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Abstract

The incorporation of Wilson lines leads to an extension of the modular symmetries of string compact-
ification beyond SL(2, Z). In the simplest case with one Wilson line Z, Kihler modulus 7' and complex
structure modulus U, we are led to the Siegel modular group Sp(4, Z). It includes SL(2, Z) x SL(2, Z)y
as well as Z; mirror symmetry, which interchanges 7" and U. Possible applications to flavor physics of
the Standard Model require the study of orbifolds of Sp(4,Z) to obtain chiral fermions. We identify the
13 possible orbifolds and determine their modular flavor symmetries as subgroups of Sp(4, Z). Some cases
correspond to symmetric orbifolds that extend previously discussed cases of SL(2, Z). Others are based
on asymmetric orbifold twists (including mirror symmetry) that do no longer allow for a simple intuitive
geometrical interpretation and require further study. Sometimes they can be mapped back to symmetric
orbifolds with quantized Wilson lines. The symmetries of Sp(4, Z) reveal exciting new aspects of modular
symmetries with promising applications to flavor model building.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Modular symmetries appear frequently in string theory. They might have applications in par-
ticle physics as discrete non-Abelian flavor symmetries. In the simplest case, these discrete
modular symmetries descend from the modular group SL(2, Z) of a two-dimensional torus, on
which two extra spatial dimensions have been compactified. The implementation within string
theory requires some aspects of model building towards the SU(3) x SU(2) x U(1) Standard
Model of particle physics. One of the key aspects is the desired presence of chiral fermions. This
requires a twist of the torus. Then, chiral matter fields can be realized in the twisted sectors of the
orbifold, located at the “fixed points” of the orbifold twist. Simplest examples correspond to the
Z g orbifolds T2 /Zk (K =2,3,4,6), where a full analysis has been performed recently [1—4].
They would correspond to six-dimensional string compactifications with an elliptic fibration.

In fact, in string theory a two-torus with background B-field is described by two moduli, the
Kahler modulus 7" and the complex structure modulus U with modular symmetries SL(2, Z) 1 x
SL(2, Z)y . This is accompanied by mirror symmetry which interchanges 7" and U. In the Zg
orbifolds with (K > 2), the complex structure modulus is frozen to allow for the orbifold twist
and in these cases we have one unconstrained modulus 7. This is, however, not the case for the
Z, orbifold, where we remain with two unconstrained moduli and manifest mirror symmetry.

In general, string theories have a much richer moduli structure as they require the compactifi-
cation of six spatial dimensions. But even if we concentrate on a two-dimensional subsector, we
have additional moduli in the form of gauge background fields (Wilson lines). The moduli struc-
ture of the simplest example of such a system is given by the Siegel modular group Sp(4, Z) with
moduli 7', U and one additional Wilson line modulus Z. This can be made manifest in the Narain
lattice formulation [5]. In addition, this work is motivated by the recent bottom-up consideration
of Sp(4, Z) flavor symmetries, see refs. [6,7].

Sp(4, Z) contains as subgroups SL(2, Z)r x SL(2, Z)y as well as mirror symmetry. From the
string theory perspective, an application of Sp(4, Z) as modular flavor symmetry would again
require some orbifolding to obtain chiral fermions. The first step in this direction is a classi-
fication of orbifolds from Sp(4, Z), which is the main purpose of the present paper. This is a
generalization of the Z g orbifolds mentioned earlier. To perform the classification of Sp(4, Z)
orbifolds, we realize that each inequivalent fixed point in the string moduli space (T, U, Z) that
is left invariant by a subgroup of Sp(4, Z) corresponds to an inequivalent orbifold (or, in gen-
eral, to a set of orbifolds). Hence, the fixed points of Sp(4, Z) correspond to string orbifolds.
Then, chiral fermions could appear at the fixed points of these Sp(4, Z) orbifold actions on the
extra-dimensional space.! A classification of the fixed points of Sp(4,Z) has been given by
Gottschling [8—10] long ago. There are altogether 13 different cases: two with complex dimen-
sion 2, five with complex dimension 1 and six of dimension 0.

The next step is the construction of those orbifolds that stabilize these fixed loci in moduli
space. Our results are summarized in Table 1. We identify the conventional (geometrical) twists
on the moduli and, as a new mechanism, twists via mirror symmetry. As a result of this, asym-
metric orbifolds appear frequently (although some of them are dual to symmetric orbifolds with
specifically transformed moduli). A direct intuitive geometrical interpretation is often not avail-

! Hence, there are two different kinds of fixed points: First, the fixed points of Sp(4, Z) acting on the moduli space
(T, U, Z) and, second, the fixed points of the orbifold action in extra-dimensional space, where chiral fermions can be
localized.
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Table 1

Summary of symmetric and asymmetric orbifold compactifications with Narain point groups classified by the inequiva-
lent fixed points (7', U, Z) of Sp(4, Z). We use the definitions w := exp(27i/3), ¢ := exp (27i/5) and 7 := %(l +2421).
In the canonical basis the orbifold in section 3.1.2 appears to be asymmetric. We call it fake-asymmetric as it can be
mapped to a symmetric orbifold via a basis change (as discussed in section 3.1.3). The remaining asymmetric orbifolds
seem to be genuinely asymmetric. We are not aware of basis changes that allow us to map them to symmetric orbifolds.

Complex dimension Narain point group Type of orbifold Moduli (T, U, Z) Reference
of moduli space of orbifold to section
2 Zy symmetric (T,U,0) 3.1.1
2 Zy fake-asymmetric (T, T,Z2) 3.1.2
2 Zy symmetric (T,U,1/2) 3.1.3
(dual to 3.1.2)
1 Zy symmetric (T,1i,0) 3.2.1
1 Zg symmetric (T, w,0) 322
1 Zy x L asymmetric (T, T,0) 323
1 Zo x Ly asymmetric (T,T,1)2) 324
1 S3 asymmetric (T, T,T)2) 325
0 Zs asymmetric (=t Ve c+¢7? 3.3.1
0 S4 asymmetric @i, @G — 1) 332
0 (Zy x Zp) x Z asymmetric (1,1,0) 333
0 S3 x Zg asymmetric (w, w,0) 334
0 S3 x Zo =Dy asymmetric ﬁ(Z, 2,1) 335
0 Z1> asymmetric (i, w,0) 33.6

able as the presence of Wilson lines and asymmetric twists introduce some “non-geometrical”
aspects.

If we set the Wilson lines to zero, we obtain the T?/Z g examples discussed earlier: Sec-
tion 3.1.1 in Table | represents the symmetric Z, orbifold, section 3.2.1 the Z4 orbifold, and
section 3.2.2 the symmetric Z3 orbifold (embedded in the Zg case). The orbifold of section 3.1.2
corresponds to an apparently asymmetric Z, orbifold. In this case, however, we can define a
duality transformation that maps it to a symmetric Z, orbifold with a quantized Wilson line
(discussed in section 3.1.3).

The paper is organized as follows. In section 2, we introduce the modular transformations of
Sp(4, Z) on the string moduli (see eq. (8)) within the framework of Narain orbifold compactifi-
cations. Section 3 discusses case by case the stabilization of moduli by Sp(4, Z) orbifolds that
lead to the results summarized in Table 1. In addition, we explicitly construct for each orbifold
the unbroken modular group Gmodular @s a subgroup of Sp(4, Z) plus a CP-like transformation.
While these are important steps towards applications to the flavor problem of the Standard Model
of particle physics, there are still many open questions. These will be mentioned in section 4,
devoted to conclusions and outlook. Finally, after a short discussion of the mirror symmetry in
appendix A and the presentation of our notation in appendix B, we provide further explicit details
of the Sp(4, Z) fixed points in appendix C.

2. (A)symmetric orbifolds and Sp(4, Z)
2.1. Narain torus compactification and string moduli

To construct an orbifold in the Narain formulation of the heterotic string, we first discuss a
general D-dimensional torus compactification with B-field and Wilson line backgrounds [11,12].
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To do so, we have to impose torus boundary conditions on the D right- and D 4 16 left-moving
(bosonic) string modes (YR, yL), respectively,

n

(yR) ~ (yR>+E]Q, where N = |m | e z?P+16o, (1
yL yL p

The (2D + 16)-dimensional vector of integers N contains the winding numbers n € ZP, the
Kaluza—Klein numbers m € ZP, and the gauge quantum numbers p € Z! corresponding to
the Eg x Eg (or SO(32)) gauge group of the supersymmetric heterotic string. Furthermore, E
denotes the Narain vielbein. For the worldsheet one-loop string vacuum amplitude to be modular
invariant, E has to satisfy

0 1p O —-1p 0 0
E'pE=%:=|(1p 0 0], where n:= 0 1p 0 |. )
0 0 g 0 0 Ty

Here, 1 is the Narain metric of signature (D, D + 16), g := oegozg and the columns of the (16 x

16)-dimensional matrix oy contain the simple roots of Eg x Eg (or Spin(32)/Z>). Consequently,
E spans a so-called Narain lattice: an even, integer, self-dual lattice of signature (D, D + 16).
The “rotational” symmetries of the Narain lattice give rise to the so-called modular group of the
Narain lattice,

0;(D,D+16,Z) := (£ |2 € GL2D+16,Z) with ETHZ=47). (3)

In order to understand the action of Oﬁ(D, D + 16, Z), it is convenient to define the generalized
metric of the Narain lattice,?

H:=E'E
L(G+a'ATA+CTG"lc)  —CTG™! (Ip +CTGHATa, @
= -G~Ic a'G™! —a/G7 AT,
g A(lp+G~'0) —~dag AG™! ag(Lig+a’AGT AT oy

and C := B + %/ATA. Here, o is the Regge slope that renders E dimensionless, G = eTe is
the metric of the D-dimensional torus T? defined by the torus basis vectors contained as the
columns of the D x D vielbein matrix e. In addition, B is the anti-symmetric background B-
field, while the 16 x D matrix A gives rise to the Wilson lines along the D torus directions.

