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Abstract

The aim of this thesis is to study the derivation of the lattice Boltzmann method from
a coarse-graining of an underlying Molecular Dynamics simulation.

In the rapid development of the lattice Boltzmann method, the link to its predecessor
Lattice-Gas Cellular Automata has been compromised. To recover this link, we introduce
the Molecular Dynamics Lattice Gas analysis tool, which coarse-grains the trajectories of
an underlying Molecular Dynamics simulation to reproduce the formalism of the lattice
Boltzmann method. The Molecular Dynamics Lattice Gas approach establishes a direct
link between a Lattice Gas method and a coarse-graining of a Molecular Dynamics
simulation. As a result, the Molecular Dynamics Lattice Gas method allows us to
connect the lattice Boltzmann method to physical reality.

We use this analysis tool to derive more precisely key elements of the lattice Boltz-
mann method such as its equilibrium distribution function, relaxation parameters, and
collision rules. Furthermore, the MDLG method can be extended to derive the fluctuat-
ing properties, forcing fields, and boundary conditions of the lattice Boltzmann method;
however, this is beyond the scope of this work.






Kurzfassung

Das Ziel dieser Arbeit ist die Ableitung der Lattice-Boltzmann-Methode aus der Ver-
groberung einer zugrunde liegenden Molekulardynamik-Simulation.

Bei der schnellen Entwicklung der Lattice-Boltzmann-Methode wurde die Verbindung
zu ihrem Vorgénger Gitter-Gas-Zellular-Automaten vernachléssigt. Um diese Verbin-
dung zu rekonstruieren, stellen wir das Analysewerkzeug Molekulardynamik-Gitter-Gas
vor, das die Trajektorien einer zugrunde liegenden Molekulardynamik-Simulation ver-
grobert, um die Lattice-Boltzmann-Methode abzuleiten. Der Molekulardynamik-Gitter-
Gas-Ansatz stellt eine direkte Verbindung zwischen einer Lattice-Gas-Methode und einer
Molekulardynamik-Simulation her. Als Ergebnis ermoglicht uns die Molekulardynamik-
Gitter-Gas-Methode, die Lattice-Boltzmann-Methode mit einer physikalischen Realitét
zu verbinden.

Wir verwenden dieses Analysewerkzeug, um Schliisselelemente der Lattice-Boltzmann-
Methode wie ihre Gleichgewichtsverteilungsfunktion, Relaxationsparameter und Kolli-
sionsregeln genauer abzuleiten. Dariiber hinaus lassen sich mit dem MDLG-Verfahren
auch die fluktuierende Eigenschaften, Kraftfelder und Randbedingungen des Lattice-
Boltzmann-Verfahrens ableiten, dies ist jedoch nicht Gegenstand dieser Arbeit.
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“An intelligent being knowing, at a given instant of time, all forces acting in nature,
as well as the momentary positions of all things of which the universe consists,
would be able to comprehend the motions of the largest bodies of the world
and those of the smallest atoms in one single formula, provided it were
sufficiently powerful to all the data to analysis; to it, nothing would be uncertain,

both future and past would be present before its eyes.”

— Pierre Simon Laplace,

Theorie analytique des probabilites
(Paris: V. Courcier, 1820)






CHAPTER 1

Introduction

Over the last three decades, the has experienced a meteoric rise. It has become
the method of choice in a number of areas such as automotive and, to a lesser degree,
aerospace industries [2,[3]. With its intrinsic parallelism and ability to cope with complex
geometries, the has been developed to solve problems in turbulence [4, [5, [6], mul-
tiphase and multicomponent flows [7), &, 9] [10], and thermal and reactive flows [I1} 12],
to name just a few. The [LBM] has also proven useful beyond Newtonian mechanics in
disciplines such as quantum and relativistic fluids [13] 14}, [T5] [16].

To understand the lattice Boltzmann method, we first need to show how it relates to
other [Computational Fluid Dynamics (CFD) methods [17, 18, 19 20} 21]. Fluid flows
can be defined at different length scales as shown in Fig. [.LI. We have the following
regimes from small to large length scale: microscale, mesoscale, and macroscale [22].

First, in the microscopic description, the length scale [, is the size of the fluid atom or
molecule, with a time scale t. — 0, being the time needed for a collision. This regime is
often referred to as a molecular description governed by Newtonian dynamics [23, 24], 25].

In [Molecular Dynamics (MD)| the collisions are resolved, thus the method needs to

execute a large number of iterations to simulate a single physical second. This makes
the [MD] extremely expensive and therefore, inefficient for large simulations.

Second in the hierarchy is the mesoscopic scale, where we do not track the evolution
of individual particles, but rather a distribution of particles. This regime is described by
the kinetic theory of gases [26, 27]. The mesoscopic length and time scales are given by
the distance or time between two consecutive collisions, also known as mean free path
lmfp, and mean free time ¢, respectively.

Third, the macroscopic regime considers a continuum description with length scale
[ and time scale ¢ much larger than the one of the previously described regimes (I, <
Imtp < [, and t. < tng < t). The governing equation in macroscopic regime is the
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Figure 1.1: The hierarchy of length and time scales for fluid dynamics simulations. They
obey the following rules l, < lnfp < [, and te < typ < 2.

INavier-Stokes Equation (NSE)|[28], and the observables are quantities such as velocity
and density.

The is a mesoscale method that tracks the distribution of particles [I]. Initially,
it was developed as a postprocessing algorithm to eliminate the statistical noise of the
ILattice-Gas Cellular Automata (LGCA ){method and to obtain useful macroscopic quan-
tities such as velocity and density [27, 29, [30, B1]. Later, it was realized that can
solve some of the shortcomings of the lattice gases, and thus, can be used as a stand-
alone [CFD| method. In the last three decades, scientists have developed the and
in this process, they have found three independent ways to derive the [LBM] as shown
schematically in Fig. [1.2]

The bottom-up approach corresponds to the already described link between [LGCA]
and [LBM] methods. The first [LBM] had a striking similarity to its predecessors by
deriving [LBM] from its [LGCA] foundation. In his book, Sauro Succi calls this derivation
method the “statistical physics approach” [I]. Later, when significant improvements
were suggested to the [LBM] definition, this link was broken.
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Figure 1.2: Ways to derive LBM. The LBM was first derived from the LGCA using a bottom-
up approach based on statistical physics. Later, this link was compromised after
realizing that the LBM can be significantly improved by deriving it from Navier-
Stokes and Boltzmann equations. We introduce a novel approach to derive the
LBM through a coarse-graining of MD simulation. In this way, we restore LBM’s
lost connection to a physical reality. This figure has been adapted from Sauro
Succi’s “The Lattice Boltzmann Equation: For Complex States of Flowing Mat-
ter” [1] book, and it has been extended to show how the novel approach
relates to the @ derivation methods.



1 Introduction

The top-down approach is also called “reverse engineering”, where the can be
used to recover the [NSEl This derivation method ensures that the can be used to
simulate the behavior of fluids. Many of the existing solvers were derived using
the top-down approach.

The derivation of [LBM]from the Boltzmann equation provides a “mathematical” per-
spective to the method. It shows that LBM]is a discrete representation of the continuum
Boltzmann equation [32]. However, due to the limited number of discrete velocity di-
rections, is, in general, a poor solver of the Boltzmann equation. Nevertheless,
this derivation contributed to significant improvements to the [LBM] such as usage of

Maxwellian equilibrium distribution function and an [Bhatnagar—Gross—Krook (BGK)|
collision rule. This link between kinetic theory and allowed for the development of
methods for higher-order thermal problems, relativistic schemes as well as entropic and

non-ideal [LBME. Furthermore, it proves that as a mesoscopic method [LBM] can solve
problems beyond the hydrodynamic limit [22].

Each of these derivation methods brings a unique perspective and inspires further de-
velopment of the [LBM] However, suggesting an improvement from one of the derivation
methods could compromise others. Examples for this are (1) the introduction of the
Maxwellian instead of previously used Fermi-Dirac equilibrium distribution function,
and (2) the collision rule, both coming from kinetic theory of gases. In the Fermi-
Dirac equilibrium distribution function the velocity is viscosity dependent, and in the
advection term, it has a density dependent prefactor that requires additional rescaling
to recover the [NSE[[33]. This drawback is not present when using the Maxwellian equi-
librium function. The [BGK] collision rule made [LBM] more efficient by not relying on
complex [LGCA] collision rules as discussed in Section2.4. The resulting [LBM] method
with Maxwellian equilibrium distribution function and a [BGK] collision operator cannot
be recovered from the [LGCA] This means that the physical underpinning of the result-
ing method is lost. One could say that as long the method performs well, there is
no reason for concern, but we believe that this can threaten the very foundations that
made the such a surprisingly strong competitor to standard [CFD] methods. [LBM]
is not simply another method for discretizing the [NSE| and the fact that it outperforms
classical [CFD]in modeling of automotive hydrodynamics and it makes significant inroads
in the aerospace industry is proof [3, 2]. The success of the lattice Boltzmann method
must be firmly attributed to its grounding in some physical reality, and the inability to
do this is a worrying shortcoming.

One example of the missing link between the and physical reality is the ability
of the former to experience over-relaxation, which is considered to be a numerical trick
without a physical underpinning. [LBM] with over-relaxation can no longer be related
to (bottom-up derivation) methods by a statistical average, since the local col-
lisions can only achieve equilibrium, but never over-relax. Deriving over-relaxation as
a discretization of the Boltzmann equation (side-up derivation) equally fails to justify



over-relaxation as shown by Bosch and Karlin [34]. Over-relaxation is also not a concept
used in continuum mechanics and the Navier-Stokes equation (top-down derivation).
Then why is over-relaxation such an intrinsic part of the LBMJ?

We anticipate to answer this and other questions by deriving the lattice Boltzmann
method in a novel way using a direct mapping from an average over [MD] simulations
onto [LBM] This approach has its roots in the Molecular Dynamics Lattice Gas (MDLG)|
method pioneered by Parsa et al. [35].

The method restores the broken connection between the|[LBM|and the physical
reality. It provides a new perspective for the justification of the [LBM], which can be
used to analyze the building blocks of the [LBM] Within this work, we derive the [LBM]
equilibrium distribution function and the collision operator for a simple shear show.

For the latter, we observe a natural transition from under-relaxation to over-relaxation
depending on the regime (ballistic to diffusive) of the underlying simulation.
Future work is needed to obtain a generic MDLG] description of the collision operator.
The question of the form of the collision operator has been explored by a number of
research groups, which is the reason why nowadays there is a “zoo” of collision rules
[36] such as [Single-Relaxation Time (SRT)|[LBM|[37], [Multi-Relaxation Time (MRT))

[LBM][38, 139, 40, [41], [Two-Relaxation Time (TRT)|[LBM][42, 43], regularized [LBM][44]
45, [46], entropic [477, [48], 49, [50], cascaded [51],52], and cumulant [53, 54,
B5]. Another area of interest is bringing back fluctuations to the noise-free , which
are much needed when simulating thermodynamic systems [56, 57, 58, 59]. Furthermore,
one can consider improving the following properties: incorporating force fields [60),
61], [62], handling boundary conditions for complex flows [63] 64 (65, [66], or estimating
coefficients having crucial influence on the flow for multiphase and multicomponent
systems [7, 8, @, [10].

The rest of the thesis is structured as follows: In Chapter [2) we briefly discuss the
foundations of this work and introduce the relevant methods. In Chapter [3 we
summarize the main contributions of this thesis. In Chapter[d] we conclude our work and
give suggestions for further application areas and improvements of the MDLG] analysis
tool.

The list of peer-reviewed publications and selected talks can be found in Appendix [A]
The full texts of the peer-reviewed publications can be found as follows: In Appendix [B]
we investigate the validity of the MDLG]| equilibrium distribution function. In Appen-
dices[C]and [D] we propose a more accurate MDLG]| equilibrium distribution function and
show that it can recover the measured equilibrium function. In Appendix [E] we
investigate a non-equilibrium [MD]system and measure over-relaxation using the MDLG]
analysis tool. This confirms that the MDLG] method is a powerful novel way to derive
the [LBM] and restore the link between the [LGCA] and [LBMI






CHAPTER 2

Methods

In this chapter, we provide a brief introduction to the numerical methods, which serve
as a foundation for this work.

2.1 Molecular dynamics

The[MD]simulation is a microscopic method [67, [22], tracking the individual position and
the velocity of particles for a given domain. The MD simulations are often compared to
actual experiments due to the similarities of the procedure [24]: prepare a sample of the
system of interest consisting of N particles; solve Newton’s equation of motion until the
system equilibrates, and then collect sufficient data until the statistical noise is reduced
to a minimum to ensure accuracy of the measurement.

MD is a fundamental approach that models the actual physical forces using inter-
molecular interactions. Once we know the total force applied to each particle, we can

dei f 1
=2 = g 2.1
T m gf (2.1)

write Newton’s second law

where x; is the particle position, f;(t) is the total force on the i-th particle from all other
particles. Having this information, we can calculate the acceleration of each particle.
Then, we obtain the updated particle position by integrating the Newton’s second law.
The most commonly used integrator is the velocity Verlet algorithm [24] given as

(fi(t) N f:)zjw At)) 7

m; m;

N | —
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where v; is the particle velocity. In this algorithm, the velocity and position are cal-
culated at the same value of the time variable. A schematic representation of a two-
dimensional simulation is given in Fig. 2.1}
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Figure 2.1: Schematic representation of a two-dimensional MD simulation. The direction of
the lines represent the velocity direction of each particle, while the lines length
represent the velocity magnitude.

MD] is a useful method for simulating microscale phenomena such as chemical reac-
tions, protein folding, nanoconfinement effects, and phase change. Even though this
approach is very accurate, it is not typically used for macroscopic phenomena due to its
high computational cost even when using the current HPC technologies. This happens
because [MD)] tracks individual positions of atoms, which is computationally expensive
and effectively limits the simulation time and domain size. This makes [MD] highly im-
practical as a Navier-Stokes solver, and one should use a more suitable numerical method
for such applications.

Our analysis tool uses particle positions obtained from an underlying
simulation to calculate the particle displacements for a specific coarse-grained time step.
This procedure allows for first principles investigation of the [LBM]

2.2 Continuity and Navier-Stokes equations

The equations of interest for conventional CFD methods are the continuity and the
Navier-Stokes equations. These equations are valid as long as the representative physical
length scale of the system is much larger than the mean free path of the molecules
representing the fluid. Such fluids are referred to as a continuum. The ratio between the

10



2.2 Continuity and Navier-Stokes equations

mean free path, A, and the representative length scale, L, is called the Knudsen number
Kn = — (2.3)

The [NSE] is valid for Kn < 0.01. For larger Knudsen numbers 0.01 < Kn < 0.1, it can
still be used; however, such flows require special boundary conditions.

The two-dimensional continuity and Navier-Stokes equations for steady, incompress-
ible flow with constant properties are

continuity
Ou, — Ouy

8x+8y

~0 (2.4)

T-momentum

%—i—u%—ku%——la—P v 82%—1-82% + f. (2.5)

ot * Ox Yoy  pox Ox? Oy? v ‘
y-momentum

Ou, Ou, Ou, 10P *uy  0?uy

Ty ] v 2.

ot uxf)x+uy8y p8y+y<8x2+8y2 t (26)

where u, and u, are the velocities in z- and y- directions, respectively. P is the pressure,
p is the density of the fluid, v is the viscosity and f, and f, are the body forces for a two-
dimensional flow. The continuity equation represent the conservation of mass, while the
handles the conservation of momentum for Newtonian fluids. Due to the nonlinear
character of the full compressible a generic analytical solution does not exist. In
order to obtain analytical, exact and approximate solutions to the[NSE] it is necessary to
simplify the equations by making assumptions about the flow, the fluid or the geometry
of the problem. Some of the commonly used assumptions are: the flow is laminar, steady;,
two-dimenstional; the fluid is incompressible with constant properties; and the geometry
contains parallel plates. Examples of analytic solutions are the parallel low through a
straight channel, Hagen-Poiseuille flow and the Couette flow [68].

When an analytical solution is not possible, the [NSE| need to be discretized in space
and time. In this way, one can approximate their solution using a computer. Commonly
used methods to solve the continuity and Navier-Stokes equation are the finite difference,
finite volume and finite element method [69, [70]. Details about these conventional
Navier-Stokes solvers is out of the scope of this dissertation.

The standard [LBM] can recover the continuity and Navier-Stokes equations and it is
often seen as a second-order accurate solver for the weakly compressible [NSE]

11



2 Methods

2.3 Boltzmann equation

The kinetic theory of gases is considered a bridge between the microscale methods, where
we track the motion of individual particles, and the macrosocale where we describe the
fluid flow using quantities such as density and velocity. As shown in Fig. the
mesoscopic kinetic theory describes the distribution of particles in a gas, where the
length and time scales are around the mean free path and the mean free time (I,,5 and
tmft), respectively.

The Boltzmann Equation is given by

of . of [ Fzof _

where f is the probability density function which represents the probability of finding
a particle at position z at time t. Q(f) = df/dt is the effect of collisions on f. The
parameter & describes the particle velocity with the first two terms representing the
advection of the distribution function with velocity £. The third term describes the
forces applied on the velocity. On the right hand side, we have a source term which
redistributes f according to collisions and it is called collision rule.

The collision rule in kinetic theory is mathematically represented by a double integral
over the velocity space. It models all outcomes of two-particle collisions considering the
intermolecular forces.

The is considered a numerical solver for the Boltzmann equation [9]. However,
for regimes where a good solution for the Boltzmann equation is needed, the is not
applicable due to the small number of discrete velocities. This limitation of the
is also its main advantage; it allows for much simpler collision rule. This link to kinetic

theory enables [LBM] to simulate phenomena beyond the hydrodynamic limit.

2.4 Lattice-gas cellular automata

[LGCA| emerged as a Boolean analogue of [MD] and provided a much needed trade-off
between computational efficiency and physical accuracy. Later on in 1986, Frisch, Has-
slacher, and Pomeau [71] published an method capable of simulating fluid flows.
Compared to previously suggested models such as the |[Hardy-Pomeau-de Pazzis|
(HPP)|[72], the |[Frisch-Hasslacher-Pomeau (FHP)| model uses hexagon lattice cells in-
stead of the square domain used by the [HPP| model as shown in Fig. 2.2l The [HPP]
model obeys the conservation laws; however, it did not have enough isotropy to solve

the Navier-Stokes equations.
In general, the LGCA] methods adhere to the following rules:

12



2.4 Lattice-gas cellular automata

wh
o
=

,4 AN

(a) (b)

Figure 2.2: (a) Square lattice used in the HPP model with only four prescribed directions;
(b) Hexagon lattice used in the FHP model with six prescribed directions.

e Particles can move only along the discrete directions allowed for the specific
model, e.g., in the [FFHP| model only six discrete directions ¢; are allowed. This
leads to a Fermi-Dirac equilibrium distribution function;

e Particles can move only to the nearest neighbor;

e Exclusion principle, which says that only one particle can be present in a node at
any time.

The absence (value of 0) or the presence (value of 1) of a particle at a site & and time
t is defined by a Boolean occupation number n;(«,t). The mass and momentum can be
recovered from the occupation numbers [27, [73] as

plx,t) = UEOZni(w,t), (2.8)

pu(e, t) = U@O Z ez, t), (2.9)

where m is the particle mass, and vy is the volume of the node. The [LGCA] evolution
equation can be divided into two simple steps — collision and streaming. The collisions
are local operations that redistribute particles according to collision rules

ni(x,t) = n;(x,t) + Z(x, t), (2.10)

13
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Figure 2.3: FHP collision with two possible collision outcomes.

that conserve particle number and local momentum
ZEi(w, t) =0, and ZciEi(a:,t) =0, (2.11)

as shown in Fig. [2.3] The effectiveness of collisions can be tuned [33] [74], and as a result,
the viscosity can be reduced up to a certain degree. However, depending on the [LGCA]
model and the number of discrete directions ¢;, it becomes cumbersome to express all
the possible collision rules mathematically [27], 29].

After the collision step, particles propagate from one node to a neighboring node
following the prescribed velocity direction ¢; according to the following equation

ni(x + ¢; At t + At) = n}(x, t). (2.12)
The complete LGCA] evolution equation is given by
ni(x + c¢;At, t + At) = n;(x, t) + Zi(x, t). (2.13)

The main advantage of the [LGCA] model is its perfect collisions due to the Boolean
occupation numbers, which ensure that there is no round-off error, commonly observed
for floating-point operations. In addition, the collision is a local operation, where each
site is calculated independently of the others, and thus, no communication between
processors is needed making the model intrinsically parallel.
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2.5 Lattice Boltzmann method

At this stage of the development of the [LGCA] their main disadvantage is the large
amount of statistical noise, which could be helpful in certain applications such as mea-
suring thermal fluctuations of a real gas [27]. However, when analyzing the properties of
a macroscopic simulation, the fluctuations are rather a source of concern. [LGCA] meth-
ods also suffer from Galilean invariance and velocity-dependent fluid pressure caused by
the exclusion principle. In addition, they are not capable of simulating high Reynolds
numbers due to high viscosity. Even though the collision rule is perfectly parallelizable,
in higher dimensions, the complexity of the collision rules grows exponentially, e.g., in
three-dimensions with 24 velocities, the model has 22* collision rules in a node [22]. In
such cases, lookup tables are often used to assign a collision rule [IJ.

Later on, Boghosian et al. [75] introduced the integer lattice gases, where one can
control the level of fluctuations while maintaining the exact conservation laws and having
unconditional stability. In the pursuit of understanding better the fluctuating systems,
Blommel et al. [76] constructed a new integer lattice gas with Monte Carlo collision
operator.

In the late 80s, the LBM] was proposed as a remedy to most of the shortcomings of
the [LGCA|[7T, [78, [79]. The original LBM was derived from lattice gases, and its link to
kinetic theory was not fully understood until the mid-90s [9)].

