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We consider a biased random walk X, on a Galton—Watson tree with
leaves in the sub-ballistic regime. We prove that there exists an explicit con-
stant y = y(B) € (0, 1), depending on the bias g, such that | X;| is of or-
der n” . Denoting A, the hitting time of level n, we prove that A, /n!/7 is
tight. Moreover, we show that A,/ n/7 does not converge in law (at least
for large values of ). We prove that along the sequences n) (k) = Lkﬂykj,
A/l converges to certain infinitely divisible laws. Key tools for the proof
are the classical Harris decomposition for Galton—Watson trees, a new vari-
ant of regeneration times and the careful analysis of triangular arrays of i.i.d.
heavy-tailed random variables.

1. Introduction and statement of the results. Consider a supercritical
Galton-Watson branching process with generating function f(z) = 3"~ iz,
that is, the offspring of all individuals are i.i.d. copies of Z, where P[Z = I;] = pr.
We assume that the tree is supercritical and has leaves, thatis, m:=E[Z] =f'(1) €
(1, 00) and py > 0. We denote by g € (0, 1) the extinction probability, which is
characterized by f(g) = ¢. Starting from a single progenitor called root and de-
noted by 0, this process yields a random tree 7. We will always condition on the
event of nonextinction, so that 7' is an infinite random tree. We denote (2, P)
the associated probability space: P is the law of the original tree, conditioned on
nonextinction. For a vertex u € T, we denote by |u| = d(0, u) the distance of u to
the root.

For w € 2, on the infinite Galton—Watson tree T (w), we consider the B-biased
random walk as in [16]. More precisely, we define, for § > 1, a Markov chain
(Xn)nen on the vertices of T, such that if u # 0 and u has k children vy, ..., vk
and parent %, then:

(1) P[Xp41 =T |Xy =ul= 5.

B

(2) P[Xpy1=vi|Xp =ul= g, for1 <i <k,
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and from O all transitions to its children are equally likely. This is a reversible
Markov chain, and as such, can be described as an electrical network with conduc-
tances c(X, x) := ¥~ on every edge of the tree (see [17] for background on
electrical networks).

We always take X = 0, that is, we start the walk from the root of the tree. We
denote by P®[-] the law of (X,),=0,1,2,... and we define the averaged law as the
semidirect product P=P x P,

Many interesting facts are known about this walk (see [16]). As one might ex-
pect, it is transient. It is known that P-a.s., | X, |/n converges to a deterministic
limit v. Moreover, the random walk is ballistic, that is, its limiting velocity v > 0,
if and only if 8 < B. = 1/t'(g). In the sub-ballistic regime, that is, if B > B., we
have v = 0. The reason for the sub-ballistic regime is that the walk loses time in
traps of the tree, from where it cannot go to infinity without having to go for a long
time against the drift which keeps it into the trap. The hypothesis pg > 0 is crucial
for this to happen.

As in all sub-ballistic models, a natural question comes up: what is the typical
distance of the walker from the root after n steps? This is the question we address
in this paper. We always assume that

E[Z%] < 00
and

B> 1/f(q),
recalling that 1/f'(g) > 1. We introduce the exponent

_—Inf'(q) _Ing

= <1
In B InpB

(1.1
so that BY = 1/f'(q).
Let A, be the hitting time of the nth level:
A, =inf{i >0:|X;| =n}.
THEOREM 1.1. (i) The laws of(An/nl/V)nzo under P are tight.

(ii) The laws of (|1X,|/nY )n=0 under P are tight.
(iii) We have

In|X
(1.2) fim Xl _

n—oo |Inn

Y, P-a.s.

Of course, this raises the question of convergence in distribution of the sequence
(A,/ nl/ ¥)n>0. The next theorem gives a negative answer.

THEOREM 1.2. For B large enough, the sequence (An/nl/y)nzo does not
converge in distribution.
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However, we can establish convergence in distribution along certain subse-
quences.

THEOREM 1.3. Forany A > 0, denoting n) (k) = L)\f/(q)’kj, we have

An, (k) 4y
n; (k)1 ’

where the random variable Y, has an infinitely divisible law ..

We now describe the limit laws ;. For some constants p and C, [the constant
p is defined in (2.2), the constant C, in Lemma 6.1], we have

Y, = (PCa)\)l/y 17(pca)\)l/y )
where
Yy has the law J(dy, 0, £;).

The infinitely divisible law J(dy, 0, £,) is given by its Lévy representation
(see [19], page 32). More precisely, the characteristic function of J(d;, 0, £;) can
be written in the form

. o0 itx itx
=exp ldﬂ-i—/o et —1— T dl,(x) ],

where d,, is a real constant and £, a real function which is nondecreasing on the
interval (0, c0) and satisfies £, (x) — 0 for x — oo and [ x2d L, (x) < oo for
every a > 0. Comparing to the general representation formula in [19], page 32, we
here have that the Gaussian part vanishes and £, (x) = 0 for x < 0. The function
L, is called the Lévy spectral function. Note that £, is not a Lévy—Khintchine
spectral function.

In order to describe L, define the random variable

Seo Bin(Weo, poo)

(1.3) Zoo = m Z €,

i=1

where po = 1 — B! is the escape probability of a S-biased random walk on N.
Further, the random variables e; in (1.3) are i.i.d. exponential random variables
of parameter 1 and the nonnegative random variables (e;), W, and S in (1.3)
are independent. The random variables S, and W, will be described in (3.6) and
Proposition 6.1, respectively. The random variable Bin(W,, p) has a Binomial
law with parameters W, and p,. Now, denoting by F oo (x) = P[ 24 > x] the tail
function of Z,,, we have:
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THEOREM 1.4. For all . > 0, the following statements hold:

(1) The Lévy spectral function L is given as follows:

0, ifx <0,
Lix)=1—(1=BT) Y B Folxp),  ifx>0.
keZ
In particular, L1(x) = BY L1(Bx).
(ii) Forall x € R, L;(x) =AY L1(Ax). In particular, Lg;(x) = L1(x), for all
integers j.
(iii) d,, is given by

d, = )\1+V(1 —B7") Zﬁ(l+y)kE[

keZ

(ABR)?2 + 22,

(iv) L, is absolutely continuous.

(v) The following bounds hold:

(14) SFEIZLI <~ <BLZL)
(vi) The measure ) is absolutely continuous with respect to Lebesgue mea-
sure and has a moment of order o if and only if o < y.
(vil) When B is large enough, x¥ L, (x) is not a constant.
(viii) The random variable Z~, has an atom at 0 and a smooth density r on
(0, 00). Further, Z, has finite expectation.

REMARK 1.1. We believe that Theorem 1.2 holds true for all values 8 > ..
The proof would amount to showing that the function x¥ £ (x), with £1(x) given
in Theorem 1.4, is not a constant.

Next we explain briefly, using a toy example, the reason for the nonconvergence
of (Ap/n'/ ")n>0 and the convergence of subsequences in Theorems 1.2 and 1.3.
The reasons lie in the classical theory of sums of i.i.d. random variables. Consider a
sequence of i.i.d. random variables G;, geometrically distributed with parameter a.
Let

n
Sp=3 B
i=1

It is easy to see, using classical results about triangular arrays of i.i.d. random

variables (cf. [19]), that for & = % and ny (k) = ﬂ_"‘k, the distributions of

1

— converge to an infinitely divisible law
n, (k)1/a n;. (k) g y
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(see Theorem 10.1 for a more general result). But obviously here S,,/n!/% cannot
converge in law, if o < 2, because one easily checks that the distribution of B¢
does not belong to the domain of attraction of any stable law. This is the basis of
our belief that Theorem 1.2 should be valid for any 8 > f..

We now discuss the motivation for this work. If one considers a biased random
walk on a supercritical percolation cluster on Z¢ (introduced by [8]), it is known
that, at low bias, the random walk is ballistic (i.e., has a positive velocity) and has
Gaussian fluctuations; see [6] and [21]. It is also known that, at strong bias, the
random walk is sub-ballistic (i.e., the velocity vanishes). It should be noted that, in
contrast to the Galton—Watson tree, the existence of a critical value separating the
two regimes is not established for supercritical percolation clusters. The behavior
of the (law of) the random walk in the sub-ballistic regime is a very interesting
open problem. It was noted in [22] that the behavior of the random walk in this
regime is reminiscent of trap models introduced by Bouchaud (see [4] and [7]).
Our work indeed substantiates this analogy in the simpler case of supercritical
random trees. We show that most of the time spent by the random walk before
reaching level n is spent in deep traps. These trapping times are roughly inde-
pendent and are heavy-tailed. However, their distribution does not belong to the
domain of attraction of a stable law, which explains the nonconvergence result in
Theorem 1.2.

We note that it is possible to obtain convergence results to stable laws if one gets
rid of the inherent lattice structure. One way to do this is to randomize the bias .
This is the approach of the forthcoming papers [2, 3].

For other recent interesting works about random walks on trees, we refer to [1,
13] and [18].

There is also an analogy with the one-dimensional random walk in an i.i.d.
random environment (RWRE). This model also shows a ballistic and a sub-ballistic
regime, explicitly known in terms of the parameters of the model. We refer to [25]
for a survey. In the sub-ballistic regime, it was shown in [14] that depending on a
certain parameter « € (0, 1], and under a nonlattice assumption, & converges to a
functional of a stable law, if « < 1, and n/Xﬁ converges to a functional of a stable
law, if ¥k = 1. Recently, using a precise description of the environment, [10] and
[9] refined this last theorem by describing all the parameters of the stable law, in
the case ¥ < 1.

Our method has some similarity to the one used in [9]. In comparison to [9],
an additional difficulty arises from the fact the traps met depend not only on the
environment but also on the walk. Moreover, one has to take into account the num-
ber of times the walker enters a trap, which is a complicated matter because of
the inhomogeneity of the tree. This major technical difficulty can be overcome by
decomposing the tree and the walk into independent parts, which we do using a
new variant of regeneration times.

The paper is organized as follows: in Sections 2 and 3, we explain how to de-
compose the tree and the walk. In Section 4, we give a sketch of the proof of
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Theorem 1.3. Sections 5-9 prepare the proof of Theorem 1.3 and explain why
the hitting time of level n is comparable to a sum of i.i.d. random variables. Sec-
tion 10 is self-contained and its main result, Theorem 10.1, is a classical limit
theorem for sums of i.i.d. random variables which is tailored for our situation. In
Section 11, we finally give the proofs of the results. In Section 11.1, we apply
Theorem 10.1 to prove Theorem 1.3. Section 11.2 is devoted to the proof of The-
orem 1.2, Section 11.3 gives the proof of Theorem 1.1 and Section 11.4 the proof
of Theorem 1.4.

Let us give some conventions about notation. The parameters B and (p)i=0
will remain fixed so we will usually not point out that constants depend on them.
Most constants will be denoted ¢ or C and their value may change from line to line
to ease notation. Specific constants will have a subscript as, for example, C,. We
will always denote by G (a) a geometric random variable of parameter a, with law
given by P[G, > k] = (1 —a)*~! fork > 1.

2. Constructing the environment and the walk in the appropriate way. In
order to understand properly the way the walk is slowed down, we need to decom-
pose the tree; see Figure 1. Set

:f((l—q)s+q)—q and h(s):f(cJS)
1—¢g q

It is known (see [15]) that a f-Galton—Watson tree (with pg > 0) can be gener-
ated by:

2.1 g(s)

(i) growing a g-Galton—Watson tree T called the backbone, where all vertices
have an infinite line of descent,

F1G. 1. The Galton—Watson tree is decomposed into the backbone (solid lines) and the traps
(dashed lines).
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(i) attaching on each vertex x of Ty a random number N, of h-Galton—Watson
trees, acting as traps in the environment 7,

where N, has a distribution depending only on deng (x) and given Ty and N the
traps are i.i.d., see [15] for details.

We will refer to any vertex at distance exactly one of the backbone as a bud.
It is important to consider the backbone together with the buds to understand the
number of visits to traps.

It will be convenient to consider the attached Galton—Watson trees together with
the edge which connects them to the backbone. We define a trap to be a graph
(x UV, [x,y]UE), where x is a vertex of the backbone, y is a bud adjacent to x
and V (resp., E) are the vertices (resp., edges) of the descendants of y. The traps
can themselves be decomposed in a portion of Z called the spine, to which smaller
trees called subtraps are added: this construction is presented in detail in Section 3.

Let us now construct the random walk. We need to consider the walk on the
backbone and on the buds, to this end we introduce:

(1) oo =0y=0,
(2) op41 =inf{i > 0,|X;_1, X; € backbone},

(3) o, =inf{i > 0,|X;_1, X; € backbone U buds},

and we define Y, = X, the embedded walk on the backbone, respectively, ¥, =
Xy the embedded walk on the backbone and the buds.

Moreover define A,’; =card{i > 0:0; < A,} the time spent on the backbone to
reach level n and similarly A,{ = card{i > 0: alf < A,}.

Denote, for a set A in the tree, T, = min{n > 1|X, € A}, TyJr = T{’;}, Ty =
min{n > 0|X,, € A} and T, := Tyy;.

