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Zusammenfassung

Diese Dissertation befasst sich mit Fragen der Quantenlerntheorie, an der Schnittstelle von Quan-
teninformationstheorie und maschinellem Lernen. Wir beweisen Garantien dariiber, wie varia-
tionelle Quantenlernmodelle von Trainingsdaten auf unbeobachtete Daten verallgemeinern. Und
wir untersuchen Lernprobleme, in denen von Quantendaten gelernt wird. Schlieflich diskutieren
wir Fragen zur Markovianitét von Quantenevolutionen und Aspekte von Unentscheidbarkeit in

der Lerntheorie.

Abstract

This dissertation treats questions from quantum learning theory, at the intersection point of
quantum information theory and machine learning. We prove guarantees on how variational
quantum machine learning models generalize from training data to unseen data. And we explore
the complexity of tasks of learning an unknown map from quantum data. Finally, we discuss
questions related to Markovianity in quantum evolutions and aspects of undecidability in learning

theory.






“ We can only see a short distance chead, but we can see plenty there that needs

to be done.

ALAN TURING
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Chapter 1

Introduction

Both quantum information and machine learning open up new perspectives on computation,
the former by allowing for algorithms exploiting features of quantum mechanics, the latter by
introducing learning algorithms as a new paradigm of meta-algorithms. Quantum learning theory
aims to understand the potential as well as the limitations of combining these two perspectives.

Exactly that is the guiding theme of this thesis.

1.1 Outline

In this section, we explain the quantum information-theoretic and learning-theoretic questions
that we explore in this thesis. We also give an overview over the different chapters.
Understanding training data requirements is vital for any machine learning problem, both clas-
sical and quantum. In machine learning theory, it has long been recognized that statistical
features of learning problems are crucial in determining how much data is necessary and/or suf-
ficient for solving them. In particular, statistical learning theory has considered the question of
when training data is representative of the true data distribution through the lens of general-
ization. For this framework, the following question is central: When is the average performance
of a machine learning model on the available data a reliable proxy for its performance on pre-
viously unseen data? This question, asked for variational quantum machine learning models
based on parametrized quantum circuits, is also one of the focus points of this thesis. We an-
swer it by proving upper bounds on the training data size sufficient for good generalization in
terms of different architectural properties of the parametrized quantum circuits used to define a
machine learning model. Beyond variational quantum machine learning, we also investigate the
training data requirements in two concrete tasks of learning from quantum data. Moreover, we
discuss generalization in both classical and quantum machine learning from the perspective of
computational and logical undecidability.

While we have become used to the usefulness of data in our modern world, it is not automatic
that information available in the present allows us to make accurate predictions about the fu-
ture when considering physical processes. Namely, in quantum physics, not all processes are
Markovian. Here, we call a process Markovian if, given the present, the future is independent

of the past. Therefore, we also explore quantum (Non-)Markovianity in this thesis. On the one



INTRODUCTION

hand, we consider a mathematical formalization of quantum Markovianity as a certain divisi-
bility property, called infinitesimal divisibility, and establish necessary criteria for a linear map
to satisfy this property. On the other hand, we study Markovianity in a type of higher-order
quantum evolutions by characterizing the generators that give rise to continuous one-parameter
semigroups of quantum superchannels.

The remainder of this thesis is structured as follows. In Section 1.2, the rest of this chapter, we
summarize the contributed articles appearing in this thesis. Chapter 2 gives an introduction into
selected topics of quantum information theory. Chapter 3 presents basic notions from classical
learning theory and discusses aspects of undecidability in learning theory. In Chapters 4 and 5,
we present two topics in the theory of quantum machine learning, at the intersection of quantum
information and learning theory, with a focus on theoretical guarantees for the training data
requirements. Namely, Chapter 4 revolves around variational quantum machine learning and
Chapter 5 investigates different scenarios of learning from quantum data. In Chapter 6, we
review the notion of quantum Markovianity arising from the study of continuous one-parameter
semigroups, discuss a relaxation in terms of divisibility properties, and extend the framework of
continuous one-parameter semigroups from quantum channels to quantum superchannels.
Finally, we include all the contributed articles. Before each article, we summarize the main
contributions of the respective work and describe the individual contributions of the author of
this thesis. In addition, preceding each article, we include the respective permission to use it in
this thesis.

1.2 Summary of Results

The contributed articles deal with different questions in quantum information theory, classical
learning theory, and quantum learning theory. Core Article I investigates the pseudo-dimension,
a complexity measure from classical learning theory, for function classes describing the statistics
of measurements performed at the output of a quantum circuit with variable gates. In a similar
spirit, Core Article IV and Article VI bound complexity measures for variational quantum ma-
chine learning models based on parametrized quantum circuits, thereby deriving generalization
guarantees. Here, Core Article IV emphasizes the effect of the encoding gates in the circuit, Arti-
cle VI focuses on the influence of the trainable gates on generalization. Both Core Article IIT and
Article V deal with tasks of learning from quantum data. In Core Article 111, the goal is to learn
an unknown quantum state preparation procedure from classical-quantum training examples. In
contrast, Article V revolves around learning classical linear functions from non-uniform quantum
superposition examples. Article VII addresses a question at the intersection point of classical
learning theory, logic, and computability, namely the (un-)decidability of learnability. Finally,
Core Article II and Article VIII investigate questions related to quantum (Non-)Markovianity,
the former in terms of a divisibility property for quantum channels, the latter by studying con-
tinuous one-parameter semigroups of superchannels. Note: The author of this thesis does not
claim to be the principal author of the Article VIII.



SUMMARY OF RESULTS
Core articles as principal author

o Article I [1]: Pseudo-dimension of quantum circuits

In this work, we propose the pseudo-dimension, a combinatorial complexity measure from
classical learning theory, as a tool to quantify the expressivity of 2-local quantum circuits
on qudits. Here, to a quantum circuit with variable gates we associate a class of [0, 1]-valued
functions that describe the possible outcome distributions of measurements performed at
the output of the circuit, upon input of the |0) qudit state. The main result of this first
core article are upper bounds on the pseudo-dimension of this function class. Moreover,
we extend the result to more general scenarios of variable circuit circuit architecture, vari-
able input states, and circuits consisting of general quantum operations beyond unitaries.
Crucially, our pseudo-dimension bounds scale polynomially in the size and depth of the
circuit, as well as the local dimension. In particular, for efficiently implementable quan-
tum circuits, which have depth polynomial in the number of qudits, this complexity bound
also scales polynomially in the number of qudits. We demonstrate two applications of our
pseudo-dimension bounds. First, we show that polynomial-size training data suffices to
probably approximately correctly learn 2-local quantum circuits of known polynomial size
and depth. Second, we exhibit an explicit finite class of quantum states at least one of

which has exponential gate complexity of state preparation.

Our proofs rely on understanding the different [0, 1]-valued functions implemented by a
quantum circuit as arising by fixing some of the variables in a multivariate polynomial.
This polynomial is determined by the quantum circuit and its degree can be upper-bounded
using the size of the circuit. With this reinterpretation of the function class, bounding
its pseudo-dimension becomes a task of upper-bounding the number of consistent sign
assignments to a family of polynomials, whose degree we can bound. For this, we employ

a result due to [9].

o Article IT [2]: Necessary criteria for Markovian divisibility of linear maps

The focus of this second core article is a divisibility notion related to (Non-)Markovianity of
quantum evolutions. Ref. [10] introduced the notion of infinitesimal (Markovian) divisibil-
ity for quantum channels in. Generalizing this approach, we define Markovian divisibility
and infinitesimal Markovian divisibility for general linear maps and sets of generators. We
propose a general proof strategy for deriving necessary criteria for (infinitesimal) Marko-
vian divisibility. More precisely, we show how to prove singular value inequalities for
(infinitesimal) Markovian divisible maps, given certain spectral properties of the admissi-
ble generators. Our proofs are based on Trotterization and on majorization inequalities

from matrix analysis.

Following this strategy for the case of quantum channels and Lindblad generators, we prove
the first non-trivial necessary criteria for infinitesimal divisibility of quantum channels that
hold in any finite dimension. The main technical ingredient for this proof is a careful

analysis of eigenvalues of real parts of Lindblad generators. Through concrete examples,
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we show our criteria to be almost optimal. Moreover, we demonstrate that no analogous

criteria can hold in general in the classical counterpart of the quantum setting.

o Article 111 [3]: Binary Classification with Classical Instances and Quantum Labels

In this third core article, we propose a toy problem for learning quantum state preparation
procedures from classical-quantum data and characterize its optimal sample complexity.
Concretely, we introduce a variant of binary classification in which the labels are quantum
states. Importantly, we assume that a learner has access to the quantum labels in the
training data only via actual quantum copies of the respective label state, not in terms of

a full classical description.

We show upper bounds on the sufficient training data size for this quantum learning prob-
lem in terms of the complexity of the hypothesis class used by the learner. In proving these
upper bounds, we use local Holevo-Helstrom measurements to reduce the learning prob-
lem to a task of learning from classical data with noisy labels. Assuming pure quantum
label states, we complement the sample complexity upper bounds with essentially match-
ing lower bounds. The proofs of these lower bounds rely on a reduction to a problem of
quantum state discrimination. We lower bound the sample complexity of the latter via an

information-theoretic argument.

o Article IV [4]: Encoding-dependent generalization bounds for parametrized quantum circuits

Variational quantum machine learning is the subarea of quantum machine learning in which
parametrized quantum circuits (PQCs), trainable via classical optimization procedures,
serve as machine learning models. Applying such models to problems of learning from
quantum data requires a way of encoding the classical data such that it can be processed
by the quantum circuit. In this fourth core article, we investigate the effects of the quantum
data-encoding strategy on the training data requirements for good generalization in PQC-
based machine learning models. For several commonly used encoding strategies, we show
that training data of size polynomial in the number of encoding gates suffices to guarantee
good generalization. Moreover, we demonstrate how to establish generalization bounds for
a PQC-based machine learning model by solving a purely combinatorial question about

the spectra of the encoding Hamiltonians.

For our proofs, we use a representation of the functions implemented by a PQC in terms of
generalized trigonometric polynomials (GTPs), arising from successive diagonalizations of
the Hamiltonians used for encoding the classical data. Crucially, we show that the acces-
sible frequency spectrum in the GTP representation is determined by the data-encoding
strategy. This allows us to derive explicitly encoding-dependent generalization guaran-
tees for PQC-based quantum machine learning from generalization guarantees for classes
of GTPs that explicitly depend on the accessible frequency spectrum. We demonstrate
two proof strategies for establishing the latter. First, we reinterpret GTPs as functions
implemented by simple neural networks, for which Rademacher complexity bounds are
known. Second, we regard the number of accessible frequencies as a bound on the effective

dimension of a class of GTPs and prove covering number bounds on this basis.
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Further articles as principal author

o Article V [5]: Quantum learning Boolean linear functions w.r.t. product distributions

In this article, we investigate a problem of learning Boolean linear functions from quan-
tum superposition examples. Prior work [11, 12] had demonstrated that quantum Fourier
sampling, in particular the Bernstein-Vazirani algorithm [13], can serve as a basis for a
quantum algorithm that efficiently learns linear functions from superposition examples,
even in the presence of noise. However, these results required the superposition weights to
be uniform. We quantitatively investigate how a bias away from uniformity in the super-
position weights influences their usefulness for learning linear functions. More precisely,
we show the following results: For small bias, a constant number of quantum examples
suffices for exactly learning an unknown Boolean linear function on n bits. For any ar-
bitrary (except full) bias, a number of quantum examples scaling logarithmically in n is
sufficient. And for large bias, the quantum sample complexity cannot scale better than
logarithmically in n. As classical learners require linearly-in-n many classical examples to
exactly learn an unknown Boolean linear function, this shows that even for biased prod-
uct distributions, quantum learners can outperform classical learners in both sample and

computational complexity.

In proving the sample complexity upper bounds, we build on a biased version of the
quantum Fourier transform and a corresponding biased version of quantum Fourier sam-
pling [14]. With this, we define a biased version of the Bernstein-Vazirani algorithm and,
through amplification, use it as subroutine for a quantum learning algorithm. To prove the
complementary sample complexity lower bounds, we relate the learning task to a problem
of identifying an unknown quantum state from a known ensemble. For the latter, we ob-
tain sample complexity lower bounds by bounding the success probability of the so-called

“pretty good measurement”, through studying the Gram matrix of the ensemble.

o Article VI [6]: Generalization in quantum machine learning from few training data

This article is a continuation of the line of research initiated in Core Article I [1] and at the
same time complementary to Core Article IV [4]. Namely, here we investigate the general-
ization behaviour of variational quantum machine learning models based on parametrized
quantum circuits, with a focus on the trainable part of the circuit. We prove an upper
bound of the generalization error in variational quantum machine learning in terms of the
number of trainable local quantum channels in the quantum circuit. In particular, our
result implies that efficiently implementable models, which have polynomially many gates,
can be learned from polynomial-size training data. Moreover, we extend our bounds to
models with shared parameters between gates, variable circuit architecture, and take the
optimization process into account. This makes the bounds flexibly applicable, as we demon-
strate with theoretical guarantees for quantum phase recognition and unitary compiling,

both confirmed by numerical experiments.

Our main technical contribution, which is at the core of our proofs, are covering number

bounds for the class of quantum channels that a quantum machine learning model can

5
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implement. To obtain these bounds, we combine compactness of the set of local quantum
channels with the circuit structure and subaddivity of the distance induced by the diamond
norm. We then use Dudley’s covering number integral to relate Rademacher complexities
and covering numbers, and finally obtain generalization bounds from the Rademacher com-

plexity bounds.
Further preprints and articles as principal author under review

o Article VII [7]: Undecidability of Learnability

This article explores the following fundamental questions in classical learning theory: If
learning is possible, can we prove that this is indeed the case? Is there an algorithmic
procedure for deciding for any given scenario whether learning is possible? We prove
that the answer is negative for both of these questions: For different learning scenarios,
learnability is in general undecidable, both in the sense of independence of the axioms in
a formal system and in the sense of uncomputability. More precisely, we show this for
the models of probably approximately correct binary classification, uniform and universal

online learning, and exact learning through teacher-learner interactions.

In all of these models, learnability is determined by combinatorial properties of the model
clags. For example, under suitable measurability assumptions, learnability for probably
approximately correct binary classification is equivalent to the model class having finite
VC-dimension. Similar characterizations of learnability are known for online learning in
terms of Littlestone trees, and for teaching problems in terms of the teaching dimension.
In our proofs, we show that deciding whether a class satisfies any of these combinatorial
properties is in general not possible. We derive this from two fundamental undecidabil-
ity results, namely Godel’s second incompleteness theorem and the undecidability of the

halting problem.
Articles as co-author

o Article VIII [8]: Quantum and classical dynamical semigroups of superchannels and semi-

causal channels

The full characterization of the generators of continuous one-parameter semigroups of quan-
tum channels [15, 16], now usually called GKLS- or Lindblad generators, is fundamental
for studying (Non-)Markovianity in evolutions of quantum systems. In contrast, no corre-
sponding characterization for the generators giving rise to semigroups of quantum super-
channels was known. Here, superchannels are linear maps that map admissible quantum
evolutions to admissible quantum evolutions. In this article, we close this gap in the lit-
erature by fully characterizing such generators, both via an efficiently checkable criterion,
based on a semidefinite program, and via a normal form. These can serve as a basis for
both analytical and numerical investigations of (Non-)Markovianity in higher-order quan-
tum theory. In addition to the quantum case, we also resolve the analogous question in

the classical case.
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As the first step towards proving our normal form, we use a correspondence between su-
perchannels and certain semicausal completely positive maps. Here, semicausal maps on
a bipartite system allow information flow between the subsystems only in one direction.
Thus, it suffices to characterize the generators of semicausal channels. In the quantum
case, we achieve the latter through a technique based on Haar integration, which allows to
transfer the semicausality assumption from a whole Lindblad generator to its completely
positive part. Now, the known equivalence between semicausal and semilocalizable quan-
tum channels, which we extend to infinite dimensions, leads us to a constructive expression

for the admissible generators.
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Chapter 2

Mathematical Ingredients of Quantum

Information Theory

In this chapter, we introduce the mathematical framework for finite-dimensional quantum infor-
mation theory. The material presented here can be found in textbooks such as [17-19] or lecture
notes such as [20-22|. Section 2.1 discusses the density matrix formalism for describing the state
of a (potentially composite) quantum system and the corresponding description of measure-
ments in quantum theory. In Section 2.2, we present the channel formalism for transformations
of quantum systems, before moving on to the superchannel formalism for transformations of
transformations.

In preparation for the remainder of this chapter and this thesis, let us introduce some notation.
Throughout this chapter, we work with finite-dimensional Hilbert spaces C¢, with dimension
d € N>p :={1,2,...}. We denote the set of bounded linear operators between finite-dimensional
Hilbert spaces C%4 and C%8 by B(C;C8). If dy = dg = d, we write B(C%) = B(C%;C95).
We will also use Mg, 4, to denote dp x d4 matrices with complex entries, and write My if
da = dg = d. For X € B(C%), tr[X] denotes the trace of (a matrix representing) X. Here
and throughout, we sometimes implicitly identify B(C%4;C?8) and My a,- Using the trace, we
can equip B(C%;C%) with the Hilbert-Schmidt inner product (X,Y)ys == tr[X1Y]. Here, XT
denotes the conjugate transpose of X. Note that, as is common in the mathematical physics
literature, our inner products are conjugate-linear in the first argument and linear in the second.
Also, for a Hermitian X € B(C?), we write X > 0 if and only if X is positive semidefinite. We
denote by 14, = 14 € B(C%), the identity operator, whereas we use the notation idg, = ida =
idg(caqy € B(B(C?)) for the identity map, that is, id4(X) = X for any X € B(C%).
Moreover, as is standard in quantum theory, we use Dirac bra-ket notation. That is, a vector
¢ € C?% is denoted with a ket [). The corresponding element of the dual space is denoted
by a bra (¥|, ie., (| : C¢ = C, C? > |p) — (|e) = (1, ), where the inner product is
the standard inner product on C%. Accordingly, if |¢) € C% and |p) € C%, then we define
[¥) (¢| € B(C?;C) via the mapping C™ > [¢) = (p|¢) [¢) € C».

Our presentation in this chapter is structured as follows: Section 2.1 introduces the mathematical
framework for describing quantum systems and measurements thereof. Section 2.2 concerns evo-

lutions of quantum systems and their description in terms of completely positive maps. Finally,

9



MATHEMATICAL INGREDIENTS OF QUANTUM INFORMATION THEORY

in Section 2.3, we discuss so-called quantum superchannels and their connection to semicausal

and semilocalizable quantum operations.

2.1 Quantum States and Measurements

First, we introduce quantum states and density matrices, which we use to describe quantum

systems:

Definition 2.1.1 (Quantum States and Density Matrices). Let d € N>1. The set of d-dimensional

quantum states or density matrices is
S(C?) = {p eBCY) [ p=0 A trfp] = 1} . (2.1.1)

If d = 2, we often speak of qubit states, where qubit is an abbreviation for “quantum bit”.
Similarly, when d € N> is not specified, we will use the term qudit. Throughout this thesis, we
will use the terms “quantum state” and “density matrix” effectively interchangeably.

At this point, we also make some additional remarks on S(C?%) and the nomenclature surrounding
it. First, the set S(C?) of d-dimensional density matrices is convex. Its extreme points are the
rank-1 projections, which we call pure states. Any non-pure state is a mized state. If p € S(C%)
is pure, then there is a unique |¢) € C% with (1[¢)) = 1 such that p = |[¢) (1|, and vice versa.
Thus, we also often speak of normalized d-dimensional complex vectors as pure states, thereby
implicitly identifying a rank-1 projection |t)) (1| with the vector |¢). Second, notice that S(C?)
constitutes a generalization of the set of classical d-dimensional probability vectors. Namely, the
diagonal d x d-density matrices are in 1-to-1 correspondence with non-negative and normalized
d-dimensional vectors, also known as probability vectors.

While we use quantum states to describe quantum systems, quantum theory tells us that these
states are not directly accessible in experiments. Rather, we can only make observations about
a quantum system by performing measurements on it. Therefore, we next describe our mathe-

matical formalism for measurements:

Definition 2.1.2 (Measurements, Effect Operators, and Positive Operator-Valued Measures).

Let d € N>y1. The set of d-dimensional effect operators is
£(Cd) = {E eB(CYH |0<E< nd} . (2.1.2)

An (n-outcome) positive operator-valued measure, abbreviated as POVM, is a family {E;}}' | of
n € N> effect operators E; € E(C?) such that

> Ei=1g4. (2.1.3)

We take a POVM {E;}" ; as the mathematical description of a measurement with n possible
outcomes. We will use the terms “POVM” and “measurement” synonymously. The so-called
Born rule states that, when performing the measurement {E;}!’ ; on a quantum system in the

state p € S(C?), the probability of observing the outcome i € {1,...,n} is given by p; = tr[pE;].

10



QUANTUM STATES AND MEASUREMENTS

Here, Definitions 2.1.1 and 2.1.2 ensure that the vector (tr[pE;])!_; indeed forms an n-dimensional
probability vector. Moreover, quantum theory postulates that the state of the quantum system

after we observe the measurement outcome 7 is the post-measurement state p%_\/ EipVE;.

Composite Systems: Above, we have defined states and measurements for single quantum
systems. Next, we consider composite systems. If system A is described by a Hilbert space
C?4, and system B has an associated Hilbert space C%3, then the joint AB-system has the
tensor product Hilbert space C% @ C% = C94'5_ Accordingly, states of the joint system are
elements of S(C% ® C?8), effect operators are taken from £(C% ® C98). Importantly, while
S(C% ® C?8) contains product states of the form py ® pp, with py € S(C%) and pp € S(CI5),
not all elements of S(C% ® C98) are of this form. Also separable states, given by convex
combinations of product states, can be found in S(C% ®C?8). Crucially, however, S(C% @ C?8)
even contains non-separable states, which we call entangled. As an important example, we
mention mazimally entangled states: If d4 = dp = d and we pick an orthonormal basis {|a;)}¢_,
of Cl4 = C% = CY, then we call the pure state |Q) = % Zle la;) ® |a;) the maximally
entangled state with respect to the chosen orthonormal basis. The corresponding density matrix
isQ:=10)(Q] = %Z?gﬂ la;) (aj|®|a;) (a;j]. Closely related to 2 is the so-called SWAP operator.
For a general composite system, we define SWAP = SWAP 4 p € B(Cd4 ® C#;C9s @ C44) by
linearly extending SWAP |a;) ®|bj) = |b;) ®]a;), where {|ai)}f;‘1 and {|bi)}ffl are (orthonormal)
bases of C%4 and C?8, respectively. If d4 = dg = d and if we choose the same orthonormal basis
{|a;)}&_, for both tensor factors and for the definition of the maximally entangled state, then
SWAP and € are related through partial transposition. That is,

d
SWAP = ) |aj) {ai| @ |ai) (a;] = dQ™ | (2.1.4)
i,5=1

where the partial transpose XT4 of X € B(C? ® C?) with respect to the chosen basis is defined
via (a;|®(a;| X |ag) ®|ag) = (ar| @ (a;] X |a;) ®|as). Unfortunately, an in-depth discussion of the
relevance of quantum entanglement to the theory of quantum information is beyond the scope of
this thesis. The interested reader is referred to [21, Chapter 4] for a more detailed introduction
to this material.

An important tool in the study of composite quantum systems is the partial trace. We define
the partial trace over the B-subsystem of a composite AB-system as the unique linear map
trp : B(C% @ C8) — B(C) that satisfies

tr[trp[Xap|Ya] = tr[Xap(Ya ® 1p)] for all X p € B(C% @ C8), Y, € B(C™). (2.1.5)

The partial trace over the A-subsystem is defined analogously. For pap € S(C% @ C98), we
call pg == trp[pap] and pp = tra[pap] the reduced density matrices or reduced states of pap.
According to Eq. (2.1.5), performing a measurement {E;}" ; on the reduced state pa of pap
leads to exactly the same outcome statistics as performing the measurement {E; ® 1} ; on
the state pap of the composite system. In that sense, the partial trace allows us to focus on

subsystems of a composite quantum system.
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Distance Measures: We now shortly discuss some common distance measures in quantum
information theory. Here, “distance measure” is used in an informal sense, only three of the

quantities introduced below are actual “distances” in the sense of a metric.

First, and maybe most naturally, we can equip the set S(C?) with the (for convenience scaled)
trace norm [-l1/2. This allows us to measure the difference between two quantum states p,o €
S(CY) via the trace distance lp—oli/2 = trllp—oll/2. In fact, this distance is not only intuitive
from a mathematical perspective, it also has an operational interpretation: The maximal success
probability in distinghuishing p,o € S(C?), assuming that either of the two is prepared with
probability 1/2, by performing a 2-outcome measurement on a single copy of the unknown state

is given by SUPpeg(cd) tr[E(p —o)] + % - W

(see, e.g., [17, Chapter 9] for a derivation).
A second important measure of similarity between quantum states is the fidelity. For states
p,o € S(CY), the fidelity is defined as F(p,0) = tr[\/\/po\/p|. Notice that the fidelity is
symmetric and satisfies 0 < F(p,0) < 1 = F(p, p) for all p,o € S(C%). However, it does not
satisfy a triangle inequality and is thus not a metric, in contrast to the trace distance. In the
special case of pure states [1) (¥], |#) (¢| € S(C?), the fidelity becomes the absolute value of the
overlap of the corresponding vectors, F(|i) (¥],|®) (¢]) = [(¢|¢)|. The trace distance and the
quantum fidelity are closely related. Namely, the Fuchs—van de Graaf relations [23] state that,
for any p,o € S(C), 1 — F(p,0) < IMi/2 < /1 — F(p,0)2.

Despite there being many other useful ways of determining distances between quantum states,
we only discuss one more, namely the quantum relative entropy. The quantum relative entropy
between two quantum states p,o € S(CY) that satisfy supp(p) N ker(c) = @ is defined to be
D(pllo) == tr[plog(p)] —tr[plog(c)]. Here, the logarithm is taken with base 2. We can rewrite the
relative entropy using the von Neumann entropy S(p), which is defined as S(p) = —tr[plog(p)].
With this, the relative entropy becomes D(p|lo) = —tr[plog(o)] — S(p). If supp(p) Nker(o) # 0,
then we define D(p||lo) := +oo. A useful result in quantum information is the non-negativity
of the relative entropy, i.e., that D(p|lc) > 0 holds for any two quantum states p,o € S(CY).
Moreover, for p,o € S(C?%), D(p|lo) = 0 implies p = o (see, e.g., [17, Theorem 11.7] for a
proof). However, the quantum relative entropy is neither symmetric nor does it satisfy a triangle
inequality, so it does not define a metric. Nevertheless, it is an important tool for comparing
two quantum states. For example, when comparing a bipartite state pap € S(C% @ C5)
to pa ® pp, the tensor product of its reduced density matrices, we obtain a measure for the

correlation between the A- and the B-system in the state pap. This defines the quantum mutual

information I1(A : B), = D(paBllpa ® pB).

2.2 Completely Positive Maps and Quantum Channels

Next, we consider valid transformations of quantum systems. To be consistent with the proba-
bilistic interpretation of quantum theory given by the Born rule, we take such transformations
to be linear. Moreover, we need to preserve the non-negativity of outcome probabilities of mea-

surements. This is part of the motivation for the following:
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Definition 2.2.1 (Completely Positive Maps). A linear map T : B(C%) — B(C8) is called
completely positive (CP) if for any dg € N>y and for any p € B(C @ C94) with p > 0 also
(idg(cary ®T)(p) = 0. We denote the set of CP maps by

CPajdy = {T : B(C¥) — B(C) | T is linear and C’P} . (2.2.1)

If da = dp = d, we also write CPy :=CPqq.

Definition 2.2.1 captures the following intuition: Suppose A is our quantum system of interest and
we consider an additional quantum system E of some arbitrary finite dimension. Now, suppose
that only system A evolves non-trivially. Then, we have to preserve non-negativity of outcome
probabilities for measurements performed on the A-system also when viewing it as a subsystem
of the bipartite AFE-system. In fact, it turns out (e.g., due to Theorem 2.2.3) that it suffices to
consider auxiliary systems of dimension dg < d4 in the definition of complete positivity.

Now, adding a suitable normalization condition to the CP property, we arrive at the following

notion of transformations of quantum systems:

Definition 2.2.2 (Quantum Channels and Operations — Schrodinger Picture). A quantum chan-
nel in the Schrodinger picture is a linear completely positive and trace-preserving (CPTP) map.
That is, a linear map T : B(C%4) — B(C8) is a quantum channel if T is OP and tr[T(A)] = tr[A]
holds for all A € B(C%). We denote the set of CPTP maps by

CPTPa,ds = {T : B(C¥) — B(C) | T is linear and C’PTP} . (2.2.2)

If dy = dp = d, we also write CPT P4 :=CPTPqq.

Defintion 2.2.2 is formulated in the Schridinger picture, where we think of quantum states as
evolving and of measurements as remaining fixed. Namely, a quantum channel in the Schrédinger
picture exactly maps quantum states to quantum states, even when embedding the evolving
quantum system into a larger system.

We can, however, also take the view of the Heisenberg picture, i.e., of fixed states and evolv-
ing measurements. Mathematically, changing from the Schrédinger to the Heisenberg picture
corresponds to taking the adjoint with respect to the Hilbert-Schmidt inner product. Namely,
for a linear map T : B(C%) — B(CI8) describing the evolution of states in the Schrédinger
picture, we define the corresponding Heisenberg picture evolution T* : B(C98) — B(C%) via

the requirement
tr[ETT(p)] = tr[(T*(E))Tp], for all p € B(C%), E e B(C®). (2.2.3)

The Schrédinger picture map T is CP if and only if 7% is CP, and T is CPTP if and only if T* is
CP and unital (CPU). Here, T* is called unital if 7*(15) = 1 4. In analogy to the notation for
CPTP maps introduced above, we will use CPU4, 4,, and CPU, to denote sets of CPU maps.

Representations of Completely Positive Maps: We conclude our discussion of evolutions

of quantum systems in terms of CPTP or CPU maps by presenting different useful character-
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izations and representations of these maps. The first of these is a similarity transform that in

particular facilitates checking complete positivity:

Theorem 2.2.3 (Choi-Jamiolkowski Isomorphism [24, 25]). Fiz an orthonormal basis {|a;)}i of

C?. Consider the linear map
Ca.p : B(B(CW); B(CE)) — B(C¥ @ C8), €4.p(T) = d(ida @T)(|Q) (Q]), (2.2.4)

where |Q) == f S04 Jas) @ |ai).
1. €a.p is bijective, its inverse is given by €ap : B(C¥ @ Ci8) — B(B(C); B(Cr)),
@Z}B(T)(p) =tra [(p" @ 1p)7]|. We call €4, the Choi-Jamiolkowski isomorphism.

2. T € B(B(C); B(C9B)) is Hermiticity-preserving if and only if €a.5(T) is Hermitian.

)

8. T € B(B(C); B(C98)) is CP if and only if €4.5(T) > 0.

4. T € B(B(C4); B(C)) is TP if and only if trg[€a.p(T)] = 1a.
)

5. T € B(B(C¥); B(C?)) is unital if and only if tra[€a.5(T)] = 15.

Through the spectral decomposition of the (positive semidefinite) Choi matriz €4.5(T) of a CP

map T', Theorem 2.2.3 gives rise to the following representation of CP maps:

Theorem 2.2.4 (Kraus Representation [26]). A linear map T : B(C%) — B(C?8) is CP if and
only if there exist so-called Kraus operators K, ..., K, € B(C%;C8), with r € N>1, such that

=Y KAK]. (2.2.5)

In this case, T is CPTP if and only if > ;_, KZTKz = 14,, and T is CPU if and only if
Z::l KleT = Lagp-

In particular, when deriving Theorem 2.2.4 from Theorem 2.2.3, we directly see that the number
r of Kraus operators in Theorem 2.2.4 can be taken to be equal to the rank of the Choi matrix
T = €4.p(T"). Thus, we can in particular always find a Kraus representation with r» < d4 - dp
Kraus operators. While the Kraus operators are not unique, any two sets of Kraus operators for
the same CP map are unitarily related (see, e.g., [20, Theorem 2.1] for a more detailed statement
and proof).

Moreover, when considering the linear map V : C%4 — C9 ®@ C" defined by V = 3"1_, K; ® |i),
where {]7) }I_; is some orthonormal basis of C", we obtain the following further useful represen-

tation for CP maps:

Theorem 2.2.5 (Stinespring Dilation — Heisenberg Picture [27]). A linear map T : B(C%) —
B(C¥8) is CP if and only if there exists a finite-dimensional auziliary space C% and a linear
map V : C44 — C8 @ C?» such that

T(X)=VI(X®1g)V, foralX e B(C¥). (2.2.6)

Moreover, V is an isometry — i.e., V satisfies VIV =14 — if and only if T is unital.
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In the setting of Theorem 2.2.5, we call C% a dilation space and V a Stinespring isometry.
We will refer to any representation of a CP map in terms of a dilation space and a Stinespring
isometry as Stinespring dilation.

Coming from the Kraus representation, it is easy to see that can find Stinespring dilations for any
dilation space dimension dg > rank(€4.5(7)). A Stinespring dilation with dg = rank(€4.5(T))
is called minimal. Minimal Stinespring dilations are unique up to local unitaries acting on the
dilation space and give rise to all possible dilations via local isometries on the dilation space (see,
e.g., |20, Section 2.2| for a proof).

As Theorem 2.2.5 characterizes CP maps, we can apply it both in the Heisenberg and in the
Schrodinger picture. It is convenient to think of the CP map T in Theorem 2.2.5 as describing
the Heisenberg picture evolution, this then gives us the following representation for Schrédinger

picture CPTP maps:

Theorem 2.2.6 (Stinespring Dilation— Schrédinger Picture). A linear map T : B(CdA) —
B(CdB) is CPTP if and only if there exist a unitary U € B((CdA ® Cis @ (CdB) and a pure state
o) € C¥8 ® CB, such that

T(p) = tras[U(p ® |¢o) {wo)UT],  for all p € B(C™), (2.2.7)

where the partial trace is over the first two tensor factors of C% @ C%8 @ C95.

Theorem 2.2.6 is also often referred to as giving an open system representation for CPTP maps.
Namely, if T" is a linear CPTP map, we can understand 7" as the reduced map of a unitary acting
on an intially uncorrelated composite system.

With these different characterizations of CP, CPTP, and CPU maps at hand, we can now easily

construct concrete examples. We want to highlight just three such examples.

Example 2.2.7 (Unitary Channels). In standard quantum mechanics, an evolution of a quantum
system is described by a unitary. While this is not the most general kind of evolution allowed
in our framework, we do recover it as a special case. Namely, if U € B(C?) is a unitary, then
the linear map B(C%) > p +— UpU' is CPTP by Theorem 2.2.4 and thus describes a valid
transformation of a quantum system. We call such a CPTP map a unitary quantum channel.
In addition to being CPTP, a unitary quantum channel maps pure states to pure states and is

invertible, with its inverse given by the unitary quantum channel with unitary UT.

Example 2.2.8 (Partial Trace). In Section 2.1, we have encountered the partial trace. In fact,
the partial trace trp : B(C% ® C98) — B(C94) as defined in Eq. (2.1.5) is a CPTP map.
We can, e.g., see that as a consequence of Theorem 2.2.6, when taking a pure product state
o) = |0) ®10) € C¥8 @ C?® and as unitary U € B(C% ® C?8 ® C¥8 @ C¥8) the swap operation

between the second and the fourth tensor factor.

Example 2.2.9 (Measurement Channels). Also measurements in quantum theory can be un-
derstood in the framework of CPTP maps. Namely, if we measure a POVM {E;}7_,, without
recording the measurement outcome, the evolution of the quantum system through the measure-
ment process is described by the CPTP map with Kraus representation >« ; v Ei(-)VE;.
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2.3 Superchannels, Semicausality, and Semilocalizability

After introducing quantum states as describing quantum systems in Section 2.1, we have consid-
ered quantum evolutions as CP maps on states in Section 2.2. Now, we take a step further by

looking at a higher-order level of evolutions, namely evolutions of CP maps:

Definition 2.3.1 (Quantum Superchannels [28]). A quantum superchannel is a linear map
S : B(B(C%); B(C8)) — B(B(C%); B(C)) such that, for any dg € N>1, the map Sq,, defined
as Sy, = idpg(ciey) @8 satisfies that

(i) Sq,(T) is CP whenever T € B(B(C @ C%); B(C © C98)) is CP, and

(ii) Sa,(T) is a quantum channel whenever T € B(B(C% @ C44); B(C @ C98)) is a quantum

channel.

Physically, the motivation behind Definition 2.3.1 is clear: Quantum superchannels take a valid
quantum evolution as input and output another valid quantum evolution. From a computing per-
spective, quantum superchannels are a mathematical framework for describing quantum circuit
boards with a free slot, into which we can then plug a gate to change the overall functionality.

Studying quantum superchannels becomes feasible due to their close connection to quantum
operations with a certain causal structure. We now introduce this causality assumption and

then, in Theorem 2.3.5, discuss their connection to quantum superchannels:

Definition 2.3.2 (Semicausal CP Maps — Heisenberg picture [29, 30]). A linear CP map T :
B(Cl @ C¥8) — B(C¥ @ C¥8) in the Heisenberg picture is Heisenberg B /4 A-semicausal if
there exists a linear CP map T4 : B(C%) — B(C%) such that

T(X @1p)=THX)®1p, foral X € B(C¥). (2.3.1)

When changing from the Heisenberg to the Schriodinger picture, this leads us to define: A
CP map T, : B(C% ® C¥8) — B(C% ® CI8) is called Schrédinger B /4 A semicausal if
there exists a CP map T4 : B(C%) — B(C?) such that, for every pap € S(C% ® C%8),
trp[T(pan)] = T (trp[pas)).

In the Schrodinger picture, the physical motivation for Definition 2.3.2 becomes clear: For a
semicausal evolution of a bipartite system, the evolution of the A-subsystem must be independent
of the input on the B-subsystem. Informally, this means that no information flow from the B-
to the A-subsystem is allowed. The following definition introduces a natural, operationally

motivated class of maps that satisfy this requirement:

Definition 2.3.3 (Semilocalizable Quantum Channels [29]). A linear CP map T on a bipartite
space, T : B(C¥ @ C¥8) — B(C% ® C98), is called Heisenberg B / A semilocalizable if there
exist a finite-dimensional auziliary space C?%, a linear CPU map F : B(C%) — B(Cés @ CI8),
and a linear OP map G : B(C% ® C92) — B(C%) such that

T = (G ®idg)(ids &F). (2.3.2)
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Again, the corresponding notion in the Schriodinger picture is easily obtained by considering
the adjoint with respect to the Hilbert-Schmidt inner product. Namely, a linear CP map T} :
B(C41 @ C¥) — B(C% @ CI8) is Schrédinger B /4 A semilocalizable if and only if we can write
T, = (id4 ®F,)(Gs ® idg) for some linear CPTP map F, : B(C% @ C?8) — B(C??) and some
linear CP map G, : B(C%) — B(C%  C%).

Again, the Schrédinger picture perspective allows us to easily interpret Definition 2.3.3. Namely,
a semilocalizable evolution is implemented as follows: First, act on the A-system to produce
a bipartite output on the AF-system. Then, transmit the F-subsystem of the output to B.
Finally, act on the joint £ B-system to produce the B-system output. Intuitively, such a B A A
semilocalizable procedure in particular does not allow for information flow from the B- to the
A-system and is thus B /4 A semicausal. This can be easily checked by verifying that a CP
map satisfying Eq. (2.3.2) also satisfies Eq. (2.3.1). An important insight into semicausality and

semilocalizability is that the converse also holds for CP maps:

Theorem 2.3.4 (Semicausality versus Semilocalizability [30]). A CP map T : B(C% @ C98) —
B(C41 @ C98) is Heisenberg B /4 A semilocalizable if and only if it is Heisenberg B / A

semicausal.

This result was first proved by [30], later reproved with a different reasoning by [31], and extended
to infinite dimensions in [8]. Theorem 2.3.4 tells us that any semicausal CP map can be realized
in a semilocalizable manner. In particular, the operational interpretation of semilocalizability
carries over to semicausality. In fact, semicausal (and thus semilocalizable) CP maps are closely

connected to quantum superchannels:

Theorem 2.3.5 (Quantum Superchannels versus Semicausal CP Maps [28]). Consider a linear
map S : B(B(C%); B(C?8)) — B(B(C%); B(C)), write S : B(C% @ CB) — B(C¥ © C5),
S :=Cypo So QZ}B. S is a quantum superchannel of and only if S is a Schridinger B /A A
semicausal CP map whose reduced map S4 : B(C) — B(C%) satisfies SA(14) =1 4.

Remark 2.3.6. In this chapter, we have restricted our presentation to a mathematical formula-
tion of quantum mechanics in finite dimensions. As already finite-dimensional quantum system
offer a plethora of fascinating phenomena central to quantum theory, this restriction is wide-
spread in quantum information theory. In particular, the Core Articles I-TV [1-4] as well as the
Articles V [5] and VII [6] fall into this finite-dimensional framework. Among the contributed
articles that investigate questions in quantum computing and information, only Article VIII [8]
contains results for the infinite-dimensional case. Therefore, to enhance the clarity of the pre-
sentation, this chapter introduces only the tools of finite-dimensional theory. In Section III of

Article VIII [8], we discuss the infinite-dimensional case in more detail.

While there are many further interesting features of quantum information theory, the short
introduction given in this chapter already covers the aspects most relevant to the remainder of this
thesis. Thus, this concludes our presentation of the mathematics behind quantum information

theory.
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Chapter 3

Mathematical Ingredients of Statistical

Learning Theory

Having introduced our mathematical framework for quantum theory in Chapter 2, we devote
this chapter to the second theory underlying this thesis, namely to statistical learning theory.
Here, we focus on the specific aspects relevant to the remainder of this thesis and recommend
textbooks such as [32-35] or lectures notes such as [36] as references for this and further material.
Our presentation is structured as follows: In Section 3.1, we introduce the model of probably ap-
proximately correct learning, emphasizing the importance of generalization bounds. Section 3.2
reviews different complexity measures for function classes and the corresponding generalization
guarantees. This is followed by an overview over relations between different complexity measures
in Section 3.3. Finally, Section 3.4 discusses some aspects of undecidable problems in learning

theory.

3.1 Probably Approximately Correct Learning

Our focus is on the standard statistical framework for learning problems with labelled data,
so-called supervised learning problems. In this formalism, we consider a data space Z = X x ),
where we think of X' as an input/instance space and of ) as an output/label space. Usually, if
Y is discrete, we speak of a classification task, and if ) is continuous, we speak of a regression
task. A training data set S of size m is a multiset S = {z1,...,z2n} = {(®1,v1),- .-, (Tm,Ym)}
consisting of m training examples z; = (x;,y;) € X x V. A learning algorithm A takes such a

training data set as input and outputs a hypothesis in Y*. That is, a learner A is a map

A | @ x»)™ =YY S AS) = hg. (3.1.1)

mGNZl

Note that at this point, the “algorithm” in “learning algorithm” is not to be taken literally, here

we do not assume A to be a (Turing) computable function. Informally, this means that we do
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not demand there to be a computer program for evaluating A. We refer to Section 3.4 for a

discussion of select aspects computability in learning theory. We will call the class

F=A| |J @xxym|cy* (3.1.2)

meN>

of all functions that the learning algorithm can produce as output hypothesis the concept/hypothesis
class associated with A.

Next, we introduce the underlying statistical assumption for our framework. Namely, we suppose
that there is some probability measure P on X x ) such that the training examples are drawn
independently and identically distributed (i.i.d.) according to P. Thus, we also refer to P as
the data-generating distribution/measure. Crucially, we usually think of P as being unknown to
the learner. Here and throughout, we tacitly assume that the corresponding o-algebra is chosen
as a product of Borel g-algebras, and that all involved functions are suitably measurable. Also,
we denote by Prob(X x )) the set of all probability distributions on X x ), Prob(X) is used
analogously.

To evaluate a learner’s performance, we take a loss function £ : Y x Y — R, the choice of which
should be adapted to the problem at hand. Intuitively, a large (small) value ¢(y1,y2) indicates
that y; € Y and yo € ) are far apart (close). For fairness, we assume that the learner knows the
loss function £ according to which the performance is judged. Now, we can formulate the goal
of the learner: Given access to training data, a learner should output a hypothesis h € F that

achieves a small expected/true risk

R(h) = Rp(h) = / Uy, h(z)) dP(z,y) . (3.1.3)
XxY

Note that the true risk R(h) depends on both the loss function ¢ and the probability measure
P. To illustrate this definition, we consider two commonly used loss functions. If ) = {1,...,k}
is a discrete space of k € N5 labels, one often uses the 0-1-loss defined as £(y1,y2) =1 — &y, ys.
with 0y, 4, denoting the Kronecker delta. This leads to the probability of misclassification as
expected risk R(h) = P(g4)~plh(x) # y]. For a continuous target space Y = R, if we take the
square loss £(y1,y2) == (y1 — y2)?, the expected risk becomes the mean squared error R(h) =
B )rl(y — h(@))?].

The notion of true risk now allows us to formulate what we mean by learning:

Definition 3.1.1 (Agnostic PAC Learning [37, 38|). A learner A : | (X x V)™ —

VY, S A(S) = hg with hypothesis class F = A (Um€N>1(X X y)m) C Y% is an agnostic
(€,d)-probably approximately correct ((g,6)-PAC) learner for F, where €,0 € (0,1), from train-
ing data of size m > mo = mq(e,0) € N>y if the following holds: For every P € Prob(X x )),

m€N21

with probability > 1 — § over the choice of a training data set S = {(x;,y;)}", consisting of m

examples drawn i.i.d. according to P,

R(hg) < ﬁg?f{ R(h) +¢. (3.1.4)
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Moreover, we say that A is an agnostic PAC learner for F if there exists a map mg : (0,1) X
(0,1) — N1 such that A is an agnostic (¢,6)-PAC learner for F from training data of size
m > mg(e,d) for all e, € (0,1). Finally, we say that F is agnostically PAC learnable if there
exists an agnostic PAC learner A for F.

While our focus mostly will be on the setting of Definition 3.1.1, there is a related model that is

also often of interest:

Definition 3.1.2 (Realizable PAC Learning [39, 40]). A learner A : |,y (X x V)™ —
VX S+ A(S) = hg is a realizable (g,8)-PAC learner for a concept class F C V¥, where
g,0 € (0,1), from training data of size m > mo = mo(e,d) € N>y if the following holds: For
every P € Prob(X) and for every f. € F, with probability > 1 — § over the choice of a training

data set S = {(x;, f«(x;))}[", consisting of m examples, with the x; drawn i.i.d. according to P,
R(hg) <e. (3.1.5)

Moreover, we say that A is a realizable PAC learner for F if there exists a map mg : (0,1) X
(0,1) — Ns; such that A is a realizable (g,0)-PAC learner for F from training data of size
m > myg(e,d) for all £,6 € (0,1). Finally, we say that F is realizably PAC learnable if there
exists a realizable PAC learner A for F.

It is immediate from these two definitions that agnostic PAC learning describes a more general
scenario than realizable PAC learning. In fact, the realizable case goes back to [39, 40], the
agnostic case was then introduced later by [37, 38]. We will phrase most of the results in this
chapter in the agnostic framework and only occasionally comment on possible strengthenings
under the realizability assumption, i.e., under the assumption that there is some hypothesis in
F that achieves zero error.

We also note that Definition 3.1.2 describes what is often referred to as improper (or representation-
independent) realizable PAC learning. Here, we speak of improper learning because we do not
require the learner A to output a hypothesis from the class F with respect to which the data is
assumed to be realizable. If we change the definition to also restrict ourselves to learners whose
range is contained in F, we obtain the notion of proper realizable PAC learning.

With Definitions 3.1.1 and 3.1.2, we have formalized what we mean by successful learning. Next,
we investigate how this can be achieved. The following observation is crucial for our discussion:
A learner that has access to a training data set .S does not have sufficient information to evaluate
the true risk since she does not know the data-generating distribution P. A natural approach
towards overcoming this challenge is to employ the training data to build a proxy for the true risk.
That is, given a training data set S = {(@;,y;)}/"; of size m, we define the empirical/training
risk of a hypothesis h € V¥ to be

m

Rs(h) = >ty () (3..6)

=1

In contrast to the true risk of Eq. (3.1.3), a learner that knows the training data set S, the loss
function ¢, and the hypothesis h can indeed evaluate the empirical risk of Eq. (3.1.6). Thus,
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empirical risk minimization (ERM) provides a natural way of approaching the learning problem:
Given training data, we attempt to find a hypothesis that achieves small (or even minimal)
empirical risk.

To prepare the statistical analysis of approaches based on the empirical risk, we now consider
the so-called estimation error of ERM. Namely, given training data S, we will denote by h =

h(S) € F a hypothesis that minimizes the empirical risk among hypotheses in F. We define the

estimation error of A to be

R(h) — inf R(h), 3.1.7
() — inf R(1) (3.17)
the difference between the true risk achieved by h and the optimal true risk achievable by a
function in F. By Definition 3.1.1, for ERM to be a valid agnostic PAC learner, we want exactly
this expression to be small, with high probability. We now insert a zero into Eq. (3.1.7) and use

the defining property of h to observe that we can bound the estimation error as

R(h) - gg]fER(h) = (R(ib) - Rs@)) - sup (Rs(fz) - R(h)> (3.1.8)
< 2sup|R(h) — R(h)]. (3.1.9)
heF

For a hypothesis h, the difference R(h) — R(h) is the generalization error of h. Thus, the above
inequality tells us: We can control the estimation error of ERM if we have uniform (over the
hypothesis class F) bounds on the absolute generalization error.

Motivated by this discussion, we extract the aspect of generalization in PAC learning:

Definition 3.1.3 (PAC Generalization Bounds). Let F C VY be a hypothesis class. A PAC
generalization bound for F is a guarantee of the following form: For every probability distribution
P over X x Y and for every § € (0,1), with probability > 1 — § over the choice of training data

S ={z;,y;i}]", consisting of m examples drawn i.i.d. according to P,
Vh e F: |R(h) — R(h)| < gr(m,d,h, P), (3.1.10)

where gr : N>j x (0,1) x F X Prob(X x Y) — R>q, with Prob(X x Y) denoting the set of all
probability distributions over X x Y.

Naturally, for Eq. (3.1.10) to be useful, we aim for an upper bound that in particular satisfies
lim,, 00 g£(m, d, h, P) = 0, and we are interested in the speed of convergence. In the setting of
Definition 3.1.3, if we have Eq. (3.1.10) with a P-independent upper-bound gz(m,d, h), where
gr : N>1x(0,1)xF — R, we speak of a distribution-independent generalization bound. Also, if
Eq. (3.1.10) holds with an h-independent bound g(m, §, P), with g7 : N>1x(0, 1) xProb(X' xY) —
R>o, we call the generalization bound uniform (over F). By the above discussion, distribution-
independent uniform generalization bounds for F can be used to give PAC learning guarantees
for ERM in the sense of Definition 3.1.1.

The remainder of this chapter, as well as much of this thesis, focuses on deriving generalization

bounds. Notice, however, that generalization is not the only important aspect in machine learning
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problems. For instance, there is also an often significant optimization challenge in finding a
hypothesis that (approximately) minimizes the empirical risk, given a data set. Moreover, also
the choice of a machine learning model, which then dictates the hypothesis class F and thus
the optimal achievable risk infycx R(h), is crucial. While these aspects are certainly important,
discussing them in detail exceeds the scope of this thesis. Rather, we emphasize generalization

as the statistical aspect at the heart of PAC learning.

Remark 3.1.4. In this section, we have considered deterministic learning procedures. The
scenario can be extended to allow for stochasticity in the learning algorithm. Namely, if we
consider a learner A that, upon input of a training data set S, outputs a probability measure
ps over output hypotheses, we can study the expected true risk Ej.,4[R(h)] and the expected
empirical risk Ep,,¢ [I%S(h)], where the expectations are with respect to hypotheses drawn from
ps. This is the perspective usually taken in the PAC-Bayesian framework [41]. Alternatively, for
randomized learning algorithms, we can also consider variants of Definitions 3.1.1,3.1.2, and 3.1.3
in which we require the respective statements to hold with high probability over the randomness

both in the choice of the data and in the learner itself.

Remark 3.1.5. There are other mathematical frameworks for formalizing tasks of learning from
data. Beyond the PAC framework, some influential models include learning from membership
queries or equivalence queries [42], learning from statistical queries [43], the mistake bound
model of online learning [44], regret minimization in online learning [45], and different scenarios

for teacher-learner interactions [46-48|.

3.2 Complexity Measures and Generalization Bounds

A well established path towards PAC generalization bounds in classical learning theory leads
through complexity measures for concept classes. In this section, we review some of those
complexity measures and the resulting generalization bounds. We begin with a combinatorial

dimension for binary-valued function classes:

Definition 3.2.1 (VC Dimension [39]). Let F C {0,1}*. A set {x1,...,xx} C X is shattered
by F if for any C C {1, ..., k} there exists a function fo € F such that for all1 <i<k,i € C if
and only if fo(x;) = 1. We define the Vapnik-Chervonenkis (VC) dimension of F as the largest
size of a set shattered by F:

VCdim(F) :==sup{k € No | Fz1,..., 21 € X s.t. {x1,..., %L} is shattered by F} . (3.2.1)

Already from Definition 3.2.1, it makes intuitive sense to consider the VC dimension as measuring
the complexity of a {0, 1}-valued concept class. This intuition is strengthened when evaluating
the VC dimension of simple geometric hypotheses classes, for example arising from axis-aligned
rectangles [34, Example 3.14] or from more general convex polygons [34, Example 3.15|, and of
hypothesis classes obtained by post-processing elements of a real function vector space by the
sign function [36, Theorem 1.9]. The following theorem demonstrates that the VC dimension

indeed is a complexity measure useful for PAC generalization bounds:
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Theorem 3.2.2 (Generalization Bound via VC Dimension [49, 50]). Let F C {0,1}* and let
¢:{0,1} x {0,1} — {0,1} be the 0-1-loss defined as £(y1,y2) = 1 — 0y, yo. Then, for every
P € Prob(X x {0,1}) and for every 6 € (0,1), with probability > 1 — & over the choice of a

training data set S = {(z;,y;)}1~, consisting of m examples drawn i.i.d. according to P,

sup|R(h) — Rs(h)] <C-
heF

, (3.2.2)

\/ VCdim(F) + In (1/s)

m
where C' > 0 is some universal constant.

Theorem 3.2.2 is paradigmatic for the —in this case, distribution-independent and uniform — PAC
generalization bounds that we can derive from complexity measures. Any such generalization
bound also comes with a corresponding sample complexity bound. In this case, it takes the

following form:

Corollary 3.2.3 (Sample Complexity Bound via VC Dimension). Let F C {0,1}?, assume that
VCdim(F) < oo. Let £:{0,1} x {0,1} — {0,1} be the 0-1-loss defined as £(y1,y2) =1 — Oy, ys-
Then, for every P € Prob(X x {0,1}) and for every £,6 € (0,1), a sample size

- VCdim(F) + In (%/s)

m=m(e,d) =C =

: (3.2.3)

where C > 0 is a universal constant, suffices to guarantee: With probability > 1 — § over the
choice of a training data set S = {(x;,yi)}1~, consisting of m examples drawn i.i.d. according to
P,

sup|R(h) — Rg(h)| < ¢. (3.2.4)
heF
As a consequence of the discussion in Section 3.1, Corollary 3.2.3 in particular implies that the
sample size in Eq. (3.2.3) is sufficient for ERM to be an agnostic (e,9)-PAC learner for F in
the sense of Definition 3.1.1. In the realizable case, this sample complexity guarantee can be

improved with respect to the dependence on the accuracy €. Namely, a sample size of

VCdim(F) In () + In (1/5)
g

m=m(e,0) =C (3.2.5)

suffices for ERM to be a (proper) realizable PAC learner for F. In fact, if we allow for improper
learning, the In (1/¢) can be removed [51].

Interestingly, also sample complexity lower bounds that match these upper bounds up to constant
factors are known [52-54], both for the agnostic and the realizable case. Thus, the VC dimension
is central in understanding and quantifying the information-theoretic complexity of PAC binary
classification. Naturally, this led to attempts at generalizing the VC dimension to other learning
scenarios. Among the results of these efforts is the following combinatorial complexity measure

for R-valued concept classes:

Definition 3.2.4 (Pseudo-Dimension [55]). Let F C RY. A set {x1,...,x} C X is pseudo-
shattered by F if there exist yi1, ...,y € R such that for any C C {1, ..., k} there exists a function
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fo € F such that for all 1 < i < k, i € C if and only if fo(x;) > y;. We define the pseudo-
dimension of F as the largest size of a set pseudo-shattered by F:

Pdim(F) :=sup{k € No | Jz1,...,x1 € X s.t. {@x1,..., %L} is pseudo-shattered by F} .
(3.2.6)

For a {0, 1}-valued function class F C {0, 1}, we have Pdim(F) = VCdim(F), pseudo- and VC
dimension coincide. Thus, the pseudo-dimension indeed is a generalization of the VC dimension.

A sometimes useful refinement of the pseudo-dimension is provided in the following:

Definition 3.2.5 (Fat-Shattering Dimension [56]). Let F C RY and leta > 0. A set {xq,...,x} C
X is a-fat-shattered by F if there exist y1, ..., yx, € R such that for any C C {1,...,k} there exists
o function fo € F such that for oll 1 <i < k:

1.1 ¢C = fo(x;) <y, —a and
2.i€C = folx) >y + .

The a-fat-shattering dimension of F is defined to be
fat(F,a) =sup{k € Ng | Jx1,..., 2 € X s.t. {x1,..., @k} is a-fat-shattered by F}. (3.2.7)

Trivially, fat(F, ) < fat(F, 8) < Pdim(F) holds for any 0 < 5 < « and for any function class
F C R*. In that sense, the fat-shattering dimension constitutes a refinement of the pseudo-
dimension that includes a margin parameter.

Similarly to the VC dimension, also the fat-shattering and thus the pseudo-dimension can be
used to obtain distribution-independent uniform generalization error bounds. We do not state
these generalization bounds at this point because they can be obtained as corollaries of the re-
maining results in this section when combined with the insights of Section 3.3. For fat-shattering
dimension-based generalization guarantees in the realizable case, see, e.g., [57, Corollary 3.3|.
The combinatorial dimensions introduced above serve to quantify the complexity of a function
class. In a learning problem, however, the functions and concept classes do not appear in
isolation, but together with training data and a data-generating distribution. This observation
motivates the study of distribution-dependent generalization guarantees, arising from data- or
distribution-dependent complexity measures. Among those, a particularly prominent one is the

Rademacher complexity:

Definition 3.2.6 ((Empirical) Rademacher Complexities [58]). Let Z be a data space, let H C
RZ be an R-valued function class, and let S = {z;}™, € Z™ be a data set consisting of m € N>

data points z; € Z. The empirical Rademacher complexity of H with respect to S is defined as

Rs(H) = E lsup 1 Z aih(zi)] , (3.2.8)

o~nU({=1,1}™) | hen M —

where U({—1,1}") denotes the uniform distribution on the Boolean hypercube {—1,1}™. The

1.4.d. random variables o1, ...,0, are often called Rademacher random variables.
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If P € Prob(Z2), then the Rademacher complexities of H with respect to P are defined as
Ron(H) = Egopm [7%5(%)] for m € Noi (3.2.9)
where S ~ P™ means that S = {z;}I", with the z; drawn i.i.d. according to P.

As a consequence of McDiarmid’s bounded differences inequality [59], the empirical Rademacher
complexity concentrates strongly around the Rademacher complexity with respect to the measure
that the data is generated from. Thus, while we phrase the results in this section in terms of
empirical Rademacher complexities, we can usually replace them by Rademacher complexities
without changing the essential features of the results.

From the perspective of high-dimensional probability and random process theory, it is natural to
consider variants of Definition 3.2.6 in which we replace the i.i.d. Rademacher random variables
by a different choice of i.i.d. symmetric random variables. An especially important variant is

obtained when using Gaussian random variables:

Definition 3.2.7 ((Empirical) Gaussian Complexities [60]). Let Z be a data space, let H C R?
be an R-valued function class, and let S = {z;}[", be a data set consisting of m € N> data

points z; € Z. The empirical Gaussian complexity of H with respect to S is defined as

R 1 &
Gs(H)= E sup — ~vih(z:) ]| 3.2.10
= R [ m ; M) (3210
where v1,...,Ym are i.i.d. standard Gaussian random variables.

If P € Prob(Z2), then the Gaussian complexities of H with respect to P are defined as
Gon(H) = Egpm [Qs(%)} for m € Nay (3.2.11)
where S ~ P™ means that S = {z;}I", with the z; drawn i.i.d. according to P.

In fact, empirical Rademacher complexities and empirical Gaussian complexities are closely re-
lated (see, e.g. [61, Egs. (4.8) and (4.9)]):

Theorem 3.2.8 (Empirical Rademacher Complexities versus Empirical Gaussian Complexities).
There are universal constants c,C > 0 such that, for any R-valued function class H C R? and

for any data set S = {z;}"| consisting of m € N>1 data points z; € Z,

~

c-Rs(H) < Gs(H) < C-/log(m) - Rs(H). (3.2.12)

Theorem 3.2.8 implies that for many purposes, we can treat empirical Rademacher complexities
and empirical Gaussian complexities almost interchangeably.
The next theorem shows that we have data-dependent generalization guarantees in terms of

empirical Rademacher complexities.

Theorem 3.2.9 (Generalization Bound via Empirical Rademacher Complexities). Let F C Y%
and let 0 : Y x Y — [0,1]. Write H = {X x Y > (z,y) — Ly, f(x)) | f € F}. For every
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P € Prob(X x Y) and for every 6 € (0,1), with probability > 1 — & over the choice of a training

data set S = {(x;,y;)}" consisting of m examples drawn i.i.d. according to P,

R . In (1
sup (R(h) . Rg(h)) <2 Rg(H)+ B (3.2.13)
heF m
where C' > 0 4s a universal constant.
. suppenllhlla,s n(a)
P pm |sup R(h)_RS(h)] >a \/log/\/'(H,H-HZS,ﬁ) AB+Cy (/R0 > g
heF €
J,

Such Rademacher complexity-based generalization guarantees, which can be proved using the so-
called “ghost sample” symmetrization technique, go back to [60, 62]. We have chosen to present
a version of the result that can, e.g., be found in [34, Theorem 3.3].

We highlight two important consequences of Theorem 3.2.9 for binary classification and for

regression over the reals.

Corollary 3.2.10. In the setting of Theorem 3.2.9, if Y = {—1,1} and £(y1,y2) = 1 — Oy, 4 S
the 0-1-loss, then we have: For every P € Prob(X x R) and for every § € (0,1), with probability
> 1— 0 over the choice of a training data set S = {(x;,y;)}/", consisting of m examples drawn
1.9.d. according to P,

In (1/5)

sup (R(h) - Rg(h)) < Ry, (F)+C- , (3.2.14)
heF m

where C' > 0 is a universal constant and we defined S|x = {x;}]*,.

Corollary 3.2.11. In the setting of Theorem 3.2.9, if Y = R and £ is L-Lipschitz in the second
argument (for any fized first argument), then we have: For every P € Prob(X x R) and for
every 6 € (0,1), with probability > 1 — § over the choice of a training data set S = {(xi, vi) }i"y

consisting of m examples drawn i.i.d. according to P,

sup (R(h) - Rs(h)) <2L Ry, (F)+C- W (3.2.15)

where C' > 0 is a universal constant and we defined S|x = {x;}[*,.

Corollary 3.2.10 can be obtained from Theorem 3.2.9 after observing that, for the output space
Y = {-1,1} and for the 0-1-loss ¢, we have Rg(H) = %7@5‘)((]:) for every data set S, see,
e.g., 36, Section 1.8] for a proof. To obtain Corollary 3.2.11, we can apply Talagrand’s Lemma
(going back to [61]; see also [34, Lemma 5.7]).

We emphasize once more that, in contrast to Theorem 3.2.2, (empirical) Rademacher complex-
ities lead to guarantees that depend on the specific training data set S or, using the strong
concentration of empirical Rademacher complexities around their mean, on the underlying dis-
tribution P. A further difference between the guarantees of Theorem 3.2.2 and Theorem 3.2.9
is that the latter gives only one-sided bounds on the generalization error, whereas the former

bounds the absolute generalization error. However, we can obtain also two-sided generalization
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error bounds in terms of an expected supremum of a random process, if we consider not the em-
pirical Rademacher complexities as in Definition 3.2.6, but a variant with an additional absolute

value. That is, we can employ the data-dependent complexity measure

m

p|-- > aih(z)

E su
o~U({=1,13™) | he —

] (3.2.16)

for a function class H C R?, given a data set S of size m. Sometimes, also Eq. (3.2.16) is taken
as the definition of “Rademacher complexity” in the literature.

To conclude our non-exhaustive overview over different complexity measures, we present a further
data-dependent way of measuring the complexity of a function class. To this end, we first recall

the notion of covering numbers in (pseudo-)metric spaces:

Definition 3.2.12 (Covering Numbers and Metric Entropies (see, e.g., [63, Definition 4.2.1])).
Let (X,d) be a (pseudo-)metric space. Let K C X and let ¢ > 0. We call N C X an (interior)
e-covering net of K if for all x € K there exists an y € N such that d(z,y) < e.

The (interior) e-covering number N(K,d,¢) is defined as the smallest possible cardinality of an
e-covering net of K. The e-metric entropy is logo N'(K,d, €), the logarithm of the e-covering

number.

For our purposes, covering numbers and metric entropies with respect to the pseudometric arising

from the following seminorm will be particularly important:

Definition 3.2.13 (Empirical p-Seminorm). Let Z be some data space, let p € [1,0], and let
S = {z;}I", be a data set consisting of m € N>y data points z; € Z. We define the empirical

p-seminorm |[|-[|, ¢ on R? as

1
1 & ?
1], 5 = (m Z\h(zi)]p> ,  fJorheRZ. (3.2.17)
i=1

The seminorm defined in Eq. (3.2.17) can be thought of as an L,-norm when integrating against
the probability measure given by a uniform distribution over the data set. In particular, this per-
spective explains the normalizing factor 1/m. Because of this normalization, we see the following

monotonicity behavior of these seminorms: For any data set S, if 1 <p < ¢, then [|-[|, ¢ < |-

‘q S-
Now, by combining Definitions 3.2.12 and 3.2.13, we arrive at the following:

Definition 3.2.14 (Empirical Covering Numbers and Empirical Metric Entropies). Let Z be
some data space, let p € [1,00|, and let S = {z;}[", be a data set consisting of m € N>
data points z; € Z. Let € > 0. The e-empirical covering number of a function class H C
RZ with respect to S is defined as N(H, Ill,.5:€); the covering number for the set H in the

seminormed space (RZ, ”||p g). Accordingly, the e-empirical metric entropy of H with respect to
S s IOgQN(Hv ”’Hp,S 75)'

Empirical covering numbers and their non-empirical counterparts, defined as covering numbers
in the Hilbert space L,(P) of functions that are p-integrable against the probability measure P,

come from the study of Banach spaces through random processes, see, e.g., |64, 65].

28



RELATIONS BETWEEN COMPLEXITY MEASURES

The monotonicity of empirical p-seminorms observed above implies a corresponding montonicity
for empirical covering numbers and metric entropies: For any data set S, for any € > 0, and for
any function class # C R?, if 1 <p < ¢, then N(H, |||, 5,€) SN, |ll,.5€)-

Again, we can justifiably see empirical covering numbers as capturing the complexity of a function

class because we can use them to derive PAC generalization guarantees:

Theorem 3.2.15 (Generalization Bound via Empirical Covering Numbers (see, e.g., [33, The-
orem 16.5] and [36, Theorem 1.18])). Let F C Y% and let £ : Y x Y — [0,1]. Write again
H={XxY >3 (x,y) — Ly, f(x)) | f € F}. For every P € Prob(X x Y) and for every
e€(0,1),

_ me?

I%WFwRW‘%W%4>%€r<sw N%Hmmmmﬁ®>e%,
heF Z1,.s22mEZ

(3.2.18)
where C1,Co, C3 > 0 are untversal constants.

The core ingredients towards proving a result like Theorem 3.2.15 typically are ghost sample
symmetrization and a union bound over a covering net. As we will comment on in more detail
in Section 3.3, a different proof strategy leads to generalization guarantees that are usually
slightly tighter, if we have control of empirical covering numbers with respect to the empirical

2-seminorm.

3.3 Relations Between Complexity Measures

A variety of relations between the different complexity measures introduced in Section 3.2 are
known. In this section, we collect some of them. We begin with different ways of upper bounding
empirical covering numbers and metric entropies in terms of other complexity measures. First, we
recall how the different combinatorial complexity measures of VC dimension, pseudo-dimension,
and fat-shattering dimension can be used to upper bound empirical covering numbers. We start

with a result for the VC dimension:

Theorem 3.3.1 (Empirical Covering Numbers versus VC Dimension (see, e.g., [63, Theorem
8.3.18 and its proof])). There is a universal constant C > 0 such that , for any {0,1}-valued
function class H C {0,1}%, for any data set S = {z;}", consisting of m € N> data points
z; € Z, and for any € € (0,1),

> C-VCdim(H) ( |
3.3.1

2
wau$@s<

3

Thus, the VC dimension gives rise to covering number bounds with respect to the empirical 2-
seminorm that look very much like standard covering number bounds for norm balls in Euclidean
space in terms of the dimension of the space. Next, we present covering number bounds in terms

of pseudo- and fat-shattering dimension:
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Theorem 3.3.2 (Empirical Covering Numbers versus Pseudo- and Fat-Shattering Dimension (|66,
Theorem 1], see also [33, Sections 12 and 18| and [67, Sections 4.2.2 and 4.2.4])). Letp € [1,00).
There are universal constants ¢, C' > 0 such that , for any [0, 1]-valued function class H C {0, 1}2,
for any data set S = {z;}"| consisting of m € N>1 data points z; € Z, and for any € € (0,1),

9 C-fat(H,ce) 9 C-Pdim(H)
NH, [, s5€) < (5) < <> . (3.3.2)

3

Moreover, there exist universal constants C,¢ > 0 such that, if m > fat(H, ce), then
NH, ||l,5,e) > 20t (3.3.3)

Thus, upper bounds on combinatorial dimensions imply empirical covering number upper bounds
with respect to any p-seminorm. Note that, in particular, for the case of a {0, 1}-valued function
class, pseudo-dimension and VC dimension are equal, so Theorem 3.3.2 leads to a version of
Theorem 3.3.1 for general p € [1,00). Interestingly, due to the second part of Theorem 3.3.2,
we also have a converse in the case of the fat-shattering dimension: Empirical covering number
upper bounds imply upper bounds on the fat-shattering dimension. Such a converse, however,
is not possible for the pseudo-dimension, as discussed, e.g., in [33, Section 12.5].

Empirical covering numbers are also closely related to Gaussian and Rademacher complexities.
Namely, we can upper bound empirical Rademacher complexities in terms of an integral over

square roots of empirical metric entropies:

Theorem 3.3.3 (Dudley’s Theorem [68|). For a fized data set S = {z;}" consisting of m € N>y
data points z; € Z, let H be a subset of the pseudo-metric space (RZ, [ll2,6) and let o =
suppey |hllog- Then the empirical Rademacher complexity Rs(H) of H with respect to S can be

upper bounded as

Yo
12
Rs(H) < _int {des = / 02 N L [ .5, 6) dB ¢ (3.3.4)

€€[0,70/2)

We have stated a version of Dudley’s Theorem that can, e.g., be found in [36, Theorem 1.19].
As discussed in [63, Remark 8.1.5] a similar result also holds for the variant of the Rademacher
complexity that involves an additional absolute value, as introduced in Eq. (3.2.16), assuming

that the class H contains the zero function.

Theorem 3.3.3 can be combined with Theorem 3.2.9 to obtain yet another generalization bound
in terms of empirical covering numbers. The generalization guarantee obtained in this way is
formulated via covering numbers for the empirical 2-seminorm. This is in contrast to Theo-
rem 3.2.15, which considered covering with respect to the empirical 1-seminorm. If, however,
we can control the empirical covering numbers N'(#, [|-[|5 5, €), using the combination of Theo-
rems 3.2.9 and 3.3.3 — or, to be more precise, their respective versions with a reinstated absolute
value — can lead to a slightly tighter generalization bound than the one obtained by plugging the
bound on NV (H, |||l, ¢ ,€) into Theorem 3.2.15.
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Moreover, we can lower bound empirical Gaussian complexities in terms of square roots of em-
pirical metric entropies. This follows from a more general result about mean-zero Gaussian
processes, Sudakov’s minoration inequality, which can, e.g., be found in [63, Theorem 7.4.1]. We

state it here only for the special case relevant to our learning-theoretic framework:

Theorem 3.3.4 (Sudakov’s Minoration Inequality for Empirical Gaussian Complexities). For
a fized data set S = {z;}]", consisting of m € N>y data points z; € Z, let H be a subset of
the pseudo-metric space (R, [[l2,5)- Then the empirical Gaussian complezity Gs(H) of H with

respect to S can be lower bounded as

~

Gs(H) > —=-sup {e- g N(H, | l5.€)} (3.35)

C
2 N

VI >0
where C' > 0 s a universal constant.

According to Theorem 3.2.8, Theorem 3.3.4 also allows us to lower bound empirical Rademacher
complexities via empirical covering numbers. The scaling with training data size m in the
obtained lower bound matches that in Dudley’s upper bound of Eq. (3.3.4) up to a logarithmic
factor.

The above relations can now be combined to establish further connections between complexity

measures, such as the following:

Corollary 3.3.5 (Rademacher Complexities versus VC Dimension). There is a universal con-
stant C > 0 such that, for any {0,1}-valued function class H C {0,1}% and for any data set
data set S = {z;}I", consisting of m € N>1 data points z; € Z,

Rs(H) < C- \/Wﬁn(m . (3.3.6)

We highlight this last connection because, together with Theorem 3.2.9, it can be used to prove
Theorem 3.2.2. (Again, to get two-sided generalization error bounds, we can reinstate absolute
values in Theorem 3.2.9 and Corollary 3.3.5.)

There are several further approaches towards generalization bounds beyond the one based on
complexity measures. In particular, whereas the perspective of complexity measures focuses on
the hypothesis classes used by the learner, other approaches take additional properties of the
learning procedure into account. Important examples include sample compression schemes [69],
PAC-Bayesian generalization bounds [41], algorithmic stability [70], or differential privacy [71].

Discussing these topics is, unfortunately, beyond the scope of this thesis.

3.4 Undecidable Problems in Classical Learning Theory

So far in this chapter, we have presented the PAC framework as an approach to mathematically
formalize statistical questions in machine learning. And we have seen ways of obtaining theo-
retical learnability guarantees, in the form of generalization bounds, from different complexity
measures. While this shows the usefulness of these complexity measures, we have mostly ignored

the question of how to evaluate them. For example, in the setting of PAC binary classification, we

31



MATHEMATICAL INGREDIENTS OF STATISTICAL LEARNING THEORY

have seen that the VC dimension determines whether a class is learnable, and even characterizes
the corresponding sample complexity. However, we have not described a general procedure for
evaluating the VC dimension of a hypothesis class. In this section, we present a high-level discus-
sion regarding some subtleties in the approach of determining learnability through complexity
measures, from the perspective of formal logic and computability theory.

Prior work has emphasized different aspects of logic and computability in connection to learn-
ing theory. Here, we highlight only some of these directions and refer to |7, Section 1.2] for a
more extensive discussion of prior work. For instance, [72| investigated the learnability of un-
computable problems. Also, [73] considered the computational complexity of deciding finiteness
of the VC dimension, in particular showing this to be an undecidable problem. Later, this was
reproved and interpreted from a philosophical perspective in the context of the problem of induc-
tion by [74]. Recently, [75] demonstrated that learnability can in general be undecidable in the
sense of formal logic. Motivated by this development, [76] proposed a variant of PAC learning in
which learners have to be computable functions and investigated connections between standard
PAC learnability and computable PAC learnability in binary classification problems. This (in-
complete) list of references already demonstrates that research on (un-)decidability in learning
theory is multi-faceted and, despite a history of over 20 years, still ongoing. In the remainder of
this section, we describe how our work |7] adds to this research effort.

Section 3.2 introduced complexity measures as a tool for answering the fundamental question of
when (PAC) learning is possible. This question, however, is potentially different from the question
of whether we can decide when (PAC) learning is possible. Concretely, we can understand
the verb “decide” in the previous sentence to mean “mathematically prove” or “algorithmically
determine”. For these two interpretations, we know from Gédel’s Incompleteness Theorems [77]
and Turing’s Halting Problem [78| that we cannot always succeed at “deciding.” This now
raises the following questions: First, if a hypothesis class is learnable, can we prove it to be
so (in a formal system of interest)? And second, is there a universal algorithmic procedure for
determining whether a hypothesis class is learnable?

According to the results of Section 3.2, if we focus on the learning framework of PAC binary
classification with respect to the 0-1-loss, PAC learnability becomes equivalent to finiteness of
the VC dimension, a purely combinatorial property of the respective hypothesis class. Thus, in
this setting, we can translate the two questions above as: First, if a hypothesis class has finite VC
dimension, can we prove this finiteness? And second, is there a universal algorithmic procedure
for determining whether a hypothesis class has finite VC dimension? In |7], we find the following

two negative answers to these questions:

Theorem 3.4.1 (Informal Version of |7, Corollary 2.11]). There are hypothesis classes with finite

VC dimension for which we cannot prove that the VC dimension is finite.

Theorem 3.4.2 (Informal Version of [7, Corollary 2.20]). There is no general-purpose algorithm

for deciding whether a hypothesis class has a finite VC dimension.

