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Goal: Learn unitary (or Kraus operators) describing time evolution.

Quantum Process Tomography
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Generic delay embeddings: For pairs 𝜙, 𝑦 , 𝜙:ℳ →ℳa smooth diffeomorphism and 𝑦:ℳ → ℝ a

smooth function, it is a generic property that the map 𝛷 𝜙,𝑦 :ℳ → ℝ2𝑑+1, defined by

𝛷 𝜙,𝑦 𝑥 = 𝑦 𝑥 , 𝑦 𝜙 𝑥 ,… , 𝑦 𝜙 ∘ 𝜙…∘ 𝜙 𝑥

is an embedding of ℳ.

Mathematical Framework: Takens Theorem
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i.e. given 2d + 1 measurements throughout the time-evolution we can uniquely identify the process

Let ℳ be a d-dimensional manifold. Commun. Math. Phys. 20, 167 (1971)



Generic delay embeddings: For pairs 𝜙, 𝑦 , 𝜙:ℳ →ℳa smooth diffeomorphism and 𝑦:ℳ → ℝ a

smooth function, it is a generic property that the map 𝛷 𝜙,𝑦 :ℳ → ℝ2𝑑+1, defined by

𝛷 𝜙,𝑦 𝑥 = 𝑦 𝑥 , 𝑦 𝜙 𝑥 ,… , 𝑦 𝜙 ∘ 𝜙…∘ 𝜙 𝑥

is an embedding of 𝑀.

Mathematical Framework: Applied to Quantum Unitaries
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𝜙 𝑈 = ⅇ−ⅈ𝛾𝐻 = 𝑈𝛾

𝑦 𝑈 = 𝜓 𝑈†𝐴𝑈 𝜓

𝛷 𝜙,𝑦 𝜓 = 𝜓 𝑈†𝐴𝑈 𝜓 ,⋯ , 𝜓 𝑈𝛾(2𝑑+1)
†
𝐴𝑈𝛾(2𝑑+1) 𝜓

Here, 𝑑 is the number of free parameters in 𝑈

𝑥 = 𝑈 = 𝑒−𝑖𝐻



Choose Ansatz to represent 𝛷

Numerical Approach: general idea
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Optimize by:

argmin
𝜃

𝐶 Ԧ𝑦, Ԧ𝑥(𝜃)
Model

(𝜃)

Ԧ𝑥 ∈ ℝ2𝑑+1| ۧ𝜓

e.g. Ԧ𝑦 − Ԧ𝑥 𝜃 2



Single-Qubit System
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• Rewrite Hamiltonian vector: ℎ =
1

2
𝜔 Ԧ𝑣

• Evolution described by Rodrigues’ rotation formula:

𝑈𝜔,𝑡,𝑣 Ԧ𝑟 = cos 𝜔𝑡 Ԧ𝑟 + sin 𝜔𝑡 Ԧ𝑣 × Ԧ𝑟 + 1 − cos 𝜔𝑡 Ԧ𝑣 ⋅ Ԧ𝑟 ⋅ Ԧ𝑣

• Measurements are: 𝑦𝑡 = 𝑚,𝑈𝜔,𝑡,𝑣 Ԧ𝑟

First find 𝜔

Single-Qubit System
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argmin𝜔 min
𝑎,𝑏,𝑐



𝑛=0

2𝑑

𝑦𝑛 − 𝑎 cos 𝜔𝑡𝑛 − 𝑏 − 𝑐 2



• Rewrite Hamiltonian vector: ℎ =
1

2
𝜔 Ԧ𝑣

• Evolution described by Rodrigues’ rotation formula:

𝑈𝜔,𝑡,𝑣 Ԧ𝑟 = cos 𝜔𝑡 Ԧ𝑟 + sin 𝜔𝑡 Ԧ𝑣 × Ԧ𝑟 + 1 − cos 𝜔𝑡 Ԧ𝑣 ⋅ Ԧ𝑟 ⋅ Ԧ𝑣

• Measurements are: 𝑦𝑡 = 𝑚,𝑈𝜔,𝑡,𝑣 Ԧ𝑟

Next find 𝛼 = 𝑚 ⋅ Ԧ𝑣 × Ԧ𝑟 and 𝜅 = Ԧ𝑣 ⋅ Ԧ𝑟 ⋅ 𝑚 ⋅ Ԧ𝑣

Single-Qubit System
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argmin
𝛼,𝜅



𝑛=0

2𝑑

𝑦𝑛 − sin 𝜔𝑡𝑛 𝛼 − 1 − cos 𝜔𝑡𝑛 𝜅 2



Single-Qubit System
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• 4 solutions

• Optimization let’s us find one 

of them

• Then, decide between 4 with 

one extra measurement in 

different basis

Single-Qubit System
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Single-Qubit System with Noise
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Recall:   𝑦 𝑈 = 𝜓 𝑈†𝐴𝑈 𝜓

Not fully known?

Noisy measurement?



Single-Qubit System with Noise
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Recall:   𝑦 𝑈 = 𝜓 𝑈†𝐴𝑈 𝜓

Not fully known?

Noisy measurement?

Model as: 𝑦 𝑈 = 𝜓 𝑈†𝐴𝑈 𝜓 +𝒩 0, 𝜎2



• No restrictions on measurement

• We can choose: 𝐼 ⊗ 𝜎𝑗

Partial (subsystem) measurements
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U



• No restrictions on measurement

• We can choose: 𝐼 ⊗ 𝜎𝑗

Partial (subsystem) measurements
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U

Can model a noisy process on a single qubit

𝜌 𝑡 =

𝑘

𝐸𝑘 𝜌 0 𝐸𝑘
†

𝜌 𝑡 = trenv 𝑈 𝜌 0 ⊗ ۧ|𝑒 |𝑒ۦ 𝑈†
ۧ|𝑒

𝜌 0



• E.g. local interactions

• Model can use less parameters

• And therefore we need less time points

Partial Knowledge of Hamiltonian
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Partial Knowledge of Hamiltonian
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Uniform interaction (3 × 4 lattice) 

𝐻 = −𝐽

𝑗,𝑘

𝜎𝑗
𝑧𝜎𝑘

𝑧 −

𝑗

ℎ ⋅ Ԧ𝜎𝑗



• Takens’ theorem provides a mathematical framework for the reconstruction

• Number of expectation values needed:  2d + 1 (where d is the number of free parameters in U)

• Limited to one or two-qubit systems or systems with some underlying structure

• One must be careful with symmetries

Summary
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Future work

• Experimental tests in collaboration with Robert Stárek and Michal Micuda from 

Department of Optics, Palacký University Olomouc (Chzech Republic)