In the following, we will mainly set D =2 and choose the two column vectors A; of the
Wilson line matrix A as

Aj = (ai,—a;,0,...,007 with ¢ € R for i € {1,2}. (5)
Then, we define the (dimensionless) string moduli as [15]
1
TIZJ(Blz%—i\/detG)—l—a] (—ay+Uay) , (6a)
1
Ui=—— (G2 +ivdetG) , (6b)
G
Z:=—ay+Ua. (6¢)

2 We use the conventions of refs. [13,14] with B replaced by —B.

4
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The Kéhler modulus 7 determines the B-field background, the overall size of the extra-
dimensional two-torus, and is altered by the Wilson line parameters a;. The complex structure
modulus U parameterizes the shape of the two-torus T2, while the Wilson line modulus Z de-
pends on the parameters a;. The transformation of these moduli under a modular transformation
Te 05(2,2 + 16, Z) can be computed by considering the generalized metric

H(T.U.Z) V2 H(T', U, Z') = S TH(T, U, 2) 571, %)

see for example ref. [16]. For the transformations Se {125, I%T, é’s, CT, M W(’i) i*} given
in appendix B this yields

¢ 1 ¢ VA ¢ Z
i, Uk, u-Z2, 28 20 (8w
T T T
1€T IeT kT
T—— T+1, Ur—— U, Z+—— 7, (8b)
A VA . 1 A Z
TS, T2 Uss, 7278, 20 (8o
U U U
T T, U U+1 7+ 7, (8d)
Ty, UM, T, z, 7 (8e)
W(5) w(,) ()
T—— T+mmU~+2Z—-1), U— U, Z4+mU—¢,
(81)
T T, UrZs -0, 72 7. @8

2.2. Narain orbifold compactification and string moduli

We can extend the Narain torus boundary conditions (1) by an orbifold action [13,14,17-21]

(yR) ~ 0 (yR> +EN, where © := (9R 0 ) € O(D)BOD +16), (9)
JL JL 0 6

and N € Z2P+16_ The rotation matrix © denotes the so-called Narain twist. The set of all Narain
twists generates the so-called Narain point group Pnarain- If 0L = Or @ 116 for all twists, the
orbifold is called symmetric, otherwise it is called asymmetric. Moreover, the orbifold action (9)
suggests to define transformations (®, E N), which generate the so-called Narain space group
SNarain- Then, an orbifold compactification (of worldsheet bosons) is fully specified by the choice
of SNarain- Due to its right-left structure 6 and 6, in eq. (9), a Narain twist ® has to satisfy the
conditions

OT® = Iprg and  OTpO = 9. (10)

Furthermore, the Narain twist has to map the Narain lattice to itself. Hence, it is convenient to
define the Narain twist in the Narain lattice basis

®:=E'OE € GL2D+16,2), a1

such that © is an integer matrix from GL(2D + 16, Z). In the Narain lattice basis, we denote the
Narain p01nt group by PNm1ln and the Narain space group by SNdrdm, where its elements are of
the form (O, N ). Using the Narain lattice basis, the conditions (10) read

5
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OTHO =H and OTHO = 7. (12)
Consequently, Oe O4(D, D + 16, Z) has to be an element of the modular group of the Narain
lattice that leaves the generalized metric A invariant, see eq. (7). In general, condition (12) fixes
some of the moduli. In other words, the Narain twist ® is a symmetry of the Narain lattice
only for some special values of the moduli. In this case, we say that some moduli are stabilized

geometrically by the orbifold action. We denote the modular group after orbifolding by Gmodular-
It is given by those elements (X, T') ¢ SNarain With £ € O5(D, D +16,Z) and T € QzD“G that

are outer automorphisms of the Narain space group SNaram, cf. refs. [16,22]. In the case where
the Narain space group is generated only by elements of the form (©,0) and (1, D+165 N) with
N € Z2P+16_ the modular group after orbifolding is given by’

Gimodular = (£ | £ € 04(D, D+16,Z) with £7'0 £ € Pyarain for all © € Prgrain ) . (13)

Then, one can compute the transformation of the moduli after orbifolding using the generalized
metric eq. (7).

In addition to the modular group Gmodular (Which is in general an infinite, discrete group),
there exists the closely related finite modular group Gfyg, Which can play an important role in
flavor physics [23-25]. This group appears in string theory as follows: On orbifolds, there are
so-called twisted strings that are localized in extra dimensions at the fixed points of the orbifold
action. They transform in general under a modular transformation Se Gmodular NONtrivially with
a unitary matrix representation o, (ﬁ)) of a finite modular group Grm,, for example Grmg = T for
the T?/Z3 orbifold [16,22,26-28] and Ggmg = (S1 x S5) x Z}! for the T?/Z; orbifold (without
CP) [3,4]. In addition, couplings Y in the superpotential become modular forms of the moduli.
Hence, couplings Y also transform under a modular transformation e Omodular 1N @ unitary
matrix representation py(ﬁ)) of the finite modular group Ggme. However, in some cases py is not
a faithful representation of Gfy,e. Then, one can compute the finite modular group Gemg of v that is

generated by the matrix representations py (f]) of the modular forms such that Gfmg of Y C Gfimg-

For example, for the T2 /Z orbifold we have Gpmg of Y = (S3T X S3U ) X ZM , see refs. [3,4].
In this paper we will frequently utilize the correspondences

Ms1y, Mri,y, Ma,s . Ma,n, Mx, M(,f;) from Sp4,Z)
¢ ¢ ¢ ¢ ¢ ¢
Ks, Rr, Cs, Cr, M, W(!) from 0;2,2+16,7),
(14)

and between M, € GSp(4,Z) and ﬁ)* € Oﬁ (2,24 16, Z) for CP, see appendix B for notation
and definition of these transformations (see also table 1 of ref. [5] and refs. [29-33]). Here, the
generators S and T of the modular group SL(2, Z) are defined as

S = <_01 é) and T = <(1) }), (15)

such that M, ,,,) € Sp(4, Z) for yr € SL(2, Z)t and yy € SL(2, Z)y . Note that our definition

of the mirror symmetry generator M e Oﬁ (2,2 + 16, Z) differs from the definition of ref. [5], as
explained in appendix A.

3 If the Narain space group contains generators that are nontrivial roto-translations ((:), N ) with N ¢ Z2D+16 4150 the
outer automorphisms of Snarain can be roto-translations, see e.g. appendix B in ref. [3].

6
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3. Stabilizing moduli by Sp(4, Z) orbifolds

In the following, we consider all inequivalent fixed points of Sp(4, Z) in the Siegel upper half-
plane H>, as listed in table 2 of ref. [6]. For each fixed point 7f € H,, we explicitly construct an
orbifold compactification in the Narain formulation by specifying a Narain point group Prarain-
Then, the string moduli are stabilized geometrically by the orbifold action in agreement with
the fixed point 7¢. To do so, we focus on the moduli (7, U, Z) of a D = 2 subsector of a full
six-dimensional string compactification. In more detail, for each fixed point tr, we consider the
stabilizer group H := H/{#14} from appendix D of ref. [6], where

A B
H::[y:(c D)eSp(4,Z)‘yrf =u|andyri=(Ar+B)(Cr+D) .

(16)

We take the generators of H and write them in terms of Sp(4,7Z) basis elements using
the notation of our appendix B. Then, we apply the dictionary eq. (14) between Sp(4,Z)
and O3(2,2 + 16, Z) in order to translate the stabilizer group H into a subgroup Pnarain Of

05(2,2 + 16, Z). By construction, f’Narain maps the Narain lattice in D = 2 to itself. Conse-

quently, we can utilize ISNMin as a Narain point group to define a Narain space group S‘Narain
without roto-translations. It turns out that the moduli (7, U, Z) of the resulting (a)symmetric
orbifold are fixed by the orbifold action due to condition (12). Hence, for each fixed point tf of
Sp(4, Z) listed in ref. [6], we verify that the string moduli (7', U, Z) are fixed accordingly, i.e.

_[(T1 T3 Uu 7
T = (T3 Tz) e H, & (Z T) € Hy, a7n

using an appropriate orbifold compactification. In addition, we use the dictionary between
Sp(4,Z) and O4(2,2 + 16, Z) to translate both, the normalizer N(H) from ref. [6] and the
CP transformation from ref. [7] into Oz(2,2 + 16, Z). We check explicitly that the result-
ing transformations are outer automorphisms of the corresponding Narain space group. Hence,
for each orbifold we identify the modular group Gmodular, including a CP-like transformation,
and compute the transformations of the unfixed moduli with respect to the modular generators
% € Gmodular- .

Finally, let us remark that the Narain point groups PNarain that we construct for each inequiv-
alent fixed point of Sp(4,Z) are the “maximal” point groups that one can use for the given
fixed point. In other words, one can also consider a subgroup of Prarain as the point group of an
orbifold. For example, we will encounter a Zg Narain point group for a specific fixed point of
Sp(4, Z). In this case, also the Z3 subgroup of Zg can serve as a point group that will geometri-
cally stabilize the moduli in the same way as the Zg¢ orbifold.

In the remainder of this section we shall discuss the orbifolds of the 13 inequivalent fixed
points separately and in detail. This is done for completeness of the presentation and as a basis
for future research along these lines. Not all of these cases are directly relevant for the discussion
of flavor structure, generalizing the orbifolds T2 /Zg (K =2,3,4,6), including Wilson lines.
The reader primarily interested in this flavor structure might thus concentrate on the subsec-
tions 3.1.1, 3.1.3, 3.2.1 and 3.2.2, and skip the remainder of this section. Some of the results of
this section are summarized in appendix C.
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3.1. Orbifolds with moduli spaces of dimension 2

According to ref. [6], there are two inequivalent subspaces of complex dimension 2 that are
left invariant by subgroups of Sp(4, Z). As we show in the following, they can be implemented
in string theory by the compactification on Z, orbifolds.