Note that the process (Y,),>0 is a Markov chain on the backbone, which is
independent of the traps and the time spent in the traps. Here one has to be aware
that visits to root do not count as “time spent in a trap,” precise definitions will
follow below. Hence, in order to generate Y, we use a sequence of i.i.d. random
variables U; uniformly distributed on [0, 1]. If ¥; = w with Z] children on the
backbone, then:

(1) Yisr = 0,1 Ui € [0, 7],

(2) Yi41 = the jth-child of w, if Us € [1 — . 1 — G271,

For background on regeneration times we refer to [23] or [25]. In the case of a
B-biased random walk Y,, on Z, a time ¢ is a regeneration time if

Y, >maxY, and Y; <minY;.
s<t s>t

DEFINITION 2.1. A time ¢ is a super-regeneration time for Y,,, if ¢ is a regen-
eration time for the corresponding S-biased random walk Y, on Z defined by:
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i) ¥p=0, _
(i) Vo1 =¥, — 1,if Uy €10, 5571,

(iii) I7n+1 = Yn + 1 otherwise.

We denote 7-SR the event that ¢ is a super-regeneration time for Y,,.

It is obvious that a super-regeneration time for Y, is a regeneration time for Y,
in the usual sense (the converse is false).

The walk can then be decomposed between the successive super-regeneration
times:

(i) =0,
(i) 741 =inf{j > 7;: j-SR}.
Since the regeneration times of a -biased random walk on Z have some expo-
nential moments, there exists a > 1 such that E[a™ "] < oo and E[a™] < .

REMARK 2.1. The advantage of super-regeneration times compared to clas-
sical regeneration times is that the presence of a super-regeneration time does not
depend on the environment, but only the on the sequence (U;);>o.

REMARK 2.2. The drawback of super-regeneration times is that the event that
k is a super-regeneration time depends on the random variables (U;);>o and not
only on the trajectory of the random walk (Y}),>0.

Denoting for k > 1, the o-field
Gk=o0(t1, .. s Ynag)n>0, {x € T(w), x is not a descendant of Y7, }).

We have the following proposition.

PROPOSITION 2.1. Fork >1,
P{(Ye,4n — Yo )n=0 € -, {x € T (w), x is a descendant of Y, } € -|Gk]
=P[(Yn)n=0 €, T (w) € -|0-SR].

REMARK 2.3. The conditioning 0-SR refers only to the walk on the backbone,
hence it is obvious that the behavior of the walk in the traps and the number of
times the walker enters a trap is independent of that event.

We skip the proof of this proposition since it is standard. A consequence of the
proposition is that the environment and the walk can be subdivided into super-
regeneration blocks which are i.i.d. (except for the first one). As a consequence,
we have that

card{Y1, ..., YA,EV}

n

. E[Card{Y-[l,..-,Yfz—l}]
o —> pi= , P-as.,
E[r — 71]

satisfies

Pn -
2.2)
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which is the average number of vertices per level visited by Y,. This quantity is
finite since it is bounded above by than 1/v(8), where v(8) is the speed of |Y;,|
which is strictly positive by a comparison to the 8-biased random walk on Z.

When applying the previous proposition, it will be convenient to use the time-
shift for the random walk, which we will denote by 6.

3. Constructing a trap. In the decomposition theorem for Galton—Watson
trees, we attach to the vertices of the backbone a (random) number of h-Galton—
Watson trees. We will denote their distribution with Q, hence Q[Z = k] = g; :=
prq*™!, where Z denotes the number of children of a given vertex. As stated
before the object, we will denote a trap has an additional edge: to describe a trap
£ we take a vertex called root [or root(£) to emphasize the trap], link it to another
vertex [denoted 1%7(6)], which is the actual root of a random h-Galton—Watson
tree.

When we use random variables associated to a trap, we refer to the random
part of that trap (the h-Galton—Watson tree). For example, the notation Z,, is the
number of children at the generation n with 7007 being generation 0. In particular,
we introduce the height of a trap

3.1) H =max{n >0, Z, > 0},

and we say a trap has height k if H (£) =k, that is, the distance between 700t and
the bottom point of the trap is k.

This way of denoting the random variables has the advantage that Z, (resp.,
H) are distributed under Q, as the number of children at generation n (resp., the
height) of an h-Galton—Watson tree.

The biggest traps seen up to level n are of size —Inn/Inf’(q), therefore a trap
will be considered big if its height is greater or equal to

32 he =] (1 I

(32) = 0-o—o |

for some ¢ > 0 which will eventually be chosen small enough. Such a trap will
be called an &,-trap or a big trap. It is in those traps that the walker will spend
the majority of his time and therefore it is important to have a good description of
them.

The traps are (apart from the additional edge) subcritical Galton—Watson trees,
as such, they can be grown from the bottom following a procedure described
in [11], that we recall for completeness. We will denote by § the starting point
of the procedure, corresponding to the leftmost bottom point of the trap, this last
notation will be kept for the whole paper.

With a slight abuse of notation, we will denote by Q a probability measure on
an enlarged probability space containing the following additional information.



BIASED RANDOM WALKS ON TREES 289

We denote by (¢,+1, ¥n+1) With n > 0, a sequence of i.i.d. pairs of random
variables with joint law given by

Qldn+1=j, ¥nr1 =kl =c,qxQIZ, =0V 'Q[Z,31 = 01F 7,

l<j=<kk=1,

(3.3)

Q[H=n]
Q[H=n+1]"

Set 7o = {§}. Construct 7,41, n > 0, inductively as follows:

where ¢, =

(1) let the first generation size of 7,41 be ¥y+1,

(2) let 7, be the subtree founded by the ¢, 1 th first generation vertex of 7,41,

(3) attach independent h-Galton—Watson trees which are conditioned on hav-
ing height strictly less than 7 to the ¢, 1 — 1 siblings to the left of the distinguished
first generation vertex,

(4) attach independent h-Galton—Watson trees which are conditioned on hav-
ing height strictly less than n + 1 to the ¥,,+1 — ¢,+1 siblings to the right of the
distinguished first generation vertex.

Then 7,41 has the law of an h-Galton—Watson tree conditioned to have height
n+1 (see [11]).

We denote 7 the infinite tree asymptotically obtained by this procedure; from
this tree we can obviously recover all 7,. If we pick independently the height
H of an h-Galton—Watson tree and the infinite tree 7 obtained by the previous
algorithm, then 7 has the same law as an h-Galton—Watson tree.

We will call the spine of this Galton—Watson tree the ancestors of §. If y #£ &
is in the spine, " denotes its only child in the spine. We define a subtrap to be a
graph (x UV, [x, y]U E), where x is a vertex of the spine, y is a descendant of x
not on the spine and V (resp., E) are the vertices (resp., edges) of the descendants
of y. The vertex x is called the root of the subtrap, and we denote

3.4) S, the set of all subtraps rooted at x.

See Figure 2 for an illustration.

We denote by S;_JHk and H;if with n,i, j > 0 and k = 1, 2, two sequences of
independent random variables, which are independent of (¢, ¥,),>0 and given
by:

D SZHJ . (resp., Sy i ’2) is the jth subtrap conditioned to have height less
than n added on the left (resp., right) of the (n + 1)th (resp., nth) ancestor of &,

2) l'If;j *is the weight of S,Q’j ** under the invariant measure associated to the
conductances BT between the level i and i + 1, the root of S,i’j & being counted
as level 0.

These random variables describe the subtraps and their weights.
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root

—
root

3

FI1G. 2. The trap is decomposed into the spine (solid lines) and the subtraps (dashed lines).

We denote l'[i_’Ji’k =0and

¢i—1 Yi—¢i

i, j,1 i,j,2

33 M= YA Y
j=1 j=1

which is the weight of the subtraps added to the ith ancestor of §.

Due to the next lemma, the random variables A; will be important to describe
the time spent in traps. We recall that a reversible Markov chain can be described
as an electrical network. An electrical network is a connected graph G = (V, E)
with positive conductances c(e).cg on its edges. It defines a Markov chain with
transition probabilities p(x, y) =c([x, y])/>_,. (x.zjek €([x, z]), where we denote
[x, y] the edge connecting x and y [and p(x,y) = O if there is no such edge].
This Markov chain has 7 (x) = >, yjeg ¢([x, y]), x € V, as an invariant mea-
sure. If it is positive recurrent, the unique invariant probability measure is given
by 7 (x)/7(V), where T(V) = 3,y 7(y). We refer to [17] for background on
electrical networks, and we recall the following lemma.

LEMMA 3.1. Let (G, c(e).cE) be a positive recurrent electrical network, x €
V and Py the law of the Markov chain started at x. If 3.y jepc(lx,z]) =1,
then

E(T1=2) c(e).

ecE
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PROOF. The expected number of visits to y before returning to x is 7(y)/
7 (x). Hence,
7(V)
E T =——==7(V),
since T(x) = Y .. [x. er c([x,2]) = 1. Then we simply notice that 7 (V) =
2Ze€E C(e)- 0

Let us introduce another important random variable

(3.6) Seo=2Y BT (14 A,
i=0

which appears in the statement of Theorem 1.4. It is the mean return time to § of
the walk on the infinite tree 7 described in the algorithm following (3.3).

LEMMA 3.2.  There exists a constant Cy, depending on (pi)k>0, such that for
n>0andk >0,

QVut1 =k1 < Cykqg*.
In particular, for another constant 610’ sup; enEQl¥i] < 61// < 0.

PROOF. Recalling (3.3), we get

k
QY1 =kl =) Qldnt1 =j, Yns1 =kl

Jj=1

k
=cnqi Y QIZ, =0V "'Q[Zy41 =01/
j=1
< cnkqr.
It is enough to show that the sequence (c,),>0 is bounded from above.
A Galton—Watson tree of height n + 1 can be obtained as root having j children,

one of which produces a Galton—Watson tree of height n, the others having no
children of their own. Thus,

1/en =QIH =n+11/QIH =n] > gq;q]~
forany j > 1. We fix jo > 1 so that g, > 0 and we get

1

1 _
QY1 =kl < ———rkg""",
4090
where we used g = pqufl =< qkil- 0

Using this lemma, we can get a tail estimate for the height of traps.
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LEMMA 3.3. There exists a > 0 such that
Q[H >n]~af'(g)".

PROOF. It is classical (see [12]) that for any Galton—Watson tree of law é
with E 0 [Z1] =m < 1 expected number of children, we have

. 0[Z, > 0]
lim =———

n—00 mn

>0 <«<— EQ[Zl logJr Z1] < 0.

The integrability condition is satisfied for Q since g = prg*~' < ¢*~!, and the
result follows. [

We also recall the following classical upper bound
(3.7) Q[H > n]=QI[Z, > 0] =Q[Z, > 1] < EQ[Z,] =f'(9)".

The following lemma seems obvious, but not standard, so we include its proof
for the convenience of the reader.

LEMMA 3.4. We have for k > 0,

QlZ) <k|Z, =0]=QI[Z; <kl].
In particular EglZ;1Z, =0] < f/(q)i,for anyi>0andn > 0.
PROOF. Denoting D, a geometric random variable of parameter 1 —

QI[Z,,—1 = 0] which is independent of Z;, we have Q[Z| <k|Z, =0]=Q[Z; <
k|Z; < Dy]. Then compute

Y _0QID, > j1QIZ1 = j]

%0 QID, > j1QIZ1 = /]
_ (1 L T QIO > /1012 = j])—l
> _0QIDy > jIQIZi =1/

now use that for all j/ < k < j we have Q[D,, > j]1 < Q[D, > k] <Q[D, > j'l.
yielding

QlZ <k|Zy < D, =

k Zi=i
Z]:OQ[ 1 J]—Q[Zlfk]

Z1 <klZ) < Dy] > = — =
Q[Z <k|Zy < D] =, QIZI =] 0

We can now estimate EQ[A;].

LEMMA 3.5. Foralli >0,

~

C!ﬁ ’ i
EQIAil < ——5——(& )
QLA = (= T @)p)
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PROOF. Using (3.5), Lemmas 3.2 and 3.4, we get

EQlAi]l = EqQlgi — 11EQ[IT;—1] + Eql¥i — ¢ilEQlI1;]

l
fEdmh%EdmhﬂhZﬁwﬂﬁ,
[AS j=I

and the result follows immediately, since Bf'(¢) > 1. 0
Finally, we get the following proposition.

PROPOSITION 3.1. We have

2Cy (,3 1 )
E SOO— / /
ol = Ty T\ B =1 T 1=t @) =

PROOF. Recalling Lemma 3.5, we get

o i 2Cy > o
EqlSe] <2 B EQll + Aj]< — ¥ i(14 (B (q))') < oo,
Sl = ;)ﬁ oll + ]<1—(,3f(q))_1i§0ﬂ (14 (Bt (@)') < o0

the last term being finite since f'(¢) < 1. O

4. Sketch of the proof. In the first step, we show (see Theorem 5.1) that the
time is essentially spent in A, -traps.

Then we show that these /,,-traps are far away from each other, and thus the cor-
relation between the time spent in different £, -traps can be neglected. Moreover,
the number of /,-traps met before level n is roughly pC,n®. Let

“4.1) xo(n) = the time spent in the first /i, -trap met,

where we point out that there can be several visits to this trap. At this point, we
have reduced our problem to estimating

Ap~x1(n)+---+ XpCanS(n)a

where y;(n) are i.i.d. copies of xo(n).
Now we decompose the time spent in the first /,-trap according to the number
of excursions in it starting from the root

W, )
Xy =Y 1",

i=1

where W,, denotes the number of visits of the trap until time n and TO(Z) an i.i.d.
sequence of random variables measuring the time spent during an excursion in a
big trap. It is important to notice that the presence of an &, -trap at a vertex gives
information on the number of traps at this vertex, and thus on the geometry of
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the backbone. So the law of W,, depends on n. Nevertheless, we show that this
dependence can be asymptotically neglected, and that for large n, W, is close to
some random variable Wy, (Proposition 6.1).

