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Abstract

We study the frog model on Z¢ with drift in dimension d > 2 and
establish the existence of transient and recurrent regimes depending on
the transition probabilities. We focus on a model in which the particles
perform nearest neighbour random walks which are balanced in all but
one direction. This gives a model with two parameters. We present
conditions on the parameters for recurrence and transience, revealing
interesting differences between dimension d = 2 and dimension d > 3.
Our proofs make use of (refined) couplings with branching random
walks for the transience, and with percolation for the recurrence.
Keywords: frog model, interacting random walks, recurrence, tran-
sience, branching random walk, percolation.
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1 Introduction and main results

The frog model is a model of interacting random walks or, more generally,
Markov chains on a graph G = (V, F) in discrete time Ny. It can be described
as follows: There is one distinguished vertex zy € V, called the origin, and at
time O there is exactly one active particle (awake frog) at xy. At every other
vertex x, there is a (possibly zero) number 7, of sleeping frogs. The frog at x
now starts walking randomly on the graph and each time it visits a site with
sleeping frogs, they immediately become active and start performing random
walks and waking up sleeping frogs themselves, independently of each other
and of all other frogs. The transition mechanism of the individual frogs is
supposed to be the same for all frogs. The frog model is called recurrent if the



probability that the origin xzq is visited infinitely often equals 1, otherwise
the model is called transient. The frog model with V = Z? E the set of
nearest-neighbour edges on Z4, x := 0, n, = 1 for each x € Z¢\ {0} and the
underlying random walk being simple random walk (SRW) on Z¢ was studied
by Telcs and Wormald [19] who, however, called it egg model. The name frog
model was only later suggested by Durrett. In [19], it is in particular shown
that the frog model is recurrent for each dimension d. See also [I7]. Note
that the frog model on Z¢ with SRW is trivially recurrent for d = 1,2, due
to Polya’s theorem. Thus, in [7] Gantert and Schmidt considered the frog
model on Z with the underlying random walk having a drift to the right. They
considered both fixed and i.i.d. random initial configurations (7;)sez\ 0} of
sleeping frogs and derived a criterion separating transience from recurrence.
In the case of an i.i.d. initial configuration of sleeping frogs they also proved
a zero-one law, which says that the probability of infinitely many returns to
0 equals 1 if E[log™ ()] = oo, and equals 0 otherwise. Remarkably, this result
only depends on the distribution of n and does, in particular, not depend on
the value of the drift. The recurrence part of the latter result was generalised
to any dimension d by Débler and Pfeifroth in [4]. They proved that the
frog model on Z¢ with underlying (irreducible) random walk which has an
arbitrary drift to the right is recurrent provided that Eflog*(n)% ] = oo.
Another sufficient recurrence criterion involving the tail behaviour of 7 is
derived in [I4]. Kosygina and Zerner proved in [14] a zero-one law under the
general condition that the frog trajectories are given by a transitive Markov
chain. Recurrence and transience for the frog model on the d-ary tree have
recently been investigated in [10] and [11] by Hoffman, Johnson and Junge.
Other publications on the frog model include [2], [5], [8], [9], [12] and [13]
and [18] and references therein (the list is not exhaustive).

In the present article we study recurrence and transience of the frog model
on Z® for d > 2 when the underlying transition mechanism is not symmetric.
We assume that at each vertex in Z%\ {0} there is exactly one sleeping frog
at time 0. Given this assumption, and using the zero-one law proved in [14],
one can now classify the transition laws of the particles in a recurrent and
a transient class. Our proofs show that both regimes exist. In order to give
more quantitative statements, we focus on a model in which the particles
perform nearest neighbour random walks which are balanced in all but one
direction. More precisely, set &; = {£e;: 1 < j < d} where e; denotes the
j-th standard basis vector in R?, j = 1,...,d. The particles move according
to the following transition probabilities, which depend on two parameters



w € [0,1] and a € [0, 1]:

W) for e = ¢
Twa(€) = “’“{a) fore = —e; (1)
% for e € {£es,... + ey}

The parameter w is the weight of the drift direction e;, i.e. the random
walk chooses to go in direction +e; with probability w. The parameter «
describes the strength of the drift, i.e. if the random walk has chosen to
move in drift direction, it takes a step in direction e; with probability HTO“
and in direction —e; with probability 1’7‘“ All other directions are balanced.
Sometimes we need to consider the corresponding one-dimensional model
where we have to demand w = 1, i.e. the transition probabilities are defined
by male1) = 1 — ma(—e1) = 2. We denote the frog model on Z? with
parameters w and o by FM(d, 7,4).

First, let us discuss the extreme cases. For w = 1 the frog model is one-
dimensional and thus transient for any o € (0, 1] and recurrent for & = 0
by [7]. For a = 1 one easily checks that it is transient for any w € (0,1].
If w = 0, then FM(d, 7o) is equivalent to the symmetric frog model in
d — 1 dimensions and hence recurrent. If o = 0, we are back in the balanced
case and the model is recurrent. This follows from Theorem and
Theorem below.

In dimension d = 2 the frog model is recurrent whenever o or w are suffi-
ciently small, i.e. if the underlying transition mechanism is almost balanced.
It is transient for a or w close to 1.

Theorem 1.1. Let d =2 and w € (0,1).

(i) There ezists a, = a,(w) > 0 such that the frog model FM(d, 7y ) is
recurrent for all 0 < a < a,.

(it) There ezists oy = ay(w) < 1 such that the frog model FM(d, myq) is
transient for all oy < a < 1.

Theorem 1.2. Let d =2 and o € (0, 1).

(1) There ezxists w, = w,(a) > 0 such that the frog model FM(d, Ty ) is
recurrent for all 0 < w < w,.

(ii) There exists wy = wi(a) < 1 such that the frog model FM(d, my o) is
transtent for all w, < w < 1.



In dimension d > 3 the frog model is also recurrent if the transition proba-
bilities are almost balanced. Further, for any fixed drift parameter « € (0, 1]
it is transient if the weight w is close to 1. However, in contrast to d = 2,
for fixed w € [0,1) there is not always a transient regime. This follows from

Theorem below.

Theorem 1.3. Let d > 3 and w € (0,1). There exists a,. = a,.(d,w) > 0
such that the frog model FM(d, 1y, o) is recurrent for all 0 < a < q..

Theorem 1.4. Let d > 3 and o € (0,1).

(i) There exists w, > 0, independent of d and «, such that the frog model
FM(d, 7y.a) is recurrent for all 0 < w < w,..

(11) There exists w, = wi(«) < 1, independent of d, such that the frog model
FM(d, my.a) is transient for all w, < w < 1.

The results are graphically summarised in Figure [II Note that the above
theorems only make statements about the existence of recurrent, respectively
transient regimes. We do not describe their shapes, as might be suggested
by the curves depicted in Figure [l For a discussion about their shape we
refer the reader to Conjecture [4.1] at the end of this paper.

These results show that, in contrast to d = 1, recurrence and transience
do depend on the drift in every dimension d > 2. This disproves the last
conjecture in [7] that some condition on the moments of  would separate
transience from recurrence as in the one-dimensional case.



The paper is organised as follows. In Section [2] we introduce notation used
throughout the article, and collect some basic facts and results about random
walks, percolation and the frog model, which are needed in the proofs. The
proofs of the main results are presented in Section [3] Further questions and
conjectures are discussed in Section [4

2 Preliminaries

Notation

We refer to the frog model on Z¢ with transition probabilities m as FM(d, ).
For w,a € [0,1] and every vertex z € Z<¢ let (S%),en, be a discrete time
random walk on the lattice Z? starting at = which moves according to the
transition function m,  given by (I). Then (S%),en, describes the trajectory
of the frog initially at vertex x. It starts to follow this trajectory once it
is activated. We assume that the set {(S%),en,: * € Z%} of random walks
is independent, i.e. active particles do not interact. Notice that this set of
trajectories entirely determines the behaviour of the frog model. A formal
definition of the frog model can be found in [2]. Note that 7,40 corresponds
to a simple random walk on Z?. We write 7y, in this case.

