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ABSTRACT. We consider one-dimensional Mott variable-range hopping with a bias, and
prove the linear response as well as the Einstein relation, under an assumption on the ex-
ponential moments of the distances between neighboring points. In a previous paper [12]
we gave conditions on ballisticity, and proved that in the ballistic case the environment
viewed from the particle approaches, for almost any initial environment, a given steady
state which is absolutely continuous with respect to the original law of the environment.
Here, we show that this bias—dependent steady state has a derivative at zero in terms of
the bias (linear response), and use this result to get the Einstein relation. Our approach
is new: instead of using e.g. perturbation theory or regeneration times, we show that
the Radon-Nikodym derivative of the bias—dependent steady state with respect to the
equilibrium state in the unbiased case satisfies an LP-bound, p > 2, uniformly for small
bias. This LP-bound yields, by a general argument not involving our specific model, the
statement about the linear response.
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1. INTRODUCTION

Mott variable-range hopping is a transport mechanism introduced by N.F. Mott [37,
38, 39, 40, 41, 44] to model the phonon-assisted electron transport in disordered solids in
the regime of strong Anderson localisation (e.g. doped semiconductors and doped organic
semiconductors).

In the case of doped semiconductors, atoms of some other material, called impurities, are
introduced into the solid at random locations {z;}. One can associate to each impurity a
random variable E; called energy mark, the E;’s taking value in some finite interval [— A, A].
Due to the strong Anderson localisation, a single conduction electron is well described by a
quantum wave—function localized around some impurity z; and E; is the associated energy
in the ground state (to simplify the discussion we refer to spinless electrons). In Mott
variable-range hopping an electron localized around z; jumps (by quantum tunneling) to
another impurity site xx, when xj is not occupied by any other electron, with probability
rate

C(B)exp { = Zlos = aul = (B~ Fi}}. )

Above, [ is the inverse temperature, £ is the localization length, {v}; := max{v,0} and
the positive prefactor C' () has a f—dependence which is negligible w.r.t. the exponential
decay in (1). Treating the localized electrons as classical particles, the description is then
given by an exclusion process on the sites {z;}, with the above jump rates (1) when
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the exclusion constraint is satisfied. Calling n a generic configuration in {0, 1}{9”}, it
then follows that the disordered Bernoulli distribution x on {0,1}{#} such that pu(n;) =

ZB(E,—
by the density of conduction electrons; equivalently - as usually done in the physical
temperature - we take v = 0 at the cost of translating the energy (i.e. we take the Fermi
energy level equal to zero).

We point out that the mathematical analysis of such an exclusion process is very de-
manding from a technical viewpoint due to site disorder. We refer to [13, 42] for the
derivation of the hydrodynamic limit when the impurities are localized at the sites of
Z% and hopping is only between nearest-neighbor sites (from a physical viewpoint, the
nearest—neighbor assumption leads to a good approximation of Mott variable-range hop-
ping at not very small temperature). Due to the these technical difficulties, in the physical
literature, in the regime of low density of conduction electrons the above exclusion process
on {z;} is then approximated by independent continuous time random walks (hence one
focuses on a single random walk), with probability rate r; ; for a jump from z; to z), # x;
given by (1) times p(nz = 1,7n;, = 0). Note that the last factor encodes the exclusion
constraint. The validity of this low density approximation has been indeed proved for the
exclusion process with nearest-neighbor jumps on Z? (cf. [42, Thm. 1]).

It is simple to check (cf. [1, Eq. (3.7)]) that in the physically interesting low temperature
regime (i.e. for large () the resulting jump rate of the random walk behaves as

is reversible for the exclusion process. The chemical potential v is determined

rig = C(B) eXp{ - Z\wi — k| — g(\Ez‘\ + | Bkl + | B — Ek|)} : (2)

In conclusion, considering the above approximations, Mott variable-range hopping consists
of a random walk (Y;) in a random spatial and energetic environment given by {x;} and
{E;} with jump rates (2). We will consider here also a generalization of the above jump
rates (see eq. (6) below).

The name variable-range hopping comes from the possibility of arbitrarily long jumps,
which are facilitated (when [ is large) if energetically convenient. Indeed, it has been
proved that long jumps contribute to most of the transport in dimension d > 2 [14, 15]
but not in dimension d = 1 [7]. The physical counterpart of this feature is the anomalous
behavior of conductivity at low temperature for d > 2 [41, 44|, which has motivated
the introduction of Mott variable-range hopping. Indeed, for an isotropic medium, the
conductivity o(/3) is a multiple of the identity matrix and vanishes as 5 — oo as a stretched
[—exponential:

o(8) ~ exp{—cpatiin }1 (3)
if the energy marks are i.i.d. random variables with P(|E;| € [E, E + dE]) = ¢(a)E*dE
(these are the physically relevant energy distributions). On the other hand, in dimen-

sion d = 1, the conductivity exhibits an Arrenhius—type decay (similarly to the nearest—
neighbor case):

o(B) ~ exp{—cp}. (4)
The decay (3) has been derived by heuristic arguments by Mott, Efros, Shklovskii (see
[41, 44] and references therein), afterwards refined by arguments involving random resistor
networks and percolation [1, 36]. The decay (4) has been derived by Kurkijéarvi in terms of
resistor networks [26]. A rigorous derivation of upper and lower bounds in agreement with
(3) and (4) has been achieved in [14, 15] for d > 2 and in [7] for d = 1. Strictly speaking, in
[7, 14, 15] it has been shown that the above random walk satisfies an invariance principle
and the asymptotic diffusion matrix D(f) satisfies lower and upper bounds in agreement
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with the asymptotics in the r.h.s. of (3) and (4). Assuming the validity of the Einstein
relation, i.e. o(8) = BD(S), the same asymptotic is valid for the conductivity itself.
We point out that, in dimension d = 1, considering shift—stationary and shift—ergodic
point processes {x;} containing the origin, the above result on D(/3) holds if ]E[eZO] < 00
where Zy = x1 — zg, x1 being the first point right to zp := 0 (cf. [7, Thm. 1.1]). When
E[e?0] = oo the random walk is subdiffusive, i.e. D(8) =0 (cf. [7, Thm. 1.2]).

The present work has two main results: Considering the above Mott variable-range
hopping (also with more general jump rates) we develop the linear response theory and
derive the Einstein relation. As a byproduct, the latter, together with [7] completes the
rigorous proof of (4). The presence of the external field of intensity A is modelled by
inserting the term Af3(zy — x;) into the exponent in (2). For simplicity of notation, and
without loss of generality, we assume that the localization length & equals 2. Then, to have
a well-defined random walk, one has to take |A|5 < 1. As shown in [12, Thm. 1, Thm. 2],
if A # 0 and E[e('~MAZ] < oo, then the random walk is ballistic (i.e. it has a strictly
positive/negative asymptotic velocity) and moreover the environment viewed from the
walker admits an ergodic invariant distribution Q) mutually absolutely continuous w.r.t.
the original law P of the environment. Strictly speaking, the last statement is referred
to the discrete-time version (Y;,)n>0 of the original continuous-time Mott random walk
(Y¢)t>0 (anyway, the latter can be obtained by a random time change from the former,
which allows to extend asymptotic results from Y;, to Yy). For A = 0 the result is still true
with Qg having an explicit form and being reversible for the environment viewed from the
walker.

The ergodicity of Q) and its mutual absolute continuity w.r.t. P, together with Birkhoff’s
ergodic theorem, imply in particular that, for any bounded measurable function f,

1 N-1
lim =Y flwn) =Qf]  as. (5)
n=0

N—ooo N

for P-almost any environment w, where w, denotes the environment viewed from Y.
Above, Q,[f] denotes the expectation of f w.r.t. Qy. In what follows, under the assump-
tion that E[eP?°] < oo, we show that the map (—1,1) > XA — Qy[f] € R is continuous
if p > 2 (see Theorem 2) and that it is derivable at A = 0 if p > 2 and f belongs to a
precise H_q space (see Theorem 3). The derivative can moreover be expressed both in
terms of the covariance of suitable additive functionals and in terms of potential forms
(the first representation is related to the Kipnis—Varadhan theory of additive functionals
[21], the second one to homogenization theory [25, 34]). We point out that similar issues
concerning the behavior of the asymptotic steady state (characterized by (5)) for random
walks in random environments have been addressed in [18] and [35]. Finally, in Theorem 4
we state the continuity in A of the asymptotic velocity of (Y},) and of (Y;) and the Einstein
relation.

Two main technical difficulties lie behind linear response and Einstein relation: Typi-
cally, in the biased case, the asymptotic steady state is not known explicitly and a lim-
ited information on the speed of convergence to the steady state is available. A weaker
form of the Einstein relation, which is often used as a starting point, was proved in
[29]. Since then, the analysis of the Einstein relation, the steady states and the linear
response for random walks in static/dynamic random environments have been addressed
in [2, 3, 17, 18, 19, 23, 24, 27, 28, 30, 31, 33, 35] (the list is not exhaustive). The ap-
proach used here is different from the previous works: Although the distribution Qy is
not explicit, by refining the analysis of [12] we prove that the Radon—Nikodym derivative
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% belongs to LP(Qy) if E[eP?0] < oo for some p > 2 (see Theorem 1). This result has
been possible since Q) is indeed the weak limit as p — oo of the asymptotic steady state
of the environment viewed from a p—cutoff version of (Y},), for which only jumps between
the first p neighbors are admitted. For the last p—parametrized asymptotic steady state
it is possible to express the Radon—-Nikodym derivative w.r.t. P by a regeneration times
method developed already by Comets and Popov in [9] for random walks on Z with long
jumps. This method is therefore very model-dependent. On the other hand, having the
above bound on %, one can derive Theorems 2, 3 and 4 by a general method that could
be applied in other contexts as well.

Outline of the paper: In Section 2 we describe the model, recall some previous results
and present our main theorems (Theorems 1, 2, 3 and 4). Sections 3 and 4 are devoted
to the proof of Theorem 1. Theorem 2 is proved in Section 5. The proof of Theorem 3 is
split between Sections 6 and 7. The proof of Theorem 4 is split between Sections 8 and 9.
Finally, in the Appendices A, B and C we collect some technical results and proofs.

2. MODELS AND MAIN RESULTS

One-dimensional Mott random walk is a random walk in a random environment. The
environment w is given by a double-sided sequence (Zy, Ex)kez, with Zy € (0,+00) and
Ej. € R for all k € Z. We denote by = ((0, +00) x R)Z the set of all environments. Let P
be a probability on €2, standing for the law of the environment, and let E be the associated
expectation. Given ¢ € Z, we define the shifted environment 7w as 7w := (Zx1¢, Extt)kez-
From now on, with a slight abuse of notation, we will denote by Z, E}, also the random
variables on (£2,P) such that (Z(w), Ex(w)) is the k—th coordinate of the environment w.

Our main assumptions on the environment are the following:

(A1) The random sequence (Zy, Ey)kez is stationary and ergodic with respect to shifts;
(A2) E[Z)] is finite;

(A3) P(w = 1yw) = 0 for all £ € Z;

(A4) There exists d > 0 such that P(Zy > d) = 1.

The random environment can be thought of as a marked random point process [10, 16].
Indeed, we can associate to the the double-sided sequence (Zj, Ey)rez the point process
{z}rez such that zo = 0 and xx1 = xp + Zk, marking each point zj with the value Ej.
We introduce the map ¢ : {xp} — Z defined as ¢ (x) = k.

