading-power Contribution

The leading-power contribution stems from the time-ordered product (3.6.6). In the Lagrangian,
the relevant interaction term reads
0 g . .

£ = In_Ay(z-) (olt2in, 0. — in  0plt°0. ) . (7.2.10)
Here, we first replace ¢. — x. and express the interaction in terms of the gauge-invariant
building block. This has an effect only on interactions featuring collinear gluons, so we can
neglect the additional contributions. Next, one integrates by parts in the second term to obtain
the universal contraction (7.2.4). one finds

Lo = gn_Agxitain+8Xc. (7.2.11)

eikonal

This immediately reproduces the leading-power term in the soft theorem (3.6.23). Written in
this form, the structure of this term becomes manifest. The eikonal propagator stems from the
universal contraction (7.2.4), and the numerator is a simple consequence of the minimal coupling
to the homogeneous background field n_Ag(z_) via the soft-covariant derivative n_Dg in the
effective theory.

Next-to-soft Term

For the next-to-soft term, we require the sub- and subsubleading Lagrangian interactions from
[,S) and £, which we write as

1
L0 = Zatl nyjant gFps (7.2.12)
£@ 2 @0 4 £ 4 £ (7.2.13)
with

1

L&Qa) — ixinggFlfua , (7.2.14)
1

ngb) = - nff nyjan” gF;t, (7.2.15)
1

£39 = Zaltwi,nyjon” tr ([Dg.gF, ] 1) - (7.2.16)

Here, we introduced the (linear) Noether current j* (3.4.6)
GP = xEtidt xe + [i0"xe]T 1% xe . (7.2.17)

First, we have to verify that [,S) does not contribute at O(\) via the time-ordered product

i/d4:n T{A© LD} 20. (7.2.18)

In the explicit computation (3.6.24), this term was proportional to p; and vanished as a conse-
quence of p; = 0.

Indeed, rewriting the Lagrangian ,c§<1) using integration by parts, one obtains

£§(1) =x! ain” gFying 0xe . (7.2.19)

Since the time time-ordered product with the AO current (7.2.18) does not contain any transverse
momenta, and the z | does not act on the universal contraction 7.2.6, one immediately finds that
this contribution must vanish. This agrees with the explicit result (3.6.24), where the derivative
of the eikonal propagator was evaluated explicitly.
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7.2 Scalar QCD

At the sub-subleading, or next-to-soft power, there are two possible contributions, from the
time-ordered products T{A©® ,ng)} and T{AW ,LQ)}, corresponding to (3.6.7) and (3.6.8).
These two terms must contribute very specifically to the soft theorem.

Notice that due to our choice of external momenta, the angular momentum in momentum
space simplifies to

| ) 9 1 v 0

ny n, N ping — + =N pin; , 7.2.20
4 1+ ""1— l+p’b Z*p? 2 ’L+p’l 7 — ale_“] ( )
which implies the position-space representation
L = glro¥l = 4nLrn I xng -0+ xin }n+ 0. (7.2.21)
P P
Next, observe that the L operator contains an explicit =, or equivalently %. Therefore,

it must hit a d; in order to yield a non-vanishing contribution. This implies that the mixed
transverse-longitudinal term must stem from £ as it contributes through the time-ordered
product (3.6.8) which contains 9 .

On the other hand, the longitudinal term L._ contains only n_x, or equivalently, ﬁ_w.
Therefore, it must appear in a combination that does not contain external p,, since these
cannot be eliminated.

In summary, we find that the longitudinal angular momentum L _ must be located inside L3,
where it contributes via (3.6.7), while the mixed-longitudinal term must be part of £ where
it appears via (3.6.8), since it requires the explicit 9, to yield a non-vanishing contribution.

Consider first 5&2) given in (7.2.14)—(7.2.16). Writing out the Noether current, we find

(2a) 1 Vo sa ATa<—> 2
LY = 5% LJa igky," | oit Ou, ¢c| - (7.2.22)
First, integrate by parts to have 9, act on the external cbi, where it can be dropped using the
kinematic assumption p;, = 0. This integration yields

1,
—ixin gF g xe (7.2.23)

£(2a) = [iaJ_,uXc]TmJ_ngch 2

X
and as anticipated the first term can be dropped since it is proportional to the external p; = 0.
Note that the second term also vanishes, since the antisymmetric £}, is contracted with the
symmetric 7/”. Thus we conclude

£ (z) 2 0. (7.2.24)
(2b)
For the second term, Ly, we have
£ = 1n aniyn” Zigky) oite BA 7.2.25
X 1 +n_tg 1y Ooe| (7.2.25)

First, we integrate n, 0 to obtain the universal contraction. This yields

1
Sixtnlin” gFg,xe (7.2.26)

1
£(2) _ EXI n_xznkn” gF;,in, Oxc + 2

X

where we notice that the first term already contains structures reminding of the longitudinal
angular momentum, contracted with the field-strength tensor. In fact, this first term

1
L’( b 5 2XngFS n_aznkn’ nidx. = XcngS LY xe, (7.2.27)
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7 Soft Theorems in the Lagrangian

is precisely the full longitudinal component of the angular momentum. This means that the
second term in (7.2.26) is left-over and must cancel in the end.

This is alleviated by looking at the contribution from C&Qc), which takes the form

1 ~ RPN
£§<2C) = inxipny [aplg S/JJ’i| |:¢j:tan+a¢c] . (7228)

First, we split the z/{ x 1p term into a traceless and a trace part, as

1 1
ahw, =2z, - xﬁ_&f_p] + §:E3_5ﬁt_p . (7.2.29)

2
Note that the traceless term cannot contribute if the external p; = 0, and it can be dropped.
This leaves us with

c 1 0t 1a 92
[:;2 ) — g7 {aﬁzg SW} |:¢it mﬁ%} . (7.2.30)

We would like to move the derivative away from the field-strength tensor, but this derivative
is evaluated before setting x = z_ in the field-strength tensor, and moving it requires one to
be very careful with the coordinate arguments. Therefore, we first employ the leading (linear)
gluon equation of motion?

~ 1 1
0=0"Fj, = 8“F8aw,+ —nyon FSW—i— n_onl Fg, (7.2.31)

to rewrite the transverse derivative as

~ 1
n” o Fg,, = —in nfin_0Fg,, (7.2.32)
where we used that n” n” F sy = 0 by symmetry. This yields
1 A .
ngc) = —Ean nkt [n dig SW} {qbitanJr aqbc] , (7.2.33)

and now the n_9d can be integrated by parts as usual, since the field-strength tensor is evaluated
at x_. This integration yields

ngc) = L —a%n” nkig SW<n 8¢Ttan+8¢c+ <Z>Ttan 8n+8¢c n_ 8n+8¢Tt“¢c n+8¢Tt“n 8gz§c)

16
~ 1 — a3 n’nkigF, (+¢Tt“n Oy Ope — ny Ot n_ 8(;5)
16 + s,ul/ + c + c
~ 1
& gxin’inizg s (gbct n_ 3n+8¢>c) , (7.2.34)

where we used that the external momentum n_p = 0, thus n_9¢' = 0 in the second line and
integrated by parts in the third line. Next, to simplify the n_9d, employ the leading-power
equation of motion of the collinear scalar field

n_on,0¢. = —02 ., (7.2.35)

to obtain

1
5;20) 8xJ_n n+zg S#V [¢Tta8J_¢c}

2 _%n nhighs,, (314 | (7.2.36)

2Using only the linear equation of motion is justified since we are not interested in higher-order terms in As,
which correspond to multi-gluon emission.
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7.2 Scalar QCD

where we integrated by parts the 6i as
292 _ 92,2 o
$L8L—6L$L+4al‘xL+4—4, (7237)

since 0, on the left of x| yields an external p; = 0.

Observe that the term (7.2.36) precisely cancels out the second term in (7.2.26). This is
the Lagrangian manifestation of the intricate cancellations we found in the previous calculation
when employing the on-shell conditions (3.6.36). In the Lagrangian version, these correspond
to the equations of motion of matter and gauge particles.

To conclude, we find that the sub-subleading Lagrangian can be written as

E(Q) Eg%ital = xln_z nlin” gF;, in 0x. = igFiVaxit“ LY xe. (7.2.38)

N =

and see that the sub-subleading Lagrangian precisely contains the longitudinal components of
the angular momentum operator.

Next, we investigate the subleading Lagrangian (7.2.12). At O()), it yielded a vanishing
contribution in the matrix element with the leading-power current, since one could set X | = 0.
However, at the next:to—soft order, this term now appears in the time-ordered product with the
subleading current A(), which contains 9, . This can lead to a non-vanishing contribution.

More precisely, the subleading Lagrangian is given by

LW = igFs st IV, ¢, (7.2.39)

and contains the transverse-longitudinal component of the angular momentum (7.2.21), with
explicit . There is a non-vanishing contribution in the time-ordered product when the trans-
verse derivative 9, in the subleading operator A() acts on this explicit | in the Lagrangian.
The contribution from T {A(l),ﬁg)} is given by

/d4x T E(l) = z/d4x T {/dt C’A1 )Zaj_XmXc {mJ_n ngl,} in+8xc}

kﬂgu(k)n[V 9
n_k B 8pLM

= —gt? A (7.2.40)

It is easiest to directly verify this step in momentum-space, following (3.6.43). However, this
result can also be understood intuitively. First, note that the derivative 0, corresponds to the
internal momentum p, which satisfies p; # 0. The explicit x; corresponds to a derivative with
respect to this internal momentum p, which is carried by the Fourier-transform of the scalar
Xe, of 01 and of the matching coefficient CA'. However, the 2, does not act on the universal
contraction in4 0., since it does not depend on p,;. Similarly, it does not act on CAl) since
this also only depends on n;4p. It can only act on &/, which yields simply df. Then, the time-
ordered product can be evaluated in standard fashion. Finally, identify the coefficient CA1# with
the derivative &A(l) of the non-radiative amplitude, using the explicit matching condition
(2.7.14)

AW = —plt CA (nyypr,. .. nnepN) .- (7.2.41)

This immediately yields (7.2.40). In conclusion, we find an operatorial statement also at the
next-to-soft order, as

‘AgZi = ZZ/C#CC T{A(1)7£§,1))(} —I—Z/d4ZE T A 7 ())rbltal}

- ZZ/d‘*x T { A Xt L igFxe, | - (7.2.42)

121



7 Soft Theorems in the Lagrangian

where in the second line, we combined the source and Lagrangian terms using (7.2.18) and
[d*z T{A(l),£§<2)} 2 0. The sum A© + A1 = A 4+ O(\?) corresponds the non-radiative
amplitude expanded up to order A. This result (7.2.42) is completely equivalent to the soft
theorem and can be viewed as a new result. The amplitude for a single soft-emission process
is completely captured by the time-ordered product of the non-radiative amplitude with the
Lagrangian interaction vertices.

7.3 Extension to Fermions

Next, we investigate how the derivation changes if one considers fermionic matter instead. This
is interesting for two reasons: first, the Lagrangian is linear in the derivatives, not quadratic as
the scalar one. This has implications for the propagator of the fermion field, and we will see that
the universal contraction from before (7.2.4) now simply corresponds to the normal propagator,
simplifying the derivation. Second, the LBK amplitude features the full angular momentum,
not just the orbital part. Therefore, one should also be able to identify how the spin term arises
in this Lagrangian discussion.

7.3.1 General Properties

For details regarding the power-counting, Lagrangian discussion and non-radiative matching, we
refer to the previous Section 3.7. We summarise the key insights of this section: The light-cone
reference vectors can be used to construct projection operators. Then, the full-theory spinor
field is split as ¥, = &. + 1., where &, satisfies

¢4¢+ gc = é‘c ; (7'3'1)

and 7). is subleading compared to &. Therefore, the effective theory only employs &. while 7, is
integrated out. The component &. has the universal contraction

oo i
+4 — (7.3.2)

1 I a—— \ _ in _
[zt G0, € T 10) =L 0)5E =20

which is the projection onto the &. component of the standard propagator. In addition, during
matching computations, the full-theory spinor %(p;) must be expanded as
— r3 P it
=& (pi)[1—=——"1|. 7.3.3
a(p) =&, (n) ( S (733
This is the effect of the subleading spinor 7., and leads to a modified RPI-relation for the Al
matching coefficient

ALk Y Tt 2nj_ 9 A0
(0 N 1) = |- == n N 1)
i T (niym N+PN) niips 2 j; nemy Onesp (n14p1 N+PN)
Al Al
= O} ghin(nip1, - nnipn) + Cf S (nagp1, - - nvipN) (7.3.4)

which now contains a spin-dependent term. This relation is highly relevant for the angular
momentum operator, analogous to the orbital part that was also critical in the scalar derivation.
We also perform this split for the subleading N-jet operator as
1) 4 A1)
AW = A8+ A (7.3.5)

o spin *

The actual computation now proceeds along very similar lines as in the scalar case. In par-
ticular, the leading-power term follows immediately, without any computation. Therefore, we
restrict our discussion to the next-to-soft term, which is the more interesting contribution.
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7.3 Extension to Fermions

Next-to-soft Term

The subleading Lagrangian takes the form [40]

e =g (0" W gFg, W) T/L;gc, (7.3.6)
E(Q) - fc (n zntn” W, gFSVI/V;L + a2t z) ,nY W, DY, gFjV]WJ) ¢2+£C (7.3.7)
s 1 ; 7i+
< lDL xJ_’YL chprWT+xJ_’yL WCgF I/WCT m+D zﬁL) 760

As before, we split the subsubleading Lagrangian as

£ 2, (hn” g3, 7;*&, (7.3.8)
Léz) A L?a) +£é2b) +£§2c) + [,?S), (7.3.9)

where the labels follow the scalar decomposition (7.2.12)

0= L i
0 = gatgry, L

(20 _ 1 s 7‘+ (7.3.10)
L 2§(n z)nln” gF, 50, -9.

2 1= v %
£ = S Ealtaion® DL gFy] e

In addition to these terms, fermions feature a new spin-dependent term

1
L) = €. gt iFy, 7@56 (7.3.11)
Here, the spin operator ¥, is decomposed in analogy to the orbital angular momentum (7.2.21)

into its light-cone components as

1 oo~ 1 , h 1
T = Z[7N77 ] = Z [7i)7L] + <_22+'Yf V]> + ( 4”%”11}) : (7312)
nv
= S -

Note that after £, a number of terms were dropped which vanish due to the projection property
(7.3.1) and the kinematics in the reference frame p/ = 0, similar to the terms in (7.2.21).

The derivation of the orbital part is completely analogous to the scalar case. One again finds
that £29 £ 0 after integration by parts, and that £ is already in the correct form and
contains the longitudinal part of the orbital angular momentum L, _ once it is evaluated in
a matrix element, similar to (7.2.38). However, there is one small difference compared to the
scalar case that is worth examining in more detail: the angular momentum term for the scalar
field comes in the form (7.2.38)

N | —

2 v ;
ﬁ(()rl)oital Xj; n-r nin—gij ZnJraXC - FS axlta Liy Xec s (7313)

where one can directly read off the angular momentum in the Lagrangian. In the fermionic
theory, however, (7.3.10) takes a different form

(20) _ 12 s Vi-i- _F s 7MY 1 %-‘,—
L 25 (n_z)nkn” gF}, 5 ——L& —fcngHVL+_m?£c, (7.3.14)
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7 Soft Theorems in the Lagrangian

and one notices that to identify L, _ directly, one needs to introduce an inverse derivative.
This is due to the different propagators and resulting universal contractions for the scalar and
spinor fields. Therefore, the angular momentum appearing in the LBK amplitude should not
be thought of in the same way as the charge appearing in the first term. It is not a “charge”
operator that appears in conjunction with the eikonal propagator. Rather, its appearance is
a consequence of the coupling to the antisymmetric field-strength tensor and the form of the
eikonal propagator, which combine into the orbital angular momentum. We will see below that
the spin part also manifestly appears in this “non-local” form.?

With this being said, note that £2%) already completely reproduces the orbital angular mo-
mentum stemming from the time-ordered product of £2) with 7(©). Therefore, let us investigate
what happens to £2¢), which was required for some cancellations in the scalar case. It is given
by

1—

One can completely follow the manipulations of the scalar counterpart (7.2.28). First, one
simplifies /] 2/ by splitting these into a traceless and a trace part (7.2.29), dropping the traceless
combination. Next, one employs the gluon equations of motion (7.2.31) to change 0, into
n_0 acting on the field-strength tensor. Finally, one integrates by part and uses the collinear
equations of motion to simplify the result. This culminates in

1
£ 2 i §cn i’ gFy, ——s 7i+ The, (7.3.16)
and one can see that this term precisely corresponds to the longitudinal components of the spin
operator Y, = —fn[f:n Yl contracted with the field-strength tensor.

The additional spin-dependent term £(25) (7.3.11) already contains the purely-transversal
components Y| of the spin term. Therefore, the subsubleading Lagrangian of a fermion can be
recast in the form

E( ) E(()r%mt + ﬁgpzn ’ (7317)
where
c® = igFs E.LM 7i+§ (7.3.18)
orbit purSceH4+—; ing o 2 cH
@) _ . s E v sy L ¢+
‘Cspin - ZgFuySc (EJ_ + EJ,— ) gc (7319)

Observe that the orbital part is completely analogous to the corresponding scalar term (up to
the different form of the universal contraction), while the fermion now features explicit spin-
dependent terms, where the spin operator ¥#*¥ is manifest.