Taken together, Theorems 3.4.1 and 3.4.2 tell us that, in general, we can neither prove nor
algorithmically determine finiteness of the VC dimension. Thus, finiteness of the VC dimension,

and with it PAC learnability in binary classification problems are undecidable. This result carries
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over to PAC binary classification using quantum examples, since also there the VC dimension
characterizes learnability, compare [79]. This undecidability is not specific to the VC dimension.
In fact, as we argue in [7], combinatorial complexity parameters relevant to teaching problems
and to online learning settings share this property. So, this undecidability also translates to
learnability in teacher-learner interactions [46] and to different notions of online learnability |44,
80]. In this sense, we have demonstrated in [7] that certain basic questions in different learning
frameworks are undecidable.

We conclude this section with a short discussion of how our results in [7] relate to two of the
prior works mentioned above. First, the undecidability of finiteness of the VC dimension stated
informally in Theorem 3.4.2 can be obtained as a Corollary of [73, Theorem 4.1| and of [74,
Theorem 1]|. Both [73] and [74] prove a stronger result, namely the so-called ¥g-completeness
of deciding finiteness of the VC dimension, deriving it as a consequence of the s-completeness
of deciding finiteness of the domain of a partial recursive function. Compared to this line of
reasoning, our proof strategy in [7] has mainly two advantages. On the one hand, we give a
construction that allows to prove undecidability not only for the VC dimension, but also for
other combinatorial complexity measures, and not only in the sense of uncomputability, but also
in the sense of independence of the axioms in a formal system. On the other hand, we use
no results from formal logic and computability theory beyond the arguably most fundamental
undecidable problems, Gédel’s second incompleteness theorem and Turing’s halting problem.
Second, while also [75] proved the logical undecidability of a certain learning problem, tracing
it back to the independence of the continuum hypothesis from the axioms of Zermelo-Fraenkel
set theory (including the axiom of choice), their scenario differs from our setting in [7] in at
least two important ways. While [75] show that learnability for their learning problem cannot
be characterized by a dimension-like parameter akin to the VC dimension, our undecidability
results in [7] are for learning problems that admit such a characterization. In fact, we make use
of exactly such dimension-like parameters (the VC, teaching, and Littlestone dimensions) in our
proofs. And whereas the results in [75] rely on the use of the continuum, we formulate our results
in [7| using only natural numbers and computable constructions. In particular, this allows us
to also obtain uncomputability results and, relying on insights from [76], to immediately extend
our results from PAC binary classification also to computable PAC binary classification.

To conclude this chapter: The complexity measures of Section 3.2 are powerful mathematical
tools for understanding generalization bounds for PAC learning. Still, there are further computa-
tional questions in learning theory beyond the probability theory and statistics of generalization.
Our deliberations on undecidability outline merely one of many possibilities of emphasizing al-
gorithmic and computational aspects of learning theory. In the next two chapters, we now
take a quantum computing perspective on learning, and also a learning perspective on quantum

information.
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Chapter 4

Variational Quantum Machine Learning

This chapter discusses a field lying at the intersection point of these two theories, namely the
theory of variational quantum machine learning (QML). More precisely, we focus on questions of
generalization in variational QML: We discuss generalization error bounds for supervised machine
learning models based on parametrized quantum circuits (PQCs) that are trained via classical
optimization.

The structure of this chapter is as follows: In Section 4.1, we describe how to use PQCs for ma-
chine learning on either classical or quantum data. Having defined the machine learning models
used in variational QML, we then proceed by giving an overview over generalization bounds
for such models in Section 4.2. In this discussion, we in particular distinguish between general-
ization guarantees arising from properties of the trainable part of the PQC (Subsection 4.2.1)
and, when using variational QML for classical data, generalization guarantees derived from the

classical-to-quantum data-encoding (Subsection 4.2.2).

4.1 Parametrized Quantum Circuits for Machine Learning

Variational Quantum Algorithms: In recent years, variational quantum algorithms (VQAs)
have established themselves as a promising candidate for applications of near-term quantum com-
puting architectures. VQAs are based on parametrized quantum circuits (PQCs), i.e., quantum
circuits containing gates that depend on classical parameters. Crucially, while the quantum
circuits themselves are run on a quantum computer, the classical parameters are trained using
classical optimization with respect to a certain target function. More precisely, the quantum
computer is typically used in the evaluation of the target function and its gradient, the latter
often achieved through so-called parameter-shift rules [81, 82|, but then the remaining parame-
ter optimization is performed classically. This delegation of the optimization task to a classical
computer is what can make VQAs viable already on noisy intermediate-scale quantum devices,
in what was termed the “NISQ era” by John Preskill [83]. Among the early works on VQAs,
in particular the variational quantum eigensolver (VQE) [84] for approximating ground state
energies of a Hamiltonian and the Quantum Approximate Optimization Algorithm (QAOA) for
approximating the solutions of combinatorial optimization problems [85] have spurred further

research into the potential of such hybrid quantum-classical methods. In this chapter, we focus
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specifically on the use of PQCs for machine learning. We refer interested reader to the review [86]

for a broader overview over VQAs.

PQCs and Variational QML: As described above, PQCs lead to classically trainable models
and therefore naturally lend themselves to applications in machine learning by optimizing the
parameters in the circuit to perform well on a given training data set. We will refer to QML
models implemented by classically optimizing a PQC on data as PQC-based QML models or
variational QML models. Since the first proposals of variational QML in the influential works [87—
89], this field has attracted significant interest. In particular, works such as [90-94] are beginning
to understand challenges arising when training variational QML models. Moreover, several works
present numerical experiments exploring applications of variational QML, as for example [87, 88,
95-97]. For the purposes of this thesis, however, we focus on a mathematically rigorous analysis

of generalization in variational QML.
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Figure 4.1: A schematic of a PQC for quantum data, here for n = 5 qudits and locality parameter
k = 2. The circuit, which can act on any n-qudit input state, consists of k-local trainable gates
T; = T;(0) (red) and fixed (potentially global) gates Fy (blue). At the output of a circuit, a
(potentially global) measurement is performed.

Mathematical Framework for PQC-based QML Models: We dedicate the remainder of
this subsection to a careful formulation of a mathematical framework formalizing the discussion
above. We begin by presenting PQCs that can be used to learn from quantum data. We describe
such a PQC by a quantum circuit on n qudits, schematically depicted in Fig. 4.1, consisting
of two types of gates: On the one hand, it contains trainable gates T;, which we assume to be
k-local for some n-independent k& < n. These gates are trainable in the sense that they depend
on some parameter vector € with real entries, that is, T; = T;(0). Note: We do not require the
trainable gates to be geometrically local. For example, for k = 2 we also allow trainable gates to
act on two non-neighboring qudits. On the other hand, the circuit contains fixed gates Fy, which
are allowed to be global. Importantly, these fixed gates are not trainable. In this thesis, quantum
circuits and the gates therein are not restricted to unitaries but can be CPTP maps. Thus, we

ascribe the variational QML model corresponding to such a PQC on n qubits the parametrized
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CPTP map T, gMLM € CPTP4n obtained by composing the circuit gates according to the circuit

structure.

Viewed in this way, a variational QML model naturally acts on quantum data, since quantum
states are the natural inputs for CPTP maps. When aiming to use a PQC-based QML model for
learning with classical data, we can add a further type of gate to the PQC. Namely, as depicted
in Fig. 4.2, we may add an initial circuit layer with a (potentially global) CPTP map E that
depends on the classical data input x, that is E = E(x). If we fix the input state to be (]0) (0])®",
the first layer implements a classical-to-quantum data encoding x — p(x) = E(z) ((]0) (0))®™),
on which the remaining PQC then acts. We will refer to such a PQC as encoding-first PQC.
Mathematically, we can describe an encoding-first PQC either by considering the encoding x
p(x) and the parametrized CPTP map T(?MLM € CPT Pgn separately, or by viewing the whole
PQC as implementing a CPTP map ngALM € CPT P4, depending on both the inputs  and
the choice of parameters 6, where we focus on the action of T:SgILM on (|0) (0])®". Notice that,
with this choice of notation, Tag " ((|0) (0))®") = Tg""™ (p(x)).
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Figure 4.2: A schematic of an encoding-first PQC for classical data, here for n = 5 qudits and
locality parameter k = 2. The circuit, acting on the (]0) (0])®"-state, consists of an encoding
gate £ = FE(x) (green), preparing the data-encoding state p(x), followed by k-local trainable
gates T; = T;(0) (red) and fixed (potentially global) gates Fy (blue). At the output of a circuit,
a (potentially global) measurement is performed.

While encoding-first PQCs already provide a way of incorporating classical data inputs, this is not
the most general way. Namely, in the spirit of data re-uploading [98], we can allow for encoding
gates to be placed throughout the circuit, as illustrated in Fig. 4.3. Such a data re-uploading
PQC is then naturally described by a CPTP map ng/lLM € CPT Pgn that is “parametrized”
both by data inputs x and trainable parameters 6. Again, we focus specifically on the action
of ngALM on the state (|0) (0])®™. Note that encoding-first PQCs are a special case of data
re-uploading PQCs, in which the encoding and the trainable parts of the PQC are separate from
each other.

From now on, we will abuse notation in the interest of a unified presentation for the cases of
quantum and classical data: We will write T’ gg/ILM for the CPTP map associated to a variational

QML model, even if the QML model acts on quantum data. In this case, that is, for a quantum
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input £ = p € X = S(C?"), we use this notation for a PQC acting on quantum data by formally
identifying it with our notation for an encoding-first PQC in which we take the “encoding”
X > x — p(x) as given by the identity map X > & = p — p(x) = p. Continuing this abuse of
notation, in this case we also write ng/ILM((]m (0))®n) = TgMLM(p(a:)) to mean TgMLM(p).
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Figure 4.3: A schematic of a data re-uploading PQC for classical data, here for n = 5 qudits and
locality parameter k = 2. The circuit, acting on the (]0) (0])®"-state, consists of k-local trainable
gates T; = T;(0) (red), encoding gates E; = Ej(x) (green), and fixed (potentially global) gates
Fy (blue). At the output of a circuit, a (potentially global) measurement is performed.

Evaluating the Performance in Variational QML: To conclude our presentation of the
mathematical setting in which we prove our generalization bounds, we discuss how to evaluate
the performance of a PQC-based QML model. Here, we consider two options. For the first of
the two, we fix a Hermitian observable M € B(C%"). Then, given a variational QML model for
processing classical data, with associated parametrized CPTP map TS};/[LM € CPT Pgyn, for each

choice of parameters @, we can consider the function
fo: X =R, fow) =t [M-THMM ((j0) 0)*")] . (4.1.1)

That is, the function value fg(x) upon input x is the expectation value of the observable M when
measured in the state T, gg/ILM ((]0) (0])®™). Accordingly, the variational QML model implements
the hypothesis class

FAMIM — ()1 6 c ©} CRY, (4.1.2)

where © is the set of admissible parameters. Now, we have arrived at a real-valued concept class
for the QML model and can thus employ any loss function ¢ : R x R — R>q to evaluate the
performance of a hypothesis from FEMEM and work in the PAC setting of Chapter 3.

For the second option, we use observables not to define a hypothesis class associated to the
model, but directly to define a physically motivated notion of loss. Namely, for each (classical

or quantum) input « and for each (classical or quantum) output y, we let Og)sys € B(C") be
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a Hermitian loss observable. Then, on the data point (x,y), the variational QML model with

parameter setting @ incurs the loss
MLM
U6; @, y) = tr [0k - TH™(10) (0)*™)] - (4.1.3)

With this definition of loss in place, even without an intermediate hypothesis class, we can
again work in the PAC framework of Chapter 3: Our goal is to achieve a small expected loss
(with high probability), where the expectation is over a data-generating probability measure
P € Prob(X x )Y). And we study generalization guarantees to justify an approach towards this

goal based on training the model to achieve small empirical risk on training data.

Variational QML and Kernel Methods: Above, we have introduced variational QML based
on PQCs. At this point, we shortly mention a second influential perspective on quantum circuits
in quantum machine learning, through the lens of kernel models. Kernel methods are a well
established framework in classical machine learning theory [99]. Here, we embed training data
into a (typically high- or even infinite-dimensional) feature space and then optimize a loss function
over linear models in feature space. This optimization is analytically tractable for several cases
of interest, for example using kernel ridge regression for a least squares loss with Tikhonov
regularization (compare, e.g., [36, Section 3.6]). Importantly, combining the so-called “kernel
trick” with the Representer Theorem [100, 101], solving this optimization and evaluating the
obtained function does not require explicit knowledge of the feature map or computations in
the high-dimensional feature space, but can be achieved given only the ability to compute inner
products with the feature vectors associated to the training data instances. This makes kernel

methods attractive both for theoretical analysis and numerical implementations.

In this spirit, one can study quantum kernel methods, that is, quantum machine learning using
kernels that can be evaluated on a quantum computer, as advocated for, e.g., in [87]. Here,
one considers mapping classical data to n-qudit quantum states, thereby embedding into the
d™ x d"-dimensional feature space of Hermitian operators. In this feature space, linear models
correspond to Hermitian observables. A detailed review of the literature on quantum kernels is
beyond the scope of this thesis, we only discuss their connection to our framework of variational
quantum machine learning. Quantum kernel methods are effectively equivalent to encoding-
first PQC-based QML models in which we allow for PQCs of arbitrarily large depth [102, 103].
As pointed out by [102, 104], this means that quantum kernel methods outperform variational
QML models with respect to training performance, however, potentially at the cost of a worse
generalization performance. In the next section, we discuss how limiting the size and depth of
PQCs used for QML leads to generalization guarantees. In particular, we do not work in the
infinite-depth regime, which would give rise to quantum kernel methods. Therefore, our results
hint at the “hidden” infinite depth in quantum kernel methods as a potential explanation for

their sometimes problematic generalization behavior.
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4.2 Generalization Guarantees for Variational Quantum Machine

Learning

From the very definition of a PQC, three natural sources for “complexity” — thought of in the
learning-theoretic sense of Section 3.2 — in a PQC-based QML model arise. First, the train-
able elements in a PQC crucially influence the generalization performance of the corresponding
variational QML model. This facet of generalization in variational QML is the focus of Sub-
section 4.2.1. Second, also the choice of the measurement performed at the output of the PQC
can be important for generalization. In this thesis, we do not investigate this aspect of the
problem in detail, but instead refer the interested reader to [105]. And third, when using a
PQC-based QML model to process classical data, also the strategy for encoding the classical
inputs into the quantum circuit is relevant from the perspective of generalization. We discuss
this in Subsection 4.2.2.

While these three approaches to generalization in variational QML cover a significant fraction
of the literature on rigorous generalization guarantees for PQC-based QML, some recent works
have explored different paths. Before discussing generalization bounds derived from the trainable
part and the encoding strategy in a PQC in more detail, we highlight some of these alternative
approaches. On the one hand, [96] suggested to use the so-called empirical Fisher information
matrix to define a new complexity measure, which they termed effective dimension, a local
variant of which was recently considered for generalization in classical machine learning [106].
On the other hand, [107] proposed a quantum information-theoretic approach towards bounding
both the generalization and the approximation error that a PQC-based model achieves in a
classification task. Both of these works take a holistic perspective on the PQC, not separating
trainable gates from the encoding gates or from the measurement. While this perspective has the
advantage of incorporating the interplay between the different architectural elements in a PQC,
and potentially even the training procedure, the resulting generalization error bounds are not
easy to evaluate analytically except in simple examples. This is in contrast to the generalization

bounds presented in this chapter.

4.2.1 Generalization Guarantees Based on the Trainable Part

When trying to bound the generalization error of machine learning models, classical or quantum,
described by a concrete architecture, a natural approach is as follows: We bound the complexity
of the corresponding function class, measured by one of the complexity measures introduced in
Section 3.2, in terms of properties of the trainable elements in the model architecture. As a con-
crete classical example, we can aim to bound the complexity of a class of functions implemented
by a classical neural network in terms of the number of adjustable parameters (weights and bi-
ases) in the network (see, e.g., [108] and [33, Chapter 14]). In this subsection, we present two
ways of implementing this strategy of proving generalization bounds in the case of variational
QML models based on PQCs with local trainable gates.

First, in the case of a variational QML model for processing classical data, we can bound the
pseudo-dimension of the associated function class FMIM introduced in our first variant of

evaluating the performance of a QML model, in terms of the number of local trainable gates.
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With the notation and framework as formulated in Section 4.1, we can now reformulate the main

result of [1] as follows:

Theorem 4.2.1 (Pseudo-Dimension Bounds for variational QML (see [1, Theorems 2 and 4, Re-
mark 1])). Let X == {x € (CH)®" | ||z|, = 1} for some n,d € N>;. Consider an encoding-first n-
qudit PQC with I' € N 2-local trainable gates and the encoding map E : X — CPT Pan, E(x)(p) =
tr[p] |x) (x|, which leads to the classical-to-quantum data encoding x — tr[(|0) (0])®"] |z) (x| =
\x) (x|. Fiz the Hermitian observable M = (|0) (0])®™ € B(C?"). Then, the pseudo-dimension of

the associated function class FOMIM C [0,1]Y satisfies
Pdim(FMEM) < ¢ . Tlogy(T), (4.2.1)
where C = C(d) > 0 depends polynomially on d.

The proof of Theorem 4.2.1 is inspired by [109], which bounded the VC dimension of semi-
algebraic function classes in terms of the number and degrees of the involved polynomials. First,
we show that hypotheses in FOMEM can be written as polynomials with real coefficients, with
the entries of the trainable gates and the entries of the input vector as variables. Importantly,
we prove that the degree of these polynomials in the variables associated to the trainable gates
is bounded by 2d® - T'. This allows us to reduce questions of pseudo-shattering (as defined in
Definition 3.2.4) to questions of consistent sign assignments to polynomials. Similarly to [109],
we can now employ a result due to [9], which bounds the number of such sign assignments in
terms of the number and degrees of the involved polynomials, to obtain an upper bound on the
maximal size of a pseudo-shattered set and thus on the pseudo-dimension of FQMEM

Theorem 4.2.1 shows that, assuming a simple classical-to-quantum encoding strategy and a
specific observable, the learning-theoretic complexity of a variational QML model, as measured
by the pseudo-dimension of the associated function class, grows at worst slightly superlinearly
with the number of trainable gates in the PQC. It turns out that both the restriction on the
data-encoding and on the observable can be lifted and such a statement remains valid. In [6], we
prove a corresponding complexity bound for general PQCs, this time in terms of metric entropies

and for our second way of evaluating the performance in variational QML.

Theorem 4.2.2 (Metric Entropy Bounds for variational QML Models [6, Theorem 7, Proof of
Theorem 11]). Let X,) be some (classical or quantum) input and output spaces, respectively.
Consider an n-qudit PQC with I' € N k-local trainable gates. Fiz Hermitian loss observables
Olm%; € B(C™) with the corresponding loss function as in Eq. (4.1.3). Then, for any training

data set S = {(x;,yi)}I",, the empirical metric entropies of the function class
GWMIM .— (¥ x Y 5 (x,y) — £(O;x,y) | § € O} CRVY (4.2.2)

with respect to S satisfy

Closs - I'
IOgQN(gQMLM7 H'Hoo,S\X 78) < C- FIOgQ < IOS; > ) (423)
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for any e € (0,1], where C = C(d, k) > 0 depends polynomially on d and exponentially on k, and

loss
m’y :

we defined the quantity Closs = SUpPg ,, HO
The two crucial steps in proving Theorem 4.2.2 are: First, regard the space of possible choices
for a single k-qudit gate as a compact subset of a complex vector space whose dimension depends
only on k£ and d. Thus, we can use standard covering number bounds for norm balls in finite
dimensions (compare, for instance, [63, Corollary 4.2.13] or [36, Example 1.10]) to get covering
number bounds, depending only on k£ and d, for any single gate. Second, exploit the circuit
structure together with subadditivity of the 1 — 1 norm (or even the diamond norm) on CPTP
maps to construct from covering nets for the single gates a covering net for the whole PQC.
For this second step, it is also useful to observe that, by Holder’s inequality for Schatten norms,
€0 2.y) (0" .9)| < Close | T5((10) (0D) = 25 ((0) (0| . 50 we can effectively
ignore the loss observables in our covering number proofs when suitably taking the Lipschitz-type

constant Cjogs into account.

Given the relation between empirical covering numbers and the pseudo-dimension discussed in
Theorem 3.3.2 and the pseudo-dimension bound of Theorem 4.2.1, the slightly superlinear scaling
of empirical metric entropies with the number of trainable gates stated in Theorem 4.2.2 may
not be surprising at first glance. Indeed, plugging the pseudo-dimension bound of < I'log,(T")
into Theorem 3.3.2 leads to an empirical metric entropy bound of < I'log,(I") logy(1/e). Indeed,
while the bound in Theorem 4.2.2 provides the slightly better < T'logy(T'/e), the scaling in
I', the relevant parameter of the PQC, is the same in both bounds. However, importantly, the
complexity bounds of Theorem 4.2.2 apply to general PQCs, without restrictions on the encoding
strategy or the measurements. Moreover, in [6, Theorem 9|, we also show that the reasoning
behind Theorem 4.2.2 extends to even more general PQCs, e.g., when multiple copies of a QML
model are run in parallel, or when not only continuous parameters inside gates but also discrete
structural parameters are optimized during training. While also the pseudo-dimension bounds
of |1] can be generalized, e.g., to data re-uploading PQCs, these extensions are arguably more
straightforward on the level of covering numbers. Nevertheless, the empirical covering number
bounds of Theorem 4.2.2 do not constitute a strict generalization of the pseudo-dimension bound
of Theorem 4.2.1 because, as discussed after Theorem 3.3.2, there is no general upper bound on

the pseudo-dimension via empirical covering numbers.

Using the machinery of Section 3.2, the complexity measure upper bounds of Theorem 4.2.1
and 4.2.2 imply generalization guarantees. More concretely, starting from the pseudo-dimension
bound, we can invoke [57, Corollary 3.3|] or combine Theorems 3.2.9, 3.3.2, and 3.3.3. And
given the empirical metric entropy bound, Theorems 3.2.9 and 3.3.3 together give generalization
error bounds. These different pathways all lead to a generalization guarantee of the following
flavor: A training data size scaling effectively as ~ I"logy(T") is, with high probability, sufficient
for good generalization when using a variational QML model based on a PQC with I' k-local
trainable gates. While such guarantees become particularly useful for PQCs with especially few
trainable gates, they already give an interesting insight for efficiently implementable variational
QML models: If we use a PQC with poly(n) k-local trainable gates for machine learning, poly(n)

training data points suffice to guarantee good generalization, with high probability.
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A Quantum Process Tomography Perspective: In the discussion above, we have empha-
sized the perspective of variational QML. That is, we have interpreted PQCs in terms of the cor-
responding QML models, and we have used the complexity measure bounds from Theorems 4.2.1
and 4.2.2 to obtain generalization guarantees for them. At this point, we describe a somewhat
different perspective on the above results, in the spirit of [1, Section 4.2]. Namely, if the above was
a (quantum) machine learning perspective, we now take a more quantum information-theoretic
perspective and interpret the results from the perspective of quantum process tomography.

It is well known that full quantum state and process tomography are information-theoretically
expensive tasks, requiring a number of samples of the unknown state or process that grows ex-
ponentially in the number of qudits involved [110]. However, depending on the task at hand,
full tomography might not be necessary. Theorems 4.2.1 and 4.2.2 and the corresponding gen-
eralization bounds tell us that a probably approximately correct variant of quantum process
tomography for an unknown quantum circuit with I' unknown k-local gates is possible already
from roughly ~ T'logy(T") training samples. In particular, if the unknown circuit has poly(n)
gates, then poly(n) samples are sufficient for PAC quantum process tomography. This can mean
a significant improvement in sample size compared to the exp(n) samples required for full process
tomography. Note: As both [1] and [6] also contain results similar to Theorems 4.2.1 and 4.2.2
that apply to variable-structure PQCs, we can obtain useful sample complexity bounds for PAC
process tomography even without assuming the structure of the unknown quantum circuit to be
known in advance.

The interpretation of the above as results about a relaxed version of quantum process tomog-
raphy fits well into recent developments in quantum information research focused on learning
classical representations of quantum objects from data. Notable papers in this direction in-
clude [111-123]. We can trace this line of research back to the PAC variant of quantum state
tomography introduced by [124]. For comparison, while [124] proved that “pretty good quantum
state tomography” of an unknown n-qubit state is possible from training data of size scaling
linearly in n, Theorems 4.2.1 and 4.2.2 imply that “pretty good quantum process tomography”
for an unknown quantum circuit with I" k-local gates is possible from training data of size scaling

slightly superlinearly in T

Comparison to related work: We conclude this subsection by comparing the results of
Theorems 4.2.1 and 4.2.2 and the corresponding generalization bounds with two selected related
works. In [1], we used pseudo-dimension bounds as in Theorem 4.2.1 in combination with results
of [57] to deduce generalization guarantees for learning PQCs in a realizable setting. Ref. [125]
shows similar generalization bounds also in the agnostic setting. While not explicitly stated
in [1], our pseudo-dimension bounds for parametrized quantum circuits imply empirical covering
number bounds when combined with Theorem 3.3.2. In fact, the bound obtained through this
combination recovers the scaling in the number of trainable gates in the PQC stated in [125,
Theorem 5], extends this bound beyond unitary circuits to CPTP circuits, and, in contrast to
the bound of [125, Theorem 5], is independent of the sample size.

A further work showing empirical covering number bounds for PQCs is [126]. In fact, the

empirical metric entropy bounds proved in [126] are similar to those of Theorem 4.2.2. However,
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the attention in [126] is restricted to unitary PQCs acting on quantum data, whereas our results
in [6] apply also to PQCs for processing classical data and for PQCs consisting of general CPTP
gates. Moreover, we significantly extend the reach of the proof technique to include more general
PQC architectures, as already discussed above. Finally, our more careful application of methods
from statistical learning theory in [6] leads to a quadratic improvement in the dependence of the
generalization error bound on the number of trainable gates compared to [126, Theorem 2].

With this, we end our discussion of generalization guarantees for PQC-based variational QML
models arising from properties of the trainable part of the PQC. We now turn our attention to

how the choice of classical-to-quantum encoding strategy can influence generalization.

4.2.2 Generalization Guarantees Based on the Data-Encoding

Whereas the results from Subsection 4.2.1 apply for variational QML models independently of
whether they are used on classical or quantum data, in this subsection, we focus on the case of
classical data inputs. In this scenario, we have to decide how to encode classical data into the
quantum circuit. Here, we investigate the impact of the choice of an encoding strategy on the

generalization behavior of the QML model.

From PQCs to Generalized Trigonometric Polynomials: As pointed out by [127, 12§],
the choice of classical-to-quantum encoding is crucial to the expressive power of a PQC for pro-
cessing classical data. With the perspective on PQCs put forward in [4, 127, 128], we can make
this intuitively reasonable statement mathematically precise for a broad class of encoding strate-
gies. Namely, for the input space X = [0,27)¢ of d-dimensional vectors of angles, we consider
data-reuploading PQCs as in Fig. 4.3 and additionally assume that all encoding gates are of
the form Ej : [0,2m)% — CPTP u;, Ej(x)(p) = e~ it petni i for some k; € {1,...,n} and
nj € {1,...,d}. That is, upon input x, the 4™ encoding gate implements the unitary channel
on the associated k; qudits obtained by evolving along the time-independent Hamiltonian H; for
time x,;. While more general encoding maps are mathematically possible, the above class already
covers a variety of commonly used ansétze in which classical inputs are processed as rotation
angles, among them the hardware-efficient ansatz [129]. For these encodings, we now study func-
tions fg € FOMM, which by Eq. (4.1.1) can be written as fo(2) = tr | M - T2 ((|0) <0|)®n)}
for some Hermitian n-qudit observable M.

By writing out the action of nglLM

as dictated by the circuit structure and then iteratively
expanding in the eigenbases of the respective encoding Hamiltonians, Refs. [4, 127, 128] show

that any fg € FIMIM implemented by the PQC-based QML model can also be written as

fox) =" coexp(—iw - ), (4.2.4)

we

for some coefficients (cu)wen € C such that [|f||,, < ||M]||. Here, w - x denotes the standard
inner product between the vectors w € R? and x € [0, 27)%, and Q C R? is the set of admissible
frequency vectors, which is determined by the spectra of the encoding Hamiltonians H;. In
contrast, the coefficients (cy)wen depend on the choice of parameters 8, the measurement M,

and on the eigenbases of the encoding Hamiltonians H;. We will use the terminology of [4]
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and refer to Eq. (4.2.4) as the generalized trigonometric polynomial (GTP) representation of fg.
Here, the “generalized” expresses that, when using Euler’s formula to rewrite Eq. (4.2.4) in terms
of trigonometric functions, their arguments are of the form w - & with w not necessarily a vector
with integer entries.

In [4, Section 3|, we give a concrete prescription for how to obtain the frequency set Q from
the encoding Hamiltonians H;. While determining the exact coefficients (¢, )wen when starting
from the PQC structure is challenging, the above GTP representation allows us to upper bound
the complextity of FMIM Ly ypper bounding the complexity of the superset of GTPs with
frequency spectrum ) and infinity norm bounded by ||M||. That is, we can focus our attention

on the class

FOTP — {[O,27r)d Sk f(x) = Z cwexp(—iw - x) | || fllo < ||M||} . (4.2.5)

weN

Generalization Bounds for GTPs and PQCs: We give the following two complexity

JT_’GTP

bounds for in terms of the size of the admissible frequency spectrum:

Theorem 4.2.3 (Rademacher Complexity and Metric Entropy Bounds for GTPs [4, Lemmas 3
and 9]). Let d € N>y. Let FSTP be the hypothesis class defined in Eq. (4.2.5). Let m € N>q and
x1,... T, € [0,27)%.

1. The empirical Rademacher complexity of FETY with respect to S|y = {x1,...,xm} can be
upper-bounded as
. Q| log (|2
R, (FETP) < € (2m)% | M) - 1 loa (<) (4.2.6)
m
where C' > 0 is some universal constant.
2. Let e > 0. The empirical metric entropy of FCTT with respect to Slx =A{x1,...,xn} can
be upper-bounded as
d
2m)2 || M|| - |92
logs N(FOTT, .51, :2) < €+ 9] log <( I ‘) o (2

where C' > 0 is some universal constant.

To prove the Rademacher complexity bound, we show how to interpret FETP as a class of
functions implemented by a simple classical neural network with a single hidden layer and with
trigonometric activation functions. For such an architecture, we can then bound the empirical
Rademacher complexity, here |2 acts as the number of neurons in the hidden layer. Our proof of
the empirical metric entropy bound relies on the insight that || limits the effective dimensionality
of FETP We make this intuitive statement formal by showing how to lift covering nets from an
object in a |Q|-dimensional normed real vector space to obtain covering nets for FGTP,

Using the tools introduced in Chapter 3, namely Theorems 3.2.9 and 3.2.15, we can use the
complexity bounds of Theorem 4.2.3 to derive generalization bounds for classes of GTPs. As the

bounds in Theorem 4.2.3 crucially depend on ||, the size of the admissible frequency spectrum,
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so do the resulting generalization error bounds. Namely, we obtain generalization guarantees
of the following type: A training data size scaling effectively as ~ |Q2|log(|€2|) is, with high
probability, sufficient for good generalization when using a QML model with a GTP hypothesis
class FCTP with frequency spectrum €. In this informal statement of the generalization bound,
we focus on the dependence on |[Q2]. A more detailed statement, including the dependencies on
||M|| and d, can be found in [4, Theorems 6 and 10].

While the generalization error bounds just discussed apply to classes of GTPs, together with our
above observation the functions implemented by data re-uploading PQC-based QML models can
be understood as GTPs, they imply generalization bounds for variational QML. Importantly,
the |Q|-dependence on the level of GTPs becomes a dependence on the classical-to-quantum
data-encoding strategy on the level of PQCs, since €2 is determined by the encoding Hamiltoni-
ans. Moreover, as we show in detail in [4, Section 6|, for different natural choices of encoding
Hamiltonians, || can be upper-bounded by an expression polynomial in the number of encoding
Hamiltonians appearing in the PQC. For example, if we restrict the set of possible encoding
Hamiltonians to Pauli strings, then |Q| < (% + l)d, with NV the number of encoding Hamiltoni-
ans. Thus, the generalization bounds proved in this subsection depend explicitly on architectural
properties of the data-encoding strategy, such as which encoding Hamiltonians are used and how

often they appear.

Outlook: Combining Different Generalization Guarantees: In this Chapter, we have
described two different routes towards understanding the generalization behavior of PQC-based
variational QML models, first via the trainable gates, then via the encoding gates. There is
a natural strategy for combining the two bounds obtained in this way, namely via a simple
union bound, as discussed in [4, Section 7|. In fact, given a countable number of generalization
bounds for the same class, we can always combine them using a union bound. In the case of
variational QML, such a reasoning effectively allows us to pick whichever generalization bound
among the trainable-gate-based or the encoding-gate-based on is stronger. This implies that
even a PQC-based model with many trainable gates can enjoy good generalization if it contains
only few encoding gates and vice versa. In particular, as soon as at least one among the number
of trainable gates or the number of encoding gates scales only polynomially with the number of
qudits, then training data of size scaling polynomially in the number of qudits will suffice for
good generalization.

As a final comment for this chapter, we want to emphasize that this union bound-based reasoning
for obtaining generalization bounds that depend on both the trainable and the encoding part
of a PQC is only possible a posteriori, once separate generalization bounds for trainable and
encoding part are available. As such, this approach fails to take interactions between these two
parts into account. This points to a path for tightening our generalization guarantees: Instead of
studying separately the effects of the trainable gates and the encoding gates on the generalization
performance of the variational QML model, we may want to take both of them into account at
the same time. For example, studying the coefficients (cy)weq that can appear in the GTP
representation of functions implemented by a PQC-based model in more detail could be one way

of incorporating the trainable part into our reasoning for data re-uploading PQCs.
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Chapter 5

Learning from Quantum Data

In Chapter 4, we presented variational quantum machine learning as one confluence of quantum
information theory and statistical learning theory. In particular, we saw that variational quantum
machine learning can be applied both to classical and quantum data. This chapter takes a
broader perspective on problems of learning from quantum data and explores the training data
requirements for two concrete tasks.

The chapter is subdivided into two parts. First, in Section 5.1, we consider a model of learning
classical functions from quantum superposition examples and discuss the specific case of learning
Boolean linear functions in more detail. Second, in Section 5.2, we turn our attention to tasks
of learning quantum processes from quantum data, with a focus on a toy model for learning

quantum state preparation procedures.

5.1 Learning Classical Concepts from Quantum Examples

A prominent line of research in quantum learning theory revolves around learning classical
Boolean functions assuming quantum data access. While such data access can come in different
forms, among them quantum membership queries [130-132] and quantum statistical queries [133],
we focus on quantum superposition examples as introduced in [134] and refer the reader to the
survey [135] for an overview over other approaches.

Classically, as discussed in Chapter 3, given a data-generating distribution P € Prob(X x ))
for some input space X and output space ), a training example (x,y) in statistical learning
theory is drawn at random according to the distribution P. If & = {0,1}" for some n € N>;
and Y = {0,1}, we take a quantum superposition example for P to be a pure quantum state of

the form

o N VP@y ey, (5.1.1)

xc{0,1}" ye{0,1}

a superposition of computational basis states [134]. A corresponding quantum training data set
of size m is then given by the m™ tensor power of the state in Eq. (5.1.1). In particular, for a

setting of realizable learning, where P € Prob({0,1}") is a probability distribution over n-bit
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inputs and there is some (unknown) target function f, : {0,1}" — {0,1}, the corresponding

quantum superposition example is

[Wpp) = Y VP@)z, f(@) (5.1.2)

xe{0,1}"

and a quantum data set is again obtained by taking a tensor power of this state. Such quantum
examples are at least as information-theoretically powerful as their classical counterparts, since
we can generate a suitably randomly sampled classical example by performing a computational
basis measurement on the state in Eq. (5.1.1) or (5.1.2). However, it is a priori unclear whether
quantum superposition examples are strictly more powerful than classical examples and, if so,
for which tasks. And even if the physical plausibility of such quantum data is still a matter
of debate, compare the discussions in [136, 137], we can already investigate its potential and

limitations mathematically.

In the case of distribution-independent PAC learning, both agnostic and realizable, the series of
works [79, 138, 139] has shown that the sample complexities of learning from classical and from
quantum examples differ by at most a constant factor. Both are characterized in essentially the
same way by the VC dimension of the hypothesis class under consideration. Therefore, when
trying to separate classical from quantum examples, we investigate distribution-dependent learn-
ing scenarios, in which the underlying distribution is known to the learner in advance. By now,
there are several results about advantages, both information-theoretical and computational, of
quantum over classical training data for distribution-dependent PAC learning [5, 11, 12, 14, 132,
134, 140-143]. Most of these works considered learning with respect to the uniform distribution,
ie., with P(z) = /2~ for all € {0,1}". In the remainder of this section, we discuss how
quantum Fourier sampling can serve as a useful tool for learning from quantum superposition
examples and present the concrete task of learning Boolean linear functions in more detail. For
both of these points, we will not restrict our attention to the uniform distribution, but allow for

more general biased product distributions.

Quantum Fourier Sampling as a Subroutine for Quantum Learning: Since the pio-
neering works [144, 145|, Fourier analysis has played an important role in the learning theory of
Boolean functions. As nicely presented in [146, Chapter 3|, recent decades have led to a variety
of insights into the complexity of the Fourier spectrum for certain classes of Boolean functions,
as well as into the resulting implications for learning theory. Here, we only partially review the
basics of Fourier analysis for Boolean functions and sketch some of its applications for learning

algorithms, with a particular emphasis on quantum learning.

Before beginning our short review, the material of which can be found in [146, Section 8.4],
we recall that equivalently to the view of Boolean functions as mapping elements of {0,1}" to
{0,1}, after the simple relabeling 0 — 1 and 1 — —1, we can regard them as mapping elements of
{=1,1}" to {—1,1}. The latter is the perspective on Boolean functions taken in our presentation

of Fourier analysis. We first define the underlying probability distributions that we use:
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Definition 5.1.1 (Biased Product Distributions). For a bias vector p = (u1, ..., u,) € [—1,1]7,

we define the corresponding p-biased product distribution on {—1,1}" via

n

T+ 2 n
Pu(x) ::H#, for @ = (z1,...,20) € {-1,1}". (5.1.3)
=1

Such a probability distribution now gives rise to an inner product on R-LL" defined as

(f,9u =Eenp,[f(z)g(x)], for fig:{-1,1} - R. (5.1.4)

If we define, for j = (ji,...,jn) € {0,1}", the function

bpj {11} =R, b, (@) = H AU (5.1.5)

then the set {¢, j}je0,1)» forms an orthonormal basis for (RU=B1" (.Y ,). We can now expand
any Boolean function f:{—1,1}" — {—1,1} in terms of this ortonormal basis to obtain its -

biased Fourier expansion. That is, we define the p-biased Fourier coefficients of f as

A~

fuld) = Eanp, [f(®)Pp ()], (5.1.6)

so that f(x) = > ;c(0,13n Fu(d)pj(z) holds for all € {—1,1}". We will refer to the collection
of p-biased Fourier coefficients as the p-biased Fourier spectrum of f. If p =0 € [—1,1]" is
the zero vector, which means that P, is the uniform distribution over {—1,1}", we simplify
the notation for Fourier coefficients as f(j) == fo(j). Notice that, for f : {—1,1}* — {—1,1},

Parseval’s identity becomes

Y (Fuld) = Eoenlf@? =1, (5..7)

je{o,1}n

So, the squares of the p-biased Fourier coefficients form a probability distribution over the
Boolean hypercube {0, 1}".
One way of connecting the notions of Fourier analysis introduced above to learning-theoretic

questions goes through the following elementary observation:

Lemma 5.1.2 ([144, Lemma 9|). If f : {—=1,1}" = {—1,1} and g : {—1,1} — R, then

Por, (@) # sn(9(@))] < Eaur, (/@) — 9@) 1 = Y (Fuli) —0u(@) - (518)

ge{o, 1}
Here, sgn denotes the sign function, where 0 is assigned sign +1.

As a consequence of this Lemma, whenever we are able to approximate the p-biased Fourier
coefficients of an unknown Boolean function f, then we obtain a corresponding PAC approxima-
tion to f with respect to the 0-1-loss and the underlying distribution P,. In general, without
prior assumptions on the Fourier spectrum of f, this approach towards learning f requires us to

approximate an exponentially-in-n large number of Fourier coefficients, and thus does not lead to
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an information-theoretically or computationally efficient learning strategy. If, however, we know
a priori that the set of non-negligible Fourier coefficients has small cardinality, the approach can
be more fruitful, especially if that set is known in advance.

Quantum Fourier sampling can serve as a subroutine for identifying the relevant Fourier coeffi-
cients of an unknown Boolean function, assuming quantum example access. At the basis of this
approach lies the biased quantum Fourier transform, extending the standard quantum Fourier

transform [13]:

Definition 5.1.3 (Biased Quantum Fourier Transform [14]). For n € N> and a bias vector
p € (—1,1)", the n-qubit p-biased quantum Fourier transform Hj, acts on a computational basis
state |x) with ¢ € {—1,1}" as

Hplo) = Y /Pu(@)du;(@)4) . (5.1.9)

je{o,1}n

Armed with the unitary Hj;, we can describe the procedure for p-biased quantum Fourier
sampling: Given a quantum example [Vp, f) = 3 peq 11y VPu() |z, f(z)) of a function
f:{=1,1}" — {0,1} — this is the same as in Eq. (5.1.2) up to a relabeling of inputs — we apply
H,, to the first n-qubits and H = H& to the last qubit, and then measure all n 4+ 1 qubits in the

computational basis. When following this prescription, the output is as follows:

Lemma 5.1.4 ([14, Lemma 3|). When performing p-biased quantum Fourier sampling on a
quantum example |Vp, r) = Zwe{—l,l}” \/mhc,f(ac)) of a function f:{-1,1}" — {0,1},
we observe the measurement outcome 1 for the last qubit with probability % Conditioned on
that event, we observe outcome j € {0,1}" for the first n qubits with probability (Qu(g))z, where
g:{=1,1}" = {=1,1} is defined as g(x) = (—1)/ @),

Hence, as its name suggests, p-biased quantum Fourier sampling indeed allows us to sample
from the probability distribution formed by the squares of p-biased Fourier coefficients of the
unknown function, assuming access to quantum superposition examples. In particular, repeating
this sampling with multiple quantum examples, we can identify the non-negligible Fourier coef-
ficients of the unknown function, thereby achieving an important first step for a Fourier-based
learning strategy. Notably, classical Fourier sampling from an unknown Boolean function via
the Goldreich-Levin algorithm [147] works on the basis of membership access, whereas quantum

example access is sufficient for quantum Fourier sampling.

Learning Boolean Linear Functions From Quantum Examples: Learning strategies
based on quantum Fourier sampling have proven useful for a variety of function classes, among
them disjunctive normal forms [14, 134, 140] and Fourier-sparse functions [132]. In addition,
and interestingly from a cryptographic perspective, Fourier-based quantum learning has suc-
cessfully been used for exactly learning Boolean linear functions with respect to the uniform
distribution [13], even from noisy quantum data [11, 12, 142|. Here, we take exact learning
of Boolean linear functions as an example to analyze the possible advantage of quantum over

classical examples as the underlying distribution deviates from uniformity.
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A Boolean linear function described by a bit string a € {0,1}" is defined as

n

F9 -1 = {01}, f )= a

=1

1—.1’1'
2

(mod 2). (5.1.10)

When the underlying distribution is uniform, the Fourier spectrum of a Boolean linear function
is particularly simple. Namely, for g(® : {—1,1}" — {—1,1} defined as g(® (x) = (—l)f<a>(m) we
have §(@)(j) = 844 for j € {0,1}". In particular, as observed in [13], a single successful run of
unbiased quantum Fourier sampling on a quantum example state of an unknown Boolean linear
function suffices to identify the unknown string a exactly. Here, we speak of a successful run
if the measurement outcome observed for the last qubit is 1. As a single run is successful with

probability 1/2, this observation implies:

Lemma 5.1.5. Let § € (0,1). In the case of no bias, that is p =0 € [—1,1]", if a € {0,1}"

Qa

is an unknown n-bit string, O (logy (1/5)) quantum examples [{p, ¢@)) of (@ suffice to exactly

identify a, with probability > 1 — 6.

Interestingly, the upper bound on the sufficient training data size in Lemma 5.1.5 is independent
of n. In contrast, solving the analogous classical learning problem — that is, exactly identifying an
unknown a € {0,1}" from classical training examples (z1, £ (21)),..., (Zm, [ (2y)), with
the x; drawn i.i.d. from the uniform distribution over {—1,1}" — requires a training data size
of m = Q(n). This well-known fact can, e.g., be proven through information-theoretic consid-
erations, compare [5, Theorem 5|. Therefore, for the problem of exactly learning an unknown
Boolean linear function with respect to the uniform distribution, quantum superposition exam-
ples provide an information-theoretic advantage over classical examples: Whereas the classical
sample complexity depends linearly on n, the quantum sample complexity is independent of n.
This advantage quite directly translates into a similar one in terms of computational complexi-
ties. And while the classical version of the problem can be solved using O(n) examples and thus
efficiently, this simple quantum speedup and its relatives can offer us further insight into the
power of quantum examples.

A variant of the problem of learning linear functions, the so-called “Learning With Errors (LWE)”
problem, or more precisely its assumed hardness, is important for cryptographic purposes [148].
Classically, in LWE for bits — in which case the problem is also referred to as “Learning Parity
With Noise (LPN)” -, training data takes the form {(z;, f(® (x;) + e;)}7,, where the x; are
drawn i.i.d. uniformly at random from {—1,1}", a € {0,1}" is an unknown (possibly also
randomly chosen) bit string to be identified, and the e; are noise terms drawn i.i.d. from some
error distribution over {0,1}. While classical algorithms for LPN and LWE with sub-exponential
sample and/or time complexity have been proposed [149-151|, no polynomial-time algorithm is
known. In contrast, as demonstrated by [11, 12, 142], even noisy quantum algorithms still allow
for simple efficient Fourier-based quantum learning algorithms. Here, in the interest of brevity

of presentation, we reproduce an informal statement from [12] in a simplified form:

Theorem 5.1.6 ([12, Main Result (Informal)|). For error distributions used in cryptographic

schemes, and for any § € (0,1), there exists a Fourier-based quantum learning algorithm that
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solves LWE with probability > 1 — 6 using O (nlogy (1/5)) noisy quantum examples and that runs
in time poly (n,log, (1/6)).

Thus, when adding noise the quantum examples, quantum Fourier sampling still proves to be
a powerful tool for learning Boolean linear functions, even if the sample and time complexity
bounds now become n-dependent.

In [5], we explored how the sample and time complexities, both for the noiseless and for the noisy
case, change if the underlying distribution is no longer uniform but can be a general biased prod-
uct distribution. Importantly, if the underlying distribution is biased, the correspondingly biased
Fourier spectrum of a linear function is no longer a simple delta function. However, as we show
in [5, Lemma 4], also the biased Fourier spectrum has a distinct structure, which can be exploited
to generalize the Bernstein-Vazirani algorithm to the biased case, compare [5, Algorithm 2]. If
the bias is small enough, this leads to a quantum learning algorithm that essentially recovers the
n-independent sample complexity upper bound of O (log, (1/6)) of the unbiased case [5, Theorem
3]. Even for larger bias, as long as no input bit is fully biased to £1, the generalized version of
Bernstein-Vazirani can serve as the basis of a quantum exact learner for linear functions, then
again with a sample complexity upper bound polylogarithmic in n [5, Theorem 4]. In the case of
large bias, such a polylogarithmic dependence cannot be avoided [5, Theorem 6|. For small bias,
we additionally show that linear functions can be learned from noisy quantum examples with a
sample complexity that depends polylogarithmically on n, under a certain structural assump-
tion on the noise model [5, Appendix A.1]. This strengthens the case for noise-robustness of
Fourier-based quantum learning, providing a better bound than Theorem 5.1.6 for more general
distributions under slightly more restrictive noise models. Moreover, our results in [5] provide
quantitative insight into how the power of quantum superposition examples depends on the

superposition weights.

5.2 Learning State Preparation Procedures from Quantum Data

In the framework of Section 5.1, the training data was quantum, but the object to be learned
was still a classical function. This section now considers learning settings in which the object to
be learned is itself quantum, which makes it natural to let the data and learning algorithms be
quantum as well.

To describe such a quantum learning problem, we imagine an unknown physical process as the
object to be learned. According to the mathematical framework introduced in Chapter 2, we
can thus think of an unknown CPTP map as the target object of learning. We can now consider
different scenarios of obtaining information about the unknown process. For example, in the
spirit of Chapter 3, we might describe models of learning a CPTP map from data consisting of
randomly sampled quantum input-output examples, as in [3, 152]. However, we can also consider
scenarios of learning from queries, in which a learner can query the unknown map multiple times
and we allow queries and the processing thereof to be adaptively chosen depending on previous
steps of the protocol. Scenarios like this were explored in [153-158|.

These different formulations of quantum learning models raise new questions beyond those com-

mon in classical learning theory. On the one hand, we have to physically justify the form of
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training data. For instance, as discussed in [152], due to the no-cloning theorem for quantum
states, not in all scenarios of randomly sampled examples is it reasonable to assume that a
learner has access to both quantum input and quantum output states at the same time. To
avoid this issue, |3, 152] take examples consisting of a classical description of an input state and
an actual quantum copy of the corresponding output state. On the other hand, novel quantum
learning scenarios also allow for qualitatively different kinds of learning algorithms. Naturally,
simple semi-classical procedures, in which each quantum example is measured separately and the
observed measurement outcomes are processed classically, are possible. However, when learning
from randomly sampled quantum examples, we can also allow for quantum learners that mea-
sure multiple quantum examples simultaneously. And if we have query access to an unknown
CPTP map, quantum information theory also allows for quantum learning procedures that can
potentially make use of entanglement through coherent processing of quantum data, as empha-
sized in [153, 154|. Both of these kinds of quantum processing hinge on the assumption that the
learner has access to a quantum memory, the importance of which was pointed out in [155-157].
Given this, for inherently quantum learning problems, it is of particular interest whether the
qualitative differences between learning strategies, such as coherent versus incoherent access
or quantum versus classical memory, translate to quantitative differences in terms of sample
and/or computational complexity. Effectively, this is the question of whether quantum learning
algorithms have an advantage over classical learners for naturally quantum learning tasks. Before
discussing this question by way of a concrete example, we shortly review some recent results in
this line of research.

Independently, both [153] and [154] presented a general framework for investigating the power
of coherent quantum data access learning from physical experiments. [153, Theorem 1| presents
a limitation on the potential improvement in query complexity when going from incoherent to
coherent access for tasks in which the focus is on a kind of average-performance. However, [153,
Theorems 2 and 3] show an exponential sample complexity advantage of coherent over incoherent
processing for predicting expectation values of Pauli observables in a worst-case model. And [154,
Theorem 1] establishes a similar exponential advantage for a specific problem of distinguishing
two different physical processes. This line of work was continued by [155], who highlighted the
relevance of the availability of quantum memory. In particular, [155] proposed a novel proof
strategy leading to generalizations of the separation results of [153, 154| and to similarly strong
separations for further tasks. In addition, [156] analyzed separations arising from differences in
the number of quantum copies that can be measured simultaneously. Finally, the results of [157]
demonstrate that machine learning models enhanced with coherent access to data from quantum
experiments and with a quantum memory can significantly outperform their (semi-)classical

counterparts already in the NISQ era.

Learning State Preparation Procedures — A Toy Model: To complement the general
deliberations above, here we investigate a concrete task of learning from quantum data, with the
goal of determining its sample complexity and an optimal learning algorithm. As a first step
in “quantizing” a classical learning problem, where both the inputs and outputs are classical,

we consider learning maps with classical input and quantum output. Physically, such a map
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corresponds to a state preparation procedure: Given a choice of classical parameters, which
we can for example think of as modifiable elements in an experimental setup, a corresponding
quantum state is prepared. The goal of a quantum learner in such a model is then, given training
data consisting of classical inputs and the corresponding quantum output states, to find a state
preparation procedure that mimics the action of the unknown one. Next we describe a toy model
for such a learning task in more detail and characterize its sample complexity.
Recall that in classical binary classification, the output space is J) = {0,1} and a possible
loss function is the 0-1-loss. To define our quantum version of binary classification, we instead
consider an output space Y = {09, 01}, where 09,01 € S(C?) are qudit quantum states. The
input space is some classical space X. As the target space is still a binary one, the 0-1-loss is
again a reasonable choice of loss function. For our purposes, it is natural to rescale the loss
according to the distinguishability of the two label states as measured by their trace distance.
That is, we take as loss function

(:YxY = Rso, Upr,p2) = ””0_201’1 By = le;p?”. (5.2.1)
Therefore, for a data distribution P € Prob(X X {0¢,01}) and a hypothesis h : X — {00,01},

the expected risk is

R(h) = / H'O_h2(m)”1dP(x,p). (5.2.2)
XxY

And the empirical risk of h on a training data set S = {(x;, p;)}/-; € X x {00,01} is given as
Aoy L Do = bl
Rs(h) = p. Zl — (5.2.3)

The above setup strongly resembles that of classical statistical learning established in Chapter 3.
The crucial difference lies in the fact that the quantum label states p; in a training data set
S = {(xi, pi)}~, are provided as actual quantum states. In particular, given such data, a
learner obtains a single quantum copy of each p;. If og and o1 are not perfectly distinguishable,
such a single copy is not sufficient to discern with certainty whether p; equals og or o1. Instead,
a learner has to process the quantum training data and then extract information through a
measurement.

As the main result of [3], we characterize the sample complexity of this task of binary classification

with classical instance and quantum labels. For agnostic learning, we obtain the following:

Theorem 5.2.1 ([3, Corollary 1]). Let og,01 € S(C?) be distinct. Let F C {o0,01}F be a
non-trivial hypothesis class. Define F = {f: X —{0,1} | If e F: f(x) = Of) VT € X}, and
assume that VCdim(F) < oo. Let £ : {op,01} x {00,001} — R>q be the trace distance loss defined
as L(p1, p2) = M. Then, for every P € Prob(X x {09,01}) and for every e € (0, loo—0o1l//8)

and § € (0,1 — Llogy(3) — 3logy(2)), a sample size

VCdim(F) + In (1/s)
. 3

m=m(e,d) =C , (5.2.4)
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where C > 0 is a universal constant, is sufficient to guarantee: With probability > 1 —§ over the
choice of a training data set S = {(x;, p;i) }[-, consisting of m examples drawn i.i.d. according to

P,

sup|R(h) — Rg(h)| < ¢. (5.2.5)
heF
In addition, a sample size as in Eq. (5.2.4) (but with a different constant prefactor) is also

necessary.

This agrees with the sample complexity for agnostic classical binary classification, compare

Eq. (3.2.3). In the realizable case, we show in [3] that a sample size of

VCdim(F) + In (1/s)

m=m(e,0) =C" e(1 — 2max{tr[Ego1], tr[E100]})?

(5.2.6)

with {Ep, E1} the Holevo-Helstrom measurement achieving the optimal success probability in

distinguishing o from o1, suffices for (improper) PAC learning, and that a sample size of

VCdim(F) + In (1/s)

m=m(e,d) =C (5.2.7)
is also necessary. Thus, despite the quantum nature of the labels, the sample complexities for
agnostic and realizable PAC binary classification remain essentially unchanged compared to the
classical case, they are again determined by the VC dimension of the hypothesis class.

To prove the sample complexity upper bounds, in [3] we describe semi-classical learning proce-
dures for which the sample sizes are sufficient, proceeding as follows: First, the learner measures
each quantum label separately using the Holevo-Helstrom measurement for {og, 01}, thereby
producing a classical training data set S with labels in {0,1}. We can interpret S as a noisy
version of a “true” training data set, with the noise induced by the measurement. Second, the
learner uses S as input to a classical algorithm for learning from noisy data. In the agnostic
case, the latter is simply empirical risk minimization, albeit with a modified loss function to
account for the noise. For the realizable scenario, we combine techniques of [51, 159] to develop
an information-theoretically optimal classical learner from noisy data. The sample complexity
lower bounds are established by relating the respective learning problem to a quantum state
discrimination task, the sample complexity of which we analyze information-theoretically.

The proofs of these results establish an additional insight beyond the bounds themselves. Namely,
they show that no coherent processing of the quantum data is needed to achieve the optimal
sample complexity for binary classification with classical instances and quantum data. For this
specific task, this strengthens a result of [153], which for our purposes guarantees that the optimal
achievable sample complexities of coherent and incoherent procedures for binary classification
with classical instances and quantum labels differ at most by a factor polynomial in logy(d).
Moreover, our proofs demonstrate that it is not necessary for a quantum learner to receive a
whole classical-quantum training data set at once, the examples can also be provided one after
the other if the learner stores each measurement result in a classical memory. In the language

of [155], no quantum memory is needed to achieve information-theoretic optimality here. We
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note, however, that these results depend on our implicit assumption that a quantum learner
knows a priori which label states og and o; can appear.

In this chapter, we have demonstrated that, beyond the quantum computing-based models
for classical machine learning discussed in Chapter 4, quantum information theory allows for
inherently quantum learning problems. Interestingly, recent works such as [155, 157| pose
tasks of learning from data generated through quantum experiments as promising candidates
for information-theoretic and computational advantages of quantum over classical computing.
However, as a consequence of the results of [79] and [153], an information-theoretic quantum
advantage is not automatically possible, but the potential for it depends on different features of
the learning problem, such as distribution-independent versus distribution-dependent or average-
case versus worst-case. The results of this chapter add to this in two ways: On the one hand, in
learning from quantum superposition examples, the underlying distribution influences the possi-
ble quantum advantage quantitatively. On the other hand, in learning simple state preparation
procedures, the possible advantage of coherent quantum over incoherent semi-classical learning

strategies can vanish.
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Chapter 6
Quantum (Non-)Markovianity

In Chapters 4 and 5, we have discussed different questions of learning from data in the framework
of quantum information theory. For this learning-theoretic perspective, we implicitly presuppose
the usefulness of available data for making the predictions of interest. However, when the goal
is to predict the future, data about the present-to-future evolution does not necessarily suffice.
As an example, consider the following thought experiment: At time ¢t = —2, a bipartite product
input quantum state pap = pa ® pp is provided. Next, at ¢ = —1, a measurement {E;};
is performed on the B-subsystem, the post-measurement state is discarded, and the observed
outcome i, is recorded in a classical memory that the learner cannot access. Thus, the quantum
state at the time t = 0, viewed from the perspective of the learner, is p4. Finally, at £t = 1,
depending on the outcome i, stored in the classical memory, a quantum channel T;_ is applied
to the A-system, leading to an output state T, (pa). A learner, classical or quantum, that has
access only to snapshots of the A-subsystem at times ¢t = 0 and ¢ = 1, sees data consisting of
pairs of the form (pa,T;,(pa)). Now, if in a new run of the experiment the learner is confronted
with an “input” state o4 at the present time ¢t = 0, she cannot reliably predict the corresponding
future “output” state at t = 1, because the correct output depends on information lying further
in the past than accessible through the data.

In this example, data about the present-to-future evolution is not enough to make predictions
about the future. The use of a classical memory in the overall evolution from ¢t = -2 to t = 1
leads to a direct dependence of the future (¢ = 1) on the past (t = —2, —1), thereby limiting the
usefulness of information about the present-to-future (¢ = 0 to t = 1) evolution. This problem
does not occur if we consider a memoryless evolution, in which the future depends on the past
only through the present. In this sense, memorylessness, also called Markovianity, is important
for guaranteeing that certain tasks of extracting information from data in quantum experiments
are well-posed.

Motivated by this perspective on Markovianity as potential underlying justification for the use-
fulness of data in quantum experiments, in Section 6.1, we review finite-dimensional quantum
dynamical semigroups as a strong notion of Markovianity for the continuous-time evolution of a
quantum system. Next, we discuss a relaxation of this notion in terms of infinitesimal Marko-
vian divisibility in Section 6.2. We conclude the chapter by extending the framework of quantum

dynamical semigroups to quantum superchannels in Section 6.3.
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6.1 Quantum Dynamical Semigroups

Continuous one-parameter semigroups serve as a traditional mathematical framework for time-

homogeneous Markovian evolutions in continuous time:

Definition 6.1.1 (Continuous One-Parameter Semigroup). A family (Ti)i>o0 of linear maps

T; € B(C?) forms a continuous one-parameter semigroup if
(i) Ti+s = Ty Ts for all s,t >0,
(i) To = 14, and

(iii) the map Rsq >t Ty € B(C?) is continuous.

In Definition 6.1.1, property (i) captures both Markovianity and time-homogeneity. It describes
a Markovian evolution because, for any 0 < s < t and any input 2 € C%, we can obtain T}(z),
the output after time ¢, by processing Tg(x), the output after time s, via the map T;—s. And
it describes a time-homogeneous evolution in the sense that the evolution from time s to time
t > s depends only on the time difference ¢ — s. Properties (ii) and (iii) formalize the physically
motivated intuitions that no non-trivial evolution takes place at time 0 and that the evolution
depends continuously on time

Note also that, in property (iii) of Definition 6.1.1, we define continuity with respect to the
topology on B(CY) induced by the operator norm, the topology of uniform convergence, (and
with respect to the standard topology on R). From a functional analytic perspective, strong
convergence gives rise to a natural alternative topology on B(C?). In finite dimensions, the
notions uniform and strong convergence coincide. Thus, we can work with uniform convergence
without much need for justification. We will comment on generalizations to infinite dimensions
only shortly towards the end of this section.

A crucial tool in studying continuous one-parameter semigroups are their generators:

Theorem 6.1.2 (Generators of Continuous One-Parameter Semigroups). Let (T3)¢>0 be a contin-
uous one-parameter semigroup of linear maps Ty € B(C?). Then, the map Rsg > t — Ty € B(C?)
is differentiable. Moreover, there exists a linear map L € B(CY) such that T, = & for all t > 0.
We call L the generator of (T)i>0.

Proof sketch. Continuity of t — T}, together with Ty = 14 being invertible, by openness of the set
of invertible linear maps in B(C?), equipped with the operator norm, implies that M, = fOT T, ds
is invertible for 7 > 0 small enough. And since M, is defined in terms of an integral, the
map 7 — M, is differentiable. Now, observing that, by property (i), T3 can be rewritten as
Ty = MY (Myyr — My), t + Ty is differentiable as a composition of differentiable maps.

Moreover, this representation of T}, via the fundamental theorem of calculus and property (i) in
Definition 6.2.2, implies that $7; = M (T, — 14)T;. Hence, defining L := M- 1(T; — 1,), the

continuous one-parameter semigroup satisfies the differential equation %Tt = LT, with initial
condition Ty = 14. This has the unique solution T; = e'X, t > 0. O

Theorem 6.1.2 and its proof show us an alternative perspective on continuous one-parameter

semigroups (73):>0 in terms of a differential equation %Tt = LTy, Ty = 14, where L generates
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the semigroup. On this level, the Markovianity of the evolution is reflected by the fact that %Tt
depends only on T3, not on earlier times. Similarly, the time-independence of the generator L
captures the time-homogeneity of the evolution.

So far, we have considered continuous one-parameter semigroups for general linear maps. Now,
we focus on quantum dynamical semigroups, the case particularly relevant when considering the

evolution of quantum systems:

Definition 6.1.3 (Quantum Dynamical Semigroups). A one-parameter family (13)i>o of linear

maps T, € B (B((Cd)) forms a quantum dynamical semigroup in the Schrodinger picture if
(i) Ty is CPTP for all t > 0,
(1) Tiys = TiTs for all s,t >0,
(iir) To = idg(cay, and
(iv) the map R>o 3t — T, € B (B(CY)) is continuous.

In other words, in the Schridinger picture, a quantum dynamical semigroup is a continuous
one-parameter semigroup (7;):>o of linear CPTP maps T; € B (B((Cd)). Naturally, to obtain the
Heisenberg picture analogon of this definition, we have to replace CPTP by CPU.

By Theorem 6.1.2, we know that we can understand quantum dynamical semigroups in terms
of their generators. In a seminal result for the study of Markovian quantum evolutions, these

generators have been fully characterized:

Theorem 6.1.4 (GKLS/Lindblad Generators [15, 16]). A linear map L € B (B(C?)) is the
generator of a continuous one-parameter semigroup of CP maps if and only if it can be written

L(p) = ®(p) — Kp — pKT, (6.1.1)

where ® € B(B(C?)) is a CP map and K € B(CY) is arbitrary. Moreover, L is the generator of
a quantum dynamical semigroup (in the Schrédinger picture) if and only if it can be written in
the form of Eq. (6.1.1) with ®*(14) = 2Re(K). This is equivalent to L being representable as

. 1
L(p) = ilp. H + Y LipL} — {LiL;,p} . (6.1.2)
j

where H = HT € My is self-adjoint and {L;}; is a set of matrices in My. Here, {-,-} denotes

the anti-commutator. We call such generators GKLS or Lindblad generators.

Remark 6.1.5. We shortly mention two infinite-dimensional generalizations of the results pre-
sented in this section. First, while we state Theorem 6.1.2 only in finite dimensions, it is more
generally true that a uniformly continuous one-parameter semigroup of bounded linear maps on
a Banach space admits a bounded generator [see, e.g., 160, Theorem 1.3.7|. Indeed, even when
we relax the continuity assumption from uniform to strong continuity, there still exists a closed

and densely defined generator [see, e.g., 160, Theorem I1.1.4].
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Second, [16, Theorem 2| also contains infinite-dimensional analogues of Theorem 6.1.4. [16] char-
acterized the bounded generators of uniformly continuous one-parameter semigroups of CPTP
maps in the Schrédinger picture- In the Heisenberg picture, [16] established such a characteriza-
tion under the additional assumption that all elements of the respective semigroup are normal

CPU maps, i.e., CPU maps that are ultraweakly continuous.

As norm-continuous one-parameter semigroups are determined by their generators according to
Theorem 6.1.2, it is tempting to see Theorem 6.1.4, with its characterization of these generators in
the case of quantum dynamical semigroups, as providing a complete mathematical understanding
of time-homogeneous Markovian quantum evolutions (at least in continuous time). However,
there are interesting questions that Theorem 6.1.4 alone does not answer satisfactorily.
Concretely, consider the following task: Given a CPTP map T € CPT Py, decide whether T
is a member of some quantum dynamical semigroup. From the GKLS representation, we get
an “answer” to this problem: T € CPT P, is a member of some quantum dynamical semigroup
if and only if there exists a Lindblad generator L as in Eq. (6.1.2) such that T = e’. While
mathematically valid, this statement is practically useful only if there is an efficient procedure
for deciding the existence of such a Lindblad generator. [161] showed that a rigorous version of
this decision problem is hard in general, in fact NP-hard, as the system size grows. However,
for a fixed system dimension d, we can determine whether a CPTP map T € CPT P4 can be
written approximately written as an exponential of a Lindblad generator efficiently in the desired
accuracy [161, 162]. Therefore, for near-term quantum architectures, in which we can often
effectively assume the system dimension to be a small constant, we can fit Lindblad generators
to data gathered from quantum process tomography at a single point in time [162, 163].

The task of finding a best-fit Lindblad generator to a given CPTP map thus serves as an example
of a computationally, mathematically, and physically fruitful problem in quantum Markovianity
beyond the GKLS characterization. As a further natural question, we might ask for an under-
standing of Markovian quantum evolutions that need not be time-homogeneous, thereby leaving
the framework of semigroups. Motivated by these and other questions, several different notions
relating to quantum Markovianity have been introduced. Many of them are related to divisibil-
ity, originating from [10], or to infinitesimal deviations from complete positivity [164]. Others
consider non-increasing distinguishability and (the lack of) quantum information backflow [165,
166]. Several review papers discuss the relations between these notions [166-169]| and reiterat-
ing these connections is beyond the scope of this thesis. Rather, in Section 6.2, we explore the

divisibility-based approach initiated by [10] in more detail.

6.2 Infinitesimal Markovian Divisible Quantum Channels

As discussed in the previous section, quantum dynamical semigroups model time-homogeneous
Markovian quantum evolutions. We have seen that they correspond to solutions of so-called
master equations, i.e., differential equations %Tt = LTy, Ty = 14, with L a Lindblad generator.
Now, a natural way of dropping the assumption of time-homogeneity is to consider solutions
of differential equations %Tt = L1, Ty = 14, where L; is a Lindblad generator that depends

continuously on the time ¢. This serves as our motivation for the following definition:
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Definition 6.2.1 (Infinitesimal Markovian Divisibility of Quantum Channels [10]). Define the
set Ly CCPT Py as

Iy = {T € CPTP4| Ve >03n €N, Lindblad generators {L;}7_, (6.2.1)
s.t. (i) |Jeb — 14| < e V) and (i) [J e = T} : (6.2.2)
j=1

We call the (operator norm-)closure I, the set of infinitesimal Markovian divisible quantum

channels (on qudits).

Note that Definition 6.2.1 encompasses quantum dynamical semigroups in the following sense:
If T € CPTPgis an element of a quantum dynamical semigroup, then in particular T' € Z,.

Reference [10] provided some general insight into the structure of infinitesimal Markovian di-
visible quantum channels and completely characterized them in the qubit case. However, the
only necessary criterion for a higher-dimensional quantum channel to be infinitesimal Marko-
vian divisible observed in [10] was non-negativity of the determinant. This follows immediately
from Definition 6.2.1 using continuity and multiplicativity of the determinant. In Core Article
IT [2], we complement this by showing that infinitesimal Markovian divisibility also implies upper
bounds on the determinant in terms of products of smallest singular values. There, we consider
notions of Markovian divisibility and infinitesimal Markovian divisibility for linear maps and

general (compact and convex) sets of generators:

Definition 6.2.2 (Markovian Divisibility [2, Definition 1T1.1]). Let G C B(C?) be a set of bounded

linear maps, whose elements we call generators. We define the set
n
Dg = {T € B(C%) | 3n € N, generators {G;}1<i<n C G s.t. HeGi =T}. (6.2.3)
i=1
We call the closure Dg the set of linear maps that are Markovian divisible w.r.t. G.

Definition 6.2.3 (Infinitesimal Markovian Divisibility [2, Definition 111.2]). Let G C B(C?) be
a compact and convex set of bounded linear maps containing 0 € B(CY). We will again refer to

elements of G as generators. We define the set

Ig == {T € B(C%) | Ve > 0 In € N, generators {Gj}1<j<n C G (6.2.4)
s.t. (1) HeGJ — 14| < e V) and (i) H efi =T}, (6.2.5)
j=1

We call the closure Zg the set of linear maps that are infinitesimal Markovian divisible w.r.t. G.

As explained in Remark III.3 of Core Article II |2], if we choose G to be the set of Lindblad
generators on B(C?) with norm bounded by some strictly positive constant, then Zg = Dg = Zg.
That is, we recover the notion from Definition 6.2.1.

In the first of the two main results of Core Article II [2], we show how to exploit majorization

inequalities from matrix analysis together with Trotterization to prove the following result:
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Theorem 6.2.4 ([2, Corollary IV.6]). Let G C B(C?) be a compact and convex set of bounded
linear operators containing 0 € B(C%). Let G .= {\G | A € [0,1], G an extreme point of G} C G.

~ ~ ~ ~ k ~ ~ _
Assume that every G € G satisfies tr[G + G*| — p > )\lT(G +G*) < 0. Let T € Zg. Then
i=1

0 < det(T) < <f[1 sj(:r))p,

Theorem 6.2.4 allows us to derive upper bounds on the determinant of an infinitesimal Markovian
divisible map from certain spectral properties of the real parts of admissible generators. A similar
result also holds for elements of Dg [2, Theorem IV.5].

As our second central result in Core Article II [2]|, we prove that the real parts of Lindblad gen-
erators satisfy eigenvalue inequalities as needed in Theorem 6.2.4 when choosing the parameters
(p, k) = (4/2,1) or (p, k) = (1, |2d—2v2d+1]) [2, Lemmas IV.7 and TV.14]. Combining this with
Theorem 6.2.4, we obtain the following necessary criteria for infinitesimal Markovian divisibility

of quantum channels:
Corollary 6.2.5. Let T € T;. Then we have

4 |2d—2v2d+1|

0 < det(T) < min (SI(T))i, I slo}. (6.2.6)
=1

Corollary 6.2.5 shows that singular value inequalities can serve as a tool for detecting “quantum
Non-Markovianity” in the sense of a quantum channel not being infinitesimal Markovian divisible.
They may also provide some guidance to an eventual characterization of infinitesimal Markovian
divisible quantum channels beyond the qubit case.

In this section, we have discussed infinitesimal Markovian divisibility as an approach towards
time-inhomogeneous quantum Markovianity. This generalizes the notion of quantum dynamical
semigroups of quantum channels. The next section discusses a different extension of the frame-

work of Section 6.1 by turning our attention from quantum channels to quantum superchannels.

6.3 Quantum Dynamical Semigroups of Quantum Superchannels

With the interest in higher-order quantum operations growing in recent years, and quantum
Markovianity being an important topic in the study of “regular” quantum operations, it becomes
natural to investigate Markovianity in higher-order quantum theory. As a first step in this
direction, we go beyond quantum channels to quantum superchannels and consider continuous

one-parameter semigroups thereof:

Definition 6.3.1 (Quantum Dynamical Semigroups of Superchannels [8]). A family (Tt)tzo of
linear maps Ty : B(B(C%); B(C98)) — B(B(C%); B(C?)) forms a quantum dynamical semi-

group of superchannels in the Schridinger picture if
(i) Ty is a quantum superchannel (according to Definition 2.3.1) for all t > 0,
(1) THS =TT, for all s,t >0,
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(iii) Ty = idps(ciayp(ciny). @nd
(iv) the map Rsq > t = Ty € B(B(B(C); B(C98))) is continuous.

Again by Theorem 6.1.2, such quantum dynamical semigroups of superchannels are determined
by their generators. The goal of Article VIII [8] was to characterize these generators, thereby
proving a superchannel analogon of Theorem 6.1.4. From Section 2.3, we know that quantum
superchannels are intimitately connected to semicausal, and therefore semilocalizable, CP maps.
Thus, we aim to characterize the generators of continuous one-parameter semigroups of semi-
causal CP maps. It is easy to see that semicausality of the semigroup elements is equivalent to
semicausality of the generator. Now, the main technical result of Article VIII [§] is the following
normal form for semicausal Lindblad generators, which we state only in the Heisenberg picture

and in finite dimensions for brevity:

Theorem 6.3.2 ([8, Theorem V.6]). Let L € B(B(C% @ C¥8)), L(X) = ®(X) - K1X - XK,
be a Lindblad generator, with ® € B(B(C% © C98)) CP and K € B(C%¥ @ C98). Then, L
is Heisenberg B 4 A semicausal if and only if there exists a Hilbert space C, a unitary
U € B(Cl @ C¥8;C¥ ® CI®), a self-adjoint operator Hg € B(C), and arbitrary operators
A€ B(C¥;Cé @ C¥), B € B(C¥;C% @ C#) and K4 € B(C¥), such that

PX)=VI(X@1p)V, withV =140 U)(A® 1)+ (14 ® B), (6.3.1)
1
K=(1,®BU)(A®1p)+ Sla® B B+ K s®1lp+1,4®iHp. (6.3.2)
Using Theorem 2.3.5, we translate this to a complete characterization of the generators of quan-

tum dynamical semigroups of superchannels:

Theorem 6.3.3 ([8, Theorem V.17]). A linear map L : B(B(C%); B(C8)) — B(B(C%); B(Cs))
generates a semigroup of superchannels if and only if there exists there exists a Hilbert space CO2,
a state 0 € S(C®), a unitary U € B(C8 @ C¥), a self-adjoint operator Hg € B(C8), and
arbitrary operators A € B(C% @ C#), B € B(C' @ C") and K4 € B(C), satisfying that
tr, [ATA] = K4+ Kj; and that L acts on T € B(B(C4); B(C95)) as

L(T) = &(T) — &(T) — kr(T), (6.3.3)
with
(T)(p) = tr |U (T @ idp)(A(p @ 0)AT) UT| + trg [ B (T @ idp)((p ® o) A1) U]

+trp [U (T ®idg)(A(p ® 7)) BT} +trp [B (T ®idg)((p® o)) BT} . (6.3.4)

#L(T)(p) = trp [B*U (T ®idg)(A(p@ )| + ;trE [BB(T idp) (p 2 0)]

T(Kap)+iHpT(p), (6.3.5)
Ar(T)(p) = trp [ T @idg)((p® o)A UTB} + %trE [(T@ idE)(p®a)BTB}
T(pKY) —T(p)iHp. (6.3.6)
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Pseudo-dimension of quantum circuits

Matthias C. Caro and Ishaun Datta

The pseudo-dimension is a complexity measure from classical learning theory. There, it is used
to quantify the expressivity of real-valued function classes. In particular, bounds on the pseudo-
dimension of a function class allow to derive generalization bounds for learning the function
class. Such generalization bounds are central in statistical learning theory for understanding the
training data requirements of machine learning models.

Quantum circuits are a central object of study in quantum computing. They are the natural
quantum analogue of classical circuits. To ensure efficient implementability, one often considers
quantum circuits that are 2-local, which means that every quantum gate acts on at most 2 qudits,
and that have size (i.e., number of gates) and depth (i.e., number of gate layers) polynomial in

the number of input qudits.

In this work, we propose the pseudo-dimension as a tool to quantify the complexity of 2-local
quantum circuits. We establish pseudo-dimension bounds in terms of circuit depth and size.
Moreover, we present two applications of our learning theory-inspired perspective, namely to the
gate complexity of state preparation and to the learnability of quantum circuits.

