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Abstract

High-dimensional signals with a known structure and specifically their reconstruction
from incomplete measurements in significantly lower dimensions have been the central object
of study in the field of compressed sensing. The most commonly studied example of this is the
sparse recovery problem, in which the signal vectors are sparse, i.e., have a limited number
of non-zero entries, and the measurements in a lower dimension are obtained by applying a
linear transformation. A crucial tool in this field is the restricted isometry property (RIP),
which states that a matrix approximately preserves the norms of all sparse vectors. This
property yields fundamental guarantees for the successful recovery of sparse signals. This
work studies four selected topics from compressed sensing and related fields.

The first part deals with Johnson-Lindenstrauss embeddings, functions that reduce the
dimension of data points while preserving their pairwise distances. An established construc-
tion for such embeddings is based on randomizing matrices that satisfy the RIP. In our work,
we adapt this method to a class of embeddings with a structure that allows a particularly
fast application to data points that are Kronecker products of multiple smaller vectors.

In the second part, we prove results about higher-order random tensors relevant to the
third part and establish more general versions of them.

As the third topic, we investigate to what extent the sparse recovery problem is solvable
with neural networks. We specifically restrict our analysis to networks that are invariant
under positive scaling since we know that the considered problem also has this structure.
In this context, we also study the related question to what extent neural networks can
approximate continuous, positive scale-invariant functions in general.

In the fourth part, we study the RIP of random partial Fourier transforms under a mod-
ified sparsity model that limits the number of non-zero entries in multiple blocks separately
rather than in the entire vector. For this problem, which is motivated by the sparsity struc-
ture of natural images in a wavelet basis, we can improve the required embedding dimension
by logarithmic factors in the sparsity, compared to the best previous result.



Zusammenfassung

Hochdimensionale Signale mit einer bekannten Struktur sowie deren Rekonstruktion aus
unvollsténdigen Messungen in wesentlich niedrigeren Dimensionen sind der zentrale For-
schungsgegenstand in der Theorie des Compressed Sensing. Das am meisten untersuchte sol-
che Szenario ist das Rekonstruktionsproblem fiir diinnbesetzte Vektoren, in dem die Signal-
vektoren hichstens eine vorgegebene Anzahl von null verschiedener Eintréige haben kénnen.
Von grofier Bedeutung ist in diesem Zusammenhang die als Restricted Isometry Property
(RIP) bekannte Eigenschaft bestimmter Matrizen, die Normen aller diinnbesetzten Vektoren
anndhernd zu erhalten. Aus dieser Eingenschaft folgen wichtige Garantien fiir die erfolgreiche
Rekonstruktion diinnbesetzter Vektoren. Diese Arbeit untersucht vier spezielle Themen aus
dem Compressed Sensing und verwandten Gebieten.

Im ersten Teil untersuchen wir Johnson-Lindenstrauss-Einbettungen. Diese reduzieren
die Dimension eine Menge von Datenpunkten unter Erhaltung der paarweisen Absténde.
Eine verbreitete Methode zur Konstruktion solcher Einbettungen basiert auf einer Randomi-
sierung von Matrizen, welche die RIP erfiillen. In dieser Arbeit entwickeln wir eine Variante
dieses Ansatzes fiir eine Klasse von Einbettungen, die eine besonders schnelle Transformation
fiir Vektoren mit Kronecker-Struktur ermdéglicht. Dies bedeutet, dass jeder Datenvektor das
Kronecker-Produkt mehrerer kleinerer Vektoren ist.

Im zweiten Teil beweisen wir mehrere Ergebnisse tiber Zufallstensoren hoherer Ordnung.
Spezielle Fille dieser Ergebnisse werden zur vollstdndigen Behandlung des Themas aus dem
ersten Teil benotigt.

Als drittes Thema untersuchen wir, inwiefern das Rekonstruktionsproblem fiir diinn-
besetzte Vektoren mit neuronalen Netzen gelost werden kann. Dabei beschrinken wir uns auf
Losungen, die invariant gegeniiber positiver Skalierung sind, da auch das zu l6sende Problem
diese Eigenschaft besitzt. In diesem Zusammenhang untersuchen wir auch, unter welchen
Umsténden neuronale Netze im Allgemeinen stetige Funktionen approximieren kénnen, die
invariant unter positiver Skalierung sind.

Im vierten Teil untersuchen wir die RIP von zufélligen partiellen Fouriertransformationen
fiir eine Klasse diinnbesetzter Vektoren, fiir die im Gegensatz zur sonst iiblichen Definition
die Anzahl der von null verschiedenen Eintrige nicht nur fiir den gesamten Vektor beschrankt
ist, sondern fiir mehrere Blocke im Vektor einzeln. Im Vergleich zum besten vorherigen Er-
gebnis verbessern wie die benétigte Einbettungsdimension um logarithmische Faktoren in
der Anzahl der von null verschiedener Eintriige.
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Introduction: Compressed Sensing and Content Overview

The field of compressed sensing (also known as compressive sensing) originated in the works
[CRT06; Don06] and has grown into a widely studied theory about the reconstruction of signals
from few measurements. In particular, it is about situations in which structural assumptions on
the signal enable its reconstruction, which would not have been possible with standard linear
algebra. The most prominent example of such a structural assumption is sparsity, which is also
studied in [CRT06]. We assume that there is a signal 2 € RY that is known to be s-sparse, i.e.,
at most s of its entries are non-zero. Then we observe measurements

y = Az € R™ (0.1)

for a matrix A € R™*N where m < N. The question is, under what circumstances the signal x
can be recovered from the measurements y. From a linear algebra perspective, since m < N, the
matrix A has a non-trivial kernel, and therefore there is a whole affine subspace of dimension
> N —m of vectors z € RY that all satisfy Az = y = Axz. However, it is possible that within this
subspace of possible solutions, the original signal x is the only vector that is s-sparse. In this
case,  can be uniquely identified as the only s-sparse vector satisfying Ax = y, and therefore,
the sparsity as an additional structural constraint on the signal makes this problem solvable.

Indeed, |[CRTO06| shows that this sparse recovery problem has a unique solution for a certain
class of matrices A with a number of measurements m < N. With follow-up works on related
topics, this has evolved into a wide theory about reconstructing signals with structural assump-
tions. The most important aspects of compressed sensing can be found in the textbooks [FR13|
and [EK12].

Even though sparsity is not the only possible structural assumption on the signal considered
in the field, it has become one of the most important and widely studied ones. One reason for this
is the typical sparsity of natural images in the wavelet basis [OSL00]. Compressed sensing has
found important applications in various types of image reconstruction, for which [SK18] provides
an overview. This includes magnetic resonance imaging (MRI) [Lus+08] and the single-pixel
camera, which can reconstruct an image using only measurements from one single brightness
sensor, and radar systems [HS09].

One main research topic in compressed sensing is the question of what matrices A in
allow a unique recovery of all s-sparse signals z from the measurements Az. One is interested
in properties of the matrix that can guarantee this unique recovery and what matrices fulfill
them. Specific attention has been given to matrices A that are relevant for certain practical
applications. Moreover, the goal is usually to show the success of sparse recovery for a number
m of rows of A that is as small as possible. As a related question, also lower bounds on m
have been shown that are required for matrices to enable successful sparse recovery with certain
beneficial properties. The most important aspects of these questions that are relevant for this
work are summarized in Section [0.2]

Another important and extensively studied aspect of the theory of compressed sensing is
the question of how the original signal can be computed from the measurements efficiently if
the unique recovery is known to be possible. More details about this topic are discussed in
Section [0.3l

For both of the aforementioned topics, we are interested in stable and robust approaches.
This means that the reconstruction should still work (up to a small error) for small pertur-
bations of the signal (i.e., if the signal is not exactly s-sparse) and small perturbations of the
measurements. So we should be able to approximately recover x that is approximately s-sparse
from

y=Ax+e (0.2)

where e € R™ is a noise vector with a small norm. Both, conditions on the matrix A and
recovery algorithms have been developed to make this possible.



Although deterministic constructions also exist, the best known matrices A suitable for
sparse recovery are random constructions. For this reason, high-dimensional probability theory
is closely related to the field of compressed sensing. We discuss more details about this topic in
Section

Techniques developed for signal recovery in compressed sensing have also found important
applications in dimension reduction in the form of Johnson-Lindenstrauss embeddings. These
connections are discussed in Section

First we summarize some important notation that will be used in all parts of the thesis.
Then in each of the following four Sections to we give a short introduction to one topic
from compressed sensing and related fields. Each of these topics is related to one of the four
sections in the main part of this thesis. Therefore, we introduce each topic with a subsequent
summary of the corresponding section in the main part.

The sections in the main part do not depend on each other, except for Subsection [2.5] which
technically belongs to the topic of Section [I| but requires tools and notation from Section [2] and
is therefore treated afterwards.

Most concepts used in this thesis can be considered in complex numbers and will be in-
troduced in this introduction accordingly. However, to simplify the presentation, we restrict
our results to real numbers in Sections [T 2] B] In Section [d] we explicitly present the results
in complex numbers since the discrete Fourier transform as the main application generally has
complex values.

Most results from this thesis have been submitted for publication elsewhere previously. Sec-
tion [0.7] lists the details of this.

0.1 Notation

Throughout this thesis, we make use of the following notation.
e [N]={1,..., N} is the set of integers from 1 to N for any N € Z>.
e For any finite set S, we denote |S| for the number of its elements.
e For a subset S C M, we denote S¢:= M\S for its complement.
o Idy € RVXN ig the identity matrix of size N x N.
e 01(A) > --- > 0,.(A) are the singular values of the matrix A € C™*¥ of rank r.

o At € CNX™ is the Moore-Penrose pseudoinverse of A € C™*V ie., if rank(A) = r and
USV* is a singular value decomposition with U € C™*", ¥ € R™" and V € CV*", then
Al = VETU* where EL = ﬁ for k € [r].

k

e The support of x € CV is the set of indices with non-zero entries

supp(z) := {k € [N] | 2 # 0},

e For 2 € CN and some set S C [N], we define 25 € CI! to be the vector of all entries with
indices in S.

e For p > 1 and a vector € CV, we define the ¢, norm

N i
[E P <Z |$k|”>
k=1



and the /¢, norm

|2 ||oo := max |xg]|.
k€[N]

The £y “norm” of z € CV (which is not an actual norm) is
[zllo == [ supp(z)]-
We call z € CV an s-sparse vector if ||z||o < s. The set of s-sparse vectors is
5 1= {a € O flaflo < 5}
or the corresponding subset of RY depending on the context.

For a real number p > 1 and a random variable X with values in C, we define the L, norm

Sl

1 X1z, = (E[XP)
and the L., norm as the minimal K > 0 such that

| X| <K almost surely.

The unit sphere is
SN Li={z eRY ||z]2 = 1}
or the corresponding subset of CV depending on the context.

For a metric space (T, d) (on RY or CV we consider the ||-||2 norm unless noted otherwise),
the open ball with radius » > 0 and center xg € T' is

By (x0) :={z € T'|d(z,z9) <}
and the closed ball
By () :=={z € T|d(z,x0) <1}
X ~ N(p,0?) if the random variable X follows a normal distribution with mean y and

variance o2.

g ~ N(p,Y) if the random vector g in RY follows a multivariate normal distribution with
mean 1 € RY and covariance matrix ¥ € RV*V,

For functions f,g : S — [0,00) on some set S, we denote f(x) 2 g(x) if there is a constant
C > 0 such that f(x) > Cg(z) for all x € S. f(z) < g(z) is defined analogously and we
write f(z) ~ g(z) if both relations holds.

2M refers to the power set of the set M.

For A € C™*™ and B € C™2*"2 the Kronecker product is
Ay B ... Ay B
AR B = : : e Cmimaxning
ApaB ... Ay B
and the analogous definition holds for vectors.

For x € R, we denote the floor function [z] := n for the unique n € Z such that n <z <
n + 1 and the ceiling function [z] := n for the unique n € Z such that n — 1 < z < n.

We denote log : (0,00) — R for the natural logarithm (base e) and log, : (0,00) — R for
the logarithm to base a for any a > 1.



0.2 The Restricted Isometry Property and Section
0.2.1 The Restricted Isometry Property

From it is apparent that for any two different s-sparse vectors (M 22 ¢ RY with the
same measurements Az = Az it holds that A(z(M) — 2®) = 0. 2z — 2 is a 2s-sparse
vector and it is clear that any 2s-sparse vector can be written in this form. Therefore, the
uniqueness of every s-sparse vector in its measurements under A is equivalent to the property
that Az # 0 for any 2s-sparse € RV\{0}, i.e., that ker(A) does not contain any non-zero
2s-sparse vector.

A stronger property that implies this and in addition makes efficient recovery with noise in
the sense of possible is given by the following definition.

Definition 0.1 (¢,-Robust Null Space Property, Definition 4.21 of [FR13|). Let ¢ > 1. A €
C™ N satisfies the £,-robust null space property of order s (with respect to the norm || - ||) with
constants 0 < p < 1 and 7 > 0 if for all S C [N] with at most s elements,

P
lvslly < =57 lvsells + 7llAv]

holds for all v € CN, where vg € CI8! is the restriction of v to the indices in S and S¢ is the
complement of S.

For any parameters 0 < p < 1, 7 > 0, this implies that Az # 0 for any 2s-sparse x € C and
therefore that the measurements of any s-sparse vector are unique. Otherwise take a 2s-sparse
z € CN\{0} such that Az = 0 and define S C [N], |S| = s to be the set of indices of the s
entries of z with largest absolute value. Using the Hélder inequality, we obtain

1 1_1
q q
Josel < lloslh =Y Jogl- 1< [ Do lol? | - [ Do) = lslly- s
jeSs jeSs jes
and therefore
P 14 lvse|lx
ﬁ”vscnl +T||AUH = Slil/q”USCHl < ﬁ < ||/US||Q’

such that the £,-robust null space property cannot hold. Beyond this, this property also ensures
that a stable, robust and algorithmically efficient method for sparse recovery is possible as
explained in the next Section [0.3

Even though the f4-robust null space property is enough to guarantee solutions for the
sparse recovery problem, the stronger restricted isometry property has played a crucial role
in compressed sensing. On the one hand, for many different matrices it can be proven more
conveniently. On the other hand, it also has other applications beyond the sparse recovery
problem such as the Johnson-Lindenstrauss embeddings discussed in Section [0.4] It states that
a matrix A approximately preserves the norms of all s-sparse vectors.

Definition 0.2 (Restricted Isometry Property, Definition 6.1 in [FR13]). For A € C™*¥ | the
s-th restricted isometry constant §s = 0s(A) is the smallest 6 > 0 such that

(1= 8)ll=[13 < [|Az[l3 < (1 + 8)l|=]3 (0.3)

holds for all s-sparse x € CN.
The matriz A satisfies the (s,0)-restricted isometry property (RIP) if §5 < 0.



So A is said to satisfy the (s,0)-RIP if holds for all s-sparse x € CV. By Theorem 6.13
in [FR13], the (2s,9)-RIP for § < 0.62 implies the ¢3-robust null space property with constants
p and 7 that only depend on 4.

As mentioned before, the best known constructions for matrices satisfying the RIP are ran-
dom matrices that satisfy the RIP with a probability that is close to 1. Specifically, for any
n € (0,1), a Gausian matrix, i.e, A € R™ with independent, normally distributed entries
Ajj ~ N(0,1) satisfies the (s,6)-RIP with probability 1 — 7 if m > C’n(s*zslog(g), where
C, > 0 is a constant that only depends on 7. This is a special case of a result for a class
of matrices whose rows are independent subgaussian random vectors shown in Theorem 9.6 of
[FR13]. Subgaussian random vectors will be discussed in Section

On the other hand, with a technique known as Gelfand widths (see Chapter 10 of [FR13]),
lower bounds on m can be shown, proving that for any matrix that has the (2s,9)-RIP for a
0 < 0.62, the number of rows must be m > cs log(%) for a constant ¢ > 0 (Corollary 10.8 in
[FR13]). In this sense, the number of rows required for the Gaussian matrices to satisfy the RIP
is known to be optimal up to constant factors.

There have also been approaches to construct deterministic matrices that satisfy the RIP, for
example |Ban+13| lists several techniques. However, most approaches such as [DeVO07] require
the matrix to have m > s%(log N)* rows for a constant v > 1. Therefore in contrast to the
random matrices above, this scales with s? instead of s which is far above the known lower
bound for the RIP. The best known result [Bou+11] showed that it is possible with an exponent
smaller than 2 but still requires m > s?~¢ for a very small constant € > 0.

Between the fully random Gaussian matrices and deterministic ones, structured random
matrices have been analyzed that are constructed from a small number of random parameters,
compared to the Gaussian matrices above in which every single entry is an independent random
variable. One particular example is given by subsampled Fourier matrices whose m rows are
randomly drawn from the discrete Fourier transform F' € CV (see Section below). Because
of the dependencies between their entries, these subsampled Fourier matrices are more difficult
to analyze. However, as shown in [HR16|, they satisfy the (s,d)-RIP with high probability for
m 2 5 2(log(671))?slog(IN)(log(s/d))?. This bound on m has the optimal scaling in s and is only
off the lower bound by logarithmic factors. These matrices are relevant for certain applications
and also provide the advantage that there is a fast algorithm for computing the matrix-vector
product.

0.2.2 Summary of Section [4

We discuss more about this topic of subsampled Fourier matrices in Section There we
consider a version of the RIP for a sparsity model in which not only the total number of non-
zero entries in the vector x is bounded. Instead, the entries of x are divided into r blocks and
within each block k, there is a maximal number s; of non-zero entries. So the regular sparsity
is a special case of this for » = 1. The RIP of subsampled Fourier matrices for this sparsity
model has already been shown in [LA19]. In Section {4 we show an improved variant of their
main result that has a weaker requirement on the number of rows m.

0.3 Approaches for Sparse Recovery and Section

0.3.1 Established Approaches for Sparse Recovery

Given a guarantee that the measurements of all s-sparse signals are unique as discussed in the
previous section, a natural question is how the unique signal x can be reconstructed from the
measurements y = Ax algorithmically. Picking the sparsest z such that Az = y, i.e., taking the

10



solution of
min || z]|o st. Az=y

would recover x but solving this minimization problem has been shown to be NP-hard in general
[Nat95].

To enable more efficient solutions, the || - || function has been replaced by the ¢; norm.
This is still guaranteed to recover the signal if A satisfies the £4,-robust null space property
(Definition . More specifically, in order to also allow for noisy measurements for
llell2 < m, the following problem known as quadratically constrained basis pursuit has been
studied (Section 3.1 in [FR13|)

min ||z]1 s.t. |[Az —yll2 <. (0.4)

An according recovery guarantee is given in the following theorem.

Theorem 0.3 (Theorem 4.22 in [FR13]). Let A € C™*N fulfill the fo-robust null space property
of order s with constants 0 < p < 1 and 7 > 0. Any solution & of (0.4) with || - || = || - |2,
y = Az + e for a signal vector x € CV and an error vector |le||2 < n is close to x in the sense
that

—o(x), + Ds'/P1/2y
for 1 < p <2, constants C, D > 0 that only depend on p and T, and

os(x)1 = jlélzf; |z — Z||1.
S

An alternative version to (0.4]) is the basis pursuit denoising ((3.2) in [FR13])
min Al|z||; + ||Az — y|)3. (0.5)

As shown in Proposition 3.2 of [FR13|, the problems and are closely related in
the sense that any unique solution of one of them also minimizes the other one for a suitable
parameter.

Unlike for ¢y minimization, there are efficient algorithms to solve these minimization prob-
lems. For example, for 7 = 0 in real numbers can be written as a linear program and also
for the general version, known efficient techniques from convex optimization can be used (see
Chapter 15 in [FR13|). Moreover, there is also a variety of algorithms that specifically solve
or or that iteratively approximate the signal x directly from the measurements with
a matrix that satisfies the £,-robust null space property or the RIP. Chapters 3 and 15 of [FR13]
introduce some of them.

0.3.2 Neural Networks and Summary of Section

In contrast to these established reconstruction methods in compressed sensing, in Section
we consider neural networks to reconstruct vectors from their measurements. Specifically, feed-
forward neural networks define functions f : R™ — R"™ of the type

f(x) = Wgp10 (WdO' ( .. WQO’(Wll‘ + bl) +by... ) + bd) + bd_|_1,
where W, € RFvXm 17, € RFexk1 W, 1 € R™P 4 are weight matrices, by € RF, ... by €

R¥a by, 1 € R™ are bias vectors, d is the number of hidden layers or depth and o : R — R is the

11



activation function that is applied to vectors component-wise. A very common choice for o is
z ifx>0
0 otherwise.

Such networks have empirically been proven to be successful for many applications in image
recovery and processing such as the reconstruction of images from incomplete measurements
[Jin+17] or noise reduction or completion of missing parts in images [XXC12]. On the theoret-
ical side, the established universal approximation theorem can guarantee that any continuous
function on a compact domain can be approximated by a network with only one hidden layer
with an arbitrarily small maximal deviation.

In this work, our goal is to analyze their theoretical performance on the simple model of
sparse recovery. We are interested in a neural network function f with ReLU activation function
corresponding to a measurement matrix A (that satisfies the RIP), such that f(Ax) = z (or
only f(Ax) =~ x) for all sparse vectors. Moreover, we are also interested in robustness results
like Theorem for these methods. Rather than explicit constructions for the networks, we
investigate under what circumstances such networks exist at all and specifically which minimal
depth d they need to have.

We take one more special aspect into account for this. Since we know for any s-sparse signal
x and A > 0, if y = Ax is the measurement vector produced by x, then Ay is produced by
Az. Therefore, we restrict our analysis to neural networks that by design satisfy the condition
f(Ay) = Af(y) for A > 0. We call functions satisfying this positive homogeneous. With such
networks, we can ensure that the reconstruction will eventually work for all s-sparse vectors
and not only those with a bounded norm, like it might be an issue for approaches based on the
usual universal approximation theorem. For the ReLU activation function, we will show the
following contrast under these circumstances. Sparse recovery cannot be performed at all with
one hidden layer but it can be performed with an arbitrarily small error and in a robust way
with two hidden layers.

As we will see, this is closely related to the problem of approximating general continuous
positive homogeneous functions with neural networks. We investigate, under which circum-
stances such functions can be approximated with arbitrary precision. A version of the universal
approximation theorem has already been established for positive homogeneous functions. We
connect to this and show that having two layers is necessary for this and that the ReLLU function,
up to some modifications of it, is the only activation function that generate a class of positive
homogeneous networks that can approximate any continuous positive homogeneous function.

We also show that the solutions of optimization problems like and can be approx-
imated with neural networks.

Furthermore, we show that the sparse recovery problem can be solved exactly (the other
approaches always allow an error even though it can be made arbitrarily small) by a ReLU
network with [log,(s) + 1] layers. For the case s = 1, we also give an explicit construction for
such a network with a relatively small width.

the rectified linear unit (ReLU) activation function defined by ReLU(x) =

0.4 Johnson-Lindenstrauss Embeddings and Section
0.4.1 Johnson-Lindenstrauss Embeddings

Johnson-Lindenstrauss embeddings, first introduced in [JL84], were developed as functions that
map a finite set of vectors from a high-dimensional space into a space of significantly lower
dimension in such a way that that the pairwise distances within this finite set are preserved.
This preserves the structure of the data that can be used for applications like large matrix
multiplication [Sar06], clustering [FB03|, and dictionary learning [ST20] whose performance can
be improved due to the reduced dimension.

While in their first occurrence [JL84] they were realized by random rotations (i.e., linear
maps), subsequent works have shown that various other kinds of randomized linear maps can
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be used [Ach01; DGO3; |AV06|. In this spirit, a Johnson-Lindenstrauss can be defined in the
following way that has been used in Definition 1 of [BK21].

Definition 0.4 (Johnson-Lindenstrauss Embedding). Let A € R™Y be a random matriz and
p € Z>1, €,n € (0,1). We say that A is a (p,€,n)-Johnson Lindenstrauss embedding (JLE) if
for any set E C RN with |E| = p, with probability > 1 — 1, the inequality

(1=} < Azll3 < (1 + )3 (0.6)
holds for all x € E simultaneously.

For some purposes, also the distributional Johnson-Lindenstrauss property is considered for
random matrices, meaning that P(|||Az||3 — [|z[3| > €||lz||3) < n’ holds for all z € RY. In this
case, by a union bound, the norms of p points are preserved simultaneously with probability
>1—nify < g. More details are described in Definition and the following remark.

These embeddings are considered for the case that m < N, i.e., the map significantly
reduces the dimension. In this case, it is clear that the matrix A in the above dimension cannot
be deterministic. Otherwise, we can take a non-zero vector xg of the kernel into E for which
Axg = 0 and therefore would be violated. The best constructions allow an embedding
dimension of m ~ e~2?log(p), which has also been shown to be optimal [LN17].

A connection between Johnson-Lindenstrauss embeddings and compressed sensing is based
on the fact that the inequality required for Johnson-Lindenstrauss embeddings and for the
restricted isometry property is the same. The difference is that in the former case, it is
required to hold on any finite set of vectors of given size, in the latter case it is required to
hold for the one set of s-sparse vectors (which is infinite). Nevertheless, [Bar+08| established
a relation between the properties showing that a JLE for p > exp(Cslog(NN/s)) for a constant
C > 0 satisfies the restricted isometry property with a high probability.

On the other hand, [KW11] establishes a converse of this and shows that also every matrix
satisfying the restricted isometry property can be turned into a Johnson-Lindenstrauss embed-
ding by multiplying all its columns by random signs. In this sense, these concepts are equivalent.

Because of the particular motivation to speed up algorithms by reducing the size of their
input data with Johnson-Lindenstrauss embeddings, fast Johnson-Lindenstrauss embeddings
that can be applied to individual vectors with an efficient algorithm have been studied |[ACO06;
ALO§|. The above connection between Johnson-Lindenstrauss [KW11| provides a new method
to construct fast Johnson-Lindenstrauss embeddings from RIP matrices that are known to have
a fast transform such as subsampled Fourier matrices.

0.4.2 Summary of Section

In Section [1] we connect to this and investigate fast Johnson-Lindenstrauss embeddings with
an additional requirement. For certain applications, we are interested in data vectors that are
Kronecker products z = z() @ - - ® 29 of d vectors. A Kronecker fast Johnson-Lindenstrauss
embedding should offer an efficient algorithm for the matrix-vector product with such vectors.
Especially, the construction discussed there does not require the Kronecker product x to be
computed explicitly as this would be required for standard matrix multiplication. Improving
some other recent works on this field, in Section [1| we generalize the approach from [KW11] to
constructions that can be Kronecker efficient. The proof and result of [KW11] is a special case
of this if the number of factors in the Kronecker product is d = 1.

0.5 High-Dimensional Probability and Section
0.5.1 High-Dimensional Probability

As mentioned at the beginning, because of the importance of random matrices in compressed
sensing, it is closely related to a field that is often referred to as high-dimensional probability,
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which deals with random vectors and matrices in usually high-dimensional spaces. Notable works
that cover this topic in depth include the textbook [Ver18], the technical report [Van14], but also
in the compressed sensing literature Chapters 7 and 8 in [FR13| and Chapter 5 in |[EK12]. In
this section, we summarize the most important terms that are used in the subsequent sections.

An important concept for data processing with random matrices are subgaussian random
variables. Their characterization is, vaguely speaking, that their fluctuations are at most as big
as the ones of a normally distributed variable. This can be stated precisely in the following four
equivalent ways.

Proposition 0.5 (Proposition 2.5.2 in [Verl§]). Let X be a random variable in R. Then the
following properties are equivalent; the parameters K; > 0 appearing in these properties differ
from each other by at most an absolute constant factor.

o Tails:

P(|X| > t) < 2exp(—t*/K?) for allt > 0.

Moments:

1X |z, = (E|XP)P < Kao\/p  forallp>1.

Moment generating function (MGF) of X?:

1
Eexp(A\2X?) <exp(K2M%)  for all |) < et
3

MGF of X? bounded at some point:

Eexp(X?/K?) < 2.

Moreover, if E = 0, then the above properties are also equivalent to

e MGF of X:

Eexp(AX) < exp(KzA\?)  for all A € R.

We call those variables that satisfy these equivalent condition subgaussian and the corre-
sponding K; the subgaussian norm. Any of the four conditions can be used to define this term.
We pick the following one.

Definition 0.6 (Definition 2.5.6 in [Verl8|). Let X € R be a random variable. We define the
subgaussian norm

1X g, = inf{K > 0| Eexp(X?/K?) < 2}.
X is called subgaussian if || X||y, < 00.

One can show that this is actually a norm for the subgaussian random variables (see Sec-
tion 2.5.6 in [Ver18]). Analogously, the |||y, norm can also be defined a complex valued random
variable X € C as the ¥2-norm of | X|.

Example 2.5.8 in [Verl8] lists three examples of subgaussian variables: A Gaussian variable
X ~ N(0,0?) has || X ||y, < Co for a constant C, a Bernoulli variable X € {1, —1} with EX =0
has || X ||y, = \/%g? If X is bounded almost surely, then ||.X ||y, < C||X]||r., for a constant C.

Similar to the subgaussian variables that arise from a comparison of the tails to a Gaussian

distribution, there are also subexponential variables that arise from a comparison to the tails of
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an exponential distribution and have an analogous characterization to the above proposition (see
Proposition 2.7.1 in [Ver18]) and a subexponential norm || X ||, = inf{K > 0|Eexp(X/K) < 2}.
An example is X2 for X ~ N(0,1). More generally, the concept of strong domination discussed
in Section [2.3.7] allows to draw conclusions from the comparison of general tails of random
variables.

One important property of subgaussian random variables is the following relation about the
|| - || norm of a sum of independent subgaussian variables.

Proposition 0.7 (Proposition 2.6.1 in [Verl8|). Assume that the random variables X1, ..., Xn
in C are independent, mean zero, and subgaussian. Then the sum Zivzl X 18 also subgaussian
and has the norm

N 2

S

k=1

N
<O NIXklZ,,
P2 k=1

where C is an absolute constant.

The cited Proposition 2.6.1 in [Ver18] only considers the real-valued case but the statement
for complex numbers follows from applying the real-valued version to the real and imaginary
part of the sum.

Besides one-dimensional random variables, the subgaussian property can also be generalized
to random vectors in arbitrary dimension as in the following definition for the real-valued case.

Definition 0.8 (Definition 3.4.1 in [Ver18]). We say that a random vector X € RY is subgaus-
sian if (X,z) is a subgaussian random variable in R for each x € RN and
[ Xy = sup [|{X, z)]|y,-
zeSN-1

Moreover, we say that a random vector X € R¥ is isotropic if EXXT = Idy (Definition
3.2.1 in |Ver18)).

Examples of vectors that are both, subgaussian and isotropic, are a multivariate normally
distributed g ~ N(0,Idy) or a Rademacher vector ¢ € {£1}"V whose entries are independent
variables with P(§, = —1) = P(& = 1) = £ for each k € [N].

An important application of Rademacher vectors is given with the symmetrization technique
that can be used to turn a sum of mean zero variables into a sum of symmetric random variables.

Lemma 0.9 (Symmetrization, Lemma 6.4.2 in [Ver18|). Let (V,]|-]|) be a normed space. Assume

that X1, ..., Xy are independent, mean zero random vectors in V. Then
1 N N N
SE ;gkxk <E ;xk <2E ;ﬁkxk :

where ¢ € {£1}V is a Rademacher vector that is independent of X1, ..., Xn.

This lemma can be used in various scenarios. In this work, it is used at the beginning of the
main proof of Section 4| It also occurs in Section [2|in the generalized form of Lemma [2.15

Another useful tool from this field is the decoupling technique that can be applied to a double
sum of random variables.

Theorem 0.10 (Decoupling, Theorem 8.11 in [FR13|). Let Xy,...,X,, be independent, mean

0 random variables, A € RN*N and F : R = R a convex function. Then
N N
EF [ > AjpeX X | <EF (4> AjX; X |,
Ji.k=1 j,k=1
J#k

where (X1,...,Xn) is an independent copy of (X1,...,Xn).
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This decoupling technique is a main ingredient for the Hanson-Wright inequality that can
be used to control the tails of a double sum that is also known as chaos. Versions for multiple
different classes of distributions have been shown. The following one concerns subgaussian
variables.

Theorem 0.11 (Hanson-Wright Inequality, Theorem 1.1 from |[RV13]). Let A € RV*N . Let
X € RY be a random vector with independent entries such that EX =0 and || X ||y, < K. Then
for every t >0,

12 t
P(IXTAX —EXTAX| > t) < 2ex [—cmin{ , H
( > 1) < 2exp KA KAl

where |Al|r is the Frobenius and ||A||2—2 the spectral norm of A.

Covering numbers are another concept that is commonly used in the context of high-
dimensional probability.

Definition 0.12 (Covering numbers, Definition 4.2.2 in [Verl8|). Let (T, d) be a metric space.
For uw > 0, the covering number N'(T,d,u) is the smallest number of closed balls with centers in
T and radii u whose union contains T. If (V.|| - ||) is a normed space, we denote N'(V, || - ||, w)
for the covering number with respect to the metric that is induced by the norm.

Such numbers will be of particular importance for controlling suprema of stochastic processes
on an infinite index set by finite approximations in Section [1| A well-known standard estimate
is the one for the Euclidean unit ball

Lemma 0.13 (Covering numbers of the Euclidean ball, Corollary 4.2.13 in [Ver18]). The follow-
ing inequalities hold for the covering numbers of the Euclidean unit ball B1(0) = {z € R" ’ lz|l2 <

1} f07” any u > 0,
(1> < N(B1(0), ]| - ll2,u) < <1+i> '

u

0.5.2 Summary of Section

The main result of Section [2|is a generalized version of the above Hanson-Wright inequality for
subgaussian variables with a sum that unlike X7 AX = Z;V w1 Ak X; X} ranges over 2d indices
instead of only two, i.e.,

N
1 d 1 d
Z Ai17~-~7id7id+17---7i2dXi(1 ) Tt X’L(d )XZ(dj_l T Xi(gd)"
11 4.eylng=1

where the coefficients A;; i i41,....i0, depend on index tuples of length 2d and X0 x@
are vectors with independent subgaussian entries. On this way, we also establish a generalized
version of the decoupling Theorem [0.10)

Instead of the coefficient matrix A, we have a coefficient array whose entries A;,  4,,
indexed by tuples of length 2d. We also develop a special notation to deal with such long index
tuples which is introduced in Section Even though Section [I] provides a self-contained
proof for a special case of its main result that shows the most important ideas behind the proof,
the general case requires the notation and results of Section [2| and is therefore postponed to

Section [2.5]

are
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0.6 Some Relevant Orthonormal Bases

Important constructions for matrices with the RIP and also Johnson-Lindenstrauss embeddings
are based on the discrete Fourier transform (DFT). Details about the DFT and related trans-
formations and algorithms can be found in [RKH10]. The normalized DFT is the linear map
described by the normalized DFT or Fourier matrix F' € CN*Y whose entries are

I 1 — 2miG=l)(k=1)
= e
e \/N
Beside its relevance for practical applications such as MRI ([LDP07]), this matrix has the fol-
lowing interesting mathematical properties.
e [ is unitary, i.e., F*F = Idy.

1
VN'
e There is a fast algorithm, the fast Fourier transform (FFT, [RKH10]) that can compute

the matrix vector product Fz for any vector x € CV in O(N log N) operations.

e All entries of F' have the same value |F} ;| =

Moreover, there is another important matrix that satisfies the same properties but only has
real-valued entries. The Hadamard matrix H,, € RV*¥ for a dimension N = 2" that is a power
of 2, can also be seen as a multidimensional variant of a Fourier transform [Kun79), exists only
for dimensions N that are powers of 2 and is recursively defined as

1 (H, H,
o= =5 (i )

One can also show that this is unitary with entries of absolute value \/% and the fast Walsh-

Hadamard transform (see also [RKH10]) can compute the matrix-vector product in O(N log V)
operations.

In Section |4, such matrices will play an important role for the construction of matrices with
a modified RIP. In Section [1], our main construction of fast Johnson-Lindenstrauss embeddings
will be based on Hadamard matrices.

The Haar wavelets form another class of orthonormal bases that are relevant in this work.
General wavelets are given by different shifts and scales of a base function called mother wavelet.
Using them, general wavelet transforms can be defined, which exist for discrete or continuous
coefficients and for signals on a discrete or a continuous domain. Details about this wide-ranging
topic can be found in the textbook [Dau92]. Its relevance for compressed sensing is constituted by
the typical sparsity of natural images in wavelet coefficient representations discussed in [OSLO0],
which concerns the discrete wavelet transformation for discrete signals. Important classes of
wavelet transforms can be shown to define orthonormal bases. The Haar wavelets, as a particular
example for this, exist for a dimension N = 2" that is a power of 2, and are defined, for example,
in Section II of [AHR16], as ¢p € RN and ¢;, € RN for j =0,...,r—1,p=0,...,2/ — 1 with
entries

gbo(t) =277
2% for 27 Jp <t < 2" (p+ 3)
Gip(t) = =27 for 27 (p+ 1) <t <27 (p+1)
0 otherwise.

for 1 <t < N. This defines 2" = N vectors that form an orthonormal basis. For ¢;,, j defines
the scale and p the shift of the wavelet.

Wavelet coefficients of natural images are usually sparse in this basis but there is even an
additional structure. Typically, they are sparser for fine scales (i.e., ¢; for large j) than for
coarse ones. This phenomenon, previously discussed in |[Adc+17], is a key motivation for the
result shown in Section [4] which particularly considers the case of Haar wavelets.
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0.7 Previous Publications

Some results of this thesis have previously been submitted for publication individually. This
concerns the following submissions.

e “Johnson-Lindenstrauss Embeddings with Kronecker Structure” by authors Stefan Bam-
berger, Felix Krahmer, and Rachel Ward, submitted to SIAM Journal on Matrix Analysis
and Applications, publisher: Society for Industrial and Applied Mathematics
Copyright (©by SIAM. Unauthorized reproduction of this article is prohibited.

A preprint of this work is available at https://arxiv.org/abs/2106.13349, [BKW21a).
The content of this submission mostly agrees with Sections to and Section [2.5

e “The Hanson-Wright Inequality for Random Tensors” by authors Stefan Bamberger, Felix
Krahmer, and Rachel Ward, submitted to Sampling Theory, Signal Processing, and Data
Analysis, publisher: Springer Nature Switzerland AG
A preprint of this work is available at https://arxiv.org/abs/2106.13345, [BKW21b).
The content of this submission mostly agrees with Sections to

The usage in the author’s thesis is permitted by each of the publishers’ agreements.
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1 Johnson-Lindenstrauss Embeddings with Kronecker Structure

This section, along with Section and parts of Section shares major similarities with
the article “Johnson-Lindenstrauss Embeddings with Kronecker Structure” by authors Stefan
Bamberger, Felix Krahmer, and Rachel Ward, that was submitted to SIAM Journal on Matrix
Analysis and Applications. A preprint of this work is available at https://arxiv.org/abs/
2106.13349, [BKW21a).

1.1 Introduction

As discussed in Section Johnson-Lindenstrauss embeddings provide a random embedding
of finitely many points into a lower-dimensional vector space while preserving the structure of
these points, i.e. their pairwise Euclidean distances, which has a wide range of applications.

In particular, the technique of sketching — for which [Wool4| provides a detailed overview —
uses dimension reduction transforms such as JL. embeddings to reduce the complexity of problems
in numerical linear algebra. For example, instead of solving the classical linear regression problem
min,, || Az — b||3, one can apply a Johnson-Lindenstrauss embedding ® to b and the columns of
A which leads to a smaller-dimensional problem min, ||® Az — ®b||3 which can often be solved
more efficiently. The Johnson-Lindenstrauss assumption is a simple sufficient condition under
which the solution of the reduced problem is guaranteed to yield a good approximation to the
original problem [Sar06].

In response to the driving application of improving algorithmic complexity of sketched linear
algebra problems at massive scale, a line of research on fast Johnson-Lindenstrauss embeddings
emerged, concerning the construction and analysis of random matrices ® with the Johnson-
Lindenstrauss property and which also have structure allowing for fast matrix-vector multipli-
cation This analysis was initiated with the fast JL transform introduced in [ACO06], in the form
of a randomly row-subsampled discrete Hadamard matrix with randomized column signs. This
construction was later improved and refined in [Vybll; |AL13|, and ultimately sharpened to
the best-known embedding power in [KW11| by establishing a near-equivalence between the
Johnson-Lindenstrauss embedding property and a deterministic restricted isometry property
[KW11]. Recently, this line of work found new energy following the work |[BBK18| which pro-
posed the use of a row-subsampled discrete Hadamard matrix with column signs randomized
according to a Kronecker-structured Rademacher vector, and conjectured that such an embed-
ding satisfies the Johnson-Lindenstrauss property. The Kronecker structure allows for even faster
matrix-vector multiplication when applied to data points with Kronecker structure themselves,
as arise naturally when dealing with multidimensional data arrays (see, for example, applica-
tions to kernel methods with polynomial sketching [Ahl420a], and solving least squares prob-
lems with tensor structure |[JKW20; Iwe+21]). Indeed, suppose we want to embed a data point
z=20®...@z@ c R = RY which is a Kronecker product of d data vectors, each of dimen-
sion n. If the embedding matrix ® € R™*¥ itself has Kronecker structure ® = &) @ ... @ o
where the dimensions of the factors of ® correspond to the factor dimensions of x, then the
matrix-vector multiplication ®x can be factored as ®z = (®Mz) @ ... @ (@), and can
be computed factor by factor, without constructing x explicitly. Because the Kronecker product
of discrete Hadamard matrices is itself a discrete Hadamard matrix, embedding matrices in the
form of discrete Hadamard matrices with Kronecker-structured random column signs fall within
this framework, and it is natural to study the embedding power of such transforms.

In this paper, we study Johnson-Lindenstrauss embeddings of the type ® D, where ¢ sat-
isfies the restricted isometry property and & is a Kronecker product of d Rademacher vectors.
Motivated by their relation to tensor subspace embeddings, such embeddings have been ana-
lyzed in a number of works |Ahl+20a; MB20; Iwe+21; JKW20]. In particular Lemma 4.11 of
[Ahl+20a] shows that an embedding dimension of ©((logp)9*!) is sufficient for embedding p
points simultaneously in the case that ® is a subsampled Hadamard transform and Theorem
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2.1 of [JKW20] establishes that ©((logp)??~!) is sufficient for general ®. Generalizing an ap-
proach from [KW11] on near-equivalence between the Johnson-Lindenstrauss property and the
restricted isometry property to higher-degree tensor embeddings, we show that in fact an em-
bedding dimension of ©((logp)?) is both sufficient and necessary up to logarithmic factors in
the dimension.

1.1.1 Background and prior work

Recall the distributional version of the JL Lemma: for any ¢ > 0 and n < 1/2 and positive
integer N, there exists a distribution over R™*¥ such that for a fixed unit-length vector z € RV
and for a random matrix ® drawn from this distribution with m = O(e~2log(1/n)),

P(‘H@x”%—ﬂ > €) <. (1.1)

The dependence m = O(e 2log(1/n)), as achieved by (properly normalized) random matrices
with independent and identically distributed subgaussian entries [DGO03|, is tight, as shown
recently in [LN17] improving on a previous (nearly-tight) lower bound [Alo03].

For a given ® : RN — R™ generated as such, computing the matrix-vector product  — ®x
has time complexity O(mN). The fast Johnson-Lindenstrauss as introduced in [AC06| and im-
proved in |[AL13; KW11], is constructed by randomly flipping the column signs of a random
subset of m rows from the N x N Discrete Fourier (or Discrete Hadamard) Transform. Exploit-
ing the FFT algorithm, the fast JLT computes a matrix-vector product in time O(N log(N)).
The trade-off for this time savings is that the fast JLT has reduced embedding power m =
O(e?log(1/n)log?(N)).

More recently, the Kronecker fast JL transform (KFJLT) was proposed in [BBK1§], to further
improve the algorithmic complexity of the fast JL embedding in applications to Kronecker-
structured data.

Such a construction has found applications as a key ingredient of the oblivious sketching
procedure [Ahl+20a], a multiscale construction for dimension reduction applicable for subspace
embeddings and approximate matrix multiplication. A central idea of this construction is the
repeated application of the Kronecker FJLT of order d = 2.

The KFJLT of order d acts on a Kronecker-structured vector z = ) @ - @ 24 ¢
R™-nmd = RN as follows: For fixed diagonal matrices with i.i.d. Rademacher random vari-
ables D(y),..., D(gy of dimensions ni,...,ng respectively, and for a random subset {2 C [N] of
size || = m:

1. Randomly flip signs of the entries in each vector factor according to z(¥) — D(k)aj(k) =: k),

2. Compute the DFTs of each factor y* = anz(k), where H,, is the n x n DFT matrix
(normalized to be a unitary transform).

3. Compress y = yM @ - @ y@ e CN to yq € C™, where yq consists of the entries in y
restricted to the subset S

4. Rescale yo by /N/m.

The Kronecker JL transform extends to a well-defined linear map for any input = € R, taking
the form of a matrix which can be expressed as the product of three matrix types:

[N
— . Po-H-Dg e R™N (1.2)
m

where D¢ is the N x N diagonal matrix with diagonal vector { = {1 ®& ®- - - ® &y the Kronecker
product of nq,...,ng-dimensional Rademacher vectors, H = H,, ® --- ® H,, is the Kronecker
product of orthonormal DFTs (or, more generally, of bounded orthogonal matrices, including
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DFTs, Hadamard, etc .... ), and Py : RY — R™ denotes the projection matrix onto the
coordinate subset 2. Our results hold for more general constructions of Kronecker products of
matrix factors satisfying the restricted isometry property, after randomizing their column signs.

In the special case d = 1, the Kronecker FJLT reduces to the standard FJLT as considered in
[KW11]. However, when the input vector has Kronecker structure so that the mapping can be
applied separately to the matrix-vector factors, the complexity of computing a KJLT transform
matrix-vector product improves to O(ng log(ni) + - - - +nqlog(ngq) + md). The price that is paid
is that the embedding power (that is, the minimal scaling of the embedding dimension in m
necessary for the distributional JL ) is weakened by the reduced randomness in £. For a
numerical demonstration of the suboptimal scaling, we refer the reader to [JKW20]. A general
theoretical lower bound was, to our knowledge, not available before this paper; lower bounds
for related but somewhat different constructions were shown in [Ahl420a).

At the same time, a number of works have investigated sufficient conditions on the embedding
dimension to ensure that the map given by satisfies the distributional JL property .
The papers [Ahl+20a; | MB20] show, among other results, that for based on the Hadamard
transform, a sufficient condition is given by m = Cy - 6% log(1/n)%*!, up to logarithmic factors
in log(1/n),1/¢, and N. While the analysis in [MB20] is restricted to vectors with a Kronecker
structure, the generalization of [Ahl4-20a] applies to arbitrary vectors.

On the other hand, the paper [JKW20| used the near-equivalence between JL embed-
ding and restricted isometry property from [KW11] to provide the sufficient condition m =
Cde%(log(l /1))?%~1 for any subsampled bounded orthonormal transform, thus including but not
limited to constructions based on Hadamard transform.

To put these two results into perspective, we remind the reader that the tensor degree d is
typically small — recall that the oblivious sketching procedure of |[Ahl420a] only uses the case
d = 2, where the two conditions basically agree. Hence also for our results, we will pay special
attention to optimizing the dependence for small values of d.

Compared to the corresponding result stated in |Ahl+20a], our main theorem is — like
[JKW20] — not restricted to the specific construction but can be applied to arbitrary
®D,: € R™N where ® satisfies an RIP of sufficient order. Beside , a different possi-
ble application of this with a fast transformation of Kronecker structured vectors is given by
®D¢ € R™N where

P = Po(A,n) ® - @ Ayw) (1.3)

1
vm
where P and Dy are like in (|1.2]), v .. 0@ are independent Rademacher vectors and A, €
R™ represents the circular convolution by the vector v\9), i.e., A,z = v « z. For d = 1,
[HPX19] shows this ® to have the (s,8)-RIP if m > 62 (log(1/6))? s (log(s/5))*log N, using the
main result of [HR16| and the fact that A ) has bounded entries and that ﬁAvﬂ) satisfies
the RIP for s < 6%n/(logn)*.

For arbitrary d, both of the aforementioned two observations about A, ) can be transferred
from the single factors to the Kronecker product of the A, (losing a factor < 2¢ in the RIP
constant). In this way, the proof for the RIP can be adapted to the matrix ® in (1.3).

