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Remember to look up at the stars and not down at your feet. Try to make
sense of what you see and wonder about what makes the universe exist. Be
curious. And however difficult life may seem, there is always something
you can do and succeed at.

It matters that you don’t just give up.

- Stephen Hawking

In loving memory of my mother
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Abstract

The thesis at hand examines different approaches to mathematically model the metastatic
process in cancer diseases with ordinary and partial differential equations. Extensions
allow to incorporate treatment possibilities and comparison to clinical data. Statistical
evaluations prove the increased predictive value of the approaches in identifying high-
risk patients on an individual basis.

Die vorliegende Arbeit untersucht verschiedene Ansétze, um den Metastasierungsprozess
bei Krebserkrankungen mathematisch zu modellieren und nutzt dabei gewohnliche
sowie partielle Differentialgleichungen. Erweiterungen des Modells erlauben die Erfas-
sung von Therapiemoglichkeiten und den Abgleich mit klinischen Daten. Statistische
Auswertungen beweisen den erhohten prognostischen Nutzen dieser Ansidtze um
Hochrisikopatienten auf einer individuellen Ebene zu erkennen.
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1 Introduction

1.1 Motivation

Cancerous diseases are among the most frequent diseases in the Western world. In the
year 2013 about half a million Germans have been diagnosed cancer and about quarter
a million Germans have died directly related to a cancerous disease, with tendency
lately increasing [Koc16]. Despite cancer as a disease group is responsible for about 10
million deaths annually according to the WHO, the disease itself remains incompletely
understood.

The technical and scientific advances of the last decades yield more treatment op-
tions and higher treatment success than ever before, culminating in public attention
with the 2018 Nobel prize in Physiology or Medicine awarded to James P. Allison and
Tasuku Honjo for the identification of the PD-1/PD-L1 pathway as target structure for
several immunotherapeutic drugs.

The metastatic process is yet not fully understood nor predictable, but about 90% of
cancer-related deaths are directly caused by metastatic lesions, most of which are not
detectable with modern clinical imaging techniques at early stage diagnosis [CW11;
LPW17]. Remarkably, even though the technical advances of the last decades yield
better diagnosis accuracy and treatment success than ever before, the quantitative
forecasting possibilities for cancerous diseases are to date relatively poor. Many mathe-
matical models have shed light into specific dynamics of emerging cancerous diseases
and optimized treatment. However, there is to date still no framework capable of
integrating the vast amount of clinical data for proper disease prognosis [GMO03]. This
draws attention to mathematical tools for improved estimation of the not detectable
metastatic threat to aim at improved diagnostic and prognostic methodologies and
thus well-informed clinical decisions for improved treatment strategies and patient
care. In this work, several approaches are examined that not only allow for quantified
estimations of number and size of metastases during the clinical time course but also
show the prognostic potential identifying high-risk patients already early in treatment.
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1.2 Outline

After a short introduction into the biological background of this work, i.e. a brief
presentation into the main lung cancer histology types, the metastatic process, treatment
possibilities and the data sets analysed in the corresponding publications of this thesis,
an overview over the mathematical tools is given. These include formal definitions
of ordinary and partial differential equations, different local and global sensitivity
analysis approaches and statistical evaluations of survival analysis with the Kaplan-
Meier-method, Cox proportional hazards model and concordance indices to determine
the predictive value of these regression models. All mathematical models analysed
and used on the data are properly built up in chapter four: the untreated and the
treated growth dynamics for the primary tumor alone as well as the metastatic density
distribution modeling approach with and without therapy. A slightly simplified model
is also introduced for this purpose for the statistical evaluations. All these models
are properly presented in terms of implementation and general simulation as well as
analysed for their dynamical behavior in chapter five. Chapter six shows the respective
models applied to clinical data and presents how well they are able to describe these
data. The statistical analysis at the end of that chapter gives proof of the significant
increase in clinical prediction possibility for these models applied in clinical routine
and evaluation of their model parameters as computationally generated biomarkers
pointing on helpful clinical information. A short discussion is presented thereafter.




2 Biological principles

The data sets examined in this work consist of patients that had lung cancer diagnosed.
This chapter briefly introduces the important biological background to understand
the dynamics of lung cancer, the metastasizing process and the currently available
treatment options before the two examined data sets are described. The chapter strongly
builds on the overview published in [SKS21].

2.1 Lung cancer

The globally leading cancer-related mortality cause is lung cancer. Most of the primary
malignant lung tumors are carcinomas that can be divided into two major groups:
non-small cell lung cancer (NSCLC, about 85% of all lung cancer cases) and small cell
lung cancer (SCLC). The five year survival probability for NSCLC is approximately
22% [Bra+18]. Typically, NSCLC can be subdivided into the three main histologi-
cal subgroups of adenocarcinoma (ADC), squamous cell carcinoma (SCC) and large
cell carcinoma [Ken+08; Tra+15], that are determined by immunohistological testing.
Other, less frequent subgroups such as neuroendocrine tumors are not considered here;
throughout this work only patient data with NSCLC is examined.

Adenocarcinoma. This most frequent histology type of lung cancer is usually derived
from secretory epithelial cells and therefore mainly located in the lung periphery [Wei06;
HTC20]. It is also the most frequent tumor type of lung cancer patients without smok-
ing history [Wak+07]. Its genetic profile is rather heterogeneous but several biomarkers
have been identified useful for diagnosis. The pneumocyte marker TTF1 is expressed in
about 80% of primary lung ADC [Hec+01]. If this biomarker test is negative, the marker
Napsin A is recommended for another biomarker test to identify ADC [Suz+05].
Further identified biomarkers such as p53-expression and KRAS or EGFR mutations cor-
relate with worse survival prognosis and worse efficacy of classic chemotherapy [Sle+90;
Lee+16; Lyn+04]. On the other hand, genetic alterations in EGFR, EML4-ALK and Rosl
(among others) show increased efficacy and better survival prognosis during respective
targeted therapy approaches [Lyn+04; Mak+18; HTC20].
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Squamous cell carcinoma. SCC is the second-most common histology type of lung can-
cer. Its incidence is strongly associated with smoking history and higher ratio for men
than for women [Der+15]. Morphologically, SCC is defined by showing cornification or
intracellular bridges and its proliferation rate is high [HTC20]. Molecular markers to
identify differentiation within the group of SCC are cytokeratins such as CK5/6, CK14
and proteins such as p40 and p63. Testing recommendations in clinical routine include
the ADC biomarkers TTF1 and Napsin A for negativity, to exclude ADC. Differential
diagnosis towards SCLC can be performed with immunohistochemical analysis of the
Chromogranin A, Synaptophysin and CD56 biomarkers [HTC20].

Adenosquamous carcinoma. Adenosquamous carcinoma (ASC) are tumors that show
components of both ADC and SCC. By clinical definition, the tumor has to consist of
at least 10% of its volume by these two carcinoma, respectively [Tra+15]. Therefore,
the diagnosis of ASC is only possible considering the tumor resectate [Tra+11]. ASC
is most frequently diagnosed in male smokers [Ish+92] and shows survival prognosis
worse than those of ADC or SCC alone [Fil+11].

2.2 Metastatic process

Lung cancer is very likely to metastasize. Cancer-related deaths are mostly driven by
existence of metastases [Stel6]. They form from cancer cells that leave the tumors via
blood and lymphatic vessels and move to other distant sites in the body [Wei06]. After
extravasation at these sites the metastatic cells construct tumor micro environments
and induce angiogenesis to boost their proliferation [Fid03]. This process is referred to
as colonization and the established daughter tumors are called metastases [Wei06].
Due to immune system activity, only a minority of these metastatic cells even survive
the travel through the body’s vessel. However, a diagnosis of metastases in cancerous
diseases results in significantly lowered survival times [Stel6; Luz+98]. But most
metastases remain unidentified at primary diagnosis of the disease due to technical
limitations [Wei06; GM06; CW11]. The metastases are simply too small to be traceable
with imaging techniques such as computed tomography (CT) and magnetic resonance
imaging (MRI). Still, they can be of considerable number already at primary diagnosis
and their overall summed volume (the total metastatic burden) is of high importance
for treatment options and survival outcomes [PCF99; Oh+09].
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2.3 Treatment

Classic local treatment on primary tumors is surgical excision. However, treatment
options including all metastases as targets at the same time are systemic treatments.
For lung cancer, these are mainly chemo- and immunotherapy. If the mutational profile
consists of non-altered genes, proteins and pathways that would allow a targeted
therapy, usually a PD-1/PD-L1-pathway targeting immunotherapy is administered
right away (first line therapy) or subsequently after a platinum-based chemotherapy
(second-line therapy) [HTC20].

Chemotherapy. Chemotherapeutic agents trigger cytostatic or cytotoxic effects on
different pathways of cells, ideally on cancerous cells with minimal adverse effects
to healthy cells [JRLO2; Meh15]. As adverse effects in chemotherapy application are
usually very common, many different combination therapies of classical drugs and
newer targeted therapy methods have been used as a standard of care for different
cancerous diseases [Meh15]. Still, the common theory behind the quantitative effects
of chemotherapy is originally formed by the so-called ‘log cell kill” theory [SSW64;
Ski86]. It states that an applied chemotherapy dose kills a constant fraction of tumor
cells independent of the actual tumor size during a certain fixed amount of time. Ex-
perimental regimes have shown this behavior in mice, in very contrast to human cancer
settings [Nor+76]. For human tumors, it was shown that the chemotherapy exhibits
effects in tumor regression proportional to the growth rate of an untreated tumor of
this size and that the tumor size also depends on the integrated drug effect during the
course of actual treatment [NS86; SNO6]. This allows for an explanation of refractory
effects termed as ‘kinetic resistance” that are widely observed in clinical chemotherapy
applications on tumors reaching a small size [Fru+10].

Immunotherapy. Growth dynamics of tumors and their metastatic seeding process
is not only subject to the individual cell characteristics. In living organisms, it was
shown that these behaviors are additionally influenced by the immune system [HW11].
Indirect outcomes on the tumor size by enhanced antitumoral activity of the immune
system has become a major key point of modern cancer treatment, the so-called im-
munotherapy [Eggl2; He+15; SFR16]. For different cancer types immunotherapy was
proven to show significant clinical benefits in patients with advanced stages of cancer
and is well-established as standard treatment [RK15; Keal6; Iwa+17]. Generally, the
immunotherapeutic treatment can be distinguished into four major subgroups: the
active non-specific immunotherapy (treatment e.g. via cytokines), the active specific
immunotherapy (vaccines), the passive immunotherapy (monoclonal antibodies) and
approaches to block immune escape mechanisms (e.g. CTLA-4) [Ber+17]. For lung
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cancer, immunotherapeutic treatment is often times passive immunotherapy, i.e., mon-
oclonal antibodies that regulate immune checkpoint inhibitors. These inhibitors are
expressed by tumor cells to manipulate immune checkpoints to decrease T-cell activity
and suppress immune responses [Par12; QP13].

The PD-1/PD-L1-pathway is a specific immune checkpoint that regulates T-cell activity
in the effector phase of the immune response. Its downregulation caused by PD-1
activation in the peripheral tissue usually prevents collateral damage during an im-
mune response [QP13; Rib12]. Tumor cells can manipulate this pathway by expressing
the ligands PD-L1 and PD-L2. These ligands bind to the T-cells PD-1 receptor and
inactivate the T-cell to decrease the immune response towards the tumor cells [Par12;
QP13; Roz+12; PK15].

Many cancer cells express PD-L1. This made it an attractive target for the immunother-
apeutic treatment approach [TDP15]. An overview of some clinically approved im-
munotherapeutic monoclonal antibodies and their respective characteristic measures
are shown in table 2.1.

Table 2.1: Some clinically approved monoclonal antibodies used as immunotherapeutic
drugs targeting the PD-1/PD-L1 pathway. Taken from [SKS21].
Year of Molar

Antibody Type approval Mass ggsp;fog’sed Ee]ﬂf-hfe
(FDA)  [kDa] &

Atezolizumab  humanized 2016 145 1200mg q3w 27

Avelumab human 2017 143 800mg q2w 6.1

Durvalumab human 2017 146 10mg/kg q2w 18

Nivolumab human 2014 146 240mg @2w or -, ¢
480mg g4w

. . 200mg q3w or

Pembrolizumab humanized 2014 146 22
400mg q6w

Cemiplimab human 2018 144 350mg q3w 19.4

g2w = quaque two weeks, every two weeks; analogous for other numbers

Non-detected metastases influence therapeutic outcomes since decisions in the treat-
ment protocol are also subject to the number and size of metastases as well as their
properties [Wei06; PCF99; Koy+08; Boe+09]. Therefore, proper estimation of the total
tumor burden in a patient’s body is of uttermost importance.
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2.4 Data presentation

The first data set (published in [SKS21]) contains three patients with NSCLC and
features volumetric size measurements of primary tumors and clinically detected metas-
tases as well as the therapy schedule. Some details are shown in table 2.2.

Table 2.2: Data set one: patient-specific clinical parameters. Taken from [SKS21].

Patient KE-01 KE-02 KE-03
Sex F M M
Histology Adenosquamous Adenocarcinoma Adenocarcinoma

carcinoma

EGFR-, PD-L1 5, EGFR-, ALK-, EGFR-, ALK-,

Molecular Pathology CK7+, TTF1+, p63+, KRAS-, BRAF-, KRAS-, BRAF-
Chromogr-, Syn- PD-L1 50, Rosl- PD-L15

Size of pt at diagnosis

240.74 1427 71.75
[mi]

The three patients with NSCLC of this data set were routinely treated with a prior
Cisplatin/Pemetrexed Chemotherapy and/or 1L/2L immunotherapy (Pembrolizumab
or Nivolumab), as highlighted in table 6.1. The molecular pathology features diverse
histological testing of tumor markers as follows: EGFR = Epidermal Growth Factor
Receptor, PD-L1 = Programmed Death Ligand 1, CK7 = Cytokeratin 7, TTF1 = Thyroid
Transcription Factor 1, p63 = Tumor Protein 63, Chromogr = Chromogranin A, Syn
= Synaptophysin, ALK = EML4-ALK fusion protein, KRAS = Kirsten Rat Sarcoma,
BRAF = rapid accelerated fibrosarcoma (B-Type), Rosl = rather often translocated in
sarcoma. The sign “+” or “-” indicates a positive respective negative test result for the
gene translocations and upregulations.

All three patients were routinely treated in the Clinic of Pneumology, Thoracic Oncol-
ogy, Sleep and Respiratory Critical Care of the Klinikverbund Allgdu, Germany. Data
use was approved a priori by the ethical commission of BLAEK (Ethik-Kommission
der Bayerischen Landesarztekammer), reference number 19021. The corresponding
volumetric data were calculated from the appraisal environment syngo.CT LCAD of
syngo.Via VB40, Siemens Healthineers, from the CT slices that were acquired in routine
clinical care. These volumetric data can be rescaled into measurements of cell numbers
by applying the conversion rule 107> ml = 1 mm?® = 10° cells [Kle09; SMS95].

The second data set (submitted in [Ben+22]) contains 31 patients with NSCLC. Here,
longitudinal diameter measurements were determined from corresponding CT and
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MRI images of primary tumors and their corresponding brain metastases as well as
the therapy schedule and critical time points such as time to relapse and time of death.
Three of these patients had no known primary tumor size measurement at primary
diagnosis and had to be dropped during the evaluation phase. The longitudinal mea-

surements were converted to cell number measurements by assuming a spheroid shape,

. 3. . .
calculating the volume as vol(6) = %71 ($)” with & the respective diameter measure-

ment. Again, cell numbers were evaluated from this volumetric measurement using the
conversion rule 1 mm3 = 10° cells. All these clinical histories are listed in the appendix
of [Ben+22], an example patient’s clinical history is shown in Figure 6.3, subplot A.
Further details to these patients are shown in table 2.3.

Also here, all patient data were collected in clinical routine care at the Multidisciplinary
Oncology and Therapeutic Innovations Department, Assistance Publique - Hopitaux
de Marseille, Aix Marseille University in Marseille, France. The non-interventional ret-
rospective study presented in [Ben+22] did not require opinion of a CPP in accordance
with the requirements of the Jarde 2016 law regarding studies qualified as internal by
the CNIL.




2 Biological principles

Table 2.3: Data set two: patient overview. Taken from [Ben+22].