Now we have essentially no more correlations between what happens on the
backbone and on big traps. The only thing left to understand is the time spent
during an excursion in an &,-trap from the root. To simplify if the walker does not
reach the point § in the trap (this has probability & 1 — p), the time in the trap can
be neglected. Otherwise, the time spent to go to §, and to go directly from § back
to the root of the trap can also be neglected, in other words, only the successive
excursions from § contribute to the time spent in the trap. This is developed in
Section 8, and we have

Bin(Weo, poo) GW—1
4.2) xm=~ Y 3 T8,
i=1 j=0

where Te(,ﬁ’cj ) are i.i.d. random variables giving the lengths of the excursions from
8 to 8. Further, G is the number of excursions from & during the ith excursion in
the trap: it is a geometric random variable with a parameter of order ~#. Since
B~ is very small (H being conditioned to be big), the law of large numbers
should imply that

G -1
S T8~ GOE1ED] ~ 68
j=0

and also we should have G — 1 ~ ,BH e;. This explains why, recalling (1.3),
x1(n)~ 7 2o,

We are then reduced to considering sums of i.i.d. random variables of the form
Z;B%i with X; integer-valued. This is investigated in Section 10. We then finish
the proof of Theorem 1.3 in Section 11.

REMARK 4.1. The reasoning fails in the critical case y = 1, indeed in this
case we have to consider a critical height %, which is smaller. This causes many
problems, in particular in big traps there can be big subtraps and so, for example,
the time to go from the top to the bottom of a trap cannot be neglected anymore.

5. The time is essentially spent in big traps. We recall that h, = [—(1 —
e)Inn/Inf'(g)]. Lemma 3.3 gives the probability that a trap is an h,,-trap:
(5.1) = QIH = hy] ~ af ().

For x € backbone, we denote

(5.2) Ly the set of traps rooted at x
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(@if x is not in the backbone then L, = &). Let us denote the vertices in big traps
by L(h,) ={y € T(w):y is in an hy,-trap}.

Our aim in this section is to show the following proposition.

PROPOSITION 5.1. For & > 0, we have

A —
forall t =0 IP’HliX(n) zt] —0,
n /v
where
(5.3) x(n)=card{l <i <A,:X;_1, X; € L(hy)}

is the time spent in big traps up to time A,.

Define:
() Ai(n)={A} <Cin},
Y
(if) Ax(n) = {card Ui, Ly, < Conl,

7

(i) Asz(n) = {maxZeLY"isAg card{0 <i < A,{ Yiel, Xo,41 €4} < C3lnn},
(iv) A(n) = Ai(n) N Az(n) N Az(n).

The following lemma tells us that typically the walk spends less than Cyn time
units before reaching level n, sees less than Con traps and enters each trap at most
CsInn times.

LEMMA 5.1. For appropriate constants C1, C, and C3z, we have

PlA|(n)]=0(n™?) and P[A(n)]— 0.

PROOF. By a comparison to the 8-biased random walk on Z, standard large
deviations estimates yields

P[A1 ()] =o0(n"?)

for Cp large enough.

On Aj(n), the number of different vertices visited by (¥;);>0 up to time A,{
is at most Cyn. The descendants at each new vertex are drawn independently of
the preceding vertices. Moreover, at each vertex the mean number of traps is at
most the mean number of children, thus E[card Lo] <m/(1 — ¢g). The law of large
numbers yields for C» > Cym/(1 — g) that

Cin )
P[A2(n)°] < P[Z card Ly > Czn:| +P[A; ()] — O,
i=0
where card Lg) are i.i.d. random variables with the law of card L. This yields the
second part.
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For A3(n), we want, given a vertex x in the backbone and any ¢ € L, to give
an upper bound on the number of transitions from x to y, where y is the bud
associated to £. Let z be an offspring of x in the backbone. Then, at each visit to x,
either the walker does not visit y or z, or it has probability 1/2 to visit y first (or z
first). Hence:

(i) the number of transitions from x to y before reaching z is dominated by a
geometric random variable of parameter 1/2,

(ii) the number of transitions from x to z is dominated by a geometric random
variable of parameter p, since the escape probability from z is at least po.

Consequently the number of transitions from x to y is dominated by a geometric
random variable of parameter poo/2. Thus,

P[A3(n)° N A2(n)] < ConP[G(peo/2) = C31nn]
< CnC3 ln(l—pm/2)+l’

and if we take C3 large enough we get the result. [

PROOF OF PROPOSITION 5.1. Now we can start proving Proposition 5.1. De-
compose A, into

(5.4) Ap=A +ym)+ > N(0),
(U™ Ly \L(hn)
where N(£) =card{l <i < A,:X;_1€£,X; €l}.
The distribution of N (£) conditioned on the backbone, the buds and (Y. l./ )i <AY's
the walk on the backbone and the buds, is Z,E e Réi). Here we denoted E, the

number of visits to £ and R él) is the return time during the ith excursion from the
top of £. These quantities are considered for traps ¢, conditioned to have height at
most 4.

Obviously, we get from (5.4) that

(5.5 Ay = x(n).
From (5.4), we get for ¢ > 0,
ConC3lnn
Ay — x(n) (i) 1
P[T >z] <P[A(n)]+P C1n+2(:) ZO R, >n!/Y

i= =

(5.6) !

Con C3lnn @ ¢ Y
<o(l)+P R > -n'"|,

where we used Lemma 5.1.
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Chebyshev’s inequality yields

Con C3lnn o 2 Con Czlnn @
l
P> 3 s bt | < toel > S R

i=0 j=0 i=0 j=0
2C,C3n' 171
Using Lemmas 3.4 and 3.1, we have
1 ha=1
E[R% )] = EQ[ root root]|H <h =2 Z IBIEQ[ZMH < hy]
i=0

ha—1

<2 Z (IBf/(q))i < Cn(l_g)(_H']/V).
i=0

Plugging this into the previous inequality, we get for any ¢ > 0 and ¢ > 0

|:C2n Czlnn

> > R =3 ”V}=o(1),

i=0 j=0

thus recalling (5.6) and (5.5) we have proved Proposition 5.1. [J

6. Number of visits to a big trap. We denote K, = maxycz, H({), the height
of the biggest trap rooted at x for x € backbone, where we recall that H denotes
the height of the trap from the bud and not from the root.

LEMMA 6.1. We have
P[Ko > hy] ~ Caf’(q)",

where C, = ag ™7 fq(Q)

recalling Lemma 3.3 for the definition of «.

PROOF. We denote Z the number of children of the root and Z* the number of
children with an infinite line of descent. Let P be the law of a f-Galton—Watson tree
which is not conditioned on nonextinction and E the corresponding expectation.
Recall (5.1) and let H® i=1,2,..., bei.i.d. random variables which have the
law of the height of an h-Galton—Watson tree, and are independent of Z — Z*.
Then

_El0 —n)* % (1 - 1ZF =0))]

P[Kozhn]zP[' max H(i)zhn]zl -
; -

=1,..,.Z2-7Z*

where the indicator function comes from the conditioning on nonextinction, which
corresponds to Z* £ 0.
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Hence,

o N\Z—=Z%7 _ _ o \Z—Z*(\Z*
PIKo = i1 =1~ ELL=m)? 71— Bl = n)®#07)
l—g¢g
and using E[sZ_Z*tZ*] =f(sq +t(1 —q)) (see [15]) we get
f(1 = nu)g + 1 —q) —£((1 —nn)q)
1—gq '

Now, using (5.1) and the expansion f(z —x) = f(z) —f'(z)x +o(x) for z € {gq, 1},
we get the result. [

P[Ko=hp]=1—

Define the first time when we meet the root of an £, -trap using the clock of ¥;,,
6.1 K (n) =inf{i > 0|Ky, > h,}.

We also define £(n) to be an h,,-trap rooted at Yk ), if there are several pos-
sibilities we choose one trap according to some predetermined order. We denote
b(n) the associated bud.

We describe, on the event 0-SR, the number of visits to £(n), by the following
random variable:

(6.2) Wn = card{i : X,‘ = YK(n), Xi+l = b(n)},

where  is chosen under the law P[-] and X, under P§’[-|0-SR]. We will need the
following bounds for the random variables (W,);>1.

LEMMA 6.2. We have W,, < G(pxo/3) for n € N, that is, the random vari-
ables W, are stochastically dominated by a geometric random variable with para-
meter Poo/3.

PROOF. For n € N, starting from any point x of the backbone, the walker has
probability at least 1/3 to go to an offspring y of x on the backbone before going
to b(n) or X . But the first hitting time of y has probability at least ps to be a
super-regeneration time. The result follows as in the proof of Lemma 5.1. [

PROPOSITION 6.1. There exists a random variable Wy such that
d
Wn - WOO’

where we recall that for the law of W,,, w is chosen under the law P[-] and X,
under P$’[-|0-SR].

REMARK 6.1. It follows from Lemma 6.2 that W < G (peo/3).
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Fix n € N* and set m > n. We aim at comparing the law of W,, with that of
W, and to do that we want to study the behavior of the random walk starting from
the last super-regeneration time before an h,-trap (resp., h,,-trap) is seen. This
motivates the definition of the last super-regeneration time seen before time n,

Y (n):=max{0 <i <n:i-SR}.

For our purpose it is convenient to introduce a modified version of W,,, which
will coincide with high probability with it. For m > n, recall that 6 denotes the
time-shift for the walk and set

K(m,n)=inf{j > 0: Ky, > hyy, £(m) 0 05(j) = £(n) 0 05},

the first time the walker meets a h,,-trap which is the first A, -trap of the current
regeneration block and we denote by b(m, n) the associated bud. Set

W = card{i : X; = Bm.ny» Xi+1=bm, n)},

where w is chosen under the law P[] and (Ui)igf(m,n) under Py’[-|0-SR].

LEMMA 6.3. Form > n, we have that

- d
Wonn < W,

PROOF. Toreach a vertex where an A, -trap is rooted, the walker has to reach a
vertex where an A, -trap is rooted. Two cases can occur: either the first /4, -trap met
is also a hy,-trap or it is not. In the former case, which has probability n,,/n, > 0,
since the height of the first /,,-trap met is independent of the sequence (U;);<k (n),
the random variables Wm,n and W, coincide. In the latter case, by its definition,
K (m, n) cannot occur before the next super-regeneration time, hence K (m, n) >
71 0 Ok (n- In this case Wy, = Wy 0 Ok (n) and then by Proposition 2.1,

— d —
Wm,n o 01’109[{(") = Wm,n»

and W, , o 01100k () is independent of (Ui)i<ti00k (y—1-

The scenario repeats itself until the h,-trap reached is in fact a h,,-trap, the
number of attempts necessary to reach this £, -trap is a geometric random variable
of parameter n,, /1, which is independent of the (U;)’s.

This means that there is a family (W,gl))izl of 1.1.d. random variables with the
same law as W,, such that

Wm,n = W,EG),

where G is a geometric random variable independent of the (Wn(i)) i>1. Then, note
that we have

Wm,n = WVEG) g Wn OJ
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Now we need to show that W, ,, and W,, coincide with high probability, so we
introduce the event

Apn = {€(m) = £(n) 0 O (k ()}

on which clearly W, , and W,, are equal.

LEMMA 6.4.
(6.3) sup P[A}, ,|0-SR] — 0 forn — oo.

m>n

PROOF. Let us denote, recalling (5.2),

7
V; = {card U{E € Ly,, ¢ is a h-trap} =i}
k=0

and
V;Hr = {card U{Z € Ly,,¢isahj-trap} > i}.
k=0
Then we have
(6.4) P[AS, ,10-SR] < P[V,>F|V,-T, 0-SR].
Let us denote card Trap the number of traps seen before 71,
T
card Trap = card{ﬁ:ﬁ € U Lyl.},
i=0
and its generating function by
@(s) 1= E[s“4T#P|0-SR].
The probability of A, , can be estimated with the following lemma, whose
proof is deferred.
LEMMA 6.5. We have
Vmzn  PIVHV, ™, 0-SR1 < ¢'(1) — ¢/ (1= ).

Now we have E[card Trap |0-SR] < E[71]|0-SR]E[card L] < oo because of Re-
mark 2.1 and hence ¢’ is continuous at 1, and (6.3) follows from (6.4). [

Applying Lemmas 6.5, 6.3 and (6.3) we get
P[W,, > y|0-SR] = P[Ay . Winn > ¥[0-SR] + 0(m, n)
= IED[Wm,n = y|0'SR] +o(m, n)

=P[W, > y|0-SR] + o(m, n),
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where sup,,~.,, o(m, n) — 0 as n goes to infinity.

