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PREFACE

The concepts of asymptotic analysis have proved to be very
useful for the theoretical justification of essential fundamen-
tals in structural reliability methods. Here, another veri-
fication of approximations in the so-called Beta-point for

time-variant problems is given. The work is part of the pro-

jects A5 and A11, respectively.

Munich, September 1984 The author

VORWORT

Die Konzepte der asymptotischen Analysis haben sich als auBer-
ordentlich fruchtbar filir die theoretische Rechtfertigung der
wesentlichen Grundlagen der Methoden der Zuverlisssigkeits-
theorie der Bauwerke erwiesen. In diesem Beitrag erfolgt eine
weitere Begriindung von Ndherungen im sogenannten Beta-Punkt
bei zeitvarianten Problemen. Die Arbeit entstand im Rahmen

der Teilprojekte A5 bzw. Al1.

Miinchen, September 1984 Der Autor




Let, for a2 ol el it e (U1(tl,....Un(t))T be a stationary
normal process with continuously differentiable sample paths (see
[1)), whose autocorrelation functions ri(t) of Ui(t) are twice
differentiable at t=0. The time derivative of U(t) is denoted by
o ik T o ) (5, ofp TR (01tt)..‘..ﬂn(t))T. Without loss of generality it is
assumed that, for each fixed value of t, the variables Ui = Ui(t)
are stochastically independent with zero mean and unit variance,

which implies that also the velocities Ui(t) have zero mean.

Let further k2?2 and % g1(2).--~. Oy = gk(u) be piecewise con-

tinuously differentiable functions such that for the probability

density p(u) of U (omitting the argument t in U(t) or O(t) means,

that t is fixed , but arbitrary) the surface integrals
(A8 = o Hull @(u) ds(u) < =
e a8
9
over {gi = 0} exist, where {gi = 0} is the boundary of {gi < 0},

ng=(ng)1I2 the Euklidean norm of x and w(g)=wn(g:§) the multi-

normal density function. The symbol ds{(u) is the scalar infinite-

simal surface element at the point u on the surface.

We are now going to investigate the outcrossing rate Ve of the

process U(t) from a socalled "safe domain"an\F into the "failure

domain” defined by

(1) k
i=1

which is given by the generalized Rice formula [4]

BIEvE T EC{-a(u) -0} U = ul @lu) ds(u).
aF

Here, oa(u) is the outwards directed unit normal vector at a point

U4 on the surface OF of F, E[.|.])] is the conditional mean and

{x}+ := max {0,x}. If, for example, there is gi(u)=0 but gj(u)<0
for all je€{1,...,k}\{i}, then y lies in OF and




(3) al(yu) = grad gi(g) / lgrad gi(g)ﬂ

In the sequel an asymptotic formula for the integral (2) is

derived under conditions, which are quite similar to those given

in reference [2].

Further Assumptions (A) and Notations (N)

*
(A2) The failure domain F has a unique Beta-point u (i.e.
*
a point u in F with minimal distance to the origin). The

*
origin is not contained in F (which implies that u €0F).

*
(A3) In an environment U of u , the functions g:.L (1€i<k) are
*
twice continuously differentiable, and it is gi(g )=0 for
1€i<k.
: * p : -
(A4) The gradients gi := grad gi(g ) (1<€i<k) are linearly inde-

pendent, and it is

HaiH = 9 for 1<i<Kk.

If originally 0 # ﬂgiu # 1, one obtains Hgiu =1 by multiplying 9;

with the constant factor 1/Hgiﬂ.

*
It can be shown that u is always a linear combination

k
* ; :
u =.[ Y; &4 with Yi<0 for 1<i<k
i=1
of the 31'3, where due to (A4) the yi's are uniquely determined.

In addition, we assume here that

k
*
LSS a1 m oy a, with o < 0 for 1€idKk.

Introducing now the cross-covariance matrix

contrast to ﬁTx. which is a scalar value, Xy is a matrix)

C between U and U (in
T-



?