Similar to the scalar case, the mixed transverse-longitudinal components are missing. For the
orbital part, these terms cannot stem from the time-ordered product with the leading-power
A(O), since these terms require explicit ;. The mixed transverse-longitudinal orbital part thus
follows from the Lagrangian Eél) (7.3.6) in combination with the orbital part of the Al current
(7.3.4) in the exact same fashion as in the scalar case (7.2.40), and the orbital angular momentum
terms arise as

/ dte T { AL £} +i / d'e T{A0), £ 4 )

X — 1
= i/d4gj T {Aorbit7 éc@Luyigijmgc} . (7320)

3Later, we consider a vector field that has a similar universal contraction to the scalar (7.2.4). Here, we will see
that both the orbital and spin part appear without non-locality like in the scalar case, due to the different
propagator structure.
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7.3 Extension to Fermions

The same is actually true for the spin-part: the transverse-longitudinal components vanish
when acting on &. due to the projection property (7.3.1), and must act on the subleading spinor
Ne to yield a non-vanishing result. To see this, first note that the leading-power term of the
amplitude A comes with external spinor &. Therefore, it inherits the projection property

(7.3.1), namely
ECM A0

£AO = (7.3.21)

Next, observe that the mixed transverse-longitudinal component 3"
projected out by this condition, since

‘4, as defined in (7.3.12), is

Zp,u ’¢’+7L7 %i%ﬂr%f
+ oy 2 4

= 0. (7.3.22)

Therefore, the component ¥| , cannot appear in combination with A(®). However, the sublead-
ing amplitude AW contains one term that is proportional to the subleading spinor 7., and since
this component has the opposite projection property

Py = (7.3.23)

the component Y| can appear in conjunction with AW if this other projection is present.
This term with the other projection property is precisely the term that stems from the spin-
term in the Al coefficient (7.3.4). We now show how the Lagrangian Eél) (7.3.6) gives rise to
the correct mixed-longitudinal terms in combination with the A1 matching coefficient. To this
end, we evaluate its time-ordered product with the spin-term of (7.3.4), where we find

1z ZEL@ A0 | ~ z (b v s 7L+ Zai Py a0
T{E I fcin+<5 2 C }_T{éc (xj_nng,ul/) 2 gcagc C

ayy { giFys &, zj” gc L ¢+ CAO} (7.3.24)

Note again that o 4 does not vanish due to the additional 9 in the contraction. This term is
the component of the full propagator that is proportional to the subleading spinor 7., and the
(1)

mixed transverse-longitudinal component is not projected out. In summary, Eg with the spin-

term of the Al-current (7.3.4) and c? (7.3.19) with the leading-power current then reproduce

spin

the full spin-term of the LBK amplitude as
i/d‘le{Ag;{n,ﬁg”} +i/d4xT {AO, &
[ 7/g+

N - , 1
= Z/d4$£c($) gFiu (Elj_Jr c§
= / d*zl, (x) giF}, S (

To rewrite this result, we identified the matching coefficient C4° with the non-radiative ampli-
tude 7.1.4, using the kinematics to drop the subleading contributions in terms that do not contain
derivatives acting on the amplitude. One can write the full 3#*¥ since the missing components
are projected out using (7.3.1) and (7.3.22). The term inside the bracket actually corresponds
to the full-spinor propagator, meaning that it contains components proportional to both the
leading & and subleading 7. spinor, due to the different position of n/ in both terms. After
one evaluates the matrix element, this is simply the standard eikonal propagator without any
projection operator, as one finds in the LBK theorem (1.1.9).

e oo, gc> ()

¢+ Loy
Eeor +m+625660) : (7.3.25)
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7.4 Extension to Vectorbosons

This section serves as a short summary of the derivation of the respective result for spin-1
fields. Here, aspects from both previous derivations, scalar as well as fermions, are relevant.
Namely, the universal contraction and generic form of the interactions look similar to the scalar
field, while the spin term arises in the same fashion as for the fermionic theory. This gives
an indication that the soft theorem can be derived for a generic spin-s field in a similar style
as for fermion and vector fields. In the following, we now consider a massive complex vector
field V#*, which forms some representation of SU(N), i.e. it couples to the gluon. This theory
should only be viewed as a convenient toy model, which is employed due to the strong formal
similarities to the scalar field considered before in Section 7.2, and should not be thought of as
a fundamental, UV complete theory. Most importantly, this vector field should come with its
own gauge symmetry to form a consistent theory. However, this gauge symmetry is not relevant
for the soft gluon emission, and it serves no purpose to construct the full consistent theory here.
Therefore, we assume that the theory is either gauge-fixed in some physical gauge, or that a
construction similar to the Wilson lines employed in the gauge-invariant building blocks (3.5.4)
is used, and we do not discuss the gauge symmetry further. One example of such a physical
gauge is light-cone gauge nyV, = 0. Such a choice is convenient since here, one manifestly finds
that the large component nyV, ~ 1 is not relevant for the operator basis, and the transverse
components V| scale as V.| ~ A like the matter fields ¢. and &. from before. In addition, the
missing component n_V, ~ A2 can be integrated out in the same fashion as the subleading
spinor 7. before, using the equation of motion

n_V, = _miaialavgl + 00V, (7.4.1)
Relevant for the following discussion is only the transformation of the vector field under the
action of the gauge group of the gluon. Therefore, in the following, we assume that the operator
basis employs the gauge-invariant building block V.. The result is completely equivalent to any
other physical gauge-fixing, and working with the building block means that one does not need
to fix a gauge in the Lagrangian. The vector field and the building block are then related to
linear order as

nyVe
Ve = Ve — 0 —-

g T (7.4.2)

7.4.1 Basics and Non-radiative Matching

For the non-radiative matching, we can directly transfer the results of the previous sections.
The leading-power matching (7.1.4) corresponds to

AD =2 (p1)...eh, (pn) AQor-an
= <p11 cee 7pN|A(O)|O>
g:lalL (pl) A gZNaNL (pN) / [dﬂN nilﬂl “ e njﬁN'BN (éAO) ei Zl ni+pi ti

B1...BNn
~k ~% a ﬂ (07 ﬂ A0
= Eerar, (P1) - Eeyan, (M) Y (C ),81.../3N '

This situation looks very different to the previous conditions since only the €, appears. It
is actually surprisingly similar to the fermionic matching condition, but now the projections
are more explicit. First note that the full-theory amplitude A carries the full polarisation
tensor &,, which has a full Lorentz index o« = 0,...,3. In the operator basis, however, one
employs the transverse components V.|, which are restricted to transverse components only.
The corresponding polarisation tensor is denoted by éc,q,, , and is determined from (7.4.2) as

nire(k)
nHk .

(7.4.3)

Eeins (k) =€y (k) = Ky, (7.4.4)
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This should be viewed in spirit as equivalent to the leading-power spinor polarisation, which
differs from the full-theory one (4.4.31) by the projection property (7.3.1). The polarisation
(7.4.4) is the full-theory polarisation projected onto the transverse components. In addition,
one absorbs the ne, polarisations in the same object. This does not affect the amplitude, since
it is in practice equivalent to a gauge transformation.

The stripped full-theory amplitude A%~ itself is now also a Lorentz tensor, which has
one index for each external vectorial leg. Since the matching coefficients correspond to the
(stripped) amplitude, they must receive the Lorentz indices as well, as we indicate by the brack-
ets. At leading order, all indices must be transverse, but at subleading order, the contributions
of n_V will contribute, as one can check explicitly in (7.4.7) below. Therefore, it is a useful
choice to not restrict the indices of the coefficients like C4° to be purely transverse. Instead,
we employ the convention that CA? carries a full Lorentz index, and the contraction with the
effective polarisation tensor £, leads to a restriction onto transverse components. In summary,
the leading-power matching again states that the (stripped) full-theory amplitude simply corre-
sponds to the leading-power matching coefficient

A0 _ 40
(c )51._,5N = As/ gy - (7.4.5)

For the subleading matching, one must be able to obtain the contributions due to n_V,, in the
same way as for the subleading spinor in the fermionic case. Using the equations of motion
(7.4.1), one can relate the polarisation vectors as

2
ni_éci(k) = —n +k‘ kJ_EclaJ_ s (746)

which is the analogue of the spinor relation (7.3.3). This condition then relates the subleading
matching coefficient to the leading-power one in the same way as in the fermionic case (7.3.4).
Namely, one finds

Al ULB “ 0
o [t
( 1 >,8151,BN nl+pl ;nLﬁz n;_ nji anz+pl

= (Cf:§n>ﬁ1...ﬁi..,,BN + (Cf&fbit)ﬁl..ﬁi...ﬁj\; ’

where one can again identify the orbital part, which is already present in the scalar coeflicient
(2.7.16), as well as a spin-part, which is due to the subleading polarisation tensor. Note that

the Lorentz structure should be read as (CAM) 101, Ve, where the first 1 is the one that
.

is contracted with the 0 L in the current. Like for the fermion (7.3.5), we split this subleading

(CAO)&..-m--ﬂN (7.4.7)

current into two terms Aorblt Ag;}n

Since the vector field has a quadratic kinetic term, like the scalar field, the universal con-
traction is similar to the scalar 7.2.4 and again contains the large derivative n, 0. We define it
as

— | . —ing
[tk g Vi, (0), VI (@) s Ves @) [0) = <5 p) o2 (7.4.8)

where we assumed Feynman gauge for the V. propagator for simplicity.

We now drastically simplify the notation by removing all Lorentz indices that will be con-
tracted with polarisation vectors. Only the ones relevant for the current constructions, e.g.
contractions of CA%9,, will be kept explicit, while we write {C’AO} AN 040 and under-
stand that this object is a rank N Lorentz tensor.
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7.4.2 Soft Theorem

The derivation of the soft theorem is now completely analogous to the scalar and fermionic case.
In order to shorten the Lagrangian expressions, it is convenient to introduce the (linear) Noether
current? as

g = [10aVE] tve = VB0,V + 2VE%i0° Vi — 2 [10°V] | £Vea (7.4.9)

Comparing this to the scalar current (7.2.17), note that there are two new terms, namely the
last two, which will contribute to the spin term. The first two terms give rise to the orbital
angular momentum just as in the scalar case.

To construct the Lagrangian, one can follow the procedure outlined in Section 3.4 and one
obtains [48]

Ly =0+ 20+ (7.4.10)
where the individual terms are given by
£ = 2t (OuVer — 0V (@PVE = 9°VE)) + Lom_ At 1 OP), (T411)
ES) _ %xi nijan’ gFse (7.4.12)
£ el g2 gl (7.4.13)

Here, we introduced the same Lagrangian decomposition as in the scalar and fermionic cases
(7.2.12), (7.2.13) and (7.3.8), (7.3.9), which read

1
LB = ST gFS (7.4.14)
1
Egb) Zn ol nyjan? gk, (7.4.15)
Egc) Zl‘LmLp Ny jon” tr ([Dg, gFfw} t“) . (7.4.16)

In the fermionic theory, there was an explicit spin-dependent term that contains X" in the
Lagrangian, which seems to be absent here. However, note that in both the scalar and fermionic
theory, we found £2%) £ 0, whereas in the vectorial theory this contribution is non-zero. Instead,
the spin-operator X#" hides in this term. For spin-1 representations, it is defined as

(Zuu)oﬁ — (nlwénVﬁ _ nﬂﬁnua) ) (7'4'17)
Therefore, we rewrite the term Ega) as
Ly 2 —igFp Vi Vg (¥ nd — nin") = —ig PRV Vs (21 (7.4.18)

Here, we integrated by parts and used the equations of motion as well as the transversality
condition 9, V# £ 0, and the spin-operator ¥ for the vectorial representation is decomposed in
the light-cone components as

Y]
~ n_
()P & it — mn e+ n Wi — flinIng 4 +4 (nonf —nonf) . (7.4.19)

(Z7)e?

(=P (BH )b

Note that this again only contains the transverse, mixed transverse-longitudinal and longitudinal
components, since all other components will drop out using our kinematic assumptions and
projection properties of the operator basis.

4Tt is enough to consider the linear current since we are interested in tree-level single soft emission processes.
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7.4 Extension to Vectorbosons

Next, we consider the term Egc), where we follow the same computation as for the respective

scalar (7.2.36) and fermionic case (7.3.16) to obtain
~ 1.
) 2 SIIFL VI Vi (7.4.20)

Like for the scalar case (7.3.16), this term cancels out a contribution in E%}b), and one finds for

the sum
o~ 1 . 1.
£ 4o 2 —5n-agFit (Vitoin 0ve) — Si9F:e (ViLeVey = Vilaeve ) . (7421)

Here, the first term has the same form as the respective orbital piece in the scalar derivation,
and it precisely yields the longitudinal component L, _ of the orbital angular momentum. The
second term can be further manipulated as

1 1
—y’gij (n_VCTt“nJFVC — n+VCTt“n_VC) = —En[f:n'ﬁ] (ngnﬁ - niné) Vc];t“%,gigFil,“
= —(2)PigFg VL Ves (7.4.22)

and contains the longitudinal part of the spin term. In summary, the subsubleading Lagrangian
takes the form

A~ 1 . . 12Ye% V \«
L) = = gnoanlin gFL (Vi ins0Ve) = igFii VL Vs (917 + (S1)°F) . (7.4.23)

The first term corresponds to the longitudinal part of the orbital angular momentum like in the
scalar case (7.2.38), while the second term explicitly contains the longitudinal and transverse
parts of the spin angular momentum, as in the fermionic case (7.3.18).

As in the previous discussions, the transverse-longitudinal terms are missing, since they must
come with the Al operator due to their kinematic and projection properties. To this end,

manipulate the subleading Lagrangian ,C&/l) to yield

Ly 2 —ahin? gFpeVittin OV — ign” By, (VI t'n, Ve — no Vieeves)

TRV c

= —x’inZgij‘chLt“in+8VCa, (7.4.24)

which now yields a non-vanishing time-ordered product with the Al current, which contains an
explicit 9, and n’ . Here, we dropped the second term in the first line of (7.4.24). It cannot

contribute in the time-ordered product T{fl(o), E%,l)} with the leading-power current, since this
comes with polarisation tensor €, and the contraction with n/, vanishes. Furthermore, it does
not contain an explicit =, so its time-ordered product with AW g proportional to p; = 0.
Therefore, one can neglect the second term.

The first term, on the other hand, has a striking resemblance to the scalar ES) (7.2.12)

and fermionic [,él) (7.3.8) results, and indeed the time-ordered product with the orbital piece

Ag%}it precisely reproduces the mixed transverse-longitudinal component of the orbital angular
momentum. The missing spin-term then arises similar to the fermionic result (7.3.24) from the

. A1) .
Spin-term Aépzn in the Al current.
In summary, one can recast the vector Lagrangian in the same form as the scalar and fermionic

one, as

‘CV = ‘Cl(ﬁ(i]r)letic + ‘C((e(i]lZonal + ‘Cg/l) + ‘Cc()%l):)it + Eif)zn ’ (7425)
where the individual terms correspond to
LY = —gn_A*n Vi i%in oV, (7.4.26)
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7 Soft Theorems in the Lagrangian

L) = —igFavise L ve (7.4.27)

£ = —igF Vi LA Ve (7.4.28)
2 . s a a 12N v\

cép)in - _ZgF;w ‘/cTat V::B ((Elj_ ) B + (Eif) B) . (7429)

This result has a striking formal resemblance to the fermionic result (7.3.18), (7.3.19).
Combining both contributions from the A0 and A1l currents, the subleading soft-emission term
is given by

i / d'z T {AG + A, £} + / deT{A", L8, + 2.}
y / d'e T{A,=VE, (n®P L + (397)0) igFs Vi (7.4.30)

and we recover the same structure as for the scalar (7.2.42) and fermionic (7.3.25) case. This
seems to suggest that this soft-theorem derivation at the operatorial level can be generalised in a
straightforward fashion to matter fields of arbitrary spin, simply by writing down the minimal-
coupling terms and performing the “linear SCET” construction, as we did for scalar, fermion
and vector fields. However, we will not pursue this idea further in the following.

7.5 Soft Graviton Theorem

As we have verified in gauge theory, the soft-emission interaction vertex in the Lagrangian can
be cast into a form that directly corresponds to the LBK amplitude, including the angular
momentum operator. We now wish to perform the analogous computation for the gravitational
Lagrangian, up to the next-to-next-to-soft order, i.e. the third term of the soft theorem.

The existence of three universal terms in gravity follows already from the soft gauge symmetry,
before performing any computations. Similar to gauge theory, the covariant derivative can be
eliminated by equations of motion [47,50], and the first valid soft-graviton building block is the
analogue of the field-strength, the Riemann tensor R" ap ™~ A, and thus there are three terms
that stem from the Lagrangian interaction. We will give an explicit derivation of all three terms,
including the next-to-next-to-soft one, and investigate in detail what the effective theory tells
us about the nature of these terms.

For a better comparison to the previous sections, we consider a complezr scalar field coupled
to gravity. This merely changes a few symmetry factors and normalisations in the Lagrangian,
but allows us to directly transfer the notation of the previous section, including the universal
contraction (7.2.4) as well as the non-radiative matching to this section.