The law of a random variable W4, can be defined as a limit of the laws of some
subsequence of (W), since the family (W, ),>0 is tight by Lemma 6.2. Then
taking m to infinity along this subsequence in the preceding equation yields

vVt >0 P[Weo < t|0-SR] =P[W, <¢]|0-SR] + o(1).
This proves Proposition 6.1.
It remains to show Lemma 6.5.
PROOF. Note that fori > 1,

P[V/|0-SR]
P[V,y " |0-SR]
P[V/|0-SR]
~ P[V,)T|0-SR]

PLVIO-SR] 1w
T PIVETIOSR
- iIP[V,ﬂO—SR].

Nn

PV |V1+ 0-SR] = P[VLF1vi 0-SR]

IQ[H = hm|H = hy]
(6.5)

Then we have

> iP[V,;]10-SR] =Y " P[card Trap = j|0-SR]i ({ ) nh(1—n,) ™

i>2 i>2 j>i

J .
= Zj[P[cardTrap = j|0-SR] Z <J : 11 ) (1 —n,)’ ™"
j=0 =

=1, .
=Tn ZjIP’[CardTrap = j|0-SR] Z (J l_ 1) 0t (1 — p) =D
j=0 -

=1y, Y jP[card Trap = j|0-SR](1 — (1 — 1)/ ™)
j=0

=T ((p/(l) - (p/(l - 77n))
Inserting this in (6.5) we get
o0
PVt VT, 0-SR] =Y P[V/|V, ", 0-SR]

i=2

1 .
<— ZiIP’[V,i |0-SR]1=¢"(1) — ¢"(1 — 1),

ni>2
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which concludes the proof of Lemma 6.5. [J
We will need the following lower bound for the random variable W.

LEMMA 6.6. There exists a constant cyw > 0 depending only on (p;)i=0, such
that

P[Woo = 1] = cw.

PROOF. By Proposition 6.1, it is enough to show the lower bound for all W,,.
First let us notice that

2
P[W, > 10-SR] = E[(;> poo]
Z(Kn) + 1

, 1
z(1-f (q))E[(zu«n)) n 1)2]’

where Z(K (n)) is the number of offspring of Yk ,). To show (6.6), note that the
particle has probability at least 8/(BZ(K(n)) +1) > 1/(Z(K(n)) + 1) of going
from Yk (,) to b(n) and when it comes back to Yk ,) again there is probability at
least 1/(Z(K (n)) + 1) to go from Yk ) to one of its descendants on the backbone
and then there is a probability of at least p, that a super-regeneration occurs. The
event we just described is in {W,, > 1} N {0-SR}. For the second inequality in (6.6),
use B> B =F(qg) ' hence poo =1—8"1>1—Ff(g).

Now, we notice that the law of the Z(K (n)) is that of Z; conditioned on the
event {an h,-trap is rooted at 0}. Denote jj the smallest index such that jo > 1 and
Pjo, > 0 (which exists since m > 1) and Z] the number of descendants of 0 with
an infinite line of descent. All Z| — Zj traps rooted at 0 have, independently of
each other, probability 5, of being 4, -traps, so that

P[Z(K (n)) = jo]l =P[Z1 = jolan h,-trap is rooted at 0]
_ PLZy = jo,Bin(Z1 — Z],np) > 1]
- Plan A, -trap is rooted at 0]
- mPlZ1=jo, Z1 — Zi > 1]
~ Plan h,-trap is rooted at 0]
Further, since P[Bin(Z — Z], n,) > 1] < Zn,, we have

(6.6)

o
Plan A, -trap is rooted at 0] < Z P(Z, — Z] = jljn, <mny.
j=0

Putting these equations together, we get that
P(Z, = jo.Z1 - Z] > 1]
- .
The last equation and (6.6) yield a lower bound for P[ W, > 1] which depends
only on (py)k=0. 0

P[Z(K () = jo] =
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7. The time spent in different traps is asymptotically independent. In or-
der to show the asymptotic independence of the time spent in different big traps we
shall use super-regeneration times. First, we show that the probability that there is
an h,-trap in the first super-regeneration block goes to 0 for n — oo.

Define:

(i) Bi(n)={Vi €[l,n],card{Yy,,..., Yy,  } <n®},
(i) By(n) ={Vi € [0, 71],card Ly, <n%¢},
(iii) B3(n) ={Vi €[0,11],VL € Ly,, £ is not an h,-trap},
(iv) B4(n) ={Vi €[2,n],card{j:j € 1, Ti+1], Lyj contains an hy,-trap} < 1},
(v) B(n) = Bi(n) N Ba(n) N B3(n) N Bs(n).

LEMMA 7.1. Fore < 1/4, we have
P[Bi(n)1=o0(m™?) and P[B(n)‘]— 0.
PROOF. Since 15 — 71 (resp., 71) has some positive exponential moments and
Bi(n)¢ C Ui {tis1 — i = n®},
P[B1(n)°] = 0(n™?).
Using the fact that the number of traps at different vertices has the same law,

P[Ba(n)] < P[B1 (n)°] + n°Plcard Lo > n*] < o(1) + n% =o(1),

where we used Chebyshev’s inequality and E[card Lo] <E[Z1] <m/(]l — q).
Then we have

P[B3(n)] < P[Ba(n)“1+ n*n, = o(1),

yielding the result using (5.1), since ¢ < 1/4.

Finally, up to time n we have at most n super-regeneration blocks, on Bj(n)
they contain at most n® visited vertices. But the probability that among the n® first
visited vertices after a super-regeneration time, two of them are adjacent to a big
trap is bounded above by n?*P[K( > h,]* (here we implicitly used Remark 2.1).
Hence, we get

P[B4(n)°] < P[B1(m)] + nn** (Cn®~)? = 0(n™ 1),

yielding the result for e < 1/4. [J

We define R(n) = card{Yy,..., YA'{} and [,, the number of vertices where an
hy,-trap is rooted:

(7.1) [, = card{i € [0, A,{] : Ly, contains an h,-trap}.
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Recall (2.2) and define

(72) Ci(m)={(1—n""pn < R(n) <A +n""*"pn},

(7.3)  Ca) ={(1 —n~ M pCant’(@)" <1, < (1 +n~)pCynf’(g)"},
(74) C3(n)={vVl<i< A,{, card{¢ € Ly, : € is an h,-trap} < 1}

and C(n) =C1(n) N Ca(n) N C3(n).

LEMMA 7.2. Fore < 1/4, we have
P[C(n)‘] — O.

PROOF. First, we notice that for i > 0 and with the convention 7p := 0 we
have

Zi=card{Yy 41, ... Y5} X GO (poo),

where the geometric random variables G) are i.i.d. Indeed, at each new vertex
visited we have probability at least p, to have a super-regeneration time. Let us
denote by ng the smallest integer such that A,{ < Tpn,, Which satisfies ng < n since
| X7 | — 1 X5 = 1

Now, since the random variables Z; are i.i.d. and Z?i;l Z; <card{Yy,...,
no
YAX} <22 Zi,we have

card{Yq, ..., Yar}
IP’[ Lo oy

n

-

(card{Yl, cee YAZ})

fnl/ZVar
n

:nl/z(EKcard{Y],r.l. . YA5}>2:| B E[Card{Yl’,;' ., YAZ}T)

(e (§2) ][ 2])

<n V2 E[G(pso)*1+ E[G(poo)]?),

yielding P[C1(n)‘] — O.

On Ci(n) we know that there are R(n) € [pn(1 — n—1/%, pn(l + n=1/] ver-
tices where we have independent trials to have h,-traps. Hence [, has the law
Bin(R(n), P[Ko > h,]), where the success probability satisfies P[Kg > h,] <
Cn®~! has asymptotics given by Lemma 6.1. Now, standard estimates for Bino-
mial distributions imply that P[C,(rn)¢ N C(n)] — 0.

On C,(n), there are at most Cn® vertices where (at least) one h,-trap can be
rooted, we only need to prove that, with probability going to 1, those vertices do
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not contain more than two h,-traps. Using the same reasoning as in Lemma 6.5,
we get

P[0 has at least two &,-traps|0 has at least one &,,-trap, 0-SR]
= f/(l) - f/(l — ) < Cny,

where we used that E[Z?] < oo, which implies that f”(1) < oco.
The result follows from the fact that n, = o(n=%) fore < 1/4. [

Let us denote, recalling (3.1),

D) { H) < 2Inn }
n)= max —_— (-
ZeUi:O,M,A,}{ Ly, B _lnf/(Q)

LEMMA 7.3. We have

P[D(n)‘]— 0.

PROOF. Due to (3.7), we know that Q[H > —12nhfl/réq)] <n~2, so using Lem-

mas.1
P[D (1)1 < P[A2(n)] + P[A2(n) N D(n)1 < o(1) + Con~' = 0(1),

which concludes the proof. [

On B(n) there is no big trap in the first super-regeneration block, on B(n)NC (n)
all big traps are met in distinct super-regeneration blocks and C,(n) tells us the
asymptotic number of such blocks. Moreover on D(n), we know that to cross
level n on a trap, it has to be rooted after level n — (—21Inn/Inf’(g)). Hence using
Lemmas 7.1, 7.2, 7.3, Proposition 2.1 and Remark 2.3, we get:

PROPOSITION 7.1. Let xi(n),i > 1, be i.i.d. copies of xo(n), see (4.1), and
n=n— (—2Inn/Inf'(q)). Then we have

(1=7~8/*) p, Cafit’ (@) (14+n~8/*) p, Cant’ (q)"
o1(n) + > xi(n) < x(n) < > Xi(n) + 02(n),

i=1 i=1

where lim,,_, 5o 01(n) =1lim,,_, oc 02(n) = 0.

In light of Proposition 5.1, our problem reduces to understanding the conver-
gence in law of a sum of i.i.d. random variables. The aim of the next section is
to reduce x1(n) to a specific type of random variable for which limit laws can be
derived (see Section 10).
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8. The time is spent at the bottom of the traps. We denote by £;(n) the jth
hy-trap seen by the walker, and by §;(n) [resp., rootj(n), b;(n)] the leftmost bot-
tom point (the root, the bud) of £;(n). Further, x;(n) denotes the time spent in the
jth hy-trap met. Then, x;(n),i > 1, are i.i.d. copies of xo(#n) as in Proposition 7.1.

We want to show that the time spent in the big traps is essentially spent at the
bottom of them, that is, during excursions from the the bottom leftmost point . In
order to prove our claim, we introduce

Xj(n)= card{k > 0: Xy € £;(n), k = Ts;n T5;(n) © O < o0},

the time spent during excursions from the bottom in the jth &,-trap met. It is
obvious that

xj(n) = x;(n).

We prove the following proposition.

PROPOSITION 8.1. For ¢ < 1/4, we have, recalling (7.1),

1
forallt >0 P[m

ln
D (xjm) = xFm)| = r} — 0.
j=1

In order to prove the preceding proposition, we mainly need to understand 1 (n)
and x{(n). Note that xi(n) is a sum of W), successive i.i.d. times spent in £1(n)
and x{(n) is a sum of W), successive i.i.d. times spent during excursions from the
bottom of £1(n). We can rewrite the proposition as follows:

In Wy
8.1) forallz >0 IP’|: 7 122 2 (Thawin — T | = z} -0,
i=1j=1
where
TrOOt = =card{k > 0: Xy € £;(n),
card{k <k: X711 =bi(n), Xz =root;(n)} = j}
and
TrOOt = = card{k > 0: Xy € ¢;(n),

card{k < k: Xz 1 =bi(n), Xz =rooti(n)} = J,
k> Ts;(ny, Ts;(n) © Ok < 00},

and (W,g’)), i > 1, are i.i.d. copies of W,,.

Consequently, in this section, we mainly investigate the walk on a big trap,
which is a random walk in a finite random environment. Recall that root is the ver-
tex Yk () on the backbone where £(n) is attached. Moreover, set Q,[-]1 = Q[-|H >
hal, EQ,l'1 = EQU-|H = hy), E“[]:= E&o [ and Eq,[] = Eq,[E“[-]].
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REMARK 8.1. To ease notation, we add to all these probability spaces an inde-
pendent random variable W,, whose law is given by (6.2), under the law P[-|0-SR]
for n e NU {o0}.

We will extensively use the description of Section 3, in particular we recall that
a trap is composed of root which is linked by an edge to an h-Galton—Watson tree.
We want to specify what £(n) looks like. Denoting

nt— [(1 +s)lnn"
| —Inf'(g) I

n

consider:

() A (n)=(H <hf},

(i1) sz (n) = {there are fewer than n® subtraps},
(ii1) X3 (n) = {all subtraps of £(n) have height < h,},
(iv) A(n)=Ai1(n) N Az(n) N Az(n).

LEMMA 8.1. Fore < 1/4, we have
QLA T =0(n"").
PrROOF. First,

~ e QIH > hf]

Qu[A1(n)] < m

Furthermore using Lemmas 3.2, 3.4 and (3.7), we get
Qu[A2(n)°] = Qul A1 (n)]

+Qy [Av 1(n), there are n®/ h,f subtraps on a vertex of the spine]

<Cn ¥ =o(mn™®).