(N3) The (n-k)-dimensional matrix D = {dij: k+1€i,3j<n) is defined
by
*
k 3299(9 )
= i, %
iy L i I S for k+1€i,j<n
s=1 h R
(N&4) I = (Bi.: k+1€1i,j3€n) is the (n-k)-dimensional unit matrix
(0 ey o oul e For i) (caution: I 18 g matvix; but 1 a
B U 1) =

set of indices)

For n=k, D and I are empty; in this case we define the determi-

nant as

Q
"

det(; - Q) - (for k=n)
In general we assume that
{AB) d := detl(i - D) > 0

Note that there is always d20 [2].

(N5) For i€{1,....k} there is
*
Bi T o
e G : 1€s<k, s#i) € IR with
1 18 *
Cis = ﬁs i (.lt! '..a—i) (is'.g.l) ]
and
g e ix. e tek sui sui) emt in
=1 ist
Tiet "" A A - (a2 0(a,-8;)

We are now able to describe the asymptotic behaviour of the

outcrossing rate

Tl IE[{-Q(MJ‘%Q}W%Q = yl piby) dstu)

oF
of the process % U(t) (with derivative % git)) from m"\F into F,

in the limit b-ee,




(N1) C := ELD QT] = lEIUiuj]: 1<1 en),

the conditional mean value of U(t) given U(t) 1is (see first part

of the proof in the appendix)

(4) EL[QIU] = C U.
In particular it is assumed here that
* ¢ * i
(AB) a,-(cu el R e e
(the dot between vectors "x-y" indicates the scalar product x-.y =
txiyi = 5T1). Since there is always

£5) g-(g u)-= ng u=2=0

(see appendix), while for k=1 the gradient a, is a multiple of 2*.
the condition (A6) cannot be satisfied for k=1. On the other
hand, (A6) usually holds for k»2. As a simple consequence of (AS)
and (A6) let us note that even

*
(6) gi-(g 4 ) < 0 for at least one 1 (1€ick) ,

since due to (5)

4 * K T *
TRl Y o W A i T e
= ; 4= =
i=1
Without loss of generality, it is also assumed that the last n-k
h R ; : -
components of the vectors Al (al1. .aln) are zero

(AT) aij = 0 for 1<€i<k and k+1<3j<n.
In addition to (N1), the following notations are used:

(N2) 1 is the set of all indices i (1€ic<k), for which gi-{g ul)<o.

Due to eq. (B), 1 is non-empty.




To simplify the notations, the abbreviation

f1(b) w leb)

instead of

f1(b)
lim 1
b-+ee fztb)
is used. w(.) is the univariate standard normal density, ¢(.) the

corresponding normal integral and ¢k(£:B) the distribution func-
tion with argument geRk of a k-dimensional normal random vector

with covariance-matrix R and zero mean.

Theorem

Under the described assumptions, there 1is

1 + .1
Y(a,b,u) := E[{-2a > 4} Ib U = ul =
T -2'E U £y 1/2 -a'c u
R 3 C. u *b = 112) oy (a's a) plb T 172 )
(a's a) (a's a)
where
S ey - ¢ cf
With BFj <= "OF {gj=ﬂ} . the outcrossing rate VF(b) becomes
asymptotically
veib) = b fila(u).b.u) @(by) ds(u) w
oF
k
n *
w b E [wtgj.b.u I.'§ atbyl detull.




Kk
*
E [w(aj.b.g ) w(ij) ¢k_1(b£j;§j)] w

Proof of the theorem

First the conditional mean

: | + .1 v Al
o} [bj.l = y) = ¢ dilg,1.by)

St b4 1= EL1-§ %

is evaluated. Since (U,0) is normally distributed, U can be

represented as
g=¢clU-+ ¥y

where V is normal and independent of U with zero mean, and

1 | 4

c=ceruu’t + ey 'l = EC(C U+ VU] = EIQ U

neoy

Denoting by
E = Ef0 _Q.T]

the covariance matrix of U, we obtain further for the covariance

matrix S of ¥

ECy ¥'1 = E[(Q - c UM - cW'I=8-¢¢C

nwn
n

It is now easily seen that
ELQIY) = c U

El-g'0lY) = -a ECOIY)

u"

I
R
no
=




and, consequently, because E[X*] = p#(%l + om(%)
i 2
T e gt 1/2 Rt S
viga,.b,u) = -a C u ¢(b R ARy I 11 TR T AP e
= i f /2 b = T 142
i S g (o § a)