Given the environment w and A € [0,1) we define the continuous—time Mott random
walk (Y7);>0 as the random walk on {x;,}rez starting at zo = 0 with probability rate for
a jump from x; to xp # x; given by

rf:k.(w) = exp{—|z; — xg| + ANzr — z;) + w(Ei, Eg)}, (6)
with u(-,-) a symmetric bounded continuous function. It is convenient to set rf‘z (w) :==0.
To have a well-defined random walk one needs to restrict to |A\| < 1, and without loss of
generality we assume \ € [0, 1).

We then define the discrete-time Mott random walk (Y;)),>0 (n variesin N := {0,1,...})
as the jump process associated to (Y7). In particular it is a random walk on {zy } ez start-
ing at zg = 0 with probability for a jump from z; to z given by

A

(W)
A 7k
pi,k(w) = : hY

ZjeZ Ti7j(w) ' @)
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Note that p(’)\p = 0. We denote by p, the local drift of the random walk (Y?), i.e.
by
paw) =Y mppyp(w). (8)
kEZ
Warning 2.1. When X\ = 0 we usually omit the index A from the notation, writing simply
Ytz Yn; Ti,k‘(w)f pi,k:(w)) QD(UJ)

We now recall some results under the assumption that A € (0,1) and E [e(l_)‘)ZO} < 400
(cf. [12, Thm. 1 and Thm. 2]). The asymptotic velocities

v Y
vy (N) = nh—>n<}o - vy(A) = tli>11010 Tt 9)

exist a.s. and for P—almost all realizations of the environment w. The above asymptotic
velocities are deterministic and do not depend on w, they are finite and strictly posi-
tive. The environment viewed from the discrete-time random walk (Y7})), i.e. the process
(Tw(ymw)n>0, admits a unique invariant and ergodic distribution Q) which is absolutely
continuous w.r.t. P (in [12] uniqueness is not discussed: Since invariant ergodic distribu-
tions are mutually singular, Q, is the unique distribution fulfilling the above properties).
Moreover, Q) and P are mutually absolutely continuous. Finally (see also Appendix A)
the asymptotic velocities vy (A) and vy(\) can be expressed as

_ vy (N) ‘
Q[ (Crezrda@))]

We recall some results concerning the unperturbed random walk (Y;,) (i.e. with A = 0).
In this case the asymptotic velocities in (9) still exist a.s. and for P-almost all realizations of
the environment w, but they are zero: vy (0) = vy(0) = 0 (cf. [12, Remark 2.1]). Moreover,
the environment viewed from the walker (Y,) has reversible measure Qq defined as

vy (A) = Qa[pr] and vy(N) (10)

Qo(dw) = TPy, )= 3 roslw). (11)

Efr] ke

It is known (cf. [7, Sec. 2]) that, when E[e?0] < oo, for P-almost all the realizations of
the environment w the random walk (Y,) starting at the origin converges, under diffusive
rescaling, to a Brownian motion with positive diffusion coefficient given by

_ e N2
Dy = geng{Qo)@o[gpo,z (zi + Vig) } , (12)

where V;g(w) := g(riw) — g(w) (note that, since Qp and P are mutually absolutely con-
tinuous, in formula (1.14) in [7] one can replace L*°(P) by L*°(Qp)). Similarly (cf. [7,
Thm. 1.1]) (Y;) satisfies a quenched functional CLT with diffusion coefficient

DY :E[W] Dy. (13)

In order to present our results we need to introduce the symmetric non—negative oper-
ator —ILg : L?(Qp) — L?(Qp) with Lo defined as

Lof(w) =Y por(w) [f(mew) = f(w)] - (14)
kez

We recall some basic facts on the spaces H; and H_; associated to the operator Lg
(cf. [11, 21, 22]). In what follows we denote the scalar product in L?(Qp) by (-,-). The
H; space is given by the completion of L?(Qg) endowed with the scalar product (f, g)1 :=
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(f,—Log) and H_; will denote the space dual to Hy. In particular, f € L?(Qp) belongs
to H_; if and only if there exists a constant C' > 0 such that |(f,¢)| < C(g, —Log)"/? for
any g € L*(Qo). Note that Qo(f) = 0 for any f € L?(Qg) N H_;. Equivalently, denoting
by ef(dx) the spectral measure associated to f and the operator —ILg (see e.g. [43]),
f € L*(Qp) belongs to H_; if and only f[om) %ef(da:) < 0.

We can now present our main results. Although having a technical flavour, the following
theorem is indeed our starting point for the investigation of the continuity in A and the
linear response at A = 0 of the system, as explained in the introduction:

Theorem 1. Fiz \. € (0,1) and suppose that E[epzo] < 400 for some p > 2. Then, it

holds a0
e

sup < 00. (15)

AE[0,M] Lr(Qo)

Our next result concerns the continuity in A of the expectation Qx(f).

Theorem 2. Suppose that E[epZO] < 00 for some p > 2 and let q be the conjugate exponent
of p, i.e. q satisfies % + % = 1. Then, for any f € LY Qo) and X € [0,1), it holds that
f € LYQy) and the map

0,1)3 A Qx(f) €R (16)

18 continuous.

We point out that, for what concerns linear response at A\ = 0, only the continuity of
the map (16) at A = 0 plays some role. Anyway, our techniques allow to prove continuity
of the map (16) beyond the linear response regime.

Our next result concerns the derivative at A = 0 of the map A — Q,(f) for functions
f € H.1N L*Qp). This derivative can be represented both as a suitable expectation
involving a square integrable form and as a covariance. To describe these representations
we fix some notation starting with the square integrable forms.

We consider the space 2 x Z endowed with the measure M defined by

=Q {quku(-, k)} , Vu:QxZ—R Borel, bounded .
keZ
A generic Borel function v : Q x Z — R will be called a form. L?(2 x Z, M) is known as

the space of square integrable forms. Below, we will shorten the notation writing simply
L%*(M), and in general LP(M) for p-integrable forms. Given a function g = g(w) we define

Vg(w, k) := g(w) = g(w) - (17)
If g € L*(Qp) then Vg € L*(M) (this follows from the identity Qo[> po.£9(7x*)?] = Qolg?]

due to the stationarity of Q). The closure in M of the subspace {Vg : g € L?(Qp)} forms
the set of the so called potential forms (the orthogonal subspace is given by the so called

solenoidal forms). Take again f € H_1 N L?(Qp) and, given ¢ > 0, define ggf € L*(Qo) as
the unique solution of the equation

(e —Lo)g!l = /. (18)

As discussed in Section 6, as € goes to zero the family of potential forms Vgg converges
in L2(M) to a potential form h':

hl = hfg V! in L2(M) . (19)
3
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We now fix the notation that will allow us to state the second representation of d\—oQx(f)
in terms of covariances. To this aim we write (w,,) for the environment viewed form the
unperturbed walker (Y;,), i.e. wy, 1= Ty(y, )w where w denotes the initial environment (recall
that (x;) = 4). Take now f € H_1 N L?(Qp) . Due to [21, Cor. 1.5] and Wold theorem,
starting the process (wy,) with distribution Qp, we have the following weak convergence of
2d random vectors

n—1 n—1
= (). X etw) " () (20)
=0 =0

for a suitable 2d gaussian vector (N/, N¥) (with possibly degenerate diffusion matrix).
We recall that ¢ denotes the local drift when A = 0 (cf. (8) and Warning 2.1).
We can now state our next main result:

Theorem 3. Suppose E[eP?°] < oo for some p > 2. Then, for any f € H_1 N L*(Qy), the
map A — Qa(f) is differentiable at A = 0. Moreover it holds

Mn=0Qx(f) = Qo {Zpo,k(xk —)hI (k) (21)
kez
= —Cov(Nf, N‘p) . (22)

Starting from the above theorems one can derive the continuity of the velocity and the
Einstein relation between velocity and diffusion coefficient both for (Y;,) and for (Y;):

Theorem 4. The following holds:

(i) If E[e*?°] < oo, then vy ()\) and vy(X\) are continuous functions of \;
(i) If E[eP?0] < oo for some p > 2, then the Einstein relation is fulfilled, i.e.

8)\:0'1}3/()\) = Dy and 8,\:0vy()\> = DY . (23)

Remark 2.2. We point out that in general the velocities vy (X) and vy(\) can have dis-
continuities. See [12, Ex. 2 in Sec. 2] for an example.

If we make explicit the temperature dependence in the jump rates (6) we would have

ri(w) = exp{—|z; — @y| + AB(wy, — z5) + Bul(Es, By},

where ) is the strength of the external field. Then equation (23) takes the more familiar
(from a physical viewpoint) form

Or—ovy (A, B) = BDy () and dr—ovy (A, B) = BDy(f).

Remark 2.3. In our treatment, and in particular in Theorems 2, 3 and 4, we have
restricted our analysis to A € [0,1). One can easily extend the above results to A € (—1,1).
Indeed, by taking a space reflection w.r.t. the origin, the resulting random environment still
satisfies the main assumptions (Al1),...,(A4) and the same exponential moment bounds as
the original enviroment, while random walks with negative bias become random walks with
positive bias. Hence, after taking a space reflection w.r.t. the origin, one can apply the
above theorems to study continuity for A\ € (—1,0] and derivability from the left at A = 0.
Noting that the left derivatives at A = 0 in Theorem 8 and 4 equal the right derivatives at
A = 0, one recovers that the claims in Theorems 2, 8 and 4 remain valid with X\ € (—1,1).
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3. PROOF OF THEOREM 1

It is convenient to introduce the following notation for i, j € Z:

e~ i —wil+A(@itay) fulBnEy) if g £ g (24)
0 otherwise .
The above c’\J( w) can be thought of as the conductance associated to the edge {i,;j} and
indeed the perturbed walk (V) is a random walk among the above conductances, since

Pz,]( w) = ( )/Zkez zk( w).

The proof of Theorem 1 is an almost direct consequence of the following lemma:

Lemma 3.1. Fiz A, € (0,1). Then there exist positive constants K, K, such that, given
A € (0, \], the Radon—Nikodym derivative % satisfies

dQx
—= <K 2
where
g(w,\) == Ko(ct 1,0 +001 E e Pt (I=N (@ —es) (26)

J=0

The proof of Lemma 3.1 requires a fine analysis of Mott random walk (Y;}),>0. We
postpone it to the next section. Here we show how to derive Theorem 1 from Lemma 3.1.