&
< O(n—é‘) _i_h;lf—cw;:_-'_qns/h;
n

=o(n~%).
Finally,
QulA3(1)°] = QulA2(n)°]
+ Qn[gz (n), there exists a subtrap of height > ;]
<o(n™")+nny
=o(n™"),

where we used (5.1)and ¢ < 1/4. O
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Using Chebyshev’s inequality we get, recalling (7.3),

[ >f}

1n) W) _
= n |:1{C2(n)}1{A(n)} Z Z root; (n) Trz’o]tl-(n))]

i=1j=1

L, Wi

Z Z root; (n) rj;o]t, (n))

i=1j=1

+ P[C2 ()] + Qu[A(n)“]
<P[C2(n)°] + Qn[Z(n)C]

2pCqcpn 1
+ C;/V E[I{A(")}( rooty (n) ~ Trzot,(n))]’

where cg = E[G(poo/3)], implying E[W,gj)] < cpg. Hence using Lemmas 8.1

and 7.2, with
n W(l)
et .1

Z Z root; (n) rZth, (n))

i=1j=1

and

b= Y (1AM Ty Tk )}
we have
(8.2) lim sup(a, — b,) <0.

n—oo

We have to estimate this last expectation. Consider an h,-trap. Each time the
walker enters the &, -trap two cases can occur: either the walker will reach §, or he
will not reach 8 before he comes back to root. In the former case, T4, — Tr’(",’(,}L is the
time spent going from root to é for the first time plus the time coming back from §
to root for the last time (starting from § and going back to root without returning
to 8). In the latter case, T,g, — Trf)’of equals T,;,. This yields the following upper
bound

I{A(I’l)}( root I‘OOt )]
< EQ,[HAM) Efpo UAMN TS IT3 < T, 1]

+ Eq, [1{A(n)}E5 [ root| root < T5+]]
+ Eq, [I{A(n)}Eroot root|Trj>_ot <Tj ]]

To tackle the conditionings that appear, we shall use h-processes; see [9] and
[25] for further references. For a given environment w let us denote 7“ the fol-
lowing function on the trap: h“(z) = Py [T.do < T51, with h®(root) = 1 and

(8.3)
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h®(8) = 0. Then we have the following formula for the transition probabilities
of the conditioned Markov chain:

h®(z

@) PP[X1=1z]
he(y)
for y, z in the trap. Due to the Markov property, #“ is harmonic except on § and
root. It can be computed easily here (note that this is a one-dimensional calculation
involving only the spine):

(8.4) PPIX1 = 2| T < Ts] =

N IB—(H-H—d(root,y/\(S))

1
w R R0) __ p—d(root,yAd)
In particular, comparing the walk conditioned on the event {T5+ > T, .} to the
original walk, we have the following:

(1) the walk remains unchanged on the subtraps,
(2) for y on the spine and z a descendant of y not on the spine, we have

P;U[Xl V| 00t<T5 >Pw[X1_Z| 00[<T5]a
(3) for y ¢ {6, root} on the spine, we have
PY[X1 =5 |To < Ts1 > BPY1X1 ="V [Ty < Ts1.

The points (2) and (3) state, respectively, that the conditioned walk is more
likely to go toward root than to go to a given vertex of a subtrap and that restricted
to the spine the conditioned walk is more than g-drifted toward root.

LEMMA 8.2. For z € {5, root}, we have

EqQ,[UAMEL[Td Tk < TsT1] < CnnynI=0)0/y=De,

PROOEF. First, let us show that the walk cannot visit too often a vertex of the
spine. Indeed let y be a vertex of the spine, using fact (3), we have Py‘“[Ty+ >
Tt Ty < Ts] > poo. Hence, the random variable N (y) = card{n < T, : X, =
y} with (X,,) conditioned on {T,&,, < Ts} is stochastically dominated by G (poo),
a geometric random variable with parameter poo.

Furthermore, we cannot visit often a given subtrap s(y) € Sy, [recall (3.4)]. In-
deed, if we denote the number of visits to s(y) by N(s(y)) = card{n < T, rfjot X, =
v, Xn+1 € s(¥)}, using fact (2) and a reasoning similar to the one for the asymp-
totics on Asz(n) in Lemma 5.1 we have that N(s(y)) with (X,) conditioned on
(T5, < Ts) is stochastically dominated by G(peo/2).

Let us now consider the following decomposition:

N(s)

Tr_got = Tspine + Z Z st ’

sesubtraps j=I
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where Typine = card{n < T, & : X, is in the spine} = 3" xespine V (x) and R} is the
time spent in the subtrap s during the jth excursion in it. Moreover, on A(n), the
law of any subtrap s is that of a Galton—Watson tree conditioned to have height
strictly less than i 4+ 1 for some i < h,,. Then Lemma 3.1 implies that for such a

subtrap, E“’[Rj ] has the same law as 21'Ii i 11 which satisfies using Lemma 3.4 that
EQn[l'[’ 1< C(pf’ (q))’ Moreover, on A(n) there are at most h+ vertices in the
spine and at most n® subtraps, hence

EQn[l{A(n)}EB r00t|Tr3_0t
< hyy EIG(poo)] + I n® E[G (poo/2)1C (B ()™,
and using (Bf'(¢))" < Cn1=90/Y =1 we get

EqQ,[HAM)EF [T Tl < T51] < Cnmyn =)0/ =Dte, O

< T+]]

The previous proof is mainly based on the three statements preceding the state-
ment of Lemma 8.2. Similarly, one can show the following lemma.

LEMMA 8.3. For z € {8, root}, we have
Eq,[UWAMYELIT; T, < Tk

root

] < Cnn)nt=o)1/y=De,

PROOF. To apply the same methods as in the proof of Lemma 8.2, we only
need that the h-process corresponding to the conditioning on the event {Ta
T2} satisfies that:

(1) the walk remains unchanged on the subtraps,

(2) for y on the spine and z a descendant of y not on the spine, we have
POIX1 =TVIT < Tiiyl > PPIX1 =2|T5" < Tk,

(3) for y # {8, root} on the spine, we have PP[X; = 7|T(;r < T 5] >
BPYIX1 = FIT5" < Tl
__ This immediately follows from the computation of the function he, given by
h®(z) = P [T;r < T,], with h® (root) = 0 and h*(8) = 1. A computation gives
:3H+] _ IBd(y/\S,S)

(8.5) h(y) =h*(d(y A8, 8)) = GHIT ] 0

From (8.3), Lemmas 8.3 and 8.2, we deduce that
(8.6) E[{AM)} (T — Troot )] < CInpyn 1217 =DFe,
Now using (8.6) and (8.2) we prove (8.1), more precisely
Z,n 1)(](11) - Xj *(n)
nl/y

and thus Proposition 8.1 follows for ¢ < 1/4.

root

forall t >0 |:

> z} <o(1) + C(Inn)p*~1=e0/y=b,
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9. Analysis of the time spent in big traps. Let us denote Q,, := Q[-|H = hg]
where

hY = nn/—Inf'(g)].
Note that

1—p7!

©.1) Pr(H) = PYITS < Tood = 1=y

where we recall that the distance between root and é is 1 + H. Moreover, let us
denote

1—-p71

+7 _
r00t<T8 ]_

We have the following decomposition:

Bin(Wy, p1(H)) G(p2(H)) ' —1

©3) SIOTID SHED S )

i=1 j=1

where Te(,i’cj ) is the time spent during the jth excursion in the ith trap, which is
distributed under Q,, as T;r under Py’ [-|T(;r < T,¢] with @ chosen according to
Q,,, for all (i, j). The Te(,f(;j ) are independent with respect to P® and for i] # i»
(Te()fé’j))‘,-zl and (Te(,fg’j))jzl are independent with respect to Q,,. For k € Z and n
large enough, let Z,’f be a random variable with the law of x{(n)/ B under Q41

and gl,‘l be a random variable with the law of x (n)/ ,BH under 6n+k. Furthermore,
Soo Bin(Woo, poo)

1-p~1 &i=1

i.i.d. exponential random variables of parameter 1, chosen independently of the

(independent) random variables So, and Ws.. Our aim is to show the following

proposition.

we define Zo, := e; [see (1.3)] where (e;);>1 is a family of

PROPOSITION 9.1.  We have
Z, = Zoo.
Moreover there exists a random variable Zgp such that

E[Z1~f] < 00 forany e >0

sup

and

forneNandk > —n zZk < Zsup-

n —



312 BEN AROUS, FRIBERGH, GANTERT AND HAMMOND
PROOF. Let us start by proving the convergence in law. The decomposition
(9.3) for x;(n) can be rewritten using (9.2),

BinWo.pi (D) _ g=H-1 gH _ 1 ) (F)

* H
xi(n)=p
: ; 1—p=1 BH —B~11— py(H)
(9.4) _
G(ppH)D -1
x Yy T,
j=1

which yields an explicit expression of Z,]f. We point out that E[G(p2(H)) — 1] =
(1 — p2(H))/p2(H). The convergence in law is due to the following facts (more
precise statements follow below):

(1) For H large,
A1—pHHpt -1 1
(1=BHpH—-—pH 1-p1"

(2) By the law of large numbers, we can expect

G(pp(H)V=1 ‘
Yoo T8 R~ (G(pa(H)D — 1) EP [Texel.
j=1

(3) Since pa(H) is small, (G(p2(H) — D/EIG(p2(H)D — 1]~ e;.

4) E;“[Te(xlc’l)] ~ S for H large enough.

(5) Bin(W,,, p1(H)) ~ Bin(W, pso) since W), —d> W by Proposition 6.1 and
p1(H) — poo as H goes to infinity.

Fact (1) is easily obtained, since for £ > 0

_ p—H+1 pgH _

1 - 1-8 B 1 - 1 ]:1

1_13—1 - 1_13—1 ,BH_,B_I - 1—,3_1

9.5) Qn[a _g)

for n large enough.

We start by computations with the measure Q,, and we will be able to come
back to 6n+k.

For (2) and (4), we need to understand P’[-| T5+ < T.¢,] and to this end we will
consider the h-process associated with this conditioning. Recall the function /2%
given as ﬁ‘”(z) = P?[Ts < Trootl, with ﬁ“’(é) =1 and A (root) = 0, see (8.5).

We shall enumerate the vertices of the backbone from O to H + 1, starting from
8 up to root. With these new notations, formula (8.5) becomes

IBH+1 _ IBy/\é

(9.6) BG5) =h(y n8) = =g
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where y A § is identified to its number which is d(y A &, §) as it is a vertex of the
backbone.

The transition probabilities are then given as in (8.4). Obviously, they arise from
conductances, we may take:

@ ¢, ) =1,
e~ P PPIX = z+1|T5 <Tiiod
(1) c(i,i+1)=c( 1,1)Pw[X — 1|T5 L forl <i<H,

ceen e ~ . P'L()[XIZZ'TS <Tr00t]
i) c(i,z)=c(,i — 1) :
(i) ¢, z) =¢( )Pi =T <T
its descendants which is not on the spine,

(iv) @(y,z) = B&(§,y) for any vertex y not on the spine and z one of its
descendants.

for i # 0 on the spine and z one of

We can easily deduce from this that for y # root in the trap and denoting zg =
8,...,2n =y the geodesic path from § to y:

A( ) nl:[l Pza;[Xl = Zj+1|T8+ < Trg_ot]
c(Zp—-1,Y) = ) >
' joi PIX =2, IT3" < Tiol

which gives using (9.6) that

PO _ _,ﬁ(i+ DA(i) y (1 _ gimHy(1 — gi—(H+D)
9.7) <G,i+1)=2 TR0 —8 =

For a vertex z not on the spine, we have

d(Z.zn8) h(Z 8) .
a(z,9)=8 PRI A8_1)c(1/\6 ZA8—1)

) 1— ﬂz/\a—(H—H)
1 — IgZ/\Bflf(H+1)

(9.8)
— IBd(Y,Z/\S

c(zN8,zA6—1).

Together with Lemma 3.1, this yields, with Ty a generic random variable with
the law of Te(xl(;l),

_,(1 — BiH)(1 — pimHTD)
=2 Z p H)(l 137(H+1))

CXC

9.9

1— ﬂi—(H-f-l)
X (1 TIo /3(1'—1)—(H+1)Ai(“))>’
where A; was defined in (3.5).

We see that the random variable S is the limit of the last quantity as H goes
to infinity. More precisely, using (9.9) we have 0 < Sy, — E§’[Texc] and for n large
enough such that

_ gk—hay(1 —_ gk—(ta+1)
d-p"7""A -4 )>1_2ﬂhn

forall k < h,/2 (1= Bhn)(1 — B~tDy =
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we get
hn /2 _ pi—H i—(H+1)
_ (1 B Ha—-p )
Soo = E§[Texc] < <Zﬁ ( T ﬂ_(HH)))(HA,-))
2( > ﬂ—"<1+A,-)>
i=hy,/2+1
ha/2 o0 .
s4ﬁ‘h"/2<2ﬁ"<1+z\,-))+2( 3 ﬁ"(1+Ai>>.
i=0 i=h,/2+1

Hence, since S > 1 and using Chebyshev’s inequality, we get

Qn[(l —&)Sx0 < E?[Texc] < Soo]
>1—Qu[Seo — Ef [Texc] > €]

(9.10)
>1—1,6_h"/2 10 - sup EQ[1 + A¢]
=k 1—p Tz ¢
=1+o(1),

where we used Lemma 3.5 and the fact that ¢ < 1/4, this proves (4).
In order to prove (2), we have to bound Eg’[le] from above. This is not possible
for all w, but we consider the event

Aq(n) = {EQITE] <n'' 72907}

and show that it satisfies the following lemma.