Using the abbreviation

v(b,u) = Y(a(u) ,b,u)

the outcrossing rate of the process X U becomes

b
velb) = b" [ $(b,u) wlbu) ds(y) |
aF }
> T :
Since a (u) S af(u) € c < «» for some constant c depending only on |
= !
S (note that gT(g)g(g) = 1), we have for b-e |

(B1) by(b,y) » 0 wuniformly, if sup {-g(g)TQ 0k <0
T . : A E
(B2) Y(b,u) » - alu) g 4 uniformly., if inf {-gtug) € U} >0

In the sequel, the following notations are used:

F(b)

Fib) « gi(b) (2= 1im = 1
b+ee gl(b)
Fib)

Fib) A W 1= ' lim w0
b+e g(b)

aFi : = 6Fr1{91=0}

The theorem is an immediate consequence of the following lemmas 2
and 3, in connection with eqs. (B1) and (B2])., Lemma 1 contains

technical details:




Lemma 1
n . * i 3 T
LetTrC:R be an environment of u , and i€l (i.e. ii E < -0) anhd
FEL T o). SThen
a) J Ww(b,u) pib,u) ds(u) <« J vib,u) olby) ds(y)
aF_\U OF .nlU
3 i
b) f p(byu) ds(yu) « [ @l(bu) ds(u)
oF . OF _
Jnﬁ' 0
Lemma 2
If d = detil -D) > 0, then Tor I8i1,... k)
n-1 1
b J wibyu) ds(y) « —— @(bB.) .k-1 (bg .:R_)
arj Ja’l J 3 %3
Lemma 3

For i€l and jéI there is

a) [ Ww(b,u) wi(by) ds(u) <« [ Pib,u) @lbu) ds(u) , while

OF oF .
J i
J @(bu) ds(u) and J] o¢(by) ds(u) are, for b+=, of the
aFj aFi

same order of magnitude.

b) f w(b.,u) olbu) ds(y) -» wila..b.u ) f olby) dslu)
1

oF . oF .
1 L

Proof of lemma 1

a) Due to the continuity of gl(u) for geaFi. U' can, without loss

of generality, be chosen so small that

§ := % inf {-Q(Q)TE 4l yEBFinﬁ'} > 0

Eqg.(B2) above implies now, that for some 0<b0<— and ueaFinU




there is

Bt ia) «xed 130 for b>b0

Therefore we have for b>b0

I $ib,u) @lbu) ds(u) » & - [ wibyu) ds(u)
aFimr aFinU’
On the other hand,
lo(b,u)| € c_ Null + % c, for some c,,c, ¢ = and all UuEDF.

1

Lot PRiw & isidetind-fhoh « weB B ias BV tDieabiin s

N | =

in (3] it is proven that e€>0. Since

wiby) = @lyu) exp {—%(bz-tl nun?y

we obtain for b21

(1) : ¢(b,u) plbu) ds(u) <

oF _\T
g

1 P 2 1
< exp {-— (b°-1)(B + 2e)7} I (c ful + —c_) @lu) dslyu) ,

2 1 b 2

oF _\U
2
<o (see assumption (A1))

while for W := iy = lul < B + €} and b1 we obtain (note

that FAW < FNU)

(2) f Vi(b,u) @lby) ds(u) » & J plbu) dsl(u) 32
arinv' arinw

> & exp {—% lb2—1)(a + elz} I plu) ds(u)
aFin'UJ

R (compare proof

of lemma 2)



Lemma 1a is now a simple consequence of (1) and (2).

b) Quite similarly it is shown that

J e(bu) ds(u) <« J w@ibu) ds(u)
aFi\'LT aFin'U‘

This implies again part b of the lemma.

Proof of lemma 2

*
We show that for sufficiently small environments U of u there 1is

(2) BITY pi sibu dstuy o —’—mbsj;«v

tbe 2R )
aanU Jda' ::

k-1 3 g

Lemma 2 is just a consequence of (*) and lemma 1b.

For a proof of (*), we may without loss of generality assume that

Jj=1 and

(1) ay = e, (gj the j-th unit vector).