Sex

Age at diagnosis

Histology of primary tumor

Stage at diagnosis

Size of primary tumor at di-
agnosis (diameter value)

Number of brain metastases

at relapse

Volume of brain metastases at
relapse (sum of diameters)

Surgery on primary tumor
(before relapse)

Female

Male

< 40 years

> 40, < 60 years
> 60, < 80 years
> 80 years
adenocarcinoma

squamous cell carcinoma

other
I/11
11

< 25 mm

> 25, < 50 mm
> 50, < 75 mm
> 75 mm
unknown

1

2
3

< 20 mm

> 20, < 40 mm
> 40, < 60 mm
> 60 mm

yes

no

N=10 (32%)
N=21 (67%)
N=2 (6%)
N=13 (42%)
N=14 (45%)
N=2 (6%)
N=20 (65%)
N=9 (29%)
N=2 (6%)
N=20 (65%)
N=11 (35%)

N=14 (45%)

N=6 (19%)
N=7 (23%)
N=1 (3%)

N=3 (10%)

N=18 (58%)

N=5 (16%)
N=8 (26%)

N=18 (58%)

N=9 (29%)
N=3 (10%)
N=1 (3%)

N=22 (71%)
N=9 (29%)




3 Mathematical background

This chapter discusses the mathematical tools used. Deterministic mathematical models
as dynamic and time-dependent processes are often formulated as systems of differ-
ential equations. A brief overview for those is given in the two first sections. The
explanation for the tools for sensitivity analysis and statistical survival analysis are
presented thereafter.

3.1 Ordinary Differential Equations

A time-dependent process can be expressed with the model output’s change between
two different time points. Let x(t) : R — R" be the model output at time ¢ € R with
n € IN. The difference x(t;) — x(tp) of the model output’s value at two different times

t; and ty can be expressed by its change

t1) — x(t
x(t) — x(fo) (3.1)
t1 —to
The derivative of x(f) with respect to t evaluated at time ¢, is the growth at time ty and
defined as the corresponding limit

: . x(t1) — x(to)
tp) := lim —————, 3.2
x( 0) tllirflo 1 —to 62)

if the limit on the right hand side exists. This derivative is frequently also written as
d .

S = x(t).

A first order ordinary differential equation of inhomogeneous type with an initial
condition x(tg) = x¢ € R" is of the form

x(t) = g(t)x(t) + h(t) (3.3)
with some continuous functions g : D — R and / : D — R" on an open domain of

definition D C IR. This problem has an unique solution defined on D which can be
calculated from the method of variation of constants and is given as

t s
Jiygte)de + ef’,o STy g(T)dTh(s)ds. (34)
to
A proof for this method can be found in various literature on ordinary differential
equations, e.g. [Wal93].

x(t) = xpe

10
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3.2 Partial Differential Equations

Partial differential equations are used to model dynamics, where the change of some
model output u(t,x) : R x R" — R" with m,n € IN is subject to multiple variables
such as time t € R and space x € R™. In this case, the derivatives read

aj(t’x) ~ lim u(t+ At,x) —u(t, x)
ot At—0 At
(3.5
Bi(t %) = lim u(t, x + Ax) — u(t, x)
oax " AxS0 Ax
and the general form of a linear partial differential of first order reads

d d

F(63) 55 (%) + g(t, %) 5= (£ %) + h(t, x)u(t,x) = 0. (3.6)

To solve this analytically, one can apply the so-called method of characteristics on this
equation with an initial condition u(to, x) = us,(x) and a boundary condition u(t, xg) =
Uy, () with to, xo € R"” [Zau89]. The method of characteristics directly uses of the so-
called characteristics of such an equation, which roughly correspond to the projection
of the solution u(t, x) on the (f, x)-plane.

3.3 Sensitivity Analysis

Sensitivity analysis is a mighty methodology to determine the influence of parameter
uncertainty intervals and the effects of parameter variation on the behavior of dynamical
systems, in this context outputs and predictions of a mathematical model. It is of high
interest to know the model behavior after perturbations in the input parameter values.
Saltelli et al. [Sal04] define sensitivity analysis as ‘the study of how uncertainty in the
output of a model [...] can be apportioned to different sources of uncertainty in the model input’,
in contrast to uncertainty analysis that in turn aims at quantifying uncertainty in the
model input [Sal08].

Sensitivity analysis can be of local or of global nature, depending on the point of
reference that sensitivity is calculated of. For local sensitivity analysis, this is one single
point for which changes in one or more parameter values are examined. However, this
brings limitations in sensitivity interpretation, since the sensitivities are only calculated
with respect to exactly this base line point. Any slight deviation from this base line
could potentially lead to very different sensitivity estimations. Still, for models of
ordinary differential equations, it is the method of choice by its simple implementation
and fast application as well as the background, that the base line reference value can be
reviewed with the technical interpretation in mind. In contrast to that, global sensitivity

11
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analysis determines conclusions for the global parameter range space. This of course
comes at a larger computational time needed for estimation as well as with more
complex methods of implementation.

3.3.1 Local sensitivity analysis

A typical way to investigate local sensitivity for ordinary differential equation models
is the so-called derivative-based local method. It investigates the changes in the model
output under local first-order changes of a certain parameter, which coincide with the
tirst derivative evaluated at the point of interest, i.e., the reference base line point. This
is of course highly applicable to a model compounded of differential equations. There
exists a huge variety of methods to consider small parameter changes and their relation
to the resulting effects on the equation’s trajectories.

In the following, a direct method (also known as variational method) from the field of
mathematical theory based on the representation of sensitivities as time-dependent
trajectories is introduced [TV72; DG76; RCM15].

Assume the surveyed model is a system of general first order ordinary differential
equations depending on a vector of parameters ©® € R™,m € IN. Let the system be of

the form
X (t,0)

ot
A solution of this equation is a vector X(t,0) € R",n € N, forming the model
output and consisting of n state variables x;(t,®) € R,j € {1,..,n} that depend
on time t and a vector ® € R™,m € IN which in turn consists of m different time-
independent parameters ®; € R,i € {1,...,m}. The initial condition X(ty, ®) = Xy of
the ordinary differential equation (3.7) can be interpreted as a parameter of the model,
ie. O = Xo € R" for some i with k; € {1,..,m} V1 < i < m. By this, the effects of
varying initial conditions on the model output can be determined as well.
A parameter whose small variations result in large changes in the solution of equation
(8.7) is considered a sensitive parameter and a nonsensitive one otherwise.
If the ordinary differential equation (3.7) cannot be solved explicitly one can use a
workaround as follows: by Taylor’s formula a sufficiently small change! with respect
to a certain parameter vector component A®; within the system of ordinary differential
equations can be expressed as

— f(X(t,©),0). (3.7)

" 0X(t,0)

X(LO+A0;) ~ X(t0)+ Y AO®; (3.8)

1Small enough in terms of linear extrapolation.
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The sensitivity of the solution X(t,®) of equation (3.7) depending on perturbations of
the parameter ©; is a vector defined as

0X(t,0)
(t) = ————=. .
Se,(t) 20, (3.9)
For an analytical expression of Sg, one can use its time-dependence:
aX(1,0) IX(1,0)
_ 9Se O : o =3~
So = Se; ( 20 ) B ( at ) (3.10)

i ot ot - 00;

by the theorem of Fubini, the time-independence of the parameter vector ® and each
of its components ®;. Use equations (3.7,3.10) as well as the chain rule to arrive at

AF(X(1,0),0)) _If(X(1,0),0)  {If(X(t0),0)X(t6) _

o= 90; EE) ; oX(5,®)  09;
of (X(t,0),0) " 3f(X(t,0),0) - (3.11)
B aéi ’ +l_; aX(’t,@; Se; = fo, + ] Se;

with a vector fg, € R" having components a%j,- and the Jacobian matrix | € R"*" of the
original system in equation (3.7). The (k,I) elements of | are given by %‘ This yields
the scalar represen’ca’cions2
dxi(t, ©;
50; = ];@1) and (3.12)
1
_0fi(X(£,0),0) & 9fi(X(t,O),0)

Sx]@,» = 290, + Z W X, ©;7
k=1

(3.13)

of which the latter one can be computed numerically if an analytic solution of equation
(3.12) is not available.

Sensitivities of different parameters are difficult to compare with each other as the
absolute value of the parameters and the model outputs might be subject to huge
differences in orders of magnitude. To receive a measurement about the effect of a
relative change of certain objective parameters introduce the concept of elasticities that
can be interpreted as relative sensitivities. The elasticity of a positive differentiable
function X; of a positive parameter ®; describes how fast the relation of the parameter
of interest and the objective function changes and is defined as

2Recall the indices i € {1,...,m},m € Nand j € {1,..,n},n € N.
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Exe, = li (it R Bt A LA N SN 3.14
Xj@' A(;go A®i/®i X] 8@1 X] S®’( ) ( )

by applying the definition of sensitivity of equation (3.9).

3.3.2 Global sensitivity analysis

Though the above presented approach based on derivatives is without doubt very
efficient in terms of computation and thus frequently used, the crucial limitation of it is
the fact, that it needs a reference point at which the derivatives can be computed. The
derivative-based approach does not provide any information on the behavior of other
combinations in the parameter space even slightly off from this reference point. But
this is the most interesting question which is especially of concern under uncertainty
in the input parameters in nonlinear systems [Sal08]. Today, there is some variety
of different methods to conduct such a global sensitivity analysis, depending on the
analysis’ objectives [Sal04; IL15; CSC11].

In the following we use an adjusted version of the elementary effects method introduced
by Morris in 1991 [Mor91]. The method adheres to the concept of local variation around
a previously defined reference point, but allows wider ranges of variations of the input
parameters and is not restricted on a certain sample point. It allows to classify the
inputs into three different groups: the group of inputs of negligible effects, inputs of
large linear effects without interactions and inputs of large non-linear or interaction
effects. As the method’s name might indicate, it forms a special type of a one-at-a-time
design and relies on the determination of elementary effects by varying one parameter
of interest on a previously discretized range in the reasonable parameter space and
keeping all other parameters fixed.

For m,n € IN consider a model function f : ]Rar x R™ — R" returning a measur-
able model output feature X € R" of the form

X = f(t,0) (3.15)

with an input vector © that consists of m independent input parameters ©; € R for
i € {1,..,m}. Now discretize the input parameter space R" into k € IN selected
levels in each dimension, i.e. into a m-dimensional k-level grid (), and sample r € IN
realizations of parameter vectors @) € Q with j € {1,...,r}.

For a model of the form (3.15) the j’'th realization for an elementary effect EEZ.(] ) is
defined in terms of equation (3.16) using the perturbed input parameter component

@Ej ) for a fixed sampled parameter vector ®/). We need that the parameter vector

14
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perturbed in the i’th component, (V) + Ae;), is still contained in the discretized input

parameter space ():

F(O) + ae;) — F(@1)
A /

with A denoting a predetermined multiple of 1 as perturbation distance and ¢; the

canonical unit vector that consists purely of zeros but a one on the i"th component.

EEY) = (3.16)

The distribution F; of the elementary effects EE; with perturbed input parameter
component ©; can be computed by random sampling of different parameter vectors ©
from the interior grid points of the set Q 3. The sensitivity measures for perturbations
in the component ®; proposed by Morris are the mean y; and the standard deviation o;
of the distribution F; of those elementary effects. This means that to ensure the reliance
of this approach, one needs a large sample size of different perturbations for each input
parameter component.

The interpretation of the obtained sensitivity measures is more or less intuitive: the
mean }; explains the overall and expected influence of the perturbation in parameter
vector component i on the model output X while the standard deviation ¢; is a measure
of nonlinear or interaction influences of the i’th input parameter vector component on
the model output X. A high standard deviation ¢; indicates that the elementary effects
relative to the input parameter component ©; deviate strongly from each other, thus
the elementary effect highly differs from the respective baseline sample points. This
means that the model outcome will depend notably on the choice of the other input
parameter components. A low standard deviation ¢; however displays similar values of
elementary effects, which in turn implies that the effects of perturbations of the input
parameter component ©; is almost independent of the choice of values for the other
input parameter components.

To prevent type II errors identifying sensitive components ©;, i.e., to prevent the
non-identification of an influential parameter component, Morris suggested to always
consider the measures p; and o; simultaneously. As a type II error would occur when
perturbations in one input parameter component yield different signs in the elementary
effect, the absolute value of y; is very low whereas the value of ¢; is remarkable. As
argued by [CCS07], this potentially leads to problems for complex and large model
settings with many model outputs. They provided an alternative measure u;, which
is the mean of the absolute values of elementary effects EE;. Still, it is suggested to

3The original Morris method provides a scheme of parameter trajectories, such that the elementary
effects are always computed in a random parameter component ©; from each iteration step. This can
be conferred to as a ‘random walk’ on the grid points of the discretized parameter space. We stick to
random sampling in the parameter space, as computational cost was not the primary point of interest.
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compute the other sensitivity measures aswell to gather the maximum of information
out of the elementary effects method [Sal08]. For example, if the value of y; and y; are
both high, the perturbation of the i’th input parameter component ©; is not only high,
but also the sign of these effects is the same. In contrast, if y is high and y; is low,
then the perturbation mentioned has high effects with different signs depending on the
points in the space () at which these effects are computed. An overview of the formal
definition of all three mentioned sensitivity measures is given in the equation set (3.17).

(/)
ui=-) EE
g
o _ LIy o)
M= r];USEi | (3.17)

o = 1Zr: (EEZ-U) —;Mi)z

j=1

The measures p; and u; return the average value and the average absolute value of
the qualitative influence of the parameter ®; on the model output respectively and
therefore yield valuable insight in the model behavior under parameter perturbations.
A high value of yj, i.e. a value fundamentally different from zero, indicates that the
parameter ©; has an important influence on the reference model output. The measure
of spread o; gives an idea about nonlinear effects of the parameter ©; or interaction
effects of parameter ®; with other parameters. A high value of ¢; indicates that pa-
rameter ©; highly affects the reference model output in a manner of nonlinear effects
or interactions with other parameters ©; # ®;. Two different parameters are said to
interact with each other if their combined effect on the model output value of interest
cannot be expressed as a sum of both single effects [Sal04; Sal08]. When parameters
with small mean absolute values y; are identified, the respective parameters may be
fixed to any value of their uncertainty range without losing too many information of the
model output. But a concrete quantification of the nonlinear or interaction effects aside
from the standard deviation of a certain parameter is not possible with this approach.

To overcome this restriction, introduce the concept of the decomposition of variances,
i.e. the variance for every parameter determined with the approach above gets split
into every possible interaction of first order, second order and higher order. The total
order sensitivity describes the model output variance depending on all these perturba-
tions [Sob01]. The underlying theory is the following:

Let f : R™ — R" with f € L?, i.e. let f be a square-integrable function, and be defined
on the hypercube [0,1]" with m € IN. By [Hoe48] this function can be rewritten as a
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sum of elementary functions, where every factor is a function depending solely on its
index:

F©) = fot Y £A(©@) +Y £ i(0,0)) + ot Fig,m(©) (3.18)
i=1

i<j
with

/f ) [ [ dxk — fo,

k#i

fl] ®11® /f kl;‘dxk_fo_ﬁ(e)i)_f(@]‘)
Lj

(3.19)

and so on. Following [Sob93] and using {ij,...,is} € {1,...,m} this decomposition is
unique if and only if

fil ..... is(®i1,---,is)d®ik = 0, With 1 S k = {il,..., ZS} S S. (320)

Property (3.20) is equivalent to the condition that the expansion’s mean is equal zero,
ie. /f(@z-)d@i = 0. Then we have that /f(@i)f(G)j)d&d@j = 0 for all parameter

pairs ©;, ®; with i # j, which in turn means that we can calculate the terms of fy, f;, fi ;
etc. by observing the conditional expectation of the model output [Sal08].

In practice, the function f can always be defined on the hypercube [0,1]" with m € N
by tranformation of the parameter vector range to the interval [0, 1] in each component.

Define V;, i = / flzllq( i ig)d@- .d©®;, as the partial variance of the parameter
subset {©;, ..., 0O; },ie. Vj, i.(®;, _.i.). This implies that

---------- 11,.

Vi = Var(fi(©;)) = Var(E(f(©)|0))
] = Var (fl (®u® ))
= Var(E(f(©)|0;,0;)) — Var(E(f(©)|0;)) — Var(E(f(©)|0;)) (3.21)
Vijk = Var(fl]k(®zr®jr@k)) =

= Var(E(f(©)[©;,0;,0x)) — Vi; — Vik — Vjx
— Var(E(f(©)|©;)) — Var(E(f(0)|0;)) — Var(E(f(©)[Ox))

and so on. Here we can interpret the value V; as the first order effect of ®; on the model
output, V; ; as the second-order effect on the model output, i.e. the joint interaction effect
of two 1ndependent parameter components @; and ®; and analogous interpretations
for the higher orders. A model is called to be additive, if it has no other coefficients than
V; of the form (3.21) that are unequal to zero.
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Squaring and integrating both sides of equation (3.18) using condition (3.20) and
plugging in the just defined definition of variances yields

V=) Vit) Vij+ Y Vijkt -t Vigm (3.22)

i=1 i<j i<j<k

which i.e. forms a decomposition of the unconditional variance V = Var(f(®)), which
is denoted as the measure of uncertainty of the model output. The decomposition is
often denoted as functional ANOVA [ES81].