LEMMA 9.1. For0 <& <min(1/3,2y/3), we have
Qu[A4(n)]— 0.

PROOF. In this proof we denote for y in the trap, N (y) the number of visits to
y during an excursion from §, which is distributed as card{0 <n < TsJr Xnp =y}
under Pg’[-| T5+ < T, ]. We have, using the Minkowski inequality,

EQT2,] = EY [( 3 N(y)ﬂ

y€trap

< Y ESINODA'PESINGAY

y,z€Etrap

2
= ( ) Es"[N<y>2]1/2) .

y€Etrap
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Now fix y in the trap, denote gq; = P(S‘“[Ty+ < T;lT(;r < T;t,] and ¢ =
PP[T5™ < T,F|T5" < Tgol. Then we have

Vi>1  PPING) =kl=q1(1 —q2) .

Hence,

_ 2—q 2q
ESINDI =Y (- 'p=q1=——— <=

>
n>1 q; q;

Then by reversibility of the walk, if 7 is the invariant measure associated with
the conductances ¢, we get g1 = 7(8)q1 = 7 (¥)q2. This yields

©.11) EPINGY < 2
q2
Furthermore, we have
(9.12) @2 = (1/(Z1(9)B + 1)) poo B~ /2.

Indeed suppose that y is not on the spine, otherwise the bound is simple. Starting
from y, we reach the ancestor of y with probability at least (1/(Z{(y)B8 + 1)) then
the walker has probability at least 87409 to reach y A § before y, next he has
probability at least 1/2 to go to y—/\<>3 before going to z, where z is the first vertex
on the geodesic path from y A§ to y. Finally, from y—/\()S, the walker has probability
at least po to go to & before coming back to y A 4.

We denote by m the invariant measure associated with the S-biased random
walk (i.e., not conditioned on T5+ < Trgot), normalized so as to have 7 (8) = 1.
Then we have:

(1) for any y in the trap, 7 (y) < 7 (y) because of (9.7) and (9.8),
(2) and by definition of the invariant measure (Z;(y) S+ 1)p4@-8/)=d(0ny) —

7(y).

Now plugging (2) in (9.12) yields a lower bound on g which can be used to-
gether with (1) in (9.11) to get

EQIN(y)*] < CBY@M ) (y)?
and

E{ITS1 < C 30 g1 a(y).
y€Etrap
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As a consequence, with A(n) as in Lemma 8.1 we get

nt
EqQ,[{AM)}ES[T5.1'*] < CEq, [1{5(:@)}2;3—"/21\,}
i=0

hiy
<CY (Bt (q))
i=0
< Cmax(1, (8" (9))"™),
where we used Lemmas 3.1 and 3.4 for the first inequality.
Since (B1/2f' ()" =n1T9)1/2r=1 we get by Chebyshev’s inequality that

Qu[UAM) EF 151" 2 n 2900 < s

<C maX(l’l_(l_ze)/(ZV)’ n38/(2)/)—1—g)'

Eq,[{Am)ELITAY?]

The conditions on ¢ ensure that this last term goes to 0 for n — oo. Hence,
P[A(n) N A4(n)]— O

and the result follows using Lemma 8.1. [J

We now turn to the study of

G H))—1
p2(H) (m(X:)) 7@
exc*
l=p(H) o

Consider the random variable
-1
(9.13) N, = L—eJ,
* " Lin(1 — p2(H))
where e is an exponential random variable of parameter 1. A simple computation
shows that Ny has the law of G(p2(H)) — 1.
Set & > 0; we have, using Chebyshev’s inequality,
Ng
Qn [(1 —ENGES[Texe | <Y T < (1+ s>NgE§”[Texc]}
i=1
N .
S T

N, E§[Tex]

- —Qn[ S EEY[Tuxc),

Ne#0, E{IT2,) < n“‘z”/y]

— Qu[E®[T2]1>n"1729/Y] — Qu[Ng = 0]
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n(1—28)/7/1 1
>E [— (Ng #0)
_Qn[Ng =0].

We have Q, [Ny =0] = p2(H) < pa(hy) < Cn—1=8/7 Inn, and hence

1{N 0 H
EQn[ (N # }] :E[_ pa(H)
Ny 1 — p2(H)

Putting together the two previous equations, using Lemma 9.1, we get for £ < 1

] — Qu[ECITE ) = n1 7277 ]

In pz(H)] < Cn~ 197V (Inn)2.

Ng
9.14)  Q, [(1 — E)NGES[Texc]l < Y TS < (14 s>NgEg°[Texc]] — 1.

i=1

This shows (2). Turning to prove (3), we have

n 1 -
Q [( g)Lln(l —pz(H))eJ
1 — p2(H) { 1 H
—_ 1
= U T
zl—Qn[(l_pZ(H)  1-¢ >e<1]
p2(H) —In(l — p2(H))
_Qn[(l—pz(H)_ 1+¢ )e>_2]’
p2(H) —In(l — p2(H))
furthermore since |1_7p — ﬁ| is bounded on (0, €1) by a certain M > 0 so

that for n large enough with p>(h,) < €1, we get

Q. [(1 - S){_m(l — pz(H))eJ
B %eg a +5)L1n(1 _lpz(H))eﬂ

> 1= (S )]

N Q”K_ “indl —épz(H)) - M)e g _2]

> ex (— 2 >
=P\ e Cn( = palhn)) — M
> 1= (C/&) pa(hn).

(9.15)

which shows (3).
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As a consequence of (9.10), (9.14) and (9.15), we see that for all £ € (0, 1),

Ng

_p(H)
(9.16) Qn[(l—s)soo < (7] <(1+’;‘)Sooei|—>1
1 — pa(H) Zl

for n — 00. Using (9.2), (9.16) and (9.5) we get

ol (i Soo€
9.17) Qn[(l T ﬂ - < HZE (78] <(1+€)1_7ﬂ_1}+1

for n — oo, which sums up (2), (3) and (4). For any k > —n, the equation (9.17)
obviously holds replacing n with n + k, and since Q,[H = [In(n +k)/Inf'(¢)]] >
¢k > 0 (this follows from Lemma 3.3), we have

Soc€

—pT

(9.18) 6n+z{<1 —6)7 5

ﬂHZE“’ (TRl = A +8)- Soc }»1.

Only part (5) remains to be shown. Coupling Bin(W,,, p) and Bin(W,,, p1(H))
in the standard way,

Q. [Bin(Wy, poo) # Bin(Wy, p1(H))]

< Y P[W, = j1Quik[Bin(j. poo) # Bin(j, p1(H))]
j=0

<Y P[W, = jlj(p1(hi ) — Poo)
Jj=0

<E[W,1(p1 (B 1) — Poo)

<C(pi (h2+k) — Poo) > 0 for n — oo,
where C := E[G(poo/3)] = E[W,, ] by Lemma 6.2. Hence,

1 Bin(Wu.pi(H)) G(p2(H))—1

6n+k|:ﬁ_H Z Z Te()i’cj) = tj|

i=1 j=1
1 Bin(Wy, poo) G(p2(H))—1

_6n+k|:lB—H Z Z TS > t} — 0.

i=1 j=1

For & > 0, introduce N(e1) such that max,<cc P[W, > N(e1)] < (1 —

poo/3)N(81) < &1 and using the independence of W, (for n € N U {o0}) of the



BIASED RANDOM WALKS ON TREES 319

trap and the walk on the trap, we get, for any &1 > 0,
1 Bin(Wa, poo) G(p2(H))~1

‘6n+k |:,3—H Z Z Te()iéj) = t:|

i=1 j=1

[ 1 Bin(Weo, poo) G(p2(H))—1

woY r e

i=1 j=1

<Y PIW, = j1—P[Weo = j)
j=0

1 Bin(j, poo) G(p2(H))—1

X Gn—i-k |:/3—H Z Z Te()iéj) = t:|

i=1

> (@Wy=j]—P[We = j])
Jj€l0,N(e1)]

1 BinU.poo) G(pa(H))—1

X 6n+k |:,B_H Z Z Te()iéj) = t:|

i=1 j=1

+ &1,

and the right-hand side goes to €1 as n goes to infinity since

max |P[W, = j]—P[We =j]|— 0
J<N(e1)

by Proposition 6.1. So letting 1 go to 0, we see that
. Bin(Wn, p1(H)) G(p2(H)-1
Qn+k |:,3_H Z Z Te()é’c]) = t:|
i=1 j=1

9.19)
Bin(Weo, poo) G(p2(H))—1

- 6n+k|:ﬁ_H Z Z Te()i’cj) = tj| — 0.

i=1 j=1
Let us introduce

AE) = :for alli € [1, Bin(Wxo, poo)l,

1 GV paH))-1
g L Te [(1 —6) ﬂ e (146 ﬂ e ”
j=1
where (e;);>1 is a sequence of 1.i.d. exponential random variables of parameter 1
which satisfy

. —1
GO(pryH) —1=| — e |.
(p2(H)) Ln(l_pz(H))eJ
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We have, denoting o1 (1) the left-hand side of (9.19)
Q,u1x[A(E)] = ) PBin(Woo, po) =i](1 — o1 (D)’
i>0

> Y PIBin(Weo, peo) = il(1 —ioi(1))

i>0
=1—-E[Wxloi(1) =1 for n — oo.
Hence, for any £ > 0, we get
|: | BinWu,p1(H)) G(p2(H))~1

R Y SR

i=1 j=1

S Bin(Weo, poo) ¢
— ]P’|: ad Z e > —] -0

11—t = 1+
and
o 1 Bin(W,.p1(H)) G(p2(H)—-1
Qn+k|:ﬁ—H > Y T zt}
i=1 j=1

S Bin(Weo, poo) ¢
B B LN B
1—p e 1—¢

Concluding by using the two previous equations with £ going to 0, we have the
following convergence in law:

- 1 BinWa.p1(H) G(p2(H))—1 d Seo Bin(Weo, poo)
Zn = IB_H Z Z Te()ézz]) — 1 — ,3_1 €,
i=1 j=1 i=1

where we recall that ?ﬁ has the law of x| (n)/ B under 6n+k and the e; are
i.i.d. exponential random variables of parameter 1. This shows the first part of
Proposition 9.1.

Now let us prove the stochastic domination part. First, notice that

Bin(W,, p1(H)) 2 G(pxo/3) and EF[Ti] = T3,

where T30 is distributed as the return time to 8, starting from 6, on an infinite trap.

Hence, for k > —n,

G(poo/3) G(P2(1) 1)

§ : 00, (i, )
TCXC ’
i=1 j=1

Zh<—
ﬂhrH—k
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where (TeXC ) )i,j>1 are i.i.d. copies of T.32. Now recalling that ZG(a) G(b)®
has the same law as G (ab), where all geometric random variables are independent,
and using the fact that

0
Bk = cE[G(poopa(iy 1) /3)]
for some ¢ = c(B) > 0, we get

c G(poop2(h%,)/3)
z 720 (l).
= E[G(poop2(h0,)/3)] ;

Now, we prove the following technical lemma.

LEMMA 9.2. Let (X;)i>0 a sequence of i.i.d. nonnegative random variables
such that E[X1] < oo and set Y; := (X1 +---+ X;)/i. Then there exists a random
variable Y, such that

foralli >0 Yi < Ysup
and E[Y)~¢] < oo forall ¢ > 0.

sup

PROOF. Using Chebyshev’s inequality, we get that for any i > 0,
1
forallt >0 PlY; >t]§;E[X1].

If we choose Ysyp such that P[Ysyp > ] = min(l, E[X1]/1) for x > 0, then Ysup
stochastically dominates all Y, and has a finite (1 — ¢)th moment forall ¢ > 0. [

Now we apply this lemma to the random variables Tef:i’(i) which are integrable
under [P and we get a certain random variable T,p. We add to our probability
spaces a copy of Tup which is independent of all other random variables. Then for
any ¢ > 0,

c G(poop2(h9,)/3)
P[ZF > 1] < IP[ 7250 > t:|
" [G(POOPZ(h +k)/3) ; o
<Y P[G(poopa(hy)/3) = k]

k>0

C
P[ z 7200 > }

E[G(poopz(h,,+k)/3)]

k
SEPG sop2(hd 3=kIP’|:C >z]
= (G lpocp2in)/3) = KB € e 7

0
§P[C G(poopz(h,,gk)ﬁ) Toup = }
E[G(poop2(h;_;)/3)]
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and since poopz(h2+k)/3 < 1/3, we can use the fact that for any a < 1/3 we have

G(a)/E[G(a)] < 3/2e. This shows that
foralln >0and k > —n ZX < CeTyy,

where e and Tyyp are independent, so that the right-hand side has finite (1 — &)th
moment for all ¢ > 0. This finishes the proof of the second part in Proposition 9.1.
g

10. Sums of i.i.d. random variables. This section is completely self-
contained and the notation used here are not related to those used previously.

