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ZUSAMMENFASSUNG

Die gemeinsame Verteilung von Baustoffestigkeiten wird
als Folge von bedingten Verteilungen gegeben, die in
Zuverldssigkeitsanalysen von Tragwerken verwendet werden
kdnnen. Der Satz von Bayes erlaubt die Verschidrfung von
Vorinformationen iliber die Parameter von GauBschen Folgen
durch direkte Beobachtungen und/oder Abnahmetests.
Maximum-Likelihood-Schédtzer werden angegeben filir die wirk-
same Quantifizierung von Vorinformationen. Die Ansidtze
werden fiir Beton- und Betonstahlfestigkeiten illustriert.
Dabei stellt sich heraus, daB statistische Unsicherheiten
in Zuverldssigkeiten von Tragwerken nicht vernachldssigt

werden diirfen.
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ABSTRACT

The joint distribution of strength of materials is derived
in terms of a set of conditional distributions to be used
in studies on structural reliability. Bayes theorem of
probability theory is used to update prior distributions
for the parameters of Gaussian sequences by direct obser-
vations and/or by compliance tests. Maximum-Likelihood
estimators are given for the efficient quantification of
prior information. The formulae are applied to concrete
production judged by standard tests. It is shown that
statistical uncertainties must not be ignored in struc-

tural reliability studies.

Key Words: Bayesian statistics, predictive distribution,

probability theory, quality control, safety,

statistical analysis, strength distribution




ABREGCE

La distribution jointe de resistance des matériaux est
exprimée par un nombre de distributions conditionelles

pour utilisation dans les études sur la securité struc-
turelle. Le théoréme de Bayes sur la théorie de probabili-

té est employé pour mettre 4 jour des distributions pré-
cédentes pour les paramétres des progressions Gaussiennes par
des observations directes et/ou par des épreuves pour le juge-
ment d'acceptabilité. Les estimations correspondant & la
Maximum-Likelihood sont nommés pour les quantifications

des informations précedentes. Les formules sont appligquées

d la production de béton jugée par des tests standardisés.

Il est montré, que des incertitudes statistigues ne doivent

pas €tre negligées dans les &tudes sur la securité structurelle.

Mots~-clé: Statistique de Bayes, distribution prédictive,

théorie de probabilité, contrSle de qualité,

securité, analyse statistique, distribution de

rd o
resistance



Introduction

Studies for the reliability of structures require realistic
models for all relevant uncertain quantities. Only if a
complete set of models, compatible with the reliability method
and the mechanical context in which they are to be used, is
available sensible conclusions can be drawn from such studies.
The need for realistic and operational models is particularly
obvious in the area of code making where, at present, serious
attempts are made to design a new generation of probability-
based structural codes. It appears, however, that still few
studies have been directed towards the elaboration of suitable
models for the strength of materials although a vast number

of statistical investigations exists for various types of
material and structural components where data have been colle-
cted under various circumstances of production, sampling and
testing. Those generally resulted in an overall knowledge of
the distribution type which fits best to the observations

and about their distribution parameters the latter most
frequently being expressed in terms of means and standard
deviations. Many of them, however, failed to recognise that

in structural reliability it is necessary to distinguish
between two basic types of uncertainties - the first which
concerns the spatial (and, possibly, time-dependent) variations
of material properties in a given structure and which may be
modelled by a random field or just by an independent sequence
with given probability distribution and given distribution

parameters; and the second, which is essentially of statistical




nature and simply expresses the state of ignorance about

the actual distribution parameters, again in terms of proba-
bility distributions. Quite frequently, the latter type of
uncertainty is the dominating one and has important conse-
guences not only on the safety level but on the means and
methodology of assurance of structural reliability. The mathe-
matical concept in which both types of uncertainties can
consistently be treated is that of Bayesian statistics as
proposed by Veneziano [14]. Also, the formulations are com-
patible with modern first-order reliability methods [5] and,
therefore, are amenable to numerical treatment which was not

feasible in previous reliability methods.

