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Abstract

One of the popular method used for Model Order Reduction (MOR) of non-linear Par-
tial Differential Equations (PDEs) is the Proper Orthogonal Decomposition (POD) with
Galerkin Projection (GP). The POD – GP method finds the optimal subspace in L2 sense
that encapsulates the system’s dynamics and projects the governing PDE in this subspace.
This method finds utility in large classes of problems. However, advection dominated
PDEs require a large number of dimensions, or modes, to encapsulate the system dynam-
ics properly. Therefore, the POD – GP method is observed to fail for advection domi-
nated PDEs due to truncation of the higher modes. Often the alternative approach used
for advection dominated PDEs are non-linear MOR, which are frequently based on Deep
Learning methods and lack explainability. In this thesis work, we formulate a method that
combines a coupled linear and non-linear MOR, such that it overcomes the issue of POD –
GP while still retaining the formulation. In the proposed POD – CAE projection method,
the first few POD modes are used for GP while the truncated modes are projected using
CAE and are progressed using an LSTM model. We show that this formulation provides
the linear MOR with necessary information about the dynamics of the truncated modes
through coupling between the two models. We apply the POD – CAE formulation to solve
the Burgers’ equation and radiative heat equation to demonstrate the capability, flexibil-
ity, and explainability of the proposed formulation. Our results show that the formulation
is able to tackle the challenges faced by the POD – GP method. Additionally, examining
the low dimensional space allows the user to isolate the sources of error in the method,
thereby providing explainability.
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1 Introduction

Partial Differential Equations (PDEs) are ubiquitous since they describe several physical
phenomena such as Fluid Flows, Electromagnetism and Quantum Mechanism. While
some of these equations have an analytical solution, many require high fidelity simulations
of parameterized PDEs. In general, high fidelity simulations have a very high associated
computational cost and are often prohibitive for real-time or multi-query applications. The
former case requires a solution of the full order model (FOM) or high fidelity simulation in
a very short time, while the latter requires the solution of the FOM for several parameter
values. To tackle these challenges reduced order models (ROM) are developed. The assump-
tion behind the construction of ROM is the solution of any parameterized PDE, in the full
(discrete) space, lies on a low dimensional solution manifold embedded in the full space
[ 12 ]. The goal of ROMs are to approximate this solution manifold which encapsulates all
the solution of the PDE for varying parameters in the parameter space.

There have been several works in the past two decades that are dedicated to the devel-
opment of accurate and efficient MOR [ 8 ,  10 ,  23 ,  34 ,  9 ,  28 ]. One of the popular method used
for model order reduction is Proper Orthogonal Decomposition (POD) with Galerkin Pro-
jection (GP) [ 34 ]. The POD method finds the optimal subspace in L2 sense, which encap-
sulates the data dynamics and then the governing PDE is projected into this subspace. The
projected equation can be used as a surrogate model for various applications. The POD –
GP, by definition, is a linear projection method; therefore, when applied to non-linear PDE,
the evaluation of non-linear term is still computationally intensive. There have been sev-
eral methods which are designed to tackle this challenge [ 29 ,  22 ], one of the methods we
would be focusing on the Discrete Empirical Interpolation Method (DEIM) [ 9 ]. DEIM re-
duces the computational cost of the non-linear term evaluation by empirically setting some
probing points in the region of the space where system dynamics is maximum. Doing so,
the non-linear term is only evaluated at a certain position in the space. The POD – GP with
DEIM finds applicability in a wide array of problems. Nevertheless, the formulation is
incapable of providing reliable results for advection-dominated problems since most ad-
vection dominated problems require a large dimension of the subspace, formulated using
the POD method. In general, when performing a POD – GP MOR, some of these dominant
modes are truncated, resulting in high error from surrogate model [ 12 ,  23 ].

Several data-driven MOR methods have been developed to tackle these truncation prob-
lem associated with POD – GP method [ 23 ,  10 ,  12 ]. These methods formulate a reduced
space representation of the data using deep learning methods, which are then progressed
(time-integrated) in the reduced space using another machine learning-based method.
These methods have shown a better performance than POD – GP methods and are also
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1 Introduction

applicable to a wide array of problems. Despite the advantages of broad applicability,
these methods suffer in terms of explainability, making them a less preferred choice in real
application scenarios.