Set § > 1 and let (X;);>0 be a sequence of i.i.d. integer-valued nonnegative
random variables such that

(10.1) P[X;=n]~Cxp™""
for Cx € (0,00) and y > 0.

Let (X ,-(1))1'30 be a sequence of i.i.d. integer-valued nonnegative random vari-
ables with the law of X; conditioned on X; > f(I), where f:N — N is such that
[— f(l) — oo.

Let (Zl.(l)) i>0,/>0 be another sequence of i.i.d. nonnegative random variables and
let Z""® have the law of Z’ under P[-| X" =1 + kI, if this last probability is
well defined, and as Zl.(l)’(k) = 0 otherwise. Define
(10.2) forkeZ,1>0 FPx) :=r[z"® >«

We introduce the following assumptions:

(1) There exists a certain random variable Z,, such that
foralkeZandl>0  zP® 4 7
(2) There exists a random variable Zgp such that
forall!>0,k>—(I— f())andi =0  Zz® <z,
and E[Zg/u;:g] < oo for some ¢ > 0.

Moreover, set

I D px® 2
vy =zPpX" and sO=3"v?,
i=1
and for A > 0, (A;);>0 converging to A and / € N, define

) Y py(I—fd
N = |_)‘l /gV( S ))J’
K =28

Finally, we denote by F oo(x) = P[Zoo > x] the tail function of Zn.
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THEOREM 10.1. Suppose that y < 1 and assumptions (1) and (2) hold true.
Then we have

l

Syt

Sforall A > 0 and (A1);>0 going to : — J(dy,0, L),

where J is an infinitely divisible law. The Lévy spectral function L, satisfies
(10.3) forall x> 0and x € R Ly (x) =AY L1(Ax)
and
0, ifx <0,
(10.4) Li)=1-(1=B")Y B Fooxph). ifx>0.
keZ

In particular, 3(d,, 0, L,) is continuous. Moreover, d,, is given by

z
N R S kgl Z©
(10.5) d.=21""(1-p )kEGZﬁ E[(wk)z T Zéo]

The fact that the quantities appearing above are well defined will be established
in the course of the proof.

In order to prove Theorem 10.1, we will apply Theorem 4 in [5], which is itself
a consequence of Theorem IV.6 (page 77) in [19].

THEOREM 10.2. Let n(t):[0,00) — N and for each t let {Yi(t):1 <k <
n(t)} be a sequence of independent identically distributed random variables. As-
sume that for every ¢ > 0, it is true that

(10.6) tl_l)rgo P[Yi(t) >e]=0.

Now let L(x):R\ {0} — R be a Lévy spectral function, d € R and o > 0. Then
the following statements are equivalent:
@
n(t) p
tl_l)ngo ; Yi(t) = Xa.0.c fort — oo,

where X4 5.1 has law J(d, o, L).
(ii) Define for t > 0 the random variable Z.(t) := Y (t)1{|Y1(¢)| < t}. Then
if x is a continuity point of L,
Iim n(¢) P[Y1(¢) <x], forx <0,
—00

Lx) = — lim n()PIY(@) > x].  forx >0,

P lin}) lim sup(n(t) Var(Z(1))),

t—00
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and for any T > 0 which is a continuity point of L(x),

3

X X
dc —/ X ac.
[x|>t 1 +X2 (X) >|x|>0 1 +X2 (X)

d= nli)ngon(t)E[Zr(f)] +

Condition (10.6) is verified in the course of the proof; in our case n(t) goes to
infinity.

10.1. Computation of the Lévy spectral function. Fix A € [1, B) and assume
that x > 0 is a continuity point of £,. We want to show that

0
Y

(10.7) ~ lim NZ(A)P[ﬁ > xi| = L;(x).
[

The discontinuity points of £; are exactly C, = {(B¥yn) /A, k € Z, n € N} where
{yn, n € N} are the discontinuity points of F, (these sets are possibly empty).
Let us introduce

(10.8) forkeZ a:=P[X">1+4k].

Since N,('\) ~ (Aﬂl_f(l)))’, we can write, recalling (10.2),

—san pf 1

i

B P<K0‘) > x)
!

=Y 1k = (- rO)FL xp0p7 =D (g — o .
keZ
Now recalling (10.1) and (10.8), we see that for [ — oo,

(10.9) ,B”(l_f(l))a,g) s gk

using [ — f(I) — oo, the fact that Ax8¥ is a continuity point of F, (because x > 0
is a continuity point of £;) for any k and assumption (1), we see that for all k € Z

—=( - - ! !
doro)  MEETUSONFOGpHR O ) e
' 5 FocOxB™B 751 — 7Y forl — oco.
In order to exchange limit and summation, we need to show that the terms of the
sum are dominated by a function which does not depend on / and is summable.
Recalling assumption (2) and using (10.1), we see that ,By(l_f(l))algl) <C|prk
and
—=( - —f ! !
Yotk z (1= FONFL xp™)p7 V(e — o))
keZ

<CY Fapxp ™ )p7%,

keZ
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where fsup (x) = P[Zsyp > x]. This last sum converges clearly for k — o0, and to
show that it converges for k — —oo we simply notice that for any y > 0

S E[1{Zap > y8H)187 = E[ ) ﬂyk}

k>0 O0<k=<[In(Zsup/y)/InB]
<(1- IB_V)_IE[IBVln(zsup/y)/lnﬁ]

< 00,

since we assume that E [ZZuJISS] < 0.

Hence, we can exchange limit and sum. Using (10.10) and the fact that [ —
f) — oo, we get

O]
Y, _
—lim NVP| s> x | =271 = 7)Y Fooxph) 7%
[—00 K()‘)

1 keZ
and, taking into account (10.3), this proves (10.7).

10.2. Computation of dy. Fix A € [1, B). Since the integral [ xdL; is well
defined, it suffices to show that forall t € C;, T > 0

oY)

N; ! I A
d = lim WE[Y”l{Y” <tkM}]

AL T ar
—_/(;x A-‘_/0 1+ x2 A

First, let us notice that N, I(M /K l()t) ~ ABHr~187v/ ) We introduce

(10.11)

10.12) forallu>0  GPw) =E[z 1z <u)x?P =k +1].
Considering the first term in (10.11), we compute
ﬁ(y—l)l—yf(l)E[yl(Ul{Yl(l) < rkﬁl}]
=Y k== - FOW” - a8 DG a7,

keZ

Using [ — f(I) — oo, (10.9) and assumption (1), we see that for all k € Z and
TE C)L,

k= (1~ fO)(a” — a7 DG @ap™)
(10.13)
= (1= BT G (xap™),

where

(10.14) Goo(x) = E[Zos1{Z oo < x}].



326 BEN AROUS, FRIBERGH, GANTERT AND HAMMOND

Once again we need to show that we can exchange limit and sum, which
amounts to find a summable dominating function which does not depend on /.
Using the fact that for u > 0

G =u and BTGB < pHu U ELZI

sup

(to see the second inequality, use E[Y1{Y <s}] < s*E[Y!71{Y <s}] with a =
1 —y —¢), we get that

k=~ - fON(e” =il T DIBG @rp™

keZ

<C(fk2ﬁ Ky (e E| Z%;S]Zﬂ£k><oo

k=0 k<0

due to assumption (2). Hence, recalling (10.13), we get that for t € Cy,

)

N; BqfyD )
zl—lfgoW [y, <7k

(10.15) Cay=l1 _ a—y k(y—1) k
=2"'1-g7Y B Goo(TABY).

keZ

Furthermore, recalling (10.3) and (10.4), we get for t € C,

[ vaci=wra—p7 [ x ¥ prdFaoash
0 XST keZ

S VO I a4 (y—Dk k —Foo k
Wl -p L [APREL IS ST
=271 =B Y BTG o (xaBY),
keZ

and this term exactly compensates for (10.15). Hence, we are left to compute in a
similar fashion

=] — 4
* /0 T2

=5 2 B d(=Foo)Gxp")

keZ
_ e Axpk —
_ a4y 4 (I4+y)k _ k
=AM )kEZZﬂ | G o P e
Z
v g (1+y)kE|: > :|
M -p )kGZZﬂ GFY 1 7L
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This sum is finite since the terms in the sum can be bounded from above by
C1(MB~ E[ZL5 1 and C2(1)BYF, where C; (%) = max,=o(x' 7 /(3% +x2)) and
C2(A) = maxy>o x/()»2 + x2). The first upper bound is summable for k — oo, the
other for k — —oo and so d, is well defined.

10.3. Computation of the variance. We show that for any A € [1, 8) we have
()»)
O] O] *)
(10.16) o2 = lim lim sup Var(Y"11Y," < 1K, =0.
10 oo (KOL)) ( 1 { })

First, using (10.15), let us notice that
(A)

: N, 1 I 2)
10.17 1 L piy©O1{y® < kP11 =0.
( ) s (KM [ 1y <ok}

Further, we have N® (K(A))2 ~ ApHY2p=rF ) Define
I I
foralu>0  H w) =E[(Z")1{z" <u)x" =k +1].
We compute
IB(y—2)l—yf(l)E[(Y(l))zl{y(l) < 1’)»,3[}]
— Z 1 k> — l _ (l))}ﬂ(y 2)l— Vf(l)ﬁZ(k—H)H(l)( AB™ k)( 0] alglj-l)
keZ
By (10.1) we have a,ﬁ”ﬂ””‘fﬂ)) < C1B77¥, hence the terms of our sum are
bounded above by Cl,B(z_V)ka(l)(rAﬁ_k). Note that Hk(l)(u) < u?, so that
BERHD (apr) < TR,

which gives an upper bound for £ > 0. On the other hand, assumption (2) implies
that

BERHD (ap™h) < B (xa)TT TEELZLL.

sup
These inequalities imply that
()\)

lim sup Var(Yl(l)l{Yl(l) < tKl(X)}) < Cyt? Ve,

I—o00 (KW)

where C» is finite and depends on ¢ and A. Hence, letting T go to O yields the result,
since in assumption (2) we can assume ¢ to be as small as we need in particular it
can be chosen such that2 — y — ¢ > 0.

11. Limit theorems.

11.1. Proof of Theorem 1.3 . Assume ¢ < min(1/4,2y/3). For A > 0, we will
study the limit distributions of the hitting time properly renormalized along the
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subsequences defined as follows:
forke N  n; (k)= |AM'(9)7F].

First, recalling (9.3), using Proposition 9.1 and Lemma 3.3, we can apply The-
orem 10.1 to get
4 @B ET )]

d
> xi n.(k)) = Yq, 0.z,

i=l

1
(11.1) for any (A;);>0 going to A VG
where f(k) :=hy, ) =[—(1 —¢) In(n, (k))/Int'(g)] and Y4 0., is a random
variable whose law J(d,, 0, £,) is the infinitely divisible law characterized by
(10.3), (10.4) and (10.5), where Z is given by (1.3).
Using Proposition 8.1, (11.1) still holds if we replace x/"(n) by x;(n).
Recalling Proposition 7.1, we have

L(1+01 (1)apCaf’ ()~ & ma®)

> Xi (3. (k))
i=1
L1402 (1))ApCaf’ () "m0
= Xny(h) = Z xi (ny.(k)),
i=1
where
f'(g)"
1 = (1 — e/l __"
+oi()=0~-n )p () (g
and

— Pn n
L+oy(l)=(1+2n"H2 ——
p M(q)*
writing n for n; (k) = |[M'(¢) | and 7 =n — (—21Inn/Inf'(g)).

Hence, both sides of the previous equation, properly renormalized, converge in
distribution to the same limit law, implying that (the law of) x (n) converges to the
same law as well. Recalling (5.3), this yields for any A > 0

x (k) 4
(0Carn kDY o

is a random variable with law J(d(,c,;)1/v, 0,

1y 0L ety

where Yd(pcaml/y*o'c(pcax)‘/y
L,c,1/r) and we used that 87 = 1/'(q).
Then by Proposition 5.1, we get that
A, (k) d

(pCany (k)Y

which proves Theorem 1.3.

Yd(pcaml/y 0Ly
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We note for further reference that
(11.2) J(d,, 0, L;) is continuous.
This follows from Theorem II1.2 (page 43) in [19], since, due to (10.4),

lim £ (x) = —o0.
x—0

11.2. Proof of Theorem 1.2. In order to prove Theorem 1.2, assume that
(An/ nl/ Y)n=0 converges in law. It follows that all subsequential limits are the
same, so that

forallA €[1,8) and x e R L1(x) =AY L1(Ax).