We refer to the frog that is initially at vertex z € Z? as “frog 2”. We write
x — y if frog = (potentially) ever visits y, i.e. y € {S%: n € Ng}. For z,y € Z?
and A C Z% we say that there exists a frog path from z to y in A and write
x«iy if there exist n € N and z1,...,2, € A such that x — 21, z; = 2,11
forall 1 <7 < nand 2, — y, or if + — y directly. Note that z,y are not
necessarily in A. Also the trajectories of the frogs z;, 1 <17 < n, do not need
to be in A. For x € Z% we call the set

FCm:{yGZd:xgiy} (2)

the frog cluster of x. Note that, if frog z ever becomes active, then every
frog y € FC, is also activated. Observe that, as we only deal with recurrence
and transience, the exact activation times are not important, but we are only
interested in whether or not a frog is activated.

Further, we often use (d — 1)-dimensional hyperplanes H, in Z¢ defined by

H,:={zxe€Z 2, =n} (3)

for n € Z.



Some facts about random walks

We need to deal with hitting probabilities of random walks on Z9. For
x,y € Z% recall that {x — y} denotes the event that the random walk started
at x ever visits the vertex y. Analogously, for A C Z¢ we write {x — A} for
the event that the random walk started at x ever visits a vertex in A.

Lemma 2.1. For d > 3 consider a random walk on Z% with transition func-
tion . There exists a constant ¢ = c(d,w) > 0 such that for all x € Z°

P0 = ) = el ;"

where ||z|ls = (Zle x?)l/Q is the Fuclidean norm.

A proof of the lemma for the simple random walk, i.e. with transition function
Tsym, can e.g. be found in [2, Theorem 2.4] and [I, Lemma 2.4]. The proof
can immediately be generalised to our set-up using [15, Theorem 2.1.3].

Lemma 2.2. For d > 1 consider a random walk on 7 with transition func-
tion Tyo. Then for each v > 0 there is a constant ¢ = c(d, vy, w, ) > 0 such
that for allm € N and x € Z* with v, = —n and |x;| < v/n, 2 <i < d, it
holds that

P(z — 0) > en~@-D/2,

For a proof see e.g. [4, Lemma 3.1].

Lemma 2.3. For d > 1 consider a random walk on 7% with transition func-
tion my . Then for everyn € N and H_,, as defined in

o= (152

Proof. As P(0 - H_,) = P(0 — H_1)" for n € N, it suffices to prove the
lemma for n = 1. By the Markov property

1—04+1+oz
2 2

P(O — H_l) = P(O — H_2>.

The results follows after a straightforward calculation. "

Some facts about percolation

To prove recurrence we make use of the theory of independent site percolation
on Z% and therefore give a brief introduction here. Let p € [0,1]. Every site
in Z% is independently of the other sites declared open with probability p
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and closed with probability 1 —p. An open cluster is a connected component
of the subgraph induced by all open sites. It is well known that for d > 2
there is a critical parameter p. = p.(d) € (0,1) such that for all p > p.
(supercritical phase) there is a unique infinite open cluster C' almost surely,
and for p < p. (subcritical phase) there is no infinite open cluster almost
surely. Furthermore, denoting the open cluster containing the site x € Z? by
C., it holds that P(|C,| = oo) > 0 for p > p., and P(|C,| = c0) = 0 for p < p,
and all z € Z%. The following lemma states that the critical probability p. is
small for d large.

Lemma 2.4. For independent site percolation on 77,
lim p.(d) = 0.
d—o0

Indeed, p.(d) = O(d™"') holds. A proof of this result can e.g. be found in
[3, Chapter 1, Theorem 7|. Further, in the recurrence proofs we use the fact
that an infinite open cluster is “dense” in Z?. The following weak version of
denseness suffices.

Lemma 2.5. Consider supercritical independent site percolation on Z%. Let

B, = {—n} x [=v/n,v/n]* and B!, = [—\/n,/n|* for n € N. Then, there

are constants a,b >0 and N € N such that
P(|B,NCy| > an(d_l)/z) > b,
P(|1B, N C.| > an™?) > b
for alln > N and x € 74,
Proof. For y € Z consider the event A, = {y € C'}. The process (14,),cz4

is stationary and ergodic. By the spatial ergodic theorem

B/
lim Bo 0O Z T4, = E[14,] = P(A)

n—00 |B;L| n—00 |B’
yeB!,
almost surely. Note that P(Ay) > 0 since the percolation is supercritical.
Hence, there are constants a,c > 0 and N € N such that for all n > N
P(|B, N C| > an?) > c.
By the FKG inequality and the uniqueness of the infinite cluster
P(|B), N Cy| > an®?) > P(|B, N C| > an®?,|C,| = o0)

> P(|B, NC| > an”?)P(|C,| = o0)
> c-P(|C,] = 0).



As P(|C,] = o0) = P(|Cy| = o) > 0 this shows the second inequality of the
lemma.

For the first inequality consider the boxes B,(m) = {—m} x [—y/n, /n]?!
for fixed m € N. Since (1 4,)ye{—m}xz¢-1 is stationary and ergodic, we get for

every m € N
. |[Bn(m) N (]|
lim ———————— = P(Ay)
oo [By(m))|
almost surely. Analogously to the proof of the second inequality, there are
constants a/,¢ > 0 and N’ € N, all independent of m, such that for all

n> N and m eN

P(|B,(m) N C,| > a’n(dfl)/Z) > - P(|C,] = 00). (4)
Setting m = n in ({4)) yields the claim. %

Some results about frogs

As mentioned in the introduction, the frog model presented in this paper
satisfies a zero-one law, which is shown in [14] Theorem 1] in a more general
set-up. See also Appendix A in [I4] for a comment on the slightly different
definition of recurrence used there.

Theorem 2.6 ([I4]). In FM(d, ) the probability that the origin is visited
infinitely many times by active frogs is either O or 1 for all d > 1 and any
nearest neighbour transition function .

Due to this zero-one law, to show recurrence, we only need to prove that the
origin is visited infinitely often with positive probability.

In the symmetric frog model the set of vertices visited by active frogs, rescaled
by time, converges to a convex set. This shape theorem is proven by Alves
et al. in [2, Theorem 1.1] and we use it in one of the proofs concerning
recurrence.

Theorem 2.7 ([2]). Consider FM(d, wsym) and let &, be the set of all sites

visited by active frogs by time n and £, = {x+ (—3,3]% x €&, }. Then there
is a non-empty conver symmetric set A = A(d) C R?, A # {0}, such that,

forany 0 <e <1 3
(1—6)A§%§(1—|—6)A

for all n large enough almost surely.



Further, we need a result on the frog model with death. For s € [0, 1] it is de-
fined just as the usual frog model, but every active frog dies at every step with
probability 1 — s independently of everything else. The parameter s is called
the survival probability. We denote this frog model on Z¢ by FM*(d, , s) if
the underlying random walk has transition function 7. Further, we denote
frog clusters in the frog model with death by F'C*, analogous to the notation
introduced in for the frog model without death. In this paper we only use
the frog model with death in the symmetric case, i.e. ™ = 7gyr,. We say that
the frog model with death survives if at any time there is at least one active
frog. The frog model with death is intensively studied in [1] and also in [5]
and [16]. We need the following lemma in the proofs concerning transience.

Lemma 2.8. For FM(1,m ,) with @ > 0 and FM*(1, 75, s) with s < 1
there is ¢ > 0 such that IP)(OV%» —n) <e ™ for alln € N.