After the introduction, in which we motivate the questions of the article, discuss related work, and
summarize our results, Section 2 introduces basic notions of quantum information and statistical
learning theory. In Section 3 of the paper, we present our setup and our main results. We first
consider 2-local quantum circuits in which the layout of the 2-qudit gates is fixed, but the gates
themselves can be arbitrary 2-qudit unitaries. We can view this as a quantum circuit with fixed
architecture and variable gates. To such a circuit, we associate a class of [0, 1]-valued functions
by considering, for any fixed choice for the variable unitaries, the outcome probabilities of rank-1
projective measurements performed independently at the output of the circuit, upon input of the
|0) state. In Theorem 2, we prove that the pseudo-dimension of this function class scales at worst
as O(d* - ylog~y), with d the local dimension and 7 the size of the circuit. That is, the pseudo-
dimension grows at most polynomially in the qudit dimension and slightly superlinearly in the
number of 2-local gates in the circuit. To show this result, we first establish a representation of
functions in our class of interest in terms of a polynomial, whose rank depends on the number of
gates in the circuit. We then combine this with a known bound on consistent sign assignments
to a family of polynomials (Theorem 1 and Corollary 1) to obtain Theorem 2.

The remainder of Section 3 is concerned with extensions of Theorem 2 to different scenarios.
First, we admit also quantum circuits with variable architecture (Theorem 3). Next, we allow
for variable input states (Subsection 3.3). And third, we consider circuits consisting not of
unitaries but of gates described by completely positive and trace-preserving maps (Theorem
4). Crucially, we prove that in all of these extensions, the pseudo-dimension of the respective
function class is still upper bounded by a polynomial in the qudit dimension, the circuit depth,

and the circuit size.

We continue in Section 4 with two applications of our pseudo-dimension bounds. On the one

hand, we demonstrate a connection between complexity as measured by the pseudo-dimension



PSEUDO-DIMENSION OF QUANTUM CIRCUITS

and the gate complexity of state preparation. More precisely, we construct a concrete set of pure
n-qubit quantum states such that at least one of those states cannot be implemented by a 2-local
quantum circuit with subexponential (in n) depth or size. As our set of candidate states has
cardinality doubly exponential in n, in this case, our pseudo-dimension-based approach provides
a constructive alternative to a more standard reasoning based on covering number arguments.
On the other hand, we use classical generalization bounds in terms of the fat-shattering or
the pseudo-dimension to show that 2-local quantum circuits of polynomial depth and size can
be learned from polynomial-size training data, in which each example is a triple of input state,
observed output measurement outcome, and corresponding measurement probability. This result
constitutes a “pretty good” version of quantum process tomography.

I was significantly involved in finding the ideas and carrying out the scientific work of all parts

of this article. I was in charge of writing the article, with the exception of the Appendix.
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Abstract

We characterize the expressive power of quantum circuits with the pseudo-dimension, a measure of complexity for
probabilistic concept classes. We prove pseudo-dimension bounds on the output probability distributions of quantum circuits;
the upper bounds are polynomial in circuit depth and number of gates. Using these bounds, we exhibit a class of circuit
output states out of which at least one has exponential gate complexity of state preparation, and moreover demonstrate that
quantum circuits of known polynomial size and depth are PAC-learnable.

Keywords Quantum computing - Computational learning theory - Complexity theory

1 Introduction

An important line of research in classical learning theory
is characterizing the expressive power of function classes
using complexity measures. Such complexity bounds can
in turn be used to bound the size of training data
required for learning. Among the most prominent of these
are the Vapnik-Chervonenkis (VC) dimension introduced
by Vapnik and Chervonenkis (1971). Other well-known
measures are the pseudo-dimension due to Pollard (1984),
the fat-shattering dimension due to Alon et al. (1997),
the Rademacher complexities (see Bartlett and Mendelson
2002), and more generally covering numbers in metric
spaces.

The goal of characterizing an object’s expressive power
also appears in different guises throughout quantum
information. A well-known example is quantum state
tomography. Aaronson (2007) related a variant of state
tomography to a classical learning task whose fat-shattering
dimension can be bounded using a particular function class
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Department of Mathematics, Technical University of Munich,
Munich, Germany

Institute for Computational and Mathematical Engineering,
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related to the set of quantum states. Associated with this is
a corresponding upper bound on sample complexity.

Aaronson (2007) observes that there is no analogous the-
orem for general quantum process tomography, but leaves
as an open question whether there are restricted classes
of operations that are information-efficiently learnable. We
answer this question in the affirmative. In particular, we
show that for quantum circuits with depth and size polyno-
mial in the number of qubits, quantum process tomography
is possible using only polynomially many examples.

Gate complexity of unitary implementation and state
preparation are yet another example of how one may capture
the richness of a function class that corresponds to a
quantum computational process (see, e.g., Aaronson 2016).
For unitary complexity, the challenge is to determine, e.g.,
how many two-qubit unitaries (i.e., two-qubit logical gates,
in a computational setting) are required to implement a
certain multi-qubit unitary (i.e., a quantum circuit). For
the gate complexity of state preparation, it is to determine
how many unitaries produce a certain multi-qubit state. An
alternative perspective, adopted in this work, is to consider
the expressive power of a set of circuits with a fixed number
of unitaries.

In this work we describe a new way of applying
complexity measures from classical learning, specifically
pseudo-dimension, to quantum information. We associate
with a quantum circuit a natural probabilistic function
class describing the outcome probabilities of measurements
performed on the circuit output. In this way, a function
class corresponding to a quantum circuit can be studied with
the classical tool of pseudo-dimension. Here, we show that
the pseudo-dimension of such a class can be bounded in

@ Springer
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terms of a polynomial of the circuit depth and size. We
also give two applications of these bounds, one for the
gate complexity of quantum state preparation, the other in
learnability of quantum circuits.

These findings are noteworthy not only because of
the results themselves, but because we demonstrate the
power of pseudo-dimension to gain insight into quantum
computation. We hope that these tools may be applied to
other problems in quantum computing in future work.

1.1 Related work

Aaronson (2007) showed that using the framework of PAC
learning, one can introduce a variant of quantum state
tomography and prove an upper bound on the required
number of copies of the unknown state. This idea was
developed further in Aaronson et al. (2018) and Aaronson
(2018).

Motivated by Aaronson’s work, Cheng et al. (2016)
use pseudo-dimension and fat-shattering dimension to
characterize the learnability of measurements, as a dual
problem to learning the state. We apply this mathematical
framework to study the problem of learning the circuit
itself, in particular by offering a natural function class
corresponding to a quantum circuit.

Rocchetto (2017) proved that stabilizer states, prevalent
in error correction, are computationally efficiently learn-
able, establishing a connection between efficient classical
simulability and computationally efficient learnability. This
was realized experimentally for small optical systems in
Rocchetto et al. (2019). Similarly, in Section 5 we pose as
an open problem whether there are quantum operations that
can be PAC-learned with modest computation, which could
then in principle be demonstrated in an experiment.

In Chung and Lin (2018), the authors study the problem
of PAC learning classes of functions with computational
basis states as input and quantum output, possibly mixed.
We highlight two main differences: first, whereas we
assume the training data to be measurement statistics,
Chung and Lin (2018) consider examples given as classical-
quantum states. Thus, the two scenarios are not directly
comparable. Our learning result yields a semi-classical
strategy for the problem described in Chung and Lin (2018),
though it is possibly suboptimal. Second, the learnability
result of Chung and Lin (2018) is only for finite concept
classes, whereas our result does not have this restriction.
While Chung and Lin (2018) show learnability of quantum
circuits with a finite gate set, we allow for arbitrary 2-
qudit gates, i.e., a continuous gate set. Note that our
corresponding notions of learnability differ.

While we take a formal approach to learning quantum
circuits, others have studied learning unitaries numerically,
e.g., with heuristics such as gradient descent (Kiani et al.

@ Springer

2020). Practical machine learning algorithms have also been
used for state tomography by Torlai et al. (2018), and similar
techniques could be applied to restricted classes of process
tomography.

Another branch of quantum learning deals with whether
quantum examples can decrease the information-theoretic
complexity of learning a classical function. There are
different flavors of this question, e.g., depending on whether
learning is distribution-specific or distribution-independent.
Arunachalam and de Wolf (2017) gives an overview of some
of these aspects of quantum learning.

In classical learning theory, bounding the complexity
measures of function classes (based on complexity-theoretic
assumptions) has been studied widely. Goldberg and Jerrum
(1995) derived an upper bound on the VC-dimension of
a function class in terms of the runtime required by
an algorithm implementing the elements of that class.
Karpinski and Macintyre (1997) established an analogous
bound for the function class implemented by a neural
network (for various activation functions) in terms of
the number of nodes and the number of programmable
parameters of the network. Koiran (1996) demonstrated
that by bounding the complexity of function classes
implemented on a given architecture, one can lower bound
the size of an architecture implementing a specific “hard”
function.

1.2 Overview of results

We consider the general scenario in which one mea-
sures the output state of a 2-local qudit quantum circuit,
generating a probability distribution. We do not assume
geometric locality, i.e., we do not assume that 2-qudit
unitaries act on neighboring qudits. We show an upper
bound on the pseudo-dimension of the distributions aris-
ing from these quantum circuits. By doing so, we provide
insight into the complexity or “hardness” of the circuit and
the output state that gives rise to the probability distribu-
tion. Below, we provide informal statements of the key
results.

Theorem (Pseudo-dimension bounds, Informal) Consider
quantum circuits with fixed architecture, namely those for
which the input qudits of the 2-qudit gates are specified, but
the gates may vary subject to this constraint. That is, we
allow for arbitrary 2-qudit unitaries, and in particular we
do not restrict ourselves to a finite gate library.

Parameterize a quantum circuit A by its qudit
dimension d, depth &, and number of gates or size y.

Theorem 2: For a suitable function class F_y corre-
sponding to the possible probability distributions formed by
product measurements in the computational basis on the
circuit output, Pdim(F.y) < 0(d* - y logy).
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Consider quantum circuits with variable architecture,
i.e., those for which the input qudits of the gates are
not specified. For such circuits of depth § and number of
gates or size y, one may similarly define function classes
Fs,y for circuits whose gates are unitaries, and 9,
for circuits whose gates are quantum operations, which
describe the possible probability distributions formed by
product measurements on the circuit output. Then,

Theorem 3: Pdim(%s ) < O(8 -d* - y?logy).

Theorem 4: Pdim(¥s ) < (8 -d® - y*logy).

All upper bounds are polynomial in the dimension d, the
depth §, and the size y.

In Section 4.1, we demonstrate how to apply these
complexity upper bounds to explicitly construct, for each
n € N, a finite-but-large set of n-qubit quantum states, out
of which at least one cannot be implemented by a 2-local
qudit circuit of subexponential depth or size.

Theorem (Gate Complexity of State Preparation, Informal)

For any subset C C {|x0)}xe(0,1)n, define

1 .
> ko) fc#0
1) = { VI xorec
10)®" ® |1) ifC = ¢.

If each state in {|\Wc)}c can be generated from the input
state |0)®" D by some circuit of depth § and size y, then
2" < O (8 -y2log )/). As a corollary, there exists at least
one such C so that |Yc) requires a circuit exponential in
depth and size.

Analogously to Aaronson (2007), in Section 4.2 we use
our pseudo-dimension bounds to prove a relaxed variant of
quantum process tomography, which following Aaronson’s
terminology can be called pretty-good circuit tomography:

Theorem (Learnability, Informal) Given a circuit with
depth A and size I', both polynomial in the number of
qudits and known in advance to the learner, polynomially-
many training examples, each a triple of input state, output
measurement, and corresponding probability, suffice to
learn the quantum operation implemented by a 2-local
quantum circuit of depth A and size I.

That is, for confidence &, accuracy, €, and error margins
o and B, all in (0, 1), a candidate circuit of depth A and size
I" that performs sufficiently well (in a sense made rigorous

in Section 4.2) on
1 g 5 (Ad®Tr?log I 1
O\ -Ad°T“log'log" | —————— +10gg
€

(B —ae

many samples will with probability at least 1 — §
approximate the actual circuit from which the samples are
drawn.

In this framework, each training example is a three-tuple
of the input state, the observed measurement outcome, and
the corresponding measurement probability. Alternately,
one may take each training example as a two-tuple of
the input state and the measurement outcome, whose
probability is the corresponding measurement probability
(see Aaronson 2007, Appendix 8).

We review the basics of quantum information, quantum
computation, and classical learning theory in Section 2. We
also discuss prior classical results as motivation. Section 3
contains our main results on the pseudo-dimension of
quantum circuits and the respective proofs. In Section 4,
we apply these results to fin lower bounds on the gate
complexity of quantum state preparation and to a learning
problem for quantum operations. We conclude with open
questions in Section 5.

2 Preliminaries

As our readership includes both physicists and computer
scientists, in this section we review the mathematical
frameworks of quantum information theory and learning
theory. Further details appear in the reference texts
(Heinosaari and Ziman 2013; Nielsen and Chuang 2010).

2.1 Quantum information and computation

The most general descriptor of a d-level quantum system or
statistical ensemble thereof is a density matrix, an element
of

K% (cd) ={peC|p>0, tulp] = 1).

Here, p > 0 means that the matrix p is Hermitian and
all its eigenvalues are non-negative. An important subset
of density matrices is the set of pure states, which are
one-dimensional projections. Following Dirac notation, we
denote the projector onto the subspace spanned by a unit
vector |¢) € C4 by |¥)(¥|. By the spectral theorem,
every quantum state can be written as a convex combination
of pure states, though this decomposition is not unique in
general.

Central to the framework of quantum mechanics is
the measurement, the mechanism by which one may
observe properties of a quantum system. These are typically
described by so-called positive-operator valued measures
(POVMs). As we focus on measurements with a finite
set of outcomes {i}, it suffices to think of measurements
as collections of so-called effect operators {E;}7" | with
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m
E; e C™4,0 < E; <14, and Z E; =14, We denote the
set of effect operators by =l
£(C!) =(EeC™ 0= E <14).

Again, we highlight a special case: if we take an
orthonormal basis {|1p,-)}§.1=1 of C4, then the set {E; =
[Vi) (Wi |}§"=] is called a projective measurement.

Born’s rule connects measurements to measurement
outcomes: given a state characterized by a density operator,
the effect operator has a corresponding probability p; =
tr[p E;]. Thus the requirement that the effect operators sum
to the identity can be seen as probabilities summing to
one. In the special case of pure state p = [¢)(y¥| and
projective measurement {E; = [v; ) (1 |}?:1, the probability
of outcome i is p; = tr[pE;] = |(W¥|¥;)|*.

So far we have described the components of static
quantum theory. The dynamics of quantum states are
described by so-called quantum operations, which we
denote by
g ((Cd) =

T :C4*d — C4%4 | T is linear,

completely positive, and trace-non-increasing}.

Here, amap T is completely positive if T ® I d,, is positivity-
preserving for every n € N. If T € 7 (CY) is trace-
preserving, we call 7 a quantum channel. An important
example is the unitary quantum channel, T (p) = UpU™* for
some unitary U € C4*4,

Note that any element of .7 ((Cd ) is a linear map between
vector spaces of dimension d? and can thus be understood
as a d* x d? matrix.

2.2 Classical learning theory and complexity
measures

Next we describe the “probably approximately correct”
(PAC) model of learning, introduced and formalized by
Vapnik and Chervonenkis (1971) and Valiant (1984). In
(realizable) PAC learning for spaces X, Y and a concept
class .7 C Y¥X, a learning algorithm receives as input
labeled training data {(x;, f(x;))}/., for some f € Z,
where the samples x; are drawn independently according
to some unknown probability distribution D on X that is
unknown to the learner. Given the training examples, the
goal of the learner is to approximate the unknown function
f by a hypothesis function /4, with high probability.

We can formalize this as follows: first, we introduce a
loss function £ : Y x Y — R, to quantify the discrepancy
between the hypothesis /2 and the function f. We call a
concept class .# PAC-learnable if there exists a learning
algorithm o7 such that for every probability distribution D
on X, f € & and §,¢ € (0, 1), running </ on training
data drawn according to D and f yields a hypothesis i

@ Springer

such that E,~p[£(h(x), f(x))] < & with probability >
1 — & (with regard to the choice of training data). Moreover,
we quantify the minimum amount of training data that an
algorithm .7 needs to meet the above conditions by a map
mg :(0,1) x (0,1) > N, (8, &) — m($, &), the so-called
sample complexity of .%. We focus on proper learning, in
which the learning algorithm must output as its hypothesis
an element of the concept class, i.e., we require h € .%.

A standard approach to assessing learnability is to
characterize the complexity of the respective concept
class #. Many such complexity measures are used,
the most common being the VC-dimension for binary-
valued function classes % C {0, l}X , named after
its progenitors (Vapnik and Chervonenkis 1971). This
combinatorial parameter can be shown to fully characterize
the learnability: a concept class .# < {0, 1}X is PAC-
learnable (w.r.t. the 0-1-loss) if and only if the VC-
dimension of .# is finite. Moreover, the sample complexity
of PAC learning .# can be expressed in terms of its VC-
dimension (see Blumer et al. 1989; Hanneke 2016).

In this work, we employ a widely used extension of the
VC-dimension to real-valued concept classes:

Definition 1 (Pseudo-dimension (Pollard 1984)) Let .% C
RX be a real-valued concept class. A set {xq, ..., xx} € X is
pseudo-shattered by .% if there are yj, ..., yx € R such that
for any C C {1, ..., k} there is an f¢ € .% such that for all
1 <i <k,ieCifandonlyif fc(x;) > y;.

The pseudo-dimension of .% is defined to be

Pdim(%) := sup{n € Ny | 35S C X s.t. |S| = n and

S is pseudo-shattered by .7 }.

Alternatively, one can express the pseudo-dimension in
terms of the VC-dimension. Namely,

Pdim(%) = VC({X xR > (x,y) — sgn(f(x) —y) | f € F}).

Here, the VC-dimension for a function class ¢ C {:I:I}Z
is defined as

VC(I) :=sup{n e Ng | Fz1,...,24 € Zs.t.Yb € {£1}"
3hy € HC st Vi 2 hyp(z;) = bi}.

There is also a scale-sensitive version of the pseudo-
dimension:

Definition 2 (Fat-Shattering Dimension (Alon et al. 1997))
Let .% be a real-valued concept class and let « > 0. A
set {x1, ..., xx} € X is a-fat-shattered by .# if there are
Y1, -, Yk € R such that for any C C {1, ..., k} there is an
fc € F suchthatforalll <i <k:

1. i¢C:>fc(x,-)§y,~—aand
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2. ieC= fc(x) >y +a.

The «-fat-shattering dimension of .% is defined to be

ISC X st |S|=nAS
is a-fat-shattered by .#}.

fat z(a) := sup{n € Np|

Note that, trivially, fat & (¢) < Pdim(.#) holds for every
« > 0 and for every real-valued function class ..

Sample complexity upper bounds for [0, 1]-valued
function classes in terms of the fat-shattering dimension
have been proved in Bartlett and Long (1998) and Anthony
and Bartlett (2000).

3 Pseudo-dimension bounds for quantum
circuits

We now formulate how to characterize the expressive power
of quantum circuits. In particular, we consider circuits with
n input registers of qudits, size (i.e., number of gates) y, and
depth (i.e., number of layers) §. More precisely, we consider
circuits composed of two-qudit unitaries, i.e., logical gates
with two inputs. Note that two-qudit gates include one-qudit
gates. We assume that gates in the same layer and acting
on disjoint pairs of qudits can act in parallel. Additionally,
we assume that each qudit is acted upon by at least
one gate, else it effectively does not participate in the
circuit.

In this section, we assign function classes to quantum
circuits and then derive bounds on the pseudo-dimension
of these function classes, in terms of the number of qudits
and the size and depth of the circuits. First, we fix quantum
circuit structure and inputs, varying only the entries of the
unitary gates and thereby the resulting function. Then, we
broaden our scope to variable circuit architectures, variable
inputs, and circuits whose “gates” are general quantum
operations.

An important tool that will recur throughout our work is
the following result on polynomial sign assignments, used
in Goldberg and Jerrum (1995) to derive VC-dimension
bounds from computational complexity.

Theorem 1 (Warren 1968, Theorem 3) Let {p1,..., Pm}
be a set of real polynomials in n variables with m >
n, each of degree at most d > 1. Then the number of
consistent non-zero sign assignments to {pi, ..., pm} is at

n
most (@) .

Here, e is Euler’s number and a “consistent non-zero sign
assignment” to a set of polynomials {p1, ..., p,} is a vector
b € {1} s.t. there exist x1, ..., x, € R for which it holds
that sgn(p; (x1,...,x,)) =b; forall 1 <i <m.

The following implication of Theorem 1 for consistent
but not necessarily non-zero sign assignments (which we
define as above, but with b € {—1,0,1}") to sets of
polynomials was observed in Goldberg and Jerrum (1995,
Corollary 2.1).

Corollary 1 Let {p1, ..., pm} be a set of real polynomials
in n variables with m > n, each of degree at most
d > 1. Then the number of consistent sign assignments to

. 8edm n
{p1,..., pm}is at most (T) .

Proof (Sketch) This can be obtained by applying Theorem 1
totheset{p1 +e&,p1—¢&, ..., pm +& pm — €} withe >0
chosen sufficiently small. O

3.1 Fixed circuit structure

Suppose we fix the architecture of a quantum circuit of
depth & and size y. Specifically, we restrict our attention to
2-local quantum circuits, i.e., circuits whose logical gates
have support on two qudits, not necessarily neighboring
each other (see Fig. 1). “Fixed architecture” means that we
specify the positions of the two-qudit unitaries, namely their
order and which qudits they act on. Though the unitaries’
positions are fixed, we may vary the entries of the unitaries
themselves. Here, we allow for arbitrary 2-qudit unitaries.
In particular, we do not restrict ourselves to a finite gate
library. Can we bound the pseudo-dimension of the function
class of measurement probability distributions that this
circuit generates? And how does the bound depend on d (the
dimensionality of the qudits), § and y?

To formalize this question: let n € N be the number of
qudits, d € N be their dimensionality, and .4 be a fixed
quantum circuit architecture of depth § and size y acting
on n qudits. We enumerate the positions of the two-qudit
unitaries in .4 by tuples (i, j) with 1 < i < § denoting

0) 7
U :1

o — I ﬁ
yen p—

10) - —ﬁ
yG1 :3

10) - —ﬁ
U(I,Z) :4

10) A
Iss)|

Fig. 1 An example 2-local circuit. U/ denotes the jth 2-qudit
unitary in the ith layer of the circuit
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the layer and 1 < j < y; the position of the unitary among
all the unitaries inside layer i, where w.l.o.g. we count from
top to bottom and take into account only the first qudit on
which a unitary acts.
8
Note that Y y; = v, and trivially ; < y and y; <
i=1
5, as we assume that every qudit is acted upon by at
least one gate. We write the unitary at position (i, j) as
U®D . These constitute the “free parameters” which we
can vary in order to make the quantum circuit perform
different tasks. The overall unitary implemented by .4
when plugging in the unitaries {U(i'j)}lfiig’lfjfyi at the
respective positions we denote by U s (.. Note that
U ywa.py strongly depends on the two-qudit unitaries
that are plugged into the architecture, but sometimes we
will suppress this dependence and simply write U 4 for

notational ease.
The quantum circuit .4 now gives rise to the following
set of output states:

L (@98 = {Upwn (00| UGD e 2 (€)#?)}

These output states in turn give rise to a function class
of measurement probability distributions with regard to
product measurements:

Fy =X > 10.1131) € 7y (C©%) : () = [l ]

where we take X = S;x...x Sy to be the Cartesian product
of n unit spheres of C¢.
The main insight of this subsection is the following:

Theorem 2 With the notation and assumptions from above,
it holds that Pdim(Z, ) < 8d* -y -log(16e - y).

Here and throughout the paper, log denotes the logarithm
to base 2.
To prove this result, we provide the following.

Lemma 1 With the notation and assumptions from above,
there exists a polynomial p_y with real coefficients, in
2yd* + 2dn real variables of degree < 2(y + n) such that
every f € F_y can be obtained from p_y by fixing values
for the first 2yd* variables. Moreover; in each term of p,
the degree in the first 2yd* real variables is < 2y and the

degree in the last 2dn real variables is < 2n.

Notably, there is no explicit dependence on depth §.

Proof We first observe that
[ |U 102" = 101" U 1) 2.

We study this expression in a layer-wise analysis. When
reading the circuit from right to left, the state that enters

Vs ‘
layer 8 is transformed by the unitary & U7 such that
Jj=1

@ Springer

each amplitude of the state after the §th layer is a linear
combination of the amplitudes of |x), where each coefficient
is a multilinear monomial of degree ys in some of the y; - d*
complex entries of the {U(‘S’j”hsjsys.

By iterating this reasoning, we see that the state after the
(6 — i)th layer has amplitudes which are given by a linear
combination of the amplitudes of |x), where each coefficient

1
is a multilinear polynomial of degree < Y ys_¢ in (some
k=0
of) the entries of the unitaries {U®~%/0T}o_; ;. 1<je<yi-

In particular, the |0)®"-amplitude of the state UL/ |x) can
be written as a linear combination of the amplitudes of |x),
where each coefficient is given by a multilinear polynomial

s

gy of degree < Y ys_x = y in (some of) the y - d*
k=0
complex entries of the unitaries {U("’j")f}ofifg,ls,-ifyi.

Recalling that the probability of observing outcome
|0)®" is the square of the absolute value of the correspond-
ing amplitude of |x), we obtain from the polynomial g 4 a
polynomial p_y = |g 4 |* that describes the output proba-
bilities. As g 4 has degree at most y in the y - d* complex
parameters of the unitaries, p_s has degree at most 2y in the
corresponding 2y - d* real parameters. Fixing these 2y d*
parameters corresponds to fixing the circuit, and therefore
one may obtain every f € .Z_4 by fixing these parameters
inpy.

Moreover, p_y is a polynomial in the 2dn real parameters
which give rise to the amplitudes of |x). (Here, the
assumption that |x) is a product state enters.) As each such
amplitude has degree < n in the 2dn complex parameters,
the degree of p_y in these real parameters is at most 2n. [

Remark 1 We formulate the result only for measure-
ment operators consisting of tensor products of 1-
dimensional projections, and continue to do so through-
out this manuscript. For x € X, we can write |x) =
n f[d=1 .

02 (Z ag.’)| j)), so we associate dn complex variables
i=1 \j=0 °

with x. That each amplitude of |x) can be written as a prod-
uct of n complex parameters gives rise to the upper bound
of n in the degree.

We could instead look at more general measurement
operators consisting of 1-dimensional projections without
requiring product structure, i.e., entangled measurements.
In this scenario, we would write |x) = > x;|z),

associating d" complex variables with x. In this setup, each
amplitude of x is simply a polynomial of degree 1 in these
complex variables.

As we fix the variables corresponding to x and y in
the shattering assumption that appears in our proof of
Theorem 2, their corresponding degrees are not relevant to
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our argument; only the degree in the entries of the unitaries
enters our analysis. Therefore, both product measurements
or entangled measurements lead to the same pseudo-
dimension bound. This is due to the fact that allowing for
entangled measurements changes the set of allowed inputs
but not the function class itself.

Now that we have established Lemma 1, we can prove
Theorem 2 with reasoning analogous to that in Goldberg
and Jerrum (1995).

Proof (Theorem 2) Let {(x;, y;)}i.; € X x R be such that
for every C C {1, ..., m} there exists fc € % 4 such that
fc(xi) —y; = 0ifand only ifi € C.

By Lemma 1, there exists a polynomial p_s in 2yd* +
2dn real variables of degree < 2(y + n) such that for every
C C {1,..., m} there exists an assignment Ec to the first
2yd* variables of p_y such that p_y (B¢, x;) — y; > 0 if
andonly ifi € C.

In particular, this implies (using the “moreover” part of
Lemma 1) that the set & = {p_y (-, x;) — yi}i, is a set of
m polynomials of degree < 2y in 2yd* real variables that
has at least 2" different consistent sign assignments.

We now claim that m < 84* -y -log(16e - y). If m <
2yd*, this holds trivially. Hence, w.l.o.g. m > 2yd*. So by
Corollary 1, we have

2y om\ 24
o< 8e -2y -m .
- 2yd*

Taking logarithms now gives

m
n152yd4<bgﬂ6ew0-%bg<zzg)>-

Now we distinguish cases. If 16e - y > then the

m
2ya®
above immediately implies m < 4yd* - log(16e - y). If

m m

16e -y < 35 then we obtain m < 4yd* - log (2}/7>,

which in turn implies m < 8yd4. In both cases we have
m < 8d* -y - log(16ey). By definition of the pseudo-
dimension, we conclude Pdim(.% ;) < 8d* . y -log(16ey),
as claimed. O

The attentive reader may notice that we do not explicitly
refer to the unitarity assumption in our reasoning; our
argument mainly uses linearity. This already hints at a
generalization to quantum circuits not of unitaries but of
operations, which we will describe in Section 3.4. In that
subsection, we will also see how the unitarity assumption
implicit in this proof produces a better upper bound than in
the general setting of quantum operations.

Remark 2 We formulate our bounds in terms of the
pseudo-dimension, not its scale-sensitive version called
fat-shattering dimension, even though the latter is more

commonly used in classical learning. In our scenario,
however, the pseudo-dimension and the fat-shattering
dimension effectively coincide. This is because we could
apply our reasoning for general matrices instead of only
unitaries in the setting of Theorem 2 as well and achieve
the same bounds. In that case, however, the resulting real-
valued function class is closed under scalar multiplication
with non-negative scalars and it follows from the definition
that for such classes, the fat-shattering dimension equals the
pseudo-dimension.

3.2 Variable circuit structure

Whereas in the previous subsection we fixed a quantum
circuit architecture and only varied the entries of the
two-qudit unitaries plugged into this structure, we now
additionally vary the structure of the quantum circuit
architecture itself and consider the complexity of the class of
all quantum circuits of a given depth and size. Once again,
we consider 2-local quantum circuits, i.e., circuits with one-
and two-qudit gates acting on arbitrary pairs of qudits.

The class of states which is of relevance in this analysis is

sy (((Cd)®”) := {|¥) | 3 quantum circuit .4 of depth §

and size y such that [) € .% 4 (((Cd)@”)}.
Again, this set of states gives rise to a function class via

Fsy ={f: X = 1[0,11]3Y) € S, (((Cd)@)n) .
F) = [x[y) ),

where X is as above given by X = Sy x ... x Sy. As before,
we want to bound the pseudo-dimension of this function
class.

We summarize the result of this subsection in the
following:

Theorem 3 With the notation and assumptions from above,
it holds that Pdim(Fs,,,) < O(8 -d* - y*logy).

As with Theorem 2, the main step towards this result
consists of relating the functions appearing in %, to
polynomials. The difference here is that we must upper
bound the number of polynomials, as below.

Lemma 2 With the notation and assumptions from above,
there exists a set &5, of polynomials with real coefficients,
in 2yd* + 2dn real variables of degree < 2(y + n) such
that for every f € Fs5 ,, there exists a polynomial p € &s ,,
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such that f can be obtained from p by fixing values for the
first 2yd* variables, and such that

n!)®
( 5)‘( )"
Moreover, in each term of p € &5, the degree in the first
2yd* real variables is < 2y and the degree in the last 2dn
real variables is < 2n.

|=@6y|

1§78 .
Proof There are at most ’E}/‘S—a), ways to assign them among

the & layers. The term ¢ 6), counts assigning a single gate
to each layer, to ensure that there are no trivial (empty)
layers. Having assigned each layer one gate, the remaining
y — & gates may be distributed to any of the § layers.

Next, we bound the number of ways of assigning qudits
to the circuit layers, so that the qudits are inputs to the fixed-
position unitaries. For our purposes, it suffices to crudely
upper bound this by n! for each single layer and thus by
(n!)? overall. Hence, there are at most

yl8r—s
(y =)
different quantum circuit architectures. The proof is

completed by applying Lemma 1 to every such quantum
circuit architecture. O

(n!)°

Now that we have established Lemma 2, we can prove
Theorem 3 by reasoning analogous to that in Goldberg
and Jerrum (1995) (see the Appendix for the proof of
Theorem 3).

3.3 Extension to circuits with variable inputs

We now modify the results of Sections 3.1 and 3.2 to allow
not only for the fixed input |0)®", but also for variable
input. This is of use, for instance, in Section 4.2, in which
we consider the PAC-learnability of quantum circuits (of
unitary gates or more general quantum channels). In that
context, allowing variable input amounts to learning the
entire quantum circuit, rather than just its action on |0)®".
This is necessary in order to meaningfully compare the
learning problem in Section 4.2 to exact circuit tomography.

To consider variable input states, we define the following
function classes, analogously to those in Sections 3.1 and
3.2

Fy = fiX xY — [0, 113Uy iy,
UD€ o (CH®2) 1 fx,y) = 1x|Up 1)),

where Y can be taken as the computational basis states
{0, 1, ...,d—1}", ormore generallyas Y = X = Syx...x Sy.
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Lemma 3 With the notation and assumptions from above
the following holds: There exists a polynomial pf o in
2yd* + 4dn real variables of degree < 2y + 4n such
that every f € F',, can be obtained from p', by fixing
values for the first 2yd* variables. Moreover; in each term
of pZA/ the degree in the first 2yd* real variables is <
2y, the degree in the 2dn real variables corresponding to
x € X is < 2n, and the degree in the 2dn real variables
correspondingtoy € Y is < 2n.

Proof Consider the product state input |y) = > _ y.|z).
As we consider product states, each y, is a product of
n complex parameters. Following the same reasoning as
before, for a fixed z € {0,...,d — 1}, (z|]U 4 |x) is a
multilinear polynomial qu/. Then, the amplitude (y|U_4 |x)
is

Yz (zlU y|x)

¢ y@ ) =0Usxy= Y

ze{0,1,...,d—1}"

- ¥

z€{0,1,....d—-1}"

Ve @5y (X).

In the above equation, q(//V (x, y) has degree at most n in
y, and so upon squaring the amplitude ‘1,//1/ (x, y) to obtain
pf y(x,y) as in Lemma 1, we have a degree at most 2n in
the 2dn real variables corresponding to y. The rest follows
from Lemma 1. O

The bound from Theorem 2 still holds for the case of
variable circuit input, with the proof proceeding almost
identically upon replacing Lemma 1 by Lemma 3. The
2d - n additional variables that arise from the polynomial y-
dependence do not alter the bound because we fix the values
of these variables in the pseudo-shattering assumption.

3.4 Extension to circuits of quantum operations

We finish this section by describing an extension of
Theorems 2 and 3 to the case of circuits of quantum
operations, instead of only unitaries. This generalization
is relatively straightforward because the decisive property
of unitaries used in our previous proofs was not the
preservation of inner products, but rather linearity. This
setting is useful to, e.g., describe circuits with imperfect
gates. Rather than consider a logical gate that implements
a unitary exactly, each gate can instead be considered
a quantum operation that executes the desired unitary
with some probability, and, e.g., depolarizes input qudits
with some probability. (Other noise models are of course
possible.) Note that although quantum operations can, by
Stinespring’s dilation theorem, be viewed as subsystem
dynamics of a larger, unitarily evolving system, if we only
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have access to measurement data for the subsystem then we
cannot directly apply our result for the unitary case.

We use analogous notation to that introduced at the
beginning of Section 3.1, writing T (7. for the overall
quantum operation implemented by .4~ when plugging the
two-qudit quantum operations {7 %} <;<s 1< j<y; into the
respective positions of the quantum circuit.

The quantum circuit .#” (of operations) now gives rise to

the set of output states
Dy (€©D°") = (T 70y (07)(0"]) |
7D e 7 ((©)®2)),

where we write |0%) = |0Y®", so |0™)(0"| = (]0)(0])®".
By taking into account all possible quantum circuits of
size y and depth §, we obtain

%,y((cd)@’) -

of size y and depth § such that p € Z 4 (((Cd )®”>},

{p | 3 circuit .4 of two-qudit operations

These states now yield again a p-concept class
Gy = (L1 X > 10,1113p€ Ty, (CHE"): (1) = (xlo1x).
In this scenario, we show:

Theorem 4 With the notation and assumptions from above,
it holds that Pdim(%s, ) < O(5 -d® - y*logy).

Proof We only sketch the reasoning, as it is similar to that
in the proof of Theorem 3. We first need to establish an
analogue of Lemma 2. To this end, observe that a quantum
operation acting on two-qudit states can be interpreted as
a d* x d* matrix with complex entries. Moreover, we may
write

(x] Ty (107)(0" D ]x)

tr[ 7y (10%) (0" ) [x) (x[]
= uf|0")(0"|T 7 (Ix){x])]
(0177 (Jx){x[)10"),

where T%, denotes the adjoint operation of T 4 with regard
to the Hllbert Schmidt inner product.

As before, we can do a layer-wise analysis of the
transformation of |x)(x| and observe that the entries of the
(sub-normalized) density matrix after a layer can be written
as linear combinations of the entries of the (sub-normalized)
density matrix before the layer. Moreover, the coefficients
can be written as multilinear polynomials with the degree
determined by the number of two-qudit operations in the
layer. Hence, we obtain the result of Lemma 1 with d8
instead of d*. The bound on the number of different
quantum circuit architectures can be derived in exactly the
same way as before, so the analogue of Lemma 2 holds,
completing the proof of the theorem. O

Theorem 4 and its proof sketch also help to elucidate
the relevance of the unitarity assumption in Theorems 2
and 3. Unitarity justifies our restriction to pure states, but
in other respects Theorems 2 and 3 do not exploit unitary.
The difference between Theorems 3 and 4 amounts to the
size of the matrices that represent the unitaries or quantum
operations.

4 Applications

In this section, we explore two different applications of
our pseudo-dimension upper bounds. First, we employ the
pseudo-dimension to exhibit a large but finite discrete
set of quantum states, out of which at least one is
hard to implement in the sense that preparing it requires
exponentially many 2-qubit unitaries. Second, we combine
the pseudo-dimension bound with results from the theory
of p-concept learning to derive the PAC-learnability of
quantum circuits.

4.1 Lower bounds on the gate complexity
of quantum state preparation

It is well known that almost all n-qubit unitaries require
an exponential (in n) number of 2-qubit unitaries to be
implemented. Similarly, almost all pure n-qubit states
require an application of exponentially (in n) many 2-
qubit unitaries to be generated from the |0)®" state (see,
e.g., Nielsen and Chuang 2010). However, in neither
case are there explicit examples of unitaries or states
saturating this exponentiality bound (see Aaronson 2016
for more information on the gate complexity of unitary
implementation and state preparation). We will use the
pseudo-dimension as a tool to exhibit a discrete set of
pure qubit states such that at least one of them requires
exponentially many 2-qubit unitaries to be generated from
|0>®n.

The drawback of our result is that the size of this set
is 22" and thus unsatisfyingly large. By relatively simple
deliberations this size can be reduced by an order of 2"
elements, though this is negligible compared to the overall
size.

We now describe the construction of the candidate set of
states. For a subset C C {|x0)}e(0,1)», namely a subset of
the set of all computational basis states of n + 1 qubits that
end on 0, with C # @, define

Ye) = miﬁ

x0eC

For C = () we take

[Yn) = 100" @ [1).

@ Springer



14 Page100f14

Quantum Machine Intelligence (2020) 2:14

(Note that the (n + 1)* qubit only really matters for |1/y4).)
Our set of interest will be

S = {|Yc) | C S {|Ix0)}xefo,1)7}-

This discrete set of 22" multi-qubit quantum states now
gives rise to a class of p-concepts

Ty ={fc: X —[0,11]3C C {|x0)}xeqo.1) :
fe(x) = [{x|¥e) ).

This class has large pseudo-dimension, as described in
the following lemma.

Lemma 4 With the notation introduced above, it holds that
Pdim(F o) > 2",

Proof Consider the subset of computational basis states
{Ix0)}xef0,1)» and the corresponding threshold values

1 -

0 = 5 = min — independently of x0. B
Yx 2 CC{|x0)}xeqo,1jn Ici P Y Y
construction of .# and thus .Z & the following holds:

For any C C {|x0)}xef0,1y
|é_\ if |x0) € C

0 else

kum=uwwa:{

In particular, we have
fc(x0) > yyo < |x0) € C.

Hence, Pdim(.% ) > 2", because we have found an
example of a set of size 2" that is pseudo-shattered. O

We now combine this simple observation with Theo-
rem 3, which gives us the following:

Theorem 5 With the notation introduced above, if y and
8 are such that each state in ¥ can be generated from the
state [0)® D by some circuit of size y and depth 8, then

2" < ﬁ<8-24~y2logy)

Proof Under the assumption of the Theorem we can
conclude # o C Z;,. Now combine the lower bound of
Lemma 4 with the upper bound from Theorem 3. O

Corollary 2 There exists a C C {|x0)}xefo,1)» sSuch that

[Ye) = ﬁ lx(%éc |x0) cannot be implemented by a
quantum circuit of 2-qubit unitaries with subexponential (in
n) size or depth.

Note that any set of functions which pseudo-shatters a set
of size 2" has to have at least 22" elements. Hence, the large
size of the set C is an automatic consequence of our line of
reasoning.

@ Springer

Remark 3 We note that a set of n-qubit states with
cardinality doubly exponential in # s.t. at least one of them
needs an exponential number of gates (up to logarithmic
factors) to be implemented can also be obtained with more
standard reasoning. Namely, it is well known that there
are n-qubit states the approximation of which up to trace-
2" log(l

£ ) ) unitary gates (see Nielsen

distance ¢ requires 2 (—mg(n)

and Chuang 2010, chap. 4.5.4). So if we pick a %—net of size

7 (22n) for the set of pure n-qubit quantum states, this will
have the desired properties.

We sketch another way of using our pseudo-dimension
bound to study the gate complexity of state preparation
and which might lead to a smaller set of candidates.
Given n-qubit pure states |yq),...,|V,) and efficiently
implementable (i.e., with polynomially many 2-qubit
unitary gates arranged in polynomially many layers)
unitaries Uy, ..., Uy, one can study the set of states

If an exponential (in n) pseudo-dimension lower bound
can be established for
(f:X =011 <i<k1<j<m:fx)=|xUly)P)

then, since every Uj; is efficiently implementable, one can
conclude that at least one among the states [;) is not
efficiently implementable.

The advantage of such a pseudo-dimension-based rea-
soning would be that m need not be doubly exponential
in n, since we can compensate for this in k. This realiza-
tion can already be used to reduce the size of the set of
candidate states given in Corollary 2. However, we have
not yet been able to identify sufficiently many efficiently
implementable unitaries to reduce the size below doubly
exponential. Nevertheless, there is likely room for improve-
ment in applying our method to the gate complexity of
quantum state preparation.

4.2 Learnability of quantum circuits

We now use our pseudo-dimension bounds to study
learnability. Specifically, we use the pseudo-dimension
bound for the case of variable inputs (Section 3.3) combined
with the generalization to quantum operations (Section 3.4).
We proceed quite similarly to Aaronson (2007).

The learning problem which we want to study is the fol-
lowing: Let i be a probability measure on (X x Y) x [0, 1],
unknown to the learner. Let § = {((x(i), y(i)), p(i))};":l be
corresponding training data drawn i.i.d. according to w. A
learner must, upon input of training data S, size I € N,
depth A € N, confidence § € [0, 1), accuracy, ¢ € [0, 1)
and error margin 8 € (0, 1), output a hypothesis quantum
circuit .4 of size I' and depth A consisting of two-qudit
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operations such that, with probability > 1 — § with regard
to the choice of training data,

IP)(()c,y),p)'vu [|f/1/(x» y)—pl> ,3] <é¢
+in///fIP(x,p)~u Ufwx,y)—pl> Bl

where the infimum runs over all quantum circuits .# of size
I'" and depth A. Here, f 4 denotes the function f 4 (x,y) =
(xIT 4 (Jy){yD|x) and f 4 is defined analogously, similarly
to Section 3.3.

We use our pseudo-dimension bound in order to upper
bound the size of the training data sufficient for solving this
task. More precisely, we make use of sample complexity
upper bounds from the fat-shattering dimension as proved in
Anthony and Bartlett (2000) and Bartlett and Long (1998),
together with the fact that the fat-shattering dimension is
upper-bounded by the pseudo-dimension.

First we restrict our scope to the “realizable” scenario,
i.e., we will assume the probability measure to be of the
form

o 0 else

for some quantum circuit .4 of size I and depth A. This
will in particular imply that for quantum circuits .# of size
I and depth A

i/n/}‘P((x,y),p)'vu [|f///(x, Y) - P| > pB]1=0.

Colloquially, realizability means that there exists a set of
“correct” parameters I" and A and these are known to the
learner, i.e., training samples are promised to be drawn from
circuits of size I" and depth A.

We will focus on a proper learning scenario, i.e., we will
assume the unknown target circuit to be in some (known)
class, namely the class of circuits whose size and depth
satisfy certain polynomial bounds, and require the learner to
output an element of that same class as hypothesis.

We will make use of the following classical result:

Theorem 6 (Anthony and Bartlett 2000, Corollary 3.3) Let
X be an input space, let F C [0, 11X. Let D be a probability
measure on X, let f, € F. Let 8,¢,a, 8 € (0,1) with
B > a. Let & = {x1,...,xm} be a set of m samples
drawn i.id. according to D. Let h € F be such that

[h(x;) — fulx)| < aforalll <i <m.
)—Hog %))

Then, a sample size
_ farz (L5
1 8
2 e (22
suffices to guarantee that, with probability > 1 — & with
regard to the choice of training data .,

Pepllh(x) — fulx)| > Bl < &.

In our setting, this result implies:

Corollary 3 Let N, be a quantum circuit of quantum
operations with size I' and depth A. Let v be probability
measure on X X Y unknown to the learner. Let

S ={((xD, yDy, £y (x D, yOyym

be corresponding training data drawn i.i.d. according to

u. Let §,e,a,8 € (0,1). Then, training data of size
Ad3 % log(I

= 0 (1 (40T log(r) log? (=30 + e )

suffice to guarantee that, with probability > 1 — § with

regard to choice of the training data, any quantum circuit

N of size I’ and depth A that satisfies

[y i, yi) = (i y)l <o VI<i<m

also satisfies

Peeyy~ullfr O, ¥) = f(x, )| > Bl < e.

Proof Combine Theorem 6 with Theorem 3 (more pre-
cisely, with its version for variable input states, which can
be proved for operations analogously to the reasoning in
Section 3.3) and use that the fat-shattering dimension is
always upper-bounded by the pseudo-dimension. O

Note that in particular, this implies that for the class of
circuits of quantum operations with polynomial size and
depth in the number of qudits, a hypothesis that performs
well on training data will also perform well in a probably
approximately correct sense.

Next, we want to discuss briefly how our result compares
to the work (Aaronson 2007) on the learnability of
quantum states. There, it is shown that quantum states can
be PAC-learned with a sample complexity that depends
linearly on the number of qubits and (among other
dependencies) polynomially on %, where ¢ denotes the
desired accuracy. However, this result does not imply
learnability of quantum channels with a sample complexity
that depends polynomially on the number of qubits. This
observation is already stated in Aaronson (2007), and we
provide an alternate, intuitive explanation for why the result
on states does not directly apply to operations.

One can straightforwardly apply the result of Aaronson
(2007) to learn the Choi-Jamiolkowski state of a quantum
channel. One can then compute measurement probabilities
of output states of a channel T acting on n-qubit states,
using its Choi-Jamiolkowski state 7. For this we must make
use of the formula

t[ET(p)] = 2"tr{t(E ® p")].

@ Springer
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Here, we see that any error on the side of the Choi-
Jamiolkowski state will be multiplied by a factor
exponential in n, and thus in this case the overall n-
dependence of the sample complexity bound from Aaronson
(2007) becomes exponential via the accuracy-dependence.

This motivates our study of learnability of a restricted
class of quantum operations. Finding such operations for
which process tomography is possible was left as an open
problem in Aaronson (2007). Our answer to this question
is that a PAC-version of quantum process tomography is
possible when we restrict our scope to operations that can
be implemented by quantum circuits of depth and size
polynomial in the number of qudits. However, note that this
is subject to a realizability assumption: the learner must
known in advance a polynomial bound on the size and
depth of the circuit. We show that imposing the operations
be efficiently implementable automatically reduces the
information-theoretic complexity of learning, requiring only
a modest number of training examples. We do not make
any statement about the computational complexity of this
learning task; this remains an open problem.

How can this probably approximately correct version
of quantum process tomography be put to use? Given
polynomially many uses of a black box implementing an
unknown quantum operation of polynomial size and depth,
one can exhibit a circuit of two-qudit quantum operations
that approximates the unknown channel. In other words, we
obtain a classical description of an approximate copy of the
channel.

5 Open problems

Finally, in this section we discuss future directions and
possible generalizations of our results.

Two natural parameters of a circuit, depth and size,
appear polynomially in the pseudo-dimension upper
bounds. Notably, these bounds are independent of the num-
ber of qudits in the circuit. Are our upper bounds tight in
their dependence on size and depth? Can similar techniques
produce pseudo-dimension lower bounds? For example, by
considering a single 2-qudit unitary it is relatively straight-
forward to see that the pseudo-dimension of a circuit is
> Q(d). Can we close the gap in dimension-dependence
between this linear lower bound and our quartic upper
bound?

Our application of pseudo-dimension for lower bounds
on the gate complexity of state preparation complements
known methods (described, e.g., in Nielsen and Chuang
2010), based on counting dimensions or covering argu-
ments. We exhibit a class of states of size 22n, for which at
least one has exponential gate complexity of state prepara-

@ Springer

tion. Can we exploit this new technique to exhibit a smaller
set of states? Perhaps the most exciting application of
pseudo-dimension bounds could be provable lower bounds
on the gate complexity of state preparation, if the reason-
ing in Section 4.1 is sharpened or the tools are developed
further.

If circuit depth and size are known in advance, one
can information-efficiently learn the circuit. If the learner
receives training data generated by an approximation of
the circuit, does the result still hold? Can the realizability
assumption be relaxed?

Does “pretty-good circuit tomography” have applica-
tions? On the theory side, this might involve exploiting the
learning process as an approximate copy-machine for quan-
tum circuits. Of interest for both theory and experiment is
whether circuits can be learned with a reasonable amount
of computation. One can imagine progress on this question
for process tomography similar to that for state tomogra-
phy; demonstrating a class of states for which learning is
computationally efficient in Rocchetto (2017) made it pos-
sible to learn physically interesting states in a laboratory
in Rocchetto et al. (2019). An efficiency improvement in
the process tomography case might also have experimental
ramifications.
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Appendix

Here, we prove Theorem 3, namely that Pdim(ﬂ};,y) <
O@-d*-y?logy).

Proof (Theorem 3)

We rely upon Lemma 2. Let {(x;, y)}/_; € X x R be
such that for every C C {1, ..., m}, there exists fc € ﬂg,y
such that fc(x;) —y; > Oifandonlyifi € C.

By Lemma 2, there exists a set of polynomials & ,, in

2yd* + 2d" real variables such that | Ps.y] < %(ﬂ!)a
and such that for every C C {1, ..., m}, there exists a pc €
5., and an assignment Ec to the first 2yd4 variables of
pc such that pc(Ec, x;) —y; > Oifand only ifi € C.

In particular, this implies (using the “moreover”-part of
Lemma 2) that the set & = {p(-, x;) — v}/, | p € Ps.}
isasetofm-| 5 | < m% (n")® polynomials of degree

< 2y in 2yd* real variables that has at least 2" different
consistent sign assignments. So by Corollary 1, we have

2y 1 §7—? 2yd*
m < 8e -2y -m ' y!é (1)’ .
- 2yd* (y —d)!
Taking logarithms yields

4 mo oyl

Repeating the argument in the proof of Theorem 2, we
distinguish cases and observe that in both cases,

1§y s
m < 8d*- y -log (16ey AL (n!)8> .
(y —o!

Expanding the logarithm and using Stirling’s formula up
to two terms, we have

y—68
log (166)/ : % (n!)5>

= ﬁ(4ln2+1+lny+[n-51nn—n~8+ﬁ(lnn)
+yIny — '+ 0(ny) — (y — ) In(y —9)
+ (=8 + O(n(y — &) + (v — ) Ind))
< é(4ln2+ I+Iny +[2y -§UnRy) — 1)
+ylny —(y =8)In(y —=48) =5+ (y —8)Iné])
= 0Oy -élogy).

We use the fact that n < 2y (because we assume that
each qudit is acted upon by at least one gate) in the second
step, and note that because y > §, the asymptotic behavior

of all of the above terms are subsumed by the first term
in the bracket. We have also confirmed that the log(16ey)
term above may be neglected. Thus, by the definition of the
pseudo-dimension we conclude Pdim(.% 4) < €8 - d* -

y2 log y). O
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Necessary criteria for Markovian divisibility of linear maps

Matthias C. Caro and Benedikt R. Graswald

Markovian evolutions, in which the future is independent of the past, given the present, have
been studied intensely, both in classical probability theory and in quantum theory. In particu-
lar, the generators of continuous one-parameter semigroups have been identified: Transition rate
matrices generate semigroups of stochastic matrices, Lindblad generators generate semigroups of
quantum channels. These semigroups and their generators describe time-homogeneous Marko-
vian evolutions of classical and quantum systems, respectively. In this work, we investigate a

notion of divisibility describing time-inhomogeneous Markovian evolutions.

After an introduction, in which we motivate our problem, give an overview of our results, and
discuss related work, we recall some well known notions from quantum information theory in
Section II. Next, in Subsection III.A, we define Markovian divisibility (Definition I11.1) and
infinitesimal Markovian divisibility (Definition 111.2) of a linear map with respect to a general
(compact and convex) set of generators, the two central notions studied in this article. After
discussing some basic properties related to these definitions, we note that, when taking as our
set of generators the Lindblad generators, we recover the notion of infinitesimal Markovian
divisibility of quantum channels introduced in [10]. In Subsection IIL.B, we recall from [10] that
such infinitesimal Markovian divisible quantum channels have nonnegative determinant, and that

in the qubit case, they have been fully characterized.

Section IV contains our main results. Throughout, our goal is to prove that an (infinitesimal)
Markovian divisible map 7' € B(C?) satisfies an inequality of the form

k p

|det(T)] < (H SZ(T)) , (A.2.1)

i=1

for suitably chosen d-dependent parameters p € R and k € {1,2,...,d}. In Subsection IV.A, we

present a general proof strategy for deriving such an inequality from properties of the generators.

Namely, we first exploit submultiplicativity of products of largest singular values to show that, if

Ty and T, satisfy Eq. (A.2.1), then so does their product T1T» (Lemma IV.1). Next, with the case

of infinitesimal Markovian divisibility in mind, we combine this first insight with Trotterization

to establish an analogous result for exponentials of generators: If &' and e“? satisty Eq. (A.2.1),

then so does ¢“17¢2 (Lemma IV.2). Using a majorization inequality for the singular values of a

matrix exponential, we then prove in Lemma IV .4 that a sufficient condition for e to fulfill the

singular value inequality Eq. (A.2.1) is that G satisfies the eigenvalue inequality

k
G+ G —p Y M(G+G) <o0. (A.2.2)

i=1
Together with continuity of the determinant, Lemmas IV.1 and IV.4 lead to our first main result
(Theorem IV.5): If every admissible generator G satisfies Eq. (A.2.2), then any map T that is
Markovian divisible with respect to that set of generators satisfies Eq. (A.2.1). In the case of



CORE ARTICLES

infinitesimal divisibility, we employ Lemma IV.2 to show that it suffices to have Eq. (A.2.2) for
positive multiples of extreme points of the convex and compact set of generators to guarantee
Eq. (A.2.1) (Corollary IV.6).

In Subsection IV.B, we apply this strategy for the case of infinitesimal Markovian divisible quan-
tum channels. Namely, in Lemmas IV.7, IV.14, and Proposition IV.21, we show that Lindblad
generators on qudits satisfy Eq. (A.2.2) for the parameter settings (p,k) € {(4/2,1),(1, |2d —
2v/2d + 1))} U {(24/k+2vd+1,k) | 1 < k < d?}. Consequently, according to the results of Sub-
section IV.A, infinitesimal Markovian divisible quantum channels satisfy Eq. (A.2.1) with the
same choices of p and k. Thus, we have proved necessary criteria for the infinitesimal Markovian
divisibility of quantum channels in terms of an upper bound on the determinant via smallest
singular values. Example IV.11 describes an analytical application of these criteria in identifying
new examples of not infinitesimal Markovian divisible quantum channels. Moreover, we argue
in Examples IV.12 and IV.17 that our parameter choices (p, k) are close to optimal in general,
prove a small improvement in the Appendix, and discuss strengthenings of our results for normal
Lindbladians in Proposition V.13 and Remark IV.15.

To demonstrate that the necessary criteria obtained in Subsection IV.B are indeed quantum
features, we show in Subsection IV.C that no non-trivial necessary criteria of the same form
can hold in the classical case, with arbitrary transition rate matrices as generators. We do so by
studying a concrete example (Example IV.24). However, as we demonstrate in Lemma I'V.26 and
Corollary IV.27, after appropriately restricting the set of generators to a subset of transition rate
matrices, the proof strategy from Subsection IV.A can be applied successfully. With Section V.,
we conclude the article with a short discussion of our results and some open questions, including
a concrete conjecture (Conjecture IV.19).

I was significantly involved in finding the ideas and carrying out the scientific work of all parts
of this article. The idea for this project was motivated by discussions between my doctoral
advisor, Michael M. Wolf, and myself. In these discussions, also the first idea for the general
proof strategy was developed. All other parts of the scientific work for this article were completed
by Benedikt R. Graswald and myself. I was in charge of writing the article, with the exception
of Corollary IV.10., Example IV.11., Proposition 1V.13., and the Appendix.
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ABSTRACT

We describe how to extend the notion of infinitesimal Markovian divisibility from quantum channels to general linear maps and compact and
convex sets of generators. We give a general approach toward proving necessary criteria for (infinitesimal) Markovian divisibility. With it, we
prove two necessary criteria for infinitesimal divisibility of quantum channels in any finite dimension d: an upper bound on the determinant in
terms of a ©(d)-power of the smallest singular value and in terms of a product of ®(d) smallest singular values. These allow us to analytically
construct, in any given dimension, a set of channels that contains provably non-infinitesimal Markovian divisible ones. Moreover, we show
that, in general, no such non-trivial criteria can be derived for the classical counterpart of this scenario.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0031760

I. INTRODUCTION

References 1 and 2 made an important step toward understanding the connection between master equations and the framework of
quantum channels for describing quantum evolutions by characterizing the generators, which give rise to semigroups of quantum channels
via the corresponding (time-independent) master equation. The converse question, i.e., the problem of characterizing those quantum channels
that can arise from the solution of a (possibly time-dependent) Lindblad master equation, is, however, still awaiting an answer.

Endeavors toward a resolution of this problem have given rise to different notions of (non-) Markovianity for quantum evolutions. One
line of research is based on connecting Markovianity to certain divisibility properties of quantum evolutions, particularly to the possibility
of dividing the evolution into infinitesimal pieces. While this gives an intuitively plausible notion of time-dependent quantum Markovianity
and some structural properties can be established on its basis, it has so far not given rise to easily verifiable criteria for Markovianity (with
a simple exception). Only for evolutions of qubit systems is this notion completely understood. We go beyond this characterization for the
two-dimensional case and establish necessary criteria for a quantum channel—or a linear map in general—to be divisible into infinitesimal
Markovian pieces. Our criteria take the form of an upper bound on the determinant in terms of the power of a product of smallest singular
values.

Our proof strategy is not specific to quantum channels but can be applied to obtain necessary criteria for (infinitesimal) Markovian
divisibility of general linear maps with respect to a closed and convex set of generators if the generators satisfy certain spectral properties.

A. Overview of our results

In this work, we study the following question: Given a linear map T and a set of linear maps G, acting on C“, can T be approximated
arbitrarily well by linear maps of the form [],e, where G; € G? If that is the case, we say that T is Markovian divisible with respect to the set of
generators G.

J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-1
Published under license by AIP Publishing



Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

We aim toward establishing necessary criteria for Markovian divisibility of the form

k P
aa(ry < (1151

i=1

where k = k(d) and p = p(d) depend on the underlying dimension. Proving such criteria becomes tractable by combining multiplicativity of
the determinant and sub-/super-multiplicativity of products of largest/smallest singular values with Trotterization.

In Sec. IV A, we describe how to use these properties to reduce the problem of establishing necessary criteria of the above form to a
spectral property of the generators. We can summarize our reduction as follows:

Theorem (Theorem IV.5—informal version). Let G S M, be a set of generators. Let T be Markovian divisible with respect to G, and

k k p

suppose that every G € G satisfies Tr[G + G*] - p> AN (G + G*) < 0. Then, | det(T)| < (H sf(T)) .
i=1 i=1

We employ our proof strategy for the physically motivated scenario of infinitesimal Markovian divisibility. Here, the objects of interest
are linear maps T that, for any € > 0, can be arbitrarily well approximated by linear maps of the form [1,%, where G; € G are such that
HeG’ - ﬂdH <e

We first study the case in which G is the set of Lindblad generators seen as linear maps on d x d-matrices, i.e., we consider those generators
that give rise to semigroups of quantum channels. With this choice, the notion of infinitesimal Markovian divisibility of a linear map T on
d x d-matrices becomes that of infinitesimal Markovian divisibility of quantum channels introduced in Ref. 3.

We prove necessary criteria for infinitesimal Markovian divisibility of quantum channels in any finite dimension. Specifically, for an
infinitesimal Markovian divisible quantum channel T on d x d-matrices, we show in Corollaries IV.9 and IV.16 that

4 [2d-2v/2d+1]
|det(T)| < (SI(T))Zand ldet(T) <[] sH(D).

i=1

Moreover, we give explicit examples (Examples IV.12 and IV.17) of infinitesimal divisible channels from which we can conclude that the
d-dependence of the exponent (in the first bound) and of the number of singular value factors (in the second bound) is close to optimal,
respectively.

We also describe how to interpolate between these bounds in Corollary IV.21 and obtain that for an infinitesimal divisible quantum
channel T acting on d x d-matrices,

2d
k k+23/k+1 )
for 1<k<d.

g < ([141)

i=1

These criteria allow us to give new examples of provably non-infinitesimal divisible channels in dimensions strictly bigger than 2, which were
not recognizable as such previously (Example IV.11).

As a second application of our proof strategy, we take G to be the set of transition rate matrices of dimension d and thereby study
the question of (infinitesimal) Markovian divisibility of stochastic matrices. We first show via an explicit example (Example IV.24) that no
necessary criterion of the above form can hold in this scenario when we allow all transition rate matrices as generators. Combined with
our results for infinitesimal Markovian divisible quantum channels, this implies that stochastic matrices cannot be embedded into quantum
channels while preserving both the singular values and the property of infinitesimal Markovian divisibility at the same time.

If, however, we restrict our set of generators to transition rate matrices whose diagonal elements differ by at most a constant factor, our
proof strategy can be applied and yields an upper bound on the determinant in terms of a power of the smallest singular value (Corollary
1v.27).

B. Related work

The quantum Markovianity problem, the question of deciding whether a given quantum channel is a member of a quantum dynamical
semigroup, was considered from a complexity-theoretic perspective in Ref. 4. Therein, it was shown to be NP-hard and the same is true
for the classical counterpart of this problem, with stochastic matrices instead of quantum channels and transition rate matrices instead of
Lindblad generators. The computational complexity of a related divisibility problem for stochastic matrices, namely, that of finite divisibility,
was studied in Ref. 5. In addition, this divisibility problem turns out to be NP-hard, even NP-complete.

When fixing the system dimension, however, deciding whether a quantum channel is an exponential of a Lindblad generator, in which
case it can be called time-independent Markovian because it solves a time-independent Lindblad master equation, becomes feasible. Cor-
responding necessary and sufficient criteria and an efficient (in the desired precision) algorithmic procedure for this case with a fixed
dimension were given in Refs. 4 and 6. These results pertain to time-independent (quantum) Markovianity and cannot be directly applied to
the time-dependent case.

J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-2
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FIG. 1. A depiction of the relations between different notions of divisibility and Markovianity of quantum channels and quantum dynamical maps. A simple arrow indicates that
a channel or dynamical map satisfying the condition at the tail also satisfies that at the head. {} indicates the equivalence of two notions. ~ is used to indicate a correspondence
that, to the best of our knowledge, has been rigorously proven only for the qubit case.

Our focus is on infinitesimal Markovian divisible quantum channels. These were introduced and studied in detail for qubit channels by
Ref. 3. Therein, it is also observed that every infinitely divisible quantum channel, i.e., every channel that can be written as an nth power of
a quantum channel for every n € N, is infinitesimal divisible. The notion of infinitesimal Markovian divisibility can be seen as corresponding
to time-dependent Markovianity, i.e., to solutions of time-dependent Lindblad master equations. Thereby, it offers a route to studying a
time-dependent version of the Markovianity problem.

A plethora of different notions of Markovianity for quantum evolutions and relations between them are discussed in several review
papers.” '’ On the one hand, one considers notions of quantum Markovianity based on the divisibility of the evolution, either for quantum
channels or for quantum dynamical maps with corresponding propagators. This line of research was initiated by Ref. 3, and Refs. 11 and 12
constitute recent additions to it. In relation to this approach, Ref. 13 proposed a measure of non-Markovianity on the basis of infinitesimal
deviations from complete positivity. On the other hand, there are notions and measures of non-Markovianity based on (quantum) information
backflow, often formalized in terms of distinguishability measures that are known to be non-increasing under completely positive and trace-
preserving maps. This idea was introduced in Ref. 14, and Ref. 9 recently proposed a variant of it.

In Fig. 1, we present only a selected few of these notions and the connections between them.

C. Structure of the paper

Section II introduces basic notions from quantum information that provide our overall framework. In Sec. III, we introduce the core
definition of infinitesimal Markovian divisibility in a general setting and discuss prior work in the quantum scenario. Section I'V contains our
main results: We describe the general proof approach in Subsection I'V A and apply it to derive necessary criteria for infinitesimal Markovian
divisibility of quantum channels in Subsection IV B. The same type of criterion does not, in general, hold for infinitesimal divisibility of
stochastic matrices, only for suitable subsets, as we argue in Subsection IV C. We conclude with some open questions and the references.

Il. PRELIMINARIES

We introduce some of the basic notions of quantum information with focus on quantum channels and the corresponding semigroups.
The interested reader is referred to Ref. 15 for more details.

Throughout this paper, we denote the set of d x d complex matrices as M for a dimension d € N. The identity matrix in M is written
as 1,4, whereas id = id p¢, denotes the identity map on M. For A € M, we use A; = 1;(A) to denote its eigenvalues. If A € M, is Hermitian,
we use /\,.l (AZT) to denote the eigenvalues in decreasing (increasing) order. Similarly, we use the notation sf and sZT for singular values. Finally,
Tr[A] will denote the trace of A.

A. Quantum states and channels

A d-level quantum system (for d € N) is described by a d x d density matrix, i.e., an element of
S(C?)={peMalp=0, Te[p] =1},

where p > 0 means that the matrix p is positive semidefinite.
Physically admissible transformations of quantum systems are described by quantum channels (in the Schrodinger picture), i.e., by
elements of )
T((Cd, ol ) = {T: My - M, | Tislinear, completely positive, and trace — preserving}.

Here, we call T completely positive iff T ® id x4, is positivity-preserving for every n € N. This definition guarantees that a quantum channel
maps states to states and that this is still the case when embedding the quantum system of interest into a larger system with trivial evolution
on the environmental subsystem.

J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-3
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We will also use the shorthand 7 := T((Cd, (Cd) for channels with equal input and output dimension.

B. Quantum dynamical semigroups

It is a foundational postulate in quantum theory that the dynamics of a closed quantum system can be described in terms of a Schrodinger
equation, which gives rise to a one-parameter group of unitaries. For open quantum systems, we will work with one-parameter semigroups.

Definition I1.1 (Continuous dynamical semigroups). A family of linear maps T; : My — M, with time parameter t € Ry is called a
dynamical semigroup if Vt,s € Ry =[0,00) : T;Ts = Tyss and To = Id. If in addition, the map t — T, is continuous (we are working on finite
dimensional spaces, so there is no need to specify the type of continuity here), then the family is called a continuous dynamical semigroup.

It is well-known that such continuous dynamical semigroups can be represented via a generator, i.e., if { T; } >0 is a continuous dynamical
semigroup, then there exists a linear map L : M; - M, such that T; = e forall t > 0.

When requiring such a semigroup to consist of physically admissible evolutions of a quantum system, i.e., of quantum channels, the
question arises of what the corresponding generators are. This was answered in the following.

Theorem I1.2 (Generators of quantum dynamical semigroups—GKLS, Refs. 1 and 2). A linear map L : My — M is the generator of a
continuous dynamical semigroup of quantum channels if and only if it can be written as

1
L(p) = ilp.H] + o) - 1121251, W
J

where H = H' € M, is self-adjoint and {L;}; is a set of matrices in M. Here, {-,-} denotes the anti-commutator.

For such generators, often called GKLS or Lindblad generators, we refer to the term i[-, H] as the Hamiltonian part and to },£; - CJT
-1 £;r Lj,-} as the dissipative part with Lindbladians {£;};.
We will call a quantum channel Markovian if it is an element of a quantum dynamical semigroup.

lll. MARKOVIAN DIVISIBILITY

The main motivation for our work is the following problem: Given a quantum channel, decide whether it comes from a (possibly time-
dependent) Lindblad master equation. We take two different perspectives on this task to motivate our definitions.

The first perspective is that of differential equations. Specifically, we want to understand which quantum channels can arise as a solution
of a time-dependent master equation of the form %Tr = L(t) Ty, where L(t) is a time-dependent Lindblad generator. More generally, we want
to study the possible solutions of a linear ordinary differential equation %Tf = G(t) Ty, where t - G(t) € G, with G ¢ M, being a fixed set of
generators.

Our second perspective on the problem comes from the semigroup structure of the solutions to time-independent master equations.
Specifically, each such equation corresponds to a quantum dynamical semigroup. If we now also want to take into account a possible time-
dependence of the generator while still preserving the semigroup structure, we can consider the semigroup generated by all elements of
quantum dynamical semigroups. On an intuitive level, the question about solutions of master equations that we asked above now becomes
the question of whether a given quantum channel is an element of this semigroup, i.e., we are dealing with the membership problem for this
semigroup. Again, we can generalize the question by going from Lindblad generators to general generators.

A. Markovian divisibility with respect to general sets of generators

The two perspectives given above lead us to two slightly different definitions. In the first, we focus on the semigroup structure.
Definition III.1 (Markovian divisibility). Let G ¢ M be a set of matrices, whose elements we call generators. We define the set
n
Dg := {T € My | 3n €N, generators {Gi}1<i<n € G so that HeG’ = T}.
i=1
We call the closure Dg the set of linear maps that are Markovian divisible with respect to G.

When translating the mathematical motivation of semigroups to a more physical motivation, Definition III.1 can be seen as an approach
to the question of which linear maps can be arbitrarily well approximated using alternating exponentials of a fixed set of (control) generators.

Now, we give a definition based much on the perspective of differential equations determining the overall evolution on infinitesimal time
intervals while keeping the semigroup structure in mind.

Definition IIL.2 (Infinitesimal Markovian divisibility). Let G ¢ M be a compact and convex set of matrices containing 0 € M. We will
again refer to the elements of G as generators. We define the set

J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-4
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Ig:= {Te My | Ve>0 3neN, generators {Gj}icjcn € G
G G
sothat (i) [e” = 14| <& ¥V j and (i))[Je" = T}.
1

We call the closure Zg the set of linear maps that are infinitesimal Markovian divisible with respect to G.

Remark II1.3. In the definition, we require G to be compact. This can be assumed without loss of generality. First, closedness can be
assumed without loss of generality since for non-closed Gy, we have fgo = fg—. Second, boundedness can also be assumed without loss of
0

generality. Specifically, suppose that Gc M, is an unbounded closed and convex set with 0 € Gand T ¢ Zg. Then, by definition, Ve >0 3n

€ Nand {G;j}1<j<n © G such that Her - ﬂd” <eand H]'-“:ler = T. By convexity, also +Gj € G V1 <j < n for every N > 1. By continuity of the
N

enG ﬂdH < efor all N > Ny. Clearly, we can write T = ]'I]'-“Zler = I"[]’-Ll(eﬁcf) . Thus, as

Gj H — 0as N — oo, we conclude that for every B > 0, we have T € 7, ,where Gep = {G € G | |G| < B}. Hence, we can impose an arbitrary

matrix exponential, there exists Ny € N such that ’

1
I :
(non-zero) norm bound on our generators without changing the set of infinitesimal Markovian divisible channels.

Therefore, we are justified in using Definition IIL.2 also for non-compact G (in particular, Lindblad generators and transition rate
matrices).

Remark II1.4. By continuity of the matrix exponential, it is easy to see that, if G € G implies %G € G for all n € N, then Dg = Zg. This is
particularly the case if G satisfies the assumptions of Definition III.2.

If, however, G does not have this property, then (i) in the definition of Zg will, in general, lead to Zg # Dg (e.g., Zg could be empty even
if Dg is not).

When specifying G to be the set of Lindblad generators and thus the linear maps of interest to be quantum channels, Definitions III.1 and
II1.2 become connected to quantum channels arising from master equations. Studying such channels via a notion of Markovian divisibility
into infinitesimal pieces was first proposed in Ref. 3. Next, we discuss some results of that work.

B. Infinitesimal Markovian divisibility of quantum channels

For ease of notation, we will denote by Z; the set Zg for the specific choice of G being the set of Lindblad generators acting on
d x d-matrices. Then, the set Z is the set of infinitesimal Markovian divisible quantum channels, as defined in Ref. 3.

When referring to these channels, we will sometimes drop the “Markovian” for convenience. This can also be justified in a rigorous sense
(see Theorem 16 in Ref. 3).

While some insight into the structure of infinitesimal Markovian divisible quantum channels has been obtained in Ref. 3, so far, there
are no simple-to-check criteria for infinitesimal divisibility for a general dimension d. Such criteria are the main focus of this work.

A straightforward necessary criterion for infinitesimal divisibility is already observed in Ref. 3, namely, we have the following as a direct
consequence of multiplicativity and continuity of the determinant:

Proposition IIL5. An infinitesimal divisible quantum channel T satisfies det(T) > 0.

This is, to our knowledge, the only necessary criterion for infinitesimal divisibility known so far that holds in any finite dimension.
For the special case of qubit channels, the set of infinitesimal divisible channels can be explicitly characterized by making use of the
Lorentz normal form (the latter is discussed in Ref. 16).

Theorem II1.6 (Infinitesimal divisible qubit channels’—informal).  Let T : M, — M, be a generic qubit channel with the Lorentz
normal form .
0 A
T is infinitesimal Markovian divisible if and only if 0 < det(A) < sk, where smin is the smallest singular value of A.

This characterization serves as one motivation for our results in higher dimensions, which we derive in Subsection I'V B.

IV. NECESSARY CRITERIA FOR MARKOVIAN DIVISIBILITY

We now develop necessary criteria for a linear map to be (infinitesimal) Markovian divisible. More precisely, our discussion aims toward
establishing inequalities of the form
k P
| det(T)| < (HsI(T)) : @)
i=1
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We first present some results for the case of general linear maps and generators and later combine these observations with a more
detailed analysis for quantum channels and Lindblad generators and stochastic matrices and transition rate matrices, respectively.

A. General sets of generators
We first observe that if each of two matrices satisfies the desired inequality (2), then so does the product of the matrices.

LemmaIV.1. Let T1, To € My. Suppose that 1 < k < d and p > 0 such that

k p
|det(T))| < (Hs?(Tj))

holds for j = 1,2. Then, also
k

|det(T\T,)| < (HS,T(TITZ))P.

i=1

Proof. A well-known majorization inequality for singular values states that

k k
[Tsi(AB) <[Ts/(A)si(B) (3)
i=1 i=1
for any 1 < k < n for n x n-matrices A, B (see Ref. 17, Theorem 3.3.4). With this, we obtain
|det(T1T2)| = |det(Ty)|| det(T>)]
k I p
(M1dem) (MTsm)
i=1 i=1

p
|det(Ty)||det(T2)|

ST
[T s (T1)s;(T2)
i=1

P
|det(T1 T2)|

d—k '
I1s;(ThT2)
i=1

IA

k p
= (HSI(Tsz))

d
as claimed. Here, the first inequality is that, by assumption, the following step uses |det(T;)| = [] s} (Ti), the second inequality is due to Eq. (3),
j=1

d
and the last step uses |det(T1T2)| = I1 sjl(Tl T2). m]
=1

This means that, when trying to establish an inequality of the form (2), if T is a finite product, it suffices to consider the single factors
separately.

Now we show that, once we have our desired inequality (2) for non-negative multiples of two separate generators, the exponential of the
sum of these two generators also satisfies the inequality. This observation will be particularly useful in our analysis of Lindblad generators.

LemmaIV.2. Let Gy, Gz € M. Suppose that 1 <k < d and p > 0 are such that
G k G P
\det(e7)| < (H sj(e"))
i=1

k P
|det(e“ )| < (H siT(eGﬁGz)) .

i=1

holds for all n € N and j = 1,2. Then, also
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A B
Proof. By the Lie-Trotter formula, e**® = lim,— o (7 e» )". As both the determinant and the singular values depend continuously on
G k G; P
the matrix, we can combine this with (an iterative application of) Lemma IV.1 to see whether it suffices to have |det(e™ )| < (H sIT (en )) for
i=1

arbitrary n € N. We can summarize this reasoning as follows:

; n
|det(e“*)| = lim|det((e7e7) )|
k G G \" p
< lim(Hsg((e"e") ))
n—oo 1:1

k P
([ ).

where the inequality follows by combining the assumption with Lemma IV.1. ]

Remark IV.3. If Gj in Lemma IV.2 are normal matrices, then it is easy to see that the assumed inequality for n = 1 already implies the
corresponding inequality for any n € N. In general, however, this implication is not true. This can be seen as considering L and 1L, with L
given in Example IV.12. Therefore, we make the assumption for all n € N. This is also why we formulate Definition IIL.2 for convex sets of
generators that contain the zero-matrix.