Subsequently, a rather general model for the distribution of
the strength of materials including the favourable effect of
compliance control is proposed. It rests on the following
basic concept. Given a certain economical climate of produc-
tion of material, e.g. concrete production in concrete
factories in a country under the regime of a certain techno-
logical standard and pre-specified compliance rules, it is
assumed that a randomly selected structure is supplied by a
randomly selected producer with material of a certain grade
chosen previously by the designer. The material as delivered
or produced at a given job is assumed to form a stationary,
independent Gaussian sequence with fixed but previously un-

known mean and variance. The development of a suitable model

then generally requires the following steps:




p HE collection and modelling of prior information on the

statistical properties of production,

ii. wupdating of the prior information if direct observations

are available,

iii. consideration of the filtering effect of potential

compliance tests,

iv. evaluation of the predictive distribution of strength

at a given point in a given structure,

V. if necessary, characterization of the joint distribution

of strength in different points within a structure.

Clearly, if one of the basic conditions is changed, the whole

modelling procedure must be repeated.

The perhaps most important decision which has been made before
is the assumption of a Gaussian distribution. Of course, log-
normal distributions or other distributions deriveable from
the Gaussian distribution by simple transformations then are
also included. In fact, the log-normal distribution is per-

haps the most realistic one for physical reasons (no negative

values). Further, it is positively skewed as is the empirical
distribution of most of the data on material strength. A model
from the Gaussian family should be selected for various rea-
sons. First of all, it can hardly be rejected on statistical
grounds for most types of material, at least not with sub-
stantially more justification than any other of the uni-modal

distributions which have been proposed. But it is by far the



most developed in a statistical sense as will be seen and,

thus, has enormous operational advantages. Furthermore, the
strength of material as modelled herein is the strength of
test specimen of well-defined shape, size and testing proce-
dure. The determination of the strength of cross-sections or
structural members,which is of only interest in reliability
studies, is still another step which may distort the original
distribution anyway but, again, normal distributions facilitate
many derivations. Problems of this type are discussed in a
separate paper [6]. The selection of a model from the Gaussian
family, therefore, is to a large extent pragmatic. Neverthe-
less, one has to keep in mind that reliability statements
always are conditioned on the set of stochastic models used.
(For a detailed discussion of the problem of model selection

in structural reliability the reader is referred to referen-
ce [4]).

The paper first discusses the type of prior information usu-
ally available. It then reviews briefly some classical results
of Bayesian statistics for normal variables including the
notion of a predictive distribution. The results on the effect
of compliance control to be derived are believed novel. Some
numerical results indicate the influence of different states
of statistical knowledge on the predictive distribution on

strength.



Prior Information on Materials' Production

Figure 1 displays the observed means and standard deviations

of concrete of a given grade at a number of jobs. Each point
represents the statistics of a random sample of at least 50
tests. Therefore, there is only a small statistical error when
interpreting the pair (x', s') as the true mean and the true
standard deviation at that job. The variations in those values
rather reflect different production strategies meaning that

mean and standard deviation are uncertain quantities as well.
For the data shown in Figure 1 the specified strength corres-
ponds to the 5 %-fractile of the individual populations. The
dashed line, therefore, separates those pairs which, by defi-
nition, have sufficient quality from those which are insuffi-
cient. The arrows indicate those jobs where at least one negative
control decision should have been taken according to a certain
compliance rule. Finally, the dotted line is the line of linear
regression between s' and X' demonstrating that inspite of the
definition of the specified strength as a 5 $-fractile which
demands for larger means with larger variability, only weak
correlation exists between standard deviations and means. A more

detailed discussion of the data shown in Figure 1 isgiven in [1C].

A quantification of the prior knowledge on production as given
in Figure 1 can best be made in the framework of Bayesian
statistics. For example, let f'(+#) be the prior probability

1

density of an uncertain parameter vector QO = {@1,@2,...,@n; and

L' (A(z)|J) the probability of an event A(z), defined in the

O-space and being a function of the observation vector




+2,}, given @=J. Then, Bayes theorem states

E={z1,22,...