In this thesis work, we propose an alternative framework, POD – CAE, which combines
the classical linear POD – GP based method to a data-driven method, solving the chal-
lenges of truncation as well as explainability. To achieve this goal, we define a two-part
projection operator, one of which is linear and same as POD – GP, while the second is
non-linear, CAE. Further, we formulate the linear and non-linear projection operator such
that the projected data from the two operators lie in orthogonal subspaces. This formula-
tion allows us to develop a coupled MOR surrogate model that overcomes truncation of
the higher modes. For the non-linear projection, we perform the time integration in the
encoding space using an LSTM model. We show that our formulation provides room for
analysis in low dimensional space, such as error analysis, thereby providing explainabil-
ity. Additionally, we also show that the proposed POD – CAE formulation is flexible and
could be applied to a wide variety of problems.

The thesis work is structured as follows: In Chapter  2 we present an overview of
several surrogate modelling methods. We will highlight the theoretical aspects that are
important for the formulation of the POD – CAE method. In addition to this, we also high-
light the work of  Maulik et al.  2021 which aids in adding explainability to our formulation.
In Chapter  3 we provide the complete formulation of the POD – CAE method. We also
formulate the algorithms for developing an intrusive and non-intrusive surrogate model
using the POD – CAE projection method. Additionally, we also put some general remarks
that should be useful for applying the POD – CAE method. In Chapter  4 we apply the
proposed POD – CAE algorithm to solve Burgers’ equation and radiative heat transfer
equation to demonstrate that the proposed model solves the aforementioned issues asso-
ciated with the POD – GP method and complete data-driven approaches. We also provide
the overall simulation run-time performance comparison for FOM, POD – GP with DEIM,
and POD – CAE to highlight the accuracy versus performance compromise for the two
surrogate models.
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2 State of The Art

In this chapter we develop the theoretical foundations necessary for this thesis work. The
section highlights some of the existing projection methods, time integration schemes and
reduced model approximation methods popularly used in modelling of dynamical sys-
tems. For the ease of the development of the theory we consider a general PDE modelling
a dynamical system. Let us consider a solution variable q in the Hilbert space H([0, T ],Ω)
with the domain Ω ⊂ Rd, and boundaries ∆Ω, and let the variable q depend on parame-
ters Γ = {γ1, γ2, · · · } ∈ G, and time, t, then we regard, in this thesis, PDEs which can be
expressed as

q̇ (Ω,Γ, t) + L [q (Ω,Γ, t)] +N [q (Ω,Γ, t)] = 0

q (∆Ω,Γ, t) = qb

q (Ω,Γ, 0) = q0 s.t. t ∈ [0, T ) ,

(2.1)

where L and N are the linear and non-linear operators, respectively. The solution domain
can be discretized using any method of choice such as Finite Elements or Finite Differences.
The resulting discretized form of the Equation ( 2.1 ) can be expressed as

q̇h (Γ, t) + Ld [qh (Γ, t)] +Nd [qh (Γ, t)] = 0

q∆Ω (Γ, t) = qb qb : [0, T )× G → RNb

qh (Γ, 0) = q0 s.t. qh : [0, T )× G → RN .
(2.2)

2.1 Proper Orthogonal Decomposition

Proper Orthogonal Decomposition (POD) is one of the popular methods used in the do-
main of Model Order Reduction (MOR). The POD method finds the optimal subspace, that
hold most of the information necessary for the dynamics to evolve, and are optimal in the
least squares sense for a given dataset. In general, the POD method does not require any
information on the process involved in generating data, such as underlying equation or
discretization, making it applicable to a large variety of problems. The general intuition
behind the POD method is that for a given dimension of data, we could find a low dimen-
sional hyperplane that could embed most of the data dynamics. Figure  2.1 shows an
example where the data is distributed in 3D space but most of the data variance lies in the
shown 2D plane. The POD method finds the 2 directions shown by red arrows lying on
the square and ignores the perpendicular direction since it contains very little information
about the dynamics of data.
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2 State of The Art

(a) Isometric View. (b) YZ projected view.

Figure 2.1: The figure illustrates an example where the 3D data could be embedded in a 2D
hyperplane since most of the data variance lies in the encapsulating 2D plane.
The arrows represent the 3 principal directions which could be obtained with
POD method.