Next, we discuss how to reduce an inequality of the form (2) for a single matrix exponential to an inequality of eigenvalues of the
exponent.

k
Lemma IV.4. Suppose that G € M, satisfies Tr[G + G*] - p> Ml (G + G*) <0, then
i=1

k p
\det(eG)| < (H siT(eG)) .

i=1

Proof. We observe that
_ | det(e?)| S | det(e?)| _ det(ex(*9)) _ ﬁ 0 G+6*)

d-k ! T odk ! % dk 2M(G+G*) =1 “
[Ts7(e9) s/ (e2(G+60) T e'?h -
i=1 i=1 i=1

£ t,G
[Isi(e”)
i=1
106y S M0 G L(G+G*) . - .
where we used [T s7(e”) < [T s7(e ) (see p. 259 of Ref. 18) as well as | det(e”)| = det(e> ), which can be seen via Lie-Trotter. With
i-1 i=1

% zijT(G+G*) ! koo " » k »
|det(eG)|2 _ eTr[G+G ] < (e"-' i ) _ (Hez/\i(GJrG )) < (HSI(eG)) i
i=1

i=1

this, we now obtain

where the first inequality is exactly our assumption. Now we take the square root and obtain the claimed inequality. O
We summarize the results of the foregoing discussion for Markovian divisibility in the following.
— k
Theorem IV.5. Let G € M, be a set of generators. Let T € Dg and suppose that every G € G satisfies Tr[G + G*] - pY. Al (G + G*) < 0.
i=1
k p ’
Then, | det(T)| < (H sI(T)) :
i=1
Proof. By continuity of the determinant and the singular values, we can restrict our attention to T € Dg. In that case, there exist n € N
n
and generators { G} 1<i<n C G such that [ e = T. By Lemma IV.1, it suffices to have the desired inequality for each factor ¢%. These now
i=1
satisfy the inequality by Lemma IV 4.

We obtain an analogous result for infinitesimal Markovian divisibility:
Corollary IV.6. Let Gc My be a compact and convex set of matrices containing 0e My Let G:={AG|1e[0,1],

R . k . . _
G an extreme point of G} ¢ G. Assume that every GeG satisfies Tr[G+G']-pX M(G+G*)<0. Let TeZg Then, 0<det(T)
i=1

(M)

P
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Proof. det(T) >0 follows in the same way as in Proposition IIL5. By continuity, it suffices to prove the desired upper bound for
T € ZG.~ By the definition of the set Zg ar}d Lemma IV.1, it then suffices to consider single factors of the form eC Ged. By deﬁnitign of
G, GegG,in particular, implies that %G € G for all n € N. In addition, every element of G can be expressed as a finite sum of elements of G (by

Krein-Milman). Therefore, we can apply Lemma IV.2 to conclude that it suffices to consider single factors of the form ¢, G G. Now we
apply Lemma IV 4 to finish the proof. O

The assumption in Corollary IV.6 is about (truncated) rays through extreme points of the convex set of interest. In light of Remark IV 3,
we expect that this can, in general, not be further simplified to an assumption only about the extreme points themselves (without multiples).

B. Quantum channels

We now want to apply the reasoning from Subsection IV A to the more specific question of infinitesimal (Markovian) divisibility of
quantum channels.
To avoid confusion about notation, in this subsection, we will denote the eigenvalues of a matrix £ as A; = 1;( L), whereas the eigenvalues

of a linear map L on matrices are written as Ax = Ax(L). For real eigenvalues of such linear superoperators, we use Ai (AI<) to denote the
eigenvalues in decreasing (increasing) order.

1. Determinant vs power of the smallest singular value

We first show that purely dissipative Lindblad generators with one Lindbladian satisfy an inequality, as assumed in Lemma IV .4 with
only one summand:

LemmalV.7. LetL: My — Mgand L(p) = LpLT - %{Efﬁ,p} be a purely dissipative Lindblad generator with one Lindbladian L € M.
Then,

Tr[L+L*]—§A{(L+L*)so. 4

Proof. We adopt the following convention for vectorization of matrices: If A is an n x n-matrix with column vectors a;, then vec(A)
= (ai,...,a})" is the column vector obtained by stacking the columns of A on top of one another. When using vec(ABC) = (C” ® A)vec(B)
to rewrite L + L* as a d* x d*-matrix, we obtain

veec(L+L)=LoL+Li oL -1,0 L L-LTLo1,

From this, it is easy to see that
Tr[L+L"] = |Tr[£]|2 - ZdHEH;.

We observe that the Lindbladians £ and A1, + £ give rise to the same superoperator L + L* for every A € C. Hence, we can, without loss of
generality, assume that Tr[£] = 0 and therefore Tr[L + L*] = ~2d|| L] ;. Thus, we obtain

Tr[L+L"] - gAI(uL*) <-2d| L)} + g||L+L*HOO
< —2d| ]2 + g(HZ®£HM + HF@L‘THM + H“d ®£T£HM + Hﬁ@ ude)

d
- 2]+ S -4lL)
<0,
which finishes the proof. o

Remark IV.8. In our Proof of Lemma IV.7, one step might strike the reader as particularly simplistic. Specifically, we estimate
d d (= ey - d
s, <S(cecl, + et +|aecie|_+|cice) )< 4ch.

With a more thorough analysis, we can slightly improve this upper bound and thereby increase the prefactor in the statement of Lemma IV.7
from % to ~ 0.610733 d. (We then get the same improvement in Corollary IV.9.) We derive this improvement in the Appendix.

We can now apply the reasoning from Subsection IV A (fork=1and p = ;) to obtain the following corollary:

_ a
Corollary IV.9. Let T € Ty. Then, 0 < det(T) < (SI(T)) 2,

J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-8
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Proof. By combining the form of Lindblad generators from Theorem II.2 with Corollary IV.6, it suffices to consider Lindblad generators
with a single summand, i.e., of the form

i[p, H] withH = H'

L(p) = 1
LpLt - E{Iﬁz,p}.

[ H]: My — M, is a self-adjoint map if H = H', and therefore, ¢’} has 1 as only singular value. The desired singular value inequality (2)
is thus trivially satisfied for factors of this form. For factors of the form " with L(p) = LpLT - : LTL,p}, the desired eigenvalue inequality is
exactly shown in Lemma IV.7. O

This necessary criterion can be used to find channels that are not infinitesimal divisible and are given by convex combinations of a

rank-deficient channel with the identity channel.

Corollary IV.10. Let T : My - M be a quantum channel that has singular value of 0 of multiplicity 1 < k < g. Then, every neighborhood
of T contains a non-infinitesimal divisible channel.

Proof. Given such a quantum channel T, we can explicitly write down non-infinitesimal divisible channels via convex combination with
the identity, Te = (1 — €)T + € Id. By assumption, T has exactly k singular values, which go to 0 as € — 0. Thus, either det(T.) < 0 or we have

LA t (R, t d/2
det(Te) = [ Ts{(Te) > (sl(T€)> [T s(Te)> (sl(Tg)) for e small enough,
j=1 Jj=k+1

where we just used that the d” — k largest singular values do not go to 0 for e — 0. Hence, for € > 0 small enough, T does not satisfy the
criterion given in Corollary IV.9 and is therefore not infinitesimal divisible. ]

Example IV.11. We can use the above Corollary to find infinitesimal divisible channels near the channel T: My - My, T(p) = T'T[f] T4.

T is diagonal with respect to the generalized Gell-Mann basis of M, with the corresponding matrix given by T = diag[1,0,0,...,0] . The
Choi matrix 7 of T has full rank and is thus particularly strictly positive definite (because complete positivity of T translates to positive
semidefiniteness of its Choi matrix 7; see Ref. 15).

Hence, we can pick ¢ > 0 small enough such that T = diag[1,e,. . .,&, 0] is the matrix representation of a completely positive map in the
generalized Gell-Mann basis. As such a matrix T describes by its very form a trace-preserving map, it corresponds to a quantum channel T,
which now has an eigenvalue of 0 with a multiplicity of 1. Hence, we can apply Corollary IV.10 to T, and thus find channels arbitrarily close
to T that are not infinitesimal divisible.

Naturally, the question arises whether the power % in Corollary IV.9 is optimal. Our next example shows that the dependence on d
cannot be better than linear and that the factor of 1 cannot be improved by much.

Example IV.12. When considering the pathological case of a matrix of the form

0 0 O 1
0 0 O 0
L= )
0 0 O 0
we can easily compute that
0 0 1 D; 0 0
00 --- 0 0 D, 0
L+L" = +
1 0 0 0 o0 Da,
J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-9
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with D; = diag(0,...,0,-1) e R”? for 1 <i<d-1and D, = diag(~1,...,~1,-2) e R*? Hence, L + L* has eigenvalues —1 of multiplicity
2(d - 1), 0 of multiplicity d* - 2d, and ~1 + /2, each of multiplicity 1. In particular, Tr[L + L*] - pAl(L+ L*) = —2d + (1 + /2)p < 0 iff

2
ps 1+\/§d'

This example also shows that in Theorem IV.9, nothing better than det(T) < (SI (T) )p with p = O(d) can be achieved. Specifically, with
the above choice of £, we get

00 1 Dy 0 0
0 0 0 0 D, 0
L= + -
00 0 0 0 Dy
This can now be exponentiated to obtain
00 -\ (e 0 o 0
L oo 0 0 e 0
T:=¢" = + R
00 0 0 0 1

where /2P = diag(1,..., l,e_l/z) forl<i<d-1ande/?P = diag(e_l/z,. .. ,e_l/z,e_l).
We can now compute

0 0 1-¢! o 0
0 0 0 0 ™ 0

T"T = + ,
1-¢' 0 - (1-¢") 0 0 ... e

from which we see that T has singular values of 1 of multiplicity (d - 1)* -1, e : of multiplicity 2(d - 1), —W ~ 1.200 of

multiplicity 1, and —W

~ 0.306 of multiplicity 1. In particular, we have

det(T) < (s{(T))%,
but
d

det(T) > (51(7))

More precisely, we see that det(T) < (SI(T))P requires, as d — oo,

ps In(st(T)) +1n(s!(T)) - (d-1) N In(1.200) +1n(0.306) — (d - 1) 1

d~0.845 d.
In(s!(T)) 1n(0.306) ~1n(0.306)

If we do the same computation for %L instead of L, we obtain, in the limit of large n, the upper bound,

2 V2
<—rcd+1+ ——£1,
p 1+V2 1+v2

which coincides up to an additive constant with the bound obtained above on the level of eigenvalues.
This concludes our discussion of the example.
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The result of Theorem IV.9 applied to the qubit case does not reproduce the criterion from Theorem IIL6. In particular, we do not obtain
anin but merely smin. For normal Lindbladians and thus products of unital channels, our reasoning can, however, be improved.

Proposition IV.13. For normal Lindbladians, the prefactor in Lemma IV.7 (thus the exponent in Corollary IV.9) can be improved to d.
Furthermore, this estimate is sharp, i.e., cannot be improved for general normal L.

Proof. For normal £, we know all the eigenvalues of L + L*, and they are given by {~|1; — A;|* }1j, where A; are the eigenvalues of £ (see
Remark IV.15 for a detailed derivation). Now choose two indices i, j* such that

Ao = Ao [* = max |4 - A
L

Then, (4) for exponent d becomes

Tr[L+L*] —dAJ(L+L*) = =Y b = 4 +dhis - A (5)
)

Now using |a + b|* < 2(|al* + |b|*) and denoting the indices {1,...,d}\{i*,j*} = {n1,...,n4_,}, we obtain

d-2
(5) < =S = L+ 20 = Al +237 (A = A + 1A = A,
ij k=1

%) <o.

In the last step, we used that every difference [A;« /;+ — Ay, |* appears twice in the first sum.
In order to see that d is also optimal, consider the example £ = diag[1,-1,0,...,0] . Here, a straightforward calculation shows that
L+ L* has eigenvalues —4 of multiplicity 2, —1 of multiplicity 4(d — 2), and 0 of multiplicity 2 + (d — 2)*. Thus,

Tr[L+L"] = —4d = —dA, - A,* = dAI(L + L*),
so d is optimal. O

d
Note that the example used in the previous proof can also be used to show that for normal £, the exponent in det(e") < (s{ Ca )) cannot
be improved.

2. Determinant vs product of smallest singular values

So far, we have used the ideas from Subsection IV A to derive an upper bound on the determinant of infinitesimal divisible quantum
channels in terms of the power of its smallest singular value. Now we focus on the other aspect of Lemma IV.4 and bound the determinant via
a product of smallest singular values.

Lemma 1V.14. Let L: My — My and L(p) = LpLT - %{ETﬁ,p} be a purely dissipative Lindblad generator with one Lindbladian
L € M. Then, for f(d) =2d - 2+/2d + 1, we have

LF (@)
Tr[L+L*]- > Ak(L+L*)<o0. (6)

K=1

Proof. As in the Proof of Lemma IV.7, we can, without loss of generality, assume that Tr[£] = 0, and therefore, Tr[L + L*] = —2d|| L] .
We can now bound

Lf ()] /()]
=Y AR HLY) < D Ak L)
K=1 K=1
L ()]
< > sk(L+LY)
K=1

12+ 270 yayyy

= HZ®£+E®£*—h@ﬂﬁ—ﬁ@ﬂdﬂ(wm

<2fZo L]+ a0l LiLe 1]"HQf(d)J)’
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where we used the kth Ky Fan norm,
k !
HAH(k) = Zsi (A).
i=1

We bound those two norms separately: For the first term,

_ @l
12eL] ) = KZI sk(L®L)

1

@IS ((@o o))
<VIf@][Le L],
= VI @D]IL

where the first inequality is an application of Cauchy-Schwarz.

For the second term, we choose an ONB with respect to which £ £ is diagonal with the squares of the singular values s; of £ on the
diagonal (which is possible by unitary invariance of the Ky Fan norms) and then compute

Hﬂd LI L+LIL® ﬂdH |diag[2$§,sf +s§,...,sf +s§,sf +s§,...,2s§

L@ | s
d

<(Lf(d)] + 1)25?

<(Lf(@)]+1)]L]3

Plugging this into the above, we obtain

LF(@)]
Te[L+ L] = 3 Ag(L+L") < =2d| L[5+ (1+2V/[f(d)] + [F( )L
k=1
Thisis < 0if 1 +2v/f(d) + f(d) — 2d < 0, which is guaranteed by the choice f(d) = 2d - 2v/2d + 1. ]

Remark IV.15. The reasoning in the Proof of Lemma IV.14 becomes particularly simple if the Lindbladian £ is normal. In that case,
let {v;}; be an orthonormal basis for R? consisting of eigenvectors of £ corresponding to eigenvalues {;};. By normality, the {v;}; are
also eigenvectors of L' to eigenvalues {Xj}j. Recalling that in the matrix representation, we can write L+ L* = L® L+ LT ® Lr-1,0L'C

- LYL® 1y, it is now easy to see that {#; ® vj};; is an orthonormal basis of c consisting of eigenvectors of L+ L* to eigenvalues
{~Ai = X7 }1;. Hence, all eigenvalues of L + L* are < 0, and the inequality of Lemma V.14 is trivially satisfied.

We can now apply our reasoning from Subsection IV A (with k = |2d — 2v/2d + 1] and p = 1) to obtain the following corollary:

Corollary IV.16. Let T € I. Then, with f(d) = |2d — 2v/2d + 1|, we have

f(d)
0<det(T) < [] sH(T).

i=1

Example IV.17. Consider again the Lindblad generator L from Example IV.12 and the corresponding channel T. With the eigenvalues

d’—k
and singular values computed in Example IV.12, we see that in this case, 3, A}(L+L*) > 0forall k > 2d — 1, and we have
i=1

2d-2

det(T) < [T sH(T),

i=1

J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-12
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but
k
det(T) > [[s/(T)
i=1

k
for every d* > k > 2d — 2. This shows that in Corollary IV.16, nothing better than det(T) < [T s! (T) with k = 2d - 2 can be achieved.
i=1

Remark IV.18. After establishing the optimality of picking the smallest 2d — C singular values in Corollary IV.16, the question naturally
arises whether this bound can, in principle, be achieved with our proof strategy. In other words, what is the optimal choice for k such that

HZ®£+F®H —ﬂd®£Tc—ﬁ®udH(k) <2d| L)

We clearly have
HZ<X>£+E®£ZJr —M@ﬁTC—ﬁ@“dH(k) SZHZ@’[’H(}() + H“d®£]‘[’+ﬁ® ]]dH(k)'

The first term has the singular values s;(£)s;(£), and the second one has singular values s; (L) + SJZ(E). Thus, if we normalize the Frobenius
norm of £ to 1 and write p; = s7 (L), we can reduce the desired bound to the following conjecture:

d
Conjecture IV.19. Let p € RS, with Y p; = 1. Define the matrices a,g € R via
i=1

itDpj
aiFPTPJ) 8ij = /Pibj-

Denote by a]t and g,f the kth largest entry of a and g, respectively. Define

h(d) h(d)
A= a, G= zg: &
k=1 k=1

We conjecture that the maximal integer h(d) such that A + G < d holds for any probability vector p is given by h(d) = 2d — 5.

We have tested this conjecture numerically for a wide range of dimensions. Theoretically, it stems from the fact that we know the optimal

values and corresponding probability vectors for the arithmetic [h(d) = 2d — 2] and geometric mean [h(d) = d*], respectively. Hence, A is by
far more decisive and G can only worsen the maximal number of summands by a bit. If we were able to prove this conjecture, we could choose
f(d) = h(d) = 2d - 5 in Corollary IV.16, which would bring us closer to the optimum of 2d — 2 up to an additive constant.

Remark IV.20. In contrast to Subsection I'V B 1, here, we cannot provide an example of a quantum channel that violates the criterion
from Corollary IV.16. As any channel having only singular values < 1 trivially satisfies the criterion, no unital channel will provide a violation,
which makes analytically constructing an example more difficult. We have also tried to find an example of a non-infinitesimal divisible channel
that is recognized as such by the conjectured optimal version of our criterion (which we cannot prove yet) numerically via minimizing the

2d-2

fraction [] s,.T(T) / det(T) over channels. This has, however, not been successful. We would be interested in any comments as to how such
i=1

an example can be found or why finding one is a challenging task.

So far in our treatment of infinitesimal divisible quantum channels, we considered two extreme cases, namely, estimating the determinant
by the highest possible power of the smallest singular value and by the product of the largest possible number of the lowest singular values all
with exponent 1. The next proposition corresponds to an interpolation between those two results.

Proposition IV.21. Let T € T,. Then, for any 1 < k < d* with g(d) = ;szij;gﬂ’ we have

k g(d)
0 <det(T) < (HSJ(T)) .
i=1
Proof. As shown in Subsection [V A, it suffices to show that any Lindblad generator L satisfies

k
Tr[L+L*] - g(d) > AY(L+ L") < -2d| L[} + g(d)|L+L* i <0-
=1
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Again, we only need to consider purely dissipative Lindblad generators with a single Lindbladian. For such generators, the desired
assertion follows from the bound on the Ky Fan norm provided in the Proof of Lemma IV.14,

JL+17] g < (k+ 2V + 1) L5

O

Remark IV.22. In our numerical tests, we observe the result of Corollary IV.9 to be the strongest in generic cases in higher dimen-
sions, since generically, the smallest singular value seems to be of some orders of magnitude smaller than the others. However, the result in
Proposition IV.21 might give useful improvements for small dimensions, especially if some of the lowest singular values are all of the same
order of magnitude. Take the case d = 3, k = 2, and then, we get the three results,

s! (T)3/2 (Corollary 1V.9)
0 < det(T) < s1(T)sh(T) (Corollary 1V.16)

_6
(sH(m)sh()) ™" (Proposition 1V.21).

Hence, if s} (T)) is a lot smaller than s (T) , the first result is the strongest. However, if s (T) » s}(T) , then the last result becomes the strongest
criterion out of the three.

C. Stochastic matrices

The classical counterparts of quantum channels and Lindblad generators are stochastic matrices and transition rate matrices, respectively.
In particular, when choosing the set of generators to be the set of all transition rate matrices, we obtain a notion of (infinitesimal) Markovian
divisibility for stochastic matrices.

Motivated by the results of Subsections IV A and IV B, we now study whether similar criteria for infinitesimal divisibility of stochastic
matrices can be established. More precisely, we define the following:

Definition IV.23 (Markovian divisible stochastic matrices). We define the set of d x d stochastic matrices to be

d
Sy = {SeRM | >0 Vi,j and Y Sj=1 Vi}
j=1

and the set of d x d transition rate matrices to be

d
Qd::{QeRdXdQ,-jZO Vi#jand ) Qj=0 Vi}.

j=1

We call a stochastic matrix S € S; Markovian divisible if it is Markovian divisible with respect to the set of generators Q ; in the sense of Definition
IIL1.

Note that, as discussed in Remark II1.4, the “infinitesimal” requirement is automatically contained in this definition due to the structure
of the set Q,4, which is why we do not write it out explicitly.

Our first observation is that, in contrast to the case of Lindblad generators studied in Subsection I'V B, when allowing all transition rate
matrices as generators, no non-trivial necessary criteria of our desired form (2) can hold.

Example IV.24. Take the transition rate matrix

1 1
-1 0 0 1 - 0 0 1--
e e
o 0 --- 0 0 0 0 1 --- 0 0
Q= € Q4, andthen,e* = >
0 0 0 0 0 0 0 1
J. Math. Phys. 62, 042203 (2021); doi: 10.1063/5.0031760 62, 042203-14
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@ ~ 0.306 of multiplicity

which has singular values —W ~ 1.200 of multiplicity 1, 1 of multiplicity d — 2, and
1. In particular, we see that for every 1 < k < d,

det(e?) > Ii sT(e9).

Hence, for Markovian divisible stochastic matrices, there cannot be a non-trivial necessary criterion of the form of Corollary IV.16. Similarly,
no non-trivial necessary criterion as in Corollary IV.9 with an exponent growing with some positive power of d can hold when we take the set
G of generators to be all transition rate matrices.

This example, together with Corollaries IV.16 and IV.9, implies the following:

Corollary IV.25. There cannot be a mapping from d* x d* stochastic matrices to T that both preserves infinitesimal Markovian divisibility
and leaves singular values invariant.

We can, however, restrict our attention to strict subsets of all transition rate matrices and derive analogous criteria there.

Lemma IV.26. Let c € (0,1]. Consider the set of generators

G.:={Qe R4 | Q is a transition rate matrix and Qg < ¢ mlir;Q” V1<k<d}.
1<I<

Then, Tr[Q + Q] - =)@ + Q") <o.

d d
Proof. Clearly, for Q € G, we have Tr[Q + Q=22 Qi<2(1+c(d- 1))mlir(11Q”' As Y. Q= 0forall 1 < i< d, we can use Gerschgorin
i=1 1<ig j=1

discs to obtain Al (Q+ Q") > 4 mlir; Q. In particular, we have that
1<l<

1+c(d-1
@-)),

Tr[Q+ Q"] - 5

(Q+ Q") <2(1+¢(d-1))minQy - 2(1 + c(d - 1)) minQy = 0,
1<l<d 1<l<d
as claimed. O

According to our reasoning from Subsection IV A, this directly implies the following corollary:

Corollary IV.27. Let ¢ € (0,1]. Suppose that S € [0,1]“ is a stochastic matrix that is Markovian divisible with respect to G,. Then, det(S)

1+c(d-1)

< (SI(S)) 2

If we set ¢ = 1, then G, describes the set of transition rate matrices with constant diagonal. For Markovian divisibility of a stochastic
d
2

matrix S with respect to this restricted set of generators, we obtain again the criterion det(S) < (SI (S ))

V. CONCLUSION

In this work, we described how the notion of infinitesimal Markovian divisibility introduced in Ref. 3 as a notion of Markovianity for
quantum channels with the generators in Lindblad form can be extended to a notion applicable to general linear maps and a (closed and
convex) set of generators.

Our main contribution toward an understanding of this notion is a general proof strategy based on (sub-) multiplicativity properties of
the determinant and products of largest singular values as well as Trotterization, with which we can establish necessary criteria for infinitesimal
Markovian divsibility from a spectral property of the generators.

We showed that all Lindblad generators satisfy such a property, and therefore, our approach yields necessary criteria for infinitesi-
mal Markovian divisibility of quantum channels in any (finite) dimension. These are the first such criteria beyond dimension 2 aside from
non-negativity of the determinant. Using these criteria, we gave new examples of provably non-infinitesimal Markovian divisible quantum
channels that can be found in any neighborhood of any rank-deficient quantum channel.

However, when studying the classical counterpart—stochastic matrices as maps of interest and transition rate matrices as generators—we
found that in the general scenario in which all possible transition rate matrices are allowed as generators, no necessary criterion of our desired
form can hold. We could apply our proof strategy only after imposing an additional restriction on the allowed transition rate matrices, which
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can be interpreted as requiring that the time scales for remaining in any of the states of the Markov chain are comparable. (In particular, we
have to assume that there are no absorbing states.)

Several follow-up questions arise naturally from our work. The first such question is for improvements of our results of Corollaries IV.9
and IV.16. In Examples IV.12 and IV.17, we have shown that our results are close to optimal with respect to the dimension dependence of
the exponent in Corollary IV.9 and optimal in the leading order with respect to the number of factors in Corollary IV.16. Nevertheless, there
remains a gap to be closed. One possible step for improving Corollary IV.16 might lie in a better understanding of Conjecture IV.19. One
might also wonder whether there is a subclass of Lindblad operators for which our proof strategy yields stronger bounds.

More generally, we are hoping for a better understanding of the result of Corollary IV.16. A crucial first step would be to find—either
analytically or numerically—examples of not infinitesimal Markovian divisible quantum channels that violate the inequality in Corollary
IV.16 (or, for that matter, our conjectured improvement of it). As our proof of this inequality makes extensive use of the assumed divisibility
structure, we would consider it surprising if no such examples could be found, which would make it trivial as a necessary criterion.

We mention one more natural question concerning the case of infinitesimal Markovian divisible quantum channels. Specifically, now
that we have established necessary criteria for this property, can these be complemented by sufficient criteria of a similar form? The results of
Ref. 3 show that for generic qubit channels, an inequality between the determinant of a channel and the square of its smallest singular value is
indeed a necessary and sufficient criterion for infinitesimal Markovian divisibility. However, it is not at all clear whether this gerneralizes to
higher dimensions.

Finally, here, we have applied our general proof strategy to two scenarios: that of Lindblad generators and that of transition rate matrices
as generators. It would be interesting to find other sets of matrix semigroups whose generators satisfy a spectral property as required in
Theorem IV.5.
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APPENDIX: PROOF OF AN IMPROVEMENT TO COROLLARY IV.9

As mentioned in Remark IV.8, we are able to improve the exponent in Corollary IV.9 from g to - \Z/F d~0.610733 d.
v
The idea behind the improvement is to estimate more carefully the smallest (“most negative”) eigenvalue Al(L + L*). In the proof of

Corollary IV.9, we simply estimate Al (L + L*) from below by —4| £ 7, which yields the exponent g when comparing it to the ~2d|L|} from
the trace of L + L*. To obtain our improved version, we prove the following lemma.

Lemma A.1. Let L € Myand L(p) = LpL - %{Efﬁ,p}, Then,

AlL+1") > —(2+ \ /1;)|z:|;.

Proof. The starting point for our reasoning is the I*-version of the Gerschgorin disc Theorem (see Ref. 18), which states that for a
Hermitian matrix A = (“U)ij’ each interval [a;; — i, aii + ;] contains at least one eigenvalue of A, where

1/2
ri= (Z|aij|2) .
J#Ei

Next, note that due to the tensor-structure of L + L*, we can write its entries in a matrix representation as

(L+L") = Ligeny e Lrs + Lipenyger Lo = 8gp (L1 L)rs = (L1L) (gr1y (pr1) Ors

where k = gd + r,1 = pd + s with g € {0,...,d - 1},r € {1,...,d}. If we now choose an orthonormal basis such that £ £ = diag[¢7,...,d3],
we obtain, for the diagonal entries,
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(L+L7) = Ligrnyen Lo + Ligraygen L = 07 = 0(gs1)-

For the off-diagonal entries, we need to consider only the first two terms in L + L* due to the choice of our basis, i.e., we get, for k # I,

(L+L7) = LignyenLos + L g Lo
We need to distinguish two cases.
Case k = 1: Here, we have

(L+L"), =2lLuf - 20

and

Z' (L + L*)1k| 2 = Z'Zl(q+l)£lr + ‘C(q+1)lzrl‘2
k1 q.r

< DN Liqeny | XILul* + YN Lo "1 Lnl” +2[ 3 1£0 Ll
q r q r —

r

<3 (ILuP+ILna)
2 2 2y 1 2 22
<ILLCILNE + [£ul) + S (£ + 1£nl)
where in the last step, we used that, since we are summing up the first row and column, only the diagonal entry |£11|* appears twice and
the sum of the remaining squares can be bounded by one Frobenius norm.

Before we proceed, let us note that without loss of generality, we can normalize HﬁH; =1 to make the following computations more
readable. Then, we obtain, by completing the square,

2
* 2 2 1 2\2 3 2 2 1 4
IZ:I‘(L+L )1k| Sl+|£11‘ +E(l+|£11‘ ) :(\/;+ \/;|£11| ) —g|£11| .
1/2
n £\ 2 2 2 3 2 2 3
(L+L )11—(I§:I|(L+L )il ) > 2|L _201_\/2_\/;&1' 2—(2+\/;).

Hence, in this case, we are even able to bound a;; — r; from below by —(2 + \/g L7
Case k # 1: Here, we obtain, for the diagonal entries using Young’s inequality,

Thus,

(L+L"),, = Ligeny(gen Lo + Ligeny(gen L = 07 = 0ge1y > —2| Ligerygen) Lrl = |LI7
Note that the two singular values might be the same but can, nevertheless, be bounded by just one Frobenius norm, which is the important

difference to the case k = 1.
For the off-diagonal entries, we start off in the same way as above,

* 2 ~ 2 2 v -~
DI+ ) P < 30 Lo Ll + L@y Lal” + 2L g £l prygen Lol
i (ps)elar)

= (Z£<q+1><p+1>|2)(2|ﬂrslz) + (Zlﬁcpn)(qﬂ)z)(zﬁsrlz)
P s P s

+ 2(2|ﬁ(q+1>(p+1>£<p+1><q+1> |)(Z|£rs£sr|) —4[L gy g1y Lrrl”
P s

< ILIE(IL]E + min{| L0l [£gey e ) = 4L gery gy Lol

1
+ S ULIE + 120 (LI + 1 aen )-
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Again normalizing | £[} = 1 and denoting x = I£(g+1)(q+1)|>y = |Lr| give us

\Y%

1/2
—2xy—1- ((1 +min{x’,y’}) + %(1 +x7)(1+y%) —4x2y2)

(L+L), - (Z| (L +L’*)kl|2)l/2

l#k

:g(xy).

Taking the minimum of the function on the right-hand side over (the upper half of) the unit disk x* + y* < 1 gives us

1/2
1 1 13
L+L"), - L+L*) |*] >mingxy)=gl—= —=]=-2-1/+.
o) (B s ol oo ) -2/
As the second case k # 1 gives us the worse bound, our final estimate is precisely the statement from Lemma A.1. O

Again, this has to be compared to —2dH£Hi in the reasoning of the proof of Corollary IV.9, whereby we obtain the claimed exponent
2

d (instead of the previous %).
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Binary classification with classical instances and quantum labels

Matthias C. Caro

Binary classification is one of the central and most well studied tasks in classical machine learning
theory and practice. There, the challenge is to produce, given input data with (classical) labels
0 or 1, a hypothesis that predicts the labels of previously unseen data points well. This task is
formalized in the probably approzimately correct (PAC) model of binary classification. In this
work, we propose a quantum version of PAC binary classification, in which the labels are quantum
states. We show how to reduce this problem to a task of classical binary classification with
noisy labels, which allows us to prove sample complexity upper bounds. With an information-
theoretic proof strategy, we also establish almost matching sample complexity lower bounds. This
demonstrates that our suggested semiclassical strategy is effectively optimal for this problem from

a sample complexity perspective.

We begin the article with an introductory section, in which we give an overview over our results,
the proof strategy, as well as related work. Section 2 first recalls basic notions from quantum
information theory (Section 2.1), and then presents the PAC framework for classical binary
classification, together with the characterization of its sample complexity in terms of the VC-

dimension (Section 2.2).

After these two preparatory sections, we introduce the quantum learning problem investigated
in this work in Section 3. Here, the task is to use training data to learn a mapping from classical
inputs to quantum states, where the performance is measured in terms of the trace distance
between output states. Crucially, the training data is assumed to be classical-quantum: A single
training example consists of a classical input and a copy of the corresponding quantum label
state. This differentiates our learning problem from scenarios in which classical descriptions of
the quantum objects in the training data are provided. We do, however, assume that (classical

descriptions of) the two possible quantum label states are known in advance.

Section 4 contains our first results, namely sample complexity upper bounds for binary classifica-
tion with classical instances and quantum labels. First, in Section 4.1, we treat the agnostic case.
We describe a semi-classical learning strategy in which we perform local Holevo-Helstrom mea-
surements on the quantum part of the training data and then classically process the obtained
measurement outcomes with a learning algorithm that corrects for label noise. By proving a
Rademacher complexity upper bound (Lemma 1 and the discussion thereafter), we establish our
sample complexity upper bound for this scenario. Next, Subsection 4.2 contains our sample com-
plexity upper bounds for the realizable case. Again, we reduce the task to a classical problem
of learning from noisy labels. For the latter, we determine the optimal sample complexity in
Appendix 4 and then translate this guarantee to our quantum learning scenario (Theorem 2).

In Section 5, we complement the results of the previous section with sample complexity lower
bounds, assuming that the quantum labels are pure states. Again, we treat the agnostic (Corol-
lary 1) and the realizable case (Theorem 4) separately. The proof strategy for both cases is
information-theoretic: We identify pathological distributions such that the ability to solve the

quantum learning problem with respect to these distributions implies the ability to extract a cer-
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tain amount of information from the training data. Exactly this information content, however,
can also be upper bounded using the form of the training data state, as we show with detailed
computations in Appendix 1. Comparing lower and upper bounds on the information content in
the data leads to our sample complexity lower bounds.

We conclude the article in Section 6 by emphasizing again how our scenario differs from prior
work and with some open questions.

The idea for this project was motivated by discussions between my doctoral advisor, Michael
M. Wolf, and myself. The formulation of the learning problem studied in this work has arisen
from these discussions. I have developed the idea for Examples 1, 2 and 3 in a discussion with
Benedikt R. Graswald. I am solely responsible for the scientific content of this article, with the
two restrictions just mentioned. As the single author of this article, I am solely responsible for

writing this article.
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Abstract

In classical statistical learning theory, one of the most well-studied problems is that of binary classification. The information-
theoretic sample complexity of this task is tightly characterized by the Vapnik-Chervonenkis (VC) dimension. A quantum
analog of this task, with training data given as a quantum state has also been intensely studied and is now known to
have the same sample complexity as its classical counterpart. We propose a novel quantum version of the classical binary
classification task by considering maps with classical input and quantum output and corresponding classical-quantum
training data. We discuss learning strategies for the agnostic and for the realizable case and study their performance to obtain
sample complexity upper bounds. Moreover, we provide sample complexity lower bounds which show that our upper bounds
are essentially tight for pure output states. In particular, we see that the sample complexity is the same as in the classical
binary classification task w.r.t. its dependence on accuracy, confidence and the VC-dimension.

Keywords Quantum learning theory - Sample complexity - Binary classification - VC-dimension

1 Introduction

The fields of machine learning and of quantum computation
provide new ways of looking at computational problems
and have seen a significant increase in academic as well as
practical interest since their origins in the 1970s and 1980s.
More recently, attention was directed to paths for combining
ideas from these two fruitful research areas. This gave rise
to new approaches under different names such as “quantum
machine learning” or “quantum learning theory”.

In classical statistical learning theory, one of the most
influential frameworks is that of probably approximately
correct (PAC) learning due to Vapnik and Chervonenkis
(1971) and Valiant (1984). It is particularly well studied for
the task of binary classification. For this problem the so-
called VC-dimension Vapnik and Chervonenkis (1971) is
known to characterize the sample complexity of learning
a function class (Blumer et al. 1989; Hanneke 2016).
Motivated by these strong theoretical results, a quantum
analog of this problem was soon defined and studied in

X Matthias C. Caro
caro@ma.tum.de

Department of Mathematics, Technical University of Munich,
Garching, Germany

Munich Center for Quantum Science and Technology
(MCQST), Munich, Germany

a series of papers (an overview over which is given in
Arunachalam and de Wolf (2017)), which culminated in
the results of Arunachalam and de Wolf (2018). There it
is shown that the information-theoretic complexity of the
task of quantum PAC learning a 0-1-valued function class is
characterized by the VC-dimension in exactly the same way
as for the classical scenario.

The scenario studied in Arunachalam and de Wolf (2018)
assumes the training data available to the learner to be
given in a specific quantum form and allows the learner to
perform quantum computational operations on that training
data. The functions to be learned, however, still map
classical inputs to classical outputs. We propose a different
quantum version of the binary classification task by not
only considering the possibility of quantum training data
but by allowing the objects to be learned to be inherently
quantum. More specifically, we consider functions that map
classical inputs to one of two possible quantum output states
(“‘quantum labels”). These maps describe state preparation
procedures. A more general learning task of this type,
for which our problem can be seen as a toy model,
could be relevant for cases in which state preparation is
either costly or time-consuming, e.g., preparing thermal
states at low temperatures (see Branddao and Kastoryano
2019; Chowdhury 2020, and references therein). Here, one
could first produce sample data, learn a predictor, and
then reproduce the preparation more efficiently using the
predictor.

@ Springer
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1.1 Main results

We consider maps f : 2 — {09, 01} that assign to points
in a classical input space 2~ one of two labelling quantum
states {09, 01}. (Here, o¢p and o] are, in general, mixed
states described by density matrices.) Let .# be a function
class consisting of such functions. We assume the training
data to be given as a classical-quantum state about which,
according to the laws of quantum theory, we can only gain
information by performing measurements.

Our learning model is that of PAC-learning with accuracy
¢ and confidence §. Here, we require a learning algorithm,
given as input classical-quantum training data generated
according to some unknown underlying distribution, to
output with probability > 1 — & over the choice of training
data a hypothesis that achieves accuracy e. (Accuracy is
measured in terms of the trace distance.)

We present a learning strategy that (e, §)-PAC learns
F C{f : & — {o0,01}} in the agnostic scenario from
classical-quantum training data of size & (;iz + logg—;”),
where d is the VC-dimension of the {0, 1}-valued function
class . Z < {f Z — {0, 1}} induced by .# via
o; — i,i = 0,1. Here, “agnostic” means that there
need not be a function in .% that would achieve perfect
accuracy. We also show that solving this learning problem

log1/8
) ), SO our strategy

requires training data size §2 (gd—z +
is optimal w.r.t. the sample complexity dependence on ¢, §
and d.

For the realizable scenario of the quantum learning
problem, i.e., under the assumption that perfect accuracy
can be achieved using .%, we prove a sample complexity
upper bound of

1
¢ (8(1 — 2max{tr[Ego1], tr[E100]})? (d + log 1/8)> )

where {Eg, E1} is the Holevo-Helstrom measurement for
distinguishing op and o7, and a sample complexity lower

bound of £2 (% + %) Also here, these bounds coincide

w.r.t. their dependence on ¢, § and d. The prefactor (1 —
2 max{tr[Ego1], tr[Ej0o0]}) ™2 in the upper bound comes
from our procedure trying to distinguish o9 and o by
measuring single copies. (Note: Even though we formulate
this in terms of the Holevo-Helstrom measurement, we
could use any other two-outcome POVM {Eo, El} that
satisfies max{tr[anl], tr[Elag]} < 1/2)).

In proving the sample complexity upper bound for the
realizable scenario, we combine algorithms from Laird

(1988) and Hanneke (2016) to show that ﬁ(m
(d +1log1/68)) classical examples with two-sided classi-
fication noise, i.e., in which each label is flipped with
probability given by a noise rate, suffice for classical (e, §)-

PAC learning a function class of VC-dimension d in the

@ Springer

realizable scenario if the noise rate is bounded by n, <
1/2. This upper bound has, to the best of our knowledge,
not been observed before and, when combined with the
lower bound from Arunachalam and de Wolf (2018), estab-
lishes the optimal sample complexity of this classical noisy
learning problem.

As is common in statistical learning theory, our main
focus lies on the information-theoretic complexity of the
learning problem, i.e., the necessary and sufficient number
of quantum examples, whereas we do not discuss the com-
putational complexity. Our proposed strategies are “‘semi-
classical” in the following sense: After initially performing
simple tensor product measurements, in which each tensor
factor is a two-outcome POVM, the remaining computa-
tion is done by a classical learning algorithm. In particular,
the procedure does not require (possibly hard to implement)
joint measurements and its computational complexity will
be determined by the (classical) computational complexity
of the classical learner used as a subroutine.

1.2 Overview over the proof strategy

We first sketch how we obtain the sample complexity upper
bounds. We propose a simple (semi-classical) procedure
that consists of first performing local measurements on
the quantum part of the training data examples to obtain
classical training data and then applying a classical learning
algorithm.

We observe that the learning problem for which the
classical learner is applied, can then be viewed as a classical
binary classification problem with two-sided classification
noise, i.e., in which the labels are flipped with certain error
probabilities determined by the outcome probabilities of
the performed quantum measurements. Therefore, we have
reduced our problem to obtaining sample complexity upper
bounds for a classical learning problem with noise.

In the general (so-called agnostic) case, we can use
known sample complexity bounds formulated in terms of a
complexity measure called Rademacher complexity to show
that classical empirical risk minimization w.r.t. a suitably
modified loss function (as suggested in Natarajan et al.
2013) achieves optimal sample complexity for this classical
learning problem with noise.

In the realizable case, i.e., under the assumption that
any non-noisy training data set can be perfectly represented
by some hypothesis in our class Z, the optimal sample
complexity for binary classification with two-sided clas-
sification noise has not been established in the literature.
We combine ideas from Laird (1988) and Hanneke (2016)
to exhibit an algorithm that achieves information-theoretic
optimality for this scenario.

To obtain the sample complexity lower bounds, we apply
ideas from Arunachalam and de Wolf (2018). Namely, we
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observe that for sufficiently small accuracy parameter, any
quantum strategy that solves our learning problem indeed
has to be able to distinguish between the possible different
training data states with high success probability.

In the simple case of distinguishing between two quan-
tum states, arising from two different “hard-to-distinguish”
underlying distributions, this probability can be upper
bounded in terms of the trace distance of the states. In the
more general case of many states, we do not study this
success probability directly. Instead, we consider the infor-
mation contained in the quantum training data about the
choice of the underlying distribution, again chosen out of a
set of “hard-to-distinguish” distributions.

1.3 Related work

Bshouty and Jackson (1998) introduced a notion of quantum
training data for learning problems with classical concepts
and used it to learn DNF (Disjunctive Normal Form)
formulae w.r.t. the uniform distribution. This was extended
to product distributions by Kanade et al. (2019). Using
ideas from Fourier-based learning, this type of quantum
training data was also studied in the context of fixed-
distribution learning of Boolean linear functions (Bernstein
and Vazirani 1993; Cross et al. 2015; Riste et al. 2017;
Grilo et al. 2017; Caro 2020), juntas Atict and Servedio
(2007), and Fourier-sparse functions (Arunachalam et al.
2019a). Arunachalam and de Wolf (2017) and Arunachalam
et al. (2019b) study the limitations of these quantum
examples. A broad overview over work on quantum learning
classical functions is given in Arunachalam and de Wolf
(2017).

Also for the model of learning from membership queries,
a quantum counterpart can be considered. Servedio and
Gortler (2004) showed that the number of required classical
queries is at most polynomially larger than the number of
required quantum queries. Recently,this polynomial relation
was improved upon in Arunachalam et al. (2019a). A
more specific scenario, namely that of learning multilinear
polynomials more efficiently from quantum membership
queries, is studied in Montanaro (2012).

Similarly, also a quantum counterpart of the classical
model of statistical query learning can be defined. This was
recently studied in Arunachalam et al. (2020).

Another line of research at the intersection of learning
theory and quantum information focuses on applying
classical learning to concept classes arising from quantum
theory, e.g., from states or measurements. This was initiated
by Aaronson (2007) and studied further by Cheng et al.
(2016) and Aaronson (2018), and Aaronson et al. (2018).

Our learning model is similar to the one studied in Chung
and Lin (2018). Also there, the inputs are assumed to be
classical and the outputs are quantum states. The crucial

difference to our scenario is that we assume that there
are only two possible label states and these are known in
advance. In Chung and Lin (2018), there can be a continuum
of possible label states.

Our additional assumption allows us to study infinite
function classes .%, whereas the results in Chung and Lin
(2018) are for classes of finite size. (We expect that the
reasoning of Chung and Lin (2018) can be extended to
infinite classes using the so-called “growth function” when
restricting to a finite set of possible target states. This
might lead to a learning procedure that can be applied
in our scenario without prior knowledge of the possible
quantum label states.) As a further difference between the
approaches, whereas the strategy of Chung and Lin (2018)
requires the ability to perform measurements in random
orthonormal bases, the measurements in our procedures can
be taken to be fixed and of product form and are thus
potentially easier to implement.

The classical problems to which our quantum learning
problems are reduced are problems of learning from noisy
training data. These were first proposed by Angluin and
Laird (1988) and Laird (1988) and studied further, e.g., by
Aslam and Decatur (1996) and Cesa-Bianchi et al. (1999)
and Natarajan et al. (2013).

1.4 Structure of the paper

In Section 2 we recall some notions from learning theory
as well as from quantum information and computation. The
central learning problem of this contribution is formulated
in Section 3. The next section exhibits strategies for solving
the task and establishes sample complexity upper bounds.
In doing so, we derive a tight upper bound on the sample
complexity of classical binary classification with two-
sided classification noise (see Appendix 4). The quantum
sample complexity upper bounds are complemented by
lower bounds in Section 5. We conclude with open questions
and the references.

2 Preliminaries
2.1 Basics of quantum information and computation

A finite-dimensional quantum system is described by a
(mixed) state and mathematically represented by a density
matrix of some dimension d € N, i.e., an element of
L€ = {p € C¥> | p > 0,tr[p] = 1}. Here, p >
0 means that p is a self-adjoint and positive semidefinite
matrix. The extreme points of the convex set .& ((Cd) are
the rank-1 projections, the pure states. We employ Dirac
notation to denote a unit vector ¥ € C¢ also by ) € C?
and the corresponding pure state by |y) (¥].
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To make an observation about a quantum system, a
measurement has to be performed. Measurements are
built from the set of effect operators &(C¢) = {E
e C™ |0 < E < 14}, For our purposes it suffices to
consider a measurement as a collection {E,-}f=1 of effect

l

operators E; € &(C9) s.t. Zf:l Ei = 1g (For the
more general notion of a POVM see Nielsen and Chuang
(2009) or Heinosaari and Ziman (2012).) When performing
a measurement {E,-}f:1 on a state p, output i is observed
with probability tr[ E; p]. A projective measurement is one
where the effect operators are rank-1 projections, i.e., there
exists an orthonormal basis {|i)};i=1 s.t. E; = |i){i].

When multiple quantum systems with spaces C% are
considered, the composite system is described by the tensor
product @/, C4 ~ CIlidi and the set of states becomes
S (Q!_, C%). Given a state pap € #(C¥ @ C) of a
composite system, we can obtain states of the subsystems
as partial traces pg = trplpapl, pp = tralpasl.
Here, the partial trace is defined as satisfying the relation
t[(E ® Lay)papl = t[Etrg[pap]] forall E € &(C9).

The dynamics of a quantum system are usually described
by unitary evolution or, more generally, by quantum
channels. For our purposes, these dynamics will not have
to be discussed explicitly since they can be considered
as part of the performed measurement by changing to
the so-called Heisenberg picture (see Nielsen and Chuang
2009). We will take this perspective in proving our sample
complexity lower bounds because it allows us to restrict our
attention to proving limitations of measurements rather than
of channels.

We will also make use of some standard entropic quanti-
ties which have been generalized from their classical origins
Shannon (1948) to the realm of quantum theory. We denote
the Shannon entropy of a random variable X with proba-
bility mass function p by H(X) = — )", p(x)log(p(x)),
the conditional entropy of a random variable Y given X as
HY|X) =}, ,px, y)log (”[5’(‘3)) and the mutual infor-
mation between X and Y as I(X : Y) = H(X)+ H(Y) —
H(X,Y). Similarly, the von Neumann entropy of a quan-
tum state p will be denoted as S(p) = —tr[plogp] and
the mutual information for a bipartite quantum state p4p as
I(pap) = 1(A : B) = S(pa) + S(pB) — S(pap). All the
standard results and inequalities connected to these quanti-
ties which appear in our arguments can be found in Nielsen
and Chuang (2009) or in Wilde (2013).

2.2 Basics of the PAC framework and the binary
classification problem

The setting of Probably Approximately Correct (PAC)
learning was introduced by Vapnik and Chervonenkis
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(1971) and Valiant (1984). The general setting is as follows:
Let 2, % be input and output space, respectively, let
F C W be a class of functions, a concept class, and
let £ : & x % — R4 be a loss function. A learning
algorithm (to which 2", %/, % and £ are known) has access
to training data of the form § = {(x;, y;)}_,, where (x;, y;)
are drawn i.i.d. from a probability measure ;. € Prob(:Z" x
%). Moreover, the learner is given as input a confidence
parameter § € (0, 1) and an accuracy parameter ¢ € (0, 1).
Then a learner must output a hypothesis 7 € % 2 s.t., with
probability > 1 — § w.r.t. the choice of training data,

]E(x,y)Nu[Z(ys h(x))] < fiél;E(x,y)'vu.[Z(yv fO)]+e.
2.1

Note that the first term on the right-hand side vanishes
if there exists an f* € % sit. pu(x,y) = w1(x)8y, r+x)
Y(x,y) € Z x% . In this case, we call the learning problem
realizable, otherwise we refer to it as agnostic.

Both in the agnostic and in the realizable scenario, a
learning algorithm that always outputs a hypothesis & €
& is called a proper learner, and otherwise it is called
improper.

A quantity of major interest is the number of examples
featuring in such a learning problem. Given a learning
algorithm 7, the smallest m = m(e,§) € N s.t. the
learning requirement (2.1) is satisfied with confidence 1 —§
and accuracy ¢ is called the sample complexity of <7. The
sample complexity of the learning problem is the infimum
over the sample complexities of all learning algorithms
for the problem. This characterizes, from an information-
theoretic perspective, the hardness of a learning problem,
but leaves aside questions of computational complexity.

The binary classification problem now arises as a special
case from the above if we specify the output space ¥ =
{0, 1} and take the loss function to be £(y, y) = 1—34, 5, the
0-1-loss. This setting is well studied and a characterization
of its sample complexity is known. At its core is the
following combinatorial parameter:

Definition 1 (VC-Dimension Vapnik and Chervonenkis
(1971)) Let F < {0, 1}% . Aset S = {x1,...,x,) C X
is said to be shattered by .%# if for every b € {0, 1}" there
exists fp € .F s.t. fp(x;) =b; forall 1 <i <n.

The Vapnik-Chervonenkis (VC) dimension of .# C
{0, 1}'9”/ is defined to be

VCdim(F) :=sup{n € Ng| IS C X s.t. |S| =n and S is
shattered by .%}.

The main insight of VC-theory lies in the fact that
learnability of a {0, 1}-valued concept class is equivalent
to finiteness of its VC-dimension. Even more, the sample
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complexity can be expressed in terms of the VC-dimension.
This is the content of the following

Theorem 1 (see, e.g., Blumer et al. 1989; Hanneke 2016;
Shalev-Shwartz and Ben-David 2014; Vershynin 2018)

In the realizable scenario, the sample complexity of
binary classification for a function class F of VC-

(g (d + log 1/5)).
In the agnostic scenario, the sample complexity of binary
classification for a function class # of VC-dimension d is

) (fz (d+10g1/8)).

dimensiond ism = m(g, §) = ®

m=m(e, ) =

The proof of the sample complexity upper bound in
the agnostic case typically goes via a different complexity
measure, the Rademacher complexity, which is then related
to the VC-dimension. As this will reappear later on in our
analysis, we also recall this definition here.

Definition 2 (Rademacher Complexity (see Bartlett and
Mendelson 2002)) Let Z be some space, % C RZ,z € 2",
The empirical Rademacher complexity of .# w.r.t. z is

%(ﬁ) = UNU(EI,I}") |:f g (Zl :|

= E 1
o~U=1,1)m) [/e/”(a f(Z))]

where U({—1, 1}"") denotes the uniform distribution on
{—1, 1}".

If we consider n ii.d. random variables Zi, ..., Z,
distributed according to a probability measure © on Z and
write Z = (Z, ..., Zy), the Rademacher complexities of .7

w.r.t. u are defined to be %, (F) := Ez~n [%A’gz], n eN.

3 The binary classification problem
with classical instances and quantum labels

We introduce a generalization of the classical binary classi-
fication problem to the quantum realm by allowing the two
labels to be quantum states. Thus let og, o1 € . (C") be
two (possibly mixed) quantum states, write & = {og, 01}.
We assume that classical descriptions of these states (their
density matrices) are known to the learning algorithm as
well as the fact that only these two quantum labels appear.
The class to be learned is now a class of functions .# C
{f : & — 2} and the underlying distribution will be a
u € Prob(Z x @), where Z is some space of classical
objects.

We now deviate from the standard PAC setting: We
assume the training data to be S = {(x;, p)}/L;, m € N,
where the (x;, p;) are drawn independently according to
@ (in particular, p; € 2 for all i). Here, the p; are the
actual quantum states, not classical descriptions of them.
Therefore, our learning problem is not a classical one, we
have to perform measurements on the quantum labels to
extract information from them. Equivalently, we represent
an example (x;, p;) drawn from p as the classical-quantum
state

> ux, p)lx) x| @ p,

x,p

with {|x)},c2 orthonormal.

Note that this model for the training data differs from
the one introduced by Bshouty and Jackson (1998), where
the training data consists of copies of a superposition state.
Instead, here we assume copies of a mixture of states.
This is done mainly for two reasons: First, it allows us to
naturally talk about maps with mixed state outputs. Second,
it is debatable whether assuming access to superposition
examples as in Bshouty and Jackson (1998) is justified
(see, e.g., Ciliberto et al. 2018, section 5), and this problem
remains when considering maps with quantum outputs. In
contrast, the mixtures assumed in our model arise naturally
as statistical ensembles of outputs of state preparation
procedures, if the parameters of the preparation are chosen
according to some (unknown) distribution. In that sense,
the form of classical-quantum training data assumed here
is both a straightforward generalization of classical training
data, given the standard probabilistic interpretation of mixed
states, and can (at least in the realizable scenario) be easily
imagined to be obtained as outcome of multiple runs of
a state preparation experiment with different parameter
settings.

A quantum learner for .%# with confidence 1 — § and
accuracy ¢ from m = m(e, §) quantum examples has to
output, for every u € Prob(Z x 2), with probability
> 1 — § over the choice of training data of size m according
to w, a hypothesis i € 9% si. R,(h) < fin;R,L(f) + e.

€

As before, we can consider agnostic versus realizable and
proper versus improper variants of this learning model

Here, we define the risk of a hypothesis & € % wurt. a
distribution i € Prob(Z" x 2) as

1
Ryu(h) = / S llp = hCly du, o)
X2 xD

where [|p — ol = tr{|p — o] = tr]
the Schatten 1-norm.

(p—0)*(p—o)]is
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Note that our assumption on .% implies that h(x) €
P Nx € Z and therefore we can easily rewrite

oo — 01
lloo HIIP’

R, (h) = 5

. p)~ulh(x) # pl,

which is just the O-1-risk multiplied by a constant. We
choose the slightly more complicated looking definition for
R, (h) for two reasons. On the one hand, M is a
measure for the distinguishability of o¢ and o1 and thus a
natural scale w.r.t. which to measure the prediction error.
(Note: If 0, o1 are orthogonal pure states and thus perfectly
distinguishable, the classical scenario is recovered.) On
the other hand, our definition of risk can be motivated
operationally as we discuss in Appendix 2.

Example 1 Here, we describe a physically motivated prob-
lem that is captured by our scenario. The idea is as follows:
Suppose we have available a (possibly complicated) ground
state preparation procedure. Using this, we want to pre-
pare a ground state |¢g) of a Hamiltonian H. However,
H is perturbed by noise about which we have only partial
information. We want to learn more about the noise and its
influence on the prepared ground state.

We make this idea more concrete. We consider a (self-
adjoint) Hamiltonian H € CW@t2>@+2 of the form
H = 1, ® H, where H > 1,4, with (non-unique) ground
state |@g) = (O 1)T @ 0. Suppose that we have a ground
state preparation procedure that, if run with Hamiltonian
H, prepares |pp). When implementing this procedure, we
have to fix values of a parameter vector x € RD, (Think,
e.g., of D = 3 and x denoting the location at which the
experiment is set up.) But due to the laboratory being only
imperfectly shielded, there is an unknown region R C RP”
in which the system is subject to noise. For simplicity, we
assume that only two types of noise can occur and lead to the
location-dependent Hamiltonian H." = H +pery HD,

with noise Hamiltonians H© = (1 O) @0, HY =

0 -1
01
(0 )0
The noise can lead to a perturbation of the ground state.
Namely:

— Forx € R, |¢p) is a ground state of H;i). (This is the
case of no effective noise.)

— For x € R, |pp) is the unique ground state of H)EO).
Hence, the noise H® is benign from the perspective of
ground state preparation.

- Forx € R lp) = 25 (1 —1)" @ 0 is the unique

ground state of H)gl). Hence, the noise HY is malicious
from the perspective of ground state preparation.
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Thus, we describe the ground state preparation by

a function fi' : R? = {leodlgol. len)(gil),
fR' ) = Ligrleo)eol + Luerlen) (@il With this
formulation, gaining information about the noise region R
and the noise type i can be phrased as the problem of

(PAC-)learning an unknown element of the (known) func-

: 0) D
tionclass Z = { /") < lleo)(pol. len (a1,
where Z is the class of possible error regions.

Note that |¢p) and |¢;) are not orthogonal and thus
cannot be perfectly distinguished. Therefore, we cannot
phrase the learning problem as one of binary classification
with classical labels.

We return to this setting in Examples 2 and 3 to illustrate
our learning strategies.

We want to conclude this section by discussing a drawback
of our model. We assume .Z C 2% , i.e., outputs of
any f € % are either op or o;. Considering the convex
structure of the set of quantum states, which is intimately
tied to the probabilistic interpretation of quantum theory,
this restriction can be considered unnatural. We nevertheless
make it, for two reasons: First, it is easy to show using a
Bayesian predictor that, under the assumption of u being
supported on & (which could, of course, also be contested),
the optimal choice of predictors among all functions (.
(Cd))'%f is actually a function in & 2 Second, it is the most
direct analog of the classical scenario with binary labels and
we consider it a sensible first step that, as demonstrated in
Example 1, can already be of physical relevance.

4 Sample complexity upper bounds
4.1 The agnostic case

Our learning strategy is motivated by interpreting the clas-
sical training data arising from performing a measurement
on the label states as noisy version of the true training
data. Before describing the learning strategy, we recall our
assumption that classical descriptions of the label states oy,
o1 are known to the learner. Based on this knowledge, the
learner can derive the optimal measurement {Eyp, E} for
minimum error distinction between the two states, the so-
called Holevo-Helstrom measurement (see Watrous 2018,
Theorem 3.4), by choosing Ej to be the orthogonal projector
onto the eigenspaces of op — o1 corresponding to nonnega-
tive eigenvalues. This step is where knowledge of the states
oo and o is used.

The learning strategy is now the following, in which we
use the Holevo-Helstrom measurement to produce classical
training data and thus obtain a classical learning problem:
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Noise-corrected Holevo-Helstrom strategy

Given: Quantum training data § = {(x;, pi)}/L;
Output: Hypothesis i : 2" — 9
Algorithm:

1. For each i: Perform a Holevo-Helstrom mea-
surement on p;. Let

_ |1 if Ey is accepted
= 0 if Ey is rejected

2. Let § = {(x,y)¥, € (2 x {0,1)™
Then one can view (x;, y;) as being drawn
independently according to the probability
measure v on 2 x {0, 1} which has

v (x) = p1(x) = u(x, o) + u(x, o1)
as first marginal and
v(ylx) = &yo (n(oy|x)trlor Eol + u(oplx)trlogEol)
+ y1 (u(oy|0)trfoy Eq1] + p(oolx)trlog Eq]) .

as the conditional probability distribution of y
given x.

3. Use a classical learning algorithm to find
F ={f: Z - {01} |3f ¢ F

~

S
Eqyyv[€(y, §(x)] is minimized over .7,

f) = opy Vx € 27} st Ru(@
where
Z(yl y2) i= (I = 1@y )Ly £y, — Ny, Ly =y,

L—no—m
with ng = trlogE1] and 1 = tr[o] Eo]. Here, &
denotes addition modulo 2.

4. Define h : ¥ — 9 via h(x) = 04(x) and
output h as hypothesis.

Note that the only non-classical step in the strategy is step
(1), which consists only of performing local two-outcome
measurements.

The modification of the loss function in step (3) gives an
unbiased estimate of the true risk:

Lemma 1 (see Natarajan et al. 2013, Lemma 1)
Fixx € 2. With the notation introduced above, for every
z € {0, 1} it holds that

Eyv(oll@ Y)] = By [y ]

We can use a standard generalization bound in terms
of Rademacher complexities (see, e.g., Theorem 26.5 of
Shalev-Shwartz and Ben-David (2014)) to obtain: With
probability > 1 — § over the choice of training data § =

{(xi, yi)}™, according to v, we have that for all /* € F

E ) [€(E(X), )1 = Eqx yyn[€(F* (x), ¥)]

A o~ 5 2In8/68
<2%0) + 2878
1—no—m m

where we used that |£7(y1, m)| < m and defined the
function class

G:={Z x{0,1} 3 (x,y) > L(f(x),y) | f e Z).

Next, we relate the empirical Rademacher complexity of
G to that of .%.

Lemma 2 For any training data set S = {(x;, yi)}iL,,
viewed as an element of (Z~ x {0, 1})", we have
A~ 2 A~
H(G) < ————R(F).

L—no—m
Proof (Sketch) The proof uses some standard steps that
are typically used for example in proving the Lipschitz
contraction property of the Rademacher complexity and
in studying the Rademacher complexity in a binary

classification scenario.
See Appendix 1 for a detailed proof. O

With this, we now reformulate the abovNe result in terms
of the VC-dimension. Suppose VCdim(&#) = d < o0.
Then ,@(j ) < 31\/% (see, e.g., Vershynin 2018, Theorem
8.3.23). Therefore, we obtain that, with probability > 1 — §
over the choice of training data S = {(x;, y;)}7_, according
tov,

Er ) [€(8(x), )1 — inf E(x y)~u [E(f (x), ¥)]
fes

124 d 5 2In8/8
< V=t N .
IL—no—mV¥m 1—mno—m m

Note that, using Lemma 1, we can now bound

R, (h) — ;Q; R, (f)

lloo — o1y
=5 B, p)~ulL g0l
—_———

=E(x y)~u[€(8(x).)]

. Moo — o1l
= Inf ————Egpoull 74,

=E(x, o [€(f (), )]

lloo — o1y 124 d 5 2In8/8
V=t J :
2 L—no—mVm 1—mno—m m

Now we can set this equal to ¢ and rearrange to conclude
that a sample size of

feﬂf; 2

2
oy — 0O 124 5
2”0 21||1( Ji+
de I—mno—m I—no—m

2
\/21118/6)
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suffices to guarantee that, with probability > 1—4, R, (h)—
inf R <e.
% w(f) =

, we obtain

1 4
If we now obserYe that == = Too=ol;
the sample complexity upper bound

d log1/s
m:m(s,5)=ﬁ<—2+ ng/ )
£ £

Remark 1 The naive version of our learning strategy
would be to perform Holevo-Helstrom measurements and
then apply a classical learning strategy, like empirical
risk minimization, without correcting for the noise in the
resulting classical labels. Actually, this learning strategy
already performs reasonably well and, in certain special
cases, even allows to reduce the quantum learning problem
to a fully classical one. For a detailed analysis of the
performance of this simpler strategy, the reader is referred
to Appendix 3.

Example 2 We illustrate our agnostic learning strat-
egy for the scenario of Example 1. As discussed in
Appendix 3, as both label states |pg)(@o| and |@1){@1]
are pure, we can actually dispense with the modifi-
cation of the classical loss function and simply take
the O-1-loss. Therefore, the Holevo-Helstrom strategy
will look as follows: We first perform local Holevo-
Helstrom measurements with measurement operators Ep
(~1++vZ 1) (=142 1) ® 0, E = 1244 — Eo. This
gives rise to classical training data. With that data, we then
perform (classical) empirical risk minimization over the
clgss F = { 1(;)}!_:0’1. e’ where fl(;) : RP — {0, 1},
Nl(ql) :RP — {0, 1}, fi(gl (x) = Txer}di,1. Note that fl(eo) is
the zero-function for every R € Z.

Both the optimization procedure and the generalization
capability depend on the class # of possible noise regions.
Concerning the generalization performance, observerve
that, if # € %, then VCdim(#) = VCdim(Z ), where we
take 5 = {RP 5 x = Tery | R € %) to be the class
of indicator functions of sets from %. The VC-dimension of
such classes is well known for different geometric classes
Z. E.g., it Z is the class of axis-aligned rectangles or that
of Euclidean balls in R, then VCdim(ﬁ@) scales linearly
in D and thus the dependence of the sample complexity
upper bound on the number of parameters D is linear. If,
however, we take Z to be the class of compact and convex
subsets of R, then VCdim(.%4) = oo and the sample
complexity upper bound becomes void. This is congruent
with the intuition that without prior assumptions on the
structure of the regions that can be influenced by noise,
learning the noise (in particular its region) will be hard and
maybe infeasible.
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4.2 The realizable case

The strategy from the previous subsection uses a general-
ization bound via the Rademacher complexity and yields a
sample complexity bound depending quadratically on 1/¢.
In the classical binary classification problem it is known
(see Theorem 1) that under the realizability assumption this
can be improved to 1/¢, but this typically requires a differ-
ent kind of reasoning via e-nets. (Compare section 28.3 of
Shalev-Shwartz and Ben-David (2014)). In Theorem 6 we
show how the reasoning by Hanneke (2016) can be com-
bined with results by Laird (1988) to achieve the 1/¢-scaling
also in the case of two-sided classification noise. This sam-
ple complexity upper bound is seen to be optimal in its
dependence on the VC-dimension d, the error rate bound
n, the confidence § and the accuracy & by a comparison
to the lower bound in Theorem 27 of Arunachalam and de
Wolf (2018).

If, as in the previous subsection, we consider the classical
training data obtained by measuring the quantum training
data as noisy version of a true sample, we can exchange
step 3 in the Holevo-Helstrom strategy by the minimum
disagreement-based classical learning strategy achieving the
optimal sample complexity bound of Theorem D.2. This
directly yields the following

Theorem 2 Let og,01 € L (C") be (distinct) quantum
states. Let ¢ € (0,1), § € (0,2 - (%)d), where d is the
VC-dimension of # C {0, 1} . Then

1
=0 d+logl/é§
" (s(l—zmax{tr[Eom], ulEroon? ¢ 1B ))
quantum examples of a function in & are sufficient for
binary classification with classical instances and quantum
labels oy, o1 with accuracy € and confidence 1 — 6.

Example 3 When considering this learning strategy in the
setting of Example 1, we first perform the Holevo-Helstrom
measurements as in Example 2 to obtain classical data.
Again, this is followed by a classical learning procedure for

the class ¥ = { ~1(ei)} .
i=0,1, ReZ

Whereas the sample complexity bound derived for the
agnostic case in Section 4.1 applies to any (noise-corrected)
classical empirical risk minimization, the procedure leading
to the bound in Theorem 2 is a specific one, presented in the
proof of Theorem D.2. First, the classical data is processed,
using the subsampling algorithm of Hanneke (2016) (see
Algorithm 2), to generate a collection of subsamples. For
each of those subsamples, we then apply Algorithm 1: We
use a first part of the subsample to group the elements of
Z into equivalence classes (according how they act on that
part of the subsample), and the remainder is used to test
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the performance of each equivalence class. Afterwards, we
output as hypothesis for that subsample a representative of
the equivalence class that performs best in that test, i.e.,
that minimizes the number of disagreements with the part
of the subsample used for testing. Whether and how the
grouping into equivalence classes and finding minimum
disagreement strategies can be done (efficiently) depends on
., and thus on Z. Finally, we take a majority vote over all
the subsample hypotheses to get the output hypothesis of the
classical learning procedure.

The dependence of the sample complexity on Z via the
VC-dimension of the class of indicator functions of sets
from & is analogous to Example 2.

Remark 2 From the description of our noise-corrected
Holevo-Helstrom strategy (either in the form of Section 4.1
or that of this subsection), we can directly see that whether
it is a proper or an improper learner depends on whether
the classical learning algorithm in step (3) is. As the
classical learning algorithm used in Section 4.1 is a simple
Empirical Risk Minimization, it is in particular proper.
So our noise-corrected Holevo-Helstrom strategy for the
agnostic case is proper as well. The classical learner used in
this subsection, however, is in general improper. So also the
noise-corrected Holevo-Helstrom strategy for the realizable
case is in general improper.

5 Sample complexity lower bounds

Whereas the goal of the previous section was to give strate-
gies for solving the binary classification problem with clas-
sical instances and quantum labels and to prove upper bounds
on the sufficient number of classical-quantum examples, we
now turn to the complementary question of lower bounds on
the number of required examples. In this section, we derive
lower bounds that match the respective upper bounds from
the previous section, and therefore, we conclude that the
procedures described in Section 4 are optimal w.r.t. sample
size in terms of the dependence on ¢, §, and d.

5.1 The agnostic case

We prove the sample complexity lower bounds in two parts,
the first depending on the confidence parameter § but not on
the VC-dimension of the function class and conversely for
the second.

We establish the VC-dimension-independent sample
complexity lower bound in the following

Lemma 3 Let 0p, 01 € #(C"), let ¢ € (0,17 “‘”1)

§ € (0,1). Let # C 9% be a non-trivial concept class.

Suppose f is a learning algorithm that solves the binary
classification task with classical instances and (distinct)
label states oo, 01 and concept class F with confidence
1 — § and accuracy € using m = m(e, §) examples. Then

m = 2 (llog — o1} 252).

Proof (Sketch) As .# is non-trivial, there exist concepts

fig € “‘andapointx € Z st f(x) =o0pand g(x) = o7.
LetA = 2”50—(”” € (0, 1). Define probability distributions
U+ on Z x P via

1FA
nx(x, f(x)) = T’ pux(x, g(x)) = T

By explicitly evaluating the risk Ri(h), we see that
achieving an excess risk < ¢ with probability > 1 — 4§,
requires the learner to distinguish between the underlying
distributions p+, and thus the corresponding training data
states pf’", with probability > 1 — 6.

It is well known (see, e.g., Nielsen and Chuang 2009,
chapter 9) that the optimal success probability of this
quantum distinguishing task is given by

1 1
Popt = 5(1 + 5 ”,03? P?m ” )

Via the Fuchs-van de Graaf inequalities, which state that

1
3 0P = o8 < 1= FP™. o™ = V1= Flor. o).

this can be upper bounded using lower bounds on
the fidelity F (,o ,p®™y = F(pg, p—)™. The fidelity
F(p4+, p—) can be lower-bounded using its strong concavity
and the explicit expressions for p+. The result then follows
by comparing the obtained upper bound with the required
lower bound popt > 1 — 6.

See Appendix 1 for a detailed proof. O

For the proof of the VC-dimension-dependent part of the
lower bound we need a well known observation about the
eigenvalues of a statistical mixture of two pure quantum
states, which is the content of the following

Lemma 4 Let |{), |¢p) € C" be distinct pure quantum
states. Let o, B > 0 be real numbers. Then the non-zero
eigenvalues of the mixture p = «|¥){(¥| + Blo){(¢p| are
given by

@+ B £V (= B)? +4aBl(V]9)?
5 .

rp2(p) =

With this we can now prove a sample complexity lower
bound for the case of pure label states.

Theorem 3 Let o9 = |Y0)(Vol, o1 = |¥1) (1] ‘E 5”((%")
00—01 1)’
8

be (distinct) pure quantum states, let ¢ € (0, l

@ Springer
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§ € (0,1 — H(A—IL)). Let & C 9% be a non-trivial

concept class s.t. Z has VC-dimension d. Suppose < is a
learning algorithm that solves the binary classification task
with classical instances and (distinct) label states o, o1 and
concept class F with confidence 1 —§ and accuracy & using

m = m(g, §) examples. Then m > §2 (8%)

Proof (Sketch) We follow the information-theoretic proof
strategy from Arunachalam and de Wolf (2018). Let § =

(s1,...,84) € Z be a set shattered by .%, for each a €
{0, 1}¥ define the distribution s, on {1, ..., d} x {0, 1} via

: . L _1\ai+b 8¢ )
Hall-0) = 5 <1 b loo — a1l /)

Note that Va € {0,1}¢ 3f, € F : fu(si) = a; by
shattering and that f,; is a minimum error concept w.r.t. [i,.
By evaluating the excess error of an f; compared to f,, we
see that solving the learning problem with confidence 1 — §
requires the learner to output, with probability > 1 — §, a
hypothesis described by a string whose Hamming distance
to the true underlying string is < %. We can use this
observation to obtain the lower bound /(A : B) > §2(d) on
the mutual information between underlying string A (drawn
uniformly at random) and corresponding quantum training
data B.

We can also upper bound the mutual information. A
standard argument shows /(A : B) <m - [(A : By), where
m is the number of copies of the quantum example state
and B; describes a single quantum example state. Using
Lemma 4 and the explicit expression for a quantum example
state, we can compute /(A : By) and use Taylor expansion
to see that I(A : By) < O(g?). Comparing the lower and

upper bounds on /(A : B) now gives m > §2 (;iz)
See Appendix 1 for a detailed proof.

If we now combine Lemma 3 and Theorem 3 with the
result of Section 4.1 we obtain

Corollary 1 Let 09,01 € (C") be (distinct) pure
quantum states, let ¢ € (0, M), €0 1—-H (%))-

Let F C 9% be a non-trivial concept class s.t. F has

VC-dimension d. Then a sample size of © (% + M) is
& &

necessary and sufficient for solving the binary classification

task with classical instances and quantum labels oy, o1 and
hypothesis class F with confidence 1 — § and accuracy e.

Therefore, we have shown that the strategy from Section 4.1
is, for pure states, optimal in sample complexity w.r.t. its
dependence the VC-dimension, the accuracy and the con-
fidence. But we do not make a statement on optimality
w.r.t. the dependence on the distinguishability of the label

@ Springer

states, because the parameter ||og — o1]|; is lacking from
our lower bound.

5.2 The realizable case

We now show analogous lower bounds for the sample
complexity in the realizable scenario with the same proof
strategy.

Lemma 5 Let 09,01 € Z(C"), let ¢ € (0, M),
€ (0, %). Let F C 9% be a non-trivial concept class.
Suppose <f is a learning algorithm which solves the binary
classification task with classical instances and (distinct)
label states og, o1 and concept class F with confidence
1 — § and accuracy € using m = m(e, 8) examples in the

realizable scenario. Then m > 2 (@)

Proof This can be proved similarly to Lemma 3. See
Appendix 1 for a detailed proof. O

We now provide the analog of Theorem 3 for the realiz-
able case.

Theorem 4 Let o9 = [Yo)(Yol, o1 = [Y1)(¥1| € Z(C")
be (distinct) pure quantum states, let ¢ € (0, M), S
(0, %). Let F C 9% be a non-trivial concept class s.t. F
has VC-dimension d+1. Suppose < is a learning algorithm
which solves the binary classification task with classical
instances and (distinct) label states o, o1 and concept class
F with confidence 1 — § and accuracy € using m = m(g, §)
examples in the realizable case. Then m > §2 (%)
Proof This can be proved similarly to Theorem 3. See
Appendix 1 for a detailed proof. O

Thus, we have obtained a sample complexity lower bound
that matches the upper bound proved in Section 4.2 in the
dependence on the VC-dimension, the confidence and the
accuracy, but we do not make a statement about optimality
w.r.t. the dependence on ||op — o1 ||;.

Remark 3 As already discussed in Section 2.1, in prov-
ing the sample complexity lower bounds we resort to the
Heisenberg picture, which allows us to absorb the inter-
mediate quantum channels performed by a learner into the
measurement. These lower bounds therefore even hold for
quantum learning algorithms that perform coherent and
adaptive measurements on the training data. In particular,
the information-theoretic complexity of our learning prob-
lem does not change if we restrict the quantum learner
to only performing two-outcome POVMs locally (i.e., on
one subsystem only). This is maybe not too much of a
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surprise, since the optimal measurement for distinguishing
states drawn uniformly at random from {@);"_; o, }xef0,1}m
can, using the Holevo-Yuen-Kennedy-Lax optimality crite-
rion (Holevo 1973; Yuen et al. 1975), be seen to be exactly
given by local Holevo-Helstrom measurements.

6 Conclusion and outlook

We have proposed a novel way of modifying the classical
binary classification problem to obtain a quantum counter-
part. The conceptual difference to the framework of quan-
tum PAC learning as discussed in Arunachalam and de Wolf
(2017) is that we work with maps whose outputs are them-
selves quantum states, not classical labels. This naturally
gives rise to training data given by quantum states, which
is one aspect in which our setting differs from Aaronson
(2007).