2.5 Lattice Boltzmann method

In 1988, in order to reduce the statistical noise of the LGCA] method, McNamara and
Zanetti [77] replaced the Boolean occupation number n; with its expectation value given
by

fi = (i) (2.14)

resulting in an |Lattice Boltzmann Equation (LBE)| This increased the computational
efficiency of the method, since additional averaging over lattice gas results is no longer

required. This counteracts the higher computational cost arising from transitioning from
a Boolean lattice gas to an requiring real numbers. Since, the [LBM| was derived
directly from the revolutionary lattice gas method [71], some limitations inherited
from its predecessor remained. The most significant shortcoming of the novel [LBM] are
low Reynolds flows due to low collisionality of the underlying [LGCA] rules, and mildly
Galilean invariance violating terms, caused by the usage of a Fermi-Dirac distribution
function [33].

Later, the [LBM] was connected to the kinetic theory of gases by introducing the
[BGK][37] collision operator with Maxwell-Boltzmann equilibrium distribution function,
which removed the velocity dependent terms in the [NSE|[80]. These two modifications
allowed for the LBM] method to become one of the leading [CFD| methods worldwide.
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The [BGKHLBM] evolution equation is defined as
and similarly to the [LGCA] can be divided into two simple steps:

collision step:  fr(x,t) = fi(z,t) + Qi(x, ), (2.16)
streaming step:  fi(x + ¢; At t + At) = [ (x,1). (2.17)

The collision step redistributes the populations f;(x,t) and relaxes them towards equi-

librium at rates corresponding to the relaxation matrix A;;. The MRTHBGK] collision
operator is given by

Qi(x,t) = ZA” (f5%(,t) — fi(=,1)) . (2.18)

A simpler version of the [BGK] collision operator is the SRTBGK]

e 1) = 2 (1)~ e, 1)), (2.19)

where all the moments relax to the same relaxation time 7. The [LBM] collision operator
is constructed such that total density and momentum are conserved

> Qi t) =0, (2.20)
> ez t) = 0. (2.21)

Often used equilibrium distribution function in [LBM]is the second-order truncation of
the Maxwell-Boltzmann distribution function given by

u-c; (u-¢)? w-u

with a velocity set defined as a combination of the discrete velocities ¢; and their cor-
responding weights w; given by {c;, w;}. The velocity set is often denoted as DdQgq
with d being the number of spatial dimensions, and ¢ the number of discrete veloci-
ties. Commonly used velocity sets are D1Q3, D2Q9 and D3Q27 as shown in Fig. [2.4
Their corresponding weights w; are given in Table 2.1 The parameter ¢, describes the
relationship between the pressure and the density for an isothermal model given by

p=cp, (2.23)
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2.5 Lattice Boltzmann method

which corresponds to the speed of sound. For all the lattices presented in this overview,
the speed of sound is ¢Z = (1/3)Ax?/At?, where Az and At are the space and time
resolution, respectively. In these parameters are typically set to unity (Az =
At =1).

—e L >®
2 0 1
(a) D1Q3 velocity set (b) D2Q9 velocity set
24 17 21
14 3 7
25 \ 11 } 19
10 : /,15
2 ———>e1
169 5/ b 9
20 12 26
°
4 13
22 18 23

(c) D3Q27 velocity set

Figure 2.4: Commonly used velocity sets: (a) D1Q3 velocity set; (b) D2Q9 velocity set; (c)
D3Q19 velocity set. The weights for each velocity length are given in Table @
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DdQgq Velocities Length | Weights
G |ei] Wy
D1Q3 (0) 0 2/3
(£1) 1 /3
D2Q9 (0,0) 0 4/9
(+1,0), (0, 1) 1 o
(£1,41), (£1,%1) V2 1/36
D3Q27 (0,0,0) 0 8 /27
(£1,0,0), (0,4£1,0),(0,0,+1) 1 2 /o7
(£1,+1,0), (£1,0,+£1), (0, £1,£1) V2 1/54
(£1,41,41) V3 1216

Table 2.1: Properties of the most popular DdQgq lattices used to solve the NSE. The speed
of sound for all these velocity sets is ¢; = 1/v3.

The discrete-velocity distribution function f;(x,¢) and the equilibrium distribution
function f(x,t) conserve density and momentum

P = Zfl(wat) = Zfz‘eq<w>t)? (2.24)
pu = Zcifi<m>t) = Z cifi (. t). (2.25)

The streaming step propagates the collided distribution function f*(x,t) to the neigh-

boring cells as given in Eq. (2.17).
The can be recovered from the through the Chapman-Enskog expansion [§1],
or the Taylor expansion [82]. According to the derivation, the kinematic shear viscosity

in is given by the relaxation time

v=c (7’ - %) (2.26)

and the kinematic bulk viscosity is then vg = 2v/3. Depending on the value of 7/At as
given in Eq. (2.19), we define three different regimes of the collision operator [22]:

e under-relazation: with 7/At > 1, for which f;(x,t) decays exponentially towards
equilibrium.

o full-relazation: with 7/At = 1, for which f;(x,t) decays directly to equilibrium.
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2.6 Molecular dynamics lattice gas method

e over-relazation: with 1/2 < 7/At < 1, for which f;(a,t) oscillates around equi-
librium with a decreasing amplitude. 7/At > 1/2 is a necessary condition for
stability.

Over-relaxation is commonly used to reduce the effective [LBM] viscosity, which allows
for simulating high Reynolds number flows.

In the last three decades, [LBM] has been constantly improved, and it has grown
in popularity. Nowadays, it is a model of choice for automotive hydrodynamics and
the aerospace industry due to its local operations, close to perfect parallelization, and
simple meshing. However, LBM]is often seen as a black box, and even commonly used
properties such as over-relaxation, equilibrium distribution function, fluctuations, and
collision rules, are not always grounded in physical reality. It is concerning that over the
years the has lost its foundation in LGCA] and thus, in its current form, cannot be
derived from it. We developed a novel approach to derive the from an underlying
IMD] simulation, which restores the connection between lattice gases and [LBM]

2.6 Molecular dynamics lattice gas method

We developed a novel method to derive the [LBM] using a direct mapping approach from
an average over [MD] simulations onto [LBM] This coarse-graining approach has its roots
in the method, pioneered by Parsa et al. [35].

The [MDLG] consists of overlaying a square lattice with lattice spacing Az onto an
[MD] simulation. Then, we track the migration of the particles of the simulation
to imposed lattice positions with displacement ¢; after a time step At, as shown in
Fig. The integer lattice gas occupation number n;(x,t) is given by

ni(m7 t) = Z Aw [xj(t)]Aw—Ci [‘rj (t - At)L (2'27)

where Ag[x;(t)] = 1, if particle j is in lattice cell  at time ¢, and Aglx;(t)] = 0,
otherwise. Fig. shows a schematic representation of the lattice velocities for an
D2Q49 lattice. The evolution equation describes essentially a lattice gas defined
as

ni(x + ¢; At t + At) = ni(x,t) + Zi(x, t), (2.28)

where the collision operator Z;(x, t) is defined as

This lattice gas rigorously conserves the hydrodynamic properties of the system up to
the coarse-graining approximation because it is obtained from a coarse-graining of an
underlying simulation.
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Figure 2.5: (a) Sketch of the MDLG analysis. A lattice is superimposed onto the MD sim-
ulation domain. The movement of the particles is tracked from the central node
using their MD trajectories. The green circles represent the position of the par-
ticles at time ¢t — At and the red circles are their respective positions at time ¢.
Using the particle trajectories and the imposed lattice, the occupation number n;
is defined as given in Eq. . The black arrows are the lattice velocities. Only
the lattice velocities which have at least one particle within their area (i.e. non-
zero occupation number) are shown. (b) Schematic representation of the D2Q49
lattice with the numbering convention for the lattice velocities in two dimensions.
The central point 0 corresponds to the zeroth-velocity vg = (0,0) and the rest of
the velocities are given as a vector connecting the central point and the lattice
point in question as shown in (a). The velocities are color coded depending on
their length.

2.7 Molecular dynamics lattice Boltzmann

To obtain a lattice Boltzmann representation of the method, we average over an
ensemble of [MD]simulations of the same macroscopic state. Thus, we obtain the particle
probability distribution function

fi = (M) neq- (2.30)

We call this method [MDLB] The MDLB evolution equation is given as a non-equilibrium
ensemble average of Eq. (2.28) equivalent to

fz(w -+ ClAt, t+ At) = fl(.’B, t) —+ Ql(w, t), with QZ(CC, t) = <El($, t)>neq: (231)
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2.7 Molecular dynamics lattice Boltzmann

where Q;(x, t) is the [MDLB] collision operator. In the MDLB|description the probability
distribution function can be derived by tracking the trajectories of a non-equilibrium
IMD] simulation given as

fi = (n;)re
= <Z Al (t)] Ag e, [t — At)]> (2.32)
J
= N/da:l/déxl PY (21, 001) Ag[21] Ag—e, [21 — d1),
where N is the total number of particles and P! is the one-particle displacements

lability Distribution Function (PDF)l When considering an equilibrium simulation,
we can derive the equilibrium distribution function f;.

The equilibrium distribution function f; is a key element in them context, and the
formulation allows us to derive f;% analytically from the one-particle displace-
ments . In the publications [83, 84], we study the optimal form of the one-particle
displacement distribution function. The simplest one-particle displacement distribution
function, which can be used to derive an equilibrium distribution function is the single
Gaussian. We discuss the validity of this equilibrium distribution function depending
on the area fraction of the simulation in Parsa et al. [85]. Under further investiga-
tion, we observe small discrepancies (approx. 5%) between the measured f;* and the
one obtained from a simple Gaussian distribution function. Therefore, in the publica-
tions [83], 84], we propose more complex one-particle distribution function — a Poisson
weighted sum of Gaussians, which significantly improves the accuracy of the
equilibrium distribution function.

Another key component of the LBM]is the collision operator €2;, which in the MDLB]
description is derived as

€ = (E)

= /dxl/d51---/de/d5NPN(x1,51,...,mN,5N,t—|—At)Aerci(xj)Am(xj )
—/dxl/d51---/dzN/déNPN(xl,(Fl,...,xN,cSN,t)Ax(xj)Am_ci(xj — 0 )

= N/d:vl/d51P1(m1,51,t—I—At)Am+Ci(x1)Aw(a:1 — 1)
—N/dxl/délPl(:Bl,51,t)Am(x1)Aw_ci(:B1 — 1)

(2.33)
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For stationary problems the one-particle distribution function does not depend on time.
In such cases, we obtain

= N/d'rl/délpl(xh61>Am+c¢(ml)Am('x1 _51) (234)
—N/dy1/d%PI(yl,vl)Am(yl)Am_ci(yl —m).

The MDLB formulation allows us to express f;(x,t) and €; as quantities which depend
solely on the one-particle displacements [PDF] We use this description to provide crucial
information about the collision rule. In Section [E] we show the derivation of the MDLB]
collision operator, and its ability to exhibit over-relaxation. This is a fundamental result,
since until now, the over-relaxation of the has been considered a numerical trick
to improve the stability and reduce the viscosity of the simulations [34].

As mentioned in Section|[I} there is a variety of LBM]collision rules and currently there
is no way to distinguish which one is more accurate in a specific application. The MDLB]
method allows for measuring the true collision rule from an underlying non-equilibrium
simulation after a sufficient averaging, and thus, it can rank the applicability of
the existing collision operators. Furthermore, using the [MDLG] description, we could
reintroduce fluctuations to the and derive better boundary conditions and forcing
[LBM] schemes. We anticipate to answer these questions using the analysis;
however, they are out of scope of this work.
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CHAPTER 3

Contributions

The main contribution of this work is the development of a novel derivation method
for the lattice Boltzmann method from an underlying Molecular Dynamics simulation.
This research grew out of the need to recover the missing connection between the [LBM]
and its predecessor As mentioned in Chapter [I} improvements of the from
the top-down and the side-up derivation methods could compromise other derivation
procedures as shown in Fig.[[.2] Example for this is the failure to recover the from
[LGCA]after introducing the Maxwellian equilibrium distribution function and the BGK]
collision rule.

The analysis tool is pioneered by Parsa et al. [35] and aims to reestablish the
missing link by coarse-graining of an simulation.

This chapter summarizes the main contributions for each of the publications, part
of this thesis. The author’s publications support this statement and can be found in

Appendices

3.1 Publication 1: Validity of the MDLG global equi-
librium distribution function

The publication M. R. Parsa, A. Pachalieva and A. J. Wagner, “Validity of the Molecular-
Dynamics-Lattice-Gas Global Equilibrium Distribution Function”, International Journal
of Modern Physics C, Vol. 30, No. 10, 1941007 (2019) [85] discusses the validity range
of the equilibrium distribution function for a variety of area fractions.

This work helps to understand the properties and limitations of the[MDLG]equilibrium
probability distribution function in respect to different volume fractions. In general, one
can calculate the equilibrium distribution function using a single parameter A\, defined as
a ratio between the velocity correlation function and the mean-squared displacement of
the underlying simulation. However, for higher volume fractions this relation breaks
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because the velocity auto-correlation function cannot reproduce the correct behavior of
the mean-squared displacement anymore. This leads to wrong estimation of the equilib-
rium distribution function compared to the measured one from the simulation. In
order to recover the correct analytical f]e 4 for high volume fractions, we need to
use the measured mean-squared displacement instead of the theoretical one. Thus, the
equilibrium distribution function appears to be universally defined as a function
of the mean-squared displacement and the lattice size of the underlying system.

Exact knowledge of the equilibrium distribution is important when studying a non-
equilibrium system. In a future publication, we intend to investigate whether the
collision operator can be expressed in terms of an collision operator Q;(x,t) =
> Nij[f% = fi(@,1)], with Aj; being the relaxation matrix. Here, the knowledge of an
exact local equilibrium distribution is of the essence. Preliminary studies show that for
non-equilibrium cases, we observe a small difference (approximately 0.5%) between the
measured and the analytical f;q. The reason for this discrepancy might be due to the
assumption made by Parsa et al. [35] that the displacements probability distribution for
all scales (from ballistic to diffusive regime) is given by a single Gaussian distribution
function. This assumption was made because a Gaussian distribution can describe the
probability distribution for very short or very long time scales. However, intermediate
probabilities between the ballistic and the diffusive regime might have different behavior.
Those intermediate regimes, due to their nature, might be better approximated, for
example, by a combination of two Gaussian distributions. These considerations are a
subject of our next publication [83].

Overall, the exact knowledge of the equilibrium distribution function is essen-
tial when looking at the deviations from local equilibrium, such as the investigation of
collision operators, which we discuss in Pachalieva et al. [86]. Another area of interest
is when analyzing the fluctuating behavior of the MDLG] systems, which will elucidate
the correct form of fluctuations for non-ideal systems.

3.2 Publication 2: Non-(zaussian distribution of dis-
placements for LJ particles in equilibrium

In the publication A. Pachalieva and A. J. Wagner, “Non-Gaussian distribution of dis-
placements for Lennard-Jones particles in equilibrium”, Physical Review E, 102(5),
053310 (2020) [83], we show that the displacements equilibrium distribution for large
range of coarse-graining scales cannot be approximated using a Gaussian distribution,
as assumed previously.

In statistical mechanics, the velocity distribution function of particles is often given
by a Gaussian distribution function referred to as the Maxwell-Boltzmann distribution.
Here, we focus on the distribution of particle displacements as these displacements can
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3.3 Publication 3: MDLG equilibrium distribution function for LJ particles

be seen as time averages of the velocities. Therefore, the displacement distribution
function is typically assumed to be a Gaussian distribution function as well. However,
we investigate the displacements distribution for different finite time steps and found
that the Maxwell-Boltzmann function is only valid in the extreme ballistic (very short
At) and diffusive (very large At) regimes. In the transition regime, the Maxwellian
does not capture the correct distribution of displacements and introduces an error to
the collision operator.

We propose a novel one-particle [PDF| using a Poisson [Weighted Sum of Gaussiang
(WSG)| for the intermediate regime. The Poisson [WSG| shows a better agreement with
the measured displacements from the [MD] simulation. This distribution was motivated

by considering the distribution function as a mixture of Gaussian distributions that have
undergone a number of collisions, which are given by a Poisson distribution. A drawback
of this description is that no theoretical solution is available for the fourth-order moment,
which needs to be measured for each time step apriori.

It is important to mention that the system considered in this publication is in equi-
librium, and there are no correlations in the velocities of different particles. This means
that the distribution of the velocities remains Gaussian at all times, even when the
distribution of the displacements in the transition regime becomes non-Gaussian.

Capturing the correct behavior of the displacement distribution function would allow
us to recover a valid equilibrium distribution function. This is of practical relevance for
mesoscale simulation methods like Brownian Dynamics [87], Dissipative Particle Dynam-
ics [88], Stochastic Rotation Dynamics [89], and the lattice Boltzmann method [80] 9], to
name but a few. However, a question remains if the one-particle PDF| can reproduce
more accurately the equilibrium distribution function, which is the subject of our next
publication [84].

3.3 Publication 3: MDLG equilibrium distribution
function for LJ particles

In the publication “A. Pachalieva and A.J. Wagner, “Molecular dynamics lattice gas
equilibrium distribution function for Lennard-Jones particles”, Philosophical Transac-
tions of the Royal Society A, (2021)” [84] we investigate the ability of the newly pro-
posed Poisson one-particle probability distribution function to approximate the
measured [MD] equilibrium distribution function.

The results show that the newly proposed Poisson [WSG| model captures much better
the [MD] equilibrium distribution function compared to the previously used simple Gaus-
sian distribution function. This remains true for purely ballistic and purely diffusive
regimes where the Poison [WSG| distribution function is reduced to a Gaussian. Even
though the deviations between the Poison [WSG| and the single Gaussian distribution
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function are relatively small, they are of significant importance when a non-equilibrium
system is analyzed. Typically, in hydrodynamics, the system of interest is not too far
from equilibrium, and thus even small deviations play a crucial role in estimating the
correct equilibrium distribution function. A key interest of having a good approxima-
tion of the equilibrium distribution function is to analyze non-equilibrium predictions of
the mapping. In future work, we aim to investigate the predictions for
collision operators [86]. This task would be nearly impossible without an in-depth
understanding of the equilibrium behavior of the mapping,.

3.4 Publication 4: Connecting LBM to physical re-
ality by coarse-graining MD simulation

The publication “A. Pachalieva and A. J. Wagner, “Connecting lattice Boltzmann meth-
ods to physical reality by coarse-graining Molecular Dynamics simulation”, submitted to
Physical Review Letters, (2021)” [86] discusses the frequently used over-relaxation, which
has been seen as lacking physical motivation.

Original [LBME are obtained from Boltzmann averages of lattice gases, where local col-
lisions conserve particle number and local momentum. In[LGCA] the local collisions can
only bring the simulations to a state of local equilibrium. Later on, to solve the problem
of Galilean invariance, the Fermi-Dirac equilibrium distribution function was replaced
by a Maxwell-Boltzmann equilibrium distribution function and an BGK collision term
defined as

filxe + At t + At) = fi(x,t) + (3.1)

with an BGK collision operator

Q; = ZAij[ffq — fix. )], (3.2)

where the f; are continuous densities associated with a lattice velocity ¢; that represent
an expectation value for the number of particles moving from lattice site & — ¢; At to
lattice site @ at time t. The BGK collision term redistributes those densities and relaxes
them towards an imposed local equilibrium distribution f;®. In the simplest case, the
relaxation matrix A;; has a single relaxation time A;; = (1/7)d;;, where 7 = 1 implies
that local equilibrium is reached in one time step.

Such lattice Boltzmann methods cannot be justified by averages over Boolean lattice
gases and require a different derivation method. Deriving from the Boltzmann
equation is equally unable to recover over-relaxation as shown by Bosch and Karlin [34].

In this publication, we show that can be derived using the analysis tool.
The collision operator is directly calculated using a one-particle displacement
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3.4 Connecting LBM to physical reality by coarse-graining MD simulation

probability distribution, which can be obtained from an MD simulation. Furthermore,
this approach shows that such lattice Boltzmann collision operators naturally transition
from under- to over-relaxation. Thus, the over-relaxation in can be derived from
first principles and is a consequence of the coarse-grained representation of the [LBM]
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CHAPTER 4

Concluding Discussion

Within this work, we have shown that the LBM] can be derived directly from an explicit
coarse-graining procedure using microscopic information such as simulations, which
we call Molecular Dynamics Lattice Gas analysis tool. To conduct the analysis, we track
the migration of particles between coarse-grained time steps, which is sufficient to derive
the [LBM|

The [MDLG] analysis tool is a novel [LBM]| derivation method, that restores the link
between [LBM] and its microscopic nature. The [MDLG] tool has already proved to be
useful in understanding the key elements of the [LBM] such as equilibrium distribution
function and the collision operator.

We derived an improved [MDLB] equilibrium distribution function, which is of key
interest when looking at systems with small deviations from local equilibrium [83, [84]. In
such cases, even small deviations of the equilibrium distribution function can compromise
the derivation of a collision operator. Our study showed that a single Gaussian could
not approximate the one-particle displacement distribution function used for deriving the
equilibrium distribution function in the transition region between ballistic and diffusive
regimes. In order to derive a better equilibrium distribution function, we propose a
novel one-particle distribution function, that uses the second- and fourth-order moments
measured from an simulation. This distribution is defined as a mixture of Gaussian
distributions that have undergone a number of collisions, given by a Poisson distribution.
Using this distribution function, we obtain nearly perfect approximation of the measured
displacement distribution function.

Next, we studied the [MDLG] collision operator obtained from a Boltzmann average
from an underlying [MD] data. We derive the [LBM] collision operator for a simple shear
flow using the[MDLG]description. More importantly, in our study we show that the most
frequently used property of the [LBM] over-relaxation, arises naturally from physical
lattice gases. Thus, we confirm the firm foundation of the [LBM]in physical reality.
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4 Concluding Discussion

In the future, we anticipate to use the analysis tool to derive a generic LBM]
collision operator. At this point a critical question remains of which collision operator
captures the best the underlying physical system. Answering this question will resolve
a debate, that has entertained the [LBM| community for over three decades.