The variance-based sensitivity indices as introduced by Sobol [Sob93], also called Sobol sen-
sitivity indices for a certain parameter subset {®;,, ..., ®; } are special cases of Pearson’s
correlation ratio [Pea05] and defined as

i = T (3.23)

The amount of different indices depends on the number of parameters in the model
and is equal to 2" — 1. By this definition, one can interpret the value

Si

Vi Var(E(f(©)|©:))
=Y T T Var(f(0)) (3.24)

as the normalized first-order involvement of parameter ®; to the model output variance,

the value v Var(E(f(®)|0;,0;)) - V; -V
~Vyj Var =gy Vi Y
Sl,] v Var(f(@)) -

as the normalized second-order involvement of the interaction of the parameters ©;
and ©j, and so on until order m [Sal08].

Dividing equation (3.22) by V yields that all sensitivity indices have to sum up to
1,and that the indices give a percentual measure of their contribution of certain param-
eters and parameter combinations to the model output variance under perturbations:

1=Y Si+)Y Sij+ Y. Sijk+-+S12..m=>0. (3.26)
i=1 i<j i<j<k

The total-order sensitivity indices St, as introduced by [HS96] is defined as the sum over
all these interaction indices for a certain parameter ®;, using #i as notation indicating
all indices associated to ©;, therefore

St, = S;+ ESZ',]' + Z Si,j,k + .= 2 S, > 0. (3.27)
i jik A<k Ichi
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The value of St, quantifies the overall effect of one perturbed parameter vector com-
ponent ©; on the model output of interest. By (3.26) and (3.27) we receive the two
inequalities

1> S >0. (3.28)

If St, = 0 for a parameter ©;, the respective parameter is said to be noninfluential
on the model output. For values of St, relatively close to zero, the parameter ©;, can
be fixed to any value in its predefined range without influencing the model output
variance. The approximation error resulting of this simplification is relative to the value
of St, [Sob+07].

The following implementation of this method follows a Monte Carlo based numerical
approach extended from [Sob93; HS96; Sal02] and presented in [Sal08] (Note that the
formulae of equations (3.34) and (3.35) were wrong in the printed book version!).
Assume to have a model of k factors, i.e., of k different input parameters. Now generate
a matrix of dimension (N, 2k) that consists of random numbers. Split up this matrix
into two sub-matrices A and B of dimension (N, k) each, such that

r xgl) xél) xlgl) x}((l)
xgz) xéz) xlgz) x,(f)
A= ) : : : (3.29)
N-1 N-1 N—1 N—1
(NN (- XN
_ x%N) xéN) xi(N) XIEN) |
e 1 1 1) 7
x1(<+)1 x1(<+)2 x1(<+)i xék)
NI i) e
k+1 k+2 k+i 2k
B = : : : : (3.30)
N—1 N—1 N—1 N—1
xl(<+1 ) xl(<+2 ) xl£+i : xgk )
NI Ry )
L Ykt k+2 k-+i 2%

Now further define k matrices C; that are a copies of matrix B but interchanged their
i'th column with matrix A:

o
+
2

xl(<+)1

X

N-1
xlgﬁv) |
X1

1
x1(<+)2
el

k+2

(N-1)

)

N
%)

1
ki
Xk

N-1
xg"(m |
Xok

(3.31)
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The model output for each of the input rows of the matrices A,B and C; is now
calculated, which yields k 4 2 vectors of dimension N each:

ya=f(A), yg=f(B), yc = f(C). (3.32)

1 N . 1 N .
fi= (N iji{’) (N Z;ﬁ”) . (3.33)
j j=

The first order sensitivity indices as introduced earlier can then be estimated with

Now define

() ()

5. = % [1‘5/((1;\)39)] _N 2} 1yA yc - *2] 1yA vy . (3.34)
NZ] 1 (J/A ]/B ) fs
Analogously, the total-order sensitivity indices can be estimated as
S V[Ev(zfl\/i{ D I vl vd - f3 ' (3.35)
NZ] 1 (yAyB > f

3.4 Statistical Survival Analysis

The statistical tools used in evaluation of clinical benefit for model-derived parameter
values are briefly presented in this section. We consider time to event analyses to
evaluate whether model-generated computational parameters are indicators of clinical
outcomes.

3.4.1 Survival estimation

In many medical studies the interpretation of time to event analyses plays a major
role. These events can be any events expressed in a binary formulation. If for some
patient the event did not happen until the time at which the observation ended, the
respective patient is censored. This can either happen in a way that the event is simply
unknown, the patient was lost from the observation or that a follow-up examination
was impossible [AB98]. Either way, the information for observed times is not lost: since
the patient did not encounter an event until the observation’s end, this information can
be integrated into the survival analysis.

Patients are usually not recruited at the same time, therefore the observation phase
can be of different length for different patients. An important assumption for studies
that compare survival data is that the prognosis for different patients is the same,
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independent of the time of recruitment for the study.

For our purpose, we examine two different types of events: overall survival (OS) as the
time from primary diagnosis to the patient’s death (induced by the disease examined)
and progression-free survival (PFS) as the time from primary diagnosis to disease
progression. Despite some censoring for several patients of a data set, the survival
probability (in terms of OS and PFS) can be estimated.

A classical method to estimate the survival probability is the well-established Kaplan-
Meier-method [KM58; BA98]. This method considers observation time intervals with
respect to events: the conditional probability of a patient to survive a certain time
interval is calculated if the patient already survived until the start of the respective
interval. The probability to survive until a certain time is simply the product of the
previous conditional probabilities [ZLB07c]. Patients that had to be censored at a certain
time are not considered in the calculation of the future conditional probabilities. An
example for such a Kaplan-Meier-method to examine patient survival times of the
second data set (submitted in [Ben+22]) depending on the histology of the primary
tumor of NSCLC is shown in figure 3.1.

Since special attention is given on the comparison of survival of two different groups
within the data set, it is important to determine statistically whether the mortality risk
in two groups may be considered statistically different. For this, the Kaplan-Meier-
method is applied for each of the two subgroups of the patient collective with respect
to some covariate of interest, e.g., the median value of a parameter - thus the one group
consists of all patients that have this covariate value larger than the median value and
the other group consists of patients that have this covariate value smaller or equal than
the median value of the respective parameter.

A standard and frequently applied method to perform this analysis is the log-rank
test [BAO4]. If one of the two groups has an advantage in survival, then in this group
the events would occur later in time. If not, then the events would occur in random
order over both groups independently. The observed and the expected events of the
respective groups are used to determine the test statistic

(O — Ep)? n (O11 — Enp)?

A =
E; Er

(3.36)
with Oy, Oy the number of observed events in the first and second group and Ej, Ejj the
number of expected events in the first and second group, respectively. This means that
the log-rank test equally weights all events. For a sufficiently large number of events
the test statistic is approximately x?-distributed with one degree of freedom [ZLB07a].
This allows to determine the corresponding p-value. For a significance level of 5%,
p-values<0.05 are considered statistically significant, i.e., this results in statistically
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Figure 3.1: Kaplan-Meier curves with respect to overall survival (OS) for the second
patient data set controlling for primary tumor histology, dividing the patient
set in adenocarcinoma and other histologies. The examination with a log-
rank test (explained in the text) yields statistically significant differences in
survival curves when controlling for this covariate (p = 0.0222).
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significant different survival properties for the two groups that were compared. This
significance level will be used throughout this thesis.

3.4.2 Cox regression

The Cox regression model [Cox72], also known as the Cox proportional hazards model,
is one of the most popular methods to analyse survival data. It aims at evaluating
effects of potentially multiple different covariates on the censored survival data. The
important assumption of this model states that the effects of different covariates on
the survival are constant over time. This means, in particular, that the effects along a
certain scale are additive [ZLB07b].

The proportional hazards model uses hazard functions /(t) to be properly evaluated. A
hazard function is the probability per time unit that an event happens to an individual
patient in a short time interval At conditioned that the event did not happen until the
start of this interval. It can therefore be interpreted as the risk per time for the event to
happen at time ¢t which can be formalized as

_ _E@®)
ht) = N(t)At

(3.37)

with E(t) the number of individuals that the event happens to in the time interval
[t,t + At] and N(t) the number of individuals that are alive at time ¢.
In terms of the Cox model, the hazard function is described in dependence to n € IN
input covariate values Xj, ..., X;; and a so-called baseline-hazard hy(t):

h(t) = ho(t) - ePrX1+BaXot . ABnXn (3.38)

The baseline-hazard explains the risk for an event, if all covariate values are equal to
zero, i.e., all factors are absent. The coefficients p; are the regression coefficients of the
input covariates. If an input covariate X; changes, the coefficient ; explains how the
expected hazard changes with respect to the change of X;.

The hazard function is often times also formulated in its logarithmic expression as

Inh(t) =1Inho(t) + p1X1 + B2 X2 + ... + BuXn. (3.39)

Let now, as assumed, the fraction of hazard functions of two different groups be
constant over time, then the hazard ratio HR can be expressed as

_ ()
()

This value is now a constant and, in particular, time-independent by assumption. If this
value is smaller one, the first group shows a decreased hazard compared to the second

(3.40)
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group and therefore an increased survival time. The opposite of this argumentation
holds vice versa.

An interpretation for hazard ratios and their consequences on survival can be explained
with an example as follows: Suppose two groups A and B have a HR of 0.6, i.e.
the hazard for group A is lower than the one of group B. Let the (known) survival
probability of group B for a certain time interval, e.g. one year, be denoted by 0 < x < 1.
Then the hazard for group A is reduced by (1 — HR) = (1 — 0.6) - 100% = 40%. The
expected survival probability for group A in the same time interval (here: one year)
would then be x*® > x and clearly increased compared to the survival of group B.

3.4.3 Predictive power of Cox model covariates

To estimate how well a statistical model can predict unseen data, cross-validation
can be applied [RN03]. For some known data set, a certain fraction k of the data is
excluded. The remaining fraction 1 — k is used to form prediction hypotheses using a
Cox proportional hazards model, as presented before. These hypotheses are then tested
for their prediction accuracy on the other fraction k of the data. For the cross-validation
used later in this thesis, a value of k = 3 is used. This means that a Cox proportional
hazards is formed on a sampled two thirds fraction of the data and tested for its
predictive accuracy on the remaining third of the data.

This prediction accuracy of the Cox proportional hazards model can, for instance, be
evaluated by determination of Harrel’s concordance index, also called c-index [Har82;
HLM96]. This index is defined as

e

= 3.41
¢ Nne +ng ( )

with 7, the number of concordant pairs of patients and r; the number of discordant
pairs. To properly understand this formulation, some definitions have to be introduced,
confer [SWZ16]:

Assume a data set of a patient collective with n patients is given. For a patient i,
1 <i < n, the event response is denoted by T;. We have that T; = 1 if the event occurred
to patient i during the time of observation and T; = 0 otherwise. The Cox proportional
hazards model assigns a risk score 7; for each patient i. For a correct estimation of the
statistical model, a higher risk score would yield a shorter time to event ¢;.

Now examine the model’s risk scores and times to event for each pair of patients i and
j. If T; + T; = 2, both patients had the respective event. Then the pair (i, j) is considered
as a concordant pair if 7; > 57; and #; < t;. In contrast to that, the pair is considered
discordant, if 17; > 7; and t; > t.

If T; + T; = 1, then only one event was observed. Without loss of generality let i be
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the patient to which the event occurred. Then we know that ¢; is the time to event for
patient i and that ¢; is the time until which patient j was censored (without an observed
event). If ; > t;, then the event first occurred to patient i. If this patient also had the
higher risk score, i.e., if 7; > #;, then the pair (i, ]) is considered a concordant pair.
For the case where the patient i had the lower risk score such that 7; < 7;, the pair is
considered discordant. If t; < t;, then the patient j is censored too early to determine
whom the event occurred first to. In that case, the pair (i, j) is not considered in the
calculation.
Finally, if T; + T; = 0, then no event happened to both of the patients. The pair (i, ) is
therefore also not considered in the calculation.
These thoughts allow us to reformulate the expression for calculation of the concordance
index as

¢ = Zizi non e Ty (3.42)

Lizj Li>y T

The values of the concordance index return a probability of correct prediction in ranking
when comparing individuals. This means that it can only attain values between zero
and one. A coin flip with a 50% chance to predict the correct ranking would yield
a c-index of 0.5, therefore a c-index larger than 0.5 might already be considered as
helpful in estimating time to events with respect to the risk scores generated by Cox
proportional hazard’s model.
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Mathematical models applied to tumor growth and metastases” development are rela-
tively recent [AMO4]. The first models formulated to study solid tumor growth with
application to experimental data date back to the 1930’s [May32], identifying a linear
growth law for late stage solid Jensen’s rat sarcoma after administration of radiation.
This linear growth behavior is a consequence of the observation that with growing size
of the tumor, the proliferating fraction reduces from the whole tumor to some outer
rim of tissue with even decreasing thickness. The growth dynamic starts with some
exponential growth, eventually decelerating and arriving at a linear growth dynamic
for large tumor sizes.

In 1955, Thomlinson and Gray [TG55] defined a model considering oxygen diffusion
and metabolism in lung cancer cells growing in rods, and noted that from the inside
to the outer rim of a large tumor that usually shows necrotic core formations, some
gradient in oxygen tension has to be present. Further, cells with lowest oxygenation
levels are less damaged by radiation than those with higher oxygenation levels.

Since resources for tumor growth are limited in any living organism, modeling ap-
proaches quickly introduced an environmental carrying capacity to decelerate growth
dynamics at larger sizes. The logistic growth equation introduced by Verhulst [Ver45]
is an ordinary differential equation used in modeling approaches backed with experi-
mental data with certain flaws [KT85]. However, the central awareness to incorporate
growth-limiting dynamics and carrying capacities should be vital for further approaches
with other growth dynamic equations, such as the generalized two-parameter equation
and the von-Bertalanffy equation [Ber57; MB93; Sav79; VA82].

The important milestone concerning tumor growth dynamics with carrying capacities
in living organisms, especially humans, dates back to 1825 [Gom25], though formed in
another modeling context. The general idea of the Gompertz growth function in the
sense of tumor growth postulates that the growing fraction of the tumor size, which
is the fraction of proliferating tumor cells, is a function that decreases in time from
an initially exponential growth. It was Laird to first fit the analytical solution of the
Gompertz equation to volumetric tumor size measurements of animal experiment
data [Lai64; Lai65] with remarkable good results. The biological explanation of the
equations was given several years afterwards [Xu87]. Since its formulation and defini-
tion the Gompertz equation has been successfully applied to describe measured growth
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dynamics of different experimental and clinical tumors for different histologies [SS72;
Aka78; Dem80; Nor88; Ben+14; Ben+16; Ben+17; Bil+19; SKS21].

The uttermost reason of cancer-related deaths is well-proven: 90% of them do not
occur by presence of the primary tumor but are direct consequences of the existence
of metastases that greatly reduce treatment prognosis [NBM09; CW11; CN12; Stel6].
However, quantitative insights into metastasis formation and possible treatment ap-
proaches to counter certain formation mechanisms are relative sparse, possibly due to
limited availability of data [ALM15].

Different approaches established are models based on deterministic ordinary differ-
ential equation formulations that focus on the competition between cancerous and
healthy cells [SLK76], dormancy and cell dynamics of metastatic cancer cells [End+09;
Bil+19] or on genetic and phenotypic diversity of primary tumor and metastatic tumor
cells [AlIm+14]. Other modeling approaches have shown that physical effects on and
of the extracellular matrix in turn influence the tumor growth [PK12; Sch+22], drug
delivery [Mic+11] and treatment success [Jail3]. Stochastic Markov chain models have
been implemented to serve as computational frameworks and to estimate treatment
response [CG86; HM10; New+12; Hae+12].

However, applicability to clinical settings on an individual patient basis remain meager.
Based on a landmark publication [IKS00] a von Foerster partial derivative equation
system is used to describe a density of metastases subject to growth and seeding
dynamics including effects from a primary tumor. Several applications with adjust-
ments have been showing astonishing possibilities to potentially fill the gap for clinical
application [Ben+16; Ben+17; Bil+19; SKS21; Ben+22].

