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Abstract

This doctoral thesis investigates nonsmooth, nonconvex optimization problems in Hilbert spaces. We
develop a novel inexact bundle method which can be used to minimize arbitrary locally Lipschitz con-
tinuous functions as long as the user can provide sufficiently steep subgradient-based linearizations.
The method is specially designed to allow for inexact function value and subgradient evaluations. We
demonstrate how to efficiently solve the subproblem of the bundle method which is a piecewise qua-
dratic optimization problem in Hilbert space. As a primary application, we consider optimal control
problems governed by variational inequalities. For the numerical realization of the algorithm, we deve-
lop error estimates which bound the error of an approximate solution of the subproblem. We perform
numerical verifications for examples from the problem subclass of optimal control problems governed
by the obstacle problem.

Zusammenfassung

Diese Doktorarbeit befasst sich mit nichtglatten, nichtkonvexen Optimierungsproblemen in Hilbert-
rdaumen. Es wird eine neuartige Bundlemethode entwickelt. Diese kann beliebige lokal Lipschitz-
stetige Funktionen minimieren, solange geniigend steile subgradientenbasierte Linearisierungen ver-
fiigbar sind. Die Methode benoétigt lediglich inexakte Funktionswerte und Subgradienten. Besonderes
Augenmerk wird darauf gerichtet, wie das Teilproblem der Bundlemethode, welches ein stiickweise
quadratisches Optimierungsproblem im Hilbertraum ist, effizient gelost werden kann. Als Hauptan-
wendung werden Optimalsteuerungsprobleme mit Variationsungleichungsnebenbedingungen betrach-
tet. Fiir die numerische Umsetzung des Algorithmus entwickeln wir Fehlerschitzer, welche die Giite
der approximativen Losung des Teilproblems beschreiben. An Beispielen aus der Teilproblemklasse der
Optimalsteuerungsprobleme mit Hindernisnebenbedingungen werden numerische Tests durchgefiihrt.



Notation

The following notation is used in this thesis:

0

N

25
SxT

By (x,r)

empty set

cardinality of the set S

power set of the set S

product set of the sets S and T

the natural numbers: N = {0,1,2,...}

the positive natural numbers: N, = {1,2,3,...}

the real numbers

the complex numbers

extended real line R = RU {—c0,00} = [—00, 0]

set of positive and nonnegative real numbers, respectively

the positive part, [x]; = max{x,0} forx € R

open, closed, half-open line segments, respectively, with endpoints
a,b € V,V vector space, e.g., [a,b] ={ta+ (1 —1)b:0<r <1}
Euclidean space equipped with the inner product (x,y) = x "y and norm
-1 =1 e

Space of n-times continuously differentiable functions from S C R” to
R™, CK(S) := C*(S,R)

C2(S) :={veny_,C"(S) : the support of v is a compact subset of S}
Lebesgue space of p-integrable functions on the domain Q C R"

Sobolev space of k-times weakly differentiable square integrable func-
tions on the domain Q C R”

Subspace of H'!(Q) containing the functions with zero boundary in the
sense of traces

transpose of the vector or matrix x
identity matrix in R"*", n € N

the operator norm, i.e.,

MHop = MAX| x| g =1 ||MXHR"

the absolute value (componentwise) |M|; j := |M; j|, M € R
induced norm on the Hilbert space X with inner product (-,-)x:
1% =G )x

the closed unit ball of the space X centered at x € X with radius r > 0

i



Xt

Ne(y)
dom f

de
cl(S)
co(S)

Xp — X
Xp —X
Idy
Ry

Py

Z(X.,Y)

the indicator function of a set &7 C X, 8./(y) =0fory € & and 8./ (y) =
1 fory ¢ o/

the characteristic function of a set &7 C X, x.(y) =0 for y € & and
Ko (y) = oo fory ¢ of

the normal cone of a convex set & C X, Noy(y) = 9 xer ()

the effective domain of a function f : X — RU{eo}, dom f:={xe€ X :
fx) <}

the convex subdifferential

Clarke’s subdifferential

closure of the set § C X in the space X

convex hull of the set S C X

convergence of the sequence (x,),en C X in the Banach space X to the
point X € X

weak convergence of the sequence (x,),eny C X in the Banach space X
to the point ¥ € X

identity function on the space X, Idy (x) = x for all x € X

the Riesz map Ry : H — H™* in the Hilbert space H, cf. Section 2.1

orthogonal projection onto the closed linear subspace M of a Hilbert
space H, cf. Section 2.1.2

the space of linear and bounded operators from the Banach space X to
the Banach space Y, cf. Section 2.1

A selection of frequently used variables:

o~

Qs =T

T
0i
s =x)l15, ok,

i

embedding from the space X to the space Y

nonsmooth, outer part of the objective function, p : Y — R cf. Chapter 3
nonsmooth part of the objective function, f = pot, cf. Chapter 3
smooth part of the objective function, w : X — R, cf. Chapter 3
subgradient multifunction, G : Y = Y*, cf. Section 3.1.2

proximity parameter in iteration i, cf. Section 3.1.6

curvature operator in iteration i, cf. Section 3.1.6

proximity term in iteration i, cf. Section 3.1.6

cutting plane model in iteration i, cf. Section 3.1.4

local model in iteration i, ®; = ¢; + w+ 84, cf. Section 3.1.1

piecewise quadratic model in iteration i, ¥; = ®; + 3 |[1(- —x/) ||2Q, TRy
cf. (3.1.2)

Tikhonov regularization parameter, cf. Section 4.2

E :=RytRy'1* € £(Y*), cf. Section 4.3.1

D;:= aldy: +tE € £ (Y*), cf. Section 4.3.1

D;:= aRx + T1*Ry1 € £ (X,X*), cf. Section 4.4.3

il
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1. Introduction

We are interested in optimal control problems of the form

minimize J(y) + %|ul|?
minimize J(y)-+ % Jul}
subject to  (Ay — F(1u),v —y)g=p >0 YwekK P)

yEK,u € Uadv

where U, H are Hilbert spaces such that 1 € £ (U,H) is a compact embedding, J : H — R, o > 0,
F:H—H*Ac Z(H,H"),and K C H and Uy C U are nonempty, closed and convex. The governing
variational inequality

FindyeK: (Ay—b,v—y)g=ug >0 YveKkK (VD)

arises naturally in many physics and engineering applications such as the contact of an elastic body
with a rigid foundation (Signorini’s problem), the filtration of a liquid through a porous medium and
lubrication [66, 67, 40]. Under appropriate assumptions on the data, the variational inequality (VI) has
a unique solution and the solution map S : H* — H, b — y, is Lipschitz continuous but not necessarily
Gateaux-differentiable. Inserting the solution operator into the objective function gives rise to the
reduced problem

minimize J(S(F(tu))) + % |lull7. (P
ucUy
This is a nonconvex and nondifferentiable optimization problem posed in Hilbert space and thus quite
challenging to solve. Furthermore, any solution procedure that can be executed on a computer has to
deal with discretization issues which occur when elements of an infinite dimensional Hilbert space can-
not be fully described by a finite dimensional vector. Therefore, the need arises to incorporate inexact
function value and subgradient evaluation into the solution method.

Based on the work of [99], we develop a novel bundle method in Hilbert space setting which is tailored
for the structure of Problem (P’). It aims at solving problems of the form

rréi)? p(ix)+w(x), xe€.7, (1.0.1)

where X and Y are Hilbert spaces such that 1 € Z(X,Y) is a compact embedding, p: ¥ — R and
w: X — R are Lipschitz on bounded sets, w is additionally continuously differentiable and strongly
convex and . is a nonempty, closed and convex set. As it is common for bundle methods, the algo-
rithm collects function values and subgradient information to build a piecewise quadratic model of the
objective function. Our method requires only inexact evaluations of function values f and subgradients
g. In particular, at the point x € X, the error of the function value |f — p(1x)| has to be bounded and
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an inexact subgradient g has to be drawn from the set G(1x), where the multifunction G : Y = Y* acts
as a subdifferential approximation. We carve out the minimal assumptions on G required to show con-
vergence of the bundle method. A possible choice of G is G := dcp(-) + By+(0,8), where dc denotes
Clarke’s subdifferential and & > 0. These possible choices for the function value and the subgradient
yield a very flexible algorithm. The model of the objective function can also incorporate curvature in-
formation of the nonsmooth part p, which can be obtained, for example, using the BFGS-method. The
model has a unique minimizer called minimizing iterate. Depending on the function value at the min-
imizing iterate, either the current model is improved or a new model is constructed. The minimizer of
the model does not have to be computed exactly but rather an approximation thereof, called trial iterate,
can be used. The convergence analysis of the bundle method is presented in an abstract framework for
which we only require that the model value at the trial iterate converges to the minimum of the model
as the algorithm progresses. We proof that any weak subsequence of iterates is 1)-stationary, where the
radius 17 > 0 depends on how well the model captures the behavior of the objective function. This is a
novel result which, to the best of the author’s knowledge, is not even available in the finite dimensional
setting.

We then investigate conditions which ensure a bound on the size of 1. On the one hand, if one further
assumes additional regularity of the objective function beyond Lipschitz continuity (such as weak or
approximate convexity) and one uses sufficiently exact function values and subgradients, then one can
guarantee a priori that 1 is below a given threshold. On the other hand, if no further regularity beyond
Lipschitz continuity of the objective function is given, one can track a simple indicator of the quality
of the model and improve the model whenever this indicator suggests to do so. Improving the model is
done by adding new inexact function values and subgradients at appropriate points. If one can always
find a sufficiently good model (in the sense of this indicator), then 1 also can be guaranteed to be be-
low a given threshold. A sufficiently good model always exists, however, how to find such a model is
problem dependent.

In order to execute the bundle method, one needs a way to solve the piecewise quadratic subproblem
efficiently. For the case of w := %/ - ||}, we investigate a dual reformulation. This dual reformula-
tion results in a n,-dimensional piecewise quadratic optimization problem, where n,, is the number of
quadratic regions of the bundle subproblem. As n,, is typically small, the cost to solve this problem can
be neglected. However, to set up the dual problem, the inverse of an operator F' : X — X* has to be
evaluated. In the applications considered here, the evaluation of F~! corresponds to the solution of a
linear elliptic partial differential equation (PDE) which dominates the costs of solving the subproblem.
As it is not possible to evaluate F ~! exactly, we provide error estimates for the accuracy of the solution
if approximations of F~! are used. These error estimates are then used to enforce that the computed
approximate solution of the subproblem meets the accuracy requirements of the bundle method.

We then proceed by applying the bundle method to the optimal control of the obstacle problem, which
is a problem of the form (P). Given a domain Q C R4, d > 1, the obstacle veH 1 (Q) defines the set K
viaK :={v e H}(Q):v> y ae. on Q}. We use a finite element discretization to numerically approxi-
mate the function value of the reduced objective function. The recent paper [110] provides a formula to
compute an element g € dcJ(S(F(+)))(w) of the Clarke subdifferential of the reduced objective func-
tion at an arbitrary point w € H~'(Q). We apply both a priori as well as a posteriori error estimates
to balance the error contributions from inexact objective function evaluation and inexact subproblem
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solves. Numerical results for a set of test problems are provided.

Finally, we are interested to obtain a robust solution of Problem (P). To do so, let (E,<7,P) be a
probability space, & € E a parameter and consider the parametric obstacle problem

Find Ye € K{: : <A§y§ —bé,Vé _y§>ZiZ >0 VV& S K{:, (VI&)

with the data A, bg, W and Kz == {ve € Hj (Q) :ve > ¥ a.e. on Q}. As for the deterministic problem,
(VI¢) defines a solution operator S¢ for P-a.a. & € E. This leads to the optimal control problem

min E [J; (Sg (Fz (1u)))] + $lullz, (Pe)

uclUy

where Je 1 H — R, 155 : H — H* and E denotes the expectation with respect to . Under appropriate as-
sumptions, the family of variational inequalities (VI¢) can be equivalently expressed via the stochastic
obstacle problem

Findy €K, (Ay—b,v—y)m:u>0 forallvek, (VD)
which is formulated in the Bochner space H := L*(Z, H} (Q)) and the set K C H is given via
K:={veH:v(§) € K for P-aa. { € Z}.

Again, (VI) has a unique solution with Lipschitz continuous solution operator S : H* — H and (P¢) can
be reformulated as the stochastic optimal control problem

min J(S(E(u)) + §lull7, P)

uclUy

where J : H— R is defined via J(y) := E [J¢(y(&))] and ¥ : H — H* is given via F(w) (&) := I%g (w). To
apply the bundle method to (P), one would like to use G = dcJ(S(F(-))) + Bg- (0, 8) as the approximate
subdifferential. However, the calculus rules for the Clarke subdifferential, which often take the form
of inclusions, make it difficult to compute an element of the subdifferential of the function J(S(F(-)).
As we can compute a subgradient g(w,&) € deJe (Se (ﬁg (1)))(w) of the reduced parametric objective
function for P-a.a. £ € E, we consider the enlarged subdifferential

G(w) :={E[g(w.£)] : £ = g(w.§) € L'(E,H™1(Q)),8(w.§) € 9y (Se (F (w))) P-ace. }

and show that G can be used as a subgradient approximation in the bundle method.

Overview of existing literature

The variational inequality (VI) can equivalently be rewritten as an optimization problem, as the equality
y = S(u) (cf. Section 2.4) or, in the case of the obstacle problem, as the complementarity system

Find (y,§) € Hy(Q) x H'(Q): &E=Ay—=b, y>y, & >0, (5,5~ ¥)y110)m(0) = 0
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where & € H'(Q) is a slack variable (cf. Section 5.1). Depending on the reformulation, Problem
(P) can be classified as a bilevel optimization problem, a mathematical problem with equilibrium con-
straints (MPEC) or a mathematical problem with complementarity constraints (MPCC), respectively.
In finite dimensions, an overview on MPECs is given in [103] and [116] presents stationarity concepts
for MPCCs. Due to a lack of constraint qualifications, deriving necessary optimality conditions is
difficult already in finite dimensions and several distinct stationarity concepts have been established
([92, 131,75, 57, 117, 132]). Solution algorithms including smoothing [63, 56, 75, 117], regularization
[55, 58] and penalization [81] have been proposed. These approaches have in common that a sequence
of large scale optimization problems has to be solved. Using the reformulation (P') avoids this, but
the resulting reduced problem is nonconvex and nondifferentiable. To solve it, we develop a bundle
method in function space.

Bundle methods were introduced in 1975 with the works of [77, 134] in the finite dimensional con-
text with exact function and subgradient information. Since then, a vast body of literature was pub-
lished and it is out of the scope of this work to give the numerous references to papers addressing the
convex case. Excellent reviews can be found in [84, 26]. Bundle methods for nonconvex function
include, e.g., [5, 46, 69, 71, 65, 78, 82, 85, 89, 90, 100] and this is still subject to current research.
Bundle methods for convex objective functions which use inexact data can, for example, be found in
[25, 53,70, 121, 72, 86]. [70] requires eventually exact data and [53] works with exact function values
but inexact subgradients. The convergence theory of bundle methods for nonconvex problems with in-
exact function and subgradient evaluations is quite involved already in finite dimensions and only few
papers such as [25, 47, 48, 83, 119, 99] cover this subject.

The literature for infinite-dimensional convergence theory of bundle methods is scarce and we are only
aware of papers where the convex case with exact function and subgradient values is addressed, such as
[22, 126]. Our approach is inspired by [99] and provides an extension of the method in [99] to infinite-
dimensional Hilbert spaces. First results were already published in [50, 49]. The theory we develop
is more general as in [50] and includes the results [50, Thm. 5.5] and [49, Thm. 2.6] as special cases.
To the best of the author’s knowledge, this work provides the first convergence analysis for bundle
methods in general Hilbert spaces for the optimization of nonconvex problems with inexact function
and subgradient evaluations. In the case that X and Y are finite dimensional and the objective function
is approximately convex, the given convergence theorems recovers the state of the art of the theory
available. However, to the best of the author’s knowledge, the theory for general Lipschitz continuous
objective functions is new, even for finite dimensional spaces.

The works on variational inequalities and in particular on the obstacle problem are vast, see, e.g.,
[91, 115, 40, 67, 38, 39, 120]. A priori error estimates for Finite Element Method (FEM) discretiza-
tions of the obstacle problem have been obtained already in [16, 17]. In recent years, a posteriori error
estimates have been developed. In [98], residual based a posteriori error estimates for the obstacle
problem were derived. Constant free a posteriori error estimates were derived in [95, 111]. To the best
of the author’s knowledge there are no systematic approaches to use these estimators in an adaptive
inexact algorithm to solve optimization problems with variational inequality constraints.

The stochastic obstacle problem has been considered, e.g., in [44, 45]. Compared with the optimal
control of deterministic obstacle problems, the literature concerning the optimal control of stochastic
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obstacle problems is less developed. Recent publications such as [74, 36, 43] address optimization
problems with stochastic PDE constraints. The first uses stochastic collocation in combination with
sparse grids to approximate the expectation in the objective function, whereas the second uses low-
rank tensors. In [43], error estimates for the finite element discretization of the optimality system are
provided. Stochastic MPECs with finite dimensional control space have been considered, for example,
in [80, 118, 135]. Here, quasi-Monte Carlo or sample average approximation techniques have been
used.

List of prior publications and manuscripts

[49] L. HERTLEIN, A.-T. RAULS, M. ULBRICH, AND S. ULBRICH, An inexact bundle method and
subgradient computations for optimal control of deterministic and stochastic obstacle problems.
Priprint, accepted for publication in SPP1962 Special Issue, Birkhduser, 2019.

[50] L. HERTLEIN AND M. ULBRICH, An inexact bundle algorithm for nonconvex nonsmooth mini-
mization in Hilbert space, SIAM J. Control Optim., 57 (2019), pp. 3137-3165.

Structure of the dissertation

The doctoral thesis is divided into seven chapters. Chapter 2 starts off with mathematical preliminaries.
In Chapter 3, the bundle method is presented and the convergence theory is developed. Earlier versions
of the bundle method were already communicated in [50, 49]. Chapter 4 is contend with the efficient
solution of the bundle subproblem and provides error estimates for the accuracy of the solution. Chap-
ter 5 is devoted to the optimal control problem governed by the obstacle problem. Chapter 6 includes
implementation details and numerical results. In Chapter 7 we consider the optimal control problem
governed by the stochastic obstacle problem. This chapter is based on the article [49].



2. Preliminaries

In this dissertation, whenever there is a citation mark at a lemma or a theorem and no proof is given,
then the statement of this lemma or theorem can be found in the given source. It may be quoted literally
or with minor changes in notation to accommodate for the present use of notation.

2.1. Banach and Hilbert spaces

In this section, we review some basic facts about Banach and Hilbert spaces. We choose to use [3] as a
primary reference but there are many more excellent books which cover this topic.

A tuple (X, || - ||x) is called a (real) Banach space if X is a R-vector space, || - ||x is a norm on X and
X is complete with respect to || - ||x (cf. [3, Chap. 2.22]). If no confusion is possible, then we also
say that X is a Banach space. Let X,Y be real Banach spaces. Denote by (£ (X,Y),]| - || #x,y)) the
space of linear and bounded operators with the operator norm [[A[| #(x y) := supj,1 [|Ax|y. By [3,
Thm. 5.3], Z(X,Y) is a Banach space. The dual space of X is defined by X* := 2 (X,R). We denote
Z(X):=%(X,X). For an operator A € .Z(X,Y ), we define the Banach space adjoint A* € .Z(Y*,X*)
by (A*Y,x)x+x := (y/,Ax)y-y forall x € X,y € Y*. An operator A € .Z(X,X") is called symmetric if
<Ax1,x2)xix = <Ax2,x1>X*7X for all x1,x; € X.

DEFINITION 2.1.1. An operator A € £ (X,Y) is called invertible if, for all y € Y, there exists a unique
x € X such that Ax =y and the corresponding map A~' : y — x is a bounded and linear operator.

For a R-vector space H, a positive definite symmetric bilinear form (-,-)gy : H x H — R is called an
inner product on H. A tuple (H,(-,-)y) is called a real Hilbert space if H is a R-vector space, (-, )y
is an inner product on H and H is complete with respect to the norm || - ||y : x — /(x,x)gy (cf. [3,
Chap. 2.22]). We denote by Ry € .Z(H,H*) the Riesz map defined by

(Rux,y)u<n = (3, X)n forall x,y € H.

By the Riesz representation theorem (cf. [3, Thm. 6.1]), Ry is an isometric linear isomorphism, i.e., Ry
is invertible (in particular R;,' € Z(H*,H)) and ||Ryx||+ = ||x|| i for all x € H. Note that | R;,'x ||z =
||x|| g+ for all X € H* and

(Ry'Y . x)g = (RuRy;'X ,xX)prg = (X, X)pg-y ~ forallx € H,x' € H*.
Furthermore, Ry is symmetric, i.e.,

<RH)C1,X2>H»;H = (xl,)Q)H = ()C2,x1)H = <RHX2,X]>H’:H for all x;,x; € H.
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The inner product (-,-)g+ := (Ry;'-,Ry' )i induces the norm || - ||+ because

= |Ry'Y|lw =/ (Ry'¥ , Ry' X ) forallx’ € H*.

'
In particular, (H*, (Rgl-,Rgl-)}{/Z) = (H*,|| - ||g+) is the dual space of (H,| - ||z). By [3, Thm. 5.3],
(H*,|| - ||m+) is complete. Therefore, (H*,(-,-)y+) is a Hilbert space. It holds

(Rux, X )i = (x,Ry' X )y = (Ry' ¥, x)w = (X, ) forallx e H,x' € H*.

DEFINITION 2.1.2. If X,Y are Hilbert spaces, we define the Hilbert space adjoint A® € £(Y,X) of
an operator A € £L(X,Y) by A® := R;lA*Ry. An operator A € £ (X) is called self-adjoint if A = A®.

From the definition of the Hilbert space adjoint it directly follows that
(A%®y,x)x = (y,Ax)y forallxe X,y €Y.

LEMMA 2.1.3. For an operator A € £(H) it is equivalent:
1) A is self-adjoint.
2) (Ax,y)u = (Ay,x)y forall x,y € H.
3) RyA is symmetric.

Proof. The equivalence of 1) and 2) can be seen by

(Ax,y)u = (3,AX)r = (Ruy,Ax) - = (A*Ruy,x) i = (Ry' A*Rpgy,x) forall x,y € H.
Furthermore, 2) is equivalent to 3) because (RyAx,y)r+n = (Ax,y)n and (Ay,x)g = (RyAy,x) - g for
allx,ye€ H. O

2.1.1. Embeddings

DEFINITION 2.1.4. An injective operator 1 : X — Y from one Banach space X to another Banach
space Y is called an embedding.

LEMMA 2.1.5. Let1 € Z(X,Y) be an embedding of the Hilbert space X into the Hilbert space Y, let
(xi)ien C X be a bounded sequence and let X € X be a point. If 1x; — 1X as i — oo, then x; — X as i — o.

Proof. The injectivity of 1 implies that kert := {x € X : tx =0} = {0}. By [12, Fact 2.25(iv)], the
set 1%(Y) = Ry 't*Ry (Y) is dense in (kert)* = {0}* = X. Consequently, by the Riesz representation
theorem, also 1*(Y*) is dense in X*. For arbitrary y’ € Y*, it holds that

(WY xi)xx = O i)yy = (O 8)yy = (1Y, B)xix  asi— oo

Since (x;);en is bounded in X, [137, Prop. 21.23(g)] shows that x; — X as i — co. 0
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2.1.2. Projections

Let M be a nonempty closed convex subset of a Hilbert space H. The metric projection Py : H — H
onto M is defined via

Py(x)eM, ||PM(x)—xHH:miI?||v—x||H forallx € H.
ve

LEMMA 2.1.6 ([59, Lem. 1.10]). I holds:
1) Py is well-defined.
2) Forall x,y € H there holds:

y = Py (x) = yEM, (x—yv—y)g<0 YweM.
3) Py is nonexpansive, i.e.,
1Py (x) = Pu(y)||a < |x—ylla Vx,y € H.
4) Py is monotone, i.e.,
(Pu(x) —Pu(y),x—y)p >0  Vx,y€H.

Furthermore, equality holds if and only if Py(x) = Py (y).

Now let M be a closed linear subspace of the Hilbert space H # {0}. Denote the orthogonal complement
of M by

Mt :={xeH: (x,v)y=0 forallve M}.

According to [129, Thm. 2.10.11], the Hilbert space H can be decomposed into the direct sum of M
and M+, i.e., H= M @ M~. Thus, every element x € H can be uniquely written as x = y +z with
y € M and z € M. We call the mapping x — y the orthogonal projection onto the subspace M. Since
M is a nonempty closed convex subset of H, Py is well-defined and by [137, Prop. 21.44(a), (c)], the
orthogonal projection y € M of x € H onto M is given via y = Py(x). Therefore, we also denote the
orthogonal projection by Py;.

LEMMA 2.1.7. The orthogonal projection Py : H — H has the following properties:
1) Pyx e M forall x € H.
2) Py e .iﬂ(H) with ”PMHZ(H) =1
3) If x € M, then Pyx = x.
4) Ifx e M~ then Pyx = 0.
5) Py is self-adjoint, i.e., PM® = Py.
6) ||x — Pux||g = infyepr [|x — y||g for all x € H.
7) The projection y = Pyx of an arbitrary element x € H is characterized by the variational equation

Findy e M, »V)g=x,v)g  forallve M. (2.1.1)

Proof. Can be found in [129, Thm. 2.10.15], [129, Rem. 2.10.17 (i1)], [129, Ex. 3.5.10 (iv)], [137,
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Prop. 21.44(a), (c¢)] and Lemma 2.1.6. 0

2.2. Selected regularity concepts

We start with the definition of lower semicontinuity.

DEFINITION 2.2.1. Let X be a Banach space and x € X. A function f : X — RU{e} is called lower
semicontinuous aft x if for every sequence (xp)nen C X,

xm—=x = fx)< liniinff(x,,).

Remark 2.2.2. We do not have to distinguish between the notions “sequential lower semicontinuity”
([12, Def. 1.33]) and “lower semicontinuity” ([12, Def. 1.21]) because every Banach space X is a
sequential topological space and thus these notions coincide, cf. ([12, Rem. 1.37]).

2.2.1. Convex functions

Next we give the basic definitions of convexity. Convexity is a corner stone of modern analysis. We
use the precise definitions of the excellent book [12].

DEFINITION 2.2.3 ([12, Prop. 8.4, Def. 10.7]). Let X be a Banach space. A function f: X — RU{eo}
is called proper if dom f # 0. A proper function f : X — RU{eo} is called convex if

Flex+(1=1)y) Stf) +(1=0f()  forallt € (0,1),x,y € dom .

The function f is called [-strongly convex, u > 0, if

flex+ (1 =0)y)+1(1=0)bllx =yl <tf(0)+(1=1)f(y)  forallr€(0,1),x,y € dom .

DEFINITION 2.2.4 (convex subdifferential, [12, Def. 16.1, Def. 17.1, Prop. 17.14]). Let f : X — RU
{eo} be proper and convex. For x € domX and v € X, the directional derivative of f at x in the direction
v is defined by

f'(x;v) == lim fO+) = f0)

t—+0 t

and the convex subdifferential of f at x is given by
Af(x):={x" eX*: fl(x;v) > (X',v)xx forallve X}.
PROPOSITION 2.2.5 ([12, Prop. 17.14]). If f : X — RU{eo} is proper and convex, then
fO)—f(x) = (gy—x)x:x Vg€ If(x), Vx,y € domf.

PROPOSITION 2.2.6 ([12, Prop. 17.26]). If f : X — RU{eo} is proper and W-strongly convex, p > 0,
then

fO)—f@x) > (gy—x)xx+5ly—x} Vg€ df(x), Vx,y€domyf.
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2.2.2. Lipschitz functions

Let X be a Banach space and M be a subset of X. A function f : X — R is said to be Lipschitz on M if
there exist a constant L > 0 such that

fO) = f)I <Llly=xllx  forallx,yeM.

The function f is called Lipschitz near x € X if there exist § > 0 such that f is Lipschitz on Bx (%, d).

DEFINITION 2.2.7 (Clarke’s subdifferential). Let f : X — R be Lipschitz near x € X. Forv € X, the
generalized directional derivative of f at x in the direction v is defined by

l’ i
f°(x;v) :=limsup fo+m) - f6)
y—x, t
t}0
and Clarke’s subdifferential of f at x is given by
dcf(x) :={x e X" : f°(x;v) > (X' ,\V)xx forallve X}.

LEMMA 2.2.8. Let X be a Banach space, V C X be a bounded set and F : X — R be a function which
is Lipschitz on bounded sets. Then the set | J,cy ocF (v) is bounded in X*.

Proof. Let V be an open and bounded set such that V C V and denote the Lipschitz constant of F on V
by L. By [21, Prop. 2.1.2], there holds dcF (v) C Bx+(0,L) forallv e V. 0

2.2.3. e-convex and approximately convex functions

DEFINITION 2.2.9 ([64, Def. 3.3]). Let X be a Banach space. A function f : X — RU {eo} is called
e-convex, € > 0, if for each x,y € X and t € [0, 1] there holds

flx+(1=1)y) <tf () + (1 =1)f(y) +er(1=1)|lx—ylx-
LEMMA 2.2.10. Ifthe function f : X — RU{eo} is €-convex, then it holds
fletu) = f(x) = K uxex —€llullx  forallx,u € X,x' € def ().

Proof. Letx,u € X and X' € dc f(x) be arbitrary. The definition of Clarke’s subdifferential yields

(X uyxex < lirynj)lclpw < liryn_ilclp <f(u +y)—f(y)+e(l —t)HuHx). O
110 t10

First introduced by [128], the class of approximately convex function plays a vital role in nonconvex
optimization.

DEFINITION 2.2.11 ([24, Def. 1]). Let X be a Banach space. A function f : X — RU {eo} is called
approximately convex at xo € X if for every € > 0 there exists 8 > 0 such that for all x,y € Bx(xo, 5)
andt € (0,1)

flx+(1=1)y) <t/ () + (1 =0)f () +er(1 =) [[x = yl[x-

10
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THEOREM 2.2.12 ([24, Thm. 2]). Let f be locally Lipschitz on X and xo € X. The function f is
approximately convex at xg if and only if for every € > 0 there exists 8 > 0 such that for all x € Bx (xo, 8)
and x' € dcf(x)

flxtu) = f(x) 2 (& u)xx — €llullx,

whenever ||ul|x < & is such that x+u € Bx(xo, ).

Lower-C* functions

We start with the basic definition of a Gateaux derivative.

DEFINITION 2.2.13 (Gateaux derivative). Let X,Y be Banach spaces and V C X be an open set. An
operator f:V — Y is called Gdteaux differentiable at x € V if for each h € X the limit

df(x,h) := lim fetth) = f(x)

t—0t t

exists and the mapping df(x,-) is bounded and linear. If f is Gateaux differentiable at every x €'V,
then f is called Gateaux differentiable and, in this case, the operator dgf :V — Z(X,Y), x+— df(x,-)
is called Gdteaux derivative of f. For k > 1, we denote by C’(‘;(V, Y) the set of all functions f for which
the k-th Gateaux derivative 0" f exists.

The following concept was first introduced by Rockafellar in [114] and was later transferred to the
Hilbert space setting by Penot [107].

DEFINITION 2.2.14 (Lower-C¥). Let X be a Hilbert space, k € Ny, and W C X be an open set. A
function f: W — R is called lower-C* at w € W if there exists an open neighborhood V of w in W,
a compact topological space S and a function F : S x V. — R with the property that, for all s € S and
1 < j<k itholds F(s,-) € C5(V,R), (s,x) — OJF (s,x) is continuous and f(x) = sup, g F (s, x) for all
x € V. If f is lower-C* at w for all w € W, then f is called lower-C*.

Rockafellar proved in the finite dimensional setting ([114, Cor. 6]) that the classes of lower-C* functions
coincide for 2 < k < oo,

LEMMA 2.2.15 ([24, Cor. 3]). In finite dimensions a locally Lipschitz function is approximately convex
if and only if it is lower-C'.
2.3. The Lax-Milgram theorem

DEFINITION 2.3.1. Let H be a real Hilbert space. A bilinear form a : H x H — R is called bounded
if there exists a constant M > 0 such that

la(x,y)| < Mlix[alylla forallx,y € H.
If there exists a constant m > 0 such that

a(x,x) > m||x||% forallx € H,

11
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thena: H x H — R is called coercive.

THEOREM 2.3.2 (Lax-Milgram Theorem). Let H be a real Hilbert space, let a: H X H — R be a
bounded and coercive (with constant m) bilinear form and let f € H*. Then the variational equation

Findze H : a(z,w) = (f,w)u=g  forallwe H

has a unique solution and it holds ||z||g < m™||f||z-.

Proof. The proof of the first part can be found for example in [32, §6.2 Thm. 1]. For the second part,
the coercivity of a yields

ml|z|lf < a(z,2) = (f.2)mm < |If]

||zl m- O

COROLLARY 2.3.3. Let A € £ (H) be such that the bilinear form (A-,-)y is coercive. Then A is
invertible in the sense of Definition 2.1.1.

Proof. Since (A-,-)y is a bounded coercive bilinear form, Theorem 2.3.2 yields that the variational
equation

Findze H : a(z,w) = (f,w)u forallwe H

is uniquely solvable. Denote by A~! : f — z the solution operator. Obviously, A~! is linear. Denote the
coercivity constant of a by m. From [|[A~! f||y = ||zllg <m'||(f, )u ||z = m™ || f||z we deduce that
A~!is a bounded operator. Therefore, A~! € #(H) and A is invertible. O

2.4. Variational inequalities

Let H be a Hilbert space, A € £ (H,H") be a symmetric linear operator, b € H* and K C H be a
nonempty closed convex subset of H. We consider the variational inequality

Findy €K (Ay—=b,v—y)u-u >0 forall v € K. (24.1)
DEFINITION 2.4.1. An operator A € £ (H,H") is called coercive if there exists a number Cr, > 0 such
that (Ay,y)m.n > Ci||y|3 for all y € H.

THEOREM 2.4.2 (e.g., [67, Thm. 2.1]). If A is coercive with constant Cy, then, for all b € H*, (2.4.1)
has a unique solution y € H and the solution operator . : H* — H, .#(b) :=y, is Lipschitz with
modulus 1/Cy.

Now we turn to investigating equivalent reformulations of a variational inequality. To do so, we recall
the following definitions from convex analysis. The tangent cone of a closed convex set K C H aty € K
is defined by

Tx(y) :=={weH:3t,— 0", w, iw:y—i—tnwn € K},

i.e., Tk () is the closed conic hull of K —y. Further, the polar cone of a set M C H is defined by

M° = {v’ cH*: <V’,V>H*’H §Of01'auV€M}.

12
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LEMMA 2.4.3. Let A € £ (H,H*) be symmetric, b € H* and y > 0 be arbitrary. The following for-
mulations are equivalent:

1) Findy €K : (Ay—b,v—y)u=ug >0 YveK.
2) FindyeK: Ay—b e —Tx(y)°.
3) FindyeK: y € argmin,cg %(Av—b,vh{m.

4) FindyeK: y=Px(y—7YRu(Ay—D>)).

Proof. 1 = 2). Let y € K be a solution of the variational inequality. Let w € Tx(y) be arbitrary and
choose #, > 0 and w,, € H for all n € N such that v, ;= y+1t,w, € K and w, — win H as n — c. Then

OS<Ay—bavn_y>H*,H:tn<Ay—b,Wn>HﬁH for all n € N.

Taking the limit n — oo gives (Ay — b, w)p«p > 0 for all w € Tx(y), i.e., Ay—b € —Tx(y)°.

2) = 1). Let y € K be such that Ay — b € —Tx(y)°. By the definition of the polar cone, there holds
(Ay—b,w)g=p > 0 for all w € Tx(y). As K is convex, v —y € Tx(y) for arbitrary v € K and we find
(Ay—b,v—y)g=g > Oforallve K.

1) = 3). Define g : H — R by g(y) := $(Ay— b,y) . For all v € K it holds

1

1
gv)—gly) = §<AV —b,v)gin — 3 (Ay —b,y)+n

1
Ay, Y)H H — §<b,v —Y)HH

1 1 1
> §<AV7V>H*,H — (A=), y—=V)gn — §<

2
=(Ay—b,v—y)g:n > 0.

3) = 1). [59, Thm. 1.46] implies that the necessary optimality condition (g'(y),v—y)u-g > 0Vv € K
holds. Since A € £ (H,H*) is symmetric, g'(y) = Ay — b, i.e., y solves 1).
1) = 4). Can be found in [59, Lem. 1.11]. 0

2.5. Nonlinear optimization problems
We consider the optimization problem

minimize  J(u) := j(S(1u),u)

s.t. u e Uy. (25.1)

Here, U is a reflexive Banach space, V,W are a Banach spaces, 1 € .Z(U,V) is compactand S: V — W
is continuous. Further, Uyq C U is a nonempty, closed and convex set. Denote Wyq := S(1(U,g)). The
objective function j : Wyq X Uyg — RU {+eo} is bounded below and strong x weak sequentially lower
semicontinuous, i.e., for each strongly convergent sequence y, — y* in W,q and weakly convergent
sequence u, — u* in Uyq it holds iminf,_,c j(yn,un) > j(y*,u*).

THEOREM 2.5.1. If the reduced objective function J : Uyg — RU{+o0} is coercive, then there exists
a solution to problem (2.5.1).

Proof. As j is bounded below on W,g X Uy, it follows that J(U,q) C j(Yad,Uaq) is bounded below. Let
(ttn)nen C Uyg denote an infimizing sequence, i.e., lim,_.J(u,) = inf ey, J(u). There exists a y € R

13
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such that, for all n € N sufficiently large, the control u, is in the level set lev,J, i.e., it holds
up € levy) :={u € Uy : J(u) < 7}

As J is coercive, the level set lev,J is bounded (cf. [12, Prop. 11.12]). This shows that the sequence
(tn)nen C U is bounded. As U is a reflexive Banach space, there exists a convergent subsequence, also
denoted by (up)nen, and an element u* € U such that u, — u*. As1:U — V is compact, it follows that
tu, — tu* strongly in V. Since S : V — W is continuous, we get y, := S(1u,) — S(1u*) =: y*. As Uy
is closed and convex, it is weakly closed. Therefore u* € U,q and y* € W,q. This gives

inf J(u) <J(u")=jy",u") <liminf j(y,,u,) = lim J(u,) = inf J(u),
n—oo n—oo

ucUy u€Uy
showing that (y*,u*) is a solution of the problem. 0

Remark 2.5.2. If j: Wag X Uygq is given via j(w,u) := ji(w) + j2(u), where j; : Wog — R is bounded
below and j; : Uyq — R is coercive, then J is coercive. This can be seen via

J(u) = ji(S(w))) + ja(u) = c+ jo(u) = oo as flully — oo,
where ¢ € R is the lower bound of j;.

COROLLARY 2.5.3. If U, is bounded, then there exists a solution to problem (2.5.1).

Proof. Apply Theorem 2.5.1 to the function j: W x U — RU {+} defined by

- Jyu) ifu € Uy,
JO,u) 1={ Or) ’
o0 else. O

2.6. Sobolev spaces

A set Q CR?, d > 1, is called a domain if it is a Lebesgue-measurable set with nonempty interior.
For 1 < p < o, denote by L”(Q) the spaces of (equivalence classes of) Lebesgue integrable functions
on an open domain Q C RY. We denote by W*?(Q), k € N, 1 < p < oo, the Sobolev spaces with
corresponding norms

1/p
1A llwer(@) == ( ) ||D$f”€p(g)> )

|or| <k

where DY f denotes the weak derivative of f corresponding to the multi-index o. We further define the
semi-norms ||y (q) via

1/p
Flwkotay == ( Y HDféfop(g)> .

|ot|=k

14
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For a bounded, open domain T C R? with Lipschitz boundary, by [31, Thm. 4.6] there exists a linear
and bounded operator trr : W'P(T) — LP(9T), called the trace, such that try f = f on 9T for all
feWLP(T)NC(cI(T)). We denote H*(Q) := W52(Q), k > 1, and H} (Q) denotes the space of all
H!(Q) functions with zero boundary in the sense of traces. We equip H{ () with the inner product

(1) () = /Q V() V(o) dh(®)  forallu,v € HY(Q).

By the Poincaré-Friedrich inequality (cf. [15, Cor. 9.19]), there exists a constant Cro > 0 (which
depends only on Q) such that

Iwll2) < CralVwll 2oy :CRQHwHH&(Q) for all w € Hy (Q). (2.6.1)

Therefore, the norm || - || H) () induced by (+,°) H} (@) 18 equivalent to the norm on H 1(Q). The spaces
H}(Q) and H*(Q), k > 1, are Hilbert spaces. We denote H~(Q) := (H}(Q))*. By the compactness
theorem of Rellich (cf. [137, Prop. 19.25]), the embedding 1 : H}(Q) — L*(Q), i(x)(®) := x(®)
is compact. Therefore, the (Banach space) adjoint operator 1 := 1* is also compact. The operator
1 L2(Q) 2 L2(Q)* — H'(Q) is given via

(L6 y) 1@ mi @) = 6T 2@ = /Q x(@)y(®)dA(w)  forallx€ L*(Q),y € Hy(Q).

For a vector valued function u € L>(Q,R?) = L*>(Q)?, we denote by d;, i € {1,2} the partial weak
derivative with respect to dimension i, whenever this is well-defined. The divergence divu of u is de-
fined by divu := (91 + 0>)u. The space H(Q,div) := {w € L*(Q,R?) : divw € L*(Q)} of vector valued
square-integrable functions with square-integrable divergence is a Hilbert space when endowed with
the inner product (u,v)y (o giv) := Jouv + div u' divvdA. For further information regarding Sobolev
spaces we refer to [15, 14, 137].

The Poincaré-Friedrich constant

The smallest possible constant Crq in (2.6.1) is called the Poincaré-Friedrich constant and plays an
important role in practical implementations (cf. Lemma 5.4.2 and Theorem 5.3.3). Thus, we present
some known values of Crq for several domains Q. Let IT C R? be a rectangle with side lengths a
and b. By [76, §2.2], the choice Cryy := ((%)2 + (%)2)_1/2 is sharp, i.e., Cpo = Cry is the smallest

possible constant in (2.6.1). Whenever Q C Q, the Friedrich constant C F.o corresponding to Hé (Q) is
smaller or equal to the Friedrich constant Cra cf. [111, Chap. 1.4.3]. Thus, whenever € is contained

in the rectangle I, we can estimate Cro < Crir = ((£)* + (%)2)*1/ 2. Furthermore, a simple scaling
argument shows Cr o, = aCrq foralla >0 and b € R2. In [106, Tab.3], it is numerically verified
that Cpq, < 0.162, where Q7 := (0,1)2\ [1/2,1)? is the L-shaped domain.

2.7. The finite element method

We give a short review of the finite element method and introduce our notation. More information can
be found, e.g., in [14]. Let Q C R? be a bounded domain with polygonal boundary. A triangle 7 C R?

15
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is an open polygonal set with three vertices. A triangulation .7 of Q is a collection of triangles T C R?
such that
1) cl(Q) =Uregcl(T).
2) The intersection of each pair of distinct triangles is either empty, a single vertex or a single edge
of both triangles.
Denote by A7 the diameter of T € .7 and by pr the diameter of the largest ball inscribed in 7. A family
of triangulations of Q, (.7 h) n, 0 < h <1, is called regular with parameter ¢ > 0, if it holds

h
max — <o forall0<h<1. (2.7.1)
Tegh Pr

A family of triangulations (.7");, 0 < h < 1, is called quasi-uniform if there exist constants ¢; > 0 and
¢ > 0 such that

min{py : T € gh} >cith and max{hr:T € ﬂh} <ch forall0 < h <. 2.7.2)

Note that a quasi-uniform family of triangulations is always regular with parameter 6 := ¢;/c;. Now
define the piecewise-linear finite element spaces

UM = {u" e C(Q):ul|r e P/(T) forall T € 7"} and V":=U"NH}(Q). (2.7.3)

Here, P!(T) denotes the set of affine linear functions on the set 7. If desired, one could alternatively
use piecewise constant finite elements for the space U”, but this is not carried out here. Denote by ny
the number of nodes of the mesh and by ny the number of interior nodes. Denote by n; € R%, 1 <i <
ny, the interior nodes and by n; € R2, ny +1 <i < ny the boundary nodes. Define by ¢; € H ! (Q),
i=1,...,ny, the uniquely defined function with ¢;(n;) = 1, ¢;(n;) = 0 for j # i and ¢;|r € P(T).
Then {¢;,1 <i<ny} and {¢;,1 <i<ny} form a basis of U" and V". For u" € U" and V" € V", we
denote by u € R™ and v € R™ the coordinates of u and v", respectively, if it holds u" = Y uig;
and V! = ?21 v;9;. Denote by | € R"*" the prolongation matrix with |; ; =1 if i= jand l;; =0
otherwise. If we view v € V" as an element of H}(Q), then 4" := 1"V € L*(Q) is an element of U"
and the coordinates u € R™ of u" are given via u = lv, where v € R are the coordinates of V. Define
the mass matrix M € R"*" and the stiffness matrix K € R *" by

o ’ — TV,
M := (/g(j},d)]dl)ij, K:= (v/gw, Vq)]dl)ij.

Since the functions ¢; are affine linear on each triangle, the mass and stiffness matrices can be assembled
efficiently, cf. [34]. Let u",4" € U" and V", #" € V" be arbitrary with corresponding coordinates u, (i €
R™ and v,% € R™. Then the quantities (", 4") 12(@) and (Vi o) H (@) can be computed exactly via

(thﬁh)u(sz) = /

W'0"dA =u"Ma  and (vh,ﬁh)Hd(Q):/Vv”TthA:vTKv. (2.7.4)
Q Q

Linear Interpolation

Let T C R? be a triangle with vertices ny,n,n3 € R?. The (local) Lagrange interpolation operator
1: C°(T) — P'(T) maps any continuous function x to the linear function /.x which fulfills (7}:x)(n;) =
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x(n;) for i = 1,2,3. For a given triangulation .7", the (global) Lagrange interpolation operator I” :
C(cl(Q)) — UM is defined via I"x := Y1Y, x(n;)¢;. Note that I"|; = I} for all T € 7", We now apply
the interpolation estimate [20, Thm. 3.1.6] to our situation.

THEOREM 2.7.1. Let (Z"),, 0 < h <1, be a regular family of triangulations of a polygonal domain
Q C R? and suppose the numbers p,q € R fulfill 1 < p <2 and p<q<2p/(2—p) or p=2 and
q > 2. Then the Lagrange interpolation operator I : W*P(T) — P'(T) is well-defined and there exists
a constant C (depending only on p, q and the regularity parameter & in (2.7.1)) such that for s € {0,1}
it holds
% —I¥V|Ws,q(7") < Ch?sﬁ/q*z/p|v\WzAp(T) forallyve W?P(T), T € " 0<h<1.

Proof. Let T C Q be an arbitrary triangle and s € {0, 1}. By [1, Thm. 4.12], the continuous embedding
W2P(T) C C°(T) holds true and thus the Lagrange interpolation operator % is well-defined. Denote
by T C R? the reference triangle of the finite element method, i.e., the triangle with vertices (0,0),
(1,0) and (0,1). For the given values of s, p,q, [1, Thm. 4.12] implies that the continuous embedding
W2P(T) C W*4(T) holds. Therefore, [20, Thm. 3.1.6] yields

v —vlysairy < Chz /9P olyappy forallv e W2P(T),T € 7"0<h < 1. O

COROLLARY 2.7.2. Let ("), 0 < h <1, be a quasi-uniform family of triangulations of a polygonal
domain Q C R? and numbers p,q € Rwith1 < p<2and p<q<2p/(2—p)or p=2and q>?2. Then
the Lagrange interpolation operator I" : W>P(Q) — U" is well-defined and there exists a constant C
(depending only on p, q and the quasi-uniformity constants cy,c; in (2.7.2)) such that for s € {0,1} it
holds

v _IhV‘Wx.q(Q) < Ch2_5+2/”’_2/”|v]wz,p(g) forallve W»P(Q),0<h<1.

Proof. By [1, Thm. 4.12], the continuous embedding W7 (Q) C C%(cl(Q)) holds true and thus the
Lagrange interpolation operator I? is well-defined. The definition of the Sobolev semi-norm |-\W:.q(g)
yields

|V|qu = /\Da 7A=Y ) /|Da 1A =) |v|W”iT for all v € W*9(Q).

|ot|=s TeTh|o|=s TeTh
As (I");, is a quasi-uniform family of triangulations, there exist constants cy,c; > 0 such that
min{pT:Teﬂh}ZClh and max{hT:Teﬂh}gczh forall0 < h < 1.

Thus, (7"),, is a regular family of triangulations with regularity parameter ¢ := c,/c; and it holds
hr < cyh for all T € .7". By Theorem 2.7.1, there exists a constant C, depending only on p,q and
c2/c1, such that

1/q 1/q
\vflhv!wm :< Z lv— Ihv|W3q ) chzh2—s+2/q—2/p< Z |V|sz ) .