3.1.1. Symmetric Z, orbifold
Let us consider the point

_ 71 0
T = (0 ‘E2> € Hy (18)

in the Siegel upper half-plane #», i.e. a complex two-dimensional subspace of Hj given by
73 = 0. In the following, we will explicitly construct a string compactification such that the
string moduli are fixed accordingly. To do so, we first have to consider the stabilizer H of t¢. For

the point eq. (18) the stabilizer is H = Z», generated by

1 0 0 O
0 -1 0 O

h o= o 0 1 o € Sp(4,Z) suchthat ht = tr, (19)
0O 0 0 -1

see ref. [6, table 2 and appendix D]. Using the notation of appendix B, this element / is given by
the square of a modular S transformation of the modulus 7,

h = Mgy, € Sp@.Z). (20)

From the dictionary eq. (14) we know that this Sp(4, Z) element corresponds to the O3(2,2 +
16, Z)) element

~ A \2
6 = (Ks) € 0;2.2+16,2). @n

As aremark, in O5(2,2+ 16, Z) we have (I%s)2 = (é’s)z. So, we could equally write 6= (65)2.
This Narain twist © defines a Z Narain point group ﬁNarain of a symmetric Z, orbifold. The
moduliA(T, U, Z) in the generalized metric H are constrained by the invariance condition (12)

under ®. As a result, we find a; = a» = 0. Hence, the Wilson line modulus Z has to vanish,
Z = 0. On the other hand, the moduli

T = al (B +ivdetG) and U = G%l (Gr2+iVdetG) (22)
are unconstrained, as it has been known from ref. [3,4], for example. In other words, the Narain
lattice is mapped to itself under the Narain twist &) eq. (21) only if the Wilson line modulus is
trivial Z = 0, while the Kéhler modulus 7 and the complex structure modulus U can vary freely.
One says that Z has been stabilized geometrically by the orbifold action. This is in agreement
with 7y under the identification 1y = U, 70 = T and 13 = Z = 0. In other words, the complex
two-dimensional subspace with 73 = 0 described in ref. [6] can be constructed in string theory
by the compactification on a symmetric Z, orbifold with vanishing Wilson line.

Next, we translate the normalizer

N(H) = <M(s,12), M1, Ma,s), M, ., Mx> C Sp4,7Z) (23)

8
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from ref. [6] into O4(2,2 + 16, Z) and check that each generator is an outer automorphism of
the Narain space group, see eq. (13). In this way, we identify the modular group (without C'P)

SL22,Z SL22,Z "
~ ( )TZX 2, Z)y  Z 24)
2

gmodular = <Ies, KATﬂ éS» éTa M>

of the symmetric Z, orbifold, where the Z, quotient ensures the relation (I?s)2 = (é‘s)z, see
section 3 of ref. [16]. Then, we use the generalized metric (7) in order to identify the transforma-
tion of the moduli (7, U) and we obtain the transformations (8a)-(8e) with Z = 0, while Z =0
is invariant under all of these transformations. As a remark, for the symmetric Z, orbifold, the
finite modular group Gy is known explicitly from the transformation matrices o, (3) of twisted

strings with respect to modular transformations . Itis given by [3,4]

Gimg = (S3T x ng) x ZM = [144,115], (25)

where the Zg” mirror symmetry of the moduli acts as a Zi” symmetry on the twisted strings
of the Z, orbifold. Moreover, the four twisted strings localized at the four orbifold fixed points
transform as r = 4; of the finite modular group [144, 115].

Next, we consider table 1 of ref. [7] and translate their CP transformation into 0;(2,2 +
16, Z). We obtain

CP =3,. (26)

One can verify easily that CP is an outer automorphism of the Narain space group, i.e.

A A

cpocr ' = 6. (27)

Furthermore, we use the generalized metric (7) and confirm the transformation of the string
moduli (T, U),

T 17, U&cE 7, (28)

while Z = 0 is invariant under CAP, see also ref. [34].

3.1.2. Fake-asymmetric 7 orbifold
The second fixed point in the list of ref. [6] is given by

_ 71 T3
v = (t3 n> c . (29)

In this case, the stabilizer H = Z, is generated by the mirror element

01 00
1 0 0O

hi=10 0 o 1| =MxeSp42), suchthat hr =1 (30)
00 1 0

in the notation of appendix B. Since M e O;,(2, 2 + 16, Z) denotes the corresponding mirror
element in the string constructing, we choose a Narain twist

O:=M, 31
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see eq. (157) in the appendix. Consequently, we construct an apparently asymmetric Z, orbifold
with mirror symmetry M as Narain twist. Then, eq. (12) yields

G = d'(1—a?) and Bpp = ajayd’ +Gra. (32)

In this case, one can check that the expectations for the corresponding fixed point 77 are fulfilled,
1

T =U, where U = ﬁ(Gu"‘ \/ G12+Ol G (1_61)) s (33)

and Z = —ay + Ua;. Hence, the two-dimensional subspace with 71 = 75 and an unconstrained

13, as described in the bottom-up construction of ref. [6], can be obtained in string theory from
the compactification on an apparently asymmetric Z, orbifold using mirror symmetry as orbifold
tw1st Note that a physical torus must satisfy G11 > 0. Thus, eq. (32) constrains the Wilson line to
a1 < 1. Let us remark that the Narain twist © given by the mirror transformation M also acts on
the 16 gauge degrees of freedom of the heterotic string. This will induce some gauge symmetry
breaking, cf. refs. [35,36].

Next, we consider the normalizer

-1
N(H) = (Mess) . Mam, M1, M( . ) ) < sp4.2), (34)
given in ref. [6]. We use our dictionary eq. (14) and obtain the group
A A A A N2 (-1
Gmodular = <KS Cs, K1Cr, (Ks> , W( 0 ) > (35)

We verify that this group gives rise to the rotational outer automorphisms of the Narain space
group. Hence, Gmodular 1S the modular group of this apparently asymmetric Z, orbifold. Using
eq. (7) we find that the two independent moduli (7', Z) transform as

T Ksls, T2i22’ 7 Ksls, 7T2fzz’ (36a)

7 &Kl oy z Kl (36b)
A \2 A \2

T&T, Z&—Z, (36¢)

TmT, ZrW(—Bl)>Z+1, (36d)

under the generators of the modular symmetry Gpodular Of this apparently asymmetric orbifold.
Finally, we consider the CP transformation for the fixed point 7f with 7y = 1, in table 1 of
ref. [7]. Using our dictionary to 0;(2,2+ 16, Z), this transformation corresponds to
N ~ A A oA —1] ~
CP = 3, with  CPOCP = 07!, (37)

Hence, CP is an outer automorphism of S‘Narain. From the generalized metric (7) we compute the
transformation of the string moduli (7', Z), resulting in

TP 17, 7B 7. (38)

for this apparently asymmetric Z; orbifold. In the canonical basis this orbifold appears to be
asymmetric. As we will show in the next subsection, this orbifold can, however, be mapped to a
symmetric orbifold via a basis change. This is why we called it fake-asymmetric in Table 1.

10
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3.1.3. Symmetric Z> orbifold with discrete Wilson line

Let us briefly show that the apparently asymmetric Z, orbifold constructed in section 3.1.2 is
equivalent to a symmetric Z, orbifold with nontrivial discrete Wilson line [19,37]. According to
appendix D.1 of ref. [6], the fixed point 7y (with T; = 12) is equivalent to a fixed point rf’ using a
Sp(4, Z) transformation

1 0 0 O
b= é —01 (1) —01 :M(T—‘,12>M<?>M<Tss,n2> € Sp4.2), (39)
0O 1 0 O
such that
bti = 1, where 7t := <Tl T3) and 7} = (f{ 1//2>. 40)
3T 2 T,

Here, 7] := % (3 + 1)) and 7} :=
eq. (30), we find

—2(131—r|)' Since tr is a fixed point of h = My € Sp(4, Z), see

w=ht & bt =hbr o 1= (b"hb)7, 1)
such that 7/ is a fixed point of (b'h b) € Sp(4, Z). Next, we map
1 0 0 -1
W= (b*lhb) - 8 —01 i 8 - M<s2,uz>M<(1)> (42)
0o 0 0 -1

to the corresponding Narain twist = 0;(2,2 + 16, 7),
® = B'OB. (43)
Here, B € 0;(2,2+ 16, Z) corresponds to b € Sp(4, Z) from eq. (39), i.e.

. A N=L A O\ A /A3
B = (k1) w(1> kr (ks)' (44)
Since © and © are related in eq. (43) by conjugation with B €O; 5(2,2+ 16, Z), the two Narain

point groups belong to the same Narain Z-class [13]: they descrlbe the same physics but in
different duality frames. Now, we use ©:= M and simplify the Narain twist @’ from eq. (43),

& = (ks) () = (¢5) W (; (45)
= S 0 = S 0)’

in agreement with eq. (42). As a result, we have shown that the apparently asymmetric Z, orb-
ifold with a Narain twist © given by mirror symmetry is equivalent to a symmetric Z, orbifold

with Narain twist ©'. Then, the new Narain twist ©' constrains the generalized metric eq. (12)
such that the Wilson lines have to be fixed,

ap =0 and ap; = —1)2. (46)
Consequently, the moduli (7', U, Z) of the symmetric Z, orbifold read

Z = 1/2 and T, U unconstrained, “7

11
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as expected for 7{. The modular group of this orbifold can be obtained from eq. (35) using the
basis change B,

gmodular = <M1 ’ M2 s M?: s M4 > s (48)
where we have defined
Ml = B! ksésé, Mz = éilkTéTé, (49a)
~ ~ A \2 A ~ ~ ~f—1\ A
My = B! (Ks) B, My .= B! W( O)B. (49b)
Note that these transformations satisfy the relations
. \2 N2 ~ A \3 NN A N2
(Ml) = <M3) = (M1 Mz) = (M1 M4) = (M3 M4> = 1. (50)
Then, we use eq. (7) to compute the modular transformations of the moduli (7', U),
M, 1 M 1
T — — —, Ur— ——, 51
AT aU (>la)
y T y 1
T My _ , Ny (51b)
2T —1 2
y 1 y 1
T us - (51c)
4U 4T
My T My 1
, U U+ -, 51d
27 + 1 — VT3 (>1d)
while Z = 1/2 is invariant under all of these transformations. Using the relations
PN A\~ A N A A N PN A A
My M, (M4) My =Ry . MyMy=Cr and MMy = ME, (52)
we observe that the transformations
S S N (53a)
T T, U U, (53b)
T M9 U, v M T (53¢)

fgllgw ffom eqs. (51). Thus, there exists an alternative set of generators of Gogular given by kT,
M ®', My and M>. N
Finally, we analyze CP for the fixed point 7/ with 7; = 1/2. Using the basis change B and

CP =%, from eq. (37), we obtain

A A /1—1 Ay

’ ~ A A A~ \2 A n ] A
P = B'$, B = (Ks) . with PO =6 (54)

Thus, CP' is an outer automorphism of the Narain space group of the symmetric Z, orbifold
with discrete Wilson line. The generalized metric (7) transforms under CAP/ such that we find

T T, Uu s 7, (55)
while Z = 1/2 is invariant under the transformation with cr.