Using results from classical learning theory on dealing
with classification noise in the training data, we exhibited
learning strategies (based on the Holevo-Helstrom mea-
surement) for binary classification with classical instances
and quantum labels. The learning strategies consist of two
main steps: First, classical information is extracted from
the training data by performing a (localized) measurement.
Second, classical learning strategies are applied. We com-
plemented these procedures by sample complexity lower
bounds thereby establishing the information-theoretic opti-
mality of these strategies for pure label states w.r.t. the
dependence on VC-dimension, confidence and accuracy.

We conclude with some open questions that we leave
open for further research:

— Can we derive sample complexity lower bounds which
explicitly incorporate factors related to the hardness of
distinguishing o¢ and o1, e.g., in terms of |log — o1]|4
or max{tr[ Eqo], tr[E109]}? Or can the corresponding
factors in the upper bounds be eliminated? Could this
be related to another complexity measure from classical
learning theory, the “fat-shattering dimension” of the
class

(2 x &CYH 5 (x, E) > t[Ef ()] | f € F)?

— Our analysis is focused on the information-theoretic
part of the learning problem, i.e., the sample complex-
ity. Can we improve the computational complexity?

—  For deriving our sample complexity upper bounds, we
used specific classical learning procedures applied to
the post-measurement training data. In the agnostic
case, we use empirical risk minimization, in the
realizable case we use a combination of a minimum
disagreement approach with a subsampling procedure.
In both cases, we decided for these algorithms to

achieve the (essentially) optimal sample complexity
characterized via the VC-dimension.

However, we could use other classical learning
procedures for “post-processing”. Can we identify
situations in which procedures like structural risk
minimization, compression schemes, or stable learning
procedures yield useful sample complexity bounds?

— We considered the case of classical instances. Can
this be extended to a scenario of quantum instances
with classical (or even quantum) labels? Whereas we
were able to study the case of classical instances and
quantum labels with methods from learning with label
noise, once the instances themselves are quantum, we
might have to employ ideas from learning models
with restricted access to the instances such as that of
“learning with restricted focus of attention” proposed in
Ben-David and Dichterman (1998).

—  Our strategy uses the Holevo-Helstrom measurement
which can be understood as inducing the minimum
amount of noise. However, in classical learning theory it
is well known that adding noise to the training data can
be helpful in preventing overfitting. In this spirit, can we
justify other measurements than the Holevo-Helstrom
measurement?

— We assumed throughout our analysis that the learning
algorithm has to output a hypothesis that maps into
{00, 01}. What if we allow for hypotheses that map into
conv ({09, o1}) or .#(C%)?

— Finally, we assume throughout that the label states
00, o1 are known in advance. Can this assumption be
removed? Here, it might be helpful that Theorem 6 does
not need explicit knowledge of the error rates 79, 11, but
merely of an upper bound 7; on them.

Appendix 1. Proofs
Proof of Lemma 2 Let z = ((x;,y)i, € (£ X
{0, 1)), Tf we use ]lf(x,-);évi _ 1—(1—2f()2€i))(1—2)>f) and

1 - _ 140-2703)(=2y) | then we can rewrite
Fxi)=yi 2

. l o -
#G) = Eqlsup — Y ail(f(x), y)]

feg™ i
1 & 1
= E; | sup — o ———
7 fejm;ll—no—m

1—(1=2f(x) =2y
x((l—m@y,) ( f(zx»( »)

1+ (1 =2f @) — 2yi)>}
Vi 3 :
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Next, we use that E, [0;] = 0 and that o; and (1 — 2y;)0;
have the same distribution for all ;. With this we obtain from
the above

1

AG) = ————
I —mno—m FegM

1

Eq | sup — Zm(l — Maey + 0y f(x0)

=;————FEo..0,| SUp — (1 — My + 0y (F 1) — f(x1)

2(1 =m0 —m) P ieg™

<2/f ()= (xp)

1 & . -
+ =Y oi(l = mey +my) (i) + f’(xi))}

i=2

1 2
< ———E | sup Zo1f(x) + —
I=no—m fez™m "z

Zoi(l — May +m) f(x) |

where the last step used that the expression is invariant
w.r.t. interchanging f and f’, so we can drop the absolute

value. Now we can iterate this reasoning fori = 2,...,m
and obtain

A 2 1 &

#(G =1 — —Bo | sup — > oifx)

no n fe,f’/: izl
2 A~
= ———%(F),

1 —mno—m

the desired inequality. O

Proof of Lemma 3 As . is non-trivial, there exist concepts
frg € Fandapointx € Z s.t. f(x) =opand g(x) = o71.
Let A € (0, 1) (to be chosen appropriately later in the proof).
Define probability distributions 4+ on 2™ X & via

1FA

1£A
IH:(X: f(x)) = T’ l‘l/:l:(xv g(x)) = T

The risk of a hypothesis h € & # w.rt. these probability
measures is given by

Ri(h) = loo = Al + —= llov = ()l
_[Fhe—aily ifhe) =a
1 igg — oyl if h(x) = o9

in particular the optimal achievable risk is % lloo —o1ll;-
Note that a hypothesis which predicts the suboptimal label
state for x has an excess risk of

on — o1l — oy — O = —|lop — o .
0 1 0 111 2 0 111
So if we ple A = Moo—orlr 08 nr < 1, then in order to

achieve an excess risk < ¢ with probability > 1 — &, the

@ Springer

learning algorithm has to be able to distinguish between the
underlying distributions p+ with probability > 1 — §.

As the algorithm has access to the underlying distribution
only via the training data, this means that the algorithm
has to be able to distinguish the corresponding training data
ensembles with probability > 1 — §. Here, we observe
that the training data being drawn i.i.d. according to w4
is equivalent to the learning algorithm having access to m
copies of the state

pt = px(x, f))]x)(x] ® oo + p+(x, g(x))[x) (x| ® o1,

because this mixed state simply describes the statistical
mixture. The optimal success probability for distinguishing
between two quantum states is a well-studied object in
quantum information theory. It can be characterized by the
trace distance between the two states and is given (in our
case) by (see, e.g., Nielsen and Chuang 2009)

P2 -

As the trace distance of tensor products is not that easy to
deal with, we will instead work with the fidelity defined as

1 1
Popt = 5(1 + E “P%m

F(p.o) =ty p2op?].

According to the Fuchs-van de Graaf inequalities we have

1
S 108" = o2 = 1= FGogm, pomy2

= 1= Flor. py",

where the last steps uses multiplicativity of the fidelity
under tensor products. Now we require popt > 1 — & and
rearrange to obtain

)2 < 48(1 — §)

F(p+, p-
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or equivalently after taking logarithms
log(45(1 —§))
= log(F(p1. p-)»)
By strong concavity of the fidelity, we have

I+A1—-2

Floy,p-) 2 | —— 5 FIn(I® f&). [x){x| @ f(x)
I—A14+2

Ty 5 PR @gw), Ix) (x| ® gx))

2
— — A2,

!

This now implies

| 1
. logd —48) _ 10g<45(1,5)) >1°g<45(1fa))

m> = > .
log(F (o4, p-)%) log (F(p+l pf)z) log ( l—lxz)

Thus, we obtain (after Taylor-expanding the logarithm in the
denominator)
log (%)

g2 ’

2
m > 2| lloo — o1l
as desired. ]

Proof of Lemma 4 Pick an orthonormal basis {|k)}k=1,..»
of C" s.t. [y) = |0) and |¢) = cos(p)|0) + sin(¢p)|1) for an
angle 0 < ¢ < 2m. Then, when restricting to the relevant
subspace spanned by |0) and |1), we get

o + Bcos?(p) Bcos(p) sin(go)) A
Bcos()sin(p)  Bsin*(p) )

We now easily see that

Plspan{lo), 1)) = (

det(A) = af sin2(¢) = Ajho and tr[A] = a + B = A1 + Ao,

where A1, A, are the two non-zero eigenvalues of p. We can
solve the second of these two equations for A, and plug this
back into the first equation to obtain

A=A+ B) + aBsin’(p) = 0.

We now solve this quadratic equation and obtain the two
eigenvalues

o+ B+ /a2 + B2 +2aB(2cos?(p) — 1)

Al = >
_ atBEV @~ B +4apl(V19)
> ;
where we used that | cos(¢)| = |{(¥|@)]. O

Detailed Proof of Theorem 3 Let S = (s1,...,54) € X
be a set shattered by .%, for each a € {0, 1} define the
distribution p, on {1, ...,d} x {0, 1} via

1 8¢
Ha(i, b) := — (1 + (—1)ai+b—) .
¢ 2d loo — o1y

Note that Va € {0, l}d if, € F fa(si) = a; by shattering
and that for each a € {0, 1}¢, f, is a minimum error concept
w.r.t. 4, and a concept f; has additional error

8¢ lloo — o1lly

- _ 4e
du(a,a) = dH(a,a)g

dlloo —oilly 2
compared to f,. Hence, in order to solve the learning
problem with confidence 1 — § and accuracy & the
algorithm <7 has to output, with probability > 1 — §, a
hypothesis (generated from the training data arising from
the underlying string) that when evaluated on § yields a
vector that is %-close to the underlying string in Hamming
distance.

Let A be a random variable distributed uniformly on
{0, 1}¢ (corresponding to the unknown underlying string a).
Let B = Bj ... By, be the training data with each example
generated independently from u, described by the quantum
ensemble

Ea = {a(i, b), Isi)(si| ® opli=1,...d, b=0,1,

or, equivalently, by the quantum state

d
pa =Y _ Isi){sil ® (ali, 0000 + pali, Do) .

i=1

In particular, the composite system of underlying string and
corresponding training data is described by the quantum
state

1
AR = 55 > la)al & p&".
aef{0,1}4

We follow the information-theoretic proof strategy from
Arunachalam and de Wolf (2018), i.e., we first show a lower
bound on the mutual information /(A : B) which arises
from the learning requirement, then observe that /(A
B) < m - I(A : By) and finally upper bound the mutual
information I (A : By).

First for the mutual information lower bound. Let #(B) €
{0, 1}¢ denote the label vector assigned to S by the
hypothesis produced by the learner upon input of training

= LR, (h)— inf R, (f)<e
data B. Let Ria W= 05 Rea D= 16 7 1 then

by the above deliberations we conclude dy (A, h(B)) <
and thus, given h(B), A ranges over a set of size

JENES

1
» (7) < 2H(4)d. Thus, we get (using data processing and
i=

the definition of conditional entropy)

I(A:B)

v

I(A:h(B)) = H(A) — H(A[h(B))
H(A) — H(Alh(B), Z) — H(Z)

v
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H(A) —P[Z=1]H(Alh(B), Z =1)
—_———
T
—P[Z =0]H(Ah(B),Z =0)— H(Z)
— ———
<é <d <H(S)

d—H(%)d—(Sd—H((S)

_ (1—H<%>—5)d—1‘1(5),

in particular /(A : B) > £2(d). (Here we use our assump-
tion on §.)

v

Now we show I (A : B) <m - I(A : By). We reproduce
the reasoning provided in Arunachalam and de Wolf (2018)
for completeness:

I(A:B) =S8(B)—S(B|A)

= S(B) — Z:l S(B;i|A)

3

Z S(Bi) — S(Bi|A)

i=1

=Z (A: By).

3

Here, the first step is by definition, the second uses the
product structure of the subsystem B, the third follows
from subadditivity of the entropy and the last is again by
definition.

And finally, we prove an upper bound on /(A : By). To
this end, we have to study the reduced state

1
zz_dz

ae{0,1}4

oaB, a)(a] ® pa.

More precisely, we have
I(A: By) = S(A) + S(B1) — S(ABy),

and thus have to study the entropies of osp, as well
as those of the reduced states o4 and op,. As A ~
Uniform ({0, 1}%), we have S(A) = d. Now we consider the
reduced state

UBlzzid Zpa

ae{0,1}4

d 1
Y lsidtsile | | 57
i=1

> 1ali, 0) | [%0) (ol

aef{0,1}4

1
+ % Z a(i, 1) | 1Y) (Y]

aef0,1}4

Here, we have

o 0 Y 0=

aef{0,1}4

2% D tali D).

ae{0,1}4

By Lemma 4 we know that 5 |v0) (Yol + 57|11)(¥1] has
non-zero eigenvalues (1 = ﬁ(l + [(Y¥ol¥1)]) and due
to the block-diagonal structure of op, we conclude that
the non-zero eigenvalues of op, are also w12, each of
multiplicity d. In particular, we have

Stom) = d - (=1 log(ur) — A2 log(2)
1
= log(2d) — 5 (log(1 = Iwo Y1)

1
+ {Woly1)] log (%)) '

Similarly, we see that the non-zero eigenvalues of o4,
are

64¢2

1 1 1
z—d)\l/z TREY] L+ [(Yoly)]

each of multiplicity d - 2¢ and that therefore

-
||00—61||1

642

1 — [(oly) 12
(oly)> )

1
S(oap) = d +log(2d) — 5 | log <1 — [{Yolyn)I? (1 +

2
loo — o1l

1= [(Wolvri)]?
[(Yoly1) 12

64e2  1—|(olvn)?
64e2 1 — [(Woly) 2 L+ WOW”)'\/1 F loo—aill " Twolvnl?
+ [{Yolv)l /1 + 5 5—lo
lloo —o1lly  [{¥ol¥1)l ol 1 4+ —84> . 1-1Wolvn)
0Tt loo—arl2 1(Woly)I?

If we combine these expressions for the different entropies,
we obtain
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I(A:By) = S(A)+S(By) — S(ABy)

6452

1
11 1— 2_ T 2y) B 2
3 (0g< (Yol = _01”2(1 (Yol )) log (1 [{Yolyi) ))

1

642 1=|(Wolyn)?
1+ I(wolwl)l\/l F oo TolvnI?

JrI(l/fohh)l \/1+ 64¢2 1 — [(olyn) 2

2 oo—al?  [(olyn)? 2 1= 2
oo = el volv = 'WOW‘”\/l + uaoﬁiiln% ' l|<‘1/%01/|f11/f>1|;|

~log <1+|(Wo|1/f1)l)
L = [(¥olyn)|

We now use Taylor’s theorem to understand the scaling ~ Moreover, using the Taylor expansions
of the different terms with ¢. First, we have (by Taylor-

expanding log(1 — |[(yo|¥1)|> — x) around x = 0) log (—1 —_FZ Y 1 ix) =lo (1 tZ) + T ixaz + 0 (x?)
) 6482 2 o
log (1 = [{olyn)I” — o0 — 01”%(1 — [(Yol¥1)9) around x = 0 (with @ > 0) and
—log (1 - |(1ﬁollﬂ1)|2) 14 6452 1= [(Wolyri)1?
1 64¢? 5 . loo — o112 Kol |2
= . 1—
T T T e U W e o (1711 7110 o)
= 2 2
645> 2 Jloo —o1lly {Yolyri)|
=—————— 1+ 0. .
lloo — o1} we now obtain
64e2  1=|(Yolyn)[?
6462 1 — [(Yoly)? b+ WOW”'\/I t ool ol
ool ol < 2
o) — 01 olv¥1 642 L=[{olyi)l
1 - 'WOWIH\/l ool TWbolv)l
) <1 + I(lﬂollﬁl)I)
L= [{oly)l
L 64 1= |(Woly)? 4
=1+ : +0
( 2 Jop—ail2 [(bolyn)2 )
1+ |<wo|w1>|> |(oly1)| 64e> 1 —|{olyn)l? 4
1 + : : 4
(Og (1 o) T T 1ol E oo —an 2 1olwnE T O
1 <1+|(1ﬂ0|1//1)|>
1 — [{(Yol Y1)l
2 _ 2
_ 64¢ . ( 1 " L — [(Yoly1)] 10g<1-|-|<1/f0|1ﬁ1>|>> + O,
lloo —o1ll7 \{¥ol¥1)] 2[(poly)l I —[{oly)]
Plugging these approximations back in gives us Now combining our mutual information lower and upper
bounds yields
I(A‘B)— 6482 1—|(1ﬁ0|1//1>|2 ‘Q(d)SI(A:B)fm'I(AiBl)Em'ﬁ(Sz),
T o — o 12 4(oly)] which after rearranging becomes
L+ [(Yoly1)] 4 2 d
X1°g<1—|<wo|w1>|)+ﬁ(s )= 0. mz‘z(gz)’
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as desired. O

Detailed Proof of Lemma 5 As % is non-trivial, there exist
f1, fr € Fand x1,xp € Z s.t. f1(x1) = f2(x1) = op and
f1(x2) = 09 # o1 = fr(x2). Now consider the distribution
non 2 defined by

p(xp) =1—4,

where A € (0, 1) is to be chosen later in the proof.
The risk of a hypothesis & € 2% wrt. w if the target
concept is f; is given by

wxz) = A,

I —A A
Ry fi(h) = - Ihx1) — fi(X1)||1+§ A (x2) — fi(x2)
so in particular we have
0 ifi =j
5lloo—oully ifi# )

Ru. 1 (f) = {

So if we choose A = IIJOE—fn\h < 1, then the learning
requirement for <7 implies that with probability > 1 —§, &7
correctly identifies whether the target concept is f] or f>.
As the algorithm has access to the underlying distribution
only via the training data, this means that the algorithm
has to be able to distinguish the corresponding training data
ensembles with probability > 1 — §. Here, we observe
that the training data being drawn i.i.d. according to 4
is equivalent to the learning algorithm having access to m
copies of the state

I =

pi = (1 =) |x1)(x1] ® o0 + Alx2) (x2] ® fi(x2),

The optimal success probability for distinguishing between
two quantum states is a well-studied object in quantum
information theory. It can be characterized by the trace
distance between the two states and is given (in our case) by
(see Nielsen and Chuang 2009)

1 1
® ®
pop = 5+ 5 [P = 05" ).
As the trace distance of tensor products is not that easy to
deal with, we will instead work with the fidelity defined as

F(p,o0) = tr| ,0%0,0%]. According to the Fuchs-van de
Graaf inequalities (see Nielsen and Chuang 2009, Section
9.2.3) we have

1
S 1o = o8], < 1= FoP™, p§™)?
= V1= F(p1, p2)*",

where the last steps uses multiplicativity of the fidelity
under tensor products. Now we require popt > 1 — § and
rearrange to obtain

F(p1, p2)™™ < 48(1 — &)
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1,2.

or equivalently after taking logarithms
- log(45(1 — §))
= log(F(p1, p2)%)

Now we use again the Fuchs-van de Graaf inequalities
which tell us (after rearranging)

| 1
L= 5 llor=p2lly < For, p2) = \/1 = e - ol?

to obtain that

togt@s(1 —5) _ 1°¢ (i)
= log(F(p1, p2)?) log<

1
log (45(1—5))

1 I U
o8 <<1§|mpz|1>2

It is easy to see that ||p; — p2|l; = A |log — o1]l; = 2¢. Now
Taylor expansion of the logarithm gives

log(%>
m>2|—=1,
£

1
F(m,ﬂz)z)

log(46(1 — 8))
) ~ 2log(1 = 5 llp1 — p2lly)

as desired. ]

Detailed Proof of Theorem 4 Let S = (so, ..

a set shattered by .#, define

.,sd)e%be

y
po) =1-4 ) =- Visi=d

with A € (0, 1) to be chosen later. By shattering, Ya €
0,1} 3f, € Z sit.

fa(so) =0 and  fu(si)) = a;

Observe that w.r.t. a distribution & and target concept f,,
another concept fj has error

V1l <i<d.

A log — o1l
dy(a, by - = 120”21l
r(a,b) p 3

So if we pick A ”Uof—‘;l”l, then by the learning
requirement, with probability > 1 — §, & has to output a
hypothesis % that when evaluated on S yields a label vector
that is %-close to the true underlying string in Hamming
distance.

Denote by A ~ Uniform ({0, 1}¢) a random variable
describing the unknown underlying string, let B =
By ...B, be the corresponding quantum training data
system. We want to repeat the three-step reasoning from the
proof of Theorem 3. The first two steps work exactly as
before. Step 3 will be slightly different. Again we have

I(A: By) = S(A) + S(B)) — S(ABy), and S(A)=d.
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In this case, the relevant composite state is

1
oaB =57 D la)al® pa,
ae{0,1}4

d
where p, = D w(s;)s;){(s;| ® fa(sj) = (1 = 1)|s0){so| ®
j=0
N d
00+ 5 2 Isj) sl ® 0g;.
j=1

We now again use Lemma 4 to compute eigenvalues and
thus entropies. (Here our assumption that o and o are pure
enters the proof.) We obtain

— Each p, has non-zero eigenvalues 1 — A of multiplicity
1 and % of multiplicity d.
- 9B = 21_:1 >

aef{0,1}4

d
((1 — Wlso) (sol ® 00 + 5 Zl lsj)(s;l ®aa_,.) =(-
j:

d
Mlso){sol®oo+2% > ISj><Sj|®<%oo + %61) has non-
j=1

zero eigenvalues 1 — A of multiplicity 1 and %M 2 of
multiplicity d, where A1 2 = w
— 04B, has non-zero eigenvalues 2L'1 (1—2) of multiplicity

24 and ﬁ of multiplicity d - 2¢.

I(A: B)) = S(A) + S(B1) — S(AB1)

A 1— 2
2 (log (M> + {olw1) | log (

4

With this we can now compute the relevant entropies and
obtain

S(By) = S(op,)

A A
= —(1—-Alog(1—1)+d <_L_ZM log (—A1>

d
1""2 0og 1""2

= —(1—-2A)log(1—-1)—2x (A] log <3k])

A
+X2log <5A2)> ,

as well as

S(AB1) = S(oap))
1 1
A
424 1% <d~2d>)
1—A A

Hence, we now have

—d-

+ I(lﬁollﬁlﬂ))
— [{olyrn)|

<0 because [{yo|¥1)€[0,1]

O(¢g).

Now we can finish the proof by combining steps 1, 2 and 3
as before. O

Appendix 2. A physical motivation
for our notion of risk

In our definition of the risk R, we use the trace distance. As
the latter is a well-established measure of distinguishability
of quantum states, it presents itself as a natural candidate
loss function. Here, we give a more explicit operational
reasoning as to why we choose to use the trace distance.
Imagine the learning task as a competition between two
parties, a learner and a teacher. We assume that both parties
obey the laws of quantum physics. The teacher knows (a
classical description of) the probability distribution u €
Prob(Z" x 2) and will provide corresponding training data
to the learner during a training phase. The learner’s goal is

to persuade the teacher in a test phase that she has managed
to learn the distribution wx, which was unknown to her in
advance, i.e., that she has produced a good hypothesis / :
X — 9.

We first give an informal description of the test phase:
The teacher prepares another (independent) example (x, p)
drawn from p. She then sends x to the learner. The latter
applies her hypothesis & to prepare the quantum state /(x)
which she then sends back to the teacher. The teacher now
uses this one copy of A(x) and her knowledge of u to
evaluate whether the learner made a good prediction. As
also the teacher is restricted by quantum theory, she can only
do so by performing a measurement.

We now discuss the choice of measurement of the teacher
in more detail. On the one hand, the teacher wants to
maximize the probability of detecting a wrong prediction.
On the other hand, she does not want to be unfair, so at the
same time she tries to maximize the probability of detecting
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a correct prediction. In summary, the teacher wants to
choose a 2-outcome measurement {Egcceprs Ereject} that
maximizes

tr[Eaccept o]+ tr[Ereject oj 1,

where 0; = p and o; € Z \ {p}. As she knows (a
classical description of) the state p € Z and that h(x) € 2,
she can achieve this by picking {Egccepr, Ereject} to be the
optimal measurement for minimum error discrimination of
2 (where the states are taken with equal prior probabilities
(see Watrous 2018, Theorem 3.4)). The measurement is
basically the same independently of whether p = o7 or
p = 02, only the outcome labels are interchanged.

Now the expected probability of the trainer rejecting the
learner’s prediction is

/ T Eyeject (PR ()] die(r, ).
Xx9

The optimal measurement satisfies

1 1
tr[Eaccethi] + tr[ErejectUj] = 5 <1 + 5 lloo — o1 ”1) .

It is easy to see that under the additional assumption that
oo and o1 have the same purity, i.e., tr[ag] = tr[crlz], the
rejection probabilities are symmetric, namely

1 1
tr[EacceptO'j] = tr[ErejectO'i] = E <1 - 5 loo — o1 ”1)

and similarly

1 1
tr[Eacceptai] = tr[ErejeclUj] = 5 <1 + E loo — 01”1) .

With this we now obtain when comparing the achieved with
the optimal expected rejection probability

f {1l Eyeject (0)h ()] diax, p)

Xx9
_g:ii’pig f tr[Ereject (0)g(x)] dpe(x, p)
Xx9
o —h(x)l, 1
= / a1 du(x, p) = ERM(h)_
Xx9

So we have recovered our notion of risk, at least in the case
of states of equal purity, from a more basic analysis of the
test phase.

Note that a similar analysis could be performed also in
the case of more than two quantum labels. There, the
teacher’s measurement would be the optimal measure-
ment for minimum error discrimination of p and %
Y oe o\(p} 0 - Unfortunately, no closed-form expressions for
the corresponding success probabilities are known. We do,
however, see that in this scenario, using the trace distance as

@ Springer

loss function would be too pessimistic from the perspective
of the learner. As the teacher does not know the predic-
tion state prepared by the learner, the teacher has to solve a
state discrimination problem taking into account all possible
label states.

Appendix 3. The Holevo-Helstrom strategy

The naive learning strategy based on the Holevo-Helstrom
measurement is the following:

Holevo-Helstrom strategy

Given: Quantum training data S = {(x;, 0;)}/_,
Output: Hypothesisfz X > 9
Algorithm:

1. For each i: Perform a Holevo-Helstrom mea-
surement on p;. Let

_ )1 if Ey is accepted
= 0 if E; is rejected

2. Let § = {(x, v, € (Z x {0,1p™.
Then one can view (x;,y;) as being drawn
independently according to the probability
measure v on 2 x {0, 1} which has

vi(x) = p1(x) = u(x, oo) + pu(x, o)

as the first marginal and

v(ylx) = 8yo (u(oy|x)trloy Eo] + p(oo|x)tr[oo Eol)
+3y1 (u(o|x)trlog E1] + pm(oolx)tr[oo Eq]) -

as the conditional probability distribution of y
given x.

3. Use a classical learning algorithm for binary
classification to find {8} € .Z = {f : 2 —

0.1} 13f € 7 : f(x) = 05, Yx € X}

s.t. Ry(@) = Py yy~uly # (8)(x)] is small.
4. Define {Ah} : X — 9 via {h}(x) = o)) and
output {h} as hypothesis.

The remainder of this section is devoted to studying the
performance of this simple learning procedure. Note that
we leave open for now the classical learning algorithm to
be used, we first work towards characterizing the true risk
R, (h) in terms of the intermediate classical risk R, (2).

In the following we will often make use of the fact that
when identifying i < o;, the probability measure p on
X x P gives rise to a probability measure on 2~ x {0, 1}.
We will abuse notation and also denote the latter measure
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by i, however, which measure is meant will always be clear
from the context.

Recall that R, (h) = 120-2lp. o [h(x) # pl. We
now derive a similar expression for R, (2).

Lemma C.1 With the notation as in the Holevo-Helstrom
strategy (in particular h(x) = og(x)) it holds that

loo — ol
= 5 Py ulh(x) # p] + tlooEy]

+(trlo1 Eo] — trloo E1DE,, [g].

R,(g)

Proof This can be shown by direct computation using the
definition of v:

Ry(9) = Iy — g@®)]dv(x, y)
2 x{0,1}

=/ /Iy—g(x)ldv(yIX) dvi(x)
X 0,1}

= /(|1 — g (ulorlx)trlor E1] + p(oo|x)trloo E11)
X
+ 18| (ulor [x)trlo1 Eo] + p(oplx)tr(og Eol)) diet (x)

Now we use the specific property of the Holevo-Helstrom
measurement that tr[(o; — og)E1] = M Moreover,
as g(x) € {0,1}, we have |1 — g(x)] = 1 — g(x) and
|g(x)| = g(x). Thus, we obtain

Ru(g) = M / (1 = g)p(o1]x) + g(x)p(0olx)) dyat (x)
X
+/ ((1 = gx)trlog E1] + g(x)tr[oy Eol) dpeq (x)
X
oo — a1l P
= f (x,p)~n [h(x) 7é ,0] + tI‘[O'OEI]
+(tr[oy Eo] — tr[oo E1DE,, [g],
where the last step uses 2(x) = og(x)- O

This allows us to easily compare the true and the inter-
mediate risk and obtain

Ry(8) — Ru(h) = trlopE11(1 — 2K, [g])
+ (1 - M) Em[g]-

Asg(x) € {0, 1} Vx € Z andin particular 0 < E,, [g] < 1,
this gives rise to the following

Corollary 2 With the notation as in the Holevo-Helstrom
strategy it holds that

Ry (g) — max{tr{og E1], tr[oy Eol} < R, (h) < Ry(g)
— min{trlog E1], trlo Epl}.

We can extend this to a comparison between the excess
risks

Ru(W)=R} 7 :=Ry(h) — nier{; Ry, (1) and Ry (g) - ﬁf,g}

= R,(g) — inf R,(y)
yeF

which are the quantities of interest for agnostic learning
scenarios.

Corollary 3 With the notation as in the Holevo-Helstrom
strategy it holds that

Ry(8) =R’ - —|tlogE1] - trloy Eol| < Ru(h) =R, >

(
< Ry(g) = R* ;- +|ulogE] — trlo) Eol|

So we see that solving the classical learning task in step 3
of the Holevo-Helstrom strategy does not necessarily imply
success at the overall learning task if the target accuracy is
e < |trlogE1] — tr[oq Ep]|. This problem is addressed by
the noise-corrected Holevo-Helstrom strategy presented in
Section 4.

Remark 4 We want to shortly discuss a special case in
which the connection between R, (h) and Ru(g) takes
a particularly appealing form. Namely, assume that oy
and o) are such that the corresponding Holevo-Helstrom
measurement produces equal probabilities of error, i.e.,
tr[Ego1] = tr[Ejopl. This is clearly not true in general,
take, e.g., o9 = |0)(0| and o1 = %(|O) (O] + |1)(1]). It does,
however, hold true in certain special cases, e.g., if both o
and o are pure or if o¢ and o7 have the same (non-trivial)
purity and tr[ Eg] = tr[E1]. (The latter is, e.g., satisfied if o
and o7 are qubit states of the same (non-zero) purity.)

In this simple case our previous discussion yields
R, (h) = Ié,,(g), in particular, if we succeed at the classical
binary classification task in step 3, then we also succeed
at the overall classification task with quantum labels, so
the quantum learning task is reduced to a classical learning
problem.

Appendix 4. Sample complexity of binary
classification with two-sided classification
noise

Here, we discuss the sample complexity of the PAC learning
task of binary classification in the presence of (two-sided)
classification noise in the realizable scenario. To be in
congruence with the literature on this and related problems,
we will use a slightly different notation than in the main
body of the paper. Namely, we will consider classical input
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space 2 and classical target space {0, 1}, a concept class
F C{0,1}%,a probability measure u € Prob(2"), and
noise probabilities 0 < ng, n; < %, with which labels are
flipped. Moreover, we will work with the 0-1-loss function
and denote the corresponding risk of a hypothesis 2 w.r.t. a
target concept f by erry, (h; f) = ulh(x) # f(x)]. Finally,
any training data sample S splits the concept class .# into
so-called S-equivalence classes, where fi, fc € % are

equivalent if and only if fi(x) = fa(x) Vx € Z st
dy € {0, 1} with (x, y) € S.

The basic learning strategy underlying our discussion
is Algorithm 1. It is the natural analog of searching for
a consistent function in the case of noisy labels. Namely,
as such a consistent function will in general not exist, it
searches for a function that disagrees with the training data
on as few examples as possible.

Algorithm 1 Minimum Disagreement Strategy L (Laird 1988, Algorithm 5.6).

Input: confidence and accuracy parameters 0 < 6, ¢ < % a noise threshold 0 < ng, n1 < np < % and noisy training
data S = {(x;, y;)}/., created from u € Prob(2") and some f € .# where 0-labels are corrupted with prob. no and

1-labels are corrupted with prob. i1, where

8 6 16d 16d
m > max{—log|{ =), —log| — )}
e ) e e

=m

+ 2 In <l <max{§lo (é) @lo <@)}d+l))
(1 —exp(—1(1—27p)%)  \d e B\5) o ' '

=:myp

Output: a hypothesis h € .Z.

1. Let S7 consist of the first m; examples in S. Let S = S\ ;.

2: Select Z# ={f1,..

., fn} as representatives of the S;-equivalence classes induced by S, where N < (m1)¢ + 1.

3: Output a hypothesis in .#; which minimizes the number of disagreements with S».

Theorem 4.1 (see Laird 1988, Theorems 5.7 and 5.33)
The output hypothesis h of Algorithm 1 satisfies
erry(h; f) <e.

Laird’s original proof that this algorithm solves the PAC
learning problem is for the case ny = nj. It is, however,
easily generalized to our case because we still assume the
same noise bound on both error rates. (We only have to
adapt the expression for the error rate and the corresponding
Hoeffding bounds.)

In order to apply the reasoning by Hanneke (2016) we
need to slightly reformulate the result of this algorithm
s.t. we obtain a bound on the error in terms of the sample
size. When following the proof of Theorem 5.7 in Laird
(1988) we see that m; is used to ensure that there is a
hypothesis which performs better than some given error
threshold and m is used to ensure that such a hypothesis is
actually chosen. In particular, if we use the error bound by
Blumer et al. (1989) in terms of the sample size, we see that
my depends on m as follows:

2 m 1
my = —

1- exp(—%(l —2mp)%) 2 dlog (22&) + log (%)

-In (%(m‘]i-i- 1)).

@ Springer

Remark 5 Note that we cannot directly use the tighter
error bound in terms of the sample complexity proved by
Hanneke (2016) here because Laird’s proof explicitly makes
use of the strategy employed by Blumer et al. (1989) which
works via consistency with a given training sample.

We can now easily bound

1
1 —exp(—%(1 —21;)?)

m=my+my<mp-|1+

. 1 . l
log(e) - dlog(%)
d ]0g(m1)+log<%)

If we now further assume that § > O is chosen
s.t. log (%) > 2dlog (zd—e), then we can continue upper

bounding this and obtain

m=m; +my < (1+C(np))my,
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-2
1—exp(— 3 (1=2m)?)
check that for 0 < 7, < %, Cinp) < m, which well

where we defined C (1) = . Itis easy to

be used later on.
Hence, using a sample of size m > 2(1 + C(#n)) for

the minimum disagreement strategy with my = [ f éﬂ(};})b) m]
and m; = m — my gives - using 2(1+C(%)) < m <
_m < ny .

TFCay) = Ty, 2 error guarantee of

4 2 2
err, (h; f*) < . (dlog (%) + log (E)) 4.1)

L 8- A+ Cm) (d10g<

wn(3)

With this suboptimal base learner we will now follow
the strategy by Hanneke (2016) in order to build a better
learner from it. Note that Hanneke’s proof includes several
steps in which the existence of a function consistent with
the respective subsample is ensured. This is not necessary in
our case because the minimum disagreement strategy does
not require a consistent function to exist.

We recall the algorithm for preprocessing the training
data to generate subsamples as introduced in Hanneke
(2016) in our Algorithm 2.

2em )
d-(1+COp))

4.2)

Algorithm 2 Subsample Generation Algorithm A(, -)
Hanneke (2016).

Input: two finite sets S and 7.
Qutput: a finite set A(S; T') of subsets of SU T'.

1: if | S| < 3, then
2: Output {SU T}.
3: else
4: Divide S = {s1,...,s)5/} into subsets in the
following way:
So = {s1, ..., 851-3(151/4}
S1 = {81]=31IS1/4) 1> - - - » S|S|=2(]S|/4] )5
S2 = {S151=201S1/4]+15 - - - » S|S|—LIS1/4] }5
S3 = {S|51-1IS1/4)+15 - - -5 8i5]}-
5: end if

6: Return A(Sp; S> U S3 U T) U A(Sp; S1 U S3UT) U
A(Sp; STUSUT).

Theorem 4.2 Let ¢ € (0,1), § € (0,2 - (39
and np € (0, %). Let F C {0,1}‘% be a func-
tion class of VC-dimension d. Then m = m(e,§) =
o (m (a’ + log (%))) noisy examples from a func-
tion in F are sufficient for binary classification in the

presence of two-sided classification noise with error prob-
abilities 0 < no, n1 < np with accuracy ¢ and confidence
1—-46.

Proof This proof is analogous to the proof of Theorem
2 in Hanneke (2016) with some minor simplifications
and adaptations and is given here only for the sake of
completeness.

Fix an f* € .# and a probability measure u over 2 .
Denote by S = 1., the corresponding noisy training data.
For any classifier & denote by ER(h) = {x € Z'|h(x) #
f*(x)} the set of instances on which % errs.

Fix ¢ = 7200. We will show by strong induction that
Vm' € N, V8’ € (0, ...) and for all finite sequences T’ with
probability > 1 — §’ the classifier

flm’,T’ = Majority (L(A(S] m’s T/)))

satisfies the error bound

- cC(np) 18
)

As base case consider m’ < C(np)c - In(18¢) — 1. In this
case, for any 8’ € (0, 1) and for any finite sequence T, we
trivially have

4.3)

A

1

c- C(mp)
< S (@)

-C 18
< ¢ (70) d+In|— ,
14+m 8’
as desired.

For the induction step, assume that for some m >
C(np)c - In(18¢) — 1 for all m" € N with m' < m,
for all §'(0, 2 - (%)d) and for all finite sequences T’ with
probability > 1 — §’, (4.3) holds.

Note that by our choice of ¢ we have C(np)c - In(18¢) —
1 > 3. Thus, |Si.x| = 4 and therefore A (Sy.,; T) returns
in step 3. Let So, S1, S2, 83 be as in A(S; T'). Denote T} =
SUSUT, T =S1US3UT, T3 = S USUT and
h; = Majority (L(A(Sy; T;))) foreachi € {1, 2, 3}.

Note that So = Sl:(meL%J)' Asm>4,1<m —3|_%J <

erty (i 77, f*)

m. Also, h; = fz(m_ﬂ%J),T,.. So by the induction hypothesis
applied under the conditional distribution given Sy, S2, S3,
which are independent of Sy, combined with the law of total
probability, for every i € {1, 2, 3} there exists an event E;

of probability > 1 — § on which

. cC(np) 9-18
WIER(h)] < 5 IS0l (d +In <_<S ))

- 4cC(np) (d—Hn (9' 18)>.
m 1)

4.4)
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Next, fix an i € (1,2,3} and write {(X;1,Yi1),...,
(Xi N, Yin)} == Si N (ER(h;) x #). As h; and S; are
independent, X iy eens X i,N; are conditionally independent
given h; and N;. Therefore, we can apply the error bound
(4.2) for our base learner L under the conditional distribu-
tion given /; and N; to conclude: There exists an event E;
of probability > 1 — % s.t., if N; > 0, then the output & of

the base learner L upon input of S; N (E R(h;) x %) satisfies
8(1+ C(np))
N.

1

(o) ()
dd+Ccmy) " B\s))

In particular, on El’ Gf N; > 0)every h € U L
Jell,2,30\{i}

ertyu(ERmy) (I, f5) < (d log

(A(So; Tj)) satisfies
KULER(h) N ER(h;)]

= WERM)IUER(W)|ER(hy)] 4.5)
= ulERh)lerr, i ermy) (hy f7) (4.6)
8(14+C
< ;MR(h»]#
X (d lo <&>
E\d+ Cm))
T log (18_8>> . (47

Using Chernoff bounds we get that there exists an event £’
1042

of probability > 1 — & s.t., if u[ER(h)] > 2(@} In (g)
P

then N; > f—ou[ER(hi)]L%J. In particular, on E/ we have
the implication

2019y2 /9

(,3) 1n<-> = N; > 0.

L7] §

If we now combine this with (4.4) and (4.7), then we see:
10,2

On E;NE;NE!,if u[ER(h;)] > 25" 1 (%), then every

L%]
he U L (A(So; T))) satisfies
Je(1.2,31\{i}

RIER(hi)] =

R[ER(h) N ER(h;)]

80 - C(mp) 2¢ - 15 - HLER()]L G ] (g)
= T7E] (leg( dC () o {5
. Ze . o(d+1n (218
< 780 C ) (dlog(5 ( ( ’ >)) + log <18>)
71%) d B
80 - C(np) 2 7 Te 18 18
< m (dl"g(?(i”zln (?))) *loe (?))
< 80 Clm) (dln <9ﬁ> + 81n <§>>,
TIn(2)| %] 5 B

where the last step uses the technical Lemma 5 from the
Appendix of Hanneke (2016). As m > C(np)c - In(18e) —
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m m—4 799 m 799 3200 m+1
1> 3200f we have. 7] > "7 > 5567 >_8003201 -
We use this relaxation and compute the logarithmic factors

to obtain from the above that

WIER() 0 ER(h)] < 200 €0 (d +n (5» .
m+1 )

Moreover, if u[ER(h;)] < % In (%), then simply
P
because u is a probability measure, we conclude

RIER(h) N ER(hi)] < plER(h)] < %111 (?)
7

600-C 18
< 00Cm) (4 (1B,
m+1 8
Hence, no matter what value [ E R (h;)] takes, on the event
E; N E/NE/ we have forall h € U L(AGo: T))

Je{1,2,31\{i}
that

WIER() N ER(hy)] < 200 €0 (d Fin (ﬁ» .
m+1 k)

Now denote himsj = hmr = Majority(L(A(S; T))) for
S = Si.m. By definition of the majority function, for any
x € Z at least % of the classifiers 4 in the sequence
L(A(S; T)) satisfy h(x) = hpaj(x). So by the strong form
of the pigeon hole principle, there exists an i € {1, 2, 3} s.t.
hi(x) = hmaj(x). Also, since each A(Sp; T;) contributes an
equal number of entries to A(S; T), for each i € {1, 2, 3},
at least JT of the classifiers & € U L (A(So; Tj))
jef1,2,30\{i}
satisfy h(x) = hmaj(x).

In particular, if 7 is a random variable independent of the
training data and distributed uniformly on {1, 2, 3} and if h
is a random variable conditionally given / and S uniformly
distributed on U L (A(SO; Tj)), then for any fixed

jef1,2,30\{1}
x € ER(hmaj), with conditional probability > %, hi(x) =
(x) = himaj(x) and thus x € ER(h;) N ER(h).

Hence, for a random variable X ~ p independent of the

data, of / and of h we can now conclude

E[k[ER(h)1 N ER(1))|S]

E[P[X € ER(h;) N ER()|I, h, S1|S]
E[1X6ER(h1)ﬂER(ﬁ)|S]

E[P[X € ER(h;) N ER(h)|S, X]|S]

> E[P[X € ER(h;) N ER(h)|S, XTI X cER () 1S

v

E[E]IXeER(hmaj)IS]

v

1 k
Eerrﬂ (hmajs 7).
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probability > 1 — §, the induction step is complete.

It remains to use the claim just proven by induction to

derive the desired sample complexity upper bound. For this,
take T = ¥ and note that for m > L@ (d + In (%))J
the right-hand side of (4.3) is < e&. Therefore, such
a sample size suffices for successful learning using
Majority (L (A(-; @))). Now recall the discussion before the
Theorem, where we observed that C(n,) < to

IA

Since by the union bound the event

4
o (=2n,)2°
finish the proof.
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When using parametrized quantum circuits (PQCs) for variational quantum machine learning
(QML) with classical data, the classical input has to be encoded into the PQC. Much of the prior
work on variational QML has resolved this issue by first using a quantum feature map to encode
the classical input into a quantum state, and then processing this state with trainable quantum
gates. However, recent work has demonstrated that distributing data-encoding gates throughout
the PQC, instead of just placing them at the initial layer, can have a significant effect on the
approximation capabilities of a PQC-based QML model. In this article, we study the influence of
such more flexible classical-to-quantum data-encoding strategies on the generalization behaviour
of the QML model implemented by the PQC. We prove the fist generalization bounds for PQC-
based variational QML that depend explicitly on the data-encoding strategy.

After introducing and motivating our work in Section 1, we recall generalization bounds as a
central topic in the classical theory of machine learning in Section 2, with an emphasis on its
relevance to model selection. We use Section 3 to introduce the function classes implemented
by PQCs that are the main object of study in our work (Eq. (14)). Moreover, we observe
that we can represent these functions in terms of generalized trigonometric polynomials (GTPs),
in which the achievable frequency spectrum is determined by the classical-to-quantum data-
encoding Hamiltonians appearing in the PQC (Egs. (16) and (30)). We prove this by successively
expanding the relevant quantum states in the eigenbases of the encoding Hamiltonians.

Section 4 gives a detailed review of prior work on generalization guarantees for variational QML.
With both the relation between PQCs and GTPs and the context provided by prior work es-
tablished, Section 5 contains our main technical results, namely generalization bounds for GTP
function classes. We present two proof strategies towards this goal. First, in Subsection 5.1, we
show how to derive upper bounds on the Rademacher complexity of a class of GTPs in terms of
the accessible frequency spectrum from known Rademacher complexity bounds for classical feed-
forward neural networks (Lemmas 4 and 5). Employing known results from statistical learning
theory, these Rademacher complexity bounds imply generalization bounds (Theorem 6). Second,
in Subsection 5.2, we use that the size of the accessible frequency spectrum bounds the effective
dimensionality of a class of GTPs to prove upper bounds on the covering numbers of such a class
(Lemma 9). Through Dudley’s entropy integral, these imply Rademacher complexity bounds,
which again yield generalization bounds (Theorem 10).

In Section 6, we combine the insights of Sections 3 and 5 to conclude that we can prove gen-
eralization bounds for PQC-based QML models by bounding the number of frequency vectors
accessible by the encoding strategy. We show how to understand the latter task as a combi-
natorial question about the spectra of the encoding Hamiltonians. We explore the implications
of this reframing of the problem in detail for different practically relevant encoding strategies,
which allows us to derive explicitly encoding-dependent generalization bounds for PQC-based

models employing these encoding strategies (Corollary 13).
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We conclude our paper with Sections 7 and 8, in which we discuss implications of our results.
In particular, we emphasize that our results are complementary to much of the prior work on
generalization in variational QML, suggest multi-dimensional structural risk minimization as a
way of combining these two complementary perspectives for the design of PQCs, and outline
questions for future research.

I was significantly involved in finding the ideas and carrying out the scientific work of all parts
of this article. The idea for this project arose in discussions between Elies Gil-Fuster, Johannes
Jakob Meyer, Jens Eisert, Ryan Sweke, and myself. I developed the proof strategies for our main
technical results in Section 5, I was in charge of writing Sections 4 and 5, and I significantly
contributed to writing Sections 2 and 7, based on first drafts by Ryan Sweke. Section 1 was
written mainly by Elies Gil-Fuster and Jens Eisert. Sections 3 and 6 were mainly written by

Johannes Jakob Meyer and Ryan Sweke.

155



Permission to include:

Matthias C. Caro, Elies Gil-Fuster, Johannes Jakob Meyer, Jens Eisert, and Ryan Sweke.
Encoding-dependent generalization bounds for parametrized quantum circuits.
Quantum 5, 582 (2021). https://doi.org/10.22331/q-2021-11-17-582.



Terms and Conditions — Quantum

1 von 11

Terms and conditions

By submitting a manuscript to Quantum, you agree with Quantum'’s terms and
conditions. In particular, you certify that:

« you have the permission of all co-authors and other right holders to pursue

publication of the work in Quantum,

* you are not infringing on anyone’s copyright with the material contained in your

work,
« you will be fully liable for any charges resulting from copyright infringement, and

« you will not submit this work to any other publishing venue unless it is

terminally rejected by Quantum.

In addition, authors, referees and members of all boards of Quantum commit to follow
the Code of Conduct laid out here.

The above summary is just for informative purposes. The binding terms and conditions
follow.

Table of
contents St

1. Preamble
and
definitions

@

2. Code of
conduct

3. Submission and publication of works
4. Data protection and privacy policy

5. Further aspects

1. Preamble and definitions

Access to Quantum is subject to the following terms and conditions, which constitute a
contract between Quantum and any user. By engaging in any form of interaction with
Quantum or its members, the user accepts these terms and conditions in full.

We denote by “Quantum” the Association for the Promotion of Open Access Publishing in

Quantum Science, legally known as
Verein zur Férderung des Open Access Publizierens in den Quantenwissenschaften
Mullnergasse 26, 1090 Wien, Austria

(ZVR-Zahl 941922539),

https://quantum-journal.org/about/terms-and-conditions/

29.11.2021, 15:05



Terms and Conditions — Quantum https://quantum-journal.org/about/terms-and-conditions/

the journal Quantum, the website quantum-journal.org, and the online system provided
to organize submission and peer review of works, as well as Quantum'’s social media

accounts.

We denote by “user” any person accessing, using, exchanging, downloading, or
submitting any type of content or information with, from and to Quantum and all
services it provides, interacting with Quantum in any way, or holding or exercising any
function within Quantum.

A “work” submitted to Quantum refers to the actual manuscript as publically available on
arxiv.org (“the arXiv"), as well as all supporting material, such as, but not limited to,
appendices, supplementary information, a popular summary, datasets, computer code,
images, plots, videos or other recordings that are transmitted or made available to
Quantum in order to assess the manuscript's suitability for publication. This refers to
both the manuscript and material present in the initial submission, as well as all further
versions and additions of material in later resubmissions.

The “submitter” is anyone who carries out the submission of a work to Quantum for
publication, either through the provided online system or via email, and who is identified
by their account in the online system or name and address used in the email. In case of
multiple submitters, the definition applies in full to every single one of them.

2. Code of conduct

Quantum fosters scientific integrity and ethical conduct. Consistent with the bylaws of
Quantum (such as the constitution of the Verein zur Forderung des Open Access
Publizierens in den Quantenwissenschaften), its code of conduct upholds those values,
detailing the ethical guidelines and expectations for participation in Quantum. Authors,
referees, editors, all board members and all other users of Quantum are expected to act
at all times in accordance with the principles and standards described in this code.

Unacceptable behaviour

In particular, the code of conduct specifies behaviour that Quantum deems
unacceptable, both in interactions with Quantum and in professional life in general. This
includes but is not limited to:

1. Plagiarism and fabrication of data and results, including misrepresentation of
contributions and authorship, selective reporting, failure to promptly correct
errors, or theft of data and/or other research materials, as well as
misrepresentation and overstatement of results and the omission of crucial
conditions and assumptions.

2. Publication (or submission for publication) of works submitted to or published in
Quantum to other publishing venues, unless the work is terminally rejected by
Quantum. “Other publishing venues” include other journals and conference
proceedings, but exclude public pre-print servers such as the arXiv and personal
or institutional websites of the authors. Re-publication of excerpts or the
entirety of a work submitted to or published in Quantum as part of a work with
a broader scope, such as a review article of thesis, is explicit allowed.

3. Subversion of peer review, including failure to declare conflict of interest, failure

2von 11 29.11.2021, 15:05



Terms and Conditions — Quantum

3vonll

to recuse under conflict of interest, misuse of information during review,
unnecessarily delaying the peer-review process, violation of the anonymity of
referees, premature solicitation of press coverage, corruption and/or bribery.

4. Impersonation of other persons or entities, as well as unrightfully claiming the
ownership of scientific titles, professional positions, or affiliations.

5. Using Quantum or any other system for the dissemination of scientific works to
promote hate or discriminatory speech, or to infringe on the rights of others.

6. Sharing of confidential information, such as the identity of reviewers, referee
reports, and other internal correspondence to persons not involved in the peer-

review process.

7. Discrimination of any kind, such as on the basis of religion, disability, age,
national origin, race, ethnicity, sexual orientation, gender identity, or gender
expression. Discrimination includes the use of derogatory comments or slurs.

8. Harassment, including bullying and intimidation, false accusations, threats and

assault, as well as sexual harassment in public or in private.

9. The violation of public trust, including making false or misleading statements, to
media, and misrepresentation to grant and/or funding agencies.

Reporting and investigation

Quantum may learn of violations through reports from witnesses or aggrieved individuals
and parties, including anonymous reports filed through the dedicated online form. For
the safety of all reporters, once a report has been made, Quantum editors and board
members are bound to maintain the confidentiality of the report except as explicitly
requested by the reporting parties. Upon receiving a report, Quantum will progress as

follows:

1. The Executive Board of Quantum will name an investigator or form a small
investigation body of no more than three people, each of whom must be free of
conflict of interest.

2. The investigator or investigating body may solicit additional information from
the reporter, with the goal of reaching a tentative conclusion over the course of

two weeks.

3. The tentative conclusion of the investigating body will be delivered to the
Steering Board, along with a suggested resolution action as described in the

section below.

4. If the tentative conclusion and suggested resolution action are agreed upon by
the Steering Board, Quantum will inform the reporter of their decision and seek
agreement before proceeding.

5. The party suspected of a violation of the code of conduct will be informed of the
allegations and planned resolution action and given 20 working days to respond.

6. Depending on the findings, on communication from the involved parties, and
consensus of the Steering Board, the resolution action may be implemented or
further investigations carried out with the aim of resolving the situation.

https://quantum-journal.org/about/terms-and-conditions/

29.11.2021, 15:05



Terms and Conditions — Quantum https://quantum-journal.org/about/terms-and-conditions/

During the reporting and investigating process, all individuals must exercise all due
diligence to prevent divulging any report details beyond those strictly necessary to enact
and uphold the code of conduct. In particular, if upon receiving an initial report, it is
deemed the alleged infraction would not result in a penalty more severe than a formal
warning, the Executive Board may decide to directly handle the report without the aid of
an investigating body, provided that no conflict of interest is introduced.

Enforcement and penalties

If a Quantum user is found through the preceding process to have committed any
violation of the code of conduct, Quantum may enforce the code of conduct in a number
of different ways. An appropriate resolution is decided by the Steering Board, taking into
account all factors, and having as a goal to improve the situation. Possible actions to
enforce the code of conduct include but are not limited to:

1. A formal (written) warning made to the infringing party.
2. Requiring the infringing party to make a formal (written) apology.

3. Reporting the infringing party to their home institutions, employers, and/or
professional societies.

4. Reporting the infringing party to the relevant authorities, in case of suspicion of
criminal offences.

5. Retraction of compromised manuscripts (based on scientific reasons).
6. Refusal to consider future manuscripts from the infringing party.

7. Expulsion from the Steering, Executive or Editorial Board.

3. Submission and publication of
works

Works submitted to Quantum undergo the peer-review process following the Editorial
Policies of Quantum. This process ends with either the acceptance of the work for
publication, or the terminal rejection of the work.

Responsibilities of the submitter

By submitting a work to Quantum, the submitter warrants all of the following points and
assumes full responsibility and liability for any costs and damages resulting directly or
indirectly from any of them being untrue:

1. The submitted work is an original creation of the authors listed on the
manuscript, and all listed authors have made substantial contributions to the
creation of the work.

2. The submitter has the permission of all authors and all other copyright and
intellectual property rights holders to pursue the publication of the work in
Quantum, and to grant Quantum all the rights specified in these terms and
conditions.

3. The manuscript is publicly accessible on the arXiv in the section quant-ph, or at

4 von 11 29.11.2021, 15:05



Terms and Conditions — Quantum

5vonll

least crosslisted to quant-ph.

4. The work has not been previously published in any other journal or publishing
venue, except in conference proceedings and on public pre-print servers such as
the arXiv or the authors' personal or institutional websites. Works previously
published in conference proceedings must substantially differ from or expand
upon the conference version (for example contain previously omitted proofs)
and indicate the previous publication on the first page of the manuscript.

5. The submitter has obtained permissions to grant Quantum the rights specified
in these terms and conditions for all material contained in the work and has
included appropriate credits and prominently marked or indicated any rights
held by third parties.

6. The submitter has clearly informed Quantum at the time of submission of any
parts of the work which, due to copyright or other constraints, cannot be
published by Quantum under the Creative Commons Attribution 4.0
International (CC BY 4.0) licence.

7. In case of acceptance, the final published version of the work will be uploaded
on the arXiv under the Creative Commons Attribution 4.0 International (CC BY
4.0).

8. In case of acceptance, the final published version of the work on the arXiv
complies with the Crossref DOI guidelines. In particular, all references cited by
the submitted work that have a DOI assigned to them contain DOI links.

9. In case of acceptance and publication in Quantum, the work will not be
submitted to other publishing venues, such as journals or conference
proceedings.

Rights of the submitter

The submitter is granted the following rights:

1. At any point prior to acceptance the submitter, as well as any author of the
work, can withdraw a work from Quantum. A notification of withdrawal has to
be submitted to the handling editor either through the online submission
system or by email. Upon receiving a notification of withdrawal prior to
acceptance, Quantum terminally rejects the work, thereby ending the peer-
review process.

2. The submitter, as well as any author of the work, can also withdraw a work from
Quantum after acceptance and publication by notifying Quantum through email.
This however does not trigger a terminal rejection of the work and in particular
does not invalidate the rights granted to Quantum during submission. Quantum
will instead put a notification on the publication page that the work was
withdrawn.

Internal correspondence

Unless explicitly agreed otherwise by all parts involved, all correspondence between
editors, referees and authors during the peer review process should be treated as
confidential, and may only be shared with the present and future Editorial Board

https://quantum-journal.org/about/terms-and-conditions/

29.11.2021, 15:05



Terms and Conditions — Quantum https://quantum-journal.org/about/terms-and-conditions/

members who have not declared a conflict of interest with the work.

Rights of Quantum

By submitting a work to Quantum, the submitter explicitly grants Quantum the following
additional rights:

1. The right to terminally reject the work, in particular on the basis of the editors’
judgement and/or referee reports.

2. The right to permanently store and share the work, referee reports, and
intermediate correspondence with the referees and all current and future
members of the Editorial Board who have not declared a conflict of Interest.

3. The right to share the identity of the referees with all members of the current
and future Editorial Boards who have not declared a conflict of Interest.

4. The non-exclusive right to share, publish, host, distribute, print, advertise,
classify, and otherwise use the manuscript, other parts of the work and all
metadata associated with it under the Creative Commons Attribution 4.0
International (CC BY 4.0) licence, unless the work is terminally rejected by
Quantum, expect for parts of the work that are covered by incompatible
licences. This does not imply any restrictions on the right to publish parts or the
entirety of the work of other parties.

5. The right to deposit the metadata associated with the work in the Crossref
system and to assign a DOI to the work.

6. The right to publish anonymized statistics on submissions and the peer-review
process.

Copyright of works published by Quantum

All manuscripts and other parts of works that were previously submitted to Quantum
and then published by Quantum, as well as the associated meta-data, including for
example a work's title, abstract, author list, figures, datasets, or popular summary, are
published under the Creative Commons Attribution 4.0 International (CC BY 4.0) licence.

For material associated with a manuscript, such as that linked to from the manuscript, or
a work’s page on Quantum'’s website, especially if hosted on other platforms, other
licences can apply.

Each owner of copyright on parts or the entirety of a work submitted to or published by
Quantum retains their copyright.

4. Data protection and privacy policy

The purpose of this data protection policy is to inform all users of Quantum and this
website about the type of personal data that is collected and processed by Quantum and
the company providing the hosting infrastructure for this website, as well as the purpose
of said data processing.

Quantum is taking data protection very seriously, and it is treating your personal data
according to the legal requirements.

In particular, Quantum complies with the European General Data Protection Regulation
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(GDPR).

Please keep in mind that any data transmission over the Internet and any form of digital
data processing can be affected by security flaws is software and hardware that are
beyond the control of Quantum.

A complete protection from unauthorized access by third parties can thus never be fully
guaranteed.

As Quantum does not fall in any of the categories of entities that are required to appoint
a DPO according to the GDPR, it does not have a dedicated DPO.

Should you have any questions on this data protection and privacy policy, please contact
us through one of the channels described in the impressum.

Personal data

Personal data is any information related to a natural person or data subject that can be
used to directly or indirectly identify the person.

This website collects personal data only to the extent necessary and in a way that is
legally permissible (see below for more details).

Cookies

This website uses cookies. A cookie is a small file that is saved on the device with which
you are accessing this website. Should you not want to be served a cookie when using
this website, most common browsers can be configured to disallow the usage of cookies.
This may affect the usability of this site (such as the ability to opt out of the data
collection for analytics, see below).

Sharing buttons

The sharing buttons for sharing content on social media and other platforms displayed
on this website are provided by the WordPress plugin Shariff Wrapper. By design, the
Shariff Wrapper plug-in does not transmit any data to the social media platforms and
other sharing services unless one of the sharing buttons is explicitly clicked. Shariff
Wrapper's statistics feature is disabled on this site, so that no personal data about
sharing activity is stored.

Data stored and processed of all users

Quantum and the company hosting this website may collect, store, and process the
following data of all users of Quantum:

1. visited pages

2. time of access

3. number of transmitted bytes

4. link that lead to the page being accessed

5. browser used

6. operating system used

7. ip address from which it was accessed
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8. data (text, files, tick boxes, ...) entered in forms and search boxes

The data may be collected in server log files and for the purpose of analyzing how this
website is being used (analytics) by means of the WordPress plug-in WP statistics.

Unless stated otherwise below, the data is saved exclusively on the servers of the
company providing the hosting infrastructure for this website and on computers
controlled by Quantum (for the purpose of archiving and backup) and can only be
accessed through password protected accounts on these systems and is not shared with
any third party service such as Google Analytics.

Unless stated otherwise below, the data collected in this way is used exclusively for
statistical analysis and improvement of the website as well as to ensure its safe and
lawful operation.

In particular, ip addresses are saved only in pseudo-anonymized form, either hashed or
with the last block truncated.

If the WP statistics plug-in is enabled, you have the option to opt-out of the data
collection for analytics by performing the following steps: (1) Clear all cookies for this
website in your browser. (2) Refresh the page. (3) Click/tap the button “opt out” in the
banner at the bottom of the page.

Data entered into or resulting from the use of
forms and transmitted via email

Data entered into or resulting from the use of forms on this website and such sent to
Quantum via email may be processed in additional ways.

In particular, it may be stored and processed on information technological devices
controlled by members of Quantum as well as in password protected collaborative
working and cloud computing platforms such as Jira, Dropbox, Google Drive, and Google
Docs/Google Sheets.

For data relevant for the peer-review and publication process additional rules apply (see
the next section for more details).

If the data entered in such forms is stored or processed of purposes other than those
described in the last section, the form contains a more detailed description of the type
and purpose of the data storage and processing.

You have to tick a tick box on such forms to express your explicit consent to such
additional data storage and processing.

Data stored and processed for and during the
peer-review and publication process

During the peer-review and publication process (which includes the handling of appeals)
additional personal data is collected, stored, and processed by Quantum, as well as the
third-party service < href="https://scholasticahq.com/">Scholastica, namely:

1. written communication with and between authors, editors, and referees

2. the times and other meta-data associated with this communication

3. the email addresses and account names at other services used to carry out this
communication
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4. all data and material provided to Quantum by the submitter, including the
submitted work

This this data is permanently stored by Quantum to ensure long-term accountability and
justifiability of editorial decisions and to ensure a means of contacting the submitter or
authors (e.g., in case of later corrections to published works).

Such data may further be stored and processed on the collaborative working platform
Jira and the third-party service < href="https://scholasticahg.com/">Scholastica to the
extent this is necessary to carry out and supervise the peer-review process.

On such platforms the data is accessible only through password protected accounts.

Quantum retains the right to process this data for the purpose of performing statistical
analysis of the peer-review process, correlate this data with other publicly available
information, and to publish such analysis and the underlying data in a suitably
anonymized form.

In doing this, Quantum takes the utmost care to ensure that no personally identifying
information is leaked and in particular that the anonymity of referees is guaranteed.

For accepted works, Quantum publishes the work itself (including all companioning
material and meta-data) in accordance with the terms and conditions.

In particular, as part of its service, Quantum uploads the meta-data of accepted works, as
well as parts or all of the work, to platforms such as Crossref, the Directory of Open
Access Journals, Clarivate Analytics, and Clockss for the purpose of registering DOls,
making the work discoverable by readers, facilitate biometrics, and archiving.

Data on payments and donations

Data on payments of article processing charges and donations are obviously available to
the handling services, such as the involved banks and, if applicable, PayPal. Such data is
processed for accounting purposes in accordance with applicable law.

On top of that, Quantum practices public accounting. All donations and payed fees are
made available in this publicly shared shared spreadsheet.

Data publicly available on this website

Data that is anyway publicly available on this website, my be share by Quantum in posts
on social media platforms including but not limited to Facebook, Twitter, and LinkedIn,
either directly of by means of third-party services such as buffer.com or IFTTT in
accordance with the license under which this data was published.

Backups

All data described above may be included in backups to ensure the continued availability
of the services of Quantum. Such backups are stored “off-site”, i.e., in a different physical
location than the production system on servers or storage systems controlled by
Quantum or people working for Quantum and access to which is suitably restricted with
passwords. The data in backups is not processed and is stored in such a way that it can
not even be directly accessed from the production systems.

Data protection

Quantum uses strong and individual passwords for all accounts and services that can be

9von 1l 29.11.2021, 15:05



Terms and Conditions — Quantum

10von 11

used to access personal data of its users. Quantum uses individual email accounts for
each third party service to ensure a fine grained access to personal data, restricted to
only those members of Quantum who actually need access.

Data breach procedures

In case of a data breach that reveals otherwise not publicly available personal data in our
own data handling systems or any of the third party services Quantum relies on, all
identifiable users will be notified in due time after a suitable assessment of the situation.

User rights

As a user, you have the right to request information about which of your personal data is
stored and processed by Quantum and for what purpose. You can demand that personal
data is corrected (in case it is incorrect) or deleted (to the extend this is compatible with
the terms and conditions of Quantum and applicable law), and have the right to obtain a
digital copy of the stored personal data. To contact Quantum on such matters, please use
one of the channels described in the impressum.

Data protection and privacy policy changes

Quantum may change its data protection and privacy policy from time to time, at
Quantum’s sole discretion. Quantum encourages its users to check this page for changes
frequently. Your continued use of any service Quantum provides, including but not
limited to this website, after any change in this data protection and privacy policy
constitutes your acceptance of such change.

5. Further aspects

Disclaimer of warranty

There is no warranty for the services provided by Quantum, to the extent permitted by
applicable law. Except when otherwise stated in writing, the copyright holders and/or
other parties provide these services “as is” without warranty of any kind, either expressed
or implied, including, but not limited to, the implied warranties of merchantability and
fitness for a particular purpose or future availability. The entire risk as to the quality and
performance of the services is with the user. Should the services prove defective, the
user assumes the cost of all damages incurred.

Limitation of liability

In no event, unless required by applicable law or agreed to in writing, will Quantum be
liable to any user for damages, including any general, special, incidental or consequential
damages arising out of the use or inability to use the services provided by Quantum,
even if Quantum has been advised of the possibility of such damages.

External content

Links to other works, websites, or other documents, including but not limited to
hyperlinks on the website quantum-journal.org as well as in manuscripts published by
Quantum, may link to content that is beyond the control of Quantum. Quantum hence
does not assume any kind of responsibility or liability for the content to which such links
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point or transmissions that can be received through them.

Infringement notification

In case you believe that any material published by Quantum infringes on your copyright
or intellectual property rights in any way, you must contact in writing, in either English or
German, the

Verein zur Forderung des Open Access Publizierens in den Quantenwissenschaften
Mullnergasse 26, 1090 Wien, Austria.

Logos, images and materials created by Quantum

The term “Quantum” and the Quantum logo are a registered trademark of the Verein zur
Forderung des Open Access Publizierens in den Quantenwissenschaften in the European
Union (EUIPO) for the publishing of scientific papers, electronic publishing, the publishing
of journals, and several other categories of goods and services.

All other company and product names, logos, trademarks, registered trademarks, and
brands are property of their respective owners. All such company, product and service
names used in this website are for identification purposes only. Use of these names,

logos, and brands does not imply endorsement.

The logo of Quantum, as well as all images created by Quantum, are published under the
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International (CC BY-NC-
SA 4.0) licence. The LaTeX template quantumarticle is published on GitHub under the

LaTeX Project Public licence version 1.3c.

Right to modify terms and conditions

Quantum retains the right to modify these terms and conditions following consultation
with the Steering Board. All submitters of works undergoing peer-review at the time of
change must be notified if affected by the changes. Submitters are always bound to the
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A large body of recent work has begun to explore the potential of parametrized
quantum circuits (PQCs) as machine learning models, within the framework of hybrid
quantum-classical optimization. In particular, theoretical guarantees on the out-of-
sample performance of such models, in terms of generalization bounds, have emerged.
However, none of these generalization bounds depend explicitly on how the classical
input data is encoded into the PQC. We derive generalization bounds for PQC-based
models that depend explicitly on the strategy used for data-encoding. These imply
bounds on the performance of trained PQC-based models on unseen data. Moreover,
our results facilitate the selection of optimal data-encoding strategies via structural
risk minimization, a mathematically rigorous framework for model selection. We ob-
tain our generalization bounds by bounding the complexity of PQC-based models as
measured by the Rademacher complexity and the metric entropy, two complexity mea-
sures from statistical learning theory. To achieve this, we rely on a representation of
PQC-based models via trigonometric functions. Our generalization bounds emphasize
the importance of well-considered data-encoding strategies for PQC-based models.

1 Introduction

Recent years have witnessed a surge of interest in the question of whether and how quantum
computers can meaningfully address computational problems in machine learning [1, 2]. This
development has been largely driven by two factors. On the one hand, there is evidence that
some quantum machine learning algorithms may lead to an increased performance over classical
algorithms for the analysis of classical data with respect to important figures of merit [3-7]. On
the other hand, the increasing availability of quantum computational devices provides significant
stimulus. While these “noisy intermediate-scale quantum” (NISQ) devices are still a far cry from
full-scale fault-tolerant quantum computers, there exists growing evidence that they may be able to
out-perform classical computers on some highly-tailored tasks [8]. Given the inherent limitations
of NISQ devices, most current approaches to near-term quantum-enhanced machine learning fall
under the umbrella of hybrid quantum-classical algorithms [9]. Of particular prominence are
variational quantum algorithms in which a parametrized quantum circuit (PQC) is used to define
a machine learning model which is then updated via a classical optimizer [10-12].

There is a wealth of architectural choices for PQC-based machine learning models. These
include the width and depth of the quantum circuit, the precise layout and structure of trainable
gates, as well as the mechanism via which classical data is encoded into the quantum circuit. The
flexibility in design choices for PQCs is often only perceived strongly in terms of the structure
and layout of the trainable gates [13, 14]. However, when using a PQC to define a machine
learning model for classical data, the data-encoding strategy becomes a necessary architectural
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design choice, which has received comparably little attention. Despite this, it has recently been
shown that the data-encoding strategy is directly related to the expressive power of PQC-based
models [15-17]. In this work, we further the study of data-encoding strategies for PQC-based
supervised learning models by investigating the effect of data-encoding strategies on generalization
performance.

More specifically, we consider the following fundamental question: Given a PQC-based model
which has been trained on a specific data set, can we place any guarantees on its expected out-
of-sample performance, i.e., its expected accuracy on new data, drawn from the same distribution
as the training set? This question is motivated by the key insight that one should not choose the
model or architecture which performs best on the available training data, but rather the model
for which one expects the best out-of-sample performance. Typically, one refers to the difference
between the accuracy of a model on a given training set and its expected out-of-sample accuracy
as the generalization gap. We call a (probabilistic) upper bound on this generalization gap a
generalization bound. Historically, techniques for both proving generalization bounds and for using
generalization bounds for principled model selection have been developed under the umbrella of
statistical learning theory [18-20].

We start by presenting a selection of central notions in statistical learning theory. Of particular
interest is the relation between generalization bounds and complexity measures of different types.
Indeed, due to a large body of existing literature, bounding the generalization gap of a learning
model typically reduces to bounding some quantifiable property of the hypothesis class used for
learning. There are many examples of such complexity measures (also known as capacity metrics
or just expressivity measures), and based on their specifics they are used for different learning
models, either quantum or not. In this work, we employ generalization bounds based on the
Rademacher complexity and the metric entropy. However, we want to mention that there are also
other important approaches to generalization not taken here, such as stability [21], compression [22],
or the PAC-Bayesian framework [23].

Given the fundamental role of generalization bounds, there has recently been a strong and
steady stream of works contributing to the derivation of generalization bounds for PQC-based
models [24-32]. However, as discussed in detail in Section 4, these prior works all differ from our
results in a variety of ways. Firstly, they considered only “encoding-first” PQC architectures, in
which the PQC-based models are assumed to consist of an initial data-encoding block, mapping a
classical input to a data-dependent quantum state, followed by a circuit consisting only of fixed and
trainable gates. In contrast, we consider PQC-based models incorporating data re-uploading [17], in
which trainable circuit blocks are interleaved with data-encoding circuit blocks. This is particularly
relevant given the results of Refs. [15, 33], which have illuminated the significant effects of data
re-uploading on the expressive power of PQC-based models.

Additionally, our work is the first to provide a generalization bound from which it is immediately
clear how altering the data-encoding strategy influences the generalization performance of the
model. This is possible because our bound depends explicitly on architectural hyper-parameters
associated with the data-encoding strategy. This sets our results apart from prior art where the
data-encoding figured only implicitly, if at all. We discuss this difference between implicitly and
explicitly encoding-dependent generalization bounds more concretely in Section 4.

In order to obtain our generalization bounds, we rely strongly on a representation of PQC-based
models via generalized trigonometric polynomials (GTPs), which has been previously derived in
Refs. [15, 33]. In particular, we exploit the fact that the data-encoding strategy of the PQC-
based model directly determines the frequency spectrum of the corresponding GTPs. As such,
the number of accessible frequencies in the GTP representation provides a natural measure of the
complexity of a particular data-encoding strategy. Given this, we first derive generalization bounds
for GTPs, which exhibit a dependence on the square root of the number of accessible frequencies.
We then proceed to determine, for different data-encoding strategies, upper bounds on the number
of accessible frequencies in the GTP representation. We use these results to identify a variety
of natural data-encoding strategies for which the number of accessible frequencies, and therefore
the associated generalization bounds, scale polynomially with the number of data-encoding gates.
While one cannot use generalization bounds alone to recommend an optimal data-encoding strat-
egy, we discuss how these generalization bounds can be combined with empirical risk estimates,
via structural risk minimization, to facilitate the selection of an optimal data-encoding strategy
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Figure 1: A flowchart of the argument presented in this work.

for a given problem.

1.1 Structure of this work

This work is structured as follows: Section 2 gives a pedagogical introduction to statistical learning
theory, explains the importance of generalization bounds, and discusses the structural risk mini-
mization principle. After establishing these concepts, we formulate the main questions addressed
in this work. In Section 3, we begin by introducing the PQC-based learning models used in this
work. We then present a detailed discussion of the approach of Ref. [33], which demonstrates how
the functions implemented by a PQC-based model can be represented by generalized trigonometric
polynomials. In particular, we emphasize how the data encoding strategy of the PQC-based model
translates to the accessible frequencies of the generalized trigonometric polynomials. Section 4
then provides a detailed review of prior work on generalization in quantum machine learning. In
Section 5, we establish generalization bounds for classes of generalized trigonometric polynomials
in terms of the number of accessible frequencies. We present one approach via the Rademacher
complexity (Section 5.1) and another via covering numbers (Section 5.2). Section 6 then expands
upon Section 3 by deriving upper bounds on the number of accessible frequencies, in the general-
ized trigonometric polynomial representation of the PQC-based models associated with different
data-encoding strategies. This analysis allows us to use the results from Section 5 to state explic-
itly encoding-dependent generalization bounds for PQC-based models, and to compare different
encoding strategies from a generalization perspective. We discuss the implications of our results
in Section 7. In particular, we emphasize how our results are complementary to many prior works,
but also describe how the different approaches can be combined. Additionally, we sketch some
directions for future research. Section 8 contains a short summary of our work. The logical flow
of this manuscript is visualized in Figure 1.

2 Motivation: Generalization bounds, sample complexities and model
selection
To motivate the content of this work and to define the setting, we start with a brief and select

introduction to the framework of statistical learning theory. Interested readers are referred to
Refs. [20] and [34] for a more detailed presentation. Within this framework, any supervised learning
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problem is defined by a domain X, a co-domain Y, a probability distribution P over X x ) and a
loss function £ :Y x Y — R. We assume that X', ) and £ are known, while P is unknown. We will
denote the set of all functions from X to ) as Y¥. To gain intuition, it is useful to think of the
situation in which there exists a deterministic rule for assigning predictions to domain elements.
We can model this in the framework outlined above with an unknown target function f € Y¥, as
well as some unknown probability distribution Py over X, such that samples from P are obtained
by first drawing a domain element € X’ from Py, and then outputting the tuple (z, f(x)), i.e.

Py(x) ify=f(x),
Pla.y) = { P Tv=7) 1)
0 ify # f(x).
In general, however, it may be the case that there exists y; # yo for which both P(z,y;) > 0 and
P(x,y2) > 0, i.e., that the underlying process for labeling data points is not deterministic.
Additionally, we are given a training data set

S:{(mmyz)NP|Z€{1aam}} (2)

of m tuples drawn independently from (the unknown distribution) P, and our goal is to design
a learning algorithm A which, given S as input, outputs a hypothesis h € J* that achieves a
sufficiently small risk

RW—AyMﬁMNHmA 3)

Informally, we often refer to the risk R(h) as characterizing the out-of-sample performance of the
hypothesis h, as it is this quantity which tells us how well we can expect the hypothesis h to
perform on (possibly previously unseen) future data drawn from P. It is critical to note, however,
that as the underlying probability distribution P is unknown, given a hypothesis h € V¥, one
cannot directly evaluate R(h). In light of this, a natural alternative is to evaluate the empirical
risk of h with respect to S, which is defined as the average loss over the training samples

Rs(h) =15 30 o hia) @)
(

xi,Yi)€ES

In contrast to the risk R(h), the empirical risk R(h) characterizes the in-sample performance of h
with respect to the data set .S, which has been sampled from P.