TecTh TeT"h
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Denote by ¢, 1 < r < oo, the space of sequences for which the norm ||x||pr := (Yen |xi|") /" is finite.
By [20, Chap. 2.27], it holds ||x||z« < ||x||¢s» whenever 1 < p < g < eo. Thus, we conclude the proof via

1/q 1/p
( Z MWZp ) ( Z MWZp > :|v’W2>1’(Q)' O
TeTh Tegh

LEMMA 2.7.3. Let (Z");,, 0 < h <1, be a regular family of triangulations of Q. Then there exists a
constant Cs > 0, depending only on the regularity parameter & of the triangulations, such that

HtrTVHLzar)<Cc IHVHLZ +Chr\v\H1 forallve HY(T),T € 7",0<h< 1.

Proof. This follows from the fact that try : H'(T) — L*(dT) is a linear and bounded operator on the
reference triangle 7 and a simple scaling argument (cf. [2, Cor. 1.2]). O

2.8. Capacity theory

The concept of capacity plays an important role for the mathematical analysis of the obstacle problem,
cf. Chapter 5.

DEFINITION 2.8.1 ([110, Def. 2.1]). a) Letd € N, and Q C R? be an open set. The capacity of a
set E C Q is defined by

cap(E) := inf{/Q IVv|2dA :v € HY(Q),v > 1 a.e. in a neighborhood ofE} .

b) A set O C Q is called quasi-open if for all € > O there exists an open set Q¢ such that O U Q¢ is
open. The complement of a quasi-open set is called quasi-closed.

c) A function v : Q — R is called quasi-continuous (quasi—upper-semicontinuous, quasi-lower-
semicontinuous, respectively) if for all € > O there exists an open set Qg C Q with cap(Q¢) <
€ such that v| Q\Q, is continuous (quasi—upper-semicontinuous, lower-semicontinuous, respec-
tively).

If a set has zero capacity, then it has measure zero, but there exist sets with measure zero and positive
capacity (cf. [7, Prop. 5.8.5]). We say that a property P(®) holds quasi everywhere (q.e.) on O C Q if
it holds for all w € O\ Z, where Z C O is a set with cap(Z) = 0.

LEMMA 2.8.2 ([27, Chap. 8, Thm. 6.1]). Everyv & Hd (Q) has a quasi-continuous representative. Any
two quasi-continuous representatives are equal quasi-everywhere on Q.

In view of this lemma, when we speak about a function in H& (Q), we always mean the quasi-continuous
representative.

LEMMA 2.8.3 ([131, Lem. 2.3]). Let O C Q be a quasi-open subset and v : QQ — R a quasi-continuous
function. Then, v > 0 a.e. on O implies v > 0 on O.

In particular, this shows that for two functions v,w € H(} (Q), the statement v > w q.e. on Q is equivalent
tov>w ae. on Q. This relation > (a.e. or q.e.) defines a partial order on H}(Q) and (H} (Q),>)
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forms a vector lattice [115, Chap. 4.5]. Therefore, the pointwise maximum (v) := max(0,v) € Hj (Q)
exists for all v € H} (Q).

LEMMA 2.8.4 ([110, Lem. 2.3]). Suppose v : Q — R is a function. The following assertions are
equivalent:

a) v is quasi-lower-semicontinuous;

b) the sets {v > c} are quasi-open for all ¢ € R;

c) —Vis quasi-upper-semicontinuous.

This shows that the set {w € Q: v(w) < 0} is quasi-open and the set {w € Q : v(®) > 0} is quasi-closed
for any quasi-upper-semicontinuous function v. For a quasi-open set O C Q, the Sobolev space H{ (O)
is defined via

H;(0):={veH}(Q):v=0q.e. onQ\O}.

As H}(0) is a closed subspace of the Hilbert space H' (R?), it is a Hilbert space.

2.9. Bochner spaces

This section recalls important concepts of Bochner spaces. We base this on the excellent book [62].
Let (E, <7, P) be a measure space and B be a Banach space. A closed valued multifunction G : £ = B
is called measurable if the pre-image G~!(0) := {£ € Z: G(§) N & # 0} of every open set O is a
measurable set (cf. [8, Def. 8.1.1]). In particular, a function f : £ — B is measurable if the pre-image
fFUO) :={& €Z: f(§) € O} of every open set & is a measurable set. A function f: E — B is
called P-simple if it is of the form f(§) = YV | 84, (&)b, where 8y, is the indicator function of the set
A, € of with P(A,) < e and b, € Bforall 1 <n <N (cf. [62, Def. 1.1.13]). A function f : E — B is
called strongly P-measurable if there exists a sequence of simple functions f, : £ — B converging to f
P-almost everywhere (cf. [62, Def. 1.1.14]).

THEOREM 2.9.1 ([62, Thm. 1.2.20, Prop. 1.1.16, Cor. 1.1.10]). If B is separable and P is ©-finite,
then, for a function f : & — B, the following assertions are equivalent:

1) f is strongly P-measurable;

2) &= (V. f(&))p:p is measurable for all b’ € B

3) fis measurable and f = f P-a.e.

LEMMA 2.9.2 ([62, Cor. 1.1.23]). The P-almost everywhere limit f : £ — B of a sequence of strongly
P-measurable functions f, : & — B is strongly P-measurable.

Let B be a Banach space. A function f : £ — .Z(B, B) is called strongly P-measurable if, for all b € B,
the B-valued function & +— f(&)b is strongly P-measurable (cf. [62, Def. 1.1.27]).

LEMMA 2.9.3 ([62, Prop. 1.1.28]). If f : £ — B and g : E — (B, B) are strongly P-measurable, then
gf : & — Bis strongly P-measurable.

A strongly P-measurable function f : & — B is called Bochner integrable with respect to P if there
exists a sequence of P-simple functions f;, : & — B such that

tim [ [1£(&)~ £(E)lsdP(E) =0.

n—oo Jx

19



2. Preliminaries

DEFINITION 2.9.4 ([62, Def. 1.2.15]). For 1 < p < oo, we define LP(Z,B) as the linear space of all
equivalence classes of strongly P-measurable functions f : £ — B for which

L@ <.

We define L*(E,B) as the linear space of all equivalence classes of strongly P-measurable functions
f : & — B for which there exits a r > 0 such that P({& € Z: || f(&)|lg > r}) =0.

Endowed with the norms

1/p
s = ( LIr@l5aee)
and

1£lz=(z.5) := inf{r = 0: P({G € E: || f(S)llz > r}) = O},

the spaces L?(E,B), 1 < p < o, are Banach spaces.

THEOREM 2.9.5 ([62, Thm. 1.3.10, Thm. 1.3.21]). Let (E,.27,P) be a G-finite measure space, B be a
reflexive Banach space, and let 1 < p <ooand 1/p+1/q= 1. Every g € L1(E,B*) defines an element
b € (L (2, B))* via

Oer s misem = | BE)SE)pndPE).

Furthermore, the mapping g — @, establishes an isometric isomorphism of Banach spaces
LY(E,B*) ~ (LP(E,B))".

If H is a Hilbert space, [18, Thm. 3.1] implies that L?>(Z,H) is a Hilbert space. Furthermore, if
(E,47,P) is a o-finite measure space, then Theorem 2.9.5 yields LY(E,H*) ~ LP(Z,H)* with 1 <
p<e,1/p+1/qg=1.
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3. The bundle method

In this section we present a bundle method for nonsmooth, nonconvex minimization in Hilbert spaces.
First results were already published in

[50] L. HERTLEIN AND M. ULBRICH, An inexact bundle algorithm for nonconvex nonsmooth mini-
mization in Hilbert space, SIAM J. Control Optim., 57 (2019), pp. 3137-3165.

The results of [50] were extend to the more general setting of locally Lipschitz objective functions in

[49] L. HERTLEIN, A.-T. RAULS, M. ULBRICH, AND S. ULBRICH, An inexact bundle method and
subgradient computations for optimal control of deterministic and stochastic obstacle problems.
Priprint, accepted for publication in SPP1962 Special Issue, Birkhduser, 2019.

Due to space limitations, most proofs could not be presented in [49]. Instead, the bundle method with
a full convergence theory is outlined in this chapter.

3.1. Algorithm

Convergence proofs for bundle methods, especially in a finite-dimensional setting, usually use strongly
convergent subsequences of compact sets. In finite dimensions, bounded and closed sets are compact.
In infinite dimensions, this is no longer true and in general Hilbert spaces, compactness is a rather
strong property. Therefore, we propose the problem setting below. This setting arises naturally in
applications such as the optimal control of variational inequalities and enables us to proof convergence
also in infinite dimensions. We consider the problem class

Hél}? p(ix)+w(x), xe.Z. (3.1.1)

Here, X and Y are Hilbert spaces and 1 € .Z(X,Y) is a linear, injective and compact operator, i.e., a
compact embedding. The constraint set .% C X is a nonempty, closed and convex set, .%x D .% is
an open convex X-neighborhood of .# and .%y C Y is an open convex Y-neighborhood of 1(.%) with
1(Fx) C Fy. We assume that p : Fy — R is Lipschitz on bounded sets and define f : Zx — R by
f = pot. Further, we assume that w : .%#x — R is continuously differentiable, Lipschitz continuous
on bounded sets and p-strongly convex, cf. Definition 2.2.3. Note that these assumptions imply that
w is also weakly sequentially lower semicontinuous. In this section, we use d f(x) to denote Clarke’s
subdifferential if f is Lipschitz near x. We use the same notation for the convex subdifferential if f
is a real- or extended real-valued convex function. This does not generate any ambiguity since these
subdifferentials coincide for a convex and locally Lipschitz continuous function defined on an open
convex set [21, Prop. 2.2.7].
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3. The bundle method

Bundle methods progressively build a local model which approximates the function f around a point
x. To do so, in iteration i, a finite set .#; of affine linear functions, called cutting planes, is selected.
The convex function ¢; := max{m € .#;} is chosen as the local model of f at the serious iterate x;. The
bundle method’s subproblem is given by

mingi(y) +w() + 3110 =5 e,
Here, 7; denotes the proximity parameter and Q; may represent curvature information of p at x;. A trial
iterate y; is computed as an approximate minimizer of the bundle subproblem such that an approxima-
tion of the function value and of the subgradient at ¥; can be computed. If this trial iterate y; fulfills a
certain decrease condition, it is accepted as new serious iterate x;| and we start building a new model
around x;;;. Otherwise, a new cutting plane is selected which enriches the old model. If the new
model is not substantially improved, the proximity parameter is increased to gather more cutting plane
information close to the serious iterate x;.

3.1.1. The subproblem of the bundle method

In Sections 3.1.4 and 3.1.6, we define the local model ¢; and the proximity term %”l( —x,-)||2Ql_ TRy
properly. Here, however, it is sufficient to know that ¢; is convex and finite on X and that || - HZQ, SRy =
((Qi+TiRy)-,-)y+y is anorm on Y. The subproblem of the bundle method in iteration i is given by

minWi(y) i= 0:0) +w() + 85 () + 3 10 =5) 1§45, - (3.1.2)

On .Z, the piecewise quadratic model ¥; is the sum of two convex functions, ¢; and ||1(- —x;) Hle TRy
and the strongly convex function w. Thus, ¥; is strongly convex on .% and the subproblem has a unique
minimum y; € .%. We define the local model ®; : X — RU {e} by

. ar
D, = {d)l—l-w on . %
oo else

}:¢i+w+5,;7-

As wis defined on the open X-neighborhood .#x of .# and w is finite on .#x, the interior of the effective
domain of w is .%x. Furthermore, int dom ¢; = X yields domdx N int domw N int dom¢@; = F # 0.
Consequently, the sum rule of the convex subdifferential [12, Cor. 16.50] can be applied and yields
dD; = d¢;+w +Nz. The fact that y; minimizes the subproblem of the bundle method can equivalently
be expressed by

0€ 9 (Di+ 311t —x) 13,10k, ) O00) = 90 (3i) + W (i) + Nz (i) + 1 (Qi + TRy )1 (i — xy),

where the equality results from the sum rule of the convex subdifferential [12, Cor. 16.50]. Therefore,
there exist elements g € d¢;(y;) and nj € N#(y;) such that

ei == 1"(Qi+ TRy )1 (x; — yi) = g +w (i) +n] € IPi(y;) (3.1.3)
and the subgradient inequality gives

<€[,y _)’i>X*,X < CI)i(y) - qD,‘(yl‘) for all yE X. (314)
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Using that w is even p-strongly convex, we get for all y € X the improved inequality
(er,y —yi)xox + By —yill§ < ®i(y) — Pi(y). (3.1.5)

3.1.2. Subdifferential approximation

Most bundle methods use subgradients which are drawn from the convex subdifferential, from Clake’s
subdifferential or approximations thereof. In order to cover these cases and to facilitate an abstract
theory, we define a multifunction G which acts as an abstract subdifferential. We only require properties
which are actually needed in the convergence proof. Let ¥ C Y be a closed set. We require that
G : ¥ = Y* fulfills the following

Assumption 3.1.1. The multifunction G : ¥ = Y* has the following properties:
1) Forall ¥ € ¥, the image G(?) is nonempty and convex.
2) For all bounded sets B C Y, the set G(BN¥) := Upepny G(P) is bounded in Y.
3) G has a weakly closed graph, i.e., for all sequences (v,)uen C ¥ and (gn)nen C Y™ such that
v, > VvinY, g, —ginY*and g, € G(v,) forall n € N, it holds g € G(¥).

We note that property 3) implies that G(9) is closed for all ¢ € ¥ and property 1) implies that G(9) is
weakly sequentially compact in Y* for all ¥ € ¥ . Both the Clarke subdifferential and the convex subd-
ifferential, i.e., G := dp, fulfill this assumption (cf. [21, Prop. 2.1.2 (a)], Lemma 2.2.8,[21, Prop. 2.1.5
(b)]). Furthermore, inexact subgradients can be allowed by choosing G := dp + By+(0,&g), €6 > 0,
or, more general, by choosing G := dp + C where C C Y* is a nonempty closed convex set. Another
example can be found in Section 7.3.

Due to the inexact nature of the algorithm, we can only expect to converge to approximately stationary
points, which we make precise in the following definition:

DEFINITION 3.1.2. Let the multifunction G fulfill Assumption 3.1.1. A point X € X with 1X € ¥ is
called n-G-stationary, N > 0, if

0 € W(%)+ Nz (%) +1*(G(1%) + By-(0,1)).

A point which is 0-G-stationary is called G-stationary.

Remark 3.1.3. If G := dcp is the Clarke subdifferential, the chain rule [21, Thm. 2.3.10] implies that
dcf(y) C 1*dep(1y) for all y € Fx. If p or —p is regular at 1y in the sense of Clarke (cf. [21,
Def. 2.3.4]), then equality holds at this point. Thus, if p or —p is regular at 1x, dcp-stationarity is
equivalent to 0 € de f(X) +w'(X) + Nz (X). If p is convex and G := dp, then the sum rule of the convex
subdifferential [12, Cor. 16.50] yields df(x) + w'(X) + Nz (%) = dJ(X), i.e., stationarity is equivalent
to 0 € dJ(x). Note that if p is convex and G := dp + By+(0,&5), i.e., one uses subgradients which
are at most €; away of the true subgradient, then G-stationarity as in Definition 3.1.2 corresponds to
0 € dJ(X) + 1*By+(0,&5).

3.1.3. Bundle information and trial iterates

For the algorithm, we use points j € .% at which we compute an approximation f of the exact function
value f(¥). Furthermore, we use points v € .% at which we compute an approximation g of an ele-
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ment of the subdifferential of p at j. The decoupling of points at which function value approximations
are drawn from points at which subgradient approximations are drawn might be helpful to find new
subgradients which improve the local model. However, although it is possible to draw subgradients at
points v, which are far away from the trial iterate ¥, these subgradients might not be useful. We only
impose very weak restrictions on ¥, f and v and derive the relevant behavior of Algorithm 3.1 based on
this. To obtain concrete optimality statements, one needs to add further exactness requirements on the
data ¥, f and v. This can be done in several ways and we carry this out in Section 3.4.

We assume that there is a set .7 C .% such that for every point j € .7 we can compute a function value
approximation f € R which is assumed to fulfill

If=F()] <A, (3.1.6)

where A > 0 is a constant. Further, we assume that there exists a set ¥ C .# such that, for every v € ¥,
we can compute an approximation of an element of the subdifferential of the function f at v, i.e.,
v € ¥ and we can compute an element of G(1v). We call any element § € G(1v) C Y* an approximate
subgradient at the subgradient base point v. Note that for technical reasons we call the element § € Y*
approximate subgradient and not the canonical choice 1*g € X*. In iteration i of the algorithm, we
assume that we can compute an approximation ¥; € .7 N# of the minimizer of the bundle subproblem
yi € X with arbitrary precision, i.e., such that

Wi(3i) —Wi(yi) =0 asi— oo (3.1.7)
We call §; a trial iterate. Since 0 € W;(y;) and W, is u-strongly convex, this assumption yields
0 < (0,5 — vi)x-x + 515 —yill§ < WiGi) — Wi(yi) — 0, (3.1.8)

i.e., i —yi — 0in X as i — oo. Therefore, (3.1.7) implicitly is a richness assumption on .% N in the
sense that 1(.7 N7) has to contain a point which is close to ty;. Since we do not know the locations of
the minimizers y; in advance, the set .7 N ¥ actually has to be dense in .%.

For now, we do not impose any further restrictions on .7, f, #, or #. In particular, this means that the
function value approximation f might be far away from the exact function value f (¥) and approximate
subgradients ¢ can be drawn at points v € ¥ far away from the trial iterate §. During the convergence
proof we will discover which additional properties are needed to guarantee convergence of the bundle
method. In Section 3.5 we discuss several strategies which ensure these properties.

3.1.4. The cutting plane model ¢;

Fix the downshift parameter ¢ > 0 once and for all. For x € X, f* € R, (,f,v,8) € X x R x X x Y*,

define the tangent t; ; . : X — R, the downshift s; 7, ; . € R and the downshifted tangent m; 7., 5(-,x) :
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X — Rby

+ (@ 1= )y — Fle +cliv —x)|7, (3.1.9)

We immediately note
LEMMA 3.1.4. Forall (,f,v,§) €X xR x X xY* and x € X it holds
mg 7 e (15X) S F (@ —x))yy —clliv =2} forallyey.

Proof. For arbitrary A € R there holds —[4] < —A. The estimate readily follows from the definition
of the downshifted tangent (3.1.9). 0

Denote by
Bai={(5.[v8): €T, () +BO,8),v € Vg €F(w)}

the set of all bundle information which can possibly be chosen. In iteration i, the algorithm uses a
nonempty, finite set of bundle information %; C %,. Let Z; denote the corresponding set of down-
shifted tangents:

D= A{my 7, (%) : (7, f,v,8) € %} (3.1.10)
We choose a nonempty, finite subset .#; of co(%;) to build the cutting plane model ¢; : X — R by
0;(y) :=max{m(y) :m € #;}. (3.1.11)
Whenever the serious iterate is not updated, the set .#; | of the next iteration needs to retain informa-
tion from the old bundle .#;. Details on how to choose .| are given in the next section.
3.1.5. Aggregation of cutting planes

The canonical choice for the cutting plane model is to include all computed bundle information %; by
setting .#; = ;. This yields the full model

¢if“” i=max{m; 7, (- X:) : (7, f,v,8) € %;}.

However, if the number of elements in %; is large, it might be difficult to solve the subproblem of the
bundle method. To overcome this problem, one can aggregate or delete cutting planes, i.e., one can
choose a (possibly small) subset .#; C co(%;) for the definition of the model ¢;. It is important not to
delete cutting planes which incorporate relevant information. To make this precise, we need to define
the aggregate, exactness and trial cutting plane.

For m € .4, denote by g,, := m'(0) € X* the gradient of m in X and let §,, € Y* be the element which
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fulfills 1*8,, = gm. As the set . is finite, by [21, Prop. 2.3.12] it holds for all y € X that

Ai(y) = co({1"°gm : m € M, m(y) = ¢i()}). (3.1.12)

Recall (cf. (3.1.3)) that g7 € d¢;(y;). Therefore, there exist numbers A,, > 0 with ¥,,c A, =1 and
8 = Yome.t; Anl*§m. In view of this, we call

g =Y AgmeY’ (3.1.13)
me.H;

the aggregate subgradient. For i € N, define the aggregate cutting plane by

mi(-):="Y Awm(-). (3.1.14)

me.H;

Furthermore, note that A, = 0 whenever m(y;) # ¢;(y;) for all m € .#;. This implies

m; (yi) = ¢i(yi)- (3.1.15)

The algorithm ensures that only points x; € X, where at least one approximate subgradient g¥ € G(1x;)
can be computed, are chosen as the serious iterate. We call g} the exactness subgradient and define the
exactness plane m; : X — R by

X

mi () i=my g o (5x0) = f7 4 (810 — X))y
We require that every model ¢; majorizes the exactness plane model. Furthermore, whenever the current
iteration was not successful, we require that the next model majorizes the aggregate cutting plane

Assumption 3.1.5. For each i € N, the set .#; C co(%;) is chosen such that ¢; > m. If iteration i € N
is not successful, then .#; is chosen such that additionally ¢;,; > m holds.

At the subgradient base point v; € ¥/, cf. Section 3.1.3, we compute an approximate subgradient
&i € G(1v;) and construct the trial plane m; := mg. 7. o+ X — R. This gives
mi(-,x;) = fit (@it (- = 50)voy — [fi+ (&1 = 5oy — )4 — clln(vi =) 13- (3.1.16)
Aggregating all cutting planes except the trial plane leads to the aggregate model
‘P;f% = max{”ﬁ(')?mi('7xi)am;'k(')}'

However, choosing the aggregate model may lead to a situation where one has to recompute subgradi-
ents. Thus it can be beneficial to aggregate only cutting planes with small multiplier A, or, alternatively,
to delete inactive cutting planes. Further, it may be beneficial to recycle some cutting planes from pre-
vious iterations.

LEMMA 3.1.6. Let x; € X be a serious iterate. For all i € N it holds ¢;(x;) = fF.

1

Proof. By Assumption 3.1.5 and Lemma 3.1.4 we get for alli € N

Jr = m(x) < 9u(x;) = max{m(x) s m € A4} < max{m(x) : m € F} < . D
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3. The bundle method

3.1.6. Curvature information and proximity control

If there is curvature information of p around tx; available, we want to incorporate this into the model.
Fix the constants § >0, & >0and T > g+ &. Let Q; € Z(Y,Y*) be symmetric, i.e., (Qix,y)y«y =
(Qiy,x)y+y for all x,y € Y. We assume that there exists a constant 0 < g; < g such that

(Qiw,W)yry > —qi|lwllz  forallw ey and 10ill 2y <@ (3.1.17)

Denote by Ry : Y — Y* the Riesz map in Y, i.e., the continuous linear operator which maps w € Y
to (w,-)y. For any proximity parameter T, > q; + &, the positive definite symmetric bilinear form
((Qi+ TiRy),)y+y defines a norm on Y via | - H2Qi+TiRY = ((Qi + TiRy)-,-)y+y. Using the relations
above, we get the estimate

115 ser, = (—ai+ )l -1} > €l 3, (3.1.18a)

and for large 7; we can make use of

11y = (gt )17 = (=)l [17- (3.1.18b)

Remark 3.1.7. In particular, this setting allows for the use of no curvature information, i.e., Q; = 0
for all i. Furthermore, it is possible to use low rank schemes such as the BFGS formula as curvature
information, cf. Section 4.4.

3.1.7. Full algorithm and preparation of analysis

In Algorithm 3.1 the inexact bundle method is presented. First we show that in every iteration i the
variables p; and p; can be computed. Since ¥;(7;) < ¥;(x;), we find

D;(x;) — Bi(F;) = Wi(xi:) —¥i(5i) + 515 — xill 5, 0m, > O- (3.1.19)

Consequently both p; and p; are well-defined. Therefore, if the assumptions of Section 3.1.3 are met
(in particular if we can compute a trial iterate J; € .7 N¥ such that ¥;(5;) — ¥;(y;) — 0 as i — o), then
every step of Algorithm 3.1 can be executed.

LEMMA 3.1.8. The sequence of approximate function values at serious iterates, (flx )ieN, is non-increasing.

Proof. Since x; € .7 is feasible, Lemma 3.1.6 gives J* := f¥ +w(x) = ®;(x;). For alli € N with p; > 7,
the estimate (3.1.19) yields

JE =T =T =T > y(®i(x) — 9i(51)) > 0, (3.1.20)

1

and fl’; = flx for all i € N with p; < v. Combining this yields fij < flx foralli e N. O

The following lemma exploits the structure of the objective function of the bundle subproblem ¥; =
¢ +w+ 3| —x; Hle L zR, to estimate the distance between an arbitrary point z € X and the minimizer of
the bundle subproblem.
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3. The bundle method

Algorithm 3.1: Inexact bundle method

Parameters : 0 < y<7<1,A>0,0<g<g+& <T. Gradient approximation multifunction
G : # = Y* fulfilling Assumption 3.1.1.

Initialization: Choose a start iterate xo € .7 N'#. Compute ff € B(f(x0),A) and &} € G(1xp). Set
JE = f§+w(x0) and choose a symmetric operator Qg € £ (Y,Y*) and g < g satisfying
(3.1.17). Choose 19 € [qo+&,T], Ao D {(x0, £}, %0,&5) } and .4} according to
Assumption 3.1.5.

fori=0,1,...do

Set ®; = max{m:m € M} +w+ 8z and ¥; = D; + % ||1(- — )13, 0y -

Trial iterate generation. Compute a trial iterate j; € .7 0¥ which fulfills (3.1.7).

if ¥;(5;) > ¥;(x;) then (subproblem iteration)
Set xit1 =x;, fio =55 =T 80 =& Qi1 = Qi git1 = Gis Tiv1 = T Bip1 = B
@, 1 = &;. Continue to the next iteration.

else

| Compute f; € B(f(§),A) and set J; = fi + w(5).
end
Acceptance test. Set F -
P ) — @)

if p; > 7 then (successful iteration)
Set xi+1 = ¥, f, = fiand J%, | = J;. Compute g, € G(1x;11) and choose a symmetric
operator Q;+1 € Z(Y,Y*) and g;4 < g satisfying (3.1.17). Choose 71 € [¢i+1 +&,T],
Biv1 D {(xir1, fl’ﬁr] ,Xit1,8},1)} and .4}, | according to Assumption 3.1.5. Continue to the
next iteration.

else

‘ Set xit1 =x;, ffo = f5 850 =& J5, =5 Qi1 = Qi giv1 = 4.

end

Update local model. Enrich the set of bundle information by choosing %, such that

B; C Biv1 C By, choose a set of cutting planes .#; | according to Assumption 3.1.5 and set

Dy =max{m:me M1} +w+dz.

Update proximity parameter.

Set p; = JF— @ ()71) and update 7. | — {21’,- %f ;?,- > }:/ (proxim.ity itjcration) .
D;(x;) — Di(5) 7, if p; < ¥ (model iteration)
end

LEMMA 3.1.9. For arbitrary z € X, it holds

M@=y I3 ror, + 52— yillk < Pi(z) —¥i(n).

Proof. Let z € X be arbitrary. Recall from Section 3.1.6 that (Q; + T;Ry -,-)y+y is a symmetric and
positive definite bilinear form which defines the inner product (-,-)g,+zr, on Y. By the polarization

identity

Ha||2Q,'+T,‘Ry = ||a+b||2Q,'+T,‘Ry - ||b”2Q,'+T,'Ry - 2(b’a)Qj+T,‘RY for all Cl,b € Y7
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3. The bundle method

setting a = 1(z—y;) and b = 1(y; — x;), we obtain

e =y)lGar, = 311 =) 1Gory = 3000 = 3D G0y + (103 = 30), 12 = 0)) 04wy -

Therefore, (3.1.5) implies the claim via

(t(xi = i), Uz =) gieamy + 5 llz—yillk
< ®i(z) — Pi(yi)
=i(z) = @z —x) 15 cr, — Pi0i) + 2t Gi = x)[13 40k, - D
LEMMA 3.1.10. [If, from iteration iy onwards, Algorithm 3.1 produces only subproblem iterations,

then the serious iterate x;, is G-stationary (in the sense of Definition 3.1.2).

Proof. Let iy be an iteration index such that iteration i is a subproblem iteration for all i > iy. Then
lPi = lPl‘O, Xi = Xiys Yi = Yig and lP,'O ()7,) > lPio (x,-o) foralli > ip. By (317), lP,'O ()'7[) — lPiO ()’io) asi—» oo
which yields

0< \Pio(xio> - ‘Pio(yio) = ‘Pio(xi()) - ‘Pio(yi) + (lPio()N’i> - ‘Pio(yio)) < lPio ()71) - lPio(yio) — 0,
ie., ¥ (xi,) = Wi, (yi,)- Thus, Lemma 3.1.9 gives x;, = y;,. Plugging this into (3.1.4) shows
0 < D;, () — Pjy (xi,) forally € X.

Since ®; is convex, this shows that 0 € dP;, (x;,) = I, (xi,) +w'(xi,) + Nz (xi,). Combining (3.1.12)
and Lemma 3.1.6 yields d¢;,(x;,) = 1" co({g, : m € A;, m(x;,) = fl’é}) where g, € Y* is defined by
1*8,, :=m'(0) for all m € .#;. Whenever a subgradient g is drawn at a point v # x;,, Lemma 3.1.4 yields

for the corresponding downshifted tangent m = m; 7, 5 (-,x;,) that m(x;,) # flf) and this downshifted

tangent cannot contribute to the subdifferential d ¢;, (x;,). Therefore, only subgradients which are drawn
at the serious iterate contribute to d ¢, (x;, ), which results in d¢;,(x;,) C 1*co(G(1x;,)) = 1*G(1x;,) and
0€w(xi,)+Ngz(xi)) +1°G(1x;,). O

Let us define the following sets:

DEFINITION 3.1.11. We define the set of serious iterates produced by the algorithm by
S i={x;:i e N},
the set of all minimizers of the bundle subproblems by
T ={yi:ieN},
the set of bundle information which is used by the algorithm by
By = UienBi,
and the set of all subgradients used by the algorithm by

g:: {gGY*13)7;V€X7f€Ra()77faV7§) e'%”}'
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3. The bundle method

Some of the following lemmas and theorems use the assumption that the set of serious iterates, ., is
bounded. This assumption can be guaranteed to hold if further assumptions on the problem data are met.
For example, if the constraint set .# is bounded, the set .’ C .% is automatically bounded. Furthermore,
a boundedness assumption on the level set yields boundedness of the set of serious iterates.

LEMMA 3.1.12. Ifthe initial point xo € .F is such that % := {x € F : J(x) < J(xo)+2A} is bounded
in X, then the set of serious iterates . is bounded in X.

Proof. Lemma 3.1.8 and the function value boundedness condition (3.1.6) imply
J()—A<T <J§<J(xo)+A  forallieN

and thus . C .%y. The boundedness assumption on the level set .%, implies that the set of serious
iterates . is bounded in X. O

LEMMA 3.1.13. If the set of serious iterates . is bounded in X, then the sets of minimizers of the
bundle subproblems 7 is bounded in X and 1(.7") is bounded in 'Y .

Proof. Denote by ¢; the cutting plane model in iteration i and the exactness subgradient by &' € G(1x;).

By Lemma 3.1.6 it holds m}(x;) = f = ¢i(x;). Consequently, the definition of the exactness plane m}
and Assumption 3.1.5 yield

(Ugh,y —xi)xsx =mi(y) —m; (x;) < ¢i(y) — ¢i(x;)  forallyeX,

which shows that 1*gf € d¢;(x;). The fact x; € .Z implies 0 € N (x;). Hence 1*g¥ +w'(x;) € d®P;(x;)
for all i € N. Since ®; is u-strongly convex, we get

(Vg +w (x),y —xi)xox + 5y —xil[x < ®i(y) —Pi(x;) forally € X. (3.1.21)
Choosing y = x; in (3.1.5) yields
1L = x0) |Gy ey + 51y —26illi < Pili) — Pivi). (3.1.22)
Thus we get
i =)Dy + Rl —2illi < 11085 +w' (i)l i =26l x- (3.1.23)
We immediately obtain

lyi =xillx < g 110°&F 4w/ ()]

X+ (3.1.24)
Young’s inequality for products gives

127 &7+ w'(xi)|

xellye = xillx < g & +w' () |5« + pellys — xill

which shows together with (3.1.23) that

[Gi = xi)llgrrery < zmllt" & +w (xi)llx- (3.1.25)
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3. The bundle method

From (3.1.18a) we get

10— lly < 3=l /) e (.1.26)

Since the set of serious iterates . is bounded in X, Assumption 3.1.1 implies that the sequence of
exactness gradients (1*g})jey C 1°G(1.¥) is bounded and Lemma 2.2.8 yields the boundedness of
w (). Hence, (3.1.24) shows that the set of minimizers of the bundle subproblem .7 is bounded in X
and (3.1.26) shows that 1*(.7) is bounded in Y. O

If the set of serious iterates and the set of subgradient base points are bounded, then the Lipschitz
continuity of w and the properties of G imply that the set of used bundle information %, is bounded.
This can be ensured in the following way.

LEMMA 3.1.14. Ifthe set of serious iterates .5 is bounded in X, then the set of trial iterates % := {3
i € N} is bounded in X. If additionally the set of all subgradient base points ¥ used in the algorithm is
bounded, then the set of bundle information used by the algorithm, B, is bounded in X Xx R x X x Y*.

Proof. If . is bounded in X, then Lemma 3.1.13 implies that the set of minimizers of the bundle
subproblem .7 = {y; : i € N} is bounded in X. Equation (3.1.8) yields y; —J; — 0 in X as i —
which shows that the set of trial iterates % := {J; : i € N} is bounded in X. Now let additionally #
be bounded in X. This implies that 1(%#') is bounded in ¥ and Assumption 3.1.1 yields that the set of
subgradients ¥ C G(1(7)) is bounded in Y *. The function value boundedness condition (3.1.6) implies
the inclusion {f; : i € N} C (%) + B(0,A) holds. Since # is bounded and f is Lipschitz on bounded
sets, this shows that the set of function value approximations produced by the algorithm, {f; : i € N},
is bounded. The boundedness of %, follows from B, C % x {f;:i e N} x ¥ x 4. O

The next lemma shows that if the proximity parameter 7; goes to infinity, then the distance of the mini-
mizer of the subproblem and the serious iterate goes to zero. This fact motivates the name “proximity
parameter”.

LEMMA 3.1.15. Assume that there exists a subsequence of iterates ¢ C N such that T, — o as 7 >
i — oo, If 7 is bounded, then 1(y; —x;) = 0inY as 7 i — oo,

Proof. Since .7 is bounded, the sequence (|[1*g} +w'(x;)|[x+)ic_# is bounded (cf. Lemma 3.1.13). For
all i € ¢ sufficiently large such that 7; > g, (3.1.25) and (3.1.18b) yield

[0 —x)lly € — e 178+ () x

i i = — j i *o

2/ (% —9q) l

Due to 7; — oo, this shows that 1(y; —x;) = 0inY as # 3 i — oo, O

3.2. The upper envelope function ¢
Notation 3.2.1. Let (iy)sen C N be a subsequence of bundle iterations. In the following, we often do

not distinguish between the set of indices of the subsequence # := {i, : n € N} and the subsequence
itself.
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3. The bundle method

DEFINITION 3.2.2. Let & be a subsequence of the sequence of indices produced by Algorithm 3.1
which fulfills x; = X in X as % > i — o and that (fl )ic.s converges with fi= hmya,_mf < oo,
Define the upper envelope function ¢ = ¢4 : X — R by

(P(y) = Sup{m)?,f,v,g”(yax) : (yaf7v7g) S %u}

LEMMA 3.2.3. Let ¢ = ¢y be the upper envelope function with corresponding subsequence % ac-
cording to Definition 3.2.2. If the set of used bundle information %, is bounded (in X X R x X x Y*),
then the following holds:
1) ¢(y) <ooforallycX.
2) o(x)= /.
3) The functions ¢ and ¢; are convex and Lipschitz continuous on X for all i € N. There exists a
constant L > 0 such that for all i € N it holds

0:(v) = 9i(2)| < L[ty—2)|ly  forallyz€X.
4) d¢(X) C 1*G(1x).
Proof. 1) The definition of the downshifted tangent (3.1.9) yields for all (7, fiv, g) € A, and arbitrary
but fixed x,y € X that
Ims 7y g O < 181 1t =)y + 1= 71+ gy [l (=) ]Iy +ellt(v =D)3-

Since %, is bounded, the set {m; 7, -(»%) : (7, f,v,&) € %,} is bounded, too. This guarantees that
0(y) <eoforally € X.

2) For i € .#, denote by g} € G(1x;) the exactness subgradient at x; € .. Consider the scalars

= my e o (85) = F 4+ (@ 0@ =)y — [F (@ 1@ —x))yay — fli — el =)

Since 1 is compact and x; — X as & 3 i — oo, the last term converges to zero as .# i — oo. Since
(xl,fl ,Xi, &) € A, the set {gf :i € F} is bounded in Y*. This shows, together with 1x; — 1Xin Y,
]”C — f and the continuity of the function [-], that the right hand side converges to f, i.e., m; — f as
% >i— . By Lemma 3.1.4, it holds f > ms 7, & (%, %) for all (¥, f,v,&) € B,. Therefore we conclude

f=sup{my ;o (%, : (7,f,v.8) € Bu} = ¢(%) = lims; = .

1—o0

OQI

3) Since %, is bounded, also the set of used subgradients, ¢, is bounded which implies that the supre-
mum L := Supg o) ||&]|y+ is finite. Fix i € N and let m € .#; C co(%;) be an arbitrary cutting plane.
Then m : X — R has the form m(-) = (g,1-)y+y + b with g € co(¥) and b € R. Because ¢ and ¢;
are pointwise suprema of convex and Lipschitz continuous functions on X with modulus ||t*[|(y+ x+)L,
they are convex and Lipschitz continuous (see, e.g., [19, Prop. 2.16.5 and Prop. 2.6.3]). Furthermore,
the function 7 : ¥ — R defined by m(-) := (g, - )y+y + b is Lipschitz continuous on ¥ with constant L.
Since m € .#; was arbitrary, this implies that ¢;(-) := max,,c_z () is Lipschitz on Y with constant L
and ¢; = §; o 1. Therefore, |¢;(y) — ¢;(z)| < L|[1(y —2)]||y for all y,z € X.
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4) Fix a subgradient g € d¢ (%) C X* and a direction w € X. For n € N, choose t, > 0 and (3, fn, Vu, &) €
Py suchthatt, —0and @(X+1,w) =my 7, o (X+1,W,X)+ 0, with |a,| < t2. We claim that 1v, — 1%
inY as n — oo, Lemma 3.1.4 gives

clliva =37 < f__my”',l,fn,vn,g,, (% + 12w, %) + (Gns tnl W)y~ y
which shows that
cl[t(va _f)H%/ < P(X) = O(X+1,w) + Oy + 1|8l [ v+ [ 1wy -

By part 3), ¢ is continuous which implies ¢ (£ +,w) — ¢ (%) as n — co. Since g, € ¢ and ¢ is bounded
in Y'*, the right hand side of the last inequality converges to zero as n — co. This shows 1v, — 1Xin Y
as n — oo. Further, for all n € N, define the affine linear functions 71, : R — R by

1y (K) == f+ Kk{g,w)x«x — mg w o oo (X+ Kkw,X).

We calculate the slope of rii,. Lemma 3.1.4 yields m %,%) < f or equivalently 7, (0) > 0 for all

n € N. Since ¢ is convex and g € d¢ (%) it holds

yrza.ﬁvvnagn(

fHgy—Fxix =0(F) +(gy—Xx:x < 0(y) forally € X
which gives

A

1y (tn) = f+1a{g, W)x:x — @ (X+1,w) + 04 < 0t forall n € N.
This yields for the slope of 7,

1 (1) — 11, (0
(§— 18, w)xrx =M, (0) = M <% <t, foralln € N.

ty ty
Since ¢ is bounded in Y*, there exists a subsequence (g,);en (further denoted with the same indices)
and g € Y with g, — g in Y'*. This shows

(g, w)x:x < gﬂ(l*gmw>xix +t, = (1", W)x:x-

Now we conclude the proof. By Assumption 3.1.1, the set G(1X) is nonempty, convex, and weakly
sequentially compact in Y*. Consequently K := 1*G(1X) is a nonempty, convex, and closed subset of
X*. Since g, € G(1v,), 1v, = 1XinY, g, — g in Y and the multifunction G(-) has a weakly closed
graph, it holds that § € G(1x). This shows 1*g € K and

(&w)xix < (U'g,w)x:x <max{(g,w)x:x:§ €K}.

Since w € X was arbitrary and K is nonempty, convex, and closed in X*, this implies g € K by the
Hahn-Banach theorem. 0

THEOREM 3.2.4. Let & C N be a subsequence of iterates such that x; — X in X and 1y; > 1xinY
as J 30— oo, denote e; := 1*(Q; + TRy )1(x; — y;) for i € .7 and let E C X* be the set of strong limit
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points of (e;)ic.y in X*. If B, is bounded, then E C dw'(X) + Nz (X) + 1*G(1X).

Proof. 1f E =0, there is nothing to show. Otherwise, let € € E be arbitrary and switch to a subsequence
(also denoted by .#) to get ¢; — € in X* as .# > i — oo. Since the set of used bundle information %, is
bounded, also the set of serious iterates .#” and the set of subgradient base points {; : i € .} C X are
bounded. The Lipschitz continuity of the function f : X — R on the bounded set . implies that the set
of approximate function values, {f* : x; € ¥} C f(.#) + B(0,A), is bounded. Therefore, there exist
elements f € R and ¥ € X and a further subsequence (again denoted by .#) such that flx - fix—x
inX,1y; > 1xinY, ¥ = vin X and ¢; — € in X* as .¥ > [ — oo, Define the upper envelope function
¢ = ¢+ corresponding to .# according to Definition 3.2.2. For all i € .7, denote

q)i::{(bﬁ—w on % and ¢::{¢+w onﬂ.

oo else oo else

We divide the proof into three parts.

(i) limsup s, ., Pi(y) < P(y) for all y € #. Fix y € X. For all i € .7, denote by .#; the set of
cutting planes of the cutting plane model ¢; and by %; the set of downshifted tangents; cf. (3.1.10).
Furthermore, define &; := {m; 7, - (-,xi) : &, f,v,&) € B,}. We have #; C co(Z;) C co(&). For all
i € .Z, choose o; > 0 such that o; — 0 as .¥ > i — oo. Then there exist tuples (f,-,f,-,\?i,(éi) € A, such
that

¢i(y) = max m;(y) < sup m(y) = supm(y) <my 7, o (9X;) + & foralli e .7.

me.4; meco(&;) meé;
Define ri; 1= my;, 700 for all i € .. By definition of the upper envelope function ¢ we get
$i(y) — ¢ (v) < rii(y, i) + 04 — iy (y, X). (3.2.1)

For all a,b € R it holds: —[a]} + [b]} < [b —a]+. Combining this with (3.1.9) shows
i (y,25;) — 1 (3, %) < [fiF = F 4 (8, 1% —x0))yar |+ —el|t(0 —x) Iy + ellu(5 = 5) |7

As flx — f_ , X; — X, %, is bounded and [-]; is continuous, the first term of the right hand side converges
to zero as .# 3 i — oo, By construction, we have ¥; — v in X, which yields

Aim [t —x) Iy = IR F =)y = lim [[1(%; —%)[5.
7 Sj—ro0 I Si—ro0

Since a; — 0 as .7 3 i — oo, this shows that the right hand side of (3.2.1) converges to zero. Therefore
we obtain for all y € X that limsup ,-; ., ¢i(y) < ¢(y). Fory € Z, the value 67 (y) + w(y) is finite.
This shows the desired result.

(i) liminf 7 5; e @;(y;) > P(¥). Denote the exactness plane of iteration i by m :=m, 7 . »(-,x;) with
the exactness subgradient g} € G(1x;) C 4. Since the set of used subgradients ¢ is bounded in Y* and
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1(x; —yi) — 0 strongly in Y, the definition of the exactness plane m; gives
mi(yi) = fi + (& 10i—xi))yey > F as & 3 i — oo,

Denote by g7 € Y* the aggregate subgradient defined in (3.1.13) which fulfills 1*g} € d¢;(y;). In

virtue of (3.1.12) there holds &; € co(¥¢). Thus we get (&7, 1(x; —yi))y-y — 0. Assumption 3.1.5, the
subgradient inequality for 18} € d¢;(y;) and ¢;(x;) = f*, see Lemma 3.1.6, yield

mf(yi) < ¢i()’i) < ¢i(xi) - <8A?,l(xi —yi)>y*,y — f as & > — oo,

Since both left and right hand side converge to f, we deduce ¢;(y;) — f. Furthermore, since 1 is
injective and ty; — 1x, Lemma 2.1.5 implies y; — X as .# > i — . The weak lower semicontinuity of
the function w in X and y; — ¥ in X imply that there holds liminf #5; ;. w(y;) > w(X). The constraint
set .# is assumed to be closed and convex in X. This implies that .# is weakly closed in X and X € .Z.
As y; € Z, it holds 8z (y;) = 8#(x) =0 for all i € .. The second part of Lemma 3.2.3 states that
f = ¢(x). Combining this, we obtain

liminf ®;(y;) = lim ¢;(y;) + liminfw(y;) > f+w(x) + 82 (%) = O(%).

I Si—re0 I Si—roo I Si—ro
(iii) E C dw'(¥) + 1*G(1x) + Nz (X). By construction, we have ¢; — € in X* as .# 3 i — . Passing to
the limit superior . 5 i — oo for the inequality (3.1.4) gives for all y € X that

(e, y—X)x:x= lim (ej,y—yi)x1x <limsup®;(y)—liminf @;(y;) < P(y) — P(x).
I Di—roo T Si—ye0 e
This shows that ¢ € d®(x). Recall that w is defined on the open X-neighborhood .Zx of .#. As
w is finite on .Fy, the interior of the effective domain of w is .%x. By Lemma 3.2.3, int dom¢ =
X. Therefore domd# N int domw N int dom¢ = % # 0. Consequently the sum rule of the convex
subdifferential [12, Cor. 16.50] can be applied to ® = ¢ +w + 82 on .Fy and yields 0P = d¢p +w' +
Ng. Lemma 3.2.3 gives
€ 0D(x) C W (X) + Nz (X) + 1" G(1%).

As é € E was arbitrary, we conclude E C dP(x) C w'(X) + Nz (%) +1*G(1%). O

COROLLARY 3.2.5. Let . be a subsequence of iterates such that x; — X in X and 1y; — 1XinY as
I i — oo, If B, is bounded, then X is N-G-stationary with 1 = liminfic s ||(Q; + TRy )1 (x; — y;)||y+-

Proof. We only consider the case where 11 < oo since otherwise there is nothing to show. Define
é; := (Qi + TiRy)1(x; — y;) and switch to a subsequence such that ||é;||y- — 1. Then the sequence
(éi)ien is bounded in Y*. By the Banach-Alaoglu theorem we can switch to a weakly convergent
subsequence (also denoted by (é;);cry) such that é; — é with ||é]|y- < 7. Schauder’s Theorem (cf.,
e.g., [3, Thm. 12.6]) implies that the adjoint 1* € £ (Y*,X*) of the compact operator t is compact
which shows 1*é; — 1*é in X*. Consequently, Theorem 3.2.4 can be applied which gives 1*é € /(%) +
Ng (%) +1*G(1x). As é € By«(0,n), this shows that ¥ is -G-stationary. 0

COROLLARY 3.2.6. Let .# be a subsequence of iterates such that x; — X in X and T, — oo. If B, is
bounded, then X is N-G-stationary with 1 = liminfic ¢ || (Q; + TiRy )1 (x; — i) ||+
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Proof. Lemma 3.1.15 implies that 1(y; —x;) — 0 as .# > i — . Therefore, Corollary 3.2.5 yields the
desired statement. O

3.3. Proof of convergence of the algorithm

LEMMA 3.3.1. Suppose that from iteration iy onward there are only model iterations. If %, is bounded,
then 3; — x;, in X and x;, is G-stationary.

Proof. In the given situation, the serious iterate x; and the proximity parameter 7; do not change any-
more, i.e., x; = x;, and 7; = T;, for all i > ip. Denote X := x;, and Q := Q;, + T;,Ry. We first prove y; — X

in X. Recall from Section 3.1.6 that (Q -, -)y-y is a symmetric and positive definite bilinear form, which
implies that (Y, (Q -,-)y«y) is an inner product space. By the polarization identity

la—bl3 = llallg + 1615 —2(Qb,a)yy  foralla,beY, (3.3.1)
setting a = 1y; 1 — 1y; and b = 1X — 1y; we obtain the equation
it =D = @it =y 15+t = )G =2t QuE = yi), yirt —yi)y+y-

Denote by m the aggregate cutting plane defined in (3.1.14) and set M := m} +w + 0. Equation
(3.1.15) implies for i > iy that y; € .% and

Wi(vi) = i) +w(vi) + 511 (vi —f)HzQ = M; (vi) + 5[l (i —f)HZQ-
By (3.1.3) it holds for all i > iy that
UOUE—yi) = g +w' (i) +n] € dmj (yi) +w'(vi) + N (i) = IM; (31).
Since M} is u-strongly convex on .#, it follows that
M; (3) + 5 [yier = yill% < M5 (i) = (QUE = i), yie1 — Yidxsx-
By Assumption 3.1.5 we have M (yiy1) < @iy (yi+1). Combining all this yields
Wi(yi) < Wily) + Sl —villk + 51t Gi—yie) I3

= M; (i) + 5llyicr = yill% + 31t Gi =y )15+ 311t i = D15
< M7 (viet) + 311001 = D15 < Wirt (3i1) < Wit (8) = F+w ().

