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Analog-Computer Studies  on Microwave 

Mixing in  Superconducting Weak Links 

PETER  H.  RUSSER AND HEDAYATOLLAH  BAYEGAN 

Abstrucf-The dc characteristics of superconducting  weak links, 
irradiated by one and two microwave frequencies and  the dependence 
of the absorbed microwave power on the dc current, are evaluated. 
Within the constant voltage steps, the ac current generated in the 
weak link is synchronous with the incident microwaves or their 
mixing products. In the case of two incident microwave frequencies 
within the constant voltage steps,  the dependence of the  ratio of 
power-absorption variation on the  impressed dc current  at  the two 
frequencies is governed by modified Manley-Rowe equations. 

I .  INTRODUCTION 

B OSEPHSON  junctions [1]-[SI can be applied for gener- 
ation,  detection,  mixing,  and  parametric  amplification 
of microwaves  [6]-[15]. I t  has  already  been  shown 

that  for  ideal  Josephson  junctions  with a sinusoidal  current 
dependence  on  the  quantum  phase  difference,  general  energy 
relations  that  govern  the  mutual  conversion of the  dc  power 
and  the  ac  powers a t  different  frequencies  are  valid  [14]. 
These  equations  differ  from  the  Manley-Rowe  equations 
[16]  by  an  additional  term  accounting  for  the  converted 
d c  power. The  energy  relations  show  the  feasability of d c  
pumped  parame-tric  amplifiers  with  Josephson  junctions. 

In  real  superconducting  weak  links  as  point  contacts  [17] 
and  thin-film  bridges [18], [19], a dissipative  quasi-particle 
current  flows  parallel  to  the  Josephson  current.  In  the  micro- 
wave field the  dc  characteristic  shows a s tep   s t ruc ture   [ l l ] ,  
[18]-[23]  which  can  be  used  for  detecting  microwave  and 
far-infrared  signals.  Theoretical  investigations  taking  into 
consideration  the  quasi-particle  current  agree well with 
experimental  results  [23],  [24]-[27]. In  this  paper we  extend 
the  analog-computer  studies  described  earlier  [27]  to  the 
case of two  incident  microwave  frequencies.  The  power 
conversion  is  evaluated  between  dc  and  ac  for  one  and  two 
incident  microwave  frequencies. 

11. ENERGY RELATIONS FOR IDEAL 
JOSEPHSON JUNCTIONS 

The  current-voltage  relation of ideal  lossless  Josephson 
junctions  can  be  described  by  the  equations 

iJ(t) = I,.,,,, sin 4(t) (1) 
2m(t) 

qqt)  = - 
A 

where iJ is the  current  through  the  junction, u ( t )  the  applied 
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voltage, + ( t )  the  quantum  phase  difference  across  the  junc- 
tion,  and Imax the  maximum  Josephson  current  [1]-[SI.  For 
low  frequencies, Imax is  independent of the  voltage  and  de- 
pends  only  on  the  temperature  and  the  junction  geometry 
and  material.  Since  the  Josephson  current  is a nonlinear 
unique  function of the  integral of the  voltage  over  time,  the 
ideal  Josephson  junction  is a nonlinear  lossless  inductor.  With 
the  formally  introduced  magnetic  flux + ( t ) ,  defined  by 

w = v ( t>  (3) 

the  differential  inductance of the  ideal  Josephson  junction  is 

with 

4 0  Lo = - 
2TImax 

where +o is  the flux quantum.  The  energy,  stored  in  the 
Josephson  junction,  is  given  by 

Contrary  to  other  inductors, the current i~ and  the  
energy w are  periodic  functions of the  magnetic  flux.  Energy 
and  current  stay  restricted  when  the  magnetic  flux  goes  to 
infinity.  They  are  not  dependent  on  the  absolute  value of t h e  
flux but  only  on  i ts   deviation  from  an  integer  multiple of the  
flux quantum $0. I t  is  not  possible  therefore  to  interpret 4 
as  stored  magnetic  flux,  since  in  this  case  the  energy  would  go 
to  infinity  with  the  absolute  value of the flux. B u t  4 can  be 
considered as the  ra te  of flux  flowing  across  the  junction.  The 
consequence  is  that  the  ideal  Josephson  junction  can  be  con- 
sidered  as a nonlinear  lossless  inductor  which  also  supports a 
dc  voltage  without  driving  the  current  and  the  energy  to 
infinity. 