Schematically, up to second order in the multipole expansion, the single soft-emission terms
in the Lagrangian take the form

1 1
£ = 5 nedxel n-0xe + 5 In-0xc] ndxe + |9, xd] 9" xe

7.5.1)
K K » 1 (
— Zs,#T‘H' ~-2 {8[“51,]_} (x —z )FTVT — gx‘ixﬁRZ_ﬁ_T++ + O(2?),
where T}, denotes the standard energy-momentum tensor
Ty = [auXC]T OuXe + [auXc]T 8uXc — Nuv [804XC]T 0”Xe - (7.5.2)

This version of the Lagrangian is not homogeneous in A, but it already resembles the form of
the soft theorem. As first observation, note that T#* contains a n4d that forms the universal
contraction (7.2.4). Therefore, the first two interaction terms in the second line of (7.5.1)
correspond to eikonal terms in the soft theorem. The first interaction term, proportional to
s,—0", is the one that corresponds to the leading term in the soft theorem

E'u_ p'u 7 y (753)
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7.5 Soft Graviton Theorem

and we note that the first p* corresponds to the coupling 0#, while the second np is due to the
universal contraction inside T#*. The polarisation tensor ¢, is the polarisation of s, (z_).

The second interaction term in (7.5.1) has a similar structure, but the “gauge field” is no
longer s, but rather Jj,;s,_, and the coupling is no longer to the momentum via THT, but to
the angular momentum density

TP = (. —x_)TP — (. — z_)PT" . (7.5.4)
This term corresponds to the subleading term of the soft theorem

nip
kpgu_g]puﬁ . (755)

Here, note that the first combination k,e,— can be viewed as the polarisation corresponding to
the gauge field J),s,)_. The angular momentum J#* appears as a generator, like the momentum
pt or the gauge-charge t* before, and the term comes with an eikonal propagator. Viewed
from this angle, one immediately realises that this term is structurally very different from the
subleading term in gauge theory. This was already anticipated in the classical derivation in
(1.1.19), since this term is not manifestly gauge-invariant. From the EFT, we see that this term
is simply the eikonal emission term for the second, independent gauge field 9, s,)_. Similar to
gauge theory, we will find that in the special reference frame, this term counts as O()\2).

Let us stress that these first two terms should be viewed as the analogue of the eikonal term
in gauge theory, since these terms can be traced back to the two independent gauge fields in the
gravitational covariant derivative.

In the subsubleading Lagrangian, there are a number of Riemann tensor terms, similar to the
field-strength tensor terms in the subleading QCD Lagrangian. These terms yield the next-to-

neX‘—l() S()ﬂ ‘erm
=& k k' J J ’
2 pvhpho -k )

(7.5.6)

which counts as O(A\*). In this term, we will find that one factor J** corresponds to the charge,
while the second angular momentum arises in the same way as in the subleading term in QCD:
In the following, we give an explicit derivation of these observations. The derivation proceeds in
the same way as in the gauge-theory section (7.2). We again consider the terms order-by-order
in the power-counting and manipulate the Lagrangian to yield the desired form.

However, since we are now interested in the next-to-next-to soft order, we require the non-
radiative matching in one order higher. The relevant A2-operator contains two transverse deriva-
tives®

A2ur g e
‘]322;5 :z8ﬁzﬁuxj.(tmi+), (7.5.7)

and simply corresponds to the second term of the Taylor expansion of the non-radiative ampli-

tude )
0
ot (2 )

7.5.8
apﬁﬁpﬁ ( )

pf:ni_,_pi nf_ /2
After identifying all matching coefficients with the respective terms in the Taylor series, one can
write the expansion of the non-radiative amplitude as

A=C¥nyp) +pl CLL(nyp) +pl P} Gl (nyp) + O(N?) (7.5.9)

1, pv

Furthermore, we require the fully expanded form of the Lagrangian, where each term is
homogeneous in A. In this form, the SCET gravity Lagrangian corresponds to a power-series [47]

L= Ekinetic + AC(O) + E(l) + 5(2) + £(3) + £(4) 5 (7510)
2
5Note that n_ 0 does not appear in the operator basis, since it can be expressed in terms of 8, vian_9 = — nafa'

131



7 Soft Theorems in the Lagrangian

where the single-soft emission terms are given by

0 — —gsJTH’ (7.5.11)
K K y
r _ZS*HJ_T#L-F -3 [6[M8V1_] nah Ty (7.5.12)
2) _ K v K v
£ — -5 {a[usy]_} ah T, — I [8[M3V}_} n‘_f_n_n_x Ty
1, B K
— ngxﬁ_RafﬁfT-‘r-i— — §S+_ T+_ s (7513)

1 1
£ — _gq;ﬁ‘_n_wnﬁRgfﬁfT_%_k 24371_9%3_371_ [3 R:_ B ] .

1 ) } 1
— = {8[“51,],] nfn_zTH — 3 {8[#81,],} din T, — ga:J_:EJ_RaHLB T . (7.5.14)

1 1
LW = ——(n_z)? Ry | T\, — —x9n_ :ETLE_SUL [8 Ri_5- }T++

32 Y
L o s 1 o8
48IL‘L$LTL xn’] {0 Ry _5- } Ty, — %xixLx’ixi [@,&,R‘;_ﬁ_} Ty

1
- E:U‘in_:rni(RzMﬁ_ + R, o )T

1 1
163@1{3@ {8 Ry, 5 } ", — ng_mLRauJ_,BVJ_TMJ—VL

1 (6% S
+ ExJ—xf-Ra‘i’B*T'i__ . (7515)

7.5.1 Leading-power Term

The leading-power term stems from T' {AZO), £§<0)

}, and can be read off directly from the La-
grangian after a single integration by parts to write the term proportional to the universal
contraction (7.2.4). It reads

0 K
ﬁéilional = ZS—— XJcrn-i-an—l-aXc . (7516)

It is instructive to compare this leading-power Lagrangian to the gauge-theory result (7.2.11),
where one sees that the colour generator t* is now replaced by a derivative ny0, while the
second n40 is the one that corresponds to the universal contraction. Here we already see a
manifestation of the colour-kinematics duality [37,65,60], as the leading-power Lagrangians can
be obtained by replacing gt® — kn, 0 in the Lagrangian. The operatorial statement then reads

md = z/d4x T A© Eg?lzonal} (7.5.17)
= i/d4xT{A 7_%X(T: 3__in+8in+8xc} . (7.5.18)

This expression yields the leading eikonal term, where ny0ds__(x_) corresponds to e__np in
the soft theorem since the derivative only acts on the collinear field x..

7.5.2 Next-to-soft Term

Next, we consider the subleading-power terms. First, note that there is no contribution at O(\).

1)

To see this, observe that the subleading Lagrangian E& takes the form

K K
£ _ — 55 [0 xe) " ndxe — 1 [%sy]_} 2 n” [nydxc] nidxe, (7.5.19)

after integration by parts. For the time-ordered product with the leading-power current, one
then finds
T {A‘O), £<1>} 29, (7.5.20)

X
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7.5 Soft Graviton Theorem

since it depends on external p; = 0.
The subleading term of the soft theorem at next-to-soft order reads
ke (k) pHk,L7P

5 — A, (7.5.21)

and it must be reproduced by the two time-ordered products

/ Az T {A<O>, cg)} : (7.5.22)
/ d'z T {AM, L} (7.5.23)

Here, the angular momentum is the orbital piece which is given explicitly in (7.2.21).
Like in gauge theory (7.2.12), we decompose the Lagrangian into similar structures as

K
£ = — Ousu— = Oysu] o’} ([aixcﬂ ny0xe + [n0xc]’ 3ixc) : (7.5.24)
£(20) — _g [050—] ngfnz}n_x [n10xe) ny dxe, (7.5.25)
1
£(20) — _Z'Ccixf_RZ*ﬁ* [n+8XC]T ny0xe, (7.5.26)
K
£2d) — 15 105 xe]T 0L axe. (7.5.27)

As before, £(29) vanishes on-shell. Observe that after integration by parts, one can set external
p1 = 0 and finds

N K v N
L8022 |9s- | xlnoxe 2 0, (7.5.28)

since the symmetric 7, is contracted with antisymmetric 9,s,)_.

The next term £2Y) is already in the right form and one can identify the longitudinal com-
ponent of the orbital angular momentum

~ K K ~
L£2b) 2 3 [0p50-] n[fnljxi [nyon_axnidx.) = 3 [Opusu—] XiL’f_n.,.@xc. (7.5.29)
We will comment on the peculiar structure of this term below.

The next term, £2¢9) can be manipulated using the same steps as in gauge theory. First, we
decompose the two x| using (7.2.29) and drop the traceless term. This yields

~ 1
£ 2 _gxinj“_ﬁRsa_ﬁ_ [0t noxe. (7.5.30)
Note that while we write the Riemann tensor here, the relevant contribution is only the term
linear in s,,. Next, note that one can rewrite niﬁ RSCU_ g - = nO‘fBRsa_ 5 and then use the
leading-power, sourceless equation of motion R° _ = 0 to find that this term vanishes. In
the amplitude, this is equivalent to using the transverse-traceless condition for the polarisation
tensor g,,,.
In summary, one finds for the subleading Lagrangians £(!) and £®?)

-
ch 2 g [Opsu—] XELEY iy Oxe, (7.5.31)

.&
L3 2 g [Os-] XEL n4 Oxe (7.5.32)

where the orbital angular momentum is given in (7.2.21), and we defined the left-acting version

as
«— —

L;w = 8[u:1;,,] s (7533)
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7 Soft Theorems in the Lagrangian

with the convention Xgu = —[0ux]. Observe that LY appears in the combination nidn_uz,
i.e. as an operator acting to the left on the external field. One can interpret this term as a
minimal coupling of the gauge field J,s,)_ to the angular momentum L}” , which appears with
the universal contraction (7.2.4) to yield another eikonal term. It does not appear in the same
combination as in gauge-theory (7.2.13), where the angular momentum contained a part of the
eikonal contraction. Instead, the angular momentum really appears as an analogue of the colour
generator t* and mimics the structure of the eikonal term. This is another manifestation of the
two independent gauge fields in SCET gravity — one encounters two eikonal terms in the soft
theorem.
Using these results, the operatorial statement of the subleading term then corresponds to

f«?d = z/d4mT E(l) +z/d4$T A( ) Lgl)oital}

= /d4a: T {A, §XEL’“’ [Ousu—] in+8xc} . (7.5.34)

7.5.3 Sub-subleading / Next-to-next-to-soft Term

At the sub-subleading order, we first have to consider a possible contribution at O(A3), which
does not exist in the soft theorem in the special reference frame where p; = 0. Such a term
would stem from either T { A, £®)} T {AW £y T {A® LD} or T{A®), £}, However,
it is easy to see that all these contributions are proportional to p; = 0, and thus vanish.
Therefore, we can proceed to the discussion of the O(\*) contribution, where the sub-subleading

term reads

K €y (k)kpky LPF LY

— A

4 p-k
First, there is a notational subtlety: In the final on-shell amplitude, the angular momentum
operators are taken to act only on the amplitude and not on each other [32]. Therefore, it is
useful to define a left- and right-acting angular momentum operator as

— = — —
L,L,s= (G[Mmp]) (33[,,80}) . (7.5.36)

This will turn out to be the Lagrangian equivalent of angular momenta that only act on the am-
plitude. Decomposing this operator into its light-cone components, one finds four non-vanishing
terms

(7.5.35)

ST el v ol [, pl v ol
LHPLY? = 16nf:npn+n ny 8n xn_ xn+8+4x”n T n_n 8n+8
1 v o v o
+§nLLnJ a:[f p]n On_xn, 0+ Sn[“ n’ a:[Ln,]nJrf)n_xnjLa. (7.5.37)

These terms must appear in the Lagrangian, or in combinations of Lagrangian and subleading
currents. Next, we want to relate the expression in the amplitude (7.5.35) to the Riemann tensor
and the angular momentum operators. The linear part of the Riemann tensor reads

K
havs = 3 (kvkagus + kukgeva — kakgenw — kukueag) + O(E?), (7.5.38)
and one can use this to rewrite the polarisation tensor contracted with the angular momenta as
B ()R Ly Loy = — L RS d(n_z)?nsd — RS ozt 9
kel (k) opLoy = —g G _ny0(n_z)*nyo — B -n 0z’ nozny
QRZ y_n4 0zt 2 nyd. (7.5.39)

In this contraction, only three independent contributions remain, and we can distinguish them
from their explicit z-dependence. This dependence allows us to determine from which time-
ordered products the individual contributions arise:
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7.5 Soft Graviton Theorem

« The first term contains (n_z)?, and contains no explicit =; . Therefore, any time-ordered
product that comes with 9, will vanish due to p; = 0. It must stem from T{A(O) ,£(4)},
and therefore this first term must be part of £(4).

e The second term contains one x| . Therefore, it must appear in combination with one 0
in the current, otherwise, it yields a vanishing contribution. The second term can only
contribute through T{AM , £®3)} and thus it must be part of £5).

e The third term contains two factors of x|, and therefore it must come in combination
with precisely two transverse derivatives 9, to yield a non-vanishing contribution. It must
stem from T{A® , £?}, and thus appear in £,

In the subsequent explicit computation, we show how these terms arise in £4) to £2). To make
the derivation more accessible, we already introduce the result, so the reader knows what to
expect. We will find that the Lagrangians can be recast as

2

‘C(()erital RS pﬂuXTLa# Lﬁ 14 Xe» (7540)
3 1

ﬁc()rl)oital 2Rau6uXcLa# LBV (7541)

£ = fRS tphe P 7.5.42
orbital — u,BVXc +—Ly Xes ( 0. )

and therefore that also the sub-subleading term can be cast into an operatorial statement
A4 2 i/d4:c T A(2>,£<2) +i/d4x T A(l),ﬁf’)} +¢/d4xT{A<0>,£§4)}
= z/d4x T {.A XZL“”LO‘fBRMaV/BXC}
Ay / dix T{A XTL”“LO‘BRSWﬁXC} : (7.5.43)

To get the last line, we made use of on-shell properties and equations of motion following [32]
to bring the angular momentum operators in the standard form.

Contribution from 7 {A©)  £®4)}

We split the Lagrangian £*) (7.5.15) into 5 different pieces, labelled by £49) through £A4) | and
discuss these pieces separately.
The first term reads

1
£l — — 15 (- 2)?R_,_ [nydxe nydxe, (7.5.44)
and this term is already the correct contribution to the longitudinal-longitudinal piece of the
sub-subleading term. Therefore, we must show in the following that all remaining terms of the
Lagrangian £*) cancel out or vanish when p; = 0.
The second piece £*) is given by

1
b
L) = 12$ln xngmj_ [8 Ry 5 } [0 x| 04 xe

1

24:1:lx’in xnk {8 Ry 5 } [0 xe) 04 xe - (7.5.45)
Again we decompose the two factors of x| and drop the traceless combination. Next, we use
O'R;,_,,_ = 0 as well as the property 2202 =4+ ... to rewrite the first piece as

1
Sirin- x[@O‘LRZL +— }[3+Xc]T3+Xc

1
—n_ xnixlxl [8 Ry _5_ }[6+XC]T8+XC— o1

12
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1
= 5 win_ x{aaRZ 4 8_Ri,+,} [0 xe) D4 xe
1 1
= @n 2 [0-Ry—— ][8+XC]T a+Xc=—&n TRy [3+Xc]T[3—3+Xc]
1 1
= 483%” vRy i [0yx] {3@(4 = Tg"-TRe—1- 04 xe] Xe (7.5.46)

Doing the same for the second term yields

1
—afain_z {&rR } [0 xc]T 0 xe =

1
Y ——a2n_x[0,R°_][0ix) Oixe =0. (7.5.47)

48

Note that this term vanishes since the leading-power sourceless equation of motion reads R® _ =
0. In summary, the first piece £*?) contributes as

~ 1 s
£ 2 En_xR+_+_ [01xe]" xe . (7.5.48)

The third part £49) is defined as
1
L) = 48$i$i$ﬂﬁ {8 05 Ro_ 5 } [n40xe]" ng-Oxe . (7.5.49)
We now decompose the four factors of x| as
1 g (e
et o] 2 ool (7 + 007 + nion’), (7.5.50)
where we already dropped all non-contributing terms. This 24 term contributes as
210t 2644+ (012 ...). (7.5.51)

In addition, we require the scalar equation of motion

_OXe & ——Exe- 7.5.52
n-0Xc n+aXc ( )
Then, £49) simplifies to
~ 1

£l & Tl hixe. (7.5.53)

The fourth term £(49 is chosen to be

1 S S

LU = —éxin,xnﬁ(RaMﬁ_ + Riu 0-) ([a’“XC]T O4Xe + [n40xc] é7’”)@) . (7.5.54)

Note that the first term in the bracket yields a vanishing contribution once p/] = 0 is employed.
The second term must be integrated by parts and reads

1
£4d) _ — R [n0xe xe (7.5.55)

which cancels the contribution (7.5.48) from £*?). The fifth term £(*¢) reads

1 S
£le) — 12%%7& "R®, v, 5 [ny0xe]  n_dxe. (7.5.56)

Here, after decomposing the two factors of x|, using the scalar equations of motion and per-
forming an integration by parts, one obtains

~ 1
Ll 2 _ERi—ﬁ-—XiXm (7.5.57)
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7.5 Soft Graviton Theorem

which cancels the term (7.5.53) in £ Finally, the remaining terms are denoted by £*/) and
are given by

1
£(4f) - _Exixﬁxi [&/Rz;u_ﬂ*} ([aHJ—Xc]T n-l-aXc + [n-l—aXc]T a‘“‘)ﬁ:)

1 1
— et Ry oy, 10Xl 0 xe et Re g [0, 0 x

1
+ ExﬁxﬁR%% 5100, x)T 0" xe - (7.5.58)

First note that the last three terms in (7.5.58) are proportional to p; = 0, and thus yield no
contribution. The first term is also vanishing. One can see this by performing integration by
parts and decomposing the remaining x| tensor structures. In short, one finds

LU 29, (7.5.59)

In summary, the time-ordered product T’ {A(O) ,£(4)} is completely determined by the first term
£4) (7.5.44), where one finds

A® > i/d4x T {A(O) , %Xln+8 ((n_a;)ZRﬁr+n+8Xc)} . (7.5.60)

Contribution from 7 { A1) £®)}

The next term £®) (7.5.14) must contribute via T {/l(l) ,L®)} to yield a non-vanishing contri-
bution. Here, A1) contains one transverse derivative. This time, we decompose the Lagrangian
into three pieces.