*
Due to (1) and assumptions (A4) and (A5), u and 31 are linearly
*
independent. Therefore, uy = [uigi , where ui #0 for some 10)2;

*
without 1loss of generality io=2. Then u cannot be represented

as a linear combination of 21'£3"“'£n ., and thus

*

(2) (g,.g -] .,gn) are linearly independent.

3"

In order to parametrize aFi appropriately, we define the mappings

n
* 1 2 T
(3a) §1ty) = (ui—u1. 7 _[ ujug, .un)
i=1
n
1 2 S
(3b) 52(3) (g,(g) v iE1ui,u3. ,un}

e 3 * x
According to (2), the Jacobian Q[izltg ) of ;2 at U 1i1s non-zero.

10




From the assumptions on the gi's it now follows easily, that

(4) Ttu) ev 500 08, tu)

is defined

differentiable, with

* *
{(Sal)-Tlu-) =y

(50) DLI(w') = {prs,1(1(u" 1)}

; ’ -1
o {(21.9. l£3""'§) }

(5 is the n-dimensional unit-matrix).

Since for uel

Y2 2
(gillluii. Y _E Ti(u) .Ta(u),...
i=1
n
= i i i 2 T
- §1(_u, .. (01 U1. 2 [ ul.ua. uun)
i=1
there is for uel
(Be)u¥ fu)k. ="a.  for 423
5 M 5 3

(6b) u, = u] &> g (Ilu)) = 0

*
¢ DLS, M (u’)

( *
- _e_.'-_'.l ,33,...

n n
(8c)i % Phuyr® atup 14l
) i ; i
i=1 i=1
Let now
* k
He = {u gyoe u1} Foo S o {gjtllg)) e 117

=2

Due to (5) and (6b), for U small enough W := I(W) is an open en-

; *
vironment of uy ,

31

nm

Hiat) = S,(I(u)) =

and the restriction T of I to H1n21 is a proper

i * : ; :
in an environment U of u and is twice continuously




parametrization of {gT=0}nlﬂ. Therefore, using eq. (6c)

(7) J plbu) ds(u) = FUPrBTOY)Y vy dstgy e
BF1n'U.]' H,nU
= J wo¢ibu) r(yu) dsiu)
H10U
where
|
(8) r(w) = Jaetto(w ™ piwr1 |
D(w) := DLII(u)
or finally
(9) . -
J5 oilba) igsiune = w(bu1) ®(bv) r(u,.,v) dv
OF W k
M {f <ornf
s
s=2
where ﬁ = {v (u,,v) €U} and
L BT ‘Vn: = (uz. .,uﬁ)
¥yl = gs(ltu1.gl) for vel

l<
’;-1‘
<
c

and introduce the abbreviations
b = (bl""'bn) = bly) := (grad 91)(l(g})
R Y T R

*
Evaluation of r(u ):

Since Qtll(g*) = L= (31.....gn). there is Q(g*) Wi g
{gz,....gn) and therefore
i
r(u*) = {dattgtg*)T Q(g*)llz = 1

e




Evaluation of the first and second derivatives of T:

-1
prxaty) = {Q[izltl(g))} g[sil(ul =
EASTN -1
R P ;
= (21.3.33.....£n)
0 E
MT LY 1
with
b1 b2 b3' 'bn
2 : 84
T1 T2 T3' "Tn
0 the zero-matrix in FaEs
E the unit matrix in mn—z.n~2
It follows that
B, 5. 's
=1 = =2 T
__l?[_T_] (u) (_9_1.51.&3.....3") .
0 E
and since
=1 ! T2 i
8, i
b1T2 - sz1 -T1 b1

one obtains, using the abbreviations

g2 Delts ~hats
X =z b T = B 7T
J 2 3 2 -
Pi) o BETC - Bl iae

13




the result

g e
1
BLEICU) = —T1 b
= 1
d
0
Observing that T K = uj
il il o« Ay h
3 ol e 5y
u
1
oT
1 1
% (u) = pr (-uzbz)
u
2
BT1 :
(u) = = (—bzu. 4 %)
du J J
aT
2 1
. fu) = 3 (—T1 + b*u1l
u
1
oT
St e Aorniiin
B d Y 2
2
oT
2 1
{4) & —= (B 4. :
Ou . s d L ? yU)
J
aTs
(4] W s f
i i 85 or s23
3

for 3j»3, this implies

for j23

(b}

for 3»3
5 J

1
d 1!