1.1.2 Contributions of this work

In this work, we improve the existing bounds on the embedding dimension for the general
Kronecker FJLT to m = Cde%(log(l/n))d, up to logarithmic factors in log(1/n), 1/¢, and in IV,
improving the results in [Ahl+20a] by a factor of log(1/n). In particular, for the case of d = 2
at the core of the oblivious sketching procedure [Ahl+20a], our results improve the scaling of
the embedding dimension in log(%) from cubic to quadratic.

We additionally prove that this embedding result is optimal in the 1 dependence by providing
a lower bound of m = ©((log(1/1))¢) in Section We achieve the optimal bounds by gen-
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eralizing the near-equivalence between the JL property and the restricted isometry property of
[KW11] to higher-order tensors, in a sharper way than what was shown in [JKW20|, by carefully
using a higher-dimensional analog of the Hanson-Wright inequality for random tensors.

We state our main results in Section In Section we provide lower bounds to prove
the optimality of our main results. The proof of the general result introduces an advanced
index notation for higher order tensors. This notation is introduced for the next part of the
thesis in Section 2.1.4] To simplify the presentation, we first prove the special case d = 2 in
Section [1.5l This proof already contains the most important ideas. This makes it easier to follow
the general proof which uses the notation and results from Section [2] and is therefore postponed
to Section [2.5] Then we conclude by discussing the implications of our work in Section

1.1.3 Related work

Tensor Johnson-Lindenstrauss constructions have become a recent topic of study, even beyond
the concrete construction of .

Tensor JL embeddings based on sparse matrix structure have been studied in the context
of vectors with Kronecker structure, based on the count sketch technique [CCF02], which has
been extended to the tensorized version known as tensor sketch in [PP13]. Applications to
problems including subspace embeddings and approximate matrix multiplication are presented in
[ANW14]. However, these methods have a worse dependence on the failure probability compared
to Kronecker FJLT.

The paper [Iwe+21] derived fast tensor embeddings for subspaces. Their embedding consists
of the Kronecker FJLT from [JKW20] and a subsequent vector JL embedding. Thus, with our
work we can improve the intermediate dimension and thus the number of random bits and the
time complexity for the application to low rank tensors (for arbitrary tensors, the time com-
plexity is dominated by the number of entries in the entire tensor). [MB20] uses the Kronecker
FJLT for embeddings of subspaces consisting of low-rank tensors which can also be improved
with the FJLT result of our work. The paper |[Sun+21| proposed tensor random projections as
matrices whose rows are i.i.d. Kronecker products of independent Gaussian vectors, and proved
embedding properties for such constructions for Kronecker products of order d = 2. The paper
[Ahl4-20a] extended the analysis beyond d = 2, and |[CJ20] further refined and extended these
results in the context of sketching constrained least squares problems.

1.1.4 Notation

We make use of the essential notation introduced in the introduction. FEspecially, we denote
H € RV*N and H;, € R%*2" for the Hadamard introduced in Section .

A random vector with independent entries which are £1 with probability % each, is called a
Rademacher vector.

1.2 Main Result

Definition 1.1. For ¢,n > 0, a random matriz A € R™N satisfies the (e,n) distributional
Johnson-Lindenstrauss property if for all x € RN with ||z|2 = 1,

P (| Az3 = 1| > ellz]3) <n
Remark 1.2. If A € R™N has the (e, p(%l)) distributional Johnson-Lindenstrauss property,
then for any set E C RN with |E| = p elements, by a union bound we obtain
P(3z,y € E: || Az - AyH% —|lz = ylI3] > ellz - yl3)

<y P(\HA g -

z,yeE
T#Y

1> ¢) <IBIBI- 1 - T =
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So with a probability of at least 1 — 1, it holds that
Va,y € E: ||| Az — Ayl — ||z — 3] < ellz - yl3.
Then A preserves all pairwise distances in the set E up to a factor of 1 +e.

Theorem 1.3. Ford > 1, let ny,...,ng be dimensions such that N =ny...ng. Let0 <e,n <1
and ® € R™N be a matriz satisfying the (4s%,8)-RIP for s > log% and 0 < C(d)e where C(d)
s a constant that only depends on d.

Let £V e {1}, ... ¢d) ¢ {£1}" be independent Rademacher vectors and & = ¢ ®
@@ e RN Define A := ®D, € R™ N where D¢ is a diagonal matriz with the entries of £
on its diagonal.

Then A satisfies the (e,n) distributional Johnson-Lindenstrauss property.

Applying the result by Haviv and Regev about the RIP of subsampled bounded orthonormal
matrices [HR16] to the case of a subsampled Kronecker product of d Hadamard matrices, we
obtain the following corollary.

Corollary 1.4. Letnq,...,nq, N,€,n,£ be as in Theorem ve(0,1),®= \/%PQF e Rm*N

where Po € R™N represents uniform independent subsampling of rows with replacement and
F € RNXN s a unitary matriz with entries bounded by \/% in absolute value.

IfN>—21 __ and

(v)C1dlog log(1)

d 2 C(d)log 1\ ?
m > C(d)D* 2 (log 1> <log O(d)) log N <log ()gn) ,
n €

€

then with probability > 1 — v (with respect to Pg), we obtain a matriz ® such that ® D¢ satisfies
the (e,n) distributional Johnson-Lindenstrauss property (with respect to the probability in ).
Cy is an absolute constant and C(d) only depends on d.

Remark 1.5. For norm preservation of p points simultaneously through a union bound, an
(e, %) distributional Johnson-Lindenstrauss property is required for a constant ¢ € (0,1). The
RIP is a property that holds uniformly for all sparse vectors such that in Corollary[1.4], no union
bound over the probability in Pq is required and v can be chosen to be constant and especially
independent of p.

So even though the lower bound on N in C’orollary implies log N 2 log% i the formula

for the lower bond on m, the dependence of m on p will only be m 2 (logp)d.

1.3 Lower Bounds

The goal of this section is to show that our results, especially Corollary that we obtain for
Hadamard matrices, are optimal with respect to the probability 7. To do this, we apply the
Tensor randomized subsampled Hadamard transform to a set of p points. By a union bound
and Corollary this randomized transform simultaneously preserves the norms of p vectors
simultaneously with probability 1 — v if

m > C(d)e 2 (10g g)d <10g C(d)>2 o <1og C(d)log? >2

€ €

and
1

N> ——.
- Z/C’ldloglog%

We will prove that the dependence m > (log p)¢ on p (neglecting double logarithmic factors) is
optimal.
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Regard the Hadamard transform H = R¥*Y as the Fourier transform on F} where N = 2".

That is,
1

Hjp = (Hp)jr = ﬁ(—l)@fl’k*l)b,
where (a, b), denotes the inner product of the binary representations of a and b.

Our approach is based on the special behavior of the Hadamard matrix on indicator vectors
of subspaces of 5. This principle has been used before to show lower bounds for the restricted
isometry property of subsampled Hadamard matrices in [Bla+19] and was then adapted to
Johnson-Lindenstrauss embeddings in [BK21].

Denote Gy, , for the set of all r-dimensional subspaces of F5. For any subset M C Fy we
write 15, € RY for the indicator vector of M normalized such that [|1]l2 = 1. With this
notation, it holds for any V' € G, that (see Lemma II.1 in [Bla+19])

HHV — lvi
Let Py € R™ N be the matrix representing subsampling m out of N entries independently
and uniformly with replacement and rescaling by %
Let N=Ny----- Ng, Nj = 2" for 1 < j <d. Consider the matrix
A= PoF D¢

where € = €M @ ... @ €@ is a Kronecker product of d Rademacher vectors, £) ¢ {£1}"i and
F € RN*N i5 a bounded orthonormal matrix.

Let 2 <r <min{ny,...,ng} and s = 2". For each 1 < j < d consider a subspace V; € Gy, .
By taking F':= H,, ® ---® Hy,, and z := 1y, ® --- ® 1y, we obtain

y=Fo= (Hnl]lv1)®"'®<Hnd]1Vd) = I[VIL ®“.®HVdL

The vector y has % ceeo Na— sﬂd entries of size \/%. In subsampling with replacement,

s

each selected entry is \/% with probability S% and 0 with probability 1 — S%~ Then

1 2m
P(Pay =0) = (1= 3)" = exp(=—7)-
Now consider the set E := {(Déu)ﬂVl) ® - ® (Dé(d)llvd)|£(1) e {13 ... €@ g {41} Na},
Corresponding to each factor, there are 2° sign patterns such that p := |E| < 295

With respect to the matrix A = PoF D¢, we note that for any value of the random vector &,
there exists & € I such that D¢# = x. Then A% = PoF'D¢2 = Poy. We obtain A2 = 0 with

probability >
2 dlog2\*
exp (—?) = exp (—2m ( 08 ) ) (1.4)
S logp

with respect to the randomness in Pg.
Altogether, with the probability (1.4)),

sup [[[Az([2 — 1] > 1,
zeFE

i.e., the Johnson-Lindenstrauss condition is violated.

To achieve that 1} is < v, we need that m > % (log %)(C}?fgpz)d.
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1.4 Notation and Required Tools

For the proof of Theorem in the case d = 2, we use general order d’ arrays A € R"* whose
entries A;, . ;, are indexed by d' indices i1,...,ig € [n] or a tuple i € [n]dl of d' entries. For
d' = 1, these are vectors, for d’ = 2, these are matrices. For d’ = 0, the index is just one empty

tuple and thus we can identify the arrays with real numbers. We define the Frobenius norm
1

lA|F = (Zie[n]d’ A?) ?. For the d = 2 case we will need arrays of order up to 4.

For indices i € [n]*, for any subset S C [4], we denote ig for the tuple of entries 7; for [ € S.
In this sense, we use the expression ”’for all ig”‘ in the sense of ”’for all choices of all i;, [ € S”*
and write Zis ]S and max; en]!s! for the sum or maximum ranging over all choices of the 4;
(Il € ) in [n]. For an array A of order |S|, we denote A;, for the entry indexed by the tuple ig.
Using this notation of arrays and indices, we can define the following norms which have been

used to bound Gaussian chaos of arbitrary order in [Lat06]. Let B € R and denote S (d', k) for
the set of all partitions of [d'] into x nonempty disjoint sets. Then for each (I3, ..., 1) € S(d, k),
we define

[11] [Tl
PRI )

a® e RV o) ¢ g

1
IBllr,,..s, = sup { > Bl ol

ie[n]d’
laW|p=--=]a®|p= 1},

The following statement shows that joining some of the partition sets cannot decrease the
corresponding norm.

Lemma 1.6. Let B € R be an array and Ih,..., I, and I, ..., Iz two partitions of [d'] into
non-empty disjoint sets such that every I_J (1 < j < R)is a union of at least one of the sets
Ii,...,I;. Then

IBln,...0. <IBllg, 7.

The proof of this is postponed to Subsection

The following Theorem is shown for Gaussian random vectors by Latala in |[Lat06]. As
explained in Section 1 of [AW15], Theorem 1.4 in [AW15| generalizes the upper bound of Latala’s
result to subgaussian vectors which is the following statement.

Theorem 1.7. Letn € N4, B € R®, p > 2.
Let S(k,d) denote the set of partitions of [d] into k nonempty disjoint subsets. Define

d
)=S0 S Bl
k=1 (I,...,]1x)€S(K,d)

Consider random vectors XM e R™ ... XD ¢ R" with independent, mean 0, variance 1
entries with subgaussian norm bounded by L > 1. Then

d
3 By, X XD < (@) Limy(B),

ile[nl]v""ide[nd] Lp
where C(d) > 0 is a constant that only depends on d.

We also make use of the restricted isometry through the following lemma. Especially, this
lemma will be used in Subsection For a more general overview of the restricted isometry
property and similar tools, see Chapter 6 in [FR13].
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Lemma 1.8. Let ® € R™*N have the (2s,6)-RIP. Then for any S, T C [N] of size |S| = |T| = s,
the submatriz B = (®*® — Idy)sr satisfies || Blla—2 < 6.

Proof. Let z,y € RY such that supp(z) = S, supp(y) = T and ||z||2 = ||y|l2 = 1. Then by the
polarization identity and the RIP

|zsByr| = |93*<I>*(I)yfx*y|
=1 \H‘I’ z+y))5— |9z — )||§ — ||z +yll5 + [z — ylf3]

6
< (l+yll3 + llv = wll3) = (2IIwH§+2HyII§) =

1.5 Proof of the Main Theorem for d = 2

In this section, we prove the main Theorem [I.3]for the special case d = 2. Considering this case
will make the presentation of the proof significantly easier compared to the general proof while
the most important ideas are still covered. Furthermore, in this section, compared to the general
proof in Section we restrict the dimensions ny, ng of the Rademacher vectors €1, £(2) to be
the same ny = ny = n. This assumption does not lead to any essential restrictions in the proof
but further simplifies the notation.

A crucial part of the proof is contained in the Lemmas [I.12] and [[.17] which are shown in the
general form. These two lemmas will also be used in the general proof in Section

1.5.1 Overview

This subsection gives a short overview of the proof contained in Subsections .52 to [[.5.5

We start by taking an arbitrary signal vector x & R™ which we can assume to satisfy
|lz||2 = 1. Then we arrange the vector = to a matrix x € R™*" and accordingly the matrix
B :=®*® — Idy to an array B € R™*"*"X" of order 4 in such a way that

2
”(I)D§(1)®§(2)xH§ HxH2 - Z Bh, ,Z4x11,l2$13714§ 513 512)52‘(4)-

i€[n]*

This expression cannot be controlled by Theorem directly since each of the vectors ¢, ¢(2)
appears twice in each term of the sum.

However, a decoupling technique which is shown in Subsection shows that it is enough
to bound the decoupled chaos

1 3 4
1®Dey gzl — 23 = Y Biy.is@ivin@ininl €060 (1.5)
i€[n]4

for all x, where £®) and ¢ are new independent Rademacher vectors.

This decoupled chaos could be controlled with Theorem however, the resulting bound
— which would also hold for Gaussian vectors instead of the Rademacher vectors £U) — is not
strong enough to prove the theorem.

In order to use special properties of Rademacher vectors in , we first split up x as a sum

x = x@ 4 x{1D) 4 x({2) 4 {12
of four matrices with disjoint supports. All the entries of x will be distributed to these four

matrices depending on their absolute value. Using the decomposition of x, we can write ([1.5)
as the sum over

4
Z Bih ai4xll,7,2 7,3,14§ 5@3 é.7,2)57:(4)

i€[n]*
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for all S, T C [2]. For each such expression, now we condition on some of the £?) (I € [4]), bound
their entries by £1 (which is specific to Rademacher vectors) and then we regard the expression
as a chaos in terms of the other £ which can then be controlled using Theoremm Then for all
choices of S, T C [2], we need to control the coefficient array of the corresponding chaos in terms
of all its || - ||1,,...,7. norms. Before we derive the bounds on these norms in Subsection we
complete the proof of the main Theorem [1.3/by bounding the L, norms of [[® D) ge@ 2[5 —[|]l3

and therefore P ||<I>D5<1)®§(2)$||% —||z]]3] > €).

Subsection is entirely devoted to bounding the || - |7, . 7, norms. Afterwards, Sub-
section [1.5.5| shows some lemmas that have been used in the previous parts by generalizing
techniques used in [KW11].

Remark 1.9. In [Ahl+20a, Lemma 4.11 (TensorSRHT) provides a Johnson-Lindenstrauss
result which is similar to our Corollary [1.]] restricted to Hadamard matrices. The proof of this
lemma can be found in the extended version [Ahl+20b]. Their proof uses general moment bounds
for sums of independent mean 0 variables to control the probability in the subsampling Po while
conditioning on the random sign vector £. In contrast, our approach conditions on the RIP
of PoH and then shows the Johnson-Lindenstrauss property by controlling the probability in &.
This gives an advantage for the case that the Johnson-Lindenstrauss property is shown for p
vectors simultaneously. For our approach, once PoH has the RIP, this holds for all s-sparse
vectors uniformly. Then we only need to show the Johnson-Lindenstrauss property by a union
bound with respect to the probability in & but not with respect to Po. The advantage of this is
that in this case the dependence of the embedding dimension in [Ahl+20a] is (logp)™ (up to
smaller logarithmic factors) while our result only requires (logp)? which the example in Section
proves to be optimal.

On the other hand, our approach makes controlling the probability in & more intricate. In
[Ahl+20a], Lemma 4.9 provides a result similar to the one by Latala [Lat06] with a better depen-
dence on d but all || - ||1,.....1, bounded by the Frobenius norm. This suffices to control £ (D, x)
sufficiently for arbitrary x € RN where Hj is the j-th row of the Hadamard matriz. The latter
is required in [Ahl+20a]. In our case, we need to control T D, ®T® D& for which we make use
of the RIP of ® and control all the || - ||1,,..1. norms separately. We will discuss more aspects

of the relation of our work to [Ahl+20d] in Section 1.6,

1.5.2 Decoupling for d =2

Decoupling is a commonly used technique to relate a chaos of the type sz:l X, x&€k with
the same vector (&1,...,&,) occurring twice to a decoupled chaos Z?,k:l X €&, containing an
independent copy & of . The statement can be found in numerous textbooks such as [FR13|.

Theorem 1.10 (Theorem 8.11 in [FR13|). Let &1, ..., &, be independent, mean 0 random vari-
ables, X €e R™" and F : R — R a convex function. Then

EF [ > Xju&& | <EF |4 X088 |
Ji:k=1 j.k=1
J#k
where (£1,...,&,) is an independent copy of (&1, ..,&n).

Note that by taking F'(z) = |z|P for p > 1 and then taking the p-th root, the conclusion can
be written as

n n

STXiRG&|| <40 Xin&&l| - (1.6)
k=1 Jk=1 L

Jj#k Ly P
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Some higher order versions of this decoupling theorem have been developed [Kwa87; |AG93|.
In the general d case, |®Dg¢z||3 — ||z||3 leads to the particular situation of d independent vectors
€W, each occurring twice for which we will use Theorem 2.5 developed in [BKW21b| for the
general case. To provide a self-contained proof with a simplified notation, we prove the following
special case for d = 2 by repeated application of Theorem [I.10}

Lemma 1.11. Let B € R™™ ™ gnd ~ > 0. Let £V, ... €@ € {+1}" be independent
Rademacher vectors. Assume that for all x € R™*"™,

1 2 4
§j Biy, iR P e My i il < AlIxI
14 €[N] Ly

Then for all x € R™*",

1 2 1 2
Z Bi17---77;4£i(1)€£2)£§3)§’E4)xi17i2xi37i4 < 25’7”"”%"
il,...,i4€[n] Lp

Proof. By repeatedly separating diagonal entries and applying the decoupling Theorem [1.10], we
obtain (in all sums each index ranges over [n])

1 1 2 2
Z ZBH, ,245( ) 1(3)%1,125313,%4 gz‘(z)gz‘(él)

12,84 \ 11,13 Ly

<[> 1D Bi.ia §3)€§;)$11,2'29«“13,i4 52-(22)51'(3)

12,04 \ 91,13

ig i Ly
1) #(
E , E :321,22,%3,%2§( 3 le,ml’z?, i2
i2 11,13 L,
(1) (1) (2) £(4)
<4 § E Bil,---7’i4§i1 §i3 LiyigLiz,ig 5@2 fu
12,84 \ 11,13 L,
(1) (1)
+ E (E Bi17i27i3712xil,i2$i3712) ‘Sil 523
11,63 \ 42 L,
(2) +(4) (1)
4 E E Bil,..‘,i4€i2 §i4 Ly igLig,ig f f
11,83\ 12,04 L,

} : 2 : (1) #(1) E :
+ ( Bil,ig,ig,igxil,iQxig,iQ> 5@'1 5@'3 + Bi1,i2,i17i2$i1,i2xi17i2

A’Lj,i{; 2
11743 Ly

11,1
1,02 Ly

2) (4
<4 Z ZBi1,...,i4€£2 2(4)x11712x1314 é‘1(11)52(31)

11,83\ 92,14

11743 Ly
(2) ¢(4)
+4 § § Bi, g i ia io 51'4 Liy,iaTiyig
i1 12,14 Ly
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(1) +(3)
+4> (E Bz‘l,iz,z‘s,z‘zﬂ?il,mfﬂz‘s,m) & iy + 1D BirinsiriaTir iaTir s

1,13 2 Ly 1,42 Ly

1) o(2) o(3) (4
<16 Z B, ... s ,-(1)fz-(g)f§3)§§4)$i1¢29€i3,i4

11,02,13,14 L,
(2) ¢(4)
+4 E : Bi, g i ia io £i4 LiyigLiyig
11,82,%4 I
P
} : (1) £(3) } :
+4 Bi1,i2,i3,i2§i1 §i3 Liy,iaTiz,io + Bi1,i2,i1,i2xi1,i2xi1,i2 . (1'7)
11,82,13 Ly 1,82 L,

For 7| € [n], define x("1) € R™*" by

o
@) _ {xil,m if iy =1

1t2 0 otherwise.

Then all the 2(11) have disjoint supports and

x= 3 x0)

Then
(2) ¢(4) _ (2) (4) (i1) (21)
E Bi17i27i17i4£z’2 §i4 Liy,izLiy,ia - E : Bl1,12,21ﬂ4£ ‘5 Li1,ia%iy iy
11,42,4 Ly 11,82,%4 L,
E : } : (4),.(12) .(12)
S 311712111714 @2 é.7,4 xll,lg 11,84
i1 ||92:%4 L,
_E: E: (4) (11 ) Z )2 _ 2
- 321722713,14 512 5 5 i 13714 < ’YHX( )HF _’YHXHF'
i1 11,12,13,24 L (1
P
() 4(0)

where in the third step we used that Ty = 0 except for the one term i} = i3 = 41 in which

1
In (1.7)), the first term on the right hand side can be bounded by 16+|x||% by assumption,

the above argument shows that the second term is < 4+[/x||%, and the same bound follows for
the third term analogously. For the fourth term we can define arrays x(11+2) € R™ ™ for any

i1, € [n] by

15 14

@) ) Tiydg if Z/l =147 and Z/2 =19
inde .
btz 0 otherwise.

Then we can do an analogous argument and also bound the fourth term by v||x||%. So altogether
it follows that

Z Bi17---7i4 fgll)fz(f)gz(g)ffff)xzmzxu 14 < 25'7’

i1,02,i3,i4€[n] Ly
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1.5.3 Proof of Theorem [1.3] for d = 2

For the d = 2 case, the signal vector x € R™ is entry-wise multiplied by the Kronecker product
€M ® €@ of Rademacher vectors £V, €2 e R™. The Kronecker product £ @ ¢2) ¢ R™ is a
rearrangement of the entries of the matrix £1)(£2)* € R*™*". We define T : [n] x [n] — [n?]
to be the bijective map that maps pairs of row/column index of 5(1)(5(2))* € R™™ to the
corresponding index of £ @ £ ¢ R™, i.e., for all J, k € [n],

(We®y), =g6? = (Vo) (18)

Now we rearrange the vector z in the same way to a matrix x € R"*". Then the entry-
wise multiplication of €1 @ ¢ and 2 corresponds to entry-wise multiplication of &) (£2))*
and x. We consider the matrix B := ®*® — Idy and rearrange its rows and columns each
in the same way we rearranged x to x to obtain the array B € R™*™*"*" of order 4 (i.e.,

B\ iz issis = By (is in) Tois,ia))- Then

”@D£(1)®5(2)$H% - H.fH% = $*D£(1)®£(2)(‘I’*@ - IdN)Dg(n@g(z)H?

ZBJ €@);(eM @ €@ )jTiT;
i,j€[n]

= Y B VeV eD s iy
1 yeeey i4€[n]

Our goal is to bound

(1) ~(2)
Z Bi,,...ia&, )5( 5@3 5@4 L1 in iz ia

i1,...,i4€[n] Lp

[l1®Dg e 13—
for all x € R™*™. By Lemma m, it is sufficient to bound

2) ~(3) (4
Z Bil,...,’i4 1(11)57,(2)57,(3)57,(4):1:7,17221:13724

i1,..,04€[N) Ly
for all x € R"*™ and by homogeneity it is enough to do this for all such x satisfying ||x||r = 1.

So consider any x € R"*" with [|x||r = 1. We split the matrix x up into the sum

% = x® 451D 4 52D 4 ({12h

of four matrices with disjoint support where
o x{12Y) contains the s2 largest entries of x.
o xU{2) contains the largest s of the remaining entries of every row.
o x({1}) contains the largest s of the now remaining entries of every column.
e x( contains all the entries that are still remaining.

In all cases, "largest* refers to the corresponding entries with the largest absolute value. We
pick one such choice even if it is not unique.

By the definition these matrices, in every row i1 € [n], the s largest entries of (i i,)iyefn)
are not contained in x¥). This implies that for each i1 € [n] there are at least s indices iy € [n]

0
such that |:1:Z1 in| = maxy ey |x z(‘l,)ig)2

1
s Zizé[n} i1,02°

This implies that for each i1 € [n], max;,cp,(z

i1 z’2|
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With analogous arguments and ||x||r = 1, we can obtain all of the following statements.

(@

max (x, )% < =

(ir,i2)e[n)2” 2 T 82
Ly o1
(ilg)aeﬁnP( i) S 52
1
max 5{2})) <=
(il,iz)E[n]2 1:%2 S
: @ 2 _ 1 2
For each i1 € [n], 1211162%(%”2) < S Z T i
i2€[n]
: 0 1
For each i5 € [n], “Héafr}ﬁ(xgl’)m)z < g Z x?l’h. (19)
11€[n]

The definitions of the x(9) directly imply that

5;{1122} # 0 for at most s* pairs (iy,is) € [n]?
For every iy € [n], Z(f z}; # 0 for at most s indices i1 € [n]
For every i1 € [n], xgzli # 0 for at most s indices iz € [n]. (1.10)
We have split up x into x = ZScp] x(5). Thus we obtain
1) .(2)
Z Bllv 71451(1)52(2 flg 51(4) Z1:12'17'53,14 = Z X ST)
i1,...,04€[N] S,TC[2]
where
2 (4) T
X(S,T) = Z Bllv 714511 6( )é_ 5 7,1,7,2"1:53 24
il’ )7’46[”]
= Z Bilv 7Z4x11,12 7,377,4H = B’LUC H é.
i1,...,04€[N] =1 iUCE[ ]‘Uc‘ leUe

where U = SU (T 4 2) C [4] and
(8T) _ (8) (1) ®
BZUC Bi,. 1Py o Pig iy H 5%z

iven]IV! leUu

such that B(ST) ¢ R
For example S = {1}, T'= {2}, then U = {2,3} and

X = 3 D26
12,13 12 z3’
i2,43€[n]

where BN _ (1)) ()@
12,7,3 Z B 215+ 724‘1‘11712 7,3,Z4£ 5 :

i1,i4€[n]

The next step is to condition on (£ (l)) 1ev and bound the L, norm of X (5T) only with respect
to (£ (l))leUca in such a way that the bound is deterministic. Then the same bound also holds for
the total L, norm because if E [|X(S’T) 7| (5(l))leU] < C for deterministic C, then

E[IXSDP| =B [E ||XEDP | (¢O)ev] | <ElC] =C.
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In terms of (6W);cpre, X5T) is a chaos of order |U¢|. If (S,T) # ([2],[2]), then U¢ # § and
by Theorem

< Cm,(BSD), (1.11)
LP

where
|Ue|

ZW S B,

(I1,..I)ES(K,|U€))

so our goal is to bound BT ||, 1 forall S,T C [2] and Iy, ..., I, € S(x,4—|S| —|T|). We
can bijectively map [4 — |S| — |T'|] = [|[U€|] to U® such that instead of considering all partitions
Ii,....I; of 4 —|S| —|T|], we consider the partitions of U® for the norms. This makes the
notation easier such that we can write
S7T) (1
- BEDAD ol

aWer! o erld! ™! cppivel
la | p=--=lat?)]| p=1

S T l K
= sup Z B, ... 143351;21'53724 (H gi(l)> agjl) . O‘z(j,{)' (1.12)

aWerm!t! | o eria! =l e
la® | p==|la||p=1

We will show

IBSD|n,..r, < O, (1.13)

for all S, T C [2], (S,T) # ([2],[2]) and all partitions I3, ..., I, of {1,2,3,4}\(SU (T +2)) where
C > 0 is a constant and § comes from the RIP assumption of ®. The case (S,T) = ([2], [2]) will
be considered separately.

However, we postpone the proof of separately to Subsection and continue to
complete the proof of Theorem here under the assumption that it holds for all S, T, (S,T) #
(2], [2]).

From for all S, T, (S,T) # ([2], [2]), we can conclude using that for all such S,

T,
where C7 > 0 is a constant.
For the remaining case S = T = {1,2}, we observe that x{1:2})) is s%-sparse and thus

4—|S5|-|T] o 0
< C r/2 )
LP - 1 ; p SH/Q

2],[2
|X([ 1l ])| = Z B'Ll, 7Z4x11,12 Z3714

4
i1,0y14 €[N =1

:‘(vec(xalz}) (€W g g2 )) B(vec <{L2}>)o(§<1)®5<2>))’

< 5|23 < 6

by Lemma where o denotes the entry-wise product and vec(x{12) ¢ R™ is the vectorized
2L 2}))

rearrangement of the matrix x({12) (i.e. vec(x({l’Q}))b(ih@) T

We obtain that

1) (2
Z Bi,... 245( )f( )57,3 §z4 Ly in iz ia < Z HX (1) HL

i1,.. ,z4€[n] Ly STC 2]
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4 4

5 K

<or Y XD, <o e Y <Y (B)
S, TC[2] k=1 k=0

(S, T)#([2],[2])

where Cy = 42C}, assuming Cy > 1.
As we have shown using the decoupling Lemma the fact that the above inequality holds
for all x € R™" with ||x||z = 1 is enough to show that for all z € R", ||z]|; = 1,

4 5
s
[1@Deaeaalld ~ 23| < cad (2)*
P xk=0

where C3 = 25C5.
We assume ¢ < == and obtain for the particular choice p = s > 2,
3

4
@D gcrallt = llallf]| | < Co8 31 = 5Cus.
y ~k=0

With Markov’s inequality, we obtain

[1@Dengem I3 - o]

IN

P (|10 Degemallf - o3| > €)

€

S
< 5C36 I
— \ HeC3d
By assumption, s > log % such that this probability is < n which completes the proof of Theorem
L3l

1.5.4 Bounding the Tensor Norms

This entire subsection is devoted to the proof of for all required cases.

Take sets S,T C {1,2}, such that (S,T) # ({1,2},{1,2}) and any partition I1,..., I, of
[4]\(S U (T + 2)) into non-empty disjoint sets.

We define I C {1,2} to be the union of all sets among I, ..., I, that are contained in {1, 2},
I' C {3,4} the union of all I1,...,I, that are contained in {3,4} and J C [4] the union of
all other sets of the partition. Furthermore, define J := J N {1,2} and J' = J N {3,4}, such
that SUTUJ = {1,2} and (T +2)UI' UJ = {3,4}. Then I,I',J is again a partition of
[4]\(S U (T + 2)). However, these three sets might not all be non-empty. Since joining some of

the partition sets does not increase the | - ||z,.... 7, norm (Lemma [1.6), we obtain
S, T S, T
B r < IBED7 5 7,
where we denote | - [|; ;, 7 for the norm corresponding to the partition obtained by restricting
I,I', J to the non-empty sets among them.
So we need to show 5
S, T
IB(: )Hfj'f < C?% (1.14)

for a constant C' > 0 in all cases. Note however, that this inequality still contains the cardinality
k of the original partition I4,..., I,.
In general, we have according to (|1.12)),

s
B! ’T)Hjjrj
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S 1 3 !
- ,Sup ., Z B“’ 7Z4$§1722x1(3724a£1)a1(1) Z(j) H §i(l)' (1'15)
aWer o@ crinT! ign)4 1€SU(T+2)

a® gl
W] p=[a@] g
=[a®|p=1

Note that it can happen that, for example, I = (). In this case we take the supremum over the
array al) e RM® of order 0 with Frobenius norm 1. We regard this as a real number with
absolute value 1 which leads to the same effect in the expression as dropping I and considering
Il | 1.7 instead. The same holds if some of I I, J are empty. Because of (S,T) # ([2],]2]), not all
of them can be empty. ~

For example, if S = {1}, I =0, J = {2,4}, I' = {3} and T = (), then

ST e 1) 1.0 (2 (3
HB( )”fj/,j_ sup Z Bil""’i4x§1{,ii)5§l)a( )x533i4az(‘3)az(2?i4'
Oc(l)ER a@eRrn E[n}
a®) cRxn
[ |=[la@)]|
=[la® | p=1

Our goal is to bound the expressions in all cases. However, depending on the choices
of S,T,I,I',J, this expression has a different shape. Since already in the case d = 2 for
example, there are in total 41 possibilities to choose these sets, we develop a unified approach
to handle all these expressions. For this, we first observe that S,I,J,T + 2,1’ J' is a partition
of {1,2,3,4} in which some sets are empty and each set has < 2 elements. In this respect,
we split up the entire index tuple (i1,42,13,74) of the sum in into the (partly empty)
tuples iy, if, is, i, ij, i7+2. These tuples will then be mapped to integers j, k, I, j', k', U/,
respectively. Specifically, if J = (), then i; will be empty and thus there is just one possible
value for it and we define j = 1. If |J| = 1, i.e., J = {r} for some r € [4], then i; = i, and we
define j = i,. If |J| = 2, J = {r1,m2}, r1 < 72, then i; = (i,,ir,) and we map these tuples of
two indices in [n] to one integer in [n?] using the function Zy : [n]? — [n?] (see the explanation
before for the definition of Z3). In this way, the set of all j obtained in this way, is always

[n1”l]. We do the same for the other sets besides J to obtain the other indices besides j.

After this rearrangement of the indices, the factor % i ILc Sf ™) in - ) that previously
depended on the indices i1, %2, will now depend on j,k, (Where for d = 2, at least one of the
three indices can only take the value 1). Therefore, we will rearrange these xf)m [Les {i(:) into
an array X € R™*"2%7 whose entries X; j; depend on three indices. In a similar way, we will
rearrange the other factors in in terms of the new indices and then obtain the following

arrays.

() (T) )
11,12H£T —>X 13’14 H §T —)Y/k/l/
res reT+2
Liyjig — Xj,k,l Tiy,ip — Y/ KU
O[Z(I}) — O (2) — ak/

The precise definition of all these objects will be given later. However, this overview is given to
demonstrate that with such a rearrangement of indices and entries, we will be able to rewrite

the sum in ([1.15) in the form

/
Z B,z ke 1) X k0w Y 10 U

(4:4")€lna] x[nf]
(k") € [n2] x [n)]
(L) €[n3] ¥ [nf]

34



where Z, 7’ are certain bijections that map triples (j, k,!) to row or column indices of the matrix
B e RV*",

Expressions of this type can then be controlled using a unified approach which is given in
the following lemma. Note that properties|(c)| to [(f)| will be consequences of ((1.9)) and ([1.10)).

Lemma 1.12. For each r € {1,2,3}, let n,, s, n.., s. be positive integers such that
N = ninong = n'ln’Qng, S 1= 8189283 = 8/18/283.

Let @ € Rm_XN be a matriz that satisfies the (4s,0)-RIP and B := ®*® — Id,,.
Let X, X € R™*"2X"3 pe grrays such that:

(a) For each (j.k,1) € [n1] x [na] x [ns], | Xjkal < Xkl

(b) HXHF =1.

1
c max X2 <t
(c) Jj€[n],k€lna] le%;g] Ikl = e

1 S .
(d) max Z ng,k,l < . Z Xim for each j € [nq].
* l€[n3) ke[na],l€[ns]

1 _
(e) max ij,k,l < — Z ij,k,l for each k € [ns).
i€l o) jelmli€lns]

(f) For every j € [n1], k € [n2], there are at most s3 indices | € [n3] such that X # 0.

Assume that Y, Y € R™M>m2xn; satisfy the analogous conditions with the numbers si,Sa, S3
replaced by s}, sh, Sf.

Let o € R™, o/ € R", T' € R"*™ satisfy ||all2 = ||[o/|l2 = |T||F = 1.

Let T : [n1] X [ng] X [n3] — [N] and Z' : [n}] x [nb] x [n] — [N] be bijections that map tuples
(4, k, 1) to row/column indices of the matriz B.

Then

Z Br(j o), (0 ) Xk 0k Yo g v g L < 4 p (1.17)

(G e[ (s151)

(k") €[na]x )]
(L) €lns]x[ns]

=

1
(5289)2

Our next step is to give the precise definition of the aforementioned arrays outlined in
and then show that with those, we can rewrite in the form of Lemma where all the
requirements are fulfilled.

For the precise definition of these new arrays, we first define the dimensions

ny = TL'Jl, no = nm, ng = nlsl
51 = 5|j|» 82 = Sm, 53 = 51!
) = nl7'l, nf = nlTl, nly = n!T!
o = s, ] o = sl7I

Then ningng = n°YIY1 = {12} = p2 = N and in the same way n,nint = N and s1s953 =
Yy N1Mgng

s|shsh = s%. In this respect, our original assumption that ® € R™*" has the (4s2,§)-RIP then
ensures the corresponding requirement of Lemma [[.12]

For the next definition, we use the following special notation: Let i € [n]? and M C [d]
with [M| < 2. If |[M| = 2, i.e. M = {my,ma} with m; < mo, then (irps) = Zo(imy,im,). If
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IM| =1, i.e. M = {ma}, then (ips) = iy, and if M = (), then always (ips) = 1. Note that this
(-) operation is a bijection between the tuples in [n]/™| and the integers in [n/M]] (assuming [n]°
contains exactly one empty tuple). With this notation, we define X, X € R™*"2X"3 guch that
for all i = (i1,i2) € [n]?,

0 - _
X(ig),ip)is) = mHﬁ ; X(iy),(ip)lis) = Tirsiz-
les

This defines all entries of these arrays. Analogously, we define Y,Y & R™*"2%"3 guch that for

all (’ig,i4) S [H}Q,

_ (D) ©) ¥ _
}/(ij/)r(if/)v(i'f-ﬁ-?) = Tig iy H giz J Yr(ij/)v(if’)v(iT-‘rQ) = Ligig-
leT+2

Furthermore, a € R"2, o/ € R"2, T’ € R™*™ such that for all i € [n]?,
oM
'L

N _
’ O/(Z'p) - aif/’ F(ij)7(i]’) =y
Finally, we define the maps Z : [n;] x [ng] x [ng] — [N] and Z' : [n}] x [nb] x [n4] — [N] such
that for all i € [n]*,

Z((iy), (i), (is)) = L2(i1,12), T ((ig:), (ifr), (ir42)) = Ta(i3,44)-

Because the () operation and Z, are bijective, also Z and Z’ are bijections.
Considering that for all i € [n]*, By, i, = B, (i1,i2) Ta (i3,i1)> W€ Obtain

) W26 @
Z BZL 714m21,z2x13 z4azl aZ[l lj H gil

i€[n]* leSU(T+2)

Z B 1(Gip)(in)is)), X(ip)(in)s(is) Yoy (ig)nGirs) p) ¥ n T 7))
iemt T <( i rra))
= Z B T(5,k,0),Z (5 k' l’)Xj,k,lOékY}/,k’,l/a;g’r‘j,j’7 (118)

(7:5")€ln]x[n}]
(k") €[n2] x )]
(L") €lns]x[ns]

where in the first step we substituted the definitions of all these arrays and in the second step
we used that summing over all i € [n]? is the same as summing over all possible values of

((ij), (ii)7 (is), (ij’>7 (ij/), (iT+2))'
Now in order to apply Lemma [1.12] _ to (1.18)), we need to check that all the remaining
assumptions are fulfilled. We start by checking [@] to |(f) . for X, X. @ follows directly from
the definitions of x and x(%) and the fact that 1€, \ =1forallle[4],i€n ] Since X is a

rearrangement of the entries of x, |X||r = || x|z = 1, implying[(b)] To show we apply the
inequalities (|1.9) depending on S and obtain the following four cases.

e S =10: Then
1 1
jE[nrll]l,k}é[nﬂ le%;a] Gkl i1r,?26}[{n](x“’z2) ~ 52 8189
o S={1}:
2 _ ({1} £(1)y2 2 {1Dy2
o 2 X1 = & T &)< 2, mene)
7 €lns] i1€[n] i1€[n]
g Z l‘“ ia — 72
i1,i2€[n]
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e S={2}:

_ max Z ij,k,l = max (z 51{211)512 )? < max (x z(l{ zi))
j€[ni],ke[ns] 1€ [rs] i1€[n] . i) el }z1€[n]
Z a? = —.
11,126[71] 52
e S={1,2}:
2 _ ({1.2}) (D) £(2)y2 _ 1,21) 112 1
jelmlkelns) 2 M= 2 (i 606, = IKUDIE <1< 5189

le[ng] il,’iQG[n]

Condition @ follows directly if I = () since then ny = s5 = 1 and then

1 _
2 2
max Xa<— > X

kelna] l€[ns] 52 kelnal,l€[ns]
o Z ij,u < Z XJQ?U’
1€[ns] 1€[ns]

and the latter follows from @ which we have already shown. If J = (), then n; = s; = 1 and
@ is equivalent to

max Z Z Xag,k,z

€[na], ke[m] j€[n1),k€n2],l€ns]
1
< max X2 < =
J€n1],k€n2] 162[7;3] gk = 59

This is ‘which we have already shown. If both I and J are # (), then there are precisely the
two cases I = {1},J = {2} and I = {2},J = {1}, implying S = 0. In the first case, [(d)] is
equivalent to the statement that for all is € [n],

< 1
zlnleé?n](x“’m — ; 2 : le,zg
i1,92€[n]

This follows from (1.9). The other case I = {2}, J = {1} follows analogously, completing the
proof of [(d)l The property @ for a certain choice of S,1,.J is equivalent to the corresponding
case of |(d)| where I and J are exchanged, so @ always holds.

For we can see that it trivially holds if S = (), i.e., n3 = s3 = 1. For all other choices of
S, it directly follows from .

Analogously, it also follows that these properties @ to hold for Y, Y.

By the definitions, also

lalls = la®][r = [[a'2 = [&®||r = |IT]|r = [|e®]|r = 1,
which completes the check of all assumptions.
Thus, we can apply Lemma to ([1.18]) such that we obtain
0 0 0

B(ST) <4 =4 <4
H HILM’I&_ (slsa)i(525/2)% Si‘JH‘%(UH‘U'D - 85’

where in the last step we used that £|.J|+3(|I|+|I'|) > %. We will show this fact as Lemmam
in Subsection

This completes the proof of for all S,T C [2] with (S,7) # ({1,2},{1,2}) and all
partitions with the constant C' = 4.

37



1.5.5 Proof of the Lemmas

The goal of this subsection is to give all remaining proofs of the lemmas that were given previ-
ously in Section [1.5] First, we give the proof of Lemma from Section [I.4 Then the main
part will be about proving Lemma [I.12) which we used in the previous Subsection [I.5.4] On this
way, we will establish the technical auxiliary Lemmas and and make use of a certain
class of partitions introduced in Definition [1.14]

Proof of Lemmal1.6. 1t is sufficient to show the case

1Bl 1,...0. < IIBll1,..de2,dn 10l

i.e., we join the last two partition sets. Successively applying this and reordering the partition
sets then yields the result.

To show the aforementioned case, consider any a® e R["]ull,...,a(“) e R with
la®||p =--- =|la®|z = 1. Denote m := |I,_1| and m := |I,| and define a*~1) ¢ RA™™
such that for all i € [n]?,

(k=1)  _ _(s=1) (k)

% =« o
i, _UIk U1 i,

Then
LD DI RSP DD DR C i)

ilnflubie[n]m-‘—m iln—le[n]milme[n}m
= > @ 3 @ = eI e E =1
ir,_, €[n]™ i, €[n]™

and therefore

> Blalel)o‘z(fj =Y Bl a6 < Bl o

i Mg MUk
ie[n]?’ ie[n]?

Taking the supremum over the a, ... a(®) shows

IBlln,...t. < IBIl1y,.... 102,01 UL -
Il

Lemma 1.13. Let n, R, s1,s2 and n', R, s}, s, be positive integers such that s := s182 = )5
and ® € R™N has the (4s,6)-RIP, B := ®*® — Idy.

Consider vectors £95) yU"K) e RN for (j,k) € [n] x [R] and (j', k") € [n] x [R'] such that
all 29K gre so-sparse with disjoint supports and all y(j/’K ) are sh-sparse with disjoint supports.

For each K € [R], let bi(1),...,bx(R1) be a partition of [n] into sets of size < s1 each.
Analogously, for each K' € [R'], let by (1),...,0% (R}) be a partition of [n'] into sets of size
< &b,

Then

3 S (@) Byl

(73" €nIx[n] \ (K, K")€[R]x[R']

<2l Y DI ekl lF| ECAR]

(J.K K)E[R1]x[R]? | j€br (J)

> > [y E 3y A3

(7K' K)e[RYx [RN2 \| J'€bger (1)
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Proof. We can bound the desired expression by rearranging terms and block-wise summation.

2

)y gy 7 K7)

(z")" By

Gahemxim) \(K.K)elRIx[R]

= > > (a0 Byl K (y 0" KDy B0

(3" )] x '] (K,K,K' K" €[R]*x [R']?

- ¥ S @EROyB [ Y R U | g R)
(JJ’)G[Rl]X[R’]ijK(J) j’eb’K,(J’)

(K,K)€[R)?
(K',K")e[R')?

= Z < Z 29K (0GR B Z y UKD (K B*>
(. J)E[Ra]x[RY] \j€bk (J) J'eb, (J) P
(K, K)e[R)
(K',K")€[R']?

In the third step we used that for z,y € RN, A € RV*N | 2*Ay = tr(z* Ay) = tr(yz*A) =
<.Ty*, A)F )

Note that every zU%) is sy-sparse and |bg (J)| < s1. Thus, the number of nonzero rows and
the number of nonzero columns of the matrix Zjeb )w(j’K) (zUK))* can be at most s = s159
each. The same holds for Zj,eb/ ) y UK (0" K ))*. So for the above expression, we can

K/
restrict B to a submatrix of 2s rows and 2s columns which has an operator norm < § by the RIP
assumption (Lemma [1.8). Using that (A, BOB*)r < || A| r||BCB*||r < || A|r||B|3_2]|C||F, we
can bound the expression by

52 > 3 2K (R $ U Ry

(J,J)E[R1]x[R]] ||i€bK (J) |77 €b (J") r
(K,K)€[R]?
(K’,[_(’)E[R/]Q

Y ST 2R3z STy KD |3y E |3
(LJ)e[R1x[Ry] | jebk (J) Jeb, (J")
(K,K)€[R]?

(K',R/)E[R/]z

= Y [ R 36

JelR1] \ jebx(J)
(K,K)€[R]?

> > Iy Bl EI 5]
J'€[R)] 3'ev, (J)
(K’ K’)G[R/]z

where in the first step we used that the z(:%) (l'(j’K))* have disjoint supports.
O

A central argument used for the case d = 1 in the previous paper [KW11] is the strategy to
divide the signal vector € R™ into blocks of size s by descending absolute value of its entries.
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The following Definition and Lemma [1.15] generalize this idea. However, it is not required
to know the proof in [KW11| for the subsequent statements.

We consider an arbitrary finite indexed family (z;);c;. For example, this could be a vector
for I = [n] or a matrix for I = [n] x [n]. Now take b(1) to be the set of the s indices i € I with
the largest |z;|, then b(2) the set of the s remaining indices ¢ € I with the largest |z;| and so on.
This leads to the definition of the following partitions.

Definition 1.14. Let I be a finite set, (x;)ic; an indexed family with values in R, and s a
positive integer. We define P((x;)icr,s) = (b(1),...,b(R)) for R = [%W to be a partition of
I such that |b(1)| = -+ = [b(R—1)] = s and for all J = 1,...,R — 1 and all iy € b(J),
|z, | > max,ep(g41) [Tiy|- By ordering the values x; by their absolute value, such a partition can
always be constructed.

Then the main use of these partitions can be summarized in the following simple lemma.

Lemma 1.15. Let I be a finite set, (z;)icr an indexed family with values in R, (b(1),...,b(R)) =
P((zi)icr,8). Then

& 1
max |z;| < — Z |
T2 ) 5 el
and hence
R
Z |xl\<max|xl]+ Z|xz|
16[
Proof. For each J = 2, R, |b(J —1)| = s and for each i1 € b(J — 1), |z;,| > max;,cp(r) [T4,],
SO MaXj,ep(.) |Tig| < Zileb J—1) |zi| and
R
bl < Z >l <1 S lail
eb(J) 7=2 % icb(7-1) 5 el
Then
R R 1
max |T —maxx—i— maxx <maxac—i— Z;|.
s | = ol + 3 o < i + 3

J=1
O

Using the partitions from Definition [1.14] we can establish the following lemma which will
eventually be used to control the expressions occurring on the right hand side in Lemma

Lemma 1.16. Let X, X € R™X™X" pe qrrays that satisfy the conditions @ to from
Lemma[1.19 and o € R™ such that ||a||2 = 1.
Consider the partitions

o (b(1),...,b(R)) =P > X2, 52 |

j€[ni],l€ns] k€[na)

o (bx(1),....bx(R1)) =P > (Xkaar)? , 81
keb(K),l€[ns] j€ln)

for each K =1,... R.
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Then

Z Z Z (Xj,k:,lak:)2 Z (Xj’k’lak)Q < \/252.