12
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3.2. Orbifolds with moduli spaces of dimension 1

Following ref. [6], there are five inequivalent subspaces of complex dimension 1 that are left
invariant by subgroups of Sp(4, Z). In the following, we implement them explicitly in string
theory by the compactification on various symmetric and asymmetric orbifolds.

3.2.1. Symmetric Z4 orbifold
Consider the fixed point

i 0
T = (0 Tz) € 7—[2 . (56)
In this case, the stabilizer H = Z4 is generated by
0 010
0 1 0 0
hi=1_1 0 o ol =Mas €Sp@4.2), (57)
0 0 0 1

using the notation of appendix B. This Sp(4, Z) element corresponds in string theory to a modular
S transformation of the complex structure modulus. Thus, we choose a Narain twist

© = Cs € 0;(2,2+16,2). (58)

As a result, we construct a symmetric Z4 orbifold with Narain twist © = Cs. In order to satisfy
eq. (12) we have to set

Gii=Gyp , Gpp=0 and a =ap =0. 59)

Hence, we have to fix the Wilson lines to zero Z = 0, the complex structure modulus to U =1,
while the Kéhler modulus T remains unconstrained,

1 .
T = o (B2 +1G11) (60)

as expected for the values of 7 in this case.
The normalizer is given by

N(H) = (Ms.15. M1, Mass) ) © Sp@4.2), (61)

see ref. [6]. Compared to ref. [6], we use M(s 1,) and M1, s) as generators of N (H) instead of
Ms3 1,y and M1, g3). The corresponding group in O3(2, 2 + 16, Z) reads

Omodular = <Ies, Kt és> = (SL(Z, Z)T x Zf)/Zzy (62)

which is the modular group of the symmetric Z4 orbifold. Note that Z f allows for a geometrical
interpretation as a 7/2 sublattice rotation, assuming that this D = 2 orbifold is a subsector of a
full six-dimensional string compactification, see for example section 3 of ref. [2]. Consequently,
Z f is an R-symmetry, as our notation explicitly indicates. Note that the order of this geometrical
Z4 sublattice rotation will generically be larger than four due to fractional R-charges of twisted
strings, cf. refs. [1,2,38—42]. Using the generalized metric (7), we confirm that the Kéhler mod-
ulus 7 transforms under the generators of the modular group Gmodular as €xpected, i.e.

13
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) | ) .
T&—T, T8 741 and TS T, (63)

Finally, we consider the CP transformation for the fixed point t¢ with 7y =i and t3 = 0 given
in table 1 of ref. [7]. Using our dictionary eq. (14) from GSp(4,Z) to O4(2,2 + 16, Z), the
corresponding CP transformation of this symmetric Z4 orbifold is given by

1

CP =%, with CPOCP =61, (64)

Thus, it is an outer automorphism of S‘Narain. We apply CP to the generalized metric (7) and find
that U =1 and Z = 0 are invariant, while the Kidhler modulus transforms as

TP T (65)

3.2.2. Symmetric Zg¢ orbifold
The next fixed point in the list of ref. [6] is given by

_ (‘g 0) c Hy. (66)

71

where o := exp(27i/3). In this case, the stabilizer H = Zg is generated by one element that we
can write in the notation of appendix B as

1 010
0O 1 0 O
h = 100 0]~ My, sstsT) € Sp4,Z) . (67)
0 0 0 1
Hence, we choose a Narain twist
N AN3 A A A
O = (Cs) CrCsCr € 052,24 16,Z) . (63)

This Narain twist defines a symmetric Z¢ orbifold. In order to satisfy eq. (12), we have to fix the
string geometry as follows

G = —2G12 , Gy =Gy and a =a = 0. (69)
This results in
U=w and Z =0, (70)

while the Kéhler modulus 7 is unconstrained, as expected by comparing to the value of tf in the
corresponding bottom-up construction of ref. [6].
In this case, the normalizer reads

N(H) = (M1, M) M, smy ) © Sp@,2), )

see ref. [6]. Compared to ref. [6], we use M(s 1,) as generator of N (H) instead of M(S3,12). The
corresponding group in O4(2, 2 + 16, Z) gives the modular group

Grotae =  Ks. Kr. (&) ¢r) = (sL@.zyr x 28) /2 12)

of the symmetric Zg orbifold, where (és)3éT generates a geometrical Zg rotation (and
(Cs)3Cr = @’1). As a sublattice rotation of a six-dimensional orbifold compactification this

14
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gives rise to an R-symmetry, whose order will generically be larger than six due to fractional
R-charges of twisted strings [1,2,38—42]. Using the generalized metric (7), we compute the
transformations of the Kéhler modulus 7 under the generators of the modular group Gmodular
and obtain the expected results, i.e.
A \3 4
Ks 1 }k_T> (CS) 1

T —> ~7 T T+1 and T T. (73)

Finally, we consider the C'P transformation from table 1 of ref. [7] that leaves the fixed point
¢ with 7; = w and 73 = 0 invariant. Using our dictionary eq. (14) from GSp(4, Z) to O5(2,2 +
16, Z), the corresponding CP transformation is given by

A ~N—1 A N
P = (CT) $., with CPOCP ' = 6. (74)

Hence, CP is an outer automorphism of the Ze Narain space group. Using eq. (7) for the CP-
like transformation CP, we find that U = w and Z = 0 are invariant, while the Kihler modulus
T transforms as

TP T (75)

Let us briefly remark that one can define a symmetric Z3 orbifold by taking just the Z3
subgroup of the stabilizer H = Z¢ as Narain point group, i.e. consider a Z3 Narain point group
PNaraln generated by the Narain twist ®2 where O is given in eq. (68). This also fixes U = w
and Z = 0, yields the same modular group Gmodular and the same CP transformation.

3.2.3. Asymmetric Zy X Z orbifold

For the fixed point
_ 71 0
= (0 r1> € . (76)
the stabilizer is given by H = Dg/{414}, where Ds is generated by two Sp(4, Z) elements,
01 00 0 -1 0 O
1 0 0O 1 0 0 O
hy = 000 1|~ M, and hy = 00 o —1|7 My Ms2 1,
0 01 0 0O 0 1 O
7

Consequently, we choose two associated Narain twists @1, (:Dz S Oﬁ(2, 2+16,7) as
N . N N A N2
O :=M and 6, := M (Ks) . (78)

In O0;(2,2 + 16, Z), the two Narain twists (:)1 and @2 generate a Z, X Z, Narain point group
ﬁNarain of an asymmetric Z, x Z, orbifold. Note that the Narain point group is not isomorphic to
Dg C Sp(4, Z) because in Sp(4, Z) we have M (g2 1,y # M1, s2), while in O3(2,2 + 16, Z) the
identity (Ks)2 (Cs)2 holds. In other words, the dictionary eq. (14) from Sp(4, Z) to O5(2,2 +

16, Z) is two-to-one, such that Dg/Z, = Z, x Z» with a Z, quotient that ensures (Ks)2 = (Cs)z.
In order to leave the generalized metric invariant eq. (12), the string geometry is constrained
as follows

15
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Giy=d , Gpp=Bp, and a; =a = 0. (79)

Hence, the moduli (7', U, Z) of this asymmetric Z, x Z» orbifold read
1
Z=0 , T=U, where U=—/<G12+i af622—0%2>, (80)
o

so that only G 13 and G»; are free, in agreement with 71 = 72 and 73 = 0.
The normalizer N (H) is generated by four elements given by

N(H) = (Mss)y, M), Mis21,), Mx) C Sp(4,Z). (81)

Here, compared to ref. [6], we use M(ss) as generator of N (H) instead of Ms3 53). Translated
to O4(2,2 + 16, Z) this yields the modular group

A oA A oA A \2 A y
Gmoauar = (RsCs, RiCr, (Ks) . M) = PSLQ2,2) x Zo x 24 | (82)

of the asymmetric Z, x Z, orbifold. Note that we find PSL(2, Z) instead of SL(2, Z) because
KsCs is of order 2 (instead of 4). Then, the modulus T transforms nontrivially under PSL(2, Z),
L 1 L
T&—? and T &1 74, (83)
while it is invariant under (I% s)? and M.
According to table 1 of ref. [7] the fixed point tr with 71 = 7p and 3 = 0 allows for a CP
transformation given by

cp =%, with CPOCP =67 forie{l1,2}. (84)

Hence, CP is an outer automorphism of this asymmetric Z» x Z> Narain space group. Using
eq. (7) for the CP-like transformation CP, we find that Z = 0 is invariant, while the modulus
T = U transforms as

TP T (85)

3.2.4. Asymmetric Zy X Z orbifold with discrete Wilson line
Consider the fixed point

o = (" 1/2) e Hy. (86)

12 7

In this case, the stabilizer is given by H = Dg/{+14}, where Dg is generated by two Sp(4, Z)
elements,

01 00
1 000
hy = 00 0 1 =M, and
0010
0O 1 -1 0 @7
-1 0 0 1 -
h2= 0 O 0 1 =M<O>M><M(]]_232)
0 0 -1 0

16
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Using the dictionary eq. (14), we choose two associated Narain twists
~ ~ ~ A —1\ ~ /7~ \2
O, =M and 6, := W( . )M (Cs) . (88)

In O;, 2,2+ 16, Z), the two Narain twists @1 and @2 generate a Zy X Z» Narain point group of
an asymmetric Z, x Z, orbifold. In order to leave the generalized metric invariant eq. (12), we
have to set