Another key element of the[LBM]is how to reintroduce fluctuations relevant when con-
sidering a thermodynamic non-ideal system. Parsa et al. has made significant progress
in this field measuring two-particle correlation functions and observing large fluctuations
in a non-ideal gas system [90]. More research is needed to identify the true form of the
thermal fluctuations and reintroduce them to the noise-free [LBM]L

Furthermore, one should investigate how to reproduce microscopic force fields and
boundary conditions at the mesoscopic level. Boundary conditions and external forces
play an important role in many hydrodynamic problems and can benefit from more
precise representation. This can be achieved using the analysis tool.

In conclusion, the MDLG| method is a powerful tool that restores the lost connection
between [LBM] and the microscale. It allows us to look at the [LBM] once again as a

ensemble average of an [LGCA] The [MDLG] tool has the potential to recover the
from an underlying physical system and thereby re-affirm its foundation in physical

reality.
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APPENDIX B

Publication 1: Validity of the molecular dynamics
lattice gas global equilibrium distribution function

The method establishes a direct link between a lattice-gas method and the
coarse-graining of a molecular dynamics (MD) approach. Due to its connection to MD,
the MDLG]| rigorously recovers the hydrodynamics and allows to validate the behavior of
the lattice-gas or lattice-Boltzmann methods directly without using the standard kinetic
theory approach. In this paper, we show that the analytical definition of the equilibrium
distribution function remains valid even for very high volume fractions.
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The molecular-dynamics-lattice-gas (MDLG) method establishes a direct link between a
lattice-gas method and the coarse-graining of a molecular dynamics (MD) approach. Due to its
connection to MD, the MDLG rigorously recovers the hydrodynamics and allows to validate the
behavior of the lattice-gas or lattice-Boltzmann methods directly without using the standard
kinetic theory approach. In this paper, we show that the analytical definition of the equilibrium
distribution function remains valid even for very high volume fractions.
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1. Introduction

The lattice gas automata were introduced by Frisch et al.' in 1986. These methods
describe the presence of a particle using Boolean states and thus exhibit perfect
collisions. However, the lattice gas methods suffer from statistical noise and their

*Corresponding author.
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collision rules can have very complex mathematical representation.” Later on,
Boghosian et al.? introduced the integer lattice gases, where one can control the level of
fluctuations, while maintaining the exact conservation laws and having unconditional
stability. In the pursuit of understanding better the fluctuating systems, Blommel
et al.* constructed a new integer lattice gas with Monte Carlo collision operator.

The Molecular-Dynamics-Lattice-Gas (MDLG) method” establishes a direct link
between a lattice gas method and the coarse-graining of a molecular dynamics (MD)
simulation. After comparing the equilibrium properties of the MDLG method to the
lattice Boltzmann equilibrium, Parsa et al.” found that for any dilute gases for
coarse-graining lattice spacing Ax exists a coarse-grained time step At such that the
MDLG equilibria resembles the lattice Boltzmann method. However, an open
question remained about the range of validity for the predicted analytical solution of
the equilibrium distribution function.

The novelty of the current publication is to investigate the behavior of the MDLG
method for varying volume fractions of the underlying MD simulation. Such a test was
not performed in the initial publication by Parsa et al.” This analysis shows that the
analytical MDLG equilibrium function remains valid even for very high volume fractions.

The rest of the paper is summarized as follows: In Sec. 2, we elaborate upon the main
components of the MDLG method. Our findings on how the equilibrium distribution
function behaves with varying nominal volume fraction are presented in Sec. 3. Finally,
some concluding remarks and future discussions are mentioned in Sec. 4.

2. Molecular-Dynamics-Lattice-Gas Method

The MDLG method was originally introduced by Parsa et al.” It is based on an

underlying MD simulation, where we track the migration of the particles to imposed

lattice positions with displacement v; after a time step At, as shown in Fig. 1.
This gives the integer lattice gas occupation number

ni(xvt) = Z A:L‘ [xj(t)]Ava,; [xj(t - At)]? (1>
J
where A, [z;(t)] = 1, if particle z is in lattice cell = at time ¢, and A, [z;(t)] =0,
otherwise.
The MDLG evolution equation then takes the form of a lattice gas

ni(x +v;,t + At) = n;(z,t) + 5, (2)

where the collision operator =; is defined as

Since this analysis is based on a MD simulation, the resulting lattice gas model
rigorously conserves the hydrodynamic properties of the system, up to the coarse-
graining approximation. We define a Boltzmann average of the MDLG as

fi = <ni>neq7 (4)
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Fig. 1.

(Color online) Representation of the MDLG algorithm: a lattice (blue line) is overlaid onto

the MD simulation. The position of each particle is tracked depending on an a priori chosen time (At)
and space (Ax) discretization for the MDLG algorithm. The particles in the central lattice are colored in
red to allow the reader to track their movement, however, each particle in the MDLG method is tracked
and its occupation has been considered at each time step. The results are obtained from a MD simulation
with volume fraction of ¢ = 0.0785, kT =50 in Lennard-Jones (LJ) units, A = 0.5, Az =50 and
At = 0.0001. The shown time frames correspond to (a) t =0, (b) t =0.3, (c) t =0.6 and (d) ¢t = 0.9 in

LJ units.

and by taking a nonequilibrium ensemble average of Eq. (2), we obtain the MDLB

evolution equation:

fl('x +Ui7t + At) = fz('x7t) + Qz with QZ = <Ei>neq'

()

The global equilibrium distribution function can be numerically approximated by

averaging the lattice gas densities n; over the whole lattice and all iterations for an

equilibrium system:

Fou =
(2

<ni>eq = Z<Aat [Ij(t)]A:v—vi [wj(t - At)]>

(6)

Under the assumption that for an ideal gas the displacements 6z of the particles are
independent and that their probability distribution is a Gaussian with variance given
by the mean-squared displacement ((6z)?), the equilibrium function can be analyt-

ically predicted to be

where

eq
fi,a

(ui,a’1)2
= N|e 22 —2¢

eq d

fi . H fcq
- i,

peq a=1

2

ui,a (”i,a+1)2
22 4+ e 202

ui,a -1 ui,a -1 ui,a
T {erf (W) - erf(x/ia)}
Uia_"]. |:erf<ui’a+1>—erf<ui’a>:|,
V2a V2a

+ )
2
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and

(Z2 — <(6xa)2> N = a

(Az)* Var’
where Ax is the lattice size. This is the main result from the publication by Parsa
et al.” and the derivation can be found there. The weights obtained by the MDLB
method resemble to high extent the standard D2Q9 weights (wy = 4/9,w;_4 =
1/9,ws_g = 1/36) for a specific time and space discretization with a? = 1/6. The
weights of the MDLB method for a®> = 1/6 obtained from Eq. (7) are

ui,a = Vjq — Uq- (9)

wy = 0.45721, (10)

wq_y = 0.10883, (11)

Wy_g = 0025907, (12)

where sum over all the D2Q9 velocity weights is slightly lower than 1.0 (= 0.996158)

because the MDLB does not impose restrictions on the number of velocities and thus,
higher velocities also have small contributions to the total sum. We can make pre-
dictions for the form of higher-order lattice velocity sets like the one published in
Refs. 7-9. However, this is out of the scope of the current publication. Due to the lack
of a velocity set restriction, the MDLB models also do not have a lattice velocity
restriction typical for the LBM methods. The equilibrium distribution function given
in Eq. (7) does not resemble any of the already published formulations of the equi-
librium distribution function because it is not explicitly restricted to a specific ve-
locity set. As a comparison, please, refer to the MCLG model published by Blommel
et al.,* where an apriori restriction of the number of velocities is made and the
equilibrium distribution function obtained by the authors recovers the entropic
formulation of the equilibrium distribution function given by Ansumali et al.'’

For ideal gas systems, the mean-square displacement is given in relation to the
velocity correlation function

t
(60 =2 [ dt(t = ) {ua(t)0a0), (13)
0
which is well approximated by an exponential decay given by
t
(a0 = kT e (- ). (14)

with kp being the Boltzmann constant, T the temperature in Lennard—Jones (LJ)
units, and A\ the exponential decay constant.''™'* Now, we can express the mean-
square displacement as a function of a single free parameter A:

((62)%) = 2kgTN? (exp (— ;) + % — 1). (15)

that is depicted in Fig. 3.
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The assumption of uncorrelated displacements, which was used for the prediction
of the equilibrium distribution, is likely only valid when the system can be approx-
imated as an ideal gas. Our aim in this paper is, therefore, to find the validity range
of this assumption by comparing the measured equilibrium distribution and the
theoretical prediction for different nominal volume fractions.

3. MDLG Equilibrium Distribution Function for Different
Volume Fractions

We have chosen four different setups with varying volume fractions for our under-
lying MD simulations with standard LJ interaction potential defined as

o= ](3)" - ) 1

where ¢ is the depth of the potential well, o is the distance where the L.J potential is
zero and r is the distance between particles. The MD simulations were performed
using the open-source LAMMPS framework. We vary the volume fraction ¢ of the
MD simulations from ¢ = 0.0078 to ¢ = 0.8722 (where the low value corresponds to
the density employed in Ref. 5). The velocity has been fixed to u = 0, to allow for a
deliberative analysis of the MDLG method in respect only to the volume fraction.
For details, how the system behaves for different velocities, please, refer to Ref. 5.
The volume fraction ¢ is defined for circular LJ particles with radius » = ¢ with o
being the distance at which the inter particle potential goes to zero. Even though, the
simulated volume fraction is above the maximum package density for hard spheres
(¢ = 0.7405), we still observe diffusion due to the high temperature of the system (50
LJ units). When we increase the volume fraction even more, the system goes into a
solid state and the dynamics slows down considerably. A visual representation of the
variation of the used volume fractions can be seen in Figs. 2(a)-2(d).

All the simulations were initialized with homogeneously distributed particles. The
total number of measured iterations for each simulation setup is 2 000 000 with a time
step of 0.0001 7, which corresponds to a timescale of 7 = 200. As in the previous
study,” a sufficient number of initial iterations, (105,105,105, 107, respectively), were
discarded from the sampling process to ensure that the system has reached an
equilibrium state before the probing.

After fitting the exponential constant A of the velocity correlation function in
Eq. (14) from the MD data, we can use the relation between the velocity correlation
function and the mean-square displacement to obtain an analytical representation of
the mean-square displacement as given in Eq. (13) for each of the nominal volume
fractions (from ¢ = 0.0078 to ¢ = 0.8722). In Fig. 3, we compare the predicted mean-
square displacement from Eq. (13) and the measured value from the underlying MD
simulation data. There is an excellent agreement between the theoretical mean-
square displacement and the measured one based on the velocity correlation expo-
nential fit for volume fractions from ¢ = 0.0078 to ¢ = 0.1962. Those volume
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Fig. 2. (Color online) Visual representation and comparison between the volume fractions used for the
underlying MD simulations. The LJ particles are represented by circles with radius » = ¢ with ¢ being the
distance at which the inter particle potential is zero.
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Fig. 3. (Color online) Measured mean-square displacement from the MD simulation data (symbols) for
different volume fractions compared to the corresponding predicted values (dashed line).

fractions describe, in general, more gassy systems. For denser systems with
¢ = 0.8722, the measured mean-square displacement deviate from the predicted one.
As shown in Fig. 2(d), a system with ¢ = 0.8722 is rather in a state close to a melted
solid under high pressure.

To validate the analytical solution of the MDLG global equilibrium distribution
function f; in Eq. (7), we compare it to the measured f;* from the underlying MD
simulation as a function of a? from Eq. (9). In Figs. 4 and 5, we show that the
theoretical prediction of the MDLG global equilibrium distribution function f;4
agrees well with the measured one from them MD simulations as long as the mean-
square displacement can be approximated from the theory (see Eq. (13) as depicted
in Fig. 3). However, once this relation breaks, the measured global equilibrium
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distribution function also starts to deviate from the theoretically predicted values as
shown in Fig. 5. For systems with volume fraction around and above ¢ = 0.8722, the
MDLG global equilibrium distribution function is not well approximated from the
theoretical mean-square displacement given in Eq. (15).
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Fig. 4. (Color online) Comparison between the measured equilibrium distribution function f; from an
underlying MD simulation and the analytical solution given in Eq. (7) for different volume fractions from
¢ = 0.0078 to ¢ = 0.1962. The results for volume fraction ¢ = 0.0785 has been already published in Parsa
et al.f’ where we observed the same behavior.
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Fig. 5. (Color online) Global equilibrium distribution functions f;* for volume fraction ¢ = 0.8722: (a)
The equilibrium distribution function is obtained from the fitted mean-square displacement and Eq. (15).
There is a strong deviation between the measured and the theoretical data; (b) The equilibrium distri-
bution function is calculated using the measured mean-square displacement from the MD simulation. The
legend can be seen in Fig. 4 (omitted for clarity).
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As a remedy, instead of calculating the theoretical value of ((6z)%), we can
measure the mean-square displacement as a function of the time step At directly and
use this numerical value to obtain a®. There is a noticeable difference between the
MDLG global equilibrium distribution function obtained from the predicted and
from the measured mean-square displacement as depicted in Figs. 5(a) and 5(b),
respectively. Using the measured mean-square displacement, however, we recover
the correct MDLG global equilibrium distribution function from theory even for high
volume fractions.

We find, therefore, that the analytical prediction of the equilibrium distribution
function is correct for a large range of volume fractions, even after the relation
between the velocity correlation function and the mean-square displacement breaks
and correlations become important. In this case, we need to use the actual mean-
square displacement measured from the MD simulation instead of using the theo-

retical solution in Eq. (14) to obtain a?.

4. Conclusions

In this work, we have investigated the behavior of the MDLG equilibrium function in
respect to different volume fractions. We have shown that for a very large range of
volume fractions, the equilibrium distribution function can be obtained from a single
parameter X\ based on the relation between the velocity correlation function and the
mean-square displacement of the underlying MD simulation. However, for higher
volume fractions, this correlation does not apply, and the exponential fit from the
velocity correlation function does not reproduce the right behavior of the mean-
square displacement anymore, which leads also to wrong estimation of the equilib-
rium distribution function in respect to the measured one from the MD simulation.
We found that by using the measured mean-square displacement instead of the
theoretical, we can still recover the correct analytical MDLG equilibrium distribu-
tion function. We conclude that the MDLG equilibrium distribution function
appears to be universally defined as a function of the mean-square displacement and
the lattice size of the underlying MD system.

An exact knowledge of the equilibrium distribution is important, if one wishes to
examine the deviation of a system from local equilibrium. In a future publication, we
intend to investigate whether the MDLG collision operator can be expressed in terms
of a BGK collision operator ; = >7;A;;(f; — f;) with A;; being the relaxation
matrix. Here, the knowledge of an exact local equilibrium distribution is of the
essence. Preliminary studies show that for nonequilibrium cases, we observe a small
difference (approximately, 0.5%) between the measured and the analytical global
equilibrium distribution function. The reason for this discrepancy might be due to
the assumption made in Ref 5, that the probability distribution for the displacement
is described as a Gaussian for all scales (from ballistic to diffusive regime). This
assumption was made, because the probability distribution for short scales as well as
the one for long scales can be described by a Gaussian distribution. However,
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intermediate probabilities between the ballistic and the diffusive regime could have
different behavior, as for example the well-known cage effect described by Chong
1."* Those intermediate regimes due to their nature, might be better approxi-
mated, for example, by a combination of two Gaussian distributions. These con-

et a

siderations are outside the scope of the current paper and will be a subject of future
research.

Additionally, the knowledge of the equilibrium distributions is essential when
analyzing the fluctuation behavior of MDLG systems, which will elucidate the cor-

rect form of fluctuations for nonideal systems. This is the subject of a following

publication.'’
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APPENDIX C

Publication 2: Non-Gaussian distribution of
displacements for Lennard-Jones particles in

equilibrium

Most mesoscale simulation methods assume Gaussian distributions of velocity-like quan-
tities. These quantities are not true velocities, but rather time-averaged velocities or
displacements of particles. We show that there is a large range of coarse-graining scales
where the assumption of a Gaussian distribution of these displacements fails, and a
more complex distribution is required to adequately express these distribution functions
of displacements.
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Most mesoscale simulation methods assume Gaussian distributions of velocity-like quantities. These quan-
tities are not true velocities, however, but rather time-averaged velocities or displacements of particles. We
show that there is a large range of coarse-graining scales where the assumption of a Gaussian distribution of
these displacements fails, and a more complex distribution is required to adequately express these distribution

functions of displacements.
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I. INTRODUCTION

A key result of statistical mechanics is that in equilibrium
the velocity distribution of particles is given by a Gaus-
sian distribution function, typically referred to as the the
Maxwell-Boltzmann distribution and that all the velocities are
uncorrelated. Here we focus on the distribution of particle dis-
placements which is often implicitly needed, but has received
far less attention. As these displacements can be viewed as
time averages of the velocities it is typically assumed that this
result generalizes and the particle displacements also follow a
Gaussian distribution.

We report here the surprising result that particle displace-
ments can deviate from a Gaussian distribution. We believe
that this is the first time this unexpected result has been re-
ported in the literature. This can be of practical relevance for
mesoscale simulation methods like Brownian dynamics [1],
dissipative particle dynamics [2], stochastic rotation dynamics
[3], and the lattice Boltzmann method [4,5] to name but a
few. This is because for these methods particle velocities and
particle displacements in a finite time are often implicitly
equated.

The question of physical displacements of particles has
not received a lot of attention but is of general interest in
statistical mechanics, as the short-term displacement is often
modelled by a random walk. This has been discussed recently
by Masoliver et al. [6,7].

The paper is structured as follows: In Sec. II, we show
the numerical evidence that the distribution of displacements
indeed differs from a Gaussian distribution. This is followed
by a detailed description of the simulation setup used to
obtain the MD data given in Sec. IIl. In Sec. IV, we show
the mismatch between the MD data and the single Gaussian
distribution of displacements. We propose two novel proba-
bility distribution functions which could be adjusted to match
the second- and fourth-order moments of the measured data,
respectively, in Secs. V and VI. Since one could be concerned

“apachalieva@lanl.gov
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that the good agreement between the experiments and theory
was solely caused by matching these two moments, in Sec. V
we show the results for a ballistic-diffusive Gaussian mixture
mode, which also matches those two moments but the agree-
ment is much poorer. This demonstrates that the agreement
between the Poisson weighted sum of Gaussians probability
distribution function proposed in Sec. VI and the measured
distribution function is better than simply matching those two
moments. Finally, some concluding remarks and future work
are mentioned in Sec. VII.

II. MOTIVATION

In typical hydrodynamic systems, the locally conserved
quantities are relaxed toward local equilibrium much faster
than quantities that can be relaxed through collisions. For
these systems the distribution of particle velocities will be
close to a Maxwell-Boltzmann distribution corresponding to
the local conserved quantities density, momentum, and tem-
perature. This observation is at the core of many descriptions
of nonequilibrium thermodynamics. For the Boltzmann equa-
tion it leads to an approximation which allows the two-particle
collision term to be replaced by a simpler term of relaxing
the velocity distribution toward the local Maxwellian distri-
bution. This is known as the Bhatnagar-Gross-Krook (BGK)
approximation [8]. In the BGK formalism, the entire local
relaxation depends on the details of small deviations from the
local equilibrium distribution function.

In the molecular dynamics lattice gas (MDLG) [9,10]
context, we measure the distribution function of parti-
cle displacements from an underlying MD simulations of
Lennard-Jones particles in equilibrium and thus, obtain an
equilibrium distribution function for a specific simulation.
For the particular application of measuring collisions, it is
required to obtain precise measurements of the deviations
from equilibrium. We noticed that the collision operator did
not appear to relax toward the equilibrium distribution func-
tion predicted by Parsa et al. [9], but instead it relaxes to a
distribution that deviates by a few percentages. This deviation
was not previously noticed but since now we were examining
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small deviations from equilibrium, these differences between
the predicted and measured equilibrium distributions have the
same order of magnitude as the nonequilibrium contributions
to the distribution function. Since the only ingredient in the
analytical prediction of the MDLG equilibrium distribution
is the distribution of particle displacements [9], we began to
question the validity of the assumption that the distribution
of the local displacements was truly given by a Maxwell-
Boltzmann distribution, as expected.

This lead us to investigate the distribution of displacements
for different finite time steps. For very short time steps At¢, the
effect of particle interactions can be neglected and particles
simply displace according to their current velocity. Therefore,
the particle displacement can be expressed as a function of the
velocity and given by 8x; = v; At for particle j. The Maxwell-
Boltzmann distribution function P,(v;) as given in Eq. (12)
can be expressed in terms of the particle displacements for the
limiting case of At — 0 as

P@sxy) = P 24 1
(X_/)— U(A_t)s ()

and it is given by a Gaussian distribution which is fully defined
by its mean value and standard deviation. Without loss of
generality, we set the net momentum of our simulations to
zero which corresponds to zero mean value of the distribution
function. The standard deviation can be obtained in two ways:
measured directly from the MD simulation or approximated
from the velocity autocorrelation function. By calculating the
mean-squared displacement from an analytical approximation
of the velocity autocorrelation function, we obtain a simple
dependence including only one parameter. Details about the
performed MD simulations, the derivation of the Gaussian
distribution function and discussion of the results can be found
in Secs. III and I'V.

Regardless of the used method to obtain the mean-squared
displacement, Fig. 1 shows that the resulting Gaussian
functions—P% 7T (X;) and PSM(X;), do not agree with the
measured MD probability distribution function PMP(X;). As
suspected from our studies of the deviation of nonequilibrium
systems from equilibrium [11], the equilibrium distribution
functions are close to a Gaussian distribution but they show
noticeable deviations from the MD data. We emphasize that
even though the disagreement between the two displacement
functions is indeed small, it is of the same order of magnitude
or larger than the deviation of a nonequilibrium distribution
function.