that the posterior probability density of @ is given by

£"(4]2) = L(A(2) &) £' () o

In particular, if L(z|¢#) is the likelihood function of z the
usual form of Bayes theorem in statistics is obtained. For
normal sequences with parameter vector © = {M,L}, a natural
choice of the distribution type for the prior distribution

then is the so-called Normal-Gamma distribution whose proba-

bility density is given by [13]:

fur (Wshlx',s'n’,v') = fN(u|§',hn') £.(h|s',v")

1 2 —\)""1 1 2 1
— LT e N *exp [-35vs'“h]
s v RN exp[—%(u X )2]. 2 - & 9 s,2
v2m 1/+hn' 2. T(—z )

(2)

where X' is the mean of an equivalent sample of size n' and s'
is the standard deviation of an equivalent sample of size v'+1.
Note that the uncertain variability is expressed by the pre-
cision h = 1/02. Eg. (1) is denoted by the natural conjugate

of the likelihood function of samples with respective sizes

n' and v'+1 taken from the same process. If direct observations
of the process are available with statistics (x,n,s,v), then,
the posterior density is of the same type as eq.(2) but

with parameters given subsequently. Note that information on

uor h may be obtained from the same (then, v=n-1), different

or overlapping samples. Furthermore, the two special cases of
known precision or known mean and the other respective parameter

unknown are determined by obvious limiting operations.
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P Xx'n'+xn
xw =20 X0 (3)
nl! = nl +n (4)
5"2 - \)—1,,'[\)'5'2"'[1'}-{'2] 4 [\)82+n;c2] e nu;c"u2 (5)
e om [V 4+ 8(n")] +ly+s{) ] - §(n") (6)

O for x =0
with 6(x)=
1oy g >0

It appears to be important to recognize the nature of the prior
distribution in our case. In contrast to the statistical model
which leads to formula (2) where, starting from a non-infor-
mative prior distribution, two samples are taken sequentially
from the same population to yield the density (2) with para-
meters (X",n",s",v"), the prior density with statistics
(X',n',s',v'), again starting from a non-informative prior, is
evaluated from a sample of pairs (x,s) each representing a dif-
ferent population. We, thué, have to determine appropriate

estimators for the parameters of eqg.(2).

Unfortunately, simple moment estimators as given in [13] are
rather inefficient in a statistical sense so that Maximum-Like-

lihood estimators have been derived in the usual way [9]. With

o B 2
mi X, and hi = 1/51 and the abbreviations
k k k k
R o R g 2
h =+ § hyih =1 § lnh;ih =4 § hym, ;h =5 § hymj;

(7)

2 -1
E—f_:’-) (8)
h
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g'=f"1/2 (9)
e ' '
B = y(5) = In() (10)
2h
with
v i b 2 16
(=) = ln(—~—)=— =~ + - v
T T

The determination of v' requires the numerical solution of eq.
(10) . For sufficiently large V' the last expansion can be trun-

cated after the second term so that approximately

As an example, the same data as for figure 1 are evaluated by

the Maximum-Likelihood method yielding x&L = 47.00, nﬁL = 1.37;

' = ! o i i - ! =
sML 3.69, vML 2.69 while the moment estimators are: xM 47.95,
nh =D sﬁ = 2,38, vﬁ = .55,

Clearly, if direct observations are available in a particular
case, e.g. by trial tests, formulae (3) to (6) may be used to
update the prior information. In fact, the information collec-
ted in figure 1 may substantially be improved by even small
direct samples since, as indicated by the relative small prior
sample weights n' and v', prior information turns out to be

rather vague in this case.

Predictive Distribution

Now, let the strength of material at point i in structure j

be represented by

Lo w1 B, & M 1
fg Uy 3 i (11)

in which Uy is an independent standard normal sequence, Xj the

standard deviation and Mj the mean of material strength at job j




(or, production unit, batch, structural section or whatever

unit might be chosen as appropriate). It follows, that Xij has

conditional distribution function (the index j is now being

dropped)

H o (x|u,0) = ¢ (25 (12)

while, from eq.(2):

" " 2 V"+1
T 2expl-gvt (59)°] (v (%172
Hylgie™evl) o J SRR ZT172 a5
1"{_____) (__\)H'sll )
o 2 2
- T‘FV*(_%vllsl|2/02i‘% \)!l) (13)
. 1 Z_ -t r-1 :
with F_ . (z|r) = iie £ dt the incomplete Gamma-
i Fix) o

function.