2.1.1 Optimal Basis Construction

In this section we show that the optimal basis for the POD method is the left singularvector
of the data itself. In order to show this, let H be the Hilbert space with inner product 〈., .〉
and let Q ∈ RN×T represent the snapshot matrix consisting of T system states, for example
the solution of Equation (  2.2 ) at T time points. Further, let the optimal subspace be Ul,
such that l� N . Then we can represent Q and Ul as follows

Q = [qi ∈ H|i = 1, 2, · · · , T ]

Ul = span {φ1, φ2, · · · , φl} s.t. 〈φi, φj〉 = δij ,
(2.3)

where yi represents the ith snapshot of data and φj represents the jth orthonormal basis.
In general the snapshots are not linearly independent therefore the rank of the snapshot
matrix, Q, is d ≤ min (N,T ). Further it can be shown there there exist a decomposition of
following form also known as Singular Value Decomposition (SVD) [ 14 ]

Q = U

[
D 0
0 0

]
VT = UΣVT

4



2.1 Proper Orthogonal Decomposition

with U = {u1, u2, · · · , uN} ∈ RN×N being left singular vector, V ∈ RT×T being right
singular vector, and D = {σ1, σ2, · · · , σd} ∈ Rd×d being the singular values of the snapshot
matrix Q.

Now we can pose the problem of finding the optimal subspace Ul as the following opti-
mization problem

max
φ1,··· ,φl

l∑
i=1

T∑
j=1

|〈qj , φi〉|2 s.t. l ≤ d. (2.4)

It is shown in [  34 , p. 5-6] that for any choice of l the optimum {φi}li=1 is the left hand
singular vector {ui}li=1.

2.1.2 Projection Operator

From the application point of view, we require a projection operator that projects the data
to the already developed subspace, Ul, and back from it. This projection operator can be
constructed by column stacking the basis that span the subspace Ul. Therefore the projec-
tion operator, Φ, can be represented as

Φ = [φ1, φ2, · · · , φl] = [u1, u2, · · · , ul] ∈ RN×l, (2.5)

and the snapshot matrix can be approximated using

Q ≈ Φa, (2.6)

where a ∈ Rl×T are the projected snapshots. Since the projection operator, Φ, forms a basis
the projected snapshots, a, can be computed using

a = ΦTQ. (2.7)

The extent to how well the projected subspace, Ul, represents the dynamics of the snapshot
matrix is governed by the size of the subspace Ul. The choice of l, for different applications,
is rather heuristic and there is no a-priori rule, but the ratio of modelled to total energy of
the snapshot can be computed using [ 34 , p. 9]

E(l) =

∑l
i=1 λi∑d
i=1 λi

. (2.8)

2.1.3 POD - Galerkin Projection

For any dynamical system defined by Equation ( 2.2 ) and subspace Ul, Galerkin projec-
tion (GP) maps the dynamical system from the full order space to the subspace Ul. This
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2 State of The Art

mapping is obtained by orthogonal projection of the system using the operator defined in
Section  2.1.2 [ 28 ]:

ΦT (q̇h (Γ, t) + Ld [qh (Γ, t)] +Nd [qh (Γ, t)]) = 0 ∀ t ∈ [0, T )

∀q0.
(2.9)

For a sufficiently large l, the POD projection of qh on Ul can be described as qh ≈ ΦΦT qh =
Φa with Φ ∈ RN×l and r ∈ Rl, whereby a solves the dynamical system. Then we can
rewrite the above equation as follows

ΦTΦȧ (Γ, t) + ΦTLdΦ [a (Γ, t)] +ΦTNd [Φa (Γ, t)] = 0

∀ t ∈ [0, T ) .
(2.10)

Since we formulate Φ as a orthonormal projection operator we have ΦTΦ = Il, then we
have

ȧ (Γ, t) + Lp [a (Γ, t)] +Np [Φa (Γ, t)] = 0

∀ t ∈ [0, T ) ∀ q0,
(2.11)

where Lp ∈ Rl×l and Np ∈ Rl×N are the projected linear and non-linear operators, respec-
tively.