JE[R] jebx (J) | keb(K) keb(K)
K,K€[R1] l€[n3] l€[n3]

Proof. We use the Holder inequality (for o and ¢; norm) on jebi () @nd then the Cauchy-
Schwarz inequality on ) Je[r) to obtain

Z Z Z (‘Xj,k,l()ék)2 Z (Xj7k7lak)2

J€(R) jebr (J) \ keb(K) keb(K)

K,KG[Rl] ZE[TL?,] l€[n3]

< > Jnax > (X kaon)? YooY (Xgan)?
J€E[R],K,K€[R1] jebx( )keb(K) Jj€bi (J) keb(K)

l€[n3] l€[ns]

ket o |\ Jem? <) reni) JEIR) jebr(d) keb(R)
l€[n3] le[”3]

< Z “max Z (XjJC,lOék)Q) Z Z Z ]klOék

Ke[R) JE[R]ijK(J keb(K) K€[Ry] keb(K)jle[[m]]
€(ns

lE[ng]

= > ook > (Xjkaow)? [Z ) (Xkaow)?

= (I)- (II). (1.19)

Now we apply Lemma on the partitions bx, then again the Holder inequality (¢~ and
1) on ycpk) to obtain,

max Z (Xjriax)?

Jer 1R ) Lk
1€[n3)
1
< max (Xj,k,lak)Z + ; Z (Xj,k,lOék)2
Jelmly Sk b keb(k)
1€[n3] Jj€[n1],l€[ns]
1
< max max X2, . ZaQ—l——maX Z Za.
— . 7.kl k k
keb(K) delm] 2 keb(K) 51 KEBE) st le{ns] keb(K

For K =1, we can use the assumptions of this lemma to bound this by

llall2=1 1
< max Z X?, -1+ — max Z X?
- - .77k7l ]7k7l
]G[nl],kG[ng] ['rLg] S1 ke[nQ]jG[nl],lE[nﬂ
[ 1
S o ; Z [max Z oy
! jEn1 le[
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(@ 1 1 _
= + > X

S1S8 S1S8
1220 P12 i) kelnal delns]

On the other hand, for K > 2, we use @ and @ to obtain the bound

2 max Z X Z oz

S1 kEbK) - iTielns] keb(K

Altogether, we obtain with the above results, the Cauchy-Schwarz inequality for > Ke[R\1}>

Lemma [I.15] for the partition b and the assumptions of this lemma,

\/ nax > (Xjkaan)?
2" KGR]\{I} s €W S

2w S 2, 2 @

le[ng]

518

2

512

J=—+ 12 ¥ max 3 X SOy @
5152 51 Gkl k

Ke| R]\{l} 51 REUE) S bl ieina) kEb(K)
C%S
relAn ) " el ieins] Ke[RN{1} hEb(K)
ledle=1 [ 9 2 .
= 8182+ s1 Z kIer%)E(Lf)é) Z Xj’k’l
KelRN1) jelmlicins)
Lem[T. 15 2 2 9
S Vamtam 2 K
j€[n1],k€[n2],l€[n3]

3

2

\/S152 '

Furthermore, for the other factor (I), we use the Holder inequality for 3, ), the Cauchy-
Schwarz inequality for Re[Ri]» Lemma - b| for the partition b and the assumptions of this

lemma to obtain

(= > ) (Xraow)?

KE€[R1] A | k€b(K) j€ln1]
lE[ng}

S|

Holder 9 9
< > max Y XP )| D of

Ke[R1] REbU) Jj€[nall€lns] keb(K)

°z Z mx Y X2 OT @

Rery " el ieing) Re[Ri] keb(K)
”a”:2:1 max Z X]?kl
Ke| Rl] eb(K )JE[nl],ZE[ns] -
@] max Z X2, + Z max Z X2
= \/keb(l) A Bkl keb(K) | gkl
j€lnll€[ns] Ke[Ri\{1} j€lna],l€[ns]
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Lemé max Z X]%k,l _|_812 Z Z X%kj

k€[na) jelmliens] k€[nz] j€[n1],l€[ns]

1 _
< Z}ggg?;] Z}Xikﬁ@ 2 2 K

j€[n l€[n3 k€[n2] j€[n1],l€[ns]
@Q] /2
= So .
Substituting the bounds for (I) and (I7) into ((1.19) yields the claim of the lemma. O

Now we have established all required tools and can prove Lemma

Proof of Lemma[1.13. We need to show the inequality . Let B be the left hand side of the
inequality . Recall that the corresponding expression contains the matrix B, the order
3 arrays X,Y, vectors a, a’, the matrix I' and bijective functions Z, 7’ that map index triples
(corresponding to X,Y) to row/column indices of B.

We apply the Cauchy-Schwarz inequality to the sum Z(

4.j)€ln)x[ny) and observe that
2
62 = Z BI(j7k7l)7Il(jlvk,7ll)Xj’k’lak}/rj/:k/vl/a;f,rjvj/
(4:5")€ln]x[n}]
(k,k")E[n2]x [ns)]
(L) €[ns]x[ns]
2
< > Y. BrgrnzgenXimonYperap [ Y T
(3" ) €[] | (kK" )€ [n2] X [n] (7:3")€ln1]
(L)€ ns] x [ns]
2
- Z Z BI(j,kvl)l’(j’7k’,l’)Xj7k7laij’7k/,l’O‘;c’
(3" )€[m] | (kK €n2] X [n]

(L") €lna]x[ns]

Now we choose partitions

j€[ni],l€ns] k€[na]
and
(b’(1)7__.,b/(R/)) =P Z Yf’,k’,l’ 78/2
3’ €[yl €[nf] k' €[nb)

Using those, we can further conclude

B <

!
Z Z Z B k)27 b 1) X1 Ok Y ot 10

(G.3")€lm] | Ke[R],K'€[R] (k,k")eb(K)xb'(K")
(L") €lna]x [nf]
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Now for each j € [n1] and K € [R], we define the vector z9%) ¢ RN by

Gy _ JXjraon if j=j and k € b(K)
kD) 0 otherwise.

for all (7,k,1) € [n1] x [n2] % [n3]. Analogously, we define yU %) € RN for j' € [n}], K’ € [R]
by

YD) =

Gk ) Ypwway ifj=j"and K € V'(K')
0 otherwise.

With these vectors, we obtain

2
DY S Y By
(4,5)€[n1] \KE€[R),K’'€[R] r,r'€[N]
2
= Z Z (x(j,K))*By(j’,K’) (1.20)

(G:4")€lm] \K€[R],K'€[R']

For every K € [R], [b(K)| < s2 and for every j,k, X1 is only non-zero for < s3 values of
[. The b(K) are disjoint and consequently, all the vectors £UK) are syss-sparse with disjoint
supports. Analogously, also the yU" K" are shss-sparse with disjoint supports. Furthermore, for
each K € [R], K’ € [R], we choose the partitions

(b (1),....bx(R1)) =P > (Xkaoaw)? 81
keb(K),l€[ns] j€lna]

(O (1), .. U (RY)) =P > (Xjkiaw)® ;81
keb(K),l€[ng] jeln]

Then the requirements are fulfilled to bound (|1.20]) using Lemma such that

g <8 > D R I EER

(LK K)E[R1]X[R]? | j€br (J)

> Yo Iy I3y RO |3

(J', K", K" e[RyIx[R2 || j'€b, (J)
=:6%. (1) - (I1).

(I) = Z Z Z (L(nj’K))Q' Z ($£j:K))2

JE[R] jebg(J) \re[N] re[N]

- Z Z Z (Xjma0k)? - Z (X kion)?

JE[R1] jebr (J) | keb(K) keb(K)
K,K€[R] 1€[ns] l€[ns]
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The requirements [(a)] to [(e)] are assumed to hold in this lemma. Also ||a|[2 = 1 and the choices
of the partitions b and bg also match with Lemma So we can use Lemma, to conclude

4
s

We can perform the same argument with (I7) and use Lemma to show

(1) <

4
(1) < .
! o/
5152
Combining these bounds, we obtain
p? < 16#1.
(s157)2 525,

O]

Besides the previous lemma, also the following Lemma is used for the proof in Subsec-
tion[I.5.4] Like the other results in the current subsection, it is not restricted to the special case
d = 2 and will be used in the same form in the general proof in Section

Lemma 1.17. Let d > 1 be an integer and Iy, ..., I, C [2d] pairwise disjoint, non-empty sets.
Define

I= \J 5, I'= U I;
Jj€lr:1;Cld] J€[r]:1; C([2d]\[d])
J=(Lu---UL)\(ITUTl),

e., I is the union of those sets among I, ..., I, that are contained in [d], I' the union of the
sets contained in {d +1,...,2d} and J the union of all the other sets. Then

K
*\J|+ (|f\+m) 3
Proof of Lemma[1.17 Define In := I U---U L.
Then |J|+|I\+]I’\ = |Ip|. 1f s < Mol
1 = = = ‘I()’ K
*|J| +5 (U| +I7) = (I + 1+ ) = = 5

Now assume that £ > |12—‘ Let ' < k be the number of indices | € [k] such that |[}| =

1. All other sets I; must contain at least two elements and the total number of elements is
(Lol = X iep il = K"+ 2(k — £') = 26 — k. This implies that ' > 2k — [Io|. Every one-
element set I; is completely contained in either [d] or [2d]\[d] and thus I; C [ or [; C I'. So
\I| 4+ |I'| > k' > 2k — |Iy| and we obtain

- 1 -
*|J|+ (|1|+|I’|) (IJ\+|I|+II’|)+1(III+|I’I)

1 K
> Z|Io| + = - (26 — |To|) = =
_|0|+4(“ ol) = 5
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1.6 Conclusions and Implications for Oblivious Sketching

Our approach provides a sharp generalization of the near equivalence between Johnson-Linden-
strauss property and restricted isometry property from [KW11]; the special case d = 1 in our
work recovers the result of [KW11]. We prove the Johnson-Lindenstrauss property without any
assumption on the vectors it is applied to, i.e., it is not necessary for them to have Kronecker
structure. As Section shows, Corollary is optimal with respect to the dependence on the
probability n even for vectors with Kronecker structure, implying that even for this case, the
dependence on the required sparsity level s on 7 in Theorem [1.3|is optimal.

With this provably optimal 1 dependence, Corollary also provides an improvement com-
pared to Lemma 4.11 in [Ahl+20a). In that work, the construction PoH Dy as in Corollary
is introduced as TensorSRHT and is used as one element of a more extensive fast embedding
for vectors with Kronecker structure which allows for a computational complexity that is only
polynomial in the degree d. This embedding is based on a tree structure. Starting from a vector
z =20 ®. .. ® 2@ with Kronecker structure, first a sparse Johnson-Lindenstrauss transform

(OSNAP) is applied to each z\9) from n to m > m; = O(¢ 2log %) dimensions (Lemma 4.8 in
[Ahl4-20a]). Subsequently the TensorSRHT is applied to % pairs of these vectors, reducing the
corresponding Kronecker products of two factors separately. In this way, the result is a reduced

Kronecker product of % factors. This reduction is applied successively until only a single factor

remains at the end. In each level, the TensorSRHT acts as an embedding R™ — R™ for a

suitable m > my. As such, the dimension is reduced from m¢ to m after the application of
OSNAP.

Observe that this construction uses the setup of Corollary for the case d = 2 and N = m?2.

Choose \
1\2 1\ 2 log 1
m:= |Ce? <10g > <log ) (log 1
€ n €

Then for sufficiently large C', m > mq such that OSNAP provides a suitable embedding R™
R™. Also, as required by the aforementioned construction, after choosing the RIP matrix with
constant success probability, Corollary provides an embedding R™ — R™ satisfying the
(€, m)-distributional Johnson-Lindenstrauss property since the required embedding dimension is

1\ 2 1\ 2 log 1\ ?
m = (e ? <log ) (log ) (log(mQ)) log —2
€ n €
. 2 2 log 1\ ?
< 2C"(log C)e 2 <log 1) <1og 1) (log kT )
€ n €

which is < m for sufficiently large C. So omitting log % and log log% factors, our result requires

2 3
an embedding dimension m of €2 <e_2 (log %) > compared to the dimension {2 (6_2 (log %) >

in [Ahl4-20af. Thus, our result leads to both an improved embedding power and, consequently,
an improved computational complexity of the tensor computation procedure.
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2 The Hanson-Wright Inequality for Random Tensors

This section, except for part shares major similarities with the article “The Hanson-Wright
Inequality for Random Tensors” by authors Stefan Bamberger, Felix Krahmer, and Rachel Ward,
that was submitted to Sampling Theory, Signal Processing, and Data Analysis. A preprint of
this work is available at https://arxiv.org/abs/2106.13345, [BKW21b].

The corresponding source for part is mentioned at the beginning of Section

2.1 Introduction
2.1.1 Background and Studied Objects

Given a matrix A € R™" and a random vector X € R", the Hanson-Wright inequality provides
a tail bound for the chaos X7 AX — EX7TAX. In the original work [HW71], X was assumed to
have independent subgaussian entries whose distributions are symmetric about 0.

This result has been improved and adapted to various settings in a number of works. For
example, the version shown in the introduction (Theorem [0.11]), which is cited from [RV13],
holds for vectors with general subgaussian entries without the symmetry assumption of the
distribution:

Theorem 2.1 (Theorem 1.1 from |[RV13]). Let A € R"*". Let X € R™ be a random vector with
independent entries such that EX = 0 and such that X has a subgaussian norm of at most K.
Then for every t > 0,

t? t
P(IXTAX —EXTAX| >t) < 2ex [—cmin{ , H
{ Z=zew KTAJ} K2 A2

where |Al|r is the Frobenius and || A||2—2 the spectral norm of A.

Today, the Hanson-Wright inequality is an important probabilistic tool and can be found in
various textbooks covering the basics of signal processing and probability theory, such as [FR13|
and [Ver18|. It has found numerous applications, in particular it has been a key ingredient for
the construction of fast Johnson-Lindenstrauss embeddings [KW11].

For subgaussian X € R", linear expressions » ,_; axX) can be controlled by Hoeffding’s
inequality, while quadratic (order 2) expressions X7 AX = Z?,k:l A; 1 X; X, can be controlled
by the Hanson-Wright inequality. Thus, it is natural to wonder to what extent such control
extends to a higher-order subgaussian chaos of the form

> Aiyia Xy Xy, (2.1)

U15ee00d

Expressions of this type for subgaussian vectors have been considered in [AW15] where they
are controlled using specific tensor norms of the arrays of all expected partial derivatives of
certain degree with respect to the entries in X.

In contrast, for independent random vectors X @, X@ the decoupled chaos

S A XD X, (2.2)

iq
11,02,.,g=1

can be controlled with simpler bounds and has been considered in multiple previous works for
numerous different distributions of the random vectors [Lat06; |AL12; [ KL15|.

In the course of adapting fast Johnson-Lindenstrauss embeddings to data with Kronecker
structure as introduced in [BBK18§| (see also [Ahl+20a; JKW20]), one encounters expressions
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of the form (XM @ @ XNTAXD @ ... ® X)) which are somewhat intermediate between
(2.1) and (2.2)), as they can be expanded as

n
1 d 1 d
Z Ail,~~~,id,id+17~~7i2dXi(1) e Xi(d)Xi(dJ)rl e 'Xi(zd)' (2'3)
01,0 sing=1

Vershynin [Ver20| recently studied embeddings of random tensors which requires controlling
IBXV @@ X D), (2.4)

for a matrix B. This is of the form where A is a rearrangement of BT B.

Even though can be cast as a specific case of for which [AW15] provides optimal
bounds, these bounds are not straightforward to use in this specific situation since they are given
in terms of partial derivatives and not in terms of the coefficients A;, ;..

The main results of this paper provide moment estimates for the semi-decoupled chaos
process that are easier to use as they are explicitly given in terms of the coefficients A;, ;.
Our bounds imply improved estimates for and lay the foundations for the order-optimal
analysis of fast Kronecker-structured Johnson-Lindenstrauss embeddings from Section [I] in the
case of arbitrary order d which will be completed at the end of this section. We nevertheless
expect that our results should find broader use beyond these specific applications.

2.1.2 Previous Work

For the case where X ..., X(@ are independent Gaussian vectors, the concentration of
has been studied in [Lat06] which provides upper and lower moment bounds which match up to
a constant factor depending only on the order d. We will obtain our main results for subgaussian
vectors by careful reduction to the Gaussian bounds.

Higher order chaos expressions have also been studied for distributions beyond Gaussian.
Specifically, [Bou+-05], Section 9, considers for the case of Rademacher vectors. However,
the bounds are more intricate than in [Lat06] and the coefficient array A = (Air,ia)iy o ig=1
must satisfy a symmetry condition and be diagonal-free, i.e., A; . ;, = 0 if any two of the
indices i1, ...,i4 coincide.

Upper and lower bounds on the moments of are shown in |[AL12| and [KL15] for the
case of symmetric random variables with logarithmically concave and convex tails, meaning
that for a random variable X € R, the function ¢ — —logP(|X| > ¢) is convex or concave,
respectively. However, for general subgaussian random variables, neither of these has to be the
case. In addition, these works only consider the decoupled chaos and provide a decoupling
inequality to control for diagonal-free A.

Upper moment bounds for general polynomials of independent subgaussian random variables
are provided in [AW15]. Similar to our work, the authors utilize the decoupling techniques of
[AG93]. Since is a polynomial in the entries of XM x@ it can also be controlled
using the results from [AW15]|. Because the aforementioned work also shows that these moment
bounds are tight for the case of Gaussian vectors, one of the main results (Theorem of our
work can also be shown using their results. However, their result bounds the corresponding L,
norms in terms of norms of the array of all d’ < 2d expected partial derivatives, meaning that
significant additional work would be required to relate these derivatives to the expressions in
Theorem We believe, that our approach is not much longer but more insightful. In addition,
it provides the decoupling result Theorem [2.11] which will be of independent interest.

More work on related topics include [Mell6; Mell9] where upper and lower bounds for the
case of random variables satisfying the moment condition || X||2, < «| X]||, are considered for
the case of positive variables of order 2. The recent work |GSS21| provides similar bounds to
[AW15] for distributions of bounded v, norm for o € (0,1] (or o € (0,2] for some fo their

48



results), such as subexponential distributions. Like in [AW15], their bounds are given in terms
of partial derivatives, not directly in terms of the coefficients.

The decoupling technique used in many proofs of the standard Hanson-Wright inequality
relates XTAX to XTAX where X is an independent copy of X. This approach was first
introduced in [MT86], already in a general higher-dimensional form. The general idea is to
upper bound convex functions (e.g. moments) of by the corresponding expressions of ,
up to a constant. Beside independent, symmetrically distributed entries of the random vectors,
the result also requires the coefficient array to be symmetric and diagonal free.

The subsequent work [Kwa87] has also shown the reverse decoupling bound, up to constant
factors, proving that through , one can also provide lower bounds on the moments of
with the same assumptions on the coefficient array. However, in some applications it can be
interesting to consider non-diagonal-free coefficient arrays. For example, in the scenario of
IB(XM @ - @ XD)||2, the coefficient array BT B cannot be expected to fulfill the diagonal-
free condition in general. The work in [AG93| lifts the restriction of a diagonal-free coefficient
array and bounds the tails of slight modifications of and by each other up to certain
constants in the case of Gaussian random variables.

The concentration of the norm has recently been studied for the subgaussian case in
[Ver20]. It is shown that

ct?
P (‘HB(XO) ®--® XDy - ”BHF‘ > t) < 2exp <_dnd—1HBH2> (2.5)
2—2

for an absolute constant ¢ and for 0 < ¢ < 2n2 | B|l2—s2- This bound suggests that techniques
like the chaos moment bounds in [Lat06] could be applied to this problem, which is what we do
in this work and leads to Theorem [2.13] below.

2.1.3 Overview of our Contribution

The goal of this work is to provide upper and lower bounds for the moments of the deviation
of from its expectation for vectors with independent subgaussian entries (Theorem
below). Key steps of the proof include a decoupling inequality for expressions of the form ,
Theorem [2.11] and a comparison to Gaussian random vectors. Finally, based on our results for
, we provide a concentration inequality for as stated in Theorem which extends
previous results of [Ver20].

Possible applications of such results include recent developments in norm-preserving maps
for vectors with tensor structure in the context of machine learning methods using the kernel
trick [BBK18; |Ahl+20a; |JKW20].

2.1.4 Notation

Our results on XTAX where X is a Kronecker product of d random vectors will depend crucially
on the structure of the coefficient matrix A rearranged as a higher-order (specifically order 2d)
array. As such, we must establish sophisticated notation for such arrays and their indices.

Consider a vector of dimensions n = (nj,ng,...,ny) and a subset I C [d]. We call a function
i: I — N a partial index of order d on I if for all [ € I, i; :=i(l) € [n;]. Assume there is exactly
one such function if I = (). If I = [d], then i is called an index of order d. We denote the set
of all partial indices of order d on I as J*(I); the set of all indices of order d is denoted by
J:=J"([d]). J™ can be identified with [nq] x - - X [ng].

A function B : J® — R is called an array of order d. Because of the aforementioned
identification, we also write B € R™*"*"d =: R™. For I C [d], we define R®(I) to be the set of
partial arrays B : J*(I) — R. For I = [d], this is just the aforementioned array definition.
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We denote

N

IBll2:= | > B}

icJn(I)

for the Frobenius norm of the (partial) array where B; := B(i) are its entries.
For disjoint sets I, J C [d] and corresponding partial indices i € J*(1), j € J*(J), define the
partial index ixj € J®(I U J) by

Ve i iflel
(i =4 (2.6)
ji ifled
We will often work with arrays of order 2d whose dimensions along the first d axes are the
same as the dimensions along the remaining d ones. We use the notation

n*? = (ny,...,ng,n1,...,nq)
for the dimensions of such arrays.
For sets I C [2d], J C [d] such that I N (J + d) = 0 and for corresponding partial indices
i€ Jn(I), jeJ*(J), define the partial index i+j € J***(I U (J + d)) by

i; iflel
i+j); = 2.7
() {j,_d ifleJ+d 2.7)

For i € J*(I) and J C I, define iy € J*(J) to be the restriction of i to J, i.e., (iy); = i; for
alll e J.

Remark 2.2. To see how the + and x operators work, consider the following example for d = 3
and n; = ng = ng = 10. Take the subset {1,3} C [3] and partial indices i,j € J™({1,3}) such
that iy = 2,i3 =4, and j1 = 5,j3 = 8. Then i and j each define indices along the azes 1 and 3
but not along axis 2.

We can join i and j using the + operator to one index i+j =: k € J***({1,3,4,6}). Then
ki =i = 2, kg = i3 = 4 and the entries of j get shifted by d = 3 such that ky = j1 = 5,
ke =js = 8. .

Now to extend k € J* " ({1,3,4,6}) to the remaining azes 2 and 5, we can join it with
another partial index 1 € JnXQ({Q, 5}) using the x operator. Assumely =3 and l5 = 7, then we
obtain the total index m = kx1 € Jn™* for which

m1:k1:2,m2212:3,m3:k3:4,m4:k4:5,m5:l5:7,m6:k6:8,

such that m corresponds to the 6-tuple (2,3,4,5,7,8). Note that in contrast to the + operator,
x does not shift the entries of the second index.

The following function establishes a relation between array indices and indices of the rear-
rangement of the array as a vector.

Definition 2.3. For a dimension vector n = (ni,ng,...,nq), a subset I = {j1,...,j5} C [d]
for j1 <+~ <jjp and N := [[;c; i, define the function I7 : J*(I) — [N] by

1] -1
PG =Y G = [ [ g + 1.
=1 I'=1

which defines a bijection. Its inverse is called I : [N] — J™(I). We define T™ := Iy
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Definition 2.4. For an array a € R®, the vectorization vec(a) € RN is defined such that for all
j€Jn, (vec(a))rn() = aj.

Definition 2.5. Let I C J C [d]. For a partial index j € J*(J), define the restriction j; € J™(I)
such that for alll € I, (jr); =ji-

As suggested by the explanations above, our convention is to use bold letters for higher order
arrays (e.g., A) while their entries are denoted in non-bold letters (e.g., A;j). For some of our
results, we will convert matrices into higher-order arrays by rearranging their entries. In these
cases, we will denote the matrices in non-bold letters and use the same letter in bold for the
array, e.g., A and A. For the entries, it will be clear from the indices which object is being
referred to. Besides that, we will also always use bold letters for array indices (e.g., i), for
vectors of array dimensions (e.g. n), and for the set J™.

2.1.5 Previous Relevant Results

Since our result is based on the bounds given by Latala in [Lat06], we also consider the following
norms which are also used in that result. In our notation, the norms of interest are stated as
follows.

Definition 2.6. For n € N% and an array B € R®, we define the following norms for any
partition Iy, ..., I, of [d].

1 K
HBHIL---JK = sup Z B aEI) : 11)
1 K
aWeR?(I),....,alM eRP (1), jcJn
la®l2=-=[al)]l2=1
For example, when d = 2, the array B is a matrix and || - [[{; 2} coincides with the Frobenius

and || - |l{1} {2y with the spectral norm. Latala [Lat06] proved the following upper and lower
moment bounds for a decoupled Gaussian chaos of arbitrary order. Even though it is only
shown for p > 2 in [Lat06], it holds for all p > 1 as explained in Remark [2.8| below.

Theorem 2.7 (Theorem 1 in [Lat06]). Let n € N¢, B € R®, p > 1.
Let S(d, k) denote the set of partitions of [d] into k nonempty disjoint subsets. Define

d
B):= p"* 3 Bl (2.8)
w=1 (I1,..,1x)ES(d,k)

Consider independent Gaussian random vectors g ~ N(0,Idy,),..., 9D ~ N(0,Idy,).
Then

Cz Z B; H 9 < C(d)my(B),

ieJn  Ie[d] I
P

where C(d) > 0 is a constant that only depends on d.

Remark 2.8. Theorem 1 in [Lat06] only shows this statement for p > 2. However, by a small
adjustment, we can see that it also holds for 1 < p < 2 with a possibly different C(d). Let
X =3 ey Bi Hle[d] gi(ll). For the upper bound we have for 1 < p <2,

X1z, < Xz, < C(d)ma(B) <2
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For the lower bound, we consider the recent work [ALM21] about a generalized Gaussian
chaos with values in an arbitrary Banach space. Theorem 2.1 in their work states the lower
bound

Z > PP2IBllp < Xz, (2.9)

d PeP(J)

for all p > 1, where P(J) is deﬁned as the set of all partitions of J (into non-empty, pairwise
disjoint sets) and ||B||p, defined in (2.2) of [ALMZ21|, is a non-negative expression that coincides
with our definition of ||B||r, .1, ifP = (I1,...,1.) is a partition of the entire set [d]. Therefore
we can restrict the sum over J in ) to the term J = [d] and obtain

1

Pl/2

O( ) PeP([d])

2.2 Main Results

The main contribution of our work is the following result which gives a generalization of the
Hanson-Wright inequality (Theorem in terms of upper and lower moment bounds. Note
that the operators x and + are deﬁned in and .

Theorem 2.9. Ford > 1, letn= (ny,... ,nd) be a vector of dimensions, and let N =ny...ngq.

Let A e RV*N gnd XM e R™ ... . XD ¢ R be random vectors with independent, mean
0, variance 1 entries with subgaussian norms bounded by L > 1. Define X := XM @ ... @ X,
There exists a constant C(d), depending only on d, such that for all p > 1,

[XTAX — EXTAX|[, < C(d)ym

The numbers m,, are defined as follows. By rearranging its entries, regard A as an array
A e R of order 2d such that

l !
xTax =Y Al Xi(l)Xi(i).
ii’eJn le(d]

For any I C [d] and for I¢ = [d]\I define AT) € R (1€ U (1€ 4 d)) by

1+1 Z A (ixk)+(i' xk) (2'10)
keJn (I

for all i, i € In(I°).
For T C [2d] and 1 < k < 2d, denote by S(T, k) the set of partitions of T into k sets. Then
for any p > 1, define

2d
my =L p2 - > IAD|p,,...r,

k=1 ICld] (I,...,Ix)eS((I¢)U(Ic+d),k)
I#(d]

If in addition, XM ~ N(0,Idy,),..., XD ~ N(0,Id,,) are normally distributed (i.e. L is
constant), and A satisfies the symmetry condition that for alll € [d] and any i,i’ € J*([d]\{l}),
3,3 e I({1}),

Alisi)trsiy = Aaxintasi) (2.11)

then also the lower bound

C(dymy < || XTAX ~EXTAX|,

holds for all p > 1. Here, C’(d) > 0 only depends on d.
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Note that these upper bounds can directly be converted to tail bounds in the style of Theo-
rems or using Lemma After introducing the required tools, the proof of Theorem
will be split up into two parts. We will prove the upper bound in Subsection and then
the lower bound in Subsection 2.3.3]

Remark 2.10. The symmetry condition required for the lower bound is not satisfied for all
matrices. However, for any matriz A, we can find a matriz A satisfying the symmetry condi-
tion and such that XTAX = XTAX always holds. To do this, in the array notation we can
deﬁne A by transposing A along all possible sets of azes and then taking the mean A1+1' =

2d >rcia 4 (ige %1 L3y x1) Jor any i, i’ € J™. This is a generalization of taking A = F(A+ AT)

for d = 1. Note however, that A might have significantly smaller norms than A which is why
the lower moment bounds in Theorem[2.9 might not hold for A directly.

A central part of our argument is the following specialized decoupling result for expressions
as in (2.3]) which might be of independent interest.

Theorem 2.11. Letn = (ng,...,ng) € N¢, A € Rnxz, XM erm XD e R random vec-
tors with independent mean 0, variance 1 entries and X, ..., X(@ corresponding independent
copies. Then for allp > 1,

> Ai—i—i’HX(l ~E Y Ay HX X(l
iifeJn le[d] iireJn leld] L,

< > a3 g T[] [0

I,JCld): ieJn(J) +(ixjxk’) 1eJ lelc
JCI,I\J#[d] JEIR(I\)
k,k'€Jn(1¢)

Ly

Remark 2.12. Consider the special case in Theorem of x® o x@ being Rademacher
vectors, i.e., having independent entries that are £1 with a probability of% each. Then any

squared entry is 1 almost surely. This implies that the factor [],c; [(Xi(ll))2 — 1} is 0 unless

J = 0. So on the right hand side of the inequality in Theorem only the terms with J = ()
need to be considered.

Theorem also leads to the following new tail bound for [[A(X® @ --- @ X(@)||5. Note
that it contains the deviation of the non-squared norm. This improves upon the previous result
by Vershynin [Ver20| as described in , up to the constant C'(d). By comparison, our result
provides a strictly stronger bound for matrices with smaller Frobenius norm and holds for all
t>0.

Theorem 2.13. Let B € R0xn* pe g matriz, XM, ... X4 € R" independent random vectors
with independent, mean 0, variance 1 entries with subgaussian norm bounded by L > 1, and let
X =X0g. ... X@ ¢ R". Then for a constant C(d) depending only on d and for any t > 0,

P([BX|2 = [IBllr| >1)
2 . d
e? exp <_C(d)WBIIS% if t <n2||Bl2-2

d . d
o =C(@) (B;g)d) it 2 02| B2

IN

2 oo d—l d—1
o (<Ot ) 'S Bl <020 Bl
F
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Note that the third interval intersects the first two intervals. In any interval of intersection,
both bounds hold. For slightly more complicated but provably optimal moment bounds, we
refer the reader to Corollary

Remark 2.14. In addition to extending the previous result in from [Ver20] to allt > 0, our
result provides a strict improvement of that result for matrices with stable rank (|| B||r/||B|2—2)?
in (1,n"3").

As an example, consider a square Z’Latrix B € Rnxn? of full rank with mildly exponentially
decreasing singular values oj = e~z 1G-1) for 1 < j < n? Then ||B|a—2 = 01 = 1 and one
can check, using e > 1 —x for allz € R and e™* <1 — § for x € [0,1], that

|

e

d
—n4,2n
2

5 l—e™mt . [1

So the stable rank is €
interval nid_i <t < %
< e?exp (—C(d)ﬁ%) while the first line only provides a bound of €% exp (—C(d)nﬁ—:) , 1.e.,
nd4“ 2

there is an improvement for d > 3.
2.3 Main Proofs

2.3.1 Preliminaries

The classical symmetrization lemma for normed spaces, cited as Lemma can be extended
to increasing convex functions of norms as the following result from [Pen92| shows.

Lemma 2.15 (Special case of Lemma Al in [Pen92)). Let Xi,..., X, be independent, mean
0 real-valued random variables and p > 1. Let &1,...,&, be independent Rademacher variables
that are independent of X1,...,X,. Then

> aXi > X
k=1 k=1

The decoupling theorem for quadratic forms relates double sums Z;L w1 Ak X; X} over ran-

P
< 2PE

p

P
1
ﬁE <E

> G Xk
k=1

dom variables (Xj);ejn to a “decoupled” expression szzl A X; Xy, where the Xj, are inde-
pendent copies of the Xj. Different versions have been used in probability for a long time and
we refer to Section 3.6 in [PG99] for an overview of their history. The following version for
convex functions, from Theorem 8.11 in the textbook [FR13|, is an adaption of Proposition 1.9
in [BT87] for norms in Banach spaces.

Theorem 2.16. Let A € R™ ™ be a matriz, X € R™ a vector with independent mean 0 entries,
and X and independent copy of X. Let F': R — R be a convex function. Then

n n
EF | ) ApX;Xp | <EF [4) 0 AjX,; X,
Jik=1 Ji:k=1
J#k

Also the following elementary result will be used.

Lemma 2.17. Let T be a finite set. Then

s 1 ifT=0
NEAEH

scr otherwise.
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Proof. By grouping all S C T of the same size and applying the binomial theorem,

7| 7|

2;‘ Lﬂ_;;g; 118l = E;CZ»( 1ye 1Tl Z (g g 1)
($/=k

_J1 T =0
" 10 otherwise.

O]

Although this is a very elementary statement and consequence of the binomial theorem, we
are not aware of any previous usages of precisely this identity. One somewhat similar tool is
given by Mazur-Orlicz formula ((11) in [MO34]), which has also been used in a problem related
to decoupling inequalities in [PM95]. It is stated as

1

(D3 (DTG = (1= 07) L (1= 0%,

€1,...,,=0
With v1 = -+ = v, = 0, this becomes

1

Z —(e1+er) Ok.

€1,...,6,=0

For k = |T'| > 0, the {0, 1}-tuples (e, ..., €x) can be identified with the subsets S C T such that
|S| = €1+ -+ + €, and then this identity implies Lemma for T # 0.

For the norms in Definition we need the following property about restricting arrays to
some diagonal entries. This can be obtained directly from a repeated application of Lemma 5.2
in [AW15] (where K = {l,1 + d} for each [ € I). Here again, we use the notation of x and +

from ([2.6)) and ({ .

Lemma 2.18. Let A € R™* I C [d] and define Al € R py

AU.Z{AHV ifvlel:i=1i
i+

0 otherwise.
for all i,i" € J™. Then for any partition I, ..., I, of [2d], we have
I
1AM r < 1A,

For comparisons between functions of subgaussian and of Gaussian variables, we will use the
concept of strong domination of random variables. See, e.g., [KW92| for the following definition
and further explanations.

Definition 2.19 (Definition 3.2.1 in [KW92]). Let X,Y € R be random variables and k, A > 0.
We say that X is (k, A)-strongly dominated by Y (X <. ) Y) if for every t >0,

P(|X| > t) < kP(\[Y] > ).

It can be shown that linear combinations of independent, strongly dominated random vari-
ables are again strongly dominated which in turn implies the following statement about expec-
tations of convex functions of these linear combinations.
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Theorem 2.20 (Corollary 3.2.1 in [KW92|). Let Xi,...,Xpn,Y1,...,Y, € R be independent
symmetric random variables and ay, ... ,an, € R fived coefficients such that X; <. ) Yi. Then

for any nondecreasing ¢ : RT — R,
n
=1

n
i=1
Statements similar to the following lemma have been used in multiple works to establish
a relation between |[|Az|l2 — a| and |||Az||3 — a?|, for example in the proof of Lemma 5.36 in
[Ver12|. For completeness, we state it as a separate result with its proof here.

) < 2[k|Ep ([/ﬂ)\

Lemma 2.21. For real numbers a,b > 0, b # 0, it holds that

1 . (|a® -8 . [ |a® —b?|
3 min T,\/|a2—b2| <|a — b| < min T,\/|a2—b2| :

Proof. We obtain
B ’aQ—b2| |a2—b2|
o Ja+b] T b

la — bl ;
and since a,b > 0, i.e., |a—0b| < |a|+|b| = |a+b|, it follows that |a —b|> < |a—b|la+b| = |a® —b?],
proving the second inequality.

For the first inequality, first assume the case a < 2b. Then a + b < 3b such that

a2 %] _ =1
3 b - a+b

= |a — b.
In the case that a > 2b, i.e., a — b > b > 0, we obtain

1 1 1
g\/w — b2 < g\/|a+bl|a— b| < g\/(|a— b| + 2b)|a — 0|

1 1
< Z a—>bl+2la—0b|)|a—bl = —=l|a—0b] <l|a—b|.
_3\/(! | + 2| DI | \/gl | <] \

O]

Relations between moments and tail bounds have also been well-known in the field. For an
overview see, e.g., Chapter 7.3 in [FR13]. In this spirit, we state and prove the following small
tool for the case of mixed tails which we encounter in this work.

Lemma 2.22 (Moments and tail bounds). Let T' be a finite set and X an R valued random
variable such that for all p > pg > 0,

d
o, <3 i
| ||L”_k,11?élTnp Vil

for values vy > 0, e > 0.
Then for all t > 0,

1
t ek,
P(]X]>t)§ep°exp<—minmax( ) kl).
keld) €T \ edV,
1

Proof. Fix any v > 0. For any k € [d], define I'(k) := argmax;cp (%) “®!then choose k' :=
1 1 ’ 1

) €k, 1/ (k) , and pi= (#) k1 (k) , such that p= minke[d} maxjer (L) €k,l )

V! 1 (k) Vi,

argmlnke[d] (Vk )
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If p < po, then P(|X| > edu) < 1 = eP? exp(—pg) < eP? exp(—p).
If p > pg, then by the choice of p,

1 €k,
XL < Chin | < WK
1 X1z, mep Vil lelélj{l [( > Vil

Yk l’ /)

d 1 ek,l,(k)
U CR/ 1 (k)
< Z !( > ] Ykl (k)
k=

Vi 1 (K

d 1 ek,l’(k) d
u €k, (k)
< [( > ] Ve (k) < g u=
k=1

Vi,V (k)

N

So by Markov’s inequality,

EIXP _ (IXI, ) _
P(|X du) < P(|X P du)?) < = L <eP,
(X1 > ed) < B(XP > (edu?) < b= () <o

In all cases, we obtain

1
P(|X| > edu) < ePe™ = e’ exp <_ min max <u> e’”) .

keld) 1T \ Yy

The result follows by taking u := et—d. O

2.3.2 Proof of the Upper Bound
Required tools:

Lemma 2.23. There is an absolute constant C such that the following holds. Let X € R™ be
random with mean 0 and || X||y, < L. Take a Gaussian vector g ~ N(0,1d,) and a € R". Then

forallp>1,
Z%Xk;

Proof. By the assumption on X, >}, ax Xy = (a,X) is mean 0 with [[(a, X)|ly, < Lllal2,
implying that for any p > 1,

P
(CL)PE

Z kG

k=1

El{a, X)|P < (C1Ll|al|2)"p".

On the other hand, (a,g) ~ N(0,|/al|3), so by the known absolute moments of the normal
distribution and Stirling’s approximation,

b
2 P % 2 /1 2 P 2\ 2 P
SR CALE () ||a|r§pzz(€2) o305,
p
implying that E|(a, X)|P < (%L) E|(a, g)|P. O

In order to control arbitrary chaoses, we will derive a similar result as Lemma for squared
subgaussian and Gaussian variables. To achieve this, we make use of strong domination. The
following theorem states that this can be used to compare squared subgaussian and Gaussian
variables.
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Lemma 2.24. There exist absolute constants kK, A > 0 such that the following holds. Let X be
a random variable with EX? =1 and || X ||y, < L, L > 1 and g ~ N(0,1). Let &, & € {£1} be
Rademacher variables that are independent of X and g. Then £(X? — 1) = (kAL2) &(g?> —1) in
the sense of Definition [2.19,

Proof. For any t > 0,
PIEX?=1)[>t)=P(X*—1>¢)+P(—(X*—1)>1)

For a constant ¢ > 1, the first term can be bounded by

P(X2—1>t):P(]X]>\/m>§exp<1—i2—£2t> <e-e @iz,

The second term is 0 if t > 1 since —(X2 —1) < 1. For t <1, e_cQtL2 > e_c21L2 > ¢!, Then
t
it holds that P(—(X2 —1) >t) <1<e-e 222, and altogether we obtain

P(|¢(X? - 1) >t) <2 e 222,

On the other hand, for any A > 0,

t t
P (M\L%|€ (g% — 1 SPlg?—-1>— | =P 14+ —
(AL (g* = 1) > t) > <9 >AL2) (!g!> +/\L2)

To bound this, we use the following properties of the normal distribution: (see Proposition
7.5 in [FR13|)

P(yy>u)>\/§1 1—i e P(lg| > u) > | 1 — gu e (2.12)
==\ Ty u? ’ gi=t)= T ' .

For u > %, the first inequality in (2.12) gives P(!g\ > V1 +u) > %\/%me* z . Using

that 11+u > e~3% for all u > 0, we obtain for u > i,

1 /2 _a 1+ u 1 /2 1 1 _
P(lg| > vVI+u)> oy e3¢ - Y i ) > e
(|g| > +u) > 5\/;(2 2 exp< 5 > 5 Wexp( 5 u> > 7¢

So for any u > 0, P(|g| > v/I+u) > e~ *. By choosing A = ¢? and combining,

t 1 t
P(lE(X?—1)]>t) <2 -e 22 <93- T7¢ 7 < 93P (AL2E (¢* — 1) > 1)
O

Theorem 2.25. There is an absolute constant C' > 0 such that the following holds. Let X € R™
have independent entries that have mean 0 and variance 1 and are subgaussian with s norm
< L for an L > 1. Take a Gaussian vector g ~ N(0,Id,) and a € R™. Then

Zak(le -1) Zak(gi -1)
k=1

k=1

p p

E < (CL*PE
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Proof. Consider independent Rademacher variables 1, ..., &, €1, ...,&, € {£1}" that are also
independent of X and g. By the symmetrization Lemma it holds that

Zak; Xk_l Zak&: —-1)

E Z ark (g5 —
k=1

Z ak (g —
k=1

Using that &.(X? — 1) <(xaz2) &x(g? — 1) by Lemma and that |-|P is a convex nonde-
creasing function Rt — R™, Theorem implies that there is a constant C' > 0 such that

> arée(gr — 1)

k=1

p
< 2PRE

p

g ?E (2.13)

p
< (CL*PE

n p

> apb(X7 - 1)

k=1

E

O]

The next theorem is an important tool for the proof of our decoupling result (Theorem.
Its purpose is to rearrange a chaos in such a way that — under some changes — the quadratic factor
that occur (here (Xi(ll))Q) are replaced by corresponding mean 0 factors of the type [(Xi(ll))2 - 1}
that also occur in Theorem 2,111

Rearranging the terms with this theorem enables an iterative application of the standard
decoupling Theorem [2.16|in the proof of Theorem [2.11} Furthermore, the factors [(X i(ll))2 - 1}
are 0 in the Rademacher case (Remark . In the general case, after the comparison with
Gaussians, they will be turned into a product of two independent factors with the subsequent
Lemma in the proof of Theorem

Note that this is a purely arithmetic rearrangement of the chaos. We do not require or take
any randomness of the X(®) into account.

Theorem 2.26. Let n € N, A e R*, X(D c R™ ... X ¢ R™, [ C [d]. Then

Soaller=3 > A IT |-

e ield) IC[d) i3 ([d)\I) le[d)\I

where for any i € J*([d]\I),

jeJn(I)
Proof. Observing that for any I C [d], i € J*(I),
(D2 _ \(1ur’ )
[T [ -1]= 3 olen e
le[d\] rcld\ ler

we obtain

Z Ai(I) H [(Xi(ll))Z_l}

le[d)\I
i€ (D)
= Z Ay 30 (DINIDITT(x0)2
cld el i
ieama\
jeJn(I)

99



= 3 (—plEanaun) Z Ay TTX

ICld] ieJ™([d]\I) ler
r'cld\I JeJ“(I)

= Z [d]\ (ur| ZA H X(l)
I'cld] ieJn el
Ic[d\I’

-S| 3 e (ZAHXU )

I'cld] IC[d\I' ieJn el
This implies the claim using Lemma O

A key to the proof of the upper moment bound in our main result (Theorem [2.9) is the
decoupling technique of Theorem With the above auxiliary results, we can give the proof
of it here.

Proof of Theorem |2.11].

b= 3 Ay [[ XX

i,i’feJn leld]
- (Dy2 D) (@)
=Y > Awgrasn HE? XX
ICc[d] ieJ®(I) lel lele
J.J'eIn (1)
VieIe:j 4]

since each summand 1,1’ is precisely considered in the sum for I = {l € [d] : i; = i} and no other
1.

Now applying Theorem yields

b= Z Z Z A(1><J +(ixj") H X.lz X.l(ll H(Xi(ll))2

IC[d)ieJn(I) \ j,j’eI™(I°) lele lel
vieI: g

SO | X A TTX0x) | T2 1]

rJcid: ieJ?(J) |\ jjeInue) —+(xi'xk)iere leJ
JCI  keJ™(I\J) \Vielcj#j]

Z Z A (1><.1><k H X.](zl J1 [ Xi(zl))Q B 1}

IJcd]: ieJ™(J +(ixj' xk) lele leJ
JcI keJ“(I\J)
JJ'eIn(re)
VIEI®ji#]

> Si

I,JC[d]:
JcrI

Because of
d,p = ZAkJrk—E Z A1+1 HX
keJn ii’eJn
and the triangle inequality, we obtain

Ib—Ebllz, < > ISl (2.14)

I,JC[d]:
JCI,I\J#0
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For any fixed lg € I, we obtain that ||S; s|[z, =

Z Z A (ixjxjxk) HXU)X(DH[ (l) 1} XJ(LI;))XJ(ZIO

3J EJ"({lo}) ieJ™(J) +(ixj %" xk) 1e1¢ 0
Jig #d, ) ,/“6;‘,"%\”
JJ'ean \{l/o})
VIEI®:§#])]

Lp

We can apply the decoupling Theorem to this for the convex function |-|P and the
expectation conditioned on all variables except X (). This leads to 151,41z, <

(l) ) (l) (1) % (lo)
A > > A aumng LN TT [ -] | xgoxge
jjreIn({lo}) i€J?(J) +(ixj§’ x§ xk) tere leJ 0
keJ™(I1\J)
33’ eI™(I°\{lo})
VIETC:j,#j] L,
Repeating this procedure iteratively for all other [ € I¢, we obtain
d—|I (l) x (D)2
HSLJHLI) <4 o Z A(1><_]><k +(ixj’ xk) H X H [( ) -1
ieJn(J lele leJ
keJ"([\J)
Jjj'exn(re) Ly
Substituting this into (2.14]) completes the proof. O

The works in [Kwa87] and |[AG93| have investigated polynomials with higher powers of
Gaussian variables. Since in our scenario, we only have two occurrences of every vector, thus
we can repeatedly apply their result for the case of two coinciding indices. Considering that
Hs(z) = 2> — 1 is the Hermite polynomial of degree 2 and leading coefficient 1, equation (2.9)
in [AG93] in our setup can be written as follows. Note that as suggested there, the case p > 1
can also be shown using Jensen’s inequality which can be used to show this inequality with
coefficient 2.