Proof. Let p be the probability that a frog starting from 0 ever hits the
vertex —1. In both models we have p < 1. Obviously, as s < 1, this is true
for FM*(d, Teym, s). For FM(1, 71 ,) it follows from Lemma [2.3]

For n € N define Y,, = [{m > —n: m — —n}| if —n € FCy, respectively
—n € FCj. Otherwise set Y,, = 0. If —n is visited by active frogs, then Y,
counts the number of frogs to the right of —n that potentially ever reach —n.
The process (Y, )nen is a Markov chain on Ny with

0 ifY, =0,
YnJrl = . . .
Binomial(Y,, + 1,p) if Y, > 0.

Note that IP’(O«fZH —n) =P(Y, > 0) by definition. A straightforward calcula-
tion shows that there is kg € N such that P(Y,.1 <Y, | Y, =k) > % for all
k > ko. Hence, we can dominate the Markov chain (Y},),en by the Markov
chain (?n)neN on {0, ko, ko + 1, ...} with transition probabilities

;

L ifl=k+1, k> k,
2 ifl=k—1, k> k,

P(Ype =1]Y, = k)= (1—p)kot? if =0, k=k,
1= (1=—pkot!t ifl=k+1, k=k,
1 ifl=k=0

for all n € N and starting point Y = max{Y7, ko}. Obviously, we have
P(Y,, > 0) < P(Y,, > 0) for all n € N. Let T, = min{n € N: Y, = k} and



Ty, = 1) — Ty. Note that ]P’(?n > 0) = P(To > n). For t > 0 the Markov
inequality implies

Yi—1
P(Ty > n) = P(Z Thi1 g+ Thoo > n)

k=ko

vi-1
< IR |:exp (t Z Tk-i—l,k + tTko,o):|

k=ko

oo -1

= "> [ Elexp(tThs1.0)] E [exp(tTh0) | P(Yy = 1)

l=ko k=ko

=e ™ Z]E[exp(tTkoH,ko)]ZE[GXP(tTko,O)}P(?l =l+k). (5)
1=0

Y; can only be equal to [ + kg if at least one frog to the right of [ — 1 reaches
—1. Thus,

P(Yi=1+k) <> p™! :pl%. (6)
=l

Now, we choose ¢ > 0 small enough such that E[exp(tTy,+14,)] < p~'. Then
(6) shows that the sum in (5] is finite, which yields the claim.

A lemma on Bernoulli random variables

We will repeatedly use the following simple lemma. Note that the random
variables in this lemma do not have to be independent.

Lemma 2.9. For i € N let X; be a Bernoulli(p;) random variable with
inf;enp; =:p > 0. Then for every a >0 and n € N

1 n
Pl->» X;> >p—a.
(1Ereze) 20

Proof. Since E[X;] > pand £ 3"  X; <1, we have

which yields the claim. =)
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3 Proofs

In this section we prove the main results of the paper. To show recurrence we
always compare the frog model with independent site percolation. To show
transience we couple the frog model with branching random walks.

Recurrence for d > 2 and arbitrary weight

In this section we prove Theorem and Theorem Throughout this
section assume that w < 1 is fixed. To illustrate the basic idea of the proof
we first sketch it for d = 2. We call a site x in Z? open if the trajectory
(S )nen, of frog x includes the four neighbouring vertices x + ey, + eg of
x, e if x - xr+ e and x — x £ ey. Note that for this definition it
does not matter whether frog x is ever activated or not. All sites are open
independently of each other due to the independence of the trajectories of
the frogs. Furthermore, the probability of a site to be open is the same for
all sites. Consider the percolation cluster Cy that consists of all sites that
can be reached from 0 by open paths, i.e. paths containing only open sites.
Note that all frogs in Cj are activated as frog 0 is active in the beginning.
In this sense the frog model dominates the percolation. As we are in d = 2,
the probability of a site x being open equals 1 for @« = 0 and by continuity
is close to 1 if a is close to 0. Thus, if « is close enough to 0 the percolation
is supercritical. Hence, with positive probability the cluster Cy containing
the origin is infinite. By Lemma this infinite cluster contains many sites
close to the negative ej-axis. This shows that many frogs that are initially
close to this axis get activated. Each of them travels in the direction of the
ei1-axis and has a decent chance of visiting 0 on its way. Hence, this will
happen infinitely many times. This argument shows that the origin is visited
by infinitely many frogs with positive probability. Using the zero-one law
stated in Theorem [2.0] yields the claim.

In higher dimensions the probability of a frog to visit all its neighbours is not
close to 1 however small the drift may be. We can still make the argument
work by using a renormalization type argument. To make this argument
precise let K be a non-negative integer that will be chosen later. We tessellate
74 for d > 2 with cubes (Q,)zeza of size (2K + 1)%. For every z € Z¢ we
define

@ = ¢:(K) = (2K + 1)z,
Q. = Q.(K)={y € VAR 1y — ¢ello < K},

where [|z]|oc = max;<;<q|7;| is the supremum norm. We call a site x € Z?
open if for every e € &; there exists a frog path from ¢, to ¢, . in Q,.

(7)
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Otherwise, x is said to be closed. The probability of a site  to be open does
not depend on x, but only on the drift parameter o and the cube size K.
We denote it by p(K, «). This defines an independent site percolation on Z<,
which, as mentioned before, is dominated by the frog model in the following
sense: For any x € (| the frog at ¢, will be activated in the frog model,
i.e. q, € FCy with FCj as defined in (2)).

In the next two lemmas we show that the probability p(K, «) of a site to be
open is close to 1 if the drift parameter « is small and the cube size K is
large. We first show this claim for the symmetric case o = 0.

Lemma 3.1. For every w < 1 in the frog model FM(d, ) we have
Iggnoop(K, 0)=1.

Proof. For d = 2 we obviously have p(K,0) = 1 for all K € Ny as simple
random walk on Z? is recurrent. Therefore, we can assume d > 3. The proof
of the lemma relies on the shape theorem (Theorem for the frog model.
This theorem assumes equal weights on all directions. As in our model the e;-
direction has a different weight, we need a workaround. We couple our model
with a modified frog model on Z?~! in which the frogs in every step stay where
they are with probability w and move according to a simple random walk
otherwise. A direct coupling shows that, up to any fixed time, in the modified
frog model on Z?~! there are at most as many frogs activated as in the frog
model FM(d, 7). Note that Theorem holds true for the modified frog
model on Z4! as the process is only slowed down by a constant depending on
w. Let &g, respectively £1°4, be the set of all sites visited by active frogs by
time K in the frog model FM(d, m, ), respectively the modified frog model

on Z71. Further, let £t := {x + (=3, 5] "+ @ € §g**}. By Theorem

there exists a non-trivial convex symmetric set A = A(d) C R%! and an
almost surely finite random variable I such that

%od
C
AC K
for all K' > KC. This implies that there is a constant ¢; = ¢;(d) > 0 such that
|gmed| > ¢ K971 for all K > K. By the coupling the same statement holds
true for k. As £k € Qo(K) and any vertex in £k can be reached by a frog
path from 0 in @), this implies

{ye @0y} > 16l > i

for all K > K. Thus we have at least c; K% ! vertices in the box Q, that
can be reached by frog paths from 0. Each frog in )y has a chance to reach

12



the centre ¢. of a neighbouring box. More precisely, by Lemma, there is
a constant ¢y = co(d) > 0 such that

P<y_>QE> Z %

for any vertex y € () and e € £;. Hence, for any e € &
P((0~% ¢.)° | K > K) §P<{y7ﬁ>qe for all y € Qo with 0-2%y} | K > /c)

02 ClK(i—l
= (1 B KH)
< efclch'

Therefore,

p(K.0) > P(({0% .} | K > K)Bo(K > K)

ee&y

> {1 — Qde‘q”K}P(K > K). (8)

Since K is almost surely finite, we have limg o, Po(K > K) = 1. Thus, the
right hand side of (§)) tends to 1 in the limit K — oo. %

Lemma 3.2. For fited w < 1, in the frog model FM(d, ., ) we have for all
K e N
lim p(K, @) = p(K,0).