As the sequence (¥;(y;))ien is monotonically increasing and bounded from above, it converges. The
last chain of estimates shows that

0 < 3llt(is1 _Yi)”ZQ + 8 yit —yillk < Pir1 (i) — Pi(yi) = 0 asi— oo,

implying that (|[t(yit1 —i)llg)ien and ([|yi+1 — Yillx)ien converge to zero. By Lemma 3.1.13, the
sequence (|[t(y; —¥)||p)ien is bounded. The Cauchy-Schwarz inequality on the inner product space
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(Y, Q- Sy+y) yields

i =) = (i —f)HZQ" = [(Q1(yi = yis1)s 1 (i +¥ir1 — 28))ysy

<|lt(yi = yir)llg (1 = ®)llg + 1t (yir1 = D)l g) = 0.

|
Combining this with ®;(y;) = W;(y;) — 3 [t (yi — %) ||2Q-, we obtain @ (yi+1) —Pi(y;) = 0. Lemma3.1.13
states that the sequence minimizers of the bundle subproblem, (y;);cn, is bounded in X. Thus, by the
Lipschitz continuity of w on bounded sets,

101 (Vi1) — i) < | Pig1 (iv1) — Pi(yi)| + [wW(yie1) —w(yi)| = 0.

By Lemma 3.2.3, there exists a constant L such that for all i € N and for all x,y € X the Lipschitz like
estimate [@i(x) — ¢i(y)| < L||1(x —y)[ly holds. From [[t(yis1 —y)lI} < &M [1(yisr —i)lIf — O (cf.
3.1.18a) and ||1(F; — yi)||y — O (cf. (3.1.8)) we infer

D1 (Fi) — Pi(Fi)| = 91 (Fi) — ¢i ()|
<1 (Fi) — Giv1 Vi 1)+ i1 (vie1) — 0 (vi) |+ [9: (i) — 0i(F3)|
<Lt = yie) Iy + 191 v 1) — 0 (i) | + L[t (vi = 5i)[ly — 0.

Next, we show that ®;(§;) — J := f+ w(%). Since there are only model iterations from iteration iy
onward, there holds ¥ > p; for all i > iy. This gives

J=@1(5i)  Pi(5i) —Pivi (50)

0<l—F<l—p=1-2 2V 2ildi) = i
4 P J—@;(¥;) J —@;(3)

Due to ®;(§;) — ®;+1(5;) — 0 we find ®;(§;) — J as i — 0. As a next step we want to show that
®;(y;) — J. From 1(§; — y;) — 0 we deduce

i =3I < 112y LG =FlF =0 asi—eo.
Using a = 1(y; —¥;) and b = 1(X — §;) in the polarization identity (3.3.1) gives
(i = ®)IE = 1 = R)IF = i =51 = 2(0L(F=5), 1 (i = Fi))yey =0 asi— oo
Thus, (3.1.7) and ®;(5;) — J as i — o imply
D(yi) = Wiy) — 310 = DI — Wi 5) + Di(F) + 31 Fi— D5 =T asi—eo
Now we complete the proof. Using (3.1.22) implies y; — ¥ and y; — X in X by
0<Lllyi—5|} <T—®i(y)) =0 asi— oo (3.3.2)

Consequently, as e¢; := 1*Q1 (X —y;) — 0 € X* for i — oo, Theorem 3.2.4 yields the desired result 0 €
W (X) + Nz (%) + 1" G(1x). O

Recall that an iteration i € N is called proximity iteration if p; < v and p; > ¥, cf. Algorithm 3.1. To
proof convergence of the bundle method to 1n-G-stationary points, it is critical to consider the case
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when there exists an infinite subsequence . of proximity iterations for which it holds that 7; — oo
and x; — X as .# 2 i — oo. In this case, Corollary 3.2.6 yields that X is 1-G-stationary with N =
liminf; [|(Q; + TRy )1(x; — y;)||y+. As this statement is valid for any sequence .# which fulfills the
above properties and we are interested in the smallest possible stationarity radius 17, we proceed as
follows. Denote é; := (Q; + T;Ry )t(x; — y;), let X € X be fixed and define the set

&5 = {é € [0,00] : there exists a subsequence of iterations .# such that (3.3.3)
pi<Y7ﬁi>7afi_>°°7xi4i7”éi| o

y- — & as Jai—wxv}.
LEMMA 3.3.2. If & # 0 and B, is bounded, then X is inf &-G-stationary.

Proof. Let (Ny)nen C &% be a sequence such that 1), — inf&. From Corollary 3.2.6, we infer that %
is 1,-G-stationary for all n € N. Therefore there exist elements z, € By+(0,1,) with 1*z, € w/(¥) +
Nz (X)+1*G(1x). By the Banach-Alaoglu theorem we can switch to a weakly convergent subsequence
such that z, — z in Y*, where z € Y*. As the norm || - ||y~ is weakly lower semicontinuous, we get
l|z|ly+ < liminf, ||z, ||y~ = 1. Since w'(X) + Nz (X) +1*G(1%) is a closed set, also 1*z € w'(X) + Nz (X) +
1*G(1%), i.e., ¥ is n-G-stationary. 0

THEOREM 3.3.3 (Convergence of the bundle method). If the set 9B, is bounded, then any weak limit
point X of the sequence (x;);en of serious iterates of Algorithm 3.1 is N-G-stationary, where 1 := inf &%
if & # 0 and n = 0 otherwise.

Proof. Since the set %, is bounded, the Banach-Alaoglu theorem ensures the existence of a weak ac-
cumulation point of the sequence of serious iterates (x;);cn. Let X be an arbitrary weak accumulation
point. If there are only subproblem iterations from iteration iy onward, then Lemma 3.1.10 yields
that the serious iterate x;, is G-stationary. Since x; = x;, for all i > iy, the claim follows as obviously
x; — X = x;,. Now assume that there exists a subsequence of iterations which are not subproblem
iterations. By renumbering, we can assume without loss of generality that every iteration is not a sub-
problem iteration. We divide the proof into two cases (1) and 2) ) and two subcases each ( 1a), 1b), 2a),
2b)):

Case 1) First assume that from iteration iy onward every iteration is not successful, i.e., p; < 7 for all
i > ip. Then x; = x;, for all i > ip and we set X = x;,. We again consider two cases:

Case 1a) We assume that from iteration i > iy onward, there are only model iterations, i.e., p; < ¥ for
all i > io. In this case, & = 0, i.e., we have to prove that % is G-stationary. This is exactly the statement
of Lemma 3.3.1.

Case 1b) Now assume that Case 1) holds true but Case 1a) does not hold. Then there exist infinitely
many proximity iterations. Denote by .# C {i,ip+1,...} a subsequence of proximity iterations. Since
every iteration from iy onward is not successful, the proximity parameter 7; is never decreased. In each
proximity iteration i € .#, the proximity parameter is doubled. Therefore, 7; — o0 as .# 3 i — oo and
&% # 0. Thus, Corollary 3.2.6 implies that X is 7-G-stationary.

Case 2) We now assume that Case 1) does not hold, i.e., for every iteration i, there exists a successful
iteration j with j > i. Then there exists infinitely many successful iterations and we denote by i, € N

38



3. The bundle method

the n-th successful iteration for n € N. This means that p; > y and that the trial iterate §; becomes the
new serious iterate x; 1. The serious iterates are changed only in successful iterations. Therefore, we
can choose a subsequence of successful iterations such that x;, — X as n — oo (we keep the same index).
Since i, is not a subproblem iteration (i.e., ¥;, (3;,) < ¥, (xi,)), the definition of p; and (3.1.18a) yield

T =Ty > (@i, (i) — @i, (53,)) = V(i (x3,) — Wi, 5i) + 53— 23, 10 my) > B 10G — i) 13-

The Lipschitz continuity of the objective function J = f 4w on the bounded set .¥ implies that the set
{J¥ :xi € 7} CI(F)+Bx(0,A) is bounded. Since i, is a successful iteration, it holds JY | = J; . As
in+1 > ip+ 1 for all n € N, Lemma 3.1.8 yields that J,?EM) < JZ‘Z.H) 1= Jl,,- Consequently, for all N € N,
we find

diam{j;x:xley} Zj?f) Z l(}1+1 il Z ln ’;n % Z |l yln xln ||Y’

which shows that ||1(3;, —x;,) ||y — 0 asn — eo. Since x; — ¥ in X as i — oo and the operator 1 € Z(X,Y)
is compact, we conclude x;, — X, 1x;, — 1X, 13;, — tx and (3.1.8) gives ty; — tXin Y as n — oco. In the
following denote é;, := (Q;, + 7, Ry )1(xi, —yi,) € Y* as usual.

Case 2a) In the case that liminf, ||é;, ||y- = 0, Corollary 3.2.5 yields that % is 0-G-stationary. If & # 0,
then 11 = inf &% € [0, 0] and if & = 0, then n = 0. Therefore, n > 0. In particular, this shows that ¥ is
n-G-stationary.

Case 2b) We now assume that liminf,||é; ||y- > 0. We want to show that & # 0. To do so, we
construct a subsequence of proximity iterates ¢, such that x; = ¥ and 7; =+ as #, > j — o. As
liminf, ||&;,||y+ > 0, there exists a number € > 0 and an index ny € N such that ||é; ||y« > € > 0 for every
n > ng. By (3.1.17) it holds for every n > ng that

e<|é,

v < 1@, + T, Ry | 2(v v+

[t (i, —xi,)ly < (@+7,)[11 (i, —xi,)ly-

As 1(y;, —x;,) = 0in Y, we find 7;, — o as n — co. Now we conclude the proof. Choose nr € N such
that 7; > T for all n > ny. Denote by i the last successful iteration before iteration i,. Line 11 of
Algorithm 3.1 ensures that the first proximity parameter after a successful iteration is smaller or equal
to T, in particular 7;; 11 < T for all n € N. During an unsuccessful iteration, the proximity parameter
is either doubled or remains the same. As 7;:11 < T and 7;, > T, for all n > nr, there exists an index
Jn€{iy+1,... iy} such that 27;, = 7,41 = 7;,. This implies p;, > ¥and p;, < yforalln>nr,ie., j,
is a proximity iteration. Furthermore we have 7; = %Tin — o0 and x;, = x;, — X as n — oo. Therefore
&% # 0 and Corollary 3.2.6 implies that ¥ is 1-G-stationary. O

Remark 3.3.4. To obtain a meaningful stationarity statement from Theorem 3.3.3, we need to bound
the size of 7 = inf &%. This issue is addressed in the next section.

Remark 3.3.5. In practice, it is difficult to select appropriate cutting planes for aggregation. In order to
fulfill Assumption 3.1.5, in particular the assumption ¢;; > m for not successful iterations i, one needs
knowledge of the exact dual weights A,,, m € .#; of the aggregate cutting plane m;. However, to obtain
these weights, the exact value of g; = —1*(Q; + TRy )1(x; —y;) —w'(y;) —n} has to be computed, which
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basically requires to solve the bundle subproblem exactly. By checking the proof of Theorem 3.3.3,
we find that the assumption ¢, > m; is used only in Lemma 3.3.1. Careful inspection shows that this
condition can be weakened to ¢ 1(yi+1) > m!(yi+1). Note that the exact minimizer

Visl = arger}r(lin 9i1(3) +w() + 87 () + 31110 =) Gy

depends on ¢ which makes it difficult to select a model ¢;; that fulfills @1 (yiy1) > m] (yit1). As
a heuristic, one still can compute an approximate aggregate cutting plane 7/7; and exclude all cutting
planes m € .#; from the next model which fulfill m < m;. However, in this case one can not use the
convergence statement Theorem 3.3.3. To circumvent this difficulty, we always use the full model
which uses all computed bundle information by setting .#; = %;. Then Assumption 3.1.5 is always
true. In Chapter 4 we develop an algorithm which efficiently computes an approximation of the bundle
subproblem. This algorithm adaptively selects which cutting planes should be included into the model
and thus can be viewed as an automated aggregation strategy.

The case w = 0 and .% bounded

If the function w is set to zero (w = 0) and the feasible set .% is bounded in X, similar convergence
statements hold true. In this case, we cannot use (3.1.5) anymore and we have to work with (3.1.4).
Therefore, Lemma 3.1.9 has to be changed to

LEMMA 3.3.6. For arbitrary z € X, it holds %Hl(Z_yi)HZQ;-i-T;RY < Wi(z) = ¥i(yi)-
Combining Lemma 3.3.6 with (3.1.18a) yields

=3I} < 2=y, o, <¥i2)—Wily)  forallz€ X. (3.3.4)

Lemma 3.1.10 still holds true, but we have to argue differently to show x;, = y;,. We deduce from
Wi, (xi,) = Wi, (i) and (3.3.4) that 1x;, = 1y;, and the injectivity of 1 yields x;, = yj,. Since (3.1.5)
does not hold, (3.1.8) cannot be used to infer y; —x; — O strongly in X as i — co. However, since
% is bounded in X, also the set of minimizers of the bundle subproblem .7~ C .% and the set of trial
iterates {J; : i € N} C .Z are bounded which implies that both Lemmas 3.1.13 and 3.1.14 hold true.
The statement of Lemma 3.1.15 remains the same, but the proof has to be changed to

Proof. Since .7 is bounded, Assumption 3.1.1 implies that the sequence (|| ||y+)ic_ s is bounded. For
all i € .# sufficiently large such that 7; > g, (3.1.18b), (3.1.22) and (3.1.21) yield

(T =) I —x) 17 < 10 —x) 154 0my < Pilxi) — Pi(vi) < 1187 [ly= 11t (yi —x:) Iy

Due to 7; — oo, this shows that 1(y; —x;) = 0inY as _# 3i — oo, 0
Furthermore, Lemma 3.3.1 has to be changed to

LEMMA 3.3.7. Suppose that from iteration iy onward there are only model iterations. If %, is bounded,
then 13; — 1x;, in Y and x;, is G-stationary.

The proof of Lemma 3.3.7 is the same as the proof of Lemma 3.3.1 except that we do not need to show
that w(y;+1) —w(y;) — 0 and thus we do not need the p-strong convexity of w to show ||yi+1 —yi||x — 0
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as i — oo, Also (3.3.2) has to be changed to

0 < &l —x)lIy < I[0i —x0) G4 r, < —Pili) =0,
which follows from (3.1.22) and (3.1.18a). Combining (3.3.4) with (3.1.7) yields 1(; —x;) = 0inY as
i — co. With these changes, the proof for Theorem 3.3.3 is still valid with w = 0 and .# bounded in X.

3.4. Inexactness schemes

In this chapter, we turn on developing tangible estimates which imply 7-G-stationarity of any weak
limit point of Algorithm 3.1. First we consider the situation of [50, Thm. 5.5]. There, the following
exactness conditions on the function value and the trial iterate are employed for all i € N:

lt@i—yi)lly < Mljt(yi—x)|ly, M >0, (3.4.1)
0(Di(x;) — Di(yi)) < Pi(x;) — Pi(7i), 0<06<1, (3.4.2)
Fi—f3) < =) +éullv@ —x)lly, &1, — &, & >0. (3.4.3)

In successful iterations the new set of cutting planes .#; is chosen as the set containing only the exact-
ness plane, i.e., Ay := {mx'% e }. In unsuccessful iterations it is assumed that a subgradient

g; € Y'* can be computed which fulfills

g € G(13)), G=dcp+By(0,), A >0, (3.4.4)

dist(g;, dep(13;)) < &, &i—&,86>0, (3.4.5)

and the new set of cutting planes .#; is chosen as . := .#; U {mi;-, 7 Jv,g;}’ i.e., only the trial plane

is added to the set of cutting planes. The following lemma reproduces [50, Thm. 5.5] in a slightly more
general form.

LEMMA 3.4.1. Assume that the initial point xo € .F is such that the level set Fy:={x € .F : J(x) <
J(x0) +2A} is bounded in X. If p is approximately convex on 1.7, J; fulfills (3.4.1) and (3.4.2), f;
Sulfills (3.4.3), g; fulfills (3.4.4) and (3.4.5) and v; = J; for all i € N, then every weak limit point of the

sequence of serious iterates is (% (& + &) + Ay)-dc p-stationary.

Proof. First we show that the set of used bundle information, %, is bounded. Since the level set %
is bounded in X, Lemma 3.1.12 implies that the set of serious iterates . is bounded in X. Since all
subgradient base points are trial iterates, Lemma 3.1.14 shows that the set of bundle information %,
is bounded in X x R x X x Y*. Let X be a weak limit point of the sequence of serious iterates. By
Theorem 3.3.3, x is n-G-stationary, where n = inf & if & # 0 and 1) = 0 otherwise. By the definition
of M-G-stationarity, Definition 3.1.2, ¥ is n-G-stationary with G = dcp + By+(0,A;) if and only if x
is (N + Az)-dep-stationary. So, if & = 0, then 1 = 0 and we are done. Thus assume that & # 0,
i.e., that there exists € € &% and a subsequence of proximity iterates .# C N such that 7; — oo, x; — X
and ||é;|ly- — & as .# i — oo. We aim at bounding €. By definition of Q;, cf. (3.1.17), it holds
1Qill #(y,y+) < g and thus ||Q; + TiRy || #(y,y+) < T; + . Combining this with (3.1.18b) yields

7 +q |l (yi *xi)HzQ,-ﬂ,-Ry
Ti—q |ti—x)lly

éilly= = [1(Qi+ TRy )t (xi = yi) [y < (T +g)[l(vi —xi)[ly < (3.4.6)
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Furthermore, (3.1.4) and (3.4.2) give

(i = )15 aimy < Pilxi) — Pi(yi) < 07 (Pi(x;) — Pi(55)).- (3.4.7)
For every proximity iteration i € .#, lines 9 and 16 of Algorithm 3.1 yield

Ji—®1(5) ~ -
7 N + ~~ —FPi— iZ I £
() — @iy PP

i.e.,

D;(x;) — Bi(Fi) < T'iy (Ji—@i1(7) = ,717, (fi—9ir1(5)) - (3.4.8)
Since the trial plane
mi(,xi) = fi+ (Gt (- =)oy = i+ (@it = 30)) vy — fi)e — et —x) 7
is included into the model, i.e., ¢ 1 > m;(-,x;), we find
fi= 01 (50) < fi = mi(Gisxi) = [fi 4 (@it (i = 50wy — )4+ el G — x) |- (3.4.9)

Next we estimate the linearization error ey, := fl + (& 1(xi — 3i))yey — flx Since 4, is bounded,
Lemma 3.1.15, 1x; — tx and (3.4.1) imply ty; — 1 and 13; — 1X as .# 5i— 0. Let € > 0 be arbitrary.
Since p is approximately convex at tx € 1.%, [24, Thm. 2] implies that there exists a 6’ > 0 such that
for all § € By (1x,8’) and ¢ € dcp(¥) it holds that

P+ (&= P)yy — p(X) <€y —x|y for all & € By (¥,6") N By (1x,8).

Now choose ie' € N sufficiently large to ensure 1x; € By (1, %/) and 1§; € By (1%, %/) for all i > i,. This
is possible since both sequences (1x;);cn and (13;);en converge to 1X in Y. Denote by g; € dep(1¥;) an
exact subgradient such that ||g; — g;||y+ < &;. Setting X = 1x;, y = 13; and ¢ = g; and using f = pot,
we find for arbitrary i € .# that

F@) 4 (gir1(xi = 30)) vy — f(xi) = p(15i) + (gi, 1xi — 1) ysy — p(1x;) < €'[[1(Fi — xi)|ly-
Therefore, the linearization error ey, can be bounded by
eiin = fi+ (8, 1L(xi = 5i))yy —

< fG) + (g txi = 9i))yiy — f(xi) + 18 — &
< (e'+& i+ &)G—x)y-

LG —xi)lly + fi = f5i) = fi+ f (1)

Y*

Because [] is monotone, combining (3.4.1) and (3.4.9) with the last inequality gives

fi=01G) < letin]s + el Gi—x)IF < (&' + &1+ &+ cllL(Fi = x) [y) (M + D[ (v =) [y
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Consequently, (3.4.6)—(3.4.8) give forall i € .¥

T+ 1LOi = x) 1,4 o,

éilly+
Il < g =)y
t+q 1 fi— ¢ (%)
=g 0(7—v) Iti—x)lly
Ti+qg M+1
< - (' 4+& 4+ &+l —x; .
Ti—qG(Y Y)( ) i ”( z)HY)
Therefore,
Ti+qg M+1 , . N M+1 ., .
s—hm éilly- < lim e+€ i +&itc|iFi—x)|ly) = =——(€E 4+ +&).
e < tim T TS (e b el )l) = s )
As €' > 0 was arbitrary, we further deduce 11 = inf & < e(y y) (&1+&). 0

Remark 3.4.2. The approximate convexity of p is really only needed at the weak limit point X. But since
X is obviously not known before running the algorithm, we assume that p is approximately convex on
the whole of 1.%.

While the conditions (3.4.1)—(3.4.5) certainly lead to an implementable algorithm which guarantees
convergence to 1-dcp-stationary points, conditions (3.4.1) and (3.4.2) might be difficult to fulfill. In
both conditions the exact minimizer y; of the bundle subproblem appears. Since y; is not known exactly,
one needs to use the property that y; minimizes W¥; and use error estimates for this optimization problem
to guarantee that (3.4.1) and (3.4.2) are fulfilled. This was carried out in [50, Chap. 6]. However, in
our numerical experiments, this approach leads to premature refinement in order to fulfill (3.4.1) and
(3.4.2). To avoid this difficulty, we propose new inexactness schemes (Theorems 3.4.9 and 3.4.11)
which control the error ¥;(5;) — ¥;(y;) directly. First we need some additional lemmas.

LEMMA 3.4.3. Foralli € N it holds that ||y; — xi||y < He’“;*

Proof. By (3.1.17) and (3.1.18b), the bilinear form ((Q; + TiRy) -, )y+y is bounded and coercive with
parameter 7; — g, since it fulfills ((Q; + TiRy)v,v)y+y = HVHZQ’ vory > (Ti— g)|lv|[3. Consequently,
the Lax-Milgram theorem implies that the operator Q; + TRy € Z(Y,Y™*) is invertible and ||(Q; +
TRy ) | v+ y) < 1/(7i— g). Therefore, we conclude

11(5i —x)ly = [1(Qi+ TiRy) " (Qi + Ry )L (5i — xi) |l
< Qi+ TRy) v+ y) 1(Qi + TRy )1 (yi — ;)

Ti—q

Assumption 3.4.4. For any subsequence of proximity iterations .# C N with 7; — e as .# 5 i — oo there
exists a further subsequence .#’ C .# and numbers a,b > 0 and a;,b;,c;,d; € R, i € .¥', with a; — a,
b, —b,c;—0and d; — 0 as .#" i — o such that

‘P,-(x,-) —‘Pi(y,') < max {a,-”L'fl, biHyi _xiHY} +CiT,’71 +diHyi _xiHY foralli e jl.
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LEMMA 3.4.5. If the set B, is bounded and Assumption 3.4.4 holds true, then every weak limit point
of the sequence of serious iterates is max{\/2a,2b}-G-stationary in the sense of Definition 3.1.2.

Proof. Let ¥ € X be an arbitrary weak limit point of the sequence of serious iterates. As the set of
serious iterates is bounded, such a weak limit point exists. First consider the case that & = 0, where &5
is defined in (3.3.3), i.e.,

& = {& € [0,9] : there exists a subsequence of iterations .# such that
pi <V,pi 2 ¥,Ti —> 0,x; = X, ||él

y+ — € as fai—wo}.

Then Theorem 3.3.3 implies that & is 0-G-stationarity which yields max{+/2a, 2b}-G-stationarity. Now
consider the case that & # 0. Then Theorem 3.3.3 yields inf &% G-stationarity of X. In the rest of the
proof we show that inf& < max{v/2a,2b}. To do so, let & € & be arbitrary and let .# C N be a
subsequence of proximity iterates such that 7; — oo and ||e;||y+ — & as .# i — c. By definition of
Qi cf. (3.1.17), it holds || Qi[| #(yy+) < ¢ and thus [|Q; + TiRy || #(yy+) < T; +G. Combining this with
(3.1.18b) and Lemma 3.1.9 results in

_ T +)* Ti+q)°
%S(%+®WNw—mH§§(;_;Idw—mmém&SZ(;_;(%@J—wa)
1 1

1éi
Switching to a further subsequence .#" for which Assumption 3.4.4 holds, yields

512 (zi+9)* (Hq) } (n+q) | ,(u+a)’
é;l|y+ <2max —aj, i — Xi|lybi p +2———=c ,—1—27 i — xi||yd;,
e < 2max { D, B2 gy b2 GED gy 2O,y

and Lemma 3.4.3 gives

(ti+4)° 2
(i—q)* "'

cit+2

1 A)2 L 5)2
(Tl+q> X (Tl+q) 5. Y*bl}+2( +q) Y*d

a;, ——||é -_—
Ti(Ti_Q> l (Ti_Q)ZH l I(Tl_q)

Since 7; — o0 as ¥’ 3 i — oo, taking the limit to infinity leads to

&3 < 2max{

2. < 2max hm a;, hm ||€,||y* hm b p+2 hm ci+2€ hmd =2max{a, &b} .
i€y’ ey icy zeﬂ’ zeﬁ’ zei’

g2 = lim ||¢;
[—o0

In the case that a > €b, we get g2 < 2max {a,€b} = 2a, i.e., € < v/2a. In the case that a < €b, we get
&2 <2max {a®,Ea} = 2Eb, i.e., & < 2b. Therefore, inf & < & < max{v/2a,2b}. O

The last lemma shows that, if we can bound the quantity ¥;(x;) — ¥;(y;) according to Assumption 3.4.4,
then we immediately get a corresponding stationarity statement. If in each proximity iteration i € N the
cutting plane my, 7 , g( ,x;) with subgradient base point v € X and subgradient § € Y* is included into
the next model ¢ 1, then ¥;(x;) — ¥;(y;) can be bounded by the subproblem error ¥;(3;) — ¥;(y;), the
linearization error [f; + (g,1(x; — ;))y+y — f¥]+ and the downshift error c[|1(v —x;)||3.

LEMMA 3.4.6. Letv € X and g € Y™ be arbitrary. For every proximity iteration with index i € N with
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Gir1(-) = my, 7, o (-, x:), it holds

W) = Wilvi) < Wi3) = i) + 75 i+ (& 1 = 50))vey — 4 + 55110 =) 7
Proof. Let v € X and g € Y* be arbitrary and let i € N be the index of a proximity iteration with

$i+1(-) > my, 7, 5(+,x;). Then it holds that p; < y and p; > ¥, which gives 7— v < p; — p;. Using the
definitions of p; and p; in Algorithm 3.1 we obtain

Jf — CD,'()Z‘) < ﬁ (J: - q)i+1()7i)) .

Together with ¥;(x;) = J¥ and P, (§;) > @;(F;), we get

Wi(xi) — Wilyi) < JF = ®i(5) +¥i(5i) — Wi(yi) < T'iy (Ji = i1 (57)) + Wi(7i) — i)

By definition, the cutting plane it := my, 7, -(-,x;) is given by

() = fi+ (@it (- —3))yey — i+ (&1 = 5))voy — fi)4 —clliv—x)l[5-
From @iy (57) = @i1(5i) + w(Fi) = ii(5i) + w(5i), we deduce

Ji= @i (50) < fi =t (Gi) = [fi+ (8,106 = 5))ysy — Fils +cllt(v —x)|[3-

Combining all this yields

Wi(xi) —Wi(yi) <) — i) + 55 i+ (@ 1 =)y — Fle + 55t =% D

12,, we employ the following results.

In order to estimate the downshift error c|[1(v — x;)|

LEMMA 3.4.7. Assume that there exists a subsequence of iterates ¢ C N such that 1(y; —x;) — 0 in
Yas 7 3i— oo If S is bounded in X, then ||1(y; — xi)||oi+wry — 0 and ||1(Fi — X;)||g;+5ry — 0 as
I Di— oo,

Proof. Recall that the exactness plane m; is defined via
mi () 1= my g (x0) = f (81— X))y

By Assumption 3.1.5, in any iteration i, the exactness plane is included into the model, i.e., nm; < ¢;.
Therefore,

= ®i(yi) = fi = 0i(yi) < FF—mi(yi) = (& 1(xi —yi))yev-

As 1(yi—x;)) > 0in Y and (g})eny C G(1.¥) is bounded in Y*, we find (g}, 1(x; —yi))y-y — 0. From
Di(vi) + 51113 = x0) 13,1 5p, = i) < Wilx) = J we get

MG =x)Gy4ry <7 —@il0i) < (&1 (6 =)y =0,
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3. The bundle method

ie., [t(yi—xi)|lo+5ry — 0. From Lemma 3.1.9 and (3.1.7) we infer

G =315 ary < Wi(Fi) — Wi(yi) =0,

which yields Hl(yl _xi)||Q[+TiRY < Hl()N’l _yi)"Qi+TiRY + Hl()’i _xi)HQz-l-TiRY — 0. O

COROLLARY 3.4.8. Assume that there exists a subsequence of iterates ¢ C N such that T, — o as
J 3i— oo If & is bounded in X, then T||1(y; —x;)||3 — 0 and t|[1(Fi —x;)||3 = 0 as & > i— oo,

Proof. By Lemma 3.1.15 it holds 1(y; —x;) = 0inY as _# > i — co. Thus, Lemma 3.4.7 yields that
lt(vi —xi)|l@i+wry — O and |[1(Fi — xi)|| 0i+ry — 0 as & 20— oo, For all i € .7 sufficiently large, it
holds 7; > 2g. Consequently, (3.1.18b) gives

y < (=i =) <G —x)[grer, =0 as I Di—seo,
My < (=)@ —x)ly < 1@ —x)psar, =0 asF i o, o

Now we are able to prove the convergence statement for general Lipschitz continuous functions.

THEOREM 3.4.9. Assume that the initial point xo € % is such that the level set Fy = {x € .7 : J(x) <
J(x0) +2A} is bounded in X. Let M, > 0, & > 0 and B > 0 be constants and let (;);en C [0,00) and
(Bi)ien C [0,00) be forcing sequences with o; — o and ; — B as i — co. Assume that in every iteration
of the bundle method a trial iterate can be computed which fulfills

Y (5) - i) < o4 (3.4.10)

and that in every unsuccessful iteration a tuple (i, f;,vi,8;) € PBa of bundle information can be com-
puted which fulfills the conditions

lt(vi=9)lly < Mll1(Fi —xi)|ly, (3.4.11)
[fi+ (@it (i = 5))yy — file < By (3.4.12)

Assume that the cutting plane my, ;. éi( -, x;) is included into the new model §; .1 whenever iteration i
was not successful and assume that the set of subgradient base points ¥ is bounded. Then every weak

limit point of the sequence of serious iterates is N-G-stationary in the sense of Definition 3.1.2 with
n:=v2/a+B/(7-7).

Proof. First we show that the set of used bundle information, 4, is bounded. Since the level set
Z is bounded in X, Lemma 3.1.12 implies that the set of serious iterates .# is bounded in X. Thus,
Lemma 3.1.14 shows that the set of bundle information %, is bounded in X x R x X x Y*. In order
to apply Lemma 3.4.5, we need to check if Assumption 3.4.4 is fulfilled. To do so, let .# C N be
an arbitrary subsequence of proximity iterations with 7; — o as .# 3 i — oo. Since the cutting plane
ms, 7 ,ﬁi,ﬁi( -,x;) is included into the new model ¢, Lemma 3.4.6 implies that

W) — i) < i) — i) + 55 i+ (8t = 5i))vay — Fils + 35 100 —x) 17
Using (3.4.11), we estimate

L0 —x) |ly < (1@ =)y + LG —x)lly < My +1)[[t(Fi —x:) ||y
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Combining this with (3.4.10) and (3.4.12) yields

1

~ z ~ ~ x C(MV+ 1)2 = 2
\Hﬁo_q%%)Sq%%%JH@0+?:;U}¥@h“ﬂ_ﬁ»ﬁY_f”++‘47:44MNW_MHH
B c(M,+1)? . _
< <a,~+ P S -l ) 5
Consequently, Assumption 3.4.4 is fulfilled with
; M, +1)?
a; .= o;+ ~Bl +C( ~v ) ’L’,-\|l()7,~—x,-)||12/, b;:=0, ¢;:=0 and d;:=0.

Y= Y=

Corollary 3.4.8 implies that 7;||1(5; —x;)||? — 0 as .# > i — oo. Therefore, the sequence (a;);c.» con-
vergestoa:= o+ fB/(¥—7y) as & 3 i — o0 and Lemma 3.4.5 implies that every weak limit point of
the sequence of serious iterates is v/2a-G-stationary in the sense of Definition 3.1.2. 0

In the previous theorem it is assumed that in every unsuccessful iteration a tuple (¥;, f;,vi,&:) € %
of bundle information can be computed which fulfills (3.4.11) and (3.4.12). While it is easy to check
if each condition is satisfied, in general it is not clear how to find a subgradient g; which fulfills the
linearization condition (3.4.12). If the objective function p has additional regularity properties, we can
guarantee that any choice of g; € G(1;) leads to convergence of the bundle method. We generalize the
concept of &-convexity, cf. Section 2.2.3.

DEFINITION 3.4.10. A function p : Y — RUeo is called €-G-convex at v € Y if there exists a > 0
such that for all v € By (v,8) and s € By (0,8) which fulfill v+ s € By (v, 8) it holds

P+ (& sy —pv+s) <ellslly  YeeGv).

Note that every €-convex function in the sense of Definition 2.2.9 is €-dc-convex (cf. Lemma 2.2.10).
Furthermore, by Theorem 2.2.12, a locally Lipschitz function f : Y — R U is approximately convex
at v € Y (cf. Definition 2.2.11) if and only if f is €-dc-convex at v for all € > 0.

THEOREM 3.4.11. Assume that the initial point xo € .F is such that the level set % :={x € . : J(x) <
J(x0) 4+ 2A} is bounded in X. Let & > 0 be a constant and let (04);en C [0,00) and (€ ;)ien C [0,00)
be forcing sequences with a; — 0 and & ; — € as i — oo. Assume that in every iteration of the bundle
method a trial iterate can be computed which fulfills

Pi(5i) — Wilyi) < 047, (3.4.13)

and that in every unsuccessful iteration a tuple (3;, f;,vi, &) € B, of bundle information can be com-
puted which fulfills the condition

[fi—= fG) + £ (x) = fi < &illi@i—x)|ly- (3.4.14)

Assume that the cutting plane m7f,.ﬁ,y“f,§i('7xi) with 8; € G(1¥;) is included into the new model §;
whenever iteration i is not successful and assume the set of all subgradient base points V¥ is bounded.
If p is &-G-convex on 1.%, & > 0, then every weak limit point of the sequence of serious iterates is

N-G-stationary in the sense of Definition 3.1.2 with 1 := )737(&1 +&).
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Proof. First we show that the set of used bundle information, %, is bounded. Since the level set .%
is bounded in X, Lemma 3.1.12 implies that the set of serious iterates . is bounded in X. Therefore,
Lemma 3.1.14 shows that the set of bundle information 4, is bounded in X x R x X x Y*.

In order to apply Lemma 3.4.5, we need to check if Assumption 3.4.4 is fulfilled. To do so, let ¥ C N
be an arbitrary subsequence of proximity iterations with 7; — cc as .# > i — oo, Let X € X be a weak
accumulation point of the bounded sequence (x;);c.» and choose a subsequence .#’ C .# such that
x; —~xXas ' >i— oco. Since p is &-G-convex at 1X € 1.7, there exists a 6 > 0 such that for all
x,¥ € By (1x,8) and all g € G(1§) it holds

fF)+ (gt =9))yey = f(x) = p(17) + (g, 1x = 1F)y+y — p(1x) < &[T —x)]y-

By x; =~ X as .#' i — o and since 1 € £ (X,Y) is a compact operator, Lemma 3.1.15 implies that
1x; — txand 13; — 1Xin Y as .#’ 5 i — 0. Choose a subsequence .#" C .#’ such that 1x;,13; € By (1%, 8)
forall i € .#"”. From g; € G(13;) and the &-G-convexity of p at 1.x € 1.%, we obtain

FO) + @it (i —=9))yay — f(0) < &1 —x)lly  forallie s
Because [-]+ is monotone and [a + b1 < [a]+ + [b]+ for all a,b € R, we infer using (3.4.14) that
i+ (Gt =)y = Fil+ SUFGD) + (@it (x = F)yay — fO)] + [fi = £ i) + () = fil+
< (&t &) i —xi)lly-
By (3.1.18b) and Lemma 3.1.9 we get
(=5 —yill§ < i —yi||2Qi+f,.Ry <Wi(3) - Pilvi) < oty
and abbreviating ¢/ := (& ; + &) (2047)"/?(1; — )~ '/? yields

0 0 0 o 20 o o 2047 /-1
i+ &) i —yilly < (81 +&) e (&1 +&) g4 o

We note that ¢ — 0 as .#” 5 i — co. Combing the above results gives

i+ (@it (i = 5) vy — [+ < Erit+ &) (110 —x)lly + 1@ — yi)lly)
< &+ &)ty —x)|ly +eig

Since the cutting plane my, 7 5 ﬁf( -,x;) is included into the new model ¢, Lemma 3.4.6 implies

Wi() — Pi(i) < Wi() — i) + 5 i+ (G 0 =) vy — i+ + 55 110G —x) |7

for all i € .#". Combining this with (3.4.13) yields

&i+é& c c . 2) o
Wi(x) —Wilyi) < ———l1(yi —xi +<Oti+ 1|15 —x; T
(xi) —Wi(vi) 77 11 (yi —xi)lly Ty (i —xi) Iy

Corollary 3.4.8 implies that 7;||1(§; —x;)||? — 0 as .#’ > i — . Consequently, Assumption 3.4.4 is
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fulfilled with the subsequence .#",

& i+ & !
:1~¢7+2’ CiIZOCi+~Cl +~C i@ —x)|ly and di:=0.
Y—7 Y—=v Y=Y

a; .= 0, b,‘ .

As the sequence (b;);c.sn converges to b := (& +&)/(¥—7y) as #” i — oo, Lemma 3.4.5 implies
that every weak limit point of the sequence of serious iterates is 2b-G-stationary in the sense of Defini-
tion 3.1.2. O

Applying Theorem 3.4.11 to the setting of Lemma 3.4.1 yields the following result.

COROLLARY 3.4.12. Assume that the initial point xo € % is such that the level set % = {x € F :
J(x) < J(x0) +2A} is bounded in X. Let the multifunction G : Y = Y* be defined via G := dcp +
By+(0,A;), where Ay > 0. Assume that in every iteration of the bundle method a trial iterate can be
computed which fulfills

Yi(5;) — Wilyi) < o4 !, o — 0 (3.4.15)

and that in every unsuccessful iteration a tuple (i, f;,vi, ;) € B of bundle information can be com-
puted which fulfills the conditions

[fi = fGi) + f () = fi] < éilliGi—x)lly, &1 — &, & >0, (3.4.16)
diSt(gi,acp(lfI,‘)) < <2327,', él,i — é‘g, éz > 0. (3.4.17)

Assume that the cutting plane myg, 7 gi( -,X;) is included into the new model ¢;| whenever iteration i

v

is not successful and assume that the set of subgradient base points V' is bounded. If p is approximately

convex on 1.7, then every weak limit point of the sequence of serious iterates is N-dc p-stationary in

the sense of Definition 3.1.2 with 1) := T/Ey(él + &)+ Ao

Proof. Assume that p is approximately convex on 1.%, let ¥ be any weak limit point of the sequence of
serious iterates and let € > 0 be arbitrary. Then, p is €-dc-convex on 1.%. Consequently, p is (€ + Az)-
G-convex on 1.% and Theorem 3.4.11 shows that ¥ is sz(él + Ay + €)-G-stationary. However, using
(3.4.17) and that p is €-dc-convex on 1.7, a slight modification of Theorem 3.4.11 shows that ¥ is

7:,(51 + & + €)-G-stationary, i.e.,

0 € W& +Nz(X) +1"(G1x) + By (0,52 (8 + & +¢€)))

Y-y
'(¥) + Nz (%) + 1" (dcp(1X) 4 By- (0, %,(5‘1 +&+€)+A)).

Since this holds for all € > 0, the norm || - ||y- is weakly lower semicontinuous, and w'(x) + N (X) +
2

1*dep(1%) is a closed set, we find that ¥ is 1-dc-stationary with n = 777(5‘1 + &) + A, (cf. the proof of
Lemma 3.3.2 for details). O

Comparing Corollary 3.4.12 to Lemma 3.4.1 shows that the conditions (3.4.1) and (3.4.2) were replaced
by (3.4.15). Using error estimates for the solution of the obstacle problem (cf. Chapter 4), the condition
(3.4.15) can be enforced straightforwardly. In this sense, Corollary 3.4.12 is an improvement over
Lemma 3.4.1 and [50, Thm. 5.5].
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3.5. Practical implementation

The bundle method Algorithm 3.1 is quite abstract and thus provides a lot of flexibility, for example in
the choice of the cutting plane model, the function value approximation, the trial iterate and the prox-
imity parameter. In this section, we aim at developing a concrete version of the bundle method which
can directly be implemented. This version of the bundle method should work both for approximately
convex objective functions and, if a sufficiently steep subgradient-based linearization is provided, for
general locally Lipschitz objective functions. Therefore, we need to construct function value approx-
imations and subgradients which fulfill both the error bounds in Theorem 3.4.9 and Corollary 3.4.12.
In order to do so, we assume that there are three computable oracles available, namely a function value
oracle, a subgradient oracle and a trial iterate oracle.

3.5.1. The function value oracle

This section regards the question on how to choose the function value approximation f; which can
be used to find a tuple (¥, fi,vi,gi) € A, of bundle information which fulfills (3.4.12) and (3.4.16).
Assume that we have access to a computable oracle Oy : X x (0, 1] — R and a computable error bound
& : X x (0,1] — (0,0) such that

|f(x) —Of(x,h)| < &p(x,h) and &r(x,h) - 0ash—0. (3.5.1)
If one simply chooses f; := O¢(¥i, h;) for a given accuracy level 4;, then one might run into trouble. It

might happen that f¥ = O¢(x;,h}) = f(x;) — &¢(x;, i) while f; = Of($i,hi) = f(5i) + & (5i, 1) In this
case, the exactness condition (3.4.12),

i+ (@it (i —9))yey — fils < Bim! (3.4.12)
might not be satisfiable, even if £(5;) < f(x;), & = 0 and &(;, ;) = 0. Indeed, assume that f; = £ (),

fix = f(xi) — éf(xi,hf), gi=0, éf-(xi,hf) > ﬁ,‘l’ifl and 0 < f(xi) —f(~,') < éf(xi,hf) — ﬁi’l:ifl. In this
case, it holds

i+ (it = 90))vey — e = FGi) — £(x) + & (i, 1Y) > B

To circumvent this issue, we aim at choosing f; such that f; > £(3;) for all i € N. To do so, we choose
an appropriate accuracy level h; € (0,00), a lift term [; > &¢(¥;, h;) and set

fi =05 (Fi,hi) +1;.
This implies that f; is an upper approximation of the exact function value f(¥;), i.e.,
FGi) <|fFi) — O (i, hi) | + Of (i, i) < Of(Fiy i) +1i = fi ~ forallieN. (3.5.2)
In particular, this gives f(x;) < f¥ for all i € N and

fi—f3) = FF+ f(xa) <0G b)) +1i— £ < i+ 8 (i, i) <2 forallie N.  (3.5.3)
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Therefore, if the linearization error [f(¥;) + (&i,1(xi —¥i))y-y — f(xi)]+ and the lift term /; are suffi-
ciently small, then the estimate

i+ (@it (i = 50))yey — fi S UFG0) + (@it (i = 50))vay — f()]+ + Ui = F50) = FF 4 £ ()] +

shows that the exactness condition (3.4.12) is fulfilled. Also, if 2/; < &; ;||1(J; —x;)||y, then (3.4.16) is
fulfilled. In many applications, the term ||¢(§; — x;)||y cannot be computed exactly, e.g., if X = L*(Q)
and Y = H~1(Q), cf. Chapter 5. We thus assume that we have access to a computable oracle Oy
X\ {0} x (0,1] — (0,0) and that there exists a (possibly unknown) constant C|.|, > 0 such that for a
point x € X \ {0} and an accuracy level % it holds

0 <Gy Q) (k) < [lrxly- (3.5.4)
Now, if we require that ; < & ;0 (¥ —x;), then we can guarantee
[fi—F ) =+ fx)]y <24 < 2810, i —xi) < 2C”f|1‘yél,,-Hlx||y for all i € N.

Next, we address the question on how to choose the lift term /;. Simply using /; := &;(3;,h;) yields a
new issue. Assume that the error bound &¢(x, /) depends on the point x, i.e., that the function &(-,A;)
is not constant. Then the approximate function values f; = O¢(Fi, hi) + 1 = O (Fi, hi) + & (§i, hi) can
be interpreted as approximations of the function value of the function f(-) + &¢(-,k;) at the point J;.
Furthermore, the subgradients g; € G(1y;) are an approximation of the subgradients of f. Thus, the
algorithm works with approximate function values of the function f(-) 4+ &(-,k;) and with approxi-
mate subgradients of the function f. While the choice f; = Of(i,h;) + &¢(Fi, hi) is covered by the
convergence theory, our numerical results suggest that this leads to a slow progress of the algorithm.
Instead of choosing /; = &¢(¥;,h;), we use the same lift term /; for all trial iterates with &(3;,h;) < I;.
If a trial iterate §; is encountered with &¢(3;,h;) > [;, we decrease h; until &(3;,h;) < I; is fulfilled.
Whenever a better approximation of the function value is needed, the lift term /; is reduced (which
eventually leads to a decrease of /; to fulfill &¢(§;, ;) < [;). With this strategy, the approximate function
values f; are approximations of f(-) 4+ I; with ; constant. As the functions f(-) +1/; and f(-) have the
same subgradients, the function value approximation f; = O ¢(Fi,hi) + 1; and the approximate subgra-
dients g; € G(1-) fit together nicely. Our numerical experiments suggest that, while both approaches
fi = 04 (Fi,hi) + &¢(Fi, i) and fi := Of(Fi, h;) +I; converge, the latter approach works better. In Algo-
rithm 3.2 we present the discussed strategy to compute f; :== O ¢ (Fir hi) + 1.

Algorithm 3.2: Function value approximation [( f, /) :=FunctionValue(§,h,1)]

Parameters : Function value oracle Oy : X x (0, 1] — Y* with error bound &; : X x (0,1] — (0,00)
Input : Trial iterate ¥, current accuracy level i and desired lift term /.
Output : Function value approximation f and new accuracy level /.

1 while &¢(y,h) > [ do

2 | Seth:=h/2.

3 end

4 Return f:= Of(¥,h) +1 and h := h.
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3. The bundle method

3.5.2. The subgradient oracle

The goal of this section is to construct a way of computing a tuple (3;, f;, vi, &;) € %, of bundle informa-
tion which fulfills (3.4.12). In many practical applications, one only has access to a subgradient oracle
O, : X x (0,1] — Y* such that for any subgradient base point v € X and accuracy level & a subgradient
&i = Og4(v,h) can be computed which fulfills g; € G(1v;). However, for general locally Lipschitz func-
tions, it is not sufficient to find a tuple (5;, fi,v,-, 8i) € A, which fulfills (3.4.12). Indeed, consider the
one dimensional case X =Y := R with exact function value approximations f; := f(;) and f* := f(x;),
Vi :=0,x;:=1, B,-‘c,-*l < 1 and p equals to the lightning function L : R — R ( see, e.g., [73, Ex. BE.O]).
The lightning function L is Lipschitz with constant 1, fulfills L(0) = L(1) = 0 and enjoys the property
dcL(t) = [—1,1] for all r € R. In this case, for any ¢ € R, the oracle might produce the subgradient
gi =1 € dcL(t) which leads to

i+ (i1 (xi— 90))vey — fle =L(0)+ (1,1 (1= 0))gsr — L(1) = 1 > By . (3.5.5)

This shows that condition (3.4.12) cannot be fulfilled for any choice of subgradient base point ¢ € R.
However, in this example, if the subgradient oracle returns a subgradient in the interval [—1, 87,1,
then every subgradient base point ¢ € R can be used to find a tuple (¥;, i, vi,&;) € %, which fulfills
(3.4.12). In the general case, we have the following statement.

LEMMA 3.5.1. For every € > 0 there exists a set D C [0, 1] with positive Lebesgue measure such that
forallt € D there exists a subgradient §; € dp(1(tx; + (1 —1)3;)) which fulfills

Fi) + (&, t(xi = 9i))ysy — f(x) < €.