From  (1)  and (2) i t  follows t h a t  a dc  voltage V O  causes a 
sinusoidal ac  current i~ with  the  amplitude I,, and  the  fre- 
quency 

1 2eVo 

.f - 2 x  
o - - w o  = - = 483.6V0  GHz/mV. (8) 

h 

With a Josephson  junction,  power  conversion  is  possible  from 
dc  to   ac ,   f rom  ac  to   dc,   and  (as  a consequence of its  non- 
linearity)  between  different  ac  frequencies. 

For  nonlinear  lossless  reactances  general  energy  relations, 
given  by  Xlanley  and  Rowe  [16],  which  govern  the  real  power 
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conversion  between  two  or  more  incommensurable  frequencies 
and  their  mixing  products  are  valid.  For  Josephson  junctions 
these  equations  must  be  extended  by  an  additional  term  for 
the  dc  power  [14].  For  the  case of two  frequencies f l  and  f z  
whose  ratio  is  not  an  integer,  and  an  applied  dc  voltage 

the  energy  relations are 

5 5  
5 5  

mPmn kPo = -___ (10) 
-1 n=--oo mj1 + nf2 kfl  + v2 

n Pmn  ZPO - _ - ~ .  
k f l +  I f 2  m=-m n;  1 mf1+ nf2 

(11) 

P,, are  the  real  powers a t  the  frequencies mfl+nfz and  Po 
is  the  dc  power.  Positive  sign of P,, and PO denotes  power 
flow towards  the  junction.  The  dc  power  in (10) and  (11)  can 
be  treated  in  the  same  manner as the  active  power Pkl at  the 
frequency kfl+Zf2. 

The  energy  relations  for  Josephson  junctions  show  the 
possibility of lossless  power  conversion  between  different 
ac  frequencies  and  dc,  and  also, of the  possibility  of  para- 
metric  amplification. 

Of special interest  is  the  case  where  only  two  incommen- 
surable  frequencies fl and  fi occur  and  the  dc  voltage V o  
corresponds  to a frequencyfo,  which  is  the  sum or the  differ- 
ence of f1 and  f2. This  case  can  be  realized  by  coupling  the 
Josephson  junction  with a resonator  which  has  parallel 
resonances a t  f~ and f~ and  short-circuits  all  other  frequencies 
mfi+nfz. As Josephson  junctions  have a very  low  impedance 
this  assumption  would  be  generally  unrealistic.  Only  with 
tunnel  junctions  which  have a stripline  resonator  structure 
a broad-band  matching  is  possible. In the  case 

we  get  from (10) and  (11) 

The   dc   power  flowing  into  the  Josephson  junction  is  converted 
to ac  power a t  the  frequencies f1 and f2 and  these  converted 
powers P1 and P2 are  in  the ratiofl to f 2  flowing away  from 
the  junction.  Equation  (13)  would  be  valid  in  the  case of the 
dc-pumped  negative  resistance  parametric  amplifier  with f l  

and  f2  as signal  and  idler  frequencies.  The  variation of the 
dc  pump  power  with  the  signal  power PI  can  be  utilized  for 
signal  detection.  In  the  case of the  negative  resistance  para- 
metric  amplifier  signal  and  idler  power  are  flowing  in  the 
same  direction. If  the  difference  frequency 

fo' = f2 - fl (14) 

is  used as pump  frequency  we  get  from  (10)  and  (11) 

PI P? Po 

f 2  . f 2  f<  
_ -  - - _ -  _ - .  

In  this  case  the  real  signal  power PI  and  the  real  idler  power 
flow in  the  opposite  direction  and  amplification  is  only  possi- 
ble  in  the  up-conversion  mode. 

Fig. 1.  Circuit model for a superconducting weak link irradiated by two 
monofrequent microwave sources with  the angular frequencies w1 
and ut. 

111. MIXING OF MICROWAVES I N  REAL 
SUPERCONDUCTING WEAK  LINKS 

Experimental  investigations  [18]-[23] of the  dc  charac-  
teristic of real  superconducting  weak  links  have  shown a 
considerable  deviation of the  dependence of the  constant  
voltage  step  height on the  external  microwave  amplitude 
from  the Bessel function  behavior.  The  discrepancies  between 
theory  and  experiment  could  be  removed  by  considering  the 
resistive  feedback of the  microwave field generated  by  the 
junction  [21],  [24]-[27].  In  Dayem  bridges  and  point  con- 
tacts already a t  low  voltages a quasi-particle  current  flows, 
which  is  porportional to the  junction  voltage  and  causes a 
conductance G parallel  to  the  ideal  junction.  Tunnel  junctions 
[28] have a parallel  capacitance,  which  can  cause  hysteresis 
effects  and  instabilities  in  the  dc I-V characteristic [29]. 
These  effects  can  also be observed  in  point  contacts  with 
flattened  points.  Tunnel  junctions  can  also  act as line  reso- 
nators  and  exhibit a step  structure  without  microwave  irradi- 
ations [6] due  to  the  strong  variation of the  self-detection 
a t  the  resonant  frequencies.  The  existence of steps  in  the 
absence of external  irradiated  microwaves  is a measure  for 
the  coupling of the  Josephson  junction  to  resonant  structures. 
Series  inductances  disturb  the  sinusoidal  current  dependence 
on  the  magnetic  flux. I n  this  case a dc  voltage VO also gener- 
ates harmonics of fo. The  consequence of the  locking of these 
harmonics of the  generated  frequency to the  incident f r e -  
quency  are  subharmonic  steps  in  the  dc  characteristic [SO]. 