4.1 Tumor growth model

Introduce a time-dependent function x(f) as the size of a tumor at time t > 0. The
Gompertz growth equation combines, as previously stated, the initial exponential
growth phase that is slowed down by exponential decay of the growth parameter to
finally reach an asymptotic value for t — oo [SKS21]. This asymptotic value is known
as the tumor carrying capacity (the maximum size a tumor can reach) and is denoted

by K. Then, by definition, x(t) 2% K. For some initial tumor size x(0) = xo > 0 the
Gompertz model reads
dx
i
The parameters r,a > 0 can be interpreted as the initial exponential growth rate and
the exponential decay factor, respectively.

re "x(t) 4.1)
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Reformulating the growth rate as

K
=aln—, 4.2

r=aln oS 4.2)
we arrive at an alternative way frequently used to express the Gompertz growth
dynamics as
d
d—f =aln (K/xo)e “x(t) (4.3)
The Gompertz equation in its two formulations can be solved analytically to calculate
the tumor size x(t) at time t > 0 for xo > 0:

x(t) = xgeli (17¢7)) = ye g1 (4.4)

The "one renegade cell” theory states that the cancer’s origin is one single mutated
cell [Wei06; Bor+09], i.e. xo = 1. In that case, the Gompertz equation can be reformu-
lated as

% — aln (K/x(t))x(t) (4.5)
x(0) =1

Using again the initial tumor size x(0) = 1, the equations (4.1) and (4.5) can be solved
analytically for

x(t) = eli(1=e™)) = g1, (4.6)
The age of a tumor T, which is the time that a tumor of size xo = 1 needs to grow to a

size x(T), can be derived by solving equation (4.6) for time as a function depending on
size x [SKS21]. Let T(x) be this function, then

T(x) :—%m (1—§1n(x)) - —%m (1—3283) (4.7)

The clinical characterization of the tumor volume doubling time (TVDT) originally
introduced for exponential tumor growth [Sch61; SS76] can also be applied to the
Gompertz growth law. Unlike in the case of exponential growth, the TVDT in case of
Gompertz growth is not a constant value but time-dependent. The TVDT is defined as
the time a tumor of size x > 1 needs to grow to size 2x and can be estimated clinically
[Ver+12]. Using equation (4.7) one receives

aln(x)—r aln(x)—r
e () ()
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A main critic of the Gompertz growth dynamics is that for very small sizes the growth
rate will diverge: % — oo for x — 0. But since the model formulation starts at an
initial tumor size of one and the application to data later in this work focuses on
clinically detectable tumors only (i.e., tumors much larger a size of one), this critic
can be neglected in the context of this thesis. This is consistent with the observation
that the Gompertz function well describes tumor growth especially in mid and later

stages [Ged79; Sot+10; TD15; Rei+17].

4.2 Tumor growth model with therapeutic effects

Validating model feedback with clinical routine data proves to be difficult as there are
rarely patients that have completely untreated cancerous diseases. Thus corresponding
therapy effects should be included into the growth dynamics. The following ideas have
been published in [SKS21] and are proven for their solvability.

4.2.1 Chemotherapy

Let the dynamics of chemotherapy be introduced as follows: 1¢,(t) denotes the charac-
teristic function returning a logical value that indicates the application of a chemothera-
peutic drug C; at time ¢ > 0. This idea put into a mathematical formulation yields

0, if chemoth is not lied .
Le,(t) = { 1 chemotherapy 1s not appie at t > 0 using pharmaceutical i. (4.9)

1, if chemotherapy is applied

In the following, let this function have finitely many jump discontinuities, i.e., the
number of switches in therapy is finite. This obviously corresponds to clinical treatment
protocols in reality.

Further assume that on days without chemotherapy, the concentration of chemo-
therapeutic drugs within the body and thus their effect is negligible. This is realistic
for chemotherapeutic drugs, as the half-life of these pharmaceuticals is relatively small
and lies in ranges of several hours. By this definition 1c,(t) has a finite amount of
jump discontinuities if both the application time of chemotherapeutic drugs and the
amount of applications of the respective drug is measurable but finite. Let y;(t) denote
the fractional effect of chemotherapy administration of drug i on the tumor size. The
refractory effect of drug administration can be expressed based on an idea of [Cla+09]
as an ODE % reducing the effects in a constant fraction y > 0 when the drug is
applied, accounting for a fraction of the tumor to show resistance towards the drug,
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using 1;(0) = pip € [0,1]:

dt —uipi(t) L if 1e(t) =

This corresponds to an exponential decay of efficacy during application. We can now
compute the effect of a pharmaceutical with initial therapy outcome y; on a later
day within the therapy. The therapy effect will decrease recursively to (1 — u}) of its
original value after each application day in active chemotherapy intervals. For times
t not in the interval of active chemotherapy, the drug effect will stay the same since
the drug is not applied. It is further assumed that if there was a recovery cycle after a
treatment interval, the efficacy of the same pharmaceutical will not change until the
next treatment interval.

The value of y(t) can be calculated analytically, if 1¢,(f) and, in particular, the jump
discontinuities are known:

dpi _ {0 if 1 () :(1) 4.10)

Lemma 4.2.1. For some index i € N and time t € Ry let y;(t) be a function p;(t) : Rj —
(0,1) that fulfills the equation (4.10), using a function 1¢,(t) : R§ — {0,1} in the form of
definition (4.9), a constant p; € [0, 1] and a constant y; € [0,1]. In particular, let 1¢,(t) have
only a finite amount of jump discontinuities. Let fot ¢, (€)d¢ denote the total time in days of
applied chemotherapy in the context of equation (4.9). Then u;(t) can be computed as

Hi(t) = pig e i o 1o @) (4.11)

Proof: Distinguish the two possibilities of chemotherapy application. First assume
1c,(t) = 0Vt € R{, i.e. examine the case of no application. By equation (4.10) we
receive that ji;(#) = 0. Basic calculus yields p;(t) = pio V t € Ry with ;9 € R. This
means that under no chemotherapeutic treatment the effectivity of drug i stays at a
constant value.

Assume now that 1¢,(t) =1Vt € R, i.e, examine the case of active treatment. In this
case equation (4.10) returns p;(t) = p;pe #* and therefore we get p;(t) = poe #it.

Let ¢ € (0,1) denote the value of y(t*) at a time point t* at which a jump discontinuity
of 1¢,(t) is happening, i.e. there is a switch in chemotherapy application. Then for
¢ > 0 one has for 1c,(t* +¢) = 1 = 1c,(t* —¢) = OAu(t* +t) = ge "' and for
le,(Ff4¢e)=0= 1 (t* —e) =1Au(t"+t)=¢.

As 1¢,(t) is a step function by the form of (4.9), i.e. solely with nonzero returns
if chemotherapy is applied, we know that the total number of days of chemother-
apeutic application €(t) in the time interval [0,f] is given by the two expressions
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C(t) = [y1c(&)dE = Yig1c(&). Note that [)1c,(8)d¢ = tif 1¢(¢) = 1 and
fot 1c,(¢)d¢ = 0if 1¢, (&) = 0.

Assume now for & > 0 to observe different time points 0 < § < T < ¢ with |1¢,({) —
lc,-(’f— 8)| =0, ]]lc,.(C) - HC;‘(T” =1, |]lc].(T) - ]lC[(l? - S)’ =0, |]1Ci(T) - HC;‘(&” =1
and |1¢,(¢) — 1c,(9)| = 0, i.e. between the times ¢ and @ there are two jump disconti-
nuities, one at time 7, the other at time ¢. Assume further that y;(§) = y; . Distinguish
again the two possible cases:

From 1, (&) = 0 we have that p;(t) = p;(&) = pio = pige ™ Jo 1 (s ¢ &, T—¢),
1c,(t) = 1and p;(t) = pipe "t = pipe M JoLe(9)ds vy ¢ [1,0—¢),aswellas 1¢,(8) =0
and p;(t) = i (8) = pjpe 1 =7 =y e Jolei(©)ds g > g,

From 1, (&) = 1 follows that y;(t) = ui(€)e Hit = pjpe M Jote(9)ds vy ¢ &, T—e¢),
1c,(T) = 0 and p;(t) = pi(&)e M8 = pyype ¥ Jo e (o)ds ¢ [T,8 —¢), as well as
1c,(8) = 1and p;(t) = pi(&)e # T8+ = g M Jote (s vy > g,

Overall for arbitrary and multiple time points of application we receive the final form

‘ul(t) = ]/liloe_}lTQ(t) = Vi,Oe_H? fot ﬂCi(g)dg'
O

Taking these effects for drug application into account for the growth dynamics of a
tumor one has

dx {aln(K/x(t))x(t) ,Af 1, () =0 (4.12)

dt | —pi(D)a(t)  if 1¢,(f) = 1.
The ordinary differential equation is solvable not only for inactive chemotherapy regi-
men (cf. equation(4.4)), but also for the active chemotherapy regimen.

Lemma 4.2.2. The initial value problem % = —u;(t)x(t) with x(0) = xo > 0 is analytically
solvable for a function y;(t) of the form (4.11) with 1¢,(t) = 1Vt > 0. The solution reads

-1 Jo 1c, €

)dg
x(t) = xgefot THioe 9T for t > 0. (4.13)

Proof: By (4.11) we have that p;(t) = o e " Jo 1 @de pio e #it. Variation of
constants directly yields

R RGN

x(t) = xoef(f —pi(0)dr — xoefot “Hio e = erfOt i 1T (4.14)

d
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For known therapy application times 1¢,(¢) and therefore known jump discontinuity
points of 1¢,(t) the solution x(t) of equation (4.12) can be solved explicitly by a step-
by-step approach from every jump discontinuity up to the next one. The solution
procedure in particular depends on the initial therapy state 1, (0).

Theorem 4.2.3. For some index i € N and time t € R let p;(t) be a function p;(t) : R —
(0,1) fulfilling condition (4.10) using a function 1¢,(t) : Ry — {0,1} of the form (4.9) and
let u* € [0,1] as well as ;o € [0,1] be two constants, such that Lemma 4.2.1 may be applied.
Let x(t) be a function x(t) : Ry — R{ solving equation (4.12) and define the initial time point
Yo = 0 with x (o) = 1. If 1¢,(t) is known for all t, i.e. the values 1c,(t) € {0,1} are known
for all t and {yn, ..., P} denotes the set of all jump discontinuity time points iy > 0 of the
function 1c,(t) withk € {1,..,m} and m € N, then x(t) can be computed at every time point
t between two respective jump discontinuity time points, i.e. t € (Px, Pri1)-

For 1¢,(1o) = 0 we have that

x(pe)e K, if 1c,(t) = 0 (k even)
x(t) = F e TG @ (4.15)
x (W )edo Hi0 ,if e, (t) =1 (k odd)
while for 1c, (o) = 1 we have that
x(P)” K, i Le,(1) = O (k odd)
x(t) = [ e B 1,0 (4.16)
x(py)edo Hi0 if Le,(t) =1 (k even).

Proof: Distinguish the two possibilities of chemotherapy application at the initial time
point ¢ := 0. First assume 1¢,(1p) = 0, i.e. examine the case of no application at the
initial time point. Then, by definition, the jump discontinuities ¢; and ¥, are the time
points for which 1¢,(t) =0Vt € [¢o, ¢1) and 1c,(t) = 1 Vt € [¢1, ¢2). Further for the
next jump discontinuity 3 we have again that 1¢, (f) = 0Vt € [i2,1P3). For the solution
of equation (4.12) this yields that

x(t) = x(o)¢ “K " for t € [ipo, 1],

-1 o 1, @

x(t) = X(lPl)ef(f ~ige "t gor ¢ € (¥1, 2] and

x(t) = x(2)¢ "K¢ " for t € (v, 3]

by equation (4.4), Lemma 4.2.1 and Lemma 4.2.2.
By applying this scheme iteratively we have that 1¢,(t) = 1 Vt € [iPy_1, Po) and
Ie,(t) = 0Vt € [, Pox+1) for k € {1,..,m} and m € IN. Therefore the overall
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solution of equation (4.12) in the case of non-initial chemotherapy and all time points
t € (Px, i1 for some k € Ny is given by
x(ip)e K" if 1¢,(t) =0 (k even)
x(t) = I @
x (i )edo ~Hioe T, if 1c,(t) =1 (k odd).
Analogously for assuming L¢, (1) = 1, i.e. the case of chemotherapy application at the

initial time point, the solution of equation (4.12) for time points ¢ € (¢, Px.1] for some
k € INy is given by

x(ipr)° K", if 1¢,(t) = 0 (k odd)

—ut Jg i, @de
nGE R g I, (t) =1 (k even).

t) = t
X( ) X(ll)k)efa —Hipe

4.2.2 Immunotherapy

Since the examined data set features patients treated with anti-PD-1 or anti-PD-L1
antibodies as immuntherapeutic drugs and since these drugs share the property to have
half-lives much larger than those of chemotherapeutic drugs, a modelling approach
considering pharmacokinetic effects was chosen.

Let, analogously to the setting of chemotherapeutic drug application in equation
(4.9), 11.(t) denote the characteristic function returning a logical value that indicates
the application of an immunotherapeutic drug I; at time ¢ > 0. This yields

0, if i th is not applied _
15(t) = { 1 IMINOThErapy 15 ot appie at t > 0 using pharmaceutical i.

1, if immunotherapy is applied

(4.17)
Since immunotherapy is assumed to be applied over one day the function 17, (¢) fulfills
the property that a jump discontinuity from value 0 to 1 and a jump discontinuity from
1 back to 0 are always exactly one day apart. Further, let ¢;(t) denote the concentration
of drug i at time t > 0 in number of drug molecules per body volume. For reasons of
simplicity it is assumed that the body volume is constant over time for any individual
patient. At given times t this concentration’s dynamic depends on the state of the
immunotherapy: When the drug i is applied, a dosage d; measured in milligram per
body volume per time increases the drug concentration in the body with respect to
the molar mass M; of drug i and the Avogadro constant N4. The drug’s clearance is
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influenced by the drug’s half-life t!/2 and happens at any time point. Therefore, we
can formulate a pharmacokinetic equation for the drug concentration as

— (B2 ) i) Lif 1;,(H) =0
éi(t) = , (4.18)
— | e+ ipdi L if 1) =1

(0)

with some initial drug concentration ¢;(0) = ¢, > 0. The immunotherapeutic drug
is applied in cycles of a certain length [ measured in time. E.g., this means that after
one application of a daily dose, the time to the next application will be | time units
measured in days. To simplify model analysis the quasi steady state assumption may
be applied to determine the steady state drug concentration that the simulation will
periodically meet and approach for smaller application lengths. Let this value be
denoted as cf!. The applied mean drug dose over the whole application time d; can be
computed as the application time related mean value:

d; = - (4.19)
Then the steady state value ¢’ can be computed as

st

Ny, t7?
cl = —

= ) (4.20)

The quantitative effects of immunotherapy are not yet clearly resolved [Agr+16; Fen+17;
Yoo+18]. Thus, we assume the immunotherapeutic drugs to follow a Hill-Langmuir
equation with first order Hill coefficient in its pharmacokinetic efficiency against cancer
cells. The parameter c;° denotes the drug concentration of drug i necessary to show
half of this efficiency. The parameter x describes the per time number of cancer cells
destroyed by the direct application of one single molecule. The number of tumor cells
is still denoted by x(t), the pure growth dynamic stays as a Gompertz equation in the
type of equation (4.5). The overall growth dynamic of cancer cells under influence of
immunotherapy with some initial tumor size x(0) = xo, therefore can be formulated as

d i
d—f = ax(t)In (xi)) = XC‘:SO(?)ZSZ) (4.21)

The assumption that the drug’s concentration is in its approximated steady state value,
ie. ¢i(t) = ci' Vt > 0, allows to analytically solve for the tumor size at time ¢:

(e 1) eat

x(t) = Ke “a (%) (4.22)
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With a baseline tumor size value of x( to start the immunotherapy as reference point
this equation allows to estimate the time until which there is potential progress of the
disease.

On the other hand, a step-wise solution for the tumor growth dynamics under therapy
is possible if 1j,(t) has finitely many jump discontinuities, analogous to the case for
chemotherapy:

Lemma 4.2.4. For some index i € N and time t € Ry let c;(t) be a function ¢;(t) : R — Ry
of the form (4.18) using a function 1;,(t) : Ry — {0,1} of the form (4.17) and let the initial
condition be c;(0) = cfo) > 0. Further, let t}/z, Na, M, d;i > 0. If 11.(t) is known for all ¢,
i.e. the values 11.(t) € {0,1} are known for all t and {yy, ..., P } denotes the set of all jump
discontinuity time points Py > 0 of the function 11, (t) with k € {1,...,m} and m € IN, then
ci(t) can be solved analytically at every time point t between two respective jump discontinuity
time points, i.e. t € (Px, Pyx11), depending on the initial state of therapy 11,(0): For 11,(0) =0,
i.e. the case of no immunotherapy application at the initial time point, we receive

ci(p)274", if 11.(t) = 0 (k even)

ci(t) = Shdit]? 127t (4.23)

ci(p)2 7" + T Jif 1, (F) = 1 (k odd).

