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A new approach for structural optimization of series systems
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ABSTRACT: Optimization of structural systems with respect to cost is a well-known application of mathemat-
ical optimization theory. However, optimization of structures with respect cost under probabilistic reliability
constraints has been subject of only very few studies. The difficulty in using reliability targets or probabilistic
constraints lies in the fact that modern reliability methods themselves are formulated as a problem of nonlinear
optimization. In this paper a special formulation for series systems based on the so-called first-order reliability
method (FORM) is presented. It is demonstrated that the problem can be solved by a one-level optimization
problem. Two examples demonstrate the algorithm indicating that the proposed formulations are comparable in
numerical effort with an approach based on semi-infinite programming but are definitely superior to a two-level

formulation.

1 INTRODUCTION

Effective techniques have been developed during the
last 25 years to calculate the reliability of structural
components and systems of structures. The evalua-
tion of structural reliability is well known for given
sets of basic uncertainty variables, state functions and
deterministic parameters. The numerically expensive
part typically is nonlinear optimization, at least if the
well-known First or Second Order Reliability Meth-
ods (FORM/SORM) are used. The inverse reliabil-
ity problem, i.e. the determination of free parameters
in the state function for a given (fixed) reliability, has
also found some solutions (see, for example, Der Ki-
ureghian 1994).

Deterministic optimization with respect to cost, weight
or other economical unities and certain performance
criteria has been one of the prominent applications of
mathematical optimization. The combination of opti-
mization and reliability analysis can be used as a deci-
sion tool in view of the conflicting aims of safety and
economy. Reliability oriented optimization of struc-
tural systems can be specified by the following task:
(RBCOQ) - Reliability-Based Cost Optimization

Minimization of total cost subject to reliability
of the structural system and other constraints.

The total cost can include or do not include expected
failure cost of the system and/or single components.
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This task has been investigated repeatedly and in part
successfully. For example, Enevoldsen & Sarensen
(1993, 1994) defined the top-level (optimization of
cost variables) and the sub-level (reliability estima-
tion). However, a proof for general convergence of
the bi-level approach is still missing. The fact, that the
failure domain depends on cost parameters, leads to
mathematical difficulties of proof. The development
of interactive SQP-algorithms by Peterson & Thofi-
Christensen (1994, 1996) leads to an academic fool
of handling numerical trouble inside the algorithms.
Kirjner-Neto etal. (1993) proposed another promis-
ing approach for components within the frame work of
FORM. An extension of this approach for series sys-
tems has been suggested by Polak etal. (1997).The al-
gorithm essentially makes use of semi-infinite program-
ming.

In the following a new approach for the minimiza-
tion of total cost with (system-jreliability constraints
will be developed using a mono-level approach. The
mono-level approach is based on an idea by Friis Han-
sen & Madsen (1992). The (mathematically) correct
foundation and formulation of the mono-level algo-
rithm for structural components has been developed
by Kuschel & Rackwitz (1997). The total cost can be
minimized. Total cost can include the initial cost and
the expected cost of failure. The reliability is bounded
by a maximum failure probability or a minimum re-
liability index. An advantage of the mono-level ap-




proach is that reliability maximization under cost con-
straints is possible as well as its refinement to SORM
(Kuschel&Rackwitz, 1999). Recently, the formula-
tions were also extended to time-variant component
reliability (Kuschel&Rackwitz, 1998).

This paper extends the mono-level formulation to min-
imizing the cost of a structural (series) system subject
to constraints on the maximum FORM failure prob-
ability on each failure mode and a number of deter-
ministic constraints on structural performances. The
new mono-level formulation uses a mathematical re-
formulation of a problem which is similar to the one
suggested by Polak etal. (1997).

The mono-level optimization of series systems will be
demonstrated at two examples. The reliability-based
optimization of systems cost is solved by Schitt-
kowski’s nonlinear optimization algorithm NLPQL.

2 BASIC FORMULATIONS OF RELIABILITY
PROBLEMS

2.1 Failure Probability of Components

Let X = (X;,...,X,.)" be a n-dimensional vector
of random variables with distribution law Px and dis-
tribution density fx. The d-dimensional vector p of
cost parameters can involve deterministic parameters
but also parameters of the distribution (law) Px.