Proof. Let L(a,b,c, K) be the number of possible realizations such that all
Qute, € € &g, are visited by frogs in Q) for the first time after in total (of all
frogs) exactly a steps in ej-direction, b steps in —ej-direction and ¢ steps in
all other directions. Note that L(a,b, ¢, K) is independent of a. We have

i 5 s (22 (2072 (o
e a::1 L(a,b,c, K) (%)M(%) = p(K,0). =)

Proof of Theorem and Theorem[1.5 By Lemma and Lemma

we can assume that K is big enough and a > 0 small enough such that
p(K,a) > p.(d), i.e. the percolation with parameter p(K,«) on Z? con-
structed at the beginning of this section is supercritical.
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Consider boxes B,, = {—n} x [—y/n,/n]¢"! for n € N. By Lemma 2.5 there
are constants a,b > 0 and N € N such that for alln > N

P(|B, N Co| > an'=V/2) > b,
After rescaling, the boxes B,, correspond to the boxes
FB,={ycZ |y + 2K + )n| < K, |yi| < 2K +1)v/n+ K, 2 <i < d}.

Recall that F'Cy consists of all vertices reachable by frog paths from 0 as
defined in (2), and note that = € B,, N Cy implies ¢, € FB, N FCy. This
shows

P(|FB, N FCy|> an'®1/?) > b (9)

for n large enough. By Lemma and (9) the probability that at least one
frog in F'B,, is activated and reaches 0 is at least

(1= (1= en (02 > (1= ey,
where ¢ = ¢(K,d,w) > 0 is a constant. Altogether we get by Lemma

P(0 visited infinitely often) = lim P(0 is visited en many times )
n—oo

> lim inf P <Z L(zeerBnFcy: z—0} = 5”)

n—o0 —
>(1—e*)b—e>0

for € sufficiently small. The claim now follows from Theorem [2.6

Recurrence for d = 2 and arbitrary drift

In this section we prove Theorem Throughout the section let o < 1
be fixed. We couple the frog model with independent site percolation on Z2.
Let K be an integer that will be chosen later. We tessellate Z? with segments
(Qz)zezz of size 2K + 1. For every x = (x1,12) € Z* we define

@ = ¢(K) = (21, (2K + 1)z5),
Qac - Q:E(K) - {y € Z2: Y1 = T, |y2 - (2K+ 1)$2| S K}

We call the site x € Z? open if there are frog paths from ¢, to g, e in Q,
for all e € &. As before, we denote the probability of a site to be open by
p(K,w). Note that this probability does not depend on z.
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Lemma 3.3. For a < 1, in the frog model FM(2, 7, o) we have

lim liminfp(K,w) = 1.

K—oco w—0

Proof. We claim that there is a constant ¢ = c¢(a) > 0 such that for any
K € Ny and = € Qg

ligun_i(r)lfP( ﬂ {z — qe}>2 c. (10)

e€&s

We can estimate the probability in by

P( ({z — qe})z P(x = goes)P(q-cs = G=e1)P(q-cr = Gez)P(Ger = Gey)-

e€&sy

The probability of moving in +e,-direction for [w™'] steps is (1 — w)[* 1.
Conditioning on moving in this way, we just deal with a simple random walk
on Z. Therefore, there exists a constant ¢; > 0 such that for w close to 0

IP’(:E — q_62) > (1 - w)“”fw > %

The probability of moving exactly once in —e;-direction and otherwise in
+eo-direction within [w™'] + 1 steps is

11—«

8

(1—-a)w

9 (1—w)l >

((w‘ﬂ + 1)

for w close to 0. Therefore, there exists a constant ¢, > 0 such that

(1l — a)

P(q—EQ — Q—el) 2 8

for w sufficiently close to 0. The two remaining probabilities IP’(q_61 — q62)
and P(qu — qel) can be estimated analogously, which implies .

If frog 0 activates all frogs in )y and any of these 2K frogs manages to visit
the centres of all neighbouring segments, then 0 is open. By independence
of the trajectories of the individual particles in )y this implies

(K, w) > IP( M {0 :1:}) (1 - (1 . IP( N~ qei}>>2K>. (11)

z€Qo

As in the proof of Lemma [3.2] one can show that for w — 0 the first factor
in (11 converges to 1. Therefore, taking limits in and using yields
the claim. =)
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Proof of Theorem[1.2 (i), By Lemma [3.3] we can choose K big and w small
enough such that p(K,w) > p.(2), where p.(2) is the critical parameter for
independent site percolation on Z2?. As in the proof of Theorem m and
Theorem|[I.3|the coupling with supercritical percolation now yields recurrence
of the frog model. As we rescaled the lattice Z? slightly different this time,
the box B, defined in the proof of Theorem and Theorem now
corresponds to the box

FB, ={y € Z*: yy = —n, |y2| < 2K + 1)v/n+ K}.

Since only asymptotics in n matter for the proof, it otherwise works un-
changed.

Recurrence for arbitrary drift and d > 3

The proof of Theorem again relies on the idea of comparing the frog
model with percolation. But instead of looking at the whole space Z? as in
the previous proofs, we consider a sequence of (d — 1)-dimensional hyper-
planes (H_,)nen, with H_,, as defined in . We compare the frogs in each
hyperplane with supercritical percolation, ignoring the frogs once they have
left their hyperplane and all the frogs from other hyperplanes. Within a hy-
perplane we now deal with a frog model without drift, but allow the frogs to
die in each step with probability w by leaving their hyperplane, i.e. we are
interested in FM*(d — 1, gym, 1 — w). Hence, the argument does not depend
on the value of the drift parameter o < 1.

We start with one active particle in the hyperplane Hy. With positive prob-
ability this particle initiates an infinite frog cluster in Hy if w and therefore
the probability to leave the hyperplane is sufficiently small. Every frog even-
tually leaves Hy and has for every n € N a positive chance of activating a
frog in the hyperplane H_,, which might start an infinite cluster there. This
is the only time where we need v < 1 in the proof of Theorem [1.4 (i)] Using
the denseness of such clusters we can then proceed as before.

We split the proof of Theorem into two parts:

Proposition 3.4. There is dy € N and w, > 0, independent of d and «, such
that the frog model FM(d, 7y o) is recurrent for all 0 < w < w,, 0 < a <1
and d > dp.

Proposition 3.5. For every d > 3 there is w, = w,(d) > 0, independent of
a, such that the frog model FM(d, my, o) is recurrent for all 0 < w < w, and
all0<a< 1.
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We first prove Proposition As indicated above we need to study the frog
model with death and no drift in Z?~'. To increase the readability of the
paper let us first work in dimension d instead of d — 1 and with a general
survival parameter s, i.e. we investigate FM"(d, Tgym, s) for d > 2.

We tessellate Z¢ with cubes (Q'),cz¢ of size 3%. More precisely, for z € Z2
we define

Q, ={y € Z%: |ly — 3f| < 1}.
Further, for technical reasons, for a € (%, 1) we define
We ={y € @+ lly = 3z|1 < ad},

where ||z|]; = 32 |z is the graph distance from z € Z% to 0. Informally,
W, is the set of all vertices in @), which are “sufficiently close” to the centre
of the cube. Consider the box Q' for some z € Z and let 0 € W,.. If there
are frog paths in @', from o to vertices close to the centres of all neighbouring

boxes, i.e. if the event
N U {0y}

eGEd yGWere

occurs, we call the vertex o good. Note that this event only depends on the
trajectories of all the frogs originating in the cube @’ and the choice of o.
If o is good and is activated, then also the neighbouring cubes are visited.
We show that the probability of a vertex being good is bounded from below
uniformly in d and this bound does not depend on the choice of o.