In this paper, we investigate for which time steps the
displacement distribution is given by a Maxwell-Boltzmann
distribution and when a better description is needed. We found
that the Maxwell-Boltzmann function is only valid in the
extreme ballistic regime for very short Az, and in the ex-
treme diffusive regime for very large Atr. In an intermediate
regime, the Maxwellian does not capture the distribution of
the displacements and introduces an error to the collision op-
erator. This is a practical issue that matters in many mesoscale
methods such as Brownian dynamics [1], dissipative particle
dynamics [2], stochastic rotation dynamics [3], and the lattice
Boltzmann method [4,5].

MD
0.025 — PP(X)
G-T
I =-a P(X)
—a PG-M(Xi)
0.02 -
~ 0.015-
X
Q_< -
0.01+
0.005
00
MD MD MD
0.0006 - — P log(P /P‘ )
i = - PMD log(PMD/P(J-T)
=—a P* Jog(P""/P7)
0.0004
0.0002
;2_
S 0
-0.0002
-0.0004 -
-0.0006 |~ | | |

FIG. 1. (a) Displacements probability distribution functions. The
solid line (black) depicts a PDF obtained from an MD simulation
of LJ particles in equilibrium. The lines with empty or full squares
(red) illustrate a Gaussian probability distribution function defined in
Eq. (17) with mean-squared displacement obtained from the velocity
autocorrelation function as given in Eq. (21) and with mean-squared
displacement fitted directly to the MD data, respectively. Only the
data for positive velocities have been depicted due to symmetry.
Panel (b) shows the difference between the distributions per interval
X; as defined in Eq. (23). The presented data are for the standard pa-
rameters used in the paper and a coarse-grained time step At = 3.2.

II1. SIMULATION SETUP

We are investigating a system of particles interacting with
the standard 6-12 Lennard-Jones (LJ) intermolecular potential
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defined as

o=~ o

with ¢ being the potential well depth, o is the distance at
which the inter-particle potential goes to zero, and r is the
distance between two particles. We set the particle mass to
m =1 and the LJ particle diameter to ¢ = 1. All the MD
simulations were executed using the open-source molecular
dynamics software LAMMPS [12,13] that is developed by
Sandia National Laboratories. We performed multiple MD
simulations with N = 99 856 particles in a two-dimensional
(2D) square with length L = 1000 LJ units which corresponds
to an area fraction of ¢ = 0.078387. The area fraction ¢ for
circular LJ particles with radius a = o/2 is defined as the
product of the particle surface area and the number of parti-
cles, divided by the square length L of the simulation box. The
simulations were initialised with homogeneously distributed
particles having kinetic energy that corresponds to a tempera-
ture of 20 in LJ units. The the kinetic theory considered in this
paper (in particular the Poisson distribution of collision times)
are expected to be correct only for dilute systems. Therefore,
we focus our attention here on simulations of fairly dilute
systems.

We have executed simulations of two-dimensional systems
instead of three-dimensional ones to minimize computational
cost. For a three-dimensional MD simulation to be computa-
tionally feasible, we need to reduce the domain size and adjust
the number of particles to recover the same volume fraction
as the 2D area fraction mentioned earlier. By reducing the
domain size, we put a constraint on the coarse-grained time
step At and therefore, on the maximum average particle dis-
placement. Thus, it will not be possible to simulate extremely
large time steps due to periodic image problems occurring
when the particle displacements are larger than half of the
simulation length L.

According to the definition of the LJ interaction potential
in Eq. (2), we write the timescale as

mo?2
Ty =4/ —, 3
e

which corresponds to the time in which a particle with ki-
netic energy of half the potential energy well ¢ traverses one
diameter o of a LJ particle. It is worth noting that there is
a second timescale, i.e., the time it takes a particle with the
kinetic energy of 1/2 kgT to transverse the diameter o of a LJ
particle, which is given by

W=\ T “)
and we call this scale a thermal timescale. Note that for the
temperature of 20 in LJ units, the thermal timescale is smaller
than the LJ timescale 7y ; by factor of 1/4/20 &~ 0.22.

The simulation setup characterizes a standard semidilute
gas in equilibrium with average velocity fixed to zero,

N
Nuw =Y vj0 =0, ©
j=1

with N being the total number of MD particles.

TABLE I. LAMMPS simulation details.

MD step MD output  Output Total MD  Total MD
At size (t;) frequency number time steps time (ty)
0.01  0.0001 100 5000 500 000 50
0.1 0.0001 1 000 5000 5000 000 500
0.2 0.0001 2000 5000 10 000 000 1 000
0.4 0.0001 4 000 5000 20 000 000 2 000
0.8 0.0001 8 000 2000 16 000 000 1 600
1.6 0.0001 16 000 2000 32 000 000 3200
3.2 0.0001 32 000 2000 64 000 000 6 400
6.4 0.0001 64 000 2000 128 000 000 12 800
12.8  0.0001 128 000 2000 256 000 000 25 600
25.6  0.0001 256 000 2000 512 000 000 51200

The MD step size is set to 0.0001 7y with total MD sim-
ulation time varying from 50 try to 51200 tzy as shown in
Table I. We chose a very small MD step size to ensure high
accuracy of the MD simulation data. Our goal is to obtain
results for MD simulations with wide regime range—from
simulations with mean free time smaller than the time be-
tween collisions (ballistic regime) to simulations with much
larger mean free path than the time step (diffusive regime).
We define the dimensionless coarse-grained time step At as a
product of the MD step size and the MD output frequency. The
coarse-grained time step At varies from 0.01 7y to 25.6 7.
To ensure the MD simulations have reached equilibrium state
before we start collecting data, the initial 1200000 MD
iterations (120 rry) were discarded. The values depicted in
Table I do not include the discarded iterations for clarity.
The total number of saved MD iterations of per-particle data
differs depending on the coarse-grained time step At. For
simulations with smaller time step At € [0.01, 0.4], we saved
5000 coarse-grained iterations, while for simulations with
At € [0.8,25.6], the output number was reduced to 2000
coarse-grained iterations due to their high computational cost.
This corresponds to 500 000 MD time steps for the MD sim-
ulation with the smallest executed coarse-grained time step
At = 0.01, and 512 000 000 MD time steps for the simulation
with the largest time step At = 25.6. Since we are simulating
a semidilute gas in equilibrium, the total simulation number is
irrelevant for the physical properties of the system, because
they do not change once the gas has reached equilibrium
state. However, we run the simulations for large number of
iterations in order to produce large amounts of data which
ensures sufficient averaging. An overview of the simulation
parameters is given in Table I.

All the simulations were executed in parallel using 32
processors on the Darwin cluster at Los Alamos National
Laboratory. The longest executed test case with At = 25.6
took about 120 h wall-clock-time. Depending on the number
of coarse-grained iterations (2000 or 5000) the output data
files took 20- or 50-GB memory space, respectively. The total
memory space used for all LAMMPS simulations exceeded
350 GB.

We have performed a standard molecular dynamics sim-
ulation without the use of a thermostat. In the LAMMPS
nomenclature this is called a NVE integration. The name is

053310-3



PACHALIEVA AND WAGNER

PHYSICAL REVIEW E 102, 053310 (2020)

related to a microcanonical ensamble NVE which is character-
ized by a constant number of particles (N), a constant volume
(V), and a constant energy (E). By using the NVE thermostat,
we sample from the microcanonical ensamble, thus we avoid
any possible complications coming from the altered equations
of motion a thermostat could introduce. However, to ensure
the validity of the MD simulations, we have tested the canoni-
cal NVT thermostat which was used in earlier papers [9,14]
and we have obtained equivalent results. For the canonical
ensamble (NVT) the number of particle (N), volume (V) and
temperature (T) are constant while the energy of the system
fluctuates.

We analyze the collected MD data to recover the proba-
bility distribution function (PDF) P(x) of the displacements
dx. To obtain an estimate for P(6x), we define the particle
displacement éx;(¢) as

Oxjo(t + At) = xjo(t) — x4t + At), (6)

where x; o (¢) is the position of particle j at time ¢, and « refers
to the spatial coordinates o € {X, Y} in 2D.

Two probability distribution functions can be compared in
different ways: In principle, the PDF is defined as a function or
it can be defined through an infinite set of moments. Given the
experimental data set, we are of course limited in how well we
can estimate the PDF. Therefore, here we use a combination
of both approaches.

To obtain the full PDF description, we define a histogram
H (X;) for the discrete displacement intervals X; as follows:

Yo 0 Ax (8x(1))
TN ’

with number of MD particles N, number of the coarse-grained
time steps 7" and with Ay, (6x;(¢)) being defined as

H(X;) = )

if 8x,(1) € X;

1,
Ax,(6x;(t)) = {(), otherwise.

®)
X; is a histogram bin and corresponds to a range of r; <
8x < riy; with i number of bins. In the current publication,
we use i = 200 number of bins with equal bin width for a
certain coarse-grained time step. The bin width depends on
the particle displacements and varies for different time step
At. The first and the last intervals are open at the edges to
ensure that there are no empty bins in the histogram and
that all possible displacements have been accounted for. This
histogram has the following property:

D HX)=1. ©)
We can then estimate the probability
P(éx e X;) = / P(8x)déx ~ H(X;). (10)
SxeX;

Even though the MD data are in discrete space and by using
the collected MD displacements we are able to construct only
a histogram as given in Eq. (7), we will further recall it as a
probability distribution function. By collecting very large data
sets for each coarse-grained time step Af, we ensure that all
histograms are very fine grained and thus agree very well with
the underlying PDF as expressed in Eq. (10).

In our MD simulation setup, momentum is conserved. This
means that we can also define the momentum through the
displacements in addition to Eq. (5). We have

N N
(6xj.a) Zj:l 8Xja Zj:l Vja
o = = = .an
At NAt N

which are all equivalent. Even though, we have performed
simulations with zero initial velocity we could obtain re-
sults for different mean velocities u, by applying a Galilean
transformation.

IV. GAUSSIAN DISTRIBUTION FUNCTION

The first theory for the probability distribution function of
the displacements that we consider follows the assumption
made by Parsa et al. [9]. For very short times the particle dis-
placement is given by the velocity v; of the particle j as §x; =
v;At. Thus, we can write lima,_.o P(6x;) = P,(8x;/At) using
the probability distribution of the velocity given by

(”’_”’)2], (12)

Pl = 2ksT

RrksT 172 P [

where d is the number of dimensions and k7T is temperature
of the system with kg being the Boltzmann constant. Equation
(12) is also known as the Maxwell-Boltzmann distribution
which approximates the probability of particle moving in a
certain direction. It holds for very short times At where the
mean free time between two collisions is much shorter than
the time step Af. In this regime, particles undergo simple
ballistic motion and the mean-squared displacement in one
dimension is

((8x0)")™"! = 2kpT (A1)’ (13)
Then the probability for collisionless displacements is

_ 2
(8x — uAt) ] (14)

1
phall 5y — S A
) = T A &P [ 2T (A1)

In a diffusive regime, the times are much longer than the
mean free time and the particles undergo multiple collisions
between time steps. Using the self-diffusion constant D, we
write the mean-squared displacement in one dimension as

((8x)*)H = 2dD(A1). (15)

The probability distribution function of the displacements is
given by

(8x — uAr)?

p ——]. (16)

diff — ;
P ((SX) = [47‘[dD(At)]d/2 ex |: 4dD(At)

Since both limiting cases are given by a Gaussian distribution
function as shown in Egs. (14) and (16), Parsa et al. [9]
suggested that the intermediate probabilities can be well ap-
proximated by a single Gaussian distribution defined as

(8x — uAt)?

S S
PO = erone exp[ 2% )

}, (amn

with a mean-squared displacement ((§x,, )?) which can be ob-
tained theoretically or can be measured directly from an MD
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simulation. The displacement of a particle is given by

At
bx = / o(t)dr. (18)
0

Now, for a simple semidilute gas system, we express the
mean-squared displacement as a function of the velocity auto-
correlation function,

((8%2)%) =</ dt/dt/v(t)v(t’)>

= /d;/dﬂ(v(r — ") (0))
At

= | (A1 —86)(w(81)v(0)) dét

—At
At
= 2/ (Af — 8t){(v(8t)v(0)) dst.  (19)
0

For gases the velocity autocorrelation function is usually esti-
mated by an exponential decay,

At
(va (81)v4 (0)) = kpT exp <—7> (20)

where kT is the temperature of the semidilute gas in LJ units
and 7 is an exponential decay constant which approximates
the mean free time [15-19]. The velocity autocorrelation func-
tion for the simulated gas system is depicted in Fig. 2(a).
We have approximated the mean free time to 7 ~ 0.728,
which gives a good prediction of the velocity autocorrelation
function for early times. As shown in Fig. 2(a), the velocity
autocorrelation function has long range contributions for later
times (At > 4.0) that is typical for two-dimensional systems
[15-19]. The deviations resulting from the long-time tails
are noticeable only for later times and larger displacements.
In this work, we focus on results for Ar = 3.2, where the
velocity autocorrelation function is well approximated by an
exponential decay as defined in Eq. (20). For simplicity, we
will therefore neglect the long-time tails shown in Fig. 2(a).

Now, the theoretical mean-squared displacement can be
calculated according to Eq. (19) as

((8xy)%) = 2kBTr2|:exp (—%) + % — 1]. @D

As shown in Fig. 2(b), this prediction recovers the mean-
squared displacement very well. There are small deviations
for later times which are not visible in log-log scale. These
deviations are result of the long-time tails of the velocity au-
tocorrelation function mentioned previously. This completes
the definition of the Gaussian distribution function model
using a mean-squared displacement obtained from Eq. (21).
In general, ((8x,)?) can be also measured from the MD simu-
lations. Later, we compare the Gaussian distribution functions
obtained using these two approaches.

To estimate how good this PDF matches the MD data,
we transform the formulation of P(dx) from continuous to
discrete using a histogram as defined in Eq. (10). This is
realized by integrating the probability distribution function

o—o (v (1) v,(0))

-At/0.728

10 R — 20e

—

o

OO

=]
—_
T

Ve e e b ey
0.01 10 20

1000

o—o ((8x )"

0
100 — (@)

10

(&))"

0.1

0.01

Lol Lol Lol 1

0.01 0.1 1 10
At

(b)

FIG. 2. (a) Velocity autocorrelation function measured from an
MD simulation compared to an exponential decay with 7 & (0.728 as
given in Eq. (20). The long-time tails are typical for two-dimensional
systems [15-19]. (b) The mean-squared displacement directly mea-
sured from an MD simulation is compared to the theoretical value
given in Eq. (21). Notice the two scaling regimes: {(8x,)?) o« At for
a ballistic regime with small times and ((6x,)?) o At for a diffusive
regime with large times.

over predefined intervals X; as

HX;) = /‘ri+1 P(6x)déx

i

Afeln) =)}
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where X; corresponds to a rage of r; < 6x < r;4; with num-
ber of bins i = 200. erf(r;) is an error function encountered
in integrating the normal distribution function with standard
deviation o0 and mean equal to zero. Using a histogram to
compare two PDFs is a convenient method to analyze pre-
cisely where two or more distributing functions diverge.

To analyze how well the Gaussian distribution function fits
the MD displacements in the transition regime, we consider a
time step of Ar = 3.2. In Fig. 1(a), the MD displacements
(black line) are plotted alongside a Gaussian distribution
function PO7(X;) with theoretical mean-squared displace-
ment (red dashed line with empty squares) and a Gaussian
distribution function PO (X;) with measured mean-squared
displacement (red line with full squares). Both Gaussian dis-
tribution functions give an adequate prediction of the MD
displacements distribution function; however, there are vis-
ible discrepancies at about 5%. Even though the deviations
between the MD data and the proposed Gaussian distribution
functions are small, they are of significant importance when
examining nonequilibrium behavior and looking at small de-
viations from equilibrium.

Since the deviations between the Gaussian PDFs and the
MD simulation data are relatively small, the following func-
tion is used to quantify more precisely the discrepancies:

K(X) =K(R | Q) = R(X))log [@]

o) |’

where R(X;) and Q(X;) are probability distributions over an

interval X;. By performing a sum over all the bins X;, we

obtain the well-known Kullback-Leibler (KL) divergence [20]
defined as

(23)

_ A R(X;)
DR | Q) = Xi:R(Xl)IOg |:_Q()(i):|. (24)

The KL divergence measures the discrepancies of one proba-
bility distribution function to another. It is always nonnegative
Dk (R || Q) = 0 or equal to zero if and only if the probability
distribution functions are identical R(X;) = Q(X;) [20].

In Fig. 1(b), we show the discrepancies between the Gaus-
sian probability distribution functions and the MD data per
bin element X; measured using Eq. (23). The solid line (black)
depicts K(PMP || PMP) which is zero by construction. The
lines with full or empty symbols (red) display the divergence
between the MD data and the Gaussian distribution functions
with theoretical or measured mean-squared displacement, re-
spectively. Note here that the K(X;) measure identifies both
positive and negative deviations (which is necessary, since
the integral of both probability distribution functions is 1)
but as long as there is any deviation, the integral (or sum) in
Eq. (24) always leads to a positive value. We can see a clear
structure in the error of the MD data and the two Gaussian
probability distribution functions. Thus, we conclude that a
single Gaussian distribution function with the same standard
deviation, being measured or theoretically obtained from the
velocity autocorrelation function, differs significantly from
the MD data in the intermediate regime.

The Kullback-Leibler divergence of the PDF models and
the MD data are illustrated in Fig. 3. The divergence is
calculated for a variety of time steps Ar € [0.01, 25.6]. In

0.0007

| _ DKL(PMD || PMD)
0.0006 - =-a D (P*" || P°")

| —u DKL(PMD II PG—M)
0.0005 -0 D, (P || P*™T)
| —eo DKL(PMD ” PBDM-M)
0.0004 - -4 D, (P* || P™T)
A—a DKL(PMD || PWSG—M

) B Al
N
B 0.0003 - D, (P™ [ P™) A
0.0002
0.0001

ofE========ocp

0.01 0.1 1 10
At

FIG. 3. Kullback-Leibler divergence results: Empty or full
squares (red) for Dgp (PMP || PST) and Dg (PMP || POM) discussed
in Sec. IV; empty or full circles (green) for Dy (PMP || PBPMT)
and Dy, (PMP || PBPMM) discussed in Sec. V; empty or full trian-
gles (blue) for D (PMP || PYSSTY) and Dy (PMP || PWSG-41), and x
symbols (yellow) for Dg; (PMP || PWS6-2) discussed in Sec. VI. The
D (PMP || PMP) divergence (black line) is zero by definition and it
is shown just as a comparison. All displacements PDFs show small
error for very small Az (ballistic regime) and for large At (diffusive
regime). However, in the transition regime only the PWVS6-*2(X;)
distribution function with average number of collisions A, gives a
satisfactory description of the measured MD distribution function.
The KL divergence is calculated for all time steps At € [0.01, 25.6]
considered in this publication.

the current section, we focus on the two KL divergence
measures Dy (PMP || PST) and Dy (PMP || PS-M) depicted
by lines with full or empty squares (red), respectively. As
expected, for purely ballistic test cases the constructed Gaus-
sian distribution functions match very well the PDF obtained
from MD data. In the transition regime, the estimated di-
vergence increases rapidly and reaches a peak at Ar = 3.2,
which indicates that the MD displacement function cannot be
captured using a single Gaussian distribution function. For
At =25.6, the K(PMP || PSM) divergence is close to zero
and we conclude that the simulation has reached diffusive
regime. For some of the considered time steps, PO (X;)
delivers slightly better results in comparison to PS7 (X;) but
the improvement is not significant. For the particular case
of At = 3.2, there is no visible difference between the two
Gaussian distribution functions, which explains the complete
overlap of the K(PMP || PST) and K(PMP || PO-M) results
shown in Fig. 1(b).

To obtain a better theoretical formulation for the distribu-
tion of the equilibrium LJ displacements, we need to analyze
rigorously the displacements’ distribution function obtained
from the MD data. One way to distinguish between two
distribution functions is by looking at their moments. By esti-
mating the PDF using the moments of the MD displacements,
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we eliminate the small error introduced by the histogram in
Eq. (10). From the MD simulation data, we calculate the kth
moment as

i = ((8x)).

Since we are looking at an ensemble average of particle dis-
placements, the moments p; can be averaged in space and in
time, leading to the following approximation

(25)

XL Y + A — (0
B TN

with N being the number of MD particles and T being the
number of the coarse-grained time steps. The zeroth moment
is given simply by the normalization as py = 1. The first
moment defines the average velocity u,, which in our sim-
ulation setup is zero and leads to zero first- and third-order
moments 11 = w3 = 0 due to symmetry. The second moment
W is known in statistics as the variance or the mean-squared
displacement and is given by w, = ((6x)?). The fourth mo-
ment s = ((8x)*) is called kurtosis and it is a measure for
the “tailedness” of a probability distribution function.

A probability distribution function is defined uniquely
through an infinite set of moments. Generally, the better
moments match, the better the distributions agree, and the
higher order a moment is the less important it tends to be.
It is therefore reasonable that we examine the agreements of
the moments. The zeroth moment corresponds to normaliza-
tion and always matches. The second moment should always
match, but small errors can occur for theoretical distributions
that use Eq. (21). The fourth-order moments at this point are
unconstrained, and therefore the deviation of this moment
from the experimental one should give a good estimate of the
accuracy of the theoretical distribution. We therefore focus on
the first two nontrivial moments—y, and 4. The moments
o, M1, and p3 have been measured for completeness, but
their value for LJ particles in equilibrium are expected to be
uo = 1 and w; = p3 = 0 for symmetry reasons.