For 11,(0) =1, i.e. the case of immunotherapy application at the initial time point, we receive

ci()27 /8", if 15,(t) = 0 (k odd)
ilt) = e it (1—2‘” 0 (4.24)
t; i

ci(pr)27 5" + ) Jif 15, (t) =1 (k even).
Proof: Distinguish two possibilities of immunotherapy application. Assume that

1;(t) =0Vt € R. Then ¢;(t) = — <h;(/%) ci(t)> by equation (4.18) with ¢;(0) = CZ(O) >0

1

can be solved for 12
oi(t) = CI(O)Z—t/ti . (4.25)
(0)

In particular, if there was no initial drug concentration, i.e., ¢;* = 0, the concentration

over time will stay equal to zero.

Assume now that 1;,(t) =1Vt € R, i.e., assuming constant immunotherapeutic drug

inflow. Then equation (4.18) yields ¢;(t) = — <h;(/%)ci(t) + %ﬁdi> and we therefore

receive for the solution that

Na 7.41/2 —t/1/?
Oy pA] (1 _ ot/ )
ci(t) =c¢; 270 + n (@)

(4.26)
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For general 1;(t) let ¢ > 0 be the value of ¢;(t*) at a time point t* where a jump
discontinuity happens. For some & > 0 we receive that from

1,(t"+¢e) =1=1,(t" —¢e) =0 (@{f t* > 0)
o Naditl/2 (1-271/0") (4.27)
In (2)
by equation (4.25). On the other hand we get that (with 0 < e < 1 by equation (4.26)):
1(t"+¢€) =0=15(t" —e) =1 (if t* > 0)
and ¢;(t" +t) = CZ_t/t}/z,

i.e., there is a reverse switch in therapy k earlier in time.

and ¢;(t* +1t) = 27

(4.28)

Now distinguish the two possibilities of immunotherapy application at the initial
time point ¢ := 0. First assume 1;,(y9) = 0, i.e. no initial application of immunothera-
peutic drugs. By definition we have that the jump discontinuities ¥; and ¥, are the two
points for which the properties 1;,(t) = 0Vt € [, 1) and 11.(t) = 1Vt € [y, 1P2) hold.
For the then following jump discontinuity ¢3 we have again 1;,(t) = 0 Vt € [i2,3).
With equations (4.27) and (4.28) this yields that

)2
ci(t) = ci(yo)2 /1" for t € [yo, yn],
/
Nedit!/2 (1-271/4")
In (2)
ci(t) = Ci(lpz)zft/t}/z for t € (¢, P3]
By applying this scheme iteratively we have that 1;(t) = 1 Vt € [Pa_1,¢P2) and
1(t) = 0Vt € [Pox, Poxs1) for k € {1,..,m} and m € IN. Therefore the overall
solution of equation (4.18) in the case of non-initial immunotherapy and all time points
t € (Px, Pri1] for some k € Ny is given by
ci(gbk)z_t/t}m, if 15,(t) =0 (k even)

c:(t) = Na 5,12 —t/11/2
1( ) W/?diti 1-2 i

ci(p)2 70" + - Lif 1,(f) = 1 (k odd).

ci(t) = Ci(llJl)Z*t/t}/2 + for t € (¢n, 2] and (4.29)

Analogously for assuming 1,(¢p) = 1, i.e. the case of immunotherapy application at
the initial time point, the solution of equation (4.18) for time points t € ({, Pr11] for
some k € Ny is given by

ci()27 47, i 14,() = 0 (k odd)
ci(t) = o Na g2 Lot/
ci(Pe)2 0+ ,if 1;,(¢) = 1 (k even).
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4.3 Metastatic development

The previously mentioned landmark publication by Iwata et al. [IKS00] introduced
a novel interpretation of solutions of the von Foerster transport equation interpreted
as density distribution in the context of metastatic cancerous diseases that will be
summarized in the following. Adjustments in terms of modeling to this approach are
presented thereafter.

4.3.1 Growth and size distribution of multiple metastatic tumors

Let, again, x(t) denote the tumor size of a primary tumor at time t > 0 of the Gompertz
growth form of equation (4.5). The metastases are as well assumed to grow in size
according to the Gompertz growth dynamics. The growth for a metastasis of size s(t)
at time ¢ > 0 is given by the solution of the initial value problem

:Zli = g(s) :=ay In (K/s(t))s(t) with s(0) = sp = 1. (4.30)
Analogously to the growth equation of the primary tumor, the tumor carrying capacity
is chosen as value K. Thus, again, s(t) 2% K. The metastatic growth rate a,, > 0 is
chosen equal to the growth rate of the primary tumor’s growth rate originally in [IKS00],
i.e., a, = a. This is, however, not necessary in general.
Let o(s, t) be defined as the colony size distribution of metastatic tumors with cell
number s > 1 at time £ > 0. The number of metastatic tumors with size between s and
s+ As at some time f can be expressed as o(s, t)Ax. Since the approach follows the ‘one
renegade cell’ theory again, the initial density distribution reads o(s,0) = 0 Vs. This
means that no metastatic cells but one primary tumor cell are present at time t = 0.
The growing primary tumor now starts seeding new single metastatic cells at the
so-called "colonization rate” (x). Any of these cells in turn grows at rate g(s) and in
turn forms new single metastatic cells at rate f(s). This means that the formation of
new metastatic single cells reads B(x(t)) from the primary tumor and [;~ B(s)o(s, t)ds
from the metastatic colony size distribution.
The growth and seeding dynamics of the colony size distribution can therefore be
postulated as

da(s,t) | 9g(s)als,t)
e =0 (4.31)

with initial and boundary conditions

0(s,0) =0, (4.32)
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gWe(1,t) = [ B)als s + B(x(). 433)

For the colonization rate S(x), [IKS00] suggest the form of
B(x) = mx®, (4.34)

using some colonization coefficient m > 0 and the fractal dimension a« > 0 of blood
vessels infiltrating the tumor. The colonization rate summarizes the necessary steps of
the metastatic cascade for a successful formation of a metastasis [GMO06], where the
parameter m can be seen as the per day per cell probability for a tumor cell to overcome
every single step of this metastatic cascade [Bil+19]. By equation (4.34) it is assumed
that the rate of metastasizing is proportional to the number of tumor cells in contact
with blood vessels. Here, o expresses how the blood vessels geometrically distribute in
or on a tumor: for @ = 0 the colonization rate is a constant pool (e.g. stem cells) while
« = 1 indicates that every tumor cell has equal probability to metastasize. Any values
0 < &« <1 can be interpreted as the geometric disposition of cells that potentially could
metastasize [Bil+19]. The unit for B(x) is the number of formed metastases of size one
per unit time.

In its original formulation the model assumes, by construction, that all metastases are
assumed to grow and seed new metastases at the same rates as the primary tumor,
including the tumor carrying capacity [Bet+12].

From the model formulation we can easily estimate the total metastatic tumor burden,
denoted by Ny(t), which is the sum of the metastatic mass described by the colony size
distribution ¢ at time ¢ > 0:

No(t) = /0 " o(s, t)ds. (4.35)

Further, the colony size distribution of visible metastatic tumors can be computed. For
this, a certain visibility size threshold s,;; has to be defined, such that all metastases
of size s > s,;; can be detected clinically. Then, the total detectable metastatic tumor
burden is defined by N,;(t) and reads

Nos() = [ ~ o(s, )ds. (4.36)

Sois
If a growth rate is used that features growth limitation towards a carrying capacity, the
upper integral boundary of the boundary condition (4.33) and the two equations (4.35)
and (4.36) can be set as this carrying capacity K instead of cc.

4.3.2 Metastatic model with systemic therapy

The first data set features a patient that underwent systemic chemotherapy and systemic
immunotherapy. To being able to analyze this data set with a modeling approach, the

38



4 Mathematical models

model formulation has to consider these therapeutic effects. For systemic treatment
it can be assumed that metastases are influenced at the same rate for the same drug
i [SKS21]. Distinguishing again for chemo- and immunotherapy, the growth rate g(s)
can now be chosen analogously to equations (4.12) and (4.21). The full model therefore
consists of the following equations:

do(s,t)  dg(s)a(s,t)
T =0 (4.37)

with initial and boundary conditions

0(s,0) =0, (4.38)
g(We(1,1) = [ B)als, Dids + x(). 4.39)
B(x) = mx®, (4.40)

and the adjusted definition of the growth rate g(s), such that

()= & [ﬂln(K/s(t))s(t) —x% ,if 1, (t) =0
g(s)i=— = _ j .
b | —i(t)s(t) —7(;5’0(2;((?) ,if 1 () = 1.
— (52 ) e() i 15(f) = 0 »
with ¢(t) = o (4.41)
- 21(/2 Gt) + Nidy i1 (1) =1
: if 1c () =
andd‘u’:{0 . '% c(t)=0
dt |\ —pipi(t) if 1e(h) =1

having ¢;(0) = c](O)
istic functions indicating therapy status, i.e., L¢,(t) and 1;(t) known from equations
(4.9) and (4.17). Note that g(s) applies completely analogous for the primary tumor’s
derivative %, since the primary tumor is as well assumed to be affected by the systemic
therapy. Since the growth rate ¢ limits the growth to a maximum tumor size of K again

the integral’s upper bound of equation (4.39) may be replaced by K.

>0, 4i(0) = pip € [0,1], f > 0 and the already known character-

4.3.3 Simplified metastatic model without secondary metastasis
dissemination

The second data set includes patients that underwent surgery of their primary tumor,
directed radiotherapy, whole-brain radiotherapy, systemic chemotherapy and systemic
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immunotherapy. However, the aim with this data set was to consider only data up
to the time point of first metastatic relapse (i.e., the first time that metastases have
been diagnosed). Since the patients solely received systemic treatments after this
diagnosis only surgery on the primary tumor had to be considered for the modeling
approach [Ben+22]. The growth dynamics ordinary differential equation for a primary
tumor of size x(f) at time ¢t > 0 starting with the initial condition x(0) = 1 yield using
equation (4.2) that we have ¢’/* = K.

The full dynamics considering surgery at some time Ts > 0 reads (analogously to
equation (4.5) and using equation (4.6))

{fj;; = (r—aln(x(t))x(t) ,for0<t< Ts )

x(t) =0 , for t > Ts.

The primary tumor dynamics can be solved analytically for

ei1=¢7")  for0 <t < T

x(t) = { (4.43)

0 , for t > Ts.

Dynamics for the metastases are defined analogously without the possibility of surgery.
The function s(t) returns the size of a metastasis at time ¢t > 0 with initial condition
s(0) = 1. Then the growth equation reads

ds
ST Sm(s) = (rm — amIn(s(t)))s(t) (4.44)
and can be solved as
s(t) = eal=™"), (4.45)

The parameters r,, and a,, are again the initial specific growth rate and the exponential
decay factor of the specific growth rate, but now for the metastases. Assuming the same
tumor carrying capacity K we have that K = ¢"/® = ¢'/@, Thus, the model assumes
that metastases and primary tumor potentially show different growth dynamics.

The density of metastases is again formulated in the following transport equation:

do(s,t) | dgm(s)a(s,t) _
=+ - =0 (4.46)

with initial and boundary conditions

g(Me(1, 1) = p(x(t)), (4.48)
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B(x) = mx". (4.49)

The new boundary condition (4.48) now describes that new metastases of cell size
one introduced into the density distribution are exclusively formed directly by the
primary tumor. Further, it is still assumed that at t = 0, the time at which the primary
tumor consists of exactly one single cell, no metastases are present. The modeling
approach focuses on primary metastasising only, since there is evidence that secondary
metastasising is of minor clinical importance [Bet+12].
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5.1 Tumor growth model

5.1.1 Implementation

Since equations (4.4) and (4.6) offer an analytical solution for the tumor growth dynam-
ics, the full simulation is easily implemented for some given initial tumor size of one
cell, i.e. x(0) = 1, and capacity K = 10'?> measured in cells [Kle09]. This capacity is
equivalent to a volume of 1000ml or one kilogram of tumor mass [SMS95]. An example
trajectory formulated in Matlab is presented in the next subsection.

5.1.2 Simulation

The simulation resembling to the three patients from data set one is shown in Figure
5.1 having the growth rate fixed to 2 = 7 - 107> with unit [1/day]. This value is close to
the estimated values for the corresponding first data set, as presented later.

5.1.3 Sensitivity analysis

Since the initial condition x(0) = 1 and the tumor carrying capacity K = 10'? are
fixed, the sensitivity analysis for the untreated tumor growth ordinary differential
equation is determined via the OAT approach, i.e., the derivative in direction of the
free tumor growth rate parameter a. We have that the sensitivity S,(¢) in direction of a
is determined with equation (4.6) via

at

Su(t) = d(zg)) = te K=" In (K). (5.1)
The elasticity is defined as E,(t) = ﬁsa, therefore
E,(t) = ate " In (K). (5.2)

Since all parameters are strictly positive we have that S,(t) and E,(t) are both strictly
positive for t > 0. This means that an increase of the free parameter a results in an
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20 Untreated tumor growth

In(x(t))

O Il Il Il Il Il
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time

Figure 5.1: Simulation of the untreated primary tumor size x(t) for growth rate a =
71072 and tumor carrying capacity K = 10'2.

increase of the tumor size x(t) at any time point . However, we see that this effect
vanishes for large t:

Sa(t) 22

~

0
t—o0 (53)
E,(t) — 0
i.e., for large t, the tumor size will still converge to the tumor carrying capacity K
independent of the choice of the growth rate parameter a. The plots of these functions

S.(t) and E,(t) for the value a = 7-10~3 are shown in figure 5.2.

5.2 Tumor growth model with therapeutic effects

5.2.1 Implementation

For clinical cases, the functions (4.9) and (4.17) are known and are never equal to one at
the same time. This allows to solve the sequence of ordinary differential equation initial
value problems with the equations (4.15) and (4.16) in the case of chemotherapy. The
concentration of immunotherapeutic drug 7 at time f measured in [molecules/volume],
ci(t), can again be solved analytically by equations (4.23) and (4.24), depending on its
initial value. From this, a concrete analytical formulation of equation (4.21) is available.

43



5 Simulation and sensitivity analysis

) x10 Sensitivity w.r.t. a
:

value
=
.

Il
0 200 400 600 800 1000 1200
time
Elasticity w.r.t. a
7

value

600 1000 1200
time
Figure 5.2: One-at-a-time analysis as sensitivity analysis on the primary tumor size
without treatment for value a =7 - 1072,

This formulation can be estimated numerically using Matlab’s pre-implemented solver
routine ode45 based on a Runge-Kutta (4,5) formula [DP80; SR97].

5.2.2 Simulation

To explore effects of a chemo- or immunotherapeutic treatment, the equations (4.13)
and (4.21) were implemented on a primary tumor of initial size of 10° cells. Two simu-
lations for chemotherapy with different strength of the refractory effect towards the
chemotherapeutic treatment were introduced (y* = 0.13, blue solid line and y* = 0.85,
blue dashed line). To compare the influence of the refractory effect, another simulation
was introduced with u* = 1 (blue dash-dotted line), i.e. the chemotherapeutic efficacy
would not decrease over application time. In all three cases, an application of two
cycles of therapy of one week duration was considered, followed by a break of one
week. The simulations are shown in Figure 5.3, it is clearly distinguishable how fast
chemotherapeutic treatment becomes obsolete under a faster refractory effect.

To consider treatment in a close-to-reality setting, an example treatment protocol
starting with a first-line chemotherapy three weeks after primary diagnosis applied for
four weeks was initiated. After another treatment break of one week the immunothera-
peutic treatment was implemented. A simulation result for this setting can be found
in Figure 5.4, comparing the untreated tumor size (blue dashed line) to the tumor
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Treated tumor growth
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Figure 5.3: Simulation of the treated primary tumor growth under chemotherapy (blue
lines) and immunotherapy (red line). The parameters values chosen for
the simulations are for growth rate a = 7 - 1073, tumor carrying capacity
K = 10'2, initial chemotherapy efficacy o = 0.25, immunotherapeutic
efficacy x = 0.1 and drug-specific concentration for half-maximal response
¢ = 1.01-10% on a tumor of initial size 10 cells. Refractory effects of
chemotherapy were implemented with p* = 0.13 (blue solid line) and with
u* = 0.85 (blue dashed line). Neglecting the refractory effect was introduced
as well, having y* = 1 (blue dash-dotted line). The drug implemented was
Nivolumab, therefore the drug-specific parameters were chosen as dosage
d; = 0.240, application interval I = 14, molar mass M; = 1.46 - 10° and
drug-specific half-life t}/ 2 =26.7.
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Treated tumor growth
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Figure 5.4: Simulation of the treated primary tumor growth for growth rate a = 7-1073,
tumor carrying capacity K = 10'2, initial chemotherapy efficacy po = 0.25,
refractory effect on chemotherapy y* = 0.85, immunotherapeutic efficacy
X = 0.1 and drug-specific concentration for half-maximal response ¢?° =

1.01 - 10'®. The drug implemented was Nivolumab, therefore the drug-

specific parameters were chosen as dosage d; = 0.480, application interval

| = 28, molar mass M; = 1.46 - 10° and drug-specific half-life t}/ 2 =267.