In   t he  following  we  restrict  ourselves  to  junctions  with  no 
parallel  capacitance  and  no  resonant  structure.  Since  the 
impedance of superconducing  weak  links  is  very  low,  the 
external  microwave  sources  act  as  current  sources. In t h e  
case of impressed  current  the  series  impedances of the  junc- 
tion  have  no  effect  on  the  dc  characteristic.  Fig. 1 shows  the 
circuit  model  for  the  superconducting  weak  link  irradiated 
by  two  microwave  sources  with  the  angular  frequencies w1 

and w2. The  circuit  is  described  by 

I O  4- I1 sin wlt  + 12 sin w2t = I,,, sin 4(t) + G.u(t ) .  (16) 

10 is the  impressed  dc  current, 11 and 1 2  are  the  impressed 
microwave  current  amplitudes,  and C is a conductance  de- 
scribing  the  effect of the  quasi-particle  current.  To  reduce  the 
number of parameters  we  introduce  the  following  normalized 
quantities: 
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Fig. 2. Normalized dc  voltage  component 7 and normalized absorbed 
microwave active power ((&5/dr) sin b) in dependence of the normal- 
ized impressed dc current a0 for one  incident microwave frequency 
t1=0.3 with the normalized amplitude a1=0.75. 

w1 
El  = - 

Q 

w2 
E 2  = - 

Q 
T = Qt. 

From (2),  (20), and (23) we  get  the  normalized  voltage 

d4 Gz> 

dr I,,,, 
_ -  - - .  

T h e  normalized  form of (16) is 

d4 
dr 

a0 + a1 sin E1r + a? sin &T = - + sin 4. 

Without  external  microwave  radiation (al=a?=O) (25) can 
be  solved  exactly [29],  [SI]. The  mean  value 

of-the  junction  voltage  is  given  by 

1 = 0, for a. 5 1 

1 = .\/ao2 - I, f o r a o  > I .  (27) 

T h e   a c  real  powers P;(i= 1 ,  2) flowing  towards  the  junction 
at   the  frequencies w; are  given  by 

Pi = (Z ' ( t ) .  Ii sin wit).  (28) 

From (18),  (24), and (28) we get 

We  have  calculated  the  normalized  dc  junction  voltage r )  and 
the  normalized  real  powers ( (&/dr)  sin 5 ; ~ )  on  theanalog 
computer.  Fig. 2 shows  the  results  for  one  incident  microwave 
frequency.  The  normalized  frequency  is E=0.3 and  the  nor- 

malized  amplitude  is a l = 0 . 7 5 .  The  slope of the  normalized 
voltage 7 has  been  discussed  in  an  earlier  paper [27]. 

We  can  distinguish  three  regions of the  dc I-V charac- 
teristic,  where  the  dependence of real  power on the  impressed 
dc  current differs. 

1) In  the  zero  voltage  region ( r ] = O )  the  absorbed  micro- 
wave  power  increases  with  the  dc  current.  An  analytic  solu- 
tion  can  be  given  for a small  incident  microwave  signal, 
where  the  zero  voltage  region  extends  from ao= 0 t o  a0 = 1. 
For  small ac amplitudes  the  junction  inductance L depends 
only on the  dc  current.  The  current  source 110 delivers a n  
active  power of 

1 02L2G 

2 1 + ( U L G ) ~  
PI = - I102 

into  the  junction.  From (1)-(6),  (17), and (20) i t  follows 

Inserting (18), (Zl), and (31) into (30) yields 

Since  the  parallel  inductance L increases  with  the  dc  current, 
P1 increases  also. 