As mentioned previously, the probability distribution func-
tion PC(8x) in Eq. (17) could be calculated using a theoretical
or a measured ((8x)%). We measured the second and fourth
moments of the Gaussian distribution functions and compared
their deviation from the MD moments as shown in Fig. 4. The
error is calculated in percentage.

The Gaussian distribution function with theoretical mean-
squared displacement fails to reconstruct the second- and the
fourth-order moments. The second-order moment error, de-
picted with a dashed line (black), is relatively small (below
3%). This error rapidly increases with larger time steps and
reaches its highest point at At = 25.6. The P (8x) fourth-
order moment error is depicted in Fig. 4 as dashed line (red)
with empty squares. The u$7 error is much larger than the
uST error and increases very fast in the transition regime.

The second-order moment of PS~M(X;) matches the MD
second-order moment by construction. The fourth-order mo-
ment /L4G'M , however, differs from the measured fourth-order
moment as shown in Fig. 4 (red line with full squares). For
At €[0.8, 1.6], PSM(5x) has a slightly larger fourth-order
moment error than P97 (8x). Unlike u$7, which does not
decrease with larger time steps, the ,LL?‘M error is large in

Ik (26)
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FIG. 4. Second- and fourth-order moment error calculated be-
tween the MD simulation data and the theoretical probability
distribution functions. The second-order error is equivalent for all
theoretical PDF models. The fourth-order error varies: The PS7 (8x)
and P9 (8x) errors are discussed in Sec. IV (red lines with empty
or full squares); the PPPM7 (§x) errors discussed in Sec. V (green
lines with circles); and the PYVS67 (8x) error is discussed in Sec. VI
(blue lines with triangles). For some of the proposed distribution
functions the second and the fourth-order moments have been fitted
to the measured MD moments. These PDFs have zero second- and
fourth-order error by construction, and, therefore, they have not been
depicted. The presented data are for the standard parameters used in
the paper and a time step Ar = 3.2.

the transition regime and decreases to less than 1% for later
times. We assume that the larger u$7 error is related to the
larger second-order moment error of PS-" (8x). Figure 4 shows
that the u$™ error is very small for early and late times
which indicates that the Gaussian description with measured
mean-squared displacement is valid for extreme ballistic and
diffusive regimes.

Considering these results, we conclude that a single
Gaussian distribution function cannot recover the MD dis-
placements distribution function in a transition regime. In the
following section, we construct a Gaussian mixture model
which can be adjusted to capture better the MD simulation
data.

V. BALLISTIC-DIFFUSIVE DISTRIBUTION FUNCTION

Going back to the assumption made by Parsa et al. [9],
we take a slightly different approach by approximating the
displacements PDF using a Gaussian mixture model with two
components. The first component is a distribution function in
a ballistic regime given by Eq. (14), while the second compo-
nent is a distribution function in a diffusive regime defined in
Eq. (16). We call this formulation ballistic-diffusive mixture

053310-7



PACHALIEVA AND WAGNER

PHYSICAL REVIEW E 102, 053310 (2020)

(BDM) model and define it as

At
PBPM(5x) = exp (—?) PPl (5x)

N [1 exp (—%)] PGy, @7)

where the ratio At/ relates to the average number of colli-
sions within a time interval A¢. The mean free time 7 can be
evaluated from the velocity autocorrelation function as given
in Eq. (20). As shown in Fig. 2(a), the mean free time is
estimated to T &~ (.728 which agrees well with the measured
velocity autocorrelation function for early times.

In a transition regime, the BDM model receives contri-
butions from the ballistic and from the diffusive Gaussian
distribution functions. The mixing coefficient exp (—At/7)
depends on the time step and controls the ratio of the two
probability distribution functions. For infinite small or infinite
large time steps, PPPM(8x) is reduced to a single Gaussian
distribution given by Eq. (14) or Eq. (16), respectively.

For the BDM model in Eq. (27), the ballistic contribu-
tion is fully defined by the simulation setup with standard
deviation equal to 2kzT (At)? as given in Eq. (13). For the
diffusive part P4 (8x), one could attempt to simply relate
it to the self-diffusion constant D. This does not give the
correct second-order moment though. Instead, we generalize
the diffusive PDF from Eq. (16) as

[ (8x — uAr)?
[2na(fiff]d/ ? 205

where ogr 1S a free parameter and can be expressed as a
function of the second-order moment p, approximated by
Eq. (21)

PYT(§x) = ] (28)

U = / PBPM(5x)(8x)* dbx

o]

= f ” exp <—§>Pbau(5x)(8x)2 dsx

o0

+/oo [1 — exp (—%)]Pdiff(éx)(éx)z dsx

At
= exp (—T)kBT(At)Z

+[1 —exp (—%)}ojm, (29)

with éx € X;. Now oy given by

\///,2 —exp (—%)k}gT(At)2
adiff = .

[1—exp(=%)]

We examine the dependence of this diffusion constant on At
in Fig. 6. Our original motivation would demand that D =
adziff /2At is a constant. However, this is not the case and we
will see below that the BDM model only provides a modest
improvement over the single Gaussian description. From now
on, we will refer to this distribution function as theoretical
BDM and denote it as PEPM-T(X;), since the mean free time
T and the mean-squared displacement are estimated using the
velocity autocorrelation function.

(30)

MD
0.025 &= — PUX)
o -0 PBDM-T(Xi)
o—o PBDM—M(Xi)
0.02 —
~ 0015
s
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0.01+
0.005 —
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o -0 PMD log(PMD/PBDM-T)
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-0.0006 [~ | . | . | . | ! |
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FIG. 5. (a) Displacements probability distribution functions. The
solid line (black) depicts a PDF obtained from an MD simulation
of LJ particles in equilibrium. The lines with empty or full cir-
cles illustrate the ballistic-diffusive distribution function defined in
Eq. (27) with mean-squared displacement obtained from the velocity
autocorrelation function as given in Eq. (21), and with mean-squared
displacement fitted directly to the MD data, respectively. Only the
data for positive velocities have been depicted due to symmetry.
Panel (b) shows the difference between the distributions per interval
X; as defined in Eq. (23). The presented data are for the standard pa-
rameters used in the paper and a coarse-grained time step Ar = 3.2.
The y axis has not been re-scaled for a better comparison with Fig. 1.

In Fig. 5(a), we show the resulting PBPMT (X;) distribution
function, which resembles well the displacement distribution
function obtained from the MD simulation. To assess the
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FIG. 6. Dependence of the self-diffusion constant to the time
step At. The diffusion D = 02, /2At converges to a constant for
PBPMT and PBPM-M however, for early times it is not fixed. This
demonstrates that the BDM models do not capture the hydrodynam-
ics properties.

discrepancies between the theoretical BDM and the MD dis-
tribution function, we calculate K(PMP || PEPM-T) defined in
Eq. (23). The results are displayed in Fig. 5(b). The theo-
retical ballistic-diffusive probability distribution function with
At = 3.2 demonstrates a significant improvement in compar-
ison to the single Gaussian distribution function shown in
Fig. 1. However, there are noticeable deviations between the
PDFs which we will investigate further.

The second- and fourth-order moment errors of the BDM
distribution function are depicted in Fig. 4. The error is
denoted as uSPMT (back dashed line) and puBPMT (green
line with empty circles). The second-order moment error is
equivalent to u$T by construction. This error comes from
the long tails of the velocity autocorrelation function shown
in Fig. 2(a), which are not resolved in the theoretical ap-
proximation of the mean-squared displacement. Overall, the
fourth-order moment error of the theoretical BDM model is
smaller than the one calculated for the two Gaussian mod-
els discussed in Sec. IV. However, for later times this error
increases and becomes as large as the theoretical Gaussian
distribution function error.

In order to reduce the error, we construct a second version
of the ballistic-diffusive mixture model where we fit the u,
and g4 moments directly to the MD data. This BDM model
does not rely solely on the approximation of the average
number of collisions (Az/t), which cannot be measured pre-
cisely and depends on the approximation made for the velocity
autocorrelation function.

In Sec. IV, we defined the mean-squared displacement
in terms of the velocity autocorrelation function given by
Eq. (19). Now, we define the fourth-order moment in a similar

way

s = ((8x)")

= </ dtlv(tl)/dlzv(tz)/dl‘3v(l‘3)/dt4v(f4)>
- / dn / dt, / s / diy (0w, (B1)

where we need the four-point time correlators for the velocity,
that are derived from the displacements given by Eq. (18).
This integral, if feasible, would allow us to calculate the-
oretically the fourth-order moment and thus obtain a better
approximation of the probability distribution function of dis-
placements. However, we are unaware of a reliable way to
derive this four-point velocity autocorrelation function and
therefore, we measure the second- and the fourth-order mo-
ments directly from the MD simulation instead.

We have to make the following adjustments to the BDM
probability distribution function, so that the second- and the
fourth-order moments match the MD data: First, instead of
calculating the mean-squared displacement from the velocity
autocorrelation function, we use the measured mean-squared
displacement for u, in Eq. (30); second, instead of calculat-
ing the mean free path t from the velocity autocorrelation
function, we define it as a function of @, and u4. Thus, the
PBPM-M %y distribution function has zero second- and fourth-
order moments error by construction.

The fourth-order moment then has the form

o0
Uy = / PBPM(8x)(8x)* ddx

= / ” exp (—%)Pbau(Bx)(éx)“ dbx
+ /OO [1 —exp (—%)]Pdiff(ﬁx)(&c)“ dsx
4 At 242 4
= 3{adiﬂ- +exp (—T>[(kBT(At) ) — odiﬂ.]} (32)

with ogifr obtained using the measured second-order moment.
Now, 7 is not a constant anymore and is given by
— At
T = e . (33)
In { 3~ Odifr }
[ksT (AP —0

Equations (30) and (33) define a system of linear equations
with two unknowns. The system has a unique solution for
ogfe and T as a function of w,, w4, and At. Thus, a sec-
ond version of the ballistic-diffusive distribution function is
derived and we refer to it as measured ballistic-diffusive dis-
tribution function PBPM¥ (X;) because it is fully defined by
the MD moments. Details of the derivation are can be found in
Appendix A.

As mentioned earlier, we demand D = o} /2At to be a
constant, however, Fig. 6 illustrates that D converges to a
constant for both BDM models but is not fixed for early time
steps. This demonstrates that the BDM model does not capture
the physical diffusion properties.

The PBPM-M (X.) distribution function matches well the MD
data as depicted in Fig. 5(a). The K(PMP || PBPM-T) results
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are illustrated in Fig. 5(b) and they show that the divergence
between PBPMM (x:) and PMP(X;) is smaller in comparison
to the theoretical BDM distribution function. However, there
is still error with well defined structure, which has to be
accounted for.

To gain a better understanding of how the BDM model
relates to the MD data and the Gaussian distribution func-
tions, we calculate the KL divergence for At € [0.01, 25.6]
as shown in Fig. 3. The dashed line with empty circles (green)
corresponds to the KL divergence Dgy (PMP || PBPMT) while
the solid line with full circles (green) illustrates the result of
Dy (PMP || PBPM-M) The divergence is decreased by more
than half compared to the KL divergence obtained from the
Gaussian distribution functions. However, there is still clear
error in the intermediate simulation regime.

Even though, we have fitted the second- and the fourth-
order moments, we still have an unsatisfying approximation
of the probability distribution function of the displacements.
Thus, we conclude that a Gaussian mixture cannot capture the
form of the distribution of the displacements for LJ particles in
equilibrium. The remaining dependence of D = o /2At on
At suggests that it is not appropriate to assume that particles
that have undergone just one collision will then follow a
diffusive displacement. Instead, it might be useful to consider
a range of distribution functions occurring after a number of
collisions. We will follow up this idea in the next section.

VI. POISSON WEIGHTED SUM OF GAUSSIAN
DISTRIBUTION FUNCTIONS

The number of collisions within a time interval plays an
important role in the definition of the probability distribution
function of displacements. We can prove this statement by
a thought experiment: Consider a number of particles in a
domain. When the particles undergo a collision their direction
and velocity changes. This in turn means that the collisions
also change the probability of certain displacements to occur.

In this section, we assume that the intermediate ballistic-
diffusive regime could be described as a Poisson weighted
sum of Gaussian distributions. One can consider that after a
time step At the particles can be divided into groups depend-
ing on the number of collisions they have experienced. We
model these particle collisions using the Poisson probability
distribution function

oo . G
P(Sx) = Ze - (34)
c=0 '

where A is effectively the average number of collisions given
by
At
A=—, (35)
T
where 7 ~ (0.728 is the mean free time obtained using
Eq. (20). In this formulation the mean free time is considered
to be an exponential decay constant. In principle the timing
of the collisions should also be random (i.e., given by a
Poisson process), but the resulting integrals over the collision
times do not admit analytical solutions. Assuming that the
collisions are evenly spaced may introduce a small error, but
it makes the resulting displacements after ¢ collisions again

Gaussian, which simplifies the application of our results. For
details on arbitrary collision occurring at random time refer to
Appendix B.

With this approximation the Poisson weighted sum of
Gaussians (WSG) model is then given as

PYSG (5x) = ie” ¥ JO+D
= 2r(c+ D((8x)?)
\ex [_ (A + D(8x — uAr)?
2(c + 1){(6x)?)

] (36)

for displacements §x in one dimension. In extreme regimes,
being purely ballistic or purely diffusive, the probability dis-
tribution function P%5%(8x) is reduced to a single Gaussian
distribution given by Eq. (14) or Eq. (16), respectively. How-
ever, in an intermediate regime, we will have contributions
from multiple Gaussian distribution functions weighted by a
Poisson distribution function.

By using the definition of the average number of collisions
given in Eq. (35) and obtaining the mean free time and the
mean-squared displacement based on the velocity autocorre-
lation function, we recover a fully defined theoretical version
of the Poisson WSG model which we refer to as PVS6-T(X;).
This probability distribution function is illustrated in Fig. 7(a)
by a dashed line with empty triangles (blue). PVSG-T(X;)
shows a good fit to the distribution function measured di-
rectly from the MD simulation but there are still visible
discrepancies.

In Figs. 7(b)-7(d), the K(PMP || PWSG-T) function is illus-
trated for three different time steps: Ar = 0.01, At = 0.1, and
At = 3.2. The results for Az = 0.01 show noise coming from
the averaging procedure as one can see in Fig. 7(b). With
increasing the time step, we start seeing some structure in
the discrepancies between the theoretical weighted sum of
Gaussians and the MD probability distribution function as
shown in Fig. 7(c). For At = 3.2, one can see that the rate
of discrepancies is as large as the one shown in Fig. 1(b) cal-
culated for the single Gaussian distribution function but with
an opposite sign. This observation suggests that the theoretical
WSG does not capture well the distribution of the measured
MD displacements.

To compare the overall performance of P%56-7 (X)), we cal-
culate its KL divergence as shown in Fig. 3 (blue dashed line
with empty triangles). The Dy (PMP || PYSG-T) divergence
is slightly smaller than the one measured for the Gaussian
models presented in Sec. I'V.

In order to find the source of the large KL diver-
gence, we display the second- and fourth-order moments
error in Fig. 4. The second-order moment error is equiva-
lent to the error calculated for the other theoretical models
(u§T= pBPMT = | WSG-T) The pPVSG-T(X;) fourth-order mo-
ment error, however, is larger than the fourth-order moment
error of the other two models. This is true especially for
the intermediate regime and explains the poor results of the
theoretical WSG model.

The average number of collisions A plays an important
role in the definition of the BDM and WSG models. Unfor-
tunately, it is difficult to make a good approximation for A
based on the velocity autocorrelation function. Therefore, to
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FIG. 7. (a) Displacements probability distribution functions. The solid line (black) depicts a PDF obtained from an MD simulation of LJ
particles in equilibrium. The dashed line (blue) with empty triangles illustrates the PDF of the theoretical WSG defined in Eq. (36) with
obtained using the theoretical velocity autocorrelation function from Eq. (20). The solid lines with full squares or x-symbols denote the Poisson
WSG distribution function with average number of collisions X, and X,, respectively. The time step is At = 3.2 and due to symmetry only the
data for positive velocities has been depicted. Panels (b)—(d) show the difference between the distributions per interval X; as defined in Eq. (23)

for a variety of time steps: (b) At = 0.01, (c) Ar = 0.1, and (d) At = 3.2. The presented data are for the standard parameters used in the paper.
The y axis of (a) and (d) have not been rescaled for a better comparison with Figs. 1 and 5.

reduce the error coming from the theoretical average number
of collisions and to eliminate the second- and the fourth-order
moment errors, we match these moments to the corresponding

moments measured directly from the MD simulations. We

derive the mean-squared displacement from the second-order
Gaussian integral

J

o U | (4 D)(6x — udt)?
— PWSG by by 2d5 :/ A |:_
re /m (G0 dox ,OOZC < mer Dien) L 2+ DiGo?)

}(&)2 dsx (37)
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and the fourth-order moment from the fourth-order Gaussian
integral

s = / h PYVSG(5x)(8x)* d(8x)
_ f ~ i NoEa
= 27 (c + 1){(8x)?)

[ (A + D)(8x — uAr)?
2(c + 1){(6x)?)

} (8x)* dsx

2
= %[x2+3x+ 1]. (38)

This ensures that the p, and 4 moments are fully recovered
from the WSG model. Now, we can express A as a function of
these parameters and solve the resulting quadratic equation

313
A+ 1)2

with py = ((6x)?) for brevity. The quadratic equation has the
following solutions:

—9u3 ., /3[15u3 — 4udpa] + 214

2432+ 1]—usa=0 (39)

Mo = (40)
2[3u3 — 4]
Details of the derivation are omitted but they can be found in
Appendix B.

Since the mean-squared displacement and the fourth-order
moment depend wholly on the time step, we plot A;(At),
Aa(At), and A(Atr) from Eq. (35) as a function of Ar, which
is depicted in Fig. 8. We see that the analytical expectation
for A from Eq. (35) is in better agreement with A, for large
At, while for small At it is in better agreement with ;. This
is intriguing, and we do not fully understand the significance
of this result. However, we should note here that both limits
At — 0 and At — oo lead to a simple Gaussian distribu-
tion. For small Az this is the case because there is only the
¢ = 0 term in the Poisson distribution matters, and for large
At because the Poisson distribution will be sharply peaked
around ¢ = A, leading again to a simple Gaussian distribution
function.

PWSG-M(X.) has zero second- and fourth-order moment er-
rors by construction, because these moments have been fitted
to the MD simulation data.

The Kullback-Leibler divergence per element X; for
PYSSM(x;) and PYYSSM(X;) is illustrated in Figs. 7(b)-7(d).
In each figure, K(PMD | PYS6M) and K(PMP || PYSOM) are
depicted for different time step. Figure 7(b) shows the er-
ror of K(PMP || PYSSM) for Ar = 0.01 where the error is
very small and is dominated by noise due to the averaging
procedure. For the coarse-grained time step of At = 0.1, the
error becomes larger and one sees small structures building;
however, the noise is still dominant in the error contribu-
tion. In Fig. 7(d), we show the K(PMP || PYSM) results for
At = 3.2. There is a clear structure of the error for both
WSG-M probability distribution functions. In comparison to
the Gaussian and the ballistic-diffusive mixture models, the
WSG model with average number of collisions A; and A;
shows much smaller error.

10000
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FIG. 8. Average number of collisions depending on the coarse-
grained time step At. A denotes the number of collisions obtained
from the velocity autocorrelation theory given in Eq. (35), which
is used for the calculation of the PWSOT(X;) distribution func-
tion. A; and A, are solutions of the quadratic equation given in
Eq. (39). These values are used for the calculation of P59 (X;)
and sz’ SG-M(X,) distribution functions, respectively. A; and X, are
obtained using the second and the fourth-order moments measured
directly from the MD simulations.

For better comparison, we calculate the Kullback-Leibler
divergence for PY59 (X;) and P39 (X;) and display the re-
sults in Fig. 3. The KL dlvergence for A shows reduced error
for the transition regime. The second solution of Eq. (39) A,
however, shows KL divergence close to zero for all time steps.
This is a significant improvement comparing the results using
a single Gaussian or a mixture of two Gaussian distribution
functions.

The WSG probability distribution function strongly de-
pends on the calculation of the average number of collisions.
By using the theoretical average number of collisions obtained
from the velocity autocorrelation function, the KL divergence
Dy (PMP || PYSGT) s almost as large as Dy (PMP || PO)
for the Gaussian models. Even fitting the second- and the
fourth-order moments is not sufficient to obtain a good esti-
mation of the PDF obtained from the MD simulation. The KL
divergence for the WSG model with 1| shows an improvement
by about a factor of 6 but it still large in the transition regime.
PWSGM(X.) with X, gives a unique close to zero Kullback-
Leibler divergence owing to the WSG model and the correct
choice of the average number of collisions.

VII. CONCLUSIONS

In this article we have shown that displacement distribu-
tions are only of a Gaussian form for either very small times
or for long times. The transition region, where a different
distribution function is found roughly corresponds to the re-
gion where the motion of particles transitions from ballistic
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to diffusive regime. One signal of the deviation is the fourth-
order moment of the probability distribution function of
displacements.

By allowing for the distribution to be a mixture of two dis-
tribution functions, one corresponding to the ballistic regime,
and a second one to be selected to give the correct second- and
fourth-order moments gives a PDF that agrees better with the
MD distribution function, by about a factor of 3 measured by
the Kullback-Leibler divergence.

Using the same amount of information, i.e., the second-
and fourth-order moments, we found a different distribution
function that gives a nearly perfect fit. This distribution was
motivated by considering the distribution function as a mix-
ture of Gaussian distributions that have undergone a number
of collisions, which are given by a Poisson distribution.