G = o , Gp =By , ag =0 and a; = —1/2. (89)

This is similar to eq. (79) but with a non-trivial Wilson line a; # 0. Then, the moduli read
1
Z =1 , T =U, where U = J<G12+i a/Gzz—G%2>, 90)

so that only G 1> and Gy; are free. This confirms the expectation for 7y in this situation.
In order to identify the modular group Gmodular Of this orbifold, we consider the normalizer

—1 0 0 -1
N(H) =<M< 0 ) M(Sz‘]lz) ) MX M<_2> MX M(l) M(ST_ISZ,STZST)M< 3 > N

—1
M< 5 ) M1 1)) € Sp(4,Z) 1)

see ref. [6]. We use the dictionary eq. (14) to translate this into O;(2, 2 + 16, Z). We find

Gmodular = (M1, Mz, M3), (92)
where we have defined

N . (=1 A \2 A

My = W< 0) (Ks) = 010,, (93a)

R af ON n afON A ANl S ANZ A A N2 o om A=

A .:MW<_2>MW<1>KS (KT> (Ks) Cs (CT) CsCTW<3>, (93b)

N ~ (=1 AN2 /ANl /A1

= (7)) (ks)" () (&) 030
Since these transformations are outer automorphisms of the Narain space group, they give rise
to the modular group of this asymmetric Z, x Z, orbifold with discrete Wilson line. Using the
generalized metric eq. (7), we identify their action on the modulus 7 and obtain

y 2T
rle, 204
4T 42

while M 1 leaves T invariant.

Finally, for the fixed point 7f with t; = 75 and 73 = 1/2 we identify CP from table 1 of ref. [7]
as

and T 5, 71, (94)

CP = W(_Ol> $.  with PP =67 forie{l,2}. 95)

Hence, CP is an outer automorphism of this asymmetric Z, x Z, Narain space group. Using
eq. (7), it leaves Z = 1/2 invariant, while the modulus 7 = U transforms as

TP T (96)
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3.2.5. Asymmetric S3 orbifold
The next fixed point in the list of ref. [6] reads

T T2
T = (11/12 r/1 ) € H,. 97)
This point is stabilized by H = S3, generated by two elements
-1 1 0 O
0 1 0 O 0
hl = 0 () - O = MX M<1> MX M(12)52), (983)
0 0 1 1
1 0 0 O
1 -1 0 O 0
h2 = 0 0 1 1 = M<1> M(SZ,]lz) . (98b)
0 0 0 -1

As a consequence, we choose two corresponding 05(2,2 + 16, Z) Narain twists
A w oa (O\ A /N2 . O\ /A N2
O, = MW<1>M (cs) and O = W<1> (KS) . (99)

In 05(2,2 + 16, Z), the two Narain twists @)1 and @2 satisfy the condition
~ \2 A~ \2 A A \3
(@1) = (@)2) = (@1 @)2) = 1yp. (100)

Hence, they generate an S3 Narain point group ﬁNamin of an asymmetric S3 orbifold. In order to
leave the generalized metric invariant eq. (12), we have to set

3 /
G = :‘ . G =Bp , ar=12 and ar =0. (101)

In this case, the moduli read

Z=Th , T=U, (102)

as expected for the given values of zy.
According to ref. [6] and using the Sp(4, Z) generators defined in appendix B, the normalizer
N (H) can be generated by four elements

N(H) = ( M(S,S3) MX s M(S3,S3) M( 0 > M(T’Z,T’Z) M(S’S) )
0
M>< N M l M(Sz,]lz) > C Sp(4, Z) . (103)
Using the dictionary eq. (14), the corresponding group in O;(2,2 + 16, Z) reads
N ~ ~ ~ (0 A \2
Gmodular = <M1 , My, M, W<1> (KS) >, (104)
where we defined

18
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A VRN A N AN3 /AN A/ =1\ /A N-2/A N2 A 4
M= Ks (cs) M and M= (KS) (Cs) W<0>(KT) (CT) RsCs.
(105)
As the group Gmodular consists of outer automorphisms of the asymmetric S3 Narain space group,

this yields the modular group of this orbifold. Then, using eq. (7) the Kidhler modulus 7 trans-
forms under the generators of Gpodular S

4 7 2T
T M, 2 and T A ,
3T 3T +2

while T is invariant under M and W(?) (1% 5)2.
Finally, for the fixed point 7¢ with 7; = 75 and 73 = 71/2 we translate CP from table 1 of ref. [7]
into 04(2,2 + 16, Z), yielding

(106)

N ~ =1\ A A A A — N
P = W(O)Z* with  CPO;CP =6 forie{l,2). (107)

Consequently, CPis an outer automorphism of this asymmetric S3 Narain space group. We use
eq. (7) to show that C'/P acts as

T8 7. (108)
3.3. Orbifolds with moduli spaces of dimension 0

Finally, there are six inequivalent subspaces of complex dimension O that are left invariant
by subgroups of Sp(4, Z) [6]. As before, for each fixed point the corresponding orbifold is con-
structed by embedding the stabilizer H from Sp(4, Z) into O3(2, 2+ 16, Z). This yields a Narain

point group f’Narain in D = 2. In all cases discussed here, it turns out that ISNarain gives rise to
an asymmetric orbifold, whose moduli are stabilized geometrically, as expected. Note that the
normalizers are given in terms of the stabilizers, N (H) = H, as there are no free moduli. Hence,
embedding N (H) into O4(2,2 + 16, Z) just gives Gmodular = ﬁNarain. If the D =2 orbifold con-
structed here is a subsector of a full D = 6 orbifold, Gnodular Yields a traditional flavor symmetry,
as a transformation is called modular only if some modulus transforms nontrivially. In addition,
we consider CP from ref. [7] and confirm that these transformations are also unbroken in the
corresponding string constructions. As the string moduli are stabilized geometrically, one can-
not move in moduli space away from the CP-conserving point. Hence, CP cannot be broken
spontaneously by the moduli in these cases.

3.3.1. Asymmetric Zs orbifold
The next fixed point in the Siegel upper half-plane is given by

¢ ot c—2>
T = - Z € Ha, 109
({ v 2 (109)
where ¢ := exp (27i/5). In this case, the stabilizer H = Z5 is generated by
0o -1 -1 -1
0o 0 -1 0 0
h = 0 0 0 —1 = M(EZ»T) M M<l> M(52753) s (110)
1 0 O 1
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using the Sp(4, Z) generators of appendix B. Then, we define the corresponding Narain twist
©€0;52,2+16,27)

N A~ o~ A [0 A~ N2 /A N3
O .= CrM W<l> (Ks> (Cs> . (111)
Note that #5 = —14, which is identified with +14 in H. Also the Narain twist ® is of order 5

such that © defines a Zs Narain point group of an asymmetric Zs orbifold. This orbifold action
is compatible with the generalized metric eq. (12) if

Ol/ Ot/
Gu =5 (-5+3v5).  Gn=0u. G = 5 (5-2V5).,
(112a)
a 1 1
312=E<2—«/§), a1:§(3—«/§), a2:§<—1+\/§>.
(112b)
Consequently, all moduli are fixed by the orbifold action to the values
T=-¢t"", U=¢ and Z=2¢+2, (113)

in agreement with the fixed point 7y € H> of Sp(4, Z).
Finally, we translate the CP generator of this case from table 1 of ref. [7] into 05(2,2+16,7Z)
and obtain

— 3 —_— 71 A A A —_ A
P = ((ksésvi/< 01)> W( Ol>> $.  with CPOCP =61 (114)

Furthermore, the geometrically stabilized moduli (7', U, Z) are invariant under this CP trans-
formation. Its a trivial fact that CP cannot be broken spontaneously by the moduli of this Z5
orbifold sector since all moduli are completely fixed according to eq. (113).

3.3.2. Asymmetric S4 orbifold

Taking the fixed point
~ 1/~
_ n 2 — 1))
= - - € Ha, (115)
(%(n - 7
where 77 := %(1 +24/21), the stabilizer H = S, is generated by two elements
01 00 -1 1 10
1 0 00 1 0 0 1
hy = 00 0 1 and hp = 1 0 0 0 (116)
0 010 1 -1 0 1
We write these Sp(4, Z) elements in terms of the generators given in appendix B
0 -1
h = My and hy = M(12’53) M, M 1 Ms 1,)M 1) (117)

Then, we define the corresponding Narain twists
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N « N N3 A0 A A1
O =M and O := (Cs) MW(—I) KSW<_1)- (118)

Note that (hp)* = —]l4Ais of orger 8 in H (and of order 4 in H). The corresponding Narain twist
®, is also of order 4. ®1 and ®; obey the relations

(@1)2 = ((3)2)4 - (@1 (3)2)3 = 1ap. (119)

Hence, © and © generate a S4 Narain point group of an asymmetric S4 orbifold. This orbifold
action constrains the generalized metric eq. (12) such that

Gii=Gn= Gn=® Bh=% —wm=1p (120)
n==0tn=--,00=r,bop=>,4a=a=72
Consequently, all moduli of this orbifold are stabilized geometrically,
1
T =U =1 and Z:E(ﬁ—l). (121)

Hence, the subspace 71 = 15 =7 and 13 = %(ﬁ — 1) can be implemented in string theory using
an asymmetric S4 orbifold.

We obtain a CP transformation for this asymmetric S4 orbifold by translating the correspond-
ing case from table 1 of ref. [7] into Oﬁ (2,24 16, Z). This yields

CP = KsCs W(:)l) (éT kT)

for i € {1, 2}. Then, we confirm that the geometrically stabilized string moduli (7', U, Z) given
in eq. (121) are invariant under this CP transformation.