2.2 The Discrete Empirical Interpolation Method

In Section  2.1.3 we developed the reduced order model using POD-GP method. In the
Equation ( 2.11 ) , we observe that the application of linear operator has a computational
complexity ofO(l2) while the the non-linear operator,Np, has a computational complexity
of O(Nl) because of its form

Np = ΦT︸︷︷︸
Rl×N

Nd [qh (Γ, t)]︸ ︷︷ ︸
RN

.
(2.12)

The Discrete Empirical Interpolation Method (DEIM) [ 9 ] overcomes this computational is-
sue by approximating the non-linear term. For the sake of simplicity let f(t) = Nd [qh (Γ, t)].
Then DEIM aims to construct a low-dimensional approximation of f(t) of the form

f(t) ≈Wc(t), (2.13)

where W = [w1, w2, · · · , wm] ∈ RN×m is the projection operator and c(t) ∈ Rm is the
coefficient vector. The DEIM constructs this projection operator and the coefficient ma-
trix in similar fashion as POD. We consider an optimal m dimensional subspace, Dm =
span {w1, w2, · · · , wm} such that 〈wi, wj〉 = 1, which can represent the dynamics of the
non-linear term f(t). The optimal subspace is spanned by the left hand singularvector of
the non-linear snapshot matrix.

6



2.2 The Discrete Empirical Interpolation Method

In general, f(t) = Wc(t) is an overdetermined system, therefore we could select certain
rows from both side of the equation. Hence, we define a selection matrix P = [eρ1 , eρ2 , · · · , eρm ] ∈

RN×m, where eρi =

0, 0, · · · , 0︸ ︷︷ ︸
i−1

, 1, 0, · · · , 0︸ ︷︷ ︸
N−i

 ∈ RN . If the value
(
PTW

)
is non-singular

then we could compute the coefficient vector, c(t), using the relation

PT f(t) =
(
PTW

)
c(t). (2.14)

Further, we could also write the approximation of non-linear term f(t) from the subspace
Dm as

f(t) ≈Wc(t) = f̂(t) = W
(
PTW

)−1
PT f(t). (2.15)

Here the term PT f(t) is never calculated explicitly since it would require a matrix multi-
plication with computational cost ofO(Nm). The term PT f(t) can be seen as measurement
of non-linearity at m selected points, therefore it has a complexity of O(m). Putting this
approximation in Equation ( 2.12 ) we get

Np = ΦTW
(
PTW

)−1︸ ︷︷ ︸
Rl×m

PTNd [qh (Γ, t)]︸ ︷︷ ︸
Rm

Np = K

=

ΦT W(PT W)
−1

Nd
[
PT qh (Γ, t)

]︸ ︷︷ ︸
Rm

.
(2.16)

The term K can be precomputed and therefore the evaluation of term Np requires a
matrix multiplication with complexity of O(lm). In general m � N and m > l. While the
subspace Dm is constructed by the left hand singularvector of non-linearity, the selection
matrix P is constructed empirically using the Algorithm  1 .

Algorithm 1: DEIM

Input : {wi}mi=1 ⊂ RN linearly independent
Output: ρ = [ρ1, ρ2, · · · , ρm]T ∈ Rm, P ∈ RN×m

1 [|ρ| , ρ1] = max {|w1|};
2 W = [w1], P = [eρ1 ], ρ = [ρ1] ;
3 for i← 2 to m do
4 Solve

(
PTW

)
c = PTwl for c ;

5 r = wl −Wc ;
6 [|ρ| , ρl] = max {|r|};

7 W← [W, wl], P← [P, rρl ], ρ←
[
ρ
ρl

]
;

8 end

7



2 State of The Art

Illustrative Example

An illustrative example taken from [ 9 ] is given by a non-linear parameterized function

s(x;µ) = (1− x) cos(3πµ(x+ 1))e−(1+x)µ, x ∈ [−1, 1], µ ∈ [1, π] (2.17)

which is used to construct a snapshot matrix S. The snapshot matrix is constructed using
100 equidistant discrete x points and 51 equidistant parameter values, µ. Figure  2.2 shows
the shape of the first 6 POD modes and the DEIM points obtained using Algorithm  1 . It
can be seen that DEIM selects the points in the region which covers most of the dynam-
ics of the system. Figure  2.3 shows the approximation of s(x;µ) using 10 dimensional
DEIM as compared to the exact function. The green lines show the DEIM measurement
locations. We notice that 10 dimensional DEIM is able to approximate the behavior of the
real function very well and the small error only occurs in the region beyond the last DEIM
point.

Figure 2.2: The figure shows the first 6 POD bases and the selected DEIM points computed
from Algorithm  1 

2.3 Operator Inference

Operator Inference (OI) is a class of non-intrusive data-driven method which can be used
to approximate the operators involved in a given form of PDE [ 24 ]. In order to infer the
operators the OI solves a regression problem which yields the operators that provide best
reconstruction of the snapshots.