Proof of Theorem 1. Tt is enough to consider the case A # 0. The constants ¢, C, Cy, C’
appearing below are to be thought independent from A € (0, A,] (they can depend on A,).
By (11) and Lemma 3.1 we can write

dQ, dQ, dP E[ﬂ'] dQx Cil ot 06\1 > —22a;+(1=N)(zj41—2;)

= = <\ —————— T Tj+1—T5) 2
dQo dP dQy T dP — ¢ T ]Z(:)e ’ ’ ’ (27)
Since (recall the bounded function u in (6))

A A —|x_ Ar_ —z1+AzT
g+ e lz—1l+Az 1 fe T 1
1.0 T 01 gljuflec < <14eM < 200

T - Ek;ﬁo e—lzxl
o0 o0 o

e/\wl § 672)\mj+(17)\)(:rj+17:1:j) S exl 4 § ef)\a:j+(1f)\)(zj+1fmj) S eZO 4 E ef}\dj+Zj ,
7=0 7j=1 J=1

from (27) we get % < 2¢2llulloCy ) Z;'io e **Z;i  As a consequence, to conclude it is
enough to prove that

Q| () <o (28)
j=0

for some constant C'. To this aim let ¢ be the conjugate exponent such that 1/p+1/q = 1.
By the Holder inequality we can bound

Adq °© Adp 1 Adg -1 s )\dp 1
Zef)\d]JrZ] < (ZefT]> (ZefT]erZj)P _ (1 —ef7> q <Ze J+pZ; )p

J=0 Jj=0
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By using the above bound in (28) we get
00 ' p _1
Qo {(Zeﬂ\dﬁzj)p} < (1 - e7%> ! (1 - e*%> QoleP??]
j=1

< (C'A) (O Qo] = CaTi T = oA,
thus implying (28). O
4. PROOF OF LEMMA 3.1

In the first part of the section we will improve a bound obtained in [12], see Proposition
4.4 below. This result will be essential to the proof of Lemma 3.1 (which will be carried
out in Subsection 4.1).

In the rest of this section A € (0, A.] is fixed once and for all and is omitted from the
notation. In particular, we write (Y;,) for the biased discrete-time Mott random walk
(Y;}) and we write ¢; j(w) instead of cf:j(w) (cf. (24)). As in [12], it will be convenient to
consider the 1)-projection of (Y;,) on the integers. We call (X,,) the discrete-time random
walk on Z such that X,, = ¢(Y,,). As already pointed out, the probability for a jump of
X, from i to k is given by (7) which equals chei’zkcl-,j'

We further introduce a truncated version of (X,). We set N := {1,2,3,...}. For
p € Ny U {+oo} we call (X)) the discrete-time random walk with jumping probabilities
from i to j given by

¢i,j(W)/ 2pez Cik (W), if0<|i—j| <p,
L= > cijWw)/Dpezciklw) ifi=j.
J:li—i<p

Clearly the case p = oo corresponds to the random walk (X,,). We write P;”” for the law
of (XF) starting at point ¢ € Z and E;”* for the associated expectation. In order to make
the notation lighter, inside P;"(-) and E;"”[-] we will sometimes write X,, instead of X%,
when there will be no possibility of misunderstanding.
Call

T/ :=inf{n > 0: X/ > i} (30)
the first time the p-truncated random walk jumps over point i € Z (also for T” we will
drop the p super-index inside P;”*(:) and E;"”[-]). A fundamental fact (cf. [12, Lemma
3.16]) is the following: One can find a positive € = £(\.) independent from p, w and
A € (0, A\4] such that

POP( X, =1)>2  Vk<i,VpeNpU{oo}. (31)
Remark 4.1. In [12, Rem. 3.2] it is stated that all constants K’s and the constat &
appearing in [12, Sec. 3] can be taken independent of \ if X e.g. varies in [0,1/2). As the

reader can easily check the same still holds as X varies in [0, \y] for any fized A\, in (0,1)
(note that the above constants will depend on \.).

Given a subset A C Z we define 74 as the hitting time of the subset A, i.e. 74 is the
first nonnegative time for which the random walk is in A. For A, B disjoint subsets of Z,
we define the effective p—conductance between A and B as

Chu(A,B) =min{ > ey(f()— f@)?: fla=0, flz=1}.  (32)

i<j:li—gl<p
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The following technical fact provides a crucial estimate for the proof of Lemma 3.1:

Lemma 4.2. Forallk € {1,...p—1},
Cepff(ka (—O0,0])
Cgff(kﬂ (_007 0] U [pv OO))

Proof. For simplicity we will call A := (—o00,0] and B := [p,00). First of all notice that
PP (10 < Tppoo)) 2> 26 P77 (14 < 7). In fact,

P;:’p(TQ < T[ppo)) > 263

PP (10 < TB) ZP (to <7B|TA < 7B, X7y = J)P" (T4 < B, X7\ =)
7<0
= ZID;-'J7p(To <7B)P" (1A < 7B, X7y, =j) > 2P (14 <7B), (33)
J<0
where in the last line we have used that P’(ro < 7p) > P;"’(X7, = 0) > 2e, which
follows from (31). We can therefore focus on P;"’(14 < 7).

We consider now the following reduced Markov chain (X)) starting at k. Given w € Q,
(X3,) is the random walk on the state space {0, ..., p} with conductances ¢} ; = ¢ ;(w)
defined by requiring that ¢} ; = ¢;; and that

Cij ifi,je{l,.,p—1},i#7,
C/ . Zmlipgmgoc%m ifie {17...,p_1}, j:o,
2,] Zm:pSmSH-p Cim ifi € {1, ey P — 1}, ] =p,
0 ifi=j.

We recall that, by definition, the probability for a transition from i to j in {0,1,...,p}
equals ¢ ; /7' (i ) where 7'(i) = 37, 0<j<, ¢ ;- Note that 7’ is a reversible measure for (X,).

By a suitable coupling on an enlarged probability space (the probability of which will
be denoted again by P,”*) it holds

PP(ta < 7B) = PP (15 < 7,), (34)

where TJ/- is the first time (X)) hits point j. In fact, starting at k, if we ignore the times
when (X7) does not move, (X/) and (X}) can be coupled in a way that guarantees that
X§ = X] until the moment when X/, touches 0 or p. More precisely, one can couple the
two random walks to have that (X;, : 0 <n < min{7g, 7,}) equals the sequence of different
visited sites of the path (¢(X,) : 0 < n < min{7a,75}), where ¢ : Z — {0,1,...,p} is
defined as ¢(i) := 0 for i <0, ¢(i) = p for i > p and ¢(i) = i otherwise. The advantage of
the above reduction is to have to deal now with a finite graph, so that we will be able to
use classical results for resistor networks.

As in [4, proof of Fact 2], we call ¢ty = 0 and t; the i-th time the walk (X)) returns to the
starting point k. We call the interval [t;_1,t;] the i-th excursion. For a set D C {0, ..., p}
we call V (i, D) the event that (X)) visits the set D during the i-th excursion. We also
call V (i, D) the event that set D has been visited for the first time in the i-th excursion.
Noticing now that the excursions are i.i.d., we can compute

PP (10 < 7p) ZP P10 < 7l V(i {0, p})) PP (V (i, {0, p}))

= P ’p(To <7l V(1,{0,p}) = PP (70 < 7| V(1,{0,p})),  (35)
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so that we are left to estimate the probability that 0 is visited before p knowing that at
least one of the two has been visisted during the first excursion. We see that

P (< 74 V(1,{0,p})) = P24 (V(L,0) N V(L )| V(1 {0, })
_ PEPV(L,0) N VE(Lp))
T ORTVLA0.))

where V¢(1, p) is the event that the walk does not visit p during the first excursion. We
claim that

(36)

PPP(V(1,0)NVE(L, p)) > &% P2 (V(1,0)). (37)

To see why this is true, we first of all simplify the notation by setting V' (0) := V(1,0) and
V(p) .=V (1, p) and write

PP(V(0)NVE(p)) = a P (V(0)) (38)
with
_BVONV) R )
P;’p(V(O)) N Ri1+ Ry + Rg3

with Ry := P?(V(0) N V(p)), Ra := PP(V(0)NV(p), 75 < 7,), Ry := PP(V(0) N
Vip), 7, < 79)-
The proof of (37) is then based on the following bounds:
R3 < (R1 + RQ)/(26) R (40)
Ry < R1/(2e). (41)
Before proving (40) and (41) we explain how to derive (37) and conclude the proof of
Lemma 4.2.
Trivially, (40) and (41) imply that
Ry 1 Ry 1 2
iy 2 iy Tn iy =€
(Ri+R)(1+5)  (1+2) Ri+xR  (1+4)
In the last bound we have used that ¢ < 1/2 (cf. (31)). This together with (38) gives (37).
Putting now (37) into (36), (36) into (35), we get
2 PI‘:W(V(]-?O))
PP(V(1,{0,p})) "
where we have restored the notation V' (i, D) for the event of having a visit to set D during

excursion i. By a well-known formula (see, e.g., formula (5) in [4]) we know that for each
D c{o0,...,p}

o>

(42)

PP (1) < 7';) > ¢

e/:ff (k , D )

(k)
where C/g(k, D) denotes the effective conductance between k and D in the reduced model.
More precisely, given disjoint subsets E, F' in {0,1,..., p}, we define

(B F)=min{ 3 (G - )P fle =0, flr =1}, (44)
i,j:0<i<j<p
As a byproduct of (42) and (43) we get

' (k,0) O (k, (—o0,0])
PW,P 7_/ < ,7_/ 2 82 eff \"» Z 52 eff \"'vy ) )
g ( ’ P) Céﬁ"(k:> {O,p}) Cé)H(k', <_OO7O] U [pv OO))

PP (V(i, D)) = (43)
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Let us explain the last bound. Given a function f : {0,1,...,p} — R and calling f its
extension on Z such that f(z) = f(0) for all z <0 and f(z) = f(p) for all z > p, it holds

Yoo d D = F@O)?P = Y e (fG) - F@)?. (46)
i,j:0<i<j<p i<j: li—j|<p

As a consequence, by comparing the variational definitions of effective conductances
given in (32) and (44), one gets that Clgz(k,0) > C%(k, (—o0,0]) and Clgz(k,{0,p}) =
Cly(k, (—00,0]U[p, 00)), thus implying the last bound in (45). Having (45), we finally use
(33) and (34) to get the lemma.

We are left with the proof of (40) and (41).

e Proof of (40). We define 1o(1) := 75, 7,(1) := 7, and 70,,(1) := min{7o(1), 7,(1)}. We
also define z, := X/ 0.(1) (note that x, equals 0 or p). Then, iteratively, for all j > 1 we

P

define (see Figure 1)
T0,0(j + 1) :=inf{n: n > 79(j), n > 7,(j), X,, = s}
(+1):= ‘7—07p(j ) . 1 T
inf{n: X, =0,n>1,(J+1)} ifz,=p

inf{n: X, =p,n>1,7+1)} ifz,=0
T0,0(J +1) ifx,=p.

Tp(j+1) = {

Notice that, almost surely, either 79(1) < 7,(1) < 79(2) < 7,(2) < ... or 7,(1) < 79(1) <
75(2) < 70(2) < ... We also define 7; as the first time the random walk started in &
returns to k. Notice that all the 7.(-)’s and le are stopping times. We decompose

Rs:= PP(V(0)NV(p), 7, < 70) = PP(r,(1) <70(1) <7l ) =D A+ > Bi, (47)
1=1 1=2

A; = PP (1,(1) < 70(1) < 1p(2) < -+ < 70(i) < 7 < Tp(i+ 1))
B; =P (1,(1) < 10(1) < 15(2) < -+ < 7,(d) < 77 < 70(3)) .
We first focus on the terms of the form A;.