The first part

1
£B) = —Eacin_:cnﬁRfl_ﬁ_ [n4+0xc]’ niOxe, (7.5.61)

is already in the right form compared to the second term of (7.5.39). We have to verify that all
remaining terms cancel out. The second part is defined as

1 14 S
£ = —Exixﬁa@ [&,Ra_ﬁ_] [n+6xc]T nyOXe
1 (6% S
- ngxﬁRaMﬁ_ ([8’“XC]T nyOxe + [n0xe)’ 8‘“)@) , (7.5.62)

and it does not contribute to the time-ordered product. For the first term, one finds

1 ~ 1
- Excjfixi [&/Rz_ﬁ—} CAhu [TL+@XC]T [8MJ_TL+8XC] i j——ﬂL—CALBL [n+8Xc]T Xe s

6
(7.5.63)
while the second one enters as
1 ~ 1
- gxﬁxﬁRgM 5 CAPL [ Oy )T [0 0Pt y] & gRi_a_cAlw neoxel xe,  (7.5.64)

and both contributions cancel out. In short, £(3?) = 0. All remaining terms in £3) are easily
seen to vanish when setting p; = 0. To summarise, £ has only one non-vanishing term
(7.5.61) which contributes as

N A 1
AW i/d,4x T {_,4(1) ’ 4X1n+8(azinmniR;_ﬂ_n+XC)} . (7.5.65)
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7 Soft Theorems in the Lagrangian

Contribution from 7 { A  £()}

Finally, we consider £(2), which can only contribute via T' {fi@) ,LP)Y where A® contains two
transverse derivatives. There is only one non-vanishing contribution in £ (7.5.13), namely

1
£ = —gxi:vﬁRz_ﬁ_ [01xe]T 8 xe - (7.5.66)

This term contains two factors of x|, which are eaten by the two transverse derivatives in A®).
All other terms in £?) give a vanishing contribution once one sets p; = 0.

In summary, by using only equations of motion, integration by parts and the reference frame
where p; = 0, the single soft-emission Lagrangian terms simplify drastically and yield the simple
contributions

2 1 =

E(()rzaital = ZRZuBVXZLiiLﬁchv (7567)
3 1 —

L) s = §RZM5VX1LCI’1L§”_XC (7.5.68)
4 1 «

L8 = ZRZWVXZLia—Llf_Xc- (7.5.69)

To summarise, we have explicitly derived an operatorial version of the soft theorem that
includes all three terms in gravity. The key insight of this derivation is that in gravity, there
are two eikonal terms (7.5.18) and (7.5.34) instead of the single eikonal term encountered in
gauge theory (7.2.11). These two terms can be traced back directly to the two soft gauge fields
Sa—(z-) and J|48g—(z—) which form the soft-covariant derivative in the effective theory. The
first gauge field so—(z_) couples to the momentum P*, and its gauge symmetry is related to
the local translations along the collinear light-cone. The second one, 9,85 —(7-), couples to
the angular momentum density of the scalar field, and its gauge transformation corresponds to
local Lorentz transformations evaluated on the light-cone.

Similar to gauge theory, this covariant derivative is directly responsible for the eikonal terms.
Therefore, there are now two eikonal terms in the soft theorem. The first one takes the form

n4p

fhr 7.5.70
et (7.5.70)

eu—p"
and the explicit momentum p* appears instead of the gauge generator t*. The second gauge
field 9,8 (z-) couples to the angular momentum density of the scalar field. This results in
the second eikonal term explicitly containing the angular momentum as

ke TP % . (7.5.71)
Here, one notices that the first term is precisely the polarisation corresponding to the gauge
field ﬁ[as[g]_(:ﬁ,), while the angular momentum J*¥ appears instead of the generator t*.

This also explains why the first two terms of the soft theorem are not manifestly gauge-
invariant by themselves. The eikonal term in gauge theory requires charge conservation. In
gravity, the analogue of charge conservation is momentum and angular momentum conservation
for the first and second gauge field, respectively. Therefore, the first term in the soft theorem is
gauge-invariant only after momentum conservation is imposed, and likewise for the second term.

Besides this covariant derivative, the remaining soft-collinear interactions are expressed via
the (gauge-invariant) Riemann tensor and its derivatives, evaluated at x_. The first term cor-
responds to the well-known coupling to the quadrupole moment. The Riemann tensor is also
the first possible soft gauge-invariant building block that can be used in the operator basis.
However, it contains two derivatives, one more than the field-strength tensor, and is therefore
suppressed by another power in the soft momentum. In the soft theorem, this manifests itself in
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the existence of a third, sub-subleading term, which can be expressed in terms of the Riemann
tensor due to the quadrupole interaction in the Lagrangian. This third term corresponds to the
second term in gauge theory, which stems from the dipole interaction. There are no further uni-
versal terms since the operators that contain a soft Riemann tensor can carry process-dependent
matching coefficients, i.e. they are not determined by matching to the non-radiative amplitude.

As a final remark, note that the two factors of angular momenta that appear in the sub-
subleading soft theorem have a different origin. One factor arises due to the coupling in the
Lagrangian, where the angular momentum density appears. The other factor is related to the
symmetries of the Riemann tensor and the eikonal propagator, in a similar fashion to the angular
momentum that appears in the subleading term in gauge theory due to the symmetries of F}j,.
Therefore, the form of all three terms of the gravitational soft theorem (as well as the two terms
in gauge theory) can be directly linked to the properties and structure of the soft-collinear
effective theory.

7.6 Loop Corrections to the Soft Theorem

While the soft theorem holds true for a generic non-radiative amplitude, it is only valid if the
soft emission is a tree-level process. For gauge theory, already the leading-order eikonal term
is affected by loop corrections. The gravitational corrections, however, have a very peculiar
form [33]: The leading term is not modified by loop corrections. The subleading term only
receives one-loop corrections, and the sub-subleading term is only affected by one- and two-loop
contributions. Higher-loop contributions cannot affect the soft theorem.

This was first observed in [33], where amplitude techniques were used to derive this result.
Since we now have access to the full soft-collinear effective theory of gravity, which in particular
describes soft and collinear loops to any order, it is an interesting question if the effective theory
provides any further insights into this curious feature. We shall see in the following that these
loop corrections are an immediate consequence of the power-counting in the effective theory.
This discussion is based on [48] and the upcoming [67].

In SCET, the loop corrections can arise from three different regions of loop momenta, the hard,
soft and collinear regions. Since the hard modes are already integrated out, these contributions
are part of the matching coefficients cX (t;) and thus of the non-radiative amplitude. Therefore,
a hard loop never affects the soft theorem and we can restrict our discussion to soft and collinear
loops, arising from the modes that are described by the effective Lagrangian.

There are two major differences between gravity and gauge-theory in both the soft and
collinear sector [47], and can ultimately be traced back to the fact that both the purely-collinear
as well as the purely-soft theory are equivalent to the full theory, which is a weak-field expansion
with dimensionful coupling.

i) There are no leading-power interactions in the purely-collinear sector. This is related to
the fact that the A expansion precisely corresponds to the weak-field expansion and causes
the absence of collinear divergences. The first purely-collinear graviton-interaction appears

at O(N).

i1) There are no leading-power interactions in the purely-soft sector. The weak-field expansion
agrees with the A\? expansion, and the first purely-soft interaction vertices start at O(\?).

Intuitively, this corresponds to the fact that collinear gravity is expanded in collinear momenta
p1 ~ A, while soft gravity is expanded in soft momenta ks ~ A?. Only soft-collinear interactions
exist at leading-power, mediated through the soft-covariant derivative. These leading-power
interactions are eikonal, and one can make use of soft exponentiation [1].
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7 Soft Theorems in the Lagrangian

Figure 7.2: Diagram classes providing collinear one-loop corrections to the soft emission process.
The loop must be attached either to the leg by collinear interactions, or to the
hard vertex by adding a collinear building block. Collinear interaction vertices and
building blocks are suppressed by at least O()), resulting in a suppression of A\? for
each collinear loop.

Collinear Loops

We begin with the collinear sector. First, recall that there are no interactions between different
collinear sectors. Therefore, it is enough to consider loop corrections to a single i-collinear
leg. There are two ways to add such a collinear loop to the soft-emission process, depicted in
Fig. 7.2. One can connect both ends of the loop to the i-collinear leg, or one can attach one
end to the leg, and one leg to the hard source.® In the first case, both ends must be connected
by a purely-collinear vertex, which is suppressed at least by O()). Alternatively, one can make
use of higher-point graviton vertex, but these also come with higher A-suppression, since the
order in h agrees with the order in A. In the second case, one must add another i-collinear
building block to the N-jet operator. These building blocks start at O(\) with the transverse
graviton b | . In addition, to connect the leg to the external line, one must again use a collinear
vertex. Therefore, such a process is also suppressed at least by O(A?). To summarise, a collinear
one-loop contribution must be suppressed by at least O(A?), and therefore it cannot modify the
leading-power term. It can, however, affect the subleading term. This discussion generalises
in a straightforward fashion to two loops and further. Ultimately, each added collinear loop
comes with a suppressing factor of O(A?). In conclusion, the leading term can never be affected
by collinear loops the subleading term is collinear 1-loop exact and the sub-subleading term is
collinear 2-loop exact.

Soft Loops

Next, consider adding soft loops. These soft loops are more complicated since here the theory
contains a leading-power soft-collinear interaction. A soft loop can either be attached to a single
collinear leg, or it can connect two different legs. This connection can happen at O(\°) using the

51f one attaches the collinear loop to the external soft graviton, the new intermediate graviton is a collinear one
and situation is the same as the first type.

140



7.6 Loop Corrections to the Soft Theorem

Di

pj

Figure 7.3: A soft loop connecting two different collinear legs. If the external legs are on-shell,
the integral is scaleless and vanishes.

leading-power vertex. However, all these contributions vanish unless the soft graviton is directly
connected to the soft graviton in the loop via a purely-soft interaction, which suppresses the
process by O(A\?).” This is because of the eikonal interactions in the effective theory. Due to the
light-front multipole expansion, soft momenta k* in soft-collinear interactions always appear as
n;—k—5~ in the momentum-conserving J-function and yield the eikonal propagators of collinear
fields. For a soft loop connected to two different collinear legs, as depicted in Fig. 7.3, the

contribution schematically takes the form

d?l 1 1 1
I . 7.6.1
> / (271’)de2 + nijypini—l + 30 p? —njypinj_l +1i0 1240 ( )

If the external legs are on-shell (like for the soft theorem), we can further simplify p% = p? =0

and find ;
d*l 1 1 1
I x / - - - 7.6.2
(2m)@ 12 4+ 0 n;—l +i0n;_1 +i0’ ( )
which is a scaleless integral, and thus the contribution vanishes in dimensional regularisation.
Now consider adding the soft emission to one of the collinear legs. There are two correspond-
ing diagrams, one where the graviton is emitted before the loop, and one after, the first two
diagrams in Fig. 7.4. The sum of both contributions factorises using the eikonal identities, and
we can always consider the graviton outside of the loop, in the sense that the external graviton
momentum k only appears in one external eikonal propagator as

1 1
n;_l + 0 - ni—(l+k)+i0"

(7.6.3)

However, from this object, one cannot form a soft invariant, and the loop integral (7.6.2) remains
scaleless even if k is present in a collinear propagator.
Only if the full soft momentum is injected into the loop integral (7.6.2) as

dl 1 1 1
I .6.4
O(/(Qw)d (I+k)2+i0n;—l +i0n;_1+i0’ (7.64)

one finds that the contribution is no longer scaleless and thus non-vanishing in general.® This
is the third type of diagram in Fig. 7.4. However, this requires a purely-soft vertex, since only
in these vertices one has full soft-momentum conservation 6 (I# 4+ k* + ...).

"A similar discussion of soft loops in gauge theory can be found in the Appendix of [68].
80ne can form a soft invariant as (n;—k)(n;_k) (nitnjs).
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Di Di Di
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Figure 7.4: Diagram classes containing soft loops that contribute to the soft-emission process at
one-loop order. The first two diagrams appear at leading power in A. Due to the
multipole expansion, these interactions factorise using the eikonal identities. The
loop is scaleless and vanishes. The third type of diagram is non-vanishing since the
soft momentum £k is injected directly into the soft loop. This requires a purely-soft
vertex which gives at least A? suppression.

Di Di Di
by by by

Figure 7.5: Examples of soft two-loop diagrams. The first type is relevant if the vertices con-
necting to the collinear legs are O(A\°) or O(A). In this case, one can use eikonal
identities to see that the loops are scaleless and vanish. The same is true for the
second type of diagrams. In the third class, all loops are connected to the soft emis-
sion via purely-soft vertices, either directly as depicted here, or via multiple vertices.
This type of diagram is non-vanishing but suppressed by at least \%.

In conclusion, to find a non-vanishing contribution, the soft graviton must be connected to
the soft graviton in the loop via a purely-soft interaction. Therefore, soft one-loop corrections
cannot affect the leading-term of the soft theorem, but they can modify the subleading one.

Soft Two-loop Contribution

Next, let us proceed to two-loop corrections. For collinear two-loop contributions, we can use
the previous argument to see that they must come with at least O(\*) suppression. Moreover,
we do not need to consider mixed soft-collinear loops, since collinear loops are always at least
O()\?) suppressed, and a soft one-loop contribution is also suppressed by O(A?).

Therefore, it remains to check the purely-soft two-loop corrections. There are a number of
different topologies that can contribute, as depicted in Fig. 7.5.

The simplest one is the situation where the loops are connected to the soft emission by two
purely-soft vertices, or by a purely-soft four-point vertex. These contributions are suppressed by
O(\*) due to the soft power-counting, and such corrections can only modify the sub-subleading
factor as we claim. No further argument is needed.
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7.6 Loop Corrections to the Soft Theorem

Therefore, the more interesting situation arises when the loops are connected to the energetic
lines using the leading-power interactions, as this is a two-loop correction that naively scales
only as O(A\?). These interactions are eikonal, and we can again use the eikonal identities to
argue that the loops factorise into a soft loop without soft emission, and a soft loop with soft
emission. More precisely, when summing over all permutations of these diagrams, we find that
the amplitude for soft graviton emission is multiplied by a factor corresponding to the eikonal
factor [1]

Ao T (8 22 (7.6.5)

PN &9 g tie) o
This is soft exponentiation at work. In this factor (7.6.5), we now take one of the momenta as
the emitted graviton, while the others are connected into loops. Due to this factorisation, the
soft loops cannot depend on the external momentum &k and are scaleless.

The next dangerous topology arises when the soft loops do not couple via the leading-power
interaction but via the O(\)-interaction from £(1). This can in principle yield a contribution that
modifies the subleading factor at two-loop order. First, note that the interactions in LY come
either with a single p, or a single 2, . Therefore, by choosing a frame where p/j = 0, one can
eliminate all single-insertions of such vertices. Consequently, one must use the vertex twice to
construct an invariant object. This is now O()\?) suppressed. If the second loop comes only with
leading-power interactions, we can construct a two-loop contribution that scales as @(A\?). This
takes the form of the first two diagrams in Fig. 7.5, where two leading-power vertices are replaced
by £(1). However, an explicit computation shows that for this two-graviton emission, summing
over all permutation again yields eikonal propagators, even for the subleading interaction vertex.
Therefore, the two loops again factorise and become scaleless.

In summary, any purely-soft loop is scaleless and vanishes unless the external soft momentum
is injected directly into the loop, i.e. unless all soft loops are connected by purely-soft interaction
vertices. Each such interaction vertex gives O(A?) suppression, and therefore each soft loop, if
non-vanishing, comes effectively with a power-suppression by A2.

Therefore, adding a loop, regardless if soft or collinear, always amounts to a suppression by
at least O(A\2?). This implies that the leading term is not modified by loop corrections, while the
subleading term is one-loop exact, and the sub-subleading term is two-loop exact, as claimed in
the beginning of the section.

The argumentation solely relied on the EFT power-counting, which provides the suppression
of the interaction vertices, as well as the multipole expansion, which is responsible for the eikonal
propagators that were paramount in the previous discussion.
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Scalar Field in deSitter Space-time

In this final section, we consider a different application of the EFT methodology, by investigating
the physics of a light (or massless) scalar field in deSitter space-time.

While QFT in Minkowski space is well-understood, and even infrared divergences pose no
conceptual problems anymore, the situation in deSitter space is quite different. This seems
surprising at first, since deSitter space is one of the maximally-symmetric space-times, and
one would naively expect that this is the simplest possible generalisation of flat-space QFT.
However, for light and massless fields, the correlation functions computed in deSitter space-time
suffer from large secular divergences at late times. Moreover, for free, massless scalar fields, a
deSitter-invariant vacuum state cannot be defined [69].