aant

14




essse iR 0

*

As already noted above, this reduces in the special case U = U
to
aT
s *
(4.3 w8
du_ i,
J

* *
The second derivatives are only evaluated at u=u , since for u=u

calculations simplify by using the relations

g 2
b1 S 1* and bz AR TR bn = 0
F Sy s
1 1 ‘
2 1
db ob o} g1tg ) |
= g Y iE ———
du .. du. ey du.du._ |
J i i- 0 ‘
*
n 6291 & aTs{H ) |
s (Ity }) ————— 1} |
s=1 Ou Ou. du |
g S 3
oT. ou.
1 & b | -
du . du =
3 3
od L i
o * 8,5 Weg¥a T NagMy
J
This leads, for 1<€i<n, to :
*
aT1(_U. ) 1 * Ca X X t} ”
P ik foll, - Yp vyl = DBy » Yol = ¥y Ul Ml S ;
g 4
*
s RO T T 1
*
8T1(u ) 5
= {d[ IV (e T e for j»2
du.du d 113 2 *13 2
S|
15




x *
BTZ(H ) u

1 * 1
gy i ¥ CllBy . g My 200, s K # oF Vi1
ey 2
|
* |
gl {dr 53 ) 3 1 ut} |
= + - - =
R 8 YyiY2 2i) 24 * Nyg¥z " Ya4Y4ed Uy |
b D }
*
s Y
gn'gns = s 112
Yz
Ojslﬁ \
oL u*
1 * 1 :
. {dtwiju1] i, 3 A Yij for j23
I a d u
2
or
* *
BTZKQ ) u,
= s Yij for all 1<€i. Jj<n
du. du._ u
i) 2
*
aTs(g )
—lee = ) for 833 . arndall 1€31.. 3€0
du.0u ..
b § J

Evaluation of the first and second derivatives of f

(822, i22, 922}

* |
of n dg Ot _(a..\) i
2 4n) «*7F 2 (l(u:,xll e :
avj t=1 aut avj
st i dg 2.
(v )= (4 )
ov . du
J J
* *
afslg ) n ) ags o BTt(u1.x)
—_ = [ — [— (1(u1.x)) a——— " =
aviavj t=1 avi aut avj Moy

16




n n azgsly_*) E)gs A ath(g )
= L ) I e ¥ blp] 6tj + S ), i
t=1 p=1  0du aut dut dvldv]
8%g_(u") ¢ Bo g TN
= + & {4l ) } =
du.du t=1 Ou ov.ov
L T > i J
2 * 2 * * 2
; 3 9, (u) dg _(u ) 9%g,(u) ; ags(g ) il 07g, (u )
b i %
auiau au1 auiauj Bu2 u, du.odu
a2 a1 n%e (at pPe e AR e )
S 5 s L 1 [ s B L ]
L *
Bviavj du.du du Buj au1 u, u,

Now the results in [2] can be applied to find an asymptotic

solution of the integral (9), or the somewhat simpler integral
k B 1
(10) [_w@(by) dv with 6 = () {f_<0}a®l c R"
6ntf s=2
(where the points of R"™' are written as v = (Vyueooavp))

*
Noting that u is the
*
that v is the unique

sumption (A5) there is

*
{149 N =

nMx

*
¥ grad fi(g )

unique Beta-point of 8F1. eq. (6c) implies

Beta-point of Gni} .Dbue to eq. (1) and as-

(Yi<0)

Further, for k+1<€i, Jj<n, due to

K Bgs(g*) k g hu-n 4
[ 13 ——— [ Ys > uz
s=2 Buz s=1 au2
; dg (u ) 5 : 99, (u ) e
"s = U .T.' il 1 Y1 [

5

i

Losmiartns s ae e s

e




k
= Py e O (compare (N3)).