Claim 4.3. It holds

1 .
1 .
B’i S %Di_l, {2 Z 2 (49)

where
Ci =P (10(1) < 1p(1) < - < mo(d) < 1 < 7,(3)),
D; =P (10(1) < 1p(1) < -+ < 7o(i) < 1,(i) < 77 < 70(i + 1)).
Proof of the Claim. We start with (48). By reversibility (just decompose the event on all

the possible trajectories of the random walk and then use the detailed balance equations,
see Figure 1),

A =P (10(1) < 1p(1) < - < 7p(d) < 1 < 7o(i + 1)). (50)
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(1) 75(2) p(3)
= 70,(1) T0(1) = 70.,(2) T0(2) =70,,(3) 0(3)
0 | ' } § bk
T —efe—fe— — . d—— - — - —_—— - —]
. Tofl) 75(1) 70(2) Tpr) 7‘053) 7',1(3) N
T
AT — —hh—h—— — - —k A

FIGURE 1. 7 corresponds to the trajectory of an excursion from k to k
associated to the probability A;, i = 3. ~1 is the time-reversed trajectory.
Balls denote times when the random walk hits 0, while stars denote times
when it hits p.

On the other hand, we have
C; > PP (10(1) < 1p(1) < -+ < mo(i) < 713F, £(0,1))

=P (10(1) < (1) < -+ < mo(i) < ) By P (X = k)

>2e PP (1o(1) < 7p(1) < -+ < 7o(i) < 7)) > 2 Ay, (51)
where the event £(0,1) is defined as £(0,4) := {the first time after 79(¢) that the random
walk tries to overjump the point k, it actually lands on k}. The first inequality is trivial.
For the second line, we can apply the strong Markov property at the stopping time 7(7)
observing that the event {7o(1) < 7,(1) < -+ < 79(¢) < 7, } is in the o-algebra generated
by the process up to time 79(z). Finally, for the last line we first notice that (31) is also

valid for the random walk (X)) and then use (50). This gives (48).
We move to the proof of (49). Clearly

B, < P2P(1,(1) <7o(l) <~ <m(i—1) <7}). (52)
On the other hand
Di_1 =P (1,(1) <7o(1) <+ < 1o(i — 1) < 77 < 7,(3))
> PP (1,(1) < 7o(1) < -+ < 7(i — 1) <77, £(0,i — 1))
> 2e PP (1,(1) < 7o(1) < - < mp(i—1) < 71f), (53)

where for the first line we have used again the reversibility of the process, in the second
and third line we have used the same arguments as for the proof of (48). (52) and (53)
together show that B; < iDl-,l. O

We come back to (47). Thanks to the above claim, we have

R3§21€(C1+gci+gl?i>

1 w, c w, 1

= (PO N V(o) + PPV ) NV (0), T < 7)) = 5o (Ru + R)

as we wished, since C1 = P."*(V(0) N V¢(p)) and Y .2, C; + > i, D; is a decomposition
of the probability of the event {V(0) NV (p), 79 < 7,} in a similar fashion as in (47).
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e Proof of (41). We notice that

Ry = PP (V(0) NV*(p)) =

where we have used the event £(0,1) introduced in the proof of Claim 4.3 and the same
argument based on (31) therein. O

Having Lemma 4.2 we can prove the following lower bound on the expected value of T},
which refines that of Lemma 4.3 in [12]:

Proposition 4.4. Fizx A\, € (0,1). Then there exist constants C1,Cy > 0, independent of
A€ (0, \] and of p € Ny U {+o0}, such that

EES[T, ]>CIX_C2A2

Proof. Formula (3.22) in [6] reads in our case as

WZ(ZCW (70 < 7lp.00))

k<p JEL

B PIT) =

where k +— > jez Ck,j 1s a reversible measure for the p-truncated random walk for each p.
Hence,

Eg’p[T] Cp Z (ch,]) 7—0<7-[poo))
0<k<p JEZ
C (k:( 00, 0])
203 D N0 s O (0 o) Y

0<k<p

where Cj is a strictly positive constant independent of p, w and X as A varies in (0, \i] (as
all the constants of the form C; that will appear in what follows). For the last line in (54)
we have used Lemma 4.2 and the bounds

Cig(A,B) < CH(A,B) < ¢ Clg(A, B),

for some universal constant ¢ > 1. The above bounds follow from [12, Prop. 3.4]. The fact
that ¢ can be taken uniformly in A\ € [0, \,] follows from [12, Rem. 3.2] and Remark 4.1.
Writing for simplicity ¢; := ¢; 41, we explicitly calculate

Cegr(k, (—00,0])

€

Celff(oa [P7 OO))Cgﬁ(kv (_OO’ O] U [P7 OO))
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Therefore, by taking the expectation w.r.t. the environment in (54), we obtain

p—1
EE§*[T)) > GE| Y ckzcl}
J

O<k<p j=k
p—1

>Cge_2||u||mE[ Z —(1=X)Zp 42X Zo+...+ Zjo— 1)2 (1=X)Z;—2X\(Zo+..+Zj 1)]
0<k<p Jj=k

>y (/H— Z Pz—:l IE[e_(l—/\)Zk—2/\(Zk+...+Zj,1)])

0<k<pj=k+1
p—1
> Cs Z Z e 2E[Z0](I—k) (56)
0<k<pj=k+1

where in the third line p comes from the case j = k and in the last line we have used
Jensen’s inequality and the fact that e~(1=VEZ0] ig bigger than a constant independent
from A. We call now A := e=2*El%] < 1 and calculate

nling} —k k
A— AP A—A
k _ m o _ —
)DID MRS S WL > A -2 14
0<k<p j=k+1 0<k<p m=1 0<k<p 0<k<p
A A— Ar p 1
=(p—1 - .
=033~ a=ap Cﬁ( A (1—A)2)
We can then continue the chain of inequalities of (56):
1 P 1
EES*[T,) > L _ >, oy~
0 [p]—c7(1—A (1—A)2>—01A “2 3

which is the statement of the proposition. Here we have used the fact that

A
0< inf ———— < sup

— g < 00,
A€(0,1.] 1 — e=2AE[Z0] Ae@a] 1 — e—2)E[Zo]

which follows from the fact that the the function ﬁ = m can be extended to a
continuous strictly positive function on the compact interval [0, A,]. O

4.1. Proof of Lemma 3.1. With Proposition 4.4 we can finally prove Lemma 3.1. We
first stress that below all constants of type C, K can depend on A, but do not depend
on the chosen parameter A € (0, \.]. We recall that, in [12], for a given p € NU {400},
one calls Q° the asymptotic invariant distribution for the environment viewed from the
p-truncated random walk (X}), when an external drift of intensity A (here implicit in
the notation) is applied (the case p = oo corresponds again to the random walk (X,,)
without cut-off, and Q> = @Q,). In [12] it is shown that Q is absolutely continuous
to P. In order to describe the Radon—Nikodym derivative % we have to introduce an
auxiliary process. We let ¢ = ({3, (2, ...) be a sequence of i.i.d. Bernoulli random variables
of parameter ¢, where ¢ is the same appearing in (31). We call P the law of ¢ and E the
relative expectation. As detailed in [12, Sec. 4] adapting a construction in [9], one can
couple ¢ and the random walk (X}) so that if (; = 1 for some j € N, then X;p = jp

(see (30)). In [12, Eq. (46) and Eq. (47)] one has the precise construction of the ngnched

probability Py"”  for the random walk once the sequence ¢ has been fixed. Ey* < is the
associated expectation. The Radon—Nikodym derivative for the environment viewed from
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the p-truncated walk w.r.t. the original measure of the environment PP is given by (cf. [12,
Eq. (63)])

dQr 1 T— kW,
— FE Nr, (k)] . 57
dP () EE[ES [Ty, )] ;Z 0 [ 70y, ( )} (57)

Above, given a generic integer n > 0, N,,(k) denotes the time spent at k by the random
walk up to time n, i.e. Ny(k) =>""_ 1L(XF =k).
Due to [12, Eq. (50)] we have E[ES“*[Ty, )] > e ES?[T,], thus implying that

EE[E ?[Ty,,]] > eE[ESP(T,]] . (58)
We set o o
) 2&
Ki(p,A) = == — =2 59
Then, by combining Proposition 4.4 with (57) and (58), when K;(p, ) > 0 we have
dQr 1 T w,C
— (W) < ———— Y EE; " |Ng, (k)| .
=K, A)p,%; ’ [V )

The above estimate can be rewritten as

dQ”’ Hy(w) + H_(w)
P A PP (60)
where (as in [12, Eq. (67)]) we have defined
Hy(w) =Y EE; % {NTllp(k)} . H_(w)=Y EE; [NTM(k)} .
k>0 k<0

Note that (60) equals [12, Eq. (67)] with the only difference that the constant K in [12]
is now replaced by Ki(p, A). The computations done in the proof of Prop. 5.4 in [12] show
how to go from [12, Eq. (67)] to [12, Eq. (77)] by bounding H (w) and H_(w), and these
bounds do not involve the constant K; there. In particular, due to (60), the first line
in [12, Eq. (77)] remains valid with K; replaced with Kj(p,A). In conclusion, since the
function g(w, A) introduced in (26) equals the function g,,(0) defined in [12, Prop. 3.11],
we have:

dQr / (0 e ANk B (1w
19 ) < Gpalw) = O (T Tk )
dP Ki(p, A) p

where the notation has the following meaning. As in [12] 7(0) := c_10 + co1 (recall that

A is understood and that in this section we write ¢; ; instead of c%j). C’ is a constant
depending only on . Finally, F is the function defined in [12, Lemma 5.5], i.e.

+gwN)  (61)

Fu(w) = Ko » (i + 1)e” 2wt
i=0
Note that the positive constant Ky is independent of A € (0, A,] and p (see [12, Rem. 3.2]
and Remark 4.1). We have that lim,_, K1(p, A\)p = 0o and lim, o Ki(p,A) = Cie/A .
Hence, for any p > pg (the latter can depend on \) it holds Kj(p, ) > 0 and

0< Gpa(w) < Cy <7rl(0) 3 e Pk E (1 4w) + gl )\)) , (62)
k<0
lim Gp,)\(w) = CyA g(w7 >‘) ) (63)

p—00
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for suitable positive constants Cs, Cy independent of p, A\. We claim that the r.h.s. of (62)
is in L!(P). Indeed, 7'(0) is bounded by an universal constant. The series appearing in
(62) can be bounded from above by using the equivalent expression given by [12, Eq. (78)]
together with the property |xix| > kd. In this way one easily gets that the series is in
LY(P). Finally, g(w,)\) € L'(P) due to [12, Lemma 3.12]. By the above claim, (62),
(63) and the dominated convergence theorem, we conclude that G, (w) converges to
CyAg(w, ) in L'(P). Take now a bounded positive continuous function h on €. Since
Qr weakly converges to Q™ = Q) as p — oo (cf. [12, Prop. 5.3]), by (61) and the above
observations we get

dQ>

dP

The above bound trivially implies (25).

< lim E[G,\(w)h]| = E[CyAg(w, A)h].

E[ h} — Q®[h] = lim Q°[h] = lim E Jim

p—00 p—00

[

5. PROOF OF THEOREM 2

Warning 5.1. In the previous section, in order to make more transparent the comparison
with the formulas in [12], we used the convention to omit X\ from the index of several
objects. From mow on we drop this convention and we come back to the notation introduced
in Sections 2 and 3.