Similarly, the conditional distribution of the mean is given by
Hy (u|o,%X",n") = ¢ (EE) (14)
g /lvn!
The set of conditional distribution functionsHT(.), Hz(.} and
Hi+2(.) completely defines the joint distribution of the sequence
of strengths xi’ 1i=1,2,...,r within the chosen uniit. Note that
a rather complex dependence structure exists between different
points i within the unit and which must not be ignored in cer-
tain reliability applications. The information given by egs.
(12) to (14) is also sufficient when applying modern transfor-

mation techniques within first-order reliability methods [5].

If interest lies only in the marginal distribution of Xi'

i=1,2,...,r (e.g., for reliability calculationg of individual
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cross-sections) and, consequently, stochastic dependence between
strength values at different points in the structure has no sig-
nificance, the conditioning of the parameters (u,0) can be re-

moved by integration, i.e.:

0 400
(
H(x) = j J BRE laeg) £iu.o)dy A 1573
0 =
One finds [1,15]:
whn " " " i / n"
HiR X0, 8%0") « TR Ve ) (16)
where Tf(-) is Student's~-t-distribution with f degrees of freedom.

Formula (16) is also denoted by the uni-variate or marginal pre-
dictive distribution of independent Gaussian sequences. For
large v" the distribution (16) converges to the normal, i.e. the

case of known standard deviation s" >0,

Effect of Compliance Control

The information on the distribution of qualities offered might
be updated if either actual test data are available or if it
is certain that the production process must pass known proce-
dures of compliance testing. In case of rejection, the lot
covered by a compliance decision will undergo further detailed

investigation. Therefore, it is no longer of interest.

Denote P(A|d(z),2z,u,0) the conditional probability of an accep-
tance decision given a certain decision rule d(z), the outcome z |
of a random sample and the production process having mean uy and
standard deviation o. As a function of u and ¢ this probability,
e.g. L(u,0), is widely known as the operation characteristic

of the "test!" (dlz),z).

If £(u,0) is the probability density of qualities offered, it

is easy to see that:



f(u,0) L(u,0)

£% (u,0) (17)

= 400 00

Jf J £(u,0) * L(y,0) dy do

Q =

is the probability density of those qualities (M=u, ZI=0) which
have passed control. Analytical results for the distribution

function of (M,I) filtered by compliance control are very few,
one of which is presented next in terms of conditional distri-

bution functions.

In practice, one may now wish to distinguish between three cases:

a) Standard deviation known and constant

b) Standard deviation known during testing but varying from
unit to unit according toieg: (13)

c) Standard deviation unknown during testing and varying from

unit to unit according to eg.(13]).

Case a
Here, eq.(17) reduces to [11]:

g UG B A T

£ () = (18)

J £Y (1) Lefge) - du

- OO

while a suitable decision rule for compliance control is

it

‘asz = X1 A= Acceptance
dl{z) =4 (19)

\a>z = X : A = Rejection
with operating characteristic [ 3]
P(A|d(2),Zz,1) = L(u) = ¢(F=2) (20)

o] f t"?ﬁ
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Obviously, the distribution eg.(14) must be replaced by:

»

Hy (u[x",n",A) P(Ms u|®R",n",A)

¥ P(A M U) Hz(ulﬁu’nn) (21)

P(A)
with
+co
P(A) = J fﬁ(u|§“,n“) L(p) du
x"-a
= ¢ (2L (22)
11+-m—,,
n
H
P(A|[Msy) = J fﬁ(uli".n") * Lil{u) qu
U,E“ i!l_a
e (23)
g/val ST /14—
where ¢(.,.;.) is the standard bivariate normal integral de-
fined by: h k
1 foof 1 2 2
dlh,k:p) = e exp [- (u“=2uv +v°)] dv du
2nd1=p8 [l by 2(1-p%)

In the derivation, the table of normal integrals given by Ov
[7] has been used. Also, in evaluating the binormal integral
series expansions in terms of a function T(a,b), givenby thes[8]"

author in an earlier paper, has been proved to be efficient [8].