The tumor size under treatment application (blue solid line) is compared to

the untreated tumor size (blue dashed line).

size under treatment (blue solid line). The different treatment intervals are shown as
differently shaded time blocks. Parameter values chosen for this example simulation
were a = 7-1073, K = 10'?, yy = 0.25, y* = 0.85, x = 0.1 and ¢’ = 1.01-10'¢
with unit [molecules/volume]. The drug implemented was Nivolumab, therefore the
drug-specific parameters were chosen as d; = 0.480 grams, | = 28 days, M; = 1.46 - 10°
with unit [Da] and t}/ 2 = 26.7 days. Again, values are consistent with the findings for
the first data set.

5.2.3 Sensitivity analysis

For the sensitivity analysis of the tumor growth ordinary differential equation under
therapy, a clinically relevant tumor is examined. Assume that at primary diagnosis,
i.e., at time t = 0, the primary tumor has a size of x(0) = xp > 1. Consider now two
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different scenarios for the derivative-based OAT analysis:

Scenario 1: A chemotherapy is introduced right away. Let two parameters char-
acterising this therapy in terms of equations (4.10) and (4.12) be defined as po > 0
and u* > 0. Evaluating the sensitivities on the tumor size at the end of an active
chemotherapy of four cycles (28 days) can then be evaluated as the respective derivative

it

of the tumor size x(t) = xpe ** by Lemma 4.2.2 and read

_d(x(t) et
SVO - dVO = Xpe " ,
noe M )
S;t* = w = Xpe (n)? , (5.4)
dp
d(x(t e Mt
o B _

The corresponding elasticities read

.
—EQemptt_yrt

Epy = 105, = F27

0 m Mo — V* ’
* * *Lgeiy*t*ﬂ*t
E.— K g _ _topttle (5.5)
W= pr = /
x(t) p
F. — X0 ¢ _ Voef%geiﬂ et
T T @

All parameters are strictly positive, therefore we have that S, E,,, Sy, and E,, are
strictly positive for ¢+ > 0. This means that an increase of the free parameter i or the
initial tumor size prior to therapy x( results in an increase of the tumor size x(t) at any
time point . For the chemotherapy efficacy change factor u* this is slightly different: as
S, and E, are both strictly negative for all positive parameter values we have that the
tumor size x(t) decreases over time t. We can again observe that these effects vanish
for large t:

t—o0

E,, —0,

Ex,

t—o0 0/
i.e., for large t, the tumor size will vanish. This is however not really interesting for the
application, since the chemotherapy can only be administered in a limited time interval
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due to adverse drug effects. Still it is clear that the effects on tumor size will vanish
more if chemotherapy is applied longer. Plots shown in figure 5.5 for values indicate
very clearly at which time points the perturbed parameters affect the tumor size.

Scenario 2: The immunotherapy is introduced from the very beginning. Assume
that the drug concentration’s steady state is present in the patient’s body and equation
(4.22) can be applied. This yields that we can calculate the size of the primary tumor
under active immunotherapeutic treatment as

Sty (e 41) X0 et
x(t) = Ke ae+e) (7) . (5.7)
K
Let the tumor carrying capacity K = 102 be fixed and let the initial tumor size be
defined by x(0) = x¢ > 1. Further assume all parameters a, c*, ¢® and x to be strictly
positive. Their sensitivities read

Se =K (xO)em e% xtete™™  xct(1—e™™)
a K ﬂ(CSO—}—cSt) ﬂZ(C50 _|_cst) ,
X0 xo\& " ati=et)
— KtIn (—) <7> ¢ a@0rh) ,
K/ \K
S st — K <X())E_”’ e% X(]- - e*ﬂt) B XCSt(]. _ efat)
c K g(c50 4 Cst) a(c50 T+ Cst)z ’

_ St(li,fﬂt>
XK (1) ()" e T 69
S0 = — a (0 + c1)2 ’
Kcst(1 — e ) (@)Nt e%
SX - K 7

a(c%0 + cst)

emtto1 pet—et)
SXO = (ﬁ) e a(c04cst) at,
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Figure 5.5: One-at-a-time analysis as sensitivity analysis on the primary tumor size
under chemotherapeutic treatment.
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and their corresponding elasticities are

—at cSt(1—e—at t ,—at t —at
By s, -k (R0) T (et xetl e )
x(t) K a(c® +cst)  a2(c%0 4 cst)

—at ](CSt(lfeiat)

X0 X0\¢ S0 e At a
-~k () (%) e =
Ke a(cst4c50) (%
E. Cst S — Cst X(l _ efut) B )(CSt(l _ efut)
¢ ) ¢ EI(CSO + Cst) a(c50 + Cst)Z ’

C50 CSOXCSt(l o e—at)
Eso = ——=S50 = — ,

(5.9)

E,= X5 =
Exy= xSy =c¢

For the long time behavior we receive
oSt
oo X KcStea@+eh)

Sa EIZ(CSO + Cst) ¢

5., 2ok % 1 c!
s ——> e a(V+c — ,
‘ X a(c®+ct) a0 4 cst)?

Xcst
oo xKcStea@0+eh (5.10)

SCSO a(cSO + CSt)Z 4

)(CSt
too  KcSted@iet)
a(c%0 + o)’
t—o0

— 0.

Sx

Sx

0

These investigations clearly indicate that all changes in parameters except the initial
tumor size at the start of immunotherapy in the OAT setting have lasting effects over
time. For increased tumor growth rate a and increased drug concentration steady state
¢! holding all other parameters equal the tumor size increases in the long run. On
the other hand, increasing values of the parameters c® and x yield negative values of
sensitivities, therefore decreasing tumor sizes in the long run. Only the sensitivity for
xo vanishes over time, which means that the initial size of the tumor does not play a
major role on the tumor size in the long run in the context of the OAT analysis. An
example plot for these sensitivities and elasticities with values fitted from data is given
in figure 5.6. From the equations however, it is difficult to identify the ranking of the
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Figure 5.6: One-at-a-time analysis as sensitivity analysis on the primary tumor size
under immunotherapeutic treatment.
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Figure 5.7: Elementary effects method as sensitivity analysis on the primary tumor size
under treatment.

sensitivity of parameters.

Previously the concept of the elementary effects method was introduced to address
this problem. To consider treatment in this framework, an example standard treatment
was defined as a first-line chemotherapy three weeks after primary diagnosis that
is applied for four weeks. The immunotherapeutic treatment follows after another
week without treatment. This concept was implemented for biologically reasonable
parameter intervals with 2000 randomly sampled trajectories checking the tumor size
90 days after primary diagnosis (24 days after initialising the immunotherapeutic treat-
ment). Corresponding results can be found in figure 5.7 and 5.8. Clearly, the initial
chemotherapy efficacy parameter y* has the highest influence on the primary tumor
size in this protocol, followed by the immunotherapy drug-specific efficacy parameter
X. To shed light on interaction effects, the Sobol” indices were implemented on the
same treatment regimen and on the primary tumor size 90 days after primary diagnosis
for a sample size of 50 000. The parameter intervals were chosen the same as for the
elementary effects method. However, the Sobol” indices allow for sensitivity estimations
over the whole parameter space, not just relatively to a certain reference parameter
combination as the two previous approaches. The results are shown in the table below.
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Effects on the tumor size x(t) at PD+90
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Figure 5.8: Elementary effects method as sensitivity analysis on the primary tumor size
under treatment, log-scaled.

50

*

Index ¢ X a U Ho
S;  0.0048 0.6801 0.0702 0.0053 0.0052
St 0.0076 0.9328 0.3091 0.0163 0.0105

These values clearly show that interaction effects, i.e., combined changes of multiple
parameters at the same time, play a huge role in the outcome of the primary tumor size.
The highest effects are measurable for parameters ), 2 and p*. Interestingly, the drug
concentration needed for an efficacy of 50% and the initial chemotherapeutic efficacy
uo are only of minor importance when sensitivity on the tumor size is considered.

Comparison of the elementary effects and Sobol” methods clearly shows their respective
advantages and disadvantages. While the elementary effects method is based on
trajectory sampling and focuses on equidistant changes in each direction for any
parameter but only one parameter at a time, the Sobol” method explores the complete
parameter space also considering the simultaneous perturbation of potentially multiple
parameters. This results in a more concrete estimation for observable effects that might
occur in reality and give insight in the changing importance of apparently less sensitive
parameters for OAT perturbation towards huge influence of higher order sensitivity
measures. An example for such a parameter is the tumor growth rate a in this setting.
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5.3 Metastatic development

5.3.1 Implementation

For the classic model without systemic treatment, the authors offer an analytical
solution [IKS00]. However, the formulation does not allow for easy and explicit
calculation of the metastatic density at any time point t. A discretisation to compute
the partial differential equation’s solution along their characteristic curves can be
established to calculate the density distribution numerically. These characteristic curves
of the system (4.31) - (4.34) correspond to exactly the growth rates g(x, f). These can be
determined analytically (see equation (4.4)).

Let Tyux be the maximum observation time of some patient, i.e. the time interval of
interest for that patient is [0, Tyuax] and let k = 1 be a constant time step discretisation on
the time interval [0, Tyusx| such that t; = jk for j € {0, ..., n} with to = 0 and t,, = Tyax.
Choose the size discretisation x; = x(t;) such that xp = 1 < ... < x,, = K. Like this, the
points (x, t;) and (xx41,t11) belong to the same characteristic for any k,I € [0,n — 1].
Then the classic model with secondary metastasising can be numerically evaluated with
the following explicit scheme making use of Riemann sums and density discretisations

0(x(i),£(j)) = ux,y; (see [BCO1]):

Uxy 0 = 1
Uy, 0 =0 i=1,..,n
1 o= , (5.11)
ux0,t]- = m 21 mx; uxi,t]- ] = 1,..,n
1=
Ui, = Ux; 1t 4 i,j=1,.,n

For the model neglecting secondary metastasising, the approach is very similar, but
only considering freshly seeded metastases from the primary tumor, i.e.

Uxpo =1
uxi,O =0 i= 1,...,]’1
1 (5.12)
ux(]/tj - 1— mxg mx] uX]',t]' ] ].,. , N
Uyt = Ux;_y by i,j=1,.,n

5.3.2 Simulation

Having the two different model approaches with and without secondary metastasizing
implemented, the corresponding parameters were chosen as the growth rate a = 71073,
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Simulation with integral boundary condition
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Figure 5.9: Simulation of the primary tumor (blue solid line) and the largest five metas-
tases (red solid line) for the model considering no treatment and secondary
metastasising, log-scaled. Critical size for a tumor to be clinically detectable
is indicated with a dash-dotted line on the y-axis, the day of primary di-
agnosis is indicated with a dotted line on the x-axis. The chosen model
parameters area = 7-1073, K =102 and m =2-107".

tumor carrying capacity K = 10'? and the metastatic colonization rate m = 2-10~7.
Simulations for the approach with secondary metastasizing are the full time course
of the primary tumor (blue line) and the largest five metastases (red lines), Figure
5.9. The corresponding simulation for the model formulation considering primary
metastatic seeding only is shown in Figure 5.10 with analogous colors and indications.
The difference in these two approaches is negligible at this reference.

However, the simulation of the metastatic density at the day of primary diagnosis for
both modeling approaches gives insight in the different model outcomes. Figures 5.11
and 5.12 show the numerical metastatic density distribution approximations at the
day of primary diagnosis. The diamonds indicate integer values, thus full countable
metastases. The largest diamond is the primary tumor. Clearly, the difference of these
two approximations is at the density distribution’s side of very small metastases: the
model considering secondary metastasizing has a full additional metastasis of very
small size only. The density distribution for larger metastases is approximately the
very same, supporting the hypothesis that secondary metastases potentially only play a
minor role in clinical treatment [Bet+12].
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Simulation without integral boundary condition
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Figure 5.10: Simulation of the primary tumor (blue solid line) and the largest five
metastases (red solid line) for the model considering no treatment and only
primary metastasising, log-scaled. Critical size for a tumor to be clinically
detectable is indicated with a dash-dotted line on the y-axis, the day of
primary diagnosis is indicated with a dotted line on the x-axis. The chosen
model parameters area =7-1072, K =102 and m = 2-10~7.
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Simulation with integral boundary condition
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Figure 5.11: Simulation of the metastatic density distribution for the model considering
no treatment and secondary metastasising, log-scaled, evaluated at primary
diagnosis. Blue diamonds indicate the integer values, thus "full’ metastases.
The largest tumor shown here corresponds to the primary tumor. Critical
size for a tumor to be clinically detectable is indicated with a dash-dotted
line. The chosen model parameters are a = 7 - 1073, K = 102 and m =
2-1077.
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Simulation without integral boundary condition
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Figure 5.12: Simulation of the metastatic density distribution for the model considering
no treatment and only primary metastasising, log-scaled, evaluated at
primary diagnosis. Blue diamonds indicate the integer values, thus "full’
metastases. The largest tumor shown here corresponds to the primary
tumor. Critical size for a tumor to be clinically detectable is indicated with
a dash-dotted line. The chosen model parameters are a = 7- 1073, K = 10'?
and m=2-10"7.
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Figure 5.13: Elementary effects method as sensitivity analysis on the metastatic mass
with secondary metastasising and without treatment at the day of primary
diagnosis (PD).

5.3.3 Sensitivity analysis

For the sensitivity analysis of the transport equation, the investigation with derivative-
based method might turn out analytically difficult to solve and also neglects com-
bination effects of the parameter perturbations. Therefore for the models including
secondary metastasising of equations (4.31) - (4.33) and excluding secondary metasta-
sising of equations (4.46) - (4.49) the elementary effects method and the Sobol” indices
estimation are applied directly. For both models, the influence of parameter perturba-
tions on the total metastatic mass and the number of metastases at the day of primary
diagnosis was examined, respectively. Figures 5.13 and 5.14 show the comparison of
influence of perturbations of the two parameters a and m on the metastatic mass at the
day of primary diagnosis for included secondary metastasizing and figures 5.15 and
5.16 without secondary metastasizing. On the other hand, figures 5.17 and 5.18 as well
as figures 5.19 and 5.20 show the influence of the same parameter perturbations on
parameters a2 and m on the number of metastases at the day of primary diagnosis for
possible secondary metastasizing and without secondary metastasizing, respectively.

The Sobol” indices were implemented as introduced before and sampled for 15 000
pairs of parameter values from biologically reasonable domains. The advantage of the
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Effects on the total metastatic mass ]g° p (t,s) ds at PD
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Figure 5.14: Elementary effects method as sensitivity analysis on the metastatic mass
with secondary metastasising and without treatment at the day of primary
diagnosis (PD), log-scaled.
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Figure 5.15: Elementary effects method as sensitivity analysis on the metastatic mass
neglecting secondary metastasising without treatment at the day of primary
diagnosis (PD).
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Effects on the total metastatic mass ]g° p (t,s) ds at PD
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Figure 5.16: Elementary effects method as sensitivity analysis on the metastatic mass
neglecting secondary metastasising without treatment at the day of primary
diagnosis (PD), log-scaled.
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Figure 5.17: Elementary effects method as sensitivity analysis on the number of metas-
tases with secondary metastasising and without treatment at the day of
primary diagnosis (PD).
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Effects on the number of metastases at PD
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Figure 5.18: Elementary effects method as sensitivity analysis on the number of metas-
tases with secondary metastasising and without treatment at the day of
primary diagnosis (PD), log-scaled.

4000 Effects on the number of metastases at PD

3500 b

3000 b

2500 b

© 2000 [ b

1500 1

1000 [ b

*a
500 [ 1

0 50 100 150 200 250 300
1

Figure 5.19: Elementary effects method as sensitivity analysis on the number of metas-
tases neglecting secondary metastasising without treatment at the day of
primary diagnosis (PD).
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5 Effects on the number of metastases at PD
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Figure 5.20: Elementary effects method as sensitivity analysis on the number of metas-
tases neglecting secondary metastasising without treatment at the day of
primary diagnosis (PD), log-scaled.

estimated indices over the elementary effects method from above is that these indices
also consider combinations of multiple parameter perturbations at the same time. For
the number of metastases calculated from the model including secondary metastasizing
at the time of primary diagnosis the indices were estimated as

Index m a
S; 0.0285 0.7435
St 0.3532  0.9740

and estimated as

Index m a
S; 0.0387 0.7128
St 02255 0.9617

for the model without secondary metastasizing. We see that for both models the tumor
growth parameter a has the larger sensitivity on the number of metastases compared
to the colonization coefficient m. Further, this indicates that the colonization coefficient
parameter is of higher sensitivity in parallel combined perturbation with the tumor
growth parameter than of the colonization coefficient parameter alone.