Take f € LI(Qq), p and ¢ be as in Theorem 2. The fact that f € L'(Q,) is a simple
consequence of the Holder inequality and Theorem 1. Indeed we can bound

dQy

d
Q) = Q(7152) < Ifllzsenll G v < oo

The proof of the continuity of the map A — Q,(f) is more subtle and uses two main
tools. One tool comes from functional analysis and is given by the following proposition
(we postpone the proof to Appendix C):

Lemma 5.2. Let I be a finite interval of the real line and let \g € I. Let Qx, A\ € I,
be probability measures on some measurable space (©,F). Let Ly, A € I, be a family of
operators defined on a common subset C of L*(Qy,), i-e. Ly :C C L*(Qy,) — L*(Qx,)-
We assume the following hypotheses:

(H1) Qi < @, and supy¢y Hp)\HL2(Q)\0) < o0, where py = %ﬁo;

(H2) if Q is a probability measure on (0, F) such that Q < Q,, % € L*(Qy,) and
Q(Lx,f) =0 for all f € C, then Q = Qx,;

(H3) Qx(Laf) =0 forall X €I and f €C;

<H4) lim)\%,\o HL)\f — L)\ofHL2(Q)\O) =0 for all f €C.

Then py converges to py, in the weak topology of LQ(QAO), and
Hm QA(f) = Qx(f),  VfeL*Qn)- (64)
)\4))\0

We point out that, in the above lemma, f € LY(Q,) if f € L*(Q,,), hence the expecta-

tion @x(f) in the Lh.s. of (64) is well-defined. Indeed, since % € L?(Q,,), it is enough
0

to apply the Cauchy—Schwarz inequality.
In order to apply the above lemma with A\g € [0,1), I :=[A\g—0,A0+J] C (0,1), © :=Q
and @) := Q) to get the continuity of the map A — Q\(f) at Ao, we need an upper bound

of the norm || 38;0 |’L2(Q>\O) uniformly in A as A varies in a neighborhood of A\ (the above
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mentioned second tool). In the special case A\g = 0 this uniform upper bound is provided
by Theorem 1. For A\g > 0, this bound is stated in the following lemma:

Lemma 5.3. Suppose that E[e?%0] < co. Fiz \g € (0,1) and § > 0 such that [\g — 6, Ao +
8] € (0,1). Then we have

dQx
dQy,

Proof. In what follows, we restrict to A € [Ag — J, \g + d]. We recall that all Qy’s are
mutually absolutely continuous w.r.t. P [12, Thm. 2]. As a consequence, Q) < Q,, and
moreover we can write

R - o2 2 - - R(2))

]2 (1))
dP dpP .
Due to (25) and assumption (A4) we can bound dc(% < 2Ko> 7% e~“¥+Z; for suitable

positive constants Ky and ¢ depending only on Ag and § (note that ¢* 1,05 C()\,1 are bounded

by a universal constant from above). On the other hand [12, Thm. 2] provides the bound
dQAO
dP

bounds with (66), to get (65) it is enough to prove that E[(Z;‘;O e~ 41%i)?] < co. By

expanding the square, the last estimate can be easily checked since E[e?0] < oc. 0

< 00. (65)
L2(@Qx,)

sup H
A [A=Xo|<6

2

L2(Qyy)

> =, for some strictly positive constant v depending on A\g. By combining the above

The next step is then to apply Lemma 5.2 (with the support of Theorem 1 and Lemma
5.3) to get the continuity of the map A — Q\(f) for f € L?(Qq). To this aim, given a
bounded Borel function f on €2, we define L) f as

Laf(@) =Y pyw(@)[f(mw) — f(w)] - (67)

kEZ

Trivially, Lyf € L?(Q,). We now consider Lemma 5.2 with © := Q, Q) := Qy, I :=
Ao — 0, A0 + 0] C (0,1), C being the set of Borel bounded functions on © and with Ly
defined as the above operator ILy restricted to C. As an application we get:

Lemma 5.4. Suppose that E[e?%0] < oo. Then for any bounded measurable function
f:Q =R and for any \g € [0,1), it holds

Jim Qa(f) = (f)- (68)

Proof. Since bounded measurable functions are in L*(Q,,), due to (64), to get (68) we
only need to check the hypotheses of Lemma 5.2 with ©, Q,, I, C and L) defined as above.

Hypothesis (H1) is satisfied due to Theorem 1 and Lemma 5.3. Let us check (H2).
Suppose that Q is a probability on the environment space () satisfying the properties
listed in (H2). Since C is dense in L*(Q,,) and Q(L),f) = 0 for any f € C, Q is an

invariant distribution for the process (w;\°), defined as w)° := 7w where k = 1(Y;}) (the

environment viewed from the walker). We now want to use that Q < @Q,, to deduce
that Q = Q),. To this aim we denote by P)° the law of the process (w;)\°) starting with

n
distribution v and by E}° the associated expectation. If v = &, we simply write P} and



EINSTEIN RELATION AND LINEAR RESPONSE IN 1D MOTT VARIABLE-RANGE HOPPING 19

E). We take f: Q — R to be any bounded measurable function. By the invariance of Q
we have

n—1
QU =EY [ f)] = Ik, (69)
=0

w

where F),(w) := E [% Z;:& f(w;\o)]. Now, since Q), is ergodic, we know that for

A::{wGQ hmfo = Qx,[f] ]P’f;o—a.s.}

n—oo N

we have Q),[A] = 1. Since the map (wj )j>0 — %Z’;:_& ( ]’\0) is bounded by || f||cc, We

can apply the dominated convergence theorem to obtain that, for each w € A,
lim Fy(w) = Qu[f].

To conclude, we would like to apply again the dominated convergence theorem to analyze
limy, 00 Q[F,]. We can do that since |F,(w)| < || f]|oo and since F,(w) — Qy,[f] for Q-a.a.
w (because Q <« Q,, and Q),(A) = 1, thus implying that Q(A) = 1). We then obtain
that lim, .o Q[F,] = Qx,[f]. By (69) we get Q[f] = Qx,[f]. Since this is true for every
f, we have Q = Q,,.

(H3) follows from the fact that Q) is an invariant distribution for the process “environ-
ment viewed from the random walk Y,}"".

It remains to check (H4). Since f € C is bounded, it is enough to have
hm QAO[(Z’p(]k Dy k‘) } (70)
kEZ
To conclude we observe that, by writing Q»,[-] = Qo [dQAO ], (70) follows from the Cauchy—
dQAO € L?(Qp) and Lemma B.2 in Appendix B. O

Schwarz inequality, the fact that

As a byproduct of Theorem 1, Lemma 5.3 and Lemma 5.4 we can complete the proof
of Theorem 2. To this aim we suppose the assumptions of Theorem 2 to be satisfied and
we take f € L1(Qp) and Ny € [0,1). We take A, € (Ao, 1) and from now on we restrict to
A € [0, M\s]. Recall that at the beginning of this section we have proved that f € L'(Qy).

We want to show that Qx(f) — Qx,(f) as A = Xg. To this aim, given M > 0, we define
fu(w) as M if f(w) > M, as —M if f(w) < —M and as f(w) otherwise. We then can
bound

QA(F) = Qo (N < Q@A) = Qa(Fan)] + [QA(Far) = Qxo (fr)]

Qo (far) = Qo ()]
To conclude it is enough to show that the r.h.s. of (71) goes to zero when we take first the
limit A — Xg and afterwards the limit M — oco. Due to Lemma 5.4 the second term in

the r.h.s. of (71) goes to zero already as A\ — Ao since fjs is bounded. On the other hand,
by the Holder inequality, the first and third terms in the r.h.s. of (71) can be bounded by

(71)

ILf — fallLe@o) Sup Hd@

CE[0,] LP(Qo)

Note the independence from A of the above expression. Since f € LY(Qo), ||f — fall£a(qo)
goes to zero as M — oo by the dominated convergence theorem, thus completing the
proof.
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6. PROOF OF THEOREM 3 (FIRST PART)

In this section we prove the existence of dy\—oQ\(f) and equation (21). As in the
theorem, we suppose that E[eP?0] < oo for some p > 2 and that f € H_1 N L*(Qp). In
what follows, ¢ is the exponent conjugate to p, i.e. the value satisfying p~! + ¢! = 1.

To simplify the notation we write here g., h instead of the functions gg , h/ introduced
n (18), (19), respectively. Recall that, given ¢ > 0, g. € L?(Qp) is the solution of the
equation £g. —Lgg. = f. Since L?*(Q) € L'(Q,) (by Theorem 1 and the Cauchy-Schwarz
inequality), the above identity on g. implies that Q) (f) = eQx(ge) —Qx(Loge). Using that
Qo(f) =0 since f € H_1, we can write

Qx(f) = Qo(f) _ eQi(ge)  Qx(Loge)

3 = N 3 . (72)

In what follows we will take first the limit ¢ — 0 and afterwards the limit A — 0.
Since f € H_; we can apply the results and estimates of [21]. In particular, it holds
5||g5|\%2((@0) — 0 as € — 0 (see [21, Eq. (1.12)]) and, due to Theorem 1, we can bound

d d
eQ(ge)| = ’e<dgg,gs> d% gy 0850 (73)

We recall that the scalar product in L?(Qp) is denoted by (-, -). As a consequence of (73),
the first term in the r.h.s. of (72) is negligible as ¢ — 0.

5”96”L2(Q0

It remains to analyze the second term in the r.h.s. of (72). Recall the space L?(M) of
square integrable forms introduced in Section 2 and recall (17).

Lemma 6.1. Let E[eP?0] < co for some p > 2. Let ¢ > 2 be such that %—i—é = % Given a

form v with v(-,0) = 0 and a square integrable form w € L*(M), there exists C > 0 such
that for all X € (0,1/2) it holds

@[3 kR < Clwllzan@] 3 pos

kEZ keZ\{0}

~ 1

ﬂ i (74)

Do,k

Proof. We simply compute

@,\{Z\v } Qo{ Z Dok ;i%zv;;:)“w(-,k)”

kEZ keZ\{0}

< lullzan@| Y () (¢ k)2

keZ\{0} Pok

< lllzzon o[ (52)')° @o[kezz\{o}po,k)”;‘ov”;>mé,

where for the second line we have used the Cauchy-Schwarz inequality with respect to
the measure M, while for the second inequality we used the Holder inequality again with
respect to M and with exponents p/2 and §/2, so that (p/2)~'+(§/2)~! = 1 by hypothesis.
We also have used the fact that M [(dQ*) ] = Qo[(222)?]. To conclude it is enough to apply

dQo
Theorem 1. O

Lemma 6.2. Let E[eP%0] < oo for some p > 2 and let ¢ be as in Lemma 6.1. Then there
exists a constant C' not depending on \ € [0, 2%1) such that, for any form w € L*(M), it
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holds

Q[ 103 — por)wl 0] < Clwllan -
keZ

Proof. In this proof the constants C,C’ are positive, might vary from line to line and do

not depend on the specific choice of A € [0, qu) By applying Lemma 6.1 with v(-, k) =

p())"k — po,k; we already know that

A P
Po i q1 3
QY 1wd s = o] < Clullzan@] Y0 pox| 2% =1]']7. (75)
keZ kezn{o} POk
Since for a > 0 it holds |a — 1|7 < |a]? + 1, we can bound
2 i P
b q Por |4
@0{ > pok O’k—luélJrQo[ > Po,k‘ O’kH‘ (76)
keznfoy POk kez{oy DOk

A
Since ZS—’: < CeM@tZ-1) (see (110) in the Appendix for a proof of this fact), we can bound

P _
Po |4 Ai(lzx]+Z-1) fulloe 7 [9Q0 5= € a4z
< q\|Tk 1 < co Y Z aN([Tk 1
Q| 3 poa 5[] < 0@ [E e | ce|[ TR 5=~
keZ\{0} ’ keZ kezZ

< (ke%e—“—wkd) E [ek‘?zfl} , (77)

where for the last inequality we have used that % = gfy] and that |xg| > |k|d. Note that

the last line in (77) is uniformly bounded for A € (0, 2%1) (recall that E[eP?°] < oo). This
bound together with (75) and (76) allows to conclude. O

Lemma 6.3. Given g € L*(Qy), the series Zkezpak]g(m') — g(+)| belongs to L*(Qy).
Defining, as in (67), Lyg(w) := Zkezpak(g(m‘) —g(+), we get that Lyg € L*(Q,) and
Qa(Lyg) = 0.