T'he state (performance) function or failure function is
denoted by G(x, p), so that G(x, p) > 0 denotes the
safe state, G(x, p) = 0 the limit state and G(x,p) < 0
the failure state. G(x,p) = 0 will also be denoted
by failure surface. It is assumed that G(x, p) is at
least twice differentiable. The (time-invariant) failure
probability then is

Frip)= / Px (dx) = / fx (x) dx

G{z,p)<0} G(x,p)<0

provided that the probability density fx exists which
is assumed throughout. Moreover, it is assumed that
the probability distribution functions are continuously
differentiable. Especially for large n and complex state
function an exact evaluation by numerical integration
can require considerable computational effort or an
analytical result for the integral is absent. Therefore,
some special methods have been devised which can do
the integration efficiently. Let a probability distribu-

tion transformation T : » R™ exist which maps
the random vector X = (X,,..., X.)" into an inde-
pendent standard normal vector U = (Uy,...,U,)

(see, for example, Hohenbichler & Rackwitz 1981,
Der Kiureghian & Liu 1986).

With the new state function g(u, p) = G(T"(u), p)
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and the failure domain 7, = {u : g(u, p) < 0}, it is:

P (p) / ‘v (du) / Wy () da

Fo a(u,p)<0
where Fyy is the standard normal distribution law and
py is the standard normal density.

2.2 Structural Reliability Methods of Components

Now, if the limit state function g(u, p) = a’u+74. is

. p
linear, then an exact result will be P,(p) = & B,
&d(.) is the standard normal integral,

If g(u,p) = a’u+ B3, with 3 a’u* and where

u* is the solution of the following optimization prob-
lem

(BP)

minimize  ||lul|
subject to glu,p) <0,

there is (Rackwitz & Fiessler 1978)

P_f (p) =~ P ( ‘{l'l

I'his approximation method is called First-Order Relia-
bility Method (FORM). The solution point u* of the
optimization problem (3P), the so called design point
or 3-point, defines the First-Order Reliability Index

J‘p, 1 (Fp) = |u’

« is the vector of direction cosines of the solution
point. Reference to the parameter vector p is omit-
ted here and in the following whenever this is possible
without loosing clarity. Various methods exist to im-
prove this first-order estimate. In practice, such im-
provements are rarely necessary.

2.3 Optimality Conditions for [3-Points

The first-order reliability index (3, i.e. the minimum
distance from the origin to the limit state surface in
standard normal space, can alternatively be used as a
measure of reliability. If u* is an optimal point for
(BP), the B-point is a Kuhn-Tucker-point. The fol-
lowing theorem is proved in Kuschel & Rackwitz (1997)

Theorem 1 (3-Point-Theorem)

Ifu®, withu* # 0, is the solution point of optimization
problem (BP), then the following two statements hold
for each p

a) g(u*,p) =0,

b) u*Vug(u*,p)
]

la* [ Vug(u*,p)|| =0

I'he equations a) and b) are necessary (first-order) op-
timality conditions for the -point. Kuschel & Rack-
witz (1997) have shown that the §-Point-Theorem is

the main utility for the mono-level-formulation of com-
ponential problems. In the next section it is demon-
strated that the /3-Point-Theorem is also the main util-
ity for the mono-level-optimization of series systems

3 SOME APPROACHES FOR STRUCTURAL
OPTIMIZATION OF SYSTEMS

An extension of the mono-level approach for the
RBCO-problems of structural series systems will be
derived and discussed. Reliability is to be analyzed
by the method of first order (FORM). Consider the op-
timal design of a (separable) series system, in W

a separate constraint is imposed on the probability of
each failure mode. In essence, separable series sys-
tems show no or no significant correlation among fail-
ure modes. Therefore, they must be considered as ide-
alized series systems.