For the total metastatic mass the sensitivities of the model with secondary metastasizing
was estimated as
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Index m a
S; 0.0086 0.9981
St 0.0289 1.0062

compared to the sensitivity of the model without secondary metastasizing with respect
to the total metastatic mass

Index m a
S; 0.0058 0.9839
Siwo¢  0.0110 1.0037

Again, the parameter 4 has the massive increase in total effect sensitivity on the total
metastatic mass and the combined effect of perturbing a4 and m at the same time yields
higher outcome differences than a single perturbation of the parameter m. This insight
is gained exclusively from the Sobol” indices approach, whereas the ranking of the two
parameters with respect to their sensitivity was also observed in the estimations of the
elementary effects method before.

5.4 Metastatic model with systemic therapy

5.4.1 Implementation

Since there is no analytical expression to fully solve the metastatic model of equations
(4.37) - (4.41) including treatment, a discretisation was performed to implement the
model in Matlab (this subsection has been published in the appendix of [SKS21]).
The discretisation follows the computation of partial differential equation solutions
along their characteristics. The characteristics of the partial differential equation system
(4.37) - (4.41) are exactly the growth rates g(x, t). They can be solved stepwise when
knowing the therapy regimen (which is obviously the case for patients with a clinical
history).

Let T,.x be the maximum observation time of some patient, i.e. the time interval
of interest for that patient is [0, Tyx|. Assume to know the time of primary diagnosis
tpp € [0, Tiax] and to know the starting times of the j'th treatment interval of chemo-
and immunotherapy with drug i, respectively called tc s, t1 s for j = 1,...,n. Further,
assume to also know the end times of those treatments denoted by fc ;. and ty ;..
Assume further that patients do not have different chemo- or immunotherapy being
applied at the same time, we have that ¢ ;;s <t ;. and t ;;, <t i1, forallj.

By construction of the model equations (4.9) and (4.17) we have that for t € [tc s, tc e
itis 1c,(t) = 1 (and zero otherwise) and that for ¢ € [t1s, t1je] itis 1;(f) =1 (and
zero otherwise).
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For the untreated time intervals (i.e. for all t at which 1¢,(t) = 0 and 1;(t) =1
for all i) we can solve the growth rate g(x, t) analytically (cf. equations (4.12) and (4.21)
with lemma 4.2.4).

For time intervals of chemotherapeutic treatment (i.e. for all ¢ at which some 1¢,(f) = 1)
first the initial value problem (4.10) is solved to have an explicit expression for the
function p;(t), which is equation (4.11) by lemma 4.2.1. Then this function is used to
solve equation (4.12), the corresponding analytical solutions (4.15) and (4.16) are given
in Theorem 4.2.3.

For time intervals in the immunotherapeutic treatment applications the initial value
problem (4.18) is solved. The dose is just applied in times f where immunotherapy
is active, i.e. 1 Ij(t) = 1, so this can be done step-wise until every next switch of the
function 1,(t) (before the very first application, i.e. for t € [0, f11,5], the function ¢;(t)
simply equals zero since no drug has been applied yet).

Let now k = 1 be a constant time step discretisation on the time interval [0, Tyqx]
such that t; = jk for j € {0,...,n} with ty = 0 and t, = Tyug. For times t <t ;,, that
represent the untreated setting, we can restrict the sizes to the interval [1, x(¢.1,5)]. We
therefore choose the size discretisation x; = x(t;) such that xo =1 < ... < x, = x(.1,is)
for r < n. Like this, the points (x, f;) and (xx,1, ;1) belong to the same characteristic
forany k,I € [0, — 1]. Then we can approximate the model for untreated tumor growth
with the following explicit scheme making use of Riemann sums and density discreti-
sations o(x(i),t(j)) ~ ux,, (see therapy-free model implementation with secondary
metastasizing and [BC01]):

uxo,() =1
Uy, 0 =20 i=1,..r

1 n—1 . 5.13
mxf‘uxi,t]. j=1,.,r (-13)
i=1

Uxot: = 7 &
Y1 —mxf

Uyt = Ux; 1t ,j=1,.,r

For times in active treatment, i.e. t € {r,t.} with t, < T, we know that the tumor
sizes are affected. We start to count from the switch with index j and recalculate
the new size first. The computation of the partial differential equation’s boundary
condition is analogous to before. So for any therapy switch at time point r we have for
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chemotherapy with pig,; = pa(r +j) that

xip =% (1= par1) =07
Xij = Xi-1,j-1 (1 — ]/ld,r+j) i=0,.,1j=2.,te—r1
uxill,r—d—l = Uy, r i= 0, v, ¥ (514)
1 n—1
MG+ = 1T My, (-14r) Ly >1 J=2,,te—71

i=1

and for immunotherapy with c;,.1 = c4(r + j) as the step wise numerical solution of
equation (4.18) or using the analytical solution of lemma 4.2.4 that

xi1 =% (1 —cars1) i=0,..,r
XZ‘,]‘ == Xl',lljfl (1 — Cd,r—i—j) 1= 0, ceey T,'j = 2, ceey te -7
Uy i1 = Uxyr i=0,..r (5.15)

1 n—1 ]
N s DL R
=

5.4.2 Simulation

The implementation presented in the previous subsection was programmed in Matlab.
Considering some treatment close to reality, the example treatment protocol was rein-
troduced: starting with a first-line chemotherapy three weeks after primary diagnosis,
which is applied for four weeks. A treatment break of one week is followed by the im-
munotherapeutic treatment. The parameters used for this simulations were the growth
rate a = 7-107%, tumor carrying capacity K = 10'2, initial chemotherapy efficacy
uo = 0.25, refractory effect on chemotherapy u* = 0.85, immunotherapeutic efficacy
X = 0.1 and drug-specific concentration for half-maximal response ¢ = 1.01 - 10'°.
The drug implemented was Nivolumab, therefore the drug-specific parameters were
again chosen as dosage d; = 0.480, application interval length | = 28, molar mass
M; = 1.46 - 10° and drug-specific half-life tg/ 2 —-267.

The full time course of primary tumor (blue line) and metastases (red lines) are shown
in Figure 5.21 with chemo- and immunotherapeutic treatment application indicated
with shaded areas. It can clearly be seen that the metastases are quite close to be
detected clinically, still none of them crossed the visibility threshold during the whole
time course. The primary tumor shrinks during immunotherapeutic treatment and
eventually its size decreases below the clinical detection threshold. Evaluating the
metastatic density distributions gives an idea of the full metastatic threat. Figures 5.22
and 5.23 are the corresponding numerical approximations of the metastatic density
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Simulation with integral boundary condition and therapy
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Figure 5.21: Full time course of the primary tumor (blue solid line) and metastases
(red lines) for the metastatic density distribution model with therapy. The
parameters used for this simulation are 2 = 7- 1073, K = 10'2, o = 0.25,
p* =085 x = 0.1 and ¢¥ = 1.01-10%. The drug implemented was
Nivolumab, therefore the drug-specific parameters were again chosen as
d; =0.480,1 =28, M; = 1.46 - 10° and t}/ 2 — 26.7. Critical size for a tumor
to be clinically detectable is indicated with a dash-dotted line on the y-axis,
the day of primary diagnosis is indicated with a dotted line on the x-axis.

distribution at primary diagnosis and 90 days after primary diagnosis, respectively.
Note that in both, the diamonds correspond to integer metastatic values again, showing
fully countable metastases. However, the largest diamond is the primary tumor.

5.4.3 Sensitivity analysis

For the model with equations (4.37) - (4.41), the derivative OAT approach is again not
leading to useful insights. Since we already observed that for both number of metas-
tases and total metastatic mass in the untreated tumor setting combined parameter
perturbations play an important role, for the general therapy setting the elementary
effects method and the estimation of the Sobol” indices was introduced and applied
once more.

To have comparable outcome estimations, the example standard treatment from the
previous ordinary differential equation analysis was reused: a first-line chemotherapy
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Simulation with integral boundary condition and therapy

R
8 30 % 1
c 193
[5)
g2 | %
S <,
>251 % i
g (Y & Size distribution (Model output)
= <><> ''''''' Clinical detection limit
o
=20 &) :
© 0,
0 (93
I} Q,
o) 0,
815 0 1
%]
<
9] %
£ 10} % .
5 ©
B Oy
= o
E 5t o i
2 O
. O
&
0 . . . .
10° 102 10* 10° 108 10%°
size

Figure 5.22: Metastatic density distribution corresponding to the previously mentioned
simulation, evaluated at the day of primary diagnosis.
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Figure 5.23: Metastatic density distribution corresponding to the previously mentioned
simulation, evaluated 90 days after primary diagnosis.
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Effects on the total metastatic mass jg° p (t,s) ds at PD+90
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Figure 5.24: Elementary effects method as sensitivity analysis on the metastatic mass
under example treatment at day 90 after primary diagnosis.

is started three weeks after primary diagnosis and is applied for four weeks. The
immunotherapeutic treatment follows after another week without treatment. The imple-
mentation was performed for biologically reasonable parameter intervals with 100 000
parameter pairs and checking the number of metastases as well as the total metastatic
mass 90 days after primary diagnosis (24 days after initialising the immunotherapeutic
treatment). The results for the elementary effects methods are shown in figure 5.24
and 5.25, respectively. The ranking clearly shows that in both endpoints for sensitivi-
ties on the total metastatic mass and the number of metastases, the parameter yx, the
immunotherapeutic drug effect, has the highest influence on the respective covariate.
This is followed by the tumor growth rate a. On the other hand we can identify that
perturbations of y* have relatively higher influence on the total metastatic mass and
relatively lower influence on the number of metastases.

The Sobol” indices for the total metastatic mass 90 days after primary diagnosis were
estimated as
50

*

Index m c X a U Mo
S;  0.0035 0.0023 0.1989 0.0164 0.0010 0.0010
Sior 0.3974 0.0300 0.9820 0.6322 0.0302 0.0285

while the corresponding Sobol” indices for the number of metastases 90 days after
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3 Effects on the number of metastases at PD+90
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Figure 5.25: Elementary effects method as sensitivity analysis on the number of metas-
tases under example treatment at day 90 after primary diagnosis.

primary diagnosis were calculated as

Index m ¢ X a u* Mo

Si 0.0162 —0.0024 0.1622 0.0065 —0.0023 —0.0022
Stor  0.5630  0.0498 09620 0.6581 0.0456 0.0456

The results of the elementary effects method do reproduce in these estimations. The
largest sensitivities are attributed to the two parameters x and a. However, the effects of
the parameter y* are a lot smaller. Interestingly, the total order sensitivities unveil that
the parameter m has huge interaction effects with the other parameters. This means
that multiple parameter perturbations including perturbations of the parameter m are
a lot more sensitive than the parameters ¢, yip and in particular y* alone.
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For the two available data sets of treated patients with NSCLC, the GlobalSearch
environment [Ugr+07] of Matlab was performed on a least squares minimization
function with respect to the number and size of clinically detectable and measured
metastases towards the simulated values.

6.1 Metastatic model with systemic therapy

This whole section is based on methods and results previously published in [SKS21]
and proves that the modeling framework is capable of describing clinical treatment
protocols and measurement series. For this step and due to the long time course of the
patients’ clinical history, secondary metastasising was considered.

The parameters fixed for evaluation were the tumor carrying capacity K = 10'? and
a = 2/3 [IKS00]. For the drug-specific parameters, the values presented in section 2.3
of this thesis were used.

6.1.1 Parameter values

The whole measurement series were implemented to be evaluated with the minimiza-
tion problem. The resulting parameters are shown in table 6.1 and are in biologically
reasonable ranges. The cell cycle length of a tumor can be estimated by 1“72 [Bil+19],
yielding values between 93 and 101 hours for these three patients. These values are
reasonably close to observed values of about two to four days [Kuf+03].

6.1.2 Simulations

The previously presented implementation scheme was programmed in Matlab to run
the model on the respective clinical treatment history with the fitted and fixed parameter
values. Results were published in [SKS21] in detail, the simulation for the total tumor
burden, i.e. the integral of the density distribution fooo o(s, t)ds over time, see equation
(4.35), is shown in Figure 6.1 for the three individual patients of the first data set along
with the corresponding concentrations of the immunotherapeutic drug that was applied
at some point of the patients’ clinical history. The comparison of clinical data with the
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Table 6.1: Patient-specific model parameters for the model of metastatic development

with respect to systemic treatment evaluated on clinical data.

Patient KE-01 KE-02 KE-03
Explanation [unit]
Environmental carrying capacity 1 1 12

K Lcells] [Kle09] 10 10 10

a  Growth rate [1/day] 7.284-107°  6.877-107°  6.984-10°

Yy

- Colonization coefficient [1/cell 1635.10~7 1984.10~7 2.738.10~"
1/day] ’ ' '

« Fractal dimension [-] [IKS00] 2/3 2/3 2/3

. . CisPT/Pemet. CisPT/Pemet.

Chemotherapeutic drug in use (1L) - (1L)

po  Initial chemotherapy efficiency [-] 0.237 - 0.081

o Refre'lcto'ry effect for chemotherapy 0132 ) 0132
application [-]
Immunotherapeutic drug in use ~ Pembr. (2L)  Nivol. (1L) Pembr. (2L)

X Imm'un(?therapquC effect under 0.067 0.499 0.088
application [1/day]
Drug concentration of im-

250 munotherapeutic ~ drug  for 1012-10%  1.010-10'  1.009 -10%

" half-maximal response [molecules ' '

per volume], cf. eq. (4.20)
Drug concentration of im-

st munotherapeutic drug in serum 141.10'8 2 77.1018 141.10'8

! steady state [molecules per ' '

volume]

CisPT/Pemet. = Combination therapy of Cisplatinum and Pemetrexed. Pembr. =
Pembrolizumab. Nivol. = Nivolumab. (1L) = First-line therapy. (2L) = Second-line
therapy.

metastatic density distribution for one of these patients at two different time points
under treatment is shown in Figure 6.2. Simulations for the other two patients can be
found on their respective comparison to clinical measurements in [SKS21].

72



6 Simulation for clinical cases

Pat. KE-01 18 Pat. KE-f
1010 grio® at. KE-01
18
16
10° 5
S14
3
* o
= S~k % kN K 312
o
E o 9 4
g 1 £
2] =3
So08
g8
§ 06
10 *  Total Tumor Burden (Data) 2 :
Total Tumor Burden (Model output) S04t [ Drug concentration during immunotherapy (Model output)
Total Tumor Burden (Untreated, model output) Quasi Steady State of drug concentration (Computed)
Chemotherapy CisPT 75 mg/m? + Pemetrexed 500mg/m? q3w | - 02 Chemotherapy CisPT 75 mg/m? + Pemetrexed 500mg/m? q3w
i 200mg g3w 200mg g3w
10710 0
0 100 200 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
Time [days] Time [days]
107 Pat. KE-02 . x10"8 Pat. KE-02
3l
T
10° 5
525
2
@
2
= 2 %y —% 3 2
E — * £
8 E
@ 515
s
5 1
10° g
*  Total Tumor Burden (Data) o I
Total Tumor Burden (Model output) 05 Drug concentration during immunotherapy (Model output)
Total Tumor Burden (Untreated, model output) | 4 Quasi Steady State of drug concentration (Computed)
Immunotherapy Nivolumab 240mg q2w Immunotherapy Nivolumab 240mg q2w
10110 0 H
0 100 200 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
Time [days] Time [days]
1010 Pat. KE-03 o x10' Pat. KE-03
18
T 1.6
10° 5
S 14
K
)
= ol 312
= N
E S 2
o 10° —% % % —%—% E 1
2] c
Sos
£
§ 06
10 *  Total Tumor Burden (Data) 2 ]
— Total Tumor Burden (Model output) So4f [ Drug concentration during immunotherapy (Model output)
Total Tumor Burden (Untreated, model output) Quasi Steady State of drug concentration (Computed)
Chemotherapy CisPT 75 mg/m? + Pemetrexed 500mg/m? q3w | - 02 Chemotherapy CisPT 75 mg/m? + Pemetrexed 500mg/m? q3w | -
200mg g3w i 200mg 3w
10—10 0
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
Time [days] Time [days]

Figure 6.1: Model simulations over the entire clinical treatment history for three indi-

vidual patients, using parameters shown in table 6.1. The graphs on the
left shown the total tumor burden for all three patients over time (solid
line) compared to a hypothetical untreated metastatic disease with the same
growth parameters (dashed line) and compared to the clinical measure-
ments (asterisks). The right graphs show the drug concentration of the
immunotherapeutic drug over time (dashed line), compared to the calcu-
lated quasi-steady-state that the concentration circulates around. The shaded
areas show the times where chemo- and immunotherapy were applied.
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Figure 6.2: Model simulations for patient KE-03, using parameters shown in table 6.1.
The simulated metastatic density distribution (blue diamonds) is plotted in
comparison with the clinical measurements (red asterisks) and the clinical
visibility threshold (dash-dotted line). The left graph shows the simulation
and the measurements at day 88 after primary diagnosis, the right graph the

same simulation and corresponding measurements at day 152 after primary
diagnosis.