We can represent any semi-discretized PDE with leading quadratic term as follows

q̇h (t) = c+ Aqh (t) + H (qh (t)⊗ qh (t)) + Bu(t)

q̇h (t0) = q0, t ∈ [t0, tf ]
(2.18)

8



2.3 Operator Inference

(a) Exact vs DEIM for µ = 1.17 (b) Exact vs DEIM for µ = 3.1

Figure 2.3: DEIM approximation for problem  2.17 using 10 dimensions as compared to
exact solution for µ = 1.17 and 3.1

Further, any PDE in a polynomial form can be expressed in the leading quadratic form by
application of lifting [ 24 ]. Therefore, for any PDE in above mentioned form we can express
the regression problem as follows

min
c,A,H,B

k∑
j=1

||c+ Aqh (t) + H (qh (t)⊗ qh (t)) + Bu(t)− q̇h (t)||22 (2.19)

The data used for prediction of operators in above equation is generally noisy, due to nu-
merical error, and the problem itself is overdetermined. Therefore overfitting of operators
on data leads to bad predictive performance in the domain of interest [t0, tf ]. We can there-
fore introduce Tikhonov regularization to the above problem and write it in matrix form
as follows

min
O
||DO−R||22 + ||ΞO||22 =

∣∣∣∣∣∣∣∣[DΞ
]

O−
[
R
0

]∣∣∣∣∣∣∣∣2
2

(2.20)

Where

• O = [c A H B]: Unknown operators

• D =
[
1k QT (Q⊗Q) UT

]
: Known Data

• Q = [q0, q1, · · · , qk]: Snapshot matrix of the quantity of interest q

• U = [u0, u1, · · · , uk]: Snapshot matrix of the inputs

• R = [q̂0, q̂1, · · · , q̂k]: Snapshot matrix of time derivatives

• Ξ: Full rank regularizer. For L2 regularization Ξ = λI, with I being the identity
matrix.

9



2 State of The Art

Solving the optimization problem in Equation ( 2.20 ) enables to infer the operators in a
non-intrusive fashion, given only the data snapshots.

2.4 Autoencoders

Autoencoders also sometimes referred as Non-Linear Principal Component Analysis are
part of the family of Deep Learning (DL) based MOR methods. Autoencoders are a class
of Artificial Neural Networks which learns a low dimensional representation of the data
employing unsupervised learning methods [ 21 ]. The Autoencoders are a composition of
two approximating functions the first being the encoder, which projects the data to latent
space, and second being the decoder, that reprojects data from the latent space to the orig-
inal space.

For the task of MOR we are generally interested in constructing a network such that
the encoder projects the data to a lower dimensional subspace, such a network is called
Undercomplete Autoencoders [ 15 ]. We can now formally formulate autoencoders as

X ≈ g (f (X)) =: X̂

κ = f(X), X ∈ X , κ ∈ F ,
(2.21)

where g : F → X and f : X → F are the decoder and encoder functions, respectively, and
κ is the projection of the data. In order to construct these projection operators we define
the learning task

min
W1,W2

{L (X, gW1 (fW2 (X)))} (2.22)

where L is the loss that penalizes dissimilarity between X̂ and X . For a continuous value
function this loss could be the mean squared difference. Depending on the choice of ar-
chitecture for f and g as well as the choice of loss function, we could have several types
of autoencoders[ 15 ] such as Convolutional Autoencoders (CAE) [ 26 ], Variational Autoen-
coders (VAE) [ 20 ], etc. For this thesis work we focus specifically on CAE.

Convolutional Autoencoders

Convolutional Autoencoders (CAE) are the class of autoencoders where the encoder func-
tion, f , and the decoder function, g, are constructed using convolutional layers. Each of
these convolutional layers are constructed using convolutional filters, {Υi ∈ RF1×F2×···×Fm

| i = 1, 2, · · · ,K}, which convolve with the inputs, I ∈ RN1×N2×···Nm , followed by an ac-
tivation function, ϕ. Since the input data is always discrete we can formally define the

10



2.4 Autoencoders

output, G, of the convolution layer as follow[ 13 , p. 113]

G [r1, r2, · · · , rK ] = ϕ (Υ⊗ I +B)

G [r1, r2, · · · , rK ] = ϕ

∑
i

∑
j

· · ·
∑
q

Υk [i, j, · · · , q] I [r1 − i, r2 − j, · · · , rm − q]

+Bk [r1, r2, · · · , rm]

)K
k=1

(2.23)