Proof. Let € > 0 be arbitrary. Define the locally Lipschitz continuous function r: R — R via r(t) :=
p(1(t5i + (1 —1)x;)). By [93, Cor. 2.2], there exists a set D C [0, 1] with positive Lebesgue measure
such that, for each ¢ € D, r/(t) exists and r(1) — r/(¢r) — r(0) < €. From [21, Prop. 2.2.2] and [21,
Thm. 2.3.10], we obtain for all 7 € D

r'(t) € der(t) C{(g:1(5i —xi))y+y : 8 € dep(L(tyi+ (1 —1)x;))}-
This shows that there exists a subgradient g; € dp(1(¢x; + (1 —1)3;)) which fulfills
FO)+ (Gt = 5i))ysy — f(xr) = r(1) = (1) = r(0) < &. 0

In general, it is not clear how to find a subgradient which fulfills (3.4.12). Therefore, we use Algo-
rithm 3.3 as a heuristic to search for a suitable subgradient. Note that we cannot guarantee that Algo-
rithm 3.3 actually returns a subgradient which fulfills (3.4.12). However, we motivate Algorithm 3.3
by the fact that

[fi+ (it (i = 30))vey — Fils <[Op (i i) — L+ (8iy 1 (xi = 5i)) vy — Fi]4 + 21,
i.e., we search for a new subgradient whenever the computed linearization error

€comp = [Of(yiahi) — i+ <gi7 l(xi _yi)>Y*§Y _fix]Jr
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is larger than the computed lifting error 2/;. In the case that the computed linearization error should be
reduced, we choose a new subgradient base point within the interval [L, R] C [x;,¥;] which is constructed
in such a way that t — f(x; +(J; —x;)) can be expected to be flat in [L,R]. Note that, by (3.5.2), the
computed linearization error ecomp always fulfills

ecomp = [O5(Fis hi) — li+ (G, 1 (xi — 30) vy — Fifls < [F (i) + (8 1 (xi = 3))yy — f(x0)] ¢

and thus Lemma 3.5.1 is applicable.

Algorithm 3.3: Subgradient search [(g, 9,3, f,h,]) := Subgradient(e,h,)]

Parameters : Subgradient oracle O, : X x (0,1] — Y™, function value oracle Of : X x (0,1] = R,
trial iterate ¥, serious iterate x, approximation of the function value at the serious
iterate £, number of iterations n; € N,

Input : Desired error tolerance e, current accuracy level 4 and lift term /.

Output : Subgradient ¢ at ¥;, subgradient base point v, subgradient g, function value
approximation f, new lift term [ and new accuracy level h.

Initialization: Set M := 5y, L:=x,R := 7§, f := f*, fr := O4(5,h). Compute (f,h) :=
FunctionValue(y,/,h) and § = O,(¥,h). Set § :=§.

for j=1,...,n;do

if [f+(8,1(x—9))yiy — []+ <ethen

| return g, 9:=M, g, f, 1 and h.
end

if [Of(f),h) —I+ <gAa l(x _)7)>Y*7Y _f'xh_ < 2l then
Set [ :=[/2 and compute (f,h) := FunctionValue(¥,1,h).
Continue to the next iteration.
else
Set M := (L+R)/2, compute fi := O¢(M,h) and g := O4(M).
if fL— fu < fu— fr then
‘ SetR:=M and fg := fu.
else
‘ Set L:=M and f; := fuy.
end

end

end
return g, v :=M, g, f, [ and h.

3.5.3. The trial iterate oracle

To execute the bundle method, we need to compute an approximate solution of the bundle subproblem,
i.e., a trial iterate. We postpone the task of developing a practical algorithm to compute such a trial
iterate to Chapter 4. For now, we assume that we have access to a computable oracle Oy : (0,00)2 —
X x (0,00) such that, for a desired accuracy € > 0 and at a given accuracy level A, the oracle returns an
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3. The bundle method

approximate solution § and a new accuracy level i1 < h via (,h) = Oz (&, h), such that

Y(¥) < ¥(x) and P(y) < I;él)r{l‘y(y) +Cye, (3.5.6)
where the constant Cy > 0 does not depend on ¥, § and & and does not have to be known. Note that
the oracle is allowed to increase the accuracy level. The additional flexibility gained by introducing the
unknown constant Cy will be useful later on. As an illustrative example, if the evaluation of Oy (€, h)
involves solving a PDE, FEM error estimates can be employed. These FEM error estimates often have
the form |ju — MhHHOl @) < Ch*[|fll2(q), where u € H} (Q) is the solution to the PDE on the domain Q

with right hand side f € L>(Q), u" is an approximation of u, & > 0 is a known constant and C > 0 is
a constant which only depends on problem data (such as ) and the construction of the approximation
u” but not on " itself. Often, the constant C is not known and it is very difficult to compute a suitable
estimate of C. In this case, we can include C into C; and we do not have to know C at all.

3.5.4. Practical algorithm

At the end of a successful iteration of Algorithm 3.1, one is allowed to choose the new proximity
parameter 7,4 arbitrarily in the interval [g;; + &,T]. Our numerical experiments suggest that if the
ratio p; of computed reduction J* — J; to predicted reduction ®;(x;) — ®;(§;) is large, then it is beneficial
to decrease the value of the proximity parameter. We thus introduce a threshold " € (7, 1) and use
Tit1 =Py &1 (37) if p; > T and 734 = Py, +&1)(%) if p; <T. Furthermore, let (v;y)ieN C (0,00),
(VIiM) ;e C (0,00) and (vlf )ien C (0,0) be forcing sequences with the property that for any subsequence

& C Nwith 7, — o as . 3 i — oo it holds

v =0, it 50  and v/ 0 as . S i—»oo. (3.5.7)

1

Now we are able to present the practical algorithm, Algorithm 3.4. In order to present a conver-
gence theorem for Algorithm 3.4, we use the following nomenclature. Denote by (g,7, g, f Jhl) =
Subgradient(e,h,l) the output of Algorithm 3.3. We call the subgradient ¢ valid, if

[f+ (g1 (x =)y — 1y <e.

THEOREM 3.5.2. Let the initial point xo € .F be such that the level set {x € X : J(x) <J(xo) +2A} is
bounded in X and assume that one of the following holds true:

» Algorithm 3.3 always returns a valid subgradient.
e G:=dcp+By(0,A;), Ay >0, dist(g;, dcp(15;)) — 0 and p is approximately convex.

Then every weak limit point of the sequence of serious iterates produced by Algorithm 3.4 is G-
stationary in the sense of Definition 3.1.2.

Proof. First note that every trial iterate 3; fulfills ¥;(5;) — ¥;(y;) < ¥(§) < Gyv;*. Defining o :=
Gy vl-\y 7;, we find that (3.4.10) and (3.4.15) are fulfilled and it holds o; — 0 =: &. From Algorithm 3.3,
one easily sees that v; is contained in the line segment [x;, J;|. Setting M,, = 1 shows that (3.4.11) is ful-
filled. In successful iterations, only the subgradient base point x;;; is added. In unsuccessful iterations,
two subgradient base points, §; and v; € [x;,;], are added. Since . C .# is bounded, Lemma 3.1.14
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3. The bundle method

Algorithm 3.4: Inexact bundle method for optimal control problems

Parameters : 0 < }/< 7<1,y<T'<1,0<g<g+& <T. Forcing sequences (vl-lp),-eN, (Vi) ien
and (V; ),GN fulfilling (3.5.7). Oracles Oy, Og, O3, O, -
Initialization: Choose a start iterate xo € .7 N, an initial lift term y and set hy = 1. Compute
f& = 0y(x0,ho) and & = Og(x0,ho). Set J3 = f& +w(xo) and choose a symmetric
operator Qg € Z(Y,Y*) and go < g satisfying (3.1.17). Choose Ty € [go+ &, T] and set
B = {(x0. f§, %0, 85) } and Ao = {m{}.
1 fori=0,1,...do
2 Set ®; = max{m:m € M} +w+ 87 and ¥; = D; + % ||1(- _xi)Hém,-Ry'

3 Trial iterate generation. Compute a new trial iterate and accuracy level via (3;, ;) := O;(VEP Jhi).
4 Function value refinement. Choose a new lift term /; € (0, max{Z;, v; OH e (¥; —xi) }], compute a
new function value and accuracy level via (f;, ;) := FunctionValue(§,;,[;) and set
Ji = fi+w@).
5 Acceptance test. Set T —Ji
pi= @;(x;) — @;(¥i)

6 if p; > 7y then (successful iteration)

7 Set x;j11 := i, fij = fi, J:"H :=Ji, hiy1 := h;, li11 = [; and compute an exactness subgradient
&1 1 = Og(xiy1,hit1). Choose a symmetric operator Q;y1 € (Y, Y*) with curvature bound
gi+1 < g satisfying (3.1.17). Set the proximity parameter to

Tl = {P[(Ii+1+§.,T](Ti) pi < I
P[611+1+€,T](%Ti> pi>T

and set the bundle information to %1 = {(xiy1, ff‘H Xir1,87.1)}- Use
Mivr ={m; 7, (. xi) : (F,f,v,§) € $iy1} and continue to the next iteration.

8 else

9 | Setxi=wx;, ffy = f5 8 =80 J5 = TE Qi1 = Qi giv1 i= i

10 end

1 Update local model. Compute (g;,v;, i, ﬁ,h,, I):= Subgradlent( 0l ). Set the bundle
information to %, 1 := B; U{(3i, fi, i, &), (y,,f,,vl,gl)}. Set hiyy :=h}, livy =1,

Mivri={mg 7, (%) (3, f,v,8) € Bir1},and @iy :=max{m:m € M1} +w+ 8.

12 Update proximity parameter.

J:J'Y <I>,+1(y,)

2t; if p; > ¥ (proximity iteration)
q)t(xt)_q) (YI) .

Set p; =
pi T;  if p; < ¥ (model iteration)

and update 74| = {

13 end

shows that the set of trial iterates % = {§; : i € N} is bounded in X. Thus, the set of subgradient base
points ¥ C co(.¥ U¥/) is bounded and Lemma 3.1.14 yields the boundedness of the set of bundle
information %,,.

Now assume that Algorithm 3.3 always returns a valid subgradient, i.e., assume that in every unsuc-
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cessful iteration Algorithm 3.3 returns a tuple (g;,vi, g:, fi, !, I/) such that

1771
i+ (@i 1 (i = 50)) vy — f]y < vin

Defining f; := v}inr,- shows that f; fulfills (3.4.12) and it holds f5; — 0 =: . Since the cutting plane
ms oo, gi("xi) is included into the new model ¢;;; whenever iteration i was not successful, Theo-
rem 3.4.9 shows that every weak limit point of the sequence of serious iterates produced by Algo-
rithm 3.4 is 11-G-stationary with n = 0.

Finally assume that G := dcp + By+(0,A2), Ay > 0, dist(g;,dcp(15;)) — 0 and p is approximately
convex. By (3.5.3), we find

[Fi—= FO0) =+ F)le <20 < v/ 0y, (i —x) < VI Cp | IGi—x)ly-

Since & ; := vi-f C;l =0, (3.4.16) is fulfilled with & := 0. Therefore, Corollary 3.4.12 shows that

I
every weak limit poiynt of the sequence of serious iterates produced by Algorithm 3.4 is G-stationary. [
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4. The bundle subproblem

The goal of this chapter is to provide an efficient procedure to compute an approximate solution y;
of the subroblem of iteration i of the bundle method and to develop corresponding error estimates.
In particular, we are interested in upper bounds on the quantity W¥;(§;) — minycx W;(y) to construct
an oracle which fulfills (3.5.6). In this chapter, the iteration number i is always the same. Thus, we
suppress the index i.

4.1. Automated aggregation
The bundle subproblem (3.1.2) has the form

min'¥(y) := max{m(y) : m € .4} +w(y) + 07 (y) + 3t —xst) g cr, - 4.1.1)
Here, xs; € X is the serious iterate, .# = {m i 1<j< np}, np € N4, is a finite set of affine linear cutting
planes and the curvature approximation Q : ¥ — Y* and the proximity parameter T > 0 are chosen such
that the bilinear form ((Q + TRy)-,-)y+y induces the norm || - [[3,, .z, := ((Q 4+ TRy)-,-)y+y on Y, cf.
Section 3.1.6. Two difficulties arise in solving (4.1.1). First, a large number of cutting planes n, may
lead to high computational costs. Although aggregation of cutting planes can reduce the number 7,
in practice it is difficult to develop a sound aggregation strategy, cf. Remark 3.3.5. Second, in many
practical applications, the curvature term %Hl(y —xSI)HZQ g, May not be computable exactly. For
example, if X* = L2(Q), Y* = H} (Q) and Q = 0, it holds

[ = xs0) [, = TRy (Y —x51), Ly —xs1))ysy = Tty = xs0) |71y

To compute the H~!(Q)-norm of y — xs; € L?(Q), one usually solves the Dirichlet problem —Au =
y—xsy on Q and u = 0 on dD. However, this PDE cannot be solved analytically and thus numerical
methods to approximate the solution have to be employed.

Our strategy to solve (4.1.1) up to a desired accuracy is as follows. We approximately solve the reduced
problem

min () = max{m(y) :m € A} +w () + 85 () + 3110 =550 gy (4.1.2)

where ./ is an appropriate subset of .#. If the approximate solution fulfills (3.5.6), we are done.
Otherwise, we either increase the accuracy of the solution to (4.1.2) or we enlarge the set M C M. Tn
Section 4.2 we discuss how to solve the reduced problem (4.1.2). For now, let us assume that we have
access to a subproblem oracle Oy which, given a piecewise quadratic strongly convex function ¥ox -
R and an accuracy level A, returns an approximate solution 2 = O,(¥, ) of the problem minycx ¥ (y).
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Furthermore, we assume that there exists a corresponding computable error bound & = és(‘i’, h) such
that

|‘i’(2)—rréi)r(1‘i’(y)| < Cyé(¥,h) and &(¥,h) = 0ash— 0. (4.1.3)
.

Here, the constant Cyg, > 0 does not depend on ¥, 2 and h and does not have to be computable.

Furthermore, to be able to verify if a computed trial iterate y fulfills W (7) < W(xs1), we assume that
we have access to model value oracles which yield lower and upper bounds for the value of ¥ (§) for a
given accuracy level h. The lower bound Oy (%) and the upper bound Oy (h) are supposed to fulfill

Oy(h) <W() <Og(h), and  Ow(h)—Og(h)—0ash—0. (4.1.4)

In order to efficiently solve the bundle subproblem, the algorithm should balance the number of cut-
ting planes |//2 | for the reduced model, the accuracy of solving the reduced problem, and the accuracy
of the model value oracle. Ideally, M only contains cutting planes which are active at the exact so-
lution, i.e., cutting planes m € . such that m(y*) +w(y) + ([t (» —xs1) |3 cr, = ¥ () where y* is
the exact solution of (4.1.1). Since obviously y* is not known prior to solving (4.1.1), we develop
a strategy which successively builds up ./ until ¥ — ¥| is sufficiently small in a neighborhood of
y*. We start by consulting the subproblem oracle to obtain an approximate solution to (4.1.2), i.e.,
2:= O0,(¥,h) and use this as a candidate for a trial iterate. If the error estimate & (¥, %) for the so-
lution of the aggregated bundle subproblem (4.1.2) is larger than the constant f! > 0, we increase
the accuracy level hpew = h/2 and recompute Zey = OX(‘i’,hnew). Otherwise, we compute the value
0(2) = max,,c_, m(2) of the local model without aggregation. Let f> > 0 be a fixed constant. If
W(2)—W(2) =0(2)— ¢(2) > f2 then we add the cutting plane m € .4 with largest value m(2) to the
aggregate model @, i.e., the new aggregate model is Qe = max(¢(-),m(-)). We then update the re-
duced model lAPnew = (ﬁnew (y) +W(y) +07 (y) + % H l(y _xSI) ||2Q,»+r,-Ry and recompute Znew = OS(liInewv h)’
If both conditions & (¥, %) < f' and ¢(2) — ¢ (2) < f? are fulfilled, we use Z as the trial iterate . This
procedure is presented in Algorithm 4.1.

If the serious iterate xs; minimizes the full model W, then no trial iterate y can be found which fulfills
Y (y) < W(xs1) = minyex ¥(y). Unfortunately, since we work with inexact data, there is no way of
determining if xg; minimizes . In this case, Algorithm 4.1 keeps refining indefinitely. However, in the
case that the serious iterate xg; does not minimize the full model ¥, we have the following convergence
statement.

THEOREM 4.1.1. If ¥(xs;) > minyex W (y), then Algorithm 4.1 terminates after finitely many steps
and the computed trial iterate § fulfills ¥ (§) < minyex ¥(y) + Cq f' + 2 and ¥ (§) < ¥ (xs1).

Proof. First observe that .# C .# in every step of the algorithm. Therefore,
max{m(y) :m e A} <max{m(y):mec .4} forally € X.

This shows that ¥ (y) < ¥(y) forall y € X and thus min,cx ¥ (y) < minycx ¥ (y). Consequently, (4.1.3)
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Algorithm 4.1: Computing a trial iterate [(¥,4) := TrialIterate(h, f', f?)]

Parameters : Subproblem oracle O, with error bound &, model value oracles Oy and Oy.
Input : Initial accuracy level &, desired error bounds f! > 0, f2 > 0.
Output : Trial iterate ¥ and new accuracy level 4.

Initialization: Choose a subset of cutting planes .# such that {m*} C .# C .. Set the full model to

W(-) = maxye 7 m(-) +w(-)+67() + 5|[1(- _XSI)HZQ-MR)/’

Loop

end

Set the aggregate model to ¥(-) = max,,_ ; m(-) +w(-)+ 87 (-) + % 1(: —xs1)||2Q+TRy.
Compute approximate solution of aggregate bundle subproblem 2z = Oy (¥, h).
if &(%¥,h) > f! then
‘ Set h = h/2. Continue to the next iteration.
end
if W(2) —\¥(2) > f2 then
‘ Set .4 = ./ Uargmax,,c_,m(Z). Continue to the next iteration.
end
Set h. := h.
if 5\{1 (l’lc) < lP()CS]) then
‘ return y := 7 and A.
end
if Oy (h.) > ¥ (xgs/) then
if &(W,h) > W(2) —¥(2) then
‘ Set h = h/2. Continue to the next iteration.
else
‘ Set A = .MU argmax,,c_»m(Z). Continue to the next iteration.
end
end
if &(W,h) > max{¥ (%) — ¥(2),0w (h.) — Oy (h.)} then
‘ Set i = h/2. Continue to the next iteration.
end
if ¥(2) —¥(2) > Oy (h.) — Oy (h.) then
‘ Set .4 = ./ Uargmax,,c_,m(Z). Continue to the next iteration.
end
Set h. := h./2. Go to line 11.

yields

¥(2) —min'¥(y) = ¥(2) — ¥ (2) + ¥(2) — min ¥ (y) + min ¥ (y) — min ¥
(&) —min®(y) = ¥(2) - ¥(2) + ¥(&) — min ¥ (y) + min¥'(y) — min ¥(y) s

<W(2)—W(2) +Cy& (P, h).

Whenever Algorithm 4.1 terminates, it holds & (¥, h) < f', ¥(2) — ¥(2) < f2 and Oy (h.) < ¥ (xs1).
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Thus, whenever a trial iterate § = 2 is returned, it holds ¥(§) < minyex ¥(y) + Cq f' + % and ¥ (§) <
Oy (h.) < ¥ (xs1). This shows the second part of the theorem.

Now we show that Algorithm 4.1 terminates after finitely many steps. First consider the case that, after
finitely many steps, it holds &(W,s) = 0 and W (Z) — ¥ (Z) = 0. In this case, (4.1.3) yields ¥(2) =
minycx ¥(y) and we obtain

min'¥(y) < ¥(2) = ¥(2) = min¥(y) < min¥(y).

yex yex ToyeX

Thus, ¥ (Z) = minycx ¥(y) and (4.1.4) implies Oy (h.) < W(2) = minyex ¥ (y) < W(xs1). Therefore,
the if-clause in line 14 is not entered. Also the if-clauses in lines 4, 7, 21, and 24 are not entered. Thus,
h and . are not changed anymore, but /. is halved whenever line 27 is executed. As Oy (h.) — ¥(2)
for h, — 0 and ¥(£) = minycx ¥ (y) < ¥ (xs1), after finitely many steps it holds that Oy (h.) < ¥ (xsp).
Consequently line 11 ensures that Algorithm 4.1 stops.

From now on we consider the case that, throughout the algorithm, either & (¥, /) # 0 or ¥ (2) — ¥ (2) #
0,i.e., that max{&, (¥, k), ¥(2) — ¥ (2)} > 0. We continue by proofing that every iteration is completed
after a finite number of steps by showing that line 27 can only be executed a finite number of times
in each iteration. Note that /1, .# and % are not changed within any iteration. Thus, also & (‘i’,h) and
W(2) —W(2) are not changed within any iteration. Whenever line 27 is executed, A, is halved and
Oy (h) — Og(h:) — 0 as h. — 0. Since max{&(¥,1),¥(2) —¥(2)} > 0, after finitely many steps, it
holds that Oy (h.) — Oy (h.) < max{&(¥,h), ¥ (2) — ¥ (2)}. If Oy (he) — Oy (h.) < ¥(2) —¥(2), then
line 24 ensures that the current iteration is terminated. Otherwise, Ow (h.) — Oy (he) > ¥ (5) — ¥ (),

W(2) —W(2) < Og(he) — Oy(h) < max{&(¥, h),¥(2)—¥ ()} = &P, h)

and line 21 ensures that the current iteration is terminated. This shows that every iteration is terminated
after a finite number of steps.

Next, we show that Algorithm 4.1 terminates after a finite number of iterations. At the end of every
iteration, either 4 is decreased or ./ is set to .# Uargmax,,c_,m(Z). Whenever .# is updated, it holds
Y(2)—-¥ () >0. As

T@—@@Zﬂ%m@—%%m@>Q
me.

the nonempty set arg max,,c_» m(Z) and the set M are disjoint. Thus, whenever M is updated, the num-
ber of elements in .# increases. As ./ is a finite set, this can happen only a finite number of times.
Therefore, after a finite number of iterations, .# does not change anymore. Consequently, ¥ does not
change and # is halved in every subsequent iteration which yields é‘s(‘i’, h) — 0. Therefore, if Algo-
rithm 4.1 did not stop earlier, there is an iteration with & (¥, #) < min{f", (¥ (xs1) — minyex ¥ (y))/(2+
Cy)}. As argued before, this iteration has to be completed after finitely many steps. We now argue that
the algorithm has to stop at the end of this iteration. Since M is not changed anymore, this iteration
can only end at lines 5, 12, 16 or 22. Since é‘,(‘i’, h) < f ! line 5 cannot be executed. Now assume that
line 16 is executed. This can only happen if Oy (h.) > W (xs1) and ¥(2) — ¥ (2) < &(¥, k) hold true.
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However, this can not be true, since (4.1.4) and (4.1.5) imply

Oy (he) <W(@) = (¥(&) ~minW()) + (minW() ¥ (asi) ) +¥(xsr)

yeX yeX
<W¥(5)-¥(©?) —I—C\i,?:s(‘i‘,h) — (2+Cli;)é‘s(\il7h) + W (xs1) < W (xsi).

Thus, line 16 is not executed. Finally, we assume that line 22 is executed. In this case, ¥ (2) — ¥(2) <
&(W¥,h) and Oy (h.) — Og(h.) < &(¥,h). Combining this with (4.1.4) and (4.1.5) implies

Ow(he) < (O (he) = Oy (o)) + (¥(2) ~minW() ) + (min¥(y) — ¥(xs) ) +¥(xsr)

But this shows that line 22 cannot be executed, because the if-statement in line 11 would lead to the
termination of Algorithm 4.1 in line 12. As lines 5, 16, and 22 cannot be executed, line 12 has to be
executed in this iteration, i.e., the algorithm stops. Because every iteration is executed in finitely many
steps, the algorithm terminates after finitely many steps. O

Remark 4.1.2. Algorithm 4.1 can be executed if the term

P(z)-P(2) = max m(Z) - max m(2)
S m /

can be computed exactly.

4.2. The dual of the bundle subproblem

In this section, we want to solve the reduced bundle problem (4.1.2) in order to a subproblem oracle
which fulfills (4.1.3). Our primary interest concerns the case where w : X — R is given as a Tikhonov
regularization term, ie., w:= | - |%, & > 0, and no control constraints are given, i.e., # = X. In
this case, the bundle subproblem (4.1.1) is an unconstrained, piecewise quadratic optimization problem
in the Hilbert space X. Whenever the dimension of X is large (or when X is infinite dimensional), it
is beneficial to solve the dual problem to (4.1.1) and compute the primal solution from the solution
of the dual problem. The dual problem is a low dimensional optimization problem and can be solved
efficiently via the method [68] which is tailored for problems with this structure. However, to set up
the dual problem, operator equations in the space X have to be solved which usually cannot be done
exactly. Thus, we include an error analysis to bound the error between the primal solution and the
solution to the perturbed dual problem.

In order to ease presentation, from now on we do not discriminate between ¥ and ¥. For the rest of
this section, the prime symbol / indicates that a variable is an element of a dual space, e.g., g € X*.
Now choose g; € X* and s; € R such that the cutting plane m; € A can be represented via m i) =
(g}, )x+x +sj, j€1:={l,...,n,}. Then we can write the reduced bundle subproblem (4.1.2) in the
form

minimize ¥(y) = r?g}{<g},y>x*,x +5i 1+ SIVIE+ 31— xsD 174 cry - “.2.1)
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4. The bundle subproblem

Rearranging terms and substituting d :=y — xs1 € X gives the equivalent problem

. . . 1 /
mnalilg(nze W(xsi+d) = 5(Fd,d)xx +r5_1€aIX{<pj,d>Xix+c]j}, (4.2.2)

where F € £ (X,X*) is defined by F := oRx + 1*(Q + TRy )1 and p; = g;- + aRxxs1 € X*, g € R,
qj =5+ (&xsxx + §lxsillk. j € 1.

LEMMA 4.2.1. If QO fulfills the assumptions of Section 3.1.6, then the operator F € £ (X,X") is in-
vertible.

Proof. Since (F-,-)x+«x : X xX — Ris abounded and coercive bilinear form, the Lax-Milgram theorem
(Theorem 2.3.2) implies that F' is invertible. O

Define ¥, : R — R by ¥, (1) := ¥ (xs1 — Y;e; AiF ~' p:) and consider the dual problem

o 14T _ .
minimize Y(A)=354 Hl+njlé1;<(51 HA);

subjectto A € A,

(4.2.3)

where we define A:={A €R" : ;> 0,i € [,Y;c; A = 1} and H € R"*™ by H; ; := (pl,F'p;)x+x,
i,j € 1. Note that the matrix H is positive semidefinite because (F -,-)x«x is positive semidefinite and

ATHA = (FOYCAF ' p), Y A F ' plyxx >0 forall A € R™. (4.2.4)
icl jel
Problems (4.2.1) and (4.2.3) are equivalent in the following sense:
LEMMA 4.2.2. The problem (4.2.1) has a unique solution y* € X and there exists a A € A such that

y =xs1— Yicr iiF_lpg. Furthermore, A* € A solves problem (4.2.3) if and only if xs1 — Yjc; AFF ' p!
solves problem (4.2.1).

Proof. Since o > 0, the objective function ¥ is strongly convex and (4.2.1) has a unique solution.
Denote this solution by y* € X. Then d* := y* — xg; is the solution of problem (4.2.2). The optimality
condition is given by 0 € dW(- +xg1)(d*). Since F is self-adjoint, the derivative of J(F -, )x+x at d*
is Fd* and we find 0 € Fd* + d(max e/ {(p’;,-)x+x +¢;})(d*). Thus, there exists A € A such that 0 =
Fd*+ Y, Aip). Since F € .Z(X,X*) is invertible it holds y* = d* + xs; = xs; — Ye; AF ~' p!. Now let
A* € argmingy cp W) (). As just shown, the solution of (4.2.1) can be written as y* = xs1 — ¥ ;c; iiF*1p§
with A € A. The definition of ¥, yields
P (xst — Z;%"F_lpﬁ) =W (A) SW(A) =W(") = min ¥ (y),
e

i.e., xs1 — Yic; AFF ! pl solves problem (4.2.1). Finally let xsi — Y;c; A F ~! p! be the solution to (4.2.1).
Then

Wy (A1) = Wlxs — Y ATFp) < Wlesi— Y AF ) =W, (A)  forall A € R™,

icl icl

i.e., A* solves problem (4.2.3). 0
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4. The bundle subproblem

4.2.1. Approximation of the dual problem

In many cases, the matrix H cannot be computed exactly since this involves evaluating the operator
F~!. Thus, we now study how to approximate the dual problem (4.2.3) in such a way, that the solution
to the approximated dual problem yields an approximation of the solution to the bundle subproblem
(4.2.1). Let pf_l € X, j €1, be arbitrary and define H € R"?*"» by H; ; := <p§,pf_] )x+x, i, € I. Later
we use pf “asan approximation of F~! p’j such that the matrix H can be computed exactly. For gy > 0,
we formulate the approximated problem
minimize ¥ (A):= LA THA + & ||A|j3 + max (¢ — HA);
inimize (1) i | 4123+ max (¢ — AR,
subjectto A € A.

(4.2.5)

Although H is positive semidefinite (cf. (4.2.4)), H may lack this property. To be able to solve (4.2.5)
efficiently, the term %:||A||3 is added. For &y > 0 sufficiently large, the objective function ¥ is strongly
convex (cf. Lemma 4.2.6). Problem (4.2.5) can be reformulated into the equivalent linear-quadratic
optimization problem

minimize 3 ATHA +m

(A m)eRMP+!

subjectto (¢ —HA); <m, jel, (4.2.6)

A €A,

where A := H, + enl,, with Hy = %(H + |:|T) and I,, € R™>*" is the identity matrix. Let Apin(-)
denote the smallest eigenvalue of a symmetric matrix. If &g > max{0, —lmin(lq A)}, then the objective
function is convex and every local solution of this problem is also a global solution. This problem
can be solved using standard methods such as active-set and interior-point algorithms, see, e.g., [97,
Chap. 16]. If &5 > max{0, —Amin(Ha)}, the matrix H is positive definite and one can apply the active
set method developed in [68] which is specially tailored for problems of this type.

To obtain an approximation 7* of the solution y* to problem (4.2.1), we choose pf - € X and ey > 0,
solve problem (4.2.5) which yields the solution 1* and set 7 = xg1 — ¥,/ Z,-* Iz . The following
theorem gives an error bound on W(7*) — W(y*).

LEMMA 4.2.3. Let pffl €X, jel, be arbitrary. Let y* be the solution of problem (4.2.1), let \* be the
solution of problem (4.2.5) and define d* =Y j¢; Zj’f‘p?l X, 7 =xg—d* €Xandd =Y., A'p, €
X*. Then it holds

W) —PO") < g (Fd —d'\d)xx + 4 (1= 27]3)

(S]]

1 ;o Fl -1 ! =1 F-!
+§fl.r}3g}<l9iapj —F pj>X*7X+1;I}%)I(<piaF p;—ri )x.x

Proof. We split ¥(5) —¥(y*) = (¥(5) — ¥, (;1*)) + (‘i’l(i*) — ¥, (1*)) and estimate both differ-
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ences. Denoting H:=H+ euly, — H, we find

B (A7)~ W) S BL(A7) —WL(A") = JA"THA" + max (¢ — AA"); — max (¢ — HA") ;.
Jje JjE

Since A* € A it holds

A Hpn s < AEAT max H; forallm,nel,
i,j€ '

which shows that

* T g x * 19 * i o * * T, .
ATHAT = ), ApHppdy SmaxHij ), A ) Ay =max Hyj.
m,nel LI mel nel L]

Furthermore,

max (g —HA"); = max(((H —H)AY) 4+ (g — HA*)j) <max ((H—H)A");+max (¢ —HA");.

jel Jjel jel jel
Combining this yields

W, (3 _ < Loy B - LAY < L max (B 1), g oy
V(A7) —¥r(A7) < 2{%%’1‘1"1171 +I§.‘g}‘((H H)A™); < 2{%%’1‘("' H)ij+ % +Iif}%’1‘(H H)ij,

and it holds (H — H); ; = <p;,F_1p’j - pffl )x+x for i, j € I. Furthermore, the definitions of ¥ and ¥},
give

‘P(y*) = ‘P()CSI — Zi}‘p?il) = % Z ii* <pr71 ,p5pl >X*,X/7L; +max(q - Hi*)]

el ijel Jel
and

B2 =3 X A7 b ] e + A+ max (g~ AR
2y)
Therefore, we find
W) B =3 ¥ A FR = pipl ki — 41415
= JFd" —d \d')xx - 4|23 L

To turn this theorem into a computable error bound, one has to choose pJF - € X, j €1, such that bounds

on the errors ||F*1p; —pffl |lx and |[Fd* —d'||x+ can be computed.

Assumption 4.2.4. For the approximations pf lex , J € 1, there exist corresponding error estimates
e jr-1 € R, i, j €1, and e € R fulfilling

— -1 ~ o o~
‘<p;,F lp/j—pf >X*,X| §e,~7j7F71 and <Fd*—d/,d*>x*7x§€1:.
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4. The bundle subproblem

Remark 42.5. Asd* = Zjeli;-‘pf*l eXandd' =Y, A} p, € X*, we find

~ o0 ~ ~ o ~ ~ ~ —1

(Fd* —d' d)xox < |[Fd* —d' | |d*]lx < | x 35 1FR] "~ o
€l

Thus, if pf Tisa sufficiently accurate approximation of F~! p;, then the values of er and e, ; -1 can

simultaneously be chosen small.

In the following, a convex optimization problem with a u-strongly convex objective function, u > 0, is
called a p-strongly convex optimization problem.

LEMMA 4.2.6. Choose a safeguarding parameter € > 0. Then the approximated bundle subproblem
(4.2.6) with ey := max{0, & — Awin(Ha)} is &-strongly convex. Let Assumption 4.2.4 hold true and
define

0 if Amin(Hp) > €
pi=1 ] - f Anin(Ha) 2 &, 4.2.7)
§(€s+ jmaxiEIZjel@i,j,F*' +ej,i,F*‘))(1 —1A*[13) else.
Then it holds ¥(5*) — minyex P (y) < jer + %max,;jgel-,jffl +ey.

Proof. Since H is defined by H=H A+éeuly,, where I, € R is the identity matrix, it is easy to see
that the given choice of €y implies that H has smallest eigenvalue &;. Therefore, the problem (4.2.6) is
&-strongly convex. In the case that &g = 0, Lemma 4.2.3 shows

Y(7*) - < %eFJr%r_n_axe,- 1 < ser+ %m_axe,- p-1tep.
i,jel o> i,jel o>

In the case that €y > 0, i.e., g = & — ),min(HA), we proceed as follows. Since the matrix H =
(p},F~! P/)x+x)ij is positive semidefinite (cf. (4.2.4)), we find both

Amin(Ha —H) = min AT(Hy—H)A < min A THAA = Apin(Ha)
I2]2=1 [A]2=1

and
€11 = & — Amin(Ha) < & — Amin(Ha —H). (4.2.8)
By the Gershgorin circle theorem [37, Thm. 2], for any symmetric matrix A € R"»*"» it holds that
() = Aax(—A) €U | == X MAsl A+ Y ).
icl jel,j#i jel,j#i
which shows —Amin(A) < max;es Y jes|A; j|. Consequently, by Assumption 4.2.4,
- B —1 _ -1
—Amin(Ha —H) < T?gxz SKpLF =P xex + (0 F 7 pi = )xex]
jel

1
< maxd e;jptesip
TS |
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4. The bundle subproblem

Combining this with Lemma 4.2.3 and (4.2.8) shows

- 1 3 1 1 712

‘P()’*) - lP(y*) S §€F + z?}%)[(el'J’F—l + i(gv + zl?él]xz‘;ei,LF—I + ejyl"F—] )(1 — H)’*HZ) O
) je

In order to construct an executable algorithm, we need the following assumption.

Assumption 4.2.7. Define the set P := {p/,i € I} C X*. We assume that there is a computable oracle
Op-1: Px (0,1] — X, which, given p! € P and an accuracy level i € (0, 1], returns an approximation
pf = Op-1(pl,h) of F~!pl for all i € I. We assume that there exist corresponding computable error
bounds &1 : P x P x (0,1] — (0,e0) and & : co({piF_l,i €1}) xco(P) x (0,1] — (0,e0) and that there
exist constants Cr > 0 and Cr-1 > 0 such that for all p;, p; € P it holds

‘<p§7F71p; _pf71>X*.,X’ < CF*‘éF*1 (p;7p3'7h)7 éF*1 (pf,p;,h) —0ash—0
and for arbitrary A € A := {1 € [0,00)" : Z';i] Aj =1} withd* := ijjpffl, d = Y;A;p’; it holds
<Fd~* —ag/,ci*>x*7x < Cpép(ci*,cj’,h), ép(cf*,ci',h) —0ash—0.

We further assume that the constants Cr and Cp-1 do not depend on F, p, pf “iel andh.

Now, Lemma 4.2.6 motivates Algorithm 4.2.

THEOREM 4.2.8. Assume that the oracle Op-1 and the error estimates & and €p—1 fulfill Assump-
tion 4.2.7. Further suppose that the terms (pé,pffl )x+x, i, ] € I in line 3 of Algorithm 4.2 can be com-
*h and e;l the output of Algorithm 4.2
for accuracy h € (0,1] and safeguarding parameter €. Then it holds

puted exactly. Then Algorithm 4.2 can be executed. Denote by
P(5") — minP(y) < max{Cr,Cp-1,1}e].
yeX

If the safeguarding parameters (€l);, C (0,00) are chosen such that €' — 0 as h — 0, then eé’ — 0 as
h — 0. In particular, Oy(¥,h) := ", & (¥, h) = eﬁ and Cg := max{Cr,Cp-1,1} fulfill (4.1.3) and
thus can be used as a subproblem oracle with corresponding error estimates.

Proof. By Lemma 4.2.6, we find

P(5) —min¥(y) < %eF + %mﬁgei.]’ﬁ—l +ep= %CF?:‘F(CZ*»CE/JI) + %CF—l m%’;éF—l (P} Pl h) +é,
l7J o l‘u]

yeX
where
: {? A A o if Awin(Fa) > €l
7 (&8 +Cprymaxier ¥ jes (801 (P Py h) + 801 (P, Pl 1)) (1 = |A*[[3)  else.
This readily shows W(7*") — min,cx ¥(y) < max{Cr,Cp-1,1}e}. 0
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Algorithm 4.2: Solving the reduced bundle subproblem [(7*", ef,) := SolveSubproblem(h, /)]

Parameters: Oracle O-1 and error estimates € and &.-1 which fulfill Assumption 4.2.7. Serious
iterate xsj € X, subgradients g; € X*, je€ I ={l,...,np},n, € N;.

Input : Accuracy parameter h. Safeguarding parameter £ > 0

Output : Approximate solution of the reduced bundle subproblem §*# with error estimate eg.

Set p/; 1= g+ aRxxs1 € X*, j € I.
—1 N ..
Compute p&  := Op-1(p)j,h) and ¢; ; p-1 := stlT(pg,p},h) fori,jel.
- . o . . .
Set Hi,j = <p;,pi >X*,X’ I,] € I, Hpy = %(H +H ), &y = max{O,SSh _)Lmin(HA)} and
H:= HA+8HInP-
Compute (A*,m*) via

(A*,m*) := argmin IATAL +m
Am
subjectto (g —HA); <m, jel

AeAmeR.

Set J* = Zjeli;.‘p‘;fl and dol e Zielii*p; € X* and compute ey = éF(J*,Ci/,h),
if 2'111irl(|:|A) > gsh then
‘ Set ey = 0.
else
‘ Setey = %(ssh +%maxi612je,(ei7j7},,l _|_ej’i’F71)) (1 _ HA*H%)
end
Set " :=xs1 —d" and ¢} 1= jep + 3 maxi jes € j -1 + €3

4.3. Discretization

In the case that X and Y are infinite dimensional Hilbert spaces, we cannot work with arbitrary elements
x € X because this would need an infinite amount of storage. In this section we employ a discretiza-
tion which facilitates the development of computable oracles Or-1 and error estimates &r, &--1 which
fulfill Assumption 4.2.7. To do so, let Y* € Y*, h > 0, be a finite dimensional linear subspace of
Y* equipped with the same inner product as Y*. Then by [129, Cor. 5.25.10], Y*" is a Hilbert space.
Since Y*" is closed, the projection operator Py.. € .Z(Y*) (cf. Section 2.1.2) is well-defined. Further,
we define the finite dimensional Hilbert spaces X* := (1*Y*" (-,-)x+), X" := (Ry't*Y*",(-,-)x) and
Y= (1Ry'1*Y*" (-,-)y). We work under the following assumption:

Assumption 4.3.1. The quantities (x,y")y+ and (1*x",1*y")x+ can be computed exactly for all x",y" €
y*h,

Remark 4.3.2. In the case that Y* = H/} (Q) and X* = L*(Q), one can choose Y*" as a space of finite
element functions, cf. Section 5.3. Then, the quantities (x",y")y- = (x",y") H)() and (X 1y =

(1" 1*yh) 12(q) can be computed exactly for arbitrary finite element functions Xyt e yh,
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Remark 4.3.3. Note that the space X* := (1*Y*" (-,-)x+) might not be a natural discretization of the
space X*. For example, in the case Y* = H}(Q) and X* = L*(Q), every function in Y* = H}(Q) is
equals to zero on the boundary of Q (in the sense of traces). Therefore, X*" only contains functions
which are zero on the boundary, whereas X* = L?(Q) contains functions which are not equals to zero
on the boundary of Q. However, for our purposes it suffices to calculate an approximation of F' and
F~!. This can be done with the given discretization because it holds Fx" € X*" and F *1R§1xh DU
for all x" € X", cf. (4.3.3) and (4.3.4).

Remark 4.3.4. The choice of the subspace Y* plays a vital role in the quality of the approximation. In
Sections 5.4 and 5.5 we discuss different strategies for choosing Y *.

4.3.1. No curvature information Q =0

In this subsection we develop suitable approximations and error estimates to fulfill Assumption 4.2.4
for the case of no curvature Q = Qo = 0. As Qp = 0 fulfills the assumptions of Section 3.1.6 (cf. Re-
mark 3.1.7), Lemma 4.2.1 implies that the operator Fy := aRx + 1*(Qo + TRy )t = aRx + T1*Ry1 is
invertible. We define the operators ED.c¢ ¥ (Y*) by E = Rle)}ll* and D; := aldy- +7E, respec-
tively. Here and in the following, the tilde symbol over an operator indicates that the operator is an
element of . (Y™*). Using the identities of Section 2.1, we find for all x’,y" € Y* that

(Ex',y )y~ = (Ry1Ry 1l*)c’,y Jys = (y’,lR?l*x’}Yiy = <l*y’,R§1l*x’>X*7X =", ")y (4.3.1)
and
(D‘Fxl7yl)Y* = (X(X’,y,)y* + T(Exl7y/)Y* = a(xlayl)Y* + T(l*xl7 l*yl)X*‘ (432)

In particular, this shows that £ and D, are Hilbert space self-adjoint operators according to Defini-
tion 2.1.2. Furthermore,

FoRy'1" = at* + tU"Ry1Ry ' 1" = 1" (aIdy« +TRy 1Ry '1*) = 1*Ds. (4.3.3)
The definition of D; and (4.3.1) yield (DX, x')y- = a||X/||3. + t||t*x'||3. > «||x||?- for all ¥ € Y*.
Therefore, the bilinear form (D -, )y« is coercive and Corollary 2.3.3 yields that D; € £ (Y*) is invert-
ible. Thus, we find
F, v =F 'wDD; ' =R, D; . (4.3.4)
For arbitrary y' € Y*, 7 := D7 'y’ € Y* is characterized by the variational equation
Find7 € Y*: alZ Wy + (7, Uw)x- = (', W)y forallw' € Y*. (4.3.5)
Consequently, for v,w € X", ie.,v = Ry sy w= Ry b with v! . wh € Y*, we compute

W, W) 04ty = (10, 1W)ery = TRy IRy UV IR W)y y = T(CEV! 1wy,
O+7TRy Y X X

(Fov,w)x+x = (F()RX1 h l*wh) (l*Drv ,1 wh)X*,
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and for v := 1"v' € X*" w' .= 1*w" € X*" we get
O Wy = 0V Fy oWy x = (V0 0D T w)xe
In the following we study how to approximate the operators £ and D;! € .2 (Y*).

The operator £

We approximate E by E" := Py, E|y.s € £ (Y*"), where Py € £ (Y*) is the orthogonal projection onto
the closed linear subspace Y*", cf. Section 2.1.2. By Lemma 2.1.7 and (4.3.1), for arbitrary 7" € Y*",
E"'7" € Y*" is characterized via the variational equation

(E" whyye = (Ppa B Wy = (EZ" W)y = (1", 1"wh)x- for allw" € Y*4. (4.3.6)

By Assumption 4.3.1, we can compute (-,-)y- and (1*-,1*-)x+ exactly for arguments from Y*". Thus,
we can evaluate the operator £ exactly by solving a finite dimensional system of linear equations.

The operator D"

We approximate D; by D" := aIdy.. +7E" € Z(Y*"). Contrary to E, we cannot approximate D!
via PyuD;! since Py.D;! cannot be evaluated in the same manner as Py.,E. Instead, we proceed as
follows: From the fact (D" x" x")y« = o||x"||2. + ||1*¥"||%. > a||x"||3. for all ¥ € Y*, we infer that
the bilinear form (Dﬁ )y Y Y 5 R is coercive (in Y*). Thus, Corollary 2.3.3 implies that
D € #(Y*") is invertible. We approximate D;! via D;" := ([)ﬁ)_l. Note that for arbitrary y" € Y*",
7" := D;""yh € Y*" is characterized by the finite dimensional variational equation

Find 7" € Y™ : a( Wy + (1 W g = (" wh)y- for all w" € y* (4.3.7)

and, under Assumption 4.3.1, we can compute D;"y" exactly.

Error estimates for Q =0

In the following, we work under the assumptions:

Assumption 4.3.5. The serious iterate xg; is an element of X" and the subgradients g;. are elements of
X forall j eI

Assumption 4.3.6. For arbitrary x",y* € Y*"  there exists an error estimate efh ¥ > 0 fulfilling

(1" (E —EMxM 1y < eﬁ,vyh.
Assumption 4.3.7. For arbitrary x",y* € Y*", there exists an error estimate eﬁ,fylh > 0 fulfilling

* * Ty N— -1
|(x" (D7 =DMy x| < by (4.3.8)

xh ’yl

Remark 4.3.8. Since both £ and D! can be characterized by variational equations, several techniques
for error estimates which fulfill the previous assumption are available, for example a priori or a poste-
riori error estimates (cf. Theorems 4.6.7 and 5.5.3).
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LEMMA 4.3.9. Let Assumption 4.3.5 hold such that xs; = R;ll*xgl, gf,- = l*g? with xgl,g? e Y and
set pg = gﬁf + chg, e Y*" je I Further let Assumptions 4.3.6 and 4.3.7 hold and define d*" :=
Zjell l}‘[);hp? € Y*". Then the approximation p?l = R;l l*[);hp? and the error estimates e; j p-1 1=
ef,;ph and ep := ek i,j € I, fulfill Assumption 4.2.4.

“h Jxh?
n deh h

Proof. First note that p'; = g/, + aRxxs1 = 1* pg?, j € 1. From (4.3.4), we deduce

D*l
Se I h:ei7j7F—l.

- -1 D A
(phFy Py =) xex| = [P0 (D =D x| < ey

Furthermore, the definition of d* (cf. Lemma 4.2.3) and (4.3.3) yield d* = R;l v*d*" € X" and
Fod* = FoRy'v*d*" = 1" D.d™".
The definition of d’ € X* and D" = (D")~" give

d =Y LrvDiD;"ph = v Dhd™.
jet

Therefore, we estimate

(Fod* —d' d)xox = (1"(De — D)™ 1" @)y = 1(1* (B~ ") 00"y < 1ek, 1y =ep. D

4.4. L-BFGS curvature in Hilbert space

In smooth optimization, the BFGS formula is among the most successful ways to approximate the
Hessian of a given function using only first-order derivative information. Also for nonsmooth opti-
mization, it was successfully implemented, cf. [79]. For large-scale optimization problems however, it
is not feasible to store the full BEGS curvature in memory. Instead, one can use the limited memory
BFGS (L-BFGS) formula which was introduced in the finite dimensional setting in [96]. In this section
we present a curvature operator Oprgs based on the L-BFGS formula in Hilbert space and develop
error estimates for the corresponding operator Fgrgs := o Idy —i—R;ll*(QBFGs + TRy )t which fulfill
Assumption 4.2.4.

Let Y be a Hilbert space, let Hy € .Z(Y,Y*) be an operator and let L € N, be a given number. Denote
by Ly € N, the number of previous calculated trial iterates and set L := min{L,L;}. Further denote
by y; € Y the (L — )™ previous trial iterate and by g € Y* the corresponding subgradient, where
0<[<L Wedefine d; := y;, —y €Y and r)i= g4 — & € Y*. The BFGS update formula to
determine H; € £(Y,Y*),0 <1< L, is given by

(rj,)yy , (Hid), )y

Y
Hyyy o= H + Y Hd,. (4.4.1)
. : (r,d)ysy ' (Hidy,dp)yy e

This gives rise to the L-BFGS curvature operator, which is given by H;. Using this formula yields
curvature operators with positive curvature:
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LEMMA 4.4.1. If (Hy-,-)y+y is a symmetric and positive bilinear form on'Y and (r},d;)y-y > 0 for all
l €N, then (H;-,-)y«y is a symmetric and positive definite bilinear form for all I € N.