Further, it is possible to determine the predictive distribution

corresponding to eq.(18). In this case, we have:




g

X
H(x) = J £(x|u) « £ (u) du =
X +® :
- § J J TooXouy /MU MoRD, o (aB8y g g
L 4 S g/v/m
- -
By x=i. D"y uex" u=a
AN
i o/ /A" o/ /7
x"-a
1 x-%" G/ 1
= Cb( ’ . ! o " (24)
N - 2 By 172
c/q-+ﬁ% v 1+m/n [(n +1)(m +1)]
with

N = P(A) in eq.(22).

Case c

lext we consider case c. Unfortunately, no exact analytical
solution appears possible but good approximations can be de-
veloped. Obviously, given the distributions eqgs. (13) and (14)

we now have:

HT(UES""\)“:A) i P(z SUES";V",A)

BAMESd) g (qin", ) (25)

P(A)

and

P(Ms u|i"ln'llOlA)

H;(Ulotiilfn"rA)

_P(A:chgLi) ! on "
= P (a9 Hz(utc.x n") (26)

In order to specify the probabilities P(.), the following,

widely used decision rule is introduced:




[ asz= + A8 : A
diz) = L (27)

>

Acceptance

+ As : A

=1

azz-= Rejection

where a is a given acceptance limit, A a given acceptance factor
(which sometimes is taken as A = =-1.645), X the sample mean and
s the sample standard deviation of a random sample of size m.
The distribution of the random quantity Z is known to be related
to the non-central-t-distribution [3)]), but, in first approxima-

tion, one can evaluate P(A|d(z),2z,u,0) by:

P(Ald(2),z:1,0) = L(n,0) = ¢EL22A0), (28)
owi+3—
Mo
making use of the fact that sample standard deviations are
asymptotically normally distributed with mean E[S]= 0 and

standard deviation D[S] = ¢/v/2m. A somewhat better approximation

to the non-central-t-distribution has been used in [12]. Then,

P(A) = j Jﬁﬂiu,oii“,n“,s",v")- Li(i:e) dp do
O =
( a B
= !f 1|' " g A i
) e S e
e}
= Prﬂ%stim :Prmfst-s) (29)
g @
P(A!Ei o) = Jr J{f (U;U:gnrn"rsnr\)") 'L(UIU) dl»' dg
& LdT
C’f Y
- | | g " _05_. __@_ - _t_'-_t._l_“ £=1
Jfr(c‘s sty ¢(YO-+Y) do J ¢(ﬁ? d)u ®(u) du
i -
o
. 8" g P ; | 2 52
= Qf(t'c""&"“ p0) Pr(Tfst|6)Pr[xf>:§ £]
2
e e B
= Pr(Tftt E)Pr(kf> 2f) (30)

(o]



) 5] u=-X 1

=iblygeh Puna TR AR ITE e ) B
o/vn (140 (1;) 2))1/2

which, if inserted into egs. (25) and (26), produce the required
a posteriori distributions (the distributions updated by the
fact that certain compliance control will take place). Again, use

has been made of reference [7] in order to reduce the integrals

in eg.(29) and (30).The abbreviations used are: t:=7%§F’
§=-p~,f=v"with a= (X"-a), B= ) and Y2==¥L~+l-pﬁ3. SdiinL
/Y » 3 g + — 1 % :

T% is a non-central-t-variate with £ degrees of freedom and non-

centrality parameter & and Tf is the corresponding central-t-
variate while *% denotes the chi-square variate. Qf(.“;.,J

is a special bivariate non-central-t-distribution introduced in
(7] which is easily evaluated in terms of normal densities, nor-
mal integrals and bivariate normal integrals. Also, simple nume-
rical integration or the approximate bound in eq. (30) is suffi-

ciently accurate. Finally, certain reductions are possible for the

univariate predictive distribution. In analogy to eq. (24) we have:

n n

1 | I | S5 " " \
ﬁ =3 %JX Uu,o) fNT(U,J:X N L(;'g‘a'ﬁ'm) du do
coh (33)

which after some obvious substitutions and using again [7]

becomes : X"-a+Ac0
1 3 [ x=x" J»1/m+-R2/(2m)
H{x) = = | Aol ™) ' : i (34)
b 17_'].{._'_ ,‘]+_El.r_..__1_
i n 1+A2/2