1 ~ A~ 4 A A A — ~
RsCsS, with CPO;CP ' =67, (122

3.3.3. Asymmetric (Z4 X Z) X Zy orbifold

The fixed point
i 0
T = (O i) € Hy, (123)
is stabilized by H = (Z4 x Z») x Z», generated by three elements
0O o0 1 O 0 0 -1 0 01 00
0O -1 0 O 0 0 0 1 1 000
M=l 0 0 of =1 0o o of®™"B=]0 0 0 1
0O 0 0 -1 0 -1 0 O 0 010
(124)
We write these Sp(4, Z) elements in terms of the generators of appendix B
,’l] = M(S2,S) and h2 = M(S,S*) and ]’l3 = M>< . (125)
Then, we define the corresponding Narain twists
A A \2 A ~ N ~ \3 ~ ~
O, = (KS) Cs and O, := Rs (cs) and O3 = M. (126)

These Narain twists obey the relations
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~ 4 N 2 N 2
(@1> = <®2) = <®3) = 1y, (1272)
éléz = @2@1 , ®2®3 = (:)3@2 and (:)3 @1@3 = @1(:)2. (127b)

Hence, they define a (Z4 x Zj) x Z, Narain point group of an asymmetric (Z4 X Z2) X Z»>
orbifold. This orbifold action fixes all components of the generalized metric eq. (12) as follows

Gy =Gn=¢d , Gp=Bn=0 and a; =a» =0. (128)
Consequently, all moduli are fixed
T=U=1i and Z =0, (129)

in agreement with 7y = 7o =1iand 73 =0.

Finally, we consider the fixed point tr with 71 = 1 =1 and 73 = 0 in table 1 of ref. [7]
and translate the corresponding CP transformation into O(2,2 + 16, Z). Hence, we confirm
explicitly that the outer automorphism of the Narain space group

P =%, with CPOCP ' =67, (130)

fori € {1, 2, 3}, leaves the geometrically stabilized moduli (T, U, Z) given in eq. (129) invariant.
Hence, we have identified a C’P-like transformation of this orbifold theory.

3.3.4. Asymmetric S3 x Zg orbifold
Next, we consider the fixed point

7w = (‘(‘)’ g) e M. (131)

Its stabilizer H = S3 x Zg is generated by three elements

0 0 0 —1 0100 0 0 1 0

1 01 0 100 0 0 0 -1

hi=1yo 10 1250 oo 1| @™hmh=_ o 1 o

100 0 001 0 0 1 0 1
(132)

h1 and hy generate S3, while 43 is the generator of Zg. These Sp(4, Z) elements can be written
in terms of the generators of appendix B and we obtain

hy = Mgy Mx . hy = My and hz = M) - (133)
Using the dictionary eq. (14), we can define the corresponding Narain twists
6= (kr) &s () Ertt . 6ni= it ana 6y = (Ks) Knésér.
(134)

The Narain twists (:31 and (:)2 satisfy the relations
~ N2 N2 .~ A A3
(@1) = (@z) - (@1 @z) = 1. (135)

Hence, they generate the permutation group S3. Furthermore, the order 6 Narain twist O3 com-
mutes with both, ®; and ®,. Consequently, the three Narain twists @, ®; and ®3 generate an
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S3 X Ze Narain point group ﬁNaraim which we use to define an asymmetric S3 x Zg orbifold.
Next, we construct the Narain lattice of this orbifold by demanding invariance of the generalized
metric eq. (12) under the three Narain twists. This yields

o

G11=G22=O/,G12=312=—7,01=az=0- (136)

So, we see that all moduli (7', U, Z) are stabilized and their values read
T =U=w and Z =0. (137)

Thus, the invariant subspace 71 = 7o = w and t3 = 0 discussed in the bottom-up construction of
ref. [6] can be constructed explicitly in string theory using an asymmetric orbifold compactifica-
tion of D = 2 dimensions with Narain point group ﬁNarain =83 x Zg.

Using table 1 of ref. [7] we identify CP as

A ~ A 1 . A A A — ~
cpP = (CTKT) £, with CPOCP [0, (138)

Hence, CPisa class-inverting outer automorphism [43] of S’Narain that leaves the geometrically
stabilized moduli eq. (137) invariant.

3.3.5. Asymmetric S3 x Zy orbifold
The next fixed point in the Siegel upper half-plane from the list of ref. [6] is given by

T = L 21 e H (139)
=AU 2 2
In this case, the stabilizer H & S3 X Z is generated by three elements

0 0 0 1 0 0 1 1
0 0 1 1 0 0 1 0

M=y 1 oof ™ (0o -1 0o ™
-1 0 0 0 -1 1 0 0

(140)

0 0 0 1
0O 0 -1 0

=10 Z1 0 o0
1 0 0 O

hy and h; generate S3 (using that (h D% = (hy)? = —14 is identified with +14 in H), while
the Z, factor is generated by h3. These Sp(4, Z) elements can be decomposed in terms of the
generators of appendix B and we find

0 0
h] = MX M(S,S)M<_1> s /’l2 = M(S,S)M<_1> MX and h3 = M(S3,S) MX.
(141)

Next, we map these Sp(4, Z) elements into the Narain construction using ref. [5] and define the
following Narain twists

) s A [0 . s (0N A T
O = MKSC5W< ]) . 0y = KSCSW< 1>M and O3 = (Ks> Cs M .

(142)
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The Narain twists @)1 and @2 satisfy the relations
A \2 ~ \2 A A \3
(@1) = (@2) = (@1 @2) = 1y. (143)

Hence, they generate the permutation group S3. Furthermore, the order 2 Narain twist ©3 com-
mutes with both, ®1 and ®;. Thus, the Narain twists ®1, ®, and ®3 generate an S3 x Z, Narain
point group. The resulting asymmetric S3 x Z, orbifold restricts the generalized metric eq. (12)
to a unique form, given by

3a

G11=4,G22=0/,G12=312=0,al=1/2,az=0- (144)

This orbifold is similar to the S3 orbifold with moduli given in eq. (101), but with the additional
constraints Gy, = ' and By = 0. As a consequence, the moduli (7, U, Z) have to take the
values

2i i
T = U = — and Z = —, (145)
V3 V3

as expected from the bottom-up discussion in ref. [6].
Also in this case, we can use table 1 of ref. [7] to identify a CP-like transformation of the
asymmetric S3 x Z, orbifold,

N ~ A A oA —] ~
CP =%, with CPO;CP =6, (146)
for all generators i € {1, 2, 3} of this S3 x Z, Narain point group.

3.3.6. Asymmetric 713 orbifold
Finally, we consider the fixed point

= (‘(‘)’ ?) € M. (147)

This point is stabilized by H = 7,15, which is generated by an element & € Sp(4, Z) that we can
write in terms of the generators defined in appendix B as follows

0 0 1 0
0 0 0 1

h = 1 0 -1 0 = M sT) - (148)
O -1 0 0

This Sp(4, Z) element can be mapped to a Narain twist Oc 05(2,2+ 16, Z) using the dictionary
eq. (14), and we obtain

® = KsCsCr, (149)

which is of order 12. Hence, © generates a Z 1, Narain point group and, consequently, an asym-
metric Z 1, orbifold in D = 2 dimensions, cf. ref. [44] and section 8 of ref. [13]. The generalized
metric H needs to be invariant, see eq. (12), which fixes H to
Gi = Gm = 2% | G C Bp =0 0 (150)
1n=6n=-—4—,0np=——7, b12=0, a =a =0.
NG V3

As a consequence, the moduli (7, U, Z) have to take the values
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T=i, U=w and Z=0. (151)

Thus, we have found an explicit realization of the invariant subspace 11 =U =w, o =T =1
and 73 = Z = 0 in terms of an asymmetric Z, orbifold, where the moduli (7, U, Z) = (i, w, 0)
are frozen by the orbifold action.

Finally, we translate the CP transformation from table 1 of ref. [7] for the case 1) = U = w,
7p=T =1iand 13 =Z =0 into 0;(2,2+ 16, Z). We find

A ~ \N—1 . A A oA —1 N
P = (CT) S, with CPOCP =671, (152)
Thus, CP is an outer automorphism of the Narain space group of this asymmetric Z, orbifold.
As expected, it leaves the moduli eq. (151) invariant.

4. Conclusion and outlook

In the present work we have initiated the discussion of flavor symmetries of the Siegel modular
group Sp(4, Z) from a top-down perspective. In string theory, Sp(4, Z) describes properties of
the moduli 7 and U of a two-torus compactification as well as a Wilson line Z, as can be
derived from the Narain lattice construction. This can be visualized through the moduli of a
Riemann surface of genus 2, which in the case of a vanishing Wilson line splits in two separate
tori describing the 7" and U moduli independently.

The road to understand the relevance of Sp(4, Z) for flavor symmetries of the Standard Model
requires several steps. In a first step, we have to insist on the presence of chiral matter fields,
which can be achieved by an orbifold twist. In the case of the previously discussed two-torus
with vanishing Wilson lines, we had identified the possible orbifolds as those with twists Z g
and K =2, 3,4, 6, with fixed points of the complex structure modulus U at the boundaries of the
fundamental domain of SL(2, Z)y . The generalization to Sp(4, Z) then requires the classification
of those orbifolds that lead to the fixed surfaces of Sp(4, Z) in the Siegel upper half plane. These
include two surfaces of complex dimension 2, five of complex dimension 1 and six of dimension
0. We have identified the 13 corresponding orbifolds explicitly and summarize our results in
Tables 1 and 2. In contrast to the previously discussed cases, we often find asymmetric orbifolds,
which appear, for example, once we mod out the mirror symmetry (which interchanges 7 and
U). For each orbifold, we obtain the unbroken modular group Gmodular including CP and the
associated moduli transformations. With these results, we have completed the first step towards
the understanding of the flavor structure of Sp(4, Z).