Lemma 3.6. Consider the frog model FM*(d, Tgym, s). There are constants
B>OanddoGNsuchthatforalldzdo,s>%, §<a<2—§,xEZd and
o€ W,

P(o is good) > f.

To show this we first need to prove that many frogs in the cube are activated.
In the proof of Theorem and Theorem this is done by means of

Lemma [3.1] using the shape theorem. Here, we use a lemma that is analogous
to Lemma 2.5 in [I].

Lemma 3.7. Consider the frog model FM*(d, Tgym, s). There exist constants
>0, u>1 anddoGNsuchthatforalledO,s>%7§<a<2—§ and
o € Wy we have

P(I{ye Wo: 0-2 y} | Zuﬂ> > 7.
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Proof of Lemma[3.7F The proof consists of two parts. In the first part we
show that with positive probability there are exponentially many vertices in
Q) reached from o by frog paths in @, and in the second part we prove that
many of these vertices are indeed in W,. For the first part we closely follow
the proof of Lemma 2.5 in [I] and rewrite the details for the convenience of
the reader.

We examine the frog model with initially one active frog at o and one sleeping
frog at every other vertex in @ for Vd steps in time. Consider the sets
So = {o} and S = {x € Qy: ||z —o|1 = k,||]r —0||e = 1} for k > 1
and let & denote the set of active frogs which are in S at time k. We will
show that, conditioned on an event to be defined later, the process (& )ken,
dominates a process (ék)keNo, which again itself dominates a supercritical
branching process. The process ({k)keNo is defined as follows. Initially, there
is one particle at 0. Assume that the process has been constructed up to time
k € Ny. In the next step each particle in fk survives with probability s. If
it survives, it chooses one of the neighbouring vertices uniformly at random.
If that vertex belongs to Sgi1 and no other particle in ék intends to jump
to this vertex, the particle moves there, activates the sleeping particle, and
both particles enter é,m. Otherwise, the particle is deleted. In particular, if
two or more particles attempt to jump to the same vertex, all of them will
be deleted. Obviously, & C & for all k € N,.

First, we show that for d large it is unlikely that two particles in ék attempt
to jump to the same vertex. To make this argument precise we need to
introduce some notation. For € Sy and y € Sy41 with ||z — y|j; = 1 define

D, ={z€ Skt1: ||z — 2|1 =1},
Ay={z€8: |z =yl =1},
E:={2€S8,:D,ND, # 0}

D, denotes the set of possible descendants of x, A, the set of ancestors of y
and &, the set of enemies of z. Note that & =, cp, (A, \ {z}) is a disjoint

union. Let n, = Z?Zl 1{6,—0,2,20}- Then one can check that

|De| = 2(d = [olly = nz) + [lolls = (k = na) = 2d — lolls =k —nay  (12)
|A,| =k + 1.

For z € S let x(z) denote the number of particles of &, in z. Note that
x(z) € {0,2} for any x € S), with k € N.

Let ;fy denote the indicator function of the event that there is z € £, with
X(z) > 1 such that one of the particles at z intends to jump to y at time
k+1.If ij = 1, then a particle on x cannot move to y at time k + 1.
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Further, we introduce the event U, = {x(z) = 2 for all z € £,}. This event
describes the worst case for x, when it is most likely that particles at = will
not be able to jump. For k < v/d we have

2s ks 1
P(CE, =1) <P, =1|U,)< Y ==—=<—.
Y - - 2d d —

z€ Ay \{z} \/E
Given 0 > 0 we choose d large such that P(¢}, = 1) < o for all k < V.
Now, we consider the set of all descendants y of x such that there is a
particle at some vertex z € &, that tries to jump to y at time k + 1. This
set contains > k elements. Let ¢* denote the indicator function of

yEDy Sy

the event {3 ., ¥ > 20d}. TIf (¥ = 1, then more than 20d of the 2d
neighbours of x are blocked to a particle at x.

The random variables {¢},: y € D,} are independent with respect to P(- | U,)
as & = U,ep, (A, \ {z}) is a disjoint union. Using 2d —ad — 2k < |D,| < 2d

and a standard large deviation estimate we get for k < v/d
P(ck=1) < P(Z ¢k > 20d ‘ UI)
YyED,
1 k
<F(ip o] )
YyED,

efcl\DI|

—cad

[VARIVAN

e
with constants ci,co > 0. Next, let us consider the bad event
Vd
B=JUta=1
k=1 zeé,
Then with || < 2F < 2V4 we get
P(B) < Vd-2V%. e,

In particular P(B) can be made arbitrarily small for d large. Conditioned on
B¢, in each step for every particle there are at least

D,| —20d—1> (2—a—20)d—3Vd

available vertices in Sy 1, 1.e. vertices a particle at z can jump to in the next
step. Thus, conditioned on B¢, the process £, dominates a branching process
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with mean offspring at least

((2—@—20)61—3\/3) “2-s
2d
For o small and d large the mean offspring is bigger than 1 as we assumed
a<2-— % Since a supercritical branching process grows exponentially with
positive probability, there are constants c3 > 1, ¢ € (0, 1) that do not depend
on d such that

(’f\f’ 2> c3 ) q. (13)

For the second part of the proof condition on the event {|éﬂ| > c}ﬁ} and
choose 0 < & < a— 2. If [o|l; < (a— ¢)d, all particles of 5\/ are in W, for
d large. This 1mmed1ately implies the claim of the lemma. Otherwise, let
n = lf\f] enumerate the particles in Sf and let S%, 1 < i < n, denote the
position of the i-th particle. Further, we define for 1 <i <mn

X, = {1 it 157 < llols,

0 otherwise.

It suffices to show that P(X; = 1) > 0. Then Lemma applied to the
random variables X, ..., X,, implies that with positive probability a positive
proportion of the particles in é\f indeed have Li-norm smaller than o, and
are thus in Wy. Together with (| . ) this finishes the proof.

For the proof of the claim let Sl denote the position of the ancestor of S! in
Sk, where 0 < k < v/d. Note that S} = 0 and Sld = S,

We are interested in the process (||S}|: )i<k<yg By the construction of the
process (gk)keNo it either increases or decreases by 1 in every step. The
positions S} and S}, differ in exactly one coordinate. If this coordinate is
changed from 0 to +1, then |]S,1+1H1 — ||SH|ly + 1. If it is changed from =1
to 0, then we have ||S} il = ISHy — 1. There are at least (a —)d — v/d

many =+1-coordinates in Sl that can be Changed to 0. As we also know that
St € Dg, we have for all k < +/d by (12) and the choice of &

S g gy s @V (a—o)d-Vd 1
]P’(Hskﬂ\h 19k ll1 1)— |D§,i| _2d_(a_€)d>2

for d large. Hence, ||S}||; dominates a random walk with drift on Z started
in ||o||;. Therefore,

l\DIr—t

P(X; = 1) = P(IIS 51l < lloll1) =

which finishes the proof. e
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Proof of Lemma (5.6, By Lemma [3.7] with probability at least ~ there are
frog paths in @', from o to at least ,u‘/g vertices in W, for d large. We divide
the frogs on these vertices into 2d groups of size at least u\/g/Qd and assign
each group the task of visiting one of the neighbouring boxes W,.., e € &;.
Notice that this job is done if at least one of the frogs in the group visits at
least one vertex in the neighbouring box. If all groups succeed, o is good. Any
frog in any group is just three steps away from its respective neighbouring
box Wy, € € &g, and thus has probability at least (55)® of achieving its
group’s goal. Hence,

P(0 is good) > (1 - (1 - (2—Z>3>“ﬂ/2d> 2d7 >

for d large. e

o2

In the other recurrence proofs we couple the frog model with percolation by
calling a cube open if its centre is good. Here, the choice of a “starting” vertex,
like the centre, is not independent of the other cubes. Therefore, we cannot
directly couple the frog model with independent percolation. However, the
following lemma allows us to compare the distributions of a frog cluster and
a percolation cluster.