1 \
(1 +A§J+1)]

nll

[ (n"+1) (T




withN= P(A) in eq. (29). No further sensible reduction appears

possible.

se b

)
4]

If, during testing, the standard deviation ¢ is known, e.g. fram
previous production records and, consequently, replaces the sample
standard deviation s in eq. (27), the distribution of I remains as
in eq. (13). Formula (26) is still wvalid but with the A's in the

parameter Y, in the correlation coefficient in eqg.(32) and in

eg. (34) be set equal to zero.

Some Generalizations

In some cases the production is such that relatively large
batches are produced which have relatively small within batch

variability, for example in the production of steel products.

T

And each compliance decision corresponds exactly to one batch.

4

Clearly, compliance testing, then, can be more selective than

c

in the case of continuous production as described before. Let
the within batch wvariability be known to be Og° The conditio-
nal standard deviation of the sample mean becomes Uo/vﬁ. Lt
follows by equating this standard deviation with the former
standard deviation that the sample size for compliance testing
in eqg.(20) must be replaced by an equivalent sample size

- A

m' = mo- /o
e

On the other hand, compliance testing becomes less selective

Hh

if random measurement errors or errors due to indirect measure-

ments are present. If the standard deviation of such errors

is T than it is easy to verify that the sample size in

eqg. (20) must be replaced by m' = m(1-k0§o/@2).




Structural reliabilities, generally, are quite sensitive to
correlations. Also, production processes usually exhibit
pronounced autocorrelation. For example, let the mean u and
standard deviation o of a GauB-Markov sequence be known, i.e.

the sequence of strength values can be represented by:

P4 A S e ) (3
s I n i

where Zi is an independent zero-mean normal sequence with
variance 02(1—A2) and A the one lag correlation coefficient.
Using the Markovian property, we simply have instead of

eq.(12) the following formulae:

! X3-—U
H3 (x3;H,U) = ¢( = ) (35)

e T BBl il
oV 1-12

H

2+i(x2+iiu,0) = ¢ )

ford sq2aden.

Another limiting case of interest is an equicorrelated normal
sequence with correlation coefficient k. Some straightforward

algebra yields:

*
X.=U,
: i ) i o
H2+i0?+ﬂu,o,x3,...,xi_1) = ¢( o; L B R O (36) |
, |
with Al

o ol SO 151 (x.=u) 1+ p (37) }
& | Y fd~2) & st J |
v |
5 |
B e G L S R B e O LS |
PgoT 1+(i=1)« (38) |

The consideration of the favourable effect of compliance control

if the sequence of strength is not conditionally independent




is slightly more complex. In order to make the derivations

less cumbersome we assume the standard deviation known during
compliance testing. Then, the standard deviation of § in eq.
(20) must be replaced by %ﬁ {14-(m-1)K]1/2in the equicorrelated
case. For the GauB-Markov sequence one has to distinguish
between systematic (equidistant) and random sampling of a
sequence of length k. In the first case, one determines again

by simple second moment algebra the variance:

(%]

o] 2 1—Ak
k

ekl o dohod sl ¥
m “a-k/m_, m(1-A ;“‘)

while, in the second case, some more involved computations

yield:

2 k

2(m-1) A L,
[ e (k.ln 3 Tl Bl =)

o
m

which is larger than the first (see [2 ]). If, in addition, the
determination of prior and posterior statistics of (L,0) must
take into account the dependency of the observations more com-
plicated formulae can, in principle, be derived. They are not

given here.

Numerical Examples

The prior information contained in data collections as repre-
sented by figure 1 is, as mentioned, rather vague. This can
best be seen in evaluating the predictive distribution eq. (16)
for various levels of information. For example, assume that
n trial tests yielded exactly the parameter (X',s') found for
Figure 1. Then, Figure 2 demonstrates the significant effect

of more and direct information. Note also the relatively fast




convergence of the distribution towards the normal distribution

with parameters (x" = x', 8" = g'),

Table 1 is an example how prior information could be given.