This section aims to be self-contained, so we provide a brief discussion of the properties of
deSitter space and a scalar field in this space-time. This is by now standard textbook material,
and we refer for details to the excellent [70-72]. Throughout this section, we employ the in-in
formalism when computing correlation functions, we mainly follow [73].

8.1 Basic Definitions and Mode Functions

DeSitter space is one of the maximally-symmetric Lorentzian manifolds. It corresponds to a
standard Friedmann-Lemaitre-Robertson-Walker (FLRW) space-time with positive spatial cur-
vature, and it arises naturally as the vacuum solution of the Einstein field equations with a
positive cosmological constant.

In planar coordinates, the metric tensor is defined via the line-element

ds? = dt? — a®(t)dz? = a®(n)(dn? — dx?), (8.1.1)

where t denotes proper time, 7 is conformal time and the scale factor a is expressed in terms of
the (constant) Hubble parameter H as

Ht
a(t)=¢€"", a(n) = o (8.1.2)
It is important to note that with this definition, the time coordinate has the standard range
t € (—00,00), while conformal time is negative, n € (—00,0]. In addition, note that this set of
coordinates only covers half of the deSitter space-time. However, this is enough for our purposes.
The half that is covered corresponds to the region between the big bang at ¢ = —oo and any
future point in time. The other half of the space-time would correspond to the region before the
big bang, passing through a singularity. This region is not of physical interest to us.
Next, consider a free, massive, minimally-coupled scalar field in deSitter space-time. The
action is given by (4.3.1) and reads

1
Sold] = 5 /d4x V=9 (9" 0u0 0,6 — m*¢?) . (8.1.3)
Inserting the metric tensor (8.1.1), one obtains for the free action
R ST ('21 ,222)
Sole) = 5 [ d'wat(e) (6 2 (00 =) (8.1.4)
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8 Scalar Field in deSitter Space-time

where ¢ = 9,¢. The free equation of motion reads

2

. . "
¢+ 3Hop — QQEt)¢+m2¢:O’ (8.1.5)

and differs from the flat-space equation by the friction term 3H .
In FLRW space-times, it is convenient to work in conformal time and introduce a redefined
scalar field x(n, ) as

_ x(n,z)
o(n,x) = o) (8.1.6)

Expressed in terms of this field, the free action (8.1.4) reads

Solx] = ;/d:ga: dn (aux oMy — (m2 - 2H2> a2(n)X2) , (8.1.7)

and is formally equivalent to a free scalar field in flat space which has a time-dependent effective
mass term

m2e(n) = m® — 2(a(n) H)?. (8.1.8)

Super-horizon and Sub-horizon Modes

At this point, one can make an interesting observation: deSitter space comes with a physical
scale d ~ %, related to the space-time curvature R = 12H?2. This scale can be used to define
two regions of momenta. The first one, k |n| > 1 is called sub-horizon. Modes in this region have
short wavelengths k — oo or are evaluated at early times || — oo, and can be thought of as the
analogue to the hard region of momenta. Since the physical wavelength of these modes is shorter
than the curvature scale, these modes should not be affected by the gravitational background.

Indeed, inserting the redefined field x in the equation of motion (8.1.5), one finds

1 m?
1+ (en)? <H2—2>] xe =0. (8.1.9)

For the limit & |n| — oo, one can drop the second term in the square bracket and the equation

Xk + K

simplifies to
Xk +k*xk = 0. (8.1.10)

This is solved by standard plane-wave solutions xz ~ €*7, and no trace of the gravitational
background can be found.

The second region k |n| < 1 is called super-horizon. These modes capture the long-wavelength
k — 0 or late-time 7 — 0 behaviour, and their evolution is strongly affected by the gravitational
background. It is more convenient to work in terms of the original field ¢g(t), where the equation
of motion (8.1.5) for k — 0 reads

br + 3Hdy, +m2p=0. (8.1.11)
Inserting the ansatz
3
Pk (t) = (aH) "2 op(t), (8.1.12)
the equation of motion becomes
e+ 2 v+ (12— 2+ ™) o = 0 (8.1.13)
P P 1T | e =0 1.

The parameter v is determined to be

(8.1.14)

146



8.1 Basic Definitions and Mode Functions

and the equation of motion for the residual field ¢ simply reads
G+ 2HvoR =0, (8.1.15)

i.e. one finds that ¢k (t) = @k is constant at leading power. For the case of a light mass, E—; < %,
note that the solution with +v decays more slowly than the one with —v as time increases. The
modes are usually called “growing” (4+v) and “decaying” (—v), and the growing mode is the one
that dominates any late-time correlator.

Field Quantisation

The field quantisation now proceeds along very similar lines to the flat-space analogue. First,
3

one introduces a spatial mode decomposition x(n,z) = [ %Xk(ﬁ): then one determines the

mode functions yg(7n) from the equation of motion. For deSitter space, the respective mode

functions are given by

xx(n) = \/k nl (Ardy(k n]) + BiY,(knl)) (8.1.16)

where k = |k| and v is given in (8.1.14). The functions J,(x) and Y, (z) are the Bessel functions
of the first and second kind, respectively, and the parameters Ay, B are determined by the
choice of a vacuum. In the following, we employ the standard Bunch-Davies vacuum [74],
which is defined by the condition that in the infinite past n — —oo, the mode functions should
approximate the flat-space modes as

. _ 1 ikn
7711}1_1100 xk(n) = We . (8.1.17)
This fixes the coefficients A, By, and one finds
TN
i) = Y Ok, (8118

2
where H? (x) is the Hankel function of the second kind
HP (2) = J,(x) — iY, (2). (8.1.19)

For the original scalar field ¢(n, ), the mode functions correspond to

e = I ) — %, G ) = YT B . (8.1.20)

Of particular interest is the massless scalar field, where v = % Here, the mode functions take

the simple form
Lo ikpnlin ( i )
Xk(n) = —=¢ 1———]. 8.1.21
) V2 k|| ( )

Next, one introduces creation and annihilation operators a};, ag, as

d*k ik-x —ik-x | * 1
o(t, x) = OO (e*mor(t)ar + e * gy (t)al,) | (8.1.22)
and imposes the equal-time canonical commutation relations
b(t,@),w(ty)) = 0P (@ —y), [6(t),0(ty)] = [r(t.@),7(ty)] =0,  (81.23)
from which the commutation relations of the creation and annihilation operators follow
{ap,ail} = 2m)36®(p—q), [ap,aq] = [aL,aJ{]] =0. (8.1.24)
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Using the mode expansion and the commutation relations, one can compute the two-point
function (also called the Wightman function) G*(z, 2’) analytically for generic v as

3
GJF(.II,{L’/): \/T/WW / dk zk(wfm’)HlEQ)(k|nDH£2)*(k|n/’)

2 l — _is)2 2
_ H 2 JF, —|—y + ol (An —ig)® — Az
167 cos v 2 2 4nn’

(8.1.25)

in terms of the hypergeometric function 2 Fi(a, b; ¢; z). However, a problem arises for the massless
ﬁeld here, as v — g, the hypergeometric function is finite and 9F; — 1, but the factor
conmy — 00, and thus the Wightman function is not well-defined.

This divergence can be traced back to the long-wavelength modes. Recall that the massless
mode functions (8.1.21) contain a term that is singular as k|n| — 0. In the computation of

G (z,2’), this manifests itself as

3
Gt (z,2) = ,/ |77 1/”'77 / d ’f pik-(@=a) ;~ik(|n|—[n’)

| (8.1.26)
9%k ( knl + klnl + k2|an I>

The last term in the integral leads to a logarithmic divergence, and thus the two-point function is
ill-defined. This signals that the massless, minimally coupled field, without any self-interactions,
does not have a deSitter-invariant vacuum state [69].

This seems to be disconcerting news at first. However, there are hints that a scalar field with
self-interaction dynamically cures this pathological behaviour [75-79]. For example, turning on
a A¢*-interaction seems to generate a dynamical mass m? ~ v AH?2, proportional to v/A. This
indicates a non-perturbative effect.

8.2 IR Dynamics of deSitter: Approaches

The infrared structure and the dynamics of light and massless scalar field in deSitter space have
been studied in great detail, and multiple promising approaches have been identified [75-95].
These approaches provide key insights into the physics of super-horizon modes. In the following,
we try to familiarise ourselves with the underlying concepts of two such approaches in detail,
the stochastic inflation [75,76] and the Euclidean deSitter theory [77,78].

8.2.1 Stochastic Inflation

The most prevalent approach is the framework of stochastic inflation [75,76]. The main idea is
to treat the long-wavelength part, the super-horizon modes, as a classical stochastic field that
is susceptible to a noise term due to the effects of sub-horizon modes. We follow [76] for the
general derivation.

Consider a scalar field ¢ with action

S = / dPa /=g ( 0,60" — V(¢)> (8.2.1)

where V(¢) is some potential, later taken to be %qﬁ‘l, defined in D = d + 1 dimensions.

We want to consider the long-wavelength (super-horizon) modes as a coarse-grained stochastic
variable which is sourced by the short-wavelength modes. These UV modes are taken to satisfy
a Gaussian noise term. This is achieved by splitting the field as

o(t,x) = o(t,x) + 0o(t, x) (8.2.2)
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8.2 IR Dynamics of deSitter: Approaches

d
= o(t,z) + / (;lﬁk)d 0(k — ca(t) H) (dr(H)ane™™ + ¢j(Hafe ™) . (8.2.3)

Here, ¢ < 1 and ¢(t, ) corresponds to the long-wavelength part. The short-wavelength modes
are split-off and treated as a perturbation d¢ (¢, ). The sub-horizon modes ¢ (t) are assumed
to satisfy the free massless equation of motion

Ok(t) + 3Hp(t) + QT()%(U =0, (8.2.4)
which, in turn, generates purely Gaussian correlators.
From the equation of motion ¢ + V' (¢) = 0, where ’ denotes the derivative with respect to
¢, and neglecting second time-derivatives as well as gradient terms of ¢, one obtains a Langevin
equation for the long-wavelength part

.. k2
t

Bt w) = 5 V'(@) + (t,2), (5.2
where f(t,x) is given by
d . .
F(t, @) = ca(t)H? / (;iw];dé(k — ca(t)H) (¢ (t)are ™ + g} (taje ™) . (8.2.6)
This term is a Gaussian noise term and satisfies
3
() =0, (fta)f(,a) = Tgit—1). (827)

One can rescale the field and potential to rewrite the Langevin equation (8.2.5) as
o+V' =¢, (8.2.8)
where & now satisfies (£(¢)&(t')) = 0(t —t'). The associated Fokker-Planck (FP) equation [96,97]
for the one-point probability distribution function (PDF) P(¢p,t) reads
2

B P(p,t) = 8?0 V() P(o, )] + aizp(% ). (8.2.9)

This FP equation (8.2.9) can further be reduced to an eigenvalue problem. To see this, one
introduces the reduced PDF

P(p,t) = e Wp(p,1), (8.2.10)
where the equilibrium solution e~V(#) is factorised. Inserting (8.2.10) in (8.2.9), one obtains
d 1
5P 1) = 58up(p, 1) = W(p)p(e, 1), (8.2.11)

with the “potential” W(p) = 1 (V'())* — A,V (¢)). Here, A, = 8‘9—;2. By introducing a mode
decomposition

oo
po,t) = Y an®y(p)e trt7t0) (8.2.12)
n=0
one can equivalently formulate (8.2.11) as an eigenvalue equation
1
- §A¥,<I>n +Wo, =A,P,. (8.2.13)
The A, are the so-called relaxation eigenvalues. Note that the equilibrium solution, satisfying
0
oy Peal) =0, (8.2.14)
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8 Scalar Field in deSitter Space-time

always exists (for any sensible potential) and has the corresponding eigenvalue Ay = 0. The other
eigenvalues A,, for n > 1 are positive. Thus any probability distribution P(p,t) approaches the
equilibrium solution Peq(¢) as t — oo.

For the specific case of the quartic interaction V(p) = %@4, one finds, after re-introducing all
constants, the equilibrium solution

1
2 212N\ 222t
P, = — - . 2.1
a(#) HP(i)( 3 ) eXp[ 3HA (8.2.15)

The other relaxation eigenvalues A, for n > 1 cannot be obtained analytically and must be
computed numerically.

The equal-time, equal-position two-point function of a massless mode in the soft limit can
then be computed using the equilibrium solution as

- 2 ar2a\1 oo 272 3 I'(3) H?
@) = e <3> | deetenn <—3H4>: vy (8210

and one notices that this is a well-defined two-point function. The massless scalar field dynami-
cally generates a mass term due to the self-interaction. However, the two-point function depends
not on A but v/A. This signals a non-perturbative origin of this dynamic mass term.

The key insight is that the pathological infrared behaviour is cured dynamically, in a non-
perturbative fashion. In this formalism, it is possible to define a two-point function, which now
contains a dynamic mass term, and correspondingly there is a deSitter-invariant vacuum state.

The main shortcoming of this approach is that the introduction of the stochastic noise term,
which, in EFT terms, should be an effect of integrating out hard modes, is rather ad-hoc, and
there is no consistent way to extend this discussion to higher powers beyond the white-noise
approximation. This calls for more systematic frameworks.

8.2.2 Euclidean deSitter

The generation of the dynamic mass term is a non-perturbative effect that arises due to the
dynamics of the soft modes. This notion can be made precise in Euclidean deSitter space, which
was first observed in [77] and later investigated systematically also at subleading order in [78].
For the O(N) model in the large- N limit, additional results and insights are available in [86-89].
The main difference to the Lorentzian counterpart is that the Euclidean version is a compact
space-time. This implies that the mode decomposition is not continuous but discrete, with
each mode carrying a quantised momentum. In particular, there is only a single zero mode.
Physically, this means that the infinite pile-up of soft modes is not possible. In the following, we
provide a quick introduction and show how the dynamic mass generation arises in this approach,
then discuss the main problems that still persist.
Lorentzian deSitter space in global coordinates is characterised by the line-element

1
ds* = dt* — jie cosh?(Ht)dQ3_, . (8.2.17)

To reach the Euclidean counterpart, one substitutes

t= —% (0 - g) : (8.2.18)

where 6 is an angular variable and taken to be 27i/H-periodic, which results in

b

2 _
ds® = 72

(d6? + sin®(0)d023_, ) . (8.2.19)

150



8.2 IR Dynamics of deSitter: Approaches

This is simply the metric of a sphere of radius 1/H, and thus it is a compact space-time.
Therefore, the mode expansion is discrete. Specifically, a scalar field defined on this sphere can
be expanded as

z) =Y ¢rYr(z), (8.2.20)
L

where L = (L,Lg_1,...,L1) are the generalised angular momentum eigenvalues, Yz, are the
hyperspherical harmonics [98,99], and we order the eigenvalues as L > Lg_1 > --- > Loy > |Ly|.
The sum over L is defined as

Z Z Z i Z : (8.2.21)

L=0L4_1=0 Lo=0L1=—Ls

The action of the scalar field takes the form (8.1.3)
S = / dz\/g ( 9" 8,60, 6 + —(;52 + !¢4> : (8.2.22)
with corresponding equations of motion

\;gaﬂ (V99" 0, 8] + m2¢* + %&’ =0. (8.2.23)

Next, note that the hyperspherical harmonics are the eigenfunctions of the hyperspherical Lapla-
cian, satisfying

— 0, [\/99" 0, YL ()] = —H?L(L +d — 1)Yg(2), (8.2.24)
and are normalised as 1
» A%/ Yi(2)Yy (z) = FadLL- (8.2.25)

Inserting the mode decomposition (8.2.20) as well as (8.2.24), (8.2.25), one finds for the action

ZH L(L+d—1)+m?

S[6] = 5°06) + Sld] = -

62|+ Siurlol (8.2.26)
L

The two-point function follows from its standard derivation and reads [78]

_ I Dlo@)ly) S _ HYy,(2)YE (y)
W@oW) == pgje—" = ; H2L(L+d - f) Y m?

(8.2.27)

One can perform the sum over L to precisely recover the Wick-rotated version of (8.1.25)
[78,100]. In the massless limit m — 0, the two-point function diverges, as expected. One can
immediately see that this is due to the contribution of the zero mode ¢y = ¢, while any other
mode with L # 0 yields a finite contribution. It was observed by [77] that the zero mode must
be treated non-perturbatively. Namely, for a massless scalar field with quartic self-interaction,
the zero mode becomes strongly coupled and one needs to take into account an infinite number
of diagrams involving the zero mode at each order in the perturbative expansion. However, the
merit of Euclidean deSitter is that such a treatment is in fact possible. In [78], a systematic
framework was developed, which we introduce in the following.