6.2 Metastatic model without treatment

This whole section is based on methods and results previously published in [Ben+22].
To assess prognostic value of the framework, no therapy was considered in the modeling
approach. Further, the hypothesis was followed that secondary seeded metastases play
a minor role in clinical outcome [Bet+12]. The data was used up to the time point
where brain metastases were firstly detected clinically. Let this time point be denoted by
tpm. Then we have that the time of primary diagnosis, i.e., the time where the primary
tumor was discovered first, denoted by tpp, fulfills tpp < tgy. Assume that the primary
tumor and the corresponding metastases show different growth parameters, i.e., 7,7y
and a4, a,, are generally different, respectively.

To reduce the number of free parameters for the optimization problem, the approach

by [Bil+19] was followed. As usual, the tumor carrying capacity for both primary tumor
and metastases was fixed to

K=¢/"=¢m/m =10" (6.1)

By this property the parameter a,a,, can be calculated directly from a determined
parameter 7,ry,.

A meta-analysis of different studies that examine doubling times of primary tumors at
the time of primary diagnosis yields different doubling time values for different tumor
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histologies. The meta-analysis is presented in the supplementary material to [Bil+19]
and found mean values of 91, 104 and 201 days for undifferentiated carcinoma, SCC
and ADC, respectively. These values can be used in equation (4.8) to determine the
parameter values 7, 1, and therefore also a, a,,. For this, the size of the primary tumor
at primary diagnosis has to be known. This was the case for 28 of the 31 patients of the
second data set.

The parameter « was found to lead to biologically meaningful simulations exclusively
for values below 0.3. Further manual exploration suggested that the value « = 0.1
potentially describes best the clinical data for this data set. The two free parameters
remaining for the fitting and optimization procedure are the metastatic growth rate
rm = a4y In(K) and the metastatic colonization coefficient .

6.2.1 Density smoothing

As the objective of this part of the model evaluation was to form predictions on the
metastatic density distribution, especially on the sizes of non-detectable metastases,
and since only data up to time Tgy; was used to fit the whole density distribution on, a
huge standard error for parameter estimation was expected. To reduce this variance, a
window of possible outcomes for the number of metastases for each of the individual
patients was introduced. Three cases were established to smoothen the shape of the
density distribution that may be distinguished as follows, using v as the number of
clinically detected metastases:

1. no additional brain metastasis, i.e. an artificial metastasis with size of the clinical
detection limit introduced at the value of the clinically detected metastases v. This
translates as the case that the clinicians have successfully detected all existing and
detectable metastases.

2. one additional brain metastasis at the size of the clinical detection limit. This
artificial metastasis with amount v + 1 is the case where the clinicians were unable
to detect a metastasis that is close to the detection limit and can be interpreted as
a possible ‘'worst case’ scenario.

3. an artificial metastasis of size of the clinical detection limit introduced with an
amount v + . This case was used to generate parameters that were used in the
statistical evaluation later in this section.
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All parameters extracted from each of these three cases were highly correlated with the
other respective parameters of the other two cases. The parameter estimations of the
third case were used as reference for the following subsections.

6.2.2 Parameter values

All parameter values fitted by this procedure lie in reasonable biological ranges for all
patients of the second data set. The description of the fitted parameter values is given
as follows

parameter mean median std min max
Tm 493-1072 4.03-107%2 3.18-1072 1.22-1072 1.34-107!
m 357-107* 233-107* 277-107* 822-10° 1.22-107°

while the other parameters are either fixed to « = 0.1 or calculated from equations (4.8)
and (6.1), respectively:

parameter mean median std min max
r 475-107%2 292-107% 491-1072 1.38-1072 2.51-107!
a 1.72-107% 1.06-1073 1.78-10"3 4.99-10~* 9.08-10°3
A 1.79-107% 146-10% 1.15-1073 4.40-10* 4.84.1073

6.2.3 Simulations

Figure 6.3 shows an example patient for the second data set, subplot A is the clinical
history of the patient. The resulting simulations of case 3 yield the metastatic density
distribution over time until time tpys. This density distribution can be evaluated at times
tpp and tpp to identify number and size of all metastases that exist at the respective
time point - both clinically detectable and clinically undetectable ones. An example
calculation and density distribution plot for these two time points can be found in
Figure 6.3, subplot B and C, respectively. The full time course of primary tumor and
metastases can be calculated by this model formulation until time tgy, results of this
are shown in subplot D. Subplot E finally presents the calculated metastatic sizes (black)
compared to the sizes of clinically detected metastases at tgy (gray).

For all the other patients of the second data set where the method was applicable,
i.e., the primary tumor size at time of primary diagnosis was known, the data and
simulations are fully presented in the very exact same structure in the appendix
of [Ben+22].

Since the whole clinical history for these patients is known, we were able to compare
the prediction of the metastatic density distribution at primary diagnosis to the actual
number of different clinically detected metastases during the whole treatment course.
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Figure 6.3: Model simulations for patient 9 of the second data set, using parameters
from the fitting procedure presented before. The clinical history is shown in
subplot A. Subplot B and C present the model evaluations of the metastatic
density distribution at primary diagnosis (blue dashed line) and time ¢g
(red dashed line), respectively. Subplot D shows the calculated time course
of the primary tumor (blue solid line) and the metastases (red solid lines).
Subplot E compares the calculated sizes of metastases (black) to the mea-
sured sizes of clinically detected metastases (gray) at time tgpy. Taken
from [Ben+22].
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6 Simulation for clinical cases

The accuracy to correctly predict a range of number of metastases (using case 1 and
2) that included the observed real number of metastases during the whole treatment
course had an astonishing accuracy of up to 82%.

6.2.4 Statistical evaluation

To identify the prediction possibilities of the fitted parameters r, and m, the di-
chotomized Kaplan-Meier curves were examined for both, overall survival (OS) and
progression-free survival (PFS). For the growth rate of the metastases, parameter r,,,
significant differences in the survival curves were observed for both OS (p=0.0026)
and PFS (p=0.0108) performing a log-rank test. For m, the split at the median value
was not found to be significant, but a split for the 80% quantile resulted in significant
differences in the survival curves for again both OS (p=0.0356) and PFS (p=0.0254).
This could potentially show that the computationally determined parameters r,,, and m
can indeed be interpreted as computational biomarkers, as observed in earlier publica-
tions [Ben+21]. Parameter r,, is suitable as a general biomarker, whereas parameter m
is eventually more useful to identify patients at high-risk. The evaluation of survival
curves is presented in Figure 6.4.

Univariate and multivariate Cox regression were performed on the known clinical
parameters for both OS and PFS using the lifelines python package. To assess the
clinical prediction benefit of the computational biomarkers r,, and m, the univariate
and multivariate Cox regression models were first evaluated without, then with the
two parameters. The corresponding results of the Cox regression analyses are shown
in tables 6.2 and 6.3 for univariate analysis and in tables 6.4 and 6.5 for multivariate
analysis.

It is noteworthy that the predictive model without the two computational biomarkers
has no significant covariate in the univariate analysis. However, the predictive model
with the two computational biomarkers has both of them significant for OS (p=0.0229
for 7, and p=0.0011 for m). The estimated hazard ratios seem biologically reasonable,
in particular for the univariate analysis the covariates r,, and m have two of the three
largest positive values for both OS and PFS.

For the multivariate analysis, the two computational biomarkers again have very large
values for hazard ratio and a significant p-value for 7.

The covariates with a p-value below 0.2 in the univariate analysis were chosen for
another multivariate analysis with and without the computational biomarkers, respec-
tively. These Cox regression models are referred to as the ‘reduced multivariate Cox
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Figure 6.4:

Kaplan-Meier survival curves for the computational parameters r,, and m.
The first row shows the survival curves above and below the population’s
mean value of the respective parameter, whereas the second row shows
the split for the 80% quantile. The first and the third column represent
the overall survival, second and fourth column focus on the progression-
free survival. The corresponding p-value from a corresponding log-rank
test for dichotomized groups is shown in the right lower corner. Taken
from [Ben+22].
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6 Simulation for clinical cases

Table 6.2: Results of the univariate Cox regression analysis for OS and PFS without the
computational biomarkers r,, and m.

HR p-value 95% CI HR p-value 95% CI
(0S) (0S) (0S) (PFS)  (PFS) (PFS)

Covariate

Sex 114 0619 3‘333' 092 0711 ;):26'
Age at diagnosis 1.04 0.893 2?24_ 0.68 0.101 2354_
Number of bm at relapse 1.37 0.150 2213?2_ 1.42 0.104 g?;l_
Stage at diagnosis 1.17 0.552 ?S:S- 1.01 0.963 ? :239-
Histology of pt 0.68 0.134 (1);1; 5 0.78 0.272 (1);) +
Size of pt at diagnosis 1.13 0.604 (1)524- 0.90 0.648 ? 217 +
Size of bm at relapse 1.30 0.189 SSZ% 1.63 0.020 ;22_

HR = Hazard Ratio, CI = Confidence Interval, OS = overall survival, PFS = progression-
free survival, bm = brain metastases, pt = primary tumor

models’.

To examine whether the two computational biomarkers provide clinical prediction
benefit, the multivariate Cox regression models with and without the computational
parameters for all covariates and in the reduced multivariate models were trained
in a three-fold cross-validation learning set. For the corresponding test set, Harrel’s
concordance index was calculated. The whole procedure was repeated one hundred
times, calculating the overall c-index as the mean value of the one hundred estimated
ones.

For PFS, the c-indices of the full models were estimated as 0.560 (95% CI 0.545 to 0.575)
and 0.595 (95% CI 0.582 to 0.608) without and with the computational parameters,
respectively. The slight improvement in predictive value disappears when only consid-
ering covariates with p<0.2: the corresponding c-indices were calculated as 0.708 (95%
CI 0.697 to 0.718) and 0.703 (95% CI 0.693 to 0.713) for the two approaches.

For OS, the c-index for the two full models without and with the computational
biomarkers were 0.585 (95% CI 0.569 to 0.602) and 0.713 (95% CI 0.700 to 0.726), respec-
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6 Simulation for clinical cases

Table 6.3: Results of the univariate Cox regression analysis for OS and PFS with the
computational biomarkers r,, and m.

HR p-value 95% CI HR p-value 95% CI
(0S) (0S) (0S) (PFS)  (PFS) (PFS)

Covariate

Sex 1.10 0.602 25758_ 0.98 0.936 2223-
Age at diagnosis 1.03 0.900 2257 . 0.74 0.167 Sizg_
Number of bm at relapse 1.72 0.0056 ;;g_ 1.25 0.255 (1)321_
Stage at diagnosis 0.87 0435 ?:324- 110 0.674 f :67;6'
Histology of pt 0.79 0.223 (1)%5_ 0.72 0.117 (1)397 o
Parameter 7, 1.65 0.0229 ;g;- 1.25 0.237 ? S?f o
Parameter m 1.95 0.0011 ;Si_ 1.54 0.073 gzgl_
Size of pt at diagnosis 1.05 0.781 gZSS > 0.90 0.648 giz +
Size of bm at relapse 0.99 0.967 2257 7- 1.52 0.040 ;gz_

HR = Hazard Ratio, CI = Confidence Interval, OS = overall survival, PFS = progression-
free survival, bm = brain metastases, pt = primary tumor

tively. This increase in predictive value is even observable for the two corresponding
reduced models for covariates with p<0.2 only: the corresponding indices were 0.647
(95% CI 0.631 to 0.664) and 0.789 (95% CI 0.779 to 0.800), respectively. This can be
interpreted as an improvement in predictive power by 22%, compared to the Cox
proportional hazards model based on usual covariate routinely acquired in the clinics
and clearly shows the astonishing potential of the modeling approach and parameter
interpretation in prediction context, supporting earlier discoveries [Ben+21].
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6 Simulation for clinical cases

Table 6.4: Results of the multivariate Cox regression analysis for OS and PFS without
the computational biomarkers r,, and m.

HR p-value 95% CI HR p-value 95% CI
(0OS) (0S) (0OS) (PES)  (PFS) (PES)

Covariate

Sex 113 0.662 f:ggg‘ 100  0.999 ? :gg’ o
Age at diagnosis 1.51 0.248 2(7)52_ 0.75 0.355 (1);;8 o
Number of bm at relapse 1.44 0.175 gigl- 1.35 0.196 851;26-
Stage at diagnosis 1.00 0.999 (1)??4_ 0.95 0.840 (1)2(6) -
Histology of pt 0.65 0.214 $§§6- 1.00 0.987 ? :559-
Size of pt at diagnosis 1.24 0.387 2(7;2_ 1.00 0.999 2(9)279_
Size of bm at relapse 1.39 0.113 8?35- 1.65 0.0215 ;gi-

HR = Hazard Ratio, CI = Confidence Interval, OS = overall survival, PFS = progression-
free survival, bm = brain metastases, pt = primary tumor
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6 Simulation for clinical cases

Table 6.5: Results of the multivariate Cox regression analysis for OS and PFS with the
computational biomarkers r,, and m.

HR p-value 95% CI HR p-value 95% CI
(0S) (0S) (0S) (PFS)  (PFS) (PFS)

Covariate

Sex 110 0.769 g:g‘;& 101 0979 g:gg ”
Age at diagnosis 1.99 0.095 22?7_ 0.61 0.174 ? :;20_
Number of bm at relapse 1.32 0.506 2326_ 1.05 0.894 g?i_
Stage at diagnosis 1.48 0.266 g;;LO- 1.17 0.585 8827-
Histology of pt 1.06 0879 géf‘ 156 0258 297;1
Parameter 7,, 340  0.0039 ;zgf' 152 0219 gzggo-
Parameter 2 192 0.136 2:?;5‘ 204  0.087 Zzggz_
Size of pt at diagnosis 0.86 0.647 ggg?)- 0.75 0.463 ;J:;M-
Size of bm at relapse 1.46 0.113 g§i4_ 1.81 0.0143 ;;i’O_

HR = Hazard Ratio, CI = Confidence Interval, OS = overall survival, PFS = progression-
free survival, bm = brain metastases, pt = primary tumor
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7 Conclusion

In this thesis, different modeling approaches were formulated to be calibrated to clinical
data. These included ordinary and partial differential equation systems and statistical
models. The models were analysed in terms of parameter sensitivity, accuracy to
explain clinical case data and prognostic value of estimated model parameters.

First, the biological background of lung cancer, the metastatic process and treatment
possibilities was introduced and the two evaluated data sets were described. Chapter
3 provided all mathematical tools to construct the deterministic models as well as to
investigate their parameters’ sensitivities and to perform statistical survival analysis in
a Cox proportional hazards model. Chapter 4 set up the models step by step, starting
with regular untreated tumoral growth in an ordinary differential equation formulation.
This formulation was adjusted to also consider different treatment approaches. The
two approaches were integrated into partial differential equations in an untreated and
a treated setting to consider metastatic growth and development. Further, a slightly
simplified model adjusting for the hypothesis to neglect secondary metastasation in
early disease trend was formalised. This model was then used to assess the prognostic
possibilities of the whole modeling framework in terms of evaluated parameters” inter-
pretation. For each of the single models an implementation was shown, exploratory
simulations were formed and different sensitivity analyses were evaluated to shed light
into the model and parameter behaviors. Chapter 6 then successfully simulated the
respective models of interest to the corresponding clinical histories of two data sets. The
parameter values were extracted individually and for the simplified modeling approach,
these were used for a statistical analysis. The concordance indices were improved from
0.647 for fully clinical covariate Cox proportional hazards models to 0.789 for Cox
proportional hazards models constructed of the very same clinical parameters plus
two computational biomarkers that were generated by the mathematical modeling
approach. The increase in predictive power is therefore 22%. This evaluation clearly
proves the advantage of considering the model’s parameters in clinical routine care to
potentially establish even better clinical decisions.

The different modeling approaches can be used to quantitatively determine the metastatic
distribution in a patient’s body, estimating what has been so far impossible to measure
- the invisible metastatic threat early in clinical routine care, the greatest unknown for
clinicians, influencing treatment decisions and thus treatment success.
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7 Conclusion

This work with corresponding publications has proven functioning and usability of the
different approaches. Also, statistical evaluations have shown the clinical predictive
value these approaches already carry. It remains that the approaches are tested in depth
on larger data sets to decipher for which patients with certain risk factors the methods
are most accurate and for which covariates they are not. Accordingly, these insights
give hints at which dynamics the modeling approaches potentially might have to be
adjusted and further allow to even better predict disease progression for individual
cancer patients.

Extensions of the framework would then allow to chose the most efficient treatment
setting on this individual basis to assist clinical decision finding especially in debatable
situations.
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