It is the result of a large data collection on concrete pro-
duction in Southern Germany. Concrete cube strength is assumed
to be log-normally distributed. Therefore, the parameters
given are for a log-normal-gamma distribution. Some obvious
interpretations of changes in the parameters with concrete
grade and type concrete are omitted for brevity of presenta-
tion. Naturally, due to different production policies and
different control standards other values are to be expected

in other countries but, as far as former statistical surveys
in the international literature can be re-evaluated as re-
guired, the prior weights n' and v' as well as the numerical
values of the parameters x' and s' do not differ substantially

from those given in table 1.

A similar situation holds for the yield strength of reinforc-
ing bars. In this case we assume that the material of given
diameter to be built in a specific building is supplied by

a randomly selected steel mill from a randomly selected
batch. A large survey on Middle-European steel production

for hot-rolled, medium diameter bars showed an almost con-
stant and relatively small within batch (= melt) variability
oF O = & N/mmz, but relatively large variability of the mean
strength of batches of any (particular) steel mill and among

steel mills. In fact, one determines for a certain steel grade a

: i i)
global mean x' =z 480 N/mm"~ and standard deviation og = 28 N/mm2 while




the within-mill standard deviation of the means may be about

s memz. If one applies the formulae for known standard
deviation one obtains an equivalent prior sample size of
n'=0.08 if the mill is unknown and n' =0.28 if it is known.
Again, very few trial tests may improve the state of knowledge

considerably.

For the effect of compliance control on the lower tail of the
predictive distribution, we expect the filtering to be signi-
ficant for relatively diffuse prior information, to increase
with increasing acceptance limit and/or decreasing acceptance
factor and, of course, with the sample size of acceptance
testing. One can show, however, that generally small samples
produce the main effect and only little is gained if the sample
size is increased beyond, say, m = 5 to 10. As an example,
compare figure 3, where the predictive distribution of yield
strength given the previous prior information is calculated

for various m (a = 435 N/mmz). Also, the distribution of quali-
ties in terms of the batch means as produced and accepted is
given. The percentage of batches with negative acceptance

declisions is roughly 5 %.

A last demonstration, figure 4, shows that given the relatively
vague prior information as collected in table 1 (mean and stand-
ard deviation unknown), probabilities of exceedance can easily
be reduced by an order of magnitude in the lower tail of the

distribution if compliance control is considered.
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In practical applications or detailed reliability studies one,
therefore, has to compromise between the simple model as, for
example, described by eq.(16) and the more complex but also
more realistic models as given by eq.(24) or even eq. (34).
Nevertheless, it should be emphasised that direct observations
are much more efficient in updating vague prior information

than even high sample compliance tests. In a particular case
one, therefore, might think of carrying out few trial tests well
in advance or of controlling production processes with respect
to previously selected targets rather than to rely on relatively
inefficient statistical compliance testing of the end product.
This insight is not very new but it appears to be proved here

for the first time numerically.
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Summary and Conclusions

The strength of materials as tested by specimens of standard
type, shape and age is modelled as a Gaussian sequence with
partially known mean and standard deviation. Information on

these parameters must be gained from previous production

units in terms of a prior distribution.This can be updated
through Bayes' theorem if either direct observations are
available or future production is known to undergo certain
compliance tests. The sequence of strength values to be

expected can then be represented by a set of conditional
distribution functions or, if interest lies only in the margi-
nal distribution, by a predictive distribution. Closed formulae
are derived for most cases involving the univariate normal,
bivariate normal, central and non-central t-distributions

which all are either tabulated or can be computed by appropriate
series expansions available in the statistical literature. The
results are demonstrated at an example from concrete production
indicating that, generally, uncertainties in the parameters of
the strength distribution can be significant in reliability
studies. Therefore, it is recommended to consider statistical
uncertainties as reflected by the appropriate (possibly updated)
prior distribution throughout in reliability studies. The favour-
able filtering effect of compliance control can additionally be
taken into account at the expense of slightly more numerical effort.
For most types of material the initial distribution of elemental
strength values might sufficiently realistically be taken as log-
normal in which case all results remain valid with the necessary

straightforward modifications. The models proposed herein can be

applied at least to concrete, reinforcing and structural steel.