Proof. Recall that Q) is an invariant distribution for the environment viewed from the
perturbed walker, i.e. for (7yaw)n>0. This implies that Qx [Y ez PYlg(m)]] = Qallgl] <
oo (in the last bound we have used Theorem 1 to get g € L'(Q,)). As a consequence,
Y okez p(’)\7k|g(7'k-) — g(+)| belongs to L'(Q)) and therefore Lyg is a well-defined element of

L'(Q)). Finally, again by the invariance of Qy, we have Q\[g] = Qx [Zkezpakg(m-)],

which is equivalent to Q) (Lyg) = 0. O
By the above lemma Q) (L)g.) is well-defined and equals zero. Hence we can write
~Qx(Loge) = Qu([La ~ Lolge) = Q[ Yo (mde — por)(ge(ri) — 90| . (78)
kEZ

By [21, Eq. (1.11a)] we have that the sequence g. is Cauchy, as € | 0, in the space H;
referred to the operator —ILg. In particular, we have

tim Qo[ 3 (00, — 02) () — (00, —92)) | =0 (79)

210
€162} keZ

(79) can be restated as follows: The family of quadratic forms (Vg:)eso is Cauchy in
L*(M). As a consequence, we get that Vg. — h in L*(M) for some form h € L?(M).
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Finally, we point out that, due to Lemma 6.2, the expectation QA[ZkGZ(pQ — pO)h(-, k)]
is well-defined.

Lemma 6.4. It holds
la Qa(Loge) + Q[ Y- (B — po )l )] | = 0. )

keZ
Proof. We set w, = Vg. — h. Due to (78) we only need to show that
lim Qa [ 3| (6}~ p)ue (. b | = 0. (81)
keZ
By applying Lemma 6.2 and using that lim. .o Vg. = h in L?(M), we get the claim. [
Lemma 6.5. It holds
A _ A
I;ﬁ)l )\Q)\ [Z <po,k - pO,k>h<'7 k)] = Qo [Z 6>\:0p0,kh('a k)} . (82)
kEZ kEZ

Proof. We can write

0[PP 1) = [ S ancorden 1)

keZ kEZ

p())\k — Do,k 2
+Qy {Z(’f - a)\:opo,k)h('v k)] .

kEZ

(83)

In the first part of the proof (Step 1) we show that the first term in the r.h.s. converges
to the r.h.s. of (82), while in the second part (Step 2) we show that the second term in
the r.h.s. goes to zero as A — 0.

Step 1. Due to Theorem 2 it is enough to show that >, _, 8)\:0])8‘7kh(',k) belongs to
L9(Qo). Since 8,\p())‘7k = p(’)\yk(:ck—go)\), we can rewrite ), BA:OpS7kh(-, k)as cq pok(Tr—
©)h(-, k). Applying the Cauchy-Schwarz inequality we get

H Zp()’k(a:k — go)h(-,k)‘ qu(QO < QO[(ZPOk (z — >q/2(2po kh(s )q/2}

keZ kEZ keZ

We choose now exponents A :=2/q > 1 and B := 2/(2 — q) such that A=+ B~! =1 and
apply the Holder inequality to the previous display obtaining

| posta =m0}, < Qo[ (X posler — o)) 1 0[S sl b7

kEZ keZ keZ

1/4

The second factor in the r.h.s. is bounded since h € L?(M). For finishing Step 1 we are
thus left to show that

Qo {(Zpo,k(xk - @)2> ’ } < 0. (84)
keZ
By the Cauchy-Schwarz inequality one has p* = (3, poxzx)? < D) pokas so that

Y pokler— 9 <2 porTi+2 Y pore® <4 D posti- (85)

kezd kezd kezd kezd
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Since ¢B/2 = q/(2 — q) > 1, by the Holder inequality we have

9B
(D" posat) * <> posaf”. (86)

kezd kezd

At this point (84) follows from (85), (86) and (114) in Appendix B.

Step 2. By Taylor expansion with the Lagrange rest we can write

P g — Pok
A
where Of\zgkpg" i denotes the second derivative of the function A — pg" i evaluated at some

&k € [0, A]. To prove that the second term in the r.h.s. of (83) is negligible as A — 0, it is
therefore enough to show that, for some § > 0,

sup Q;{Z !v(-,k)h(~,k)u < 00, v(-, k) := sup \8/2\:£kp37k\. (88)
A€[0,6] keZ £,€[0,9]

A
- 8A:0P())\,k = 5 8)2\:§kpé,k: ) (87)

By Lemma 6.1, since h € L?(M), it is enough to show
v(-, k) 473
@[ 3 poa LB <o
keZ\{0} Pok
where ¢ > 2 is such that %D + % = 1. This follows from (117) in Lemma B.1 in Appendix
B. g

By collecting Lemma 6.4, Lemma 6.5 and using that 8,\:0p87k = po,x(xk — @) we obtain

lim lim—(@)‘(]ioga) =Qo [Z@,\zop&kh(', k‘)} = Qo [Zpo,k(xk —@)h(-, k)| . (89)

AL0 10
10 &l keZ keZ

This together with (72) and (73) gives that Qy[f] is derivable at A = 0 and we obtain
(21).

7. PROOF OF THEOREM 3 (SECOND PART)

In this section we deal with the second identity in Theorem 3, that is, equation (22),
and show how it can be derived from (21). Recall the process (wy,) of the environment
viewed from the unperturbed walker (Y},) defined through w, = 7y, w, where w denotes
the initial environment. Below we denote by ||-|—1 the H_; norm referred to the operator
—ILg in L?(Qp) and by (-,-) the scalar product in L?(Qyp).

Lemma 7.1. For any V € H_1 N L?(Qy), the sequence % Z?:_& V(wj) converges weakly

as n — oo to a Gaussian random variable with variance 0% = 2||V||?; — ”VH%%Q())‘

Proof. By [21, Cor. 1.5] we have that ﬁ Z?:_ol V(wj) converges to a Gaussian random
variable with variance given by (see [21, Eq. (1.1)])

02:/ 1iﬁt’t‘ty(d«9)<oo,
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where my, denotes the spectral measure of V' associated to the symmetric operator Sy on
L?(Qp) defined as Sof(w) := Y rezPoxf(Tkw). Since —Lg = I — Sy, by spectral calculus
we obtain

1
o2 = 2/[ ]—Hmv (dh) / my (d0) = 2[|[V[I2; = [IV[|72(qy) - O
0,1

Let f € H_1 N L?(Qp) be as in Theorem 3. A direct consequence of the above lemma
is that, for the gaussian variables N/ and N¥ considered in (20), it holds Var(N/) =
FIZ, 112200, Var(N?) = 20gl2, — ]2 q,, and Var(NT + N®) = 2] f + |2, -

1+ ol32 (Qp)+ By this we obtain a first formula for their covariance:
1
Cov(N',N¥) = 5(Var(Nf + N?) = Var(N') — Var(N¥))
= |If + el = 112 = llell2y = (Fo ). (90)

We are now ready to show (22). In what follows, we write g., h for the functions gg , hf
introduced in (18), (19) respectively. Recall by (21) that one has

Nn=0Qx(f) = Qo [Z pokzkh(, ] [ > porh(- } (91)
keZ keZ
We divide the proof into the two following claims, that together with (90) and (91) clearly
imply (22).
Claim 7.2. We have
Qo [@ > poxh(-, } —(f. )
keZ
Claim 7.3. We have
~Qo| Y posarh( k)| = I1F + l2s = 1F121 = 1l
keZ
Proof of Claim 7.2. We can write
Qe Y posh( k)| = Qv 3 posVa.(, B)| + Qo[> pos (bl k) = Vool k)]
keZ keZ
We denote by A, and B, the two terms in the r.h.s. of the above expression. We now show
that, as ¢ | 0, A, — —(f,¢) and B. — 0, which gives the claim.
Since (¢ — Ly)g. = f, we have
Ac = Qo[p(Loge)] = €Qolpge] — Qo f]-

For the first summand we can bound

10
|eQolegel| < ellell 2@ llgell L2 (o) — O

since, by [21, Eq. (1.12)], we know that ¢[|g|[12(g,) — 0 as € { 0. This implies lim.jg A =

~Qolef] = ={f )
Turning to Be, by (19) and the Cauchy—Schwarz inequality with respect to the measure

M, we have
1 1
1Bl < Qo[> pose?] Qo[ 3 pon(h( k) = Ve 1)?]
kEZ kEZ

10
= el 2 (goylIB = Vaell 2 =2 0. =
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Proof of Claim 7.3. First of all we notice that

Qo [Z pokkh(:, k)} = 1mQo [Z Po.kTkV ge (- k)} : (92)
ke

kEZ

Indeed, by the Cauchy—Schwarz inequality and (19), it holds

=

’@0 [Zpo,kxk(h('a k) — Vge(-,k))} ‘ < Qo {Zpo,kﬁfﬂ %@0 [Zpo,k(h(vk) - Vgs(vk)ﬂ

k€L keZ kEZ
1
2 0
=Qo [ZPO,MU%} b = Vel L2ar) = 0.
kEZ
The expectation in the r.h.s. of (92) can be rewritten as
Qo [Zpo,kxk(ge(m-) - gs)} = —2Qo {Zpo,kxkgs} = —2Qolwge]- (93)

kEZ keZ

To see why the first equality holds we just note that for each k € Z

Qo posange ()] = rrElrsange(ri)] = grElros(ri)au(ric)g:()

E|r T Eir
= g0 KO (—a-()ge()] = ~Qolpo -1

where for the first equality we have used that dQy/dP = = /E[r] and for the second equality
the translation invariance of P. The first equality in (93) then follows by summing over
all k € Z.

By putting (93) back into (92), we see that the proof of the claim is concluded if we
can prove that

limn 2Qo[pge] = IS + [P i R (] (94)

Note that, by spectral calculus, the symmetric operators (¢ — o)~ and (g — ILo)~'/? are
defined on the whole L?(Qy). Since moreover (¢ — LLg)g. = f, we have that

2Qopge] = 2Qo[p(e — Lo) ' f]
=2((e — Lo) ?p, (e — Lo) /%)
= (e —Lo) (¢ + ), (e —Lo) (0 + 1))
—{(e = Lo) "2 f, (e = Lo)V2f) — ((e = Lo) "¢, (e — Lo) /%)
10
= 1F+ el = 1120 = llel2s -
The last limit follows from the observation that, for each V € H_1 N L?*(Qg), we have
(e = Lo) ™2V, (e — Lo) /2V) S V2.