2) In  the  regions n f < r )  < (n+ l ) [  between  the  constant 
voltage  steps P1 decreases  with  increasing  dc  current.  For 
this  behavior  we  suggest  the  following  qualitative  explanation. 
If the  junction  voltage  has a dc  component,  the  Josephson 
current i~ oscillates  between -Imax and +Ima, and  causes a 
variation of the  junction  voltage  between (Io+l-)/G 
and ( I~ - Imm) , /G .  In  the  interval  from -Imar to  0 the  current 
i~ flows  across G in  the  same  direction  as Io. Therefore,  the 
junction  voltage  and,  according  to (2),  the  phase  velocity 
+ ( t )  are  raised  and  this  interval  is of a shorter  duration  than 
the  interval of i J ( t )  from 0 to  Inla,, where  the  junction  voltage 
and  d ( t )  are  lowered.  Consequently, i ~ ( t )  has a positive  mean 
value.  For  small 1 the  phase  velocity &t) is  lowered  in  the 
vicinity of ~J=I" , . ,  strongly  enough so t h a t  i~ approximates 
I,,, for  the  most  time of the  period.  From (1) and (4) we 
see, that  the  junction  inductance  gets  to  infinity as i~ goes  to 
Imm. I t  follows  from (30) that  for  small r) the  mean  value of 
PI  is a maximum.  We  note  that  this  explanation  is  justified 
only  for  small a1 and  small r), because  only  in  this  case  the 
time  dependence of the  junction  inductance is not  altered  by 
the  incident  microwave  signal,  and  averaging (30) over a 
slowly  varying L(t)  becofnes  possible. 

3) For  incident  microwaves  the  dc I-V characteristic 
exhibits  constant  voltage  steps a t  r )  = nE. Within  the  nth  step 
the  frequency of the  incident  microwaves  coincides  with  the 
nth  harmonic of the  frequency  generated  by  the  dc  voltage. 
The  Josephson  junction  is  synchronized  by  the  frequency of 
the  incident  microwaves. 

Within  the  first  step P1 increases  with  increasing  dc 
power. If I l o  is  the  complex  amplitude of the  current  im- 
pressed at the  angular  frequency w1 into  the  parallel  circuit 
of the loss conductance G and  the  ideal  Josephson  junction, 
and  if 115 is  the  complex  amplitude a t  L J ~  of the  current flowing 
into  the  ideal  junction,  the  real  powers PIG, flowing  from  the 
radiation  source I l 0  into G, and P 1 ~ ,  flowing  from  the  ideal 
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Fig. 3. Normalized dc  voltage  component q and normalized absorbed 

€1 and ((dc#J/dr) sin E r r )  at the normalized frequency in dependence 
microwave active powers ((e/&) sin €17) at the normalized frequency 

of the normalized impressed dc current ao for two incident microwave 
frequenciesEl=3.6 and €2=0.45 with al=al=0.75.  

Josephson  junction  into G,  are 

For  weak  resistive  feedback  the  absolute  value of 1 1 ~  is  con- 
s tant   and  equal  to the  maximum  Josephson  current I,,,. If 
also  the  impressed  current  amplitude  is  held  constant PIG 
and PIJ depend  only on the  phase  difference  between Il0 a n d  
I I J .  Since  the  terms  depending on this  phase  difference  are 
equal  in (33) a n d  (34)  the  changes of P I G  a n d  P1J with  the 
phase  difference  are  equal.  Within  the  step,  the  microwave 
current  generated  in  the  junction  is  synchronous  with  the 
incident  microwave  radiation.  For  constant  dc  current  the 
phase  difference  between Il0 and I I J  is  also  constant.  Increas- 
ing  the  dc  current  leads  to a higher  microwave  power  flowing 
from  the  Josephson  junction  towards G. This  raises  the  ac 
voltage a t  G and  therefore  also  the  power  flowing  from  the 
current  source  to G. 

Fig. 3 shows  the  dc  current  dependence of 7 and  the nor- 
malized  real  powers ((&/&) sin [IT) and ((&/&) sin i 2 ~ )  
flowing  towards  the  junction a t  the  normalized  frequencies 
and  (2 for  two  incident  microwave  signals of different  fre- 
quencies.  From  (10)  and  (11)  we  expect a power  conversion 
between  the  dc  power  and  the  powers a t  frequencies w1 a n d  
W Z ,  if the  dc  voltage  component  across  the  junction  corre- 
sponds to a combination  frequency of ~1 and w2. I t   has   to   be  
noted,  that  the  energy  relations  are  only  valid'  for  ideal 
Josephson  junctions  with no quasi-particle  currents.  Addi- 
tionally,  in  the  case of impressed  current,  the  junction  voltage 
is  rich  in  harmonics  and  mixing  products, so that  the  ratios of 
the  powers  flowing  into  the  ideal  junction  cannot  be  deter- 
mined  from  the  power  relations  alone.  Only  in  the  case of 
strong  damping  by  the loss conductance,  when  the  frequen- 
cies of the  incident  signals  and  the  generated  frequency w o  
dominate, (10) and (11)  give a possibility  to  estimate  the 
power  ratios.  At  the  normalized  voltages 7 =&-it and 
T = & + E ~  the  powers P1 and P S  exhibit a strong  dependence 
on the  dc  current.  