The key insight is that the zero-mode interaction term A¢* should be treated as part of the
“free” action in the path integral. Since the zero mode i is constant, one can perform these integra-
tions analytically. Then, one finds that ¢ is of order A~ 4 a clear indication of a non-perturbative
effect. This counting gives rise to a new perturbative expansion that is now organised in powers
of V/\, as one also finds in the stochastic approach [75,76].
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8 Scalar Field in deSitter Space-time

More precisely, one decomposes the field as

$(x) = o+ d(x), (8.2.28)

where ¢ is the (constant) zero mode and ¢(z) are the modes with non-zero L. Next, one
explicitly treats the ¢ self-interaction as part of the free action, i.e. one replaces the naive free
action in (8.2.26) by

Sol¢] = Ap* Yol + > L(L+d —1) ]M? . (8.2.29)
L£0

The generating functional then takes the form

ZJo,J = exp (—Smt L;jo 5(?]]) ZolJo)Z]J] (8.2.30)
where the interaction terms consist of
Sl 8] = 5 /ddxf 6+ 490" + 60%07) . (8.2.31)
It is convenient to introduce the short-hand notations
A= % . Jo= Vo, (8.2.32)

where Vj is the finite volume of the compact Euclidean deSitter space. It can be computed as

d+1
2

— d _
The zero-mode generating functional only consists of the ¢ interaction term and the source and
can be computed analytically as

Zol o] = NO/D exp[ /d%[( S¢ —I—Jogpg)}

4

= §/ dsoexp( Aot —JosO)
4

13 Js F(%)JO 53 Ji
=oFy (5,50 | + F 8.2.34
’ 2<2 4 256)\> 1 4727 256X (8.2:34)

[

Again let us stress that the self-interaction term Ap* in the zero-mode generating functional is
not expanded, and is thus treated non-perturbatively.
For the non-zero mode, one finds the more conventional generating functional

S / Do exp[ / dda:f( Wamaymm)]
—exp( [tz [ty \[o(@19w) @) Gl ) I0)) (8.2.35)

where Gfree denotes the non-zero mode propagator.
With this non-perturbative treatment of the zero mode, one can again compute the two-point
function. Now, one finds

_ HYR HYy (2)Y; (y)
(P(x)o(y)) = D | HQL(LHlimeQ,

3
(1)

(8.2.36)
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8.3 Method of Regions in deSitter Space

and in the massless limit this becomes finite, as

J}Ln(](qﬁ(x)(ﬁ(y» = W : (8.2.37)

This corresponds to a dynamical mass term

oI
dyn F(%) T1 4' )

(8.2.38)

which depends on v\, as was observed in the stochastic approach.

The main advantage of this formalism is that it is cast in the language of a standard QFT,
and, once the zero-mode is treated non-perturbatively, any object of interest has a well-defined
perturbative expansion in v\, so the results can be extended to any desired order. However,
the form of the perturbative expansion is not yet suited to obtain the results of stochastic
inflation. In general, an infinite number of diagrams must be resummed to all orders to recover
the non-perturbative results, like the two-point function of stochastic inflation. In the large-N
limit, this problem is circumvented by the expansion in %, which allows one to perform these
resummations [86-89]. For the case N = 1, however, it remains unclear how a systematic
resummation can be performed [101].

8.2.3 Schrodinger Formalism

A rather orthogonal approach [79] relies on the Schrodinger formalism of QFT [102-104]. In
this approach, one splits the field into a long-wavelength and a short-wavelength part similar
to the stochastic approach. This approach mimics the Euclidean approach in so far as the
long-wavelength modes are to be treated non-perturbatively The advantage of this framework is
that one can consistently compute higher-order corrections to the stochastic approach, and NLO
corrections to the Fokker-Planck equation were computed for the first time in this formalism [79],
and were verified by two independent computations using a hybrid open EFT [91,92] and Soft
deSitter Effective Theory [94,95]. However, the formalism is quite non-standard and it is not
a traditional effective field theory. In particular, the non-perturbative treatment of the long-
wavelength modes using wave-functional methods is very different from an EFT that treats the
soft modes. In addition, it requires a multitude of expansion parameters and this causes the
construction to seem somewhat ad-hoc.

8.3 Method of Regions in deSitter Space

It is clear that the pathological behaviour of the massless scalar field is due to the soft super-
horizon modes and their accumulation at late times. Ideally, if one is able to construct an
effective theory that describes the dynamics of these super-horizon modes, this effective theory
should also provide a way to directly obtain the previous results like the stochastic equation of
motion or the non-perturbative dynamical mass.

Therefore, we now approach this problem with the standard EFT mindset. Modern effective
theories, like SCET discussed earlier, rely on the fact that one can separate the contributions
of different modes to a scattering amplitude using the method of regions [51]. The effective
Lagrangian then describes the dynamics of modes that form only a part of these regions, while
the contributions due to other regions (usually the hard one) must arise from additional objects
that are fixed through a matching computation. A first step in this direction is to investigate
if the method of regions holds for correlators in deSitter space, and if the full-theory result is
completely reproduced by the sum of super- and sub-horizon contributions.
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8 Scalar Field in deSitter Space-time

As a simple example, we consider a self-interacting A¢* theory, and more specifically the
late-time limit aH — oo of the tree-level trispectrum (¢(k1)d(ke)o(ks)p(ks)), which can be
computed as

(0(k1)(k2)b(ks)b (k) = i / dty &’z a*(t) (|o" (@, 11), 6(R1) .. (k)| ), (83.1)

where all fields ¢(k) are evaluated at time ¢ and we have already split off the momentum-
conserving d-function (27)36®) (3 k;) from the correlator.

For the tree-level computation, one can directly employ the massless mode functions using
(8.1.20) or (8.1.21), which take the form

H
2k

o(k,n) = (1 — ikn)e™ . (8.3.2)

2

The trispectrum is then given by

AH* " dn' ik 1
= I ike (n—' (1+ ik 1 —ik;n , 8.3.3
(1. 04) 8(k1k2k‘3k4)3/ (n')* . [6 ]1_[1 k) iks) ( )

and is readily computed to be [94]

T (ke kokska)?

1 k1 koksk 1
3 ot z MiRv2R3M 243
(E k; ) <log +’YE+3 2) ™ gkt

+2 ) kikjk + kt (Zkz Zkikj)] , (8.3.4)

1<j<l 1<j

where we defined the total momentum k; = ki + ko + k3 + k4, used n = —# and dropped terms
that vanish in the soft limit aH — oo.

We now want to reproduce this result using the method of regions [51] applied to the time
integral. The basic procedure works as follows: we split the time integral [ dn’ by introducing
a cut-off A as

K / / A / K / /
/OO dn' f(n',m) :/Oo dmf(n,n)Jr/A dn'f(n',m) . (8.3.5)

The first integral corresponds to the “hard” region, where k|n'| ~ 1 and should arise due to
the sub-horizon modes. The second integral lies in the “soft” region and should contain the
contributions of the super-horizon modes. Therefore, we now perform the respective expansions
of the integrands. Since we take the soft limit of the external momenta, the function f(n’,n)
should be expanded in the soft limit k|| — O for both integrals, and we keep only the leading
terms.

In the first integral, one should use the asymptotic behaviour f(n',n) as k|n'| — oo, which
corresponds to the sub-horizon modes. In the second integral, i’ is soft, so one performs the
same soft expansion of f(n',n) as for n previously. If the integrands are then homogeneous, one
can drop the explicit cut-off A and integrate over the entire range by introducing an analytic
regulator. This procedure of introducing an analytic regulator instead of an explicit A is justified
since adding the missing range of integration corresponds to a scaleless integral, which vanishes
when regulating analytically. However, now the previously finite integrals become divergent.
In the first integral, this leads to an infrared divergence, while the second integral will become
ultraviolet divergent. In the final result — the sum of both terms — these divergences must cancel
out and, if no other regions are present, one should recover the full result (8.3.4). We now verify
this explicitly.
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8.3 Method of Regions in deSitter Space

Hard Region

First, we consider the hard region of the trispectrum (8.3.3). We take the late-time limit for the
external variable 7, as k;n — 0 for all k, and expand. For the 7/ integration, we are interested
in the region k;n’ ~ 1, effectively setting n — 0 for the integration limit. This introduces
a divergence as 77 — 0, which we regulate using an analytic requlator « in the r/-integral.
Namely, we replace

/ndn’(— ' —>/ d' (=) (=) (8.3.6)

where we introduced the factorisation scale ji = pe¥®. The correlator (8.3.3) is then modified as

(¢ ®4)] = /\7[{4'&204 /0 dinlhn e~k giken' ﬁ(l +ik;n)(1 — ik“nl)
1.-- hard 8(k1k2k3k4)3 (_77/)4—204 et J J
(8.3.7)
The products inside the integral are evaluated as
[1 —ikin') =1 —in'ke — (') ?a+i(')*b+ (0)’c, (8.3.8)
J
[1( +ikjn) = 1+ ik — n’a — in*b +n'c, (8.3.9)
J
where we introduced
a=> kikj, b= > kikjki, c=kikoksky. (8.3.10)
i<j i<j<l
Keeping only the leading order for n — 0, and evaluating the time-integral using
0 .
/ dzz=%*® = —(—ik)*'T'(1 —a), (8.3.11)
one finds
~2a/ d77 —4+2a zkm (1 _ i?’]/k't _ (77,)261 + Z(n/)?)b_'_ (77,)46)
= —i? (( ik)372 (D(=3 4 2a) + (=2 + 2a)) — a(—ik:) 72T (=1 + 2a)
+ ib(—iky) 20T (2a) + ;:) (8.3.12)
t
Expanding the I'-functions in I for a — 0 yields
I = —p*|ik}(1 — 2a1n k) (1 ! +4> +iaki (1 — 2aln ky) (—1+ —1)
- ‘ Y\6a 3" "9 g Y\ 2a TP
. 1 ic
+ib(1 — 2cvIn ky) ( - 7E> + — |+ O(a). (8.3.13)
2 k?t
Since only the imaginary part enters the result, this simplifies to
oa (1 1 4
ImI = 2 (3]@? — aky + b) (_204 +1Ink: + 7E> — <9kt ak: + kt) (8.3.14)

Inserting fi and performing the a-expansion, one finds the scale p in the logarithm while any
factors of vg are eliminated. This results in

1 1 kt
Iml = ( =k} — + ———i—] — — —i— 3.1
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Next, use
%k —akt+b—f Do ke Y kikj 4 Y kikjk = Zk;”, (8.3.16)
1<J i<j<l 7
to rewrite Im[ as
ImJ = <—1 +1In > (Z k3> — fkt - lkf +aky — —. (8.3.17)
2c 3 k‘t

One can add and subtract 2 32 k} to re-arrange the finite parts as
—fk:t +ak; + = Zk?’ Zk@ - fakt + 20, (8.3.18)

where we used the relation
ki —2aky =k > K. (8.3.19)

Finally, one obtains

+ 2 Z kikjkl—

i<j<l

(8.3.20)

Keeping track of the prefactors, the contribution of the hard region to the trispectrum is

NH* ki
e — k3 In— —2 8.3.21
1, 1 9 k1kaksky
— gkt + 3k (Z k? — Zk@) +2 Z kikjk, — |
i 1<J 1<j<l
Soft Region
Next, we compute the soft region of the correlator (8.3.3). Again we start from the integral
T dn’ ikt -
I—/ o )Im e~ k=) TT (1 + ikjn) (1 — ik;n') | (8.3.22)
n =
7j=1

but this time we take both 7 and 7’ to be soft, i.e. we directly expand the integrand for kn — 0
as well as kn’ — 0. This time, the integral will become UV divergent as |n| — oo, and must
again be regularised. We choose the same analytic regulator (8.3.6) as for the hard region. The
integral then reads

I—/ dn’ (=) ~42%(1)%% Im l Zk?’ (n® —n/ +O((k:m)4)] : (8.3.23)
and is readily computed as

r— iy <(—nﬂ)2“ _ (—7711)2“> L O(kn)

3 ; 20 — 3 2

1 a1 " 1
=Dk (—+h— —) +0O(a, kn). 8.3.24

The leading-order soft contribution to the trispectrum then amounts to

AH 3 1
<¢1¢4>’50ftzwm[< Zk) (+1HH+’}’E+3) (8325)
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8.4 Soft deSitter Effective Theory

Sum of Hard and Soft Regions

We now sum both regions to verify that we reproduce the full result. Indeed, taking the sum of
(8.3.21) and (8.3.25), one immediately notices that the poles in « as well as the dependence on
the factorisation scale p precisely cancel. The sum of both terms reads

(p(k1) - .d(Ka)) nard + <¢(k1) - (k) lsort

H* 1 k 1
A Zk?’ <log+’m+—2> M—fkf
3 Ky 9

8(k1kakska)?
+2 ) kikjk + kt (Z/ﬁ Zkikj)] : (8.3.26)

i<j<l 1<j

which precisely agrees with (8.3.4). As we can see, we completely recover the full-theory result,
and all divergences cancel out. This computation verifies that the method of regions works for
the time-integrals in the computation of correlation functions in deSitter space. While it is not
checked explicitly in this work, it also seems to be consistent in multi-loop integrals including
momentum integrals [101].

8.4 Soft deSitter Effective Theory

Now that we have explicitly verified that the method of regions can be applied for correla-
tion functions in deSitter space, we can begin the effective theory derivation and present the
framework of Soft deSitter effective theory [94,95]. The idea is to construct an effective theory
that contains only the long-wavelength super-horizon modes by integrating out the sub-horizon
modes. While the idea seems straightforward, we will see that this theory differs from an ordi-
nary flat-space EFT in some aspects. The more rigorous derivation presented in the following
differs from the original one in [94] and is part of a project by the author in collaboration with
M. Beneke and A. F. Sanfilippo that is still in active development [105].

8.4.1 Soft Modes

As we have discussed in Section 8.1, the long-wavelength part of the scalar field is described
by two modes, the growing and decaying modes. They are characterised by the parameter v in
(8.1.14), and the super-horizon field can be decomposed as’ [94]

3

Os(t,@) = H [(a(6)H) "7 oo (6,2) + (al6) H) 2 o (v,)] (8:4.1)

As hard scale we take the time-dependent cut-off A(t) = a(t)H, and the power-counting pa-
rameter is the momentum compared to this scale

k
A~ — 8.4.2
- (8.4.2)

The full-theory Lagrangian is the minimally-coupled scalar field (8.1.4) with a four-point inter-

/d3 /dt < uw%_, 202 —Z¢4> . (8.4.3)

Naively, the effective theory is now obtained by inserting the split
¢ = s+ on (8.4.4)

In the following we define the time-parameter as t' = Ht, absorbing the factor H.
?We now denote the coupling constant by & instead of A in order to not confuse it with the power-counting

action?

parameter.
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in the Lagrangian, and integrating out the hard mode ¢;. However, note that from the soft
limit of the equation of motion (8.1.15), the leading-order equations for ¢ read

¢r=0. (8.4.5)

This means that the effective theory is described by a Lagrangian that contains first-order time
derivatives, compared to the second-order Lagrangian (8.4.3). In order to derive the correct
effective theory, we first have to understand this transition from a second-derivative theory
to a first-derivative theory. A similar transition takes place in the effective description of a
non-relativistic scalar field [106-108]. We consider this situation first.

8.4.2 Intuition from Non-relativistic Effective Theory

As it turns out, the effective theory describing soft modes of a scalar field in deSitter space-
time shares many formal similarities with the effective theory of a non-relativistic scalar field.
Intuitively, one can see this from the equation of motion (8.1.5) for the redefined field y, which
looks like the one of a flat-space scalar field with time-dependent mass term meg(n) (8.1.8). For
the soft mode, the dynamics are heavily constrained by this mass term.

Therefore, we first consider the non-relativistic scalar field with constant mass term, then
generalise the construction to deSitter space. The most important step in this construction is
that we want to go from a second-order equation of motion, that contains second time derivatives,
to a first-order one, where only a single time-derivative is present. This transition contains some
subtleties and the construction is more transparent in the non-relativistic derivation.

In the following, we go over a systematic construction for the non-relativistic effective action
of a massive scalar field in Minkowski space-time. The discussion uses input from [106-108].

We consider a free real scalar field ¢ with action given by

Sy = /d% %augb,a‘“gf) — %m2¢2 . (8.4.6)
The free theory has the equation of motion
(O+m)g(t, ) = 0= 6(t,p) + (0> + m2)d(t,p) =0, (8.4.7)
which is solved in momentum-space by plane waves of the form
o(t,p) ~eP* . pE=m?. (8.4.8)

Non-relativistic Limit £ — 0 and Ambiguities

We consider the non-relativistic limit, i.e. momenta p* ~ mo* + k*, where k < m and v? = 1,
e.g. v* = §f. In this limit, the plane-wave is dominated by modes et™t and we make the
ansatz

d(x,t) = e Mop(x,t) + ™ p*(x, 1), (8.4.9)

where ¢* is complex-conjugate to . The field ¢ should describe a slowly-varying mode, and
obey a first-order differential equation. However, the description contains too many degrees of
freedom, since we employ this 1 — 2 parameterisation ¢ — (p, ¢*). This manifests itself in the
form of a gauge symmetry

o(x,t) — @(x,t) +ie™p(x, t) (8.4.10)
with a real scalar field ¥ (x,t), where we find

¢($,t) — efimtgp_i_ eimt(p*
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— 6—imt(80 + ieimtﬂJ) + 6imt(<p>k _ ’L'e_imti/)*)
= o(z,t) +i(Y —¢7)
= ¢(z,1), (8.4.11)

since ¥ = ¢*. To fix this gauge symmetry, we need to impose a constraint. To find a suitable
one, consider the equation of motion in the limit £ — 0, which reads

¢+m’p=0. (8.4.12)
Inserting the ansatz (8.4.9), we obtain

('z;_’_ m2¢ _ efimt(gb _ Zimgb . "InZQD) + eimt(tﬁ* + Qimgb* . m2<p*) + m2(efimtgo + 6imtg0*)
= e "G — 2ime) + (G + 2imp*) (8.4.13)

One possible constraint that gives first-order differential equations is to impose

Mot e MGt =0, (8.4.14)
as this yields
¢ = —im(e™"Mp — MY
é — _Z-m(ef'imt(p . €imt@*) _ m2(efimt(p + eimtcp) , (8415)

and the equation of motion becomes
b+ m?p=—im(e”™p — M) =0, (8.4.16)

or, using the condition again,

p=0+0 (1> : (8.4.17)

m

as we would expect for the leading-order behaviour if the time-dependence is really dominated
by e~ We see that there is a choice of fixing the gauge symmetry that leads to a first-order
differential equation for ¢ and gives the correct leading behaviour in the limit £ — 0.