Proof. The proof of this classical result follows the lines of [125, Thm. 13.4]. Proof by induction.
The start for / = 0 is already given. Now assume this holds for / € N. Then the symmetric and positive
definite bilinear form (H; -, -)y-y defines the inner product (-,-)y, on Y. For arbitrary y € Y, the Cauchy-
Schwarz inequality yields

(i y)7, _ il [,

(di,d)m, il

and this inequality is strict if d; and y are linearly independent. In this case we see

<r;7y>%’*Y (th)]z'-l <r;7y>12/*Y
Hi1y,y)viy = (0,3)m + — — = > — >0.
(Hiryyrey = 029 (r.dpysy  (didp)m, ~ (r,dp)yy

If d; and y are not linearly independent and y # O there exists r € R\ {0} such that y = 7d; and we get

/ 2
(rstd)yy 5
(Hi1y,y)vey = ———— =1-(r;,dj)ysy > 0.

(rdi)yy
Since Hj; is obviously symmetric, this shows that H;, | is a symmetric and positive definite bilinear
form. 00

4.4.1. Approximate L-BFGS curvature

From now on we work under the assumption that the (L — )™ previous trial iterate y; is an element
of Y = lR;ll*Y *h and that the corresponding subgradient gf’ is an element of Y* for 0 <[ < L (cf.
Section 4.3 for the definition of Y" and Y*"). Therefore, there exist elements dlh € Y*" and rlh ey
such that d; =y —y; = lR}}ll*dlh and r;’ = gflﬂ —gf’. Naturally, we choose Hy := URy, u > 0. If
we use the exact L-BFGS formula (4.4.1) to assemble the curvature operator, then the evaluation of
H; requires the exact computation of, e.g., (Hodo,do)y+y = W(Rydo,do)y+y = ||do||?. However, this
might not be possible; under Assumption 4.3.1 only the approximation H(Ehdg,dg)y* can be computed
exactly. Since the term (Hody,do)y+y appears in the denominator in the L-BFGS formula (4.4.1), error
estimation may lead to a large error estimator even if the true error is small. Instead, we construct a
curvature operator Oprgs : ¥ — Y* such that we can compute numbers ggrgs and ggrgs which bound
the curvature of Qgrgs according to (3.1.17), the operator Fgrgs := aIdy +R;11*(QBFGS + TRy)t is
invertible with inverse FB_FIGS and both (Fgggsx,y)x and (x, FB_FIGS y)x can be approximated efficiently
for all x,y € X". To do so, we define H) := pE" € Z(Y**) and H} | € £(Y*"),0 <1 <L, by

* . ok xryh gh %
U 1 ) x+ VH 1 ) x
Hl”H:H[H—( i h)X r— ( " 2" H}'d]. (4.4.2)
(1*r) 1% d)) x+ (1*H'd} ,1*d))x+

In the case that (1*77,1*d)")x- = 0 or (1*H}'d!',1*d}")x- = 0, we exclude 7/ and d/' from the L-BFGS
formula. Inspired by Lemma 4.4.1, if (l*rf’, l*dlh) x+ < 0 we also exclude rJ; and dlh from the L-BFGS
formula. Define uf’,vf’ eY* 1<1<2L,via
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h

h . h no._ for 0 < -
U1 =17, Vol S TR or0<I<L,
(v rt vedl) x-
h 4.4.3)
”gl+2 = thdzha Voi42 = — Hyd) for0<I!<L.
(vH!d] 17dl) - -
Note that (under Assumption 4.3.1) we can compute uf’ and v? exactly. Further define
. ~ 2L
VEYy S R® (Vi) =0 y)yey and  U":R* Y5 U'B =) u)B. (4.4.4)
I=1
Then the approximate L-BFGS operator is given by
2L
OprGs = MRy + Z W (v, Yysy = Ho+U"V". (4.4.5)

I=1
The sole difference between the approximate L-BFGS operator Ogrgs and the exact L-BFGS operator
Hj is that HiiRy'1*d) and (HjiRy't*dl' iRy ' 1*d)')y-y are replaced by H/'d! and (v*H'd}',1*d}")x-,
0 <1< L, respectively.
4.4.2. The spectrum of Oprgs
To be able to use Ogrgs as a curvature operator for the bundle method, we need to compute numbers
0 < gBras < gsras such that (3.1.17) is fulfilled, i.e.,

(OBrGs v,V)y<y > —geras|lv|ly  forallveY and  ||Qpres || 2(vy) < drs-

Sharp estimates for ggrgs and ggrgs can be obtained by computing the spectrum of Ry, lyhvh e & (Y).
As Ry, 'U"V" is an operator with low rank, it is more efficient to compute the spectrum of the operator
VIR, UM € #(R?L R?D). Define the two numbers

gBrGs := —min{0, 4 +minc(A)}, gBFGs ‘= M +max |c(A)], (4.4.6)

where A € R2L%2L ig defined by Agy = (ul' ,V1)y« and 6(A) defines the set of eigenvalues of A. Note
that we can compute A and thus also ggrgs and ggpgs exactly.

THEOREM 4.4.2. The L-BFGS operator Qprgs € £ (Y,Y") is symmetric and the numbers qprcs and
gpras fulfill (3.1.17).
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Proof. Forall x,y € Y it holds

2L
<QBFGSxa)’>Y*,Y = ,U<Ryx,y>y*,y + Z<u?a))>Y*,Y<V?,x>Y*7Y
I=1
T S
= rvd)x I=1 (v Hpd} vd})xe

= (OBFGS s X)v*Y,

i.e., Oprgs 1s symmetric and Ry 1QBFGS € Z(Y) is self-adjoint (cf. Lemma 2.1.3). Consequently,
Theorem A.3 implies

(OBras v V)y-y = (Ry ' Oras v.v)y > (u +mino(V'R; UM U {0}) V|2 forallvey (4.4.7)
and
1Q8rGs Il 2(v.y+) = IRy ' Qpras [l 2(v) < pt+max|o(V"Ry'U")]. (4.4.8)

Since for arbitrary o, B € R it holds
oL 2L

2L
(VIR 'U" a1, B) o = Z v, Ry U a)yy B =Y Zak vi )y = o Ab,
=1 I=1k=

we deduce o (V"R 'U") = o(A). Discriminating the three cases min 6(A) < —p,— i < minco(A) < 0
and min(A) > 0, one finds that

p+min{c(V"R,'U")U{0}} > min {0, + minco(A)U{0}} =min {O,u + minc(A)}. (4.4.9)

Combining (4.4.7) and (4.4.9) yields (Opras v, v)y+y = —gsrcs||v||3 for all v € Y and combining (4.4.8)
with G(Vthleh) = G(A) yields HQBFGS Hff(Y,Y*) < gBFGS- 0

For a given L-BFGS operator Oprgs, Theorem 4.4.2 enables us to find numbers 0 < ggrgs < gBEGS
which fulfill (3.1.17). To fulfill all requirements of Section 3.1.6, we need to make sure that ggrgs < ¢,
where g € (0,00) is a given constant. To ensure this, we change the L-BFGS formula whenever ggrgs >
g, possibly by using Oppgs 1= Hé’fl or by excluding rg and dg from the L-BFGS formula.

4.4.3. The operator Fgpgs and its inverse

Similar to Fj in Section 4.3.1, in this section we define the operator F = Fgrgs for the case of BFGS cur-
vature Q = QOprgs - Recall that in Section 4.3.1 the operator D; = aldy- +7E = aldy- +7Ry1RX 1* e
Z(Y*) is introduced. We now define the operator
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4. The bundle subproblem

If T+ p > 0, it can be shown (cf. Section 4.3.1) that Dz, is invertible and it holds

D yRY'W = 1"Dryy,
D!l =Ry'v'Dr .
Also recall that the BFGS curvature is defined as Qgrgs = URy +U hyh ¢ & (Y,Y*). We define
Fargs = Ry +1"(Opras + TRy )1 = Dyyy +1°U"V € 2(X, X*)
for T > gprgs, where gppgs is defined in (4.4.6). By Theorem 4.4.2, it holds for all x € X that

(Foros x,x)x+x = e|lxl|% + ((Q + TRy)tx,1x)yry > atllx|[§ + (7 — gpros)|[1x]§ > el

i.e., the bilinear form (Fgrgs *,-)x+x : X X X — R is coercive. Therefore, Corollary 2.3.3 shows that
Fsrgs € Z(X,X") is invertible. The inverse of Fgrgs can be calculated using the following theorem:

THEOREM 4.4.3 (Sherman-Morrison-Woodbury formula). Let X,Y be Hilbert spaces. Let D € £ (X)
and Z € Z(Y) both be invertible and let U € £ (Y,X) andV € £ (X,Y). Then D+UZYV is invertible
ifand only if Z~' +VD~'U is invertible and in this case it holds:

(D+Uzv)'=bp'-D vz '+vD 'Uu)"lvD

Proof. Simple calculation, see also [28]. 0

COROLLARY 4.4.4. Let X,Y be Hilbert spaces. Let D € £ (X,X*) and Z € £ (Y) both be invertible
and letU € L(Y,X*) and V € £ (X,Y). Then D+ UZV is invertible if and only if Z~' + VDU is
invertible and in this case it holds:

(D+Uzv)'=p'-D vz '+vD 'Uu)"lvDL
Proof. Apply Theorem 4.4.3 to Ry,' D+ (Ry'U)ZV. 0
Corollary 4.4.4 yields that the inverse of Fgpgs = Dy + 1*UV"1 € £(X,X*) is given by
Fargs = Doty —Del U (dpor +ViDL ! 1*U") " 'VIiDL (4.4.10)

and that the operator Idp.; +VhD; i WU he ¥ (RQZ) is invertible for all T > gprgs.

4.4.4. Approximation of the inverse of Fgrgs

Note that we cannot compute D J]ru exactly. Consequently, FB_F]GS p} cannot be evaluated exactly via
(4.4.10) for arbitrary p’, € X*. The goal of this section is to provide a computable approximation

—1
prFGS € X of FB_FIGS p; which can be used in Assumption 4.2.4. Recall that p; = g; + 0Rxxs1 € X, j €
I, where g’j € X* are the approximated subgradients, and xs; € X is the serious iterate (cf. Section 4.2).

In the following, let Assumption 4.3.5 be fulfilled, i.e., there exist pf? € Y*” such that pl=1* pf’ for all
i € I. Further, define the operator

Farcs := aldy- +(QOprcs + TRy )Ry ' 1" = Dyyy +U"VMR 1" € 2(Y). (4.4.11)
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Note that although Fgrgs is symmetric, the operator Fircs might not be self-adjoint. Since the matrix
Idgor +Vth;+‘ul*Uh is invertible (cf. (4.4.10)), also
Idpo +V"Ry ' Dy} U = 1dgo +VDL ! U
is invertible. Therefore, the Sherman Morrison Woodbury formula (Theorem 4.4.3) implies that Fsras
is invertible and the inverse is given by
—1 -1
Fgpgs =D

ety — D7l UM (Mg +VMR DL, UM VIR D

- e (4.4.12)

It is easy to see (cf. Section 4.3.1) that Fgpgs Ry 1" = 1*Fargs and that Fyrggl* = Ry' 1" Fapgs -
Therefore, it holds that Fgrgs Ry ! p} = FerGs Ry Iy p}; = 1*FRErGs p? and

brGs P = Fargs U1} = Ry U Fgrgs P} forall j€ 1. (4.4.13)

Consequently, approximating Fergs p’]’- and FB_FIGS p? readily yields approximations for Fgrgs R;l p’j and

h

FB_FlGS p;.. For x" € Y*" we can evaluate U ”V”LR}}1 1*x" exactly, but not [)Huxh. Thus, we approximate

Fyrgs = Deyy +UMVMRG 1 via
Flegs = PyFircs |ysn € L(Y™).
Equation (4.4.4) yields for arbitrary x",y" € Y*" that

(Fiegs X"y« = (PyaFrgs X, y")y+ = (Faras ", y")y-

oL (4.4.14)
= a( ")y + (T ) (A Yk + Y Wy )y (9] 0 )xe
=1

Thus, under Assumption 4.3.1, (FéZFGS xh,yh)y* can be computed exactly. Since uf’ ey 1<1<2l,
the operator U” maps to Y*" and we find

all 2 /5 hy/hy p—1
Fgrgs = Pyanfsrcs [y = Dy + UV IR, 1|y,

Because D €L (Y*"), the Sherman Morrison Woodbury formula (Theorem 4.4.3) implies that the
operator Fit.os € Z(Y*") is invertible if and only if Idg.; +V" 1Ry l*[);fu U" is invertible and in this
case it holds

Fapes = Doty — Dt UM (Mg +VMRy v D UM VIR DY, (4.4.15)
Define the matrix A" € R2L*2L by
Al = (DL UV )xe (4.4.16)
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For arbitrary &, B € R2L it holds that

2L 2L
(VMR D U e, Blgar = Y 0w (VR DYy, Blger = Y. o (V) iR VDL vy By
k=1 k=1

2L
= Z Otk(l*vél, l*D;f“uZ)x*B[ = OCTAhB,
k=1
i.e., the operator Idg,; —l—Vth;ll*[)T_quh € X(Rﬁ) is induced by the matrix I; + A" € R2Lx2L
Therefore, the operator Fings € -£(Y*") is invertible if and only if the matrix ,; + A" is invertible.
Note that we can compute A" exactly. Therefore, we can check for a given discretization space ¥ *”

if the operator F}QFGS is invertible. The next lemma answers the question if Fé’FGS is invertible for a
sufficiently accurate discretization space Y *".

LEMMA 4.4.5. There exists a constant & > 0 such that the condition

<6 forall 1 <k,l <2L

(1" (D — Dt )ul, V) )
implies that Fé’FGS is invertible.
Proof. Similar to A", define the matrix A € R2Lx2L by
A= (Dl vV xe (4.4.17)
This yields
(VMRy"W D7l U0, B)gor = a"AB  forall a, B € R,

i.e., the operator Idg,; +V"1Ry! l*Dalu U" e #(R?) is induced by the matrix I,; +A € R2L*2L_ Since

Fpras is invertible, Idpar +Vh lR)}1 l*D; +1 WU h and L + A are invertible. From

1= Iz llop = [[(ha +A) (g +A) " lop < 1oz +Allopll (1o +A) " lop
we infer that || (Lz +A)lop > [z +Alloy > 0 and
. T\l
6:= H(IQZ +A) Hop1 > 0.

If (1 (Dl — Dl uld v vl x| < 8 forall 1 < k,I < 2L, then

> ¢ * [ — ~N—h * AN—1—
HA*AhHOp:H H sluﬁvB” 1 Y ot (D = Dl s t'vi)x Bil < 8 = || (g +A) o -
Ol oz =L:1IPligar =1 1<k 1<2L

Under the given conditions, [129, Prop. 3.3.9] implies that I,; + A" is invertible. By Theorem 4.4.3,
this yields the invertibility of Fé‘FGS . O

o Fan _ o . . . N
To find an approximation p jBFGS € X~ of FBFIGS p’j = RX1 l*FBFlGS p?, we Stflrt with a given discretization
space Y*" and check if the matrix A" is invertible. If this is the case, F.5q € £(Y*") is invertible
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and we set p; Farcs = FBFGS p ;- Otherwise, we refine the approximation space ¥ *" such that the

€IT0r max; < ;<of, |( (Driu Drf,u)ukv l*v?)X*
operator FélFGs which is invertible. In the following, we always assume that Y*” is chosen such that
Fltgs is invertible and we denote the inverse of Flegs by Fapg i= (Fius )~ € L(Y*™"). There are
two ways to compute the value z” FBFGS y" € Y*. Either via (4.4.15) or via the finite dimensional
linear system

is reduced. Lemma 4.4.5 implies that this leads to an

Find 7" € Y*" : (Fheas 25wy = ", wh)ys for all w" € Y*". (4.4.18)

Since the operator Fé’FGS is not self-adjoint, (4.4.18) cannot be solved via the conjugate gradient
method, see, e.g., [51, 42]. Instead, other Krylov subspace methods such as CGS [122] or BICGSTAB
[127] have to be used. However, in every iteration of the Krylov subspace method one needs to evaluate
FélFGs = Dr+u +U thlel 1*. If the evaluation of DHM is costly (for example if [)H,J is evalu~ated by
solving the linear system (4.3.6)), it is advantageous to use the formula (4 4. 15) Evaluation of F]-;FGS y
with this formula requires the evaluation of D" tu ul, 1<I<2Land D;" i Y, i.e., 2L+ 1 solves of the
linear system (4.3.7). If the values DT +u”l e Y*h 1 <1 <2L, are stored, this reduces to one evaluation
of D i uyh for each consecutive evaluation of FBFGS 7" with a different " € Y*.

4.4.5. A first error estimate for Fgpgs

Given the approximation p JBFGS = R;ll*F];FhGS p’} developed in the previous section, the goal of this

section is to develop error estimates e €R,i,jel, and epy € R which fulfill Assumption 4.2.4,
1e.,

ljFl

’<pzaFBFGSpJ pJBFGS >X*X‘ and (FBFGS d* _dwﬂj*bﬁx < €Fics -

1
- ’]FBFGS

In Theorems 4.4.8, 4.6.17, 5.5.8, and 5.5.14 we develop several distinct error estimates for the term
|(UX 1 (Fgrgs — Fapes )y™)x+| with arbitrary x*,y" € Y**. For now, let us introduce the following
assumption.

Assumption 4.4.6. For arbitrary x,y" € Y*" there exists an error estimate e hFC’S > 0 fulfilling

—1
L peh
(VX" 0 (Fgras — Fpros Y x| < e BFyGS‘

LEMMA 4.4.7. Let Assumption 4.3.5 hold such that p;- = Rxll*p7 with p? e Y*" forall j € I. Under
Assumptions 4.3.6 and 4.4.6, the approximation and the error estimates

Fipl o B '
BFGS .__ * . BFGS - — E.. ~
P = R s P € = i Chares = (TG g

with d*" := ):Jel/l BFGS pj, Sulfill Assumption 4.2.4.
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Proof. First we calculate

|<pz7FBFGSp] p] >X*X| = ‘<l pl7FBFGSl p] R FBFGSp]>X* |

BFGS

= |(*pi' 1" (Fras — Faras )PJ)X*‘ = prpt

The definition of d’ (cf. Lemma 4.2.3) and Fypeg = (Ffigs ) ™" yield

j 3 Fh F—h h =i Feh
d' ==Y AV Fyrgs Fypos P = U Fgras d
jel
and d* = Ry '1*d*" € X" yields
Tr o —1.% 3%h __ %o Fxh
Fgrgsd™ = Fgrgs Ry 1'd™" = 1" Fppgs d
Therefore we estimate
<FBFGS Ci* - dol,cz*>x*7x = (l*(FBFGS — FIQFGS )J*h, l*ci*h)x*
= (T ) (' (B~ B")d, 1 d M)y
< (T+N)e§*h7d~*h' 0

In the following, let Assumption 4.3.7 be fulfilled, i. e for all x,y" € Y*" there exists an error estimate
eDh i € R such that |(vx 1 (D7 — DMy x| < b, 7 i~ Then (4.4.12) and (4.4.15) directly yield an

X

error bound e x}?FG,,S for Assumption 4.4.6. To shorten the notation, we set

2L Dy D!

xh uh eR (exhﬂ'dl)k = eXhM?
2L D! D!

h h S R 5 (ev{17yh)l evh ylm
L 2L x2L D! . D!

u" vh S R y (eu%v.h)k’l = eu;:.vf"

We also use the notation |m| € R”, |M| € R"*" for the elementwise absolute value of a vector m € R”
and a matrix M € R"™" n € N4, cf. the section “Notation”.

THEOREM 4.4.8. Let x",y" € Y*" are arbitrary and suppose that Assumption 4.3.7 is fulfilled and
define A" according to (4.4.16). If |||(L; +A™)~! |e3fi,, llop < 1, then it holds

(051 (Fgrgs — Fatos 9" x| < €+ (18 | oz + €6) €2 o ot + " et e,

where bh, e Rﬁ, and e, € R, are defined by

b= (L + A" VMR DY, o = (0N U D )y, 1 <1< 2L,
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and

|||(12i+Ah)_l|( uhvh\bh\—i—e h)HRZl
1= [[(Fog +A")~1eb, L llop

ep =

Proof. Equation (4.4.15) yields

( *xh v T+uy )X* _(l*xh l*DrJruUh(IZZ+Ah)71Vth)?ll*[);fuyh)X*
= (N Dy )y — (X D UMY )k

~ T
(l*xh,l*D;fuyh)X* —bt

(1 N FBFGSy )x+

Similarly, Equation (4.4.12) yields
(1" U Fypgs Y )xe = (1, l*Dr+u)’ )x-—b'e,
where we define A as in (4.4.17),
b= (Ly +A) VMR DLy, = (0N 0D ) )xe, 1 <1< 2L
Applying the triangle inequality leads to
h F—1 F—h \h
(X", 1" (Fgpas — Fpras )Y x|
< |(l*xhal (Dr—il-u D;—&}-lu) h) *
—1
<eB i+ [T (c— M+ (b—b") TN
< ef}_,ylh + (15" ot 4 16— B" |t ) [l = ¢ l[gar + 16— b [l gar " | .

thch|

From |¢; — cl'| < €b, o WE deduce [c — "oz < [ uh ||g2z. Furthermore, b and b" are the solutions to

the linear equations

(Lp+A) b =V"iR "Dy,
(Lp+AMb" = V"R DYy,

respectively. Note that
A ih X_ih D!
(g + &) — (b +A")| = |A—A"| < D1 ),
where “<” is to be understood in the componentwise sense. Furthermore,

hyp—1,x7y—1 _h hyp—1,x7—h _h 1 A—h \,,h
|V lRX l*DrJruy -V lRX l*DrJruy ’l:|(l Vla (Dr+u Dr+p)y )X*

<P forall1<i<2L.
v] 5y

If ||| (L; +AM)~! ]eﬁ,f‘l,, lop < 1, then [52, Thm. 7.4] yields the estimate
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~ —1 —1
11z A1 (€5 o]+ B 1)

16— b lgar < it 7
. 1= 1oz + &) 7118, g

:€b~ I:l

Although the error bound of Theorem 4.4.8 fulfills Assumption 4.4.6, this bound might be very large if
L + A" is close to singular. Then one might use a bound which is derived from the fact that F’.;s )"
is the solution of the linear system (4.4.18), cf. Theorems 4.6.17, 5.5.8, and 5.5.14. However, in many
situations the operator D;fu and an error estimate eﬁ,fylh can be evaluated using preexisting methods
or with external program code, whereas it requires extra work to compute the error estimates of Theo-

rems 4.6.17,5.5.8, and 5.5.14.

4.5. Error estimates for the objective function of the bundle method

In this section, we address the issue of finding computable lower and upper bounds for the objective
function of the bundle method which fulfill (4.1.4). Recall that the objective function W (J) at the trial
iterate ¥ € X is given (cf. (4.2.1)) via

2,1 2
#(y) = max {(ghhxsx +s )+ S II% + 2100 = xsD) 1G5 2,
where gf,- €X', s;eR, jel:= {1,...,np}, o > 0 and xg; € X. We now assume that xg; € X” and
gi e X, jel, ie., there exist xf € Y*" and g" € Y** such that xs1 = Ry'1*xl; and g; = 1"g}, cf.
Assumption 4.3.5. Whenever j € X", i.e., whenever there exists a y" € Y*" such that § = R;l 1*y", then
we find

W(5) = max { (1Y) 5 b+ EIOVIE LIRS O ) erys (@5

jel
Under Assumption 4.3.1, the quantities (x",y")y+ and (1*x”,1*y")x+ can be computed exactly for all
¥, y* € Y*. Thus, the first two terms of ¥(§) can be computed exactly. However, the last term is not of
the form (-,-)y+ or (1*-,1%-)x+. Consequently, lower and upper approximations of ||t f||ocr, for f € X"
are needed. We start by providing lower and upper bounds for the term ||t f||r, = (Ryif,1f)y-y =

It fly-
LEMMA 4.5.1. For f" € Y*" and f ::Rgll*fh e X" it holds

2

AT = NES 17 = IE" £1113- + I1(E — EM) "5

Proof. By definition, £ = RyiRy'1* € Z(Y*) and E" = Py E
theorem (cf. [3, Thm. 6.1]) yields

v € Y*". The Riesz representation

L flly = iR v flly = [Ry iR 'V f* [y = [ Ef*|ly-.

Since E" f" = PyuE f" and (E — E") " = (Idy~ — Py~ )E f" are orthogonal in Y* (cf. Section 2.1.2), we
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obtain

I(E = EMFH1I7 = (B = E")f",(E—E") f")y-

=((E-E")f" (E+E" ")y = |Ef"

y—E"f"

2
Y*- D

THEOREM 4.5.2. Assume that Q = 0 and that there exists a computable error estimator eg(h) > 0
such that ||(E — E")(y" —xt))||y- < ep(h) and ez(h) — 0 as h — 0. Then the error estimators

2 Fh /
X T3llE O" =X 3

Ou(h) 1= max { (1"}, 1y x5, + 41|

O (1) = max { (1", 1"y 5, + £

h I
X* 2||E (y —x_é,)

« 7+ %e%(h)
fulfill (4.1.4), i.e., it holds
Oy (h) <Y (F) < Oy (h), and Ow(h) —Oy(h) = 0ash— 0.
Proof. Let x" € Y* be arbitrary and set x = R;ll*x”. Since Q =0and £ = Rlegll*, there holds
11x]15 42k, = (04 TRy ) IRy VA iR 'V x) oy = T(EX" iR ' 1" X" ) yoy = T|| EX"|..
Choosing x" = y" +x’§l, (4.5.1) and Lemma 4.5.1 yield the desired result.

0

THEOREM 4.5.3. Assume that Q = Qprgs is given as the L-BFGS curvature operator (4.4.5) and
that there exists a computable error estimator eg(h) > 0 such that ||(E — E")(y" —x%)|ly+ < ep and
ez (h) — 0 as h — 0. Then the error estimators

0w () = max { (g v )+ 5, + 4103

oL
+ Y (VLU e () U e+ SEET (Y = X)) 15

=1
Oy (h) := Oy (h) + S5 ef.(h),

fulfill (4.1.4), i.e., it holds Oy (h) < ¥ (F) < Ow(h), and Oy (h) — Oy (h) — 0 as h — 0.
Proof. Let x* € Y*" be arbitrary and set x = Rxll*xh Since QOprgs = URy +):, | U] (v?, y+y and
E = Ry1Ry'1*, it holds

||x||2Q+1:Ry = ((Osrcs +TRY)1R§1 X' lel )y Yy

= <(T—|-‘U,)Rle;11*Xh + Z M?<V§Z, lR;ll*Xh>yﬁy, lR)?ll*Xh>yﬁy
=1
2L
4 2+ Z(l*v?,l*xh)x*(l*uf', l*xh)x*
=1

=(t+u)

Choosing x" = y" —|—x§l, (4.5.1) and Lemma 4.5.1 yield the desired result.
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4.6. A priori error estimates

In order to fulfill Assumptions 4.3.6, 4.3.7, and 4.4.6, we need error bounds for the quantities (l*(E —
E“h)xhll*yh)x*, ](l*xh,l*(f)jl — D7y x| and |(Vt, 1 (Fgpgs — Fapss )Y )x+| for X,y € Y. As
7 :=D;'y" and Zhpas i= F];FIGS y"* are defined via the variational equations

FindZ € Y*: (D2 W)y = (", W)y,  forallw' e Y*
and

Find Zhpgs € Y*: (FBras Zgrgs, W)y = (", W)y,  forallw' € Y*,
respectively, we consider the following abstract setting:

Leta:Y* xY* — R be a bounded bilinear form. For x’ € X* and y’ € Y*, define the variational equations

Find7 €Y*: a(Z,w) =" W)y, forallw € Y*, (4.6.1)
Find 7" € Y*" : a(Zw") = (', W)y, for all w" € Y*", (4.6.2)

and the adjoint problem
Find @, € Y*: aw, @) = (X', 1'w)x+, for all w' € Y*. (4.6.3)

Note that, at this point, we do not assume that the bilinear form a is coercive and thus the Lax-Milgram
theorem cannot be used to infer unique solvability of the VEs (4.6.1)-(4.6.3). Instead, assume that
(4.6.1)—(4.6.3) have unique solutions. If we are interested in estimating the quantity |(x',1*(z' —z"))x+|,
then the following abstract result, which is often called the Aubin-Nietsche trick (cf. [20, Thm. 3.2.4]),
helps to utilize that we only need error estimates in the weaker space X*.

THEOREM 4.6.1 (Aubin-Nietsche trick). Leta:Y* xY* — R be a bounded (with constant M) bilinear
form and X' € X*, y € Y*. Let (4.6.1)~(4.6.3) be uniquely solvable and denote by 7 € Y*, 7 € Y* and
@' € Y* the respective solutions. Let ®" € Y*!* be arbitrary. Then it holds that

|, 1@ = 2"))xe | < M 2"y || P — Py
Proof. Abbreviate the error ¢/ := 7/ — 7" € Y*. First, note that Galerkin orthogonality holds, i.e.,
a(e W) =a(d ='W =" why- —a(",w") =0 forallw'" e Y™ (4.6.4)
The definition of &', yields for arbitrary ®/ € Y*" that
(W, 1%e)x- = a(e/,®.) = a(e, &, — d").
Since the bilinear form a is bounded with constant M, we find
= la(d — ", @ —@})| < M| -

|17 )x- P —

In the case that the bilinear form a : Y* x Y* — R is coercive, the error ||z —z"||y+ can be bounded via
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4. The bundle subproblem

the following lemma.

LEMMA 4.6.2. Let a:Y* xY* — R be a bounded coercive symmetric bilinear form with coecivity
constant m and denote by 7 € Y* and 7" € Y * the solution to (4.6.1) and (4.6.2), respectively. Then

1
" =" lly+ < —[1Y/lly--
m
Proof. By the Lax-Milgram theorem (Theorem 2.3.2), (4.6.1) and (4.6.2) have unique solutions. Using

the coercivity of a and the Galerkin orthogonality (4.6.4) results in

g yy+.0

m|Z =3 <ald =7 - =ald =) =ald,d =) =, =)y < |7 =2 ||y
Next we want to find a suitable ®" € Y*" such that the term ||®, — ®||y- becomes small. If a is a
coercive symmetric bilinear form with coercivity constant m and ®” is chosen to be the solution of the

discretized adjoint problem

Find ®" ¢ y*" a(wh, ") = (', 1*wh)y, for all w" € Y*",

then Lemma 4.6.2 implies || @, — ®”||y- <m~!||Ry1Ry'x'||y-. However, this estimate can be improved
if it is known a priori that the solution of the adjoint problem (4.6.3) has additional regularity.

DEFINITION 4.6.3. Let (Y*h)he(o,l] be a family of discretization spaces, i.e. let Y*" be a finite dimen-
sional linear subspace of Y* for all h € (0, 1]. Denote by @, € Y* the solution to (4.6.3). The adjoint
problem (4.6.3) is called Y-regular relative to (Y*h)h if there exists a number ¥ > 0 and a constant
Creg = 0 such that for all 0 < h < 1 and all X" € Y*" there exists an element @i’ € Y which fulfills

0~ @Iy < Cregh?|| 1"

X*-.

THEOREM 4.6.4. Ifa:Y* xY* — R is a coercive (with constant m) and bounded (with constant M)
symmetric bilinear form and the adjoint problem (4.6.3) is y-regular relative to (Y*"),, (with constant
Creg), then there holds

CrooM
|(l*xh,l*(z/ —Zh))x*| < s hYHl*thx*Hy’Hy* forall X" e Y™y e v*,
m

where 7 € Y* and 7' € Y*" are the solutions to (4.6.1) and (4.6.1), respectively.

Proof. Letx" € Y*",y' € Y* be arbitrary and denote by ®” € Y*" the element from Definition 4.6.3. By
the Aubin-Nietsche trick (Theorem 4.6.1) we find

(A0 (@ = ))xe| S M =2y D) — @Iy
Lemma 4.6.2 yields ||z — 2"||y« <m~!|y’||ly+ As the adjoint problem (4.6.3) is J-regular, we conclude

CreeM

(A (= 2)xe W[ e 1Y

<

e 0

Using the same tools as in the proof of Theorem 4.6.4, we now develop an upper bound for the quantity
(V(E—E") f" 0 M)
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4. The bundle subproblem

LEMMA 4.6.5. For arbitrary x",y" € Y*", it holds
(A0 (E = EM)") x| < |(E—EM)A|y-[|(E = E")y" |y~

Proof. Let x",y" € Y*" be arbitrary. Then 7' := Ey" € Y* and 7" := E"y" € Y*" are characterized via the
variational equations

Find7 e Y*: (ZwW)y = (Ey", W)y forall w' € Y*
and
Find 7 € Y*": (2, whyy = (Ey", wh)y- for all w" € Y*",

i.e., 7 and 7" are the solutions to (4.6.1) and (4.6.2) with a(-,-) := (-, -)y+ and right hand side £y". Since
a(-,-):= (-, )y~ is a bounded bilinear form with continuity constant M = 1, the Aubin-Nietsche trick
(Theorem 4.6.1) yields for arbitrary ®" € Y*" that

(A (=) S Nl =2y | — DLy, (4.6.5)
where @/, € Y* is the solution to the adjoint equation
Find®. cY*:  a(w,®)="x"1"w)x.,  forallw €Y

Note that the definition of £ € .Z(Y*), E = RytRy 1%, yields (Ey",w')y- = (1*y",1*w/)x~ for all w' €
Y*. Therefore, @, = Ex and we can choose & := E"x" in (4.6.5). 0

COROLLARY 4.6.6 (A priori estimate for E). Let V' € Y*" be arbitrary. If the problem
Find7 € Y*: @ W)y ="' 0W)x forallw €Y* (4.6.6)
is y-regular with respect to Y* (with constant Creg), then it holds

(W (E = EMY x| < Cogh VR I |05 e forall x5! € Y7,

In particular, efh’yh = Crzeg P2V || x! || [0y |+ fulfills Assumption 4.3.6.
Proof. Let x",y" € Y* be arbitrary. By Lemma 4.6.5, it holds
(X" 0 (E = EM)y")xe | < NI(E = E)A |y | (E — E)y"ly-.

By the definition of £ € .Z(Y*), E = Ry1Ry'1*, both Ex" and Ey" solve (4.6.6) with the right hand
sides v = x" and Vv = y”, respectively. As (4.6.6) is j-regular, there exists a constant Creg > 0 and
elements CIDfC’,CID;’ € Y*" with

|Ex" — @f|ly- < Cregh?||[t"|[x-  and [ Ey" =D ly: < Cregh”[[1"" 1 x--

By definition, E”x" is the metric projection of Ex" onto the closed subspace Y*". The definition of the
metric projection (cf. Section 2.1.2) yields ||Ex" — E"x||y- = ||[Ex" — Py Ex"||y+ = minzy ||Ex" —
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4. The bundle subproblem

V|| yn < ||Ex! — @ ||y+. Since this also holds for y*, we conclude

| (EY = EM))xe| < I(E—EM)X |y |(E = E"Y! |y < Cogh™ [V |lx- (1Y |k O

reg

4.6.1. A priori error estimates for Q =0

Let x* € Y*". We consider the adjoint problem
Find @, € Y*: (Drspw @)y = (AW )y forallw' € Y™ (4.6.7)

THEOREM 4.6.7 (A priori estimate for E;l). Let the adjoint problem (4.6.7) (with u = 0) be y-regular
(with constant Cyeg) and define C := (1 + Z||t* Hip(y*_x*))Creg. Then it holds

v for all X" y" € Y*".

| (D' =Dy x| < CRY e x|y

X*

|y« fulfills Assumption 4.3.7.

: 1 ;
In particular, eﬁ,th = ChY||t*x" ||+

Proof. Note that a(-,-) := (Dr -, )y~ is a coercive symmetric bounded bilinear form because

(D' W)y < a|V|ly<|[W |lys + | (Y, 0% x| < MV ||y« [ v+ for allv/,w' € Y*
with M := &+ 7)|t*[| %y« x.- Furthermore, E = RytRy 't* shows
(Dov' V)y = a|V |3 + T(EV V )y = a|V|[3 + T|1V][3 > o]V )5 forallVv' € Y*.

Since (D!, wh)y« = (D v, w")y+ for all v, wh € Y*"', we find that 7" = D;"y" and 7/ = D7 'y", where
7 €Y*, 7" € Y*" are the solutions to (4.6.1) and (4.6.2), respectively. Therefore, Theorem 4.6.4 yields
for arbitrary x",y* € Y*” that

(A, (D =Dy x| = (0" (=)

< Creg(1+ Z [0 % e xo) Y 1A

Y ly+ O

X*

4.6.2. A priori error estimates for the L-BFGS operator

Now we are interested in error estimates for the inverse of the L-BFGS operator Fsrgs. In contrast
to (Dz-,)y+, the bilinear form (Fgggs -, )y~ is not necessarily coercive. Therefore, we cannot use the
Lax-Milgram theorem and Lemma 4.6.2. Since we already know that Fgrgs € 2 (Y*) is invertible, we
do not need the Lax Milgram theorem to show that (4.6.1) is uniquely solvable. However, we need to
replace Lemma 4.6.2 with a similar statement. To apply a result of [6], we need the following definition.

DEFINITION 4.6.8 ([6, Def. 4.2]). A continuous bilinear form a : Y* x Y* — R is called essentially
coercive if, for each sequence (uy)neny C Y™ which fulfills u, — 0 and lim,_,e a(uy,u,) = 0, one has
limy,—seo ||ty || v+ = 0.

For our purposes we need a slight generalization of [6, Thm. 5.2].

85



4. The bundle subproblem

THEOREM 4.6.9. Let V¥ be a separable, infinite-dimensional Hilbert space and let W C V¥ be a dense
subset. Let ¥y, n € N, be a finite-dimensional subspaces of ¥ such that for allu € W

dist(u,Vy) = ||u—Py,ully — 0 as n— .

Further, leta: V' x ¥ — R be a continuous, essentially coercive bilinear form which fulfills uniqueness,
i.e., forall u € ¥ it holds

a(u,v)=0(Wwe?) = u=0.
Then, for a given L € V* and for all n € N, the variational equations

FindueV : a(u,v) = (L,v)y~y forallveV
Find u, € ¥y : a(up,v) = (L,v)y+y  forallv, €V

have unique solutions (denoted by u and u,, respectively). Furthermore, there exists no € N and C > 0
such that for each L € V* and each n > ny it holds

|lu—un||y <Cllu—Pyul|y  foralln> ny.
Proof. By adopting [6, Thm. 5.2 (i) =(ii)] and [6, Prop. 2.5] using a density argument. O
Remark 4.6.10. The case # := ¥ is covered in [6, Thm. 5.2].

LEMMA 4.6.11. The continuous bilinear forma : Y* x Y* = R, a(-,-) := (Egrgs -, ")y~ is essentially
coercive.

Proof. The definition of Fapgs yields for arbitrary u’ € Y* that

la(u',u')| = |(Fergs u',u' )y
= |ou(u,u)y+ + ((QBras + TRy IRy 'vu/ ,u')y-|
> la,u)y-| — |((QBras + TRy IRy Ut/ ,u)y-
12/* - \(Ji/”/aulﬁ*ty*!,

= alu

where the operator .#" := Ry+(Qprgs + TRy)lR}}ll* € Z(Y*,Y*") is compact. Thus, [6, Thm. 4.3]
shows that a is essentially coercive. 0

In the rest of this section, we work under the assumption that every element of Y* can be approximated
arbitrarily well by elements from Y*” for h — 0.

Assumption 4.6.12. Let Y* be a separable and infinite dimensional Hilbert space and let Y*" be a finite
dimensional subspace of Y* for 0 < 2 < 1. We assume that there exists a dense subset #" C Y* such
that that dist(v/,Y*") — 0 as h — 0 for all v/ € #, where dist(v/,Y*") := inf{|[y/ —V!||yu : V! € Y} =
||V, _PY*hV/Hy*.

Remark 4.6.13. By [87, Cor. 1.12.12], the reflexive space Y* is separable if and only if Y is separable.
Furthermore, by [3, Lem. 9.1], an infinite-dimensional normed space H is separable, if and only if
there exist finite-dimensional subspaces H,, n € N, such that H, C H,,; for all n € N and U,cnH,, is
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dense in H. Therefore, the assumption that Y* is separable is crucial for the existence of a sequence of
subspaces (Y*"),cp such that dist(v/,Y*") — 0 as h — 0 for all v/ € Y*.

THEOREM 4.6.14. Under Assumption 4.6.12, there exists a h > 0 and a constant m > 0 such that, for
all h € (0,h), the operator Ellysg € L (Y*") is invertible and it holds

1(Faios — Forgs ¥ v <mly'lly- forall y* € Y™,
Proof. Since Fgrgs is invertible, the bilinear form a fulfills uniqueness, i.e., for all ' € Y* it holds
a V)=0(W e€Y*) = IFgpes'=0 = u'=0.

Furthermore, by Lemma 4.6.11, a : Y* x Y* — R is essentially coercive and Assumption 4.6.12 holds.
Therefore, Theorem 4.6.9 implies that there exists a 4 > 0 and a constant m’ > 0 such that for all
L" € Y** and all h € (0, h] the variational equation

Find 7" e Y (Fapgs 2, W)y = (L ,Wh>y*i v+ for all w" € Y*"
has a unique solution 7 € Y*" and it holds

Y*

1" =2 [l <l = Pyud
where 7 € Y*" is the unique solution to
Find7 e Y*: (Fgres 7w )y = (L" W)y y- forall w' € Y*.
Let h € (0,4] and y* € Y*" be arbitrary. Choosing L” = Ry-y" yields
(Fes 25wM)ys = (Fergs 2 w")ys = (L w")yerys = O, wh)y-  forall wh € Y.

Since y* € Y*" was arbitrary, FélFGS e? (Y*h) is invertible and 7" = FB_FhGS y". Analogously, 7 =
FB?GS y" and Lemma 2.1.7 yields for all y" € Y*" that

h

Y* §m’||z’ Y*. D

y+ <m'||Z' = Pyad ve <m'||Fgpgs | von 1y

I(Fstas — Feras )y
Remark 4.6.15. Since the existence of the constant m' in Theorem 4.6.9 is derived via a proof by

contradiction, we cannot say anything about the dependence of T on the constant n7’.

Now, let us show the following regularity result:

LEMMA 4.6.16. If the adjoint problem (4.6.7) is J-regular relative to (Y*"),, then the problem
Find @, €Y*: (@, Fgrgsw )y = (X", UW)xs forallw €Y* (4.6.8)

is J-regular relative to (Y*")y,.

Proof. Assume that (4.6.7) is J-regular and that @/, solves (4.6.8). The y-regularity of (4.6.7) implies
there exists a constant Creg > 0 such that for all 0 < 2 < 1 and X" € Y*" there exists an element ‘Pﬁ cy*h
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which fulfills
1 = Pyl < Cregh? 14" [x-,

where W’ solves (4.6.7) with right hand side x". Now let 0 < 4 < 1 and x" € Y*" be arbitrary but fixed.
By (4.4.11), the operator Firgs has the form Fgpgs = [)H” +U thlR)}ll*. As the operator DH# is
Hilbert space self-adjoint and @', solves the adjoint problem (4.6.8), we find for all w’' € Y* that

(Dr+uq)/ ) * = (q);7l~)r+uW/)Y*
= ((I);’FBFGS W/)Y* — (CI);, Uhvth);ll*W/)y*

[N}
~

= (l*xh,l*w’)x* — (uf’,CID Jy+(1* vl,l Wy

N
Il
—_

= (W UW ) — Y (1 Fgps ), V) x (UV] 00 ) s

=

N
I
—_

= (1*c" 1wy,
where ¢ := x"" — 21251 (U Fgpgs Ul 1" x") v € Y*". This shows that @, solves the problem (4.6.7) with
right hand side ¢”. Therefore, the J-regularity of (4.6.7) implies that there exists an element ¥/ € Y*"
with fulfills

@, —¥ly- < Cuegh|l1"c

Consequently, we conclude

2L
x_h xo—1 h *x_h *_ h
1"x —Z(l Forgs U, 12" )x: 1"y
=1

H(I); _\P?HY* < Creghf/

X*

2L
< Creg (1 + Z It Fyps 1 llx |17 X*) R |l
=1

THEOREM 4.6.17 (A priori estimate for FBFGS) If Assumption 4.6.12 holds and the adjoint problem
(4.6.7) is J/ regular, then there exists a he (0,1] and a constant C > 0 such that for all h € (0, h] the
operator FBFGS is invertible and it holds

h
Y+

(A1 (Fgrgs — Fgrgs Y")xe| < CRY|[U0A|x- forall x" y" € Y.

In particular, eFBFGS := CRY||v*x"||x+ ||y ||y~ fulfills Assumption 4.4.6 for all h € (0, h].

Proof. Let x",y" € Y*" be fixed. By Theorem 4.6.14, there exists a h > 0 and a constant m > 0 such
that, for all & < h, the operator Fllqs € -Z(Y*") is invertible and it holds

I = 2"y = [|(Faras — Foras ¥ v+ <

where 7 1= Fypigy" € Y* and 2" = Fgltoy' € Y™ Observe that a : Y* x Y* = R, a(v/,w) :=
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(FBrGs V', w')y+ is a bounded bilinear form which is bounded by the constant M := || Fgggs || ¢ (y+) and
7 € Y*, 7" € Y*" are the solutions to (4.6.1) and (4.6.2), respectively. Let @/, € Y* be the solution to the
adjoint equation

(W/>FBFGS q);)y* = (l*xh, l*W,)X* for all w ey®.

By Lemma 4.6.16, the adjoint equation is y-regular, i.e., there exists a constant Creg > 0 such that for
all0 < 7 < 1 and X € Y*” there exists an element &/ € Y*/ such that

|19, — @y < Cregh” [V x-.

Combining this with the Aubin-Nietsche trick (Theorem 4.6.1) yields for all & € (0, h], that

= (" (= )x
= |(¢ — 2", Fgras @)y

< || Fsras |l v+l — 2"

h e e h
(17 71*(FBF1GS _FBFIGS Y )x+

@ —

Y*
y*. 0

Y*

yh

< mCreg | Firas || 2y A 17" |-
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5. Optimal control of the obstacle problem

5.1. The obstacle problem

Let Q C R? be open and bounded. Let v : Q — R be a quasi-upper-semicontinuous obstacle (cf.
Section 2.8) which defines the set

K:={ycH}(Q):y>yae onQ}. (5.1.1)

We assume that y is such that K £ (. The set K is a closed and convex subset of the Hilbert space
Hé (Q). The obstacle problem is given by the variational inequality

Fil’ldyEKi <Ay—b7v_y>H*1(Q)H(}(Q)ZO VVQK, (512)

where A € £ (H{(Q),H~1(Q)) is assumed to be coercive and b € H~!(Q). By Theorem 2.4.2, this VI
has a unique solution and the solution operator S : H~1(Q) — H}(Q), b+ y, is Lipschitz continuous.
Under a regularity assumption on the obstacle, H?(Q)-regularity of the solution of the obstacle problem
can be inferred.

LEMMA 5.1.1 ([67, Chap. IV, Thm. 2.3]). If u € L*(Q) and the obstacle y € H'(Q) is such that
max{—Ay —u,0} € L*(Q), then it holds that S(1u) € H*(Q), where 1 is the embedding from L*(Q) to
H'(Q).

If one wishes to consider an upper obstacle ¥ and search for functions y € H& (Q) with ¥ < ¥ instead
of the lower obstacle (5.1.1), a simple transform will do the trick.

LEMMA 5.1.2. Ifye HO1 (Q) is a solution to (5.1.2), then § := —3 is a solution to the obstacle problem

Find§ €K : (AF=b,7 =S gm0  Wek,

where b= —b, [ := —yand K .= {§ € H}(Q) : § < ¥ a.e. on Q}.
Proof. Can be easily verified by observing that K = —K. O

LEMMA 5.1.3 ([115, Chap. 4 Prop. 5.6]). The obstacle problem (5.1.2) is equivalent to the comple-
mentary system

Find (&) € HY(Q) x H Q) E=Ay—b, y> ¥, >0, (E.y— W)y (o) = O
where the inequality & > 0 is to be understood in the dual space, i.e.,

<§,v+>H71(Q)_’H&(Q) >0 forallvt € H)(Q)":={ve H)(Q):v>0ae onQ}.
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5.2. The optimal control problem
We want to apply the bundle method to optimal control of the obstacle problem, i.e., the problem
minimize J() + L lul|2,
(v (9) X 2(€) P (52.1)
subjectto  y=S(F(1u))
where J : H& (Q) — R is the Fréchet-differentiable objective function (corresponding to the state), the
parameter & > 0 defines the Tikhonov regularization term || - ”%2(9)’ 1€ L(X(Q),H'(Q)) is a

compact embedding from L?(Q) to H~'(Q), F : H~(Q) — H~'(Q) maps the control to the force term
and S: H~1(Q) — H} (Q) is the solution operator of the obstacle problem (5.1.2). Further requirements
on the objective function J and on F' are stated below as needed. Plugging the solution operator into
the objective function yields the reduced problem

. . a 2
rr;léller?glje J(S(F (1)) + 5 lull 72 (o) - (5.2.2)

Obviously, Problem (5.2.1) and Problem (5.2.2) are equivalent.

THEOREM 5.2.1. If F is given as F(w) := w+ f with arbitrary f € H-(Q) and J : H}(Q) —» Ris
bounded below and lower semicontinuous, then Problem (5.2.1) has a solution.