The dimensions of the output along each axes is determined by the size of the input, con-
volution filter and number of filters using following

Di =
Ni − Fi

S
+ 1 (2.24)

Where S is the stride length of the convolution filter application [ 1 ]. Further, application
of more than one filter adds an additional dimension to the output. Therefore the output
G ∈ RD1×D2×···×Dm×K . For the sake of simplicity we refer to the last axis obtained by
application of multiple filters as the depth of the output. Figure  2.4 shows a simple
case where 3D filter is applied on a 3D input. We can observe that the size of the output
is smaller than that of input. Further the dimensionality of the output is same as input.
Additionally, for each filter, we obtain one 3D output which can be stacked along the 4th

dimension.

Figure 2.4: The figure shows how a 3D convolution filter is applied on a 3D input. For
each 3D filter we generate a 3D output which is stacked along the 4th dimen-
sion. The cyan block on the left represents a part of the 3D input tensor, the
orange block represents a 3D filter which is applied on the input. The blue
cube represents the output obtained by the application of the convolution filer
on the cyan block.
The image is taken from [ 30 ] to aid in explanation.

Although the convolution layer performs dimensionality reduction on its own it is com-
mon to periodically insert pooling layers between successive convolutional layers. The
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pooling layers perform dimensionality reduction independently on every depth slice of
the input and resizes it along all the other axes. Pooling operations help in reduction of
training parameters significantly. A pooling layer operates in a similar fashion as a con-
volution layer except instead of application of convolution filter on a features of input it
performs certain specified aggregation operation, such as computation of average, maxi-
mum or L2 norm. One of the most popular pooling operation is max-pooling. Figure  2.5 

shows an example of 2D maxpooling operation where pooling is done with a filter size of
2 and stride of 2. The output dimension of pooling operation can also be computed using
Equation ( 2.24 ) .

Figure 2.5: The figure shows maxpooling operation performed on a 2D input with stride
2 and filter size 2 × 2. The matrix on left shows the input where the four high-
lighted areas are the region where pooling operations are performed. The right
matrix is the output after the pooling application.
The image is taken from [ 1 ] to aid in explanation.

The two parts of the convolutional autoencoders are constructed by stacking blocks con-
volutional layers followed by pooling layer. The architecture of each block is determined
heuristically and is generally problem dependent. Figure  2.6 shows a generic architecture
of a convolutional autoencoder. The grey box on the left represents an encoder unit which
is constructed by stacking of convolutional blocks as described before. The decoder unit
on the right is constructed in a similar fashion such that the output of the network has
same size as the input. Although the output of the entire network is the reconstruction of
the input we are mainly interested in the encoded inputs for this thesis work.

2.5 Long short-term memory networks

A Recurrent Neural Network (RNN) is a class of neural networks which are designed for
temporal prediction task. As the name suggests RNN are recurrent in nature and therefore
the output for any given input not only depends on the current input but also on the past
states. It is easy to observe the similarities between a RNN and a classical time integration
scheme such as Runge–Kutta methods. Therefore we could also see an RNN as a data

12
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Figure 2.6: The figure depicts a general setup for convolutional autoencoder. The grey box
on the left side of Latent Space Representation represents an encoder unit while
the right side represents a decoder unit. The Latent Space Representation is the
projection of inputs on a low dimensional manifold.
The image is taken from [ 25 ] to aid in explanation.

driven time integration method. Any RNN can be expressed as follows

On = O(In) = f(In, On−1, · · · , On−k)
O1 = O(I1) = f(I1, I0, · · · , I1−k)

(2.25)

Where:

• f : The function approximated by RNN

• In: nth input state

• On: nth output state

• k: the size of temporal window that impacts any output state.

We can observe that, because of inherent formulation of RNN we need at least k initial
state to make the first prediction.