Lemma 2.27. Let a € R", g,g ~ N(0,1d,), p> 1. Then

n n
Z ar(gk — Z ak9kJk
k=1

k=1

<2

Ly Ly

Combining the previous lemmas, now we can prove the upper bound in the main Theorem

29
Proof of Theorem upper bound:
Step 1: Decoupling
Let o := | XTAX — EXTAX]||1,. By Theorem o<

Z 4d—|1| Z A(1><_]><k +(ixj xk) H X l)X H [(Xi(ll))2 - 1:| ’ (2'15)

JCIcC[d) ieJn(J lele leJ
I\J#[d] keJ"(I\J)
ji'en(re) L,
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Step 2: Replacing the subgaussian factors by Gaussians

In , we can repeatedly apply Lemma to replace all the linear subgaussian factors
by Gaussian ones. Afterwards, Theorem allows the same for the quadratic terms. Together,
this yields that o <

SIS A g [T 9 H[gu } . (2.16)

JcIcld) ieJn(J)  +(xji'xk)lele leJ
I\#[d] keJ“(I\J)
3i'eIn(Ie) L
P

Step 3: Decoupling of squared Gaussians In an analogous fashion as in step 2, we

can successively replace all the factors [(gi(ll))2 — 1} in (2.16)) by gi(ll) gi(ll) using Lemma [2.27] This

leads to
a< Z (CL)IH] Z A sk Hng g, Hgll gll
Jcicld) ieJn(J)  +(xi'xk)lere leJ
I\J#[d] keJ™(I\J)
g’ eIn (1) L
= > enril S A 1 g9

JcIC[d] iLi’eJn(I°ulJ) lelcuJ I
INJ#[d] i

where for all i,i € J*(J U I°),

AT _ {ZkeJn(f\J)A(ikkH(i'kk) ifvieJ i =1 (2.17)

i 0 otherwise.
Step 4: Completing the proof Then Theorem [2.7] yields that
(I,J) (1) =) ~ (1,J)
Z A H i, 9 s my
LieJn(Jure) lereUg L,

where for S((JUI)U((JUI)+d), k) being the set of all partitions of (JUI)U ((JUI®)+d)
into k sets,

d
b= 3 AT
k=1 (I1 1.0 1) ES((JUIOYU((JUIC) +d) k)

By Lemma:2.18l7 HA(I’J)HIL._.JK < HA(I)HH,...,L@ where A1) = A(9) a5 given in the statement
of Theorem 2.9] Together with this, the upper bound in Theorem [2.9] follows.

2.3.3 Proof of the Lower Bound

Required tools:

In this section, we will prove the lower bound in Theorem Unlike the upper bound,
we will only prove this for the case of Gaussian vectors. Indeed, for arbitrary subgaussian
distributions, the lower bound fails to hold as the following simple example for the case d = 1
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shows: Consider the identity matrix Id, and a Rademacher vector £ € {£1}". Then the object
of interest in Theorem [2.9|is ¢71d,¢ —E[¢T Id,&] = 0 even though the moment bounds m,, would
be > 0.

We follow the approach of reversing all steps in the proof of the upper bound, without the
Gaussian comparison steps. This is why also the two decoupling steps before and after the
Gaussian comparison can be performed together.

As mentioned before, Gaussian decoupling, with upper as well as lower bounds, has been
studied in [AG93| where central ideas of [Kwa87| have been used. [AG93] provides a decoupling
inequality for Gaussian chaos with an arbitrary number of coinciding indices. Similarly to
Lemma we can adapt the result of Equation (2.9) in [AG93] to our situation as follows.

Lemma 2.28. Let A € R™" be a symmetric matriz, g,g ~ N(0,Id,) be independent, and
p=>1.

ST Ajrgige|| < D Ajrlgigr — Li=x)

jake[n] Lp j,ke['ﬂ] Lp

To generalize this to cases of multiple axes, we iteratively apply Lemma to obtain the
following corollary.

Corollary 2.29. Letn € N¢, A € R™? such that A satisfies the symmetry condition that for
all L € [d] and any i,i" € I*([d]\{l}), j.J' € I"({{}),

Ay sy = A s (2.18)

Let ¢, g1 ~ N(0,Idy,),...,gD, @ ~ N(0,Idy,) be independent. Then for any set
Icld,p=>1,

Z AIXJ XJ)Hgll 912

ii’eJn(I) lel

jean(re) L,

<| X Awgiwe [T [0)a — -]
ii’eJn(I) ler
jean (o)

Ly

Independently of the Gaussian decoupling approach, the following two lemmas provide a tool
to reverse the application of the rearrangement result Theorem in the proof of the upper
bound.

Lemma 2.30. Let A € R® be an array of order 2d and X e R™ .. X ¢ R yectors.
Then

Z Z Z Afisg)( XJ)l_I[ — L= iE]

IC[d]i,i/eJn(I) jeJn(I¢) lel

=Y A [T X0

ii’eJn leld]

Proof. Note that

T [x0%0 = 1] = S 1) T %0 x.

lel JCI leJ
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Using this, we obtain

o= Z Z Z A5 10 54) H [X(Z)Xi(gl) _ ]lizzi{}

IC[d])i,i’eJn(I) jeJn(I°) lel
=2 2 X Awgpiwe . [Tl [Ix)X
ICld)i,i’eJn() jeJn(I°) JCIlel\J leJ

Observing that

T L) {(—1)II\JI ifvjiel\J:i=1i
iy=i)) =

1en 0 otherwise,

we can conclude

a= Z Z Z Z A (ixjxk)+(@{ ><J><k ‘I\J| HX Xl(gl

d) JCI ii’'eJ™(J) jeJn(I°¢) leJ
ked™(1\J)
nNJ
=2 2NN S Ay [T X
JC[d] IDJ i,irfeJn(J) jeJn(Je) leJ

Lemma yields

=7 =Ty, 0 otherwise,

such that

Q= Z A1+1 HX Xl(;l

ii’eJn

O]

Lemma 2.31. Let A € R* be an array of order 2d and XM e R™ ... X(d) ¢ R™ independent
random vectors with mean 0, variance 1 entries. Then for any subset ) = I C [d], p > 1,

Z Z A (ixj)x (i xj) H {X(l o ﬂlz—lz]

iL,i’eJn(I) jeJn(Ic) lel L,
o | Y A [T X059 -E Y Ay [T x0PXYP| . (2.19)
i,i’eJn leld] ii’eJn le[d]

LP
where C(|I]) is a constant only depending on |I|.
Proof. By the assumptions on the vectors X1,
) _
E:=E Z A1+1 HX Xil - ZAiH
ii’eJn ieJn

Since this is exactly the term for I = () in Lemma we obtain for the term on the right

hand side of ,
bi= Y Ay [T XPX -

ii’eJ» le[d]
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Z Afisg) i XJ)H [X()X(l L - 11} Z 5.

(ZJ;AJC leJ JC[d]
ii EJ“(J) J#0D
JeIn(Je)

Using these terms, we need to show that ||St||z, < C(|I])||b]|, for all @ # I C [d].
Now we prove this by induction over |I|. First assume I = {lp}. For any J # 0,1, there
exists an [ € J\I and then

E

H |:Xi(zl)Xi() - ]111—1 ‘X(lo)] =0
leJ :

since there is at least one factor whose conditional expectation is 0.
We conclude

p
E|S;P=E|S +E| >  S;|x0
JC[d):J#£0,1
p
=E|E| Y S;|x0 <E[pp,
JC[d):J#£D

where we used Jensen’s inequality on the conditional expectation in the last step.
Now assume that we have already shown (2.19) for all ¢ # I’ C [d] with || < |1].
For all J C [d] such that J # (), I, one of the following holds.

o J\I =0,1ie., JCI: Because J # I, |J| < |I|, so by induction

151z, < CUIDIb L, - (2.20)

e J\I # (. Since there is an I’ € J\I,

E

I1 [X(”X(“ — L ] ‘(X(l))la] =0. (2.21)

leJ

The triangle inequality yields together with (2.20)), that ||St|[z, <

St+ > Sull + 3 WSl < Se+ D0 Sa| + | DS )| bz,

JcI JcI JcI JCI,J#0,1
J#£0,I L, JA0I J#0,I L,

The first term on the right hand side can be controlled with (2.21)) and Jensen’s inequality,

p p
E|Sr+ Y. Sy =E|Si+ > S;+E|[ Y S (XU
JCI:J#0,1 JCI:J#0,1 JC[d]: J\I#£)
p
=EE| > S;|(XD)er|| <EpP.
JC[d):T#D

So altogether [|Sy|[z,, < C(II))||b]|z, where C(|1]) :== 3" ;c1.749.1 C(|J]) + 1 depends only on

1. O
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Now we introduced all the necessary tools and can prove the lower bound of the main result,
Theorem 2.9

Proof of Theorem lower bound:
For any J C I C [d], define the array AU+/) as in the proof of the upper bound ([2.17) and

o=l > A 1T 9w (2:22)

ii’eJn(Jule) leIeuy L

Step 1: Adding off-diagonal terms

Define independent Rademacher vectors (f(l))le J that are also independent of the vectors
gV, gD g gD,

Noting that E [§i(ll)£i(,l)] = 1;,—y;, we obtain
l

¢ _(1
E§ Z A(1><J><k)+ (i’ xj’ xk) H ng H i )gl(l))(ﬁi(;)gi(;))

l

ii’feJ™(J) lele leJ
keJ™(I1\J)
Lj,j eI (I°) i
_ AU)
- Z 1+1 H gll g’
i,i’feJn(JuIe) lelcuJ

Substituting into (2.22) and applying Jensen’s inequality and Fubini’s theorem yields
(a(I J))p

l 1) (1 l
:Egy.?] ]Ef Z Z A(1><J><k)+(1 xj’ xk) H g.fl)g/ H é-fl fl))(&( )g< ))

1
i,i’eJn(J) keI (1\J) lere leJ
3,i'eIn(I°)

l l l l 1) -(1
Bl Y Y Auswwsin 1605 TIE0d0NE 80)

i,i’eJ(J) keIn(I\J) lere leJ
J.'ern(1°)

By the symmetry of the normal distribution, conditioned on (f(l))le Js (5” gll ,f l) Gy ) and
L

(@ (l))

(93, 9y ") have the same distribution. So we can conclude
1

OZ(I’J) < Z Z A(le)—f— ' xk) H gll gl;

i,i’feJ®(Julc) keJn(I\J) leJule I
P

Step 2: Inverse Gaussian decoupling
For every J C I C [d], we obtain then by the symmetry of A and Corollary

o) < Z Z A(lxk)-l-( 'xk) H [gi(ll)gi(/) L= }

ii’feJ®(Julc) keJn(I\J) leJule L,

Step 3: Removing the mean subtractions in every factor

Since I\J # [d], J U I¢ # () and Lemma provides that a(/+/) <

‘JUIC Z A1+1’ H gl i —E Z A1+1’ H gll 91;

ii’eJn le[d] ii’eJn L,
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Adding this up over all J C I C [d], I\J # [d] yields

3 ol

JcCIC|[d]
I\J[d]

2 A [l sy’ B 3 Aus ng % (2.23)

ii'feJn leld] ii’eJn Ly

where C(d) := 3 ;114020 C1(|J U I¢]) depends only on d.

Step 4: Completing the proof

Restricting the left hand side in - ) to the terms in which J = (). The remaining terms
al:® only contain the arrays A( ) which are equal to the AY) from the theorem statement.
Subsequently, we can bound the o/? from below using Theorem (similarly to the upper
bound) to obtain the lower bound in Theorem

2.3.4 Concentration of ||[BX||2

In this section, we apply our main results to the concentration of ||[BX||y where X = X1 @
.. @ X @ is a Kronecker product of independent vectors with subgaussian entries. The following
statement is a direct consequence from Theorem and Lemma [2.21

Corollary 2.32. Let B € R"™*N be a matriz where N =ny...ng and X := XV @...@ X@ ¢
RY a random vector as in Theorem[2.9

Let A € R™ be the rearrangement of the matric A = B*B as an array with 2d azes. For
any I C [d], define the array AD) as in .

For T C [2d], 1 < k < 2d, denote S(T,k) for the set of partitions of T into k sets and

= [d]\I. Define for any p > 1 and any k € [2d],

Mpw = Y > IAD5,,...1,

IC[d] (I1,....Ix)eS((I°)U(I°+d),K)
T#[d)

2d
& T K
m ::deg min{p2 PE pi/m }
8 1Bllr’ o

k=1

Then there is a constant C(d) > 0, depending only on d, such that for all p > 1,
BXl2 = IBl[rll, < Cldm

If in addition, XV ~ N(0,Id,,),...,X® ~ N(0,Id,,) are normally distributed (i.e., L is
constant) and A satisfies the symmetry condition (2.11), then also the lower bound

C(dymy < [[IBX|l2 = |IBllFll,

holds for all p > 1. Above, C(d) > 0 that depends only on d.

Lemma 2.33. Let B € R"X %" Assume that I, .. ., I,; is a partition of [d]. Let I,Ul. 11 = I,
be a partition into two subsets. Then

1Bl 1 B < Bl

S mln H nl’ H n HB||117---7[;171717N7[71<0+1.
lejﬁ lEI_,.H_l
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Proof. Take arrays a(l) € R*(Iy),...,a"" ) € R*(I,_1),a) € R(I,),a"+D) ¢ R ([.41),
1 1) _ (k) =(k+1)
with Frobenius norm 1 each, such that HBHI1 Lot Tudess = Doicgn Bia.( ). O‘i(z ) al(lm l(f e

Now define a*®) € R*(I,) by ai( ) = 64(”) (41 gor every i € J?(I,). Then |[a®)]|s = 1 and by

IN 11K+1
the definition of | - [|7,....7, as the supremum over oM, ... a(%) we obtain
IBll1y, 1y T Tsn Z Ba], IZ) < |IBln,....1.,

ieJn

which proves the first inequality.
To prove the second inequality, take arrays o) € R*(Iy),...,a) € R*(I,) such that

NG
IBllz....5, = > Bs alh g
ieJn
Now define B € R™(I,;) such that for all i € J*(I,),j € I*(Tut1),
5 1 K—1
Bi><j = Z BinXkal((I)l c .. al({ln_z .

keJn ([d]\Ix)

For Ny :=[],er, u and No =[] ., ru, we can interpret B as a matrix B € RM*N2 with
rows indexed by i € J®(I,) and columns indexed by j € J*(I.11).

Then
1B = 0 s, 2 B
BER™(1),||Bl2= 116.]“
) 1)
|Bll2—2 = sup > Bl
BUER™ (1), BPER™ (Int1), jeyn(T,)
1BW2=18®2=1  jegn(l.41)
such that
Bllp = su A 1)ﬁ1
I3 D 2 2 Dratig g
BER™ (L) [1Bl12=1 je yn(1,0) kedn ([d)\ 1)
1 1
— sup Bio‘gzl) oy )6”“

BER (Ix),||Bll2=1 jc Jn

where by definition the maximum is attained at 8 = (%), implying

IB|lF = IBllr,,....I.- (2.24)
For the spectral norm, we obtain from the definition of || - ]]117.__%717[*&’[—”“7
1Bll2—s2
= (1) (k=1) 5(1) 5(2)
Sub > > Bisisni, - g, BB

ﬁ(l)gR“( ) BHERMLut1), jeyn(f,) kedn((d)\I.)
1BMN2=18P2=1  jegn(l,..1)
— sup Z Bia.(l) a-(ﬁ_l)ﬁ-(l)ﬂ-@)
N
BMER? (1), €R? (I 41), jeJn I
B0 [l2=[18@)[|2=1

<Bllf,..,

k—1 lfm Jg,ﬁ-l

(2.25)

I 17[N In+1 .

The second inequality now follows from ([2.24]), (2.25)) and the general property of matrices that

IB||p < \/rank(B)[|Blla—2 < v/min{Ni, Na}||B|l22.

68



Lemma 2.34. Let A € R**, I C [d]. Define AD as in (2.10).
Let I, ..., I be a partition of ([d\I)U(d+([d]\I)). Let Liy1,. .., Loyr be the sets {j, j+d}
for every j € I. Then I, ..., 111 is a paritition of [2d] and

1A ne < [TTrull Al
lel

Proof. Take o) € R*(I}),...,a® e R*(I,), all having a Frobenius norm of 1, such that

IAD 5.1

T AP o
1 111 i,
ieIn ™2 (Jeu(Ic4d))
_ OREN Q)
- Z Z A k“rk)al]l : 11}‘i
ieJn 2 (Jeu(I°+d)) keI (1)
-y Aa” g ”)HWEM g (2.26)

nx2

ieJ

Now define a(t1) € RHX2({j1,j1 + d}), .,Oé(Ker) € Rnxz({jm,jm + d}) (Where I =
{J1+- -+, 4j71}) such that for all r € [|I]] and i € I ({jy, jr + d}),

1 iee s
G _ Vg e = i
! 0 otherwise.

Then for i € J**(ITU (I + d))

K K 1
QD (eI

. — 7ﬂvle[' —1
17 IS ¥ =144
w1 el /Thermi

Substituting this into (2.26)) yields

1 I
IAD| 7, [T~ D Asa) ol gD
) 7 Iy 17, 11K+1 II)i-HU

€] jegn*?

< HanAHIh---JNHH
lel

O]

Using the aforementioned results, we can give the proof of Theorem [2.13 E about |B(X(M ®
- ® X@)||5 in which we find suitable bounds for all the tensor norms of B*B in terms of
HBH2—>2 and || B| -

d

Proof of Theorem[2.13. Let A := B*B € R " and A € R™™ be the corresponding array of
order 2d obtained by rearranging A for n = (n,...,n). Note that here the dimensions along all
axes are equal. For I C [2d], define A() as in Corollary

Step 1: Showing the norm inequalities

111 _kK
IADN ro <nz |Alle AP <072 Al (2.27)

In both cases, we start by extending Iy, ..., [ to I1,..., L, 7 as in Lemma obtaining
(1) g
A N ny, e S 0z [|Alln g (2.28)
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Then the first inequality of follows by repeatedly joining all the sets Iy, ..., I,z in the
sense of Lemma (first inequality) yielding [|Allr,..1, , < [[Allpg = [|AllF-

For the second inequality in , we distinguish two cases. First assume that £ < d — |I|.
Then |I| < d— k. Since A is a matrix in R® ™" || A2 5 < nt |A||F and with the first inequality

in (2.27), we obtain
Il d d—k d _K
JAD( 1 <0202 Alase <02 n2||Allase = n? 2 || Al

In the other case that x > d — |I|, denote «’ for the number of sets among I, ..., I, that
only contain one element. Since each of the other sets must contain at least two elements, this
leads to the inequality

K +2k—r)<|[;U---UIL| =2k —Kk < 2(d—|I|) =k >2(k —d+ |I]).

This implies that among I1,..., I, there must be at least k — d + |I| sets with exactly one
element that are all contained in [d] or all contained in [2d]\[d]. Without loss of generality, we
can assume that these are Iy,..., I, _q4y)7. Now take the unions L =LU---U I _qyr) and
I = Li—arin1 U Ul With and the first inequality of Lemma we obtain

-----

Now split up Iy into Io1 := IoN[d] and Iz := I,N([2d]\[d]). If neither I3 nor 5 is empty,
then with the second inequality of Lemma [2.33] we obtain

1]

HA(I) Hh,-..,ln STZTH% min{|F2,1], 2,2} ||A||I_1J_2 1,122

Sn%+% min{|j2’l|"j2’2‘}||A||[d],([2d]\[d])a

where in the last step we used the first inequality in Lemmawith the fact that I; Uf271 Ul 22 =
[2d] and each of these three sets is contained in either [d] or [2d]\[d]. Note that the inequality
between the first and the third term still holds in the case that jg’l or .7272 is empty and thus
Lemma 8.4 cannot be applied in the first step.

Now assume I; C [d] (otherwise I; C [2d]\[d] and the proof works analogously). Then
LU 12’1 = [d] and 1271 = [2d]\[d] So min{\IQ?l ,|1272|} = |I2,1| =d-— |Il‘ =d-— (K —d+ |I|) =
2d — k — |I|. This implies

U 1iog -5
AP s,,...t, <0z 2D Al iy = 03[ Al

This completes the proof of .

Step 2: Moment and tail bounds

Now, use Corollary and its notation of m, , and m,. The number of terms in the sum
of the definition of m,, ,, only depends on d. This fact together with leads to

1 d—1 d—1
1, <C1(d) jomax n [AllF = Ci(d)n = [[Allr < Ci(d)n = || Blj2|| Bl| -
mpx <CL(d)n" 2 || A2 = Ci(d)n?™ 3 || Bl

where C(d) is a constant depending only on d. Furthermore, we obtain

my < Cy(d)L*?
2d

_ B2
. g min {pgnd21||B||2*>27p;nd—gH”2_>27
1Bl r

k=1
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K d—1 E d_k
pin T \/||Bllzs2||Bllp, pinzT || Bll2—2 ¢

Since this is an upper bound on the L, norm of |BX||2 — || B||r, Lemma implies

KE[2d]

2 2
¢ i t|B| r i
Bo=maxq | 5 ——— | | w o | o
n 2 ||BH2~>2 n 2”B||2—>2
4

¢ ® ¢ I
o Vo)) e
n T /|| Bll2—2l| Bl F n2" 4[| B2

Now, for each of multiple different ranges of ¢, we select one of the four terms in ([2.29).
Step 3: Bound for ¢ < n%HB||2_>2

_ 2
For k = 1, we obtain using the first term in (2.29)), g; > (t/(ndTlHBHg_)g))
For k > 2, we can use the fourth term in (2.29)) to show the same bound because

4
ot ' g
2 4HBH2—>2 n2 | Bll2-2

n
t2
TLZHBH2_>2 a ”d%HBH%Hz.

t2
P([|BXl2 = ||Bllr| > t) < €® exp <_C2(d)nd—1HBH2> :
2—2

P(||BX|z - |Bllr| > 1) < e>exp (—@(d) min m)

where

AN

This implies that

Step 5: Bound for ¢ > ngHBHgﬁg
For all k € [2d], using the fourth term in (2.29) yields

4 4

t " t "

n2" 4 Bllae n2||Bll2-2
A 2
(i)
(mHBHH> - \IBlls2/

N
P(||BX|2 — |B|lr| > t) < eexp (—Cg(d) <||BH2—>2> ) '

such that

Step 6: Bound for H%HBHQ_>2 <t< n%HBHF
Using the third term in (2.29)), we obtain that

2 % d—1 %
(ot ) (e )
n 2 ||Bl2-2| Bl r n 2 [|Bll2-2| Bllr
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ESIN]

= = a1 )
n 1 ||B|r n7 ||B||%

t2
P(BX|2 ~IBllr| > t) < e exp (—02(65)(“2) '
n2 ||BlE

implying

2.4 Discussion

In total, for a chaos of the type

= 1 d) (1 d
Z Ai1,...,id,id+1,...,i2dXi() Xi(d)X'() X

1 00 g1 T 24
115005024 =1

we have shown moment bounds that are tight (up to dependence on d) for the Gaussian case.
Along with this, we have also shown a specific decoupling inequality for the above expression
and improved moment and tail bounds for [|[B(X(M) @ - @ X@)]|,.

One particular application of this is the arbitrary order case of the Johnson-Lindenstrauss
embeddings studied in Section [I] In Section [2.5] we complete this proof by making use of the

decoupling Theorem more specifically the Rademacher case (Remark [2.12)) in which the
terms significantly simplify.

2.5 Proof of the General Case of Section [1]
2.5.1 Overview

In this Section we prove the general version of Theorem [2.9] for arbitrary d > 1. This proof
is a generalization of the one in Section [1.5] and follows an analogous outline.

Presenting the general case for arbitrary order arrays yields some notational difficulties
which is why we present this proof using the special notation for indices and arrays which we
introduced in Section We will also use the decoupling Theorem Using this particular
notation in the subsequent Section [2.5.2] we will adjust Theorem to this situation and show
Theorem that generalizes Lemma that we used for the case d = 2. Then Section [2.5.3
presents the main part of the proof analogously to Section for the case d = 2. We will
generalize the distribution of the entries x = x@ 4 x({1) 4 x{2) 4 x{12) from the simplified
case to a general X = ) gy x(%) where the sum runs over all subsets S C [d]. Again, using
a general tensor norm bound ((2.35]) which is analogous to ), we can complete the proof.
In the last Section we complete the proof by showing the remaining inequality for
which we use the same Lemma [1.12] as for the previous simplified case.

2.5.2 Decoupling

In this first step, we establish a generalization of Lemma by using the decoupling Theo-
rem along with Remark and by taking into account that we will consider higher order
chaos expressions for arrays A € R™*? such that

Ai-‘;—i' = Bi_i_i/xixi/

for all i,i’ € J®, where B € R™** and x € R®. Specifically, we need to obtain norm bounds that
hold for one particular choice of B but all x € R™. This leads to the following statement.
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Theorem 2.35. Let B € R*™ and ¢ € {x1}m, ... @ ¢ {£1}" be independent Rade-
macher vectors. Define € € R™ by

2 )
= Héil :
=1

and let € be an independent copy of €. Let p > 1.
Assume that for all x € R®, ||x||2 = 1, it holds that

g Bi_i.i/$i35i’§i§i’ < Yp-
ii’eJn
1,1 Lp

Then also for all x € R™, ||x||2 = 1, it holds that

> Bupmiwe&le| < 5%,

ii’eJn L,
Proof. By Theorem Theorem and Remark
Z Bi_i_i/xil'i/éigi/ - E Z Bi_i_i/l'ixi/é.igi/ S Z 4d_u|||;§]||Lp (230)
iieJn ii’eJn Ic[d)

Ly

#ld

Z Z Bisg) x5 TisTixy ng(zl J,'

ieJn(I) jj'edn(Ie) lele

for

Furthermore, by the definition of Rademacher vectors, for any i,i’ € J®?,
1 ifi="1
FI&:E:] —
S5 {0 otherwise,

such that -
E Y Biazelisy = Y Bimii = S

i,ifen iegn
So by the triangle inequality and ([2.30)),

> Bigmay&ée|| < > 4S8, (2.31)

ii’eJn p, Ici
Now fix I C [d] and for each i € J?(I), define
0 otherwise.

for i € J™(I), j € J™(I°).
This gives us

St=% > > BapianTiatry 1166

icJn(I) iL,i’feJn(I) j,j’ eJn( IC) lele
_ ) (D)
= > > Bun’a [16)€]

ieJn(1)ii'edm lelc
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Note that each summand is non-zero only if iy = i} = i and in that case

[Ta'a’ - 1=T14)g; <H§l ) =& 1080

lele lele lel lel

So this yields

=D (Hgl)g(l> > Bupal'al ety

iegn(1) \Iel ii’eJn

Because all the Rademacher variables are £1, it holds that ’Hle I{
and the triangle inequality, we obtain

1561, < Y [ TIEPE0| | Y. Bival'al e
{g,]n(]) lel i,i’eJn Ly
= > 1> Byyalle) gt = > 1855l
ieJn(1) ||i,ieIn L, ieJn(I)
(i)
If [|x@||y = 0, then 1S5z, = 0= |x@ )||2 - ,. Otherwise, the array with entries O has
a || - |2 norm of 1 and by the assumption of the theorem
151502, < 1137
which then holds in all cases and this implies
ISz, < Y IxD 3y = X137 = -
ieJn (1)
Substituting into (2.31)) yields
d
> Bigmapb| <> 4ty Z
iirfeJn IC[d =0
b I = ;l
Noting that there are precisely (,‘j) sets I C [d] with |I| = k, such that this is
. (d
d—k 1k d d
'7pz<k>4 1P =4+ 1) = 5%y,
k=0
which is the desired upper bound. O

2.5.3 Proof of Theorem [2.9]
Since every vector 2 € RY can be rearranged to an array in R™, it is sufficient to prove
2 2
P (||l Avec(x)[3 — IIx[3| > €) <n

for any x € R™ with ||x||2 = 1. So take an arbitrary such x.
Splitting up x into x%):
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For every subset S C [d], define the set K(S) C J™" of indices in the following way: For each
j € J7(5°), choose s!3! indices i € J*(S) with the largest |z;;;| and K(S) is the set of all ixj
obtained in this way.

Now for every index i € J®, choose S(i) to be a set S C [d] of largest cardinality such that
i€ K(5). Since K(0) = J™, such an S always exists.

Then for any set S C [d], define x®) € R™ such that for each i € J?,

i ifS3E) =S5
L) {w if S(i)

i 0 otherwise.

ixj

Since for every index i € J”, we chose exactly one S(i),

X = Z x(9),

Scld]
A direct consequence from these definitions is the following lemma.

Lemma 2.36. Let S C [d]. For any index j € J*(S¢), there can be at most s15! different indices
ie J™(S) such that

940,

l><J

Proof. Fixj e Jn(s°).
If x 7é 0 holds for i € J(5), then S(ixj) = S, implying that ixj € K(S). By definition
of K(S ) however, this can only be the case for s/ different indices i € J*(S). O

Lemma 2.37. For any S,T C [d] with |S| < |T| and any k € J*(T°),

1 2
max |z, ><k’2 STl Z |55
jeam() jeIn (1)
Proof. Let S,T C [d], |S| < |T| and k € J*(T°). Choose jo € J*(T) such that ]a: k| is

maxmlal
If |$ 1] = 0, then the claim is fulfilled. Otherwise we know that S(joxk) = S. Especially,

this 1mphes that joxk ¢ K(T) since [T| > |S|. By the definition of K(T), there is a set
J € IJ™(T) of /Tl indices such that for all j € J,

":U_]Xk’ > |xJ0><k|

Assuming that \:c 2 > 5‘1T| 2 jean(r) ‘l‘j*k‘Q implies

xk
2 2 2
Z E Z B Z |25 5kl
jeI™(1) j€J jeJ
2 T 2
_|J|‘$_]0><k| 2 S‘ ||$ 0><k‘
T 2
>s! lm Z |zl ” = Z |~"3Jxk|
JeIn(T) JeIN(T)
This is a contradiction which completes the proof. O

Lemma 2.38. Let S,T C [d] and SNT = 0. Then for any index k € J*([d]\(SUT)),

L2
a3 lnlal < w2 Z misgsl”

ieJn(S) JEJ“ T)ieJ=(S
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Proof. If T = 0, then s!Tl = 1 and J?(T) has exactly one element such that the claim holds
since \x Jxk| < |2i55%xk| for any indices i € J*(S), j € JM(T), k € J*([d]\(SUT)). So we can
assume that T # ().

Then we can apply Lemma to the sets S and SUT. Since S and T are disjoint and
T #0,|SUT| > |S|. The lemma yields that for any k € J*([d]\(SUT)),

1
max | |2 § |1 k|
f-n J><k |SUT| Jx
JEIn(SUT) S jean(suT)

We can rewrite this as

. ’ 2 < S50 Inggad® (2.32)
et n( 1><J><k |5|+\T| Fixi
ieJn(S) jeJn( § ieJn(S) jeJn(T)

By Lemma . 2.36] for fixed j € J™(T) and k € J*([d]\(S U T)), there are at most 2/ indices
i € J?(S) such that x(S) i 7 0. Thus we obtain

max 23(5 2

| 1><_]><k| < S S) | 1><‘]><k|
jeJn(1 ieJn(T eJn
J ( )iEJ“(S) J ) ! (

Combining this with (2.32)) yields

!SI
S) 2 2
T Z |25 sl §5\5\+|T| Z Z %555l

jedn (T
eI s ieJn(S) jeIn(T)

_ 2
= 2. Z %5551

16.]n (S) jed~(T

]
Let N = nina...ng and assume that the matrix ® € R™*N has the (4s% 6)-RIP. We
regard the matrix ®*® — Idy € RY*N as an array B of order 2d with dimensions n*? =
(n1,...,nqg,n1,...,nq) such that for all i,i’ € J*,
1+1’ Zq)k (i (I)k (i) — Lizy (233)
k=1

Then for any arrays x,y € R",

(P vec(x), P vec(y)) — (vec(x), vec(y Z Biiyxiyy
ii’eJn

Let € € R™ be the Rademacher tensor of order d, i.e., for j € J7,

1 d
SRR

where ¢ ¢ (di are the independent Rademacher vectors from the assumption of Theorem
. Let f ., €@ and £ be corresponding independent copies.
C0n81der the norm deviation represented by the chaos
X := (Avec(x), Avec(x)) — (vec(x), vec(x Z Biiyxiry iy
ii’feJn
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and the corresponding decoupled chaos
X = Z Bi%i/mixi’figi’
ii’eJn

Our goal is to bound the moments of | X| which will also lead to bounds on the moments of
1X| = |[[Avec(x)[|3 — ||x[|3| by the application of the decoupling Theorem This in turn,
will lead to the proof of Theorem

Fix S,T C [d]. Define the sums

XD = (Avee(x™)), Avee(xT))) — (vec(x™), vec(xT))
= > BuyGgeaal

ii’eJn

and their decoupled counterparts

X6 = N B agaPal)

ii’eJn
such that
X = Z XD and X = Z XD,
S,7Cld) STcld]
We obtain
X (ST) . Z B(j;(k)Jr(j/kk/)ngkgj’Xk’m‘gii(x;’j;)k’

JEIN(S©) keIN(S)
J€In(T) K €J™(T)

Now for any set I C [d], define the array e e R™(I) by

(D _ 1T 0
' =11¢

lel
for any j € J*(I) and analogously for £.
With this, we obtain
S) +(S€) AT) z(T°) (S T

jeJn(S¢),keJ™(S)
j/EJn(TC)J{IEJn(T)
Note that &€(5), €039 €M) €(T°) are independent. Condition on &) and €™) and treat
(2.34) as a chaos of order 2d — | S| — |T'| (depending on £°°) and £€7°)) with corresponding index
array B(>T) given by

By = D Baorgaob G T e
keJn(S).k'eJn(T)
for j € J?(S°),j € IJ™(T°). If (S,T) # ([d], [d]), then the chaos order is > 1 and we can apply the
chaos norm bound Theorem |1.7] for which we need to control the tensor norms |BT)|7, 1 .
Note that any array with varying dimensions along the axes can be extended by 0 entries to an
array with equal dimensions along all axes.
Let 1 <k <2d—|S|—|T| and I1,..., I, be a partition of the set [2d]\(S U (T + d)). Let
a® e R**(1) and [|a®|jy = 1 for 1 < I < k. In this notation, we obtain for the norm,

sT) (1
HB(S’T)HIM_JN = sup E Bi( ’ )ai(jl)...ai(f)
(1) (%) H
O O e g X2 ([ U UL
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where the supremum is taken over all possible choices of the aforementioned arrays aV, ..., a().
We will show that for all S,T" C [d], (S,T) # ([d], [d]) and all partitions Iy, ..., I, of [2d]\(SU
(T + d)) into non-empty disjoint sets,

B

BT, <4 (235)

N[

S

The proof of this inequality is postponed to Subsection At this point we complete the

proof using that (2.35)) holds.
With the moment bound (Theorem [L.7)), this implies that for (S,T) # ([d], [d]) and p > 2,

| >

N|x

S

2d
| X (ST) Iz, < Ci(d) Zp%
k=1

with C(d) depending only on d. For the remaining case (S,T") = ([d], [d]), observe that according
to Lemma there are only s indices i € J® such that iL'i([d]) #0, i.e., x(d) is s-sparse. We
obtain

x Z Bk+k'fk5k’x§<[d $1(<[/d])
kk eJn

_ <Vec(x([d})) 0 (W @ ... D) (@ — Idy)(vee(x ) o (FV) g . ®5(d)))>7

where o denotes the element-wise product. Since vec(x)) is an s%sparse vector with norm
|| vee(x() |y < 1, we can use Lemma [1.8| with the RIP of ® to bound

x| < 5.

So altogether, we obtain for a Co(d) depending only on d,

2d
Xl < 3 1XODl, < o) Y 0?

S,TCld]

\ >,

W[

S

This moment bound holds for all ||x[[2 = 1 so by Theorem we also obtain

| >

Y

[NIE

2d
XL, < Ca(d)> p2

S

where C3(d) > 0 only depends on d. Using the particular choice p = s > 2, we obtain,

\ >

2d
IX1z, < Cs(d Z : 6(2d +1)C3(d).

[SIE

S

Finally, applying Markov’s inequality implies for § < mg

P ([[| Avecx)|I3 - [Ix|3| > €) = P(|X| > ¢) < (”XllLs>

€

< (AHDGD) g,

for s > log%.
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2.5.4 Bounding the Tensor Norms

In this subsection, we complete the proof by showing the remaining inequality for all
(S,T) # ([d],[d]) and partitions I, ..., I, of [2d]\(S U (T + d)) into non-empty disjoint sets.

The partition sets Ii,..., I, can contain elements of [d] and of [2d]\[d]. Analogously to
Subsection we separate them by whether they intersect only [d], only [2d]\[d] or both of
them. In this sense, we define

= \J I = U I;

jelrlI;cld] jelR):;C([2d)\[d)
J=(Lu--UL)\IUTD), J=Jnld, J = J 0 (12d)\[d).

Joining partition sets does not increase the corresponding partition norm by Lemma
Note that this lemma can also applied to arrays which do not have the same dimension n along
all the axes since any array can be turned into one of those by extending it by zero entries. Thus
we obtain,

IBEDgy,.p, < IBED|; 4, 5

_ sup Z Bll /g (S) (T 5(5 g', (1) (2) (3)

N l+1 ;o (i i+i’) =
a®,a®.al ; ficyn )1 (+H)p i )5

where the supremum is taken over all a(t) e R“XQ(f), a? ¢ R“XQ(f’), aB® e R“XQ(J:) with
le®l2 = [a®[|2 = [a®[s = 1.

J,I,S forms a partition of [d] and thus in the above expression for the tensor norm, every
index i € J® in the sum has a unique decomposition i = jxkx1 where j € J*(J), k € J*(I)
and1€ J n(S). We can do an analogous decomposition of i’ € J® corresponding to the partition
J'—d,I'—d, T of [d] and then rewrite the sum Zi,i’ cgn as a sum over six partial indices which
leads to

. (8) (1) (S) #(T) (1) () ®3)
Z Biya wy 767 Xt N p Y
ii’eJn
_ N DR € (8) &( MCMNC)
- Z B(jxkxl)+(j’xk’xl’) xkx1%§ xk/ 1/‘51 f K Yiy (2.36)
jeIn(J).y'edn(J' ~d)
keJ™ (1) k' eI (I'—d)
1eJ™(S),YeJ™(T)

In order to apply Lemma to this expression, we will perform the following rearrangements:

(T) (T)
JXlegl - Xj:k:l i xk/ xSV — }/}/7]{,/’[/
JXkX Xj,k,l J"j/>'<k’>.<l' — Y/j/,k’/,l/
( ) (2) / (3)
— O Qs — Qs 0{]+J/ — F],]/

For the precise definitions of the above arrays, we first define the dimensions

w= I =T =

reJ rel res
! . =/ . =
= I m i [ i, = [ e
reJ’'—d rel’—d reT
and
S1 = S|J| S9 = S|I| 83 i — S|S|



! 17| ! ||

31 =S 32 =S T|

sh = sl
Since S,1,.J and T, I’ — d,.J’ — d are both partitions of [d], we obtain for these dimensions

N1NoNg = n1n2n3 H Ny = 818983 = s/lsésé = sd,
reld]

and the matrix ® € R™*N satisfies the (4s%, 6)-RIP which complies with the assumption of
Lemma [[.12

With these dimensions, also |J®(J)| = 71 and we can take a bijective Z7 : J*(J) — [n1] that
maps any array index j € J®(J) to an integer j € [A1]. Analogously, we define all the bijective
maps

T;: IJ) — [ad, Tp - I8(D) — [ma), T : I(S) — [as]
Ty I — d) — [7)], Ty NI — d) — [), Tr - INT) — [}

and then define arrays X, X € R71*72X73 gych that
X1, 21002500 = Ty oesa&s X155) 2700, Z5(1) = Tl
for all j € J*(J), k € J*(I), 1 € J*(S). Analogously, we define Y, Y € R™*"2%73 guch that

D
Y5025 ) Zr (V) = Ty sy YT, 20 () e (V) = Ty s s

for all j € J*(J' —d), k' € I™(I' — d), V' € J™(T).
Furthermore, we define vectors o € R™, o/ € R™ and a matrix I' € R™*™ such that

) _ @ —a®
ALy (k) = ALy, (k) = Qe Tz,60.2051) = %3y

We define one more function Z : [f1] X [ng] x [n3] — [IV] such that
Z(Z;(3), Z;(k), Zs(1)) = I*(jxkx]1).

for all j € J®(J), k € J*(I), 1 € J*(S). Recall that Z® : J® — [N] is the bijection that maps
row/column indices of the matrix ®*® — Idy to corresponding indices for the rearranged order
d array B (see Definition and (2.33)), i.e., for all i,i’ € J*, Byj; = (®*® — IdN)zn (i) zn(ir)-
Since every i € J" has a unique representatlon as i = jxkx1 with j € J*(J), k € J*(I),
1 € J°(S) and the functions 73, 77, Zs are bijective, also Z is bijective. Analogously, we define
7' [n}] x [ny] x [n%] — [N] such that

T(Z5(j'), Tp (K), Zp()) = T XK XT).

for all jy € J*(J' —d), k' € I*(I — d),V € J®(T), and also this function is bijective.
Using all the aforementioned definition and the matrix B = ®*® — Idy, we can rewrite (2.36))
as

(9) (T) (2) (3)
Z B(J‘>‘<k>‘<1)‘i‘(j'>.<k/>'<1') JXlexJ xk!/x1/ 1 51’ ak ak’ a'{i’
jeIn(J),i’'eIn(J' —d)

keJ®(I) k' eJ™(I'—d)
1eJ™(S),VeJ™(T)
= > Br(j k) 20 k1) X e b Y7 g 0 g U o (2.37)

(7:5")€ln1]x[nf]
(kK" )€ 2] x )]
(L") €lna]x[ns]

Before we can apply Lemma to this, we need to (_:heck that all the remaining requirements
are fulfilled. We check the following conditions for X, X.
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@ follows directly from the definitions of X and X and the fact that all entries of £(5) have
absolute value 1.

[(b)] By the definition of X, || X[z = |x|z = 1.

We use Lemma for the disjoint sets S and J U I which implies

2
max D Kwi= L max D <Jxkxlfl )y

j€lni],kelns] jen(J),kedn(I)

1€ ] 1€37(5)
(S)
= max E (" E
seTn( 7T J><k><1 |JuI|
) s jcn

[(d)] By Lemma for the disjoint set S and I, for each j € J*(J),

() (S)\2 (S) 2
ma x.o . = ma .0
keJ"}((f) 16;:(3)( xdex1?l ) keJn)({f) 16%1%5)( J><k><1)

1 2
< - Z (T5151) ™

2 keJn(l),1eJn(S)
By the definition of X and X, this translates to the condition @

@ Analogclus to the previous case @, the condition follows from applying Lemma for
S and J, which shows for all k € J*(I),

(S) s 1
Igl,?‘}ff Z ( _]><k><1£( )) ; ($j>.<k>.<1)2'
&) \eam(s) ! jean(J)1ean(s)

By Lemma for any j € J*(J), k € J*(I), there are at most s!°! = s3 different indices
1 € J*(S) such that x_fi)le # 0. By the definition of X, this implies the property m

For the arrays Y, Y, the properties @to follow analogously. Furthermore, the corresponding
definitions directly yield

a2 = [|aM]]s =1 o]z = [|a®]]s =1 IT)|F = [la®]2 = 1.

This completes the proof that all the assumptions of Lemma [I.12] are fulfilled and we can apply
this lemma to bound (2:37) and therefore also (2.36) and ||B)||7, 1. by

5 5 b
By, g 4— =4 <4
(s187)4(s255)2 galJI+5 I+ 52

where we used Lemma in the last step. This completes the proof of (2.35)).
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3 Scale-Invariant Neural Networks for Inverse Problems

3.1 Introduction

In this part of the thesis, we study the performance of neural networks on the sparse recovery
problem as opposed to usual methods that are based on convex optimization. As a related
problem, we also study the approximation of functions that are invariant under positive scaling
with neural networks.

Recently, neural networks often outperform the classical sparsity-based methods for a variety
of signal and image reconstruction problems. Specifically, neural networks achieve state-of-the-
art results in tasks such as denoising [Zha+17] and reconstructing imaget from few and noisy
examples [Zbo+18]. However, contrary to optimization-based methods for which a rich literature
on performance guarantees exists [FR13|, many underlying theoretical questions are still open
for neural network-based signal reconstruction,

In this work, we consider the question of whether a sparse signal can be provably recovered
with a neural network. Given measurements y = Az for a sparse signal z, we study neural
networks f that recover x from a coarse approximation given by ATy, specifically networks that
obey x = f(ATy) or at least ensure that the reconstruction error ||z — f(ATy)| is small.

Note that in the first step, a neural network applies a linear transformation to its input.
Thus, given a neural network f, we can define another network fo such that fo(y) = f(ATy).
Considering in addition that (ANTATA = A (with A" being the Moore-Penrose pseudoinverse),
we can see that the problems of finding a neural network f such that f(A”y) is (approximately)
x and finding fo such that fy(y) is (approximately) = are equivalent. This is why we consider
the latter case in the results of this work.

This work aims to investigate under what circumstances ReLU networks can approximately
solve the sparse recovery problem. In particular, we are interested in the number of layers that
such a network requires.

Moreover, we are interested in solutions that make use of the positive homogeneous structure
of the problem. That is, we want the recovery network function f to satisfy f(Ay) = \f(y) for
all A > 0 because we also know that if  has measurements y = Az, then the measurements \y
will be obtained from the signal Az. In this way, no prior knowledge of the size of the signal x
or training for different sizes is required. Such a network can recover every s-sparse vector and
therefore works on an unbounded domain. Therefore investigating the number of required layers
goes beyond the usual universal approximation theorem (|[Pin99], see Theorem below), which
can guarantee arbitrarily precise approximations but only on a compact domain and without
incorporating the positive homogeneous structure of the problem into the network.

Taking knowledge about a function into account for the design of the network to approximate
it is a strategy that can significantly improve reliability and training effort. For this reason,
a large number of works have studied this strategy over a long period of time for different
types of functions [WS96; Dug+09; KSO21; Chi+19]. Specifically, [Tan+20] considers the
aforementioned class of functions satisfying f(Ay) = Af(y) for all A € [0,00). We call these
functions positive homogeneous.

Furthermore, positive homogeneity can also have applications for other problems. For ex-
ample in image denoising, rescaling the brightness of a picture might not change the underlying
procedure and if the corresponding network is designed to be positive homogeneous, different
brightness levels do not need to be learned separately.

3.1.1 Contributions of this work

We first show that with one hidden layer, it is not possible to even approximately recover 1-sparse
vectors. Secondly, we show that two hidden layers are sufficient to recover sparse vectors with
arbitrary sparsity levels s and to arbitrary precision. Furthermore, we also show a robustness
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guarantee for these networks establishing that the resulting network reconstruction function can
reconstruct vectors that are only approximately s-sparse and from corrupted measurements.

We show the positive result for two hidden layers for a more general class of inverse problems.
In general, instead of the set of sparse vectors, we can have any subset U € R™ that is positive
homogeneous (i.e., Au € U for any A € [0,00) and u € U), and instead of a linear map A we
can have a positive homogeneous function g that satisfies certain requirements. Besides sparse
recovery, using this generalized result we also show that the low-rank matrix recovery and the
phase retrieval problem can be solved using ReLLU networks with two hidden layers.

Since for problems like sparse recovery or phase retrieval, there are solution methods based on
optimization problems, we also show a method how these can be translated to a ReLU network
with two hidden layers. The central argument is that there exists a continuous solution function
of the optimization problem. We show this using a generalization of the continuity concept to
functions with multiple values.

Furthermore, we also gain more insights about the general approximation of continuous,
positive homogeneous functions. Specifically, [Tan+20] already shows that with the ReLU ac-
tivation function, the unbiased networks with two hidden layers represent a class of functions
such that (i) all these functions are positive homogeneous and (ii) they can approximate every
continuous positive homogeneous function to arbitrary precision. We complement their result
by showing that (up to certain modifications of itself), the ReLLU function is the only activation
function such that the unbiased networks satisfy these two conditions (i) and (ii). We establish
this in a theorem which is similar to the classical universal approximation theorem of neural
networks. Furthermore, using the negative results about sparse recovery, we also prove that this
universal approximation property fails to hold for just one hidden layer such that the assumption
of two hidden layers is actually necessary.

In Section we present our main reslts in two parts. One part is about solving inverse
problems and the other one about universal approximation of positive homogeneous functions.
Then Section [3.3] contains the proof of the main result about universal approximation. In Sec-
tion we prove the main results regarding inverse problems and show some other applications
of them. Section [3.5] then shows that ReLU networks can be used to solve inverse problems in
the way optimization-based methods do. In Section [3.8] we discuss implications and relations
to other work.

3.1.2 Previous work on universal approximation of NNs

To solve the aforementioned signal recovery problem, we need to compute the function that
maps measurements y = Ax to their original signals x. Compressed sensing guarantees the
well-definedness of this function and the question is if, how, and how well this function can be
approximated by certain classes of neural networks.