Indeed, writing ey for the spectral measure associated to V' and —Lg, it holds

_ _ 1 0 1
((e = Lo) 2V, (e — Lo)~2V) :/ ey (df) —b/ —ey(do) = ||V, .
[0,00) € T [0,00) 0
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8. PROOF OF THEOREM 4—(I)

We fix A\g € [0,1) and prove the continuity of vy (), vy(A) at Ag. To this aim we take

A« € (Mo, 1) and restrict below to A € [0, \,). The positive constants C,C’ will depend on
A« but not on the specific choice of A, moreover they can change from line to line.
8.1. Continuity of vy (\). We first observe that limy_, ), 7 = 7% P-a.s., where 7} (w) :=
Y okez c&k(w). Indeed, by Assumption (A4), we can bound |c},| < Ce~(I=A)dlkl P
a.s., and therefore the claim follows from dominated convergence 7applied to the counting
measure on Z.

Since pé,k: = c()\k/ﬂA and ™ — 7°, we obtain that

lim p), = po VkeZ P-a.s.
Ao POk = Pok ’

A=)
Note that 7 > 68’1 > Ce %0, Using also that e=(1=A)uy, < Ce™ =u for all v > 0 and
using Assumption (A4) we get

( *)
pé,k\xd < CePoe @kl Az | < OleZoe 7 Ik P-a.s. (95)

We claim that ¢y € L?(Qp) and that limy_,y, || — ©xoll2(Qy) = 0- Indeed, by (95), we
have that |¢,| < Ce?0, Qp-a.s. Since E[e?%°] < co, 7 < C P-a.s. and Qq[*] = E[r]'E[r«],
we have that e%0 € L?(Qp). To conclude the proof of our claim it is enough to apply the
dominated convergence theorem to the measure Q.

Since ¢y, € L*(Qp), by Theorem 1 and the Cauchy—Schwarz inequality we derive that
©x, € L1(Qy), in particular the expectation Qx[p,,] is well-defined. Due to (10) we can
therefore write

vy (A) — vy (Ao) = Qalpa] = Quolpre] = Qulea — ©x0) + Qulpre] — Quolpr,] - (96)

By Theorem 1, the Cauchy—Schwarz inequality and since limy_x, [[ox — @, 22(@y) = 05
we get for A\ — Ag

dQA‘
dQo
Since we have proved that ), € L?(Qp), by Theorem 2 we get that limy_,x, Qx[¢r,] =

Qo [¥ro]- By combining this last limit with (96) and (97), we conclude that limy_,, vy (A) =
vy (Ao)-

|Qalox — ©x0]] ‘Qo[ (©x — ©x0) ” < H

LQ(QO)H%\ —©xollz2@) = 0. (97)

8.2. Continuity of vy(A). Due to the continuity of vy (A) and due to (10), it is enough
to prove that the map A — Q) [1/71')‘] is continuous (note that c&k = T[))\,k’ thus implying
that 7 = 3", ., Té\,k(w))'

By the observations in the above subsection we have that limy_,), 7 = 10 Qp-a.s.
and 1/7 < Ce?0 € L?(Qp). We get three main consequences (applying also Theorem 1
and the Cauchy—Schwarz inequality): (i) 1/m\ € L?(Qo), (i) 1/my € L*(Q),) (hence the
expectation Qy,[1/7] is well-defined) and (iii) limy_, [|1/7x — 1/7xlI12(y) = 0. We
then write

QA [1/7] = @y [1/7%] = Qu[1/m = 1/7°] + Qu[1/7Y] = @y [1/77] . (98)
At this point, we can proceed as done for (96), replacing ¢, by 1/ .
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9. PROOF OF THEOREM 4—(11)

We recall that we denote by || - ||-1 the H_; norm referred to the operator —Lj in
L?(Qp) and by (-, -) the scalar product in L?(Qy).

9.1. Einstein relation for (Y;}). Since vy ()\) = Qx[p,] and vy (0) = Qo] = 0 we can

it
T ) — (0 oy (N Qulen] g2 . Qe - Qo)
by DR D) A '
Lemma 9.1. p€ H_;.

Proof. We need to show that there exists a constant C' > 0 such that for any h € L?(Qp)
it holds

(99)

(p,h) < C(h, —Loh)'/%.
The above bound is equivalent to

1/2
@o[zwkpo kh] < TQO[ZPM Th) = h)Z] ;
kEZ keZ
which is equivalent to (cf. C' := C\/E[r]/2)
1/2
E{kaco,kh} < C,E[Zco,k (h(’Tk-) — h)Q} . (100)
keZ kEZ
Note that
ZE Trco ph] = ZE v (Tx-)co,—k(Tx")P]
kEZ keZ
==Y Elz_reorh(ri)] = = Y Elzrcorh(n)] -
kEZ kEZ
Indeed, in the first identity we have used that cp ;(w) = co —k(Tkw) and zi(w) = —z_k(TRW),

in the second one we have used the translation invariance of P, in the third one we have
replaced k£ by —k. By the above identity and the Cauchy-Schwarz inequality we have

Lh.s. of (100) = —= ZE co ek (h(Tie) — h)]
kGZ
1/2 1/2
< C”(ZE[coﬁxz]) (D E|conln(ri) = n2])
k€L kEZ
thus concluding the proof of (100). O
As a consequence of Lemma 9.1 and Theorem 3 we have (recall definition (19))
. Qa[e] — Qoly] o
lim A2 5,005 (p) = Qo [k%m o~ )h?] (101)

Take § > 0 small enough as in Lemma B.1 of Appendix B. Using (87) we can write, for
A€ (0,9),

Px— P A A
w2 H] - % Or-op i) + 5EN) (102)
where £(\) can be bounded as

QA[Z(CS‘FP [ CPOk\)|$k|] < Soé]Hon‘

kez  GELO

5 (o, bl

¢€l0,9]

L2(Qo)
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Due to Theorem 1 and (116) in Lemma B.1 in the Appendix, the above A-independent
upper bound is finite. Hence supy¢po 5 [€(A)[ < 0o, thus implying that limy o AE(A) = 0.
On the other hand, since by Lemma B.1 in the Appendix the function _, 8,\:0p6‘,k Ty
belongs to L4(Qyq), by Theorem 2 we get that
4105 Ot ] ~ O[]
im Qx th 0Po k| = Qo Za,\ 0P0,k Tk (103)
keZ keZ
At this point, by using that 8,\:0]98’/1C = pé‘,k (zx —¢) and by combining (99), (101), (102),
the limit limyj o A(A) = 0 and (103), we conclude that vy () is derivable at A = 0 and
that
Or=ovy (A) = Qo [Z Pok (T — @) (21 + h@)] : (104)
keZ
It remains to show that the last part of (104) equals Dy. We manipulate (104) to obtain

h=ovy (A) = Qo [Zpo,k(xk - @)hs"] +Qo [ZPO,W%} — llelZz @)

keZ keZ

= —Var(N?¥)+ Qo [ZPO,k@ﬂ - H@HQLQ(QO)
keZ

= —2ll¢l2y + Qo[> posat| = Dy.
keZ
For the second equality we have used the second part of Theorem 3 (i.e., equation (22))
with the function f = ¢, for the third equality we have used Lemma 7.1 with V = ¢ and
finally the last line follows from [11, Thm. 2.1, Eq. (2.28)].

9.2. Einstein relation for (Y;). The continuous time process Tyaw can be obtained by a
suitable random time change from the discrete time process 7y w as detailed in [12, Sec. 7].
By using this random time change and arguing as in the derivation of [11, Eq. (4.20)],
we get that Dy = E[r]Dy, where m was defined in (11). Since we have just proved that
Dy = Ox—guy (), to get the Einstein relation for Y} it is enough to show that vy()) is
differentiable at A = 0 and moreover dy—gvy(A) = E[r]Orx—ovy (A). Since vy(0) = 0, thanks
to (10) and since ™ =Y, ., c()]‘,k = kez "”6\,1@ (cf. Section 8.2), we can write

. vy(A) . vy (A) 1
Ox— A) =1 =1 .
=or) = =T e
In Section 8.2 we have proved that the map [0,1) > A — Q,[1/7*] € R is continuous.
Hence, we have limy Qa[1/7] = Qo[l/ﬁ‘zo] = E[r]~!. On the other hand we have

just proved that limy o UYT(’\) = Dy. Coming back to (105) we conclude that dy—gvy(\) =
DyE[ﬂ']il = Dy.

(105)

ApPPENDIX A. COMMENTS ON (10)

Formula (10) for vy(A) coincides with [12, Eq. (9)]. The expression for vy (\) given in
[12, Eq. (10)] is slightly different from our identity vy (A\) = Qa[¢x] in (10), since [12, Eq.
(10)] has been obtained from the asymptotic velocity of a third random walk (which is the
discrete-time random walk on Z with probability for a jump from i to k given by (7)). Let
us explain how to derive that vy (A) = Qa[¢r]. We consider the process (w;), defined as
A := 7w where k € Z satisfies 2, = Y;}. Note that, due to Assumption (A3), one recovers

a.s. (Y)) as an additive functional of (w;)). More precisely, Y,;» = Zz;é h(wp, wp 1), Where

w
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h(w,w’) := z; if W' = 7w for some i, and h(w,w’) := 0 if w’ does not coincide with any
translation of w. Let us denote by E(A@A the expectation w.r.t. the process (w;) starting

with distribution Q). Then, using that Q, is an ergodic distribution for the process
A

(wp), by Birkhoff’s ergodic theorem we get that lim,, o YT" exists a.s. for Qy—a.a. initial

configurations and equals E@ [h(wg,wl)] = Qulpa]. Since, as proven in [12], Q) and

A
P are mutually absolutely continuous, we conclude that lim, . YT" = Qu[p,] a.s. for
P—a.a. initial configurations.

APPENDIX B. COLLECTED COMPUTATIONS

Here we collect some basic estimates that are useful in several parts of the paper. In
what follows, A, is a fixed value in (0,1). All constants of the form K,C appearing
below (possibly with some additional typographic character) have to be thought of as \,—
dependent but uniform for all A € [0, \.]. Moreover, the above constants can change from
line to line. Moreover, without further mention, we will restrict to w such that |zj| > k|d|.
We recall that by Assumption (A4) this event has P—probability one.