We would like to add a small note of caution here, because
both in internal discussion and in comments from a referee
a pitfall in our thinking has emerged. It is tempting to think
of this transition regime in terms of nonequilibrium phe-
nomena, where non-Gaussian effects are commonly observed.
One might therefore suspect that in this transition regime
there might be a correlation in the velocities of the different
particles that lead to the correlations in the displacements.
However, the system considered in this paper is in equilib-
rium, and there are no correlations (at equal times) between
the momenta of the different particles. Correlations build up
only in time, through the collisions between the particles. So
the distribution of the velocities remains Gaussian at all times,
even when the distribution of the displacements becomes non-
Gaussian in this regime.

Wy = / PBPM(5x)(8x) ddx

o0

This analytical description is very promising for the
MDLG analysis of collision operators in nonequilibrium sys-
tems. It would be very helpful if a theoretical prediction of the
fourth-order moment equivalent to the second-order moment
derived from the velocity time correlation could be achieved,
because then one could obtain the displacement distribution
for all time steps through one measurement. The current ap-
proach still needs measurements of the fourth-order moment
for each time step. Furthermore, the current study was done
for a semidilute system. In future research, we anticipate to
establish up to what density the distribution with Poisson
weighted sum of Gaussians remains a valid description for the
displacement distribution.
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APPENDIX A: BALLISTIC-DIFFUSIVE DISTRIBUTION
FUNCTION

The BDM probability distribution function is defined in
Eq. (27). We derive the standard deviation oy from the
second-order Gaussian integral

_ /_OO exp <_§>Pball(5x)(6x)2 déx + /_00 |:1 — exp <_§):|Pdiff(8x)(8x)2 dsx

At

[ e (-2 (8x)° 2 * [1—exp(=F)] @07 ¢
_/,oo 2rkaT (A2 P [_ZkBT(Ar)Z}(‘Sx) dg”L; Rroz, [_Zcrd%ff}(ax) o

At , At
=exp(—— kpT (At)” + |1 —exp — ) |van

(Al)

for one dimension (d = 1). Now, we express the standard deviation of PIff(5x) as

(A2)

\/ w2 — exp (= 2)kT (A1)?
adiff = .

[1—exp (=%)]

This completes the definition of PEPM~T(X;) using 1, and oy recovered by Eqs. (21) and (20), respectively.

In the second version of the BDM model, we match the second- and the fourth-order moments measured directly from
the MD simulations to the probability distribution function. The mean free time t is not anymore a function of the velocity
autocorrelation function but a free parameter. The derivation of o4 in Egs. (A1) and (A2) is still valid. In addition, we fit the

fourth-order moment 14 using the fourth-order Gaussian integral

U = f PBEPM(8x)(8x)* dsx

o0

_ /_oo exp (_%)Pball(gx)(ax)“ déx + /_oo |:1 — exp <_§>:|Pdiﬁ(8x)(8x)4 dsx
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37| ChT (A N (2024)”"
T4 2k T (ALY N
exp 7%) 1—exp 7%)
2
_ 3exp (-4) ks T (AP 2wk T(AD? 3[1 —exp (=)] (206) "y 270G
4./ 2kpT (Ar)? 4./2m02,

= 3|:f7§iff +exp (—ﬂ) ((ksT(A2)?)* — U;iff)] (A3)

T

Now we derive the mean free time t as a function of the time step A¢, and the second- and the fourth-order moments measured

from the MD simulation
At L5 —At
exp <__> 3 Odifr = _ (A4)

T )T UaT (At —ot, o
diff In FaT (A0 ol

Equations(A2) and (A4) define a system of linear equations with two unknowns. After substituting Eq. (A2) in Eq. (A4), we
found a unique solution for T given by

2 _ MK
exp —ﬂ = M5 T = — A . (AS)
T ksT (A1) [2pr — kgT (A1 — 5 w3
kT (A1) [2u2—ksT (A1)?] =5

The mean free time 7 is a function of w,, p4, At and the temperature of the gas given in LJ units. The standard deviation oy;s is
recovered using Eq. (A2).

APPENDIX B: POISSON WEIGHTED SUM OF GAUSSIAN DISTRIBUTION FUNCTIONS

Without collisions particles will move with a constant velocity drawn from a Gaussian distribution function. In this case, the
distribution of displacements is given by P*!(X;) in Eq. (14). If we ought to calculate the distribution of particle displacements
for particles that undergo a single collision at a random time 0 < 7, < Af, we would define a sum of two Gaussian distributed
random numbers with a second moment given by

t2kgT + (At +1.)°kgT = (A1? + 267 — 2. At)kgT, (B1)

which is less than the collisionless case except for ., = 0 and 7. = At¢. The full distribution function in one dimension (d = 1) is
then

oo 2 2

(8xc) 1 (8x — 8x,.)

Psy, (0x) = / ————— - €exp [— exp | — d§8x.

oo [2mksT12]" k5T | 2k T (A12 — 241 1, + 22) ] 2kpT (AL? — 2At 1, + 212)

1 (8x)?
B P T (0 — 2801, 4 202) |
\/anBT(Aﬂ — 2At 1, + 212) 5T (A1 =24t 1. +212)

(B2)

where dx, is the displacement for time O to 7., and (6x — §x.) for time #, to At. This results to a Gaussian distribution function
with total displacement éx for a collision taking place at time 7.. To ensure that the time ¢, is arbitrary and collisions at any time
will be uniformly likely, we average over all possible collision times given by

1 At
P60 = / Py (6) di,
0

1 /A’ 1 [ (8x)2 ] 5 @3)
= — exp | — .
Ao JamksT (Ar2 — 240 1, +22) 2kgT (A1? =241 1+ 217)

It is difficult to evaluate this integral analytically, but it can be solved numerically. However, this is the theory for only one
collision occurring at a random time f.. For the Poisson weighted sum of Gaussians in Sec. VI, we consider multiple collisions
at multiple arbitrary times, which leads to high-dimensional integrals, whose solution is out of the scope of this publication.
In addition to the numerical difficulty that multidimensional integrals pose, the resulting probability distribution functions are
non-Gaussian. To avoid this, we assume that the collisions are evenly distributed which may introduce a small error.
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The WSG probability distribution function is defined in Eq. (36) and recovers the second-order moment given by

Wy = / PVSG(8x)(8x)* dox

/ wi » Ak S [_—(Hl)((sx)z }((Sxfdax
~ et DD DL 2c+ DGR

_ ie—kﬁ (c + 1)((5x)%)
e e A

= ((61)?) ;Jr ] (Z A k—')

c=0

— et (e
= (0)P)e Hl(c_o H)

= ((6x)%). (B4)

Analogously, one derives the fourth-order moment as

Wy = / ~ P(8x)(8x)* d(8x)

oo 2 VAF1 (r + 1)(8x)? .
_ / Ze exp | = o (8" dbx
0 2 27 (c + 1){(6x)?) 2(c + 1)((x)*)
o0 3T 2(L+<Al)((1§x)2 ]5/2
_ +
o ;e 27 (c+1){((8x)?)
(A+1D)
(o2 ] o X A +2c+ 1)
T 0+ 17| Z c! }
_ 302 e ey {
e Z_.+2 gc!” ;E
O30 & ace e AcT!
Tor2]|f ;(c—nf’m CZI:(C—l)zJrl
32 d X
_m e )\.ﬁczl (c—l)|+2)\’+1
30N L, d
—m_e Ad_kke +)\4+1i|
2\2
— %[e—%(eA +Aaet) + 210+ 1]
k) 2\2
= %[x2+3x+ 11. (B5)

This description allows us to adjust A, such that the fourth-order moment does converge to the measured MD value. We express
A as a function of At with mean-squared displacement and fourth-order moment measured directly from the MD simulation

3((8x)%)*
(r+1)?

After solving this quadratic equation, we obtain the following solutions:

—9u3 £, /3[15u3 — 4pdpa] + 21a

2[3u3 — 4]

(A2 4341+ 1] — s =0. (B6)

o= B7)
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APPENDIX D

Publication 3: Molecular dynamics lattice gas
equilibrium distribution function for Lennard-Jones
particles

The molecular dynamics lattice gas method maps a molecular dynamics simulation onto
a lattice gas using a coarse-graining procedure. This is a novel fundamental approach to
derive the lattice Boltzmann method by taking a Boltzmann average over the molecular
dynamics lattice gas. A key property of the lattice Boltzmann method is the equilib-
rium distribution function, which was originally derived by assuming that the particle
displacements in the molecular dynamics simulation are Boltzmann distributed. How-
ever, we recently discovered that a single Gaussian distribution function is not sufficient
to describe the particle displacements in a broad transition regime between free particles
and particles undergoing many collisions in one time step. In a recent publication, we
proposed a Poisson weighted sum of Gaussians which shows better agreement with the
molecular dynamics data. We derive a lattice Boltzmann equilibrium distribution func-
tion from the Poisson weighted sum of Gaussians model and compare it to a measured
equilibrium distribution function from molecular dynamics data and to an analytical ap-
proximation of the equilibrium distribution function from a single Gaussian probability
distribution function.
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1. Introduction

The molecular dynamics lattice gas (MDLG) method [1,2] uses a coarse-graining procedure
to establish a direct link between microscopic methods—in particular, molecular dynamics
(MD) simulation, and mesoscale methods such as lattice gas (LG) [3,4] and lattice Boltzmann
methods (LBM) [5,6]. The MDLG fully relies on MD data and as such it rigorously recovers
the hydrodynamics of the underlying physical system, and can be used to verify the behaviour
and examine the properties of the LG or the LBM methods directly without using the standard
kinetic theory approach. Aspects that can be examined include fluctuating [7-10], thermal [11,12],
multi-phase and multi component systems [5,13-15].

A key feature in the LBM is the equilibrium distribution function. The LBM equilibrium
distribution was originally derived by analogy to the continuous Boltzmann equation, where
the equilibrium distribution for the velocities is a Maxwell Boltzmann distribution. Similarly, the
LBM moments of the discrete velocity distribution were matched, to the degree possible, with the
velocity moments of the Maxwell Boltzmann distribution. In the alternative derivation of the LBM
from MD, it was shown that these previously postulated equilibrium distributions are indeed, at
least approximately, consistent with the MDLG approach for specific discretization combinations
for lattice and time spacing.

In the original MDLG calculation of the equilibrium distribution by Parsa et al. [1], it was
assumed that the particle displacements in the MD simulation are also Boltzmann distributed.
This assumption gave an adequate prediction of the global equilibrium distribution function of
the LBM. However, later on by examining more carefully the equilibrium system, we noticed
small deviations (up to 5%) between the analytically predicted and the measured equilibrium
distribution functions. These deviations were traced back to the prediction of the one-particle
displacement distribution function. In Pachalieva et al. [16], we proposed a correction of the
displacement distribution function, which shows that a dilute gas with area fraction of ¢ = 0.0784
and temperature of 20 L] is better approximated by a Poisson weighted sum of Gaussians (WSG)
probability distribution function. This probability distribution function takes into account that
after a time step At the particles can be divided into groups depending on the number of collisions
they have experienced. In principle, the timing of the collisions should be random (given by a
Poisson process), however, the resulting integrals over the collision times do not allow for an
analytical solution. Thus, we assume that the particle collisions are evenly spaced, which may
introduce a small error but it makes the resulting displacements again Gaussian distributed.
For details, please refer to [16]. The Poisson weighted sum of Gaussians probability distribution
function also delivers better results for a purely ballistic and purely diffusive regimes (for very
small or very large time steps, respectively), where the Poisson WSG formulation is reduced to
a single Gaussian. In the current publication, we show that the original premise of the paper
[16] does indeed hold. We derive the MDLG equilibrium distribution function from the Poisson
WSG one-particle displacement function and show that it compares favourably to a measured
equilibrium distribution function from MD simulation, whereas the single Gaussian equilibrium
distribution function is a much poorer prediction. Our findings show that the Poisson WSG
approximates the measured equilibrium distribution function significantly better.

The rest of the paper is summarized as follows: we briefly describe the MDLG analysis method
in §2. In §3, we derive the equilibrium distribution function from one-particle displacement
function. In §3a, we show how to derive the equilibrium distribution function when the
distribution is given by a single Gaussian and in §3b when the displacements are instead
distributed according to a Poisson WSG one-particle displacement function. In §4, we give a
detailed description of the MD simulation set-up used to obtain the MD data. The MD trajectories
are later used to validate the theoretical solutions of the equilibrium distribution function.
In §5, we compare the equilibrium distribution function obtained on one hand from theory,
using either a single Gaussian or the novel Poisson weighted sum of Gaussians probability
distribution function, and on the other hand, measured from MD data. Our analysis shows
significant improvement of the equilibrium distribution function analytical prediction when
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the Poisson WSG model is used. Finally, in §6, we give a brief conclusion and suggestions for
future work.

2. Molecular dynamics lattice gas method

In the MDLG analysis, we impose a lattice onto an MD simulation of Lennard-Jones (L]) particles
and track the migration of the particles from one lattice position to another with displacement v;
after a time step At as shown in figure 1a. A schematic of the lattice is given in figure 1b where
the numbers 0 to 49 represent the i index of the occupation number of a D2Q49 velocity set. We
run MD simulations and analyse the particles’ trajectories to obtain MDLG occupation numbers
defined as

ni(x, ) = ) Axlx(D] Ay [xj(t = AD)], (2.1)

)

with the delta function Ax[x;(t)] =1, if particle x is in the lattice cell at time ¢, and Ax[x;(t)] =0,
otherwise. Here, the x;(f) is the position of the j-th particle at time t and v; is the particle
displacement, which in the MDLG description is strongly correlated to the lattice velocities.
We can now cast the evolution of the occupation numbers #n; in the form of an LG evolution
equation as

ni(x +vj, t + At) = n;(x, ) + &j, (2.2)
by defining the LG collision operator &; in terms of the occupation numbers as
Zi=ni(x + v;, t + At) — nj(x, t). (2.3)

The molecular dynamics lattice Boltzmann (MDLB) distribution function is defined as a
Boltzmann ensemble average of the MDLG occupation numbers n; and it is given by

fz’ = (”i)neq- (2-4)

By taking the non-equilibrium ensemble average of equation (2.2), we obtain the MDLB evolution
equation

ﬁ(x + v;, t+ Af) =ﬁ(x, t)+ 2;, with ;= (Ei>neq/ (2.5)
where £2; is the MDLB collision operator. A key element of the LBM is the global equilibrium
distribution function, which in the MDLB context is defined as an average of the LG densities

n; over the whole MD domain and all iterations of an equilibrium MD simulation. The MDLB
equilibrium distribution function is given by

fieq = (Nj)eq

= <Z Ax[x]'(t)]Ax—vi [xj(t - At)]>
j

€q
=M dx [ doxy POy, b21) Al ] b — 8], 2.6)
where M is the total number of particles and P4 is the one-particle displacement distribution

function in equilibrium. This allows us to obtain the equilibrium distribution function fl.eq
analytically from the one-particle displacements probability distribution function (PDF).

3. Derivation of the molecular dynamics lattice Boltzmann equilibrium
distribution function

In the MDLB formulation, the equilibrium distribution function depends solely on the one-
particle displacement distribution function. Thus, knowing P()¢4 is crucial for predicting the
equilibrium distribution function. In the following subsections, we derive the equilibrium
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Figure 1. (a) Sketch of the MDLG analysis. A lattice is superimposed onto the MD simulation domain. The movement of the
particles is tracked from the central node using their MD trajectories. The circles (green) represent the position of the particles
at time t — At and the stars (red) are their respective positions at time t. Using the particle trajectories and the imposed
lattice, the occupation number n; is defined as given in equation (2.1). The black arrows are the lattice velocities. Only the lattice
velocities which have at least one particle within their area (i.e. non-zero occupation number) are shown. (b) Schematic of the
D20Q49 lattice with the numbering convention for the lattice velocities in two dimensions. The central point 0 corresponds to the
zeroth-velocity vy = (0, 0) and the rest of the velocities are given as a vector connecting the central point and the lattice point
in question as shown in (a). The velocities are colour-coded depending on their length. (Online version in colour.)

distribution function from (a) a single Gaussian probability distribution function and (b) from
a Poisson weighted sum of Gaussians probability distribution function.

(a) Single Gaussian distribution model

In Parsa et al. [1], a good approximation of the MDLB equilibrium distribution function is given
by a single Gussian in one dimension (d = 1)

PG (8x) =

 (8xg — uaAt)z} / 3.1)

2 (Gxa) B 12 O F [ 2((6%0)?)

with displacements éx,, second-order moment ((6x4)%) and mean velocity uy. The solution
factorizes for higher dimensions and it is given by

d
PS(sx) = [ | P (6). (3.2)

a=1

Following equation (2.6), the equilibrium distribution function can be expressed as

feq,G d c

v cq,

lpeq =1 (3.3)
a=1

with p®1 being the mass density. The equilibrium distribution function fle S’G in one dimension is
given by

9N (e—«u,-,a—lwzaZ) _ e (/20 e—((u,-,a+1>2/2a2>) 4 M =1
2

i
ui,a_l) (”i,a ):| ui,a+1 |: (”i,a+l) (”i,a ):|
x |erf[ —/——— | —erf + erf | ——— | —erf , 3.4
[ ( a2 a2 2 a2 a2 G4
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with )
2 _ {(6x0)7) a
as = and N=—, Uiy = Vg — Ug, 3.5

( Ax)z \/E Lo Lo o ( )
where ((8xa)2) is the mean-squared displacement, Ax is the lattice size, and u, is the mean
velocity. We have performed MD simulations with mean velocity set to zero, however, we could
obtain results for different mean velocities u, by applying a Galilean transformation. We have
set the value of a? to approximately 1/6 for which the MDLG results agree with the values of the
D2Q9 lattice Boltzmann weights. For details regarding the derivation of the Gaussian equilibrium
distribution function, please refer to [1].

Even though this formulation shows very good agreement with the measured equilibrium
distribution function from MD simulations, under more careful investigation we found that
there are discrepancies of up to about 5% for certain parameter regimes. This means that the
displacement distribution function cannot be fully captured by a single Gaussian and a more
complex distribution function has to be applied.

(b) Poisson weighted sum of Gaussians model

In Pachalieva et al. [16], we have introduced a correction of the displacements PDF proposed by
Parsa et al. [1] using a Poisson weighted sum of Gaussians (WSG) instead of a single Gaussian
distribution function. The Poisson WSG is given by

(0.¢] )\‘C
WSG _ —A c
P75 (6x) = CE_O e P(8x), (3.6)

where the P°(6x) probability distribution function also factorizes for higher dimensions
equivalently to the single Gaussian distribution function as given in equation (3.2). The one-
dimensional Poisson weighted sum of Gaussians probability distribution function P, (6x) is then
given by

d/2 _ 2
p (5x):[ (r+1) ] exp |:_()»+1)(8x0, Uy AL) } 7

2 (c + 1){(8%a)?) 2(c + 1((8xa)?)

where §x, is the displacement in one dimension, ((8x4)?) is the second-order moment, 1, is the
mean velocity, c is the number of occurrences and A is the average number of collisions. The fact
that the new displacement distribution function is just a sum of Gaussians makes the calculation
of the new MDLG equilibrium functions surprisingly simple. Thus, we obtain

o0

A
=2 e i 38)
c=0
The fic’eq, similar to equation (3.3), is given by
r d
£ :
l eq fic,‘;q’ (3-9)
p a=1

where p®1 is the mass density and fict’xeq in one dimension is given by

Ne [ ((uia—172/N?) —@2,/N?) | o—((uiat+1)?/N?)
fic&eq:{ (e (50 —1P/N?) _ o=, /NB) | o —((ti )
. N

+ (ui’az_ D [erf ((ui’?\lc_ D) —erf (%)] + —(ui’a;_ D [erf (_(Mi,(;\]j‘ 1)> —erf (L;\Z]—j)} } ’
_[2a2(c+1)

with
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where 4% and u; o are defined in equation (3.5). The one-dimensional equilibrium distribution
function given in equation (3.10) is similar to the single Gaussian equilibrium distribution
function in equation (3.4), however, their weighting factors are not the same. The equilibrium
distribution function in equation (3.10) also takes into account the average number of collisions
A, which needs to be defined.

One way to approximate the average number of collisions A is by using the velocity auto-
correlation function. However, the auto-correlation function is just a theoretical approximation
and is not exact. To eliminate the second-order and the fourth-order moment errors, we match
these moments to the corresponding ones measured directly from the MD simulations. The
second-order moment of the Poisson WSG one-particle distribution function can be derived from
the second-order Gaussian integral

o
o :J PWSG(5x)(5x)? dsx
—o0

_J” Shekl VAFL D uAn?
=T 2rc+ (622 2(c + 1){(6x)2)

= ((6x)%). (3.12)

) (5x)% dsx

Analogously, we obtain the fourth-order moment from the fourth-order Gaussian integral

s = fo PWSG (5)(5)* d(5)

_ J i i ok aET G Do — uty -
oy GVl DIEY) 2(c +1)((8x)?)
2y2
- 3(1(?_)1;2 22 +ar ). (3.13)
By solving the quadratic equation for A
3 2
12 f:zl)z [AZ +3h+ 1] — g =0 (3.14)

we find the following solutions:

~9u3 % \[3[154 — 4y:3p14] + 2p14
2[3u3 — p4l '

Ao = (3.15)

where 1o = ((8x)?) and 114 are the second- and fourth-order displacement moments, respectively.
We use the moments measured from MD simulations, which ensures that the Poisson weighted
sum of Gaussians model has the same ©y and g4 moments. In Pachalieva ef al. [16], we show
that A provides an optimal solution, which we use to derive the Poisson WSG equilibrium
distribution function. For detailed derivation and discussion of the Poisson WSG displacement
distribution function, please refer to Pachalieva et al. [16].