The general question of how well certain functions can be approximated has been a central
question in the research of neural networks for a long time. Cybenko |[Cyb89] showed that
neural networks with only one hidden layer and any bounded measurable sigmoidal activation
function can approximate any continuous function on the n-dimensional unit cube to arbitrary
precision if the width of the network is sufficiently large. This result has been known as the
universal approximation theorem and has been extended several times. For example, Leshno
et al. [Les+93] generalized it to the case of any non-polynomial activation function. [Pin99)
even proved for a large class of functions that this approximation property is equivalent to the
function being non-polynomial.

Theorem 3.1 (Universal Approximation Theorem, [Pin99|). Let n > 1 be a dimension and
o :R — R continuous. Then the following are equivalent.

(a) For any compact K C R™, any continuous f : K — R and any § > 0, there exists a
network with one hidden layer and activation function o, representing f : R™ — R, such
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that for all x € K,

[f(z) = f(@)] <6
(b) o is not a polynomial.

As mentioned previously, taking known properties of the approximated functions into ac-
count for the network design has been studied in multiple previous works. To mention some
concrete examples, [Dug+09] considers functions satisfying a certain monotonicity and convexity
condition, [KSO21| considers functions that are invariant under certain permutations of their
input variables, and [Tan+20] considers the positive homogeneous functions.

All these works construct a class of networks and show that, on the one hand, all these
networks represent functions of the particular class, and on the other hand, every function of
the respective class can be approximated by one of these networks. The latter part corresponds
to the implication (b) = (a) in the universal approximation Theorem [3.1]for the class of general
continuous functions on compact domains.

In particular Tang et al. [Tan+20] show these things for positive homogeneous functions.
In this work, we extend their result to an equivalence statement similar to Theorem [3.1] which
will be Theorem We also show that their requirement of having at least two hidden layers
is required.

3.1.3 Previous work on sparse recovery with NNs

A popular approach for sparse recovery of a vector x from a linear measurement y = Az is the
basis pursuit denoising . As a convex optimization problem, it can be solved by proximal
methods such ahs the iterative shrinkage thresholding algorithm (ISTA). ISTA is initialized at
some 2 and iterates for £ =1,2,...

1
$£+1 = 77)\/L (mg — ZAT(A.’I}E — y)) ; (31)
where 7, is the soft-thresholding function, i.e., n,(t) = sign(¢)(|t| — z) if [t| > z and n, = 0
otherwise. A sequence of d iterations can be regarded as a recurrent neural network of depth
d. Based on this, a number of works starting with [GL10] studied unrolled algorithms which
unrolls d ISTA iterations as

=y (Wha' + Wiy). (3.2)

This is a feed-forward neural network of depth d and W{ and W4 are weight matrices that are
typically learned based on data. In all layers, )/, is used as an activation function. Chen
at al. [Che+18] (Thm. 2) established that there exist choices of weights such that an s-sparse
signal = with entries bounded by |z;| < B, and with s sufficiently small can be approximated as

|z — 2|2 < sBe™,

where ¢ is a constant depending on the matrix A and mildly on the sparsity s of the signal.
This result requires at least s? < m, where m is the number of measurements, as it works with
the incoherence of the matrix A, and requires the sparsity to be sufficiently small relative to the
incoherence (see [Che+18, Appendix B, Step 3|. This result establishes that there is a relatively
shallow neural network that can approximate sparse signals well.

So with those approaches, depth d = O(log s) is sufficient to approximate the signal x* with
the output of the network. In contrast, the goal of this work is to determine the exact number of
layers that is necessary and sufficient to solve the sparse recovery problem. Furthermore, other
than the aforementioned unrolling approach, which works for signals whose entries are bounded
by B, we consider networks that can solve the sparse recovery problem on the entire (unbounded)
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set of possible signals. We prove that for these requirements and with ReLU activation function,
one hidden layer is not sufficient to solve the problem, but two hidden layers are, even for a
stable solution. However, our results do not yield a construction for these networks and also
don’t specify their width.

3.1.4 Robustness

An important aspect of solutions to the sparse recovery problem is how sensitive they are to
noisy measurements y = Az + e. For a robust recovery method f : R™ — R", we expect
IIf(Ax+e) — f(Az)||2 to be small for small ||e|l2. With minimization-based methods such as the
quadratically-constrained basis pursuit , robust recovery has been proven to be successful
(see Theorem (0.3]).

For neural networks on inverse problems, the question of robustness is currently studied under
various aspects. In [GMM?22], an empirical analysis is conducted suggesting that neural networks
can provide robust solutions to specifically chosen problems similar to sparse recovery and image
reconstruction in a similar or even better way compared to optimization-based methods.

In contrast to this, [Got+20] provides a theoretical analysis of certain situations that neces-
sarily lead to robustness issues for neural networks on inverse problems. Specifically, they show
that in certain situations, neural networks applied to inverse problems necessarily have large
local Lipschitz constants.

We also review our work in the context of the aforementioned results. This provide a possible
interpretation of this seeming contradiction. We show robustness similar to the one for the

minimization problem ((0.4)) but still the local Lipschitz constants of our solution might be very
If(Az+e)—f(Az)|l2

large. This is due to possible large gradients Tl

This is discussed in detail in Section 3.8l

for very small error levels |e]|o.

3.1.5 Notation

We consider neural networks with the rectified linear unit activation function ReLLU : R — R,
defined by ReLU(x) = max{x,0}. We also use the shorter notation ¢ := ReLU.

A lot of statements in this work concern feedforward neural networks for which we use the
notation and terminology introduced in Section [0.3.2

Furthermore, we work with positive homogeneous sets and functions according to the fol-
lowing definition.

Definition 3.2. We define a set U C R™ to be positive homogeneous if for all A € [0,00) and
allz € U, also \x € U.

If U C R" is a positive homogeneous set, we define a function f : U — R™ to be positive
homogeneous if for all X € [0,00) and all z € U, f(Ax) = Af(z).

3.2 Main Results
3.2.1 Inverse Problems

Sparse Recovery:

The main results of this work regarding sparse recovery are the following two Corollaries (3.3
and [3.4] which are consequences of the slightly more general Theorems [3.5] and [3.6] below respec-
tively.

Corollary [3.3] below states that a ReLU network with one hidden layer cannot recover all
sparse vectors from any m < n linear measurements, not even approximately and for 1-sparse
vectors.
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Corollary 3.3 (Impossibility result for one hidden layer). Let A € R™*" m < n, and f :
R™ — R™ be a function represented by a ReLU network with one hidden layer. Then, for any
width and any choice of the network parameters,

p Jr=FCAD

1 _
2€x1\{0} llz(|2

m
n

Note that in usual recovery problems, m < n such that the lower bound for the relative
error is close to 1. Thus, the reconstruction function is guaranteed to make a large error for
reconstructing at least one 1-sparse signal.

In strong contrast, Corollary states that for a ReLU network with two hidden layers,
recovery of all s-sparse vectors is possible to arbitrary precision and in a stable way for not
exactly sparse signals or corrupted measurements.

Corollary 3.4. Let A € R™*" be a matriz satisfying the (2s,6)-RIP for a § € (0,1). Then for
each &' € (0,1), there exists a function f : R™ — R", represented by an unbiased ReL.U network
with two hidden layers such that for all x € R, e € R™,

1 f(Az + €) = zlla < &'|lz]l2 + Cog(z)1 + Dle]l2,
where C' =1 —&-2}—4_'5, D= %, and

os(r); = inf ||z — 2|1
' €Xg
General Form:
For each of the above statements, we actually prove a more general version. The following
theorem is not restricted to sparse recovery but applicable to a wider range of inverse problems
which, as we will show in Section [3.4] also includes low-rank matrix recovery and phase retrieval.

Theorem 3.5. Let U C R™ be positive homogeneous. Let g : R* — R™ be a positive homoge-
neous function such that

lg(@™) — g(a®)]2 _ lg(z™) — g(=®))]l2

=:7>0 su =:p <00 3.3
olbey 20 =20 S S e e T A
MW £z(2) x(i>7éx<2)
where || - |11 is a norm on R™ with || - |2 < [ - [|11-

Let § € (0,1). Then there exists a function f : R™ — R™, represented by a ReLU network
with two hidden layers, such that for all x € R™, e € R™,

17 (g(x) +€) = z|l2 < 8|lll2 + Cdrr(x,U) + Dle]l2,
where C =1+ 27’) and D = % only depend on T and p and
dir(z,U) := inf |z —2'|11.
z'eU
Furthermore, the following result generalizes Corollary to general unions of subspaces

instead of the set of sparse vectors.

Theorem 3.6. Let A € R™*"™, m < n, and f: R™ — R" be a function represented by a ReLU
network with one hidden layer.

Let x1,...,x5 € R™ be vectors with || - || norm 1 and X := (z122 ... z3) € R™". Let
U = Ug_, span(zy). Then

qp 1A =l o 11 3 (ow(X))2.

2€U\{0} ]2 i L5
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Note that an essential requirement for the lower bounds, Theorem [3.6]and thus Corollary [3.3]
to hold is that we consider the approximation errors on the entire (unbounded) domain U or
Y1 respectively. The purpose of this is that we are interested in incorporating the positive
homogenous structure of the problem into the solution. That is, the recovery function f should
by design satisfy f (Ay) =X f (y) for all A > 0 because we know that the measurements AAx are
produced by the signal Az. If f is positive homogeneous and || f(Az) — z||2 < d]|z||2 holds for all
x € B,(0)NU for some radius r > 0, then this is also true on the entire positive homogeneous
set U. So Theorem and Corollary can also be interpreted in the sense that there is
no positive homogeneous network function f that provides a good recovery for all vectors in a
(possibly bounded) neighborhood of 0.

So the key question of this work is when positive homogeneous functions can be approximated
(to arbitrary precision) with positive homogeneous networks. As mentioned above, for this case
it is irrelevant if the domain is only a neighborhood of 0 or the entire space. In the following
subsection, Theorems and provide the answer that it is possible with any number of
layers d > 2 but not with d = 1. In addition, Theorem also classifies the possible activation
functions for this.

3.2.2 Universal Approximation of Positive Homogeneous Functions

We show the following statement about the universal approximation of positive homogeneous
functions. It can be seen as an analogous version of the equivalence in Theorem for positive
homogeneous functions. The essential proof step for the direction @ = @ has already been
established by Tang et al. [Tan+20]. We extend this to an equivalence statement, showing
that the activation functions described in @ are actually the only ones for which the unbiased
networks represent a class of functions which are all positive homogeneous and also powerful
enough to approximate any other continuous positive homogeneous function.

Theorem 3.7. Let 0 : R — R be a continuous function and d > 2 an integer. Then the
following two statements are equivalent.

(a) o For every non-empty, closed, positive homogeneous U C R", every continuous, pos-
itive homogeneous function f : U — R, and every § > 0, there exists a function
f : U — R that can be represented by a meural network with d hidden layers and
activation function o, such that for all x € U,

[f(@) = f(2)] < 6|zl

and

o cvery unbiased neural network with d hidden layers and activation function o repre-
sents a positive homogeneous function.

(b) There are a, f € R, || # |B| such that
o(z) = aReLU(z) + S ReLU(—x)
for all x € R.
In case these statements hold, the network representing f in (a) can be chosen to be unbiased.

In addition, we also complement Theorem by the following consequence of Corollary [3.3
which proves that Theorem [3.7] fails to hold if we consider networks with only one hidden layer.
Therefore, its assumption d > 2 is actually necessary.
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Theorem 3.8. Let m > 2, n > 1 be integers. There exists a continuous, positive homogeneous
function f : R™ — R™ such that for each f : R™ — R" that is represented by a ReLU network
with one hidden layer,

sup
2eRm\ {0} (|2

e A A

g ifn <4.

In particular, the case n = 1 in Theorem shows that contrary to higher depths d > 2,
the first part of H does not hold for the ReLU activation function and any § < \/g ifd=1.

3.3 Universal Approximation

This section is devoted to the proof of Theorem The following lemmma will be used to
establish the implication @ = @

Lemma 3.9. Let o : R — R be a continuous function. Let k € Z>1. Assume that for all v € R¥,
the function o, : R — R defined by

oy () = o (Vh—10(Vk—20(. .. a(na(x))...))),

with k applications of o, is positive homogeneous.
Then there exist a, 8 € R such that for all z € R,

o(x) = ag(x) + Bo(—x). (3.4)

Proof. If k = 1, then choose v = 1 € R such that 0, = o(x). By the positive homogeneity, we
obtain that for x > 0,

o(2) = 0 (- 1) = 20 (1) = 0(1)6(x)
and for x <0,
o(z) = oy(|z] - (=1)) = [z]o(=1) = o(=1)d(—x),

showing the representation .

Now we assume that k& > 2. First, we take v = (1,0,...,0)”. Then for all x € R, oy(x) =
1-0(0-0(...)) = 0(0). Since o, is positive homogeneous, (0) = 0, (1) = 30,(2) = 30(0), so
we know that (0) = 0.

If o(z) = 0 for all z > 0, then the representation holds for all z > 0. Otherwise there
exists a yo > 0 such that o(yp) # 0. Then we choose vy = oéjz?o) €Rand vy = (y,...,%)" € R,
We define 6 : R — R by 6(z) = yo0(x). Then 0, =& o--- o0& with k applications.

By the choice of 79, (yo) = yo such that also o+(y0) = yo. By the assumption that o, is
positive homogeneous and the previously shown case k = 1, we obtain that there are n,7 € R
such that for all x € R,

oy(x) = ng(x) + 7¢(—x) (3.5)

and o, (yo) = yo implies that n =1, i.e., oy(z) = x for all x > 0.

So we know that o, is injective on the interval [0, 00) and then the same must hold for &.
As a continuous, R-valued, injective function in the interval [0, 00), ¢ must be either strictly
increasing or strictly decreasing. We have already shown &(0) = 0 and &(yp) = yo where yo > 0,
so it must be strictly increasing. This also implies that 6(z) > 0 for all z > 0.

Now assume that &(z) = = does not hold for all z € [0,00). Then we can find an xy > 0
such that &(zg) # xo. Starting from this x¢, we construct a sequence (x;) in [0, 00) by defining
zjq1 =6 (z;) for 5 =0,1,2,.... We observe the following for all j € Z>o.

e If 2;41 > x;, then by monotonicity also zj19 = 6(zj41) > 6(x;) = Tjy1.
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e If x;41 < x;, then by monotonicity also zj19 = 6(z41) < 6(x;) = Tj41.

By the choice of xg, we have x1 > xg or x1 < ¢ and thus successively either xo < x1 < 22 < ...
or xg > x1 > X9 > ..., respectively. In any case, xg # xp. However, by the definition of the
sequence we obtain x = 0(z9) = g, which is a contradiction. This completes the proof that
o(x) =x, ie., o(z) = 7101‘ holds for all z > 0.

To complete the proof also for all z < 0, we consider the function g : R — R, 6(z) = —o(—z).
For this function we obtain that ¢,(z) = —o,(—x). The latter function is then also positive
homogeneous such that by the previous proof there is a § € R such that for all z > 0, 5(z) = Sz
and thus for all x <0, o(z) = —o(—2) = —p(—z) = px. O

The above statement implies the following corollary.

Corollary 3.10. Let 0 : R — R be a continuous function and d € Zx>y. If all unbiased
neural networks with d hidden layers and activation function o represent positive homogeneous
functions, then there are o, 5 € R such that for all xz € R,

o(z) = ad(x) + So(—x).

Proof. All the functions o, for v € R? from Lemma are represented by unbiased networks
with d hidden layers with one neuron and weights v; in each of them and activation function
o. O

The next statement will be the core of the proof of @ = @ and has already been shown
in almost the same form in [Tan+20].

Theorem 3.11. Let f : U — R be a positive homogeneous, continuous function on a positive
homogeneous domain U C R™ and € > 0. Then there exists an unbiased ReLU network with
two hidden layers, representing the function f : U — R, such that for all x € U,

[f(@) = f(2)] < ell]lz.

Proof. The previous work [Tan+20| shows a similar statement in its supplement in Theorem
B.2.2. For completeness of the presentation, we repeat their argument here and adapt it to the
situation of Theorem [B.11]

First, we restrict f to the set U N By where By = {# € R™|||z[|; = 1} is the ¢; unit ball.
Since U is assumed to be closed, this domain U N B is compact. Therefore, we can apply the
universal approximation theorem (Theorem to obtain a network function g : U N By — R,
g(z) = Wadp(Whx + b1) + by where W € RExm W, € R1¥k b € R*, by € R such that for all
x € UnN By,

3() ~ S@)] < e
Now we define f : U — R by f(0) = 0 and for z € U\{0}

flz) = ||x|rlg<ﬁ> - Hxnl(vvm(vvlﬁ +b1) + be) = Wad(Wiz + |1b1) + [[]|1be.

Now to show that f can be represented by a ReLLU network with two hidden layers, we only
need to represent the || - ||; function with one hidden layer which is done by

Id,,
x|l = 1F§Fm ReLU ((—Idm) az) ,

where 15, € R?™ is the vector whose all entries are 1. Substituting this into the above expression

for f yields
~ W T W, T
flx) = (W b2)¢[< ! 1Tbllm 11Tb11m>¢<(_f;lgln )x)] ,
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such that f can be represented by an unbiased ReLU network with two hidden layers and is
therefore also positive homogeneous.

Furthermore, for all z € U\{0} € U N By such that ]g(

) - f(Hzlll)’ < \F and then

’ IIwH

T €
)| < =zl < elfzfla-

f(@) = f(@)] = ||z ( Tn

Aed

)| = llzlh ( AeA

II:vlh (et

O]

Now we have established all the requirements to prove the specialized universal approxima-
tion theorem.

Proof of Theorem (3.7, First we show the implication@ = @ Solet f : U — R be continuous,

positive homogeneous and ¢ > 0. By Theorem [3.11] there exists an unbiased ReLU network

with 2 hidden layers, representing f : U — R, such that for all z € U, |f(z) — f(z)| < d||z]|2.
The one-layer ReLU network function R™ — R™

25 (Idn,  — Idp,)o (< f?g;) $> — $(z) — d(—x) = 1,

is the identity. Thus, we can add d — 2 such identity layers to the 2 layer network representing
f without changing the represented function. In this way, f can be represented by an unbiased
ReLU network with d hidden layers.

Since |a| # ||, we can define v; := azopr and 7 = ag%%g such that

ﬁ
52 a? — 2

Each of the hidden layers in the network for f performs a function f; : R" — R"3,
fi(z) = A¢(Buz)

for matrices A € R™*"2 B € R™*™ _ Then

no(x) —no(-z) =~ (ag(x) + fo(—x)) — (ap(—z) + Bo(x)) = d(x).

(mA  — Ao <<_BB> x) =y1Ao(Bzx) — v Ao(—Bzx) = A(y10(Bx) — y20(—Bx))
= A¢(Bz) = fj(x)

performs the same operation as one layer with activation function o. So we can replace all ReLU
layers by suitable layers with activation function ¢ and eventually obtain an unbiased network
with d hidden layers and activation function o that represents f .

Now we show the other implication @ = @ The second statement of @ together with
Corollary implies that there are o, 8 € R such that for all z € R,

o(z) = ad(z) + fo(—=).

It remains to show that |a| # |3|. If this is not the case, then o = § or & = —f. In the first case,
a = —f, then o(z) = a(p(z) — ¢(—x)) = ax is linear such that also all corresponding network
functions f must be affine linear. For example, the function = — |z| cannot be approximated
by such functions to arbitrary precision even though it is positive homogeneous.

In the other case, o(x) = a(p(x) + ¢(—z)) = alz|. Consider the function f : R — R,
f(z) = o(ax + b) for a,b € R. For this function, it holds that

lim fz) = lim f@) eR. (3.6)



Let fM:R — RF ) : 2 — o(Wiz + b)) for Wi € RFX1 b € R* be the first layer of a
network with activation function o (with domain R'). Then the condition holds for each
component of f().

Any linear combination of functions that fulfill satisfies again. In addition, if
[ : R — R satisfies with limit 7, then for f : R — R, f(z) = |f(z) +¢|, c € R, it holds that
f(z) f(x)
|

lim —* = lim 7+£
z—too |z z—+too | |x] ||

=|T+0] €R,

such that also holds for f. In total, we can successively conclude that for any neural
network with activation function o, any component of any layer, as a function R — R, satisfies
(3.6). Therefore also all functions f : R — R that are represented by a network with activation
function o of any depth and width must satisfy . Clearly, f : R — R, f(x) = z is a positive
homogeneous function that cannot be approximated by these functions.

So in any case that || = |f], this contradicts the first part of [(a)] O

3.4 Inverse Problems
3.4.1 General Statement

Our goal in this part is the proof of the general inverse problem Theorem One ingredient
for the proof is Kirszbraun’s theorem which is known in functional analysis and measure theory
and allows us to extend a Lipschitz continuous function from a subset of R to the entire space.

Theorem 3.12 (Kirszbraun’s theorem, Theorem 2.10.43 in [Fed96]). Let U C R™ and f : U —
R™ be a Lipschitz continuous function with Lipschitz constant L. Then there exists an extension
g :R" = R™ of f with Lipschitz constant L.

Considering positive homogeneous functions however, Kirszbraun’s theorem cannot guaran-
tee that this extension will be positive homogeneous again. However, in the following lemma
we show that we can circumvent this by first extending the function to the entire space, then
restricting it to the unit sphere and then extend it as a positive homogeneous function again.
In this way, the Lipschitz constant will increase by a factor of at most 2.

Lemma 3.13. Let U C R™ be non-empty, positive homogeneous and f : U — R™ a function
that is positive homogeneous and Lipschitz continuous with constant L.

Then there is an extension f : R™ — R™ of f which is positive homogeneous and Lipschitz
continuous with constant 2L.

Proof. By the positive homogeneity, 0 € U. So we can restrict f to (S*"' N U) U {0} where it
is still Lipschitz continuous with constant L. By Theorem [3.12] we can extend this function to
f: 58"t U {0} — R™ on the entire set S"~' U {0} (by extending to the entire R™ and then
restricting it again) such that it still has Lipschitz constant L.

Now we define f : R" — R™ by f(z) = ||m|]2f(m) for 2 # 0 and f(0) = £(0) = 0.

Clearly, f is positive homogeneous and an extension of f and we will show that it is Lipschitz
continuous with constant 2L. For this, consider two different points z,y € R". We can assume
[z]l2 < llyll2 and thus y # 0.

Then it holds that

||(L' - yH2 Z Hx o ||.73‘”2
lyll2"1l5
because
o= 91 > o - 1212
- lyll2"1l5

91



< |13 + 11yll5 — 2(z,y) > [l«]3 + ||« ||2—2H I 2 (z,)
2
& o1~ ol > 2 (1= 1212 (o)
[P
<= lyll5 — [l=3 > 2 (1 - [zll2llyll2
[yll2
e I1yl5 = 12113 > 2(l|=ll2]lyll2 — [l=]13)
< 9115 + 12113 — 2([[2]lyll2) > 0
N (Iyll2 = llz[l2)* >
which is always fulfilled.
If also = # 0, then we can conclude.
. . z| |
1f(x) — Flle _ 1F@) = (o) 2 i) - Fwle
lz =yl |z = yll2 |z = yll2
1) = FAZEDl2 Mlyllz = lellal 1 F ()12
- _ lzll2 T—Y
H”” Tollz Y ‘2 ==yl
1 (1) — f (it )Hz 1 () — fO)ll2
< < 2L,
r Y
‘ Tz ~ Tollz ‘
and if otherwise = = 0,
; ; Y
1f (@) = Fy)lls _ 1700) — Flp)ll2 _
Iz =yl H()—L -
llyll2 2
which completes the proof. O

Now we can use this lemma in the proof for our generalized main theorem for inverse prob-
lems.

Proof of Theorem [3.3. If there are two (1), 2(2) € U with g(z(M)) = g(2(?), then by assumption
on g, 0 = |lg(z™) — g(z@)||y > 7]z — 2P)||5. Since 7 > 0, this implies that z() = (3.
Therefore, g : U — g(U) is bijective and has an inverse function g~ = fy : g(U) — U.

We obtain

sup 1fo(y™) = foly™)ll2 _ sup =) — 2@y
s y@egwy 1Y =y 20 2@ ep [19(2®) = g(z@)]2
RO RO

-1

lg(z™) — g(=z®)]l2

W@y [z — 2?5
2 42

\]

So fo : g(U) — U is Lipschitz continuous with Lipschitz constant 1. By Lemma there
exists a positive homogeneous extension f : R” — R™ with Lipschitz constant %

For any z € R", e € R™ and any € > 0, there exists an 2/ € U such that ||z — 2/||;; <
drr(z,U) 4 € and then

1£(g(x) + ) = zll2 < [If (9(a")) — 2|2 + I £ (9(x)) — f(g(="))ll2
+11f(g() + ) = fg(@))ll2 + [l — 2|2
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2 2
<0+ llg@) = ()2 + “llello + o — 'l
2 2
< Pla— i+ lz =22+ = el
T T
2 2
(1 T p) o = 2Lt + 2lels
T T

2 2
< (14 2) )+ 0 + Zfel

IN

where we used that || - |2 < || - ||77. Since this holds for all € > 0, we must have
2p 2
1£(9(z) +e) —alla < {1+ — | dir(z,U) + —[le]2.

By equivalence of norms, there exists a number M > 0 (that possibly depends on the
dimension n), such that || - ||;;7 < M]| - ||2. f is positive homogeneous and continuous, so

by Theorem [3.7, for each component f; of f, there exists an unbiased ReLU network with 2

hidden layers that approximates f; up to a relative error of ﬁ min{ %, piM} > 0. Combining

these into one network, we obtain an unbiased ReLU network with 2 hidden layers representing
f:R™ — R™ such that for all y € R™,

176) - )l < min {2, 2l
Then for all x € R", e € R™,
IFlo(@) +) — o < |1 Flala) + ) — Flof@) + <)o + | o(@) + ) —

13
<min {23 b lafa) + el + 1£(0(0) + ) = ol
< O pllelir + Slella + 1 £(a(a) + ) — a
> pMp Ti11 - €ll2 g\r € L2
2 3
< 6|2 + (1 + T'”) drr(a,U) + = el
where we used ||z||;; < M||z||s. O

3.4.2 Restricted Isometries

The next theorem is an application of the general Theorem for the case of a linear measure-
ment function that satisfies a restricted isometry property on the signal set U. This includes
the usual restricted isometry property for sparse vectors but also other generalizations like the
one for low-rank matrices in [CCG15).

Theorem 3.14. Consider norms || - || on R™ and || - |71 on R™.
Let U C R™ be a positive homogeneous subset and A € R™*"™ q linear map such that there
are 6% € (0,1),8% € (0,00) such that for all z(V 22 e U,

(1= 8" = 2@y < |4z — Az@ | < (1 4 6) |2 — 25, (3.7)
Furthermore, assume that || - |1 < «af - []2 on R™ for an o > 1, || - |l2 < || - |71 on R™,
and each x € R™ can be decomposed as x = 2z 4 2D yhere x(l),...,$(M) € U and

22 + -+ 2Dz < a5
Then, for any ¢’ > 0, there exists an unbiased ReLU network with two hidden layers that
represents a function f : R™ — R™ such that for any r € R™, e € R™,

| f(Az +e) — z||2 < &'||z]|2 + Cady(x,U) + Dalle||s.
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where C' =1+ 21+51b and D = 5lb and
dir(z,U) := inf ||z —2'|11.
z'eU

Proof. By the assumption on g,

oA 4@y 1 AV - ae®) 1
= f > = f > —(1-46") >0,
T x(1)71§2)6U H;p(l) — x(2)||2 ~ « a:(l),l:il(Q)eU ”gj(l) — q;(Q)HQ - a( )
2V £ 2D £
such that the first assumption of Theorem is fulfilled.
For any M 22 e R, define z := z(1) — 23, By assumption, there is a decomposition

z=20 ... 4 2(M) guch that 2D, ... 2 € U and ||z2M]]y + - + ||2M)||y < ||z]|77. Then

Az — Az®)|y = || A2l <Z||Az(j l2 < (146" ZHZ])Hz (1+ 6"z = 2@ 11,
Jj=1 j=1

and therefore

142 — Az
p = sup

2 2@ egn 20 — 2@ g
o) 22

<146
So we can apply Theorem and obtain that for any & > 0, there exists a function f :
R™ — R™ such that for any x € R™ and e € R™,

2 3
It +) = ol < ol + (14 %2) (e, 0) + el

< d'|lzll2 + Cadpy(z,U) + Dalle]|

where C =1 +211+‘;lb and D = 3

O]

A first immediate consequence from the above theorem is the main result about sparse
recovery for matrices with the restricted isometry property.

Proof of Corollary[3.4 If A satisfies the (s, d)-restricted isometry property (for sparse vectors),

then (3.7) is fulfilled for 6 = "> = 6, U = ¥, and || - ||; = || - ||2. Furthermore, we choose
| - [lrr = | - 1 such that any € R" can be decomposed as x = >_"_, xje; where the e; € R"
are the canonical basis vectors. Then clearly, each zje; € U and 3 7 [[zje5ll2 = D27, || =
|z|l1 = ||z||77. Then Theorem [3.14] implies Corollary [3.4] O

Another application of Theorem is low-rank matrix recovery. Besides sparse vectors,
the inequality (3.7) has also been studied for linear operators on low-rank matrices. Using these
results, we can prove the following consequence of Theorem It involves the nuclear norm

|| X ||« of a matrix which is defined as the sum of its singular values || X ||, := ?:nf(x) or(X).

Corollary 3.15. There are universal constants C, D, Cs,c3 > 0 such that the following holds.
Let A € R™*™ have i.i.d. subgaussian entries Aj, satisfying

E[4;x] =0 E[A]%k] =1 E[Ajk] > 1

Define the operator A : R™*™ — R™ such that for all X € R™*",

(AX); = Y AjrAji Xy
k=1
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Let1 < r < n be an integer and m > canr. Then with probability > 1—Cse™=™, the following
holds: For any & > 0, there ewists function f : R™ — R"™ ™ represented by an unbiased ReLU
network with 2 hidden layers, such that for all X € R™"™ and e € R™,

~ D
If(AX) +e) = X|r < &X]IF + CVmda(X,U;) + —=|le]l2,
vm
where U, C R™ ™ is the set of rank < r matrices and d, denotes the distance in || - ||« (nuclear
norm).

Proof. According to Corollary 1 in [CCG15|, with probability > 1 — C3e™ ™, A satisfies the
RIP for low-rank matrices in the sense that for all X € R™*" of rank < 2r,

1
(1= 8")IXlp < — AL < (148X F

for universal constants 0% € (0,1) and 6" > 0. Therefore, for any X1, X(2) ¢ R"*" of rank
s,

1
(1= )XY = X p < —JJAXY = XE)[; < (1487 XD - X,

such that is fulfilled for the ||| 7 norm which corresponds to the ||-||2 norm of the vectorized
matrices and || - ||y = || - |l1 on R™. Then || - ||; < «f - ||2 for &« = \/m. Furthermore, define
U C R™™ to be the set of rank < r matrices. Then U is positive homogeneous. Define || - |77
to be the nuclear norm || - [[«. Then any matrix X € R™*™ has a singular value decomposition
ZJ 1 ojujv; with singular values o4,...,0, and orthonormal ui,...,u, and vy,...,v, in R™.

J
Then every oju;v; is in U and

n n
> lojuiville =Y o5 = 1 X[ = X 11
j=1 j=1

Then by Theorem for each ¢’ > 0, there exists a f : R™ — R", represented by a ReLLU
network with two hidden layers, such that for all X € R™*™ and e € R™,

17 AX) +

\ o

) = X|p < X[lp + Cv/md, (XU)+D\fH*Hz

Khn S

and thus if we define f (y) =
hidden layers,

(%y), which can also be represented by a ReLLU network with two

IFAG) +0) = Xl < X | + CVmd(X,U) + el

for O =1+ 218 and D =

1-4glb D

1— 5lb

Remark 3.16. C’omllary has the error dependence %H ell2. This is worse or equal to the

dependence L|le||y in Theorem 1 of [CCG15]. This is caused by the upper bound ||-||1 < v/m||-||2
which is needed because we apply Kirszbraun’s theorem for the {2 norm. This could be improved
if Kirszbraun’s theorem also holds for functions on a domain with the {1 norm. The same holds
for the additional \/m factor in the dependence on d.(X,U,).

Remark 3.17. e In Corollary[3.13], if r = 1, the operator A applied to rank 1 matrices of
the type xa* for x € R, yields

(Azz™)); = > AjrAjimrm =
kl=1

(Az);]?,

5,kLEk
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so A(zz*) = |Az|?, where |Az|? contains the squared absolute values of the entries of
Az. So the ReLU network function f can (approzimately) reconstruct xz* (and therefore
indirectly x) from |Ax|?, which is the widely studied phase retrieval problem.

e So Corollary enables us to solve the phase retrieval problem in the sense that from
|Az|? we can calculate xx* using an end-to-end network. One might wonder whether it is
also possible to calculate the vector x from |Az|? or |Az| directly. However, the problem
is that this x is not unique since for any || = 1 (thus A\ = £1 in R), |Ax| = |A\x|. It
is not even possible to define a continuous function f : R™ — R"™ such that for each vy,
|Af(y)| =y if A enables a unique solution of the phase retrieval problem up to global phase.
To see this, define g(x) = |Axz| which is continuous. If f is continuous, then also f o g.
Let ey be the first canonical basis vector. If the phase retrieval problem for A is uniquely
solvable, then we need to have f(g(e1)) = te1. Without loss of generality, we can assume
f(g(e1)) = 4e1. Now consider fog along the connected line t — (1 —t)e; +tey (t € [0,1]).
By the uniqueness of the solution up to global phase, we must have (fog)((1—t)e;+tez) =
+£((1 —t)er + tea) for each t € [0,1]. Since we assume that the £1 sign is +1 for t =0
and always (1 — t)ey + tea # 0, by continuity we know that (f o g)((1 — t)er + tes) =
+((1 —t)ey + tea) for allt € [0,1]. Especially, (f o g)(e2) = ea. Analogously, new we can
consider fog along the connected line from ey to —ey and conclude that (fog)(—e1) = —eq.
However, g(—ey) = |A(—e1)| = g(e1) and therefore also —e; = (f o g)(—e1) = (fog)(e1).
This contradicts the previous assumption that (f o g)(e1) = +e1.

3.4.3 Lower Bounds

In this subsection, we prove the lower bounds for sparse recovery (Corollary Theorem 3.6))
and subsequently also for universal approximation (Theorem [3.8)).

Proof of Theorem[3.6. Let f = Wa(Wix + by) + bz be the network function with W; € RExm,
Wo € R™*k by € RF, by € R™.

We first show that it is sufficient to prove the statement for networks with zero biases (b; = 0
and b = 0), because if we scale the signal x with a sufficiently large constant, the biases become
irrelevant.

To see more formally that that we can set by = 0 and by = 0, recall that we denote ¢ for the
ReLU function. Note that for any numbers A\,a € R and A > 0, ¢(Aa) = A¢(a). Note that by

this observation and the continuity of ¢ and || - |2,
lz — f(Az)ll2 _ [Az — f(AAT)]]2
= sup sup
2€U\{0} [E41P 2€U\{0} A>0 [Az]l2

— sup sup [Az — Wap(W1 ANz + b1) — bal|2
2€U\{0} A>0 [Az]l2

— s sup [E T Wee(N AT+ ) — Rl
2€U\{0} A>0 |2l2

— A biy _ b2

>y i 2= Web0AT B~ K
2€U\{0} A—00 2|2

_ |z — Wagp(W1Az)||2
2€U\{0} 2|2

So it is sufficient to prove the statement for a network f with no biases (i.e., with by, by = 0).
f is defined on R™ and for a matrix M € R™™ we define f(M) € R™™ to be the column-
wise application of f on M. Then for the matrix X € R™” whose columns are the vectors
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Z1,...,TH, We obtain

IF(AX) = X7 =Y [1f (Az) — a3
k=1

as the sum of the squared deviations. Now we find a lower bound for || f(AX) — X||r.
We observe that

f(AX) = f(—AX) = Wap(W1 AX) — Wag(—W1AX) = W; [p(W1 AX) — ¢(-W1AX)].
For any x € R, ¢(z) — ¢(—z) = = such that
FIAX) — f(—AX) = WaW, AX.

Since A € R™*™ it has rank < m and therefore also f(AX)— f(—AX) has rank < m. Our goal is
to bound || f(AX)—X]||F or || f(—AX)—(—X)||r for which we bound || f(AX)—f(—AX)—2X]|F.
By the Eckart-Young-Mirsky theorem, the best rank m approximation of 2X in Frobenius norm
can be obtained by truncating its sigular value decomposition after the largest m singular values
and therefore, for any rank < m matrix M € R™*"

n

IM = 2X|[3 > > (0x(2X))*.
k=m+1

Note that this even holds if X itself has rank < m, in which case 03,(X) =0 for all m+1 < k < n.
Since f(AX) — f(—Axz) has rank < m,

20:=2,| > (0k(X))? < |f(AX) = f(-AX) = 2X||r
k=m+1
< [If(AX) = X|[r + [ f(-=AX) = (=X)||lr < 2max {[|f(AX) — X[|p, || f(-AX) = (=X)]|r}

So one of these norms on the right hand side is > o. W.l.o.g. we assume that it is the first one.
Then

n

D (on(X))? < IF(AX) = X3 = Y |1 (Azg) — 24]f3 < ngé‘% 1f (Azg) — axlf3.
k=m+1 k=1

So we can conclude

I1f (Az) — x|l )
sup ————— > max || f(Axy) —zkll2 > 4| = o (X))2.
S T 2 ) — a2 5 2 k(X))

Proof of Corollary[3.3 Corollary [3.3] follows from Theorem [3.6] by choosing =1 = e1,...,x, =
én. Then X = (21...2,) = Id, and U = X;. The lower bound simplifies to

LS ot = m = -

n
k=m+1

O]

Using the lower bound for the specific case of sparse recovery, we can also show a lower
bound for the general approximation of continuous, positive homogeneous functions.
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Proof of Theorem[3.8 Let wy,...,w, € R be pairwise distinct. Define the matrix

1 1
A= Vidw? T 1w R2X™
= o wn € )

e e

All the columns of A have an fs-norm of 1. Furthermore, if there exists a 2-sparse x € R™
such that Az = 0, then there is a 2 x 2-subdeterminant which is 0, i.e., for some k,1 € [n],

1 1
0 = det VitwE o 14w | wp — Wk
= oy o =
\/1er,2C \/1erl2 \/14—’(0,%\/14'11)[2

and thus w; = wg, contradicting the assumption that the numbers are pairwise distinct.

So Az # 0 must hold for all 2-sparse x € R™. Furthermore, A is injective on 3. So there
exists an inverse map f : AY; — ;. The set 31 N S" ! is compact and thus there exists

[Azlls . [[Az — Ayll
min ————

T:= min |Az|s= n
zET,NSn-1 2ena\{0} |zl Zyezs [z —yll2
ay

and by the previous observation, 7 > 0. So for all z,y € $1, = # y, ||z — yl2 < L||Az — Ay|l2
such that the inverse map f is Lipschitz continuous with Lipschitz constant %

Furthermore, since A as a function is positive homogeneous, also its restricted inversion f
must be positive homogeneous. By Lemma there exists a positive homogeneous extension
f : R?2 = R” on the entire space with Lipschitz constant %

Now let f : R? — R™ be any function that can be represented by a ReLU network with one
hidden layer. By Corollary [3.3]

— f(A 2
sp 1= fADN2 o 2

ze51\{0} |2 - n

Now for each = € ¥, by the definition of f, f(Ax) = x and since A has normalized columns,
||Az||2 = ||z||2. Therefore we can conclude

_ 2. lz — f(Az)ll2 _ sup |f(Az) — f(Az)]l2
n T eex\{0} [[2l2 zex;\{0} Az (|2

— sup /@) = FWl2 sup 17 () = FW)l2.
yeAS\{0} [vll2 yER2\{0} [yl

f is positive homogeneous and Lipschitz continuous, thus also continuous. We can expand
f:R? = R” to a function f : R™ — R™ by setting f(y1,...,¥m) = f(y1,y2). In this way, f is
still positive homogeneous and continuous. For any f : R™ — R™ that is represented by a ReLU
network with one hidden layers, also f : R? — R", f(y) = f(y1,92,0,...,0) can be represented
by a ReLU network with one hidden layer such that

sup ||f(y)jf(y)”2 2 sup ||f(y17y2707"‘70)_f(y17y2707"‘70)||2
JER™\ {0} 19]2 yeR2\{0} yll2

— s 1f(y) = f(W)ll2 > 12 (3.8)
yeR2\ {0} yll2 n

Now take an n’/ < m and let f : R™ — R" as above such that (3.8) holds for all ReLU

networks _f with one hidden layer. For each subset S C [n] of size |S| = n/, we can define a
function fg : R™ — R™ such that for all y € R™, j € [n],

(fs(y)); == {(()f(y))j ftieivise.
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. oy . / .
Now assume that every continuous, positive homogeneous function R” — R™ can be approxi-

mated by a one-layer ReLU network up to relative precision n’ (% — %) — € for an € > 0. Then

for each S C [n], |S| = n/, there exists a ReLLU network function f(s) : R™ — R" such that
(f(s))j =0 for j € [n]\S and for all y € R™,

sy @)~ Fs@l3 _ (1 2 ) .
iz~ |

Since every j € [n] is contained in exactly (::11) subsets S C [n] of cardinality |S| = n/, for each
y €R™, j € [n],

(n’fl) SCn]
s.t. |S|=n’

We define the ReLLU network function f :R™ — R™ with one hidden layer by

Fy) = % S ).

Then by (3.8]), we have

TN 2
sup If(y) J;(y)Hz 12
yeRm\ {0} llyll3 n

On the other hand, for all y € R™\{0},

1) = F@)llz Z'f] WE . 15 g W)= Usw)P

— n—1
||y||2 = ||y\|2 G & & Iyl
s.t. |S|=n’
1 (Fis)(®); — (Fs(y));12
SEn L X P
n'—=1/  Scn] jeS
s.t. |S|=n’

(1 2 n| , (1 2 2 n 2
n —— — € :*/n Y — € :1—*—ffl<1—*
n n n n n n n n

This is a contradiction. So we can concluded that for n' < n, there exists a function f : R™ — R"™
such that for all one-layer ReLU networks f : R™ — R™

FoN 2
wp WO IO (12
yeR™\ {0} Iyl non

The second factor (% — 77) becomes maximal for n = 4. For n’ < 4, we choose n = 4 and

otherwise n = n’, which proves the bound from the theorem statement.
O
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3.5 Networks from Optimization Based Approaches

Other than the neural network approaches of this work, classical compressed sensing studies
optimization based methods to solve this problem, see Chapter 4 in [FR13| for an overview. In
contrast to the previous result in this work, which is independent of this, in this section we solve
the sparse recovery problem by approximating the solution of an optimization problem with a
neural network. In particular, we recall the 1 minimization problem

min ||z||; st ||Az —yll2 <, (3.9)

for an > 0, which can be shown to give a stable reconstruction of sparse x from their mea-
surements y = Az for suitable measurement matrices A (Theorem (0.3]).

To show that can be solved using a ReLLU network, we need to show that the function
that maps vectors y to the corresponding minimizer in is continuous. However, it is not
clear that for each vy, has a unique solution. In fact, previous works such as [ZYY16] have
shown uniqueness under certain circumstances but this might not be the case in general.

This leads to the concept of multifunctions. Unlike a usual function f : X — Y that maps
each z € X to exactly one f(x) € Y, a multifunction maps each € X to a subset of Y while
usually the empty set is excluded. Therefore, a multifunction can also be seen as a function
F : X — 2¥\{0} with values in the power set 2V of Y. Using this concept, we can always
describe the map from the vector y to the set of minimizers of as a multifunction if the
minimization problem is feasible. We will show that this multifunction satisfies a generalization
of continuity and that eventually there is a continuous selection function that maps every y to
an approximation of one of the solutions of .

There exists an extensive theory about multifunctions and generalizations of well-known
concepts of functions to them. This has been known as set-valued analysis or multivalued
analysis and textbooks such as [AF09] and [HP97] can provide a detailed summary of this.
In the following presentation of the most important concepts, we mostly use the notation and
terminology of [HP97].

Definition 3.18. Let X,Y be sets. A multifunction F : X — 2Y\{(} is a function that maps
from M to the power set 2¥ of Y without the empty set.

One important tool which we need in this section is the generalization of continuity to
multifunctions. The following properties have also been known under the terms ”upper/lower
hemicontinuous“ in the literature.

Definition 3.19 (Definition 2.3 / Remark 2.4 in [HP97]). Let F : X — 2Y\{0} be a multifunc-
tion between Hausdorff topological spaces X and Y. For xq € X, we say that

e F is upper semicontinuous at xqo if for all open sets V. C'Y with F(xg) C V, there exists
a neighborhood U of xo such that for allxz € U, F(x) CV,

e F is lower semicontinuous at xo if for all open sets V. C Y with F(xg) NV # 0, there
exists a neighborhood of xqg such that for all z € U, F(x) NV # ),

o I is continuous at xq if F' is upper semicontinuous at xo and lower semicontinuous at .

We say that F is (upper/lower semi-)continuous if it is (upper/lower semi-)continuous at all
points xg € X.

For single-valued functions, i.e., multifunctions F' such that |F(z)| = 1 for all z in the
domain, all these terms coincide to the usual term of continuity of functions. A simple standard
example for a multivalued function that is upper but not lower semicontinuous is given by
Fi: R — 28\{0}, Fi(z) = {1} if 2 # 0 and Fy(0) = [0, 1]. A lower but not upper semicontinuous
function is given by Fp : R — 28\{0}, Fy(x) = [0,1] if  # 0 and F5(0) = {0}. Example 2.8
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in [HP97] gives more details and explanations about this. So in general, none of these two
properties implies the other.

In optimization problems such as , the feasible region is a multifunction of the param-
eters (here y). Berge’s maximum theorem states that if this feasible region is a continuous
multifunction and the objective function is a continuous function, then the multifunction map-
ping the parameters to the set of optimal solutions is upper semicontinuous.

Theorem 3.20 (Berge’s maximum theorem, Theorem 3.4 in [HP97]). Let u: X xY — R be
a continuous function and F : Y — 2X\{0} a continuous multifunction with compact values.
Consider the optimization problem

max u(z,y) s.t. x € F(y).
X

Let S:Y — 2X\{0} be the multifunction mapping each y € Y to the optimizers and v:Y — R
be the function mapping each y to the optimal value.
Then S is upper continuous with compact values and v is continuous.

For a multifunction F : X — 2Y\{0}, a selection is defined as a single-valued function f :
X — Y such that f(z) € F(z) for all z € X. A particular question that has been studied is when
there exists a continuous selection of F. Michael’s selection theorem (Theorem 4.6 in [HP97])
states that lower semicontinuity of F' is enough for this. However, the above Theorem [3.20] can
only guarantee upper semicontinuity which is not sufficient for a continuous selection (also see
[HP97]). Nevertheless, upper semicontinuous multifunctions still allow approximate selections
with arbitrarily small perturbations in the argument and in the function value. In the following
theorem, we use the notation F/(M) with a multifunction F': X — 2¥ and a subset M C X for

F(M) := Uyens F ().

Theorem 3.21 (Theorem 4.42 in [HP97]). Let X be a metric space, Y a Banach space, W C X
open, K C W compact, F : W — 2Y\{@} an upper semicontinuous multifunction with convex
values, then for every € > 0, there is an open neighborhood G, of K and a locally Lipschitz
function fe: Ge — convF (K) with finite dimensional range such that for every x € Ge, fe(x) €
F(K N B(z))+ B:(0).

Now in order to apply the aforementioned results to the particular problem of approximating
the solution of with a continuous function, the first step is to show that the feasible region
of the problem is described by a continuous multifunction. We show this for a slight restriction
of the feasible region which is compact but this will not change the eventual minimizer set.

Lemma 3.22. Let A € R¥*" (k <n), B € RF*™ andn € [0,00). Let | - || be a norm on R¥
and g : R™ — [1,00) a continuous function.
Define the multifunctions Fy, Fy, F : R™ — 28"\ {()} by

Fi(y) = {z € R" ||| Az + Byl|| < n},
Fy(y) ={z € R" ||| Peex(ayzll2 < 9() }.
F(y) = Fi(y) N Fa(y),

where Pyer(a) is the orthogonal projection onto the kernel of A.
Furthermore, assume that

© 9(y) > |A'By|l» for all y € R™
o B(R™) C A(R")

Then F is well-defined (i.e., F(y) # 0 for ally € R™), continuous and has compact values.
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Proof. The condition that the range of B is contained in the range of A implies that
AA'B = PygnB = B,

where Py rn) is the orthogonal projection onto the range of A.