It is convenient to express the jump probabilities pak(w) in terms of the conductances
introduced in (24). Comparing with (7) we can write

2 s () A A
Popw) = i~ mW) =) qyw). (106)
T (w) :
JEZL
Note that 7* = 7 when A = 0 (cf. (11)).
An easy calculation shows that

Dok = Do (K — 1) (107)
O3P0se = Po (l‘i — 2mpipr + 203 — Zpé,ﬂ?) : (108)

JEL

We also observe that, for some universal constant ¢, it holds
2. A 2 A2
|03P0.k| < cpy g (9% + Zpo,j%) . (109)
JEZ

Indeed, by (108) we can bound

2.\ A (2 2 A2

’a)\po,k‘ < C/po,k (xk + @)+ Zpo,jfﬁj)
JEZL

for some universal constant ¢’. On the other hand, by the Cauchy—Schwarz inequality,
go%\ <> ez Pﬁ\ ]l‘JQ We also have that, for some finite constant C' > 0,

A
ok _ o T < oMotz ypez,  WAe[o,\]. (110)
Do,k ™

This is true since c’l170+08’1 <7t < K(c’lLOJrc(},l) for some constant K (see [12, Rem. 3.2],
[12, Lemma 3.6] and Remark 4.1), and therefore

.y

—Z_1 —Z
LAPY (e < K’(l +

AT
m e~ (1+NZ-1 4 o—(1-X)2Z0 — ) <Ce L. (111)

o (1N Z 1
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Another bound which will be repeatedly used below is the following. For a fixed positive
integer n, it holds

1
> pplael™ < C— Ze_|x’“|+’\x’“\x "<C, VA€ (112)
keZ kEZ

(C depends on A, and n). Above we used that e=(1=A)uyn < Ce=(1=A)%/2 for all 4 > 0
and that |z;| > dj. As a consequence of (112) we get

C
loal™ <Y po gl < < VAEDA] (113)
kEZ

Since dQo/dP = 7w /E[r], by (111), (112) and (113) we get

E[e?°] < 0o = sup QO[ZPOk’xk’ ] < ooand sup Q0[|g0>\|”} <00, (114)
AE[0, ] Py AE[0A.]

Lemma B.1. Suppose E[eP?°] < oo for some p > 2, let ¢ > 1 be such that p~* +q 1 =1
and let § > 2 be such that p~! + ¢ ' =271, Then, for § small enough, it holds

D 10r=0pp i - @kl € LU(Qo) € LY(Qy), (115)
kez
> ( zup 108-cpiul Il € L*(Q0) € L@, (116)
ke

> (pO,k:)l_q( s |O3=cPh, k\) L'(Qo)- (117)
keZ\{0} Cel0.0

Proof. Since p > 2 we have ¢ € (1,2), thus implying that L?(Qg) C L(Qp) by the Holder
inequality. To get the set inclusions stated in the lemma, it is therefore enough to check
that LI(Qg) C L'(Qy). This can be easily checked by writing Qx[x] = Qo[* - dQ»/dQo],
using the Holder inequality and then Theorem 1.

We call f1, fo and f3 the Lh.s. of (115), (116) and (117), respectively. For (115) we use
(107) and the Cauchy-Schwarz inequality to bound

111 %e(q0) < Qo [( > poplak - W)Q) " < Zpo’kx@qp} .
keZ kez

As in the proof of Lemma 6.5 we take A :=2/q > 1 (recall that p > 2) and B :=2/(2—q)
(so that A=! + B! = 1) and use the Hélder inequality to further obtain

11200 < @0[(2100’“ (k= ¢) ) T/B [ZPkak]l/A

The first term in the r.h.s. can be bounded as in (84), the second is bounded by (114).

We move to (116). To prove that fo € L?(Qp) we need to show that E[xf2] < oco.
We take § small (the precise value will be stated at the end) and set Ay := ¢ (hence, our
C—type constants below depend on ¢ but not on the specific A € [0,]). We note that for
all ¢ € [0, ] it holds

A 2
3o allanl < Ol (ol + (D2 p6,23)°) < Cv (leal® + 6 )
JEZ

JEZ

< CO'pg et loxl+2-1) <\$k\3 n Zp07je5(|zj|+z_1)x;;> '
JEL

(118)
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Indeed, the first inequality follows from (109) and the property that |zx| > d for k # 0 (as
intermediate step bound the product (3, pg]mg)\mk\ by the sum of their squares). The
second inequality follows from the Cauchy—Schwarz inequality, while the third inequality
follows from (110).

Note that the last term of (118) depends only on . Hence, to prove that E[r f2] < oo,
we only need to show that (we use repeatedly the Cauchy—Schwarz inequality)

E |:7T Zp07ke%(‘x’“|+zfl)|xk|6} < 00 (119)
kEZ

E [7‘( Zpo,ke%(‘x"”z_l) Zpo,je%(lxjHZ—l)x? < 0. (120)
kez jez

We prove (120), the proof of (119) follows the same lines and it is even simpler. Using
that e=(1=20)%(1 4 48) < Ce=%/2 for all u > 0 if we restrict to § < 1/8, we can bound the

integrand in (120) by

9 Zef%ezsz,l Zef@ezsz,l ‘

T kez jEL
Since |xx| > d|k| and since © > ¢_19 > Ce”(1+9)Z-1 we conclude that the P-expectation
of (120) is finite if E[e+59)Z-1] < 0o. By taking § small enough, the last bound is satisfied
due to the assumption E[eP?°] < oo.

We move to (117). Again we need to prove that E[rf3] < co. Similarly to (118), by
(109) and (110), we get

< Cpg,k(’f’«"kP + Zpg,jsz) < C'po e’ I7lH7-1) (’%’2 + ZPOJGJU%HZ_I)%Z) :
jeL jez

A
fa,z\zgpo,k

Then, using also that (z + y)? < ¢(q) (x4 4 y9) for all z,3y > 0 and the Holder inequality,

. . - p ) 2G
f3 < CZpo,keq‘s(lkaZ*l)|:17k]2q + Zpo,keq5(\wk|+zfl) Zp()’jeq‘s(m“'zfl)qu o (121)
kEZ keZ JEZ

At this point, we get that E[r f3] < oo if we prove

E[ﬂ' Zpoyke‘i‘s('z’“HZ*l)|xk|2q} < 00, (122)
keZ

E[Tr Zpo,keéa(mHZ*l) Zpo,jeé6(|xj|+zfl)x§q < 00. (123)
keZ JET

The above bound can be proved by the same arguments adopted for (120) when ¢ is small
enough. O

Lemma B.2. Suppose E[eP?°] < oo for some p > 1. Given Ao € [0,1), it holds

lim [ A= 4} = 0. 124
o Qo (kez; |p0,k Dok ) ( )
Proof. We fix A, € (Mg, 1). Recall that all constants of type C, K appearing in what follows

can depend on A, but do not depend on the particular bias parameter taken in [0, \,],
and moreover can change from line to line. First of all we bound, by applying the Holder
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inequality,
A Ao A Ao
A a4 2o [P0k~ Pok [\ 2 Ao [P0k — Pok |4
@[(C w53 = @[ (X w03 ) ] <@ X wb o -
keZ keZ\{0} Po keZ\{0} Pk

(125)
By the Taylor expansion with the Lagrange rest at the first order and by (107) we have

A
o — Po% = (A = Xo) DrmeuPox = (A — Xo) (2 — 9¢,),

where & is some random value between Ao and A depending on k, Ao and A. Therefore
we can continue from (125) and bound

o pa\,k_pé,ok 4 4 (pglfk)4 4 (pglfk)4 4
@ 3 [ ] < cont(@] 3 et 30 Rsek]):
kEZ\{0} Po keZ\{0} Pok) keZ\{0} (Po%)

(126)
Given § > 0 small (the precise value of § will be stated below) we set Us := [A\g — J, Ao + ]
and assume Us C [0, A\y]. If we show that both the Qp-expectations on the r.h.s. of (126)
are finite uniformly in A € Us, then we are done. To this aim we extend the bound in
(110). Indeed, by the same arguments used for (110), we have for any A, ¢ € [0, \,] and
k € Z that

o —(1— —
}M frd e(A_C)a;k LC < Ce(k—c)xk € (1 <)ZO + (§] (1+<)Z_1
T = e=(1=0Z0 4 e=(14+2)Z1

< CeP—Clasl [eu—c\zo + oA =ClZ
Po k
(127)
(the above constant C' does not depend on k € Z).

From now on we restrict to A € Us (thus implying that { € Us). Then by (127) we can

bound
(Pg]f/gyl
(p())\?k;)4
(C” depends on §). Hence we get (cf. (111))

‘Ti S Ce45|xk| [e45Z0 4 e45Z,1j|x% S O/e55|xk| [e45Z0 + e45Z,1j|

dQo (po,k) 4 1Ty (p()’k) 4 ANZ 1 —(1—A1—55 ST d5
dP (o ho 3k T i o s ww S G (1=ho=5d)lzk|40Z0+40Z-1  (128)
(po,k) 7T (po7k)

We assume 0 so small that \g + 56 < 1. Using that |xy| > kd, to prove that the first
expectation in the r.h.s. of (126) is bounded uniformly in A € Us we only need to show
that

E[e(*0+45)2—1+3”°] < 0. (129)

Before explaining how to proceed we move to the second Qp-expectation on the last line
of (126). Due to (113) and since 7 > cg’fl > Ce~(1-8)%  we have

C

< Ce1=20—0)Z0
7r£k - ’

4
Ve, =

Reasoning as in (128) we get

Sk \4
dQo (Pox)" 4 < (1eM07-1 o~ (1-X0—40)|k| (A8 Z0+467 1 o (1-20—6) Zo
dP ()P S =

)
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and the second Qp-expectation on the last line of (126) is bounded uniformly in A € Uy if
we prove that
]E[e()\0+4§)Z71+(17)\0+35)Z0] < 00. (130)

We explain how to get (130) (indeed, (130) implies (129)). By the Holder inequality,
given a,b > 1 with a=! +b~! = 1, (130) is satisfied if the expectations E[e®(0+40)Z-1]
and E[eb(1720+30)20] are finite. To conclude we take a := (Ag + 40)~! and therefore b :=
(1 — Xo — 46)~ !, and take 6 small to have b(1 — \g + 35) < p. At the end, it remains to
invoke the bound E[eP?0] < oo. O

APPENDIX C. PROOF OF LEMMA 5.2

To simplify the notation, inside the proof we write || - || and (-,-) for the norm and
the scalar product in L?(Qp). Note that pg = 1. Since Qx(f) = Qolprf) = (ox, f),
the L2-weak convergence py — po would imply (64). Hence, we only need to prove that
Px — pPo-

Suppose by contradiction that py & pg. Then we can extract a sequence A, — Ag such
that py, ¢ U, with U being a suitable open neighbourhood of py. Let R := sup,¢; || pall
and set B(0,R) := {f € L*(Qo) : ||f|]| £ R}. Note that R < oo by (H1). By Kakutani’s
theorem the ball B(0, R) is compact in the L?-weak topology, hence the set {py, } is
relatively compact in the L?~weak topology. As a consequence, at the cost of extracting
a subsequence, we have that py, — p for some p € L?(Qo). Since py, € U, we also have
that p # pg. To get a contradiction, we prove that it must be p = pg.

To this aim we first isolate some properties of p. For any function f € L?(Qq) with
f >0, we have (p, f) > 0 (indeed (p,, f) > 0 since p,, > 0). As a consequence p > 0.
Moreover (p,1) = lim,_00(pn,1) = 1. By the above properties d@ := pdQo is a well-
defined probability measure and %80 € L*(Qo). We claim that Q(Lof) = 0 for any f € C.
By (H2), assuming our claim, we obtain that @ = @, thus implying that p = py and
leading to the contradiction.

It remains to prove the claim. Note that for f € C

Q(Lof) = (p: Lof) = lim (px,, Lof) = lim Qx,(Lof)- (131)
Since @y, (Lx, f) = 0 by (H3), using assumptions (H1) and (H4) we can bound

Q. (Lof)] = |@x, (Lof — L, f)| = [Qolpr, (Lof — Lo, )] < a1 Lof = L, fl = 0

(132)
as n — 00. As a byproduct of (131) and (132) we get that Q(Lof) = 0 for any f € C,
thus proving our claim.
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