Résumé et conclusions

La résistance de matériaux comme testée par des spécimens de

type, de forme et d'age standardisé est modelée comme une bro-
gression Gaussienne avec une valeur moyenne et écart-type par-
tiellement connus. Information sur ces paramétres doit etre

Obtenue a l'aide d'unités de production précédentes en s'appu-

yant sur une distribution a priori. Cela peut €tre mis & jour

par le théoréme de Bayes, si ou bien des observations directes

sont disponibles, ou bien il est connu, que la production & ve-

nir va étre soumise a certaines épreuves d'acceptibilité. La
progression des valeurs de résistances A& attendre peut alors &tre
représentée par un nombre de fonctions de distribution conditio-
nelles, ou, si 1l'on s'intéresse seulement a la distribution mar-
ginale, par une distribution pédictive. Les formules sont dérivées
pour la plupart des cas, inclurant la loi de distribution normale,
la loi de distribution bi-normale, les t-distributions centrals

et non-centrals, qui sont tous ou registrées sous forme de tableau,
ou peuvent étre calculées par des expansions de séries appropriées,
qui sont disponible dans la littérature statistique. Les résultats
sont démontrés par un example de production de béton, qui indigue
que, en général, des incertitudes des paramétres de la distribution
de résistance peuvent etre signifiantes dans les études sur la sé-
curité. C'est pourquoi il est recommandé de considérer des incerti-
tudes statistiques comme reflecté par la distribution précédente
appropriée (mis 4 jour, si possible) & travers des études de sé-
curité. De plus, l'effet filtrant favorable de controle d'accepti-

bilité peut étre pris en considération avec peu d'effort numérique

supplémentaire. Pour la plupart des types de matériaux la distribution
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initiale des valeurs de résistances é&lémentaires peut

étre prise avec une prétention suffisamment réaliste comme
log-normal. Dans ce cas tous les résultats restent valables
avec les modifications nécessaires. Les modéles proposés
ici peuvent étre appliqués au moins au béton, béton armé et

acier structurel.
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Conereatrte Grade
i B aQnigs G238 C 45 Qs
Site X 3.40 3.65 3.85 & -
mixed n' i ) 20 Jed - -
concrete s' Gela 0.2 0.09 - -
D 3.0 4.0 4.5 - -
Ready X' 3.40 3.65 3.85 3.98 -
mixed n' 1.5 TS o B 135 -
concrete s' o.14 0.12 0.09 o.07 -
ik 6.0 6.0 0.0 6.0 -
Concrete x' - 3.80 3.95 4.08 4.15
for n - 2.0 235 3.0 35
precast s' - 0.09 0308 o0.07. - | . 0.05
elements v' - 4.5 4.5 5-6 5.5
Table 1: Prior Parameters for Concrete Strength

Distribution

e e e




Captions of Figures

Figure 1.: Observed mean minus specified strength and
standard deviation of standard cube strength of 88 pro-
duction units of concrete grade B 35(Arrows indicate lots

with at least one negative compliance decision)

Figure 2.: Predictive distribution of strength with in-
creasing size of direct sample (underlying normal distri-

bution)

Ficure 3.: Predictive distribution of yield strength of
reinforcing steel under control (upper thin line: prior
distribution, lower thin line: orior distribution with per-
fect information, dotted lines: distribution of batch means

under control)

Figure 4.: Predictive distribution of concrete cube strength

under control with prior information equivalent to Figure 1.




Figure 1: Observed mean minus specified strength and
standard deviation of standard cube strength
of 88 production units of concrete grade B 39
(Arrows indicate lots with at least one negative
compliance decision)
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Predictive distribution of strength with increas-
ing size of direct sample (underlying normal distri-
bution)
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Predictive distribution of yield strength of
reinforcing steel under control (upper thin line:
prior distribution, lower thin line: prior distri-
bution with perfect information, dotted lines:
distribution of batch means under control)
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Figure 4: Predictive distribution of concrete cube
strength under control with prior information
equivalent to Figure 1.
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