Furthermore, by the equivalence of all norms on R”, there exists a constant C' > 0 such that
|lz|l2 < CJ|z|| holds for all z € RF.

Step 1: F is well-defined: Since AATB = B, for each y € R™, ||A(—A'By) + By|| = 0,
such that — AT By € Fy(y) and by assumption || — ATBy|ls < g(y) such that also —ATBy € Fy(y)
and thus F(y) # 0.

Step 2: F has compact values: For each y, F(y) and F»(y) are closed such that F(y) is
closed. Furthermore, note that ATA = Brer(ayr- So for any y € R™, x € F(y), we obtain

Iz ]l2 < | Perayzllz + 14T Azll2 < g(y) + [ AT(Az + By) |2 + | A" By|2
< 9(y) + [ AT|2-2] Az + Byllz + | A" Byl2
< g(y) + [|AT|2-2Cn + | AT By||2.

The right hand side does not depend on x and therefore, F'(y) is also bounded and thus compact.

Step 3: I is lower semicontinuous

Let yo € R™ and V' C R™ open such that there exists an z¢g € F(yo) N V. Since V is open,
there exists a radius € > 0 such that Bc(zo) C V.

Since g is continuous, there is a § > 0 such that for all y € B;(yo), 19(y) — g(yo)| < §. Now
choose § := min{Jd, m} > 0if ATB # 0 and § = § otherwise. Let y € Bs(yo). We define

the number A € (0,1] by

DR if || Peer(ay@oll2 < §
o otherwise,

e
4| Per(ayzoll2

such that we always have 1 — A > 0 and A|| Per(a)Zoll2 < §- Then we define
T =x0+ ATB(yO — y) — )\Pker(A)xO- (310)

We observe || Az + By|| = ||Azo + AATB(yo —y) — 0+ By|| = || Az + By|| < n, so x € Fi(y).
Furthermore,

||Pker(A)x||2 = ||(1 - )‘)Pker(A)J:OHQ
=0<yg(y) ifA=1

= ||P xol|l2 — || A x
H ker(A) 0”2 H ker(A) O”Q{Sg(yo)—fl<9(y) otherwise,

showing that z € Fs(y), i.e., x € F(y). We also obtain

o = zollo = [ A'B(yo 1) = Mex(aollz < | ATBll2526 + M| Prarayolla < 7 + 7 < e
This implies 2 € Be(zg) C V. Therefore, F(y) NV # 0 for any y € Bs(yo). This shows that F
is lower semicontinuous.

Step 4: F is upper semicontinuous

Let yo € R™ and take an open set V' C R"™ such that F(yp) C V.

For points y € R™, define the distance d(y, F(yo)) = mingcp(y,) [y — ¥ll2. Since F(yo) is
compact, this minimum always exists.

Assume that for each integer k > 1, there is a y, € R™\V such that d(yx, F(y0)) < 1.
Then (yx) forms a sequence in the compact set F(yg) + B1(0). Therefore, it has a convergent
subsequence (yx,) with limit §. By continuity, d(y, F(yo)) = 0 such that by compactness y €
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F(yo0). On the other hand, R™\V is closed such that g € R™\V. This contradicts the assumption
that F'(yo) C V. Therefore, there is a radius ¢ > 0 such that all y € R™ with d(y, F(yo)) < €
belong to V, i.e., F(yo) + B.(0) C V.

The rest of the argument is similar to the proof of lower semicontinuity. Since g is con-
tinuous, there is a 6 > 0 such that for all y € B;(yo), l9(y) — g(yo)] < 7. Now choose

§ := min{é, m} > 0 if ATB # 0 and § = § otherwise. Let y € Bs(yo) and take any
z € F(y). We define the number X € (0, 1] by
o {1 if | Per(ayzllz < g
74”131(“6(/4)1”2 otherwise,

such that we always have 1 — A > 0 and A|| Beer(a)®|l2 < §. Then we define

£,
z =2+ A'B(y — y0) — APrer(a)2-

Note that this definition is analogous to in the proof of the lower semicontinuity. Therefore,
we can follow the same subsequent steps and prove that & € F(yy) and ||z — z||2 < e.

This implies z € F(yo) + Be(0) C V. Since this holds for any x € F(y), F(y) C V for any
y € Bs(yo), proving that F' is upper semicontinuous. O

Now, using the continuity of the feasible region from above, we can use the tools from
multivalued analysis to show that for a certain class of minimization problems, there exists a
continuous function whose values are approximate optimal solutions.

Lemma 3.23. Tuke A € RF*", B € RF¥*™ 5 € [0,00), a norm || - || on R¥, and a continuous
function u : R™ x R™ — R. Consider the optimization problem

m%&n u(z,y) s.t. ||Az + By|| <, (3.11)
zeR"

where B(Rm) - A(R"). Furthermore, assume that there exists a continuous function g : R™ — R
and a coefficient a € (0,00), such that for all y € R™ and feasible z € R,

12ll2 < au(z,y) + g(y)- (3.12)

Let || - ||1 be a norm on R™. .
For each € > 0 and each compact V- C R™, there is a function f :V — R"™, represented by a
ReLU network with one hidden layer, such that for ally € V, there is a §y € V' and a solution

i eR" of B11) for g, such that ||y — gll2 < € and ||f(y) — &||; < e.

Proof. First we define the continuous function g(y) := g(y) + au(—Af By, y) and consider the
corresponding multifunction F' defined in Lemma (with the matrices A and B). Then every
minimizer of

min u(z, y) st. z € F(y) (3.13)

also minimizes (3.11)).

Assume that this is not the case and there is a minimizer z of that does not minimize
(3-11). Then there is an optimal solution 2 to (3.11]) (because of B(R™) C A(R™), it is always
feasible) with u(%,y) < u(Z,y). So & cannot be feasible for (3.13), i.e., & ¢ F(y). On the other
hand, —Af By is feasible for . This implies

1Py llz < lI2ll2 < au(, y) + §(y) < au(@,y) + g(y) < au(—=ATBy,y) + g(y) = 9(y)

and therefore Z is also feasible for (3.13)), which contradicts the above observation.
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Now by Lemma F' is continuous with compact values such that by Theorem the
solution multifunction of ([.13), S : R™ — 28"\{0} is upper semicontinuous with compact
values and the optimal value function v : R” — R is continuous.

We apply the approximate selection Theorem As a domain, consider the metric space
V endowed with the || - |2 norm. Then V is an open and compact subset of itself. The space
R™ endowed with the || - ||; norm is finite-dimensional and therefore a Banach space. We have
shown that S : R™ — 28"\ {()} is upper semicontinuous with convex values and this remains the
case if we restrict S to the metric space V' (whose topology is the subspace topology of R™).
Therefore by Theorem for every € > 0, there exists a continuous function f : V' — R" such
that for every y € V, f(y) € S(Be/2(y)) + Bej2(0). This means that there exists § € V' and
T € S(y) such that ||y —gll2 < § and [|f(y) — Z|r < 5.

By the universal approximation theorem for compact sets (Theorem for each coordinate
of f), for each e, there exists a ReLU network with one hidden layer that represents f : V — R”,
such that for all y € V, || f(y) — f)|l1 < §. Then for all y € V, there exists a § € V' and

Z € S(g) such that |y — gl < § < e and ||f(y) = Z|r < If () = F@) +1f () = E|r <e. O

Remark 3.24. Lemma |3.25 can be applied to the following optimization problems that have
been used to solve the sparse recovery problem, i.e., recovering x fromy = Ax+e. Some of these
approaches have already been mentioned in Section[0.3. An overview with a detailed explanation
of the following techniques can be found in Section 3.1 in [FR13].

o Quadratically constrained basis pursuit:

min ||z]1 st [[Az —ylla <n (3.14)
z€R™

for |lella < n. Here u(z,y) = ||z||1 is continuous, A = A, and B = Id,,. So Lemma
can be applied if rank(A) = m. If this is not the case and rank(A) = m' < m, we can
replace A by PA € R™>™ where P € R™ %™ is a bijective and orthogonal map from AR™)
to R™ . Then PA satisfies the same RIP as A.

Note that also the condition (3.12)) is fulfilled since for all feasible z, ||z|l2 < [|z]|1 =
1-u(z,y)+0.

e Basis pursuit denoising:

min 2|1 + |4z — ylf3 (3.15)
z€ER™

for a parameter A\ > 0. For each feasible z, ||z|lz < ju(z,y) such that (312) is fulfilled

for a = % Again the objective function is continuous and we can apply Lemma for

A=0eRY™ gnd B=0¢e R*xm,
e LASSO:

min [|Az — y||2 st |zl <7 (3.16)
z€R™

for a parameter T > 0.(3.12)) is fulfilled since for all feasible z, ||z||2 < ||z|i < u(z,y)+7T =
u(z,y) + g(y) for the continuous function g(y) = 7. Lemma|[3.25 can be applied again for
A=1Id, and B=0 & R"™™,

e Dantzig selector:

min 2] s.t. A" (Az = y)lloo <7 (3.17)

for a parameter 7 > 0 for ||A%el|c < n. Here A= A*A, B = A* and therefore A(R") =
A*(R™) = B(R™), so Lemma can be applied again. (3.12)) is fulfilled for the same

reason as in (3.14]).
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Remark 3.25. Lemma[3.23 provides an approzimate selection of solutions of the optimization
problem , i.e., f(y) is close to an optimal solution of for a parameter that is close
to y. To show this, we used the approximate selection Theorem|3.21.

One might wonder whether there exists a continuous exact selection, i.e., a continuous func-
tion f : R™ — R™ such that for each y € R™, f(y) is exactly a solution of for the
parameter y. Indeed, in the field of multivalued analysis, Michael’s selection theorem (Theo-
rem 4.6 in [HP97]) can guarantee the existence of a continuous selection of a multifunction. It
requires this multifunction (i.e. the multifunction of solutions of in our application) to be
lower semicontinuous. However, Berge’s maximum theorem (Theorem can only guarantee
upper semicontinuity for the solution function.

Indeed, the following example shows that actually not in all cases in which Lemma[3.23 can be
applied, an exact continuous selection exists. Consider the continuous function u : R? x R? — R

0
wza) = (% 0) | +maxtz 12
Y2 1
and the minimization problem
min u(z, y) st.|[(1 1)z—(1 0)y| <0, (3.18)

z€R

which satisfies the requirements of Lemma (including (3.12)) ).

We are interested in the case y € {1} x(0,2). The max{2,||z|2} condition is only required to
ensure but it will not change the optimal solutions in this case. To see this, consider the
minimization problem without the max{2, ||z||2}, i.e., with u(z,y) replaced by u(z,y) = u(z,y) —
2max{2, ||z||2} fory € {1} x (0,2). This becomes

min |z1| + |y222] st z1+29=1,
z€R2

which is equivalent to
min |z] + Jy2(1 — z1)].
We obtain the following optimal values and sets of all optimal solutions depending on ys:
e yo € (0,1): minimum yo at 21 =0
e yo = 1: minimum ys =1 at z; € [0, 1]
e ys € (1,2): minimum 1 at z; = 1.

All the solutions have z1 € [0, 1] and therefore z3 € [0,1], ||z]l2 < V2 < 2. This shows that adding
max{2, ||z|]|2} to the objective function will not change the set of minimizers and the solution
sets from above are also the solution sets of .

So if there is a continuous function f : R? — R2, such that for every y € R2, f(y) is an
optimal solution of , we would need to have

(f(L,y2))1 =0 for all yo € (0,1)
(f(Ly2)1 =1 for all yp € (1,2).

Howewver, in this way f cannot be continuous at the point (1,1).

Nevertheless, there might still be exact continous selections for some of the most important
applications listed in Remark . The work in [Bri+18] considers problem and shows
that there is an optimal solution that continuously depends on the parameter . With similar
techniques, it might also be possible to show that there is an optimal solution that continuously
depends on y. However, the above counterexample shows that this is not always possible in the
generalized setting of Lemma [3.23. Furthermore, since we approzimate the solution functions
using the universal approrimation theorem with an arbitrary but positive precision 6 > 0, having
an exact selection would not lead to any essential improvement anyway.

105



The above Lemma concerns compact domains (and therefore only one hidden layer).
The following Theorem turns this into a positive homogeneous version that enables results similar
to the previous parts of this work.

Theorem 3.26. Let A € ﬂ?mxn, U C R" positive homogeneous. Consider matrices A € RF*",
B € RF*™ with B(R™) C A(R™), a continuous u : R x R™ — R, n € [0,1] and a norm || - || on
R*. We define the minimization problem

min u(z, y) s.t. ||Az + By|| <. (3.19)
z2€R™

Furthermore, assume that there exists a continuous function g : R™ — R and a coefficient
a € (0,00), such that for all y € R™ and feasible z € R™,

lzll2 < au(z,y) + g(y)-

Let || - ||r be a norm on R™ and || - |11 @ norm on R™.
Assume that for each x € R™ and e € R™, |le|l;r < n, any optimal solution & of (3.19)) for
y = Ax + e satisfies

||':E - I‘H[ < U(Ian)v

where v : R" x R — [0,00) satisfies v(Az,An) = Mv(z,n) for all X > 0, z € R", n € R and
n — v(x,n) is increasing for each x. Assume that this also holds for n = 0.

Then for each § > 0, there exists a function f : R™ — R™, represented by a ReLU network
with two hidden layers, such that for all x € R™, e € R™, ||| < 2| Az|11, y = Az + e,

- 4
1£(y) = zllr < dll2ll2 + v (=, gnllAzl1r).
Proof. Consider the unit sphere of the || - ||;; norm
Srr = {1‘ e R™ | HxHH = 1} Cc R™.

Str is a compact set and therefore we can apply Lemma to obtain that for each € > 0,
there is a continuous function f : S;; — R™ such that for all y € Syj, there exists a § € Sy; and
a solution Z € R™ of for § such that |jy — 72 < € and ||f(y) — Z||; < e.

f is defined on S7; such that we can extend it to a positive homogeneous, continuous function
f : R™ — R™ on the entire space. Now take any € R™ and e € R™ with |le||;; < Z|| Az
Let y = Ax +e. Then

2 n n 4
gHAﬂCHH <(1- §)||A$||H <lyllrr <1+ §)HA$HH < gHAﬂCHU- (3.20)

Assume y # 0 for now. Define

g1 e= S g=Az+e= 21—,

[yl lyllrz lyllrz

such that § = Az +e. So y € Srr and thus by the previous observation, there is a ' € S;; and

an optimal solution Z’ € R™ of for ¢’ such that ||§' — gll2 < € and || f(7) — Z'||1 < e.
There is a constant C' > 0 such that [|w|;; < C||wl|2 for all w € R™. We can choose € < 5.
Define &' := e+ ¢ — 4. Then §f = Az + €& and

llellrr 4 Ce< Azl 1y

1E'lrr < llellrr + Cllg = gll2 < <
lyllrz 2 Az|zs

—l—CeSg-i-
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So since Z’ is an optimal solution of for 7/,
17" = Z|| 1 < v(z,n).
Since || f(y) — 2'[[1 <e,
1£(@) = zlr < Nf(@) = &[lr + 17" — 21 < e+ (@)

Now recall that x = ||y||;;Z and we defined f by a positive homogeneous extension such that
in general,

1) = zllr = Iyl £(@) — 2|1 < ellyllr + U(H i sMyllrr = ellyllrr + v nllyllr)
4 4 4
< EgHAﬂfHH + v(, gnHAan) < €§CHAH2—>2H$H2 + v(, gnHAwHu)
1) 4
< §H$||2+U($7 gUHAxHH)a (3.21)

where the last step follows by choosmg e < m

It still remains to show ) for the case that y = 0. Then by (3.20]), also Az = 0 and
therefore e = 0. By the assumption of the theorem, in this case z = 0 is feasible and thus
optimal in (3.19)) for n =0 and so

[z = 0llr < vz, n) = v(z,0).

Since we defined f as a positive homogeneous extension, f(y) = 0such that || f(y)—z|r = ||0—z]|1
and also holds for y = 0.

Now since f is a continuous, positive homogeneous function, by Theorem (applied to
each component, together with equivalence of all norms), for each ¢’ > 0, there is f : R™ — R",
represented by an unbiased ReLU network with two hidden layers, such that for all y € R™,

1F () = S < €Nyl

Then f(0) =0 = f(0) and for y # 0, by combining everything, we obtain for all ¢ > 0,

~ ~ 1) 4
1f () —zllr <1f @) — fW)lr+ 1f () —zllr < €yl + 2 llll2 + v(z, §77HA33||II)
4 1) 4 4
< gGIHAHCHH + §H$H2 + v(, gnllAﬂfHH) < |||z + v(z, g??”AiUHH)

by choosing € < m

O]

With Theorem [3.26] we can construct a positive homogeneous network to solve an inverse
problem that is known to be solved by a minimization problem. In particular, £; minimization
has been studied for sparse recovery (see Chapter 4 of [FR13|). Applying Theorem to the
quadratically constrained basis pursuit , we obtain the following corollary.

Corollary 3.27. Let A € R™*"™ be a matrix of rank m, satisfying the (2s, 5)-restm'§ted isometry
property for a 6 < 0.7 and n € [0, %] Then for each &' > 0, there exists a function f : R™ — R™,
represented by an unbiased ReLU network with two hidden layers, such that for all x € R",

e € R™ with |le|l2 < nl||Az|2, p € [1,2],

If (Az + ) =z, < &'llx]l2 + os(@)1 + Ds'/P71 | A2,

s1— si-1/p?

where o4(x)1 := infyex, || — 2|1 and C, D only depend on 0.
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In particular, for p=1,2, we obtain
If(Az +€) — x|l < &[lz]l2 + Cos(2)1 + DV/sn|| Az

s C
If(Az +€) — zll2 < 0'[|z]|2 + ﬁas(l’)l + Dl Azl
Proof. By Theorem 6.13 in [FR13|, A satisfies the ¢5-robust null space property which in turn
implies by Theorem 4.22 in [FR13] that the solution Z of (3.14) always satisfies

12— zllp < (@)1 + Ds'/P=1/2

31_1/17 Ts
for p € [1,2].
Then the result follows from Theorem with v(x,n) = Sl_Ll/pas(x)l + Dsl/p=1/2p, O

As shown in Proposition 3.2 in [FR13], the basis pursuit denoising (3.15) and LASSO ({3.16))
are as powerful as (3.14)) since a solution of one of them can be shown to also optimize the other
ones for suitable parameters.

Corollary 3.28. Let A € R™*™ be a matriz of rank m that satisfies the (2s,)-restricted
isometry property for a § < % and n € [0, %] Then for each & > 0, there exists a function
f : R™ — R"™, represented by a ReLU network with two hidden layers, such that for all x € R",
e € R™ with ||AT el < n||AT Az,

- C
1f(Az +e) — a2 < &'flzll2 + %03(93)1 + Dil| AT Az|oc.

Proof. Analogously to Corollary [3.27] this is a consequence of Theorem [3.26] this time applied
to the Dantzig selector .

As the only essential difference to Corollary we need to ensure that y — | ATy|« is a
norm on R™. Clearly it fulfills all properties except the positive definiteness. The latter one is
fulfilled if ATy # 0 for all y # 0 which is equivalent to dim(ker(AZ)) = 0. This is fulfilled since
dim(ker(AT)) = dim((A(R"))*) = m — rank(A) = 0. O

Remark 3.29. o Compared to the original minimization result, in C’omllary (and anal-
ogously Corollary , the upper bound on the error, 1| Ax|2, now depends on ||Ax||s.
This arises from making the solution positive homogeneous. However, the term that con-
tributes to the deviation of the result is still equal to the mazximal error up to constant
factors.

e The condition rank(A) = m is satisfied for most interesting matrices, for example for
Gaussian ones with probability 1. If it is still not the case, we can replace A by PA for an
orthogonal projection P € R@&(A)Xm wyithout changing its RIP.

e Compared to Corollary[3.4, Corollary[3.27 provides deviation bounds in other norms and
for p = 2 a better dependence on os(x)1. However, it requires an explicit bound on ||el|2
which influences the result while in Corollary[3.]] there is one network that works for all
possible error levels.

e Another approach that allows for robust sparse recovery without a previously known bound
on ||ell2 is given in [(Wojl0] by a basis pursuit with n = 0. However, to make this
work, the measurement matriz A must satisfy an additional condition beside the RIP which
is known as the quotient property with respect to a norm || - ||. Then the reconstruction
error depends on |le||. This additional property holds with respect to the norm || - |2 for
example for Gaussian matrices but not for Bernoulli matrices as shown in Section 11.8 in
|/FR13].
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3.6 Approximation on Polytopes

In this section, we discuss topics related to the exact representation of the sparse recovery
problem with ReLLU networks. Even though for exact measurements, Corollary states that
| f(Az) — z||2 can be made arbitrarily small, i.e, < §||z||2 for any § > 0, we cannot conclude an
exact representation from it in the sense that f (Ax) = x can be achieved for all signals x.

In the simple case of functions R — R, it can be seen from the properties of the ReLU
function, that the functions that are exactly represented by ReLU networks are the contin-
uous piecewise linear (CPWL) functions. We call f : R — R CPWL if there are finitely
many numbers 1 < x2 < --- < 1z, for some n such that f is affine linear on each inter-
val (—oo, z1], [z1,22], .. ., [Tn—1, Zn], [Tn,00) (which implies continuity since each of the interval
boundary points are contained in both neighboring intervals).

This observation has been generalized to functions f : R™ — R on a higher-dimensional
domain using higher-dimensional polyhedra. In this section, we introduce the most important
terms related to these polyhedra and establish some tools to make this result applicable to the
sparse recovery problem. In this way, we can prove the following result.

Theorem 3.30. Let A € R™ " be a matriz such that Az # 0 for all x € ¥95\{0}.
Then there exists a function f : R™ — R", represented by an unbiased ReLU network with
[logs(s) + 1] hidden layers such that for all x € Xy,

f(Az) = x.

3.6.1 General Terms Related to Polyhedra

The textbook [Ziel2] covers various topics related to polyhedra and polytopes. We mostly use
their notation and repeat the most important aspects here.
First, like in Section 0 and 1 of [Ziel2], we use the following definitions for a subset X C R™.

e The affine hull of X is

k

aff(X) = Z)\jl‘j

J=1

k
kGZZl,Cﬂl,...,CL‘kEX, Al,...,AkER,Z)\jzl
j=1

which is the smallest (by set inclusion) affine subspace of R™ that contains X.

e The convex hull of X is

k

conv(X) := Z AT

j=1

kEZZl,xl,...,xkEX, AMyeoay A € [0,00),

J

k
A =1

ey

which is the smallest (by set inclusion) convex subset of R™ that contains X.

e The conic hull of X is

k
cone(X) := Z)\jxj
j=1

kEZZl,aj‘l,...,xkeX, )\1,...,)\].36[0,00)

Furthermore, we also need the following precise definitions of polyhedra and polytopes.

Definition 3.31 (Definition 0.1 in |Ziel2]). o A polyhedron P C R"™ is an intersection of
finitely many closed halfspaces, i.e.

P={zeR"|ajz <bj forall1<j <k}

for some ay,...,ar € R™" and by,...,b; € R.
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e An H-polytope P C R™ is a polyhedron that is bounded in the sense that there is no ray
{z+A\y|A >0} C P for any x € R", y € R"\{0}.

o A V-polytope P C R™ is the convex hull of any finite set in R™.

o The dimension of a polyhedron P is defined as the dimension of its affine hull
dim(P) := dim(aff(P)).

A fundamental result in the field of polytopes covered in [Ziel2| is that the terms H- and
V-polytope are equivalent.

Theorem 3.32 (Theorem 1.1 in [Ziel2]). A subset P C R™ is an H-polytope if and only if it is
a V-polytope.

Therefore, hereafter we can just refer to both concepts as polytopes.

3.6.2 Polyhedra and ReLU networks

After having already explained the idea of continuous piecewise linear functions in one dimension,
with the help of polyhedra we can generalize this to functions on higher-dimensional domains.

Definition 3.33 (Continuous piecewise linear functions R" — R (CPWL), Definition 3 in
[Aro+18]). f : R™ — R is continuous piecewise linear (CPWL) function if there are finitely
many polyhedra covering R™ such that f is affine linear on each of these polyhedra.

As shown in [He+20], this class is equivalent to the class of functions that can be represented
by ReLU functions. Moreover, the following result also states the number of layers that are
sufficient for the representation.

Theorem 3.34 (Representation of CPWL functions by ReLU networks, [He+20]). Any ReLU
network represents a CPWL function.

On the other hand, any CPWL function R™ — R can be represented by a ReLU network with
< [logy(n + 1)] hidden layers.

In order to apply this theorem directly to the sparse recovery problem, we would need to
show that each function f; : R™ — R that recovers z; from Az, is CPWL. We know that for
each support S C [N], |S| = s, with Xg := {z € R"| supp(z) C S}, f is linear on AXg and
AY.g is a polyhedron. However, these polyhedra do not cover the entire space R™. [Ovc02]
characterizes CPWL functions as an expression of minima and maxima of affine linear functions
on a convex domain. This could be used to extend a CPWL function from a convex domain to
the entire space. However the set AY; of images of sparse vectors is not convex and f needs to
be extended to the space between the images of the s-sparse supports in some way.

We pursue the following approach. We establish multiple tools in Section that can
be used to show that whenever a function is represented by one separate ReLU network on
each polyhedron, then we can join them into one network which we can also ensure to be
unbiased under certain circumstances. For technical reasons, we need the function to be 0 on
the intersections between the polyhedra. In our application, this intersection would consist of
the images AY;_; of the (s — 1)-sparse vectors. Therefore in the end, we first start representing
f on X4, then in the next step represent the difference between this function and f on Yo and
so on until we reach ;.
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3.6.3 Auxiliary Results

The following lemma states that a function represented by a biased ReLLU network on an affine
subspace that does not include 0 can be represented on the same affine subspace by an unbiased
network of the same depth.

Lemma 3.35 (Bias elimination). Let m,n € N with n > m and U € R™™ have orthonormal
columns, i.e., UTU = Id,,. Takev € R™ such that UUTv # v. Consider a function f : R™ — R
represented by f(x) = Wap1¢ (... Wap(Wix +b1) + ba...) + bgy1, i.e., a ReLU network with d
hidden layers and biases. Assume dimensions Wy € RF1xm Wy € Rk2xkr W, € RI>ka,
Then there exist matrices Wi € REi+1)xn yy7, ¢ Ra+Dx(hkat) - y37, e RIXFat]) gyep

that for f(y) .= Wap1¢ ( . quﬁ(ﬁﬁy)), we obtain that for all x € R™, f(Ux+v) = f(Uz+v).
Proof of Lemma[3.35 We can extend the orthonormal columns of U to an orthonormal basis

of R" and define the matrix U € R™*("=m) whose columns are precisely the remaining basis
entries. Then by orthogonality, UTU = 0.
T Wi+ bl’DT (k1+1)xn ~ UUTw .
We define W; := 5T € R"™ where v = Note that by assumption

T Ut

UUTw # v, 50 UTv £ 0. For j = 2,...,d, we define W; € RFs+Dx(kj—1+1) py

oo (Wi b
e ()
Then for any x € R™,

. . T, NT (77T
" (U +v) = =T 12 <UTU(UTU)Q?+UTUUTU> = W =1
U ]|3 1UTv]|3
such that
7  (Wi(Uz +0) + 0137 Uz +v)\ _ (Wi({Uz +v) + by
WiUz +v) = ( oT(Uz +v) - 1 :

Then by induction for all j =2,...,d,

W]gf)(WQQZ)(Wl(Ux—}—v))) _ (Wj(ﬁ(...Wg¢(W1(UCE+U)+b1)+bg...)+bj>7

1

and defining
f(y) = Wd+l¢ ( .. WQ(ﬁ(WﬂJ) .. ) 5

we obtain that f(Uz +v) = f(Uz + v) holds for all z € R™.
O

Now we establish that for a polyhedron defined by inequalities a]Ta: < bj, the distance of a
point z from the polyhedron is the maximal qb(a;‘rx — b;) up to a constant where ¢ is the ReLU
function.

Lemma 3.36. Let ai,...,a; € S %, by,...,by €R (k> 1) and define the non-empty polyhe-
dron

P:={zeR"|Vje [k]:a;‘rmgbj}
Then there is a number C'(P) > 0, depending on the polyhedron, such that for all x € R",

max gb(a]Tx —bj) < d(z,P) < C(P)max qb(a;fr:p —bj),
JE[k] JElK]

where
d(z, P) = inf ||z — y]|2.
yeP
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Proof. We can assume that = ¢ P, otherwise the statement follows immediately.

For the first inequality, consider a j € [k] such that qﬁ(a%x—bjo) becomes maximal. Consider
the half-space Hj, := {x € R" ’ a};x—bjo < 0}. Then since ||aj, |2 = 1, d(z, Hj,)) = gi)(a]rox—bjo).
Then the first inequality follows from the fact that P C Hj, and thus d(z, Hj,) < d(z, P).

Now we prove the second inequality. Denote A € R*¥*™ for the matrix with rows a]T (1<
j < k) and b € R™ for the vector with entries b; (1 < j < k).

Fix z € R™. Define

T = argmingcp |l — yll2,

which exists since P is closed and is unique since P is convex. Furthermore, define the set
J:={j € k]|ajz=0b;} C[K]

and the polytope
PJ::{:UE]R”WjGJ:a;‘-Fxgbj}

with the corresponding minimal distance point
T = argmingep, |7 — ylf2.

Now we show that & = Z: Assume that £ # Z. Since &,Z € Py and since the ¢s-distance of
a point to a closed convex set has a unique minimizer, ||z — |2 < ||z — Z||2-

For any A € [0,1], ) := AZ + (1 — A\)T € Pj. By definition of J, the strict inequalities
a]TaE < b; are fulfilled for all j € J°. Note that ¥ = x, for A = 0. So by continuity, for a small
enough A1 € (0, 1), these strict inequalities are still fulfilled for z,. Since in addition x), € Py,
this implies that xy, € P. However, ||z —zy, |2 < Az —Z|2+ (1 = A) ||z — Z||2 < ||z — Z||2. This
contradicts the definition of  and thus & = Z.

We can draw the following conclusions,

r¢P=x#T=>x¢ P;=J#0.

Define J(© := J and z(©) = Z. We repeat the following steps for [ =0, 1, ....
1. Tt holds that J® # 0, z ¢ P, and 2¥) minimizes ||z() — ||z in P;q.

2. Let Ao € RIVPIX7 be the matrix with rows a;r for j € J® and correspondingly bya €

RV, With the Moore-Penrose pseudoinverse ATN), y = ATJ(U
|A;wy — v||2 with minimal ||y||2. So 0 — g = AT](Z)(me — A ux) since (1 is the mini-
mizer of ”AJ(z) (.T}(l) — 1‘) — (bJ(l) — AJ(1>1')H2 = HAJ(Di'(l) — bJ(l) HQ (WhiCh is 0 iff a?f(l) = bj

for all j € J®) with minimal ||z — z||s.

v 1s the minimizer of

3. This implies that

129 — 2l < 1A ) las2llAjoz = byollz < VEIAL, l2sall A0z = byl (3:22)

4. We pick a j; € JU such that \a;‘sx — b;,| becomes maximal. Define JU+1 .= JO\ {5}
and z(H1) = argmingep |z — yl2. In addition, JHV = {j € JHD | a]Ta’;(lH) =b;}.
Analogously to the beginning of this proof, then z(+1) = argminyGPJ(Hl) |z — yll2.

Now we distinguish the following three cases.
(a) a;{a: —bj, > 0.
In this case, the right hand side of (3.22)) can be bounded by gb(a;;x —bj,). We stop
the iteration here. (The previously defined J(+Y is irrelevant in this case).
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(b) ale ~ by, <0 and ale — by | < |2
Then by B22), 2 — zll> < VE[| AT, a2V — 2ls.
Since x ¢ Pjqy, there exists a j € J® such that a]Ta: —b; > 0. Then this j # j; is also

contained in JUH+D . So 20+ £ 2 and thus J+Y #£ () and = ¢ Pjur1). We continue

with the next iteration.
(c) a;‘Fl:L‘ —bj, < 0 and |a z —bj| > |20FD — z|,.
Then, using that Hajl ”2 = 1, we obtain

aﬁwﬂ—%—ax by + aj, (21D —2) < afw — b + [lag 2|2V — 2|2

< ajzx — by + ’ajlx - b]'z‘ <0.

Together with z(*1) € P71, this implies that 21 € P,q). In addition, since z(!)
and (1) both are points of minimal distance and Py C Pjas, Hf(lﬂ) — x|z <
120 — |

z is the unique minimizer of y — ||z — y||2 in P;q), so we obtain that z(+1) = z(0).
However, a;{a’:(lﬂ) —b;, < 0 and ajTli(l) —b;, = 0. So this third case leads to a
contradiction and cannot occur.

In every step [, the iteration either terminates or reduces the size of J®) by at least 1, while
|J®] remains > 1. So it terminates after the iteration with index L < |J(®| < k and then with

D := max{l \F max ||A ||2_>2}

JC[k],|J|>1
we obtain that

d(z,P) = [z — z||; < D¥||z'5) — || < D*¢(al, x — bj,) < D* m%m(a x — bj).
JE

O

In the next step we bound the distance of a point to the intersection PN @ of two polyhedra
in terms of the distance to one of them.

Lemma 3.37. Let P = {x € R"|Vj € [k] : a;fpaz < b;} and Q = {z e R"|Vj € k] : &;‘FJL‘ < b;}
be non-empty polyhedra in R™ such that PN Q # 0. There is a number ¢(P,Q) > 0, depending
on the polyhedra, such that for all x € @,

dlz,PNQ) < c(P,Q)d(z, P).

Proof. Note that PNQ = {y € R” ‘Vj € [k] : a]Ty <bjand Vj € %] : ELJTy < I;]} such that by
Lemma for all z € R”,

JEK] jelk)

dlz,PNQ) < C(PNQE)max {maxqﬁ(a] x — bj), max¢(a] x — b, )}
If x € Q, then ¢( b;) = 0 for all j € [k] such that then
d(z, PN Q) < C(PNQ)max ¢(alz —bj).
€l

On the other hand, Lemma [3.36] also states that for all x € R,
d(z, P) > T bo).
(@ P) 2 magsolay = = by)

Together these two inequalities imply that for all z € @,
dlz,PNQ) < C(PNQ)d(z,P).
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The next theorem concerns a collection of polytopes that satisfy certain conditions, including
that 0 is non of their affine hulls. It states that a function that can be represented by a ReLLU
network on each of these polytopes and that is 0 on their intersections, can also be represented
by one ReLLU network on the entire union of the polytopes. In addition, we can ensure this
network to be positive homogeneous.

Lemma 3.38. Let P be a finite set of non-empty polytopes in R™ such that:
e Forall P e P, 0 ¢ aff(P).
e For any P,Q € P, cone(P) N cone(R) = cone(PNQ)U{0}.
Take a function f:R™ — R such that:

e For each P € P, there exists a function fp : R™ — R, represented by a (biased) ReLU
network with d hidden layers, such that fp(x) = f(x) for all x € P.

o Let R:=Upqger(PNQ) be the set of all points in R™ that lie in more than one polytope
P#Q
in P. Then f(z) =0 for all x € R.

Then there exists a function f : R™ — R, represented by an unbiased ReLU network with
d+1 hidden layers such that f(x) = f(zx) for allz € Upep P.

Proof. Fix one P € P. We will show that there is a function fp : R™ — R such that fp(x) =
fp(x) for all z € P and that for all other Q € P\{P}, fp(x) = 0 holds for all z € Q.

Since 0 ¢ aff(P), we can use Lemma to eliminate the bias in the network of fp without
changing the function on aff(P) D P. Thus, we can assume that the network representing fp is
unbiased.

The condition 0 ¢ aff(P) also implies that dim(aff(P)) < m — 1, such that P is contained in
an affine hyperplane {z € R™ |a’z = by} for a € R™ with ||allz = 1 and by € R\{0}.

Since P is a convex polygon, there exist A € R¥*™ and b € R* such that the set of solutions
x € R™ to

(with element-wise < in the second inequality) is precisely P. Since by # 0, we can add a
multiple of a”x = by to every row in Az < b such that the right hand side becomes 0. So
without loss of generality we can assume that b = 0 and that P is the set of solutions x to

ale = bo
Ax <0.

IN

Then cone(P) is the same as the polytope defined by the inequalities Az < 0. We denote
al’,... ,a;{ for the rows of the matrix A.

We observe the following facts:
e As a ReLU network function, fp is Lipschitz continuous with a Lipschitz constant Lp > 0.

e By Lemma there exists a constant C'(P) > 0 such that for all z € R™, d(x, cone(P)) <
C(P) mane[k] qb(a]Tx) .

e fp is represented by an unbiased ReLLU network and thus invariant under positive scaling,

ie., fp(Az) = Afp(x) for all A > 0 and = € R™. Thus for each other @ € P\{P}, the
condition fp(z) = 0 does not only hold for all z € PNQ, but even for all x € cone(PNQ).
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We take D(P) to be the maximum of all ¢(cone(P), cone(R)) in Lemma for @ € P\{P}
such that PN Q # 0. Then for each such cone(Q) and all z € Q,

d(z,cone(P) Ncone(Q)) < D(P)d(z,cone(P)).

Let Q := UQGP:POQ:@' Since P is finite, @ is compact and disjoint from P. @ is even
disjoint from cone(P). Otherwise there is a Q € P with P N @Q = () such that a non-zero vector
(since 0 ¢ Q) is contained in cone(P) N Q C cone(P) N cone(Q) = cone(P N Q) U {0} = {0},
which is a contradiction. Since cone(P) is convex and closed, for each € Q, we can find a
unique closest point Peone(py(z) € cone(P). Now define gp : R™ — R by

C(P) Z ¢(alx). (3.23)

Jj=1

max, g Pcone
op(@) = [ 2pD(P) + 2@ TP Eeonem W] | 7
mlnyEQ ||y - Pcone(P) (y)HQ

Since @ is compact and disjoint from cone(P), all the minima and maxima in this expression
exist and the denominator is > 0. Also, gp(z) > 0 for all z € R™.
The function gp has the following properties.

e Forall z € P,
gp(z) =0. (3.24)

e For all z € Q for any Q € P\{P},
gr(z) > [fr(2)|. (3.25)
(3.24) follows directly from the fact that Az < 0 holds for all x € P. To show the second

property (3.25)), we distinguish two cases.

e Ist case: PN Q # 0.

Then PN Q@ is a polytope. Let Z be the point in cone(P) N cone(RQ)) with minimal distance
to x. Since by assumption cone(P) N cone(Q) = cone(P N Q) U {0}, by the previous
observation, Z satisfies fp(Z) = 0. Thus we obtain

Fp(@)] < |fp(@)] + | fp(@) — fo(@)| <0+ Lp|7 — alls = Led(x, cone(P) N cone(Q))
< LpD(P)i(z,cone(P)) < LpD(P)C(P) max (a] ) < gp(a).

such that (3.25) holds.
e 2nd case: PNQ = 0.

Take the point v = Pype(p)(7) in cone(P) with minimal distance from z. Then

\fe(e)] < [fp(v)[ +[fp(z) = fr(v)] < max |fP(Peone(p) ()| + Lpd(z, cone(P))

< ( max,cqg |fP(Pcone(P) Yy

. + Lp | d(x, cone(P
ming g Hy - Pcone(P) > ( ( ))

axX, -5 P,
< Hl XyeQ |fP( cone(P)\Y )’ Y Lp C(P) max¢(a?x)
mingeq |y — Peone(p) ()12 jelk]
<gp(z),
showing (3.25)).
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From the definition , we can see that gp is represented by an unbiased RelLU network
with one hidden layer (the factors outside of the sum are constant and do not depend on z).
This network can then also be changed to d layers.

Now we define fp : R™ — R by

fp(z) = ¢(fp(z) = gp(2)) — $(—fr(z) — gp(x))

for all x € R™. This can then be represented by a ReLLU network with d 4+ 1 hidden layers.
From the properties (3.24]) and (3.25)) of gp, we can conclude that for z € P,

fp(x) = d(fp(x) = 0) = $(—fp(z) = 0) = fp(2).

For any other @ € P\{P} and z € @, because of (3.25), fr(z) — gp(r) <0 and —fp(z) —
gp(z) <0 such that fp(x) = 0.
Now we can define f: R™ — R by

@)= jrla).

Pep

By the representation of the fp, also f can be represented by an unbiased ReLU network with
d 4 1 hidden layers. For any € (Jpcp P, consider one P’ € P such that x € P'. Then

fpr(z) = f(z) and for any other Q € P\{P'}, it holds that fg(z) = 0. Note that this is true
even for the case that also x € @ (f is zero on the intersections). So we obtain

fa)=fp@+ ) fola)=f(a).
QeP\{P"}

O
In the next step we take a certain sequence of sets of polytopes. In our application P(")
will be the set of polytopes that form the intersection of the images AY;_, of the (s — r)-sparse
vectors under A with the image of the ¢; unit sphere (which itself consists of polytopes) under
A. These sets of polytopes have to fulfill a number of technical conditions, for example that the
intersection of two elements in P(") is contained in an element of the next set PO, We will

show that they are fulfilled in the subsequent Lemma [3.40
Then the following Lemma states that any function that can be represented by a separate

ReLU network on each of these polytopes, can also be represented on their entire union with
just one network. We do not require the function to be zero on the intersections anymore.

Lemma 3.39. Let P, PO, PO PWE) pe finite sets of non-empty polytopes in R™ such that:
(a) PO =P and P = ().
(b) For all P € P, 0 ¢ aff(P) and dim(P) < m/.
(¢c) Forr=0,...,R—1, for all P,Q € P, cone(P) N cone(Q) = cone(P N Q) U {0}.

(d) Forr = 0,...,R—1, for all P,Q € PO with P # Q and PN Q # 0, there exists a
Q € PUtY such that PN Q C Q.

(e) Forr=0,...,R—1, for all P € PU+V there is a Q € P") such that P C Q.

Consider a function f : |Jpep P — R such that for each P € P, there exists a ReLU network
with < [logy(m’ + 1)] hidden layers, representing fp : R™ — R, such that for all x € P,

fr(@) = f(x). (3.26)

Then there exists an unbiased ReLU network with < [logy(m' + 1) + 1] hidden layers, rep-
resenting f : R™ — R, such that for all x € Upp P,

flz) = f(x).
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Proof. Since P =, for all P,Q € P~ with P #Q, PNQ = 0.

With the polytopes in P~ and the function f, which is also defined on their union, we
observe that the prerequisites of Lemma are fulfilled:

The polytopes in PE-D) are subsets of the ones in P such that also for all P e PHE-D,
0 ¢ aff(P). The condition cone(PNQ)U{0} = cone(P)Ncone(Q) also holds for all P,Q € PE-1),
For any P € PE-D) there exists a P’ € P such that P ¢ P'. By assumption, there is an
fpr : R™ — R, represented by a ReLU network with < [logy(m/ + 1)] hidden layers, such that
for all z € P', fpi(x) = f(x). Furthermore, since all intersections of polytopes in PE-D are
empty, the condition that f is 0 on the intersections, trivially holds.

So all requirements of Lemma are fulfilled and there is a function f( R-1), represented by
an unbiased network with < [logy(m’ + 1) + 1] hidden layers such that for all z € Jpcpr-1) P,

fir-1(x) = f(x).

Now we iteratively apply Lemma[3.38 again for » = R—2, R—3,...,0. We assume that there
is a function f,11) : R™ — R, represented by an unbiased ReLU network with < [logy(m’ +
1) 4 17 layers, such that for all € Jpcperin) P,

foriy (@) = f(2). (3.27)

We define g,y : R™ — R by g,)(z) = fr41)(z) — f(x). Now we check the conditions to apply
Lemmato represent the function g,y on the polytopes in P(). Clearly, the conditions 0 ¢ P
and cone(PNQ)U{0} = cone(P) Ncone(Q) are again fulfilled for all P,Q € P"). Now take any
P € P, Then there is a P’ € P such that P C P’ and a corresponding fps, represented by a
ReLU network with < [logy(m’ + 1)] hidden layers, such that for all z € P', fp/(x) = f(z).

Then g, py := f(r+1) — fpr can be represented by a ReLU network with < [logy(m’ + 1) 4 1]
hidden layers. With m” := dim(P) < m’, there is a bijective affine transformation h : R™" —
aff(P). Then h~! : aff(P) — R™' is also affine linear and gapy o h : R™ — R can be
represented by a ReLU network. With the classification Theorem [3.34] we can conclude that
9(r,p) ©h is a CPWL function on R™" and can therefore also be represented by a ReLU network
with < [logy(m’ + 1)] layers. g¢. pyoho h=!:aff(P) — R agrees with 9g(r,p) ON its domain and
because h o h~! is an affine transformation, it can also be represented by a ReLU network with
< [logy(m' 4 1)] layers. Let g, py : R™ — R be the function represented by this network (on
the entire space R™). Then §(, py and g(, py agree on P and we have for all z € P,

3Py (@) = frpn) (@) — F(@) = gy (@),

showing the first requirement of Lemma on the function g).
For the second requirement on g, consider x € P N Q where P,Q € P P % Q. Then
there is a P’ € PU*+1) guch that PNQ C P’. Especially, z is contained in the set Ugreptr+n @

for which we have shown g,y(7) = f,+1)(7) — f(x) = 0.
This completes the check of the prerequisites for Lemma such that we can conclude
that there exists g(,) : R™ — R, represented by an unbiased ReLU network with < [logy(m/ +

1) + 1] hidden layers, such that for all z € Upepm P, §or)(z) = g(ry(z). Defining f(,,) (x) ==

fer+1)(Z) = ¢y (), this function can also be represented by an unbiased ReLU network with
< [logy(m' + 1) + 1] hidden layers, we obtain that for all z € {Jpcp) P,

F (@) = Frsn (@) = Gy (@) = 90y (@) — Gy (@) + f(2) = f(),
which matches with with the induction hypothesis (3.27) for the next step.
So by induction, it follows that there is a function f = f5) on R™ — R, represented by a
ReLU network with < [logy(m/ + 1) + 1] layers, such that for all z € Jpp P,



which completes the proof of the lemma. O

In the next step, we show that the conditions on the polytopes of the previous lemma are
fulfilled. The P below consist of the polytopes whose union is the image under A of the
intersection of ¥,_, with the £ unit sphere.

Lemma 3.40. Let ay,...,a, € R™ such that any M C {a1,...,a,} with |M| < 2s is linearly
independent.
For each T € {0,£1}", define

I'; := conv({Tja, ‘ 1<j<nandT;#0}).

and then
PO = (T |7l =5 — 7}

foro<r<s-—1 and PG = ().
Then P := PO PO PG are finite sets of non-empty polytopes satisfying the conditions

[(a) to[(e) from Lemma 3.9 with m’ = s — 1.

Proof. Clearly, all P(") are finite. Since every element of every P(") is a convex hull of finitely
many and more than 0 points, it is a non-empty polytope (Theorem .

@ follows directly from the definitions.

Proof of Consider 7 € {0,£1}" with ||7]jo < s and 7 # 0. If 0 € aff(I';), then
0 € aff({rja; |1 < j < nand7; # 0}). Sofor S ={j € [n]|7; # 0}, there exist coefficients
(Aj)jes such that 3, g Ajmja; = 0and 3, g Aj = 1. Since |S| < 2s, by assumption the (a;)jes
are linearly independent. This implies A\; = 0 for all j € S, contradicting the fact that the sum
of the \; is 1.

Moreover, any I'; is the convex hull of < s points and therefore dim(I';) < s — 1.

Proof of [(c)} Consider any 7,7 € {0,£1}" with 0 < ||7]jo,||7'[lo < s. It always holds that
', NI C cone(I';) Ncone(T';s) and thus

cone(I'y NI'7v) U{0} C cone(I';) N cone(I';/).

On the other hand, consider any x € cone(I';) N cone(I';s). Define S = supp(r), §" =
supp(7') and S := S US". By the definition of cone(T';) and cone(I',/) there are coefficients

(1j)jes, (1) jesr > 0 such that

_ _ ! __/ i
E HjTja5 =X = E :HjTj“J'

jes jes’
These are two representations of x as a linear combination of (a;);cg which is linearly indepen-
dent since |S| < 2s. So the coefficients must be equal and since all p;, ,u} are > 0, u; = 0 for

all j ¢ S where S = {j € [n] |75 = i # 0} If iy =0 for all j € S, then z = 0 and the other
inclusion follows directly. Otherwise

1 M

- T = 773'@]‘
Z[eé‘ 120 j%?é' Zleé‘ 127/

is a convex combination of (Tjaj)j cg and thus in I'; NI such that = € cone(I'y N T'7).