If the  dc  current  is  varied  within a constant  voltage  step 

the  dc  power flow into  the loss conductance  remains  constant, 
since  the  voltage  across G is constant.  The  change  of  the  dc 
power  equals  the  change of the  power  converted  by  the 
Josephson  junction  into  ac  power. If only  the  frequencies WI 
and w2 occur  across  an  ideal  Josephson  junction, (13) and  (15) 
are  valid for 7 = [l+iz and 7 =&-E*. Contrary  to  these  equa- 
tions,  according to Fig.  3,  all  powers flow towards  the  junc- 
tion as a consequence of the  power  absorption  in  real  Joseph- 
son junctions. Also the  ratios of the  real  powers P I  and PZ do 
not  agree  with (13) and (15) because  a  considerable  amount 
of the  incident  microwave  power  is  directly  absorbed  by  the 
loss conductance G. Only  the  ratio of the  power  variations at 
the  normalized  frequencies i1 and &, when  is  changed  with 
a step,  shows a relation  to  the  power  ratios  in  the  ideal  case. 
For  equal  normalized  amplitudes al and a? the  ratio of the 
power  variations  is  given  by (13) and  (15).  Within  the  step 
a t  the  sum  frequency  the  variations of the  powers 
P1 and P2 with a0 are,  according to (13),  in  the  same  direction. 
N'ithin the  step a t  the  difference  frequency (1-& the  vari- 
ations of P I  and Ps with a. are  in  opposite  direction  according 

The  zero-voltage  region  and  the  region  between  the  steps 
can  be  interpreted in the  same  way  as  in  Fig. 2. LVe note ,   that  
for  steps,  corresponding  to  one  frequency  or  its  harmonics 
7 = m.$(? = nb)  only  the  real  power Pl(P,) of the  signal  inci- 
dent  at  this  frequency  is  strongly  dependent on ao. The  real  
power P?(P1) at  the  other  frequency  shows  only  weak  bumps 
within  these  steps.  This  result  also  shows  a  relevance  to  the 
energy  relations. In the  small  signal  case,  when  the  time  de- 
pendence of the  junction  inductance  results  only  from  the 
dc  voltage  component  across  the  junction,  these  bumps  dis- 
appear. 

to  (15). 

IV. coscLusloh- 
The  general  energy  relations  for  ideal  Josephson  junctions 

suggest  the  application of Josephson  junctions  for  frequency 
conversion  and  parametric  amplification.  One  possible  method 
for  parametric  amplification  is  to  measure  the  absorbed 
power PS at  a higher  frequency w2 as  it depends on the  ampli- 
tude of a signal  with a lower  frequency w1. 

For a high loss conductance G we see from  Figs. 2 and 3 
t h a t  a considerable  part of the  microwave  powers  is  absorbed 
by  the loss conductance.  Therefore,  parametric  amplification 
is not  possible  for  high loss conductances. In the  case of a low 
loss conductance,  due  to  the  higher  resistive  feedback,  more 
harmonics  and  mixing  products  are  generated in the  Josephson 
junction  and a considerable  amount of the  power  is  converted 
into  parasitic  frequencies. 

For  the  use  in  parametric  amplifiers,  the  Josephson  junc- 
tion  must  be  matched in  a broad  frequency  band  to a low 
load  impedance.  Such a load  can  be  for  example  the  resonator 
formed  by a tunnel  junction  with  strip  line  geometry. A 
broad-band  matching  is  necessary for the  following  reason: 
If a Josephson  junction  is  only  matched  to  the  load a t   t h e  
frequency W O ,  corresponding to the  applied  dc  voltage L'o, 
the  load  conductance will damp  the  Josephson  junction a t  wo 
and  the  junction will possibly  oscillate at two  frequencies 
w1 and w?, the  sum  of  which is wo. To avoid  such  parametric 
instabilities a broad-band  matching of Josephson  junctions 
is  necessary. 

A higher  junction  impedance  can  be  achieved  by  lowering 
the  maximum  current I,,,, or by  going to higher  frequencies. 
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As the  ideal  Josephson  junction  is a nonlinear  inductor,  its 
impedance is inversely  proportional  to  the  frequency. 
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