The theorem in [2] implies now

n-1 ¢ -qibsiR)

(12) b [ elby) @u » e o g
6 nU Jdet (1-D)

where
{13a) c+ = (cz. .ck)
*
i < dg (u
. = v -+grad fs(g ) = u .grad gs(g } = u,
du
1
. (
mael vl0, - u -31)(15-31)
{33b) R s br - 2€8,t<k) ,
B st
d ¢y 4 ey
rSt = gra 2 A +gra & N )=
* x
* 8g (U ) - dg.td)
S t
= grad g (4 )rgrad g £ty -
s 1e
du du
1 1
= a2, - (a,a,)(a,4a,)
*
On the other hand, r(u1.x) is a continuous function of ¥ with
* *
r(ul,g ) = 1. Therefore (see (3] or proof of lemma 1)

J-a0tby) dy » I r(u:.x) plby) dyv)
6nl GnNn

Together with eqs. (12) and (9) this implies

18




$ (bc;R)
- * k-1 i
b" 1 J w¢ibu) ds(u) w plbu,) —mm——
BF1 Jdet(l—:)
. - *
and 1in connection with lemma 1b, using u:=31.g p we finally
obtain
‘k,1(b5;§)

e J we@(bu) ds(u) = w{b(g1-u*))

aF1 Jdet(;- )

*

Since a,-u and the last expressions, given in eqgs. {13 for ¢
and R, are invariant under orthogonal transformations, and also
det(I - D) with D defined as in (N3) is invariant under orthogo-
nal transformations preserving (A7) (since the result in [2] must
exhibit the same invariance), this proves lemma 2 also in the
general case where £1$g1.

Proof of lemma 3

*

Using the continuity of a(u) for QEBFi at u=u , eq. (B2) and

lemmas 1a (with i=3j) and 2, we find

(1) § w(b,u) @(bu) dslu) « J [-alu)' ¢ ul ¢lbu) ds(u) w

dFi dFi
T * *
wilepg.Cu ) T ethy)ds(u) w $lalib.g 1 Jelhy) dslg)y w
L e i
oF . oF .
i i
ik x 1-n :
w (-gi Cu )b w(bBi} ’k-1(b£i'§i)
i * 1-n 1 3
g W Cu b d w(bBi) ‘k 1(b£i.51)

19




|

This proves part b of lemma 3. Quite similarly, wusing eq. (B1)

instead of (B2) it follows for some environment U of H*

(2) J V(b,u) olby) dslu) <« [ olby) ds(y) =
aanﬁ Banﬁ

1-n 1
“w b ®(bB ) ¢ . (b

It is now easily verified, that

Kk
- - - A*

-y ibS iR = P[iZ} 4. -4 < 0))

s#J
where

e = odar. ey

=g == .Qs _:} is _&J

AX * ( *)

g -m gy - (R -a_

u u 25 u a5

Furthermore, due to assumption (A5), the relation

n
X

s=

s#7J

AX
u

>

s s

holds. The theorem and remark 2 in [2] imply therefore

jo=1

: 2 i ool 1 S
¢k_1(h£..5.) K

AX
: ) (bu
3°%3 3 k-1 .

1
ph s ) L]
g

K
(il
s=

s#

1
J
where D<Kj<u is a constant not depending on b. Since further
* * *

*
-ﬁ ) + (gj-g )2 Ve b ;

AKX
(u

there is

A% * AX *
w(bﬂj) plby ) = m(b(ij-u ) piby ') = plibu )

w

(not depending on 3j).
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i 1 i hat both, bp . .
This implies t o Pl Bl) ¢k~1(b£i‘51’
and w(bﬂj) ’k—ttbgj;gj) are asymptotically (for b#e=) of the same
order of magnitude, and remembering eqs. (1) and (2) it is obser-

*
ved that for some environment U of u

R FEINTE pi{bu) dstu) « [ Vi(b,u) @wlbu) ds(u)
aanU aFi

This, in connection with lemma 1a, proves lemma 3a.
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Appendix %

ince 0 = COV(U.,U.) = CovV U,U = i

sin 'Yy ( 5 j) cov(Ul+Uj,Ui+Uj), we have

\
B Uu.+U. ; ; =

0 cov( 3* j,Ul+Uj) cov(Ui.Uj) + cov(Uj.UiJ J
o |
Gt |
. |
|
J

T T T |
HT(=:_q=(£ng =ugT,ta=~y.T<_2_u
whence
T
4Cu-=20
|
|
|
i
|
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