Lemma 3.8. Consider the frog model FM*(d, Tgym, s). Let f > 0 and assume
that P(o is good) > 3 for all o € W,, x € Z*. Further, consider independent
site percolation on 7% with parameter B. Then for all sets A C 7%, v € Z¢
and for all k >0

P(IANC,| > k) < P(] Jao.nFcg,| > k;)
TEA

Proof. For technical reasons we introduce a family of independent Bernoulli
random variables (X,),cz¢ which are also independent of the choice of all the
trajectories of the frogs and satisfy P(X, = 1) = P(o0 is good) ™' 3. Their job
will be justified soon. Further, we fix an ordering of all vertices in Z¢.

Now we are ready to describe a process that explores a subset of the frog
cluster F'C3,. Its distribution can be related to the cluster C, in indepen-
dent site percolation with parameter 5. The process is a random sequence
(R¢, Dy, Uy)sen, of tripartitions of Z2. As the letters indicate, R; will contain
all sites reached by time ¢, D, all those declared dead by time ¢, and U; the
unexplored sites. We construct the process in such a way that for all t € Ny,
x € Ry and e € &; there is y € W, such that there is a frog path from 3v
to y in (J,cp, @ We start with Ry = Dy = @ and Uy = Z%. If 3v is good
and X3, = 1, set Uy = Z¢\ {v}, Ry = {v}, and D; = (. Otherwise, stop
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the algorithm. If the process is stopped at time t, let Uy, = U, _1, Ry = Ry
and D, = D;_; for all s > t. Assume we have constructed the process up
to time t. Consider the set of all sites in U; that have a neighbour in R;. If
it is empty, stop the process. Otherwise, pick the site x in this set with the
smallest number in our ordering. By the choice of x there is y € W, such
that there is a frog path from 3v to y in | J,.p, Q. Choose any vertex y with
this property. If y is good and X, = 1, set

Riy1 = Ry U{z}, Dyy1 = Dy, Uy = Uy \ {z}.
Otherwise, update the sets as follows:
Rin =Ry, Diyy = Dy U{a}, Uy = Ui\ {x}

In every step t the algorithm picks an unexplored site x and declares it to
be reached or dead, i.e. added to the set R, or D;. The probability that
x is added to R; equals 5. This event is (stochastically) independent of
everything that happened before time ¢ in the algorithm. Note that every
unexplored neighbour of a reached site will eventually be explored due to the
fixed ordering of all sites.

In the same way we can explore independent site percolation on Z¢ with
parameter 3. Construct a sequence (R}, D}, U])en, of tripartitions of Z? as
above, but whenever the algorithm evaluates whether a site x is declared
reached or dead we toss a coin independently of everything else. Note that
UteNO R; = C,, where C, is the cluster containing v. This exploration process
is well known for percolation, see e.g. [3, Proof of Theorem 4, Chapter 1].
By construction, UteNO R; equals the percolation cluster C), in distribution.
The claim follows since for every x € UteNO R; there is a y € W, such that
there is a frog path from 3v to y, i.e. y € FC3,. =

Now we can show Proposition Note that we are again working with the
frog model FM(d, 7, o) (without death).

Proof of Proposition[3.4] Throughout this proof we assume that d is so large
that Lemma is applicable for d — 1 and p.(d — 1) < (8, where § is the
constant introduced in the statement of Lemma This is possible be-
cause of Lemma These assumptions in particular imply that we can use
Lemma |3.8 and that the percolation introduced there is supercritical.

Consider the sequence of hyperplanes (H_,,),en, defined in and let A de-
note the event that there is at least one frog v,, activated in every hyperplane
H_,. For technical reasons we want v,, of the form v, = (—n, 3w,) for some
w, € Z% 1. We first show that A occurs with positive probability. To see
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this consider the first hyperplane Hy and couple the frogs in this hyperplane
with FM*(d — 1, Tgym, 1 — w) in the following way: Whenever a frog takes a
step in +ej-direction, i.e. leaves its hyperplane, it dies instead. By [I, The-
orem 1.8] (or Lemma this process survives with positive probability if
w is sufficiently small (independent of the dimension d). This means that
infinitely many frogs are activated in Hy. Obviously, this implies the claim.
From now on we condition on the event A. Note that F'C, C FC, forn € N.
Analogously to the proofs in the last sections we introduce boxes

FB! ={-n} x [-(3vn+1),3v/n + 1]

for n € N. We claim that analogously to Lemma there are constants
a,b >0 and N € N such that forn > N

P(|/FB, N FCy| > an'"V/?) > . (14)

To prove this claim let a,b > 0 and N € N be the constants provided by
Lemma for percolation with parameter §. For n > N couple the frog
model with FM*(d — 1, 4ym, 1 — w) in the hyperplane H, as above. Let
B! = [-+v/n,+/n]? and note that B! corresponds to FB! restricted to H,
after rescaling. Then by Lemma [3.§ and Lemma [2.5
P(|FB, N FC,,| > an'™ Y2 A) > P(|FB, N ({-n} x FC3, )| > an1/?)|A)
>P(|B,NCy,| > an(d_l)/2)|A)
>b.

Here, C,, is the open cluster containing w, in a percolation model with
parameter 3 in Z%!, independently of the frogs. As FC, C FCy, this

implies inequality .
By Lemma [2.2] and ([14), the probability that there is at least one activated
frog in F'B], that reaches 0 is at least

<1 _ (1 . Cln*(dfl)/Q)om(d—l)/?)b > (1 - efac’)b7
where ¢ > 0 is a constant. Altogether we get by Lemma

P(0 visited infinitely often) = lim P(0 is visited en many times )

n—0o0

> lim IP’(Z L(azern,nrcy: z—0} > 6n)

n—00 -
=1

> ((1 — e_‘w/)b— 5) >0

for e sufficiently small. The claim now follows from Theorem [2.6 iz}
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To prove Proposition we again first study the frog model with death
FM*(d, Tgym, s) in the hyperplanes and couple it with percolation. This time
we use cubes of size (2K + 1)? for some K € Ny. By choosing K large
we increase the number of frogs in the cubes. In the proof of the previous

proposition this was done by increasing the dimension d. For x € Z¢ and
K € Ny we define

¢ = ¢u(K) = (2K + 1)z,
Qs = Qu(K) ={y € Z: |ly — @u[|c < K}.

Note that this definition coincides with (7). In analogy to Lemma the
frog cluster dominates a percolation cluster.

Lemma 3.9. For d > 2 there are constants s,(d) < 1 and K € Ny such
that for any s > s,(d) the frog model FM*(d, Tgym, s) can be coupled with
supercritical site percolation on Z® such that for all sets A C Z¢, v € Z¢ and
forall k>0

PlAnc, > k) <P(|J@.nFe;,

€A

> k),

Proof. We couple the frog model with percolation as follows: A site x € Z% is
called open if for every e € &, there exists a frog path from ¢, to ¢,.e in Q..
We denote the probability of a site = to be open by p(K,s). By Lemma
p(K, 1) is close to 1 for K large. As in the proof of Lemma one can show
that limg_,1 p(K, s) = p(K,1). Thus, we can choose K € N and s, > 0 such
that p(K,s) > p.(d) for all s > s,, i.e. the percolation is supercritical. Now
it remains to note that by the construction of the percolation x € C, implies
- € FC} for any v € Z°.

Proof of Proposition[3.5 Using Lemma [3.9)instead of Lemma [3.8 and boxes
Q. instead of @', the proof is analogous to the proof of Proposition [3.4]

Proof of Theorem[1.4 (i)} Theorem follows from Proposition [3.4] and
Proposition &

Transience for d > 2 and arbitrary drift
Proof of Theorem and Theorem . Let the parameters a > 0

and d > 2 be fixed throughout the proof. For x € Z¢ we define

L,={y €7 y; = for all 2 <i < d}. (15)
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L, consists of all vertices which agree in all coordinates with x except the
e;-coordinate. The key observation used in the proof is that all particles
mainly move along these lines if the weight w is large.