Finite £ and Rapidly-oscillating Modes
Next, we consider non-zero k, where the equation (8.4.12) takes the form
$— 0% +m?p =0, (8.4.18)
or, inserting (8.4.9) and the constraint (8.4.14),
—ime™ ") 4 ime™p* — 92 (e 7™ 4 Mp*) = 0. (8.4.19)

We can use the constraint again to eliminate the ¢* term to get

_"_872 _872 2Zimt x _ 8.4.20
=g =5 et =0. (8.4.20)
2imt

Ignoring the rapidly-oscillating term ~ e“*™  we recover the leading-order Schrédinger equation
for ¢. However, we want to remove these types of terms systematically.
To do this, we perform an expansion in Fourier modes

p=> "o, (8.4.21)
n
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8 Scalar Field in deSitter Space-time

"= Z e MMt x| (8.4.22)

n

insert the expansion in (8.4.20) and contract it with a basis function (e, | from the left, extracting
the n-th mode, by defining it such that

(enl = ¢n, (8.4.23)

e.g. via using orthonormality of the Fourier modes with respect to the L? inner product.
This leads us to the mode equation for ¢*

0? 0?
0 = i(—inmepy, + ¢p,) — %‘PZ - %wnﬁ
0? 0?

Power-counting

At this point, we have to discuss the power-counting. From the non-relativistic expansion, we
have the small 3-momenta k compared to the mass scale, so we have

0%
A= oo < 1. (8.4.25)

Next, the modes ¢ are assumed to be slowly varying in time, so we have additionally

S T (8.4.26)
me

We now expand all modes in these two parameters, in the sense
on=0WM +o@D 4 nto, (8.4.27)
where the expansion starts at O(\, ¢), since from the leading equation of motion
¢=0, (8.4.28)

we find @ = ap((]o), as it is constant. This now allows us to expand the modes ¢,, and use

(8.4.24) to eliminate ¢, systematically to only keep g in the equation of motion.
Eliminating the Non-zero Modes

We begin with (8.4.24)

0? 0?
0= —nme;, + ¢, — 2 Pn T 5 P2 (8.4.29)

At O\, €%), only ¢q is non-vanishing, so the first correction is due to the n = 2 mode, where
we have

(e P a9 ()

0= —=2mpy" +¢3" — o P2 o PO
. 02
= —2mpV* — T@g@ + 02,02, (8.4.30)
m
and we find
1)x* 82 0
Py == (8.4.31)

160



8.4 Soft deSitter Effective Theory

We now insert this in (8.4.24) for n = 0, which reads

0= o O )
o 2m800 2m(’02
0? o 9 \2
=10 — 5 @0+ g g0 + O, A7), (8.4.32)

and we see that we recover the first relativistic correction of the kinetic energy. We can use
this approach to systematically compute the full non-relativistic equation of motion. Since the
theory is first-order in the time-derivative, we can then find the Lagrangian from the equation
of motion

—ipo = D¢ (8.4.33)
by introducing the conjugate momentum ¢* and writing
L=¢ (10, —D)p. (8.4.34)

In this theory, as is usual for a first-derivative theory, we now obtain the equation of motion for
© by varying the action with respect to ¢*.

Let us summarise the key insights of this derivation. We factorised the leading-order time-
dependence of the effective mode (8.4.9), and expressed the real scalar field ¢ in terms of two
variables ¢, ©*. This description now features one additional scalar degree of freedom, which
introduces an additional gauge symmetry. We employ (8.4.14) to fix it. In turn, the equation of
motion now becomes linear in the time-derivative. Using the Fourier decomposition, we managed
to systematically eliminate the rapidly-oscillating terms and recovered the full non-relativistic
expansion of the scalar equation of motion. Finally, the Lagrangian is obtained by multiplying
the equation of motion with the conjugate momentum ¢*.

8.4.3 Naive Derivation of the Soft deSitter Lagrangian

The previous derivation, while correct, made heavy use of concepts like “rapidly-oscillating
terms” that must be systematically eliminated using equations of motion. While this construc-
tion indeed works perfectly fine for the case of a non-relativistic scalar field, the deSitter scenario
is problematic, as we explain in the following.

In deSitter space, for massive fields with large mass, we have an additional expansion parame-
tereg = %, and the discussion is similar to the non-relativistic case. However, we are interested

in the case of light masses, where v = \/% — %2 is no longer complex but a real number. This

means that the mode functions are not plane-wave exponentials e/, but rather decaying so-
@t In this case, the IR behaviour is dominated by the growing and decaying modes,
and we introduce the analogue of Eq. (8.4.9) as

lutions e~

o, 1) = H ((aH) gy + (aH)Pp_) | (8.4.35)

where o = % —vand = % + v. We again have a 1 — 2 parameterisation, and we fix the gauge

by imposing the analogue of (8.4.14)
(aH) %p4 4+ (aH)Pp_=0. (8.4.36)
This results in the time-derivatives

¢ = H (—a(aH) ¢ — BlaH) Pp-)
¢=H (QQ(GH)WS% —a(aH) ¢y + B%(aH) Pp_ - 5(GH)7ﬁ¢—)
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8 Scalar Field in deSitter Space-time

=H (21/((1H)_0‘gb4r + a2 (aH) oy + B2 (aH)Pp_ ,) (8.4.37)

and plugging these into the equation of motion for ¢ for k = 0,
. . m2
¢+ 3¢+ 72 (8.4.38)
we find
0= H (20(aH) ¢4 + a*(aH) gy + B*(aH) )

m2
+3H (~a(aH) ¢y — BaH) Po- )+ H ((H) ey + (aH) o)

= 2w, , (8.4.39)

where we used o — 3a + ﬁ—i =0and 2 —-38+ E—z = (0. This shows that for £ = 0, we capture
the correct leading behaviour.
For finite momenta, the equations of motion read

0? 0?

0= 2l/¢+ — ng+ — W(Q/H)_2Vg07 5 (8440)
. 62 82 2v
0=—2vp_ — (aH)ZQO_ (@l (aH)" gL, (8.4.41)

and we see a similar mode mixing as in the non-relativistic case (8.4.20), but this time it appears
as (aH)~2". Note that (aH) % ~ e ¥ so it is equivalent to having a complex frequency vt
instead of imt in the exponent. The complex analogue of the Fourier transformation is the
Laplace transformation, where the functions are expanded in terms of exponentials as

f=>e™fn. (8.4.42)

We choose a modification of this, where we expand the field as
pr =Y (aH) ™oy, (8.4.43)
o= (aH)"p_p. (8.4.44)

n

While these exponentials are also dense and form a basis of L?[0, o], they are not orthogonal.
However, we can still construct bras and a suitable inner product (e,| to obtain

(enl o+ = 04 m, (8.4.45)

e.g. by using complex integration and the inverse Laplace transform. As these (e,| are just a
tool to help with the construction, no one forces us to use standard inner products, and we can
for now argue that this is a good mode expansion for our fields.

If we accept this expansion in modes with complex frequencies, we find similar behaviour
to the non-relativistic case. The leading contribution stems from n = 0 modes, and from the
equation for ¢_ we find for mode n

0? 0?

— = 51 n_2. 4.4
(aH)Q(p , (CLH)2SO+’ 2 (8 6)

0=—2uv(nve_,+¢_n)—

However, here we distinguish by hand that (aH) ™2 is part of the gradient 97 to form a deSitter-
covariant expression, and not part of the mode ¢_ ,,. Strictly speaking, this is not justified at
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8.4 Soft deSitter Effective Theory

this point. However, we recover the correct equation of motion if we use this trick. Therefore,
this approach is not rigorous and should only be viewed as a “back of the envelope” derivation.

With this out of the way, let us proceed like in the non-relativistic case, by assuming that we
have small parameters

®
, =1, (8.4.47
” )

for small momenta and slowly varying fields ¢. We can then expand the modes
on =P +oP +..., (8.4.48)
where only ¢ contains the constant O(1) contribution. We can proceed to systematically remove

the non-zero modes by using their equations of motion.
We use the equation for ¢_ for n = 2, where we find

0? 0?
0=—-2v2uvp_ o) oy —
v(2up_ 2+ o 2) (aH)QSO 2 (aH)? $+,0
62
o 9= ——pio. 8.4.49
vVy—2 (aH)Q $+,0 ( )
Inserting this in the equation for ¢ o yields
0? 0?
0=2v¢ 10— —= - ——p_
VSO"F,O (CLH)2 ¢+70 (aH)ch 72
0? ot 9
=2vpy0— W(M’O + m%ﬁno +O(\), (8.4.50)
which agrees with the equation of motion obtained in [94].
Again, we can use this to construct the Lagrangian as
2 4
; 0 0 5
L= Y- _2V90+ + (CLH)2 P+ — 41/2(CLH)4 P+ + O()‘ ) ) (8451)

which also agrees with [94]. Here, we introduced the conjugate momentum ¢_, and the equation
of motion for ¢, is obtained by variation with respect to ¢_. Note, however, that the modes
w4+ and @_ differ in their effective power-counting, as we explain later.

Let us stress that this derivation heavily relied on two assumptions that cannot be justified.
First, one had to assume that such expansion in complex modes is sensible, and second, one
has to pick out certain modes by hand, in order to find the correct scale-factors in front of the
derivatives. Therefore, we wish to find a more systematic and rigorous construction.

8.4.4 A Rigorous Derivation

As we have seen, the hand-wavy derivation of the previous section reproduces the Lagrangian
encountered in [94], using the same methods that yield the Lagrangian for a non-relativistic
scalar field. However, in this approach, the analogue of the rapidly-oscillating modes had to
be identified by hand and thus this should not be viewed as a rigorous derivation. In the
following section, we summarise how this construction can be made rigorous using the canonical
Hamiltonian formalism and non-local field redefinitions, following [101,106].

163



8 Scalar Field in deSitter Space-time

The Non-relativistic Scalar Field

For the non-relativistic scalar field, the main issue is to consistently go from a single scalar field
¢ to two fields @, ¢*. This introduces a gauge symmetry in the naive derivation (8.4.10), that
must be fixed by imposing some constraint (8.4.14). However, in the end, we found that ¢*
takes the role of the conjugate momentum of the field ¢. Therefore, in the canonical approach,
one considers the change of variables ¢, 1 — ¢, ¢*, where one explicitly includes the conjugate
momentum 7. One begins with the ansatz

1 —im imt y* *
= (7™ D(t)p + ™ D*(t)¢")
T=—i % (e_ith(t)go — eith*(t)go*) : (8.4.52)

The old Hamiltonian H = [d3x H expressed in terms of ¢, 7 is linked to the new one, with
variables ¢, ¢* by a canonical transformation

)/ * * aF
Hlp '] =Hlp, o]+ &, (8.4.53)
such that oF oF
= — " = ——. 8.4.54
o el =5 5 [¢, ] 9 ( )
One can now determine Fp, ¢,t] to be [101,106]
m  P* - 1 1 , D
F tl=i|— —V2me M p—p + —e HMmt, ) . 4.
[p, ¢, 1] Z<2¢D*¢ me"" i+ gen o (8.4.55)
The new Hamiltonian is then given by
oM oimt 2| 10 (P P)2 0;
- p2 |- L2 () () 41— A
& 4 <€ 14 m Ot (D) (D + m?| ¥
+2¢* |[P*P+D*D (1 -4 —2—7(13 D—P*D+PD —PD) o
m 2m
; 0 (P* P*\? 02
2imt xpr2 | L2 () - ( ) 1— 2ot . 8.4.56
e m Ot \ D* D~ + m? | ? ( )

This Hamilton should take the form H = ¢* E¢, where only mixed terms survive. This is equiv-
alent to integrating out the rapidly-oscillating modes in the previous approach. The condition
leads to a differential equation for the combination f = % that reads

i Of 9 0?
-z 1— 2 =0 8.4.57
m Ot U m?2 ’ ( )
which has the solution
0? 0?
flt)=—iy/1— m—g tan | (mt + C)4/1 — m—g , C = const. (8.4.58)
This solution fixes the coefficients as
P P* 0?
5 _— D* —_— — W . (8.4;59)
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It is possible for both P and D to have a residual time-dependence [101], but we do not entertain
this idea here. Instead, we fix

1 1
271 2771
pefi-2]' ofioa] .
m m
and the Hamiltonian becomes
- o2
H=me" [{/1— m—’Q —1| . (8.4.61)

Expanding this closed expression for 97 < m? precisely yields the non-relativistic expansion
that was computed before.

8.4.5 Application to deSitter Space

We now apply this canonical formalism to the light scalar field in deSitter space. The super-
horizon modes ¢, p_ take the role of @, ¢* in the non-relativistic derivation. We summarise
the explicit and very lengthy derivation in [101].

We begin by specifying the scalar field and its conjugate momentum as

¢ = H |(aH) gy + (aH) Pp |,

T=—a’H [04((1H)_°‘<,04r + B(aH)_ﬁgp,} , (8.4.62)

which incorporates the constraint (8.4.36). By enforcing the equation of motion of the conjugate
momentum

. 0? m?
one finds
P 1 32 Fov

where the mode-mixing is again present. We now wish to perform a canonical transformation
that removes these mode-mixing terms. Like in the flat-space scenario, we achieve this by
performing a non-local field redefinition. We begin with the more general definition

¢ =H [(aH) ™Dy + (aH) D p |,
m=—a’H [a(aH)_aP+g0+ + B(aH)_BP,go,} . (8.4.65)

This leads to a canonical transformation [101]

a?p P 2v(aH)P

H)* D
F[¢7 QO+,t] = _7¢i¢+ H2 V(a ) hs

T@Jri%t ) (8.4.66)

1
¢E80+ -
bearing strong resemblance to the flat-space counterpart (8.4.54). One can now compute the
Hamiltonian expressed in terms of ¢4, p_, where one still needs to remove the additional “os-
cillating” terms to obtain a Hamiltonian of the form H = ¢, (...)p_. This yields a differential

equation for the combination fi = —(% F V)%’ which reads
2 ; 0? 2 9
JE+3f++ fr— (@)’ +v =] =0. (8.4.67)

165
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This differential equation now has the lengthy solution [101]

10T —v) [B1-(X) + X (I-1-0(X) + [1-(X))]
2 CiT(1—v)_)(X) +2T(1 4+ v),(X)
T(14v) BL(X) + X (41 (X) + L—1(X))]

f+=

A.
Cil'(1—-v)I_,(X)+>*T(1+v)[,(X) (8.4.68)
where X = ,/%. Here, I,(z) is the modified Bessel function of the first kind
I(z)=i"J,(iz). (8.4.69)

Like in the flat-space scenario, this combination does not uniquely fix D4+ and Py, and there is
still a residual freedom to add a function g4 (X2, ¢). We will not pursue this further and fix the
function to yield the desired form of the Lagrangian density. After a cumbersome computation
[101], one then arrives at

X? X?
Di(v)=oF (1 —v; 4) , D_(v)=0oF <1 + v 4) , (8.4.70)

as well as

X? BX?2 X2
P S AN bl 2 R (22—
() =0 1( v 4>+4OW(V_1)0 1( vitr )

X? BX? X2
P_(v)=oF |v;— —— o1 (24 v, — 8.4.71
(l/) 0 l(ya 4>+4C¥I/(l/+1)0 1 +v; A ) ( )
expressed in terms of the confluent hypergeometric function

[e%¢) Zk n—1
oF (a;2) = kz:%) () (a)n, = kl;lo(a —k). (8.4.72)

Using these redefinitions, the final Lagrangian takes the form

. . 2 02

L= —I/(QD+907 — QDJrSOf) + 2v ©4 1— 1 + m Y— . (8473)

Performing the expansion for 9> < (aH)? precisely reproduces the Lagrangian (8.4.51) of the
light scalar field obtained in the naive derivation. This approach can be viewed as a rigorous
derivation of the free Soft deSitter action.

8.4.6 The Soft deSitter Lagrangian

Let us summarise the result of the previous section: the free Lagrangian describing the super-
horizon modes in a deSitter space-time takes the form (8.4.73). We can now expand this in the
small parameter 92/(aH)? to obtain the free Lagrangian and subleading gradient terms. At the
leading order, we obtain the free action

Stree = /d?’az dt —v(prp— — i) . (8.4.74)
From this action, one can now assign a power-counting to the modes as

Or~ AT, oo~ A (8.4.75)
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In addition, we have to include the effect of the self-interaction terms. Since we integrate out
the hard modes, we expect that their effect is realised by an infinite tower of interaction terms,
organised by the power-counting parameter A, and a generic term takes the form

3 3—na-nB Cn,
Sint = /d wdt (aH)* " ﬁwiw, (8.4.76)
with generic integer n, m. There is one subtlety in these interactions, concerning terms of the
form

Ling v = (aH)* "7 (8.4.77)

In the massless limit a — 0, these terms become super-leading as A° compared to the kinetic
term ¢ p_ ~ A3, and it seems that these terms spoil the power-counting. However, these terms
are an artefact of our first-order formulation.