Proof of[(d)} Consider any 7,7’ € {0, £1}" with ||7[o = ||7/|lo = s—r and 7 # 7/, TN # 0.
Note that since this intersection is non-empty, we cannot have r = s — 1. Again, we define
S = supp(7), S’ = supp(7’) and S = SUS’. Any x € I'> NI can then be represented as a

convex combination
_ _ ! _/ .
g AjTja; = x = g 5T

jes jes’
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where \j, A} > 0 for all j and 3 ;g Aj = > ;ce A\ = 1. Also here, |S| < 2s shows that S is
independent and thus the coefficients must be equal such that A; = 0 and )\3- = 0 whenever j ¢ S
for $ = {j € [n] |7 = 7, # 0}. So if we define 7 € {0, £1}" such that 7; = 7; for j € S and
7; = 0 otherwise, then = € T's. Since § € SNS’ and 7 # 7/, we must have || 7] = |S| < s—7—1.
Modifying 7 to 7 € {0,+1}" by changing some of its entries from 0 to 1, we can achieve that
|#]lo = s —r — 1 and then T's C '+ such that z € Tz and T'y € P+1),

Proof of [(e)} For any 7 € {0,£1}", ||7]jo = s —r — 1 < n, we can construct 7 € {0, £1}"
with ||7/||o = s —r by changing one of the entries from 0 to 1. ThenI'; C I'v and T'y € P, [

3.6.4 Proof of Theorem [3.30]

Now we can combine all the previous tools to prove the main result about exact recovery.

Proof of Theorem[3.30, Let ay,...,a, be the columns of A. Then any subset of {a1,...,a,} of
size < 2s is linearly independent. Otherwise there would be an = € ¥9,\{0} such that Az = 0.

For ay,...,a, and s, by Lemmam the sets P, PO, ... P) satisfy to@ from Lemma
3.39| with m/ = s — 1.

The map A is injective on X, otherwise there would be x € ¥94\{0} such that Az = 0. So
we can define an inverse map fy : AXs — X,. For each 7 € {0,+1}", 1 < |[|7]lo0 < s, A maps the
subspace span({7je; | j € [n], 7; # 0}) bijectively to the subspace span({r;a; |j € [n],7; # 0}).
So the inverse map fo is again linear on span({rja; | j € [n],7; # 0}) and thus also on the subset
I';. So for each P € P") r=0,...,s, fo restricted to P is linear and can thus be represented
exactly by a ReLU network with one hidden layer, i.e., the condition holds.

Altogether, we can apply Lemma[3.39 to fo, such that there exists f : R™ — R", represented
by an unbiased ReLU network with [log(s) 4 1] hidden layers such that for all y € Jpep P

f(y) = foly).

Now for all z € ¥,\{0}, s € conv({sign(z;)e; | sign(z;) # 0}), so At
then by the positive homogeneity of f,

f(Az) = [lz]L f(A

S Fsign(z) and

[EIR

=) =zl fo(A—) = [zl -

€T
=
2 H [E4 ’

and f(Ax) =z for x = 0 follows directly by positive homogeneity.

lel

3.7 Construction of Small Networks for s =1

Although Corollary states that we can solve the sparse recovery problem with a network of
small depth, because of using the universal approximation theorem, it does not state anything
about the width of the network. With the following result, we establish a first step towards
investigating the width required for successful sparse recovery. We show that for 1-sparse vectors,

the problem can be solved with a network with two hidden layers of comparably small widths
[5log(n)] and 2n.

Theorem 3.41. Let n > 2 and A € R™*"™ m > 2 such that Ax # 0 for all x € ¥o. Then for
ki = [5log(n)], ko = 2n, there exist matrices Wy € R™F2 W, € RF2*k1 17 € RFX™ such that
the neural network function f(y) = W3 ReLU(Wy ReLU(Why)) satisfies f(Ax) = x for every
x € .

Proof of Theorem [3.41] Consider the matrix

B =ReLUW1A [Id, —Id,]) € RM**".
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We first show that i) there is a choice of W7 so that no two columns of B are parallel. Next, we
use this fact to show that ii) there is a choice of Wy € R?"*F1 50 that ReLU(W,B) € R2"*2" s
invertible. Finally, define W3 = [Id, —Idy] (ReLU(W>B))~". It follows that

W3 ReLU(Wy ReLU(W1 A [Id, —Idy,])) = Wi ReLU(W,B) = [Id, —Id,],
establishing that for any j € [n],
f(Ae;) = W3 ReLU (W2 ReLU(W1(Ae;))) = W3 ReLU(WaB)e; = e;,

and similarly f(A(—e;)) = —e;. Since the ReLU function is positive homogeneous, this implies
that f(Av) = Af(v) holds for every vector v € R™ and thus f(Ax) = x is satisfied for any
1-sparse z € R", which concludes the proof. It remains to establish the facts i and ii.

i) There is a choice of the matrix W; so that no two columns of the matrix B are
parallel: From the assumption that Az # 0 for all x € o, it follows that there are no two
columns a # b of A such that a and b are parallel, and A does not have a zero-column.

Define W, € RF1*" {6 have independent N(0,1) entries. For J C {1,...,k1}, define Ry €
RI7I¥k1 to be the restriction operator to the entries in J. For any vectors a,b € R” such that
a |f'b, consider the probability

Pab = P <3i,j S [kl] 14 # j and R{i,j}VVla H R{Lj}Wlb)

<@ (g tls g e G ) =)
> P (W) a){(W1);,5) = {(W1)i, BY{(W1);,0) = 0)
i
= 3 ({0 al(W1);,8) — b(W),a)) = 0)
i
= 3 P(al(W2);,8) = b((W1);,0) = 0),

i,j€[k1]
i#]

IN

where we used that the rows (W;); and (W), are independent and for any fixed vector v € R”
and g ~ N(0,Id,), P({g,v) = 0) = 0 if v # 0. Since a((W1);,b) — b((W1);,a) = 0 can only hold
if a || b, we obtain p,p = 0.

Let V be the set of columns of the matrix [A, —A]. For any v € V, since v # 0, and any index
j € [k1], (Wiv); is a Gaussian variable with mean 0 and positive variance, so P((¢(Wyv)); #
0) = P(Wyv); > 0) = %. Since the entries of Wi are independent,

P(llo(Wiv)llo < 1) = B([[(W10)lo = 0) +P([¢(W1v)llo = 1)
— (1/2)" + (1/2)n
=27M(n41).

Now we obtain

P(Fv €V p(Wiv)llo < 1) < Y P(l6(Wiv)llo < 1)
veV

< V] rgleavle’(W(Ww)Ho <1)

< 2n(n+1)27 "
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< 2n(n+ 1)2_51°g” =2n(n+ 1)71_510g2
§2n(n+1)7f?’:z—i-z2 <1

non
since n > 3.

This implies that P(Yv € V : ||¢(Wiv)]jo > 2) > 0, i.e., we can choose one realization W,
of Wy such that ||¢(Wiv)|jo > 2 for all columns of [ATA, —AT A] and simultaneously for any
distinct indices 4, j € [k1] and any non-parralel a,b € V, Ry; 3 Wia [f Ry; 3 Wib.

Now assume that there are two parralel columns of B. Then there are two different a,b € V
such that ¢(Wia) = Ap(WW1b) for a A € R. Both ¢(Wia) and ¢(W71b) only have non-negative
entries, so A > 0. Since ||[¢p(Wia)|lo > 2, ¢(Wia) # 0, thus A > 0. By the choice of W;, we can
also pick two distinct indices i, j € [k1] such that all entries in Ry; j3¢(W1b) are > 0 and because
of A > 0 also the entries of Ry; jy¢(Wia) are > 0.

This implies Ry; y¢(Wiv) = Ry; 3Wiv for v = a,b and thus Ry 3 Wia = ARy 3 Wb, e,
R yWha || Ry j3Wib. This however, can only happen if a || b, as observed above. By the
definition of V, this is only possible for b = —a. Since ¢(Wia); # 0 (i.e. (Wia); > 0) excludes
d(Wi(—a)); # 0, the vectors ¢(Wia) and ¢(W1(—a)) have disjoint supports, contradicting the
assumption that they are non-zero and parallel.

So B cannot have any two parralel columns.

ii) There is a choice of Wy € R?"**1 g0 that ReLU(W,B) is invertible: Now let g ~
N(0, Idy,) and define the symmetric matrix M := E[¢(BT g)p(BTg)T] € R?"*2" We show that
M and later also its random approximation ¢(WoB)T ¢(W2B) have rank 2n, which establishes
that the matrix ReLU(W2B) is invertible, as desired. A related scenario has been analyzed in
[Du+19]. The following proof adapts those methods to our setup.

ii)-1: We first show that M has rank 2n. Towards this goal, assume for contradiction that
rank(M) < 2n. Then there exists a vector u € R?*\{0} such that

0=u"Mu=E[u"¢(B"g)¢(B"g)"u] = E[|¢(B” g)"ul?].

Since |¢(BTg)Tu|? > 0, this implies that ¢(BT g)"u = 0 holds almost surely. Since the Lebesgue
measure A is absolutely continuous with respect to the probability measure of the standard
normal distribution on R*1, the equation ¢(BTz)Tu = 0 has to hold A-almost everywhere in
and by continuity this implies ¢(B”x)Tu = 0 for all z € R*1,

Let by,...,ba, be the columns of the matrix B. Also, for j € [2n] let D; := {z € R* :
(,b;) = 0}. Since there are no parallel columns of B, D;j ¢ |, ; Di (see [Du+19], Lemma A.1).

We know that 2321 uj¢({z,b;)) = 0 holds for all z € R¥'. Now fix a particular index jy € [2n].
Choose © € Dj,\U,, D;- For all j # jo, (x,b;) # 0 and by continuity, for a sufficiently small

e > 0, for all j # jo, sign((z + €bj,,b;)) = sign((z,b;)). Because of 0 = 2321 ujd((z,b5)) =
S (2 + ebjy, b)) = 32 wi((© — ebiy, b)), we have

0= uj[o((x + ebjy, b)) + S((x — ebjy, bj)) — 26((w, b;))] - (3.28)

For each j € [2n], one of the following holds

e j # jo and (x,b;) > 0: Then by assumption on €, also (z + €bj,,b;) > 0 and then

P((z + €bjo, bj)) + ((x — €bjy, bj)) — 20({x, bj)) = <$+Gbgm> (x — ebjy, bj) — 2(, bj)
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e j # jo and (x,b;) < 0: Then by assumption on ¢, also (x + ebjy, b;) < 0 and then

O((x + €bjy, bj)) + P({x — €bjy, bj)) — 2¢((z,b;)) =0+ 0—0=0.
e j =jo: Then (z % €bj,, b;) = %e||bj, ||3, i.e.
S((x + ebjo, b)) + S((x — ebjo, b)) — 26((x,b7)) = €[|bs I3 +0 — 0 = el|by, [13-

Substituting into (3.28)) yields 0 = w;,€[|b;y||3, so uj, = 0. Since this argument holds for all
jo € [2n], we obtain u = 0, contradicting the assumption that the expectation matrix M does
not have the maximal rank 2n. So rank(M) = 2n.

ii)-2:  Now let W5 € R¥2*¥1 he a matrix with independent N(0,1) entries. Define
X = ¢(W2B)" ¢(W,B)

such that for (5,1) € [2n]?, and (W5), being the r-th row of Wy,

X —ElXl = Y [6((Wa)b)d((Wa),b) = My =t Y- X|

re(k}] re(ks]

We show that X has full rank 2n with high probabiliy, and therefore there exists a realization
of weights W3 so that the matrix ¢p(WoB)T has full rank.
For p > 2,

E|X 1P = El¢((Wa)rby)d((Wa)sb) — Myl
< 27 [Elo((W2)rb))o((Wa) bo)|” + EIMyi [’
= 27 [E|¢((Wa), by)o((Wa)rbo) I + [El6((W2), b)) ((Wa).br)
< 27 |2E|¢((W2) b,)#((W2) b
< 27 [Elg((Wa)rby)? + ¢((We) b))

(
< 47 [Blo((Wa),by) % + Elo((Wa) br) 1 |

((
((

Considering that for any a € R" and g ~ N (0, Id,),

E|¢((g,0))|”” < El(g,a

( ) 2%p (P!)z 2 2
)P = lal|5? 50l lall3” = 2Pp!|all5?,

20!

we obtain i
EIX P < 87pI(|[b 37 + 10alF") < plRP~20%/2

for R = 8maxl€[2n} ||bl||%, 0'2 = 256 maxle[gn] HblH%

Since the X](lr) are mean 0, by Bernstein’s inequality ([FR13|, Theorem 7.30), we obtain

P (i [ %o - B0 21) <200 <_<k>t/2> oo - K22 )

kho? + Rtk o2+ Rt
Note that for any fixed ¢ > 0, the right hand side converges to 0 if k), — oco.
Let A\p > 0 be the smallest eigenvalue of M. Choose t := i‘—g and pick a kf such that for all

(4,1) € [2n], ,
g (%

~ ~ 1
4l —E[le]‘ > t) < @
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Then

~ - 1 1
Xj —E[le]‘ Zt) < |[2n]|2 X —5 = —.

1
P(3(,1) € 2n)*: —
(36.0 < s =

In the event that ki,
2

X i1 — IE[X jl]‘ < t, which holds with probability > %, we have

15 1 - 1 -
I X - MP <X - M= 3 |- M| <

? 2 Goelzn "2
AR
an2. 22 —an2 (20) = 20
ne-t n <4n 1

implying that
L5 L& A Ao

min(77X) 2 Amin(M) — || -7 X — M| > - — == .
Moo ) 2 A (M) = I X = M| 2 20 = = 5 >0

Then the matrix X € R2"*2" hag rank 2n and thus by the definition of X, also the matrix
p(WaB) € RF2*2n,

Since this holds with positive probability, there is a realization Wy € RF2*F1 of the random
matrix W, such that ¢(W2B) € RF2*2" has rank 2n. Then kb > 2n and we can select 2n rows
of ¢(W5B) such that the resulting matrix still has rank 2n. We define Wy € R?"*2" by taking
these rows of the matrix Wy such that the matrix ¢(WB) is an invertible square matrix.

O

3.8 Discussion

In this work, we have shown that ReLLU networks with one hidden layer cannot even solve the
sparse recovery problem for 1-sparse vectors while in contrast with two hidden layers, they are
capable of approximating this problem to an arbitrary precision and for arbitrary sparsity levels.
The latter result can also be generalized to a larger class of inverse problems.

A key assumption for these results is that we look at networks that take the positive homo-
geneous structure of the problem into account. This ensures the reconstruction to work for all
possible signals without any bound on their norm.

This also improved our understanding of how continuous positive homogeneous functions can
be approximated with neural networks in general. We have seen that the ReLLU function plays a
ungiue role in their approximation and that the general approximation necessarily requires two
layers.

Despite showing that a good solution for the respective inverse problems is possible with
rather shallow networks, our results of this work do not provide a statement about the width
and efficiency of such networks. The previous Theorem [3.41|accomplishes a first step towards this
but is still limited for the case s = 1. Possibly, future research could use width-limited versions
of the universal approximation theorem to investigate this question. For example, [Tan+20]
shows such a statement for positive homogeneous networks (Theorem 2 in the supplement)
which is based on Theorem 1 in |[Lu+17]. However, these results do not specify the depth of the
network. Furthermore, future research could also search for guarantees regarding the training
of the networks to solve inverse problems.

Our main theorems also address the robustness of our solution already mentioned at the
beginning in Section [3.1.4] We can obtain similar guarantees to minimization-based approaches.
This agrees with the empirical observation in [GMM22] that states that neural networks provide
a similar robustness to total variation minimization which is related to £; minimization for sparse
recovery. Note however, that in our work, we only study the existence of the networks but not
training them.
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The robustness seemingly contradicts the analysis of [Got-+20] which analyzes certain sce-
narios in which problems with the robustness of neural network for inverse problems occur. In
particular, they show (Theorem 3.1 in [Got+20]) that instabilities have to occur if one tries to
recover signals whose difference is close to the kernel of the measurement matrix, i.e., x and 2’
such that ||z —2/|| is large compared to ||Az — Az’||. Avoiding this situation is referred to as ker-
nel awareness (discussed in Section 4.2 in [Got+20]) which for sparse recovery can be achieved
if ||z]]2 < 7||Az||2 for a constant v > 0 and all 2s-sparse vectors. In fact, in Theorem [3.5
is exactly such a kernel awareness condition which ensures that the considered problems are
well-behaved in this respect. This condition is ensured by the fo-robust null space property and
therefore also the restricted isometry property which are assumed in many compressed sensing
scenarios.

However, by a theoretical comparison of neural networks to an optimization approach similar
to (Theorem 6.3 in |Got+20]), they show that even for a problem related to sparse recovery,
neural networks necessarily have a significantly larger local Lipschitz constant in some cases.

In the proof of Theorem of our work, we first considered an extended inversion function
f which we prove to be Lipschitz continuous. Then we approximate f by a ReLLU network f
such that ||f(y) — f()|l2 < &||yll2- And indeed, even though f is Lipschitz continuous and &’
can be arbitrarily small, we cannot conclude anything about the local Lipschitz constants of f
based on this method. Specifically, in the sparse recovery case, Corollary states that for an
exactly sparse signal z with ||z|2 =1,

If (Az + ) — z]|2 < &' + Dle]a-
Therefore, we obtain gradients

If (Az +e) — f(Az)|> _ 20

< +D.
lell2 lefl2

For very small ||e||2, specifically |le]|2 < ', this becomes very large and therefore it becomes clear
that our method cannot provide a bound to control the local Lipschitz constant of f . However,
these large gradients only occur for very small ||e||2 and if specifically ||el|s > ¢ (recall that ¢
can be chosen arbitrarily small), then the above gradient is bounded by

If (Az + ) — f(Az)]2
lell2

<2+ D,

i.e., a constant. So to summarize, the networks provided by our method might actually have
very large local Lipschitz constants. However, these are only relevant for very small deviations
and in this way, robust recovery as in Theorem is still possible.

The results in Section also show that for a large class of minimization problems, neural
networks can achieve the same robustness with respect to perturbations of size ||e||2 = ¢’ even
though the local Lipschitz constant might be significantly larger. Nevertheless, we can chose the
0’ arbitrarily close to 0.

With respect to the sparse recovery problem, Corollaries and show that exactly two
hidden layers are the smallest possible depth for approximate recovery. For exact recovery,
Theorem shows that [log(s — 1) + 2] hidden layers are sufficient but it is still an open
question to what extent this is optimal. This is also related to the question whether the network
depth in the CPWL representation Theorem As stated in the conclusion section of [He+20),
it is known to be optimal for n = 2,3 (when [logy(n + 1)] = 2) but also an open problem for
larger n.
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4 Improved Recovery Guarantees for the Sparsity in Levels
Class

4.1 Introduction

Recall from the introduction Section that the (s, d)-restricted isometry property (RIP) of a
matrix A € C™*¥ given in Definition [0.2] states that

(1= 8)ll2[13 < [lAz[l3 < (1 + 8)l|=]3

holds for all s-sparse € CV, and that one of the key insights is that this property guarantees
that there is always a unique solution to the sparse recovery problem, which can be computed
efficiently. Besides this, the construction of Johnson-Lindenstrauss embeddings as discussed in
[KW11] and Section provides another application of the RIP in a different context.

As we also discussed in Section [0.2], one particular class of matrices satisfying the RIP are
the Gaussian matrices with embedding dimension m > §~2slog (%) and it has been shown that
this dependence of m is optimal up to constant factors.

We mentioned in the introduction of this thesis that one of the key motivations to apply
compressed sensing with sparsity as a structural constraint is that natural images are typically
sparse in a wavelet basis, which is discussed in [OSL00).

A more refined view on the coefficient representation of images, as performed in [Adc+17],
shows that the wavelet coefficients are not uniformly distributed across all the scales. Instead
there are typically more non-zero coefficients at the coarser scales of the wavelet basis and
fewer ones at the finer scales. This motivates the definition of the sparsity in levels model. It
partitions the entries of the vectors into r fixed blocks and within each block k € [r], there is
a maximal number s; of possible non-zero entries. For the imaging applications, these blocks
would correspond to the scales of a wavelet basis. This is a generalization of the usual sparsity
model, which is given by the special case r = 1.

Also for this refined model, one can define a restricted isometry property, the restricted
isometry property in levels (RIPL), which is, for example, again fulfilled by Gaussian matrices.

4.1.1 Subsampled Bounded Orthonormal Systems

Even though the theory of the RIP is fully understood for Gaussian matrices, the property has
also been studied extensively for other ones. One particular case is given by matrices whose rows
are randomly selected from the DFT matrix F € CV*V or the Hadamard matrix H defined

in Section m A partial Fourier matrix 4/ %PQF € C™*N consists of m randomly selected
(usually uniformly and independently) and rescaled rows of F' and the same can be done for

H. In general, we can even consider a larger class of randomly subsampled matrices \/%PQU ,

where U € CV*¥ is unitary and bounded in the sense that all its entries satisfy |Uj x| < ﬁ for

a constant L. These are known as bounded orthonormal systems (BOSs). Most previous works
regarding subsampled Fourier matrices also apply to this class.

Subsampled bounded orthonormal systems and specifically subsampled Fourier matrices have
been studied for two main advantages over the subgaussian matrices. First, in most applications
the measurement matrix cannot be chosen arbitrarily but they are determined by the application.
Contrary to subgaussian matrices, measurements that are random Fourier coefficients can be
found in multiple applications of compressed sensing including magnetic resonance imaging
(MRI) [LDPOT} Lus+08] or reducing the mutual inference of different radar systems |[Che+22].
The second aspect is the computational complexity. For matrices like the ones with independent
subgaussian entries, the best algorithm to compute the matrix-vector product Az is usually
the standard algorithm, which requires O(mN) operations. As also explained in Section
there are fast algorithms to compute the matrix-vector product Fz or Hz in only O(N log N)
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operations such that also PoFx can be computed in this complexity. This fast matrix-vector
multiplication can improve the performance of sparse recovery algorithms such as CoSaMP
[NT09]. RIP matrices are known to allow for constructions of Johnson-Lindenstrauss embeddings
using [KW11]. In this way, subsampled bounded orthonormal systems can be used to construct
Johnson-Lindenstrauss embeddings with a fast application to individual points. Section [1| of
this work connects to this topic.

Because of the aforementioned applications, it has been an important research question

what number m of rows are sufficient or required for a subsampled BOS \/%PQU e C™N to

have the (s,0)-RIP with a high probability. In fact, there have been multiple results that have
successively improved each other from 2006 until 2021. First, Candes and Tao |[CT06] showed
that for subsampled Fourier matrices, m > Css(log N)% is sufficient for Cs > 0 depending only
on §. Rudelson and Vershynin [RV08| improved this to m > §~2slog(V)log(m)(log s)?, again
for subsampled Fourier matrices. Although these two results are shown for Fourier matrices,
their proofs also work for discrete BOSs. Subsequently, this bound was generalized to general,
not necessarily discrete bounded orthonoral systems in [Raul0]. The bound was improved to
m 2> 6 2slog(N)(logs)® by Cheraghchi, Guruswami, and Velingker [CGV13| for the Fourier
case (with a proof that can also be applied to discrete BOSs). Bourgain |[Boul4] then showed
that m > Css(log N)?log s is sufficient for Cs depending on § (for discrete BOSs). Chkifa et al.
|Chk+18] improved this to m > 6~ %slog(V)(log £)? (for general BOSs). A further improvement
by Haviv and Regev [HR16] proves the RIP for m 2 6~ %(log 5)*slog(N)(log £)? (for discrete
BOSs). The latest improvement to m > §~?slog(N)(log §)? was achieved by Brugiapaglia et al.
[Bru+21| (for general BOSs).

On the other hand, beyond the known lower bound for RIP matrices in general (m 2
6 2slog &), [BLM18] shows that for subsampled Fourier matrices m > Csslog(eN) rows are
necessary. Furthermore, [Bla+19| shows that for any ¢ € (0,1), m 2 s log(%) log(s) is necessary
for the (s,d)-RIP of a subsampled Hadamard matrix to hold with high probability. Therefore,
also no RIP result for arbitrary discrete BOSs can work for a smaller m.

Especially the number of required logarithmic factors in NV and s (besides the dependence on
9) in the bound has been subject to extensive study as it has been improved from 6 in |[CTO06] to
3 in [HR16|. On the other hand, [Bla+19] shows that 2 such logarithmic factors are necessary.
The remaining gap is still an open problem.

4.1.2 Sparsity in Levels and Multilevel Sampling

Measurements of the type PoUx for sparse s and unitary U generally represent a scenario in
which signals are sparse in one orthonormal basis and randomly sampled in another orthonormal
basis. That is, a signal has a representation Vjx for a sparse vector x € C¥*V and unitary
Vi € CN*N and samples are taken from V' Vjz for another unitary Vo € CV*N. Then U := V5'V;
is unitary and the measurements are PoUx for sparse z. We call p := max; pen \Uj k| the
coherence of the orthonormal bases V7 and Vs or just the coherence of U. The above results
about subsampled BOSs require all entries of U to be small, specifically p < LWZ for a constant
L. In fact, the RIP can still be guaranteed for m > L?§2s - polylog(N) if L is larger. This
dependence of the sampling complexity on the coherence, first for the case of non-uniform
recovery, was first observed in [CRO7].

In the case of the Fourier basis as V5 and the canonical basis Vi, the smallest possible

coherence p = % is achieved since all entries of U have absolute value \/1N However, for other

pairs of orthonormal bases such as the Fourier basis and the Haar wavelet basis, situations arise
in which most entries of U are small but few ones are very large. This leads to a large coherence
w1 and therefore large requirements on m by the above results. To address this problem, different
techniques have been developed to improve the previous results on bounded orthonormal systems
for this situation. For example [KW13| adjusts the sampling probabilities of the rows of U
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according to the largest entry in the corresponding row. In this way, rows of U that contain
large entries are sampled with a higher probability. Adcock et al. [Adc+17] propose another
modified sampling model in which the rows are divided into a number r of blocks and within each
block, a certain number of entries are sampled, which is a similar strategy and called multilevel
random sampling.

The approach from |[Adc+17] in addition also considers the refined signal model of sparsity
in levels as already motivated above. In this sparsity model, not the number of non-zero entries
in an entire vector is bounded, e.g. by s, but the indices [N] of = are divided into r blocks
and in the k-th block the number of non-zero entries is bounded by s. This refined model also
allows for entry sizes that vary between different columns as compared to different rows. Since
rearranging the columns of U does not change the property that U is unitary, we can assume
that each of the r blocks consists of consecutive indices. This leads to the following definition
of sparsity in levels. We mostly adapt the notation used in |[Adc+17] and |[LA19].

Definition 4.1 (Sparsity in levels, Definition 3.3 in [Adc+17], Definition 2.6 in [LA19]). Let
r € Z>1, M = (M,...,M,) with integers 1 < M; < --- < M, = N, s = (s1,...,5), where
Sp < My — Mp_q fork=1,...,r and My = 0.

Moreover, for each k =1,...,r we define the set

My = {Mg_1+1,..., My} C[N].
We say that x € CV is (s, M)-sparse if for allk=1,...,r,
| supp(z) N M| < sg.

We denote s v C CV for the set of all (s,M)-sparse vectors.
We call M sparsity levels and s local sparsities.
Furthermore, for x € s m, we define

Sk := supp(z) N My
fork=1,...r.

So the block distribution of the sparsity in levels model yields a partition of the columns of
U € CN*N into r blocks. Analogously, for the multilevel random subsampling we also partition
the rows of U into r blocks. Then from each of these blocks, a certain number my of samples
are taken. Furthermore, for the first ro blocks (where 0 < ¢ < r), we simply take all entries.

Definition 4.2 (Multilevel random subsampling, Definition 3.2 in [Adc+17], Definition 2.7 in
[LA19]). Let r € Z>1, 0 < rg < r, N = (Ny,...,N,) with integers 1 < N; < --- < N, = N,
m = (my,...,m;), where my < Ny — Ni_1 fork=1,...,r and Ny = 0.

Moreover, for each k =1,...,r we define the set

N = {Ng—1+1,..., N} C[N].

Assume that for each k =1,... 19, my = |Ng| and Qx = Ny. For each k =ro+1,...,r, let
thts- - thkm, be random variables that are chosen uniformly and independently with replacement
from the set Nj; and Qi = {ti1,...,tkm,} (as a multiset).

Then we call Q@ = QN m = Q1 U ---UQ, an (N, m)-multilevel subsampling scheme.

Now that we have divided both, the rows and the columns of U, into blocks, we generalize
the term of coherence of a unitary matrix to the local coherence by considering the largest entry
in each of the resulting submatrices instead of the entire matrix.
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Definition 4.3 (Local coherence in levels, Definition 2.8 in [LA19]). Let N = (Ny,...,N;) be
sampling and M = (M, ..., M,) be sparsity levels. The (l,k)-th local coherence of a unitary
matriz U € CV*N s

pue = max{|U; ;|| j € NI, j' € My}

Analogously to the classical RIP, [BH17| introduced a restricted isometry property for the
sparsity in levels model from Definition [4.1

Definition 4.4 (RIP in levels (RIPL), Definition 3.5 in [BH17|, Definition 2.12 in [LA19]). Let
M = (M,...,M,) be sparsity levels and s = (s1,...,S,) be local sparsities. the s-th restricted
isometry constant in levels (RICL) dsp of a matriz A € C™*VN is the smallest § > 0 such that

(1= o)l < [ Az]3 < (1+ 8) (13

holds for all x € Xg M.
If 0 < dsm < 1, we say that the matriz A satisfies the restricted isometry property in levels
(RIPL) of order (s,M).

Like the subsampling matrix P for the usual subsampled bounded orthonormal systems, we
define subsampling operations as matrices Po, € R™*N for a multilevel subsampling scheme
as in Definition {4.2|like they are used in [LA19].

Definition 4.5. Let Q@ = Qnm = Q U--- U Q, be an (N, m)-multilevel subsampling scheme
with Qp = {tg1,..., tem, } fork=1,...,r.
For each k € [r], we define Po, € R™*N such that

(Pﬂk)jx = Tty 4

for all j € [my], z € CN, i.e., Pq, is a subsampling to the entries in €.
We use the notation

k—1 k
Nk:{zmk/Jrl,...,ka/} - [m]
k'=1 k'=1

for each k € [r], where m =mj + -+ + m,.

Using these definitions, [LA19] generalizes the subsampled bounded orthonormal systems
with the following construction

1
\/?PQIU

1
L py.U
A= | 7 | ecm, (4.1)

|
L Py, U

Wherepl:%forl:1,...,randm:m1+---+mr,

4.1.3 Fourier Sampling and Haar Wavelet Sparsity

As the main motivation of the RIPL result, [LA19] considers the above situation of two or-
thonormal bases for the Fourier basis and the discrete Haar wavelet basis. Important properties
of this combination have already been studied in [AHR16].

Recall from Section that in [AHR16|, the Haar wavelet basis vectors are defined for
N =2" as ¢ € RV and gbj,pERN for j=0,...,7—1,p=0,...,2/ — 1 with entries

Po(t) =277
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j—r

27z for 2" ~Ip <t < 2" (p+3)
$ip(t) =4 =22 for 279 (p+3) <t <2 (p+1)

0 otherwise.

for 1 <t < N. We put these vectors into a matrix ® € RV*V in such a way that for My = 0 and
M; = 2/ for j = 1,...,7, the columns 1 and 2 contain ¢y and ¢o,0 and foreach j =1,...,r—1, the
columns M; +1,..., M; 1 contain the ¢;, for all possible p. This defines the matrix ® RN*N
and also the sparsity levels M = (M, ..., M,).

Section II in [AHR16] also defines a rearrangement F of the rows of the DFT matrix F in
such a way, that there are good bounds on the local coherence of the matrix U = F*® with
the aforementioned ®. For this, consider the Fourier vectors f; € CN for j = —% +1,..., %

(N = 2" is even) with entries

for 1 <t < N. Then we define Ng =0, N, = 2% for k =1,...,r and FV>¥ in such a way that
columns 1 and 2 of F contain fo, fi and for k = 1,...,7 — 1, columns Nj + 1,... , Ngy1 of F
contain the vectors f; for j € {—2F+1,..., —2F"1}u{25=1 +1,... 2%}, This defines I € CN*N
and the sampling levels N = (Ny,..., N;).

The important result Lemma 1 of [AHR16| states that for the unitary matrix U = F*® €
CN*N | the sparsity levels M and the sampling levels N, the local coherences (Definition
satisfy

pug S 27027 IH (4.2)

for all I,k € [r].

4.2 Previous Work

The authors of [LA19| first observe (Footnote 1 in Section 3.2, consequence of Corollary 5.4
in [Dirl6]) that an m x N Gaussian random matrix satisfies the RIPL (Definition with
probability > 1 — n for

m 2 572 (Z s log <e\.24k|> + log(n_1)> .
k

k=1

However, the main result of [LA19] is to show the RIPL for subsampled bounded orthonormal
systems with multilevel sampling as in the matrix given in (4.1)). This is done in the following
theorem.

Theorem 4.6 (Theorem 3.2 in [LA19)). Let U € CN*Y be unitary, r € Z>1 and 0 < 1,8 < 1
and 0 < ro < r an integer. Let Q = QN m be an (N, m)-multilevel subsampling scheme, M
sparsity levels and s local sparsities. Suppose that blocks | = 1,...,rg are fully sampled, i.e.,

my = |NV| and

my > C5 2N (Z m,ksk) (r log(2/m) log(2N) (log(2s))? + log (;))

k=1

forl =ro+1,...,7, where m = myy41 +---+m, and C > 0 is an absolute constant. Then
with probability at least 1 —n, the matriz (4.1) satisfies the RIPL of order (s, M) with constant
5S,M < J.
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Finally, [LA19| also provides the following corollary for the application to Fourier sampling
and Haar sparsity described in Section [4.1.3] This follows from applying the local coherence

bound (4.2) to Theorem

Corollary 4.7 (RIPL for Fourier/Haar system, Corollary 3.4 in |[LA19]). Let N = 2" and
U € CV*N and M,N the Fourier/Haar matriz with sparsity and sampling levels defined in
Section . Assume that the first 0 < ro < r blocks are fully sampled, i.e., my = |Nj| for
l=1,...,79 and for the other blocks samples are drawn according to a corresponding multilevel
sampling scheme with

T
my > Co72 [ s+ Y 271 s | (log(2im) (log(2N))? (log(25))? + log(n™ 1))
k=ro+1
k£l
forl=ro+1,...,7, m=mpyq1+---+my. If Ny, < Spo41 then with probability at least 1 —n,
the matriz (4.1) satisfies the RIPL with constant ds v < 0 where s = (s1,...,s,) and s, = [N
fork=1,...r9.

4.3 Main Result

The goal of our work is to show the following improved version of Theorem that has fewer
logarithmic factors in the required number of rows in terms of s.

Theorem 4.8. Let U € CN*N (N > 2) be unitary, r € Z>1 and 0 < <1,0< 6 < 5 and
0 < 7o <1 an integer. Let Q = Qnm be an (N, m)-multilevel subsampling scheme, M sparsity

levels and s local sparsities with s > 4. Suppose that blocks | = 1,...,1rq are fully sampled, i.e.,
my; = |N| and

> C5 2N (Z m,ksk) (1og<N> log(5) (log(s) log(1/6) + ) + log <}7)) (4.3)

k=1
forl=ro+1,....7, C >0 is an absolute constant, and
84 ' '
p = min § i, — SN puksk ¢
l=ro+1 k=1

where m = myy41 + - - - +my. Then with probability at least 1 —n, the matriz (4.1)) satisfies the
RIPL of order (s, M) with constant dsm < 0.

So for fixed 4, this is an improvement over Theorem [£.6] by one log s factor and in addition we
have a log(s) + r factor instead of log(s) - 7. The latter aspect especially yields an improvement
if the number r of layers scales logarithmically in s or N. This is the case for example in
the important application of the Fourier/Haar basis in Corollary [LA19]. We can improve this
corollary with our Theorem and obtain the following result, using the bounds .

Corollary 4.9. Let N = 2" and U € CN*N and M,N the Fourier/Haar matriz with sparsity
and sampling levels defined in Section [[.1.3. Assume that the first 0 < ro < r blocks are fully
sampled, i.e., m; = |Nj| for 1l = 1,...,79 and for the other blocks samples are drawn according
to a corresponding multilevel sampling scheme with

mp > C5 2 s+ Y 27 sy | - (log(4m) (log(NV))? log(1/8) + log(n™"))

k=ro+1
k#l
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forl=mro+1,...,7r, m=myyq1+---+my. If Ny < 8p041 then with probability at least 1 —n,
the matriz (4.1) satisfies the RIPL with constant ds v < 0 where s = (s1,...,s,) and s, = [N
fork=1,... 7.

Now for a fixed d, this result has 3 logarithmic factors while the original one, Corollary [4.7]
has 5.

4.4 Proof of the Main Result

This section is devoted to the proof of Theorem [£.8 The proof is an adaption of the technique
by Adcock and Li in with significant changes that involve ideas from other proofs of the RIP
for bounded orthonormal systems, especially [HR16].

Section [£.4.1] introduced important general tools required for the proof, Section [4.4.2] explains
the ideas from previous works on BOSs that are used in the proof, Section [4.4.3| provides an
outline of the proof steps and Section contains the proof itself.

4.4.1 Required Tools

Most previous proofs of the RIP for subsampled BOSs rely on established techniques for control-
ling the suprema of stochastic processes. In general, a stochastic process (X;)ier is an indexed
family of random variables over the same probability space. An extensive theory has been
developed to control expressions like

sup X;
teT
for a real-valued stochastic process. The textbook [Tall4] provides a profound overview of this
theory, of which we introduce the most important required aspects hereafter.
The above supremum is related to the RIPL problem since we can write

dsM = sup H\Aw”% — 1} (4.4)
IBEZS’MQSNfl

as the supremum of a stochastic process indexed by the set Xsn N S N-1 . Ds -

One particular object of interest is the expectation of such a supremum E sup;cr X;. Here we
encounter the first problem that for a general (uncountable) index set T, the supremum might
not even be a random variable, i.e., it might not be measurable. Therefore, the definition of this
expectation is modified to

Esup X; := sup {E sup X; ‘ FCTF ﬁnite} .
teT teF
In the case that 7" is countable however, sup,c X; is always measurable and the above definition
is consistent with the expectation of it (see Section 8.6 in [FR13|). For the process ({.4)), the
supremum is equal to the supremum over a countable dense subset of Ygn N SN=1 such that
also here, the supremum Js v is actually a random variable, such that we can not only consider
its expectation but also define events involving it.

A particular class of processes that have been studied in this theory are the subgaussian
processes. They are defined for an index set T' that defines a metric space (T,d) and they
require the condition (1.4) in [Tall4],

U2
P X — Xy > <2 _ ). 4.
s 0: BN~ X 2 ) < 2ep () (4.5)

Examples of processes that satisfy this requirement are given for a set 7 C RM by the
Gaussian process

Xi = (9,1t) (4.6)

131



where g ~ N (0, Idy) follows a multivariate normal distribution and for the Bernoulli process
X = <£7t> (47)

where ¢ € {+1}" is a Rademacher vector, i.e. its entries are independent with value +1
with probability % each. Both these processes satisfy the above condition with the metric
d(s,t) = ||s — t||2. Even though is not subgaussian, we will relate it to a Bernoulli process
that satisfies the subgaussian condition.

A central part of the theory about stochastic processes discussed in [Tall4] is the technique
of generic chaining, which is applicable to subgaussian processes. Its key idea is that we approx-
imate the supremum of (X;) in the entire index set 7" by the maximum on finite subsets (7}, )n>0
of T' with increasing size. For each n, the probability that the values of (X;) on the points in
T, and the points in 7,41 deviate too much, is controlled using and a union bound.

More precisely, we define a sequence (T},),>0 of subsets of T' to be an admissible sequence if

L] |T(]| =1
o |T,| < 2%

and define the ~9 functional

T,d):= inf su 22d(t, T, 4.8
a0 = it S sty as

where the inf(7, ) _  is taken over all admissible sequence (Th)n>0-

Then the main result about generic chaining ((2.32) in [Tall4]) is that there is a universal
constant C' > 0 such that for all subgaussian processes that are centered, i.e., EX; = 0 for all
teT,

Esup [X;| < Cya(T, d). (4.9)
teT

It has been shown that the generic chaining bound is sharp up to constant factors for
Gaussian processes as in . This is know as the majorizing measure theorem (Theorem 2.4.1
in [Tall4]). However, for Bernoulli processes as in it is generally not sharp. As a partic-
ular example, for T = {z € R"|||z|1 = 1}, one can show that Esup,cr |(g,z)| ~ log(N) is
significantly larger than Esup,cp |(§,2)| = 1. In contrast to Gaussian processes, for Bernoulli
processes also the bound

sup [(§, £)] < sup [[§lool[t]|1 = sup [[£]lx (4.10)
teT teT teT

holds, which follows from Hélder’s inequality.

We can combine the generic chaining bound and the Bernoulli bound in the
sense that we can split up 7 C T +T®) for two subsets T}, 7?3 ¢ RN and then apply
on TM and on T3 to obtain

sup (&, £)] < Cya(TW), d) + sup ||, (4.11)
teT teT(2)

for a constant C' > 0 as described in Proposition 5.1.4 in [Tall4]. The sharpness of this bound
up to constant factors has been known as the Bernoulli conjecture, which was proven to be true
in [BL14].

Even though provides a bound that is provably sharp in the Gaussian case, it is not
clear how an optimal admissible sequence (77,),>0 in can be found. One possible way is
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choosing them as a covering such that sup,c7 d(t,T;,) is as small as possible. With this method,
the ~y2 functional can be bounded by an integral over covering numbers as in (2.38) in [Tall4],

y2(T,d) < /000 Vg N (T, d, u)du. (4.12)

However, this bound is possibly not sharp even for Gaussian processes, see Exercise 2.2.15 in
[Tall4].

Finally, we establish the following short lemma that will be used in our proof to connect the
sum over 22d(t, T,,) in the 4, functional and a corresponding sum over 22 d(t,, t,_1), where the
t, € T, usually approximate .

Lemma 4.10. Let (X,d) be a metric space. For each n € {n1,n1 +2,...,n2}, let T,, CT and
tn € T,. Then forteT,

ng n2
> 2%d(t,T,) <4 (222d(t,tn2) + > 23d(tn,tn_1)> .
n=niy n=ni+1
Proof. First we obtain for each n € {n1,n1 +2,...,n2} by the triangle inequality,
d(t,T,) < d(t,tn) < d(t,tn,) + Z Atp, to
n'/=n+1

Then substituting this on the left hand side leads to

no n2 n2 n2
D 22d(t,To) < D 22d(t ) + Y22 > dtw,ty1)
n=ni n=ni n=ni n'=n-+1

no n'—1

<427 d(t )+ Y. Y 28d(ty tw1)

n/=ni n=ni

ng f
<4 2Fd(t ) +4 Y 2% d(ty two1),

n’=nq

which shows the claim while we used that

NS
w3

IN
W
)

: W o1 B
P =

O

In some cases, instead of constructing an admissible sequence for T" directly, it can be easier
to construct a sequence (7}, )n>0 of sets that satisfy the size condition but are not subsets of T" but
some bigger metric space that contains T. The following lemma states that we can still bound
the 2 functional using such a sequence, only losing a factor of 2, even if T' is not necessarily
closed.

Lemma 4.11. Let (T, d) be a metric space and ) # T C T. Assume that (Tp)n>0 is an
admissible sequence in T, i.e., all T, C T, |To| = 1 and for all n > 1, |T,,| < 22" (but not
necessarily T,, C T). Then

T,d) <2su 22dtT
s <2y St
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Proof. We construct an admissible sequence (7},),>0 of subsets of T' from (7},),>0. For this, fix

e > 0. For each n > 0 and each to € T),, take one t{, € T such that d(to,t;) < d(to,T) + 2~ 3",
Define 7], C T to be the set of all ¢, obtained in this way. Then |T,| < |T;| and for each
t € T, there exists a tyg € T}, such that d(¢,%p) is minimal, i.e., d(t,ty) = d(t,T,) and with the
corresponding t{, defined above

d(t, ) < d(t,t) < d(t,to) + d(to, ty) < d(t,T,) + d(to, T) + 27 2"¢
< d(t,Tp) + d(to,t) + 272" < 2d(t, T)) + 27 2".
So (T})n>0 is an admissible sequence in 7" and therefore

Yo (T, d) <supz22d <25up222dtT —1—2232_

tGT tET

<2sup222dt T,) + 2e.
teT 7y

Then the claim follows from the fact that this holds for all € > 0. O

Like it has been done in [RV0§| and [LA19| before, in order to prove the RIPL, we will
first control Eds n and subsequently bound the probability that the RICL deviates too much

from it expectation. For the latter part, we will use the following concentration result given as
Theorem 8.42 in [FR13].

Theorem 4.12. Let F be a countable set of functions F : C* — R. Let Y1,..., Yy be indepen-
dent random vectors in C™ such that EF(Y;) = 0 and F(Y;) < K almost surely for all l € [M]
and for all F € F for some constant K > 0. Introduce

= supZFYl

FG]:l 1
Let 0 > 0 such that E[F(Y;)?] < o? for all F € F and | € [M]. Then, for all t > 0,
t2/2
P(Z >EZ < —
(Z 2 ”)—e}(p( 02+2KIEZ+tK/3>

where 0% = Zl]\il o?.

4.4.2 Previous Proofs

In this section, we review the main ideas of previous proofs for the RIP of bounded orthonormal
systems since our proof in Section combines multiples ones of them.

Rudelson and Vershynin |[RV08| provide a proof for the RIP of subsampled BOSs that is
also contained as Theorem 12.31 in the textbook |[FR13| in a simplified form. Their main task
is bounding the expectation Edg of the restricted isometry constant and then the concentration
can be concluded with Theorem [4.12

As the first step, with a suitable application of the symmetrization Lemma they can
show that

Eés = sup |[|[Az[3 — 1] < CEsup (¢, v)], (4.13)
zeNNSN—1 yeT

with a Rademacher vector £ € {£1}" that is independent of A and the index set T :=
{|Az|*| 2z € £,n SN~'} that consists of the measurements Az with entry-wise squared ab-
solute value. So the index set T' as well as £ are random and they are independent. So we

134



can condition on 7" and first control the expectation with respect to £&. Then the problem boils
down to controlling the expected supremum of a Bernoulli process of the type , for which
the techniques introduced in Section are available. As mentioned there, this process is
subgaussian with the metric

m

d(|Az?, |Az) = | D _(I(A2)s* = (A=) |

=1

which for z,z € ¥, N .SV~ is bounded in [RVO08] by

N|=

d(|Axl?,|A=%) = | D (1(A2);] = [(A2);)*(|(Ax);] +|(A2);])?

N

IA
(]
IS
=
8
|
\“L
’:Z
at
+
£
<

j=1
m 3
< | 2 max [(A(x — 2));*- 22 |(Az);|* +|(A2); %)
Jj€lm] =

= 2| A — 2)lloe - /I A2]}3 + [ Az]3
< 2V2||A(z = 2)||o - V1 + ds. (4.14)

Then [RVO08| bounds the process using the generic chaining in the form of Dudley’s
inequality (4.12)). This requires a bound on the covering numbers N'(T,d,u). Bound
shows that with an additional factor v/1 4 5 in the result, it is enough to bound the covering
numbers NV (X, N SV=1 d, u) for the modified metric

d(z,2) = | Alx = 2)]s

on ¥, N SN~1. Their strategy is to bound these covering numbers in two different ways. There
are (];7 ) possible choices of a support of size s in [N]. For small distances u, the covering of
¥, N SN~1 is obtained as a union of separate coverings for each possible support.

For larger distances u, a more involved approach known as Maurey’s empirical method is
applied. This method has been used before in [Car85] and pursues the following strategy. Each
real-valued s-sparse vector z € SV~! has ||z|; < /s and therefore, we can define a random

variable Z € {0,£y/se1,...,t\/sexy} where e1,...,en are the canonical basis vectors, such
that Z = y/ssign(x;)e; with probability 2 \}‘ for each j € [N] and Z = 0 with probability
1-— Hx% This is a valid probability distribution with EZ = x. Now we define independent

copies of Zy,...,Zy of Z and form Z := ﬁ 224:1 Zi.. Now for given u, one can use standard
concentration inequalities to show that J(Z ,x) < u with positive probability if M is sufficiently
large. Therefore, the set of all possible values of Z is a covering of (X, N SN, J) with distance
u. On the other hand, by the definition of Z, its total number of possible different values is
< (2N + 1)M. In this way, we can conclude that N(Z, N SVN~1. d,u) < (2N + 1)M where M
depends on u.