Meaningfully comparing two probability distribution functions is a non-trivial task since
often there are significant deviations in the tails of the distribution that would show up in a
simpler measure like dividing the distributions. However, since the tails carry little weight, these
deviations are not relevant for the system. In Pachalieva et al. [16], we used the Kullback-Leibler
(KL) divergence, a tool commonly used in machine learning. The element-wise definition of this
function is given by

(3.16)

K(X) = K(R || Q) = R(X)) log (R(Xi)) ,

Q(X;)
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Figure 2. (a) Displacements probability distribution functions. The symbols (red) depict a PDF obtained from an MD simulation
of LJ particles in equilibrium. The line (black) illustrates a Gaussian probability distribution function defined in equation (3.1)
with mean-squared displacement fitted directly to the MD data. The dashed line (blue) represents the Poisson WSG obtained
from equation (3.6). Only the data for positive velocities has been depicted due to symmetry. (b) The difference between the
distributions per interval X; as defined in equation (3.16). The presented data are for the standard parameters used in the paper
and a coarse-grained time step At = 3.2. (Online version in colour.)

where R(X;) and Q(X;) are probability distributions over an interval X;. By performing a sum over
all the bins X;, we obtain the KL divergence [17] defined as

R(X;) )
QX:)

Dia(R11Q) = Y REX) o (6.17)
1

The KL divergence measures the discrepancies of one probability distribution function to another.

It is always non-negative Dk (R || Q) > 0 or equal to zero if and only if the probability distribution

functions are identical R(X;) = Q(X;).

In figure 2a, we see the true probability distribution function obtained from the MD data
PMD(X,), the Gaussian probability distribution function PS(X;), and the Poisson WSG distribution
function PWSG(X;). There is a visible divergence between the Gaussian and the other two
distribution functions. We measured the element-wise KL divergence K(X;), as defined in
equation (3.16), for PS(X;)) compared to the MD data and the Poisson WSG distribution function
as shown in figure 2b. The results suggest that even though the Gaussian and the Poisson WSG
probability distribution functions have the same second moment, their deviations in the fourth-
and higher-order moments influence strongly the form of the distribution function. In §5, we
show how these deviations effect the LBM equilibrium distribution function.

4. Simulations set-up

All measured data, from probability distribution functions of the displacements PMD (X3 to
the equilibrium distribution function fz.eq'MD depicted in figures 3-5, are obtained from MD
simulations. To perform the MD simulations we used the open-source MD framework LAMMPS
[18,19] developed by Sandia National Laboratories. The LAMMPS package uses the Velocity-
Verlet integration scheme. The MD simulations consist of particles interacting with the standard
6-12 L] intermolecular potential given by

[0 (2]
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Figure 3. (a) Estimated equilibrium distribution functions £** obtained either from MD simulation data (#**""*) depicted
with symbols, theoretical solution using a single Gaussian distribution function (ffq'G) depicted with dotted lines or theoretical

solution using Poisson WSG (f,eq’WSG) depicted with dashed lines. (b) Our numbering for the velocities in a D2Q25 lattice. The
equilibrium distribution function ffq’* values are colour coded and each colour represents one of the six sets of equilibrium
distribution function contributions. Here, the asterisk (*) corresponds to the variety of methods used to obtain an equilibrium
distribution function: measured from MD simulation, single Gaussian analytical solution and Poisson WSG analytical solution.
Note that by using a simple-minded direct comparison on a log-scale (rather than a Kulbeck—Leibler measure) practically
irrelevant errors for very small occupation numbers stand out here. (Online version in colour.)

with o being the distance at which the inter-particle potential goes to zero, r is the distance
between two particles, and ¢ is the potential well depth. The particle mass and the L] particle
diameter are set to m =1 and o =1, respectively. The L] timescale is given by the time needed for
a particle with kinetic energy of half the potential energy well ¢ to traverse one diameter o of an

L] particle. This can be also expressed as
2
| mo
W=y (4.2)

The thermal time scale corresponds to the time it takes a particle with the kinetic energy of 1/2 kgT
to transverse the diameter o of a L] particle, which is given by

[mo?
Tth = kB_T (43)

We executed MD simulations with temperature of 20 in the L] units defined above. This
corresponds to a thermal time scale smaller than the L] time scale ti by factor of 1/+/20 2 0.22.

The number of particles in each simulation has been fixed to N =99 856 which fills a two-
dimensional square with length L =1000c. The area fraction ¢ of the domain is calculated from
the area of the circular L] particles multiplied by the number of particles divided by the area
of the domain, where the diameter of the circular L] particle is given by o. The MD simulations
considered in this publication have an area fraction of ¢ = 0.078387. We initialized the simulations
using homogeneously distributed particles with kinetic energy corresponding to temperature
equal to 20 in L] units. This corresponds to a dilute gas with high temperature. The temperature
is way above the critical temperature for liquid-gas coexistence of T, = 1.3120(7), and the density
is way below the critical density p. = 0.316(1) [20]. We focus our attention to MD simulations of a
fairly dilute gas in equilibrium, since the assumption that the collision times is Poisson distributed
is correct only for dilute systems.
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Figure 4. (a) First layer equilibrium distribution functions £, scaled to the Gaussian equilibrium distribution function. The
equilibrium distribution functions are obtained either from MD simulation data (f;EQAD), theoretical solution using a single

Gaussian distribution function (fﬂg) or theoretical solution using Poisson WSG (fgﬂ“ﬁ). (b) Schematic representation of the
D2Q25 lattice. The equilibrium distribution function £ values are colour coded and each colour represents one of the six sets
of equilibrium distribution function contributions. Here, the asterisk (*) corresponds to the variety of methods used to obtain an
equilibrium distribution function: measured from MD simulation, single Gaussian analytical solution and Poisson WSG analytical
solution. (Online version in colour.)
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Figure 5. (a) Second layer equilibrium distribution functions f;ﬂ; scaled to the Gaussian equilibrium distribution function.

The equilibrium distribution functions are obtained either from MD simulation data (f;ﬂn), theoretical solution using a single

Gaussian distribution function (f;ﬂ;) or theoretical solution using Poisson WSG (fﬂ\ﬁ%). (b) Schematic representation of the

D2Q25 lattice. The equilibrium distribution function £*** values are colour coded and each colour represents one of the six sets
of equilibrium distribution function contributions. Here, the asterisk (*) corresponds to the variety of methods used to obtain an
equilibrium distribution function: measured from MD simulation, single Gaussian analytical solution and Poisson WSG analytical
solution. (Online version in colour.)
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Table 1. Initialization parameters of the molecular dynamics simulations performed using LAMMPS framework. For all MD
simulations, the MD step size is fixed to 0.0001z; and the number of coarse-grained iterations is 2000.

MD output total MD
frequency time

(1/7)) (tw)

0.6927 6.6(6) 150 6927 1385.4
T 83(3) .................................... oo T e s
L o o o S
Cwed e o woss ooss
e 133(3) ..................................... L e oiid
e e G T L s
s o o oy o
e o W wa s
e s S B o0y

Since the MD simulations correspond to a dilute high temperature gas, the particle velocities
will also be larger than for a typical MD simulation. Thus, we set the MD step size to 0.0001 7y
which is considerably smaller to ensure high accuracy of the MD data. We define a dimensionless
coarse-grained time step At being the product of the MD step size and the MD output frequency
shown in table 1. The time step At is chosen such that the MD simulations are restricted to the
ratio of the mean-squared displacement and the squared lattice size being set to

2 ((5x)2)
(A2

~0.1611, (4.4)

this corresponds to the parameter a? given in equation (3.5), which has also been used in earlier
publications [1,21]. By fixing the value, we ensure that most of the L] particles in equilibrium
will travel up to one lattice space which corresponds to a D2Q9 LBM. To verify that the

Poisson WSG equilibrium distribution function fl.eq’wSG approximated the MD data better than

the single Gaussian equilibrium distribution function ff G across the length scale, from ballistic
to diffusive regime, we vary the coarse-grained time step At € [0.3911,6.1751] and the lattice size
Ax € [4,31.25] of the executed simulations. An overview of the MD simulation set-up is given in
table 1. The number of lattice points Ix varies from 250 to 32 depending on the coarse-grained time
step At. For each coarse-grained time step At we performed 2 000 iterations which corresponds to
total MD time of 782.2 71y to 12350.2 71 for the smallest and largest coarse-grained time step Af,
respectively. In order to bring the MD simulations to equilibrium state before we start collecting
data, the initial 3000000 iterations of each simulation were discarded. The discarded iterations
are not included in table 1 for clarity.
The MD simulation set-up characterizes a hot dilute gas in equilibrium with average velocity
U, fixed to zero
N
Nitg =Y vj4 =0, (4.5)
j=1

where N is the number of L] particles.
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We performed standard MD simulations without thermostat. In the LAMMPS framework, this
is called NVE integration. The microcanonical ensamble NVE is characterized by constant number
of particles (N), constant volume (V') and constant energy (E).

5. Results

In order to obtain a measured equilibrium distribution function, we post-process the collected
MD data using the MDLG analysis tool. The MD domain is overlapped with a lattice and we trace
the migration of the particles over time from one lattice to another. By doing this, we obtain the
MDLG occupation numbers n;(x, t) as defined in equation (2.1) which after sufficient averaging

deliver the MDLB equilibrium distribution function fl.eq’MDas defined in equation (2.6).

The analytical models of the equilibrium distribution function defined in §3 depend only on
the choice of the one-particle displacement distribution function. Since we define two different
one-particle distributions, we expect to see also changes in the respective equilibrium distribution
function derived from them, even though their second-order moments are equivalent. However,
a non-trivial question remains how the migration of particles from one node to another changes
within a lattice.

To gain a better understanding, we calculate the equilibrium distribution function for an
extended D2Q25 lattice which corresponds to two neighbouring cells in X- and Y-directions for
a two-dimensional domain. A schematic of the D2Q25 lattice is given in figure 3b. In equilibrium
state with zero initial velocity, one distinguishes six sets of equilibrium distribution function

contributions: fg q'*, fﬂ':, §§’§, ;ﬂ'l*z, fleg'_*zo and f;{ll—*zzy where each set has a unique displacement

length from the central lattice. When measuring the equilibrium distribution function fl.eq’MD from
the MD simulations, we average over the number of lattices for each set to obtain a symmetric
probability distribution function. It is worth mentioning that the deviations of the fieq'MD values
within each set are relatively small.

The MDLG analysis was introduced for a D2Q49 lattice including a third layer of neighbouring
cells, however, the number of considered neighbouring layers depends solely on the problem
at hand. For a simulation in equilibrium with zero velocity, and a parameter 4 as defined in
equation (4.4) being set to approximately 0.1611, we obtain an equilibrium distribution function
which is symmetric and has significant contributions up to D2Q25 lattice nodes.

The estimated equilibrium distribution function fl.eq’* for a variety of coarse-grained time

steps At €[0.3911,6.1751] is shown in figure 3a. The equilibrium distribution function fl.eq’*,
eq,MD

; is measured from

as mentioned above, is obtained from three different methods:

an MD simulation, fieq’G is theoretically estimated using a single Gaussian distribution

function and f.e WG is theoretically estimated from a Poisson WSG distribution function. The

theoretical eqiﬂlibrium distribution function models are described in detail in §3a and 3b,
respectively.

In figure 3a, one can see that the largest equilibrium distribution function contributions
are coming from the first layer neighbours fgﬂg‘ . These nodes are approximated very well by
both theoretical models, please refer to figure 4a for a detailed comparison of the measured

and the theoretical fgg’; . The next equilibrium distribution function groups fgeil’l*z and ffgi*zo are
significantly smaller than foeg’; with one to two order of magnitude. For fgeil’l*z and flegl’_*zo, we see
that the deviations of the measured and the theoretical single Gaussian model become larger. The
Poisson WSG f;ﬂ’z*o shows a very good agreement with the measured equilibrium distribution

function. The diagonal nodes in the second layer f;lq’j% are even smaller and their value could be
considered negligible. However, the measured equilibrium distribution function fl.eq’MD shows a
good agreement with the theoretical Poisson WSG f, eq WG

i
as f;{l'_*ZS. This suggests that these contributions even though really small are not just noise but
theoretically justified.

even for very small contributions such
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Figures 4a and 5a depict the equilibrium distribution functions scaled to the single Gaussian
equilibrium function. They show how the measured from MD simulation and the novel Poisson
WSG equilibrium distribution functions deviate from the single Gaussian. The first layer
equilibrium distribution function values are shown in figure 4a. These nodes have the largest
contribution to the total equilibrium distribution function.

Figure 4a shows more particles staying at node zero and a depression for the first neighbouring
layer (nodes 1 to 8). This very same feature repeats itself in figure 2b. The Pngclog(ka‘éSG /PC)
values depicted in blue show that the number of small displacements is enhanced X;/Ax € [0,0.3]
while the number of X;/Ax € [0.3,1.0] displacements is suppressed.

The second layer equilibrium distribution function values are depicted in figure 5a. As one
can see in figure 2b, there is an enhanced probability of large displacements X;/Ax €[0.9,1.6]

which corresponds to the larger values of fgeﬂ'z‘ff in tigure 5a. The deviations (up to approx. 4.5%)
from the theoretical single Gaussian equilibrium distribution function are also larger compared

to the first layer nodes SEQNSG. Since the fgﬂ'z‘f,fsc true values are smaller by multiple orders

of magnitude than the first layer neighbours foeﬂ’gN 5 these deviations are almost irrelevant for
the total equilibrium distribution function, even though they are larger. Nevertheless, figure 5a
shows clearly that the Poisson WSG equilibrium distribution function captures the MD data more
precisely.

6. Qutlook

In this article, we have derived a better approximation for the MDLG equilibrium distribution
function. It deviates from the previous best approximation by Parsa et al. [1] in a broad transition
region between the ballistic and diffusive regime of random particle displacements.

Despite the fact that these deviations are small, we expect them to be of great importance in
the analysis of non-equilibrium systems, particularly systems not too far from equilibrium, as
is typical in hydrodynamic systems. What we have outlined here is the equilibrium behaviour
of the MDLG mapping of an MD simulation onto an LG. The key interest, however, lies in
the non-equilibrium predictions of this mapping. In future research, we will investigate MDLG
predictions for LG and lattice Boltzmann collision operators. In such systems, we expect to find
only small deviations from local equilibrium, and to quantify these small deviations it is essential
to have a very good understanding of the equilibrium behaviour of the MDLG mapping.
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APPENDIX E

Publication 4: Connecting lattice Boltzmann
methods to physical reality by coarse-graining

molecular dynamics simulations

The success of lattice Boltzmann methods has been attributed to their mesoscopic na-
ture as a method derivable from a physically consistent microscopic model. Original
lattice Boltzmann methods were Boltzmann averages of an underlying lattice gas. In
the transition to modern lattice Boltzmann method, this link was broken, and the fre-
quently used over-relaxation to achieve high Reynolds numbers has been seen as lacking
physical motivation. While this approach has undeniable utility, it appeared to break
the link to any underlying physical reality putting into question the special place of lat-
tice Boltzmann methods among fluid simulation methods. In this letter, we show that
over-relaxation arises naturally from physical lattice gases derived as a coarse-graining
of molecular dynamics simulations thereby re-affirming the firm foundation of lattice
Boltzmann methods in physical reality.
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The success of lattice Boltzmann methods has been attributed to their mesoscopic nature as
a method derivable from a physically consistent microscopic model. Original lattice Boltzmann
methods were Boltzmann averages of an underlying lattice gas. In the transition to modern lattice
Boltzmann method, this link was broken, and the frequently used over-relaxation to achieve high
Reynolds numbers has been seen as lacking physical motivation. While this approach has undeniable
utility, it appeared to break the link to any underlying physical reality putting into question the
special place of lattice Boltzmann methods among fluid simulation methods. In this letter, we
show that over-relaxation arises naturally from physical lattice gases derived as a coarse-graining
of molecular dynamics simulations thereby re-affirming the firm foundation of lattice Boltzmann

methods in physical reality.

Lattice Boltzmann methods originated from the revo-
lutionary lattice gas method developed by Frisch, Has-
slacher and Pomeau [1]. In lattice gases, local collisions
redistribute particles according to collision rules that con-
serve particle number and local momentum. The effec-
tiveness of collisions can be tuned to some degree [2, 3],
and the viscosity is reduced as a result. However, such
collisions bring the simulations at most to a state of local
equilibrium.

To derive the macroscopic behavior of these systems,
one first takes a non-equilibrium ensemble average of the
lattice gas method, which results in a lattice Boltzmann
equation [2]. This averaged lattice Boltzmann equation
can be simulated directly, resulting in a noise-free simula-
tion method [4]. This increases computational efficiency,
since additional averaging over lattice gas results is no
longer required, which counteracts the higher computa-
tional cost arising from transitioning from a Boolean lat-
tice gas to a lattice Boltzmann method requiring real
numbers. Instead of directly averaging the lattice gas
collision terms, as was done by McNamara et al. [4], one
can relax the distributions towards local equilibrium dis-
tribution function [5], resulting in the BGK approach.

The original lattice gas models were Boolean lat-
tice gases, i.e. only zero or one particle were allowed
per occupation number, leading to Fermi-Dirac, rather
than Boltzmann equilibrium distribution [2]. This im-
plied that the resulting hydrodynamic equations had
mildly Galilean invariance violating terms[2]. Lattice
Boltzmann methods, that abandoned their direct con-
nection to the underlying lattice gas by imposing a
Maxwell-Boltzmann equilibrium distribution with the
BGK collision term, removed those velocity dependent
terms in the Navier-Stokes equation [6]. They are given

by
fi(l‘—i-Vz‘At,t—i-At) = fi(r,t) + Q;. (1)

The BGK collision operator is

Q= Aylf5 - £, (2)

where the f; are continuous densities associated with a
lattice velocity v; that represent an expectation value for
the number of particles moving from lattice site r — v; At
to lattice site r at time ¢t. The BGK collision term redis-
tributes those densities and relaxes them towards an im-
posed local equilibrium distribution f;%. In the simplest
case, the relaxation matrix A;; has a single relaxation
time A;; = (1/7)0;;, where 7 = 1 implies that local equi-
librium is reached in one time step. For these methods
the viscosity is

v=(r-0.5)/3, (3)

where the offset of 0.5 is a result of recombining terms
from the Taylor expansion of the occupation probabili-
ties with the terms obtained from the continuous Boltz-
mann equation. A general A;; leads to multiple relax-
ation times, which is unimportant for this letter, since
only one relaxation time turns out to be relevant for sim-
ple shear.

BGK lattice Boltzmann methods can no longer be jus-
tified as ensemble averages of the Boolean lattice gas
models, and it became necessary to consider an alter-
native way of deriving the lattice Boltzmann method [7].
This was achieved by deriving lattice Boltzmann directly
as a discretization of the continuous Boltzmann equation.
Decades later, it was realized that it is still possible to



derive the BGK lattice Boltzmann methods from lattice
gases with integer occupation numbers [8].

However, any of these derivations require the relax-
ation time in Eq. (3) to be 7 > 1, i.e. the aver-
aged collisions bring the distribution functions at most
to local equilibrium. He, Chen and Doolen[9] origi-
nally postulated that deriving lattice Boltzmann directly
from the continuous Boltzmann equation could recover
over-relaxation. Later Bosch and Karlin [10] showed that
it was only an uncontrolled approximation in their deriva-
tion that lead to this result, whereas an exact analysis
showed that the regime of over-relaxation is disconnected
from the kinetic theory domain. Despite this apparent
disconnect between over-relaxation and physical theory,
over-relaxing the densities, .e. using 0.5 < 7 < 1, is ex-
tremely useful in obtaining lower viscosities, and is fre-
quently used in practical applications.

Clearly, lattice Boltzmann methods with over-
relaxation can no longer be related to lattice gas methods
by a statistical average, since the local collisions can only
achieve equilibrium, but never over-relax. Deriving lat-
tice Boltzmann methods directly from discretizations of
the Boltzmann equation equally fails to justify the usage
of over-relaxation as was shown by Bosch and Karlin [10].

One could argue that is not important if lattice Boltz-
mann methods can be connected to some underlying
physical model, as long as the method performs well. We
believe this to be a shortsighted view. Seeing the lattice
Boltzmann method as just another way of discretizing
the Navier-Stokes equations misses the key ingredient al-
lowing lattice Boltzmann to outperform classical Compu-
tational Fluid Dynamics (CFD) approaches in a number
of areas. A stunning example is that lattice Boltzmann
methods have all but displaced classical CFD from the
modeling of automotive hydrodynamics and are making
significant inroads in the aerospace industry [11]. The
success of the lattice Boltzmann method must be firmly
attributed to its grounding in some physical reality, and
the inability of linking the frequently used over-relaxation
to a physical underpinning is a worrying shortcoming.

In this letter, we show how this shortcoming can be
overcome by a novel way of deriving lattice Boltzmann
methods using a direct mapping approach from an av-
erage over Molecular Dynamics (MD) simulations onto
lattice Boltzmann method. This approach has its roots
in the Molecular Dynamics Lattice Gas (MDLG) method,
pioneered by Parsa et al. [12].

Briefly the MDLG method consists of overlaying a
square lattice with lattice spacing Az onto an MD sim-
ulation. We define lattice displacements vectors ¢; con-
necting different lattice sites, using the index i to enu-
merate the possible displacements. After fixing a time
step At, we identify the number of particles that move
from cell r — ¢; at time ¢ — At to lattice cell r at time
t with n;(r,t) lattice gas occupation number. This pro-
cedure maps the MD simulation onto a lattice gas[12]

as shown in Fig. la. The idea of the Molecular Dynam-
ics Lattice Boltzmann (MDLB) is then to average over
an ensemble of MD simulations of the same macroscopic
state to obtain the lattice Boltzmann densities

fi(e, 1) = (nq(r, 1) (4)

Once we have f;(z,t), we can determine the lattice Boltz-
mann collision operator

Qi = fl(r—O— Ci,t + At) — fi(r,t). (5)

The focus of this letter are the properties of the
MDLB collision operator and its ability to exhibit over-
relaxation.