First the bi-level formulation of the RBCO problem
for separable series systems by Polak etal. (1997) is
presented. The
o continuously differentiable cost function:

C R - R

sys - &

is deterministic. The cost function Cj,,, does not con-
tain expected damage or failure cost in the formulation
Polak etal. (1997). The set of functions

sug

gested by
gr : R*" xR?* = R, k=1,...,s, is the set of the

continuously differentiable status functions. The con-
tinuously differentiable

o reliability functions of first order:

v X ... X

— :
—RI=1

describe the FORM-approximations to prescribed
boundaries of the (system) failure probabilities

[hus the (time-invariant) RBCO problem for separa-
ble series systems in the formulation by Polak etal
(1997) is defined by

T B B
minimize sl
subjectto : (uy,...,u0,)<0 ,l=1,

il

3 2 F
u = arg min 4 |luj]”, ge(u,p) < 0}

H(p) 0,

Here H(-) denotes a constraint vector of m’ equality
constraints and m inequality constraints of structural
performance requirements on the cost vector p and
uy,. . .,u,,u €ER" are vectors of independent, standard
normal distributed variables.

The determination of the failure probabilities of struc-
tural systems in standard space is treated in detail in
Hohenbichler & Rackwitz (1983) and Hohenbichler et
al. (1987). Here, in agreement with the requirement
of separability we assume that the system failure prob-
ability is well estimated by the sum of componential
failure probabilities.

The bi-level cost optimization problem for separable
systems (SYS-SE), defined above, can be simplified
in the special case of only one state function (in detail
examined by Kuschel & Rackwitz 1997). The opti-
mization problem (CRP) has to consider the reliability-
relevant constraint @ (- ||ul]) < PPesm=m,

The reliability-evaluating function - then is:

¥{u) =% (—f|lu
This simplifying application of the RBCO-problem
(SYS-SE) leads directly to a bi-level formulation for

the reliability-based cost optimization, as indicated by
Kirjner-Neto etal. (1995).

. (1997) developed an algorithm on the ba-
f semi-infinite optimization in order to solve the
on problem (SYS-SE). However, this struc-
on method is limited to cost functions
without expected failure costs due to their problem
structure.

I'he same problem can also be studied in the mono-
level formulation. The optimization aim is the mini-
mization of the

o function of expected total cost

(L-“M_:«_""" — 0. 00

A,p) = G+ C(p)

LG sys\ U1, - -

+ 3 Li(p) - ® (- JluelD) .

k=1
where Cj are fixed construction cost and C(p) are
variable construction cost. The possible failure cost
Li(+) can be considered separately for each individual
failure mode. The total expected failure cost are cal-
culated analogously to Kuschel & Rackwitz (1997) by
the sum of all expected failure costs of each individual
failure mode. If the failure event in each mode causes




the same damage costs L(p), then:

Sﬁf‘]ﬂ‘\ln [lael)) :’(|!)~'S—\“i’( [l
=1 P

Now the RBCO-problem for separable series systems
is to be formulated by the use of mono-level approach.
First the reliability constraints of the bi-level problem
(SYS-SE) are reformulated individually for the vari-

ous boundaries. Thus it follows:

ymazimum

P R

In the next step the mono-level formulation for the
reliability-based cost optimization problem for series
systems with separable reliability conditions for each
failure mode results in analogy to the optimization prob-
lem (CRP) (see Kuschel & Rackwitz 1997) by in-
tegrating the equality constraints a) and b) of the f3-
point-theorem in:

CRP-SYS

minimize
e
subject to ) < pazimumn
=5 e S
gr(ug,p) =10 k=1, §
ul Vug(ug, p)
+ |[uel ||V ug(ug, [)}‘I = ()
Rl e iy
f]"[) ) Um' m
u u < ugp R e 8

P<p<p"
If different failure cost are associated with each failure
mode the objective function is

Co+ C(p) + LLA{P P (- [Juglf)

where L.(p) (k s+ -, 8) are specific failure costs
of each failure mndc k

NUMERICAL EXAMPLES

The above theory is illustrated at two examples, The
minimization of cost under reliability constraints of
series systems is carried out by a non-commercial pro-
gram package COSTREL based on

e the non-linear optimization algorithm NLPQL
by Schittkowski (1985) and on

e tools of STRUREL'Y by RCP GmbH (1998),)
The programs written in Fortran enable to handle sim-
ple cost optimization as well as cost optimization with
expected failure cost included. The first task, in gen-
eral, is relatively easy, inexpensive and reliable although
the required number of iterations is a little larger than
for simple component analysis. The case with expected
failure cost included is more involved as it requires ad-
ditional non-linear scaling of the objective function to
reach convergence. Also, it is substantially more ex-
pensive than simple cost optimization.