In a second step, we would then have to analyze the properties of these orbifolds in detail.
The symmetric orbifolds can be understood easily as they have a simple geometric interpre-
tation. They extend the previously discussed cases Zg with K =2, 3,4, 6. The construction
in section 3.1.1 corresponds to the Zj orbifold with complex moduli 7 an U and vanishing
Wilson line. The cases with K = 3,4, 6 require a fixing of the complex structure modulus U,
which is addressed in section 3.2.1 for Z4 and section 3.2.2 for Z3 and Zg. The case discussed
in section 3.1.2 corresponds to a fake-asymmetric orbifold with two complex moduli 7 = U
and Wilson line Z. As a direct geometric interpretation is lost in this case, an understanding of
its properties requires further investigations. To regain the standard geometric picture it can be
mapped to a symmetric Z; orbifold with moduli 7 and U and a quantized Wilson line Z = 1/2
as shown in section 3.1.3. This reinterpretation of an apparently asymmetric orbifold as a sym-
metric orbifold with specifically transformed moduli is a very special case. It seems to be the
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only fake-asymmetric orbifold in Table 1. We are not aware of basis changes that allow the other
asymmetric orbifolds to be mapped to symmetric orbifolds. Further studies should include the
consideration of these asymmetric orbifolds towards the construction of models with the particle
content of the Standard Model of particle physics.

In a third step, one would have to discuss for each orbifold the discrete flavor symmetries in the
full eclectic picture of refs. [45,46]. This includes the traditional flavor group as well as the unbro-
ken finite Siegel modular group that originates from the unbroken subgroup Gmodutar of Sp(4, Z)
as given in section 3. The finite Siegel modular groups are denoted by I'z y = Sp(4, Z) /T'2(N),
where ' (V) is the principal congruence subgroup of Sp(4, Z) with genus 2 and level N. This
generalizes the homogeneous finite modular groups I'1 y = Iy, of SL(2, Z), discussed for ex-
ample in ref. [47]. For N =2 we have I'; » = Sp(4, 2) = Sg of order 720, while I'; 3 = Sp(4, 3)
has already 51,840 elements [48]. These groups are huge, but they are usually not fully realized
because of the orbifold twist that was introduced to get chiral matter from the torus. The task
here would be to determine the unbroken finite Siegel modular groups for the 13 orbifold cases
of Table | given the modular transformations determined in section 3. This is beyond the scope
of the present paper. Some clues can be found from the previously discussed cases with vanish-
ing Wilson lines. The symmetric Z, orbifold from section 3.1.1 (with Z = 0) is known to have
a finite modular group (83 x S3) X Z4 (from F2T X l"g combined with mirror symmetry [3,4])
which nicely fits into I'; 2 = S¢ for level N = 2. It is not clear yet whether I'7 5 is also the rele-
vant group for the fake-asymmetric Z, orbifold discussed in section 3.1.2, although this seems
plausible. On the other hand, in the case of the Z3 orbifold with vanishing Wilson line, the finite
modular group was found to be 7" = I'} of level N = 3 [16,22,26-28]. This leads to the con-
jecture that for the case described in section 3.2.2, the finite modular group would descend from
the finite Siegel modular group I'z 3, where we have confirmed that ', 3 contains 7’. Thus, the
result of this third step would be the determination of the finite Siegel modular flavor symmetry
as well as the traditional flavor symmetry for each of the orbifolds given in Table 1.

Once this has been achieved, the ultimate step to establish the full connection to bottom-
up constructions is to determine the representations of the matter fields with respect to the full
eclectic flavor group Gef,. Chiral fields tend to correspond to twisted fields located at the fixed
points of the orbifold twist. In the Z3 case, for example, we have three fixed points and matter
fields transform as triplet representations of the traditional flavor symmetry A(54) C G, and as
a 1@ 2’ of the finite modular group T’ C Gefe- This shows, among others, that twisted fields need
not correspond to irreducible representations of the finite modular group. So far, determining
the representations of matter fields under the discrete flavor symmetries requires explicit com-
putations of string vertex operators and their associated operator product expansions. This or the
identification of a simpler method remains to be explored in detail for each of the orbifolds under
consideration. This underlines that top-down model building with modular flavor symmetries has
just begun to unfold its various possibilities. More work is needed in order to finally bridge the
gap to bottom-up constructions.

The consideration of the finite Siegel modular flavor symmetry from a bottom-up perspective
has been pioneered recently in ref. [6]. They considered the case with two unconstrained moduli:
T = U and a Wilson line Z. Superficially, this would look like Case 3.1.2 in our Table 1, but
this interpretation is not necessarily correct. By choosing the moduli at 7 = U by hand, ref. [6]
imposes S4 x Z> as finite Siegel modular subgroup of I'; » = Se. In addition, some matter fields
are postulated to build triplet representations of S4. In our picture, the moduli can be stabilized at
T = U by the fake-asymmetric Z, orbifold discussed in section 3.1.2. In principle, this orbifold
also determines the unbroken finite Siegel modular group and the corresponding representations
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of matter fields. Unfortunately, their determination is technically involved and the results are
currently not available. Hence, a detailed correspondence between ref. [6] and the top-down
approach has yet to be clarified. To obtain a better geometric interpretation, one could reformulate
this case as a symmetric orbifold with a quantized Wilson line as shown in section 3.1.3. This
might help to make contact to the discussion in the bottom-up approach of ref. [6]. We hope to
report on the resolution of these questions in a future publication.

Finally, we stress that the results from our present endeavor may have interesting applica-
tions also in the study of other top-down scenarios. For example, in the context of magnetized
toroidal compactifications [49-55] one typically derives the flavor properties of the models from
the modular properties associated with the complex structure of a two-torus, disregarding the
modular behavior of the Kéhler and Wilson line moduli also present in the construction. It would
be interesting to study how our considerations change the conclusions in these cases.
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Appendix A. Remark on mirror symmetry

Note that in Sp(4, Z) the mirror transformation M, can be expressed as

0 1 0
My = M(l) Ms,1,) M<0> M 1,) M<_1> € Sp4,7) . (153)

Let us denote the original definition from ref. [5] of mirror symmetry by M'. Then, we use
the dictionary eq. (14) between Sp(4, Z) and O5(2,2 + 16, Z) and map the right-hand side of
eq. (153) into the modular group O;(2,2 + 16, Z) of the string setup and define

A ~fO\ A~ ~f(I\N ~ ~ /0
M = W<1> Ks W(O) Ks W( 1) € 0;(2,2+16,7Z). (154)
Crucially, the new mirror transformation M differs from the original definition of M ,

M # M. (155)

TAhis is contrary to our expectation from eq. (153), as one would associate M, € Sp(4, Z) with
M e 05(2,2 + 16, Z) using the dictionary eq. (14) of ref. [5]. However, the generalized metric

transforms identically under M and M, i.e. using e q. (7) we find
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HT, U, )M MY H(T, U, Z) M~ = HU, T, 2) (156a)

I
HT, U, 2) s M ~TH(T, U, Z)M' ™! = HU, T, Z). (156b)
Consequently, both transformations M and M’ interchange T and U while leaving Z invariant.

Hence, on the level of the moduli, both transformations define mirror symmetry in the string
construction. In the following, we use the new transformation

0 0 1 0 0 0 0
0 -1 0 0 0 0 0
1 0 0 0 0 0 O

M=1]0 0 0 -1 0 0 0|, (157)
0 0 0 0 -1 1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1y

defined in eq. (154) as the generator of mirror symmetry instead of M’ that was defined in ref. [5].
Note that the new mirror transformation M also acts nontrivially on the 16 gauge degrees of
freedom of the heterotic string as a Z, reflection.

Appendix B. 0;(2,2 + 16, Z) and GSp(4, Z) transformations

This appendix provides the explicit expressions of the generators of the modular groups
05(2,2 + 16, Z) and GSp(4, Z) that are used along this work. We also justify the correspon-
dences among both groups, as given in eq. (14), following the discussion of ref. [5].

B.1. Oﬁ (2,2 + 16, Z) modular transformations

As explained in section 2.1 and in ref. [5], the “rotational” outer automorphisms of the Narain
lattice associated with a two-dimensional toroidal compactification of the heterotic string build
the general group O;(2, 2 + 16, Z) of modular transformations of this space. The elements Te
Oﬁ (2,2 + 16, Z) act on the string moduli (7', U, Z), defined in eq. (6), according to eq. (8).

The matrix representations of a subset of O;(2, 2 + 16, Z) generators are given by

0 -1 0 0 0 1 =1 0 0 0

1 0 0 0 O 01 00 0
Gs=1]0 o 0o -1 o |, Cr=10 o 1 0 o[,

0 0 1 0 0 0 0 1 1 0

0 0 0 0 1 0 0 0 0 1
(158a)

0 0 0 1 0 1 000 O

0 0 -1 0 0 0 1 00 O
Ks=|0 1 0 0 o], Kr=]l0 110 0|,

-1 0 0 0 O -1 0 01 0

0 0 0 0 1L 0 0 0 0 I
(158b)
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10 0 0 0
1, 0o 0 01 0 0 0
W(fn)z —IAATgAA 1, AATg|, S.=]0 0 -1 0 o |,
—AA 0 lie 0O 0 0 1 0
00 0 0 -1
(158¢)

and the mirror transformation M defined in eq. (157). Here g is defined as in eq. (2), and AA is
given by the 16 x 2-dimensional matrix

m 0 0\"
AA = (E 0 0) with ¢, meZ. (159)

Further, the mirror transformation M that relates U <> T, see eq. (8¢), establishes consequently
a 11nk between the transformations associated with these moduli: Ks =M CsM and KT
M C TM .

B.2. GSp(4, Z) elements

The elements of Sp(4, Z) can be expresed as [5]

ay 0 bU 0
0 ar 0 bT

[=Nel e}
[N eNel
- o OO
(= e )

Myr yy) = cw 0 dy 0| My = , (160a)
0 cT 0 dT
1 0 0 —¢
ey |m 1 = o0 .
M(m) =% o 1 _.| wih tmez, (160b)
00 0 1

and products thereof. Here, the integers in M, ,,,) satisfy ardr — brcer = aydy — bycy =1,
revealing that these elements are related to two SL(2, Z) subgroups of Sp(4, Z), whose elements
are

vro= (7 0T csL2zyr and oy o= (YU PY) esLezyy . e
cr dr cy dy

In general, an element M € Sp(4, Z) can be decomposed in 2 x 2 blocks as M = (é g), such

that its action on a symmetric 2 x 2 matrix €2 reads

M (AQ+B)(CQ+D)! with Q = (g i) (162)

where U and T are the two complex moduli associated with SL(2, Z)y and SL(2, Z)T, respec-
tively, while Z is a complex modulus that relates both modular groups. The Sp(4, Z) modular

My
transformations of eq. (162) show, for example, that M, acts on the moduli as T <— U and

M . . .
Z —= Z and is, thus, a Z, mirror transformation.
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Including further the Sp(4, Z) outer automorphism

1 0 00
0 -1 0 0

Mc=1o 0o 1 0] (163)
0 0 0 1

enhances Sp(4, Z) to the generalized Siegel modular group GSp(4, Z). Elements M € GSp(4, Z)
containing M, act on the modulus matrix €2 as

QM (AQ+B)(CQ+D) . (164)

Note that Q ﬂ*—> —Qbecause A=—D=—-1,and B=C =0for M = M,.