While the above described procedure is general and
can, in principle, be applied to any flow, the numerical
cost of averaging over a large number of MD simulations
can be considerable. Instead, we investigate the simplest
non-equilibrium situation: a simple shear flow where the
averaged velocities are given by

Uy =7y; uy =0, (6)
with 4 being the shear rate, r = (z,y)? is the posi-
tion vector, and the density remains constant. Since,
this flow is invariant under translation in the x-direction,
and shifts in the y-direction can be related by a simple
Galilean transformation to the y = 0 position, all points
are in this sense equivalent. Thus, we can average over all
lattice points at all times, allowing for ample statistical
averaging.

The MD simulations are executed using LAMMPS
framework [13, 14] developed by Sandia National Lab-
oratories. The system consists of particles interacting
with the standard 6-12 Lennard-Jones (LJ) intermolecu-
lar potential. The particle mass m and diameter o are
set to one. Each simulation contains N = 99 856 par-
ticles in a two-dimensional square with length L. = 1000
LJ units referring to an area fraction of ¢ = 0.078387.
The area fraction ¢ for circular LJ particles with van
der Waals radius r = 0/2 is defined as the product
of the particle surface area and the number of parti-
cles, divided by the square length of the simulation box.
We initialised the simulations using homogeneously dis-
tributed particles with kinetic energy equal to 20 in LJ
units, which corresponds to a dilute gas. We use the
LAMMPS nvt/sllod thermostat to generate the desired
non-equilibrium dynamics. The lattice Boltzmann dis-
cretizations in time and space (At and Ax) are fixed so
that ((62)%)°1/(Az)? ~ &, where ((6z)?)°? is the equi-
librium mean-squared displacement. This ratio ensures
that the particle displacements are essentially limited to
a neighborhood touching the central cell as shown in
Fig. la. This is referred to as an D2Q9 model since it
resides in two dimensions and requires nine lattice ve-
locities. We perform a wide range of simulations — from
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FIG. 1. (Color online) (a) Sketch of the MDLG dynamics for
D2Q9 lattice. A lattice is imposed onto the MD simulation
domain and the movement of the particles is tracked from the
central node using their MD trajectories. The circles (green)
represent the particle position at time ¢ — At and the stars
(red) are their respective positions at time ¢. The arrows
(black) depict the lattice velocities. (b) Schematic represen-
tation of the D2Q9 lattice showing the numbering convention
for f;. The symmetries in the lattice are color-coded.

simulations, where mean free time (i.e. the time between
collisions) is much larger than At (ballistic regime) to
simulations, where At is much larger than the mean free
time (diffusive regime). The data is collected after the
simple shear has reached a steady state. For further in-
formation, please, refer to the supplemental material and
the LAMMPS documentation [14].

The symmetry of the simple shear flow puts significant
constraints on the collision term ; defined in Eq. (5).
The degrees of freedom for the collision operator at the
point y = 0, where the mean velocity is zero, are sketched
in Fig.1b. The point symmetry about the center of the
lattice implies fo = f4, f5 = f7, and fg = fs. Trans-
lational symmetry in the x-direction implies that fy, f1,
and f3 are unchanged by the collision. Therefore, sym-
metry leaves only three independent values for an D2Q9
velocity set in the collision term €2;, which is reduced to
two because mass conservation adds the additional con-
straint ). Q; = 0. Therefore, the D2Q9 collision opera-
tor is determined by two terms that we choose as

Q% = Qg — Q5 + Qg — O, (7)
0P =Qy + Qu, (8)

with Q > QF for a simple shear. In this letter, we focus
on the dominant collision contribution Q%. Now, we can
define the moment before the collision as a function of
the probability distribution function f;

M = fs — fs+ fs — fz. 9)
and the moment after the collision

Mo* = M® + Q. (10)

Rz RZR
§%8

-0.06
Diff

Diff

Q

-0.09

Multi

Multi

- Il Il ‘ Il Il ‘ Il Il ‘ Il ‘ Il
0'120 5 10 15 20

22222 xX

I
%

FIG. 2. (Color online) The pre- and post-collision moments
(M“ and M**) are shown as a function of A¢. The sign
change between M“ and M® ™ indicates the transition from
under- to over-relaxation. Three sets of data are shown: the
measured from MD depicted as symbols (black); analytical so-
lution using the multivariate Gaussian with diffusive moments
depicted as dash-dotted lines (blue); analytical solution using
the multivariate Gaussian with measured moments depicted
as full and dashed lines (red). The zoomed plot shows the
sign change of My5 and My;n,; at At = 1.6.

In equilibrium, we have M “*? = 0 due to symmetry. The
signature of over-relaxation is, therefore, a sign change
between M“ and M**. The measured values of these
quantities are shown as symbols in Fig.2 as a function
of At. For small At both the Mg, and My, are pos-
itive, but My changes sign for At 2 1.6. Hence, the
MDLB procedure predicts that for larger coarse-graining
the relaxation towards equilibrium is replaced by an
over-relaxation.
In terms of the relaxation time 7, we have

1
Ma,* — Ma + (Ma,eq _ Ma)7 (11)

-
with M*°¢? = 0, the relaxation time can be expressed as
MO(
T = Vo — Mo (12)
In Fig. 3, we show (7 — 0.5) as a function of At.

The remainder of this letter focuses on the origin of the
observed over-relaxation. In the MDLG coarse-graining,
fi can be expressed in terms of the one-particle displace-
ment function P(r,or,t) which gives the probability of
finding a particle at position r at time ¢ that was at po-
sition r — dr at time ¢t — At [12]

fi(&,t) = //P(r,ér)Ag_ci(r—61‘)A5(r)drd6r, (13)
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FIG. 3. (Color online) The relaxation time (7—0.5) as a func-
tion of At (logarithmic scale). Three sets of data are shown:
measured from MD simulation depicted as circles (black);
multivariate Gaussian with the MD depicted as a line (red);
simplified multivariate Gaussian with ((6z)?) = ((6y)?) =
((62)2)° depicted as crosses (blue). For (1 — 0.5) above the
dotted line (green), the collision operator under-relaxes, while
for (7 — 0.5) below that line, the collision over-relaxes.

where Ag(r) is one, if r resides in the lattice site £ and
zero otherwise, and ¢; = v;At is the lattice displacement.
This reduces the problem of finding f; to the problem of
finding the one-particle displacement function, which can
be very challenging for arbitrary flows. In the diffusive
limit, i.e. when the mean free path is small and parti-
cles effectively undergo Brownian motion, an analytical
solution exist [15-17]. In this case, the one-particle dis-
placement distribution function is given by a multivariate
Gaussian probability distribution
Oz 4

— 4
Oy Oy

el "
X exp (— Oz —yyAt)?  (dx — yyAt)dy (531)2>

Oy Ouy oy

P(w) y? 6$’ 62/) =

with the moments

~2A 2
7 = (0291 + 120,
((0z))IAty (15)
Ogy = s
2
oy = {(0x)%)",
where  ((0z)%)°9 is the measured equilibrium

mean-squared displacement as defined in [18, 19].
Note that a Galilean transformation is applied to the
z-displacements that are at y # 0. Using Eqgs. (13)-(15)

4

we calculate f; and obtain Mg,s, and Mgi’;, which are
shown as dash-dotted lines (blue) in Fig.2. The trend
is very similar to the MD measurements but the results
obtained using the diffusive moments are offset by a
constant. The analytical result is entirely symmetric
around the origin, leading to a relaxation time of 0.5 for
all time steps.

If we instead use a multivariate Gaussian with mo-
ments measured in the MD simulation

g = ((62)%), oy = ((6y)%), (16)

we obtain the predictions for My, shown as solid line
(red), and My, shown as dashed line (red), in Fig. 2.
They are in excellent agreement with the measured val-
ues. In Fig. 3, we show that the resulting relaxation time
(Tauiti — 0.5) is likewise in excellent agreement with the
measurement (7yp — 0.5).

To understand the physical origin of the transition
from under- to over-relaxation let us make a few ob-
servations: for the modest shear considered here with
(7At)?2 < 3 in Eq.(15), we have ((62)2) =~ ((dy)?)
and both are approximately given by the equilibrium
mean-squared displacement ((dz)2)°4. The key change
occurs in the off-diagonal moment (0xdy). In Fig. 4, we
show (6xdy)/{(62)%)°9 as a function of At. We depict
the off-diagonal moment measured from the MD simula-
tion with symbols (black) and the one calculated using
the diffusive moments in Eq. (15) with a line (red). The
off-diagonal moment (dxdy)mp changes sign at At =~ 4
and otherwise behaves similar to the diffusive theory, al-
beit with an offset. The qualitative behavior in the diffu-
sive case is straight forward: as particles diffuse into the
positive y-direction they get carried away with the flow,
and obtain an additional positive x-displacement leading
to a positive correlation between z- and y-displacements.
This means that any memory is quickly lost in frequent
collisions. In the ballistic case, however, collisions are
rare, and particles carry a memory of their history over
larger distances. In particular, particles that move into
the positive y-direction will typically have last collided at
a position with negative y. In these regions, the average
velocity is negative, so these particles will carry the av-
erage negative x-velocity prevalent in the region of their
last collision to the regions of larger y. This leads to
an anti-correlation between the x- and y-displacement.
As we are looking at larger At, collisions become more
frequent, and eventually the diffusive behavior becomes
dominant.

The predication of the relaxation time (7gimpr — 0.5)
in Fig. 3, is calculated using a simple model with ¢, =
o, = {(62)?)* and the measured off-diagonal moment
(6xdy). We see that this simple model is also in excellent
agreement with the measured values, showing that the
off-diagonal moment is indeed responsible for the tran-
sition from under- to over-relaxation. Note, however,
that it is not simply the sign change that determines this

O—my = <5(L‘5y> )
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FIG. 4. (Color online) The off-diagonal moment (§zdy) bears
the main change from under- to over-relaxation, shown here
as the moment is normalized by the equilibrium mean-squared
displacement ((Az)?)°9. The circles (black) depict (5zdy)mp
measured from the MD simulation. The line (red) depicts
(dzdy)pisr obtained using the multivariate Gaussian with dif-
fusive moments. The sign change of (dxzdy) is a key feature
of the transition from under- to over-relaxation, however,
it is not the only factor since the over-relaxation occurs at
At =~ 1.6 and the sign change happens at At ~ 4.

transition as the sign change occurs at At = 4 whereas
the transition from under- to over-relaxation occurs at
At =~ 1.6.

In conclusion, in this letter we have shown that a lat-
tice Boltzmann collision operator can be directly derived
from one-particle displacement probability distribution,
which can be obtained from an MD simulation. This ap-
proach shows that such lattice Boltzmann collision oper-
ators naturally transition from under- to over-relaxation.
Thus, the over-relaxation in lattice Boltzmann methods

can be derived from first principles and is a consequence
of the coarse-grained representation of a lattice Boltz-
mann method.
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In order to ensure reproducibility of the results, we pro-
vide additional information about the complete workflow
to obtain the results shown in the accompanying letter.
First, we give details about the derivation of the MDLB
collision operator, which can be expressed as a function
of the one-particle displacements probability distribution
function. Then, we include the molecular dynamics (MD)
simulation setup and the LAMMPS scripts, which we ex-
ecute to obtain the MD particle positions and trajecto-
ries. Next, we describe the Molecular Dynamics Lattice
Gas (MDLG) and Lattice Boltzmann (MDLB) toolbox,

fi@:t) = (ni(Z, 1))

which consists of an C/C++ framework, three Mathe-
matica scripts and two Excel worksheets.

DERIVATION OF THE MDLB COLLISION
OPERATOR

In this section, we take a closer look at the derivation of
the MDLB collision operator. To do this, first we define
the probability distribution function as

- /dxl/d51~~~/da;N/d5NPN(x1,617...,xN,éN,t)ZAf(:cj)Af_gi(:cj —5), (1)
J

with (n;(Z,t))**4 being the non-equilibrium ensem-
ble average and PN (x1,61,...,2N,0Nn,t) being
the N-particle displacement distribution function.
PN(x1,61,...,2N,0Nn,t) is symmetric in all particles,

[

thus, we can simplify Eq. (1) to
Fi@ 1) = (i, )

:N/dxl/délpl(l'la(Slatl)Af(itl)Af—C-l<$1751)7

(2)

where N is the total number of particles and P() is the

one-particle displacement distribution function. Thus,
the MDLB collision operator §2; is given by
Q; = (2;)
= /d;pl /d51 . ./d.’L‘N /d(sNPN(.Th(Sh ..., TN, (5N7t+ At)Af+5i(Ij)Af(Ij — (5J)
— /dl‘l /d(sl .. /dmN/d(SNPN(xl, 51, . .,$N75N,t)A§g($j)Af_5i($j — (Sj) (3)

N/dml/délpl(xl,(sl,t—i—At)Af+C~i($1)Af(w1 —51)

—N/d.’]ll/délpl(l'l,51,15)A5(.’L‘1)Af,5i(l’1 —(51)



For stationary problems the one-particle distribution
function does not depend on time. In such cases, we
obtain

Qi = (Z)
= N/d.%‘l/d51P1(x1,51)A55+5i($1)A55(.Z'1 —51)

N / dyn / A PL 1, 1) M) Az (1 — 1)
(4)

For a stationary processes with non-equilibrium dy-
namics, the MDLB formulation allows us to express
fi(@,t) and £; as quantities which depend solely on
the one-particle displacements Probability Distribution
Function (PDF). Thus, knowing the analytical solution
for P(&,d,t) allows us to obtain the ; also analytically.

MOLECULAR DYNAMICS SIMULATIONS

We executed a simple shear flow simulation with ve-
locity profile given by
Uy =Jy; uy =0, (5)
with 4 being the shear rate, the position vector is given
by # = (x,y)” and the density remains constant. The
shear rate of the system + is set to 0.01. A sketch of the
simulation is given in Fig. 1 below.

FIG. 1. Sketch of the MD simple shear flow simulation.

The molecular dynamics simulations were performed
using the Large-scale Atomic/Molecular Massively Par-
allel Simulator (LAMMPS) package developed by San-
dia National Laboratories[1, 2]. The system of interest
consists of particles interacting with the standard 6-12
Lennard-Jones (LJ) intermolecular potential given by

w7 e

The particle mass m and the LJ particle diameter o are
set to one. Each simulation included N = 99856 num-
ber of particles in a two-dimensional (2D) square with
length L = 1000 LJ units referring to an area fraction of
¢ = 0.078387. The area fraction ¢ for circular LJ parti-
cles with van der Waals radius » = 0/2 is defined as the

product of the particle surface area and the number of
particles, divided by the square length L of the simulation
box. We initialised the simulations using homogeneously
distributed particles with kinetic energy corresponding
to 20 in LJ units. To ensure that the initial system is in
equilibrium, we execute 200000 MD iterations as shown
below in Steps 0 and 1. After that, we apply a force field
to the particle velocities to initialize a simple shear flow
and we use the LAMMPS nvt/sllod thermostat to gen-
erate the desired non-equilibrium molecular dynamics as
shown in Steps 2 and 3. The time and space discretiza-
tion ratio is fixed to ((6z)?)/(Az)? ~ &, where ((62)?) is
mean-squared displacement and Az is the lattice spac-
ing. We chose a very small MD step size, equal to 0.0001,
to ensure high accuracy of the MD simulation data. We
perform a wide range of simulations — from simulations
where mean free time (i.e. the time between collisions)
is much larger than the time-step At (ballistic regime)
to simulations where the time step At is much larger
than the mean free time (diffusive regime). The sim-
ple shear flow simulations are executed with a variety of
time steps At € [0.3911,22.3372] as given here in TableI.
For each time step At we saved 2000 coarse-grained it-

TABLE I. Simulation parameters

At Ar  lx
0.3911 4.0 250
0.5000 5.0 200
0.5626 5.5 180
0.6927 6.6(6) 150
0.9009 8.3(3) 120
1.1261 10.0 100
1.4994 125 80
1.6342 13.3(3) 75
2.0338 15.625 64
2.9280 20.0 50
4.1821 25.0 40
6.1751 31.25 32
9.5793 40.0 25
14.5580 50.0 20
22.3372 62.5 16

erations. The simple shear flow does not change after
reaching a steady state; however, it still describes non-
equilibrium dynamics. However, we run the simulations
for large number of iterations to collect enough data such
that sufficient averaging is ensured. For further informa-
tion, please, refer to the LAMMPS documentation [2].

LAMMPS SCRIPTS

In order to obtain the final MD data set, we perform
the following steps for each group of simulation parame-



ters as shown below in TableI.

Step 0: Initialization

We have generated an input data field with homoge-
neous distribution of particles. The length of the two-
dimensional domain is L = 1000 LJ units and we used
N = 99856 number of particles.

Step 1: Equilibrium Simulation

To initialize our MD simulation, we use the homo-
geneously distributed particles as described in Step 0.
The kinetic temperature is set to a temperature of 20
in Lennard-Jones (LJ) units and the LAMMPS script is
given below:

# 2d Lennard—Jones
# Equilibrium Simulation

dimension 2

units 1j

atom _style atomic

timestep 0.0001

variable out_folder universe /output/
boundary PP PP PP

# Initial data structure
read_data initStruct_-1000.input

mass 1 1.0
velocity all create 20 87287 loop geom
pair_style lj/cut 2.5

pair_coeff 1110 1.0 2.5
neigh _modify delay 0 every 1 check no
fix 1 all nve

compute
thermo
thermo_style

rtemp all temp/deform
1000
custom step dt pe ke c_rtemp

run 100000
velocity all create 20 87287 loop geom
run 100000

write_restart init.restart

We run the equilibrium simulation for 200 000 MD time
steps and output an LAMMPS restart file.

Step 2: Simple Shear Flow

The restart file obtained from Step 1 is transformed
into a text file using the following command:

Imp —restart2data init.restart init.data

We read the resulting ASCII file init.data line by line
and add a velocity profile in x-direction as defined earlier
in Eq. (5).

Step 3: Non-equilibrium Simulation

In the MD context, the simple shear flow is imple-
mented using Lees-Edwards boundary conditions. To
obtain this in LAMMPS, we use the fix deform com-
mand, accompanying with the nvt/sllod thermostat.
The complete LAMMPS script is given below:

# 2d Lennard—Jones
# Non—equilibrium Simulation

dimension 2
units 1j
atom_style atomic
timestep 0.0001
variable out_folder universe /output
# See Table 1
variable out_iter equal 7112617
variable out_dump equal
${out_iter }*2000
boundary PP PP PP
# Initial data structure
read_data initEqVelStruct_1000.input
mass 1 1.0
pair_style lj/cut 2.5

111.0 1.0 2.5
delay 0 every 1 check no

pair_coeff
neigh_modify

# Lees—Edwards Boundary Conditions

fix 1 all deform 1 xy erate 0.01
remap v

fix 2 all nvt/sllod temp 20.0
20.0 20.0

compute rtemp all temp/deform

20000
custom step dt pe ke c_rtemp

thermo
thermo_style

dump 1 all custom ${out_iter}

${out_folder }/02_Neq.-nvt_${out_iter }.relax
id type Xs ys zs VX Vy Vz

dump_modify 1 sort id

dump_modify 1 format line "%d %d %.8f %.8f
%t %.8f %.8f %t”

run ${out_dump}

The number of iterations out_iter varies from At €
[0.3911,22.3372] as given in Tablel.

MDLG ANALYSIS TOOL

The MDLG analysis tool can be found in [3]. The
framework is implemented in C/C++. It reads and
post-process the molecular dynamics data obtained from



the previously described LAMMPS scripts. By coarse-
graining the MD particle positions and trajectories, we
obtain key features of the lattice Boltzmann method.
A complementary Graphical User Interface (GUI) de-
veloped by A.J. Wagner [4] is used for visualization pur-
poses. For more information on how to compile and run
the code, please, contact the authors.

MATHEMATICA SCRIPTS

The Mathematica scripts include the calculation of the
probability distribution function f; from the one-particle
multivariate Gaussian distribution function as defined in
Eq. (14) in the letter. The calculation is carried on for
a variety of time steps and discretization sizes as shown
in Tablel. The three Mathematica scripts include the
following;:

1. Calculation of the f; using the diffusive moments
as defined in Eq. (15) in the letter;

2. Calculation of the f; using the measured MD mo-
ments as defined in Eq. (16) in the letter;

3. Calculation of the f; using ((6x)2) = ((dy)?) set
to the equilibrium values of the mean-squared dis-
placement ((6x)2)°4, and the off-diagonal moment
(0zdy) set to the measured one from the MD sim-
ulation.

We used Mathematica v12.1. More information can be
found within the Mathematica scripts.

EXCEL WORKSHEETS

In the excel worksheets, we calculate the collision op-
erator €);, the pre- and post-collision moments M“ and
M** and the relaxation time 7 as defined in the let-
ter Egs.(7)-(10) and Eq.(12). These scripts use the
probability distribution functions f; obtained from the
MDLG framework, which are based on the MD data,
and the Multivariate Gaussian probability distribution
function with diffusive and measured moments as given
in Egs. (14)-(16) in the letter.

In the second worksheet of the excel file, the collision
operator §2;, the pre- and post-collision moments M
and M** and the relaxation time 7 are calculated us-
ing a more simple definition of the moments. We fixed
the values of ((6x)?) and ((6y)?) to the equilibrium val-
ues of the mean-squared displacement ((5x)2)°? and used
the off-diagonal moment (0xdy) to the measured moment
from the MD simulation.

* apachalieva@lanl.gov
t alexander.wagner@ndsu.edu
[1] S. Plimpton, Journal of Computational Physics 117, 1
(1995).
[2] “LAMMPS Official Website: http://lammps.sandia.gov,”.
[3] A. Pachalieva and A. J. Wagner, “Molecular Dynam-
ics Lattice Gas GUI,” https://gitlab.lrz.de/ga35pak/
MDLG_GUT (2021).
[4] A. J. Wagner, “Graphical User Interface,” https://www.
ndsu. edu/pubweb/~carswagn/GUI/index.html (2016).
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