4.1 Portal Frame

A first simple example is the frequently studied rigid-
plastic portal frame with three different failure modes
The design objective is to minimize the deterministic
parameter p which denotes the mean of the third plas-
tic moment.

Hence, the one-dimensional cost parameter is the mean
of M3 and given by p = p. The elements of the 7-

dimensional random vector X =(M;, ..., M5, Xz, X;)T

are independent and log-normally distributed. The mean
values and standard deviations are chosen as shown in
the table below:

Mean values and standard deviations
of random variables

a

e [ Mip] My [Mys | X |

| Unit (kNm] | [kNm]

|k\mf [n\] [k\\’

| 50 [ 40
)| 10 ’ 10 |

The portal frame can fail in the tree different types of
failure modes, shown in the figure 3. Then, the three
state functions Gy, k = 1, ..., 3, are given by the prin-
ciple of work. Given is the random vector X, the de-
terministic cost parameter and the height h = 5 [m] of
the frame. The state functions can be formulated as:
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Figure 1, Failure modes of the portal frame

e sway mode

Gi1(X,p) = My + My + My + Ms — hXg

o vertical mode

G2 (X,p) = My + 2Ms + My = hXy

¢ combined mode

Gz (X,p) = My + 2M3 + 2My + Ms — h (X + X-

['he variable construction cost are

At first, the total cost only depend on the construc-
tion cost C(-), i.e. the lg\puud) failure cost are not
included. Hu problem does not contain further con-
straints on the cost parameters. }h maximum ad-
missible failure probability P, * in each mode
is 107

T'he optimal cost parameter p

1S

and the optimal cost are after a few iterations

C* = 34283 [cu

T'he local reliability indices are:

839,4.048,3.719)

and corresponding failure probabilities are

* of the rigid-plastic frame
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fulfilling the reliability requirements. If, however, ex-
pected failure cost are included with

and the same reliability constraints are maintained the
optimal total expected costs are

O e = 943.02  [CU].

1
8.4

Five Story Building

T'he second example is a five story building with 16
square columns per story (see Figure 1), which was
already used by Polak etal. (1997). The design ob-
jective is to minimize the sum of the cross-sectional
areas of the columns. It is assumed that the elastic
modulus E of the columns to be designed is random,
and that the five story building is subjected to five
random quasi-static loads Fi, k = 1,...5 (see Figure
2)

Ihe cross-section pg denotes the area of the column
the kth floor. Hence, the vector of lhc cost parameters
is given by p = (py,....ps The elements of the
random vector X = , F5)T are independent
and iouruhnm.}%l\ nnrmal distributed with a C.o.V
The mean value of the modulus of elastic-
ity E is 4000 [xpsi] and the mean values of the random
loads are chosen as shown in the table below. Givenis
the random vector X and the deterministic cost vector
p. The displacements vg, £ = 1,...,5 can be com-
puted by solving the following linear system of equa-
tions, which is obtained by assuming that the structure
is linear-elastic.

I
|
!
|
i



o

60 fi

Figure 2. Cross section of 5-story-building to be designed

Mean values of random loads

| Load i b | F Fy
Mean [kpsi] | 5: 1774 1929

_p'z’
P+pl
A -
The state functions G, k = 1,. .., 5, depend directly
on the displacements v, and can be defined by the fol-
lowing formulas:

(r': (X, ’)1
Ge (X, p)

0.002 - h — vy
0.002- h — (v — Ve—1) ,

S —
where h denotes the story height, thus it is

hi=34din —~12ft=60ff/b .