Proof. The joint objective functional j : Hj (Q) x L*(Q) = R, j(y,u) :=J(y) +$ Hu||%2(g) is bounded
below. As the Tikhonov regularization term || -[|2, (o is convex and continuous, it is weakly lower

semicontinuous. Thus, j is strong x weak sequentially lower semicontinuous. As || - HiZ(Q) is coercive,
Remark 2.5.2 implies that the reduced objective function J : u — j(S(tu+ f),u) is coercive. Therefore,
Theorem 2.5.1 yields the existence of a solution to Problem (5.2.1). O

Example 5.2.2 (Tracking type objective function). By choosing the tracking type objective function
J: HY(Q) = R, J(w) := 1[|Ow — y4||}, where the observation operator O € .Z(H}(),H) and the
desired state y; € H are defined on Hilbert space H, we obtain the tracking type optimal control problem

P . 1 2 2 o 2
minimize 5|OS(iu+ f)— + 2 . 523
ueLZ(Q% 3108+ f) = yall + 3 ”uHLz(g) ( )

Here, we chose F : H~'(Q) — H~'(Q) to be F(w) := w+ f, where f € H~'(Q) is an arbitrary external
force. As J is obviously bounded below and continuous, Theorem 5.2.1 implies that the optimal control
problem governed by the obstacle problem with tracking type objective function has a solution.

For the subsequent analysis, we define the active set .27 (w) C Q at a point w € H~!(Q) to be the set at
which the solution to the obstacle problem coincides with the obstacle, i.e.,

o = (w):={weQ: S(F(w)(0)=y(o)} (5.2.4)
Further, we define the inactive set .# C Q to be the complement of the active set, i.e.,

I =I(w):={wcQ:SFWw) (o) >y} (5.2.5)
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As v is assumed to be quasi-upper-semicontinuous and S(F'(w)) € H} (Q), w— S(F(w)) is quasi-upper-
semicontinuous and Lemma 2.8.4 implies that .# (w) is a quasi-open set.

In [131], strong stationarity conditions are derived which do not require any regularity of Q. As [131]
uses the setting of a lower obstacle, we transfer the result [131, Thm. 5.2, Prop. 2.5] to the given upper
obstacle setting.

THEOREM 5.2.3. Let (§,i) € Hy (Q) x L2(Q) be a local solution to Problem (5.2.1) with F € .3( 1))

deﬁned via F( )i=w+f, feH Q). Ifiie H} (Q), then there exist multipliers (5, p. i ) H Q) x
H(Q) x H~1(Q) which satisfy the strong optimality conditions

Ay=a+f+& inH'(Q), (5.2.6a)
Ap=TF -p inH(Q), (5.2.6b)
ai+p=0 in*(Q), (5.2.6¢)
pe (i), (5.2.6d)
<[t,v)H7|(Q)7H(}(Q) >0 Vv € e%/( (é_) (5.2.6e)
where the critical cone ¥ (i1,E) C H}(Q) is defined via
H(,8) = {v € Hy(Q) :v=>0q.e in (), (E,v) 10y m(e) = 0}- (5.2.7)

Proof. Let (y,a) € HO (Q) x LZ(Q) be a local solution to Problem (5.2.1) with £ € £ (H~ ( )) defined
via F(w) = w+f f e H'(Q). By Lemma 5.1.3, the multiplier & := Ay — i — f € H~'(Q) fulfills
E>0and (E,5— ) 1(@)H) (@) = 0- Thus, [131, Prop. 2.5] implies E € Tz(—7)° where Tg(—7)° is

the polar of the tangent cone (cf Section 2.4) of the set K := {j € H}(Q):5 < —yae. onQ} at the
point —¥. As —y € K, the tuple (—7, —ii, &) is feasible for the optimization problem

minimize j(F) + %”ﬁ”%z

subject to  (7,4,€) € Hy) (Q) x L2(Q) x H'(Q),
Aj=i—E—f
FeR, EeTi(y)",

(5.2.8)

where j: H}(Q) — R is defined via j(¥) := J(—¥). Furthermore, whenever (5.4, &) is feasible for
Problem (5.2.8), Lemma 5.1.2 shows that (—3y, —ii) is feasible for Problem (5.2.1). Consequently, as
(7,i) is a local solution to Problem (5.2.1) and J(7) = j(—7), the tuple (—¥, —ii, &) is a local solution to
Problem (5.2.8). As Problem (5.2.8) has the form of problem (P) in [131], [131, Thm. 5.2, Prop. 2.5]
yields the existence of multipliers (7, 1) € H} () x H~'(Q) such that

Ap+](=9)+a=0 inH'(Q),
a(-i)—p=0 inL*Q),
—pETp(—y)NET,

fi € (Tg(—y)NE)C.
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5. Optimal control of the obstacle problem

Note that j'(—7) = —J (7). We conclude the proof by observing that [131, Prop. 2.5] implies

Te(—9)NE" ={z € Hy(Q) :z< qe. on =5 =—¥,(€,2) 110 1 (o) = O}
= —{z€ Hy(Q) : 2> qee. on (), (&, 2) 1 () ) @) = O

(
H(i1,&). O

The critical cone J# (

i E) can be characterized in the following way. By [109, Thm. 3.9] there exists a
quasi-closed set o7 (i1) C

</ () which is unique up to capacity zero such that

H(1,E)={veH}(Q):v>0gq.e.in d(ﬁ),(&,v}Hq(Q),H&(Q) =0}

(5.2.10)
={vEH}(Q):v>0q.e. on .o (ii),v=0q.e. on (i)}

The set <7 (i) is called the strictly active set and plays an important role in the computation of a sub-
gradient, cf. Lemma 5.2.6 and Section 5.3.4 below.

We apply the bundle method to solve Problem (5.2.2); the problem is of the form (3.1.1) with X* =
X:=L*Q),Y :=H ' (Q),Y"=H}(Q),p:Y =R, p:=J(S(F())), f:U =R, f=potr,w:X >R,
wi=Z|- H%Z( Q) and .7 :=L*(Q). To execute the bundle method, we need to compute an approximation

of a subgradient of p = J(S(F(-))). In the following we study how to obtain an exact subgradient.
Recall that (+) : H} (Q) — H] (Q) denotes the pointwise maximum, i.e., (v); (®) := max(0,v(®)).

DEFINITION 5.2.4 ([115, Chap. 4.5]). An operator A: H='(Q) — H} (Q) is called strictly T-monotone
if A satisfies

(Av, (v)+>H_1(Q)’H(;(Q) >0  forallve HY(Q) with (v), #0.
Example 5.2.5. The operator A = —A induced by the negative Laplace operator via
(A, v) g1(@) Hl (@) ::/ Vy'Vv dd for all y,v € Hy (Q)
’ Q

is strictly 7-monotone and coercive.

LEMMA 5.2.6. Let J : H}(Q) — R be a continuously differentiable function and let F : H™'(Q) —
H~Y(Q) be a Lipschitz continuous, continuously differentiable, monotone function. Furthermore, let
A€ Z(H}(Q),H (Q)) be a coercive and strictly T-monotone operator and let w € H~'(Q) be arbi-
trary. Denote by q € H& (Q) the unique solution of the variational equation

Find q € Hy(D) : (A"q V)1 mi @) = <J/(S(ﬁ(w)))aV)>H*1(Q),H0'(Q)v Vv e Hy (D), (5.2.11)

where D = .7 (w) (cf. (5.2.5)) or D = Q\ & (cf. (5.2.10)). Then it holds that F'(w)*q € dcp(w).
Proof. This is an application of [109, Thm. 4.21]. O

93



5. Optimal control of the obstacle problem

5.3. Discretization
In the rest of this chapter, we consider the optimal control problem with tracking type objective

EEC 1 2 a 2
minimize 5 — Q + 5 ||lu Q
() EHG (Q) x L*(Q) L yd”Lz( ) 2 HLZ( )

(5.3.1)

subjectto  y €K, /QVyTV(v—y)dQL > /D(u—i-f)(v—y)dl Vv ek,
where K := {y € H}(Q) : y > wae. onQ}, y € H(Q)NCO(cl(Q)), f € L*(Q) and y; € L*(Q).
This problem is of the form Problem (5.2.1) with J := J||¢*(- ) vallz2 ) and F(w) :=w+1f for
all w € H™1(Q), cf. Examples 5.2.2 and 5.2.5. We set Y := H '(Q), Y* = H& (Q), X* :=L*(Q) and
X :=L2(Q)*. In the following, we identify L?>(Q)* with L?(Q) and the Riesz map Ry : L*(Q) — L*(Q),
Ry (x) = x, is explicitly written only if the connection to previous results is to be pointed out. Further-
more, the embedding 1* : H} (Q) — L*(Q), 1*(x)(®) := x(®), is explicitly written only if it is necessary
to do so.

In order to apply the bundle method (Algorithm 3.4) to this problem, we need approximations of the
function value, a subgradient, and the minimizing iterate. To do so, we employ the finite element
method, cf. Section 2.7. We start at an initial triangulation .70 of Q with initial mesh width i € (0, 1].
We use the corresponding finite element space V0 C H}(Q) to discretize Y* = HJ(Q). Using this
discretization, function values, subgradients and minimizing iterates with corresponding error estimates
are constructed as described below. Whenever a computed error estimate exceeds the bounds needed
for Algorithm 3.4, we refine the triangulation of Q in such a way that this error estimate is reduced.
Each refinement is done in such a way that the constructed sequence of triangulations (.7"),, is regular
(cf. Section 2.7). This leads to a sequence of finite element spaces (V");, which are nested, i.e.,

Vicvh  forallh<h. (5.3.2)

5.3.1. Discretization of the obstacle problem

To obtain an approximation of the objective function f = J(S(F(1(-)))), we first approximate the so-
lution operator S of the obstacle problem. Any triangulation .7" yields a corresponding finite element
space V! C H}(Q). Define

K':= (/" eV V' > 1"y ae. on Q},

where 1" : C%(cl(Q)) — V" denotes the Lagrange interpolation operator. We discretize the obstacle
problem (5.1.2) by

Findy"€K": (A" =0V =) g =0 W ek (5.3.3)

As (5.3.3) is a variational inequality, Theorem 2.4.2 shows the following.

LEMMA 5.3.1. For all b € H='(Q) the variational inequality (5.3.3) has a unique solution y* € K".
The solution operator S" : H='(Q) — V" is globally Lipschitz continuous and the Lipschitz modulus
does not depend on the space V".
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Denote by y,v,¥ € R? the coordinates of y", v I"y € V" and define the set
Ky = {veR" :v >V componentwise }.
As A is induced by the negative Laplace operator, it holds
A" =" gy mye) = O =) =y KV —y),
where K is the stiffness matrix introduced in Section 2.7. We define the vector b € R™ by b ==
<b’¢i>Hg (@) H} () This gives

(b, v _yh>H*1(Q),H1(Q) = BT(V —y).

0

If b € H~'(Q) has the form b = (b", J12(q) With b" € U" and coordinates b € R, then

A

b'v= (b,vh>H71(Q),H& Q) = (bh,vh)Lz(Q) =b'Mlv forall v € V" with coordinates v € R,

i.e., b=1TMb, where the mass matrix M € R"/*™ and the prolongation matrix | € R"V*™ were defined
in Section 2.7. For arbitrary b" € L?(Q), i.e., if b € H~'(Q) has the form b = (b", “)12(q)> We obtain

bi = (0.0 ey = (O i@ = [ V' 0102 (5.34)

and numerical integration techniques (cf. Section 6.1) can be used to compute the vector b e R™. With
these definitions, (5.3.3) is equivalent to

A

Findy € Ky, : (Ky—b)"(v—y)>0  WeK,. (5.3.5)

By Lemma 2.4.3, this finite dimensional VI is equivalent to finding y € Ky, such that

A

y =P, (y—7(Ky—b)). (5.3.6)

In contrast to Pgi : V* — V" C H}(Q), the finite dimensional projection P, : R — R can be
efficiently computed via

Py, (v) = max{v,¥} for allv e R",

where the max operator is to be understood coordinatewise. As Px,, : R — R™ is piecewise linear in
every coordinate, it is semismooth (cf. [124, Def. 2.5, Prop. 2.26]). Thus, (5.3.6) can be solved via a
semismooth Newton method (cf. [124, Alg. 2.11]) which inhibits a locally g-superlinear convergence
behavior (cf. [124, Prop. 2.12]). However, since this algorithm is based on the finite dimensional re-
formulation (5.3.6), it might not be mesh independent.

Another approach to compute a solution of the obstacle problem (5.1.2) is to use the semismooth
Newton method in Hilbert space proposed in [124, Chap. 9.2]. There, a regularized dual problem is
solved. However, this regularization leads to additional error terms. We thus use a hybrid algorithm.
The last trial iterate of the bundle method is used as a starting iterate yo. Whenever the norm of the
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residual yo — Px,, (Yo — ¥(Kyo — b)) is larger than a prescribed bound, we use the semismooth Newton
method in Hilbert space with a large regularization parameter to obtain an approximation of the solution
$0. We then use the semismooth Newton method in finite dimensions with the starting point ¥ to gain
an accurate solution of (5.3.6).

5.3.2. Computation of function value approximations

We now construct a computable function value oracle Oy : V# x (0,1] — R which can be used in
Algorithms 3.2 and 3.3 to compute a function value approximation and a subgradient, respectively. A
computable error bound & : V" x (0,1] — (0,0) which fulfills (3.5.1) is constructed in Section 5.4.1
for the case of uniform mesh refinement and in Section 5.5.1 for the case of adaptive mesh refinement.
Recall that f(u) = %||S(u—|—f) —yd||i2(g). We approximate S(u 4 f) via 8" (u" + f) (cf. Section 5.3.1).
This yields the function value oracle

Oy(u,h) := 318" (" + ) = val72q)

: o (5.3.7)
= 38" (" + P[22 1) — (8" (" + ). yva) (@) + 311yl 720

Since S"(u" 4 f) € V", the term 28" + a) 12, (o) can be computed exactly. Furthermore, the term
%H deiz () can be computed analytically prior to execution of the algorithm. In order to evaluate the

term (S"(u" 4 f ),¥d)12(q)» We use numerical integration (cf. Section 6.1) to compute

VeER™,  (yg)ii= /Q 01yadA, (5.3.8)

where ¢; is the nodal basis function corresponding to node n;, 1 <i < ny. If y € R™ denotes the nodal
values of y" := S"(u" + f) € V", then we obtain

("W + £),ya)1200) = YL (¥i01,Ya)12(0) = ¥ "V

1

ie., the term (S"(u" + f ),¥d)12(q) can be evaluated exactly. Therefore, the function value oracle
o f(uh, h) is computable. The integrals in (5.3.8) are to be computed numerically in such a way that the

integration error is negligible, cf. Section 6.1.
Computation of an error estimate for the function value approximation

In Sections 5.4.1 and 5.5.1, we develop a priori and a posterior error estimates for the H(} (Q)-error of
the state, i.e., for ||S(u+ f) — S"(u+ f) HH(% ()- Here, we show how this leads to an error estimate for
the function value.

LEMMA 5.3.2. For any es(u) € R which fulfills ||S(u+ f) —Sh(u—l—f)HH&(Q) < eg(u), it holds

|07 (u,h) = f(u")] < &(u,h) = CrallS"(u+ f) = yall 2 (@es () + 5CE ges ().
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Proof. Using the abbreviations a := S(u+ f) —ys € H}(Q) and a” := S"u+f)—yq € H}(Q) we get
|0 (u,h) = f(u")| = 3l(a+d",a—a")pg)] < [l 20 lla =" 2@ + 3lla— a2 q)-

Recall that the Friedrichs constant fulfills Cr.o = |1 ¢4 ().2())- ¢f- Section 2.6. Therefore,

lla—d"llz20) < 10Nl 2 (@).20 1S+ F) = 8"+ F)l 1y @) < Craes(w). o

Note that we can compute ||S” (u+ f) — y4|| 12(q) exactly via

IS" (u+ f) _)’d”%Z(Q) = [IS" (u+f) HiZ(g) —2(S"(u+f),ya) ) + H)’dﬂiz(g)
=y My =2y "y + [lyall72(q):
cf. (5.3.8). Therefore, we can compute & (u, h) exactly if eg(u) can be computed exactly. Furthermore,

Lemma 5.3.2 implies that O and &; fulfill (3.5.1) and thus they can be used in Algorithms 3.2 and 3.3
to compute a function value approximation and a subgradient, respectively.

Computation of a lower bound for the 7! (Q)-norm

In order to control the size of the lift term of the function value approximation, we need an oracle O,
for a lower bound of the H~!(Q)-norm of an element x € H~!(Q), cf. Section 3.5.1. For x = Ry ' 1*x"
with x" € V", we define Oy (x,h) == |E"x"||y+. The oracle Oy, (x,) can be computed exactly by
computing the coordinates z € R" of 7 := E"x" = P,.,Ex via the linear system

7z Kw = (zh,wh)y* = (l*xh, l*wh)x* =x' Mw for allw € R", (5.3.9)

cf. (4.3.6). By Lemma 4.5.1, we find O, (x,h) < [[1x||-1(q). Further, for x = Ry'1*x" # 0, the Lax-
Milgram theorem, Theorem 2.3.2, shows that E”x # 0 which implies Oy (x,h) > 0. Consequently,
QH‘HY and Cjj, =1 fulfill (3.5.4) and thus can be used in Algorithm 3.4 as an oracle for the lower
bound of the Y-norm.

5.3.3. Constant free error estimates for the Dirichlet problem

In the following sections, we need an error estimate for the solution of the Dirichlet problem. Most
error bounds for finite element discretizations involve an unknown constant. Since we need a concrete
upper bound for the error, we use the following error bound developed in [112, 95, 111].

THEOREM 5.3.3 ([112, Cor. 3.1]). Let D C R? be a bounded domain with Lipschitz continuous
boundary 9D and let f € L*(D) be arbitrary. Denote by u € H} (D) the solution to the Dirichlet
problem
—Au=f inD,
u=0 on dD.
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For arbitrary v € H} (D) there holds
H”_V”HO'(D) <|Vv—=wl2ppp +Crplldivw+ fll2py  forallw € H(D,div).

Here, Cr.p := Sup,,cy(p) HWHLZ(D)/HWHH(; (p) is the Friedrich constant on the domain D.

Known values of Crp for several domains D can be found in Section 2.6. For a given domain D C R2,
we define the majorant Mp via

Mp: HY(D) x H(D,div) = R, Mp(v,w) := |[Vv—w| 2y + Cplldivw+ fll oy (53.10)

As pointed out in [112], there are several ways to find a suitable w € H(Q,div) such that Mp(v,w) is
small. For w = Vu, it holds Mp(v,w) = [|[V(v —u) | 2(py = [Ju— VHH(} (p)» 1-€., the majorant Mp(v, Vu)
recovers the error exactly. Since we cannot compute Vu exactly, one strategy is to construct a w' €
H(Q,div) based on VP,uu € L*(Q,R?) such that M(v,w") can be computed exactly.

A simple approach is given by local post-processing, cf. [111, Chap. 2.6.3]. Let O; C R? be the patch
around interior node n;, 1 <i < ny, ie., O; := Uj=1,..m: i where T;,, j = 1,...,m;, are the triangles
adjacent to interior node n;. Define the gradient averaging operator G" : V# — vV’ x V' by

G"'(x;) = Z |01]|| (Vvh)ij for all v' € V",
j=1 170

where (Vvh),-j € R? denotes the value of V" on the triangle T;;. This leads to the error estimate

[l ="l 130y < Mp (', G"') = [V = GV 2 pye + Crp || div GV + ). (5.3.11)

Another strategy to compute a suitable w € H(Q,div) is to solve the problem

Wg = argmin (1+ ) (V" _WEH%Z(Q,RZ) +(1+ %)C%,QudiVWh‘*‘fH%Z(Q) (5.3.12)

whewh

with an appropriate finite dimensional subspace whc H (Q,div) and B > 0 fixed. Since (5.3.12) is a
quadratic finite dimensional problem, it can be solved efficiently. If (Vi“) ieN 1s a sequence of linear
finite element spaces generated by quasi-uniform meshes with mesh diameter h; with h; = 0 as i — 0,
then W" := (Vh x V"), is limit dense in H(Q,div) in the sense that for any € > 0 and any w €
H(Q,div) there exists an i € N such that

_inf ”W_WﬁjHH(Q,div) <e Vj>i
WhjEthXth

This follows from the density of the set of vector valued polynomials in H (€, div) and the interpolation
estimate Corollary 2.7.2. Let uy, be the finite element approximation of u and € > 0 be arbitrary.

Combining the limit density of Whi with [112, Thm. 3.1] and [112, Eq.(3.17)] shows that there exist
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numbers ﬁ > 0 and & > 0 such that

([ —=un |1 ) SMD(Mh;,Wzi) < lu—up |l +€  forall fe (0.B), hi € (0,h).  (5.3.13)

This means that MD(uhi,wzi) approximates ||u — uy,|| H (o) arbitrarily well for sufficiently small values
of B and h;.

5.3.4. Computation of a subgradient approximation

We now consider the issue of constructing a subgradient oracle which can be used in Algorithm 3.3 to
find an appropriate subgradient, cf. Section 3.5.2. Let either D = . or D = Q\ o, where .¥ and <7
are the inactive set and the strictly active set defined in (5.2.5) and (5.2.10), respectively. Recall that
F(w)=w+1fforallwe H'(Q). Therefore, F'(w) = Idy,: () forallw e H~'(Q). By Lemma 5.2.6,
g:=F'(w)*q = q is a Clarke subgradient of p(-) = J(S(F(-))) atw € H~'(Q), where ¢ € H}(Q) is the
solution to the variational equation

Find g € Hy (D) : (=Aq,v) 1) m1 (@) = <‘]/(S(ﬁ(w)))aV>H*1(Q),H({(Q) Vv € Hy (D).

Since the objective function J : Hj (€) — R is given by J(y) := 11"y —deiz(Q), we find

TV rvmie =0 —vav)re  foralyve H(Q), (5.3.14)
which leads to the variational equation
Findg € H)(D):  (~Aq, vy miey = (SEW) —yaipgy WeHID). (5319

Note that the inactive set .# and the strictly active set .7 depend on the exact solution y of the obstacle
problem. Therefore, we cannot compute D exactly. Thus, we present two strategies to approximate the
subgradient g = g. For the first strategy, we compute an approximation of the state y via (5.3.3). Then
we compute ¢" € VN H(} (D") via the variational equation

Find ¢" € V' NHy(D") 1 (=" V") 1) i) = O =y @) W' e VINH (D).

Here, the D" is given as the discrete inactive set D" := {® € Q : y"(®) > I"y(w)}. This leads to the
subgradient oracle

Oy : X" x (0,1] = X*", 0,(y".h) :==1"q", (5.3.16)

where the linear subspaces X* = X" C X* correspond to the finite element space V" C L?(Q). Note
that we cannot guarantee that Oél,(yh,h) is actually a Clarke subgradient or even that it is close to a
Clarke subgradient. Consequently, it is not clear if Assumption 3.1.1 is fulfilled for any meaningful
subdifferential G. However, in our numerical tests, 0; performed very well, cf. Section 6.2.

In order to compute subgradients which fulfill Assumption 3.1.1 with G := dcp+B H(Q) (0,€6), €6 >0,
we proceed as suggested in [109]. There, the solution to (5.3.15) is approximated by the solutions g,
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of
Find g, € H}(D,) : <_Aqn7V>H—1(Q)7H(}(Q) =n—Ya,V)2@ WE HL(D,). (5.3.17)

For each n € N, D, is assumed to be a quasi-open subset of D and the approximation y, € H(} (Q) of
S(F(w)) is to be chosen later. By [109, Lem. 7.1], the following a posteriori error estimate holds true:

g~ @l (@) < Nl = Agn =" )l () + V' G) = I SE WD) -1

If y, — S(F(w)) in H} (Q) and H} (D,,) — H} (D) in the sense of Mosco as 71 — o, then [109, Lem. 7.1]
implies that g, — ¢ in Hé (Q), i.e., the subgradient g = g can be approximated arbitrarily well by the
elements g, := F’ (W)*qn = gn, n € N. However, as the exact set D is unknown, the H~!'(D)-norm of
—Aq, —J'(y,) cannot be evaluated exactly. Therefore, the quasi-open sets D,,neN,withDcC D, CQ
are introduced. Note that H} (D) C H} (D,,) shows

HWHH*I(D) = sup ‘<W7V>H—1(Q),H(} (Q)’
VEH(}(D)vHVHHé(D)Sl
< _ sup ’<W’V>H*1(Q),H6(S2)| = ”W”H*'(D,,)
VGH(%(D")vu‘}HHS(Dn)S]

for all w € H~!(D,). This results in
lg = aullgy @) < 1= Adn = I On)llz-1(5,) + 1" On) =9 (SEWD)l-10)- (5.3.18)

Inspecting the proof of [109, Cor. 7.3] shows that if y, — S(F(w)) in H}(Q), H} (D,) — H} (D) and
H} (D) — H} (D) in the sense of Mosco as n — oo, then it holds

1= Agn = J' Oa)ll 15,y + 1 ) =T (SCEW)))ll-1) = 0 asn— oo,

i.e., (5.3.18) is a reliable error estimate. The important issue to compute appropriate sets D,, and D, is
addressed at the end of this section.

While the approximations g, = g, defined in (5.3.17) solve the main difficulties in approximating a
subgradient, we still cannot compute them exactly. Now we turn to developing a computable approx-
imate subgradient g’ € V"* and computable error bounds for ||g" — g|| H) (@) Where g € dcp(w) with

w € H-'(Q). First, note that the element g, as defined in (5.3.17), is the solution to the Dirichlet
problem

—Agn =Yn—Ya in D,
gn=0 on oD,

We therefore approximate the element g, by a finite element approximation ¢”. Denote

Vp:=V"NHj(D,) and  VA:=V'"NH(D,).
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Choose y,, := S (w + f ) and define ¢ € Vi C V' as the solution to the variational equation
Find ¢" € Vi1 (=Aq" V") g1y o) = On —yas V")) W € VB,
Note that if w is in V/», then y, € V' can be computed exactly and (5.3.8) yields
(yn—yd,vh")LZ(Q) = (yn M —yq v for all v € V. (5.3.19)

This shows that ¢/ € V}; can be computed exactly. We now develop a computable heuristic for the
error ||¢" —q||H1 . Using (5.3.14) and (5.3.18), we find

g™ —qllm @) < g —ulliy @) + 1 = Agn =T Ol g-1(5,) + [[Yn —S(EW) 1) (5:3.20)

In order to approximate the term || — Ag, —J' (yn) |l g-1(5.)> We approx1mately compute the inverse of

the inverse Riesz representatlve of —Ag, —J'(y,) in the Hllbert space HO( ), cf. Section 2.1. Since
gn € HY(D,) C H}(D,), the Riesz representative on Hi (D,) of —Ag, is given by ¢,. Denoting r,, :=

-1 !
RH(} (Dn)J (yn) yields

1= Agn =" G l-1(5,) = lldn =Ryt 5,07 On)lligy 5,y < lldn = 4" gy ) + 0™ = ralligy s,
(5.3.21)

The inverse Riesz representative r,, = R H} 0, >J '(yn) is characterized via

(rasV) 0, = ' On)V) 15,15, = On —Ya V)2 forallve Hy (Dy).
Therefore, r, is given as the solution to the Dirichlet problem
—Ary, =Yy, —Ya in D,,
r,=0 on dD,,.

Thus, we approximate r, by the finite element approximation 7= € V5 which is defined as the solution
to

Find " € V1 : (=) oy @) = On—ya V")) W EVE.

Note that by (5.3.19), the right hand side can be evaluated exactly and thus 7= € V5 can be computed
exactly. Combining (5.3.20) and (5.3.21), we arrive at the estimate

" = allig ) < 2llan =" gy + 14" =" gy o,y + 1" = rallgyi,) + v = SOv -+ F)lla

1 i fin hn I JU— I I
Since ¢"" € Vp and " € V5, we can compute [|g"" —r HH(%(Dn) =|lg" —r ||H6(Q) exactly, but the other
three terms on the right hand side need to be estimated. The errors ||g, — ¢ || HIQ) = llgn—q" || HY(Dy)
and ||r, — | HY (Dy) have to be treated with care. Applying a Widely used residual error estimate

for a quasi-uniform triangulation yields an estimate of the form ||g, — ¢"| Hi@) < Chy [yn = vall2(@)
with constants C > 0 and ¢ > O independent of #,. However, the constant C usually depends on
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the domain D, and is usually difficult to compute or even estimate. Thus, it is not possible to use a
residual error estimate here. Instead, we use the majorant Mp, defined in (5.3.10), to estimate the errors
lgn —qh"ll H) (D,) and 170 — ]| 1 H)(D,) Via local gradient averaging, cf. (5.3.11). This yields

lgn — ¢l o) < Mp, (6".Gid™)  and vy =Py 5, < M, (7, Gy, )
which leads to

lg" — 4l (@) < 2Mp, (4", Gn,g") + 14" = ""llgy(5,) +Mp, (7", Ga, ™) + [lyw = SE W)l 1-10)-

Finally, the term ||y, — S(F (w))|| -1 (@) heeds to be estimated by computable quantities. Recall that the
Poincare-Friedrichs constant fulfills Crq = Hl*"g(Hé @.2@) = It 2@1@).2)- cf. Section 2.6.
We therefore estimate

lyn = SE W)@ < Crallyn —SEW) 2@ < Crallyn—SEW) gy < Craesw),

where eg(w) is a computable error estimate of the H} (Q)-error of the solution operator of the obstacle
problem, i.e., S(F(w)) ||H ) < es(w). In Sections 5.4.1 and 5.5.1, we use a priori and a posteriori
techniques to construct such an error estimate eg. This results in the computable subgradient error
estimate

lg" — ll (@) < 2Mp,(¢" . Gn,g") +1lg" = r"llgy(5,) + Mp, (7", Ga, ™) + Ci ges(w).  (5.3.22)

The task to compute sets D, and D,, which fulfill D, C D C D, C Q, H}(D,,) — H} (D) and H} (D,,) —
H(} (D) in the sense of Mosco is the main difficulty of this approach. Several possibilities are explored
in [109]. Each of them relies on the convergence ||y, — S(F(w))||1=(q) — 0 as n — eo (which can be
ensured if sufficient regularity assumptions on the data of the obstacle problem are made) and on further
regularity assumptions on the active set .27, cf. [109, Thm. 7.31]. In particular, it is assumed that there
exists a neighborhood U of &7 and a positive number 1] such that

(=AY —F(W),v) 10 i) > n/ vdA  forallve Hy(U), (NDy,)
U

holds. This nondegeneracy condition (NDy,) is vital for the approach of [109] to compute sets D, and
D, since the parameter 7 is used to construct D,,. However, the condition (NDy,) is not fulfilled in
many of our numerical examples. Therefore, we take another approach. For the rest of this section, we
assume that y, — S(F(w)) and , := I""y — y in L”(Q) as n — o. We use D = .#, choose a forcing
sequence (&, )nen C [0,00) which fulfills £, — 0 as n — oo and

&n = [lyn = ¥ll=@) + 1Y = V) + =<yt i@ Hl vy foralln e,
and define
Dy :={yn >y, + &} (5.3.23)

By [109, Lem. 7.8 and Chap. 7.7], it holds D,, C .# for all n € N and [109, Thm. 7.10 and Chap. 7.7]
implies HJ (D,) — H}(.#) in the sense of Mosco. As stated above, if y, — S(F(w)) in H} (), then
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this yields that g, = g, — g = g in H}(Q), i.e., the subgradient g can be approximated arbitrarily
well by the elements g,, n € N. However, it is very difficult to construct a sequence of sets D, D .¥
which converge to .# in the sense of Mosco as n — oo, cf. [109, Chap. 7.6]. We use the choice
D, := {y, > w,} ~ D, instead of a superset D, D D = .# as a heuristic to compute an approximate
error bound for the subgradient. In particular, we compute 7/ in the space Vi = V/in OH& (D,) and use

ef :=2Mp, (¢, Gn, ") + ld" = 1"l 335,y +Mp, (", G, ™) + Crges(w) (5.3.24)

as an approximate error bound for the subgradient. Note that we cannot guarantee that D, > D = .#
and therefore, we cannot guaranteed that ||g" — g| Hl(Q) = e. However, this heuristic for the error of
the subgradient approximation is not used in the bundle algorithm. It is only computed to be displayed
in the numerical results of Chapter 6.

‘We now choose
Og: X" x (0,1] = X*, 0L (" hy) == 1"g (5.3.25)

as a subgradient oracle according to Section 3.5.2. This corresponds to the subdifferential approxima-
tion G := dcp+ B HL(Q) (0,€&5), where g > 0 is the largest error term e5 encountered in the algorithm.
Although we cannot guarantee that &g is bounded, our numerical experiments suggest this, cf. Fig-
ure 6.6(d). In this case, G fulfills Assumption 3.1.1 and thus can be used as a subdifferential. However,
since e}, is not an upper bound on the error, we cannot compute £g. In the numerical results in Chapter 6,

we plot e for all used gradients such that one can get an impression of the size of &.

5.3.5. Computation of a trial iterate

We now apply the theory of Chapter 4 in order to compute a trial iterate. Before we go into detail,
we give a short overview of this section. First we define the oracle Op-1 needed in Assumption 4.2.7
which gives an approximation of F~!p’ for p’ € P. Corresponding error estimates & and £,-1 which
fulfill Assumption 4.2.7 are developed in Sections 5.4.2 and 5.5.2 using a priori and a posteriori tech-
niques, respectively. Then Theorem 4.2.8 implies that the output of Algorithm 4.2 can be used as a
subproblem oracle O; and subproblem error bound & which is needed in Algorithm 4.1 to compute a
trial iterate. Next we define model value oracles Oy (h) and Oy (h) which fulfill (4.1.4). Using these
oracles and error bounds, Algorithm 4.1 terminates in finitely many steps if the current serious iterate is
not G-stationary and Theorem 4.1.1 implies that the computed element can be used for the trial iterate
oracle Oy in Algorithm 3.4.

We start by defining the oracle Op 1 : P x (0,1] — L*(Q) where P := {p}, i € I} C L*(Q). Here,
p; = g’j + aRxx; € L*(Q) is constructed from the subgradients of the current model and the serious
iterate, cf. (4.2.2). We first prove that P C vh,

LEMMA 5.3.4. Denote by ¥ the trial iterate and by h the accuracy level computed by Algorithm 4.1
with initial accuracy level h € (0,1]. If the serious iterate x € L*(Q) is an element of V", all subgradi-
ents g} € L*(Q) (used in the current model) are elements of V" and Op- (p',h) € xh forall p’ € vh

theny € vh.
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Proof. First notice that h < hand y= OS(‘i‘, 71) for a suitable reduced model ¥. Since the oracle O, is
computed via Algorithm 4.2, we find

§=0,¥,h)=x—d Z ;Op p], —X—Zﬁ,;OF—l(g;—f—aRxx,il).

JeI jel
Since & < h it holds V' C V, cf. (5.3.2). Therefore, x € vh, g;- cvh Op (g; + aRxx, ) € V" and
ye vh, O
LEMMA 5.3.5. Ifxo € V" and Op—i(p',h) € V" for all p' € V" and h € (0,1], then
g VIR gevhin gievhi x eVl forallieN.

Proof. First notice, that g; is always computed at accuracy level i; = hi,;. Thus, (5.3.25) implies
that g1 € Vhiet for all i € N. Similarly, g; is always computed at accuracy level &, = h;;; which
implies g; € V% for all i € N. We show by induction that ¥; € Vhi and x; € Vhiforall i € N. Fori =0,
the serious iterate x is an element of V"0, Furthermore, only the exactness gradient & € e yh c yh
is included into the model ¥y and xo € V0 C V. Thus Lemma 5.3.4 shows that Yo € Vi which
concludes the case i = 0. Now assume that j; €~Vh and x; € V% for a given i € N. In the case of
a successful iteration, it holds that x;1 | = J; € Vhi c Vit because hiv1 = fl,- < h;. In the case of a
unsuccessful iteration, it holds x;;; = x; € Vhi c vhiet because hi+1 < h;. Therefore, x;; € V%t Now
notice that all computed subgradients up to iteration i + 1 are elements of Vhist and x; | € V#+1. Thus,
Lemma 5.3.4 shows that y;; | € Vhi, 00

Lemma 5.3.5 implies that P C V". Now recall that the operator F € .Z(X,X*) is defined by F = aRx +
1*(Q + TRy)1, cf. (4.2.2). For the case of no curvature information, i.e., Q = 0, it holds (cf. (4.3.4)) for
all p' = t*p" € P that F~'p' = F~'t*p" = Ry'v*D; ' p"* where D; = aldy+ +TRy1R'1*. Therefore,
we approximate F ' p’ via R;l 1*D;"p". By (4.3.7), the coordinates z € R of 7" := D;"p" € V" can
be computed by solving the linear system

2" (aK+TM)w = a (", w")p ()—i—’v(lz U'wh) Q) = = (p"why- =y " Kw YweR"™. (53.26)

Here, M and K are the mass and stiffness matrices introduced in Section 2.7, respectively. There-
fore, Op-1(p',h) := *D hph is a computable oracle of F~!p’ for Q = O. In the case of BFGS
curvature, (4.4.13) ylelds for all p/ = 1*p" € P that FBFGS p = RX 1 FBFGS p", where FB}IGS p’* can be
approximated via FBFGS p € V", cf. Section 4.4.4. We thus use
Op-1(p',h) == Ry'v"D !, p" — Ry'v* DL U" (1o +V" iR "D, UM VIR DY, pt

as a computable oracle of F~!p/, cf. (4.4.15). The corresponding error estimates & and &z—1 which
fulfill Assumption 4.2.7 are developed in Sections 5.4.2 and 5.5.2 using a priori and a posteriori tech-
niques, respectively.

In order to compute a subproblem oracle, we run Algorithm 4.2 with the safeguarding parameter
el := min{100 - &, Amax(Ha), 1}, where &, is the machine precision. For i = 1, this ensures that &"

is reasonably small such that the solution of the approximated problem (4.2.5) is close to the solution
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of the original problem (4.2.3) while it is sufficiently large to facilitate an efficient solution of (4.2.5).
Now, since p;'vl = Op-1(p),h) € X" and p € X*", the terms (p;,pffl>xﬁx, i,j € I can be computed
exactly. Therefore, Theorem 4.2.8 is applicable which implies that Algorithm 4.2 can be executed.
Denote by 7 and eff the output of Algorithm 4.2 for accuracy 4 € (0,1]. Since &’ =h — 0 as h — 0,
Os(¥,h) =3, &(¥,h) := eff and Cy := max{Cr,Cp-1,1} fulfill (4.1.3) and thus can be used as a
subproblem oracle with corresponding error estimates.

For the model value oracles Oy (h) and Og(h), we choose the oracles defined in Theorems 4.5.2
and 4.5.3. For this, we need a computable error estimator ez (h) > 0 such that

I(E=ENG" =)o) <eglh)  and  ep(h) =0 as h—0. (5.3.27)

Note that 7 := E(y" —x") = RytRy'1*(y" — x) is the solution of the variational equation (z,w) HiQ) =
(1 (" = x"),1*W) 2 (q) for all w € Hj (Q). Since this is the weak form of the PDE

—Az=1"(y"—x") inQ,
u=20 on 0Q,

E"(y" — x) can be computed exactly via (5.3.9). Therefore, Theorem 5.3.3 implies that for all w €
H(Q,div) there holds

I(E—EMO" —x") gy < Ma(E ! —2"),w) = [VE (! =) = w20 + Cralldivw+ [l 2(0)-

Using w := wg € H(Q,div) as in (5.3.12), we define the computable error estimator e via ez (h) :=
Mg (E"(y" —xh),wg). In order to guarantee ez (h) — 0 as h — 0, we introduce the forcing sequence
vg : (0,1] — (0,00) with the property that vz(h) — 0 as h — 0. Now, whenever ez (h) > vz (h), we
uniformly refine the mesh and reduce the parameter 8. By (5.3.13), repeating this procedure eventually
leads to ez (h) < vi(h). This guarantees that the conditions (5.3.27) are fulfilled and the model value
oracles defined in Theorems 4.5.2 and 4.5.3 fulfill (4.1.4).

In order to define a trial iterate oracle Oy : (0,00)> — L?(Q) x (0,00) which fulfills (3.5.6), let € > 0
be a desired accuracy. We run Algorithm 4.1 with the oracles Oy, Oy and Oy defined above and
the error bounds f! := ¢ and f? := &. Now we distinguish the cases ¥ (x) = minycx ¥ (y) and ¥ (x) >
minycx ¥ (y). If the serious iterate minimizes the model ¥, i.e., if ¥(x) = minycx ¥ (y), then the serious
iterate is already G-stationary (cf. proof of Lemma 3.1.10). However, since we cannot compute the
minimizer of ¥ exactly, we cannot detect this case and Algorithm 4.1 refines indefinitely. If ¥ (x) >
minycx W(y), then Theorem 4.1.1 shows that Algorithm 4.1 terminates in finitely many steps and the
output (¥,4) fulfills ¥(§) < minyex ¥ (y) + (Cg + 1)€ and ¥ () < ¥(x), i.e., O5(g,h) := (¥,h) and
Gy := Cy + 1 fulfill (3.5.6) and thus can be used as a trial iterate in Algorithm 3.4.

5.4. A priori error estimates

In this section we develop a priori error estimates for quasi-uniform meshes with mesh width 4.
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5.4.1. A priori error estimates for the solution operator

For convex domains Q, we use the classical a priori error estimate of [33] for the solution operator of
the obstacle problem:

THEOREM 5.4.1 ([33, Thm. 2]). If Q is convex, W € H*(Q) and f € L*(Q), then there exists a
constant Cq, depending only on Q but not on h, f and y, such that

IS+ 1) = 8"+ Dl < Cah(lu+ il + 1Wlm@) — forallue LX(Q).

We therefore use es(u) := Cgh(||u\|Lz(Q) + ||f||Lz(Q) + || 1//||Hz(9)) as an error estimate for the H} (Q)-
error of the state. For a given domain Q, we compute a suitable constant Cq as described in Sec-
tion 6.1. The terms || f|| 2(@) and [|y/g2(q) can be computed analytically prior to execution of the
algorithm. Therefore, the error estimate eg can be computed exactly and can be used in Section 5.3.2
and Lemma 5.3.2.

We are not aware of the existence of any a priori error estimates for the solution operator of the obstacle
problem for nonconvex domains. Therefore, we use the a posteriori error estimate from Section 5.5.1
for nonconvex domains. Note that we still use only uniform mesh refinements but we estimate the error
via the a posteriori error estimate from Section 5.5.1.

5.4.2. A priori error estimates for the trial iterate

In Section 5.3.5, we describe how a trial iterate is computed and define the oracle Op-i. The aim of this
section is to provide explicit and computable a priori error estimates & and &1 for the oracle O
which fulfill Assumption 4.2.7. We start off with the case Q = 0 and a convex domain Q. First we
show that problem (4.6.7) is regular in the sense of Definition 4.6. 3 Usmg this regularity result, Corol-
lary 4.6.6 and Theorem 4.6.7 provide error estimates eEh N and eb, iy which fulfill Assumptions 4.3.6
and 4.3.7, respectively. We then use Lemma 4.3.9 to provide error estimates & and &.-1 which fulfill

Assumption 4.2.7.

Throughout this section we work in the setting that Y* = H}(Q), X* = L?(Q), that Y*" = V" is a space
of finite element functions generated by quasi-uniform meshes with mesh width /# and that the initial
serious iterate xo is an element of V0. Thus, Lemma 5.3.5 shows that Assumption 4.3.5 holds true
and all relevant quantities are discretized as elements of X*”. In particular, we have x = R, *x" and
gf,- = l*gj with xh,gh €Y We set pJ =g hpoxey*h, jeland d .= ):Je,/l*DT p] €y
where A* is the solution to the approximated dual problem (4.2.5). The quasi-uniformity parameters of
the meshes are denoted by ¢; and c;.

A priori error estimates for convex, polygonal domains

First note, that (4.3.2) implies that for X" € Y*" the adjoint problem (4.6.7),

Find ®, € Y* : (Despw, @)y = (", v'w)x.  forallw €Y, (4.6.7)

106



5. Optimal control of the obstacle problem

is equivalent to the PDE
O‘(CD;NWI)H(} @t (T—i—u)(‘I);,w’)Lz(Q) = (xh,w’)Lz(Q) forall w' € Hé (Q). (5.4.1)

LEMMA 5.4.2. IfQ C R? is a bounded convex open domain with polygonal boundary, then the varia-
tional equation

Find z € H}(Q) (@W)gio) TBE@W)p@ = W)@ forallw e Hy(Q) (5.4.2)
with B > 0 and y € L*(Q) has a unique solution z with regularity z € H*(Q) N HJ (Q) and it holds

2B 1+ B2
Cra+B  (Cra+B)

1/2
el < (1+Cha+ 2) " Wl < /4+ o+ Cha bz,

where Cp.o = Sup,,c i (o) ||WHL2(Q)/||W||H& () is the Friedrich constant (which depends only on Q).

Proof. By the Lax-Milgram theorem, for all B > 0, (5.4.2) has a unique weak solution z € H(} (Q).
Since Q is convex, [41, Thm. 3.2.1.2 and Thm. 3.2.1.3] imply that z € H>(Q). Using integration by
parts (cf. [31, Thm. 4.6]), one can see that the solution z € H 2(Q) to (5.4.2) also fulfills

—Az+Bz=y in Q
z=0 on dQ.

Since Q has a polygonal boundary, [41, Eq. (4,3,1,11) and Lem. 4.3.1.3] yield that
HWH%ﬁ(g) < ”AWHIZ}(Q) + iz @  forallwe H?(Q) NHy (Q).
Therefore, we infer

leleqy < 11821220 + 1211 oy = lly = Bl ) + lelay

2 20112 2 2 (5.4.3)
< V@) + 2Byl Izl 2 @) + Bzl 2 @) + 12l o) + [12ll220)-

By the Poincaré-Friedrich inequality (2.6.1), there exists a constant Cr o > 0 which depends only on Q
such that

wll2i) < CralVwliz@p = Cralwlly @~ forallw e Hy(Q).
Therefore, as z € H} (Q) solves (5.4.2), we find both

(Cﬁgz"‘ﬁ)HZHiZ(g) < ”ZHzé(g) +ﬁHZH%2(Q) =Mz < IVlle@llzlze)

and

||ZH12L1(;(Q) < ”ZHZ(;(Q) +BHZ||i2(Q) =2 < CF,QH)’HLZ(Q)HZ”HOI(Q)-
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This gives
Izl 2@ < (Cra+B) IVl and lzllg ) < Cralylre
Combining this with (5.4.3) shows the first estimate of the lemma via

2p B> 2
Cs S
FQ+B+( Cro+B)? " Q+(C;§z+ﬁ)2

l2llFq) < (1+ )llZ2g)

For B = 0, the second estimate of the lemma holds true. Now let B be greater than zero. Then

ﬁ*lqgjz > 0 and

B 1 1 1 ,
- = — <1 and — = — - <Cro-
CF,?Z +p BflcF,gz +1 (CF,gz +B)? CF,?Z + 2BCF§2 +B? 7

This shows that

2 1+ B2
_zﬁ n B
Cro+B

I2l172 0y < (1 +Cirg+ ) )HyH%}(Q) < (4+Cha+Cra) V72 0) O

(Cra+B)?
Known values of Crq for several domains € can be found in Section 2.6.

LEMMA 5.4.3. Assume that Q C R? is a convex, bounded and open domain with polygonal boundary.
Then the adjoint problem (4.6.7) is 1-regular and the constant Cy,q depends only on Q, the quasi-
uniformity parameters cy, ¢y of the triangulations and o.

Proof. Let x" € Y*" be arbitrary. Dividing both sides of (5.4.1) by & > 0, Lemma 5.4.2 shows that the
solution @/, of (5.4.1) is an element of H 2(Q) N H}(Q) and there exists a constant Cq > 0, only de-
pending on Q, such that [|®||;2(q) < Colla "t x" 20 = Ca/aft* thLz . Furthermore, by Corol-
lary 2.7.2 there exists a constant CCI’C2 >0 (dependlng only on the quasi- umformlty parameters 1,3
of the triangulations) such that

195 = Pyl g1 @) < 19 ="l g1 @) < Corl Pl < CeyexCaot™ R[UA | 20

As (5.4.1) and (4.6.7) are equivalent, this shows that the adjoint problem (4.6.7) is 1-regular according
to Definition 4.6.3. 0

THEOREM 5.4.4. Assume that Q C R? is a convex, bounded and open domain with polygonal bound-
ary. If Q = 0, then there exists a constant C > 0, depending only on Q, c|, ¢ and &, such that

OFfl(p;Wh) = *D’L' p]’ CF = C, CF—I = C,
‘}C:‘F*1 (P§7P;,h) = (1 + T)thl HLZ(Q) le}HH&(Q)a éF(J*aj/ah) = Thz ‘|J*h“22(g)

Julfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. First note that D7 "x"

o) and [l 1, () can be computed exactly for any X" € VI, cf. Sec-
tion 2.7.~Th1°1s, Op-1(P),h), &g (pis P, h) and &r(d*,d',h) can be computed. Also, &1 (Pi, Py h) — 0
and &g (d*,d',h) — 0 as h — 0. By Lemma 5.4.3, the adjoint problem (4.6.7) for a convex, bounded
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5. Optimal control of the obstacle problem

and open domain Q C R? with polygonal boundary is 1-regular and the constant Creg > 0 depends only
on Q, ¢y, ¢ and a. Therefore, Corollary 4.6.6 implies that

ek = Crgh? Hxh||Lz(Q)Hyh||Lz(Q) for all X",y € Y*"

reg
fulfills Assumption 4.3.6. Furthermore, Theorem 4.6.7 implies that

1 *
e% =1+ ||j (Q).L2(Q )))CreghnthU(Q)||thH(§(Q) for all ",y € Y*"

X

fulfills Assumption 4.3.7. As Assumptions 4.3.6 and 4.3.7 are fulfilled, Lemma 4.3.9 shows that the

approximation pffl =Ry l*D;hp?, J €1, and the error estimates ep := ’L'Crzeg h? Hd~*hHi2(Q) and

it = (1 10 e 2 el P 2o P g Forallinj €1

fulfill Assumption 4.2.4. Consequently, Or-1, Cr, Cp-1, €--1 and &p, as defined above, fulfill Assump-
tion 4.2.7. 0

Now we consider the case that the curvature operator is given via the BFGS formula.