We dominate the frog model by a branching random walk on Z¢. At time
n = 0 the branching random walk starts with one particle at the origin.
At every step in time every particle produces offspring as follows: For every
particle located at € Z¢ consider an independent copy of the frog model. At
any vertex z € Z%\ L, the particle produces [{y € L,: x 2, Y,y — z}| many
children. Notice that this number might be 0 or infinite. The particle does
not produce any offspring at a vertex in L,. Further, note that the particles
reproduce independently of each other as we use independent copies of the
frog model to generate the offspring.

One can couple this branching random walk with the original frog model.
To explain the coupling, let us briefly describe how to go from the original
frog model to the branching random walk. Recall that the frog model is en-
tirely determined by a set of trajectories (S5 ),en, zeze of random walks. We
use this set of trajectories to produce the particles in the first generation of
the branching random walk, i.e. the children of the particle initially at 0, as
explained above. Now, assume that the first n generations of the branching
random walk have been created. Enumerate the particles in the n-th gener-
ation. When generating the offspring of the i-th particle in this generation,
delete all trajectories of the frog model used for generating the offspring of a
particle 7 with 7 <7 or a particle in an earlier generation, and replace them
by independent trajectories. Otherwise, use the original trajectories.

One can check that the branching random walk dominates the frog model in
the following sense: For every frog in Z? \ L, that is activated and visits 0
there is a particle at 0 in the branching random walk. Thus, the number of
visits to the origin by particles in the branching random walk is at least as
big as the number of visits to 0 by frogs in the frog model, not counting those
visits to 0 made by frogs initially in L. Note that, if the frog model was
recurrent, then almost surely there would be infinitely many frogs in Z¢\ L
activated that return to 0. In particular, also in the branching random walk
infinitely many particles would return to 0. Therefore, to prove transience
of the frog model it suffices to show that in the branching random walk only
finitely many particles return to 0 almost surely.

Let D,, denote the set of descendants in the n-th generation of the branching
random walk. Further, for i € D,, let X be the e;-coordinate of the location
of particle i. Define for § > 0 and n € N

W= IE[ efgxl} and M, = — e 0%n, 16
> Ly 19

’iEDl iEDn
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We claim that p < 1 for w close to 1 and @ small, which, in particular, implies
that (M,,)nen, is well-defined. We show this claim in the end of the proof.
We next show that (M,)nen, is a martingale with respect to the filtration
(Fa)nen, with F, =0 (D1,..., Dy, (X)iep,, -, (XE)ien,)-

Obviously, M, is F,-measurable. For a particle i € D,, denote its descendants
in generation n + 1 by D!, 41+ Since particles branch independently, we get

E[Mpy1]Fn] = E[ ! Z 0% ‘ ]-“n]

n+1
K 1€Dp 11
1 i 1 J i
—_ E e_eX’;LL . _E|: g eie(Xn+17Xn)i| .
n
K i€D, H jeDi 4

Note that the expectation on the right hand side is independent of 7 and n
and therefore, by the definition of u, we conclude

E[M, 41| F,] = M,.

This calculation also yields E[|M,|] = E[M,] = E[M,] = 1, and therefore
M, € L£'. This in particular implies that M, is finite almost surely for
every n € Nyg. Thus, X! = 0 can only occur for finitely many i € D,
almost surely for every n € Ny, i.e. in every generation only finitely many
particles can be at 0. By the martingale convergence theorem, there exists
an almost surely finite random variable M, such that lim, ., M, = M
almost surely. Combining this with < 1, we get lim, o ) icp e % =0
almost surely. Hence, X! = 0 for some ¢ € D,, occurs only for finitely many
times n. Overall, this shows that the branching random walk is transient.

It remains to show p < 1. Note that the particles in D; are at vertices in
the set {y € Z¢\ Ly: Ovag»y} Therefore, for the calculation of p we first
need to consider all sites in Ly that are reached from 0 by frog paths in
Lg. The idea is to control the number of frogs activated on the negative e;-
axis using Lemma and estimating the number of frogs activated on the
positive ej-axis by assuming the worst case scenario that all of them will be
activated. Then, for every k € Z we have to estimate the number of vertices
with ej-coordinate k visited by each of these active frogs on the e;-axis. Due
to the definition of yu, the sites visited by frogs on the positive e;-axis do not
contribute much to p. Recall that Hy denotes the hyperplane that consists
of all vertices with e;-coordinate equal to k € Z, see . For k,7 € 7Z define

Ni; =|{z € Hi\ Lo: (4,0,...,0) = x}|.
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As Nj; equals Ni_; ¢ in distribution for all ¢, k € Z, we get

pw=KE [Z e—exf]
€D

- Z Z ]P)(O“’ngé(i,O,...,O))E[NM]efek

1=—00 k=—o00
00 0o

= E[Nk,o]e-e’{z e P05 (4,0,...,0)). (17)

Note that P(0 22 (,0,...,0)) is smaller or equal than the probability of the
event {0 A i} in the frog model FM(1,1, o). Hence, by Lemma , there is

a constant ¢; > 0 such that IP’(O«EAO» (1,0, .. ,O)) < e for all i+ < 0. Thus,
implies that for < ¢; there is a constant ¢y = co(f) < oo such that

p<cr Y E[Npole ™™ (18)
k=—00

Next, we estimate E[Ny o], the expected number of vertices in Hy \ Ly visited
by a single particle starting at 0. Recall that the trajectory of frog 0 is
denoted by (59),en,- We define T, = min{n € Ny: S° € H;}, the entrance
time of the hyperplane Hy, and T}, = max{n € Ny: SY € Hy}, the last time
frog 0 is in the hyperplane Hy. Obviously, Ny = 0 on the event {7} = oco}.
Hence, assume we are on {7} < oco}. The particle can only visit a vertex in
Hi\ Ly at time T}, if the random walk took at least one step in non-e;-direction
up to time T,. This happens with probability E[1 — w?*]. Furthermore, the
number of vertices visited in Hy, after time T} can be estimated by the number
of steps in non-e;-direction taken between times 7}, and 7}. This number is
binomially distributed and, thus, its expectation equals (1 — w)E[T}] — Tj].
Overall, this implies

E[Nyo] < P(T}, < 00)(E[1 — w™ | T}, < 00] + (1 — w)E[T}, — T}, | T), < o0]).

For k < 0 the probability P(T}, < co) decays exponentially in k by Lemmal[2.3]
Therefore, we can choose 6 small such that P(T}, < oo)e % < e~* for all
k € Z. Thus, implies

p<e Y et (E[1—wTk | Ty < 00] +(1—w)E[T)— Ty | Tr < oo]>. (19)

k=—o00

Note that the sum in is finite as E[T, — T} | T}, < oo] is independent of
k. By monotone convergence lim,_,; ¢ = 0 and the right hand side of
is continuous in w. Therefore, we can choose w close to 1 such that p < 1,
as claimed. [
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Transience for d = 2 and arbitrary weight

Proof of Theorem[1.1 (i), Let w > 0 be fixed throughout the proof. As in
the proof of Theorem and Theorem we dominate the frog
model by a branching random walk. This time we use a one-dimensional
branching random walk on Z. For the construction of the process, let & be
the number of activated frogs in an independent one-dimensional frog model
FM*(1, Tgym, 1 — w) with two active frogs at O initially. At time n = 0, the
branching random walk starts with one particle in the origin. At every time
n € N, the process repeats the following two steps. First, every particle
produces offspring independently of all other particles with the number of
offspring being distributed as £&. Then, each particle jumps to the right with
probability HTQ and to the left with probability 1—7(1