Interestingly, by using the GSp(4, Z) transformations of the complex modulus matrix €2,
eqgs. (162) and (164), one finds that the moduli transform following eq. (8), where the trans-
formations are replaced according to the dictionary (14). This reveals that the O3(2,2 + 16, Z)
transformations presented in appendix B.1 are related to the Siegel modular group GSp(4, Z).

Appendix C. Summary of results

Table 2
Stabilizing the moduli (7, U, Z) at the fixed points of Sp(4, Z) by orbifold compactifications. We use the definitions
w = exp(27i/3), ¢ :=exp (27i/5) and 7 := %(l +24/20).

Sp(4, Z) String theory
symmetric Z orbifold
. _ 71 0 H : aj=ay=0
f - 0 o moduli : (T,U,0)
_ ~ A \2 -
P (M) e = {(k) )=
N(H) = <M(s,12) s M(T,15) Gmodular = (ks, Kr. Cs. Cr, M)
Mty s Miaym . Mx ) = ((SLQ@.Z)r x SLQ.Z)y)/ Zy) x Z}
K K
T3 -1, U=S U,
&L, vy,
TS 7, USs -k,
T8 T, UL U4,
T v, vt
CPs = Ccp cP = %
€8, T, Ul g
fake-asymmetric Z, orbifold
. _ 1 ©Q H : Gy =a'(1—ad),
f - 3 T Bpy=ajapad’ +Gyp
moduli : (1,T,2)
H = <M><> ﬁNarain = <M>2Z2
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Sp4, Z) String theory
s A1
N(H) (Ms.s) . M, Omoautr = (RsCs. Rrlr, (Ks) . W(3))
-1 RsCs T KsCs z
M(Sz,]].z) ’ M(0)> Tt o T2_72"° Zi . T2_72°
s A R 7kl
A \2 A \2
Ks Ks
T}QT, ZQ—Z,
&r—1 =1
W
r o) T, 20
CPs cP cP = 3
7P, _7, z€P, 7
symmetric Z, orbifold with Wilson line
o 1/2 (7 T H a;=0,ay =-1)2
f 1/2 7 noT moduli (T, U, 1/2)
_ 2
5 A N
H < (82, 112) )) PNarain = ( (CS) W(0)> = Zs
N(H) < 1M(s s)b. b7 M(r 1) b, Omodular = <M1 My, M3, M4>
Mgy b, b M )b) My =B~ ks Cg B,
My := B~ 1Ky Cr B,
N N2 A
M3 = B! (KS> B,
N D WL A
My=B""W(,)B,
. 0 5 s\ Lo s (e )3
bi= M-t 1, M(1) Mirs3 1,) B :(KT) w(j) Kt (KS)
M M
T}A—>—ﬁ, U — —37>
My T My 1
T?—-:—) 571> U?—-:—) U+s5,
T M3 1 Ms 1
}A—> — 77> UnA—> — 77>
My T My 1
T+— ITTT U—U+3
. \2 A
CPy M2 1,,CP cr = (Rs) %
7P, 7, U<l g
symmetric Z4 orbifold
. i 0 H G11=G2,G12=0,a1 =a=0
f 0 moduli (T,1i,0)
H <M(12,5)> PNarain = (és> = Zy
N(H) <M(s,12), Mt 1,), M(12,5)> Gmodular (ks, Kr, és>
~ (suz,Z)T x Zf)/zz
K K
T+ -1, T+5 T +1,
TS, 1
CPs cP cp = 3
TE€P, 7
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Sp4, Z) String theory
symmetric Zg orbifold
. _ o 0 H : G11 =Gy =-2G13,a1=a2=0
f = \o ¢ moduli : (T,0,0)
_ . ~\3 A A A
H = <M(12,S3TST)> PNarain = < (Cs) CtCs CT> = Zg
. L~ A \3 A
N(H) = <M(s,12) s M(1,15) M(12,53T)> Omodular = <Ks, KT, (Cs) CT>
~ (SL(Z,Z)T x Zg)/zz
N3 -
g R Cs) Ct
Tﬁaf%,Tﬁ»Tﬂ,TLT
. A
CPy = My, 11)CP cr = (ér) %
78, 7

asymmetric Z, x Z orbifold

. _ 1 0 H : Gi1=a,Gip=Bj3,a1 =ap =0
f 0 7 moduli : (T, T,0)
N . N2\
H = < x,MxM(82,12)> PnNarain = <M,M(KS) >=Z2XZ2
A N2 -
NH) = <M(S,S)sM(T,T)7 Omodular = <KsCs,KTCT,(Ks) ,M>
M2 1,y Mx ) = PSLQ,Z)xZp xZY
USLS N U R
A \2
Ks .
TnQ)T, T, 1
cCPs = CP cP = 5
TP, 7

asymmetric Z, x Z» orbifold with Wilson line

.[ — T 12 H : Gi1=a,G1p=B13,a1 =0,ap =—1)2
f 12 1 moduli © (T, T, 1)2)
_ R 2
A - <M><,M(701)MXM(12’SQ)> Prarain = <M,W(01)M< S) >EZ2><Z2
NH) = <M(_01)M(52,112y Omodular = <M1,M2,M3>
N N2 . .
M M (%) M M(3) x My =W(y) Ks) =00y,
_ . . A Ay
Msr-152 s125m) M ( ) 2= MW( )M W()Ks (KT) x
2 . a2
"M(_OI)M(SZT*LT*I)> ( s) Cs (CT CsCTW (%)
AR D L
i) () (50)” (@)
TA:[2 —%, N
ML
cPy = M(y)ceP cp = W(y)E
TP 7
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Table 2 (continued)
Sp4, Z) String theory
asymmetric S3 orbifold
o _ 71/2 H : Gll— T ,Glz—Blz,al 1/2,a0 =0
f - r1/2 7 moduli (T, T, T)2)
_ - o~ AN o s 2
H = ( (]lz,Sz)’ PNarain = <MW(])M (CS) s W(]) (KS) )
M )M(s2 112>> = 85
~ ~ ~ ~ A \2
N(H) = (M(S,s3)M><» Omodular = <M1 , My, M, W(?) (KS) )
— ~ A A \3 ~
M(SS,SS)M( OI)M(T*Z,T*Z)M(S,S)s Ml = S(CS M
. N3 A N3 e a2
My, MO) M52 1, ) 2= (Rs) (Cs) W(o) (Rr)
AN"2 A A
( T) KsCs
M My o
T —57 T+ 57
; W (&
T T, (%)
cPy = M(y)CeP cp = W)
TP
asymmetric Zs orbifold
S N W ou=g (5 mmg(-v3)
= -2 ~1
tH+¢r ¢ Grn=% 5_2f5), ar=4(3-5),
Gn =G, a=}% —1+~/5)
moduli (-t Lo+
— ~ A~ \2 /A~ \3
A = (Ma,myMxM) Mg 53)> PNarain = <CTMW(‘1’) (Ks) (cs) ) = Zs
-1 . 3. 0\t
cPy = ( Ms.s) M (% M(}})) cp CP = ((KSCS () W(O‘)) £,
asymmetric S4 orbifold
H © Gn=G6n=%G,=9
- _ 2(;7—1) : n=0n=%.0n="7,
2(77_1) 7 312:%,a1:a2:l/2
moduli @i L G —1)
; 0 5 (N v 0N B~
H = (Mx s M(]lz,S3) M M(,l) X PNarain = <M, (CS) MW(fl) Ks W(71)>
Mis, 1, M(1) ) SEE
N A A A A ANl A A 4
CPs = M(S,S)M(BI)M(T—IYT—I)M(S,S)C,P CP = KsCs W( Ol) (CTKT) KgCg Xy
asymmetric (Z4 x Zy) x Z orbifold
(i 0 H i Gn=Gn=d,Gp=B;=0,
g = o i aj=ay =0
moduli (i,1,0)
_ o A \2 A A \3 N
H - (M(SQ'S), Mg, M><> PNarain < (Ks> Cs, K (CS> i M)

= (ZyxZp) N7y
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Table 2 (continued)

Sp(4, Z) String theory
cPy = CP cP = %

asymmetric S3 x Zg orbifold

’
- _ o 0 H : Gi1=6n=0d,Gp=Bp=-%,
0 w ay=ap =0

moduli : (0, ,0)
B A N1 . 3. ~ -
a = (Meoggm Mx . Mx, Prain = ((Rr) Ks (Cs) Crin, i,

M(S3T,ST) > (Ks) K1 Cs CT) = S3x Zg
. T

CPs =  Mg111,CP cp = (Crkr) %

asymmetric S3 x Zy orbifold

’
. - (21 H : Gi1=3%.Gn=a.Gp=B;=0.
f 3\l 2 aj=1/2,a,=0
moduli : («/5’ 7 ﬁ)
H = (Mx Ms,s) M(_Ol)s ISNa.ra.in = (MI%S CAVS W(—Ol) ’ I%S és I)i/(—ol) M,
N3 A
Ms.s) M(O)Mx . Mg 5, M > (Ks) C5M> = Sy xZs
CPs = cCp cr = ol
asymmetric Z |, orbifold
! ’
T = (“’ 0) H : Gll=Gzz=%,G12=—%,
0 i Bip=0,a1=a3=0
moduli R (i, w, 0)
H = (M(S,ST)> PNarain = <ks Cs éT) = Zin
. TR
CPy = Mgy,11,CP cr = (&) &
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