Naively, one might hope to be able to construct learning algorithms which could in principle
output any h € Y*. However, the “no-free-lunch” theorem rules out the possibility of meaningful
learning in this case [35], and therefore we typically consider learning algorithms whose range is
some subset F C Y¥. We then refer to F as the hypothesis class associated with the learning
algorithm which is, by assumption, also known to the learning algorithm. To gain some intuition,
one could think of F as the set of all functions realizable by neural networks of some fixed width
and depth, or, as we describe in Section 3, as the set of all functions realizable by a parametrized
quantum circuit model with some fixed architecture. With respect to this setting, the following
natural question arises: Suppose we have a learning algorithm A with hypothesis class F, which
has been run on a randomly drawn data set of m samples S ~ P™ and outputs some hypothesis
h € F, as well as some “training log” which we denote by hist(A, S)!. Given the achieved empirical
risk I:ES(h), can we put an upper bound on the true risk R(h), which holds with high probability
over the randomly drawn data set S? More specifically, can we make a statement of the form: For
all 6 € (0,1), with probability 1 — ¢ over S ~ P™, for all h € F we have that

R(h) < Rg(h) + g(F,h,m, S, A, hist(A,S),d). (5)

We refer to such a statement as a generalization bound, and note that the function g appearing
in Eq. (5) provides a (probabilistic) upper bound on the quantity R(h) — Rg(h), which we call
generalization gap (of h with respect to S). Such bounds are desirable because they allow us to

ISuch a training log could for example record the value of the empirical risk, or properties of the trial hypotheses
(such as weight matrices for neural networks), at each stage of an iterative optimization procedure.
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leverage the information we have access to — i.e., the empirical risk, and properties of the learning
algorithm, data set and optimization procedure — to upper bound R(h), which is the quantity
we do not have access to, but are ultimately interested in. In general, as indicated explicitly in
Eq. (5), the upper bound g on the generalization gap could depend on properties of the achieved
hypothesis h, properties of the data set S, properties of the learning algorithm A, and details of
the optimization that led to h. However, in this work we will focus on uniform generalization
bounds of the form: for all § € (0,1), with probability 1 — § over S ~ P™, we have for all h € F
that .

R(h) < Rs(h) + g(F,m, ). (6)

To be specific, we focus on generalization bounds for which the upper bound on the generalization
gap — i.e., the function g — depends only on properties of the hypothesis class F, the data set size
m and the desired probability §. We note that the term “uniform” is used when describing such
generalization bounds to indicate that, with respect to a fixed data set size m and probability
threshold §, the upper bound on the generalization gap will be the same — i.e., uniform — for all
h € F. While it is known that there exist scenarios in which uniform generalization bounds are
not tight [36, 37], we postpone a discussion of these issues to Section 7.

As motivated above, given a uniform generalization bound for a hypothesis class F, one typical
application is as follows: Given a data set S sampled from P, with |S| = m, run some learning
algorithm to obtain a hypothesis h € F, evaluate its empirical risk ]A%S(h), and then use the
generalization bound to place a (probabilistic) upper bound on the true risk R(h). However, we
can also often straightforwardly use such a generalization bound to answer the following natural
question: Given some € > 0 and some 6 € (0, 1), what is the minimum size of S sufficient to ensure
that, with probability 1 — §, for all h € F, the generalization gap satisfies R(h) — Rs(h) <e? To
see this, note that if we have a uniform generalization bound, then by setting

9(F,m,6) <€ (7)

and solving for m, it is often possible to find some function f(e,d, F) such that, with probability
1—9over S~ P™,

m > f(e,8,F) = Yh € F: R(h) — Rs(h) < g(F,m,8) <e. (8)

As the generalization bound may not be tight, we therefore see that f(e,d, F) provides an upper
bound on the minimum size of S sufficient to probabilistically guarantee a generalization gap less
than € for all h € F.

Finally, apart from the fundamental applications of allowing us to bound the out-of-sample
performance of a hypothesis, or upper bound the minimum sample-size sufficient to guarantee
a certain generalization gap, generalization bounds also allow us to address the issue of model
selection, via the framework of structural risk minimization [20]. Importantly, we note that one
cannot simply use only the function g(k,m,d) for model selection: A trivial learning model, which
outputs the same hypothesis independently of the input data, has g(k, m, d) = 0, but cannot achieve
good prediction performance on interesting tasks. Structural risk minimization thus suggests
combining a generalization bound with an empirical risk evaluation on a specific data-set to choose
the model with the smallest upper-bound on the true risk. More specifically, let us assume that our
hypothesis class depends on some “architectural hyper-parameter” k, with some notion of ordering
such that

ki1 <k = ]:/ﬁ - .7:]92. (9)

For example, Fj could be the set of all neural networks of fixed width and depth k. Given this,
how should we choose the hypothesis class — or model complexity — that we use for a given learning
problem? As illustrated in Figure 2, generalization bounds, when combined with empirical risk
evaluations, can allow us to answer this question. In particular, assume that we have a uniform
generalization bound of the form: For all § € (0,1), with probability 1 — 6 over S ~ P™, for all
h € Fy, R

R(h) < RS(h) + g(k, m, 6)7 (10)

where g(k,m, ) is non-decreasing with respect to k. Here, we have written g(k, m, ) rather than
9(Fr, m,d) to emphasize the assumption that the hyper-parameter k is the only property of Fj on
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Figure 2: lllustration of structural risk minimization (adapted from Ref. [20]). Increasing the complexity of a
hypothesis class typically allows one to obtain hypotheses with decreasing empirical risk. However, in many
cases increasing the complexity of a hypothesis class also leads to a larger upper bound on the generalization
gap. Structural risk minimization aims to identify a hypothesis with the smallest upper bound on the true risk
that quantifies the out-of-sample performance by combining an evaluation of the empirical risk of candidate
hypotheses with an upper bound on the generalization gap of the relevant hypothesis class.

which the generalization bound depends explicitly. While increasing k increases the expressivity
of the hypothesis class and therefore typically leads to smaller empirical risk, it also increases the
upper bound g(k, m, ) on the generalization gap and may therefore lead to hypotheses with worse
out-of-sample performance. As such, a natural strategy to find an optimal hypothesis — in the
sense of having the smallest probabilistic upper bound on the true risk — is as follows:

1. For k in {k1,...,k,}, run the learning algorithm Ay, with hypothesis class F, and obtain
the hypothesis hy.

2. Calculate kop, = argming [Rs(hy) + g(k, m, d)].
3. Output hy,

opt *

We refer to such a procedure as structural risk minimization®, and contrast this with empirical
risk minimization, which simply outputs the hypothesis minimizing the empirical risk. In light of
the above discussion, we note that, given a family of hypothesis classes {F}, each specified by
some architectural hyper-parameter k and satisfying the condition of Eq. (9), we would ideally like
to obtain an upper bound on the generalization gap g(k,m,d) which grows slowly with respect to
k. In particular, we can now understand this from two different but complementary perspectives:

Firstly, from the structural risk minimization (or model selection) perspective, we see from
Figure 2 that slow growth of g(k,m, §) is indicative of our ability to exploit the expressivity of more
complex hypothesis classes, i.e. those with larger k, without risking poor generalization performance
due to overfitting. More specifically, under the assumption of monotonically decreasing empirical
risk, the slower g(k,m,d) grows, the longer we can expect the quantity Rs(hk) + g(k,m,9d) to
decrease before reaching a minimum, and therefore the smaller we can expect our ultimate upper
bound on the true risk of the optimal hypothesis hg, , to be. In contrast, if g(k,m,d) grows too
fast with respect to k, then even if we can achieve very small empirical risk by increasing model
complexity, we do not expect to be able to achieve a sufficiently small upper bound on the true
risk of the optimal hypothesis hy,_, .

Secondly, from the sample complexity perspective, let us denote by f(e,d, k) the complemen-
tary upper bound on the minimum sample sample size m sufficient to probabilistically ensure a
generalization gap less than € > 0, which typically follows from g(k,m,d) (as we recall from the
discussion around Egs. (7) and (8)). As we naturally expect g(k, m,d) to be decreasing with in-
creasing m, slow growth of g(k, m,d) with respect to k typically implies slow growth of f(e,d, k)

2We note that the term “structural risk minimization” is sometimes used to refer to the strategy of minimizing
a regularized empirical risk, with an additive regularization term which penalizes high model complexity. However,
we follow Ref. [20] in our definition and presentation.
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with respect to k. In other words, slow growth of g(k,m,d) typically implies slow growth, with
respect to model complexity, of the minimum amount of data one has to use before being able to
probabilistically guarantee a certain generalization gap for all output hypotheses. As generating
data (i.e., sampling from the distribution P) may be expensive or difficult, and as the run-time
of learning algorithms typically scales with respect to the data set size, slow growth of g(k,m,d)
therefore facilitates the process of learning with models of higher complexity.

Given the above observations, we can finally understand the motivation of this work in an
informal way. In particular, in the following section we will see that parametrized quantum circuits
(PQCs) naturally give rise to hypothesis classes with multiple architectural hyper-parameters, each
reflecting a different aspect of the circuit architecture, such as circuit depth, circuit width, the total
number of gates or the total number of data-encoding gates of a particular type. In Section 4 we
will then see that a body of previous work has resulted in a collection of generalization bounds
for PQC-based models, each of which depend explicitly on some subset of architectural hyper-
parameters, but not on others. As of yet, however, there exist no generalization bounds which
depend explicitly on hyper-parameters associated with the data-encoding strategy, despite the
important role such strategies play in determining the expressive power of PQC-based hypothesis
classes [33]. As such, the questions which we address in this work are as follows:

(a) Can we derive generalization bounds for PQC-based hypothesis classes which depend explicitly
on hyper-parameters associated with the data-encoding strategy?

(b) Can we use such bounds to identify data-encoding strategies for which the upper bounds on
the generalization gap grow polynomially with respect to the architectural hyper-parameter
relevant to the encoding strategy?

As will be discussed in Section 7, apart from filling a gap in our understanding of the manner
in which the data-encoding influences generalization, such bounds would also complement existing
works, in that they would allow one to perform structural risk minimization with respect to multiple
architectural hyper-parameters simultaneously. With this motivation in mind, before proceeding it
is worth briefly mentioning how (uniform) generalization bounds are typically obtained. Intuitively,
one might expect that the generalization performance of a hypothesis class is related to how
complex (or how expressive) the hypothesis class is, and thus one might hope for the existence
of a complexity measure for hypothesis classes from which generalization bounds follow. This
intuition is indeed correct, and in fact a large amount of work in statistical learning theory has
resulted in a variety of suitable complexity measures — such as the VC dimension [38], Rademacher
complexity [39], pseudo-dimension [40] and metric-entropy amongst others — all of which directly
give rise to generalization bounds [20, 34, 35]. As a result, given a hypothesis class Fy, one typically
proves a uniform generalization bound for Fy, which depends explicitly on the architectural hyper-
parameter k, by first characterizing the dependence of a suitable complexity measure C' on k
(i.e., by writing/bounding C(F) explicitly in terms of k), and then writing down the known
generalization bound which follows from C(Fy). We also follow such a strategy in this work by
first characterizing both the Rademacher complexity and metric-entropy of PQC-based models in
terms of architectural hyper-parameters related to the data-encoding strategy and then presenting
generalization bounds in terms of these complexity measures. At this stage it is hopefully clear,
both why generalization bounds are desirable, and how (at least intuitively) one might obtain such
bounds. Given this, we proceed in the following section to define more precisely the PQC-based
hypothesis classes considered in this work.

3 Parametrized quantum circuit based model classes

Parametrized quantum circuits (PQCs) are ubiquitous in the field of near-term quantum comput-
ing [9-11] and can be used to construct quantum machine learning models [12]. We will consider
qubit-based quantum systems. The focus of this work lies on variational quantum machine learning
models that are constructed from a PQC Ug(x) that depends on trainable parameters 8 € © and
on data inputs * € X. A prediction in the co-domain )V = R is then obtained by evaluating the
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fo(@) = (0|U§ () MUs()|0)

Figure 3: Circuit model considered in this work. We assume that the circuit consists of gates which are
parametrized either by the data & (data-encoding gates), or the trainable parameters @ (trainable gates).
The data encoding gates are assumed to implement the time evolution of a data-encoding Hamiltonian, with
evolution time given by some data coordinate 2 = ePz. The model output is then given by the expectation
value of an observable M.

expectation value of a fixed observable M, which can be efficiently evaluated, as
Jo(@) = (0|U () MUs ()[0). (11)

In the following, we assume that the data inputs are d-dimensional real-valued vectors with entries
in the interval [0,27), i.e., X = [0,27)%. This choice is somewhat arbitrary, as data can always be
rescaled to fit into a particular interval. However, [0, 27) is a natural choice because quantum gates
available on actual hardware are usually parametrized in terms of angles. As will become apparent
later, we need not make any assumptions on the nature of the trainable parameters, but in most
cases they will also be angles, i.e., © = [0,27)P, where p is the number of trainable parameters.

We also make some assumptions on the structure of the circuit Ug(x). Our model is motivated
by the actual quantum circuits that can be executed on NISQ devices. These devices usually only
allow fixed gates and parametrized evolutions under device-specific Hamiltonians [41-43]. In our
model, the data inputs @ and the trainable parameters @ enter the circuit through different gates.
The unitaries parametrized by 6, denoted by {W;(0)}, constitute the trainable part of the model.
Fixed unitaries can be absorbed into the trainable unitaries.

We assume that the gates through which the data enters the circuit are time evolutions under
some Hamiltonian, where the “evolution time” is given by one of the data coordinates z(*). We
denote the j-th gate that encodes the data coordinate z(¥) as

SJ@ (@) = exp (—ix“)H}i)) — exp (_ie(%H](i)) ’ (12)

where we rewrote the encoding gate in terms of the input data vectors by recognizing that
2 = e g, where e is a standard basis vector. It is of course possible to consider more gen-
eral dependencies of the evolution time on the input data, i.e. in terms of linear combinations
or even non-linear functions of the data coordinates. However, we choose not to include models
with such classical pre-processing of the data, in order to isolate the part of the model which is
truly quantum. Indeed, if one allowed for arbitrary pre-processing, then one could just use a very
complicated neural network to find suitable evolution times for good predictions, but that would
miss the point of using a quantum learning model at all. We note though that our definition still
encompasses such approaches after a suitable reparametrization of the inputs, which will usually
result in a larger number of input coordinates.

For our analysis, no restriction on the placement of the trainable gates and the data-encoding
gates in the circuit is necessary. Thus, we assume that they can be arranged arbitrarily, as depicted
in Figure 3. However, we will refer to the choice of data-encoding Hamiltonians per data coordinate
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as D) = {H](z)} and call the union of these sets over all data coordinates the data-encoding strategy
D= (DM, D?, ..., DY), (13)

The total number of encoding gates per data coordinate is N(9) = \’D(i)| and the total number of
data-encoding gates is N = Z?Zl N®,

A data-encoding strategy D together with a fixed circuit structure and a choice of trainable
gates defines a parametrized quantum circuit Ug(x). We denote the fact that this circuit uses the
encoding strategy D as Ug(x) ~ D. When we fix an observable M to generate the predictions,
this defines a function class

Fopu =1{0,21)? 5 & s (O|U}(x) MUg(x)|0) |6 € ©,Up(x) ~ D}, (14)

which is obtained by considering all possible parametrizations 8 € © of the trainable gates. This
function class depends explicitly on the parametrization of the trainable parts of the circuit and on
the data-encoding strategy. As we ultimately want to obtain generalization bounds that depend
on the hyper-parameters associated with the encoding strategy — such as the number of encoding
gates N — it will be helpful for us to reformulate the function class in a way that makes it more
amenable to the analyses in the following sections. To this end, we draw on the results of Refs. [15,
33], which show that the nature of the data encoding gates as Hamiltonian evolutions allows us to
expand the model output as a generalized trigonometric polynomial (GTP). A GTP “generalizes”
the notion of a trigonometric polynomial by allowing arbitrary frequencies as in

fol@)= > cu(0,M)e ™™, (15)

we(D)

While the GTP’s coefficients {c,} depend on the particular parametrization and observable, the
set of frequencies £2(D) depends solely on the chosen data-encoding strategy D, in particular on the
spectra of the Hamiltonians {H](l)} that yield the data encoding evolutions {SJ(-l) (z)}. We describe
the procedure for obtaining such a GTP representation in more detail below. The fact that the
expectation value is always real is reflected by ¢, = ¢*, and by the observation that w € Q(D)
implies that also —w € Q(D). Additionally, we note that the absolute value of any expectation
value obtained from measuring M is upper bounded by its operator norm || M|, and therefore,

if we assume that | M|/« < B, then

Fopm CF = {[0,2%)61 S f(x) = Z Cw eXp(—iw) | (Cw)weq such that | f] . < B} ,
we)

(16)

where Q = Q(D). We have thus defined a function class that solely depends on the data-encoding
strategy. We stress that this function class subsumes all possible ways to parametrize the trainable
parts of a circuit with fixed data-encoding strategy D and fixed observable M, but also goes beyond
this by allowing all possible choices of observable M such that ||M|s < B. Therefore, it also
contains models where not only the parameters of the trainable gates, but also the measurement
itself is subject to optimization. In going from Fg p as to ]-'g , we effectively allow for a universal
trainable part and observable, which enables us to focus on the encoding strategy. Studying
intermediate classes between Feo p ar and FE could constitute a path towards tighter generalization
bounds that depend on both the data-encoding and the trainable part of the PQC-based model.

In Section 5, we will first prove generalization bounds for FF, which depend explicitly on
properties of 2, before exploring in detail in Section 6 how these relevant properties of 2 depend
on the data-encoding strategy D. Exploiting the fact that, for a given B > || M|, Fo,p,m C .7:5(1))
then automatically yields explicitly encoding-dependent generalization bounds for Fg p a-

As the connection between the data-encoding strategy D and the set (D) plays a crucial role,
we illustrate this connection for a generic data-encoding strategy here. We first consider the action
of a single encoding evolution S(x) in the density matrix picture, where it acts via the quantum
channel

S(x)[p] = exp (—iexH) pexp (iexH), (17)
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where the Hamiltonian H takes the role of any of the above Hamiltonian terms H j(-i) and e can
be any basis vector. We can expand p in the eigenbasis of the Hamiltonian H|\;) = Ag|A;) and
obtain

S(@)[p] = S®) | D pra | Ae)N] (18)
k,l
= praS(@) [[Ae)N]] (19)
k,l

= pra exp(—i(Ak — A)ex) | M)A (20)
k,l

We see that the differences of the eigenvalues Ay of the Hamiltonian H determine the frequencies
with which the different elements of the expansion of p are multiplied. We can combine the different
frequencies with the weight vector e to obtain the set of all available frequencies

QH) ={wr; = (A — N)e| g, A € spec(H)}. (21)

With this notation, we can simplify our expression for S(x)[p] to obtain

S@hl= Y. exp(-iwa)p., (22)

wEQ(H)

where the operators p,, are given by collecting the terms in the above sum for which the frequency
differences are the same, i.e.

Puw = Z Pkt A6 )|, where T(w) = {(k,1) | (A — Ni)e = w}. (23)
(k,1)el(w)

As p is Hermitian, we have that p,, = p* . The frequency structure carries over if we measure the
expectation value of an arbitrary observable M for the state S(x)[p] to obtain a prediction

f(x) = Te{S(z)[p|M} = Z exp(—iwz) Tr{p, M} = Z Cw €XP(—iwe). (24)
weQ(H) weQ(H)

As a result, we obtain a GTP with coefficients ¢,, = Tr{p,M}. Note that, as p,, = p*,, we have
that ¢, = ¢*,, which ensures that f(x) is real-valued as expected. The coefficients of this series
could depend intricately on the circuit that was used to construct p and on the specific observable
M, but a profound understanding of this relation is an open question. However, this does not pose
an obstacle for us, as only the set ) is relevant for our study.

We have just derived the frequency structure for one encoding gate, but for more complicated
circuits we have to understand the action of multiple encoding gates, potentially interleaved with
some trainable unitaries. The intermediary unitaries, however, will only result in a basis change,
not affecting the set of combined frequencies. We can therefore ignore them and just consider the
repeated action of two distinct encoding gates with Hamiltonians H; and Hs, resulting in

S(@)[Si(@)[p]] = Salm) | Y exp(—iwix)pu, (25)
w1 €Q(HL)
= Z exp(—iwix) Z exp(—iwaT) P, ws (26)
w1€Q(Hy) w2 €Q(H2)

Z Z exp(—ifw; +w2]m)Pw1,w2~ (27)

wleQ(Hl) WQEQ(HQ)

At this point, we precisely understand that the application of the second gate results in new
frequencies that encompass all possible sums of the different frequencies. We can again consolidate
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this if we consider the sumset (or Minkowski sum) of the two sets of frequencies Q(H;) and Q(H>)
defined as

O({Hy, Ha}) == Q(Hy) + Q(Hs) = {w1 + w2 | w1 € Q(H1),ws € Q(Ha)}. (28)
With that we have

Sa(@)[S1 () [p]] = > exp(—iwe)po- (29)

weQ(H1)+Q(Hz)

Note again that the values of specific components p,, depend on the specific initial state p and
possible intermediate unitaries, but, in this work, we are only interested in € itself. We can apply
the same logic recursively to see that the set of accessible frequencies for any encoding strategy D
is given by the sumset of all the individual sets of frequencies Q(H J@) for each gate:

d
QD)= > > Q(H):Z

DO eD HeDW)

(i

2

)
{0 = A)eD [ A, A € spec(H( ™)} (30)
1

J
4 Prior and related work

Before presenting our explicitly encoding-dependent generalization bounds for PQC-based models
in the next two sections, we discuss how our results compare to prior work. While there is a
massive amount of prior and ongoing work on the generalization capacity of classical models, see
for example the survey in Ref. [37], such results have only recently begun to emerge for PQC-
based models. Here, we focus on a comparison with these latter results. Additionally, while the
following paragraphs constitute a detailed review of existing generalization bounds for PQC-based
models, we stress that no knowledge of these prior works is necessary to understand our proofs
and results. In particular, the presentation here is intended to establish context for our work and
to place prior works in relation to each other, but the remainder of this manuscript can safely be
read independently of the review presented here.

Given the discussions in the previous two sections, we note that, at a high level, all prior work
on generalization bounds for PQC-based models can be classified via the following three criteria:

1. Which restrictions — if any — are placed on the architecture/structure of the PQCs generating
the model class considered?

2. In terms of which architectural hyper-parameters, or experimentally accessible quantities,
are the generalization bounds expressed?

3. Via which complexity measure are the generalization bounds derived?

Given this, we will use the above questions as guidelines for understanding and relating existing
results. Throughout this discussion, keep in mind that, as explained in Section 1, all prior works
are restricted to encoding-first models, whereas we allow for data re-uploading.

Additionally, while some of the following works study the same complexity measures as the
ones examined here — namely, Rademacher complexity and covering numbers — all of them differ
from ours in both the restriction to encoding-first PQC-based models and in a lack of explicit
dependence on the data-encoding strategy. Given this, we split our survey into two parts. First, in
Section 4.1, we discuss those prior works which derive encoding-independent generalization bounds.
In Section 4.2, we then discuss existing works deriving generalization bounds which depend on the
data-encoding strategy, but with a dependence which is implicit, and not necessarily clear a priori.

4.1 Encoding-independent complexity and generalization bounds

Ref. [24] is an early study of the complexity and generalization capacity of quantum circuit based
models, which presents encoding-independent bounds on the pseudo-dimension of function classes
associated with encoding-first 2-local (unitary or CPTP) PQCs, polynomial in the size (number of
gates) and depth of the trainable part of the circuit (in which all gates were considered trainable).
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Such pseudo-dimension bounds then yield generalization bounds, which also depend polynomially
on the size and depth of the trainable circuit. Ref. [44] has extended the generalization bounds
of Ref. [24] to the agnostic setting. In a similar vein, Ref. [29] has recently derived encoding-
independent covering number bounds for encoding-first PQC-based models, which depend explic-
itly on the number of gates in the PQC, and the operator norm of the measured observable. Once
again, using standard tools from statistical learning theory, the authors of Ref. [29] are then able
to use these covering number bounds to provide an encoding-independent generalization bound.

Working from the perspective of kernel methods, Ref. [32] has recently investigated the com-
plexity of encoding-first PQC-based models in terms of properties of the parametrized measure-
ment which follows data-encoding. More specifically, they interpret the entire parametrized circuit
following the data-encoding as a parametrized measurement, and provide bounds for the VC-
dimension of the model class in terms of the rank of the parametrized observable, and for the
fat-shattering dimension in terms of the Frobenius norm of the parametrized observable. These
bounds on standard complexity measures then allow them to prove generalization bounds which
depend explicitly on either the rank or the Frobenius norm of the accessible observables. However,
similarly the perspective we advocate in this work, the authors of Ref. [32] stress the application
of generalization bounds for model selection, via structural risk minimization.

Finally, Ref. [27] has recently initiated a resource-theoretic approach by providing encoding-
independent bounds on both the Rademacher and Gaussian complexity of encoding-first PQC-
based models, in terms of the number of repetitions of resource channels allowed in the PQC.
These Rademacher and Gaussian complexity bounds have then been used to derive generalization
bounds, which depend on the same quantities, and therefore provide an encoding-independent
resource-theoretic perspective on generalization in encoding-first PQC-based models.

4.2 Encoding-dependent complexity and generalization bounds

We proceed by discussing prior work deriving generalization bounds which do depend on the data-
encoding strategy. While the dependence on the data-encoding could take various forms, in this
manuscript we aim to derive generalization bounds which depend explicitly on architectural hyper-
parameters related to the data-encoding strategy (such as the number of encoding gates of a specific
type), and therefore facilitate the straightforward implementation of model selection via structural
risk minimization. This is in contrast to all of the prior encoding-dependent generalization bounds,
which are written in terms of some quantity which depends on the data-encoding strategy, but with
an implicit dependence which is not a priori clear, and needs to be assessed experimentally. Given
this fundamental difference between our generalization bounds and those of the prior works we
discuss here, a natural open question is whether the implicitly encoding-dependent quantities used
in the following works can be written explicitly in terms of architectural hyper-parameters related
to the data-encoding strategy. If possible, this would immediately provide explicitly encoding-
dependent generalization bounds comparable to those we derive in this work.

With this in mind, we begin our survey of implicitly encoding-dependent generalization bounds
with Ref. [25], which has suggested a complexity measure based on the classical Fisher information,
called the effective dimension, and demonstrated that one can indeed state generalization bounds
in terms of the effective dimension. Utilizing the empirical Fisher information as a tool for approx-
imating the effective dimension, Ref. [25] presented numerical experiments which demonstrate a
clear dependence of the effective dimension on the encoding-strategy. However, the explicit depen-
dence of the effective dimension on the encoding strategy is not clear and needs to be evaluated
experimentally. Additionally, Ref. [25] also provided a comparison between the effective dimension
of PQC-based models and comparable classical models, and demonstrated that PQC-based models
can exhibit a higher effective dimension. While not discussed explicitly in Ref. [25], we stress, how-
ever, that one should not use model complexity (e.g., effective dimension) as the sole criterion for
model selection, since model classes with higher effective dimension may have worse generalization
behavior than models with a lower effective dimension. Instead, as we advocate in this work, one
should ideally use a framework such as structural risk minimization to select a model with the
smallest upper bound on out-of-sample performance.

Also working from an information theoretic perspective, and with a focus on the role of data-
encoding, Ref. [31] has recently presented generalization bounds for PQC-based models in terms
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of information-theoretic quantities describing a notion of mutual information between the post-
encoding quantum state p(x) and the classical data. While these generalization bounds have a
strong implicit dependence on the data-encoding strategy, it is once again not immediately clear,
apart from in a few special cases, how to explicitly express the suggested complexity measure in
terms of architectural hyper-parameters related to the data-encoding strategy.

From a resource theoretic perspective, and complementing Ref. [27], the series of works [26, 28]
have further studied the Rademacher complexity of encoding-first PQC-based models. However,
unlike in Ref. [27], the Rademacher complexity bounds of Refs. [26, 28] are given in terms of
quantities that exhibit an implicit dependence on the data-encoding strategy. More specifically,
Ref. [28] provides Rademacher complexity bounds in terms of the size, depth and amount of magic
available as a resource. Additionally, Ref. [26] also studies noisy PQC-based models and provides
Rademacher complexity bounds in terms of either the Rademacher complexity of the associated
noiseless circuit or the free-robustness of the model.

Recently, Ref. [45] has studied generalization for PQC-based models using a hardware effi-
cient ansatz with a specific choice of data-encoding. For this setting, they proved VC-dimension
bounds that scale polynomially with the minimum of the number of qubits and the number of
trainable layers. In their proofs, they combine light cone arguments with a trigonometric function
representation for functions implemented by their ansatz.

Finally, we mention Ref. [30] which has developed techniques for evaluating the potential ad-
vantages of quantum kernels over classical kernels. These results are of relevance to this work due
to the close relationship between PQC-based models and kernel methods [16]. In a first step, the
authors of Ref. [30] suggest the evaluation of a geometric quantity which depends on the chosen
quantum feature map and the available training data instances. If the quantum machine learning
model passes this first test, a model complexity parameter, which now depends on the quantum
encoding and the training data (both instances and labels), should be computed. While these
complexity measures can be classically computed in time polynomial in the training data size,
analytically determining their exact dependence on the data-encoding can be challenging. This is
in contrast to our model complexity bounds, which depend straightforwardly on hyper-parameters
associated with the data-encoding strategy, such as the number of encoding gates of a specific type.

5 Generalization bounds for generalized trigonometric polynomials

We recall (from Section 3) that we can prove generalization bounds on Fg p ar, the hypothesis class
of interest for a given PQC-based model, by proving generalization bounds on F&. Recall that F5
has been defined as the class of generalized trigonometric polynomials (GTPs) with frequencies in
Q and infinity-norm bounded by B as

FE = {[0,27r)d Sz f(x) = Z Cw €xXp(—iw) | (cw)wen such that || f||, < B} . (31)
weN

In order to prove generalization bounds for FZ, it will be convenient to work with the cosine and
sine representation of the complex exponential, and with the norm of the vector of coefficients
instead of the norm of the function. Note that, since we have observed in Section 3 that c_,, = ¢,
we can define, for every w € Q

Gw = Cu +c_w, ER, (32)
b = %(cw e )ER (33)

With these, it further follows that
Cwe T 4 c_,e™" = q,, cos(wx) + by, sin(wzx), (34)

which allows us to rewrite the sum in Eq. (31) as a sum of real terms only. If we were only
considering frequencies given by real numbers, then it would suffice to sum over the non-negative
frequencies in the real sum representation. However, we are dealing with frequency vectors. As this
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is the case, we start by removing the zero vector from the set of frequencies to obtain Q* := Q\ {0}.
Note that this is meaningful as 0 € Q for any  of the form introduced in Section 3. Next, we
divide Q* into two disjoint parts Q* = Q, UQ_, with Q, NQ_ = @, such that for every w € QO
we have that —w € QQ_. We again note that this is possible due to the specific form of the sets
Q discussed in Section 3. In particular, we then have 2] = 2|Q,| + 1. Additionally, we make
use of a shorthand notation for the vectors (aw)wen, and (by,)wea,: We keep the indices outside
of the parentheses, but remove the indexing set. Namely we write (ag, (0w )w, (bw)w) in place of
(ag, (@w)wen, s (bw)wea, ). We only explicitly write the indexing set at certain points to avoid
confusion.
With these notational points in mind,we can rewrite the hypothesis class 75 as

FE = {[O,Zw)d S f(z) = % + Z (Ge cos(wx) + by, sin(wx))
w€Q+ (35)
(a0, (0w )ws (bw)w) such that || fl < B},
and we define the class ’Hg via
HE = {[O7 2m)4 s & — % + Z (ag cos(wx) + by, sin(w))
wey (36)
| (@0, (@) (b))l < 2(%)‘”23}’
where the 2-norm is given by
(a0, (aw)w, (b))l = fad + Y (a2 +b2). (37)

weNy

We note that, by construction, F& C HE holds true. To see this, note that for a function f € FF
given by f(x) =3, cqexp(—iwe)cw, = ao/2+ 3, cq, (aw cos(wT) + by, sin(wz)), we obtain

(a0, (aw)wens s (bw)wen )|, < 2ll(co, (cw)wen)ll = 21/1l; < 22m) 72 || fll = 2(2m)7*B. (38)

As a consequence of the fact that F§ C HE, generalization bounds uniform over HE5 imply
generalization bounds uniform over .7-'5 . Therefore, we focus on proving generalization bounds for
HE.

Our bounds focus on the dependence of generalization on the frequency spectrum 2. We obtain
these bounds from bounds on the complexity of H5, measured in terms of two complexity measures
from classical learning theory, namely the Rademacher complexity and the metric entropy. We first
recall the definitions of these important quantities and then give an overview over our results and
proof strategy.

Definition 1 ((Empirical) Rademacher complexity). Let Z be some data space, F C R? a function
class, and S = (z1,...,2m) € Z™. The empirical Rademacher complexity of F with respect to S
is defined as

1 m
= E SuUp — ) X
RS = By | 598 7 204 (20)] (39)

where U({—1,1}") denotes the uniform distribution on {—1,1}™. The i.i.d. random variables
01,...,0m, are often called Rademacher random variables.

For later use, we note that, if 7 C G C RZ, then, for any S € Z™ we have Rg(F) < Rs(G).
Next, we introduce our second complexity measure:
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Definition 2 (Covering nets, covering number, and metric entropy). Let (X,d) be a (pseudo-
)metric space. Let K C X and let ¢ > 0. We call N C K an (interior) e-covering net of K if for
all z € K there exists ay € N such that d(z,y) < e. The covering number N'(K,d, ) is defined as
the smallest possible cardinality of an (interior) e-covering net of K. Finally, we define the metric
entropy logy, N'(K, d, €) via a logarithm of the covering number.

For our purposes, the relevant covering numbers are those of H5 with respect to the pseudo-
metrics induced by the data-dependent semi-norms |||, S which, given training data S =

{(®s,y:)}™,, are defined as

12,1, = (40)

1 m
E;U(%)P-

In Section 5.1, we prove Rademacher complexity bounds for %5. We do so by understanding
HE as (a subset of) a class of functions implemented by a simple classical neural network (NN)
with a single hidden layer and with sinusoidal activation functions in the hidden layer. For such
NN architectures, we can then apply already known Rademacher complexity bounds. This strategy

leads to
12

o) < . 4 < /1) )

for a training data set S of size m, with data instances S|, = {z;}72,. Here, the O refers to
the asymptotic behavior as ||, m — oo and hides a logarithmic dependence on |2]. (As we are
most interested in the dependence on ||, we also hide the dependence on B here.) With these
Rademacher complexity bounds at hand, we can then derive generalization guarantees for HZ5,
and thus F5, using a standard generalization bound in terms of the Rademacher complexity. We
obtain that for a bounded Lipschitz loss function, with probability > 1 —§, the generalization error

satisfies
Mﬁ—égﬁs@<¢ﬁ+wﬂ%g”>, (12)

uniformly over f € HE for training data S of size m. Again, we emphasize the leading-order
dependence on || and hide other parameters. We note that, without further assumptions, as in
classical agnostic learning scenarios, we do not expect a better scaling with respect to m than the
Hoeffding-like ~ 1/\/m.

In Section 5.2, we bound the covering number and metric entropy of ’Hg,and thus of .7-'5 .We
achieve this by constructing a covering net for #§ from a suitable (finer-grained) covering net of
the allowed vectors of Fourier coefficients. Here, we crucially use that || determines the dimension
of the space in which we have to take these covering nets. With this reasoning, we obtain a metric
entropy bound of

logy N(FG |llo  €) < loga N(HG, 1] » %) < O (|9 log(1/)) (43)

where the O hides logarithmic dependencies on B and |2|. Given these metric entropy bounds, we
then use the chaining method to derive empirical Rademacher complexity bounds. Again assuming
a bounded Lipschitz loss function, this method yields, with probability > 1 — 4, a generalization

error bound of
Mﬁ—ﬁgﬁg@<¢ﬁ+wﬂ%g®>, (14)

simultaneously for all f € F5 C HE, assuming training data of size m and hiding both logarithmic
terms and dependencies on B, the Lipschitz constant, and the bound on the loss. While we see that,
with the above definition of ]—"g and Hg, the strategies of Sections 5.1 and 5.2 lead to the same
generalization bound in leading order, we nevertheless present both approaches because they yield
different results if the assumption on the Fourier coefficients appearing in F& or HE is changed
from a 2-norm bound to a general p-norm bound.
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In the light of the discussion in Section 3, these generalization bounds for classes of generalized
trigonometric polynomials imply generalization bounds for PQCs. As we have focused on the
dependence on the frequency spectrum in the former, we obtain a focus on the encoding-dependence
in the latter. We provide and discuss these results in Section 6.

5.1 Generalization bounds for generalized trigonometric polynomials via Rademacher
complexity

We begin our analysis by stating our Rademacher complexity bound for H5. As we will see,
this bound is obtained by combining two partial results, and will lead directly to a generalization
bound. For ease of notation, we write K; := max,eq, {|w;i|} for i € {1,...,d} and K := ), K;.

Lemma 3 (Rademacher complexity bounds for GTPs). Let d,m € N. Let S|, € (RY)™. Let
HE be as defined in Eq. (36). The empirical Rademacher complezity of HE with respect to S|, =
(x1,...,2m) can be upper-bounded as

min {\/Iog(2d) max{K, (2r)% B\/[Q[}, (2r) B\/[Q)] log(|Q|)}
Jm

7€s\ap(%g) <0 (45)

In order to prove Lemma 3 we state and show two partial results, namely Lemmas 4 and 5.
These two Lemmata have slightly different proof strategies, but both are motivated by thinking of
generalized trigonometric polynomials as being realized by certain neural network architectures.

Lemma 4 (Empirical Rademacher complexity of HE—Version 1). Let d,m, S|., and HE be
as in Lemma 3. Then, the empirical Rademacher complexity of Hg with respect to S|, can be
upper-bounded as

Rsp,(HE) <O (jrn max{K, (ZW)SB\/W}\/log(Qd)) . (46)

Proof. We prove this statement by constructing a function class that contains %5 and whose
empirical Rademacher complexity we are able to upper bound by viewing it as arising from a
simple layered neural network (NN) architecture. More specifically, we consider the following class
of functions

gg = {[0,27r)d Sz % + Z dy, sin(@ux + vy)
WEQJr ) (47)
‘ [[(do; (dw)w)ll5 < 2(27T>%B7 Qu € H[_Ki7Ki]7 Yw € [_77771-)}’

i=1

which can be realized by a NN with a single hidden layer of neurons with sine activation functions,
and a linear activation at the output neuron. Here, again (d,,)., stands for the vector (dw)wea, -
Also, note that for every w € 4, a, is a d-dimensional vector and =, a real number.

We claim that H5 C GF. We can prove this inclusion directly by finding the corresponding
parameters (do, (dw)w), (Yw)w and (o). for each element f € HE, specified by the corresponding
(a0, (aw)w; (bw)w). We can find a valid assignment term by term. We start by noting dy = ao.
Next, we spell out the term corresponding to the frequency vector w with the well-known angle
sum trigonometric identity

de Sin(Qw® + Vo) = do c0s(Vew) sin(a, @) + dy, sin(7, ) cos(a,x). (48)
Now, for any given (a)w and (b, )., we can set
dy = /a2 + b2, o, =w, and 7, = arctan(b,, /a.,). (49)

At this point, it is important to confirm that the assignment is valid within the restrictions imposed
in Eq. (47). To begin with, we note that the 2-norm bound from Eq. (38), i.e. ||(@0, (@w)w, (bw)w)|ly <
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2(27)% B, translates directly into ||(do, (dw)w)lls < 2(27)% B, since d2, = a2, + b, for all w. Addi-
tionally, one can also see that the components of a, are nothing but the frequencies w; for each
data coordinate, which fall in the interval [—K;, K;] by construction. Finally, as a function arctan

can output any angle, choosing the branch [—7,7) is valid. With these, we reach
dy Sin(@w® + V) = a sin(wz) + by, cos(wex), (50)

which has been our goal.

As G5 arises from a NN whose activation functions are 1-Lipschitz, continuous and anti-
symmetric, we can use Lemma 16 (stated in the Appendix). For that, we require upper bounds for
the 1-norm of the weight vector going into each neuron and for the moduli of the biases. For every
neuron in the hidden layer, there are d incoming weights, one for each data dimension, correspond-
ing to the d input neurons. Each component of those weight vectors (a, in Eq. (47)) takes values
in € [-K;, K;] for some i € {1,...,d}, so the 1-norm of such a weight vector is upper bounded by
K.

At the output neuron, there are |24 | incoming weights (d,, in Eq. (47)) and we have a bound
on the 2-norm of this weight vector. Therefore, Holder’s inequality applied to the 2-norm gives the
1-norm bound .

l(do)oll, < 202m)% BV (51)

With that, we now know that the l-norm of any weight vector in the NN is upper bounded by
max{K,2(27)% B\/|0,]}.

Next, we note that the modulus of the biases is at most 7 in the hidden layer, and 2(27)% B
in the output layer. As a result, we have that the moduli of the biases in the NN are upper
bounded by max{, 2(27r)%B}. Now that we have collected all the ingredients, we can plug them
into Lemma 16 and obtain the bound

R, (98) < % (2r max{ K, 2(2m) ! Bv/[24]} /210g(2d) + max{m,2(2m) B})  (52)

<0 (;E max{K, (Qﬂ)gB\/@}s/log(Qd)> , (53)

where the O notation refers to the scaling in |[Q|. As G5 contains H5 as a subset, this bound
directly implies

Rs|, (HE) <O (\/1% max{K, (2w)gB\/|ﬁ}\/log(2d)) , (54)

which completes the proof. O

In the proof of Lemma 4, we do not bound the empirical Rademacher complexity of H5 directly,
rather we embed it into a larger class gg whose complexity we then bound. However, whereas
only a discrete set of frequencies is used in HE5, the class G5 allows for a continuum of frequencies.
In Lemma 5, we modify the idea of the previous proof to avoid this overcounting of frequencies.

Lemma 5 (Empirical Rademacher complexity of H5—Version 2). Let d,m, S|., and HE be
as in Lemma 3. Then, the empirical Rademacher complexity of Hg with respect to S|, can be
upper-bounded as

Jm

Proof. Analogously to the proof of Lemma 4, we provide an empirical Rademacher complexity
upper bound for a larger function class 7—25 Along the way, we see that the inclusion H5 C 7:15
holds, so that the uniform bound we derive for the larger set is immediately inherited for the
smaller one. We start by defining an auxiliary set of functions: let Mg be the set of generalized
trigonometric monomials over R? with frequency values in Q, defined as

Ry, (HE) < O (W\Am 1og<9|>> . (55)

Mg = {0} U{[0, 2m)% 3 x — cos(wx) |w € Q. u{lo, 21)? 5 & — sin(we) |w € Q). (56)
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Now, recalling that || = 2|21 |+ 1, we can define the function class of our current interest as

HE = {[0, 2m)% > s by + <w, ﬁ(a:)>
(57)
he (M), and by € R, w € R such that ||(by, w)l|2 < 2(27T)gB},

where we use the notation (-,-) for the standard inner product. Notice how 7—23 can be seen as a
class of functions implemented by a single neuron with identity activation and 2-norm bounded
weights, where the input signals have been pre-processed by functions from the specified class Mg.
With this, we note the inclusion 7—[3 - 7:[5

Next, we use Lemma 15 (stated in the Appendix). To use the result, we note that the activation
function of the neuron is the identity « — x (which is a 1-Lipschitz, anti-symmetric function); that
Mg, contains the 0-function; that the modulus of the bias is upper bounded by 2(27)% B; and
that we can again use Holder’s inequality applied to the 2-norm to upper bound the 1-norm of the
weight vector as ||(bo, w)|[1 < /||| (bo, w)]|2 < Q(QW)%B\/@. With these, Lemma 15 gives us
the upper bound

2(27)2 B
vm

Hence, in order to proceed we need to find an upper bound for the empirical Rademacher complexity
of Maq.

We apply Massart’s Lemma (which we recall as Lemma 17 in the Appendix for completeness)
for this last step. Let A be the set of generalized trigonometric monomials with frequencies in Q4 ,
evaluated on every element of S|, = (x1,...,Tnm), i€,

R, (HE) < +2-2(2m)2 B[] Rg), (Ma). (58)

A={(0,...,0)} U{(cos(wxy),...,cos(wxy)) |w € O} U{(sin(wxy),...,sin(we,,)) |we Q(J:%)g R™.

Note that, by Holder’s inequality, again applied to the 2-norm, and since sine and cosine take
values in [—1, 1], we have that A C B /-(0), where B,.(c) is the ball of radius r in 2-norm centered
at c¢. Now, we can rewrite the empirical Rademacher complexity and apply Massart’s lemma
(Lemma 17) to get

ﬁ5|m(MQ) =E, hs%t) %ZU" h(ml)] (60)
EMa TP 1
1
=E, {21612 maa} (61)
< Y /3108 [A] (62)
< ——/2Tog(). (63)

Plugging this into Eq. (58), we obtain

4
2

2L 1 2-2m) BV =/ loR(l) (64

<o <<2%B \/|Q|log<ﬂ|>> . (65)

Recalling again that HE C HE then yields the claimed bound. 0O

R, (HE)

IN

Proof of Lemma 3. This follows directly from combining Lemmas 4 and 5.
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With this Rademacher complexity bound at hand, we can make use of standard tools from
classical statistical learning theory to derive a generalization bound.

Theorem 6 (Generalization bound for GTPs—Version 1). Let d,m € N. Let HE be as defined in
Eq. (36). Let £ : R xR — [0, c| be a bounded loss function such that R > z +— {(y, z) is L-Lipschitz
for ally € R. For any & € (0,1) and for any probability measure P on [0,27)% x R, with probability
> 1— 4 over the choice of i.i.d. training data S = {(z;,y;)}™, € ([0,27)% x R)™ of size m, for
every f € HE, the generalization error can be upper-bounded as

Lmin {max{K, (2m) B\/[]}/Tog(2d), (2m) BA/] 1og(m|)} Tog(3)
vm T Um
(66)

R(f) - Rs(f) <O

Proof. The proof of this theorem consists in combining the standard generalization bound in terms
of Rademacher complexity with the Rademacher complexity bounds from Lemma 3. More precisely,
we define G C [0, ¢| [02m)%R ¢4 be the class of functions that can be obtained by post-composing
elements of H5 with the loss function ¢ — i.e. we define

G = {[0,2m)" x R 5 (z,y) — ((y, f(x)) | f € HE}. (67)

We then have the following generalization bound (see, e.g., Theorem 3.3 in Ref. [20] or Theorem
1.15 in Ref. [35]): For any probability measure P on [0,27)% x R and for any § > 0, with probability
> 1—§ over the choice of an i.i.d. training data set S = {(z;, ;) }7; € ([0,27)% x R)™ of size m
drawn according to P, we have, for every g € G,

E(zy~rlg(®,y)] - %Zg(wi,yi) < 2Rs(G) + 3¢ %. (68)

Note that, when writing g € G as g(z,y) = £(y, f(x)) for some f € HE, we directly have
1 m
]E(:c,y)NP[g(ma y)] T m Zg(muyi) = R(f) - Rs(f)- (69)
i=1

That is, Eq. (68) indeed provides a high-probability bound on the generalization error. Therefore,
we now upper-bound the empirical Rademacher complexity ﬁs(g ). To this end, we use Talagrand’s
Lemma (going back to Ref. [46]) and our bounds for the empirical Rademacher complexity of HE5.
As we assume that R 3 z — £(y, 2) is L-Lipschitz for all y € R, we can apply Talagrand’s Lemma
(Lemma 18) and Lemma 3 to obtain

Rs(G) = %Ea Slellg)zaig(xnyi)] (70)

= iI[-Eg sup Zaiﬁ(yhf(xi))] (71)
molrenE i

< £EU sup iaif(xi)] (72)
-m LfEHE =1

= LR, (HE) (73)

min {\/log(Qd) max{K, (27)% B\/[Q[}, (27)2 B\/[] 1og<m|)}
<O|L T ., (1)

where we have denoted by S|, = {x;}™, the set of unlabeled training data points. Inserting this
bound into Eq. (68) now gives the stated generalization error bound. O

The generalization bound of Theorem 6 can be rewritten as an upper bound on the number of
labeled training examples that suffice to guarantee small generalization error.
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Corollary 7 (Number of labeled training examples sufficient for a small generalization error—Ver-
sion 1). For any ¢,6 € (0,1) and for any probability measure P on [0,27)% x R, a training data
size

L? min {max{K?, (2r)*B?Q|} log(2d), (2)*B?|Q|log(|Q)}  ¢?log(1/s)

Jr
g2 g2

mm(s,5)§(9<

(75)

suffices to guarantee that, with probability > 1 — & over the choice of i.i.d. training data S €
([0,27m)4 x R)™ of size m, R(f) — Rs(f) < & holds for every f € HE.

Proof. We set the upper bound on the generalization error proven in Theorem 6 equal to € and
solving for m. O

Remark 8. The proof strategy for obtaining Rademacher complexity bounds of generalized
trigonometric polynomials presented here easily extends beyond the case in which the 2-norm of
the vector of Fourier coefficients is assumed to be bounded. Namely, if we consider, for 1 < p < oo,
the class
B ao . ~
HOP = [0,21)0 > @ >+ > (aw cos(wa) + by, sin(w)) ‘ (@0, (@w)w, (b)), < B 7,
weNy

(76)

with Fourier coefficients of a bounded p-norm, we obtain, with essentially the same proof, an
empirical Rademacher complexity bound of

R (MEP) < O (B Q“) , (77)

Jm

where ¢ € [0,1] is the Holder conjugate of p, i.e., 1/p + /g = 1, and the O hides a logarithmic
dependence on |2|. This, in turn, leads (for ¢-bounded L-Lipschitz loss) to a generalization error
bound of

R(f) ~ Rs(f) <O (LB'Qq oy log(l/ ‘”) , (78)

which holds with probability > 1—¢ uniformly over Hg’p , for training data of size m. These bounds
based on p-norms might be of independent interest. For example, depending on the structure of
the trainable part of the PQC, a detailed analysis might lead to additional structural properties
(such as sparsity) of the set of admissible Fourier coefficients, which could then lend themselves to
an analysis in terms of p-norms for p # 2.

5.2 Generalization bounds for generalized trigonometric polynomials via covering num-
bers

Similarly to Section 5.1, we first prove a bound on a complexity measure for the hypothesisclass
.7-"5 and then derive a generalization bound from it. This subsection differs from the previous one
in that we discuss a different complexity measure, covering numbers, and that we do not need to
resort to the larger hypothesis class HE, but rather study F& directly.

Lemma 9 (Covering number bound for GTPs). Let d € N and € > 0. Let FE be as defined in
Eq. (16). The e-covering number of FE with respect to ||-|| . can be upper-bounded as

a |22]
N(FE o 58) < N HE e 52 < (2'3'2(2?23m> - (79)

Therefore, the corresponding metric entropy can be upper-bounded as

log, N'(FE |l -2) < O (19l10g((2m) B) + log(102) + log(1/=)]) (80)
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Proof. As discussed after introducing the class HE, we have F§ C HE. Therefore, according to
the approximate monotonicity of covering numbers (see, e.g., Exercise 4.2.10 in [47]), we have, for
every € > 0,

N(FG e r€) S NHG, o »/2)- (81)

Thus, it remains to prove a covering number bound for Hg .
Let Nz be an &-covering net of the ball

B = {€ = (a0, (@u)wen, (bu)wen,) € R | €], < 2(2m)F B} (82)

with respect to the metric induced by |||, on RI®l. By definition of H5, to every f € HE we can
associate a point (ao, (¢w)weay , (bw)wea, ) € B such that

f(z) = % + Z (aq, cos(wz) + by, sin(wx)) . (83)

weN

Given such a vector of coefficients (ao, (dw)we, , (bw)wen,) € B — which, again, for the sake of
notational ease, we write as (ag, (Gw)w; (bw)w)), omitting the Q2 everywhere — we can find an
element (Go, (Gw)weny (Bw)weg+) € Nz of the cover that is € close in 2-norm to the coefficients of
f, i.e., such that

||([10, (aw)un (bw)w) - (éOa (dw)w, (Ew)w)Hg <E (84)

Define f as the function specified by these new coefficients,

F(z) = % + 3 (dw cos(w) + by sin(w)) . (85)
weNy

We now bound the infinity norm distance between f and f in terms of the 2-norm distance between
the corresponding coefficients as

If=Fll = S |f(x) = f(z)] (86)
<|% -+ Z (@ — ) cos(wa) + (b — bu) sin(wa)|  (87)
< lag — do| + Z; (Ia:—&w|+|bw—5w) (88)
= ||(ao, (aw):(ebwgw) — (a0, () (b)) |, (89)
<VQle (90)

Here, we have used the triangle inequality and the fact that sine and cosine can only take values
in [—1,1], as well as (in the last step) Holder’s inequality with respect to the 2-norm. That means,
if we denote by Nr the set of GTPs whose coefficients come from the cover N, i.e.,

Nz = {[O, 27r)d Sk % + Z (aw cos(wx) + b, sin(wx))

we

(607(dw)w,(l3w)w)ej\/g}, (91)

and if we fix & to be & = £/,/]Q|, then N is an e-covering net of H§ with respect to || .
Thus, to finish the proof, it remains to upper bound the cardinality |[Nz| < |Ng|. To obtain such
a bound, we recall that we only require Nz to be an é-cover of a 2-norm ball of radius 2(27r)%B
in RI®l with respect to the 2-norm. A simple volumetric argument (presented, e.g., in section 4 of
Ref. [47]) shows that there exists such a &-cover Nz of B with cardinality

N < (3 - 2(27033)9' B (3 ~ 2<2w>33m>
- 5 5

12

(92)
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All in all, we have proven that there exists an e-covering net of H§ with respect to ||-||, whose
cardinality is bounded by

(53'2(27)313x/5)|>9|, (93)
g

This is exactly the claimed upper bound on the e-covering number of ’Hg, thus completing the
proof. O

The covering number bound just established implies a generalization bound for GTPs.

Theorem 10 (Generalization bound for generalized trigonometric polynomials—Version 2). Let
d,m € N. Let F5 be as defined in Eq. (16). Let £: R x R — [0, ] be a bounded loss function such
that R 3 z — £(y, z) is L-Lipschitz for ally € R. For any 6 € (0,1) and for any probability measure
P on [0,27)? x R, with probability > 1—§ over the choice of i.i.d. training data S € ([0,27)% x R)™
of size m, for every f € FE, the generalization error can be upper-bounded as

4
2

Rm_%UKO<M¢M®mw+mwMB»ﬂ3mwm o

Proof. The proof consists of three steps. First, we use the chaining technique from random pro-
cess theory to upper bound the (empirical) Rademacher complexity in terms of an integral over
the square root of the uniform empirical metric entropy. Second, we show that the metric en-
tropy with respect to ||-|| . upper-bounds the uniform empirical metric entropy, so we can use the
bound in Lemma 9 to upper-bound the (empirical) Rademacher complexity of generalized trigono-
metric polynomials. Third, we again use the standard generalization bound based on empirical
Rademacher complexities.

Similarly to the proof of Theorem 6, we define
G = {[0.2m) xR > (z,y) = Uy, f(2)) | f € FG}. (95)

Again, since we assume that R 3 z +— £(y, z) is L-Lipschitz for all y € R, Talagrand’s Lemma
(Lemma 18 in the Appendix) tells us that

Rs(G) < LRg|, (FE), (96)

where we have denoted by S|, = {wx;}/, the unlabeled training data points. Next, Dudley’s
Theorem (which we recall as Theorem 19 in the Appendix), yields

Yo

. 12

R, (FE) < <= [ BN FE s, . B) 8. (o7)
0

where ||-||, g, is the (data-dependent) semi-norm on RE” defined as 1flla,5), = (+ Zﬁl|f(:ci)\2)l/27
and we have defined o := sup e zz 1 £1l,5-

Now, we note that, for every f € FEF, [fll, s, < [Iflloo- Therefore, we have both that
Yo < supserp | fllo < B and, that for every 5> 0, N(FE, [llo,s51, - B) < N(FE Il , B)- Hence,
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we can combine Eq. (97) with our covering number bound from Lemma 9 and further upper bound

R, (F&) < wm 10g (3-2(27)% B) + log(1/]Q|) + log (5» dg (98)

<%\/@ 70\/10g(3~2(27r)g B)+ flog 9]) + /Fdﬁ (99)

<=Vl (Bwog(s 2(2m)4 B) + 5 log(|0) (100)

1 NG 1

o B¢ 921(log((2) ) + log([92)

m

; (102)

where we have used the integral

/ Vlog e dz = zv/log Ve — (V7/2) - erf(+/log V/x), (103)

with the error function defined as

erf(x) : \/» / exp(—t*) dt. (104)

At this point, we again have a bound on the empirical Rademacher complexity at our disposal.
So, just like in the proof of Theorem 6, we can now apply the standard Rademacher complexity
generalization bound. This then tells us that, for any probability measure P on [0,27)? x R and
for any ¢ > 0, with probability > 1 — § over the choice of an i.i.d. training data set .S of size m, we
have, for every f € F5,

R(f) - Rs(f) < 2Rs(G) + ey | 5L (105)
—o BL\/Q'“C’g('@'”njog((%)gm)+c D) g
as claimed. O

Also for this generalization bound, we provide the reformulation in terms of a bound on the
sample size sufficient to guarantee small generalization error.

Corollary 11 (Number of labeled training examples sufficient for a small generalization er-
ror—Version 2). Let d € N. Let FEEq. (16).Let £ : R x R — [0, ¢c] be an L-Lipschitz loss function.
For any €, € (0,1) and for any probability measure P on [0,27)? x R, a training data size

(107)

—m(e.5) <O (BZLQ [2](log([2) +log(2m)¢B)) |, logo/s))

g2 g2

suffices to guarantee that, with probability > 1 — & over the choice of i.i.d. training data S €
(R4 x R)™ of size m, R(f) — Rs(f) < & holds for every f € FE.

Proof. We set the upper bound on the generalization error proven in Theorem 10 equal to € and
solving for m. O
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Remark 12. Our metric entropy bounds of trigonometric polynomials presented here again extend
beyond the case of bounded 2-norm of the vector of Fourier coefficients to a general bounded p-
norm. However, if we again consider, for 1 < p < oo, the class Hg P defined in Remark 8, our
proof strategy here yields essentially — i.e., to leading order in || — the same metric entropy and
generalization bounds as for p = 2. The reason is that the dimension of the space in which we
take covering nets in the proof of Lemma 9 remains proportional to |{2|, independently of p. We
only see improvements for 1 < p < 2 in the terms depending logarithmically on |Q2|. Therefore,
while the proof strategies of Sections 5.1 and 5.2 give essentially the same generalization guarantees
for p = 2, the approach of Section 5.1 adapts nicely to the case p < 2, whereas the reasoning of
Section 5.2 is typically preferable for p > 2.

Remark 13. The proof of Theorem 10 extends beyond Lipschitz loss functions. For example,
suppose that R 3 z — £(y, z) is a-Holder continuous with Holder coefficient A > 0 for all y € R,
where « € (0,1). Then, with the notation of the above proof,

1 «@
NG a5 +8) N (FE. I laas, » (4)"7) (108)
We can thus apply Dudley’s Theorem to upper bound

Rs(9) < % / \/N (& llasy, - B/)7") d. (109)

Now, we again observe that |||, g, < [l and upper bound the covering number integral, using
our result from Lemma 9. The parameters of the Holder continuity enter the final Rademacher
complexity bound via a term scaling with /108(A4)/a.

6 Encoding-dependent generalization bounds for parametrized quantum
circuits

We are finally in a position to answer the questions posed in Section 2. Recall that our first goal
was to derive generalization bounds for PQC-based models which depend explicitly on architectural
hyper-parameters related to the data-encoding strategy. We showed in Section 3 how PQC-based
model classes can be viewed as a subset of generalized trigonometric polynomials (GTPs), whose set
of frequencies () is determined solely by the data-encoding strategy D. We then derived complexity
and generalization bounds for GTPs in terms of the number of different frequencies |Q2(D)]. In
order to provide explicitly encoding-dependent generalization bounds for PQC-based models, it
remains to express [2(D)| in terms of the relevant architectural hyper-parameters associated with
different data-encoding strategies.

To do so, we recall that the data-encoding strategy of a PQC based model class is defined as
a collection of lists of data-encoding Hamiltonians D(*) = {H } associated with each coordinate
z() . We distinguish different data-encoding strategies accordlng to the different assumptions made
on the structure of the data-encoding Hamiltonians H € D®. Given a particular assumption,
for example that all H are tensor products of Pauli operators or at most k-local, the natural
hyper-parameter associated with the data encoding strategy is the number N = Zle \D(i)| of
data-encoding Hamiltonians of the assumed type. Hence, our goal in this section is to derive,
for different data-encoding strategies, upper bounds on |Q(D)| that depend on N as well as as
on other relevant properties of the data-encoding Hamiltonians (such as, e.g., the locality &).
By substituting these upper bounds on || into the GTP generalization bounds of the previous
section, we then obtain generalization bounds for PQC-based model classes which depend explicitly
on properties of the data-encoding strategy.

We first recall the definition of Q from Eq. (30) If we denote the Hamiltonians of the data-
encoding strategy associated with x(V) as {H @ }, we can group the frequencies associated with
each data coordinate into a separate sumset Q( i),

D) =) >0 (H]()) =3 a0, (110)
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The frequencies belonging to the different coordinates {x(i)} are linearly independent because
they were defined to be multiples of different standard basis vectors e(®. This implies that the
cardinality of the full set is equal to the product of the individual cardinalities,

d
Q=[] 12%], (111)
=1

thus allowing us to multiply bounds on the cardinalities obtained for the separate data-encoding
strategies, ||, to obtain a bound on |€|.

As the underlying frequencies in Q) are all scalar multiples of the same basis vector e the
analysis of Q) comes down to the different frequencies generated by the Hamiltonians that are
used to encode z(¥. For a given single Hamiltonian H, we denote this set by

A(H) = {/\z — )\j ‘)\“ )\j S SpeC(H)} (112)
so that
O(H) = {se| 6 € A(H)}, (113)

where e is the basis vector associated to the respective coordinate. Next, we derive some bounds
on |Q| for different assumptions on the underlying Hamiltonians.

Worst case upper bounds. We first derive the worst-case limits of |Q(!)| for x-local encod-
ing Hamiltonians. A k-local Hamiltonian H has local dimension 2% and the number of possible
differences of eigenvalues in the spectrum is thus upper bounded as

2628 — 1
|A(H)| < % +1=0(2%). (114)
One can in principle construct a Hamiltonian that saturates this bound by choosing spec(Hpax) =
{0,3,9,..., 32N}, but this is a rather synthetic example that we do not expect to encounter on real

hardware. Eq. (114) implies that repeating N (1) k-local Hamiltonians will, in the case where there
are no duplicates in the frequency set, imply a cardinality of at most

| os(2n —1)  \N" o
QW] < <2 + 1) = 02> N, (115)

Again, this bound can be saturated by choosing Hamiltonians with ever-larger spectra, namely by
choosing Hl(i) = Hpax and spec(H](Ql) = max(spec(Hj(-i))) - spec(Hmax)-

Repeated Hamiltonians. We now consider the case where the same Hamiltonian H® is used
N® times to encode the coordinate z(*). Due to the underlying symmetry of the definition of

A(H®), we have that
A(H®) ={0,£6y,..., 407} (116)

for some T, and therefore |A(H )| = 2T +1 = |Q§l)| = |Q((f) |, where we have denoted the repeated

set of frequencies common to all encoding gates as Qél). Using the results on the maximum size
of the spectrum of a s-local Hamiltonian in Eq. (114), we can deduce that T < 2572(2% — 1).
We now quantify the number of different frequencies in Q) in terms of T. N repetitions of
the fixed Hamiltonian with frequencies Q((f) result in a set of frequencies that contains all possible

combinations of N vectors w; from Qéi):

N@®
Q0 =8> w; | w; € forall j (117)
j=1

We can reformulate this by counting how often the 27" + 1 different elements of Qéi) are present in
a particular instance of the above sum, and get

O =0 > New|No>0, Y Ny=NO3. (118)
wenl? wenl)
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To bound the size of this set, we exploit the symmetry of the underlying frequencies §; € A(H (),
Let us outline the idea: We will first count how we can distribute the number N of repetitions
over the different non-negative frequencies d; and then multiply this with the number of different
frequencies that can be created by repeating ¢; and —4d,. To improve the scaling we get at the
end, we will resort to a small trick and actually group the frequency 0, which we know to always
be present in the spectrum, with the first other frequency, therefore considering the combinatoric
problem of distributing N9 “balls” over T distinguishable “bins” where some bins can be empty.
The different possible ways to achieve this task are given by counting the weak compositions of
N® into T parts, C(N®,T). The number of such weak compositions is

_ (i) _
C(ND, T = (N &Lg 1) e
B (NG 17 —1)!
T ONONT -1 "
(N4 T-(ND 4T -2)  (NO 4 1) (121)
(T —1)!
_ O((N(i))T—l). (122)

We will denote such a composition as (N (¢ )) € C(NW,T). A simple counting argument reveals
that there are 2N1( RE| possible sums with N1( ") elements from the set {0,01,—01} and N]@ +1<
2Nj@ + 1 possible sums with N]@ elements from the set {9;, —0,}. We can therefore bound

T
o< S ] (ZN,Ei) + 1) (123)

(N{)ee(nv ), 1) k=1

T
2
< > ( Zle +1> (124)
(NIee(ND,T)
oN () T
< > ( - +1) (125)

(N{yee(ND,T)

T

= |C(ND, 1) (Qﬁ(i) + 1) (126)
= O((NW)*=h), (127)

where we have used the arithmetic-geometric mean inequality to obtain the second inequality.
From this inequality, we see that by repeating the same Hamiltonian for an encoding, we obtain a
polynomial scaling in the number of repetitions whose exponent depends on the number of different
frequencies generated by the repeated Hamiltonian.

Pauli encodings. Encodings performed with Hamiltonians that are a tensor product of Pauli
operators, H = @;_, P*¥) where P() € {I, X,Y, Z}, have been analyzed in Ref. [33]. Therein,
it was shown that N ) repetitions of such encodings of arbitrary dimension will result in [Q®)| =
2N@ +1.

Summary. We can easily connect the different upper bounds on |Q(i)| to upper bounds on ||
via the arithmetic-geometric mean inequality, i.e.,

[T < (Z ) (128)

i=1

and by noting that, for ¢ > 1,

d N(z) L
Z y =— (129)

i=1

Accepted in {fuantum 2021-10-21, click title to verify. Published under CC-BY 4.0. 26



Table 1: Scaling of the different upper bounds for the number of different frequencies for the encoding of a
single parameter |Q(i)|, as well as the associated bounds for the scaling of the number of different frequencies
for the total data-encoding strategy, |2|. N denotes the number of gates used for encoding the input =¥,
N denotes the total number of gates for all inputs.

Encoding strategy Upper bound on ||  Upper bound on ||
. N\?
Repetition of arbitrary Pauli encodings @) (N (Z)> @) ((d) )
N2T-1\ ¢

Repetition of the same encoding @ ( N( ) - 1) @ < ] >
with 27 + 1 frequencies

ot1 N2ﬁ+1 1
Repetition of the same k-local encoding @ ( (N© < ) 2 ) O —Q
Different x-local encodings @) (22’“\[( )) o (22“N)

Table 1 summarizes the different upper bounds on |Q(i)\ for individual parameters z(*) derived in
this section as well as the associated bounds on |©].

Given these results, we are finally in a position to provide a concrete answer to the first question
posed in Section 2. More specifically, by substituting the upper bounds on || given in Table 1 into
the generalization bounds for GTPs given in Section 5, we can obtain generalization bounds for
PQC-based model classes which depend explicitly on architectural hyper-parameters associated
with the data-encoding strategy. Recall that we denoted the function class associated with a
particular set of parameters ©, an encoding strategy D and an observable M, as Fg p.ar. We then
obtain from Theorems 6 and 10 the following Corollary:

Corollary 14 (Generalization bound for PQCs—From Theorems 6 and 10). Let d,m € N. Let
L:R xR —[0,c] be a bounded loss function such that R 3 z — {(y, z) is L-Lipschitz for ally € R.
For any § € (0,1) and for any probability measure P on [0,27)% x R, with probability > 1 — §
over the choice of i.i.d. training data S = {(x;,y;)}7, € ([0,27)% x R)™ of size m and every
f € Fo.p,m, where D is an encoding strategy with N gates in total, we have that,

(a) if D denotes any data-encoding strategy consisting of Hamiltonians that are tensor products
of Pauli operators,

RU)1%u>§@<”§gm(5>2+cwb§“>, (130)

(b) if D denotes any data-encoding strategy consisting of the same single Hamiltonian per data
coordinate with T frequencies,

2711\ % oo 1
MﬁRAﬂS@<LBg“<Nd ) +qﬂif), (131)

(c¢) if D denotes any data-encoding strategy consisting of the same single k-local Hamiltonian per
data coordinate,

ortl_q B
R(f)— Rs(f) <O Lﬂ‘” (Nd ) +c lofnl/“ , (132)

(d) if D denotes any data-encoding strategy consisting of possibly different k-local Hamiltonians

per data coordinate,
5 A [ LIM |l onn log 1/s
R(f)— R <O ——2° — . 133
()~ Rs(f) < ( P le gV 4 o 22 (133)
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While we consider only four specific data-encoding strategies in this corollary, the generalization
bounds from Theorems 6 and 10 can in principle be applied to PQC-based models with any data-
encoding strategy. To use the bounds, the corresponding |2(D)| has to be identified, which can
then be readily combined with our generalization bounds for GTPs.

6.1 Comparison of data-encoding strategies from a generalization perspective

The results of the previous subsection give a concrete answer to the first question posed in Section 2,
namely explicitly encoding-dependent generalization bounds for PQC-based models. However,
recall from Section 2 that we also aimed to use such bounds to identify data-encoding strategies
which give rise to a slow (polynomial) growth of model complexity with respect to increasingly
complex data-encoding strategies, and therefore facilitate meaningful model selection via structural
risk minimization. The results of the previous section now allow us to address this additional goal.

Given an assumption or constraint on the structure of the data-encoding Hamiltonians in a
possible data-encoding strategy, the most natural data-encoding hyper-parameter for structural
risk minimization is the number N of encoding Hamiltonians. We see that using either repeated
Pauli Hamiltonians, a repeated (but fixed) k-local Hamiltonian, or the repetition of a fixed Hamil-
tonian with 27 + 1 frequencies, leads to a complexity bound and generalization bound that scale
polynomially with N. However, using N different x-local data-encoding Hamiltonians can lead, in
the worst case, to complexity upper bounds which scale exponentially with respect to N. In the
latter case we stress, however, that these worst-case bounds are constructed using Hamiltonians
designed to saturate the maximum possible number of frequency differences, and in many cases
the complexity scaling with respect to N may be much slower. Additionally, while the polynomial
generalization bounds we obtain for the first three data-encoding strategies give us hope in the
possibility of meaningful structural risk minimization with respect to the number of data-encoding
gates, our upper bounds on the generalization gap are not necessarily tight. Hence, we cannot rule
out the possibility of better bounds for strategies consisting of many different Hamiltonians, which
would facilitate the use of strucural risk minimization.

Additionally, while increasing the complexity of a data-encoding strategy by increasing N is
a natural (and experimentally feasible) strategy, in principle one might also consider increasing
either the locality x or the number of frequencies T of the repeated data-encoding Hamiltonian.
This would be particularly relevant in the realistic scenario where experimental constraints severely
limit the number of data-encoding gates which can be used. However, apart from the potential
experimental obstacles one would face in doing so, we note that while our complexity bounds are
polynomial with respect to N (when keeping « and T fixed), they are exponential (or doubly-
exponential) with respect to x and T respectively (when keeping N fixed). As such, given the
generalization bounds we have obtained in this work, from the generalization and structural risk
minimization perspective it makes the most sense to systematically increase the complexity of
the data-encoding strategy by keeping x and/or T constant, and increasing the number of data-
encoding gates.

7 Discussion

As discussed in Section 2, the results from the previous section can be applied in a variety of
ways. In particular, apart from the straightforward application of (probabilistically) bounding
the generalization gap of an output hypothesis, or bounding the number of data samples required
to guarantee an output hypothesis with a sufficiently small generalization gap, our results also
facilitate the use of structural risk minimization with respect to architectural hyper-parameters
related to the data-encoding strategy. We reiterate that the results obtained here should be
viewed as complementary to many of the prior results discussed in Section 4. In particular, our
results complement those which derive generalization bounds applicable to the same PQC-based
hypothesis classes, but with explicit dependencies on architectural hyper-parameters which do not
appear in our generalization bounds, such as depth, width, and total number of trainable gates.
More specifically, the generalization bounds of Section 6 allow one to use structural risk mini-
mization to find the optimal setting for data-encoding hyper-parameters (in the sense of yielding an
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output hypothesis with the smallest upper bound on true risk). However, they do not give any guid-
ance as to how one should choose the remaining architectural hyper-parameters, and in particular
those related to the trainable parts of the PQC. As such, a natural (and recommended) strategy
is to use different available and applicable generalization bounds to perform “multi-dimensional
structural risk minimization:” One can vary all architectural hyper-parameters for which one has a
generalization bound, and evaluate each hyper-parameter setting with respect to an upper bound
on the true risk obtained from a union bound over all existing applicable bounds. To make this
more concrete, assume that we have a family of hypothesis classes {F(z, r,)}, parametrized by
two architectural hyper-parameters k1 and ko (for example k; could be the number of encoding
gates, and ko could be the number of trainable gates in a PQC based model). Additionally, let us
assume that we have derived two different generalization bounds, one depending on k, the other
depending on ky. More concretely, assume that we have a function g1 (ki,m,d) and a function
g2(ka, m, §) such that, for all i € {1,2}, for all § € (0, 1), with probability 1 — § over S ~ P™, for
all h € F(, r,) we have that

R(h) < Rs(h) + gi(ki,m, 0). (134)

Using a union bound, we can then straightforwardly combine these two results to obtain the
following generalization bound: For all § € (0, 1), with probability 1 — 6 over S ~ P™, for all
h € Fx, ky) We have that

R(h) < Rg(h) + min [g; (k;, m, 6/2)] . (135)

We see that we can perform structural risk minimization by varying both k; and ks and us-
ing min; [g;(k;,m,d/2)] to calculate an upper bound on the true risk of the candidate hypoth-
esis. The above argument can clearly be generalized to an arbitrary number of architectural
hyper-parameters, and thereby yields a methodology for exploiting multiple existing generaliza-
tion bounds for “multi-dimensional structural risk minimization.”

While the approach we have just discussed certainly allows us to exploit existing complementary
generalization bounds depending on different architectural hyperparameters, it is an interesting
open question whether one can derive generalization bounds which depend simultaneously on mul-
tiple architectural hyper-parameters. In particular, it is of interest to understand whether one can
in this way obtain generalization bounds, depending on multiple architectural hyper-parameters,
which are tighter than the bounds obtained by taking a union bound over existing bounds, each of
which depends only on a single hyper-parameter. A potential strategy for obtaining such bounds
would be to better understand the effect of structural assumptions on the trainable part of a PQC
architecture on the structure of the coefficients of the associated GTP representation. More con-
cretely, while in this work we have focused on the frequency spectra of the GTPs, which are fully
determined by the data-encoding strategy, the coefficients of the GTPs are determined by both
the data-encoding strategy and the trainable part of the circuit. If one can characterize the impli-
cations of different circuit architectures on the structure of GTP coefficients, one could plausibly
use refinements of the techniques presented in Section 5 to derive generalization bounds for the
relevant GTPs that depend simultaneously on both the data-encoding strategy and complementary
parameters of the circuit architecture. For example, certain PQC architectures may lead to GTP
coefficients with a specific sparsity structure, or a constrained upper bound on a specific norm.
Such a norm-specific bound may allow us to exploit the general p-norm extensions of our GTP
bounds, mentioned in Remarks 8 and 12, to derive generalization bounds which also depend on
the trainable circuit architecture.

Finally, we recall the potential shortcomings of uniform generalization bounds. In particular,
in Ref. [36], the authors have shown both experimentally and analytically that sufficiently complex
neural networks can achieve zero empirical risk for classification tasks with randomly assigned
labels. As the true risk for such a learning problem can be no better than what would be achieved
by random guessing, any uniform generalization bound for such a hypothesis class cannot offer
any meaningful information in this complexity regime. More specifically, as uniform generalization
bounds hold, by definition, for all hypotheses in the hypothesis class, and as there exist hypotheses
which can achieve zero empirical risk even when generalization is not possible (i.e., when labels
are selected randomly), such uniform bounds must be trivial.

Accepted in {fuantum 2021-10-21, click title to verify. Published under CC-BY 4.0. 29



It is, however, critical to emphasize that this finding applies only to sufficiently complex hypoth-
esis classes. More specifically, they apply to models capable of achieving zero empirical risk even
for completely unstructured data, which typically requires that the number of model parameters is
at least as large as the number of elements in the training data set. As the number of parameters
in a NISQ-regime PQC-based model is typically orders of magnitude less than the size of training
data sets associated with “real-world” learning problems, it is unlikely that these known issues
with uniform generalization bounds hinder the application of our uniform bounds to the analysis
of currently available and near-term PQC-based hypothesis classes.