As an intermediate step to understand the relation between the frog model
and this branching random walk on Z, we first couple the frog model with
a branching random walk on Z? with initially one particle at 0. Partition
the lattice Z? into hyperplanes (H,),cz as defined in . Let the frog model
FM(2, my.o) with initially two active frogs at 0 € Hy evolve and stop every
frog when it first enters Hy or H_;. Every frog leaves its hyperplane in every
step with probability w. Thus, the number of stopped frogs is distributed
according to . A stopped frog is in H; with probability HTa and in H_; with
probability 1’70‘ The stopped particles form the offspring of the particle at
0 in the branching random walk. We repeat this procedure to generate the
offspring of an arbitrary particle in the branching random walk. Introduce an
ordering of all particles in the branching random walk and let the particles
branch one after another. Before generating the offspring of the i-th particle,
refill every vertex which is no longer occupied by a sleeping frog with an
extra independent sleeping frog. Unstop frog ¢ and let it continue its work
as usual, ignoring all other stopped frogs. Note that there is a sleeping
frog at the starting vertex of frog ¢ that is immediately activated. This
explains our definition of £&. Again stop every frog once it enters one of
the neighbouring hyperplanes. These newly stopped frogs form the offspring
of the ¢-th particle. This procedure creates a branching random walk with
independent identically distributed offspring. Every vertex visited in the frog
model is obviously also visited by the branching random walk.

Now, project all particles in the intermediate two-dimensional branching ran-
dom walk onto Z. This creates a branching random walk on Z distributed
as the one described above. The construction shows that transience of this
one-dimensional branching random walk implies transience of the frog model.
To prove that the one-dimensional branching random walk is transient for «

close to 1, we proceed as in the proof of Theorem and Theorem|[L.4 (ii)]
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The proof only differs in the calculation of the parameter p defined by

o= E[Z e-ex{}

i€Dq

for 6 > 0 with D; denoting the set of descendants in the first generation
of the branching random walk and X} the e;-coordinate of the location of
particle ¢ € D,. Here, we immediately get

= %((1 — )’ + (1 + a)e ) E[g].

Lemma implies E[¢] < co. Thus, we can choose 6 = log(2E[¢]). Then
lim, 1 = % and by continuity p < 1 for a close to 1, as required. e

4 Open Problems

We believe that there is a monotone curve separating the transient from the
recurrent regime in the phase diagram shown in Figure [I}

Conjecture 4.1. For every dimension d there exists a decreasing function
fa: [0,1] — [0, 1] such that the frog model FM(d, Ty, o) is recurrent for all
w,a € [0, 1] such that w < fq(a) and transient for all w,a € [0, 1] such that

w > fa(e).

Intuitively, the frog model approximates a binary branching random walk for
d — oo from below, as each frog activates a new frog in every step if there
are ’infinitely’ many directions to choose from. This leads to the following
conjecture.

Conjecture 4.2. The sequence of functions (fq)aen 1S increasing in d.

In the proof of Theorem we use Lemma to show that in the frog
model with death a frog cluster is dense with positive probability if the
survival probability is larger than % and d is large. Indeed, we believe that
every infinite frog cluster is dense. Hence, FM(d, 7, ) would be recurrent
for all o < 1 if FM*(d — 1, mgym, 1 — w) has a positive survival probability.
Further, we believe that the critical survival probability is decreasing in d.
See also the discussion in [I, Chapter 1.2]. This would imply that f;(17) is
increasing in d.

The comparison with a binary branching random walk raises another ques-
tion. Let

g:0,1] = [0,1], g(a) = min{1, (2(1 — V1 —a?))""'}.
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A binary branching random walk on Z¢ with transition probabilities as in
(L) is recurrent iff w < g(«), see [6, Section 4].

Question 4.3. Does the sequence of functions (fq)aen converge pointwise to
gasd— oof

Acknowledgements We thank Noam Berger for useful discussions and
comments.

References

[1] O.S. M. Alves, F. P. Machado, and S. Yu. Popov, Phase transition for
the frog model, Electron. J. Probab. 7 (2002), no. 16, 21.

2l

, The shape theorem for the frog model, Ann. Appl. Probab. 12
(2002), no. 2, 533-546.

[3] B. Bollobas and O. Riordan, Percolation, Cambridge University Press,
New York, 2006.

[4] C. Débler and L. Pfeifroth, Recurrence for the frog model with drift on
Z%, Electron. Commun. Probab. 19 (2014), no. 79.

[5] L. R. Fontes, F. P. Machado, and A. Sarkar, The critical probability for
the frog model is not a monotonic function of the graph, J. Appl. Probab.
41 (2004), no. 1, 292-298.

[6] N. Gantert and S. Miiller, The critical branching Markov chain is tran-
sient, Markov Process. Related Fields 12 (2006), no. 4, 805-814.

[7] N. Gantert and P. Schmidt, Recurrence for the frog model with drift on
Z, Markov Process. Related Fields 15 (2009), no. 1, 51-58.

[8] A. Ghosh, S. Noren, and A. Roitershtein, On the range of the transient
frog model on Z, Adv. in Appl. Probab. 49 (2017), no. 2, 327-343.

[9] T. Hofelsauer and F. Weidner, The speed of frogs with drift on Z, Markov
Process. Related Fields 22 (2016), no. 2, 379-392.

[10] C. Hoffman, T. Johnson, and M. Junge, Recurrence and transience for
the frog model on trees, (2014).

[11] , From transience to recurrence with Poisson tree frogs, Ann.

Appl. Probab. 26 (2016), no. 3, 1620-1635.

30



[12] T. Johnson and M. Junge, The critical density for the frog model is the
degree of the tree, Electron. Commun. Probab. 21 (2016), 12 pp.

[13] , Stochastic orders and the frog model, (2016).

|14] E. Kosygina and M. P. W. Zerner, A zero-one law for recurrence and
transience of frog processes, Probab. Theory Related Fields 168 (2017),
no. 1-2, 317-346.

|15] G. Lawler and V. Limic, Random walk: a modern introduction, Cam-
bridge Studies in Advanced Mathematics, vol. 123, Cambridge Univer-
sity Press, Cambridge, 2010.

[16] E. Lebensztayn, F. P. Machado, and S. Yu. Popov, An improved upper
bound for the critical probability of the frog model on homogeneous trees,
J. Stat. Phys. 119 (2005), no. 1-2, 331-345.

[17] S. Yu. Popov, Frogs in random environment, J. Statist. Phys. 102
(2001), no. 1-2, 191-201.

|18] J. Rosenberg, The nonhomogeneous frog model on Z, (2017).

[19] A. Telcs and N.C. Wormald, Branching and tree indexed random walks
on fractals, J. Appl. Probab. 36 (1999), no. 4, 999-1011.

C. Dobler, FACULTE DES SCIENCES, DE LA TECHNOLOGIE ET DE LA COMMUNICATION,
UNIVERSITE DU LUXEMBOURG, MAISON DU NOMBRE, 6, AVENUE DE LA FONTE, 4364
ESCH-SUR-ALZETTE, LUXEMBOURG

E-mail address: christian.doebler@uni.lu

N. Gantert, T. Hofelsauer, F. Weidner FAKULTAT FOR MATHEMATIK, TECHNISCHE UNI-
VERSITAT MUNCHEN, BOLTZMANNSTR. 3, 85748 GARCHING, GERMANY

E-mail addresses: gantert@ma.tum.de, thomas.hoefelsauer@tum.de,
felizitas.weidner@tum.de

S. Yu. Popov, INSTITUTE OF MATHEMATICS, STATISTICS AND SCIENTIFIC COMPUTATION,
UNIVERSITY OF CAMPINAS—-UNICAMP, RUA SERGIO BUARQUE DE HOLANDA 651,
13083-859, CamPINAS, SP, BRAZIL

E-mail address: popov@ime.unicamp.br

31



	Introduction and main results
	Preliminaries
	Proofs
	Open Problems