LEMMA 5.4.5. IfQ C R? is a domain with Lipschitz boundary, Y* = H} (Q) and (Y*"), is a family of
finite element spaces generated by quasi-uniform meshes with mesh width h, then Assumption 4.6.12 is
fulfilled.

Proof. The spaceY”* = H(} (Q) is a separable and infinite dimensional Hilbert space. By [20, Chap. 1.2],
the set # := C(Q) is dense in H]} (Q). Since Y*" is a finite element space generated by a quasi-uniform
mesh with mesh width £, by Corollary 2.7.2, there exists a constant C > 0 (independent of /) such that

v IhV/HHI <Ch|v |12 for all v/ € H*(Q),

where 1" is the Lagrange interpolation operator. Consequently, dist(v/,Y*") < ||v/ — I"V/|| ;1 Hi(@) — 0as
h— 0forallV € # = Cr(Q) C H*(D) and Assumption 4.6.12 holds true. O

THEOREM 5.4.6. Assume that Q C R? is a convex, bounded and open domain with polygonal bound-
ary. If Q is given as the BFGS curvature operator (cf. Section 4.4), then there exists constants C, Cyeq
and h € (0,1] such that for all h € (0, k), the quantities

Op-1 (P, h) == Ry "W Ffle o pl, Crp:=C%,, Cp1:=C,

reg’

1 (piypjh) = R P} 2 1P g ) er(d,d' )= (t+p)h* | d"[F
fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. By Lemma 5.4.5, Assumption 4.6.12 is fulfilled and by Lemma 5.4.3, the adjoint problem
(4.6.7) is 1-regular. Therefore, Theorem 4.6.17 implies that there exists a & € (0, 1] and a constant C
(possibly depending on 7) such that

(X1 (Fgpgs — Fapas )Y")x+| < e BFGS ‘—ChHl*thX for all " y" € Y*",

109



5. Optimal control of the obstacle problem

ie., eF,‘fF?,S fulfills Assumption 4.4.6 for all 4 € (0, /). Furthermore, Corollary 4.6.6 implies that e& g =
C, n? ||l x| x [[UY" || x+ for 2,y € Y*! fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.4. 6 are

reg

fulfilled, Lemma 4.4.7 implies that

Firk =~ F7 E
BFGS .__ 1 . BFGS P
Py = BFGSpj’ €ijFargs * Cplph” €hiras = (T M)€Gn g

fulfill Assumption 4.2.4 for all & € (0,/]. Since Bt o X, |1X7 12(q) and (Bl H) () can be computed
exactly for any x" € V", cf. Section 2.7, Op—i (P, 1), &1 (piy pjsh) and &r(d*,d',h) can be computed
exactly. From &z-1(p;,pj,h) — 0 and &p(d*,d',h) — 0 as h — 0, we infer that Op_1, Cr, Cp-1, &p-1
and &, as defined above, fulfill Assumption 4.2.7. O

Remark 5.4.7. Note that the constant C in Theorem 5.4.6 might depend on 7. Unfortunately, we were
not able to determine in which way C might depend on 7, cf. Remark 4.6.15. In the case that T — oo
during execution of the algorithm, this may cause problems. However, in all our numerical experiments,
7 did not tend to infinity.

A priori error estimates for polygonal domains with one reentrant corner

Typically, the solution of the Dirichlet problem (5.4.1) on the nonconvex domain € is not an element
of H?(Q). Therefore, we need to replace Lemmas 5.4.2 and 5.4.3 with similar statements.

LEMMA 5.4.8. Suppose that Q C R? is a bounded, open polygonal domain with one reentrant corner
of angle ® € (m,27), let B > 0 and x € L*(Q) be arbitrary and denote by z € H} (Q) the solution to the
variational equation

Find z € H)(Q) : (@W)gi @) +B@w)z) = (W)  foralwe Hj(Q).

Then, for all p € (1,2/(2—Z)), the solution z € Hy(Q) is an element of W*P(Q) and there exists a
constant Cg , o (depending only on B, p and Q) such that ||z|ly2»q) < Cp pallXllr()

Proof. Combine [4, Lem. 1] and [30, Cor. 3.2]. O

LEMMA 5.4.9. Assume that Q C R? is a bounded, open, polygonal domain with one reentrant corner
of interior angle ® € (7,27), Y* = H}(Q). Then the adjoint problem (4.6.7) is (2 — 2/ p)-regular for
allpe(1,2/(2—%)).

Proof. Let p € (1,2/(2— Z)) be arbitrary. By Lemma 5.4.8, the solution @/, € H}(Q) to (4.6.7) is an
element of W27 (Q) and there exists a constant C > 0 (depending only on p, &, T+ u and Q) such that

D lw2r(q) < C”.thLp(Q) for all " € L2(Q).

Therefore, by Corollary 2.7.2, there exists a constant C, ., ., > 0 (depending only on p and the quasi-
uniformity constants ¢y, c,) such that

H(I)’ ]hq>’||H Cpm czh2 z/p‘q)/’w“(g)
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Since Q is bounded and 1 < p <2, [1, Thm. 2.14] implies [[x"||1(q) < (fo 1dA)"/P~1/2||x" 12 (q) which
yields

! he/ 1/p=1/2 2-2 h
I 1@y < € [ 102) R g, :

This regularity result yields a priori error estimates for both the case of no curvature and the case of
BFGS curvature.

THEOREM 5.4.10. Assume that Q C R? is a bounded, open, polygonal domain domain with one reen-
trant corner of interior angle ® € (w,2x). If Q = 0 and € > 0 is small, then there exists a constant
C > 0, (independent of h), such that

Op-1(p),h) == Ry'"v"D;"pl), Cr:=C, Cpi1:=C,
Ep-1(pispj.h) == h”/“”s\lpﬂ!m(g)IIP?HH(;@ & (d*,d' h) =T/ O HJ*hllizm)

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. By Lemma 5.4.9, the adjoint problem (4.6.7) for a bounded, open, polygonal domain with one
reentrant corner of interior angle ® € (7,27) is 2 —2/p-regular for all p € (1,2/(2 — n/®)). In par-
ticular, for small € > 0, the adjoint problem (4.6.7) is (7 /@ — €)-regular. Therefore, by Theorem 4.6.7
there exists a constant C > 0 (independent of /) such that

—1

D = OO o Y la ) forall oy € v

Exhy

fulfills Assumption 4.3.7. Furthermore, by Corollary 4.6.6 there exists a constant C > 0 (independent
of h) such that

e = CH O | o) Iy 2 forall &,y e ¥**

fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.3.7 are fulfilled, Lemma 4.3.9 shows that the

approximation p% =R Dt P/}, j €I, and the error estimates

e j 1= Chn/w_eHP?HLZ(Q)HP?HHé(Q) i,jel  and er = tCH?™/O=¢ |’d~*h||i2(g)
fulfill Assumption 4.2.4. From &_1(p;, pj,h) — 0 and &z (d*,d',h) — 0 as h — 0, we infer that Op_1,
Cr, Cg-1, €1 and €r, as defined above, fulfill Assumption 4.2.7. 0

Remark 5.4.11. Note that the constant C in Theorem 5.4.10 might depend on T which might cause
problems if T — oo during execution of the algorithm. Unfortunately, the existence of the constant
Cg p,o in Lemma 5.4.8 is derived via proof by contradiction and thus we were not able to determine in
which way C might depend on 7. However, in all our numerical experiments, 7 did not tend to infinity.

Example 5.4.12. Suppose that Q = (—a,a)?\ [0,a)?, a > 0, is a L-shaped domain, Q = 0 and € > 0 is
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small. Then there exists a constant C > 0, (independent of /), such that

Op-1(p),h) == Ry"v*D;"pl, Cr:=C, Cpi1:=C,
Ep1(pi,pj,h) = h2/378Hp?||L2(Q)Hp?HHd(Q)a Er(d*,d',h) == Tth*}~¢ HJ*hHiZ(Q)

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

THEOREM 5.4.13. Assume that Q C R? is a bounded, open, polygonal domain with one reentrant
corner of interior angle ® € (m,2x). If Q is given as the BFGS curvature operator (cf. Section 4.4)
and € > 0 is small, then there exist constants C, Cy,q and he (0,1] (independent of h) such that for all
h € (0,h), the quantities

Op-1 (P, h) == Ry 'V Fypes P, Cr:=Ch,, Cp1:=C,
&p-1(pi,pj h) == h”/“”g\lpf’HLz(mHp,’}-HH(;(gy & (d*,d' ) := (T+ p)h*™ @ a1 720

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. By Lemma 5.4.9, the adjoint problem (4.6.7) is (2 —2/p)-regular for all p € (1,2/(2 - Z)).
In particular, for small € > 0, the adjoint problem (4.6.7) is (w/® — €)-regular. Furthermore, by
Lemma 5.4.5, Assumption 4.6.12 is fulfilled. Therefore, Theorem 4.6.17 implies that there exists a
h € (0,1] and a constant C (possibly depending on 7) such that

F71
yr =: ex,‘ny‘;;s for all X, y" € Y*",

< Chﬂ:/w—e H l*xh|

yh

(1A, 1 (Fgpas — Fargs )Y')xe X+

71 °
ie., ¢SS fulfills Assumption 4.4.6 for all h € (0, h]. Furthermore, Corollary 4.6.6 implies that €&, , :=
X yh p ) y p Xy

’

C2, W2 =€ || x" || g |1*y" | x+ for x*, y* € Y*" fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.4.6

reg

are fulfilled, Lemma 4.4.7 implies that

Fargs . p—l xp—h h . _For )

ijch =Ry 1" Fypgs Pjs € jFks T ep]f-g’i?; , CFyras = (T—l—u)eg*,ld*h,

fulfill Assumption 4.2.4 for all & € (0, k). From &1 (p;, pj,h) — 0 and & (d*,d’,h) — 0 as h — 0, we
infer that Op -1, Cr, Cp-1, €p—1 and €, as defined above, fulfill Assumption 4.2.7. 0

Remark 5.4.14. Similar to Theorems 5.4.6 and 5.4.10, we cannot track the dependence of the con-
stant C in Theorem 5.4.13 on 7. However, in our numerical tests this did not cause any problems, cf.
Remarks 5.4.7 and 5.4.11.

Example 5.4.15. Suppose that Q = (—a,a)?\ [0,a)?, a > 0 is a L-shaped domain, & > 0 is small and
let Q be given as the BFGS curvature operator. Then there exists constants C, Cree and h € (0,1]
(independent of /) such that for all # € (0, /], the quantities

OF—I(p;-,h) = ;ll*FB_FhGS p?’ Cr .= Crzeg’ CF*I ;:C7
&1 (i pish) = 2P D o) P sy Er(dd ) = (o R8s g

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.
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5.5. A posteriori error estimates

In this section we develop a posteriori error estimates in order to quantify the function value error and
the trial iterate error. The classical adaptive scheme (cf., e.g., [54])

solve — estimate — mark — refine

starts by solving the given variational inequality or PDE. From this solution a local error estimate is
derived which then is used to mark triangles with large error contribution. Marked triangles are refined
in such a way that the resulting family of triangulations is regular, cf. Section 2.7. This process is
repeated until a desired accuracy is reached. A posteriori error estimates for the function value error
are available in the literature and we use the approach of [13]. For the trial iterates, a posteriori error
estimates for the oracle Op-1 have to be developed since, to the best of the author’s knowledge, error
estimates in this form are not available in the literature.

5.5.1. A posteriori error estimates for the solution operator

We use [13] to compute an a posteriori error estimate of the distance from the computed state to the
actual state. Alternatively, one could use the error estimators of [54, 35]. The approach of [13] encom-
passes an error reduction property which leads to linear convergence up to consistency errors. However,
it is necessary to refine marked triangles in such a way that the new triangulation has at least one new
vertex in the interior of every marked triangle and at least one new vertex in the interior of each side
of each marked triangle. To ensure this, the following refinement strategy is used. We divide every
marked triangle into four congruent triangles using the midpoints of each side. Then we divide both tri-
angles intersected by the line from the midpoint of the longest side to the vertex opposed to the longest
side, cf. [94, Chap. 5.1]. This procedure divides the marked triangle into six new triangles. Possible
hanging nodes, i.e., nodes which are on the interior of a side of a triangle, are avoided by bisecting the
adjacent triangles, i.e., adding the midpoint of the longest side as a new vertex and dividing the triangle
into the two resulting triangles. If the hanging node is not on the longest side of each adjacent triangle,
this may introduce new hanging nodes. The procedure is repeated until no hanging nodes exist. This
refinement procedure and the evaluation of the local error estimates is implemented in MATLAB. To
increase performance, the code is fully vectorized.

5.5.2. A posteriori error estimates for the trial iterate

In Section 5.3.5, we describe how a trial iterate is computed and define the oracle Op-1. The goal of
this section is to compute a posteriori error estimates & and €1 which fulfill Assumption 4.2.7 in the
case of X* = L*(Q) and Y* = H}(Q), where Q C R? is a general polygonal (not necessarily convex),
bounded polygonal domain with Lipschitz boundary. In Section 5.3.5 we already observed that Ex" as
well as D.x" can be characterized as a solutions to a PDE. Thus, classical a posteriori error estimates
such as [2, Thm. 2.7], [9, Ex. 3.2] or [130] can be applied to develop estimators ef".y” and exD,;;,, which
fulfill Assumptions 4.3.6 and 4.3.7, respectively. However, for such an error estimate, typically convex-
ity of Q is assumed. In contrast to this, in [133] error estimates for nonconvex domains are developed,
but only weighted L?-estimates are obtained. We therefore generalize the approach of [2, Thm. 2.7] to

. . . . —1 .
nonconvex domains. Using Lemma 4.3.9, the obtained estimators efh v and efh v then provide error
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estimates & and &1 which fulfill Assumption 4.2.7.

Throughout this section we work in the setting that Y*” = V" is a space of finite element functions
generated by the mesh 7", 0 < h < 1. The family of meshes (9’1);1, 0 < h <1, is assumed to be
regular with regularity parameter o, cf. Section 2.7. Furthermore, we assume that the initial serious
iterate x( is an element of V. Thus, Lemma 5.3.5 shows that Assumption 4.3.5 holds true and all
relevant quantities are discretized as elements of X*. In particular, we have x = R)}l 1*x" and g’j = l*g?
with xh,gj € Y*". We set pj = gj +ax ey, jeland d" := ng?t*D;hpj € Y*" where 1* is
the solution to the approximated dual problem (4.2.5).

A posteriori error estimates for an elliptic boundary value problem

We start by Let V" C H& (Q) be a finite element subspace corresponding to the triangulation .7,
Suppose & >0, 8 >0, L € N,y ", u;’, v € V", 1 <1< L. We consider the variational equation
| L
Find z € Hy (Q) : 02, W) g1 () + B2 W)2 ) + () ,w (V],2)12
0 = LELAE) (5.5.1)

~
—_

= (" W2 )—l—()?h W) H(Q) for all w € H}(Q).

Equation (5.5.1) can be used to evaluate FB’FIGS and E. Indeed, recall that H& (Q) is equipped with
the inner product (u,v) HI(Q) = = [oVu"VvdA. Therefore, for arbitrary " € H}(Q), z 1= Fgpgs 7" is
characterized by (5.5.1) w1th ﬁ =T+U, u, and vl chosen via (4.4.3), L:=2L and y ' := 0. Furthermore,
for arbitrary y* € V", 7 := Ey" is characterized by (5.5.1) with « = 1, B := 0, L := 0 and §" := 0, cf.
(4.3.6). We further consider the discretized version of (5.5.1):

M=

Findz"eVv": a(, wh) —l—ﬁ(z W) 2(q) + (uﬁ’,wh)H&(Q)(vf’,z}’)Lz(Q)

1 (5.5.2)
= ()\J/h,wh)LZ(Q) + (ﬁh,wh)H(%(Q) for all Wh € Vh.

l

Similar to the continuous case, the discrete operators F}i:th $" and E"y" can be characterized as solu-
tions to (5.5.2). We proceed by providing error estimates for the discretization error e :=z—7" € H(} (Q).
The subsequent analysis adopts the proof of [2, Thm. 2.7] to the given setting. In particular, here the
domain is allowed to be nonconvex and the right hand side ("', -) @)+ @) Hi@) €H Q) is

considered. Let the bilinear form a : H} (Q) x H}(Q) — R be defined by

M=

azw) = azw)gs ) + B Wiz + X W)y (D)) forall 2w € HY(Q).

=1
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As z € H}(Q) solves a(z,w) = (yh,w)Lz(Q) + (ﬁh,w)Hé () forallw e H(Q), we find

a(e,w) = (7", W) ) + 0" w) g1 ) — @l w)
L
= (V" —a" W q) + ("' = B W)@ Z s W) o) (17 2
L
=@{"— a7 (2" ul, W)y HI (@ )+()V)h—ﬁzh,w)Lz(Q)
=1
- Z ( )LZ 2+(V W)LZ(T)
Tegh

where 5", 7" € V" are defined by
L
=y —ad =Y (. )pu and =yt - B (5.5.3)
=1
In the following, we need to define the edge jump of the function s” € V", Since s" is affine linear on
each triangle T € .77", div(Vs”|7) = 0 and integration by parts (cf. [31, Thm. 4.6]) yields
(Vs", VW) 2y = / Vs Viwdd = / Vs nrtrrwdS  forallwe HY(Q),
T oT

where nr : T — R? is the outer unit normal to dT. As w € H}(Q), it holds tryrw|y = 0 for each

boundary edge Y € dT NJQ, which implies [y % trr wdS = 0. For all other edges, i.e., Y € dT \ dQ,
denote by T and T’ the triangles adjacent to V" and define the edge jump along edge Y by

J
[;n] ny (Vs")r +n7.(Vs")r €R, (5.5.4)

Here, (Vsh)T denotes the gradient of s” on the triangle T. Note that Vs" € R? is constant on each
triangle as s” is afﬁne linear on each triangle. Furthermore, as ny» = —nr, (5.5.4) is actually a difference
and the value of [ ]Y does not depend on the permutation of 7 and 7. This leads to

DEFINITION 5.5.1 (Boundary residual). The mapping [[-]] : V" — L*(Upc 749T),

(") (@) := {é [?Th}v ifo €Y CoT\oQ

0 foeY CdTNIQ

is called the boundary residual.
This enables us to write (Vs", VW) = [o7l[s"]] rr wdS forall T € ", w € H} (Q) and we get

ale,w {/rﬁwder/ trdeS} Vw € Hy (Q). (5.5.5)
TeTh

This decomposition of the bilinear form into contributions from each triangle leads to an a posteriori
error estimate. In order to use the Aubin-Nietsche trick, let x € L?(Q) be arbitrary, and consider the
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adjoint problem

Find @, € Hy(Q):  at(w, @)y o) +BW, P2 +
)

L
/ h
ul 7CI) vl 7W)L2(Q)

(5.5.6)

—_

= (x,w)p2(q) forallwe Hj(Q).

Assumption 5.5.2. There exists constants p € (1,2] and Creg > 0 such that for all x € LP(Q), the corre-
sponding adjoint solution @, € Hl (Q) of (5.5.6) has the regularity &, € W*(Q), and

Hq)/HWZP < CrengHLP

Combining (5.5.5) with Assumption 5.5.2 leads to the following error estimate.

THEOREM 5.5.3. Let Q be an open, bounded polygonal domain with Lipschitz boundary and let
(TM), 0 < h <1, be a regular family of triangulations of Q. Let x € L*(Q) be arbitrary and de-
note by z € Hé (Q) and 7" € V" the solutions of (5.5.1) and (5.5.2), respectively. If the constants p and
é,eg Sulfill Assumption 5.5.2, then there exists a constant Cp, 5 o > 0, depending only on p, the regularity
parameter G of the triangulations and the domain Q, such that

1/q
|(X,Z—Zh)L2(Q)’ S reg ( Z TIT) HXHLZ(Q)

TeTh

Here, q :== p/(p — 1), the local error indicators Ny are defined via
3-2 5/2-2
nri=hy NP Nz 7 IR ory forall T € T,

and the interior and boundary residuals r* € V" and R € L*(Uy. 710T) are defined via

M=

= yh — ﬁzh and R := [[ﬁh S — (V?ﬂh) (Q)”ﬂ]

=1

Proof. Denote by @, € H} (Q) the solution of the adjoint problem (5.5.6), i.e., @/ fulfills a(w,®,) =
(xX,w)2(q) for all w € H}(Q). By Assumption 5.5.2 it holds ®, € W>?(Q), 1 < p <2, and thus
the Lagrange interpolation operator I" : W>P(Q) C C°(Q) — V" is well-defined. By (5.5.5) and the
orthogonality condition for the error in the Galerkin projection, i.e., a(e,w") = 0 for all wh e Vi we
find

(x,€)r2(0) = ale,B,) = ale, ®, —1'®))
= Z {/rh(q);_lh@;)dl—i-/ RtrT(q);—Ihq);)dS}' (5.5.7)
T or

TeTh

We now estimate the errors @, — ®” and trr (@, — ®”). By Theorem 2.7.1 there exists a constant Cp, &
(depending only on p and the regularity parameter ¢ of the triangulation) such that it holds

v 1"\ 27y + b [v = 1" ] g 7y < Cpoohy \v|Wz,p(T> forallyve W2P(T), T € 7" 0<h< 1.
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This gives

/ rh@;—cbf;)dA\snrhum(nu@' Pz < Cpohy I iz | Bilwerry (558)

Furthermore, by Lemma 2.7.3 there exists a constant Cs > 0 depending only on the regularity parameter
o of the triangulations such that

5-4
trr (@, — @112, ) < Cohp! | @, — D2, 7 + Cohr| @, = D7) < 2C6CR iy | s -

Therefore,

Rity (&, — Py dS'< R e (@] — Py,
[ R (@ ) 03| < IRl 1y (®~ Pra® s 550

5/2-2
< Cp.oV/2Co 1P |IRll 231 |@, o)

Combining (5.5.7)—(5.5.9) and setting C‘p,g = C) g max { 1, \/ZC(,} results in

3-2 5/2-2
(el < X Coohiy Il | @l ir) + Coov/2Co by * IRl 2(om) [Pty
Tegh

= 3 2 5/2-2
<Cpo Y (3 PP 2y + 1P IR 20 | R )
TeTh

=Cpo Y, NMrl®lwanr)
TeTh

For ¢ := p/(p — 1), Holder’s inequality (cf. [1, Chap. 2.27]) yields
1/q 1/p 1/q
|(x€)r2(0)| SCp,a( Y 77?) ( Y @ sz(T)> =Cpo < Y 77?) [P lw2r (@)
TeTh TeTh TeJh

Now, by Assumption 5.5.2 there exists a constant Cyeg > 0 (independent of x and /) such that [ lw2r () <
)- By [1, Thm. 2.14], there exists a constant Cj o, depending only on p and the domain €2
such that ||xH (@) < Cpallx|l2(q)- This yields the desired estimate

1/q
‘(Xﬂ—zh)B(Q)’ = ](x,e)Lz(Q)\ < C‘p,céregcp,-ﬂ ( Z n?) HXHLZ(Q)- 0
TeTh

Remark 5.5.4. Choosing x = z — 7" in Theorem 5.5.3 yields the L?(Q)-error estimate

1/q
Hz—ZhHU( p09< Z 77T) :

TeTh

Remark 5.5.5. Theorem 5.5.3 is a generalization of [2, Thm. 2.7]. In fact, since p < 2, it holds g =
p/(p—1) >2 and x — x7 is convex. Therefore, Jensen’s inequality (cf. [12, Prop. 9.24]) yields
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5. Optimal control of the obstacle problem

(3(a+Db))? < 3(a?+b7) for all a,b € R. This leads to

— 3-2 5/2-2
nf <207 (Pl g+ WP PR ) foral T e T

and thus Theorem 5.5.3 and Remark 5.5.4 yield

1/q

> — (3-2 (5/2-2

HZ_ZhHLZ( < Cre Cpcﬂzl 1/q< Z h /qu hH +h P /quRHLZ 9]‘) :
TeTh

In particular, if & = 1, L =0, §* = 0 and Q is convex, Lemma 5.4.2 shows that Assumption 5.5.2 is
fulfilled with p =2 and éreg > 0 depends only on €. Consequently, the estimate

12
lz—2"{|z2(0 <CGQ< Y hT|rh|I%z(T)+h;}‘|R||%2(8T)>

TeTh

from [2, Thm. 2.7] is recovered.

A posteriori error estimates for polygonal, convex domains
Using Theorem 5.5.3, we develop a posteriori error estimates & and €1 which fulfill Assump-
tion 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

COROLLARY 5.5.6 (A posteriori error estimate for £). Let Q be a convex, bounded domain with
polygonal boundary and let (T");,, 0 < h < 1, be a regular family of triangulations of Q with regularity
parameter . For x" € V!, define the local error indicator Ny via

nr =W ey + 0 2N lory  forall T e 77

Then there exists a constant Co ¢ > 0 (depending only on Q and ©) such that

1/2
|((E—Eh)xhayh)L2(g)| <Coc < ) n%) H)’hHLZ(Q) forallx".y" e V",
TeTh

ie, et ,:=Cas ():Tegh TI%) 2 ||yh”L2(Q) for x" . y" € Y*" fulfills Assumption 4.3.6.

x/17y
Proof. By settingax =1, =0,L=0, " =x"and y# = 0in (5.5.1) and (5.5.2), we find z = Ex" and
" = E"x" (cf. (4.3.1) and (4.3.6)). This leads to the adjoint problem

Find <I>’y EH)(Q): (w, CD;)HO'(Q) = W)@ for all w € H} (Q),

where y € L?(Q) is arbitrary. By Lemma 5.4.2, the solution S H}(Q) to this adjoint problem is an
element of H2(Q) and there exists a constant Co > 0, only depending on €, such that [Pl 2 () <

Callyll 12(@)- Thus, Assumption 5.5.2 is fulfilled with constants p = 2 and C‘reg := Cq. Consequently,
by Theorem 5.5.3, there exists a constant Cs o > 0 (depending only on the regularity parameter o of
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5. Optimal control of the obstacle problem

the triangulations and the domain ) such that

1/2
(E~ B )] = 1082 — iz r<coacg<z n%) ") forall o,y e v,
TeTh

where the local error indicator 17 is defined via

3/2) 11
nr = W2y + 02 [E")] l2ory forall T € T, O

THEOREM 5.5.7. Assume that Q C R? is a convex, bounded and open domain with polygonal bound-
ary. If Q = 0, then there exist constants Cq ,Cq,6,a > 0 such that

Op-1(p),h) == Ry'1v"D;"p/}, Cr:=Cags, Cp1:=Cac.a
5 1/2
A Tx 3l % 3/2 % T
& (d ,d',h>:—r<2( HId o +h/|mEhdhnuLzaT)> 112
Teg"h
1/2
. 3/2 2 n
&1 (piopish)i= | X (WD Do) + 17| [P} = @D Pl o)) | 192t
TeJ"h

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. By setting B =1, L =0, y =0 and " = y" in (5.5.1) and (5.5.2), we find z = D;'y" and
7" = D7y (cf. (4.3.5) and (4.3.7)). This leads to the adjoint problem

Find @, € H}(Q) : o(w, CIJL)H(} (@) +T(w, @) 1200) = (6,W)12(0) for all w € H} (Q),

where x € L?(Q) is arbitrary. By Lemma 5.4.2, the solution @, € H}(Q) to this adjoint problem is an
element of H?(Q) and there exists a constant Cq > 0, only depending on Q, such that ||®.|| Q) <
Ca/at||x||12(q)- Thus, Assumption 5.5.2 is fulfilled with constants p = 2 and Creg := Cq/a. Conse-
quently, by Theorem 5.5.3, there exists a constant C o > 0 (depending only on the regularity parameter
o of the triangulations and the domain ) such that

1/2

L L Cs0Co

(", (D7 =Dy ) 2yl < Ga ( Y 77T> 12| 22(@) for all X", y" € Y/,
TeTh

where the local error indicator Ny is defined via

2
7 = | D7 | oy + BN [ — @D 2oy forall T € T,

Therefore, the error estimate

1/2

-1 Cs0Co ~ 2 ~ 2

= 22 <z (e 1D ) + 21 [ — a2 rLzm))) 21120
TeTh

fulfills Assumption 4.3.7. Furthermore, by Corollary 5.5.6, there exists a constant Cq 5 > 0 such that
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5. Optimal control of the obstacle problem

for x,y" € Y*! the error estimate

1/2
320 i1e 2 :
cgc< Y, (B e+ ) HLz(an)> bl
TeTh

fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.3.7 are fulfilled, Lemma 4.3.9 implies that the

approximation pf_l = R;l l*D;hpﬁl and the error estimates ¢; ; -1 := egh ;7,, and ey := Ted*h g bJEL
J

fulfill Assumption 4.2.4. From &z-1(p;,p;,h) — 0 and &p(d*,d',h) — 0 as h — 0, we infer that Op—1,

Cr, Cp-1, €p-1 and €, as defined above, fulfill Assumption 4.2.7. 0

THEOREM 5.5.8. Assume that Q C R? is a convex, bounded and open domain with polygonal bound-
ary. If Q is given as the BFGS curvature operator (cf. Section 4.4), then there exist constants
C,Cs.0 > 0, independent of h, such that

Op-1 (P, h) := Ry "V Fgles ', Cr:=Csq, Cp1:=C,

1/2
~ o 2 ~
éF<d*,d',h>:=<r+u><Z( FId g2y + hy ([ ||LzaT)> [Chg PP

TeTh

1/2
2
1<pi,p,,h>:=<2 (4 B + 1Y HRHLzaT)) 1Pl
TeTh
L hop—h  h h
with r" BFGSy and R:= [[P aFBFGSpj Z(VHFB_FGSpj)Lz(Q)MlH
I=1

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. In order to apply Lemma 4.4.7, we need an error estimate e Sy FGS > 0 which fulfills Assump-
tion 4.4.6, i.e.,

|, (Fapas — Fapas )Y @)l < ex}fF ?f for all " y* € V.

We use Theorem 5 53 to construct such an error estimate. Indeed, in (5.5.1) and (5.5.2) set B = T+ U,
L= 2L = 0 P = y and ”1 7vl, 1 <1< 2L, as the BFGS vectors from Section 4.4.1. Then z =
FBFGS Y and = FBFGS y* (cf. (4.4.11) and (4.4.14)). This leads to the adjoint problem

2L
Find @, € Hy(Q):  at(w, @) gy ) + (T+H) (W, D)) 20 + Y (], D) gy o) (V1 W)z @)
=1
= (X, W)2(q) for all w € Hj (Q),
where x € LZ(Q) is arbitrary. Using the definition of Frgs shows that this is equivalent to

Find @, € Hy(Q):  (Faras W, ®\)pi(q) = (W)@ forall w € Hy(Q).

Choosing w = Fgpe ! yields (uf, @) HI(Q) = (x, Fypos ul) 12(e) for 1 <1 <2L. Therefore, the adjoint
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5. Optimal control of the obstacle problem

solution @/, also solves
Find ®. c H}(Q): a(w, CID;)Hé @+ (T+u)(w, D)2 00) = (6;W)r2(0) for all w € H} (Q),

where ¢ :=x — 21221 (x,FgFIGS uf’) LZ(Q)V;I. Therefore, Lemma 5.4.2 can be applied which shows that &/,
has the regularity @, € H*(Q) and there exists a constant Cq ¢ such that

2L
Hq);HHZ(Q) < CQ,aHCHLZ(Q) <Coall+ Z ”FBGJIGS M?HLZ(Q)HV?HLZ(Q))HXHLZ(Q)'
I=1
Consequently, p =2 and Creg := Ca o (1 + le£1 | Fps 40| 12(¢)) fulfill Assumption 5.5.2. Thus, The-
orem 5.5.3 is applicable and there exists a constant Cs o such that for arbitrary Kyt e vh

1/2
. L v Fl
’(-xha (FBFIGS _FBFth )yh>L2(Q)’ < CregCo.0 ( Z TI%) HthB(Q) =: exE;GhS~
TeTh

Here, for all T € .7, the local error indicators nr are defined via

2L
= 3/2 ~ ) ~
Nr = (T+H)h%”FBFhGSthL2(T) +hT/ I [[yh - aFBFhGSyI - Z(V;Z,FBF]Esyh)LZ(Q)”m HLZ(aT)-
I=1

—1

In particular, ej‘f‘ﬁs fulfills Assumption 4.4.6. Furthermore, by Corollary 5.5.6 there exists a constant

Cs.0 > 0 such that for X, yh € Y*" the error estimate

1/2

3/20 r1ah b 2

efh,yh 5:C6,9< Z (h%HthLZ(T)‘*‘hT/ | [[Ehxl]] HL2(8T)) ) H)’hHLZ(Q)
TeTh

fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.4.6 are fulfilled, Lemma 4.4.7 implies that

FB_FIGS . —1 % f—h h . FB_FIGS . E
: =R, UK S e -1 =e ), e =(T+U)e5 )
D x t I'Brgs P i.J Fypcs Pl Fores -= (T+ )€ h o
fulfill Assumption 4.2.4. From &1 (p;,p;,h) — 0 and & (d*,d' ,h) — 0 as h — 0, we infer that O,
Cr, Cp-1, €y and €, as defined above, fulfill Assumption 4.2.7. 0

A posteriori error estimates for polygonal domains with one reentrant corner

In the last section a posteriori error estimates for convex domains are developed. For nonconvex do-
mains however, the regularity result Lemma 5.4.2 is not valid. Thus, in order to develop a posteriori er-
ror estimates for nonconvex domains, we adopt the proofs of the last section by replacing Lemma 5.4.2
with Lemma 5.4.8. We need the following preliminary lemma.
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5. Optimal control of the obstacle problem

LEMMA 5.5.9 ([1, Chap. 2.27]). Let 0 < p < g < 0 and (a;);jeny C R with ¥ ey |ai|P < oo. Then

1/q 1/p
(zw) < (zw) |
ieN ieN

THEOREM 5.5.10 (A posteriori error estimate for E). Assume that Q C R? is a bounded, open polyg-
onal domain with one reentrant corner of angle ® € (7,2x), and let (T"),, 0 < h < 1, be a regular
family of triangulations of Q with corresponding finite element space V". Let € € (0, %) and x",y" e V"
be arbitrary. Define the local error indicator Nr via

nr = hy O |y + by O | pory Sorall T € TN

Then there exists a constant Cg g o > 0 (depending only on €, o and Q) such that

7/(2w)
(E=E"" )20 scs,ovg< y n%“’/”) Wl forall 'y e v,
TeTh

/()
Le., 65, i =Ce0.0 (ZTeyh n?w/”) HthLZ(Q) for X"y € Y := V" fulfills Assumption 4.3.6.

Y

Proof. By settingaa =1, =0,L =0, =x"and § = 01in (5.5.1) and (5.5.2), we find z = Ex" and
" = E"x" (cf. (4.3.1) and (4.3.6)). This leads to the adjoint problem

Find @} € H;(Q) : (W, @) i) = W)  forall we Hy(Q),

where y € L?(Q) is arbitrary. Let € € (0, £) be arbitrary and define p € R via2 —2/p = Z — €. Since
€€ (0,%) and o € (7,27), it holds 1 < p <2/(2— 7) < 2. Thus, Lemma 5.4.8 implies that the
solution &} € H}(Q) is an element of WP (€) and there exists a constant C¢ o (depending only on €
and Q) such that ||} [ly2,(q) < Ceallyllzr (). Therefore, Assumption 5.5.2 is fulfilled with constants p

and ércg := C¢ . Consequently, by Theorem 5.5.3, there exists a constant C¢ 5 o > 0 (depending only
on &, the regularity parameter ¢ of the triangulations and the domain ) such that

1/q
((E —Eh)xha)’h)y(g)\ = \()’haZ—Zh)LZ(Qﬂ < Ceo0Ceo ( Z 77?) H)’h”LZ(Q) for all x",y" € V",
Tegh

where g := p/(p — 1) and the local error indicator 1y is defined via
nr = hy O W ) + by O BN N pory  forall T € T
Since p <2/(2— %), itholdsg=1+1/(p—1) >2w®/x. Thus, Lemma 5.5.9 yields
w/(2w)
((E _Eh)xhvyh)y(g)’ < Ceo0Ceo ( Z n%"””) Hyh||L2(Q) for all x",y" € V™. o
TeTh

Remark 5.5.11. Theorem 5.5.10 is most useful for 0 < € < Z.
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5. Optimal control of the obstacle problem

THEOREM 5.5.12. Assume that Q C R? is a bounded, open, polygonal domain with one reentrant
corner of angle ® € (7,27) and let (T");,, 0 < h < 1, be a regular family of triangulations of Q with
corresponding finite element space V". Let € € (0, =) and X",y € V" be arbitrary. If Q = 0, then there
exist constants Ce 5 0,Ce a,7,0,0 > 0 such that

OF*I(p;'ah) = Xll*Dth?a Cr ::C&‘,G,Q7 Cp 3:C£,a,r,0,97

n/(20)
A Gk T 1 —&|) 5% 1/2 _ I 20/n -
p(d*,d',h) = T( Y (hrJrn/w NI z2r) +hy PO ([N \|L2(ar)) ) 1™ |20
TeT"h

/(2w)

1 12 _ 20/n

A (pispjsh) = ( Y (™ gy + 0O R 2o ) ) 1920
Tegh

with 1" .= D;hp? and R := [[P —aD; pJH
fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. By setting B =17, L =0, y =0 and " = y" in (5.5.1) and (5.5.2), we find z = D;'y" and
= D; hyh' (cf. (4.3.5) and (4.3.7)). This leads to the adjoint problem

Find @, € H}(Q) : o(w, @;)Hé (@ +T(w, VD) 120) = (6, W)12(q) for all w € H} (Q),

where x € L?(Q) is arbitrary. Let € € (0, %) be arbitrary and define p € R via2 —2/p = 7 — ¢. Since
€€ (0,%) and o € (m,2x), it holds 1 < p<2/(2—7%) <2. Thus, Lemma 5.4.8 1mp11es that the
solution @, € H} () is an element of W>?(Q) and there exists a constant C¢ ¢ r o (depending only on
€, a, T and Q) such that [P [ly2,(q) < Ce a.c.0ll*||Lr (@) Therefore, Assumption 5.5.2 is fulfilled with
constants p and Ceg := Ce 0.0 Consequently, by Theorem 5.5.3, there exists a constant C¢ 5 0 > 0

(depending only on €, the regularity parameter ¢ of the triangulations and the domain ) such that

1/q
(" (D7 =D )Yz < Ce,o,QCe,a,r,sz< Y n?) X" |2y forall ¥,y € V.
TeTh

where g := p/(p — 1) and the local error indicator 1z is defined via

Nr = thy \L ) +hy Y —abD;") l2am) forall T € T

Since p<2/(2—Z),itholdsg=1+1/(p—1) > 20/ Thus, for all ¥,y € V", Lemma 5.5.9 yields

/(20)
~_ ~ 2 —1
|<xh7 (Drl —D; h)yh>L2(Q)’ < Cs.,mQC&a,r,Q ( thn (u/ﬂ:) HthLz(Q) = fhyyha
Te

ie., eﬁfyl,, fulfills Assumption 4.3.7. Furthermore, by Theorem 5.5.10, there exists a constant Ce ¢ 5 > 0
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5. Optimal control of the obstacle problem

such that for x,y" € Y*" the error estimate

/(2w)

20/7

b, = cm(z (B ™1 2y + > ] o) ) 15" 220
TeJ"h

fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.3.7 are fulfilled, Lemma 439 1mphes that the

approximation pf = R;ll*D; h p}; and the error estimates ¢; ; -1 := ef)’h o and er := tel o g i,jel,
fulfill Assumption 4.2.4. From &1 (p;,pj,h) — 0 and ?:F(d*,d’,h) — 0 as h — 0, we infer that Op-1,
Cr, Cp-1, €y and €, as defined above, fulfill Assumption 4.2.7. 0

Example 5.5.13. Suppose that Q = (—a,a)?\ [0,a)?, a > 0 is a L-shaped domain and let (.7"),, 0 <
h <1, be a regular family of triangulations of Q with corresponding finite element space Vh Then Q
is a polygonal domain with one reentrant corner of angle @ = 3/2x. Let € € (0, ) and x,y" € V" be
arbitrary and suppose Q = 0. Then there exist constants C¢ 5.0,Ce ¢,7,5,0 > 0 such that

Op-1(pj,h) = Ry'v"D" ph, Cr:=Ceo0, Cr1:=Cearcn
1/3
A T 5 5/3— T 7/6— ~h Tx 3 T
& (d ,d',m::r(Z (1" iz + 1 | ("] Hu(m)> 1"l
TeTh

TeTh
with /" := D p] and R := [[ '—aD; p]]]

1/3
. 5/3— 7/6— 3
SFI(pi,Pj,h):(Z (e > Nz + 7 8||R\Lz(an)) AleS

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

THEOREM 5.5.14. Assume that Q C R? is a bounded, open, polygonal domain with one reentrant
corner of angle ® € (w,27). If Q is given as the BFGS curvature operator (cf. Section 4.4), then there
exist constants C,C¢ 5 o > 0, independent of h, such that

Op1 (P, h) == Ry "V Fyies P, Cr:=Ceoq, Cp1:=C,
/(2w)
ép(d*,d' ,h) = (t+u) ( Y nzw/ﬂ> 14" | 2@
TeTh

with 07 := hy ™ 7@ oy + b O B N pory  forall T € T,

©/(20)
1 1/2 _ 20/n
2 (pipjsh) = ( Y (e ™ ) + O R 2o ) ) 1p¢ 2
TeTh
2L

with 1t .= ~B_;’Gsyh and R = [[pi’ FBFGSpj Z(Vf’,FB_;’GSp?)Lz(Q)uf’]]
=1

Sulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.

Proof. In order to apply Lemma 4.4.7, we need an error estimate e FGS > 0 which fulfills Assump-
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5. Optimal control of the obstacle problem

tion 4.4.6, i.e.,
", (Fiplas — Fatos W) 2] < €356 forall 'y € V™.
We use Theorem 5 5.3 to construct such an error estimate. Indeed, in (5.5.1) and (5.5.2) set B = 7+ U,

=2L, V' = O P = y and ul ,vl, 1 <1< 2L, as the BFGS vectors from Section 4.4.1. Then z =
FBFIGS y and = FBFGS y" (cf. (4.4.11) and (4.4.14)). This leads to the adjoint problem

oL
Find @, € Hy(Q):  at(w, @) i) + (T+H) (W, P20 + Y (], L) gt o) (VW2 @)
=i

= (X, W)2(q) for all w € Hy ()
where x € Lz(Q) is arbitrary. Using the definition of Firgs, we find that this is equivalent to
Find @, € HY(Q): (Fsrgsw, @;)HJ(Q) = (X,W)12(q) for all w € H}(Q).

Choosing w = Fgpge ul! yields (uf, ®,) i@ = (*, Fypgs U 12(q) for 1 <1< 2L. Therefore, the adjoint
solution @/, also solves

Find @, c Hj(Q): a(w, @;)Hé @ +(T+u)(w, @) 12(0) = (¢;W)12(0) for all w € H} (Q)

where ¢ :=x — Y75, (x, Fypes uf’)Lz( ) . Let € € (0, %) be arbitrary and define p € R via2 —2/p =
Z —e¢. Since € € (0,%) and o € (7, 2717) it holds 1 < p <2/(2— %) <2. Thus, Lemma 5.4.8 im-
plies that the solution @, € H}(Q) is an element of W>P(Q) and there exists a constant Ce g 110
(depending only on &, o, 7+ y and Q) such that ||P][y2r(q) < Cea,cip.ellclir(q). Since p < 2it
holds that g :== 1+1/(p—1) > 2 > p and thus the Sobolev embeddmg [1,4.12] 1mp]1es that W12(Q)
is Continuously embedded into L9(Q). Therefore, Fgpgsul € HY (Q) C LI(Q) and Holder’s inequality
yields | (x, Fypgs ) )Lz )| < 1 Faras || a@) x|l Lo () This results in

2L
F—1h h
||q>’ HWZP < Ceartu, Q”C”LP < Ce,a,rJru,Q(l + Z HFBFlGS u ||L‘1(Q) [V ”LP(Q))HXHLP(Q)
I=1
Therefore, Assumption 5.5.2 is fulfilled with constants p and
% L 1 h h
Creg ' =Cearpo(l+ Z | Faras U HL‘I(Q) v HLP(Q))'
=1
Thus, Theorem 5.5.3 is applicable and there exists a constant Cy o such that, for arbitrary My evh,

1/q
(", (Faras — Faras )Y)z(e)| < CregCo0 ( Y 77%) 12" 120
TeTh
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5. Optimal control of the obstacle problem

Here, for all T € 7", the local error indicators nr are defined via

1+n/0— SH

nr = (T+Ww)h; FI;FhGSthLZ(T)

2L
1/24m/0— h Fh hop—h  h h
+ iyl PO [ — oy — Y 047, Fass ) 2] 2o
=1

Since p<2/(2—Z),itholdsg=1+1/(p—1) >2w/7. Thus, for all x",y" € V", Lemma 5.5.9 yields

/(2w)
~ ~ . 2 o
’(xh7(FBF1GS _FBFhGS )yh)Lz(Q)\ SCregCo,Q< Z n wM) HthLZ =:e BFﬁS7
TeTh

ie., th "G fulfills Assumption 4.4.6. Furthermore, by Theorem 5.5.10, there exists a constant Ce g ¢ > 0

such that for x",y" € Y*" the error estimate

/(2w)

1 1/2 - ~h h 20/

&= c&m( L (™ N gy + > B 2o ) ) 13l
Te:

fulfills Assumption 4.3.6. As Assumptions 4.3.6 and 4.4.6 are fulfilled, Lemma 4.4.7 implies that

Fi F ! E
BFGS .__ . BFGS P
P = Py FGSpJ’ €ijForgs * Cplph” €lyros = (T+M)ez s

fulfill Assumption 4.2.4. From &1 (p;,pj,h) — 0 and & (d*,d' ,h) — 0 as h — 0, we infer that O,
Cr, Cp-1, €1 and €, as defined above, fulfill Assumption 4.2.7. 0

Example 5.5.15. Suppose that Q = (—a,a)?\ [0,a)?, a > 0 is a L-shaped domain and let (.7"),, 0 <
h <1, be a regular family of triangulations of Q with corresponding finite element space vh. Then Q
is a polygonal domain with one reentrant corner of angle @ = 3/2x. Let € € (0, ) and x,y" € V"
be arbitrary and suppose that Q is given as the BFGS curvature operator (cf. Sectlon 4.4). Then there
exists a constant C > 0, independent of 4, such that

OF—I(p;-,h) = *FBFGSp], Cr:=C, Cp-1:=C,
1/3
&p(d*,d',h) = (T+p) (Z nr) 1d" |20
TeTh

with 7 == 15N | oy + 1y N (B ™M) |29y forall T € T

1/3
5/3— 7/6— 3
A (piopjsh) ::<Z (G w1 o)+ guRrLz(,m)) 1420
TeTh
F—h L e h
with 7/ 1= Fgg y" and R := [[p (XFBFGSpJ Z(vl,FgFGspj)Lz(Q)u,H
=1

fulfill Assumption 4.2.7 and thus can be used in Algorithm 4.2 to compute a trial iterate.
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6. Numerical Results

6.1. Implementation

We implement Algorithm 3.4 to search for an approximately stationary point of problem (5.3.1). The
programming language MATLAB is used for all implementations.

Solution strategies

We use four distinct strategies to solve the problem (5.3.1).

* Strategy A: Uniform refinement, no BFGS This strategy uses a family of triangulations (.7"),
obtained by uniformly refining the triangulation in each step. In particular, starting from the
initial mesh 7", whenever an error estimate needs to be refined, the next mesh is obtained by
bisection of every triangle. The oracles defined in Section 5.3 and the a priori error estimates of
Section 5.4 are used for the computation. Furthermore, no additional curvature information is
used to construct the curvature operator Q, cf. Section 4.3.1.

* Strategy B: Uniform refinement, with BFGS This strategy also uses uniform triangulation, but
here, the L-BFGS curvature strategy (cf. Section 4.4) is used to construct the curvature operator.
In order to include only useful points and subgradients into the BFGS curvature operator, we start
with Q = 0 and do not add any points and subgradients until the first mesh refinement occurs.
From then on, we use the trial iterates with corresponding subgradients for the BEGS curvature
operator, cf. (4.4.2). The maximum number of points and subgradients is chosen to be L = 10.