Despite this, it is important to keep these concerns in mind as the complexity of available
PQC-based models increases. Consequently, there are a variety of natural open questions for
future research: Firstly, can one replicate both the experimental and analytical aspects of Ref. [36]
for PQC-based model classes? This would help to determine whether (or when) it is necessary
to move beyond uniform generalization bounds for PQC-based models. In particular, from an
experimental perspective, can one demonstrate the ability of a (sufficiently complex) PQC-based
model class to achieve zero risk for a randomly-relabeled real-world classification task? Secondly,
can one put an analytical bound on what is “sufficiently complex”, i.e., how many model parameters
are sufficient to ensure that for any training data set of size m, there always exists a hypothesis
in the hypothesis class which can achieve zero empirical risk? Additionally, the shortcomings of
uniform generalization bounds exposed in Ref. [36] have stimulated an explosion of research on
non-uniform generalization bounds for highly complex neural network models [37]. It would be
of interest to understand whether or how one can obtain non-uniform generalization bounds for
PQC-based models, which would tighten the bounds obtained in this work in the future regime of
high complexity.

8 Conclusion

In this work, we have derived Rademacher complexity and metric entropy bounds for PQC-based
model classes. These depend explicitly on architectural hyper-parameters associated with the data-
encoding strategy and are applicable to PQC-based models incorporating data re-uploading. By
exploiting tools and techniques from statistical learning theory, we have then used these complexity
bounds to obtain uniform generalization bounds, which allow to place a probabilistic upper-bound
on the out-of-sample performance of any hypothesis, given its performance on the data. Addi-
tionally, we have used the obtained generalization bounds to compare data-encoding strategies
from a generalization perspective and have discussed how, for certain data-encoding strategies,
our generalization bounds may be used for model selection via structural risk minimization. We
have stressed how the encoding-dependent generalization bounds obtained in this work should be
viewed as complementary to existing complexity and generalization bounds for PQC-based mod-
els, which depend explicitly on architectural hyper-parameters to which our bounds are insensitive.
More specifically, we have sketched in Section 7 how the combination of our bounds with existing
works facilitates model selection via multi-dimensional structural risk minimization. Finally, as
discussed in Section 7, it is important to acknowledge that the bounds we have obtained here are
expected to be useful for PQC-based models in the “moderate-complexity” regime, i.e., for models
parametrized by fewer parameters than the number of available data samples. However, in analogy
with known results for classical model classes, these bounds may cease to be meaningful as the
complexity of PQC-based models increases into an over-parametrized regime. Given this, we have
also sketched in Section 7 a variety of open questions and directions for future research.
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A Auxiliary results from statistical learning theory

In this appendix, we collect some well known results from classical statistical learning theory that
we make use of in our proofs.

Lemma 15 (Rademacher complexity progression (Theorem 2.15 in Ref. [35])). Let a,b € R and
7 : R — R an L-Lipschitz function and assume Fo C RY is a set of functions that includes the 0
function. Also, let F be the following function class

F = {w»—)& v—i—ijfj(a:)

[v] <a,|lwl; <b, and f; € ]-"0}. (136)
j=1

Then, the empirical Rademacher complexity of F with respect to any point & € X™ can be bounded
in terms of the one of Fy

a

ﬁimgL(ﬁ

+ 2b7€(f0)) . (137)

The 2 factor can be dropped if Fo = —Fg.

Lemma 16 (Rademacher complexity of layered network (Corollary 2.11 in Ref. [35])). Let a,b >0
and X .= {x € R?| ||z|| . < C}. Consider a neural network architecture with & hidden layers that
implements F C R¥*, and such that

1. The activation function o : R — R is L-Lipschitz and anti-symmetric.
2. For every neuron, the vector of weights w satisfies ||w]||; < b.
3. For every neuron, the modulus of the bias is upper-bounded by a.

Then, the empirical Rademacher complexity of F with respect to any point & € X™ can be upper-
bounded as

5—1
Rz(F) < % (Cb‘S\/Q log(2d) +a2bi> . (138)
=0

Lemma 17 (Massart’s Lemma [48]). Let N € N. Let A C RY be a finite set contained in a
Euclidean ball of radius r > 0. Then

N
1 r4/2log| A
E, [sup — oa;| < ———mm, 139
aeg n ; ] N ( )

where the expectation is with respect to i.i.d. Rademacher random variables o1,...,0N.

Lemma 18 (Talagrand’s Lemma (going back to [46]; see also Lemma 5.7 in Ref. [20])). Let
l1,... by : R — R be L-Lipschitz functions. Let F C R? be a class of real-valued functions on

some data space Z. Then, for any z1,...,2z2m € Z,
1 i L “
—E, [sup » oilo f(z;)| < —E, | sup oif(zi)| (140)
ma[m;z | < Lo | sy St

where the expectations are over i.i.d. Rademacher random variables o1,...,0m.
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Theorem 19 (Dudley’s Theorem ([49]; see also Theorem 8.1.2 in Ref. [47] or Theorem 1.19 in
Ref. [35])). For a fized vector z € Z™ let G be a subset of the pseudo-metric space (RZ, |||, .) and

let vo = supyeg l|9ll5..- Then the empirical Rademacher complexity ﬁz(g) of G with respect to z
can be upper-bounded as

e€l0,%2)

Yo
. 12
RAG) < int 4+ —= [ \forN(@. [, 5) a8 o (141)
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Quantum learning Boolean linear functions w.r.t. product distributions

Matthias C. Caro

Quantum Fourier sampling allows a quantum computer to sample from the probability distri-
bution given by the squares of the Fourier coefficients of a Boolean function, assuming access
to quantum superposition examples for the function. This tool serves as a subroutine in several
quantum learning algorithms. However, the majority of Fourier-based quantum learning proce-
dures are designed specifically for learning from uniform superpositions. In this work, we inves-
tigate the task of learning Boolean linear functions from quantum examples with non-uniform

superposition weights, giving both sample complexity upper and lower bounds.

After the introductory Section 1, Section 2 contains the mathematical preliminaries for the
remainder of the paper. In particular, in addition to recalling fundamental notions from quantum
information and learning theory, respectively, there we also describe the basic concepts in classical
biased Fourier analysis of Boolean functions. Moreover, we discuss the extension of quantum
Fourier sampling to biased product distributions as well as the pretty good measurement as a

useful tool for analysing success probabilities in distinguishing quantum states.

In Section 3, we describe the quantum learning problem. The goal is to exactly learn an un-
known Boolean linear function f(® : {—1,1}" — {0,1}, which is computed by taking the inner
product modulo 2 of an input n-bit string with an unknown n-bit string a. In our setting, a
quantum learner has access to quantum examples of the form »> ¢ 4 130 VD) |z, [ (2)),
where D, (x) := ]I (+zini)/2 defines a product distribution with bias vector p € [—1,1]™. As
a useful subroutine in solving this problem, we propose a generalized Bernstein-Vazirani algo-
rithm, Algorithm 2 in Section 4. By analyzing the biased Fourier coefficients of a Boolean linear
function, we completely characterize the output distribution of biased quantum Fourier sampling
when performed on a correspondingly biased superposition state (Theorem 2).

Section 5 contains our upper bounds on the quantum sample complexity of learning Boolean
linear functions with respect to biased product distributions. On a high level, we obtain them by
“amplifying” the success probability in the generalized Bernstein-Vazirani algorithm. Algorithm
3 in Subsection 5.1 describes our first amplification procedure, which is applicable for arbitrary
(except full) bias. Theorem 3 shows that Algorithm 3 can exactly learn a Boolean linear function
from O(In(n)) biased superposition examples, with high success probability. In Subsection 5.2,
we present an alternative amplified version of the generalized Bernstein-Vazirani algorithm as
Algorithm 4. In the case of small bias, we prove in Theorem 4 that this procedure leads to
an effectively n-independent sample complexity bound. In Appendix A, we prove analogues
of Theorem 4 for the cases of noisy quantum training data and a noisy implementation of the
involved quantum Fourier transforms. Moreover, Corollary 3 in Appendix A.3 gives a sample
complexity upper bound for the case in which only a bound on the bias, but not the exact bias
vector, is known in advance.

We complement these results with sample complexity lower bounds in Section 6. In Subsection
6.1, we demonstrate how to use an information-theoretic reasoning to recover the well-known

sample complexity lower bound of £2(n) for exactly learning an unknown Boolean linear function
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from classical training data. Next, we turn to sample complexity lower bounds for the quantum
case in Subsection 6.2. In the case of strong bias, we prove in Theorem 6 that Q(In(n)) quantum
superposition examples are required to exactly learn an unknown Boolean linear function. For
our proofs, we relate the learning problem to a quantum state discrimination task and establish
lower bounds for the latter. We achieve this by bounding the success probability of the pretty
good measurement, which requires us to perform a detailed analysis of the Gram matrix for the
ensemble of possible quantum superposition examples.

I developed the idea for this project myself. I am solely responsible for the scientific content of
this article. As the single author of this article, I am solely responsible for writing this article.

Note: This article is based on results from my Master’s thesis.
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Abstract

The problem of learning Boolean linear functions from quantum examples w.r.t. the
uniform distribution can be solved on a quantum computer using the Bernstein—
Vazirani algorithm (Bernstein and Vazirani, in: Kosaraju (ed) Proceedings of the
twenty-fifth annual ACM symposium on theory of computing, ACM, New York, 1993.
https://doi.org/10.1145/167088.167097). A similar strategy can be applied in the case
of noisy quantum training data, as was observed in Grilo et al. (Learning with errors is
easy with quantum samples, 2017). However, extensions of these learning algorithms
beyond the uniform distribution have not yet been studied. We employ the biased
quantum Fourier transform introduced in Kanade et al. (Learning dnfs under prod-
uct distributions via p-biased quantum Fourier sampling, 2018) to develop efficient
quantum algorithms for learning Boolean linear functions on n bits from quantum
examples w.r.t. a biased product distribution. Our first procedure is applicable to any
(except full) bias and requires O(In(n)) quantum examples. The number of quan-
tum examples used by our second algorithm is independent of n, but the strategy is
applicable only for small bias. Moreover, we show that the second procedure is stable
Ww.rI.t. noisy training data and w.r.t. faulty quantum gates. This also enables us to solve
a version of the learning problem in which the underlying distribution is not known in
advance. Finally, we prove lower bounds on the classical and quantum sample com-
plexities of the learning problem. Whereas classically, £2(n) examples are necessary
independently of the bias, we are able to establish a quantum sample complexity lower
bound of £2(In(n)) only under an assumption of large bias. Nevertheless, this allows
for a discussion of the performance of our suggested learning algorithms w.r.t. sample
complexity. With our analysis, we contribute to a more quantitative understanding of
the power and limitations of quantum training data for learning classical functions.

Keywords Computational learning theory - Exact learning - Quantum Fourier
learning

Matthias C. Caro
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1 Introduction

The origins of the fields of machine learning as well as quantum information and com-
putation both lie in the 1980s. The arguably most influential learning model, namely
the PAC (“probably approximately correct”) model, was introduced by Valiant in 1984
[26] with which the problem of learning was given a rigorous mathematical frame-
work. Around the same time, Benioff [7] and Feynman presented the idea of quantum
computers [12] to the public and thus gave the starting signal for important innova-
tions at the intersection of computer science, information theory and quantum theory.
Both learning theory and quantum computation promise new realms of computation in
which tasks that seem insurmountable from the perspective of classical computation
become feasible. The first has already proved its practical worth and is indispensable
for modern-world big data applications, the latter is not yet as practically relevant but
much work is invested to make the promises of quantum computation a reality. The
interested reader is referred to [20,25] for an introduction to statistical learning and
quantum computation and information, respectively.

Considering the increasing importance of machine learning and quantum compu-
tation, attempting a merger of the two seems a natural step to take and the first step
in this direction was taken already in [10]. The field of quantum learning has received
growing attention over the last few years and by now some settings are known in
which quantum training data and the ability to perform quantum computation can be
advantageous for learning problems from an information-theoretic as well as from
a computational perspective, in particular for learning problems with fixed underly-
ing distribution (see, e.g., [3] for an overview). It was, however, shown in [4] that no
such information-theoretic advantage can be obtained in the (distribution-independent)
quantum PAC model (based on [10]) compared to the classical PAC model (introduced
in [26]).

One of the early examples of the aptness of quantum computation for learning
problems is the task of learning Boolean linear functions w.r.t. the uniform distribution
via the Bernstein—Vazirani algorithm presented in [8]. Whereas this task of identifying
an unknown n-bit string classically requires a number of examples growing (at least)
linearly with n, a bound on the sufficient number of copies of the quantum example
state independent of n can be established. This approach was taken up in [13] where it is
shown that, essentially, the Bernstein—Vazirani-based learning method is also viable if
the training data is noisy. However, also this analysis is restricted to quantum training
data arising from the uniform distribution. The same limiting assumption was also
made in [10] for learning Disjunctive Normal Forms and in this context an extension
to product distributions was achieved in [17].

Hence, a next direction to go is building up on the reasoning of [17] to extend the
applicability of quantum learning procedures for linear functions to more general dis-
tributions. The analysis hereby differs from the one for DNFs because no concentration
results for the biased Fourier spectrum of a linear function are available. Moreover,
whereas many studies of specific quantum learning tasks focus on providing explicit
learning procedures yielding a better performance than known classical algorithms,
we complement our learning algorithms with lower bounds on the size of the training
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data for a comparison to the best classical procedure and for a discussion of optimality
among possible quantum strategies.

1.1 Overview over the results

The task of learning linear functions has already served as a toy model for quantum
speed-ups in the early days of quantum computing. We describe possible general-
izations of known results in different scenarios. First, in Theorem 3 we exhibit a
Fourier-sampling-based algorithm which learns Boolean linear functions on n inputs
from O(In(n)) quantum examples arising from a c-bounded product distribution D,.
(Classically, it is known that £2 (n) examples are required.) Moreover, for a bias vector

w satisfying |u;| < O <ﬁ) for all i, this can be reduced to O(1) quantum exam-

ples (Theorem 4). We also show that this reduction to a constant number of quantum
examples is not possible for arbitrary product distributions by giving quantum sample
complexity lower bounds in Theorem 6.

In Theorem 8, we exhibit a noise bound for quantum examples arising from

a product distribution D, with ;| < O (ﬁ) for all i but corrupted by noise

which guarantees that O(1) quantum examples still suffice for learning. Under milder
assumptions on the noise, a O(In(n)) upper bound on the sample complexity is given.
Similarly, faulty quantum gates can be tolerated in our learning algorithm. Based on
this observation, we construct a quantum learning algorithm without prior knowl-
edge of the underlying distribution which requires @ (n?) quantum examples by first
estimating the bias vector classically (Corollary 3).

1.2 Related work

The (classical) problem of learning linear functions from randomly drawn examples
in the presence of noise was studied in [9] (over the field [F») as well as in [22] (over
a field F, for g prime). The latter of these two works also established the relevance
of this learning problem for cryptography by connecting it to certain lattice problems.
A different model for learning linear functions is studied in [16], where the training
data is not assumed to be noisy but instead only partial information about the function
values is revealed.

The quantum PAC model was introduced in [10], where it was employed for learn-
ing DNF formulae w.r.t. the uniform distribution using a quantum example oracle.
This was extended to product distributions by [17]. On the basis of this notion of
quantum examples, the known Bernstein—Vazirani algorithm [8] can be reinterpreted
as giving rise to a quantum learning algorithm for linear functions. This interpretation
is explicitly given and further elaborated upon for the case of noisy training data in
[11] (for g = 2) and in [13] (for general primes ¢). Cross et al. [11] established that,
whereas the learning parity problem without noise is feasible both for classical and
quantum computation, the learning parity with noise problem is widely believed to be
classically intractable but remains feasible for quantum computers, where the runtime
depends only logarithmically on the number of qubits. This quantum advantage for
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noisy systems was demonstrated experimentally in [23]. Grilo et al. [13] extends this
analysis to general fields and a broader class of noise models and obtains that also
for that scenario, learning linear functions from noisy data is feasible for quantum
computers; however, their runtime bound is polynomial in the number of subsystems.
In [5], the class of juntas is found to also allow for efficient quantum learning. The
framework of Fourier-based quantum exact learning is shown to be efficiently appli-
cable more generally also to Fourier-sparse functions in [1]. Limitations of the power
of quantum computation for learning have been studied in a series of papers culmi-
nating in [4] and more recently also in [2]. The former work shows that without prior
restrictions on the underlying probability distribution, quantum examples are not more
powerful than classical examples. The latter work demonstrates that, assuming quan-
tum hardness of the learning with errors problem from classical examples, the class
of shallow circuits is hard to learn from quantum examples.

Aside from the task of learning from examples, also the problem of learning from
membership queries, both classical and quantum, is well studied. For instance, [24]
established a polynomial relation between the number of required quantum versus
required classical queries, which was recently improved upon in [1]. Also, [19] uses
quantum membership queries for learning multilinear polynomials more efficiently
than is classically possible.

1.3 Structure of the paper

The paper is structured in the following way. In Sect. 2, we introduce the well-known
notions from classical learning, quantum computation and Boolean Fourier analysis
required for our purposes as well as the prototypic learning algorithm which moti-
vates our procedures. Section 3 consists of a description of the learning task to be
considered. This is followed by a generalization of the Bernstein—Vazirani algorithm
to product distributions in Sect. 4. In the next section, this is used to develop two quan-
tum algorithms for solving our problem. (“Appendix A” contains a stability analysis
of the second of the two procedures w.r.t. noise in training data and computation.)
In Sect. 6, we establish sample complexity lower bounds complementing the upper
bounds implied by the algorithms of Sect. 5. Finally, we conclude with some open
questions and the references.

2 Preliminaries
2.1 Basics of quantum information and computation

We first define some of the fundamental objects of quantum information theory, albeit
restricted to those required in our discussion. For the purpose of our presentation,
we will consider a pure n-qubit quantum state to be represented by a state vector
|) € C%" (in Dirac notation). Such a state encodes measurement probabilities in the
following way: If {|b,~)}i2i1 is an orthonormal basis of C2", then there corresponds a

measurement to this basis and the probability of observing outcome i for a system in
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state [) is given by |(b; |) 2. Finally, when considering multiple subsystems we will
denote the composite state by the tensor product, i.e., if the first system is in state |y)
and the second in state |¢), the composite system is in state |V, @) := |V) ® |¢@).

Quantum computation now consists in evolution of quantum states. Performing a
computational step on an n-qubit state corresponds to applying an 2" x 2" unitary
transformation to the current quantum state. (The most relevant example of such
unitary gates in our context will be the (biased) quantum Fourier transform discussed
in more detail in Sect. 2.4.) As the outcome of a quantum computation is supposed to
be classical, as final step of our computation we perform a measurement such that the
final output will be a sample from the corresponding measurement statistics.

We will also use some standard notions from (quantum) information theory. For
example, we denote the Shannon entropy of a random variable X by H (X), the condi-
tional entropy of a random variable X given Y as H(X|Y) and the mutual information
between random variables X and Y as /(X : Y). Similarly, the von Neumann entropy
of a quantum state p will be denoted as S(p) and the mutual information for a bipartite
quantum state p4p as I (pap) = I (A : B). Standard results on these quantities which
will enter our discussion can, e.g., be found in [20].

2.2 Basics of learning theory

Next we describe the model of exact learning. In classical exact learning for an input
space X, a target space {0, 1}, and a concept class & C {0, 1}%, a learning algo-
rithm receives as input labeled training data {(x;, f(x;))}7_, for some (to the learner)
unknown f € F, where the x; are drawn independently according to some probability
distribution D on X which is known to the learner. The goal of the learner is to exactly
reproduce the unknown function f from such training examples with high success
probability.

We can formalize this as follows: We call a concept class F exactly learnable
if there exists a learning algorithm .4 and a map mr : (0,1) — N s.t. for every
D € Prob(X) (where Prob(X) is the set of all probability measures on X), f € F and
8 € (0, 1), running A on training data of size m > m x(8) drawn according to D and
f with probability > 1 — § (w.r.t. the choice of training data) yields a hypothesis 4 s.t.
h(x) = f(x) for all x € X. The smallest such map m r is called sample complexity
of exactly learning F.

Note that this definition of learning captures the information-theoretic challenge of
the learning problem in the sample complexity, but it does not refer to the computational
complexity of learning. The focus on sample complexity is typical in statistical learning
theory. Hence, also our results will be formulated in terms of sample complexity
bounds. As we give explicit algorithms, these results directly imply bounds on the
computational complexity; however, we will not discuss them in any detail.

Note also that the exact learning model differs from the well-known PAC (“probably
approximately correct”), introduced by [26], in two ways. First, whereas the PAC
model only requires to approximate the unknown function with high probability, we
require to reproduce it exactly; in other words, we set the accuracy in PAC learning
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to 0. Second, whereas in the PAC scenario the learner does not know the underlying
distribution, we assume it to be fixed and known in advance. A short discussion on
how to relax this restriction can be found in Sect. A.3.

The quantum exact learning model differs from the classical model in the form
of the training data and the allowed form of computation. Namely, in quantum exact
learning, the training data consists of m copies of the quantum example state |/ ) =
Y rex ¥ D@)|x, f(x)), and this training data is processed by quantum computational
steps. With this small change, the above definition of exact learnability and sample
complexity now carry over analogously.

We conclude this introduction with a concentration result that has proven to be
useful throughout learning theory.

Lemma 1 (Hoeffding’s Inequality [15], compare also Theorem 2.2.6 in [27])
Let Z1, ..., Z, be real-valued independent random variables taking values in closed
and bounded intervals [a;, b;], respectively. Then for every ¢ > (0

n 2
P[Zzi_E[zi] Zgi| = €xp <_Zn (2; b)z)
i=1(ai — b;

i=1

This directly implies (after replacing Z; with —Z;) that

2¢?
E{ ZS} <200 (-5 @ )

2.3 u-biased Fourier analysis of Boolean functions

Xn: Zi — E[Z;]

i=1

We now give the basic ingredients of p-biased Fourier analysis over the Boolean cube
{—1, 1}". For more details, the reader is referred to [21].

For a bias vector u € [—1, 1]", define the pu-biased product distribution D, on
{—1, 1}* via

_ 1+ wi I — i 1+ x; i
Du(x)=| [] > I 5 = |] — x e {—1,1}".

ixi=1 ixi=—1 1<i<n

Thus, a positive u; tells us that at the i th position the distribution is biased towards +1,
a negative u; tells us that at the ith position the distribution is biased towards —1. For
u = 0...0, wesimply obtain the uniform distribution on {—1, 1}". The absolute value
of u; quantifies the strength of the bias in the ith component. We call D,, c-bounded,
forc € (0,1],if u € [-1 + ¢, 1 — c]". Assuming the underlying product distribution
to be c-bounded thus corresponds to assuming that the bias is not arbitrarily strong.
Hence, we will in the following express notions of “small” or “large” bias either in
terms of the bias vector u or in terms of the c-boundedness constant.
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For Fourier analysis, we now need an orthonormal basis for the function space RI~!- 1y
w.r.t. the inner product (., .), defined by

(f.&)u=Ep,lfel= Y  fx)gx)Du(x).

xe{—1,1}"

One can show (using the product structure to reduce to the case n = 1) that such
. . . 0. . . _ X;— Ui
an orthonormal basis is given by {¢, j}jef0,1)» with ¢, j(x) = Hi:j,-:l \/T7

For a functAion f o {=11}" — {—1, 1} this now gives a representation f(x) =
Y ictoy JulDep,jx) with f,,(j) = (f, u,j)u- For o = 0...0, we recover the
well-known orthonormal basis consisting of x;(x) = (—1)/* from standard Fourier
analysis over the Boolean cube.

2.4 u-biased quantum Fourier sampling

We now turn to the description of the quantum algorithm for u-biased quantum Fourier
sampling which constitutes the basic ingredient of our learning algorithms and which,
to our knowledge, was first presented in [17]. There the authors demonstrate that the
w-biased Fourier transform for a c-bounded D, with ¢ € (0, 1] can be implemented
on a quantum computer as the n-qubit u-biased quantum Fourier transform: For x €
{1, 1},

Hix)=H,®...@ Hylxi.....xa) = > /Du(®)py j(x)]j).

Jefo,1}r

In the same way as the unbiased quantum Fourier transform can be used for quantum
Fourier sampling, this p-biased version now yields a procedure to sample from the
pu-biased Fourier spectrum of a function using a quantum computer. We describe the
corresponding procedure in Algorithm 1.

Algorithm 1 p-biased Quantum Fourier Sampling
Input: [/ ¢) = Y. VDu)lx, f(x)) for afunction f : {—1, 1}" — {0, 1}
xe(—1,1)n
Output: j € {0, 1}" with probability (gu(j))z, where the function g : {—1, 1}® — {—1, 1} is defined
as g(x) = (=17 .
Success Probability: %

1: Perform the u-biased QFT H, on the first n qubits, obtain the state (Hy, ® 1)[v¢).

2: Perform a Hadamard gate on the last qubit, obtain the state (Hy, ® H)|{ 7).

3: Measure each qubit in the computational basis and observe outcome j = ji ... jy+1.

4: if j,+1 = 0 then > This corresponds to a failure of the sampling algorithm.
5:  Output 0 <L and end computation.

6: elseif j,, 1 = 1 then > This corresponds to a success of the sampling algorithm.
7:  Output 0 < ji ... jn and end computation.

8: end if
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One can show that this algorithm indeed works as claimed by analyzing the trans-
formation of the quantum state throughout the steps algorithm and making use of the
orthonormality of the basis. This is the content of the following

Lemma2 (Lemma 3 in [17])

~ .\ 2
Denote g : {—1,1})" — {—1, 1}, g(x) = (—=1)/ ). Then with probability M,
Algorithm I outputs the string j € {0, 1}".

Proof The proof can be found in [17], we reproducce it in “Appendix B.” O

This result allows us to generalize results based on quantum Fourier sampling
w.r.t. the uniform distribution. In particular, we will apply it to obtain a generalization
of the Bernstein—Vazirani algorithm.

2.5 The pretty good measurement

A basic problem in quantum information is that of distinguishing quantum states. We
now describe a useful tool in this context, namely a measurement that is guaranteed to
have a “pretty good” success probability to correctly identify an unknown state from
a known ensemble.

Suppose that Alice (A) chooses one among m pure states |1/;) € C? according to
probabilities p; € [0, 1], where p; > 0 and ) /L, p; = 1 and then sends the state
to Bob (B). B wants to identify the state by performing a POVM measurement A.
Let £ = {(pi, |¥i))}i=1...m be the ensemble describing A’s preparation procedure,
denote B’s optimal success probability by PP" := maxpoyu A PA, where PA :=
Z;.":l pi{¥ilAi|yi) for a POVM A = {A;}i=1....m. Hausladen and Wootters [14]
suggested a canonical form for a measurement for state discrimination, which is now
usually referred to as the “pretty good measurement” (PGM) corresponding to the
ensemble &. It is defined in the following way:

First let [y]) := /pi|¥;) be the states renormalized according to their respective
probabilities. The density operator of the ensemble & is p := Y /L, pi|¥i) (V| =

Yoo W) (Y] Now define |g;) 1= p_% |¥;), where the inverse square root is taken
only over nonzero eigenvalues of p. Now the PGM is A” CM — (i) (@il}i=1
(Observe that this is indeed a valid POVM, even a projection-valued measure (PVM),
1 1
because ) /L, |¢i)(pil = p~2pp~2 =14.)
The “pretty good” performance of the PGM was proved in [6]:

Theorem 1 For the PGM measurement defined above it holds that
PP(E)? < PTOM(E) < PP ().

Another useful property of the PGM is that the corresponding success probability
can be computed from the Gram matrix of the ensemble as follows:
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Lemma 3 The success probability for the PGM measurement for an ensemble £ =
{(pi, I¥i))}i=1..,m can be written as

PPOME) =3 VG, i),
i=1

where G is the Gram matrix with entries G(i, j) = /pipj(Vil¥j) for 1 <i,j < m.

Proof This result can be shown by direct computation using the definition of the PGM
and the uniqueness of the positive square root of a positive matrix. O

3 The learning problem

We now describe the learning task which we aim to understand. Fora € {0, 1}", define

l—xi
2

fOL Y 0,1, [ =) a

i=1

(mod 2).

When we observe that 1—2x,~ is simply the bit-description of x;, it becomes clear that

f@ computes the parity of the entries of the bit-description of x; at the positions at
which a has a 1-entry. To ease readability, we will write x; = 1_2)”

The classical task which inspires our problem is the following: Given a set of m
labeled examples S = {(x;, f (“)(x,-))};.":l, where the x; are drawn i.1.d. according
to D, determine the string a with high success probability. Here, we assume prior
knowledge of the underlying distribution and that the underlying distribution is a
c-bounded product distribution as introduced in Sect. 2.4. This means that we are
considering a problem of exact learning from examples with instances drawn from a
distribution that is known to the learner in advance.

Classically, as we show in Sect. 6, successfully solving the task requires a number of
examples that grows at least linearly in n. If we consider a version of this problem with
noisy training data, then known classical algorithms perform worse both w.r.t. sample
complexity and running time. For example, [ 18] exhibits an algorithm with polynomial
(superlinear) sample complexity but barely subexponential runtime (both w.r.t. n).

The step to the quantum version of this problem now is the same as from classical
to quantum exact learning. This means that training data is given as m copies of the
quantum example state [{,) = er{—l,l}" VDu(x)|x, f(a)(x)) and the learner is
allowed to use quantum computation to process the training data. The goal of the
quantum learner remains that of outputting the unknown string a with high success
probability.
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4 A generalized Bernstein-Vazirani algorithm

To understand how p-biased quantum Fourier sampling can help us with this learning

problem, we first compute the p-biased Fourier coefficients of g@ := (—1)/ (a), with
£@ fora e {0, 1}" the linear functions defined in Sect. 3.

Lemma4 Leta € {0, 1), @ = (=)' and u € (=1, 1)". Then the u-biased
Fourier coefficients of g9 satisfy:

1) If3l<i<nsta =0#j, theng(a)(]) = 0.
(i) Ifforalll <i <ns.t.a; =0 also j; =0, then

2= 1] m [ V1-uf

Laj=1%#£]; La=1=j;

We can reformulate this as

dOm=\TTa-im| Tl ((1—jz)m+jz\/1—ulz> . Jefo,

l:a;=0 l:aj=1

Proof We first observe that all the “objects of interest,” namely the probability distri-

bution D,,, the basis functions ¢, ;, and the target function g 8 ), factorize. This now
implies that also the p-biased Fourier coefficients factorize, i.e., we have

n
2 (i j) = [ [ Eby, [y (i) - (= D)% ¥].
i=1

Therefore we only have to study the case n = 1 in detail and the general result

then follows. In this case, we have f@x) = ax, g(“)(x) = (=)™ for ¥ = l%x

du0(x) = 1,and ¢, 1(x) = \/— (We leave out unnecessary indices to improve

readability.) We compute

7 1
§9() = Ep, [(—1)%gy ;(0)] = —4

1 —
> -1.¢M,j(1)+T-(—1)“-%,,-(—1)-

By plugging in we now obtain

gGlO =1, M =0, glO) =u gl =v1-u

which is exactly the claim forn = 1. O

For clarity, we write down explicitly the algorithm which we obtain as a gener-
alization of the Bernstein—Vazirani algorithm to a p-biased product distribution as
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Algorithm 2. The generalization compared to the standard Bernstein—Vazirani algo-
rithm consists only in going from the uniform to a more general product distribution,
which gives rise to different observation probabilities.

Algorithm 2 Generalized Bernstein—Vazirani algorithm
Input: [Y) = > /Du™lx, f@(x)) fora € {0, 1}, and p € [-1, 11"
xe{—1,1)n
Output: o € {0, 1}"* with probability

( I (1—01)) ( [T (a4 =opuf+e —u%)))

l:a;=0 l:aj=1

Success Probability: %

1: Perform the p-biased QFT Hy, on the first n qubits, obtain the state (H, ® 1)[q).

2: Perform a Hadamard gate on the last qubit, obtain the state (Hy, ® H)|¥y).

3: Measure each qubit in the computational basis and observe outcome j = ji ... jy+1.

4: if j,4+1 = 0 then > This corresponds to a failure of the algorithm.
5:  Outputo =1.

6: elseif j, 1 = 1 then > This corresponds to a success of the algorithm.
7. Outputo = ji ... jn.

8: end if

We now show that the output probabilities of Algorithm 2 are as claimed in its
description. This follows directly by combining Lemma 2 on the workings of u-
biased quantum Fourier sampling with Lemma 4 on the p-biased Fourier coefficients
of our target functions and is the content of the following
Theorem 2 Let |Y,) = > VDu)lx, f(“)(x)> be a quantum example state,

xe{—1,1}"
with a € {0, 1} and u € (—1, 1)". Then step 3 of Algorithm 2 provides an outcome
|j1 - .- Jn+1) With the following properties:

(i) Pljpt1 =01 = 3 = Pljns1 = 11,
(i) PLj1 ... jn =aljus1 =11= [ (1 —pud),

Laj=1
(ii1) foro # a:

Plji-..jn=o0ljnri=11= [ =0 [] (A =onuj+ o1 = pup)).
l:a;=0 l:aj=1

(iv) P[Al <i <n:a; =0# ji|juy1 =11 =0, and
n
WM PEL <i <n:a =1% jiljps1 = 1] < > ,uiz. In particular, if D, is
i=1
c-bounded, then P[A1 <i <n:a; =1 # ji|jur1 =11 <n(l — )2

Note that (v) can be trivial if the bias is too strong. This observation already hints
at why we later use different procedures for arbitrary and for small bias.

We also want to point out that in the case of no bias (i.e., u = 0), Algorithm 2
simply reduces to the well-known Bernstein—Vazirani algorithm [8].
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5 Quantum sample complexity upper bounds

This section contains the description of two procedures for solving the task of learning
an unknown Boolean linear function from quantum examples w.r.t. a product distribu-
tion. (Here, we assume perfect quantum examples, noisy examples will be taken into
consideration in the next section.) It is subdivided into an approach which is applica-
ble for arbitrary (albeit not full) bias in the product distribution and a strategy which
produces better results but is only valid for small bias.

5.1 Arbitrary bias

As in the case of learning w.r.t. the uniform distribution, we intend to run the gen-
eralized Bernstein—Vazirani algorithm multiple times as a subroutine and then use
our knowledge of the outcome of the subroutine together with probability-theoretic
arguments. The main difficulty compared to the case of an example state arising from
the uniform distribution lies in the fact that whereas an observation of j,4+; = 1 when
performing the standard Bernstein—Vazirani algorithm guarantees that j; . .. j, equals
the desired string, this is not true in the p-biased case. Hence, we have to develop a
different procedure of learning from the outcomes of the subroutine. For this purpose,
we propose Algorithm 3.

Algorithm 3 Amplified Generalized Bernstein—Vazirani algorithm - Version 1
Input: m copies of |,) = > VDu)lx, f(a) (x)) for a € {0, 1}"*, where the number of

xe{—1,1}n

—1
copiesism > C (|7<2 In ( 1 o )) <1n(n) + ln(%)>—’) for a suitable constant C > 0, and
l—c+5

we (=1, 1)*and ¢ € (0, 1] s.t. Dy, is c-bounded.
Output: a € {0, 1}
Success Probability: > 1 — &

l:for1 </ <mdo
2:  Run Algorithm 2 on the /th copy of |y,), store the output as o).
3: end for
4:if 31 <1 <m: 0D 1 then
5. forl<i<ndo
6: Leto; := max ol.(l).
LoD £1
7:  end for

8:  Outputo =o01...04.

9: elseif V1 </ <m:0") =1 then
10:  Outputo =L1.

11: end if

The amplification procedure in Algorithm 3 differs from the majority vote in the
standard Bernstein—Vazirani learning procedure (w.r.t. the uniform distribution) as
used in [11,13] in the following two ways: Instead of working on the level of the
whole string, we use a componentwise strategy. And instead of taking a majority
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vote over observed values, we take a maximum to account for the asymmetry in the
probability of an observation error (see Theorem 2).

We now show that the number of copies postulated in Algorithm 3 is actually
sufficient to achieve the desired success probability.

Theorem3 Let |¥,) = Y.  /Du0)lx, f @), a € {0,1})", u € (=1,1)"

xe{—1,1}"
s.t. Dy is c-bounded for some c € (0, 1]. Then

~1
@ (2 In (%)) (ln(n) + ln(%))
l—c+5 8

copies of the quantum example state |\,) are sufficient to guarantee that, with prob-
ability > 1 — 6§, Algorithm 3 outputs the string a.

Proof We want to show that P[Algorithm 3 does not output a] < §. We do so by
treating separately the cases in which Algorithm 3 does not output a.

The first such case occurs if o =_L. The second such case would be that there exists
1 <i <ns.t a =0 # o;, but due to Theorem 2, this is an event of probability 0.
The third and last such case is that there exists 1 <i < ns.t.a; = 1 # o;. Hence, we
can decompose the probability of Algorithm 3 producing a wrong output as

P[Algorithm 3 does not output a]
= P[Algorithm 3 outputs L]+ P[Il <i <n:a =1 # o0;]. (5.1)

First, we bound the probability of the algorithm outputting L (i.e., of each subroutine
failing) as follows:

P[Algorithm 3 outputs L]
= P[V] <[ < m : Algorithm 2 applied to |,) outputs L]
1 m
X6
where the last step uses Theorem 2 and that the training data consists of independent
copies of |{,), i.e., is given as a product state. The choice of m now guarantees that
this last term is < % (if we choose the constant C > 0O sufficiently large).

Now we bound the second term in Eq. (5.1). We make the following observation:
Suppose 1 <i < niss.t.a; = 1. As the Fourier coefficients, and with them the output
probabilities, factorize, the probability of Algorithm 2 outputting a string jj . .. j, with
Jji = 1 = a; is simply the probability of Algorithm 2 applied to only the subsystem
state of |1/,) corresponding to the ith and the (n + 1)*" subsystem outputting a 1. By
Theorem 2, this probability is

1
PLjr = 1= Pljnpr = 11 PLji = Wjn1 = 1= 5 - (1= p).
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Hence, assuming a; = 1, the probability of not observing a 1 at the ith position
in any of the m runs of Algorithm 2 is (1 — 1. (1 —u2))" = (11 + )", By
c-boundedness of the distribution D, we get

1 >\ 11 2\ A\
(5(1+/Li)> §(§+§(1—C)> _<1_C+?> .

So using the union bound, we arrive at

PlAl <i <n:a; =1 # o]

=P[d]1 <i <n:a; =1andin m runs no 1 is observed at the ith entry]
n
< Z Pla; = 1 and in m runs no 1 is observed at the i th entry]

i=1
. C2 m
< . — - .
n c +

The choice of m guarantees that this last term is < % (if we choose the constant C > 0
sufficiently large).
We now combine this with Eq. (5.1) and obtain

5§ &
P[Algorithm 3 does not output a] < 3 + 5= 3,

which finishes the proof. O

Remark 1 We want to comment shortly on the dependence of the sample complexity
bound on the c-boundedness constant by considering extreme cases. As ¢ — 0,
i.e., we allow more and more strongly biased distributions, the sample complexity
goes to infinity. This reflects the fact that in the case of a fully biased underlying
product distribution, only a single bit of information about a can be extracted, so
exactly learning the string a is (in general) not possible.

For ¢ = 1, i.e., the case of no bias, we simply obtain that O ((In(n) + In(3))) copies
of the quantum example state are sufficient. Note that this does not coincide with the
bound obtained for the standard Bernstein—Vazirani procedure which is independent
of n. (This can easily be shown using Lemma 1.)

This discrepancy is due to the difference in “amplification procedures.” Namely,
in Algorithm 3 we do not explicitly make use of the knowledge that, given j,+1 =
1, we know the probability of j;...j, = ai...a, because, whereas for u = 0
this probability equals 1, for © # 0 it can become small. Hence, for u # 0 our
algorithm introduces an additional procedure to deal with the uncertainty of ji ... j,
even knowing j, 41 and we see in the proof that this yields the additional In(n) term. In
the next subsection, we describe a way to get rid of exactly that In(n) term for “small”
bias.
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5.2 Small bias

In this subsection, we want to study the case in which (v) of Theorem 3 gives a good
bound. Namely, throughout this subsection we will assume that the c-boundedness

constant is s.t. n(1 — c)2 < % or, equivalently, ¢ > 1 — \/% This assumption will

allow us to apply a different procedure to learn from the output of Algorithm 2 and
thus obtain a different bound on the sample complexity of the problem. Note, however,
that this requirement becomes more restrictive with growing »n and can in the limit
n — oo only be satisfied by ¢ = 1, i.e., for the underlying distributions being uniform.
Also, we will from now on refer to ¢ as c-boundedness parameter because the name
“constant” would hide the n-dependence.

Our procedure for the case of small bias is given in Algorithm 4.

Algorithm 4 Amplified Generalized Bernstein—Vazirani algorithm - Version 2

Input: m copies of [Yq) = Y /Du(x)lx, F@ (x)) fora € {0, 1}", where the number of
xe{—1,1}"

ies i 4 2 _ n is o
copiesism > C ((l—zn(l—c)2)2 In (8)) aswellas u € [—1,1]" and ¢ € (0, 1] s.t. Dy, is c-bounded.

Output: a € {0, 1}
Success Probability: > 1 — 6

1: for 1 <! <mdo

2 Run Algorithm 2 on the It copy of [,), store the output as o).
3: end for

4:if 31 <1 <m: 0D %1 then

5 for1 <i <ndo

6 Let o; =argmax,€{0’1}|{1 <l gmlol@ =r}|.
7 end for

8: Outputo =o01...04.

9: elseif ¥1 </ <m:0® =1 then

10:  Outputo =L1.

11: end if

Theorem 4 Let [Ya) = Y. c_1. 1y v/ Dp®)Ix, f@ (), a € {0, 1}", € (=1, 1)
s.t. Dy, is c-bounded for some ¢ € (0, 1] satisfying ¢ > 1 — ﬁ Then

1 1
© ((1 o= " (5»

copies of the quantum example state |\,) are sufficient to guarantee that, with prob-
ability > 1 — 6§, Algorithm 4 outputs the string a.

Note that due to the required lower bound on ¢ the sample complexity upper bound
basically loses its n-dependence. This is different from the result of Theorem 3, where
n explicitly entered the upper bound.

@ Springer



172 Page 16 of 41 M. C. Caro

Proof By Theorem 2, we have P[j,+1 = 1] = % Hence, the probability of observing
Jn+1 = 1 in at most k — 1 of the m runs of Algorithm 2 is given by

om0\ 1\ 1
(7)) () =rlmnonp=ms]

where Bin denotes a binomial distribution.
Next we assume k < 7 (this will be justified later in the proof) and use Hoeffding’s
inequality (Lemma 1) to obtain

in(n )2l 3) -5 2mor-

>m
> =
m_ )2
< exp (—#) . (5.2)

We will now search for the number of observations of j,; = 1 which is required
to guarantee that the majority string is correct with high probability. Assume that we
observe j,4+1 = 1 in k runs of Algorithm 2, k£ € 2N. (The latter assumption clearly
does not significantly change the number of copies.) Using (v) from Theorem 2, we
see that

PEAl <i<n:a #o0;] <P[Al <i <n:a =0 # o;]
+PEl <i<n:a =1 # o;]

k
k
<0+ Y ( ) (1 =n1 =) (1 =)
~ \!
=131
: ok
= P [Bin(k, n(1 — ¢)°) > 3|
where the second inequality uses that the majority string can only be wrong if in at least
half of the runs where we observed j,41 = 1 there was some error in the remaining
string.
1

Next we use Hoeffding’s inequality and obtain, using our assumption n(1—c)? < 3
that

P [Bin(k, n(l—c)?) > g]
—P [Bin(k, n(l—c)?) —kn(l —c)? > g — kn(1 — c)2i|

_ N2y2
Sexp(_ka 2n(21 c))>.
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We now set this last expression < % for § € (0, 1) and rearrange the inequality to

k> 2 n (2 5.3
= U —2n(1 - 0?)? H(E)' G-

Combining Egs. (5.3) and (5.2) we now require

2
2 (_ — mln (§)>

|
exp | — <
m

| >

Rearranging this inequality gives

-2 4
m® — 2m <(—1—2”<21—C>2) . 1) In(2) + (—1‘2"<21‘C>2) In? (2) > 0.

By finding the zeros of this quadratic function, we get to the sufficient sample size

m= ((F2452) 2 1) 3)
()T ) - () e

This is in particular guaranteed if

- 4 1 2
"= A — o2 " (5) '

Note that this lower bound in particular implies m > 2k, as required earlier in the
proof. This proves the claim of the theorem thanks to the union bound. O

Morally speaking, Theorem 4 shows that for product distributions which are close
enough to the uniform distribution the sample complexity upper bound is the same
as for the unbiased case. We conjecture that there is an explicit noise threshold above
which this sample complexity cannot be reached (see the discussion in Sect. 6), but
have not yet succeeded in identifying such a critical value.

In this section, we have discussed the case of quantum training data that perfectly
represents the target function in a superposition state. Similar results can be proved
in the case of noisy quantum training data. As the reasoning is analogous to the one
presented here, the details are deferred to “Appendix A.”

6 Sample complexity lower bounds

After proving upper bounds on the number of required quantum examples by exhibit-
ing explicit learning procedures in the previous section, we now study the converse
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question of sample complexity lower bounds. We will prove both classical and quan-
tum sample complexity lower bounds and then relate them to the above results. Our
proof strategy follows a state-discrimination-based strategy from [3].

6.1 Classical sample complexity lower bounds

We first prove a sample complexity lower bound for the classical version of our learning
problem that upon comparison with our obtained quantum sample complexity upper
bounds shows the advantage of quantum examples over classical training data in this
setting. Neither the result nor the proof strategy are new, but we include them for
completeness.

Theorem5 Leta € {0, 1}, u € (—1, )" s.t. u is c-bounded for some ¢ € (0, 1].
Let A be a classical learning algorithm and let m € N be such that upon input of
m examples of the form (x;, f'“ (x;)), with x; drawn i.i.d. according to Dy, with
probability > 1 — § w.r.t. the choice of training data, A outputs the string a. Then
m > §2(n).

Proof Let A be a random variable uniformly distributed on {0, 1}". (A describes the
underlying string from the initial perspective of the learner.) Let B = (By, ..., B;,) be
a random variable describing the training data corresponding to the underlying string.
Our proof will have three main steps: First, we prove a lower bound on /(A : B) from
the learning requirement. Second, we observe that /(A : B) < m - I(A : By). And
third, we prove an upper bound on /(A : By). Then combining the three steps will
lead to a lower bound on m.

We start with the mutual information lower bound. Let 2(B) € {0, 1}" denote the
random variable describing the output hypothesis of the algorithm A upon input of
training data B. Let Z = 1{;,(p)=4). By the learning requirement we have P[Z = 1] >
1 — 6 and thus H(Z) < H(6). Therefore we obtain

I(A:B) = H(A) — H(A|B)
> H(A) — H(A|B, Z) — H(Z)
— H(A) —P[Z =1]H(A|B,Z = 1) —P[Z = 0]H(A|B, Z = 0) — H(Z)
>n—P[Z=1]-0—8n— H(5)
— (1 —8)n — H(S)
= Q®).

We now show that from m examples we can gather at most m times as much information
as from a single example. Here we directly cite from [3]. Namely,
m
I(A:B)=H(B)— H(B|A) = H(B) — Y H(B;|A)

i=1

< Z H(B;) — H(B;|A) = ZI(A :B)=m-1(A: B)).
i=l1 i=1
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Here, the second step uses independence of the B; conditioned on A, the third step
uses subadditivity of the Shannon entropy, and the final step uses that the distributions
of (A, B;) are the same forall 1 <i <m.

We come to the upper bound on the mutual information. Write By = (X, L)
for X € {—1,1}" and L € {0, 1}, i.e., with probability D, (x) we have (X, L) =
(x, f @ (x)). Note that (A : X) = 0 because X and A are independent random
variables. Also, I(A : L|X = 1...1) = 0 because f“(1...1) = 0Va € {0, 1}",
and forx € {—1, 1}*\ {1...1}

I(A:LIX =x) =I(Ajix,=—1) : LIX =x)
= H(Ajjx;=—1y|X = x) = H(A{jjx;=—|L, X = x)

= l{ilxi = =1} = ({ilxi = =1} = 1)
= 1.

Here, the first step is due to the fact that @ (x) does not depend on the entries a j
with x; = 1, the third step follows because Aj(;|y,—=—1) 18 uniformly distributed on a
set of size 21{==1l and £(@ assigns the labels 0 and 1 to half of the elements of
that set, respectively.

This now implies

I(A:B) =I(A:X)+1(A:L|X)
=0+ Y  Du(I(A:LIX =x)

Here, the first step is due to the chain rule for mutual information and the last step
simply uses the fact that D, defines a probability distribution.
Now we combine our upper and lower bounds on the mutual information and obtain

m = (1—=238n—H() = $2(n),

as claimed. O

Remark 2 The result of Theorem 5 is intuitively clear: In order to identify the under-
lying string the learning algorithm has to learn n bits of information. However, a
condition of the form f@ (x) = [ for x € {0, 1}, € {0, 1}, takes away at most one
degree of freedom from the initial space {0, 1}" for a and thus from such an equality
the algorithm can extract at most 1 bit of information. So at least n examples will be
required. This observation is thus neither new nor surprising. But we want to empha-
size that this analysis works independently of the product structure of the underlying
distribution D,.

If we compare the classical lower bound from Theorem 5 with our quantum upper
bounds from Theorems 3 and 4 , we conclude that quantum examples allow us to
strictly outperform the best possible classical algorithm w.r.t. the number of required
examples.
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6.2 Quantum sample complexity lower bounds

We can use a similar argument to prove quantum sample complexity lower bounds.
Note that steps 1 and 2 carry over with (almost) no changes. Only the analysis of step
3 changes significantly. Even though this proof strategy is possible, as in [3] it can be
improved upon by an argument based on state discrimination. We will thus follow this
same approach.

An n-independent quantum sample complexity lower bound is given in the follow-
ing
Lemma5 Let [Y,) = Y. /Dulx, fQx), a € {0, 1), p € (=1,1)"

xe{—1,1}*

s.t. D, is c-bounded for some ¢ € (0, 1]. Let A be a quantum learning algorithm

and let m € N be such that upon input of m copies of |V,), with probability > 1 — 4,
A outputs the string a. Then m > .Q(% ln(%)).

Remark 3 Note that any quantum sample complexity lower bound will also lower
bound the classical sample complexity. Hence, Lemma 2 also holds in the scenario of
the previous subsection, which is why we did not discuss the §-dependence there.

Proof Leta, b € {0, 1}" s.t. there isexactlyone 1 <i < ns.t.a; # b;. As Ais able to

distinguish the quantum states |,)®™ and |1;,)®™ with success probability > 1 — §,
we have | (V. |Yp)"| < 24/8(1 — §) (see subsection 3.2). We compute

Walvn) = Y /Du)Du()ix, fC @Iy, £ ()

x,ye{=1,1}"

= Y Du@dpw, fore
xe{—1,1}"

By our assumption on a and b, (Sf(a) @), O (x) = dx;,1- Therefore

1+

(Valp) > PDM[X,' =1] = 5

We now combine this with our upper bound and rearrange to obtain

N
m > (ln (1 M )) (ln(2) + lln(é(l — 5)))
2 2
> Q ( ! 1n(5))
i —1

where we used the elementary inequality — — (In (1%))_1 > 0 forx € [0, 1)

combined with In(8) < 0. O
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We will compare this lower bound with our upper bound(s) from Sect. 5 later on.
Now we turn to the n-dependent part of the sample complexity lower bound.

Theorem6 Let |Y,) = Y /D,(x)lx, FDx)), a €{0, 1}, and u € (—1,1)

xe{—1,1}"
be such that p; = u > 1 — % forall 1 <i < n. Let A be a quantum learning
algorithm and let m € N be such that upon input of m copies |V ,), with probability
> 1 — 6, A outputs the string a, for 0 < § < % Then m > $2 (In(n)).

Before going into the detailed proof, we give an overview over its underlying idea.
The learning assumption implies that 4 is able to identify a state from the ensemble
&= {(2%, Iwa)‘g’m) }a (0.1 with success probability > 1 — §. Thus we will obtain a
lower bound on m by proving an upper bound on the optimal success probability for
this state identification task.

Recall that by Theorem 1, the optimal success probability can be upper bounded by
the square root of the PGM success probability. Moreover, by Lemma 3, the latter can
be computed via the Gram matrix of the ensemble. Thus, we now first study the Gram
matrix and its square root and then use these results to bound the optimal success
probability.

We first recall a well-known result on the diagonalization of matrices with a specific
structure, namely matrices whose entries can be written as Boolean function of the
sum of the indices.

Lemma6 Ler G € R?'*2" be a matrix with entries given by G(a, b) = g(a + b) for
a,b € {0, 1} and a function g : {0, 1}’ — R. Then

(HGH ")(a, b) =2"§(a)84.,

n n _ a-b
with H € R*"*?" given by H(a, b) = % In other words, the set of eigenvalues

of G is given by {2"g(a) | a € {0, 1}"} and G is unitarily diagonalized by H.
Proof The proof can be found in [3], we reproduce it in “Appendix B” O

We will later apply this result for G being the Gram matrix corresponding to the
ensemble in our state identification task. Motivated by Lemma 3, we first use the
diagonalization of such a matrix to explicitly compute the diagonal entries of the
matrix square root.

Corollary 1 Let G € R?"*2" be a matrix with entries given by G (a, b) = g(a + b) for
a,b € {0, 1} and a function g : {0, 1}* — R. Then, for every a € {0, 1}"

1
VGa,a)=— Y V2@
\/2—nj€{0,1}”

Proof The proof can be found in [3], we reproduce it in “Appendix B.” O

With this, we can now prove Theorem 6:
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Proof of Theorem 6 As discussed above, we consider the problem of state identification
with the ensemble £ = { (5, |v4)®™) [ (0.1)2- By Lemma 3, with the Gram matrix

Gu(a,b) = zin (Va1 ¥p)™ we can write the success probability as

proM ey — Z VGm(a,a)?.

aef{0,1}?

In our scenario, the Gram matrix has entries

1
Gm(a,b) = z—n(wallﬁb)m

1 m
(1 _i_MdH(a,b)) = o (1 +MdH(a+b,0)) .

= 2n—|—m

This can, e.g., be shown by induction on n when observing that

Pp, [f @) = fP )]

1 —x 1—x
=Pp, [ﬂ“‘m”(xl;n_l) = fOr () A = = b — ]
1—x 1—x
+Pp, [f(alznl)(xlzn—l) £ fOu-D(xi ) A ay 7 b, > n]
In particular, we can write G, (a,b) = fn(a + b) for the function f,,(x) =

2,11+m (1 + ,udH(x’O))m. From now on, we will write |x| := dgy(x, 0). By Corollary 1,

we can upper bound the diagonal entries of /G, (and thus the PGM and the optimal
success probability) by upper bounding the (unbiased) Fourier coefficients of f;,. To
this end, consider for j € {0, 1}"

A m .
0 < fn(j) =Ez~vqoym [2n+m (1 + M'Zl) (—1)”]

1 " /m .
S D <L>EZ~U({0,1}"> [ML'Z'(—D’ Z] :
L=0

We now rewrite the expectations on the right-hand side
Ee~vo.nym [ML'Z'(—I)j'Z]

R VYRV P
=%l 2 <k><z—k)(_)“

£=0 k=max{0,£—(n—|j|)}
13 <|j|> "*”Z‘”' n— 1l
= — (—DF ( )M”
omn P k =% L —k
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ZH%C |>( e Lkni|< |J|) Lt

k=0

=(1+,lLL)n_|j|

(1_|_ML)n—|j| lJ] 1] .
= > Z(k)(_l)kMLk

k=0

=(1_ML)|j|

(1 + ML)n—IjI (1 _ ML)|]'|.

211

This allows us to upper bound the Fourier coefficients of f as follows:

. 14+ n—|jl 1—,LLL 1/l
o= ()(77) (5)
_ 1+ n=ljl /1 _ wn 17
235
1 1_|_M”|J| 1 — um [J
O

According to Lemma 6, this now gives us the following upper bound on the diagonal

entries of the root of the Gram matrix

o=ty [y

]E{O 1}
== OV ()
2n = k 2 2
n
1 1+ u \/ 1 — pum
oo (\/ > T 2 ’
and this in turn allows us to bound the PGM success probability as

PreM@E)y = 3" /Gua.a)

ae{0,1}"
1 1+pu \/1—Mm
= <\/ > T 2

(% (Vi+r+ i —w))zn.
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We combine this with our learning requirement and Theorem 1 to obtain

1 -8 < PP(E) </ PPGM(E) < (% (\/1+u+\/1 —u’")) :

This can be rearranged (using § < %) to

~log (1- (2 ¥T=5 - yT+7)’)

log ﬁ

m =

With log(1 + x) < x we obtain 1og1i > ;1_1 = £, and
% n

—1og<1—(2.m—\/m>2> 2(2-41/1—5—\/1+u)2.

1

Forpu>1-— g e now obtain (for n large enough)
2
m > (In(n) — 1) - (2\[§ — ﬁ) = 2 (In(n)),
and this finishes the proof. O

Note that this proof strategy also yields for a strictly increasing function g : N —
R with lim,,_, » g(n) = o0 and for a distribution D, with p; > 1 — ﬁ for all
I < i < n the sample complexity lower bound §2(g(n)) (for n large enough). This
is consistent with the intuition that solving the learner problem becomes harder when
the distribution is more strongly biased towards the uninformative instance with all
entries equal to 1.

We now compare this lower bound to our previously obtained upper bounds. First,
we consider the n-independent part of the bounds. When comparing Theorem 3 with
Lemma 5, we obtain

2(tn(3) =m0 ((o(=152)) ()

We study this for § < 1 (high confidence) and ¢ < 1 (high bias). Then Taylor
expansion shows

-1
1 1
n|—— =2 +5100 fore< 1.
l—c+ 5 c 6
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Fig. 1 A plot comparing the maximal bias allowed in Theorem 4 (depicted by the blue crosses) with the
minimal bias required in Theorem 6 (depicted by the red line) (Color figure online)

Hence, lower and upper bounds coincide in the relevant region for § and c, so the
n-independent part of the sample complexity upper bound provided by Algorithm 3
is optimal.

However, in comparing Theorem 4 with Lemma 5 we see a discrepancy between
lower and upper bound for the relevant region § < 1 and c— (1 — ﬁ) & 1. Therefore

we conjecture that the c-dependence of the upper bound arising from Theorem 4 is
not optimal.

Now we compare the bounds w.r.t. the n-dependence, i.e., we compare Theorem 3
with Theorem 6, and obtain

2 (Inn) <m=<0O (% ln(n)> .

Butin Theorem 6, we assumed that u; > 1— m+n) forall 1 <i < n.When considering

values for  lying on this threshold, we can rephrase this as condition on the (then 7-
dependent) c-boundedness parameter, namely ¢ < ﬁ So when honestly including

the n-dependence of ¢, our comparison becomes
2n(mn) <m <O (1n2(n))

and is thus not tight.

Finally, we want to point towards a second unsatisfactory aspect of our results.
We provide an n-dependent quantum sample complexity lower bound for “large”
noise and an n-independent quantum sample complexity upper bound for “small”
noise. However, there is a large discrepancy between the obtained characterizations
of “small” and “large” noise. That this already becomes relevant for moderate n can
be seen in Fig. 1.

Hence, we did not succeed in identifying a bias threshold beyond which the sample
complexity qualitatively differs from the unbiased case, but merely provided aregion in
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learning not possible learning via Bernstein-Vazirani
O O(In(n)) o) _,
c= 1 ¢ =const 1_'1 o=
g(n) V2n

Fig. 2 Overview of the quantum sample complexity upper and lower bounds from Theorems 3, 4 and 6
depending on the c-boundedness parameter (without noise in the training data). Here, g : N — R g is a
strictly increasing function with l_i)mOo g(n) = oo (Color figure online)

n

which such a threshold would lie. To improve upon our results, it would be necessary
to modify either the proof of Theorem 4 to allow for stronger bias or the proof of
Theorem 6 to allow for weaker bias. In particular, it would be interesting to obtain a
non-trivial quantum sample complexity lower bound for constant bias, i.e., without
introducing n-dependence into the c-boundedness parameter. However, we currently
do not see whether our proof strategies admit such an improvement.

7 Conclusion and outlook

In this paper, we extended a well-known quantum learning strategy for linear functions
from the uniform distribution to biased product distributions. This approach naturally
led to a distinction between a procedure for arbitrary (not full) bias and a procedure
for small bias, the latter with a significantly better performance. Moreover, we showed
that the second procedure is (to a certain degree) stable w.r.t. noise in the training data
and in the performed quantum gates. Finally, we also provided lower bounds on the
size of the training data required for the learning problem, both in the classical and in
the quantum setting. The sample complexity upper and lower bounds in the case of
no noise are summarized in Fig. 2.
We want to conclude by outlining some open questions for future work:

— Can we identify a bias threshold s.t. the optimal sample complexity below the
threshold differs qualitatively from the one above it?

— Is our learning procedure for small bias also stable w.r.t. different types of noise
in the training data, e.g., malicious noise?

— Our explicit learning algorithms also give upper bounds on the computational
complexity of our learning problem. Can we find corresponding lower bounds to
facilitate a discussion of optimality w.r.t. runtime?

— Can we find more examples of learning tasks (i.e., function classes) where quantum
training data yields an advantage w.r.t. sample and/or time complexity?
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Appendix
A Stability w.r.t. noise

Both algorithms presented in Sect. 5 implicitly assume that the quantum example state
perfectly represents the underlying function and that all quantum gates performed dur-
ing the computation are perfectly accurate. In this section, we relax these assumptions.
We will do so separately, but our analysis shows that moderate noise in the training
data and moderately faulty quantum gates can be tolerated at the same time.

A.1 Noisy training data

One of the most well-studied noise models in classical learning theory is that of random
classification noise. Here, the training data are assumed to be s.t. with probability 1 —n,
the learning algorithm obtains a correct example, and with probability 7, the examples
label is flipped. In [4], this is translated to a quantum example state which in our
notation has the form

e =V1=n| Y VDu@lx. f @)

xe{—1,1}

+vn| Y. VDu@lx, f O @ 1)

xe{—1,1}

We will only shortly comment on how to battle this type of noise with our learning
strategy at the end of this subsection. Instead, our focus will be on a performance
analysis of our algorithm in the case of noisy training data similar to [13]. This means
that we now assume our quantum example state to be of the form
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nois " 1 — x; ;
e = Y VD@ Y a5 +EL).

xe{—1,1)n i=1

where the s)’;l,, for 1 <i < nandx; € {—1, 1}, are independent random variables
distributed according to Bernoulli distributions with parameters 1’ (i.e., ]P’[S;i =1]=
ni =1- IP’[S};I, = 0] for all 1 <i < n) and addition is understood modulo 2.

Here, we choose a noise model that is rather general but we make an important
restriction. Namely, we do not allow a noise &, that depends in an arbitrary way on x
but rather we require the noise to have a specific sum structure &, = Y ;_, S;i. This
requirement will later imply that also the noisy Fourier coefficients factorize. As this
factorization is crucial for our analysis, with our strategy we cannot generalize the
results of [13] on that more general noise model.

We first examine the result of applying the same procedure as in Algorithm 2 to a
copy of a noisy quantum example state |1/, ). To simplify referencing, we write this
down one more time as Algorithm 5 even though the procedure is exactly the same,
only the form of the input changes.

Algorithm 5 Generalized Bernstein—Vazirani algorithm with noisy training data

. n .

Input: [y;°Y) = Y /Dplx. Y a5t + &L ) aswellas e [—1, 1]
xe{—1,1}" i=1

Output: See Theorem 7

Success Probability: %

1: Perform the p-biased QFT H,, on the first n qubits, obtain the state (Hy, @ 1)[¥g " ).

2: Perform a Hadamard gate on the last qubit, obtain the state (H;, ® H )|1//:11 Olsy).

3: Measure each qubit in the computational basis and observe outcome j = ji ... ju+1.

4: if j,4+1 = 0 then > This corresponds to a failure of the algorithm.
5: Outputo =1.

6: elseif j,.; = 1 then > This corresponds to a success of the algorithm.
7:  Outputo = ji ... jn.

8: end if

Similarly to our previous analysis, we will first study the Fourier coefficients that
are relevant for the sampling process in Algorithm 5.

Lemma7 Leta € {0, 1}". Let E};i,for 1 <i <nandx; € {—1, 1}, be independent

i aj 1;x, +§f;i
Bernoulli distributions, let g(“)(x) = (—1)i=l and let u € (—1,1). Then
the u-biased Fourier coefficients of g'® satisfy: For y € {0, 1}, with probability

n

[T(e-2ia=mh+a—m-a-20a-ny).

=1
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it holds that
g’ =T1 (yl (=Dl ((1 —jDw + jzm) + (=) (=Dl - jl))
l:aj=0
1 <yl DA =+ A=y - (=D ((1 —Jnm + jzm» :
Lay=1
Proof The proof is analogous to the one of Lemma 4, see “Appendix B.” O

We now make a step analogous to the one from Lemma 4 to Theorem 2 in order to
understand the output of Algorithm 5.

Theorem 7 Let|wnmsy) Y. JDu)lx, Za, == +$’ ) be a noisy quantum
xe{—1,1}"

example state, a € {0,1}", u € (—1, 1)". Then Algorlthm 5 provides an outcome
|j1 - .. Jn+1) With the following properties:

(@) Pljnt1 =01 = 3 = Pljns1 = 11. -
(i1) Forany 1 <i < n, with probability 1 — 2n' (1 — n") it holds that

Pla; = 0 # jiljut1 = 11 =0, Pla; =1 # ji|jup1 = 1] = p*.
(iii) Forany 1 <i < n, with probability 2n' (1 — n') it holds that
Pla; =0 # jiljns1 = 11 =1—p> Pla; =1# jiljus1 =11 = 1.

Note that in the scenario of Theorem 7 the underlying distribution D,, is known to
the algorithm as w is provided as part of the input (see Algorithm 5). Building on this
subroutine, we will now describe an amplified procedure for moderate noise (which is
made precise in Theorem 8) in Algorithm 6 analogous to the one described in Sect. 5.2.
Again, only the input changes, but we write the procedure down explicitly to simplify
referencing.

Theorem 8 Let |v,"™) = Y ety VDO, Y @i 5 + gL, with a €
{0, 1}, w € (=1,1)" s.t. D, is c-bounded for some ¢ € (0, 1] satisfying ¢ >
1 — ﬁ Further assume that 2n'(1 — n') < Sin for all 1 < i < n, write

p = maxisizn 20 (1= ) . Then O (max | =ty sy 10 (3) ) copies
of the quantum example state |\,) suffice to guarantee that with probability > 1 — §
Algorithm 6 outputs the string a.

As in Theorem 4, our restrictions on both the c-boundedness parameter and the
noise strength lead to a basically n-independent sample complexity upper bound.

Proof The proof is analogous to the one of Theorem 4, see “Appendix B.” O
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Algorithm 6 Amplified Generalized Bernstein—Vazirani algorithm with noisy training
data

n )
Input: m copies of |1ﬁn01$y) = >  JDuWlx, Y a l_zxi + &) fora € {0, 1}", where the
i=1

xe{=1,1)n

number of copiesism > C (max { (1—5]n,o)2’ (1_4n(i_c)2)2 } In (%)), as well as u € [—1, 1]"* and
c € (0,1] s.t. Dy, is c-bounded.

Output: a € {0, 1}"

Success Probability: > 1 —§

I: for1 </ <mdo .

2:  Run Algorithm 5 on the I h copy of Iw;l Olsy), store the output as o).
3: end for

4:if 31 <l <m:0" #£1 then

5: forl<i<ndo

6: Let o; = argmax,.c(o, ;{1 <1 < m|o;
7:  end for

8:  Outputo =og .

9:elseif V1 <l <m: o(l) =1 then

10:  Outputo =L1.

11: end if

D=,

The previous Theorem shows that if the bias is not too strong and if the noise is
not too random (i.e., the probability of adding a random 1 is either very low or very
high), then learning is possible with essentially the same sample complexity as in the
case without noise (compare Theorem 4).

Note that the proof of Theorem 8 shows that the exact choices of the bounds (in our
formulation ¢ > 1 — 7 and 20 (1 — n') < %) are flexible to some degree with a

trade-off. If we have a better bound on ¢, we can loosen our requirement on the ni and
vice versa.

Also observe that the requirement of “not too random noise” is natural. If 25’ (1 —
n') — % or, equivalently, n’ — % then the label in the noisy quantum example state
becomes completely random and thus no information on the string a can be extracted
from it. Our bound gives a quantitative version of this intuition.

Nevertheless, the restriction which we put on the noise can be considered quite
strong because of its n-dependence. This can, however, be relaxed at the cost of a
looser sample complexity upper bound. Namely, similarly to the difference between
the proofs of Theorems 3 and 4 , if we, e.g., only assume 27’ (1 — ') < % for all
1 < i < n, we can first for each coordinate separately bound the probability of
the noise variables becoming relevant in at least ’g runs using Hoeffding’s inequal-
ity and then use the union bound. This will yield a quantum sample complexity
upper bound with an n-dependent term of the form In(n). Hence, if we assume a
c-boundedness parameter strongly restricted as in Theorems 4 or 8, but obtain faulty
training data states without an n-dependent noise bound as in Theorem 8, then we
can still obtain a sample complexity upper bound with the same n-dependence as in
Theorem 3.

Finally, as promised at the beginning of this subsection, we shortly describe how to
use the ideas presented in this subsection in the case of random classification noise as
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in [4]. If the quantum learning algorithm has access to copies of a quantum example
state

ey =VT=n| Y VDulx. @)

xe{—-1,1}

+v1| D VDu@lx, fOm e |,

xe{—1,1}

then we observe that applying the p-biased Fourier transform to SSthe first n qubits
and the standard Fourier transform to the last qubit gives

:«/l—n—l—\/ﬁ
V2
NI=n—.n N
gu(DIj, 1).
V2 je{zo,:l} ’

H" @ H) (10a™)) 0.....0)

_|_

Hence, compared to the scenario studied in section 5 the probabilities of observing a
certain string as measurement outcome are simply scaled by a factor of (/1 —n £
JM? = 1427 =7). So our analysis carries over almost directly. We do not
give the detailed reasoning here but only mention that incorporating the now rescaled
probabilities basically changes the sample complexity upper bounds from the non-
noisy case by a factor of @, which is again in accordance with the intuition that

the learning task becomes hard—and eventually impossible—for n — %

A.2 Faulty quantum gates

We now turn to the (more realistic) setting where the quantum gates in our computation
(i.e., the u-biased quantum Fourier transforms) are not implemented exactly but only
approximately. In this scenario, we obtain

Lemma8 Let |V,) = er{—l,l}” VD (x)x, FD(x)) be a quantum example state,
with a € {0,1}", u € (=1, 1)". Then a version of Algorithm 2 with H, replaced
by Hy for HHM — Hj H2 < & provides an outcome |ji ... ju+1) with the following
properties:

() [Pljps1 =01 — 3| < e and [Pljpy1 = 11— 3| <&,
(i) [Plj1...jn=aljuy1 = 11— [[ A=)l <e

la;=1
(ii1) forc # a:

PUjt - ju=cljnsr =11= [T =+ TT (0 =eonf +a —ud)| =,

l:a;=0 l:aj=1

@ Springer



172  Page 32 of 41 M. C. Caro

(iv) P[Al <i <=n:a; =0# jiljuy1 =11 < ¢ and

V) PElL <i<n:a =1%# jiljur1 = 1] < Zn:,ulz + ¢. In particular, if D, is
c-bounded, then P[A1 <i <n:a; =1 # jil}:il =1]1<n(l—=¢)?+e.

Proof This follows from Theorem 2 because the outcome probabilities are the squares

of the amplitudes, and thus, the difference in outcome probabilities can be bounded by

the 2-norm of the difference of the quantum states after applying the biased quantum
Fourier transform and its approximate version. O

Now we can proceed analogously to the proof strategy employed in Theorem 8 to
derive

Theorem 9 Let |¥,) = Y.  /Du@)lx, f@Px)), a € {0,1})", u € (=1, 1)"

xe{—1,1}"

s.t. Dy, is c-bounded for some ¢ € (0, 1] satisfying ¢ > 1 — 1;38. Then

0 { 1 1 }1 1
(max (1—26)2" 1= 2(n(l — ) + )2 “(5)”)

copies of the quantum example state |\,) suffice to guarantee that, with probability
> 1 =6, aversion of Algorithm 4 with H, replaced by H for ||HM — Hy ”2 <¢e€
O, %) outputs the string a.

In particular, the sample complexity upper bound from Theorem 4 remains basically
untouched if quantum gates with small error are used.

A.3 The case of unknown underlying distributions

An interesting consequence of the result of the previous subsection is the possibility to
drop the assumption of prior knowledge of the underlying product distribution, as was
already observed in [17] for a similar scenario. The important observations towards
this end are given in this subsection.

Lemma9 (Lemma 5 in [17])
Let A = A, --- Ay be a product of unitary operators A j. Assume that for every A ;

there exists an approximation A j S.L. HA j— A j H < &j. Then it holds that
n
[y A = Ay A <Y ey,
j=1

i.e., the operator A=A, --Ajisan g-approximation to A w.r.t. the operator norm.

Proof This can be proven by induction using the triangle inequality and the fact that
a unitary operator has operator norm equal to 1. For details, the reader is referred to
[17]. O
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This can be used to derive (compare again [17])

Corollary 2 Let i € (=1, 1)" be s.t. the distribution D,, is c-bounded for ¢ € (0, 1].
Let n € (—1, 1)" satisfy || — itlloo < &. Then the corresponding biased quantum
Fourier transforms satisfy

” H, — Hj; H < 2«/§ny8,

where y = = ((2—(:)2[ —|—1)
Proof This proof is given in “Appendix B.” O

The next Lemma is on approximating the bias parameter of an unknown product
distribution from examples. (Compare the closing remark in Appendix A of [17].)

Lemma 10 Usingm < O(

8V€22'”2 In(%)) copies of the quantum example state |4) (or
of ansy))for a product distribution D,, with bias vector € (=1, 1)" s.t. D, is
c-bounded for ¢ € (0, 1] one can, with probability > 1 — 6§, output i € (—1, 1)"
s.t. |H, — Hy| <e.

Proof Recall that u; = E D, [xi]. Via a standard application of Hoeffding’s inequal-
8y2-n?
82

ity we conclude that O( In( %)) examples drawn i.i.d. from D, (which can be
obtained from copies of the quantum example state by measuring the corresponding
subsystem) are sufficient to guarantee that, with probability > 1 — §, the empirical
estimate [i; satisfies |u; — ;] < 5 f . As each component of a copy of the quan-

tum example state can be measured separately, we see —using the union bound, that

2,2
O( 8” i In(%)) copies of the (possibly noisy) quantum example state suffice to guar-
antee that with probability > 1 — §, it holds that ”pt /,L”Oo <3 f
apply the previous Corollary to finish the proof. O

. Now we can

If we now combine this result with Theorem 9, we obtain a sample complexity
upper bound for our learning problem without assuming the underlying distribution
to be known in advance.

Corollary 3 Let [a) = Y., c(_1.1y0 v/ Dpu®x, f@(x)), a € (0,1}, p € (=1, 1)"

s.t. Dy, is c-bounded for some c € (0, 1] satisfying ¢ > 1 — 1228 Then there exists

a quantum algorithm which, given access to

8y? - n? n 1 | 1
© ( 2 o (3) +max { 1-262" 1—20n(l — )2 + ¢)? } o (S))

copies of the quantum example state |\, ), with probability > 1 — §, outputs the string
a, without prior knowledge of the underlying distribution D,,.
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Note, however, that the learning algorithm does need to obtain the c-boundedness
parameter ¢ as input in advance, but this (in general) does not fix the underlying
distribution. Observe also that—since Lemma 10 remains valid for noisy quantum
examples—, even though we do not explicitly formulate the result of this subsection
for noisy quantum training data, such a generalization is possible by combining the
strategies presented in this and the previous subsections.

B Proofs

Proof of Lemma 2 We directly compute the state produced by the algorithm before the
measurement is performed:

1
(Ho@ )= 3 37 —=Duu; @ (1.0 + =D/ 1)

xe{—1,1}" je{0,1}"

1 ) .
=7 > Ep,lpu.j11j.0) +Ep,[gpu 11j. 1).
jelo, 1) =5, 0.0 =§M‘ )

Hence, the computational basis measurement from step 3 of Algorithm 1 on the last
qubit returns 1 with probability % and if that is the case, the computational basis

measurement on the first n qubits will return j with probability (g n(Jj ))2, as claimed.
O

Proof of Lemma 6 The proof is by direct computation using the Fourier expansion:

<HGH—1><a,b>=2i,, Y (=Dt hec+a)

c,def0,1)
! b ey
— _n Z (—I)C a+d b+] (C+d)g(])
c,d,je{0,1}"
1 . :
=5 D EG) Y (=D 3t
je{0,1} cef0,1}" de{0,1}"

=28, =2n3, ;
= 2"g(a)da,p-

Unitarity of H can be checked easily by exploiting the same identity as in the second
to last line of the previous computation. O

Proof of Corollary 1 Using Lemma 6 we can directly compute the diagonal entries of
the matrix root and obtain

JG(a,a) = <H‘1 . diag ({Jzng(j) | j €10, 1}”}) . H) (a, a)
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1 Jadk
=5 2 Dbk

j,ke{0,1}
1
= Y. Vel
V2" o
for every a € {0, 1}". O

Proof of Lemma 7 As in the proof of Lemma 4, due to the product structure of all the
relevant objects (here our assumption on the form of the noise enters), it suffices to con-
sider the case n = 1 in detail. In this case, we have f (@) (x) = aX, g (x) = (— 1)@ *éx
for x = 1%)‘ Guo0(x)=1,and ¢, 1(x) = L"z (We leave out unnecessary indices

V=2

to improve readability.) We compute

89 () =Ep, [(—D* g, ;(x)]
14+ un

1 —
= =5 D (D + 5 (DT g (D),

By plugging in we now obtain

A 1+ I —u
1 1 - 1— —1—

50 (1) = e (=15 . oy K (—1)f-1 - iy

8 >
1 — /1,2 2 1 — :U“2

A 1+ u l—n

8;(})(0) = (=D -1+ — (—D)I+-1q,

g,(})(l) =5 (=5 + (=D)HEr .
1 — I,Lz 2 1 _ Mz

So with probability (") + (1 — 12 =1 —-2n'(1 — '), namely if & = &1 =b €
{0, 1}, we obtain

g0 =D gPm =0, g0 =Du P =DVI—p2,
and with probability 25! (1 — n'), namely if & = b # £_;, we obtain
800 = (0. g0 = VT2 g0 = (-1, gDy =0,

Therefore we obtain: With probability 1 —2n' (1—n") the ;1-biased Fourier coefficients
satisfy

(—DHPa — ), fora =0

g9 (j) = ,
a (=D = jyw+ j/1 —pu?) fora=1
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and with probability 25! (1 — n!) the p-biased Fourier coefficients satisfy

2@y — (—DP((1 = jyu+ jy1—p?) fora=0
S D=1 b - gy, fora=1

which is exactly the claim forn = 1. O

Proof of Theorem 8 We want to prove that P[Algorithm 6 does not output a] < 4,
where the probability is w.r.t. both the internal randomness of the algorithm and the
random variables.