With all of this, [RV08] shows a bound

Sam

E [sup|<5,y>|\A
yeT
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and therefore by the law of total probability and Jensen’s inequality

< oFE [\/1 +6S} < a/1 + Ed,

for an « that depends on m, N, s. This is an inequality that can be solved for Eds. Finally,
Theorem is applied to control the deviation of d¢ from its expectation.

The proof by Haviv and Regev |[HR16] essentially improves the aforementioned result by
Rudelson and Vershynin by one logarithmic factor in s. They follow an approach that is similar
to generic chaining but not precisely written in the terminology introduced in Section [£.4.1]
However, as shown in the work of Brugiapaglia et al. [Bru+21], their approach can be cast
into the framework of symmetrization and generic chaining established in [RV08]. In this way,
the proof bounds the supremum of the same Bernoulli process. However, some aspects are
performed differently. Firstly, in contrast to [RV08], which only uses the generic chaining bound
, the approach [HR16; Bru+21] uses the combined bound for Bernoulli processes ,
which is known to be stronger in certain cases. Secondly, they do not use Dudley’s inequality
but instead construct an admissible sequence for the generic chaining bound , directly
whose elements can approximate each |Az|?>. These approximations are also obtained using
Maurey’s empirical method described above. However, in the construction of 73,4+, for some
n1, Maurey’s empirical method is only used to approximate those entries of | Ax|? of approximate
size > 27" % (all entries of |Az|? are < =) and the remaining ones are just approximated by 0.
Then also is replaced by an improved bound that takes the sizes of the individual entries
into account. After a certain number of steps that are controlled using the generic chaining
method, this produces an approximation w € R™ of |Az|? such that ||(Az);|? — wj‘ < §|(Az),;)?
holds for all j except for some of them that are too few or have a too small |(Az);|? to influence
the result significantly. So in the end for the Bernoulli bound , we obtain an ¢; deviation

1Az —w||, < 3~ 8|(Ax)|? = 6]|Az[|} < 51/1+ o

Jj=1

In the end, all the possible values of w are defined to form the 7™ in and all possible values
of |Az|?> — w form T®). Then is used to bound the expected supremum of the Bernoulli
process. The remaining part, including controlling the additional factor v/1 + d,, solving for Ed,
and the concentration are done in a similar way as in the proof of Rudelson/Vershynin [RV0S]
described above.

The work by Adcock and Li [LA19] shows the RIPL instead of the regular RIP. Their proof
is an adaption of [RV0§| to sparsity in levels and multilevel random sampling. Therefore, the
overall procedure is similar. They also use Dudley’s inequality and bound covering numbers for
each support separately for small v and use Maurey’s empirical method for larger u. The most
important difference is that in their application of Maurey’s empirical method, they approximate
each sparsity level of x separately, so for each of the r sparsity levels, there is a certain number
M of independent copies of the aforementioned random variable Z such that the total number
of possible values of all of them is (2N + 1)"™. This is where the additional factor  in the final
result of Theorem [4.6] arises.

Ed, SE |E |sup|(¢.y)| | A
yeT

4.4.3 Proof Outline

Our proof combines ideas from different approaches described in Section [£.4.2] along with some
novel improvements. The procedure can be split into the following steps.

1. Symmetrization and Bernoulli process
This first step is the same as in [LA19; RV0§|. With the symmetrization technique
(Lemma , the expectation is bounded by the expected supremum of a Bernoulli process
over the index set T := {|Az|? ‘ x € Dgm} for Dg v = Xgm N SN-1,
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2. Approximations with Maurey’s empirical method

Like the other previously mentioned proofs, we use Maurey’s empirical method to approxi-
mate |Ax|? with different accuracy levels. Like in [HR16} Bru+21] (and other than [RV0S}
LA19]), we do not directly use the resulting approximations for the generic chaining yet
but apply some modifications in step 3 beforehand. For the approximation Z,, we show
that |(AZy); — (Az);| is sufficiently small enough for all j € [m] except a limited number.
The set of entries for which the deviation is too large in any of the approximation levels
in the generic chaining will be called J C [m]. We show that |.J| is small and accordingly
bound the influence of these indices in the remaining parts of the proof.

Moreover, we also approximate each sparsity level k € [r] of x separately. However, unlike
in [LA19], we do not choose the number of independent copies for Maurey’s empirical
method equal for all sparsity level but instead let it scale with the ¢, norm ||zg,||2 of  in
the corresponding sparsity block. This improves the dependence on r in the final result
(such that we have a factor r 4+ log s instead of rlog s).

3. Construction of the admissible sequence for n < n; + [logy(s)]
We will define ny := ng + [logylogy N + log, log p| for a constant integer ng > 0 to be
specified later. First, for 0 < n < ny + [logy r], we define T;, = {0}.

For ny + [logy 7] < n < ny + [log, s], we construct vectors w" ™) (z) € R™, depending
on x € Dg v that approximate |Az|? on each level of the generic chaining. At each level
n, the entries of a certain size are approximated similarly to the proof in [HR16; Bru+21]
described in the previous section. The other entries of w(~™1)(z) will be set to 0. Larger
entries of |Az|? are approximated for smaller n than smaller entries. The set of all these
w™=™) () across all z € Dgpp will be T}, and satisfy |T,,| < 2%".

4. Construction of T() and T® for ({@.11) and ¢, bound
The sets To, ..., Ty, 4 [log,(s)] from the previous step are used to approximate |Az|? € R™.
We construct T() in such a way that for each such |Az|?, there is a z € T()) based on the

following idea. If entry j of |Az|? is approximated sufficiently well in the last level defined

above, i.e., w([log2()) ¢ Ty +log,(s)]> then zj = wﬁ.[log?(sm and otherwise z; = |(Az);[%. In

the first case, in the subsequent approximations defined in step 6, the entry j will remain
constant as w§[log2(s)]) and the deviation |z; — |(Ax);|| will be controlled with the ¢; part
in . In the other case, |(Az);|? will be approximated with increasing precision in the
remaining part of the admissible sequence such that the entry j is controlled in the generic
chaining part of ({.11)). Then T? contains the differences z — |Az|? and can be bounded

in /1 norm.

This particular strategy is new and differs from the approaches [HR16; [Bru+21]. In their
proof, the generic chaining method described in step 3 is continued until all entries are
approximated sufficiently well for the remaining distance to be bounded in the #; norm.
In this way, T is the last element of the partial admissible sequence and thus finite.
However, this requires log(L3) steps (for the classical RIP case r = 1, with L being the
constant such that all entries of U are bounded by \/%) Our approach only requires log s

steps.

Therefore, our approach yields the slight advantage of having a log s factor in the final
result instead of log(L5).

5. Application of Lemma to the first part of the admissible sequence
For the first part of the admissible sequence, we controlled an expression of the type
S, 2%d(tn, tn_1). Using Lemma we turn this into a bound on 3, 22d(t, Ty,), which
will later be combined with the corresponding sum for the remaining admissible sequence
to bound (7™M, d).
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6. Construction of the admissible sequence for n > n; + [log,(s)]
We complete the admissible sequence (T,),, for the remaining larger n by approximating
the vectors x € Dg\ on each single support separately. This has been done in [RVO0S]
and [LA19]. Note that although [HR16; Bru+21] do not do an equivalent step, this part
is required here because of the difference discussed in step 4.

7. Combination of the bounds to control Ejs nm
We use the combined generic chaining and ¢; bound (4.11]) to bound Eds p in way that is
similar to [Bru+21].

8. Concentration of s m
We use Theorem to control the deviation of ds n from its expectation analogously to
[RV08; LA19].

4.5 Proof of Theorem [4.§
Proof. We quickly recall the notation of the matrix and Definitions [4.1] to

e The matrix is

V%PQIU
1
A= \/TTQPQQU e (meN.

i
Po.U

e Ni,...,N; C[N] partition of rows of U for multilevel sampling, N; = {N;_1 +1,..., N;}.
e Mi,....N, C [m] partition of the rows of A into samples from different blocks. (]/\71] =my)
e My,..., M, C [N] blocks for sparsity

e Si,..., S, C[N]supports of zaqy,...,Tm,, |Sk| <sp (1 <k <r).

my =N forl=1,...,r¢

Step 1: Symmetrization and Bernoulli process
This first step follows the same argument as the proof in [LA19|. First we define

Ds,M = ES,M N SNil,
such that

dsm= sup |[[Az[3—1= sup [(z,(A"A~ Idy)z)| =: [|A"A ~ Idylls

€D M z€Ds M

which is how we define the norm [||-[|; 5y on CV*V.

For each j € [m], we define A; € CV as the adjoint vector of the j-th row of A (such that
Ajx = (Aj,x) = (Ax); for z € C, j € [m]). Define U; (j € [N]) analogously for the matrix U.
Then for each 1 <1 < ry (i.e., the blocks of complete sampling),

1
Z EA; A} = o Z UjUs = Z U,;U;.

JEN; JEN; JEN
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For each of the other blocks rg +1 <[ < r,
D EA AL = Z Z plU U = W”pl S UpUn =Y U
JEN jeM ] 'eN; JEN JEN;

So altogether

> EAA =D U;U; =U'U = Idy.

J€m] JE[N]

Then

Edsn = [|A*A — Idy|lspy = Z AGAS — Z EA; A}

[m] j€lm] oM
- Z Z (AjA; —EA;AY) - Z Z(AjA;f — EA;AY)
l=1 ]EM S,M l=T‘0+1 ]E/\?l S,M

Using the symmetrization Lemma we obtain

Edsm < 2E Z D GAA; (4.15)

l=ro+1 ]GM s M

where &; for all j € N, 1 e {ro + 1,...,r} are independent Rademacher variables that are
independent of A.

Now we condition on the Aj;, and first consider the expectation E¢ with respect to the §;.
By definition of |-

Bel| > > &GAA|  =Ee sup | D > &l(Ax),

l=ro+1 jG/\?z <M 2€Ds M l=ro+1 j€f\~/z
This is the expected supremum of the Bernoulli process defined by
T
S gy yeT
l=ro+1 ]e_/\?'l
for the index set
T := {|Az|*| z € Dsm},

where |Az|? consists of all squared absolute values of the entries of Az. As a Bernoulli process
it is subgaussian with the Euclidean metric with respect to the entries indexed by

LTJ N, (4.16)

l=ro+1

1
ie., dly,g) = <Zje/\7(yj — %)2) ® for y,y € T. Note however, that this might not be a metric

on T since two different vectors in 7" might only differ in entries in [m)] \N. But it is a metric
on the projections on N,

T' = {ys |y € T} c RV
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To simplify the presentation, we will still consider the index set T and an admissible sequence
on T but implicitly project everything onto the entries N such that d becomes an actual metric
instead of a pseudometric.

Then for any u,v € Dsw,

d(| Auf?, | Av]?) = Z > (I(Au);* — |(Av);1)?

= ro+1 ]GM

Step 2: Approximations with Maurey’s empirical method
We need the following definitions for [ = 1,2,...,r,

HikSk
= E =  max
R Y lefroit 7}71
k=1
T 84 T
i = 51 ‘ . . s
p:=min ¢ 4m, 46 rs([logy(s)| + 2) g myy; p < min | 4m, 5 E my (4.17)
l=ro+1 l=ro+1
where m = Myo4+1,...,My.

Choose aq,...,a, € {0,1,2,..., [logy(r)]} such that for each k =1,...,r,
27% > g, 3 227 or 27k =270l > g, |3, (4.18)

Define n := [logy(r)], for n =+ 1,7+ 2,...,[logy(s)] +2 and R, = [cilogp] - 2"~
for an absolute constant ¢; > 0 that will be specified later. Since n > [logy(7)] > g, Ry is
always an integer.

We define the independent random variables Z(*) for k € [r] such that for all j € Sy,

o ai, | Ry .
Z®) =277 /25, sign(Re(z;))e; with probaility 22”6;\/%)‘

o ap |1 .
Z®) =277 /25, sign(Im(z;))e; with probaility 2;\mé@)]

Sk

and
®) . " 2%
ZW%) =0 with probability 1 — NoTS Z (IRe(z;)| + Im(x;)]).
JESK

That this is a valid probability distribution since

2} 2}
272 272
5 Z(!Re(%‘)\ + [Tm(x5)|) Z V2|zj| = \FHQ?SkHl 2% |zs,ll2 <1
k jes, ]ES

and furthermore we obtain for all j € [N],

0 otherwise.

There are [log,(r)| + 1 different possible values of aj. Therefore the total number of values
that Z(*) can attain across all = € Dg v is bounded by

4My|(logy(r)] +1) +1 < 4N7 +1 < 5N? < N°
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for N > 2.
We define ka), cee ZI(%]?k to be independent copies of Z*) and

ZEDIE ZZ

ke(r] n.k

Then
EZ, = z.

Z,, depends on ar,...,a,. We take all choices of a1, ...,a, € {0,1,..., [logy(r)]} for which

D 2mer <3, (4.19)

We define Vj, to be the set of all possible values of Z,, for all of the above choices of a1, . . ., a,..
For each of these choices of (a1, ..., a,), each Zq(k) in the definition of Z,, can have at most
N? different values such that the number of possible values of Z,, for the choice of (aq, ..., ;)

is bounded by

H (N5)Rn,k — N 2Zkep] Brk — N5 2Zpepn([e1logp]-27-27%F) < N15lerlogp]-2™ (4.20)
kelr]
The number of different choices of aq, ..., a; is

(Mogy(r)] +1)" < 7" < N*".

So in total
Vol < N?" . N1olerlogp] 2 < yi6lerlogp] 2", (4.21)
Foreachl=rg+1,...,r,i=1,...,m
2 92—
(AZ§O)] < 1A llsoll 28011 < o) TEEZEE
So

/Hz k3k2 %k
for an absolute constant ¢y > 0.

Now we can use Proposition about sums of centered subgaussian variables,

1(AZ0); = (An)sll,, = | D & Z (AZ{F)); —E(AZ);)

ke [7"] n.k .

<e Z Z MZkSkQ o Z kS 2 T

kelr] nk =1 R ipi

My Sk
<cs max :
\/l’e{r0+1,...7r} ke%] (cl log p] AL
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_n C3 L Sk _n C3
<277 max : =272
Vep logp\/'e{r0+1,...,r} ke%] Dy Ver logpﬁ

for an absolute constant cg > 0, such that

P (|(4Z); — (Az);| > 278/7) < 2exp (—(”‘cl(:g)g’)) < /2)

2
where ¢4 > 0 is a constant and in the last step, we choose ¢; = E—Z

For each [ =7 +1,...,r, j € Nj, define the indicator variable X; € {0,1} such that x; =1
if

(AZ,); — (Az);| > 272/ (4.22)

and x; = 0 otherwise.
The above probability bound shows

2
EXj < —.
1%

For each l = rg +1,...,r, the sum ZjeM X; is the number of indices j € N such that (4.22))
holds for j and we know

2my
EY x < e
JEN;

First assume that the second part in the minimum of definition (4.17) is the smaller one, i.e.,
p = 46""rs([logy(s)]42)- >, 41 M- Then we apply a union bound and Markov’s inequality
to show

4 - 4
Plate{ro+l...r}: Y 2"t < S Py =

jeN; P I=rotl  \jeN; P
" EY N X L1 1
JEN NI
<S> S 2 553
l=ro+1 P l=ro+1
So
Pviefott, Y <) >1sy
T o Th ; -
0 ) ) - X3 D =9
JEM
and there is one realization
Tn () (4.23)

of Z, such that for each | = r9+1,...,r, there are at most @ indices j € N} such that (4.22)
holds. We define jn,l C N to be the set of indices j € N, for which this is the case such that
’jnl’ < %. Furthermore, we define J; := Ugigffﬁﬂﬂ jn,l as the set of indices for which (4.22))

holds for any n. Then |J;| < w. We also define

J = U Jl.

l=ro+1
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The bound on |J;| and the definition of p also imply the inequality

r r r
4r(logy(s)] + 2 > 1T 5

Z il < ([loga(s)] +2) Z myy = 5,18.%:7;9“ = (4.24)

I=ro+1 P l=ro+1 U=ro+1 WM

If on the other hand p = 4/, then the expected number of indices j € N in total (for all 1)
for which (4.22)) holds, is

r

EY s Y Mal<n

jeN l=ro+1 P

Therefore, there is always a realization of Z,, such that does not hold for any j € N and
we define this as 7, (x) € V,,. Then consistent with the other case, we define J; = ) for all
le{ro+1,...,7} and J = () such that still holds.

In order to show that 7,(xz) € V,,, we only need to show that the choice of the «y
satisfies the requirement of the definition of V,,. To to this, note that for each k € [r],
27% < 2|zg, |3 or 27 < 271082(") = 1 G altogether

22 < ZmaX{QHwSkIIw p< 22 s, 113 + Z =2[z[3+1 <3,
k=1
which shows that z, € V,,. )
Moreover, for the random variable Z,, it holds with probability 1 that for all [ € {ro+1,...,r}
and 7 € NV,

Mk =
(AZ Z Al (Zn)we > 1ZM) s,

r m 1 Ry ke
L,k
s, k:lv y2i n,kq 1

T T
DMVESRACTENE ZL“'“- > 2o < o
k=1

1 b 1 b

<

and therefore

|(Aftn(2));] < /6. (4.25)

Step 3: Construction of the admissible sequence for n < n; + [logy(s)]
In this step we define the first part of the admissible sequence for the index set 7.
Note that we always have r < s. For n = [logy(r)] + 1,..., [logy(s)], we define sets

n—1

Iy = {j € N | [(Afpya(e))] = 275 7} \ U (4.26)

n'=[log, (r)]+1

of indices that depend on x where 7, 2(z) is the one defined in and N is defined in .
The intention of these sets I,, is that it contains those j € N for which |(Az);|? is approximately
in the range between 27"+ and 27 "*1y. In order to limit the number of possible choices for the
set I,, across all + € Dgm, we define it based on the approximation |(A7,42(x));| instead of
(Ax)|.

Based on the sets I,, from above, we choose ns := ﬂogQ(%)] = [2logy ()] and define

n n—ngs—1
=y I = J In [P = N\(ID U I).

n’=max{l,n—ns}
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Each index j € N is contained in exactly one of these sets.
Now we define the vectors w(™ = w(™(z) € R™ such that for n =0, ..., [logy(r)],

w™ =0

and for n = [logy(r)] +1,..., [logy(s)], j € [m],

(Afpia(@);2 ifj el
W = S [(Afty g ra(@);[? it € I and j € I, (4.27)
0 if j € f,([%) orje [m]\/\N/'

We define ny := ng + [logy logs(N) + logy log(p)] for a constant integer ng > 0 that will be
chosen later. Furthermore, we start defining an admissible sequence by setting

To=Ti=Ty=-=T, = {0} CR"
and for n =1,..., [logy(s)],
Tpyin = {w™(z) |2 € Dsm}- (4.28)

Note that Ifjg,(r)]+1;-- - In and therefore also w™ for n > [logy(r)] + 1 are completely
determined by the approximations

T llogy(r)]+3(T) € Vlogy(r)143 - - -» Tnt+2(T) € Vipo.

So we can use the bound (4.21) on the |V, to bound the number of possible different values of
w™ () such that for [logy(r)] +1 < n < [logy(s)],

n+2 n+2
Do € [I IVl < [] N'90eoert2” = piofertosd ity < st
n'=[logy(r)]+3 n’=0
— 901 logy (V) log(p)-2" 22”1+”

for a constant ¢ > 0 and ng > logy(¢1). Then
T,| < 2% (4.29)

holds for all 1 <n < ny + [logy(s)].
Now we observe that for any [ € [r] and j' € A,

T T T
(o)l = 2, 3 Uswaw| <3 | oae il D luwel | <0 (i lles, )
k=1k'eM; k=1 k'e My k=1
T T T T
< (Varse - lzs,ll2) < 4| D0 mese - 4| > lles, 13 = 140,k Sk (4.30)
k=1 k=1 k=1 k=1

and therefore for any j € N,

= VA<V (4.31)

where the last part only holds for [ =rg+1,...,7.
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For any j € I,,/\J for n’ > ﬂogz( )] + 1, we have |(A7y42(x));] > 2_%/\ﬁ and (because of
J &) [(Afyas(@)), — (Aa)y <275 5 = 1 -27% 5. Hence,

/

277\ /7.

If in addition n’ > [logy(r)]42 holds, then we know that j ¢ I,,_; and therefore [(A7,/41(x));] <
27"5" /7. Together with |(Af,41(2)); — (Az);| <272 7 =5 -2 "7 /7, this yields

()] < (Afa @)+ (A1 (@)); — (An) < 5 - 27T 7 < 2075 /3

M\H

|(Az)j| = (ATt 42(2))j] = (AT p2(2)); — (Az)j] =

So we can summarize that for j € I,/\J (n’ > [logy(r)] + 1)

2% /7, (4.32)

where the second bound only holds if n’ > [log,(r)] + 2. In addition, for any n > n’,

l\.’)\U‘

5 27E 7 < [(Aa)] <

(Afwa(@));] < (A)]+ [(Ansa(@); — (Az)s] < |(Az)y| + 5 2757
él(Aiv)j|+§' _%WSQ"(A@H- (4.33)

Now we assume j € I,/\J again for [logy(r)] +1 < n’ < [logy(s)]. In the next step, we
bound (wj(-n) - IL)J(.TFI))2 for all possible cases.
en<n —1:

(n)

(wj (”_1))2

=(0-0)*=0.

(w!™ — w2 = (|(Afrnsa(2))]? — 0)% = |(ATppa(z));|*

< 2%|(Az);|* <100 - 27"y|(Az);

. n'+1§n§n’+n5:

([(Afns2(@))]2 = [(Afnsr (2));]2)
(([(Afrnra(@);1? = [(A2)j12) + ([(Az); > — [(ATsr (2));]%)
2 ((|(Afnra(2));]? = 1(A2);1%)? + (|(Az); 2 — |(Afrnsr (2))]%)?)

We can bound the second factor by

(|(Afp1 ()2 = |(Az); )2 = (
|

B
!
N

|(Aftn1(2))5] = [(A);])? (|(Aftna (2))5] + [ (Az)])?
(Aftns1(2)); — (Az)]* - (3](Ax);])”

= V7)?|(A)?
27"|(Az); .

The same bound also follows for the other term (|(Az);]? — |(Afn42(x));|%)?, such that in
total we obtain

(" —w{" V) <1827 (4a),

145



e n>n'+ns+1:

(w™ — w2 = (A s 12(@)); 1 = (A s 12(2));12)2 = 0.

Note that this especially also holds for the case n = n’ + ns + 1.

Soif j ¢ J and j € I, for some n’ < [logy(s)], then we have shown that for any [log,(r)] +
2 <n < [logy(s)],

(w. — W

(n) mlm{ﬁﬂmﬂwﬂmwﬁ if n <n<n+ns
J J

=0 otherwise.

If j ¢ Iy for any n’ < [logy(s)], then (wj(.n) - w](-n_l))2 = 0 for all n.

All the other indices j € N are in J = U;’:TO 41 J1- From inequality (4.25), it follows that

n n—1
I, oo

]wj(- w; )| < 69;. Therefore we obtain

n n n—1 n n n—1 n
S —w" 2= 3 Y 2w — w2 < ST )20 (12)?
jeJ l=ro+1j€J; l=ro+1

1
<122.2".  ma : Jily < 12297y . =,
< e z T§ +1| il < T
=To

where we used (4.24) and 6 < 1 in the last step.
Towards bounding the contribution of the approximations w™ in the ~v9 functional, we
obtain with the above estimates,

loga(s)] Mogs (5)] 3

BRI U Sl b pP M s
n=[logy(r)]+2 n=[logy(r)]+2 \jeN

Mogs(s)] Mogy ()] 3

< Z Z Z Qn(wj(n) _ w§n*1))2

n=Tlogy(r)]+2 \n'=[logy(r)]+1 jEL,/\J

[loga(s)]

+ Z Z2n(w](n) _ wj(n—l))z

n=[logy(r)]+2 \J€J

N

Nlogy (s)] Mog, ()] T logy(s)] -
n=Tlogy(r)]+2 \n'=[logy(r)]+1j€Ls n=Tlogy(r)1+2
Mogs ()] Mogs (5)] B
<100y ) > AR B wcncnrins | +Cov/y (4.35)
n=llogy(1)1+2 \n/=[logg(r)]+1
floga (s)] Nloga ()] P
S VIog@T | > HADLIE Y. Twcswin | +Cvi  (430)
w=1ogy(r)]+1 n=Tloga(r)] +2
floga (9)] :
< /1007[logy (s)] S Ax), 3s+1) |+ Covy

n/=[logy (r)] +1
< V/1007[log,(s)](ns + 1)|| Az|l2 + Ca /Y
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< oy [y loma(e)oga( 1) - (1 + 4s13).

Here Cy > 0 is a constant, 1,/<p<p/4n, is 1 for ' < n < n’+ns and 0 otherwise, and in the
step leading from (4.35)) to (4.36)), we applied the Cauchy-Schwarz inequality to the sum over n
1

in the sense that > a2 = Zn(aé D)<V Va1 <Y, an -/ [logy(s)].

Furthermore,

[logz (M1
Z 23 d(w™, w1y = 0.

n=1

For the one missing term n = [logy(r)] + 1, first assume j € I,,\.JJ. Then combining (4.25))
and (4.33)) yields

2wy —w{" V)2 = 2 (w{™)? = 2"|(Afpra(x));|* < 2" 69(Ax); [ < 100ry|(Az), [

On the other hand, if j ¢ J and j ¢ I,,, then w](-n) - w§n_1) = 0. And also for n = [logy(r)] + 1,
we obtain that

Sl - ot P < 160,
jeJ

such that altogether for n = [logy(r)] + 1 and some constant C3 > 0,

1
2

23 Z S @l — w2 <y |y |14 Z 3 [(Ax),)2

l=rg+1 jE./\7l l=rg+1 jE/\7z

So in total for a constant Cy > 0,

[logy(s)]
n 1 1
> 22d<w<">,w<”-l>>§04\/vlog2<s>log2<5>>+v<1og2<s>log2<5>>+r> | Aall3 (437

n=1

Step 4: Construction of 7() and T® for (£.11) and ¢; bound
For each z € Dgwm, define f(xz) € R™ such that if j € I,y for an [logy(r)] +1 < n/ <

[logy(s)] — ns (recall that ng = HogQ(a%ﬂ)
(F(a)); = wff 50
and otherwise, if there is no such n’,
(f(2)); = |(Az);]*.
Then for each j € I,,/\J (with [logy(r)] + 1 < n’ < [logs(s)] — ng),

[(F@)); = (A} 2] = |8 — (Aw), 2| = [|(Awr g 2 (@) = [(A2), ]

< (A2 (@) — (A2} (A o))y +](Az);))
<2 Bl < § 278 V7 - 8)(Aw)|
< 35](Az); .

where we used (4.33)) and (4.32]).
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Furthermore, by (#.25) and (4.31)), we have |(f(z));| < 6y and |(Az);|? < v in any case for
le{ro+1,...,7r}, j €Ny, which implies

S~ AP = 3 S| — o) <7 3 b <72 <7,

JjeJ l=ro+1j€J; l=ro+1

using (4.24). Then we obtain the ¢; norm bound

[logy(s)]—ns
e = f@)l = >0 D0 (@) = (A=) + 3 [(f(2)); = [(A);f]
n'=[logy(r)|+1 jel,/\J jeJ
<4 (3 >N (Ax), P+ 7) <6 (3| Az)3+7). (4.38)
l:7’0+1j€/\~/1
Define
5:=96 (3 sup ||Az|3 + 7) . (4.39)
.ZGDSJ\/[
and the sets
= {f }l‘ S DS M}
T = {y e R™|||y|: < 6}
Then (4.38) shows that
T = {]Aa:\Q { x € Dsm}
satisfies

TcTW47®,

We have already defined T;, for 0
sequence (T},)n>0 to control yo(T 7

that (4.11]) can be applied.
Step 5: Application of Lemma to the first part of the admissible sequence

If j € Iy for any [logy(r)] +1 < n' < [logy(s)] — ns, then (f(z)); — wj(-“OgQ(Sm =0.
If j € I,,\J for [logy(s)] —ns +1 <n' < [logy(s)], then

<n < nj+ [logy(s)] and will extend this to an admissible
,d), while T(? is controlled with its ¢; norm bound such

|(F@)); = w2 O] = [[(A2),2 ~ [(AF gy (o1 22(2)); ]
M@<mmmm»1mwwm%wmnn

[lo (5
< 9P 3| (An),] < \/7|Aa;

If j ¢ Iy for all [logy(r)] +1 < n’ < [logy(s)] and j ¢ J, then by the definition of the I,
~ [loga(s)]
| (AT og, (s)1+2(%))5] < 27 5 /7 and then

[(Az);| < [(ATfog,(s)1+2(2));] + [(AT); — (AT [10g, (s)1+2(2));]
<o llogy (5] 42 rlog2<s>w+2f - 2\/‘
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such that

(F@); = =D = (p(@)),] = (), < 2\/2 (A,

For the remaining entries j € J,

Z‘ (Tl (51 ‘ Z Z’ st )1)’2§ Z (1290

jed I=ro+1j€J; I=rot1
0 ol
< 122 2.9 27
<12y Y7 A <128y <127
l=ro+1
So in total,
d(f (), wMoe=D) Z 3 ’ (I log2<sm‘
= 1JEM
logs (s 2 . loga (s 2
_ Z‘(f(x))j el )U‘ YT ‘(f(x))j o m‘
7ed =1 jeN\J
<3 (122 T4 <A$)ﬂ'2> < 112+ 4] Aa]3). (4.40)
=1 ]E/\?l

Recall the definition of the sets T;, for 0 < n < n; + [logy(s)] given at (4.28)) that contain 0
or all the vectors w(™ ™) (z). We always have w®) (x) = 0. For € Dgm, f(z) € T") and

0€Tp, ..., 0=w® e T, w® € Ty i1, w® € Tppyo, ooy w82 €1, o7,

we can apply Lemma to obtain

n1+[logy(s)]
> 28d(f(2).Ty)
n=0
ny+[logs(s)] o n1+[logy(s)] .
<4 Qfd(f(x)’w(ﬂogm(sﬂ)) _|_22§ 0+ Z 25d(w(n—n1)7w(n—n1—1))
n=0 n=ni+1

[loga(s)]
(fd( ( ) |'log2(5)-‘)) + E Q%d(w(n)’ w(nl)))
n=1
Using (4.37)), and the definition of n;, we can conclude further

ni+[logy(s)]

Y. 2%d(f(x),Ty)

n=0

<42 £<W 122+4\Axu)+o4\/vlog2<>logz<§> + (1oga(o) oo () + ) HA:U\%>

< Cs5 - 2% \/vlogy(N) log(p) \/10g2(8) logg(%) + <10g2(8) logg(%) + 7“) | Az |3 (4.41)

Step 6: Construction of the admissible sequence for n > n; + [logy(s)]
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To complete the remaining part of the admissible sequence (73,), we follow a similar approach
as in [LA19] for small distances with the difference that instead of using Dudley’s inequality, we
construct the admissible sequence directly.

For any =,y € Dsm, k € [r], (¥ — y)m,, is 2sp-sparse. Therefore for any I € {ro +1,...,7},
jEM,

|(A( |<Z S 4wl -y k,|<z “”“nx— YA

k=1 k' e My
" 2ﬂl,k5k - 2Ml,k3k -
<Y T @ = )l < DT D e = vl
k=1 pi =1 P k=1
< V2l —yll2 < V2v[lz —yll2
and then
d(|Az[*,|Ay|?) > (I(Az),[? - [(Ay);] D (Az); — (Ay); 1 (|(Az);| + [(Ay),])°
JEN jeEN
< max |(A(z —y));| - | (I(Az);] + [(Ay);])?
JeN jeN
< V2l —yll2 - [[[Az]2 + |Ayll2] < 2¢/29]lz = yll2 -, | max | Az]l3
<2298z — yll2 (4.42)

= a Az||2.
B ze”be” z[|3

For each S C [N], define the unit ball with support 5,
Bg :={zeCV ||z]l2 =1 and supp(z) C S}

For |S| = s, Bs (in C) is isometric to the f5 unit sphere in R?® and by the standard covering
number estimates (Lemma )

2 2s
NBs. |-l < (142)

Each x € Dg v is s-sparse and therefore

D57MC U BS.

SC[N]
|S|=s

Since there are (];[) choices of S C [N], |S| = s, for each u > 0, there exists a set 7’(u) C CV of
cardinality |77 (u)| < (]:)(1 + 2)2¢ such that for each « € Dg, there exists a y € T'(u) with
[l = yll2 <.

For each integer n > n; + [logy(s)] + 1, define

To = {|Az? € R™ |z € T2~ ("))},

Then by (4.42) for each y € T, there exists a ¢/ € T}, such that d(y,y’) < 2-(="0) . 2,/2~3.
Furthermore

m< (7) 0zt (T) @yt < () o,

S S
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Now we define the admissible sequence elements T}, for n > n1+[logy(s)]+1. Take any y € T;,

and any tuple (w(”/))gfJ :gﬁ(;g)l ()]+1 of the vectors defined in (4.27) along with the corresponding
sets (In/)g,o :gﬁ(jg);l (r]+1 defined in (4.26]). Then we define z € R™ by

w§[log2(s)1) if j € Ly for [logy(r)] +1 < n' < [logy(s)] — ng
zi =
J Yj otherwise.

Note that this is well defined since the I, are disjoint.
Define T,, C R™ to be the set of all z obtained in this way. To bound |7T},|, note that by their

definitions, (w(n’))gffﬁ(;g)l ()41 and (In/)g,ozgfl(jél (r)]+1 BT€ uniquely determined by

7~r[10g2(r)] +3 ($) € V]’logQ(r)] +350 0 7~T[10g2(s)] +2 (.1‘) € V]’logQ(s)] +2

from (4.23)). Taking into account the bound (4.21)) on the |V,,| and that there are |T},| choices
for y, we can bound the number of possible z by

B [logy(s)]+2 N [logy(s)]+2 ,
Tl <|Tol- I IWwl< <S> L2s(mmot2) T Ni6ferlosp]2”
n'=[logy(r)]+3 n/=[logy(r)]+3
< <N> . 24s(n—n0) . Nlﬁ(cl log P]'Zilf:g?lfg);?;«z)prg i < (N) . 24s(n—n0) . N&gslog(p)
AN RN

for a constant ¢, > 0 and n > ng + 2.
So with the standard bound (V) < (¢¥)°,

N
log, || < slogy(=~) + 4s(n — o) + Z2slogy(N) log(p)
< 4s(n —ngp) + é3slogy (V) log(p) (4.43)
for a constant ¢z > 0.
For n = ng + [logy logy(N) + log, log(p)] + [logy(s)], we obtain using that log,(z) < z for
all x > 0,
s(n —no) = s[logy logy (V) +logy log(p) ] + s[logy(s)]
< 5 [logy (V) log(p)] + s[loga(N)]
< 25 [logy (V) log(p)] < 227",
255

Since z + <~ is strictly increasing for z > 2, s(n — ng) < 2-2"7" also holds for any
n > ng + [logy logs(N) + logsy log(p)] + [logy(s)]. Then we obtain with (4.43]) for all such n,

logy |Th| < 827770 4 G5 - 2770 < 2770(8 4 G5) - 27 < 27

for choosing ng > logy(8 + ¢3) (recall that ny can be chosen as a sufficiently large constant). So
for all n > ng + [logy logy (V) + logy log(p)] + [logs(s)],

|T,,| < 22",

Again fix an n > ng + [logy logs(N) 4 logy log(p)] + [logs(s)]. For each f(z) € TM (z €
Ds M), we consider y € T), such that d(y, |Az|?) < 27(*="0).2,/29F and the vectors (w™)(z)),
defined in (4.27). Associated to this y and these (w("/ )ns there is one element z € T,. We
obtain

d(f(@),2)> = Y > ((f(2); — =)

l=ro+1 je/\?’l
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[logs(s)[—ns

SN (AP —y) S Y (el (e @Dy

I=ro+1 jeN; '=[logy(r)]+1J€l,/

= d(y, |Az|?)? < 272=m0) gy,

This yields for a constant C5 > 0,

Z 2%d(f(l‘)a Tn) < Z 2% .9 275 . 2—(n—n0)

n=n1+logy(s)] +1 n=n1+logy(s)] +1

<2:270./298) 272 <2™ . C5\/48. (4.44)
n=0

And together with (4.41)),

3" 2%d(f(2), Tu) < Co/7Toma(N) ~1og<p>\/ (5 08(3) + (1og5) o () + 1) 5 (145

for a constant Cs > 0 and all x € Dgm.
Step 7: Combination of the bounds to control Ejs nm
We have shown that the sets T, for n > 0 satisfy the size condition for an admissible sequence

but they are not necessarily subsets of T(1). However, by Lemma this is still sufficient to

prove

[e.9]

(@MW, d) <2 sup > 22d(f(x),Tn)
:DEDSVMTL:O

< 205/ vlogy(N) - log(p)\/logz(S) logQ(%) + (logz( )logz(5) + r> B

< 406\/ vlogy(N) - log(p) <10g2(8) logz(%) + 7‘) s

(4.46)

with (4.45)) in the second step.
So with the Bernoulli bound (4.11]), we can control the expectation of the Bernoulli process

Eel| D D &A;4; < Cryo(TW d) + sup [|yllx

~ (2)
l:ro—‘,-]_ Je-/\/l oM yET

xEDs,M

< Cyo(TW,d) + 6 (3 sup || Az|3 + 7)
< Cy(TW, d) + 6 (36sm + 10)

using (4.39). By forming the expectation on both sides, we obtain with (4.15)),
Edsm < 20Eyo(TW, d) + 26(3Eds v + 10)

= (1 = 68)Eds p1 < 2CEro(TW, d) 4 204.

If§ <5, ie, 1—66> 1,

Eds v < 4CEvo (T, d) + 406. (4.47)
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This implies
(Ebom)® < 2 [ACEA(TW, d))? + (408)?]
With (4.46) and 8 <1+ dsm, we obtain that
1
(Eara)? < Cr (1ogy (V) Ton(p) (Toga(s) 0ma(5) +7) ) (14 B + Cud

for constants C7, Cg > 0.
Defining

E = Bo,m D= \/ Crlog(V) og(p) (10ga(9)oga(5)) + ) 0.

the above inequality becomes.
E? < D*(E+1) + Cy0,

which implies for £ > 0,

D? D?
Eds M = E<—+ —+D2+085<7+7+D+086_D2+D+086.

Ifforalll € {ro+1,...,7},
1
my > C70~*(N; — N (Z 1 k3k> logy (V) log(p) <log2(s) 10%2(5)) + 7”) ; (4.48)

then

- -1
Mk Sk 1

= ma < 62 [ Crlogy(N) 1o logs(s) logs (= —1—7“)) ,

R D e (Crtoga1ox(p) (1080102 ()

(4.49)

SO

and therefore
Edsm < 6 + 6% + Csd < (Cs + 2)0.

If (4.48) holds with § replaced by &' = m for a § € (0, %], then this only increases the
lower bound by at most a constant factor and we obtain

IE6S,M < (08 + 2)6/ ==

The condition ¢’ S 5 required for (4 is also fulfilled since we can assume that 2(Cs+2) > 6.
Step 8: Concentratlon of 557M
For the remaining part of the proof, we need to control the deviation of s from its
expectation. To do this, we mostly follow the approach from [LA19] and [FR13| with slight
modifications. We include the entire proof for completeness.
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Foreachl e {ro+1,...,r}, j € N, define the random vector Y; e CN*L as

(1)

Since all the A; are independent, also all the Y; are independent.
Take a countable dense subset D M of Dgn and for each x € D M define F; CNtL S5 R
such that for all [ € [r] and v € CN*1

U 2 .
F. (U) = |<v{17"'7N}’x>|2 - % if UN+1 = l
0 otherwise.
Then for each I € {ro+1,...,7}, j eN,
2
Fu(%;) = (Ao, 2 - 102l
my
Furthermore,
2
-y Ligsaf - (U2l _ Eyen | TP Wil _
‘/\/Z Pl my my my '

j'EN;

The blocks [ =1, ...,rg are fully sampled and therefore

3B R BCERTED SRR

= 1]6./\/1
70 To
=D Wzl =D Uzl =0
=1 =1

such that

N CED) Nz||2 [(Uz)n; 113
S rmi= Y Y [, =303 [icawy - 0D
jeN = T’()-}—lje_/\[l = 1]€N

(Uz)p,
=Y - Y M Al — S Ul = Ax ] - 1.
je[m] = 1]€M =1
Now we define
Ssm+ = sup [||Az|3 —1] dsm,— = sup [1— [ Az|3]
xGDS,M CEGDS’M

Since D is dense in Dg v and the supremum is taken over a continuous function, sup,¢ Dent

can be replaced by sup, Dot and then
sup Y F(Yj) = sup Y Fu(Y;)= sup [|Az[3 1] =dsm+
Fef]eN 2E€Ds M e Nr #€Ds M

and analogously

supz §) = dsM,—

FeF
jeN
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Then

dsM = sup |”A$H% — 1‘ = max{ds M, 4, 0s,M,— }-
Z'eDs,M

In (4.30) and (4.31]), we have seen that for all l € {ro+1,...,r}, j € N,

|(Uz);| <

> Huksk (Ax);| < VA,
k=1

such that

(U2l _ Wi ey s
=M

my my

and therefore

F(Y)| < max (29) =2y =K.

T le{ro+1,...,r}
We also obtain
2|(Uz)n; ll3 1(Uz)n I3
E|F.(Y;)|* = E|(Az);|* — Z2——=L2E|(Az);]* + ———5 12

my mj

Ur)nilly _
< E A 12 H( 1112 < v U 2 = 2
< | 2 = FEER < Tl = o

and therefore

r

o= Y o= > wulUnnlE<y Y IUa)wml3 <

l=ro+1 jej(/’l l=ro+1 l=ro+1

So we can apply Theorem [£.12] which gives us

0 )
P(557M’+ > (5) S ]P)(657M,+ > ]E(S&M + 5) S ]P((SS7M7+ > ]E(SS’]\/[’Jr + 5)

(9/2)°
Sexpl =3 g
02+ 2KEésm s + 5 - K/3

(6/2)*
<exp| — 3 .
Y+ 27Eds 1 + 5 - 27v/3

Since Eds v+ < Edsm < 6/2 < 1/2, this can be bounded by

52
o <_m>

We can perform the same estimate for ds pm,— and conclude

52
P(6sm,— > 6) < exp <_12’Y>

With the choice (4.48) of the m;, we can bound ~ as in (4.49)) such that we can conclude

2
P(ds,m > 0) < 2exp (_1527) :
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Ifforalll € {ro+1,...,7},

my > 12672(N; — Ni_1) (me) log( )

then v < 62 (121og(2/n)) " and

n

PS> 6) <2- 1 =n, (4.50)

no |

which is what we needed to show.
The prerequisite (4.3]) of the theorem ensures that (4.48]) (with modified constants due to
changing the §) and also (4.50]) are fulfilled. O

4.6 Discussion

We have shown that the proof idea of Haviv and Regev [HR16| can be adapted to the sparsity
in levels and multilevel sampling scenario from [LA19] and therefore obtained an improvement
for this by one log s factor for constant 9.

Furthermore, by adjusting Maurey’s empirical method in the proof to vectors whose sparsity
blocks have different £5 norms, we were also able to improve the dependence of the result on
r in the sense that our result contains a log(s) + r factor instead of log(s) - 7. In this way, if
r < log(N), like it is the case for the important Fourier and Haar basis, we still obtain a bound
with three logarithmic factors that is independent of r. The original Fourier/Haar corollary in
[LA19] had five logarithmic factors such that our result even improves this by (log s)?.

Adcock and Li [LA19] conjecture in their work that the factor r in Theorem [4.6is an artifact
of the proof and that one can prove a corresponding bound without the  dependence. We have
proven this to be true for the case that r < log(N), but it is still open whether it also holds for
larger r.

The r dependence of our results originates from choosing the elements of the admissible
sequence T, 11, .-, oy [log,(r)] = {0} in the proof. We needed this because our subsequent
construction of the sets T}, 4, requires n > [logy(r)] for the definition of R, j (after equation
, the number of samples for Maurey’s empirical method in block k) to be integer. We
conjecture that the r dependence can be removed completely by choosing more precise approx-

imations on the part Ty, 41,. .., Ty 4 l0g,(r)] ©f the admissible sequence, possibly by applying a
version of Maurey’s empirical method with a suitable probability distribution.
For the classical subsampled Fourier matrix case, which corresponds to » = 1 and 11 N

we obtain that the (s,0)-RIP holds with high probability

m > 625 <log (;) log(N) log (g) log(s)) . (4.51)

As explained in step 4 of the proof outline Section compared to [HR16| and [Bru—|—21]
we can improve one log § factor (or log(L5) if the entries of U are bounded by |Uj x| < \F) to
log s. In Theorem this means that, unlike it would have been the case for directly adapting
the other methods, the logs factor in the result neither depends on ¢ nor on the yy (like the
log p factor does).

An important related open question is how (also for the RIPL, but especially for the classical
RIP) the remaining gap between the known lower bound [Bla+19] with two logarithmic factors
in N and s and the known guarantees with three logarithmic factors in N and s can be closed,
i.e., if the RIP can also be guaranteed with a requirement of the type m 2 slog(N)log(s) for a
constant 4.

Although our method cannot answer this question, we can gain some further insights by
tracking how the vectors in the counterexample of [Bla+19] are controlled in our proof and
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which step is not optimal. In detail, [Bla+19] is based on the Hadamard transform H € R?"*2"
as the Fourier transform on the group (and vector space) F4, where [Fy is the finite field with two
elements. Based on subspaces of this finite vector space, they construct a set of 2¢108(N/s)log(s)

vectors € RN such that T; = ﬁ for s indices j and z; = 0 for all other j, and such that

(Hzx); = \/% for % entries j and (Hx); = 0 for all other j. For all these vectors we will have
(Az); = /= for approximately 2 indices j € [m] and (Az); = 0 for all other j € [m)].

Now we consider how these vectors are treated in the proof of Theorem forr=1,r9=0,
B11 = % In this case we can check that v = > in (4.17). Up to small random changes that
do not essentially influence the result, each set I, in (4.26) is constructed such that it contains
the indices j € [m] for which (Az); ~ 273,/ = 272 V/=. So for the vectors x from the
counterexample described above, we would have (up to minor deviations) that I; contains all
the non-zero entries of z, i.e., [I1| = T and I,, = () for all larger n.

Now, one can check that the expression controlled in formula is later on multiplied
by C+/log(N)log(p) ~ /log(N)log(s/d) and that this is what dominates the bound on Eds m.
For the configuration of the sets I,, described above, we can check that the application of the
Cauchy-Schwarz inequality from (4.35)) to (4.36)) is not sharp and creates an additional logy(s)
factor that in the end also appears in the final bound . This Cauchy-Schwarz step would
optimal in the case that ||[(Ax)y, |2 is equal for all 1 < n < [logy(s)]. One would need to
investigate to what extent this is possible at all for bounded orthonormal matrices and sparse
vectors, and if and how such vectors and similar ones can be controlled more efficiently in the
generic chaining.
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Notation and Abbreviations

Notation
2M

At

B, (z0)
Idy

N(p, %)

~) o~

N(T,d,u)
aff ()
cone(+)
conv(-)

ReLU, ¢
or(A)
05(1‘)1
supp(z)
|- [lo

|- [lp
-1z,

| [l
IR

Ts
S|
BOS
CPWL
JLE

RIP

Description

power set of a set M

Moore-Penrose pseudoinverse of A
Open ball with radius r and center zq
Identity matrix in RY

Multivariate normal distribution with mean vector y and covariance

matrix ¥

Normal distribution with mean p and variance o
Complement of the set S

{5 unit sphere in CV (or RY)

{1,2,...,N}

Set of s-sparse vectors in CV (or RY)

Closed ball with radius r and center x

~2 functional

ceiling function

2

Bounded from above, below, or both up to constant factor

floor function

covering number

affine hull

conic hull

convex hull

Kronecker product

rectified linear unit

k-th singular value of A

infzex, ||z — [y

Support of z

lo “norm” of vectors, number of non-zero entries
¢, norm of vectors, 1 <p < oo

L, norm of random variable, 1 < p < oos
subexponential norm

subgaussian norm (of random variable or vector)
Restriction of x to the indices in S

Cardinality of the finite set S

bounded orthonormal system
continuous piecewise linear
Johnson-Lindenstrauss embedding

restricted isometry property
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