The variable construction cost depend on the sum of
the areas of the cross-sections. Hence the (expected)
total cost are

Co,u45(P) = C(P) = (p1+po+patpatys) - Licunn®),

where [CU] is a currency unit. The cost optimization

5th Floor

4th Floor

3rd Floor

2nd Floor

Ist Floor

60 fi

Figure 3. Front view of 5-story-building to be designed

problem does not contain further constraints on the
deterministic cost parameter p. The total costs exclu-
sively depends on the construction cost C(-), i.e. the
(expected) failure cost are not included. The maxi-
mum admissible failure probability Pfe=™*™ is given
by 0.00621. The corresponding minimum admissible
reliability index is 2.500.

The optimal cost are

v

which are determined by the optimal cost parameter
Fie Lan
(P}, P2, P3, P4, P5)

(292.04,272.45, 246.86, 212.04, 160.32) .

The local reliability indices are in each failure mode:

(B3, 85, 85,8, BY) =

(2.50,2:50, 2.50, 2.50; 2.50) .

The results are the same as in Polak etal. (1997). The
numerical effort for semi-infinite optimization (see Po-
lak etal. 1997) and the mono-level optimization can
be compared in the following table. The table shows
that the mono-level optimization will require some-
what larger numerical effort than the method by Polak
etal. (1997) and this conclusion appears to hold also
in other examples. However, it is to be noticed that
with the semi-infinite algorithm suggested by Polak et
al. (1997) only RBCO problems without failure cost
can be solved.

Numerical effort of different methods
T Mono-Level- | "semi-infinite
Optimization | programming” |

(Polak et,al, 1997} |

|
|
|
|
i
i
|
|

i
Calls of
State Fuction

Gradients of

| random variables

| cost parameters |

5 SUMMARY AND CONCLUSION

A mono-level reliability-based cost optimization of se
ries systems (CRP-SYS) based on FORM-concepts
given maximum failure probabilities for each failure
mode and, possibly, some other constraints is derived.
The great advantages of the new mono-level optimiza-
tion problem (CRP-SYS) are:

a well-known standard non-linear optimization al-
gorithm, e.g. a SQP-algorithm, can be used to solve
the problem,

the formulation of the optimization task is espe-
cially simple,

the method appears locally stable and robust and

scaling problems for complicated problems are han-
dled by standard optimization routines.

T'he mono-level formulation of series systems has, no
doubt, some disadvantages (see also Madsen & Fruis
Hansen 1992 or Kuschel & Rackwitz 1997). Asin
componential optimization:

e the numerical calculation of second derivatives of
the state function is required and

a probability distribution transformation from the
standard normal u-space to the original space x must
be included explicitly, because a standard space for-
mulation is required for the mono-level approach to
work.

Some additional numerical effort sometimes is neces-
sary in order to achieve convergence, for example, by:

e selection of good starting values and

e monotonic transformations of the objective func-
tion and/or reliability constraints.

The numerical investigation show: that the algorithm
turns out to be robust and efficient if the cost con-
straint is a simple function of p only. The function
Ca ays(11, u,, p) of total expected cost, however,
is strongly non-smooth for very small reliability in-
dices 3, , = [luy/| and large failure cost. In this case
suitable monotonic transformations (smoothing of cost
function) can considerably improve efficiency and re-
liability of the nonlinear optimization algorithm. A
sensitivity analysis of the cost function Cg ;s and an
investigation of importance measures or (see Kuschel
& Rackwitz 1997) can also help to retain numerically
non-zero gradients: For very large reliability indices,
say |luell > 7.0,k = 1,. .., s, the total expected cost
are simply the initial cost C'(p).

An extension to SORM exists for componential RBCO-
problems (see Kuschel & Rackwitz, 1999) and, con-

ceptually, appears straightforward for series systems.

However, such an extension is of little practical inter-

est and would be rather time consuming. The min-

imum cost problem is formulated for an arbitrary set

of separable state functions. Hence, the present mono-

level formulation (CRP-SYS) is restricted to separa-

ble failure modes only A generalization to multiple

dependent failure modes (unions of failure modes) ap-

pears possible and is presently under study. The alter-

native problem of optimizing reliability of separable

or dependent series systems under total or individual

cost constraints with expected failure cost included or

not also appears possible from a conceptual point of
view. One must expect relatively large numerical ef-

fort, at least for approaches along the lines discussed

in the above.
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