» Strategy C: Adaptive refinement, no BFGS Strategy C uses the adaptive refinements described
in Section 5.5 to construct the next triangulation. The oracles defined in Section 5.3 and the a
posteriori error estimates of Section 5.5 are used for the computation.

* Strategy D: Adaptive refinement, with BFGS This strategy combines the adaptive mesh refine-
ment of strategy C with the L-BFGS curvature strategy of Strategy B to construct the curvature
operator.

Due to constraints on the available memory, the mesh cannot be refined to reach arbitrary small mesh
widths. Therefore, a limit of 60,000 mesh nodes is imposed. Whenever the refined mesh exceeds
the maximal number of mesh nodes, no further refinement is allowed. We then set all error estimates
used in the computation to zero. This can be seen as solving the discretized version of problem (5.3.1)
where the discretization is given via the final mesh. From another point of view, one could argue that
the computation has two phases. First, we search for an appropriate discretization of problem (5.3.1)
and compute good initial values and starting points. In the second phase the discretized problem is
solved.
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Parameters of the algorithms

In Algorithm 3.3, we use a maximal number of n; = 3 iterations to compute a sufficiently steep sub-
gradient based linearization. In Algorithm 3.4, we used the constants y = 0.1, ¥ = 0.7, ' = 0.7,
g = 1000, £ =1-107%, T = 1000 and the forcing sequences (vl-ly),-eN = (V");ey := 1007, !, and
(vif )ieN = IOOOTi_O'l which fulfill (3.5.7). The downshift parameter from Section 3.1.4 is set to

c = 107*. The start iterate xo is chosen as xo = 0 and the initial proximity parameter 7, is set to 1.
The initial lift term /o differs for each example. Therefore, we report this value for each example.

Additional function value refinement

In the step “Function value refinement” in Algorithm 3.4, one has to choose a new lift term i
(0, max{;, v,-f 0.1y Fi —x:)}]. We aim at refining the discretization whenever progress of the com-
puted function values seems to stagnate. Therefore, we reduce the lift term if O f(iiyfli) < Of(x,-,fz,-)
and the relative reduction of the function value (O (x;, ;) — Of(5i,hi))/Of(5i, hi) is smaller than the
threshold 1-10~*. Furthermore, we reduce the lift term if the L?(Q)-norm of the gradient of the re-
duced objective function is below the threshold 11074, i.e., ||g; +w' ()| re <1 104, If the lift

term is to be reduced, then we use /; := max{/;/2, VifQH~Hy (§; — xi) }, otherwise we reuse [ :=1,.

Numerical integration

To evaluate the integrals in (5.3.4) and (5.3.8), we use numerical integration as described below. In
our numerical examples, any functions f € L'(Q) which needs to be integrated is piecewise smooth
with possibly jumps between pieces. Given a triangulation .7 of the domain Q, we first construct a
new triangulation .7 W by refining along any jump of the function f € L!(Q). We now approximate the
integral of f via

[raa= ¥ s~ ¥ ¥ wf)

Teg" TeT peQ(T)

where Q(T) C R? is a discrete set of points with corresponding weights wp. We use the quadrature
formula Qs of degree 5 from [29]. There, 7 barycentric coordinates o;,f3;,% € R with corresponding
weights w;, 1 <i <7, are given such that Qs(T) = {o;P, + BiP> + %P3, 1 < i <7}, where P,,P,, P
are the vertices of triangle 7. As y" € V" is linear on each triangle, y"(p;) = y"(04Py + BiP> + 1iP3) =
ay"(P) + Biy" (Py) + 19" (P3) can be computed efficiently for any p; € Qs(T). This choice of quadra-
ture points yields the exact value of the integral for any polynomial up to order 5. In our numerical
tests, the error introduced by numerical integration is negligible. If this is not the case, other algorithms
have to be employed to compute the integral, e.g., the adaptive algorithm presented in [123].

Constants of the error estimates

In order to execute Algorithms 3.4 and 4.2, the oracles Oy and Op-1 with corresponding error estimates
are needed. The error estimates for Or-1 developed in Sections 5.4 and 5.5 involve the constants Cr and
Cr-1. However, due to the convergence theory of Theorem 4.2.8, we do not need to compute a concrete
value for these constants. In contrast to this, for the function value oracle Oy an explicit constant
for the error estimate has to be determined, both for a priori (cf. Theorem 5.4.1) and a posteriori
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(cf. Section 5.5.1) error estimates. However, due to the lifting strategy employed in Section 3.5.1, the
algorithm is very insensitive to small changes of the constant of the error estimate. Therefore, it suffices
to determine an approximate value of this constant. For the a priori error estimate, Theorem 5.4.1, we
use

I1S(u+7) ="+ Pl @

Cq := 10max 5
h(llu+ Fllz@ + 1Wlw@)

)

where the maximum is taken over several common values of u € L>(Q). For the constants in the a
posteriori error estimate in Section 5.5.1, we use a similar procedure.

Stopping

In inexact optimization, it is inherently difficult to determine when to stop the algorithm. In order
to compare the performance of strategies A-D, we stopped after a prescribed time limit or whenever
the algorithm demands a more accurate solution of the bundle subproblem but the refinement of the
mesh would lead to a mesh with more than a prescribed number of nodes. To find practical stopping
conditions, one can proceed as proposed in [99, Chap. 26.8].

Problem setting

We implemented several examples. All examples have the structure of problem (5.3.1), i.e.,

S 1 2 a 2
minimize > — Q + > ||lu Q
(%u)EH(%(Q)xLZ(Q) ZHy )’d”LZ( ) 2 ” HLZ( )

(5.3.1)
subjectto  y €K, /VyTV(v—y)dQL2/(u+f)(v—y)d7t Vv eK.
Q D

Therefore, the data Q, o, v, y; and f fully determine the problem. All computations were done on an
Intel Core i5-7200U laptop with 2 cores and 8 GB of RAM. The color scheme used to plot the figures
originates from [113].

6.2. Example 1

This example was first presented in [50]. The main difference between the solution methods presented
here compared to the solution methods of [50] is the lifting strategy for the function value approxima-
tions, cf. Section 5.3.2. The domain is given by Q := (—1,1)?, the force fis set to zero and o := 1074,
The desired state

ya(xr,x) == (1 —x%)(xz +5)(1— 11)6‘2t + 10)6%)
and the obstacle

w(xr,x2) == 8(x1 — 1) (1 + 1) (2 — D (xa + 1)
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11
(a) Desired state y; (b) Obstacle y

400

200

-1 -1

(¢) Optimal control u* (d) Optimal state y*

Figure 6.1.: Problem data for example 1.

are depicted in Figures 6.1(a) and 6.1(b), respectively. We start by comparing solution strategies A and
B using the subgradient oracle 0;,. We use an initial triangulation with maximal triangle side length of
ho = V2 /8 and 289 nodes. The initial lift term is set to [y := 25 and the constant for the a priori error
estimate for the function value (cf. Section 6.1) is set to Cqg = 0.025. The final mesh has a maximal tri-
angle side length of hy = /2 /128 and 66049 nodes. We stop the algorithm after a time of 400 seconds
has passed.

There is no analytical solution available. In order to be able to asses the performance of strategies A
and B, we compute a numerical solution on a high fidelity grid and use this as the optimal solution.
In particular, we run the uniform strategy with BFGS for 800 seconds where the maximum number
of nodes is restricted such that the final mesh has 263169 nodes with a maximal triangle side length
of h = 1/2/256. The resulting optimal control u* and optimal state y* are shown in Figures 6.1(c)
and 6.1(d), respectively. The active set coincides with the region where the control is zero. On the
inactive set, the pointwise distance between the optimal state and the desired state is small.

Figure 6.2 gives an overview over the process of the bundle algorithm. The left column, i.e., figures
(a), (¢), (e) and (g) correspondent to strategy A and the right column, i.e., figures (b), (d), (f) and (g)
correspondent to strategy B. Iterates marked with a red, empty box are serious iterates and the black,
filled boxes at the x-axes indicate mesh refinement. Figure 6.2(a) and Figure 6.2(b) depict the error
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Figure 6.2.: Convergence statistics of Algorithm 3.4 using uniform mesh refinement. No curvature strategy
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between the computed function value Jl-h" at trial iterate u; and the computed optimal function value J"',
i.e.,

hi . Ai 9 . * % o %
Jit = %Hsh (”i+f)_deiZ(Q)‘F%H”iHiZ(Q)v J" = %Hsh (u +f)_YdH22(Q)+%H” Hé(g)'

Note that the computed function values Jih" are the function values which were used by the algorithm

and thus incorporate the increasing accuracy of the solution operator Shi as the discretization is refined.
The computed optimal value J” is evaluated by computing the state y* := Sh*(u* + f ) on the same
(high fidelity) mesh as the optimal control «*. Figure 6.2(c) and Figure 6.2(d) show the L?(Q)-norm
of the subgradient g; +w'(1;) and in Figure 6.2(e) and Figure 6.2(f) the proximity parameter 7; is de-
picted. Figure 6.2(g) and Figure 6.2(h) display the H(} (Q)-norm of the derivative of the proximity term
é; = (Q;+ TRy )(x; — y;). The proximity parameter 7; and the term |[|&;]| H(Q) play an important role in
the convergence result Theorem 3.3.3, cf. (3.3.3).

We observe that for the first 66 iterations, both strategies yield the same results. This is due to the fact
that strategy B starts to include points and subgradients into the BFGS curvature operator only after the
first mesh refinement occurs. However, since the initial computations are carried out on a very coarse
grid it takes only 4.0 seconds to execute the first 66 iterations. From this point on, both strategies differ
considerably. In particular, the error of the function value for strategy A is jagged. As one can see,
after every serious iterate the error of the function value of the trial iterate is large at first and then it
is reduced until a new serious iterate is selected. This might be due to the fact that after every serious
iterate, Algorithm 3.4 with no curvature strategy discards all cutting planes from the old model and
needs to build a completely new model. Compared to strategy A, the graph of the function value error
for strategy B is smoother. This shows a stabilizing influence of the BFGS curvature operator, which
reuses old subgradient information. From iteration 110 onward, the proximity parameter of the strategy
with BFGS curvature has the lowest possible value 7; = & = 1-107°. This shows that the model P; ex-
cellently captures the behavior of the objective function f + w. Figure 6.2(c) and Figure 6.2(d) indicate
that the L?(€)-norm of the subgradient at the computed solution is of the order of 10~*. Figure 6.2(g)
and Figure 6.2(h) indicate that ||é;| H) () goes to & with &€ < 1 - 107 for the curvature strategy with
Q=0and & < 1-1073 for the BFGS curvature strategy. Thus, Theorem 3.3.3 suggests that the bundle
method converges to a €-G-stationary point. However, Figure 6.2(e) and Figure 6.2(f) indicate that the
proximity parameter does not go to infinity. This suggests that the hard case, i.e., &% # 0, does not
occur. In this case, Theorem 3.3.3 implies that the limit point is G-stationary.

In order to compare the performance of strategies A and B, we present three distinct benchmarks.
Because the objective is to minimize the function value, we aim at comparing the true function value
f(u;) +w(u;) at the trial iterate u; to the true optimal function value. Since computing f(u;) = 3 ||S(u; +
f ) —Ya HiZ(Q) involves the evaluation of the solution operator S of the variational inequality, we cannot
do this. Instead, we compute a high fidelity approximation of the state via

W= 8" (ui+ f). 6.2.1)

132



6. Numerical Results
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Figure 6.4.: Distances of the control and the state to the computed optimal control and state over time.
Similarly, we use the high fidelity approximation of the function value f(u;) + w(u;) for control u;
A TP S 2 a2
Ji = 5l18" (i + 1) = yall ) + 5 luillz2 () (6.2.2)

i.e., the state corresponding to each trial iterate is computed on the same mesh as the optimal state. The
results are depicted in Figure 6.3. Furthermore, the L?(Q)-error of the control, ||u; — u*|| 12(@) and the
computed H} (Q)-error of the state,

%

Iy =" Ny ) = 18" i ) =" (" + )l iy )0
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are depicted in Figure 6.4. In contrast to the function value and the error of the state, the error of the
control can be computed exactly.

We observe that both methods converge to the solution on the final mesh. However, the method with
BFGS curvature rapidly converges within 80 seconds whereas the strategy without curvature informa-
tion only makes slow progress.

The subgradient oracle Oé

We now use the subgradient oracle Og defined in (5.3.25). The advantage of Og, over 0;, is that, un-
der reasonable assumptions, it can be guaranteed that for given x" € X" the approximate subgradients
O§ (x,h,) converge in H} (Q) to a true subgradient of the reduced objective function as n — oo, cf.
Section 5.3.4. Recall that the sole difference in the computation of 0;, and 0; is the choice of the dis-
crete inactive set. For 0;, the discrete inactive set is given via D" := {y" > I"y} whereas the discrete
inactive set for Of, is given via D,, := {y, > ¥, + &, } where &, > 0 is determined via the L (Q)-errors
of the state and the obstacle discretization, cf. (5.3.23). We now want to determine how this additional
term €&, in the choice of the discrete inactive set influences the performance of the bundle method.

We perform exactly the same numerical test as in the beginning of this chapter with the sole difference
that the subgradient oracle Oé is replaced with the subgradient oracle 0;. In Figure 6.5, the same data as
in Figure 6.2 is plotted. Since the computation of the L*(Q)-error estimators takes up additional time,
only 200 and 100 iterations can be executed within the 400 seconds computation period for strategies
A and B, respectively. When comparing the strategy without additional curvature information to the
strategy with BFGS curvature, we observe the same behavior as with the first subgradient oracle Oél,.
However, whereas the error of the function value with the first subgradient oracle is of order 10~#, here,
strategies A and B produce an errors of order 10~ and 1073, respectively. Figures 6.6(a) and 6.6(b)
depict the control and state error analogous to Figure 6.4. Figure 6.6(c) shows the function value error
as in Figure 6.3. Figure 6.6(d) shows the subgradient error oracle ¢} defined in (5.3.24). Again, the
smoothing behavior of the BFGS curvature strategy can be observed. Since the subgradient oracle 0;,
appears to show better overall performance compared to the oracle O2, all further numerical tests are
performed using O;,.
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Figure 6.6.: Performance of the bundle method using the subgradient oracle OE, over time.

6.3.

Example 2

This example was first presented in the paper [55, Ex. 6.1] of M. Hintermiiller and I. Kopacka. It is
constructed in such a way that the optimal solution is known and that strict complementarity is violated.
Here, Q = (0,1)?, w = 0 and « = 1. Further data is given via

where u* 1= y*,

vy R? 5 R,
E* R 5 R,

f

Ya: =y +&" —au’,

)

V() :=z21(01) 22(@2) 8(0,0.5)%(0,0.8) (@),

& (o) :=2max(0,—|w; — 0
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0.2

(a) Optimal control/Optimal state (b) Desired state

Figure 6.7.: Problem data of example 2.

and

71:R—=R, z1(@y) := —4096w? 4 6144w — 30720} + 51207, (6.3.1)
71:R—=R, (@) := —244.14062508 + 585.937505 — 468.7505 + 12505.  (6.3.2)

The optimal control #* and the optimal state y* = u* are depicted in Figure 6.7(a). The desired state y,
is depicted in Figure 6.7(b). We run the bundle method using strategies A and B and the subgradient
oracle Oé. We use an initial triangulation with maximal triangle side length of ip = v/2 /8 and 81 nodes.
The initial lift term is set to /o := 2 and the constant for the a priori error estimate for the function value
(cf. Section 6.1) is set to Co = 0.06. The maximal time is set to 50 seconds and the final mesh has a
maximal triangle side length of 24 = v/2/256 and 66049 nodes.

Figure 6.8 compares strategies A and B and depicts the same data as in Figure 6.2. Now the course
of the bundle method with the no curvature strategy (strategy A) is described. In iteration 0, no re-
finement of the mesh is necessary. In iterations 1 to 5, the criterion |1 +w'(wi[1])[| () < 1 107%is
active and consequently the lift term is halved in each iteration cf. Section 6.1. This leads to a uniform
refinement of the mesh in each iteration 1-5. In iteration 5, the mesh cannot be refined anymore and
all error estimators return zero error. In iteration 6, Algorithm 4.1 cannot find a new trial iterate with
lower model value as the current trial iterate and thus the computation terminates. Strategy B agrees
with strategy A for iterations 0 and 1. In iteration 2, the norm of the subgradient is slightly above the
threshold of 1-10~* and therefore the lift term is not reduced and the mesh is not refined. However,
this leads to little progress of the algorithm and the distance of the new trial iterate to the serious iterate
is small. Therefore, the forcing sequence for the lift term (line 4 in Algorithm 3.4) enforces two mesh
refinements in iteration 3. The remaining iterations occur as in strategy A.

Similar to Figures 6.3 and 6.4 we want to compare the performance of strategy A and B for example
2. As before, we cannot exactly compute the state for a given control. Therefore, we compute the
states on a fine mesh with 263169 nodes and a mesh width of 42 = 1/2/512. For this mesh, the L?(Q)-
distance of the computed optimal state y* := S (u* 4 f) to the true optimal state y* is 2.52- 107>,
The distance of the computed optimal function value J"* = J[|S" (u* + f) — 4|, @ Sl HiZ(Q) to

the true optimal function value amounts to 5.16-10~*. In Figure 6.9, the distance of the control u; to
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Figure 6.8.: Convergence statistics of Algorithm 3.4 using uniform mesh refinement. No curvature strategy
(a),(c).(e),(f). BFGS curvature (b), (d), (), (h).
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e computed optimal state y"" is plotted over

time. In Figure 6.10, the distance of the function value Jih* to the computed optimal function value J*"
is presented. Both strategies A and B find a good approximation of the solution on each mesh within
one iteration. Therefore, strategy A and B produce very similar results.

6.4. Example 3

This example is taken from the paper [88, Ex. 7.1] of C. Meyer and O. Thoma and was also published

in the OPTPDE problem set [101, Prb. mpccdistl]. There, the problem structure

minimize %H)’—)’d“iz(g) +%Hﬁ_udH]2}(Q)

(v.)€Hy (Q)xL*(Q)

subjectto  y € Ky, / Vy'V(v—y)dA > / a(v—y)dA Vv € Ky
Q Q
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is used. To fit (6.4.1) in the setting of Problem (5.2.1), we use the transformation u = i — u, and thus
set the data term to f := uy. Alternatively, one could use w(u) := 5 ||ii — ugl|7, (o in the bundle method.

However, if uy € L*(Q) is not contained in any of the approximation spaces V", the term ||it — ug|| 12(Q)
cannot be computed exactly which is required for the setting of the bundle method in Section 4.2. If
desired, Section 4.2 can be modified to avoid the transformation u = it — uy.

The data of example 3 is given as follows. The domain is Q := (0,1)? and three (pairwise disjoint)
subdomains 1, €, Q3 are specified via

Q;:=(0.8,0.9)" +0.05-Q((—1,1)%),
Q, :=(0,0.5) x (0,0.8),
Q3 :=(0.5,1) x (0,0.8),

where Q € R?*? is the rotation matrix
T A T
0= <cgs7? — smﬂ6> '
sing  cosg

The desired state and the data term are given by

Apl(QTx), X e Q]

ya(x) := Zl(X1)Zz(X2), xey
0 else
and
P1 (QTx)a X e Ql
/! /!
o — — Q
f(x) _ ud(x) — <] ()C] )Zz(xz) | (X] )ZZ(xz)a x €8 ’
—z1(x1 —0.5)22(x2), X E Qs
0 else

where z; and z; are defined via (6.3.1) and

q1(y1) :== —200(y; —0.8)> +0.5,
¢2(y2) := —200(y2 —0.9)> +0.5,
P1(y1,y2) == q1(y1)q2(y2).

A local minimum is attained at the control u* and the state y* is defined via

0 else 0 else.

W (x) = {—Pl(QTx) x € Q () = {zl(xl)m(xz), xeQ,

The analytic solutions u#* and y* are plotted in Figure 6.11.
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0 o

(a) Optimal control (b) Optimal state

Figure 6.11.: Analytic solutions of Example 3.

We run the bundle method using strategies A and B with the subgradient oracle O;,. The start mesh

contained 1089 nodes and has a mesh width of # = v/2/32. The initial lift term is set to /o := 25 and
the constant for the a priori error estimate for the function value (cf. Section 6.1) is set to Co = 0.012.

We stop the algorithm after a time of 400 seconds. The final mesh has a maximal triangle side length
of h3 =2 /256 and 66049 nodes.

Figure 6.12 depicts the same data as Figure 6.2. There are three mesh refinements each. The last
mesh refinement happens at iteration 77 after 15.4 seconds for strategy A and at iteration 78 after
12.0 seconds for strategy B. The rest of the computation time of 400 seconds is spent on the fi-
nal mesh with 66049 nodes and mesh width /2 /256. As one can see, this problem is much more
challenging than examples 1 and 2. It can be observed that the process of finding the optimum on
the final mesh is tedious. However, at the last iteration, strategy A yields a relative control error of
(i —u*| 200 /|0 || 2 () = 258 102 which can be compared to the relative control error of 2.98- 102

for a uniform mesh of mesh width /2 /250 in [88, Tab.7.1].

In order to compare the performance of strategy A and B, we compute the high fidelity approximation
of the state on a uniform mesh with mesh width 2 = 1/2/512 and 263169 nodes. The resulting solution
operator S" yields an error for the computation of the optimal state of ||y" — y*|| Q) =217 1073,
The error for computation of the function value of the optimal control is |J** —J*| = 1.03-10~". The
course of control and state error over time is depicted in Figure 6.13. It can be observed that the
control error is reduced during the whole computation time. In contrast to this, after approximately 10
seconds, the state error remains constant at the error level of the computation of the optimal state. For
this example we do not observe a stabilizing behavior of the BFGS curvature scheme. The computed
function value error \Jl-h* —J"| is displayed in Figure 6.14. The control u; and the state y; enter the
objective function via %HM,H%Z (o) and i — yall?: (o> Tespectively. This squared relation explains the

behavior of the computed function value error. Since the control error is already of order 107, it does
not influence the computed function value error, which is of order 10~7. Squaring the order of the
control error yields the order of the computed function value error.
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Figure 6.12.: Convergence statistics of Algorithm 3.4 using uniform mesh refinement. No curvature strategy
(a),(c),(e),(f). BFGS curvature (b), (d), (), (h).
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Figure 6.13.: Example 3. Relative difference of the controls and states to the optimal values over time.
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Figure 6.14.: Example 3. Computed difference of the function values to the optimal function value over time.

6.5. Example 4

This example was taken from [35, Ex. 6.1]. We consider the L-shaped domain Q = (—2,2)?\ ([0,2] x
[—2,0]) with y =0 and « = 1. Further data is given via f := —Ay* —y* — &*, y; :=y* + &* — Ay* and
u* :=y* where, in polar coordinates,
v iR x[0,27) = R, Y (1) i= —(16r° — 1277 + 1)r*3 8 0 5 (r) sin(2/39),
g*:RX[Oazﬂ:)%R7 5*(7‘,([)) = 6[0.5,00](r)'
It can be shown that the triple (y*,&,u*) is a strong-stationary point of (5.3.1), cf. [35, Chap. 2.4].

The control u#* and the state y* are depicted in Figure 6.15(a) and the desired state y,; is depicted in
Figure 6.15(b).
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(a) Optimal control/optimal state (b) Desired state

Figure 6.15.: Data for example 4.
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Figure 6.16.: Final mesh and zoom into the vicinity of the origin for example 4 using the adaptive strategy C.

In order to compare adaptive to uniform refinement, we solve problem 4 with strategies A and C with
the subgradient oracle O}, i.e., we compare the adaptive refinement strategy C with no curvature oper-
ator to the uniform refinement strategy A with no curvature operator. The start mesh has a mesh width
of h=12 /4 and consists of 225 nodes. We run the algorithm for a maximal time of 100 seconds and
allow for a maximum number of 300000 nodes. In both strategy A and C, the initial lift term is set
to lp := 25. The constant for the a priori error estimate for the function value (cf. Section 6.1) is set
to Co = 0.07 (strategy A). The constant for the a posteriori error estimate for the function value is set
to C = 0.07 (strategy C). After 9 iterations, the uniform refinement strategy A encounters the need for
a better solution of the bundle subproblem but cannot refine the discretization anymore and therefore
stops. The final uniform mesh has a mesh width of v/2/128 with 197633 nodes. The adaptive refine-
ment strategy C stops after 10 iterations due to the same reason. The adaptively refined mesh after
stopping consists of 268882 nodes and is depicted in Figure 6.16. As expected, the mesh is refined in
the circle around the origin with radius 0.5 and most refinement occurs at the origin.

In Figure 6.17, the same data as in Figure 6.2 is depicted. Since strategy A and C use the same start
mesh, the results agree for both strategies until the first mesh refinement occurs in iteration 3. The
mesh refinements occur every or every second iteration. This indicates that on every given mesh, the
algorithm finds a close approximation of the solution within one step. Whereas the uniform refinement
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Figure 6.17.: Convergence statistics of Algorithm 3.4 using no curvature strategy. Uniform refinement
(a),(c),(e),(f). Adaptive refinement (b), (d), (f), (h).
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Figure 6.18.: Example 4. Difference of the controls, states and function values to the optimal values over time.

strategy reaches a computed function value error in the order of 1073, the adaptive strategy reduces
the error to 107>, Both strategies find a subgradient with norm below 10~°. For both strategies, the
proximity parameter 7; does not tend to infinity and the norm of the derivative of the proximity term at
the last iteration ||éepql| H) (@) 1s below 10710 which suggest that the hard case &; # 0 in Theorem 3.3.3
does not occur. Similar to example 2, our numerical experiments showed no significant differences
between the no curvature strategy and the BFGS curvature strategy, i.e., between strategy A and B and
strategy C and D. Thus, we do not depict any results for strategies B and D.

In order to compare the true function value J(u;) at each iterate to the optimal function value J*, we
again compute the state S(;) on a fine mesh and approximate J(u;) and J(u*) via

T = LIS 4 ) = vl + Ll I = SIS (0 4+ 1) =yl + Ll ey,
respectively. The fine mesh which induces the high fidelity solution operator S* is constructed as

follows. We start with a uniform mesh with mesh width v/2/4 and 225 nodes. This mesh is refined
adaptively (such that the optimal state can be computed most efficiently) as described in Section 5.5.1.
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This refinement is repeated until a mesh with 268882 nodes is reached. Now we create a uniform
mesh with mesh width 4 = v/2/128 and 197633 nodes. Finally, we merge both meshes such that the
resulting mesh consists of the vertices of both meshes and triangles created by the MATLAB function
DELAUNAYTRIANGULATION. The resulting high fidelity solution operator S*" yields an error for the
computation of the optimal state of ||y" — y*|| @) = 3.60- 107, The error for computation of the
function value of the optimal control is |J#" —J*| = 1.60- 107>, The resulting control, state and function
value errors are depicted in Figure 6.18. We observe that the adaptive mesh refinement results in a
control error of order 10~® whereas the control error for uniform refinement is of order 10~*. Since the
high fidelity mesh can only resolve a state error of 3.60- 10~°, we cannot observe significant differences
of the state error. The adaptive mesh refinement strategy performs better with regards to the computed
function value error.
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7. Optimal control of the stochastic obstacle
problem

In this section, we consider a stochastic version of Problem (5.2.1). In real world applications, often
it is desirable to know not the optimal solution to Problem (5.2.1) but rather a robust solution, i.e., a
solution which performs well also for minor changes in the problem data. This chapter is mainly based
on the paper

[49] L. HERTLEIN, A.-T. RAULS, M. ULBRICH, AND S. ULBRICH, An inexact bundle method and
subgradient computations for optimal control of deterministic and stochastic obstacle problems.
Priprint, accepted for publication in SPP1962 Special Issue, Birkhéuser, 2019.

7.1. The stochastic obstacle problem

Let (2,47, P) be a complete o-finite measure space and abbreviate Z := H} (Q). For & € E, we consider
a variational inequality of type (5.1.2). In particular, let A¢ € £(Z,Z") be an operator, let bg € Z* be a
force, let ye € H := H'(Q) be an obstacle, define the set

K = {ye € Hy(Q) 1y > v}
and define the (parametric) obstacle problem
Find ye € Ke, (Agye —bg,ve —ye)ziz >0 Ve €Ke. (VIg)
The stochastic obstacle problem is given by
Findy €K, (Ay—b,v—y)uw:u>0 forallveK. (VD)

Here, H := L?(Z,H} (Q)) is the Bochner space of square integrable functions with values in H} (Q) (cf.
[62, Def. 1.2.15]), A € Z(H,H*),bc H", y c H:= L*(E,H'(Q)) and

K:={ycH:y(¢) € K¢ for P-aa. { € Z}. (7.1.1)

We want to relate the solutions to (VIg) and (VI), see [44, 45] for related results. Using standard tech-
niques, one can show that the projection onto the set K, defined in (7.1.1), agrees pointwise P-a.e. with
the projection onto K:

LEMMA 7.1.1. If y € H such that Ke #0 for P-a.a. § € E then K is a nonempty closed convex subset
of Hand Px(v)(8) = Pk, (v(§)) for P-a.a. § € E and for all v € H
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Proof. Let v € H be arbitrary and denote by pz = Pk, (v(&)) the projection of v(&) onto the nonempty
closed convex set Kg; ,1.e.,

pe € Ke, (v—pe,pe —w)z >0, Vw € Ke.

By [8, Thm. 8.2.9], the multifunction & K¢ is measurable (cf. Section 2.9 for the definition of
measurable set valued functions). Thus, [45, Thm. 2.3] implies that & — pg 1s measurable. As Pis a
o-finite measure and H(} (Q) is separable, Theorem 2.9.1 shows that & — peg 1s strongly P-measurable.
Since the projection P, is non-expansive, we find § — Py, (v(§)) € H for all v € H. Consequently,
& — Pk, (y(&)) € Hand K is nonempty. Denote by

H}(Q)T:={veH}(Q):v>0ae. onQ}
the positive cone in Z = H} (Q). By [44, Lem. 3.1], the set
K-y={veH:v(é)cH(Q)" for P-aa. £ € Z}

is closed, and so is K. It is easy to see that K is convex. Therefore, K is a nonempty closed and convex
subset of the space H. Because Z is a Hilbert space, [18, Thm. 3.1] implies that H = L?(Z,Z) also is a
Hilbert space. Therefore, the projection Px : H — K is well-defined and fulfills

p=Fk(v) & p<k, (Vv—p,p—wW)z >0, vw e K.

Since & > Pk, (v(&)) fulfills this, we find Pk(v)(&) = Pk, (v(&)) for P-a.a. § € E and forall v € H O

Using this result, we can show that the solution operator of (VI) agrees pointwise P-a.e. with the
solution operator of (VIg). We need the following definition.

DEFINITION 7.1.2. A family of operators (Ag)ecz C £ (Z,Z*) is called uniformly coercive, if there
exists a parameter C, > 0 such that (Agx,x)z:z > Cr||x|| for all x € Z and P-a.a. § € E.

THEOREM 7.1.3. Assume that § v Agy is strongly P-measurable for every y € Z, that & — ||Ag || #(z.7+)
isinL™(E), b: & bg isinH*, W: & — g is in H. Then, for everyy € H, the map Ay : & — A¢(y(&))
is in H* and A 1y — Ay is in (H,H"). Moreover, suppose that (A¢ )¢ cz is uniformly coercive and
that K¢ # 0 for P-a.a. E € E. Then, forP-a.a. & € Z, (VIg) has a unique solution yg and the so-
lution operator S¢ : YARYA Se (bé) = yg, is Lipschitz with modulus 1/Cy. Furthermore, (V) has a
unique solution, the solution operator S : H* — H is Lipschitz with modulus 1/Cr, and (S(b))(§) =
Se (bg) for P-a.a. § € E.

Proof. Lety € Hbe arbitrary. Since § +— A¢ and & + y() are strongly P-measurable, [62, Prop. 1.1.28]
implies that Ay is strongly P-measurable. Using [62, Prop. 1.2.2], the estimate

1Ayl Y(EIZdP(E) <o

B [ 1 0(6)

5.dP(E) < [ 14 Bz

shows that Ay € H* and that the linear mapping A :y > Ay is continuous. Now, suppose that (A¢)gcz
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is uniformly coercive with constant Cy, and that K¢ # 0 for P-a.a. & € E. From

Avyen = (A (¥(E).¥(E)z2dP(E) > [CLIYE)ZAPE) =Cullylfy vy eH
we deduce that A is coercive. By Lemma 7.1.1, K is a nonempty closed and convex subset of a
Hilbert space. Thus, the Lions-Stpampacchia theorem, cf. [67, Thm. 2.1], implies that (VI) and (VI¢)
are uniquely solvable for P-a.a. £ € E. Furthermore, by [8, Thm. 8.2.9] the multifunction & Ke is
measurable and contains the element p € H. Thus, [45, Thm. 2.7] implies & + Sg(bs) € H. Since
y € H, defined by y(§) := S¢(be) € Ke, fulfills (VI) and the solution of (VI) is unique, we deduce
y =S(b). 0

7.2. Optimal control of the stochastic obstacle problem

We are interested in the following class of optimal control problems governed by the stochastic obstacle
problem

. °. 2
min J(S(F(1u)) + 3 Jully- (P)
Here 1 € £ (U,Z*) = Z(L*(Q),H ' (Q)) is a compact embedding, F : Z* — H* is a continuous func-
tion which maps the control to the force term, S : H* — H is the solution operator of the stochastic
variational inequality (VI), J : H — R is the stochastic objective function and U,g C U is a nonempty,
closed and convex set.

LEMMA 7.2.1. If J : H — R is lower continuous and bounded below, then the problem (P) has a
solution.

Proof. We verify the assumptions of Theorem 2.5.1. Since J and || - ||, are bounded below, the
function j: Hx U, j(y,u) := J(y) + $|lull, is bounded below. Further, S:Z* — H, S := SoF, is
continuous. As J is bounded below, the coercivity of ||u||?, yields that the reduced function J : U —
R, J(u) == J(S(F(1u)) + Slullz, is coercive. As J is (strongly) lower semicontinuous, j : H x U
is strongxweak sequentially lower semicontinuous. Therefore, Theorem 2.5.1 is applicable which
implies that (P) has a solution. 0

7.3. Approximate subgradients for the stochastic obstacle problem

If J and F are Lipschitz on bounded sets, then (P) corresponds to the setting of the bundle method via
X:=U=I13Q), F :=Uy, Y :=Z"=H '(Q), p:=JoSoF, w:= 21| |17 To execute the bundle
method, we need to be able to compute a candidate for a trial iterate, a function value approximation
and an element of an approximate subdifferential. A trial iterate can be computed using the theory de-
veloped in Chapter 4. As J is a function which maps L?(Z,H}(Q)) to R, one usually needs to evaluate
an integral to obtain a function value (cf. below). In this case, to obtain approximate function values,
numerical integration [108, 61, 23] or Monte Carlo methods [10] can be used. In the rest of this section
we focus on how to determine an appropriate approximate subdifferential G such that we can compute
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an element thereof.

In the following, we work under the assumptions of Theorem 7.1.3 such that the solution operators of
(VD) and (VI¢) are connected via (S(b))(§) = Se (be) for P-a.a. & € Z. We concretize the stochastic
objective function J : H — R via J(y) := E [Jz(y(&))]. Here, for P-aa. & € &, J; : Z— R is an
objective function such that & + Jg(y(&)) is integrable for all y € H and E denotes the expectation
with respect to §, i.e., E[z] := [z2(§)dP(&). Further, define I%g 12" — Z* via I%g (w) :=F(w)(&). Then
(P) takes the form

min E [Jg (Sg (F (tu))] + § lull3- (P)

uclUy

We would like to compute an element g € Z of Clarke’s subdifferential of the reduced stochastic objec-
tive function p : Z* — R, p:=E [J¢(S¢ (Fé()))], ie.,

g € acp(w) = A J(S(B(W))) = AuE [J¢(Se (F (w)))] -

However, the available calculus rules for the Clarke subdifferential, which often take the form of inclu-
sions, make it difficult to calculate the subdifferential d,,[ [J¢ (Sg (13”5 (w)))]. As Lemma 5.2.6 shows

how to compute a subgradient of the function J (S¢ (155 (+))), we aim at computing elements of

E [9Je (Sg (Fe(w)))] := {E[g(w.§)] : & = g(w, &) € L'(E,H™1(Q)),

. (7.3.1)
g(w, &) € dJe (S (Fe(w))) P-ae. }.

Provided that G(w) := I [0,/ (S¢ (I%g (w)))] fulfills Assumption 3.1.1, this choice of approximate sub-
differential for the bundle method yields convergence to weak stationary points (cf. [136]), i.e., points
i € U which fulfill

01’k [8WJ§ (S¢ (1%5(112)))] +aii+ Ny, (1) +1°Bz(0,m).
Under suitable assumptions, [21, Thm. 2.7.2 and Thm. 2.3.10] imply
8L,IE [Jg (Sé (ﬁé (lu)))] CcCE [8MJ5 (S§ (ﬁg (ll/t)))] CU'E [8WJ¢ (Sé (ﬁé (lu)))]

with equality if, for each &, the function J¢ (S¢ ([7“5 (-))) is regular in the sense of Clarke. However,
this is not necessarily the case for all points of the considered optimal control problem. Under strong
assumptions (such as a deterministic obstacle), in [49, Thm. 7.11] a formula for an exact subgradient
g € OuE [J£(Se (13"5 (w))))] is given. Here, we avoid these assumptions but this comes at the cost that
we can only guarantee convergence of the bundle method to weak stationary points.

Now we show that the weak subgradients (7.3.1) can be used in the bundle method since they fulfill
Assumption 3.1.1. We work in the following setting:

Assumption 7.3.1. Let .#p be an open subset of a separable reflexive Banach space B. Suppose that for
all £ € E the functions pg : .#p — R satisfy the following conditions:

1. For all w € Fp, the map § > pg (w) is measurable.
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2. There exists a w € .7 such that [5 |pe (w)|dP(§) < oo.

3. For all bounded sets D C B there exists a function Lp € L'(Z) such that

|pe(wi) — pe(w2)| < Lp(&)|lwi —wallp  forall wi,wy € DN.7p and for P-a.a. § € E.

Let .% be a closed subset of .% and consider the map G : .% = B* defined by

G(w) = { [ g(E)dP(E) : g € L'(2,B"),8(&) € depe (w) P-ace. } . (7.3.2)

THEOREM 7.3.2. Under Assumption 7.3.1, the multifunction G : .F = B*, defined in (1.3.2), fulfills
Assumption 3.1.1 and it holds dcp(w) C G(w) for all w € .F, where p : ¥ — R is defined by p(w) :=
Jzpe(w)dP(G).

Proof. First we show dep(w) C G(w). Let w € % be arbitrary. By [21, Thm. 2.7.2], p is well-defined,
locally Lipschitz and for every g € dep(w) there is a corresponding mapping & +— ge¢ from E to B*
with g¢ € depe (w) P-a.e. and such that for every v € B, the function & — (gg,v)p: 5 belongs to L'(Z)
and one has (g,v)p:s = [z(ge,v)p:8dP(§). Consequently, by [62, Cor. 1.1.2], the map & + gg is
measurable. Denote by Lp € L'(Z) the function according to property 3 of Assumption 7.3.1 for
D := By(w,1). From [;||g¢||x-dP(§) < [z Lp(§)dP(§) < oo we deduce that & — g is in L'(E,B¥)
which shows dep(w) C G(w).

1. For arbitrary w € .7, it holds @ # dcp(w) C G(w). Therefore, G(w) is nonempty. Since dcpg (w) is
convex P-a.e. , the set G(w) is convex.

2. Let D C B be a bounded set and denote

G:={g€L"(E,B"):weDNTF (&) € dcps(w) P-ae. }. (7.3.3)

Choose a neighborhood D C B of BN.% and denote by Ly € L' (Z) the function which fulfills property
2 of Assumption 7.3.1. By [21, Prop. 2.1.2], there holds dcpg (w) C Bp-(0,Lp(&)) forallw € DN .7,
Consequently, G is bounded in L' (Z, B*) by the constant [ Ly (E)dP(E) < oo and we find for arbitrary
g € G(DN.7Z) that there exists a § € G such that g = [ §(§)dP(&) and it holds

Islla = 1| [ #E)dPE)la < [ 18(E)wdP(E) < [ Lp(&)dP(E).

3. We verify the assumptions of [ 105, Thm. 4.2]. Since .Z is a closed subset of a complete metric space,
(7,1l -118) is a complete metric space. By [21, Prop. 2.1.2], the map (&,v) — dcpg(v) is nonempty,
closed and convex valued. Using [21, Lem. 2.7.2], [8, Thm. 8.2.11 and Thm. 8.2.9], one sees that the
multifunction § — dcpe (w) is measurable for all w € Fp. By [21, Prop. 2.1.5], for all § € E, dcpe
has a weakly closed graph. Now let D C B be a compact set and denote by Ly € L'(Z) a function
which fulfills property 3 of Assumption 7.3.1 for a neighborhood D of D. Define by Gp : & = B* the
multifunction Gp (&) := w-clco(dcpe (D)). First note that, since D is bounded, [21, Prop. 2.1.2] im-
plies that dcpe (D) is bounded by Lp (&) P-almost everywhere. This shows that the multifunction Gp is
integrably bounded and, for fixed & € E, the set Gp(&) is bounded. Consequently, by Alaoglu’s theo-

rem, Gp(&) is weakly compact, and obviously nonempty and convex. As dcpg(w) C Gp(&) P-a.e. and
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for all w € D, [105, Thm. 4.2] yields that w — G(w) is weakly upper semicontinuous, i.e., for every
weakly closed set C C Y theset G~ (C) :={x €. : G(r)NC # 0} is closed in .%. By [104, Cor. 3.1],
the multifunction G is weakly closed valued. Therefore, [60, Thm. 2.5] implies that G : ZF = B* has a
weakly closed graph. O

Example 7.3.3 (Tracking type objective function). For all & € E, let Je : Z — R be given via Jg (-) 1=
H0: () — yg] #, where O¢ € £(Z,H) is the stochastic observation operator, y‘é € H is the stochas-
tic desired state and H is a Hilbert space. Let the assumptions of Theorem 7.1.3 hold and let £ —
|0¢ || #(z,1) be in L(Z) and & ~— y‘é be in H*. Further, let f € H* be a stochastic external force, define

ie. 2z H) via (iw)(€) :==wand set F := i(-) +f.

COROLLARY 7.3.4. In the situation of Example 7.3.3, the multifunction
G:H ' (Q)=Hy(Q),  Gw):=E][dJ (St (F:(w)))] (7.3.4)
fulfills Assumption 3.1.1 and thus can be used in the bundle method as a subdifferential.

Proof. Denote by Cy, > 0 the constant of uniform coercivity of (A¢ )zcz. By Theorem 7.1.3, the solution
operators Sg : Z* — Z are Lipschitz with modulus 1/Cy and § — S (135 (w))isinHfor allw € Z*. We
verify Assumption 7.3.1 with B := H}(Q) = Z, Zp = B and pg (w) := J¢(S¢ (I%g; (w))).

1. Letw € #5 = Hy (Q) be fixed. Since (€, x) — Jg (x) is a Cathathéodory mapping and & — S (ﬁg (w))
is measurable, [8, Lem. 8.2.3] implies that § — J¢ (S (I%(g (w))) is measurable.

2. First note that S(f) € H=L*(Z,Z), i.e., & — [Se ()|lz is in L*(Z). Therefore,

V2 Lips0ap&) = 2 [ re(se(Pnlare)
= 116 = 110555 () =4 lalace

<& = 10e ]l 2zmll=@) I = I1Se (Dizlli2z) + 1€ = 1Elml2(z) < -

3. For each bounded set D C Z* there exists a function L € L?(Z) such that for all w € D and P-a.a. & €
E it holds

IS¢ (B W)z < 1ISe (w+F) = Se (Dllz+1ISe (Nllz < & lwllz +11Se (H)llz < Lo (&)
For arbitrary wi,wy € D and all £ € E we get the estimate
2|pg (w1) — pe(w)| < |0 ((Sg (w1 + 1) +Sg (wa + 1)) — 29% 1| O (Se (w1 + f) = Se (wa + /)|l

< 2|0l 2(z.1/Cp (&) + I¥E 1) O | 2 z.11) | Se (wn +f) = Se(wa+ Iz
< Lp(&)[[w1 — w2

VAR

where Lp € L*(8) is defined as Lp(&) := & (10¢ | 2(z.m) Lo (§) + Iy¢ 1)1 O¢ | 2z m)- 0
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A. Complexification of a real Hilbert space

Let H be a real Hilbert space. A linear space H x H over the field C with the rule of external multi-
plication by complex numbers (a +if3)(x,y) := (ax— By,ax+ By), &, B € R, (x,y) € H x H is called
complexification of the real Hilbert space H and is denoted by H®, cf. [102, 129]. It is convenient to
write the elements in HC as x + iy, where x,y € H and i is the imaginary unit. The vector space HC is
a complex Hilbert space with respect to the scalar product

(x1 +ix2,y1 +iy2) ye = (x1,y1)m + (x2,y2) 5 +i(x2,y1)5 — i(x1,Y2)H

and ||lx+iy||%c = [|x||F + Y17 [[x+i0||ze = |[x||m for all x,y € H. We identify H with the subspace
H x {0} of H®. Let H;,H, be two real Hilbert spaces. We define the complexification of an operator
A€ Z(Hy,H>) tobe AT : Hl(C — Héc, AC (x+iy) := Ax + iAy. Note that AT is C-linear and bounded,
ie,AC € Z(HF HY).

DEFINITION A.1 (e.g., [129, Def. 4.1.1]). Let H be a Hilbert space over the field F € {C,R}. The
spectrum and the point spectrum of an operator A € £ (H) are defined to be the sets

0(A) :={A € F: A1dy —A is not invertible in £ (H)},
0,(A) :={A € F: A1dy —A is not injective }.

LEMMA A.2. Let H be a real Hilbert space and A € £ (H) be a (Hilbert space) self-adjoint operator.
Then 6,(A) = 0,(A°).

Proof. Let A € G,,(AC). As A is self-adjoint, so is AC. [129, Thm. 4.4.2] thus implies A € R. Further,
Aldgce —AC is not injective, i.e., there is a nonzero vector x € H C such that ACx = Ax and x = x| + ixy,
x1,x1 € H. Therefore, Ax| + iAxy = A®x = Ax| + iAx,. This shows that Ax; = Axj, e, A € o,(A).
Now let A € 6,(A). Then there is a nonzero vector x € H such that Ax = Ax. Consequently, A€ (x+i0)
Ax=A(x+1i0) and A € 6, (A°).

=

THEOREM A.3. Let H be a real Hilbert space. If Q € £ (H) is given by Q = uldy +UV with u >
Uec ZR"H)andV € Z(H,R"), n € Ny, such that Q is (Hilbert space) self-adjoint, then

(=)

bl

(Ov, V) > (u Fmino(VU)U {0}) V|2, forallveH

and |01l 1) < p+max|a(VU)|.

Proof. Denote by H® and Q° the complexifications of H and Q. It holds Q€ (x| +ixy) = px; +ipxs +
UVx| +iUVxy = (uIdye +UCVC) (x) + ixy) for arbitrary x1,x, € H. As Q € £ (H) is self-adjoint, so
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A. Complexification of a real Hilbert space

is Q€ € Z(H®). 1t holds

C C
(Qvv)r _ (@ v)pe oo (@ XX)pe (0%x,x)yc  forallve H\{0}.  (A.D)

IvIIZ HVH%IC - A0 HXHIZqC B [lx[l ye =1

Since the operator Q(C €eZH C) is (Hilbert space) self-adjoint, [129, Thm. 4.4.4] and [129, Thm. 4.4.6]
can be applied which yield that 6(Q%) C R and

inf  (Q%x,x)yc = mino(QF). (A2)

[l ye=1

Using [129, Thm. 4.3.1], we calculate

6(0%) =o(uldye +UVE) = u + o(UCVE). (A3)
Now, [11, Thm. 3] yields
c(UVO\{0} = a(VEU)\ {0}. (A4)
Consequently,
c(UVE) c o(UVE) U {0} = o(VEUT) U{0}. (A.5)

Since VEUC = (VU)© € Z((R")®) and (R")C is finite dimensional, [129, Rem. 4.1.4 (ii)] and Lemma A.2
yields that

o(VEU©) = o((VU)®) = 6,((VU)®) = 6,(VU) = 6(VU). (A.6)
Combing (A.1)—(A.3), (A.5), and (A.6) we find for arbitrary v € H that
(0%vv)e = (u+mina(UEVE)) M = (14 mina(VU)U{0}) e
In order to verify the second result, we argue as follows. [129, Thm. 4.4.5] and (A.3) yield
101l 21y < 19| 2 sre) = max|6(Q)| < pt + max|o(UVE)]
and (A.4) gives
max |6 (UV®)| < max|(o(UV)\ {0}) U{0}| = max|(o(VEUT)\ {0}) U{0}.
By [129, Thm. 4.4.3], 6(VCU®) # 0. Together with (A.6), this yields

max |(o(VEU®)\ {0})U{0}| = max |6(VEUT)| = max |G (VU)|. O
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