First observe that, due to (i) in Theorem 7, exactly the same reasoning as in the
proof of Theorem 4 shows that the probability of observing j,+1 = 1 in at mostk — 1
of the m runs of Algorithm 5 (assuming k < 7) is bounded by

m )2
P |:Bin <m, l) >m — k:| < exp (—M) . (B.1)
2 m

We will now search for the number of observations of j, 1 = 1 which is required to
guarantee that the majority string is correct with high probability. Suppose we observe
Jn+1 = 1 in k runs of Algorithm 5, k € 2N. Again we see that

PEl<i<n:a #0;]] < PAl <i<n:a =0 # 0]
4+P[EAl <i<n:a; =1 #o;].

As “false 1’s” can only appear in the case where our noise variables have an influence
(compare Theorem 7), we will first find a lower bound on k which guarantees that
the probability of the noise variable influence becoming relevant for at least ’g runs is

< %. Namely, we bound (again via Hoeffding)

P [Bin(k, np) > ]g} =P |:Bin(k, np) —knp >k (é — np)]

We now set this last expression < % and rearrange the inequality to

25 4
k>—" _In(-).
2(1—5np)2  \ 8

Now we will find a lower bound on k& which guarantees that, if the noise variable
influence is relevant in at most % of the runs, among the remaining % runs with

probability > 1 — % we make at most 13‘ “false 0 observations. To this end, we bound
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(again via Hoeffding)

P [Bin (ﬁ, n(l — c)2) > q
5 5

4k 4kn(l —c)®> k  4dkn(l —c)?
:P[Bin<g,n(1—c)2>_Mzg_”(—c)

5 5

We now set this last expression < % and rearrange the inequality to

25 4
k > In{-].
2(1 —4n(1 —¢)?)?2 (8)

|

Hence, by the union bound a sufficient condition for P[31 <i <n :a; # 0;] < % to

hold is given by

P ! ! (2
=2 max{(l—San’ (1—4n<1—c>2>2} “(5)'

Combining Egs. (B.2) and (B.1) we now require

(ST

2
25 1 1 4
2 (7 max { (1—5np)2* (1—4n(1—c)2)2 } In(3) - ) !
exp | — <
m

Rearranging gives the sufficient condition

1 1 4
= 25 max { (1—5np)2 (1 —4n(l — c)2)? } tn (5) '

This proves the claim of the theorem thanks to the union bound.

Proof of Corollary 2 According to the Lemma 9 it holds that

| Hye = Hil

B>

(B.2)

<Y |1®..®1®H,®18..01-1Q...0 10 H; ®1®...0 1|

i=1

:leuHi—Hﬁ,.n-
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Thus it suffices to bound the operator norm of the difference of the 1-qubit biased
quantum Fourier transforms. So let [¢) = > (—1.1) Ox |x) be a qubit state. Then

(Hyi; — Hp)lg) = Z > (VD .10 = D, ), (0 ) el )

—1,1} jelo,1}

We have to bound the (Euclidean) norm of this vector. To achieve this, we will bound
(for arbitrary x € {—1, 1} and j € {0, 1}) the expression

2
‘\/W%i,j(ﬂ— Dﬁi(x)gbﬁi’j(x)‘ '

This is done by direct computation using 1 — ,ul.z >1—(1=c¢?>c 11— 12 > ¢?
and |u; — it;| < € as follows:

VD) = [ Dy 07,5
(x; —Mi)mm— (xi —M)WW
A
|G = 1= @3/Dp ) — (i — i1 — w2 /D (o)
| =0 (V= m DG - 1= o)

+ (i _'““")\/1_7“1'2\/%
< 5 (jon =0 (V1= VD@ - 1= Dﬂ,(x))‘
L —M)WW)

12((2—@ 1= VD — 1 = 2D (1) +8)
SC%((Z—C)(‘\/W—W(* L= p?—1-

,&12 ) + 8) )
Now note that

(VD) = /D, @) (VD) + /Dy 0) | = [ Dy, () = D ()

_‘1-0-3?1'/% 1+ X

IA

2 2

1 -
= §|Mi — [Lils
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which implies
— Hi
VD) — /D, (x) ‘—
‘ a o 2(/Dy, (x) —i—\/D ()
e 1
=2
2\/3
. &
- 2V2¢
and that moreover
) 1—u—a-pd

)

(7R (i
—‘M,-z—/liz

which in turn implies

‘\/1—u§—\/1—/1i

2 pr—
\/1 U +\/1
<|M1+Ml| | _/'Lll

21— (1 —c)?

2¢e

- -
T 242¢ —¢?

&

V2

[A

Hence, we obtain
7))
& < Ye,

VD )1, = [ Dy (D, ()] = 2(<2 c)<2 =t 7

where we defined y := Ciz ((2 — C)%@ -+ 1). This now implies

Z > [ (VD00 = D 6 50 ) el |

|y = Haplo)| =
—1,1} je(0,1)

=ve Z Y ol

—1,1} je{0,1)

=2y¢ Z loty |

xe{—1,1}

< 2\/51/8.
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Finally, we get

n
|Hy — H| <) | Hy, — Hg, || < 2v2nye,

i=1

as claimed. O
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Cincio, and Patrick J. Coles

Whether variational quantum machine learning models (QMLMs) can serve as a relevant area
of application for quantum computing in the near term depends, among other things, crucially
on their training data requirements. In particular, it is important to understand how many
training data points suffice to guarantee good generalization for QMLMs. This work proves
broadly applicable upper bounds on the training data size sufficient for a QMLM to generalize
from training data to new data. Moreover, we showcase our theoretical guarantees for two

applications of variational QML and confirm them in numerical experiments.

After an introductory Section I, we present the main results of our paper in Section II. Subsection
I1.A establishes our mathematical framework: We consider QMLMs as described by parametrized
CPTP maps SSMLM, where we allow for continuous parameters in trainable gates and for dis-
crete parameters for variable circuit structure. With such a QMLM, we act on a subsystem of an
input state and then measure a data-dependent loss observable to obtain a loss function given
as (o i, y;) = tr {OL"f;Z (58MLM ® 1d)(p(1:l))} In the spirit of probably approximately correct
(PAC) learning, the goal is now to achieve a small expected risk with respect to this loss and the
(unknown) data-generating probability measure. In Subsection I1.B, we give informal statements
of our theoretical results, which are PAC generalization bounds for QMLMs, and discuss some
of their implications. This is followed by our numerical results in Section II.C. Here, Subsection
I1.C.1 deals with quantum phase recognition using a specific QMLM, namely a quantum con-
volutional neural network (QCNN). And in Subsection I1.C.2, we employ a variable-structure
QMLM for unitary compiling. Both of these numerical investigations confirm our theoretical
generalization bounds and suggest an even more favorable generalization behavior for certain
cases.

We further discuss our results and findings in Section III. First, in Subsection III.A, we describe
potential further areas of application for our generalization guarantees. Next, we compare our
results to prior work in Subsection III.B. And in Subsection III.C, we elaborate the potential
relevance of our results to the quest for quantum advantage in machine learning and present
some open questions. Finally, Section IV gives an overview over our methods, where Subsection
IIT.A focuses on the theoretical results and Subsection I11.B explains the numerical experiments
in more detail.

Appendix A contains a detailed review of related work, which subdivide into discussions of prior
work on generalization bounds for variational QML, on quantum phase recognition, and on
unitary compiling. In Appendix B, we collect some auxiliary Lemmata from statistical learning
theory and from quantum information theory that are important tools for proving our results.
Appendix C contains all the mathematical results and proofs of the paper. In Section C.1, we
prove covering number bounds for parametrized quantum circuits in terms of the number of
trainable local gates. More precisely, in Theorems 6 and 7, combining a basic covering number

bound for 2-qubit quantum gates and the subadditivity of the distance induced by the diamond
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norm, we bound the e-metric entropy of the class of n-qubit CPTP maps that a QMLM with
T trainable local quantum gates can implement by O(T'log(7/e)), where distance is measured
using the diamond norm. Crucially, this upper bound is independent of n, the number of qubits,
and scales only slightly superlinearly in 7', the number of trainable gates. Theorem 8 extends
our covering number bounds to QMLM architectures in which the same parametrized gates are
reused multiple times.

We present our main mathematical results in detail in Section C.2. Theorem 10 in Section C.2.1
provides a simple proof for a generalization bound derived from our covering number bounds,
combining Hoeffding’s inequality with a union bound over elements in a covering net. The
obtained generalization bound, however, has a suboptimal dependence on the training data size
N. In Subsection C.2.2, we show how to improve the N-dependence using Dudley’s Theorem and
a generalization bound in terms of Rademacher complexities. This allows us to prove Theorem 11:
With high probability, the generalization error of a QMLM with T trainable local gates behaves
as O(y/Tlos(T)/N), when training on data of size N. The next subsections deal with different
extensions of this result. First, in Subsection C.2.3, we allow for QMLMs in which the same
trainable gates are used multiple times. As we show in Corollaries 1 and 2, the generalization error
scales at worst logarithmically with the number of uses per trainable gate. Next, Subsection C.2.4
considers QMLMs with variable circuit architecture, so that also the number and placement of
trainable gates can be optimized during training. Corollary 3 establishes that the generalization
performance depends at worst logarithmically on the number of different architectures considered
during the optimization. Theorem 12 in Subsection C.2.5 provides an optimization-dependent
tightening of the generalization guarantee of Theorem 11, assuming that some of the trainable
gates do not change much during training. The proof of Theorem 12 is based on an extension of
the covering number bounds of Section C.1, which we give in Theorem 13. As our final extension,
we describe in Corollary 4 of Subsection C.2.6 how using an unbiased estimator for evaluating
the training error influences the generalization. Finally, in Subsection C.2.7, we summarize all
of these extensions in Theorem 9, the most general form of our results.

Appendices D and E contain a detailed explanation of how our theory applies to the two appli-
cations that we also investigate numerically. First, in Appendix D, we show how to phrase the
problem of quantum phase recognition in our framework. And we demonstrate that for QCNNs,
our results guarantee good generalization already from training data size growing only polylog-
arithmically with the system size. Second, Appendix E describes a variational QML approach
to unitary compiling. Here, our results imply that polynomial-size training data suffices for
good generalization, assuming that the target unitary to be compiled can be implemented using
polynomially many local gates.

I was significantly involved in finding the ideas and carrying out the scientific work of all parts of
this article, with the exception of the numerical experiments. The idea for this project goes back
to a suggestion by Hsin-Yuan Huang and was further developed in discussions between Hsin-
Yuan Huang, M. Cerezo, Kunal Sharma, Andrew Sornborger, Lukasz Cincio, Patrick J. Coles,
and myself. I was significantly involved in writing the main part of the paper, with the exception
of Section IV.B. I wrote the majority of the technical Appendix of the paper, with the exception
of Subsections A.2 and A.3.
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Modern quantum machine learning (QML) methods involve variationally
optimizing a parameterized quantum circuit on a training data set, and sub-
sequently making predictions on a testing data set (i.e., generalizing). In this
work, we provide a comprehensive study of generalization performance in
QML after training on a limited number N of training data points. We show that
the generalization error of a quantum machine learning model with T trainable
gates scales at worst as /T /N. When only K < T gates have undergone sub-
stantial change in the optimization process, we prove that the generalization
error improves to /K /N. Our results imply that the compiling of unitaries into
a polynomial number of native gates, a crucial application for the quantum
computing industry that typically uses exponential-size training data, can be
sped up significantly. We also show that classification of quantum states across
a phase transition with a quantum convolutional neural network requires only
a very small training data set. Other potential applications include learning
quantum error correcting codes or quantum dynamical simulation. Our work
injects new hope into the field of QML, as good generalization is guaranteed
from few training data.

The ultimate goal of machine learning (ML) is to make accurate pre-
dictions on unseen data. This is known as generalization, and sig-
nificant effort has been expended to understand the generalization
capabilities of classical ML models. For example, theoretical results
have been formulated as upper bounds on the generalization error as a
function of the training data size and the model complexity'>. Such
bounds provide guidance as to how much training data is required
and/or sufficient to achieve accurate generalization.

Quantum machine learning (QML) is an emerging field that has
generated great excitement®®. Modern QML typically involves training
a parameterized quantum circuit in order to analyze either classical or
quantum data sets'®°, Early results indicate that, for classical data
analysis, QML models may offer some advantage over classical models

under certain circumstances” . It has also been proven that QML
models can provide an exponential advantage in sample complexity
for analyzing quantum data®?.

However, little is known about the conditions needed for accurate
generalization in QML. Significant progress has been made in under-
standing the trainability of QML models'®**?°, but trainability is a
separate question from generalization'®*"*%, Overfitting of training
data could be an issue for QML, just as it is for classical machine
learning. Moreover, the training data size required for QML general-
ization has yet to be fully studied. Naively, one could expect that an
exponential number of training points are needed when training a
function acting on an exponentially large Hilbert space. For instance,
some studies have found that, exponentially in n, the number of
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qubits, large amounts of training data would be needed, assuming that
one is trying to train an arbitrary unitary®~*°. This is a concerning result,
since it would imply exponential scaling of the resources required for
QML, which is precisely what the field of quantum computation would
like to avoid.

In practice, a more relevant scenario to consider instead of arbi-
trary unitaries is learning a unitary that can be represented by a
polynomial-depth quantum circuit. This class of unitaries corresponds
to those that can be efficiently implemented on a quantum computer,
and it is exponentially smaller than that of arbitrary unitaries. More
generally, one could consider a QML model with T parameterized
gates and relate the training data size N needed for generalization to T.
Even more general would be to consider generalization error a
dynamic quantity that varies during the optimization.

In this work, we prove highly general theoretical bounds on the
generalization error in variational QML: The generalization error is
approximately upper bounded by /T/N. In our proofs, we first
establish covering number bounds for the class of quantum operations
that a variational QML model can implement. From these, we then
derive generalization error bounds using the chaining technique for
random processes. A key implication of our results is that an efficiently
implementable QML model, one such that T € O(polyn), only requires
an efficient amount of training data, N € O(polyn), to obtain good
generalization. This implication, by itself, will improve the efficiency
guarantees of variational quantum algorithms'®**? that employ train-
ing data, such as quantum autoencoders”, quantum generative
adversarial networks*, variational quantum error correction***, var-
iational quantum compiling*®*’, and variational dynamical
simulation*®™, It also yields improved efficiency guarantees for clas-
sical algorithms that simulate QML models.

We furthermore refine our bounds to account for the optimiza-
tion process. We show that generalization improves if only some
parameters have undergone substantial change during the optimiza-
tion. Hence, even if we used a number of parameters T larger than the
training data size N, the QML model could still generalize well if only
some of the parameters have changed significantly. This suggests that
QML researchers should be careful not to overtrain their models
especially when the decrease in training error is insufficient.

To showcase our results, we consider quantum convolutional
neural networks (QCNNs)”*°, a QML model that has received sig-
nificant attention. QCNNs have only T =0O(logn) parameters and yet
they are capable of classifying quantum states into distinct phases. Our
theory guarantees that QCNNs have good generalization error for
quantum phase recognition with only polylogarithmic training
resources, N € O(Iogzn). We support this guarantee with a numerical
demonstration, which suggests that even constant-size training data
can suffice.

Finally, we highlight the task of quantum compiling, a crucial
application for the quantum computing industry. State-of-the-art
classical methods for approximate optimal compiling of unitaries
often employ exponentially large training data sets’*>*. However, our
work indicates that only polynomial-sized data sets are needed, sug-
gesting that state-of-the-art compilers could be further improved.
Indeed, we numerically demonstrate the surprisingly low data cost of
compiling the quantum Fourier transform at relatively large scales.

Results

Framework

Let us first outline our theoretical framework. We consider a quantum
machine learning model (QMLM) as being a parameterized quantum
channel, i.e., a completely positive trace preserving (CPTP) map that is
parameterized. We denote a QMLM as MM(.) where a=(6,k)
denotes the set of parameters, including continuous parameters 0
inside gates, as well as discrete parameters k that allow the gate
structure to vary. We make no further assumptions on the form of the

dependence of the CPTP map £2M(.) on the parameters a. During the
training process, one would optimize the continuous parameters 6 and
potentially also the structure k of the QMLM.

A QMLM takes input data in the form of quantum states. For
classical data x, the input is first encoded in a quantum state via a map
X p(x). This allows the data to be either classical or quantum in
nature, since regardless it is eventually encoded in a quantum state. We
assume that the data encoding is fixed in advance and not optimized
over. We remark here that our results also apply for more general
encoding strategies involving data re-uploading®, as we explain in
Supplementary Note 3.

For the sake of generality, we allow the QMLM to act on a sub-
system of the state p(x). Hence, the output state can be written as
(EM™M & id)(p(x)). For a given data point (x; y;), we can write the loss
function as

tha;x,y) =Tr [0 (6™ @ id) (o), M

for some Hermitian observable Ofsys As is common in classical learn-
ing theory, the prediction error bounds will depend on the largest
(absolute) value that the loss function can attain. In our case, we

therefore assume C,. : =supw||Oj§f;5||<oo<?A382tal?>, ie, the
spectral norm can be bounded uniformly over all possible loss

observables.

In Eq. (1), we take the measurement to act on a single copy of the
output of the QMLM MM () upon input of (a subsystem of) the data
encoding state p(x;). At first this looks like a restriction. However, note
that one can choose EIM™(.) to be a tensor product of multiple copies
of a QMLM, each with the same parameter setting, applied to multiple
copies of the input state. Hence our framework is general enough to
allow for global measurements on multiple copies. In this addition to
the aforementioned situation, we further study the case in which
trainable gates are more generally reused.

For a training dataset S= {(x;,)}"., of size N, the average loss for
parameters a on the training data is

R 1N
Ry(a)= NEI Uea;xy;), 2

which is often referred to as the training error. When we obtain a new
input x, the prediction error of a parameter setting a is taken to be the
expected loss

R@= T [fexy), 3)
where the expectation is with respect to the distribution P from which
the training examples are generated.

Achieving small prediction error R(a) is the ultimate goal of
(quantum) machine learning. As P is generally not known, the training
error Rg(@) is often taken as a proxy for R(a). This strategy can be
justified via bounds on the generalization error

gen (@) =R(a) — Ry(a), 4)
which is the key quantity that we bound in our theorems.

Analytical results

We prove probabilistic bounds on the generalization error of a QMLM.
Our bounds guarantee that a good performance on a sufficiently large
training data set implies, with high probability, a good performance on
previously unseen data points. In particular, we provide a precise
meaning of "sufficiently large” in terms of properties of the QMLM and
the employed training procedure.
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Fig. 1| Various types of Quantum Machine Learning Models (QMLMs). Panel (a)
depicts a basic QMLM with T= 6 independently parameterized gates. The gray
boxes illustrate some global evolutions that are not trainable. Panel (b) shows a
gate-sharing QMLM with 7=2 independently parameterized gates, each gate is
repeatedly used for M =3 times. In panel (c), we depict a multi-copy QMLM. We take
measurement data from M rounds of a basic QMLM with T= 6 parameterized gates
and post-process the measurement outcomes to produce an output. Running M
copies of a basic QMLM with T gates is equivalent to running a gate-sharing QMLM

with T= 6 parameterized gates, in which each gate is repeated M times. Panel (d)
describes a gate-sharing QMLM under optimization. The parameterized gate to the
left undergoes a small change, while the one to the right undergoes a large change.
If we sort the changes A;, A, from large to small, then A; > A, = 0. Finally, panel (e)
illustrates gate-sharing QMLM with variable structure. The number T of para-
meterized gates changes throughout the optimization. The figure begins with T=1
and ends with T=2.

Figure 1 gives an overview of the different scenarios considered in
this work. We begin with the basic form of our result. We consider a
QMLM that has arbitrarily many non-trainable global quantum gates
and T trainable local quantum gates. Here, by local we mean k-local for
some n-independent locality parameter «, and a local quantum gate
can be a unitary or a quantum channel acting on x qubits. Then we have
the following bound on the generalization error for the QMLM with
final parameter setting a* after training:

Theorem 1. (Basic QMLM). For a QMLM with T parameterized local
quantum channels, with high probability over training data of size N,
we have that

©)

gen (a*) € (9( Tl;)vg T) .

Remark 1. Theorem 1 directly implies sample complexity bounds: For
any £>0, we can, with high success probability, guarantee that
gen(a®) < ¢, already with training data of size N-TlogT/e2, which
scales effectively linearly with T, the number of parameterized gates.

For efficiently implementable QMLMs with T € O(polyn), a sam-
ple size of N € O(polyn/€?) is already sufficient. More concretely, if
T € O(nP) for some degree D, then the corresponding sufficient
sample complexity obtained from Theorem 1 satisfies N € @(n” /€%),
where the O hides factors logarithmic in n. In the NISQ era*®, we expect
the number T of trainable maps to only grow mildly with the number of
qubits, e.g., as in the architectures discussed in refs. 18, 45, 57. In this
case, Theorem 1 gives an especially strong guarantee.

In various QMLMs, such as QCNNs, the same parameterized local
gates are applied repeatedly. One could also consider running the
same QMLM multiple times to gather measurement data and then
post-processing that data. In both cases, one should consider the
QMLM as using the same parameterized local gates repeatedly. We
assume each gate to be repeated at most M times. A direct application
of Theorem 1 would suggest that we need a training data size N of
roughly MT, the total number of parameterized gates. However, the
required number of training data actually is much smaller:

Theorem 2. (Gate-sharing QMLM). Consider a QMLM with T indepen-
dently parameterized local quantum channels, where each channel is

reused at most M times. With high probability over training data of size

N, we have
gen(a*) € (’)(\/ﬂo%ﬂm) .

Thus, good generalization, as in Remark 1, can already be guar-
anteed, with high probability, when the data size effectively scales
linearly in T (the number of independently parameterized gates) and
only logarithmically in M (the number of uses). In particular, applying
multiple copies of the QMLM in parallel does not significantly worsen
the generalization performance compared to a single copy. Thus, as we
discuss in Supplementary Note 3, Theorem 2 ensures that we can
increase the number of shots used to estimate expectation values at
the QMLM output without substantially harming the generalization
behavior.

The optimization process of the QMLM also plays an important
role in the generalization performance. Suppose that during the
optimization process, the £ local gate changed by a distance A, We
can bound the generalization error by a function of the changes {A,},.

(6)

Theorem 3. (Gate-sharing QMLM under optimization). Consider a
QMLM with T independently parameterized local quantum channels,
where the " channel is reused at most M times and is changed by A,
during the optimization. Assume A;>...>Ar. With high probability over
training data of size N, we have

. K logMT T

When only K< T local quantum gates have undergone a sig-
nificant change, then the generalization error will scale at worst line-
arly with K and logarithmically in the total number of parameterized
gates MT. Given that recent numerical results suggest that the para-
meters in a deep parameterized quantum circuit only change by a
small amount during training®®*°, Theorem 3 may find application in
studying the generalization behavior of deep QMLMs.

Finally, we consider a more advanced type of variable ansatz
optimization strategy that is also adopted in practice®® . Instead of

Nature Communications | (2022)13:4919
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Fig. 2 | Generalization performance of quantum phase recognition. We
employed the QCNN architecture for quantum phase recognition on ground states
of the generalized cluster Hamiltonian H of Eq. (9). We evaluated the phase
assigned by the QCNN to a point in the J;-/,-plane by sampling 8192 computational
basis measurement outcomes and taking the least frequent outcome as the pre-
dicted phase. Panel (a) visualizes the performance of the QCNN for 16-qubits,
trained with 30 data points, which were labelled according to the analytically
determined phase diagram. Blue crosses denote training data points (not all 30 are
shown). Blue (red) circles represent correctly (incorrectly) classified points. Panel
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(b) shows that, as the training data size increases, the training accuracy quickly
becomes a good predictor for the testing accuracy on 10,000 randomly sampled
points, i.e., the dependence of testing accuracy on training accuracy is approxi-
mately linear with slope increasing with N. The different points in the plot corre-
spond to different parameter settings in the QCNN throughout the optimization.
The dotted gray line shows the baseline accuracy of 25% achieved by random
guessing. Panel (c) shows that the improvement in the slope with growing training
data size is similar for different numbers of qubits, reflecting the at-worst poly-
logarithmic dependence of N on n predicted by our bounds.

fixing the structure of the QMLM, such as the number of para-
meterized gates and how the parameterized gates are interleaved with
the fixed gates, the optimization algorithm could vary the structure,
e.g., by adding or deleting parameterized gates. We assume that for
each number T of parameterized gates, there are Gy different QMLM
architectures.

Theorem 4. (Gate-sharing QMLM with variable structure). Consider a
QMLM with an arbitrary number of parameterized local quantum
channels, where for each 7>0, we have Gy different QMLM archi-
tectures with T parameterized gates. Suppose that after optimizing on
the data, the QMLM has T independently parameterized local quantum
channels, each repeated at most M times. Then, with high probability
over input training data of size N,

gen(a*) e O <\/ T IO‘(};\(/MT) + \/ logI(VGT)) . )

Thus, even if the QMLM can in principle use exponentially many
parameterized gates, we can control the generalization error in terms
of the number of parameterized gates used in the QMLM after opti-
mization, and the dependence on the number of different archi-
tectures is only logarithmic. This logarithmic dependence is crucial as
even in the cases when Gr grows exponentially with 7, we
have log(Gy)/N € O(T/N).

Numerical results

In this section we present generalization error results obtained by
simulating the following two QML implementations: (1) using a QCNN
to classify states belonging to different quantum phases, and (2)
training a parameterized quantum circuit to compile a quantum
Fourier transform matrix.

We begin with the quantum phase classification application. The
QCNN architecture introduced in* generalizes the model of (classical)
convolutional neural networks with the goal of performing pattern
recognition on quantum data. It is composed of so-called convolu-
tional and pooling layers, which alternate. In a convolutional layer, a
sequence of translationally invariant parameterized unitaries on
neighbouring qubits is applied in parallel, which works as a filter
between feature maps in different layers of the QCNN. Then, in the

pooling layers, a subset of the qubits are measured to reduce the
dimensionality of the state while preserving the relevant features of
the data. Conditioned on the corresponding measurement outcomes,
translationally invariant parameterized 1-qubit unitaries are applied.
The QCNN architecture has been employed for supervised QML tasks
of classification of phases of matter and to devise quantum error
correction schemes®. Moreover, QCNNs have been shown not to
exhibit barren plateaus, making them a generically trainable QML
architecture®.

The action of a QCNN can be considered as mapping an input
state pin tO aN OULPUL State Pouc ZiVEN as Py = Ea N (pjp,)- Then, given
Pour, ONE measures the expectation value of a task-specific Hermitian
operator.

In our implementation, we employ a QCNN to classify states
belonging to different symmetry protected topological phases. Spe-
cifically, we consider the generalized cluster Hamiltonian

H= 2 (2~ XX 0 X2, ©)

where Z; (X;) denote the Pauli z (x) operator acting on qubit i/, and where
J1 and J, are tunable coupling coefficients. As proved in®, and as
schematically shown in Fig. 2, the ground-state phase diagram of the
Hamiltonian of Eq. (9) has four different phases: symmetry-protected
topological (I), ferromagnetic (lI), anti-ferromagnetic (Ill), and trivial
(IV). In the Methods section, we provide additional details regarding
the classical simulation of the ground states of H.

By sampling parametersin the (/;, /) plane, we create a training set
{(l(pi>ryi)}:-v:1 composed of ground states |¢;) of H and their associated
labels y;. Here, the labels are in the form of length-two bit strings, i.e.,
y; € {0, 17, where each possible bit string corresponds to a phase that
;) can belong to. The QCNN maps the n-qubit input state [¢;) to a
2-qubit output state. We think of the information about the phase as
being encoded into the output state by which of the 4 computational
basis effect operators is assigned the smallest probability. Namely, we
define the loss function as ¢(a; |;),y;) : = (V1EFNN1Y,) (WD)l y;). This
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leads to an empirical risk given by

. 1N
Rs(@)= 5 2 A€ WiDb- (10)

In Fig. 2, we visualize the phase classification performance
achieved by our QCNN, trained according to this loss function, while
additionally taking the number of misclassified points into account.
Moreover, we show how the true risk, or rather the test accuracy as
proxy for it, correlates well with the achieved training accuracy,
already for small training data sizes. This is in agreement with our
theoretical predictions, discussed in more detail in Supplementary
Note 4, which for QCNNs gives a generalization error bound poly-
logarithmic in the number of qubits. We note that refs. 65, 66 observed
similarly favorable training data requirements for a related task of
learning phase diagrams.

Next, we turn our attention to the unitary compiling application.
Compiling is the task of transforming a high-level algorithm into a low-
level code that can be implemented on a device. Unitary compiling is a
paradigmatic task in the NISQ era where a target unitary is compiled
into a gate sequence that complies with NISQ device limitations, e.g.,
hardware-imposed connectivity and shallow depth to mitigate errors.
Unitary compiling is crucial to the quantum computing industry, as it is
essentially always performed prior to running an algorithm on a NISQ
device, and various companies have their own commercial
compilers®”®%, Hence, any ability to accelerate unitary compiling could
have industrial impact.

Here we consider the task of compiling the unitary U of the n-
qubit Quantum Fourier Transform (QFT)® into a short-depth para-
meterized quantum circuit W(a). For V(a) we employ the VAns (Vari-
able Ansatz) algorithm®”°, which uses a machine learning protocol to
iteratively grow a parameterized quantum circuit by placing and
removing gates in a way that empirically leads to lower loss function
values. Unlike traditional approaches that train just continuous para-
meters in a fixed structure circuit, VAns also trains discrete para-
meters, e.g., gate placement or type of gate, to explore the architecture
hyperspace. In Supplementary Note 5, we apply our theoretical results
in this compiling scenario.

The training set for compilation is of the form {|([J,->,U|(p,->}fl:1,
consisting of input states |¢;) and output states obtained through the
action of U. The |¢;) are drawn independently from an underlying data-
generating distribution. In our numerics, we consider three such dis-
tributions: (1) random computational basis states, (2) random (non-
orthogonal) low-entangled states, and (3) Haar random n-qubit states.
Note that states in the first two distributions are easy to prepare on a
quantum computer, whereas states from the last distribution become
costly to prepare as n grows. As the goal is to train V(a) to match the
action of U on the training set, we define the loss function as the
squared trace distance between Ulg;) and V(@)y;), ie.,
Ua; 1), Ulgy)) = =1V ($ilU" — V(e)lg;) (¢, V(@)'|I7. This leads to
the empirical risk

p 1N ;
Rs@) =5 2 V) (@lU" — V@) (@ilV@'liy, b

where || - ||; indicates the trace norm.

Figure 3 shows our numerical results. As predicted by our analy-
tical results, we can, with high success probability, accurately compile
the QFT when training on a data set of size polynomial in the number of
qubits. Our numerical investigation shows a linear scaling of the
training requirements when training on random computational basis
states. This better than the quadratic scaling implied by a direct
application of our theory, which holds for any arbitrary data-
generating distribution. Approximate implementations of QFT with a
reduced number of gates’”’, combined with our results, could help to

further study this apparent gap theoretically. When training on Haar
random states, our numerics suggest that an even smaller number of
training data points is sufficient for good generalization: Up to n=9
qubits, we generalize well from a constant number of training data
points, independent of the system size.

Even more striking are our results when initializing close to the
solution. In this case, as shown in Fig. 4, we find that two training data
points suffice to obtain accurate generalization, which holds even up
to a problem size of 40 qubits. Our theoretical results in Theorem 3 do
predict reduced training requirements when initializing near the
solution. Hence, the numerics are in agreement with the theory,
although they paint an even more optimistic picture and suggest that
further investigation is needed to understand why the training data
requirements are so low. While the assumption of initialization near
the solution is only viable assuming additional prior knowledge, it
could be justified in certain scenarios. For example, if the unitaries to
be compiled depend on a parameter, e.g., time, and if we have already
compiled the unitary for one parameter setting, we might use this as
initialization for unitaries with a similar parameter.

Discussion

We conclude by discussing the impact of our work on specific appli-
cations, a comparison to prior work, the interpretation of our results
from the perspective of quantum advantage, and some open
questions.

We begin with a discussion of the impact on specific applications.
Quantum phase classification is an exciting application of QML, to
which Ref. 45 has successfully applied QCNNs. However, Ref. 45 only
provided a heuristic explanation for the good generalization perfor-
mance of QCNNs. Here, we have presented a rigorous theory that
encompasses QCNNs and explains their performance, and we have
confirmed it numerically for a fairly complicated phase diagram and a
wide range of system sizes. In particular, our analysis allows us to go
beyond the specific model of QCNNs and extract general principles for
how to ensure good generalization. As generating training data for this
problem asks an experimenter to prepare a variety of states from
different phases of matter, which will require careful tuning of differ-
ent parameters in the underlying Hamiltonian, good generalization
guarantees for small training data sizes are crucial to allow for the
implementation of phase classification through QML in actual physical
experiments.

Several successful protocols for unitary compiling make use of
training data’>>*. However, prior work has relied on training data sets
whose size scaled exponentially with the number of qubits. This scaling
is problematic, both because it suggests a similarly bad scaling of the
computational complexity of processing the data and because gen-
erating training data can be expensive in actual physical implementa-
tions. Our generalization bounds provide theoretical guarantees on
the performance that unitary compiling with only polynomial-size
training data can achieve, for the relevant case of efficiently imple-
mentable target unitaries. As we have numerically demonstrated in the
case of the Quantum Fourier Transform, this significant reduction in
training data size makes unitary compiling scalable beyond what pre-
vious approaches could achieve. Moreover, our results provide new
insight into why the VAns algorithm® is successful for unitary com-
piling. We believe that the QML perspective on unitary compiling
advocated for in this work will lead to new and improved ansitze,
which could scale to even larger systems.

Recent methods for variational dynamical simulation rely on
quantum compiling to compile a Trotterized unitary into a structured
ansatz with the form of a diagonalization*®*°7273, This technique allows
for quantum simulations of times longer than an iterated Trotteriza-
tion because parameters in the diagonalization may be changed by
hand to provide longer-time simulations with a fixed depth circuit. We
expect the quantum compiling results presented here to carry over to
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Fig. 3 | Generalization performance of variational unitary compiling. We
employed a variable structure QMLM (as discussed near Theorem 4). Panel (a)
shows the dependence of N,;,, the minimum training data size for accurate com-
pilation, on n, the number of qubits. Accurate compilation is defined as achieving
| U—- V@< 1075 on1out of 8 (blue) or on 7 out of 8 (red) runs. For training data
with random computational basis inputs (solid lines), N.,;, scales linearly inn. When
training on examples with Haar random inputs (dashed lines), N;, is constant up to
system size n =9. In Panel (b), for n=9 qubits, we plot the prediction error of

1/training error

successfully trained (training cost < 107®) runs for 8 training data sets with N=16 to
N =30 random computational basis inputs. Panel (c) shows the dependence of the
testing error on the reciprocal of the training error for different training data sizes,
in the case of 9 qubits. Here, the data consisted of random computational basis
states and the corresponding outputs. As N increases, small training error becomes
a more reliable predictor for small testing error. Each subplot shows 8 different
training runs, trained on different training data sets.
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Fig. 4 | Performance of variational unitary compiling when initializing near the
solution. Each panel shows the results of a single randomly initialized training run,
where we used randomly drawn low-entangled states for training. The testing error
on 20 test states, which we allow to be more strongly entangled than the states used
during training, is plotted versus the reciprocal of the training error for training
data sizes N=1, 2, for different system sizes n. A training data set of size N=1is not
sufficient to guarantee good generalization: Even with decreasing training error,
the testing error remains large. In contrast, assuming favorably initialized training,
N =2 training data points suffice for good generalization, even for up to n=40
qubits.

this application. This will allow these variational quantum simulation
methods to use fewer training resources (either input-output pairs, or
entangling auxiliary systems), yet still achieve good generalization and
scalability.

Discovering quantum error correcting codes can be viewed as an
optimization problem***>”*7%_Furthermore, it can be thought of as a
machine learning problem, since computing the average fidelity of the
code involves training data (e.g., chosen from a 2-design**). Significant
effort has been made to solve this problem on classical computers’™ 7,
Such approaches can benefit from our generalization bounds, poten-
tially leading to faster classical discovery of quantum codes. More
recently, it was proposed to use near-term quantum computers to find

such codes***. Again our bounds imply good generalization perfor-
mance with small training data for this application, especially for
QCNNs*, due to their logarithmic number of parameters.

Finally, autoencoders and generative adversarial networks (GANs)
have recently been generalized to the quantum setting>**”*%°, Both
employ training data, and hence our generalization bounds provide
quantitative guidance for how much training data to employ in these
applications. Moreover, our results can provide guidance for ansatz
design. While there is no standard ansatz yet for quantum auto-
encoders or quantum GANSs, ansitze with a minimal number of para-
meters will likely lead to the best generalization performance.

Next, we give a comparison to previously known results. Some
prior works have studied the generalization capabilities of quantum
models, among them the classical learning-theoretic approaches
of*"*’; the more geometric perspective of”'%; and the information-
theoretic technique of***. Independently of this work, Ref. 38 also
investigated covering numbers in QMLMs. However our bounds are
stronger, significantly more general, and broader in scope. We give a
detailed comparison of our results to related work in Supplemen-
tary Note 1.

To view our results in the context of the quest for quantum
advantage, it is important to note that we do not prove a quantum
advantage of quantum over classical machine learning. However,
generalization bounds for QMLMs are necessary to understand their
potential for quantum advantage. Namely, QMLMs can outperform
classical methods, assuming both achieve small training error, only in
scenarios in which QMLMs generalize well, but classical ML methods
do not. We therefore consider our results a guide in the search for
quantum advantage of QML: We need to identify a task in which
QMLMs with few trainable gates achieve small training error, but
classical models need substantially higher model complexity to
achieve the same goal. Then, our bounds guarantee that the QMLM
performs well also on unseen data, but we expect the classical model
to generalize poorly due to the high model complexity.

We conclude with some open questions. For QMLMs with expo-
nentially many independently trainable gates, our generalization error
bounds scale exponentially with n, and hence we do not make non-
trivial claims about this regime. However, this does not yet imply that
exponential-size QMLMs have bad generalization behavior. Whether
and under which circumstances this is indeed the case is an interesting
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open question (e.g., see”* for some initial results). More generally,
one can ask: Under what circumstances will a QMLM, even one of
polynomial size, outperform our general bound. For example, if we
have further prior knowledge about the loss, arising from specific
target applications, it might be possible to use this information to
tighten our generalization bounds. Moreover, as our generalization
bounds are valid for arbitrary data-generating distributions, they may
be overly pessimistic for favorable distributions. Concretely, in our
numerical experiments for unitary compiling, highly entangled states
were more favorable than especially efficiently preparable states from
the perspective of generalization. It may thus be interesting to inves-
tigate distribution-specific tightenings of our results. Finally, it may be
fruitful to combine the generalization bounds for QMLMs studied in
this work and the effect of data encodings in® to yield a better picture
on generalization in quantum machine learning.

Methods

This section gives an overview over our techniques. First, we outline
the proof strategy that leads to the different generalization bounds
stated above. Second, we present more details about our numerical
investigations.

Analytical methods

An established approach to generalization bounds in classical statis-
tical learning theory is to bound a complexity measure for the class
under consideration. Metric entropies, i.e., logarithms of covering
numbers, quantify complexity in exactly the way needed for general-
ization bounds, as one can show using the chaining technique from the
theory of random processes’”’. Therefore, a high level view of our
proof strategy is: We establish novel metric entropy bounds for
QMLMs and then combine these with known generalization results
from classical learning theory. The strongest form of our general-
ization bounds is the following.

Theorem 5. (Mother theorem). Consider a QMLM with an arbitrary
number of parameterized local quantum channels, where for each
T> 0, we have Gy different QMLM architectures with T trainable local
gates. Suppose that after optimizing on the training data, the QMLM
has Tindependently parameterized local quantum channels, where the
" channel is reused at most M times and is changed by A, during the
optimization. Without loss of generality, assume A;>...>Ar. Then with
high probability over input training data of size N, we have

12)

T
where f(K) : = /K18MD) k—%uMAk'

We give a detailed proof in Supplementary Note 3. There, we also
describe a variant in case the loss function cannot be evaluated exactly,
but only estimated statistically. Here, we present only a sketch of how
to prove Theorem 5.

Before the proof sketch, however, we discuss how Theorem 5
relates to the generalization bounds stated above. In particular, we
demonstrate how to obtain Theorems 1, 2, 3, and 4 as special cases of
Theorem 5.

In the scenario of Theorem 1, the QMLM architecture is fixed in
advance, each trainable map is only used once, and we do not take
properties of the optimization procedure into account. In the language
of Theorem 5, this means: There exists a single 7> 0 with Gr=1and we
have G; =0 for all T#T. Also, M=1. And instead of taking the minimum
over K=1,..., T, we consider the bound for K = T. Plugging this into the
generalization bound of Theorem 5, we recover Theorem 1.

Similarly, Theorem 5 implies Theorems 2, 3, and 4. Namely, if we
take Gr=1and G; = O for all T#T, and evaluate the bound for K =T, we

recover Theorem 2. Choosing Gr=1and G; =0 for all T#T, the bound
of Theorem 5 becomes that of Theorem 3. Finally, we can obtain
Theorem 4 by bounding the minimum in Theorem 5 in terms of the
expression evaluated at K=T.

Now that we have established that Theorem 5 indeed implies
generalization bounds for all the different scenarios depicted in Fig. 1,
we outline its proof. The first central ingredient to our reasoning are
metric entropy bounds for the class of all n-qubit CPTP maps that a
QMLM as described in Theorem 5 can implement, where the distance
between such maps is measured in terms of the diamond norm. Note:
The trivial metric entropy bound obtained by considering this class of
maps as compact subset of an Euclidean space of dimension expo-
nential in n is not sufficient for our purposes since it scales exponen-
tially in n. Instead, we exploit the layer structure of QMLMs to obtain a
better bound. More precisely, we show: If we fix a QMLM architecture
with T trainable 2-qubit maps and a number of maps 0 < K< 7, and we
assume (data-dependent) optimization distances A;>...>Ar, then it
suffices to take (¢/KM)-covering nets for each of the sets of admissible
2-qubit CPTP maps for the first K trainable maps to obtain a
(e+ ZZ:KH MA,)-covering net for the whole QMLM. The cardinality of
a covering net built in this way, crucially, is independent of n, but
depends instead on K, M, and T. In detail, its logarithm can effectively
be bounded as € O(Klog(MT/¢)). This argument directly extends
from the 2-local to the k-local case, as we describe in Supplemen-
tary Note 3.

Now we employ the second core ingredient of our proof strat-
egy. Namely, we combine a known upper bound on the generalization
error in terms of the expected supremum of a certain random pro-
cess with the so-called chaining technique. This leads to a general-
ization error bound in terms of a metric entropy integral. As we need
a non-standard version of this bound, we provide a complete deri-
vation for this strengthened form. This then tells us that, for each
fixed T, M, K, and A;>...>A7, using the covering net constructed
above, we can bound the generalization error as
gen (a*) € O(/Klog(MT)/N + ZLKH MA,), with high probability.

The last step of the proof consists of two applications of the union
bound. The first instance is a union bound over the possible values of
K. This leads to a generalization error bound in which we minimize
over K=0, ..., T. So far, however, the bound still applies only to any
QMLM with fixed architecture. We extend it to variable QMLM archi-
tectures by taking a second union bound over all admissible numbers
of trainable gates T and the corresponding Gr architectures. As this is,
in general, a union bound over countably many events, we have to
ensure that the corresponding failure probabilities are summable.
Thus, we invoke our fixed-architecture generalization error bound for

o . . |
a success probability that is proportional to (G 7<) . In that way, the
union bound over all possible architectures yields the logarithmic
dependence on Gy in the final bound and completes the proof of
Theorem 5.

Numerical methods

This section discusses numerical methods used throughout the paper.
The subsections give details on computational techniques applied to
phase classification of the cluster Hamiltonian in Eq. (9) and Quantum
Fourier Transform compilation.

Phase classification. The training and testing sets consist of ground
states |¢f;) of the cluster Hamiltonian in Eq. (9), computed for different
coupling strengths (/;,/2). The states |¢;) were obtained with the
translation invariant Density Matrix Renormalization Group’’. The
states in the training set (represented by blue crosses in Fig. 2a) are
chosen to be away from phase transition lines, so accurate description
of the ground states is already achieved at small bond dimension .
That value determines the cost of further computation involving the
states |;) and we keep it small for efficient simulation.
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We use Matrix Product State techniques® to compute and opti-
mize the empirical risk in Eq. (10). The main part of that calculation is
the simulation of the action of the QCNN ESCNN onagiven ground state
|g;). The map 2N consists of alternating convolutional and pooling
layers. In our implementation the layers are translationally invariant
and are represented by parameterized two-qubit gates. The action of a
convolutional layer on an MPS amounts to updating two nearest
neighbor MPS tensors in a way similar to the time-evolving block
decimation algorithm®. The pooling layer is simulated in two steps.
First, we simulate the action of all two-qubit gates on an MPS. This is
analogous to the action of a convolutional layer, but performed on a
different pair of nearest neighbor MPS tensors. This step is followed by
a measurement of half of the qubits. We use the fact that the MPS can
be written as a unitary tensor network and hence allows for perfect
sampling techniques®. The measurement step results in a reduction of
the system size by a factor of two.

We repeat the application of convolutional and pooling layers
using the MPS as described above until the system size becomes small
enough to allow for an exact description. A few final layers are simu-
lated in a standard way and the empirical risk is given by a two-qubit
measurement according to the label y;, as in Eq. (10). The empirical risk
is optimized with the Simultaneous Perturbation Stochastic Approx-
imation algorithm®®. We grow the number of shots used in pooling
layer measurements as the empirical risk is minimized. This results in a
shot-frugal optimization®”, as one can control the accuracy of the
gradient based on the current optimization landscape.

Unitary compiling. In the Numerical results section, we show that the
task of unitary compilation can be translated into minimization of
the empirical risk Rg(a) defined in Eq. (11). Here, a = (8, k) denotes a
set of parameters that specifies a trainable unitary V(a). The opti-
mization is performed in the space of all shallow circuits. It has dis-
crete and continuous components. The discrete parameters k
control the circuit layout, that is, the placement of all gates used in
the circuit. Those gates are described by the continuous parameters
0. The optimization min Rg(a) is performed with the recently intro-
duced VAns algorithm®™7°. The unitary V(a) is initialized with a circuit
that consists of a few randomly placed gates. In subsequent itera-
tions, VAns modifies the structure parameter k according to certain
rules that involve randomly placing a resolution of the identity and
removing gates that do not significantly contribute to the mini-
mization of the empirical risk Rg(a). The gFactor algorithm*, mod-
ified to work with a set of pairs of states as opposed to a target
unitary, is used to optimize over continuous parameters 0 for fixed k.
This optimization is performed after each update to the structure
parameter k. In subsequent iterations, VAns makes a probabilistic
decision whether the new set of parameters a’ is kept or rejected.
This decision is based on the change in empirical risk ks(a’) - Rs(a),
an artificial temperature T, and a factor A that sets the penalty for
growing the circuit too quickly. To that end, we employ a simulated
annealing technique, gradually decreasing T and A, and repeat the
iterations described above until Rg(a) reaches a sufficiently
small value.

Let us now discuss the methods used to optimize the empirical
risk when V(a) is initialized close to the solution. Here, we start with a
textbook circuit for performing the QFT and modify it in the following
way. First, the circuit is rewritten such that it consists of two-qubit
gates only. Next, each two-qubit gate u is replaced with u' =ue’®",
where h is a random Hermitian matrix and 6 is chosen such that |ju —
u'|| =€ for an initially specified €. The results presented in the Numer-
ical results section are obtained with e=0.1. The perturbation con-
sidered here does not affect the circuit layout and hence the
optimization over continuous parameters @ is sufficient to minimize
the empirical risk Rs(a). We use qFactor to perform that optimization.

The input states |¢;) in the training set {|¢pi>,UQFT|¢pi>}:\il are

random MPSs of bond dimension xy=2. The QFT is efficiently
simulable”® for such input states, which means that Uqer|¢;) admits an
efficient MPS description. Indeed, we find that a bond dimension y <20
is sufficient to accurately describe Uqer|gp;). In summary, the use of
MPS techniques allows us to construct the training set efficiently. Note
that the states V(a)|¢;) are in general more entangled than Ugerl;),
especially at the beginning of the optimization. Because of that, we
truncate the evolved MPS during the optimization. We find that a
maximal allowed bond dimension of 100 is large enough to perform
stable, successful minimization of the empirical risk with gqFactor. The
testing is performed with 20 randomly chosen initial states. We test
with bond dimension xy=10 MPSs, so the testing is done with more
strongly entangled states than the training. Additionally, for system
sizes up to 16 qubits, we verify that the trained unitary Vs close (in the
trace norm) to Uqgrr, When training is performed with at least two
states.

Data availability
The data generated and analyzed during the current study are available
from the authors upon request.

Code availability
Further implementation details are available from the authors upon
request.
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Supplementary Information for
“Generalization in quantum machine learning from few training data”

Supplementary Note 1. Related Work
1. Related Work on Generalization Bounds for Quantum Machine Learning

In statistical learning theory, a variety of techniques for obtaining generalization bounds are known. The clas-
sical approach is based on complexity measures for the class of functions describing the machine learning model
(MLM) under consideration. Among these complexity measures, the VC-dimension [1], the pseudo-dimension [2],
the Rademacher complexity [3, 4], and covering numbers (and the related metric entropies) [5] are particularly well
known. More recently, different approaches that take properties of the learning algorithm into account have been
investigated, such as stability (introduced by [6]), differential privacy (going back to [7]), sample compression (due to
[8]), and the PAC-Bayesian framework (described in [9]). The theory of generalization for quantum machine learning
(QML) is less developed. Nevertheless, there has been some prior work, of which we now give an overview.

Ref. [10] proved bounds on the pseudo-dimension of quantum circuits in which the local unitaries can be varied.
In particular, these pseudo-dimension bounds imply generalization bounds for learning polynomial-depth unitary
quantum circuits from data. While the data encoding considered in Ref. [10] was a simple product encoding, this can
be understood as an early investigation of the generalization behavior of variational quantum circuits. In particular,
the techniques of Ref. [10] can also be applied for more general quantum data encodings. Ref. [11] has recently
extended the generalization guarantees of Ref. [10] from the realizable to the agnostic setting, using covering number
arguments. We note that all our generalization bounds apply to the agnostic setting, but for more general QMLMs
than considered in [11].

Ref. [12] suggested the so-called effective dimension, derived from the (empirical) Fisher information matrix, as a
complexity measure for the parameter space of a QMLM. In particular, Ref. [12] showed how to derive generalization
bounds from bounds on the effective dimension and investigated this complexity measure numerically for different
QMLMs. Contrary to the conclusions drawn in Ref. [12], the recommendations for QMLMs which we deduce from
our generalization bounds are not unequivocably in favour of higher expressivity. Instead, we emphasize the ability
to fit training data and the ability to generalize have to be balanced carefully. See Section III. in the main text for a
discussion of implications of our results for a potential quantum advantage in QML.

Refs. [13-15] studied the Rademacher complexity of parameterized quantum circuits and thus QMLMs. They
proved bounds on this complexity measure that depend on the size and depth of the circuit as well as on a measure of
magic in the circuit. Ref. [14] provides a resource-theoretic perspective on the Rademacher complexity of a quantum
circuit and Ref. [15] investigated the effects of noise in the circuit.

We mention one more related work that approaches generalization in QML via complexity measures. Ref. [16]
provides bounds on covering numbers of QMLMs and, using these, deduces generalization bounds. We have developed
our approach independently from Ref. [16] and have obtained both stronger and more general results. In particular,
Theorem 6 shows that the generalization error bound scales as \/T/N, where T is the number of trainable gates and

N is the number of training data, compared to T/v/N in Theorem 2 in the first version of Ref. [16]. In addition,
and in contrast to Ref. [16], we also consider the practically relevant scenarios of CPTP (not just unitary) QMLMs,
of multiple uses/copies of trainable maps, and of variable QMLM structure. Moreover, our optimization-dependent
generalization bounds for QMLMSs are the first bounds of this kind for QML and showcase a new way of using covering
numbers.

Ref. [17] has proposed an information-theoretic strategy towards studying the approximation and generalization
capabilities of QMLMs. In particular, Ref. [17] demonstrates how the approximation and generalization errors of a
QMLM can be bounded in terms of (Rényi) mutual informations between the quantum embedding achieved by the
QMLM (before the final measurement) and the label or instance marginals of the data, respectively.

Ref. [18] considered a class of QMLM (quantum kernels) that is equivalent to training arbitrarily deep quantum
circuits. The work also established generalization error bounds to study when quantum machine learning models
would predict more accurately than classical machine learning models. Ref. [18] showed that even if we are training
an arbitrarily deep quantum circuits, the generalization performance can still be good if a certain geometric criterion
is met. Ref. [19] provided generalization error bounds for quantum kernels in noisy quantum circuits, and Ref. [20]
studied the generalization performance of quantum kernels for some embeddings. Our work considers finite size
quantum circuits and the resulting generalization error bounds are very different.

Even more recently, Ref. [21] has proved bounds on the VC-dimension and the fat-shattering dimension of a QMLM,
by viewing the QMLM in terms of a parameterized measurement performed on the quantum data encoding. These



complexity bounds lead to generalization bounds for QMLMs that depend on spectral properties (more precisely, rank
or Frobenius norm) of the parameterized measurement.

Shortly thereafter, Ref. [22] studied the generalization capabilities of QMLMs with a focus on the strategy used
to encode classical data into the quantum circuit. In particular, they considered data encodings via Hamiltonian
evolutions, where data re-uploading is allowed. For corresponding QMLMs, Ref. [22] established generalization bounds
that depend explicitly on properties of the Hamiltonians used for data-encoding. These results are complementary
to our work: The generalization guarantees of Ref. [22] depend only on the encoding strategy used in the QMLM,
whereas our results are in formulated in terms of properties of the trainable part of the QMLM only.

Ref. [23] investigated the expressibility and the generalization behavior of specific QMLMs. By combining light
cone arguments with insights into how a specific data-encoding leads to effective dimensionality limitations (see also
[22]), Ref. [23] obtained VC-dimension bounds for the hardware efficient ansatz. These bounds depend on the number
of qubits and on the number of trainable layers. Ref. [23] interpreted the overall limitation on the VC-dimension
imposed by the data-encoding as an automatic regularization, which is helpful in avoiding overfitting.

Lastly, Ref. [24] investigated a problem of learning parametrized unitary quantum circuits from training data
consisting of pairs of input and corresponding output states. They established generalization bounds, and thus sample
complexity bounds, by first identifying a universal family of variational quantum circuit architecture, then considering
a finite discretization of this family, and finally applying a standard generalization bound for finite hypothesis classes.
We note that the generalization guarantee obtained from Theorem 6 is tighter than that obtained in Ref. [24]: For
a variational n-qubit QMLM with at most n¢ gates, [24, Theorem 2| implies that a sample complexity of O(nct1)
suffices for good generalization, whereas Theorem 6 tells us that already @(nc) samples suffice. Additionally, our
generalization guarantees apply for more general architectures than those considered in [24].

2. Related Work on Quantum Phase Recognition

Recognizing quantum phases of matter is an important question in physics. Recently, many works have considered
training machine learning models to classify quantum phases. The works include the use of quantum neural networks
[25] and classical machine learning models [26—29]. Most of the existing works do not come with rigorous guarantees.
Thus, it is not clear whether the respective machine learning models will predict well after training. Our work shows
that when a quantum neural network, such as a QCNN [25], can perform well on a training set with a moderate
amount of examples, the quantum neural network will also predict well on new data. This is particularly prominent
in QCNNs, for which the required training data size scales at most polylogarithmically in the system size. However,
in order for quantum neural networks to achieve a small training error, one still needs to address various challenges,
such as barren plateau in the training landscape [30, 31].

Recently, [32] has proposed provably efficient classical machine learning models that can classify a wide range of
quantum phases of matter, including symmetry-broken phases, topological phases, and symmetry-protected topologi-
cal phases. These classical machine learning models are efficient in both computational time and the required training
data [32]. Furthermore, the numerical experiments of [32] have shown that no labels of the different phases are needed
to train the classical machine learning models. The classical algorithm can automatically uncover the quantum phases
of matter in an unsupervised learning procedure.

It remains to be seen if QMLMs, such as QCNNs [25], can improve upon classical machine learning models in
classifying quantum phases of matter. For example, [32] shows that the prediction performance of classical machine
learning models sometimes degrades when the correlation length in the ground state wave function is high. It would
be interesting to understand whether QMLMSs can still work well when classical machine learning models fail.

3. Related Work on Quantum Compiling

Compiling of quantum circuits is a broad field with many distinct approaches. For example, temporal planning [33,
34], reinforcement learning [35], and supervised learning [36, 37] are three alternative approaches that have been
applied to quantum compiling. Moreover, while classical methods for quantum compiling are the most common, it
has also been proposed to do quantum-assisted quantum compiling where a quantum computer is involved in the
compiling process [38-41].

While not all methods employ training data, it is worth noting that some state-of-the-art methods are in fact based
on training data [36, 37, 42]. It is also worth remarking that noise-aware quantum compiling methods can involve
training data [37]. For these methods, it has largely been assumed that one would need an amount of training data
that grows exponentially with the number of qubits. Naturally, this exponential scaling places a cutoff on the size of



unitaries that one can compile. However, with our results in mind (allowing for only polynomial-sized training sets),
this cutoff can be significantly extended to larger unitary sizes.

For quantum compiling, the benefit of our work is two-fold, in that both classical methods and quantum methods can
potentially be sped-up. Classical methods for quantum compiling are currently being used in the quantum computing
industry to enhance the performance of cloud-based quantum computing (e.g., by companies such as Rigetti and IBM).
Therefore, speeding up classical methods for quantum compiling can potentially have a direct impact on cloud-based
quantum computing. Both standard compiling and noise-aware compiling are important for industrial near-term
quantum computing, and our work impacts both of these approaches.

In addition, quantum-assisted methods for quantum compiling can also reduce their resource costs based on our
results. Variational quantum algorithms for quantum compiling have been introduced [38-41]. Specifically, Refs. 38,
39, 43] discussed methods that employ an entangled state on 2n qubits to compile an n-qubit unitary. Due to our
work, this entangled state can apparently be reduced in size, namely only needing a Schmidt rank that is polynomial
in n (instead of a Schmidt rank that is exponential in n). Ref. [40] proposed a slightly different approach that did
not involve an auxiliary system, but simply used multiple training data points. Our work shows that the amount of
training data here does not need to grow exponentially in n, making the approach in Ref. [40] potentially scalable.

Finally, we note that variable ansatz methods (e.g., Ref. [44, 45]) for quantum compiling is a state-of-the-art
approach that is employed, e.g., in Refs. [36, 37]. As noted in the main text, our results are general enough to cover
the variable ansatz case (where the structure of the circuit changes during the optimization). Hence we provide
guidance for how much training data is needed for the variable ansatz case as well.

Supplementary Note 2. Auxiliary Lemmata

Before presenting our results, we use this section to recall some well known auxiliary results that enter our proofs.

1. Auxiliary Lemmata from Statistical Learning Theory

We use two standard concentration inequalities. The first is due to Wassily Hoeffding.

Lemma 1 (Hoeffding’s Concentration Inequality [46]). Let Xi,..., Xy be independent R-valued random variables.
Assume that, for every 1 < i < N, X; € [a;, b;] almost surely, where a;,b; € R, a; < b;. Then, for every € > 0,

N
P [Z(Xi ~E[Xi]) > g] <exp (=2 S wima?), (1)

i=1
]P [

> (X —E[X))

= 5:| < 2exp (*252/% (bi*ai)z) . (2)

The second is the bounded differences inequality, originally due to Colin McDiarmid.
Lemma 2 (McDiarmid’s Concentration Inequality [47]). Let X7, ..., Xy be independent random variables, each with

values in Z. Let ¢ : Z¥ — R be a measurable function s.t., whenever z € Z™ and 2z’ € Z" differ only in the i'" entry,
then |p(z) — ()| < b;. Then, for every € > 0, we have

Plp(2) ~Elp(2)] > €] < exp (2% 7). 3)

The third well known ingredient that we will employ in our reasoning without giving a proof is the following.

Lemma 3 (Massart’s Lemma [48]). Let N € N. Let A C RY be a finite set contained in a Euclidean ball of radius
r > 0. Then

N
v/2log|A
E, lsup}bZaiai] < ric)g|| (4)
1

)
acA i— N

where the expectation is w.r.t. i.i.d. Rademacher random variables o1,...,0n.



2. Auxiliary Lemmata from Quantum Information Theory

From quantum information theory, we crucially make use of the following lemma.

Lemma 4 (Subadditivity of diamond distance; see [49], Proposition 3.48). For any completely positive and trace-
preserving maps A, B,C, D, where B and D map from n-qubit to m-qubit systems and A and C map from m-qubit to
k-qubit systems, we have the following inequality

|AB - CD]s < |A—=Clo + B =Dl ()

Also, to translate between the spectral norm of unitaries and the diamond norm of the corresponding channels, we
employ the following result.

Lemma 5 (Spectral norm and diamond norm of unitary channels). Let U(p) = UpU' and V(p) = VoV be unitary
channels. Then, {[U(|¥)X¢|) — V(X)L < (U = V)[¥) ¢, for any pure state [¢)). Therefore,

sl =Vl < U=V (6)

Proof. The proof is adapted from [50]. Fix an input |[¢)) and denote the output state vectors by |u) = Uly) and
|v) = Vi), respectively. Normalization ensures that these state vectors obey |(u,v)| < 1, as well as |[|u) — |v)]l¢, =

2(1 — Re((u,v))). Apply the Fuchs—van de Graaf relations [51] to convert the output trace distance into a (pure)
output fidelity:

sllluXul = [o)vlll = V1 = [(u, v)2 (7)
= V(1 + [{w,0))(1 = [{u,v)]) (8)
< V2(1 = Re({u, 0))) 9)
= [[[w) = [v}le.- (10)

The diamond distance bound then is a direct consequence of this relation. Using the fact that stabilization is not
necessary for computing the diamond distance of two unitary channels [49], we get

slet =Vio = max sI(wXwl) = V(X)) (11)
S max[[(U = V)[¥)lle, = U = VI, (12)
Here, we have also used the definition of the operator norm. O

Supplementary Note 3. Analytical Results: Details and Proofs

We first introduce some standard notation. Let D(#H) denote the set of density operators (positive semi-definite
with unit trace) acting on the Hilbert space H. Let L(#H) denote the space of square linear operators acting on
H. Let L(#,7') denote the set of linear operators taking H to a Hilbert space H . The trace norm of a linear
operator A € L(H,H') is defined as ||A||; := Tr[|A]], where |A| := VATA. The trace distance between any two
operators A,B € L(H,H ) is ||[A — B, and for two quantum states p,c € D(H) it is linearly related to the
maximum success probability of distinguishing p and ¢ in a quantum hypothesis testing experiment. A linear map
Nap : L(Ha) = L(Hp) is called a completely positive (CP) map if (Zr ® Na_,5)(Xga) is positive semi-definite
for all positive semi-definite Xga € L(Hpa), where Hra = Hr ® Ha and the reference system R can be of arbitrary
size. Moreover, a linear map NMa_,p : L(Ha) — L(Hp) is trace preserving (TP) if Tr(Map(X4)) = Tr(X4) for
all X4 € L(Ha). A linear map Na_,p is called a quantum channel if it is completely positive and trace preserving
(CPTP). Let Na—,p and M 4_,p denote quantum channels. Then the diamond distance between N4, 5 and M4_,p
is defined as

INassg — Masglle = sup (Zr ® NassB)(pra) — (Zr ® Ma)(pra)|1, (13)
PRAED(HRA)

where Zg is the identity map acting on Hp.
As a consequence of the convexity of the trace norm and the Schmidt decomposition theorem, it suffices to optimize
Eq. (13) over pure states in Hpra with dim(Hg) = dim(Ha).



With the notation in place, we now present our analytical results. Generalization performance depends crucially
on the metric entropy, which characterizes both classical and quantum machine learning models [52]. Metric entropy
is a measure of complexity or expressiveness for a set of objects endowed with a distance metric.

In Supplementary Note 3. 1., we take the diamond norm as the distance metric and prove metric entropy bounds for
two sets of interest. First, we examine the set {4 of all unitaries that can be represented using a (fixed) variational
quantum circuit A with 7' parameterized 2-qubit unitary gates. More precisely, we consider the corresponding set
of unitary channels. Second, we study the set CPTP 4 of all CPTP maps that can be represented using a (fixed)
variational quantum circuit A with 7' parameterized 2-qubit CPTP maps. The latter scenario generalizes the former
and corresponds to the difference between perfect and noisy implementations. Note that, in both cases, the variational
quantum circuit itself could contain more than T gates. However, these additional gates would have to be fixed and
not trainable.

Using these metric entropy bounds and variants thereof, we establish prediction error bounds for variational quantum
machine learning models (QMLMSs) in terms of the number of trainable elements in Supplementary Note 3.2.. We
consider different scenarios of interest, among them that of using multiple copies of a quantum neural network (such
that parameters are reused over different copies), as well as both fixed and variable circuit architectures.

1. Covering Number Bounds for Variational Quantum Circuits

In this section, we provide bounds on the expressivity of the class of CPTP maps (or unitaries) that a quantum
machine learning model (QMLM) can implement in terms of the number of trainable elements used in the architecture.
As a measure of expressivity, we choose covering numbers and metric entropies w.r.t. (the metric induced by) the
diamond norm. We first recall the general definition of covering numbers and metric entropies.

Definition 1 (Covering nets, covering numbers, and metric entropies). Let (X, d) be a metric space. Let K C X be
a subset and let € > 0.

e N C K is an e-covering net of K if Vo € K Jy € N such that d(z,y) < e. That is, N C K is an e-covering net
of K if and only if K can be covered by e-balls around the points in V.

e The covering number N (K, d, ¢) is the smallest possible cardinality of an e-covering net of K.
e The metric entropies log, N (K, d, €) are the logarithm of the covering numbers.

In finite-dimensional real spaces, the covering numbers of norm balls, and thereby of norm-bounded sets, can be
bounded easily. We make use of this observation to provide basic covering number bounds for the classes of 2-qubit
unitaries and 2-qubit CPTP maps. We first state the bound for the unitary case.

Lemma 6 (Covering number bounds for 2-qubit unitaries). Let || - | be a unitarily invariant norm on complex 4 x 4-
matrices. The covering number of the set of 2-qubit unitaries ¢ (C? @ C?) w.r.t. the norm | - | can be bounded
as
2 2 6 Lca .
NUCRC?),|-|e) < =), for0<e<|lol (14)

Proof. Tt is well known (see, e.g., Section 4.2 in [53]) that the covering numbers of a norm-ball of radius R > 0 around
some point z € RX, for 0 < € < R, can be bounded as

2R\ _ [3R\"
NBanl -1 < (1+2) < (2 (15)
where the ball and the coverings are taken w.r.t. the same norm.

In our scenario, we can apply this as follows: As | - | is assumed to be unitarily invariant, we have |U| = |L¢4| for
every unitary U € U (C* ® C?). In particular, we have, for R := |L¢s| that U (C? @ C?) C Bgr(0), where Bg(0) is
the ball of matrices with 4 x 4 = 16 complex entries around the O-matrix is taken w.r.t. | - |. Therefore, we have

2 2 £ 6 Lca e
N U@ o) 1o <A (BaO).115) < (P2) ) foro<e < e, (16)

where the first step uses the approximate monotonicity of (interior) covering numbers (see, e.g., Section 4.2 in [53]). O



This covering number bound becomes particularly useful for the spectral norm, for which |[Lcs| = 1.
With an analogous reasoning, we can prove a covering number bound for 2-qubit CPTP maps.

Lemma 7 (Covering number bounds for 2-qubit CPTP maps). The covering number of the set of 2-qubit CPTP
maps CPTP (C2 ® (C2) w.r.t. the diamond distance can be bounded as

512
N(CPTP(C2®C2>7||'||<>,€)<<E> , foro<e<l. (17)

Proof. As CPTP maps have diamond norm equal to 1, this follows (analogously to the previous Lemma) by upper-
bounding the covering number of the diamond-norm unit ball, which lives in a (2* x 2%)-dimensional space over the
complex numbers. The latter can be achieved as in the previous Lemma. O

We combine these basic upper bounds for single trainable elements with sub-additivity of the diamond norm
(Lemma 4) to obtain a covering number bound for the class of maps that can be implemented by a variational
QMLM, understood as a parametrized CPTP map as described in the main text. Again, we first state the bound for
the unitary case.

Theorem 1 (Metric entropy bounds for unitary QMLMSs). Let 5§MLM(-) be an n-qubit QMLM with T parameterized
2-qubit unitary gates and an arbitrary number of non-trainable, global unitary gates. Let /MM 14 ((CZW') denote

the set of n-qubit unitaries that can be implemented by the QMLM E;QMLM(-).
Then, for every e € (0, 1], there exists an e-covering net N of (the set of unitary channels corresponding to)
w.r.t. the diamond distance such that the logarithm of its size can be upper bounded as

LQMLM

log(I\.]) < 32T log <1Q€T> . (18)

Proof. Let € € (0, 1], write ¢ := 5%. By Lemma 6, there exists an &-net N:ofU (C? ® C?) w.r.t. the spectral norm of
size |NE| < (8/2)™ = (127/2),

Note that any U € UMM s of the form U = VpUrVp_1Up_1Vir—o... ViU Vi, where Uy, 1 < t < T, are a
particular choice of the trainable 2-qubit unitaries and Vi, 0 < s < T + 1, are the non-trainable n-qubit unitaries
occurring in the QMLM. (For ease of readability, we have not written out the tensor factors of identities accompanying

the U;.) We now consider the set of unitaries obtained by plugging the elements of N: as trainable 2-qubit unitaries
into the QMLM. That is, we take

N = {VTUTVT—1UT—1VT—2 VU | U e Ny 1<t < T} . (19)

Let U € UMM he an arbitrary n-qubit unitary that can be implemented by the QMLM, ie., U =
VrUrVr_1Ur 1V _o... ViUV, for some U; € U(C? @ C%), 1 <t < T. Let U denote the corresponding unitary
channel. As Nz is an &-net for the set of 2-qubit unitaries, we can find U, € Nz, 1 <t < T, such that |U; — U;| < é
for all 1 <t < T. Then, the unitary channel U described by U:= VTUTVT,l UT,l Vr_s... V1 Ulvo € N satisfies

T+41 T T
[eh —Ulo <D Ve = Vilo + DU —Uslo <2)|U: — Ty <, (20)
5=0 t=1 t=1

where we iteratively applied sub-additivity of the diamond distance (Lemma 4) in the first step, then used the relation
between the diamond distance of unitary channels to the spectral norm distance of the corresponding unitaries (Lemma
5), and in the final step plugged in the definition of &.

Thus, we have shown that the set of unitary channels with unitaries in A; is an e-covering net of the set of unitary
channels with unitaries in /QMM w r.t. the diamond distance. As [N| = |Nz|T (by definition of A), plugging in the
bound on the size of Nz then gives the desired bound on the cardinality of M. and thereby of our covering net. [

For variational quantum circuits consisting of CPTP maps, we obtain an analogous result upon replacing Lemma 6
by Lemma 7 in the previous proof:

Theorem 2 (Metric entropy bounds for QMLMs of CPTP maps). Let EBQMLM(-) be an n-qubit QMLM with T’
parameterized 2-qubit CPTP maps and an arbitrary number of non-trainable, global CPTP maps. Let CPTPMIM
CPTP ((C2)®") denote the set of n-qubit CPTP maps that can be implemented by the circuit QMLM S;QMLM(-).
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For any £ € (0,1], there exists an e-covering net A of CPTPIMEM 1 t. the diamond distance such that the
logarithm of its size can be upper bounded as

log(IN.]) < 512T log <6€T> . (21)

In both scenarios, the metric entropy grows at worst slightly super-linearly with the number of parameterized (and
thus trainable) operations.

We also provide a generalization of these metric entropy bounds that is natural for the scenario in which trainable
gates are reused in the quantum machine learning model:

Theorem 3 (Metric entropy bounds for QMLMs of reused CPTP maps). Let EQMLM( -) be an n-qubit QMLM with

T parameterized 2-qubit CPTP maps, in which the ™ of these maps is used M, times, and an arbitrary number of
non-trainable, global CPTP maps. Let CPTPYMM  cpTP ((C?)®™) denote the set of n-qubit CPTP maps that

can be implemented by the QMLM SQMLM( ).

For any € € (0,1], there exists an e-covering net N of CPTP
logarithm of its size can be upper bounded as

log(|V.]) < 512 (Tlog (6 ) + Zlog(Mt ) . (22)

Proof. We can use the same reasoning as in the proof of Theorems 1 and 2 to show that we can define an e-covering
net N. for CPTPIMIM (wrt. |- |s) by plugging the elements of an &-net for CPTP(C? (CQ) into the positions
of the QMLM corresponding to the " independently trainable 2-qubit map, where &, = s M When picking the
&;-nets with cardinality bounded as in Lemma 7, the cardinality of N can be bounded as

QMIM o 1 t. the diamond distance such that the

512

i) () (i)

Taking a logarithm gives the claimed metric entropy bound. O

The growth of the metric entropies in terms of 7', the number of independently trainable maps, is still at most
slightly super-linear. But the growth in terms of the numbers of times that the trainable maps are reused is only
logarithmic.

Note that we have formulated the metric entropy bounds for the qubit case only, but they can naturally be extended
to the qudit case. Then the upper bound will depend polynomially on the dimension d.

We provide one more metric entropy bound for QMLMs, which also takes the training procedure into account, in
Theorem 8. Formulating this bound, however, requires us to fix some (notational) assumptions on the optimization
procedure used for training. Therefore, we postpone this final metric entropy bound to Supplementary Note 3.2.5..

Remark 1. Both in this section and in the following ones, we formulate our results for QMLMs whose parametrized
gates act on (at most) 2 qubits. Our proofs and results straightforwardly extend to the case in which the parametrized
gates act on (at most) x qubits. In particular, when going from 2- to x-local, the T-dependence remains the same.
Ounly the constant prefactors in the metric entropy bounds (and thus the generalization bounds) change, namely from
2-2% to 2-22% in the unitary case, and from 2 - 2% to 2- 2% in the CPTP case. Since & is constant, then the latter is
just prefactor that does not change the scaling of our theorems.

2. Prediction error bounds for quantum machine learning models

Using well-established tools from statistical learning theory, we can derive prediction error bounds for QMLMs
from the covering number bounds established in Supplementary Note 3. 1.. Before doing so, we describe our setting
in detail.

During the training process, we optimize the parameters a in the (CPTP map implemented by the) quantum
machine learning model EYMIM(.) according to some criteria and depending on the training data. Here, we write
a = (0, k) if we consider both discrete, structural parameters k and continuous parameters 6. If the QMLM structure
is fixed and only the continuous parameters are optimized, we write only 6 (instead of ). Note that we do not make
any further assumptions on how the QMLM E@MIM(.) depends on the parameters a = (6, k) other than that the



discrete parameters only encode different choices of quantum circuit architectures. In particular, the dependence of
the trainable gates on the continuous parameters € can be arbitrary.

We use an observable to quantify how good/bad the output state is, this will serve as our loss function. More
concretely, for an input x; and (classical or quantum) target output y;, we define the loss function of the parameter
setting o to be

Ui ai,y) = Tr [0 (EQ™M @ id) (p(x))] (24)
for some Hermitian observables O;OSZ Here, z — p(z) is some encoding of the classical data into quantum states
that is fixed in advance.

As is common in classical learning theory, the prediction error bounds will depend on the largest (absolute) value
that the loss function can attain. In our case, we therefore assume Cioss := sup, ,, O] < co. That is, we assume
that the spectral norm can be bounded uniformly over all possible loss observables.

For a training dataset S = {(x;,y;)}Y, of size N € N, the average loss on the training data is given by

N
1 .
Rs(a) := v E ey, y) = N E Tr [0%5 (ESMM @ id) (p(4))] | (25)

i=1

which is often referred to as the training error or empirical risk. This quantity can (in principle) be evaluated, given
the parameter setting a and the training data.
When we obtain a new input z, the prediction error of a parameter setting « is taken to be the expected loss

Rla)= E Ueszyl= E Tr (025 (€M @id) (p(2))] (26)

where the expectation is w.r.t. the distribution P from which the training examples are generated. This quantity is
called the prediction error or expected risk. The goal of any (classical or quantum) machine learning procedure is to
achieve a small prediction error with high success probability.

As the underlying distribution P is usually unknown, we cannot directly evaluate the prediction error, even if we
know the parameters . In practice, one therefore often takes the training error as a proxy for the prediction error.
However, this procedure can only succeed if the diff