To be precise, note that the fields ¢4 and ¢_ are conjugate variables in our formulation. This
manifests itself in the commutation relations [94]*

[+ (t, @), - (t,y)] = 2%5(36 - y). (8.4.78)
Therefore, in any correlation function, the super-leading interactions ¢’} can only have an effect
if the correlator contains at least one p_. Then, these interactions precisely produce leading-
power contributions. We will see their effect in action in Section 8.5, when we compute the
trispectrum.

At the moment it is unclear how one can reformulate the Lagrangian or the field basis to absorb
these super-leading interaction terms. In [94], a power-counting violating field redefinition was
suggested. However, in later computations [95], these redefinitions had to be reversed to yield
the correct results, so this approach does not seem promising.

Derivative Interactions

In principle, the effective Lagrangian can also contain derivative interactions, both time deriva-
tive and gradient terms, of the form

£ > S (Y (O (artyo (@ )" (5.479)

nim! \ dt aH

where the time-derivative terms are not suppressed in the power-counting parameter A. For these
terms, note that the equation of motion relates terms containing a single time derivative ¢ to
terms containing spatial derivatives 9%/(aH )?¢+ plus higher-order corrections. Therefore, one
can eliminate all time-derivative terms in these interactions and trade them for gradient terms
that come with power-suppression. The most general interaction term then reads

m

L > S (0N (@ (@i )" (5.4.80)

n!m! \aH

The precise structure of the subleading Lagrangian, as well as any symmetry relations between
the different terms due to the residual Lagrangian symmetries or RPI-like symmetries, is be-
yond the scope of this introductory chapter. Instead, we will only consider the leading-power
Lagrangian in the following, which is given by

. . C4,0 C3,1
L=—v(prp-— i) — (aH)'eh — 2ol +O(N). (8.4.81)

3We find a different sign here, because we employ the opposite sign-convention in the commutation relations of
creation and annihilation operators compared to [94].

167



8 Scalar Field in deSitter Space-time

8.4.7 Gaussian Initial Conditions

Soft deSitter effective theory features a new type of matching conditions compared to conven-
tional EFT. The effective Lagrangian contains coefficients ¢, ,,,, which can be fixed in principle
already in a top-down approach by relating them to the full-theory interaction k¢* and sys-
tematically inserting redefinitions and taking care of the hard modes. This is similar to the
SCET Lagrangian, where all couplings are readily expressed in terms of the full-theory coupling
constants already during the Lagrangian construction. One might therefore wonder if a match-
ing computation is necessary, and if so, why. The reason why matching is required is formally
very similar to SCET. Here, we found that the effective theory contains new objects, the N-jet
operators, whose coefficients can only be determined by a matching computation.

In soft deSitter effective theory, there exist also a new class of objects, initial conditions for
the different correlation functions. The effective theory requires a matching computation to
specify these initial conditions, while the Lagrangian interactions then correspond to subleading
corrections of these correlations.

Physically, the Lagrangian describes only the evolution and dynamics of the soft modes,
which is in particular Gaussian. Therefore, any higher-point correlator immediately factorises
into Gaussian two-point correlations. However, the full theory has non-Gaussian correlations
due to hard interactions. This effect must be included by matching.

As an example, consider the two-point function. In the full theory, it is given by

[ Pk ik(ay)
(0l 2)ot,9)) = | 5™ TV 0l koL K)). (5.4.8)

and the momentum-space correlator can be computed in terms of the mode function (8.1.20) as

k
(2 (2
n ()

For small momenta k/aH — 0, the leading contributions to this correlation read

TFZF [(21/1;(1/)>2 (aj;lz)u_za T (2VF(1 + i) sin(wy)>2 (a]i);uw
~ 2cot(rv)

7TH2 2

<¢(t’ k)¢(t7 k)) = m (8483)

(o(t, k)o(t, k) ~

(aH)—fﬂ} . (8.4.84)
On the EFT side, the correlation function is given by inserting the decomposition (8.4.1)
<¢(ta k)¢(t7 k)> = H2 [(aH)_2a<Q0+ (ta k)SOJr (ta k)> + ((LH)_26<80, (ta k)tp* (ta k)) (8485)

+ (aH) 7 [ (8, K)o (. k) + (0-(t, K)o (1, K))] | -

Comparing the coefficients of (aH)*, one finds the correlations

2v—2 v 2
(ot k) (8. R) = 22, (5.4.56)
(o-(t ) (1. 1)) = 5y +:)2 el (8.4.87)
(o (K)o (1)) + (o (1 K)o (1)) = X (8.4.89)
from which one can determine
(ot Y- (t1) = o (8.4.89)
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T

ie
(p—(t. k)p+(t, k) = T cos(f) (8.4.90)
compatible with the commutation relations
i
po+(t,x), o\, Y)| = 5 r—vy). 4.
i (t2) o (L y)] = o0 @ — y) (5.4.91)

A similar computation is necessary for all other correlations, in principle at any loop order, if
the initial condition is corrected by hard loops. For the tree-level trispectrum, we compute this
explicitly below. For more details on this, we refer to the exposition in [94,95].

8.5 The Scalar Trispectrum in SASET

As a final application for the effective theory, we perform the matching computation to the
tree-level trispectrum at O(k). The full-theory result was computed in Section 8.3, where we
also explicitly obtained the hard and soft regions. The expectation is that the effective field
theory, using the Lagrangian interactions, precisely reproduces the soft region of the correlator,
while the hard region must be determined explicitly by a matching computation. Similar to the
two-point function, we can anticipate that the hard region will appear in the form of an initial
condition for the trispectrum.

Soft-deSitter Correlation

The relevant interaction Hamiltonian is given by

4,0 3,1
How = [ @ (0@l + Dt ) + 00, (8.5.1)

and the trispectrum in the effective theory takes the form

(p182¢3¢4) = H* (<90+,190+,2<P+,3<P+,4> + (aH) 7 ((p- 104 204 30 1.4) + perm)) +0(),
(8.5.2)
where ¢; = ¢(t, x;), o+, = @+(t, x;). Here, we have included terms with a single ¢_ to account
for the super-leading interaction cpi. Only correlators with a single ¢_ are contributing, since
we can insert the super-leading interaction only once at O(k). Perm denotes the permutations
of the ¢_ field.
For the first term, we have to evaluate

20
. K C3,1
(104204 30+4) = l/d?’l’dt (aH) <{ 3l O (@) (), 1 10+20+ 3P+,

> . (85.3)

where we regularised the time integral using an analytic regulator and introduced the factorisa-
tion scale i = pe™®. The commutator is evaluated using the canonical commutation relations
(8.4.91). This yields

i
/ &’z [Cz,wi(w)sﬂf(w),90+,1s0+,290+,3<p+,4} =301 (@i(w1)¢+,290+,3¢+,4+perm) , (8.5.4)

where perm denotes terms where the positions x; are permutated. The correlator is computed
in a straightforward fashion since the soft correlators are purely Gaussian and one can use

(3 10+,20+,30+,4) = 31 104,2)(P1,10+.3)(P+,104,4) (8.5.5)
which is readily evaluated using the initial condition (8.4.86)

Bk 1
— ik-(x1—x2)
(P+1042) /(27T)36 % (8.5.6)
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Thus, one finds for the momentum-space correlator

3,1
t, k t, k t, k t, k — 8.5.7
st bl e ki koo (5 k) = s S 8 (s ton ) L (857)

where 3, k3 arises from pulling out the denominator (kik2ksks) ™ in each term.
The second contribution arises due to the superleading interaction in the Lagrangian, where
we find

ca,0
_ = (aH 5.
({p-19+,20+.39+,4) + perm) = (aH)? T E E (8.5.8)

The full Soft deSitter correlator then reads
C3 1 Cq G0
= H? — + log —

Comparing this to the full-theory result (8.3.4), one finds that this is precisely the soft region
(8.3.25) with €31 = C4,0 = K.
Initial Condition

Therefore, the hard region (8.3.21) is missing in the effective theory and must be implemented
by an initial condition for the four-point correlator. Specifically, it reads

\H* 1 1 ky
o [k ([~ It -2 5.1
(P1020304) 1C SCerkokakn)? [( i 1) < 5o T p ) (8.5.10)
1 1 k1koksk
— ok gk [ R = kiky | 42 ) kikjhy — —omot 23 41-
i i<j i<j<l t

Note that these non-Gaussian initial conditions are not specific to SASET but appear more
generally in inflationary effective field theories. These initial conditions can be implemented
directly in the Schwinger-Keldysh generating functional, where they correspond to new types of
operators with non-local interaction vertices. This form is useful for a systematic investigation of
subleading-power effects, and the construction is explained in detail in [109]. For our purposes,
the implementation as initial condition for each correlator is sufficient.

8.6 Conclusion

In this section, we have touched on the dynamics of a light scalar field in a deSitter space-time.
We have explained the pathological behaviour of the free, massless scalar field, where a two-point
function and corresponding vacuum state cannot be defined. Then, we have turned our attention
towards promising ideas that can partly resolve these problems for an interacting scalar field,
encountering non-perturbative physics. One of the most recent entries is Soft deSitter Effective
Theory [94,95], which aims to incorporate EFT methodology into this discussion. After verifying
that the method of regions can be applied to deSitter correlation functions, we have explained
in detail how the free action can be derived, and how it is related to the non-relativistic scalar
field, expanding on the discussion in [94]. Then, we have explicitly performed a matching
computation for the trispectrum, where we found that the Lagrangian precisely reproduces the
soft region of the time-integral, while the hard region must be included as a non-Gaussian initial
condition [94,95,109].

The next step in this program is to rigorously understand how the effective theory encodes
the non-perturbative effects, like dynamic mass generation. In [94,95], a trick is employed that
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relates the renormalisation group equations (RGE) of the effective theory to the Fokker-Planck
equation of stochastic inflation. However, it seems strange that the dynamics of a correlation
function follow from the RGE, and not from a quantum field theoretic object like the quantum
effective action. Moreover, the derivation presented in [94] lacks rigour and seems quite ad-hoc.
Therefore, this property needs to be investigated and must be well-understood before one can
truly claim that this effective theory resolves the infrared problems. This is part of an ongoing
investigation [105].
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Conclusion and Outlook

In this thesis, we presented the systematic construction of the soft-collinear effective theory
of gravity beyond leading power. Starting from the simple example of a purely-scalar theory,
we explained how the soft-collinear effective theory can be obtained to any desired order in
the power-counting parameter and discussed the appearance, necessity and properties of the
N-jet operators, obtaining a minimal set of building blocks. We increased the complexity at
each step by first allowing for gauge symmetries, which needed to be modified to account for
the multipole expansion, and finally considering gravitational interactions. Throughout the
derivation, the guiding principle was the effective gauge symmetry which lies at the heart of
this discussion. By exploiting covariance with respect to an emergent homogeneous background
symmetry, the Lagrangian can be constructed to all orders in the power-counting parameter —
both in the case of gauge theory as well as gravity.

The key insight besides the technical details and the full effective Lagrangian is the new
intuition in the gravitational sector. We found that the soft-collinear effective theory is covariant
with respect to an emergent background field that contains not one but two independent gauge
fields, one linked to local translations — restricted to the classical trajectory of the energetic
particles — and one linked to local Lorentz transformations on this light-cone. The effective
theory can then be constructed in a straightforward fashion as long as each object is covariant
with respect to this background. The soft gauge symmetry also severely restricts the possible
operator basis of the N-jet operators, and immediately implies the soft theorem with three
universal terms in gravity, and two universal terms in gauge theory.

In the gravitational soft theorem itself, we found that the first two terms should be viewed as
etkonal terms and are related to the effective gauge fields. They are of the same origin as the
first (eikonal) term in gauge theory. The sub-subleading term, on the other hand, is the exact
analogue of the subleading term in gauge theory. In this way, the effective theory provided a new
interpretation and explanation for both the form and the number of universal terms in the soft
theorem, both in the case of gravity and gauge theory, linking them directly to the soft gauge
symmetry. We managed to identify these terms already at the Lagrangian level and restated
the soft theorem as an operatorial statement.

Since the soft theorem is only a tree-level process, we made use of the properties of the
effective theory to investigate its loop corrections. Using only the power-counting and eikonal
identities due to the multipole expansion, we found that in gravity, the leading-power term is
never affected by loop corrections, the next-to-leading power term is at most affected by one-
loop, and the next-to-next-to-leading power term at most by two-loop contributions, reproducing
the result in [32] in the effective theory.

Single soft-emission processes are the simplest type one can consider in SCET, and the effec-
tive theory automatically provides the rules to generalise these computations to multiple soft
emissions, even accounting for quantum corrections. This approach complements the insights
gained from spinor-helicty [29] or the double-copy [37,65,66] methods employed in the inves-
tigation of scattering amplitudes. It would be interesting to further explore the connection of
SCET to the large field of asymptotic symmetries [34,46, 110-112]. Here, the soft theorems
follow from Ward identities of these asymptotic symmetries. It would be worthwhile to relate
these symmetries to the effective theory, strengthening the interconnections in this triangle of
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effective theories, scattering amplitudes and asymptotic symmetries.

The framework of SCET gravity now allows for a systematic investigation of soft and collinear
gravity beyond leading power. This is interesting in particular for the collinear sector, where in-
teractions begin at next-to-leading power. While the actual technical form of the Lagrangian as
well as most expressions are a lot more complicated and lengthy than the corresponding ones in
gauge-theory, the structure of interactions is, surprisingly, simpler than gauge theory. For exam-
ple, there are no leading-power collinear interactions and thus no collinear divergences in gravity.
Furthermore, both the purely-collinear and purely-soft interactions are power-suppressed when
considering higher-point interactions. This implies that gravitational loops, if they are not of
soft-collinear origin, are in general power-suppressed and thus there often are only a finite num-
ber of loop corrections to a given object. For example, the analogue of the collinear function
in gravity would be 1 at leading-power, since there are no interactions. However, at O()), it
is not possible to form any loops, since these require multiple collinear interactions and are
thus power-suppressed. Therefore, one can immediately conclude that the N-th order collinear
function is also N-loop exact. This is in stark contrast to gauge theory, where these objects are
modified by arbitrary loop corrections at any order.

Consequently, the effective theory provides a starting point for a systematic derivation of
factorisation theorems in gravity and comparing these with the results in QCD. While these
considerations are not as interesting for the phenomenological community, they could provide
new insights into the relation between gauge theory and gravity, and how these theories are
connected in the infrared.

To close this discussion, let us go back to the very beginning, where we quoted Weinberg [1]:

“It would be difficult to pretend that the gravitational infrared divergence problem is very urgent.
My reasons for now attacking this question are: (1) Because I can. [...] (2) Because something
might go wrong and this would be interesting. Unfortunately, nothing does go wrong.”
We attacked this problem with a similar motivation, because we could, well-knowing that
collinear divergences are absent and indeed nothing does go wrong in gravity, because noth-
ing can go wrong if low-energy gravity is a consistent quantum theory. However, the effective
theory has to take a very intricate form to incorporate leading-power soft interactions — which
are related to soft divergences — while not allowing collinear divergences. This form is con-
strained by the power-counting and the effective gauge symmetry, and while the purely-collinear
sector appears close in form to the usual weak-field gravity, the soft-collinear one emerges very
differently and closely resembles a gauge theory. This result, we would say, is interesting.
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A List of Useful
Gauge-transformation ldentities

This appendix from [47] summarises a number of key identities that are used throughout the
derivation. These properties are derived from the corresponding properties one uses in the
passive point of view, where one considers the explicit action of the coordinate transformation
x — x + &(z). In the following, we denote e(x) = ¢ and U(z) = U, suppressing the arguments.

We have

« the gauge transformation U (4.2.5),
1= 0 + 2% 0,05 + 200805 + O
U=1-¢ a—|—§5 €70,0p + %0470 + O(e”),
e its inverse U1,
1
Ul=1+¢%9, + 550‘53%85 + (9(53) ,

o the Jacobian matrix U* ,
Ut =0k + One!,

e the inverse Jacobian matrix U, *,
Ut = 01 — Oaet + 0ac’dge" + O(£3),
o the Jacobian determinant det(U) of the Jacobian [U)"_ = U*

« a)

1 1
det(U) = 1 + 9pe® + iaasaaﬁaﬁ ) e’ 05e® + O(e%)
e the inverse Jacobian determinant det (Q _1),

1 1
det (Q_l) =1—0,e%+ 5(%50‘855/3 + 58a558550 + (’)(53) .

These objects satisfy a number of useful identities, that we employ in the following.

e They are inverse with respect to each other, i.e.

UUTt=1, URU" =4, det(U)det(U") =1.

e We can move translation and inverse translation past derivatives,
[aMU(b] = UUMQ a¢7
0,U79] = U, U 0u0,

which is consistent with the gauge transformation of a covariant vector.

(A.0.1)

(A.0.2)

(A.0.3)

(A.0.4)

(A.0.5)

(A.0.6)
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e There is a “product rule” for the translation operator
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[Ug] = UppU ™' = UpU ' UU ! = [Ug] [UY)] , (A.0.10)
and the same holds for U1,

Scalar densities \/—g¢ are gauge-invariant up to total derivatives. These transform as

/d4x\/—g¢ — /d4x\/7—g¢. (A.0.11)
With the gauge transformation of the metric determinant

V=g — Udet(Q’l) V=9, (A.0.12)

one can infer

/d4x U det (Q—l) V—g¢b = /d4:r Nary (A.0.13)
which is the active point of view of the invariance (A.0.11).

There is an integration by parts identity based on (A.0.11). Moving the inverse trans-
lation U(z) from one term to another via integration by parts, we generate U~! and a
determinant, namely

pUY = det(U) [U~1¢] ¢ (A.0.14)
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