Plugging in the values A = 8!/3 and x = 8~2/3 gives

Y (@) F P2 > B
(11.3) ket

=17 Y (@7 P2 > 7).
keZ

We will show that for 8 — oo, the right-hand side and the left-hand side of

(11.3) have different limits. First, for kK > 1 using Remark 6.1, we see that
P[Zo > 7171 < B'PHE[200] < B TMEISw] EIG (poo/3)]
114

( ) _ ﬁ—(k—l)o(ﬁ—l/S)
for B — oo where 0(,3_1/3) = ﬂ_2/3]E[Soo]E[G(poo/3)] does not depend on k
(recall Proposition 3.1 to see that E[S.] is bounded in §). In the same way,

(11.5) P[Zy > pFP1=p~ Do)
for O(-) independent of & > 1.
Hence,
o0
Jim Y F(q)F P2 > B
k=1
(11.6)

o0
=0= lim Y f(q) *P[Z > BF1/3].
ﬂ%okzzl (@) P20 > p17]

For k <0, we have
P[Zo0 > 7131 < P[ 206 > 0] < P[Bin(Weo, poo) > 01,
further, since So, > 1, we see that

on {Z > 0} Zoo > Sl > ey,
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where e; is independent of the event {Z, > 0} = {Bin(W,, po) > 0}. Hence,
P20 > B 1= 1= P[2 < B/
> 1~ P[Bin(Weo, poo) =01 — Ple; < p~'7°]
=P[Bin(Wso, poo) > 0]+ 0(1)
for B — o0 and hence
(11.7) P[Zoo > BF13] = PBin(Weo, poo) > 0] + o(1),

where o(-) does not depend on k.
In the same way,

(11.8) P[Zoo > BF23] = P[Bin(Weo, poo) > 0] + 0(1)

for § — oo. Plugging (11.7) and (11.8) in equation (11.3) and taking into account
(11.6), we see that

1
ﬁhm Y () P2 > B = lim ————P[Bin(Weo, poo) > 0]

keZ —oo | — f/(Q)
and
lim Zf/(q) kP[Zs > B 13 = ———— P[Bin(Weo, Poo) > Ol.
p=ooi 7 f( )

Hence, we would have

Ty e ) 20

. —1/3 .
= Jim £(@)™"" 1 PIBin(Woo, poc) > 01
This could only be possible if P[Bin(Wso, poo) > 0] — 0 for 8 — oo, but we

know that
P[Bin(Wxo, poo) > 0] > pooP[Weo > 1] > ¢ > 0,

where ¢ does not depend on 8, see Lemma 6.6. This proves Theorem 1.2.
In particular, if 8 is large enough, J(d1, 0, £1) is not a stable law and this implies
(vii) in Theorem 1.4.

11.3. Proof of Theorem 1.1. 'We will show that

¢[1/M, M]|=0.

(11.9) lim limsupP

M—00 n—o0 l/)/

This implies in particular that the famlly (An/n'7),50 is tight. We will then prove

o [ Xl
11.10 1 1 P
( ) Mlm im sup BT

—>0 n—00

=0,
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which implies that the family (| X,,|/n" ), >0 is tight. Equation (1.2) will then shown
to be a consequence of (11.9) and (11.10).
To show (11.9), note that for n € [f'(¢) %, f'(¢)~**D)

Ap
P[m ¢[1/M, M]}

< |: Af/(q)—k < M :|
— LE @ FpCHVr T (F (@) pC)VY

+IP>[ Argyttn 1 }
& (@ 1 pCHVY = ME (@)1 pC)V/Y |

Using Theorem 1.3, we get
. Ap
limsupP| —— ¢ [1/M, M]
n I’ll/y

<

1 M
- P[Y"wcw“y’()’%cwl/y ? [M(f’<q>—1pca>1/y’ <f’(q>pca>1/vﬂ’

where Yd(pca)l/y 0.L is a random variable with law J(d(,c,y1/v, 0, L(,c,)1/v)-

(oCa)/¥
Here we used that the limiting law J(dy, 0, £,) is continuous, see (11.2), and has

in particular no atom at 0, so we get that
lim P[Yg. 0., ¢[1/M, M]]=0,
M— o0 ’

which proves (11.9).

Let us prove (11.10). Let n > 0 and write n” = Aof’(q) ™% for some i € N and
A0 €[1,1/f'(q)). Let i € N. To control the probability that | X,,| is be much larger
than n”, note that

1 Xnl _ ) —1gr, =i ')~y 11y
P[ zh @) }5P[AL<Aalf/<q>—f)(xof%q)—fou < Oof (™) 7]

nv
= [[D[ At )=o)
(pCaf'(q)~' =) /¥

Hence, for any ¢ > 0, and i large enough such that (pCaf’(q)_i)_l/V <e,

< (Aopcaf%q)—l’)—”y].

| Xl

nv

A\ (g)-i-io] }

IP’['X"| >f/(q)_i_1] <IP>[ _ <e
nvo - - (pCaf’(q)~I=10) /¥

> kglf’(q)"} < IP[
Now, using Theorem 1.3, taking n (i.e., ig) to infinity, we get that for any ¢ > 0,

X ‘
% > f/(q)_l_l] < P[Ya,0,c, <€l
n

for i large enough lim sup ]P’|:
n
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using (11.2) and hence

X
(11.11) 1imsuplimsupp[% > M] <limsup P[Y4.0.c, <] =0.
n

M—o00 hn—>00 e—0

Next, we will consider the probability that | X},| is much smaller than n? . Let us
denote

Back(n) = irgjagn(lxil — XD,

the maximal backtracking of the random walk. It is easy to see that

Back(n) < max (t; — 1,—1) V 11.
2<i<n

Hence, since 71 and 12 — 71 have exponential moments
(11.12) P[Back(n) > n"/?] < Cnexp(—cn?’?).

If the walk is at a level inferior to (1/M)n? at time n and has not backtracked
more than n?/?, it has not reached (2/M)n" . This implies that for all M > 0,

Al@/mnr )
(pCa2/M)/Yn

P[lX: . 1/M} < P[Back(n) = n”/?] +E”[ > (0Ca2f M)w]
n

Hence, using a reasoning similar to the proof of (11.11), we have

X
(11.13) lim limsupIP’|:M < 1/M] <liminf P[Y4, 0,0, > M]=0.
M nv M— o0 ”

—0 n—o0

Using (11.11) and (11.13), we get

(11.14)

im limsupIP’[ Xl ¢[1/M, M]} =0,

1
M—00 n—o0 nY

which shows (11.10) in Theorem 1.1.
Let us prove (iii) in Theorem 1.1. We have

Xal

S_

IP’[ , In|X,| ! }<IP>[1‘ In
1m 1m Su .
Y= 3 nv M

n—oo  Inn n—o00

. D CI |
>y |4+ lim P|liminf
M— 00 n—o0

Using Fatou’s lemma,

< —

. AXal 1 .
P[liminf < — | <liminfP
M nvY M

n—oo pv n— oo

| Xl 1}

and taking M to infinity we get

. In|X,| . In|X,|
P| 1 <Pl .
LE’E.‘O Inn 75),]_ [l,iriso‘ip Inn >”]
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Set ¢ > 0, we have

In|X X
]P’|:limsup nll d > (1 +2£)y:| < P[limsup | Xl > 1]
n

n—00 n nosoo n+ey —

. sup; <, | Xi|
<Pllimsup =T > 1|
Define
D'(n) { HO) < 41nn }
n) = max —_— .
eeuizo,”.,A,{LYi - _lnf/(CI)

Denoting 7 (n) such that o, ,, <n <oy, ,, we have

41nn

/
(11.15) forwe D'(n)  [Xq, |=<|Xul<IX “nf(g)’

| +

O (n)+1
and since using Bj(n) defined right above Lemma 7.1, we get

(11.16) forwe Bi(n)  |X | <|Xo. | +nf.

Ot (n)+1 Ot (n)

We have using Lemma 5.1 and (3.7)

Ay
P[D'(n)] < PLA; (n)] + IP’[A 1(n),card || Ly, > n2:|
i=1

Ay
+ ]P’|:card U Ly, < n?, D/(n)ci|

i=1

G - 41nn
<0n™? +P[Z cardL(()’) > n2:| +n2Q|:H > 7]

= /

=~ —Inf'(q)
Cin )

<O H+n* Var(z carde)’)> +n2nt=0m?),
i=0

where we used that card L(()i) are i.i.d. random variables which are L? since they

are stochastically dominated by the number of offspring Z which is L? by our
assumption.

By Lemma 7.1, the previous estimate and Borel-Cantelli we have w € Bj(n) N
D(n) asymptotically, we get, recalling (11.15) and (11.16), that for ¢ < y

. Sup; <, |Xl| .. |Xaf;(n)|
P[llgs;pw > 1} < P[l}lrggf(n(lﬂ)y +o(1))>1{.
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Since |X%( )| <1|X,|, we have
n

sup; « Xi |X T, |
IP[ lim le] §P[liminf ) >1}

n—oo pl+e)y n—oo plte)y —

. | Xl
§hm1anP|:n(l+8)y 1

v

n—oo

<

X
< liminfliminf]P’P nl M]

M—>o00 n—>00 n -

=0,

where we used Fatou’s lemma and (ii) in Theorem 1.1.
Now since this result is true for all & > 0 small enough we get

- In[ X : In|X,|
P| lim #y | < P|limsup 0 >y
nn

n—oo  Inn n— 00

.. . In|X,|
< liminfP|lim sup 1 > (1+2¢e)y
nn

e—0 n— 00

-0,
which finishes the proof of (1.2).

11.4. Proof of Theorem 1.4. It remains to show (iv), (v), (vi) and (viii) in The-
orem 1.4.

PROOF OF THEOREM 1.4. We start by proving (viii). Recall

Soo Bin(Woo, poo)
Fesipm Lo
i=1
and in particular the fact~ that S0, Woo and the i.i.d. exponential random variables
e; are independent. Let Soo = S0/ Poo and denote its la!v by Veo. Further, let oy =
P[Bin(Wxo, po) =k, k=0,1,2,.... Conditioned on S and Bin(W4,, pso), the
law of Z,, is a Gamma distribution. More precisely, for any test function ¢,

uk—l

(k—1)!

Iﬁz[go(zoo)]=o¢o<p<0)+k§1 /0 ( fo o(su)e™ du)voo(dsm

k—1

= S - Oo —v/s v i )
c0p(®+3 (7 ewes g o ot

k—

1
v /S~ _
(k_l)'EQ[e v/S (Ss0) K] dv.

—ap©) + [ o) Yo
k=1
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We point out that, due to Lemma 6.6, we have 0 < o9 < 1. Hence, Z has an
atom of mass «( at 0 and the conditioned law of Z,, conditioned on Z,, > 0, has
the density v, where

Y (v) = Zak 1),EQ[e—”/§w<§oo)—’<]
1 00 o v k—1
— ~__U/Soo k
EQ[ o ];(k—l)'(&x) }

Using the fact that So, > 2 and lim sup % logair < 0 (see Lemma 6.2), we see
that i is bounded and C,. Note that since So, and W, have finite expectation,
Z o has also finite expectation and in particular

(11.17) /oovl//(v)dv<oo.
0

This shows (viii) in Theorem 1.4. We will later need that
o

(11.18) / VI [y ()] dv < o0.
0

To show (11.18), note that v’ (v) equals

E —1 —/S i o ( v )k—l
——€ oo -
| 52 Z k- 1!\3x

+ U/SOOZ (L)k_z
(Soo>2 (k 2>' Seo ’

which implies, with o := limsup(e,’ ) < 1,

[ (U)|_C1EQ|: (la)v/goo].

(So0)?

But, for § € (0, 1),

1 ~
£ [ _ e—(l—a)v/soo]
U G2

1
< Eqle™""/5*1(8 <!~ 5}]+EQ[(S

OO

RTCAEE s}]

18 1 ~
Se (1 a)v _|_ v3_38 EQ[SOO]-

Now, choosing é small enough such that 36 4+ y < 1 yields (11.18).



336 BEN AROUS, FRIBERGH, GANTERT AND HAMMOND

We next show that the function £ is absolutely continuous. Recalling (i) in
Theorem 1.4 we see that, for x > 0,

—(1= L) =Y B Foo(xBY)

keZ

=Zﬂykfx;w<v>dv

keZ

_ /OOO<Z B 1 > xﬁk}>1ﬁ(v) dv.

keZ

Now,

S Mg Y prh = g(ﬁ),

kez k<K(/x) *
where, setting u = +, K(u) = L}gggj. An easy computation gives
B (K@)+1)
11.19 u)=——-————.
(11.19) g ="y

Hence, for x > 0,

—— g nw = [ g2 vy
(11.20) /0 ng)
:x-/o gw)¥r(xu)du.

The last formula shows, noting that g(u) is of order u” for u — oo and recalling

(11.17) and (11.18), that £ is C; and in particular absolutely continuous. Due to

the scaling relation (ii), the same holds true for £, . This shows (iv) in Theorem 1.4.
Due to (11.19), we have

BY
u’ <g(u) < u”.
pr —1 pr —1
Plugging this into the first equality in (11.20) yields (1.4). This proves (v) in The-
orem 1.4. To show (vi), we use a result of [24] which says that an infinite divis-
ible law is absolutely continuous if the absolutely continuous component £2¢ of
its Lévy spectral function satisfies [* d£*(x) = oo, see also [19], page 37. In
our case, this is satisfied since £i°(x) = £1(x) and lim,_, £ (x) = —oo. Further,
the statement about the moments of w; follows from the corresponding statement
about the moments of £, ; see [20] or [19], page 36. [
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