A Long short-term memory (LSTM) networks is a special kind of Recurrent Neural Net-
work (RNN) which is designed to tackle the issue with the traditional RNN. Similar to
any Neural Network, RNN also adjust the weights during training step to formulate the
approximation function. The traditional RNN tend to saturate the adjustment of weights
at an early stage of optimization process leading to a short memory and causing an inabil-
ity for the RNN to make accurate predictions for the cases where output is dominated by
one or more of the older states. The LSTM network overcomes these issues by network
formulation that allows non-zero gradients [  18 ]. For any arbitrary input a we can express
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2 State of The Art

LSTM network output as follows

input gate: Gi = σg (Wia+ Uiht−1 + bi)

forget gate: Gf = σg (Wfa+ Ufht−1 + bf )

output gate: Go = σg (Woa+ Uoht−1 + bo)

cell input state: st = Gf ⊗ st−1 + Gi ⊗ σc (Wca+ Ucht−1 + bc)

output : ht = Go ⊗ σh(st)

(2.26)

Where the initial value c0 = 0 and h0 = 0 and operator ⊗ is the Hadamard Product.
Further the variables are as follows [ 18 ]

• W ∈ Rh×d, U ∈ Rh×h: Weight matrices

• b ∈ Rh: bias vector

• d: number of input features

• h: number of hidden units

• σg: sigmoid function

• σc: hyperbolic tangent function

• σh: hyperbolic tangent function

Figure 2.7: The figure shows a LSTM block with input, forget and output gates multiple
such blocks are stacked to form the complete LSTM network. xt represents the
input at any time stamp t and ht represents the output of network at time stamp
t.
The image is taken from [ 2 ] to aid in explanation.

From Equation ( 2.26 ) we can compute the total number of parameters in an LSTM block
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as follows
input gate: h× d+ h× h+ h = (h+ d+ 1)× h
forget gate: h× d+ h× h+ h = (h+ d+ 1)× h

output gate: h× d+ h× h+ h = (h+ d+ 1)× h
cell input state: h× d+ h× h+ h = (h+ d+ 1)× h

total parameters: 4× (h+ d+ 1)× h

(2.27)

Figure  2.7 represents a block of LSTM network which takes an input xt at any time t and
output from previous time stamps to generate the output at the current time ht.

2.6 Solving partial differential equations using Autoencoder and
Long short-term memory networks

In this section we describe the NN based MOR method from the work of  Maulik et al. ,
 2021 . This method is particularly interesting for the thesis work since it develops a re-
duced order surrogate model using CAE and LSTM. The author uses a CAE model which
constructs an encoder that can be used to project the data to a lower dimensional space.
The obtained projections are then integrated using an LSTM model and therefore the over-
all surrogate model consists of a CAE projector and LSTM integrator. The CAE and LSTM
models are trained using the provided snapshot matrix for various choices of parameters
and time. Figure  2.8 describes the proposed idea for solution of 1D burgers’ equation in
the encoding space.

It should be noted that the previous attempts on using NN based surrogate model have
focused on a combined training of the CAE and LSTM making it difficult to analyse the
inputs and outputs in the embedded space. This is primarily because the output of the
LSTM does not necessarily lie in the same domain as the encoded inputs leading to added
difficulties in the analysis, as well as explainability. Section  4.1 describes through an
experiment how the combined training can lead to difficulties in explainability. Therefore,
to ease the analysis of the encoding space the proposed CAE – LSTM network trains the
CAE and the LSTM models separately. We now consider an example from the work of

 Maulik et al.  2021 
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Figure 2.8: The figure shows the process of dimensionality reduction and time integration
using CAE – LSTM model for 1D viscous burgers’ equation. The initial condi-
tion is first projected to lower dimensional space using the encoder, which is
then evolved in time domain using LSTM. The final state is then projected back
to full space using the decoder.
The image is taken from [ 23 ] to aid in explanation.
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Illustrative Example

We consider a one-dimensional viscous Burgers’ equation example from [ 23 ] expressed as
following

u̇+ u
∂u

∂x
= ν

∂2u

∂x2

u(x, 0) = u0 =
x

1 +
√

1
t0
eRe

x2

4

, x ∈ [0, L], t ∈ [0, tend]

u(0, t) = 0

u(L, t) =
L
t+1

1 +
√

t+1
t0
eRe

L2

4t+4

, t0 = e
Re
8 and Re =

1

ν

(2.28)

For Equation ( 2.28 ) the analytical solution exists and is given by

u(x, t) =
x
t+1

1 +
√

t+1
t0
eRe

x2

4t+4
(2.29)

We solve the Equation ( 2.28 ) using POD – GP and CAE – LSTM model with the pa-
rameters listed in Table  2.1 . Figure  2.9 compares the results for the two method. We
can notice for an advection dominated problem and non-smooth initial condition the POD
projection for the initial condition itself consists of large errors. Further, these error are
present at every time step t and accumulate during the time integration. We can also see
that an increase in the number of modes reduces the oscillatory behaviour but an accurate
prediction for the POD – GP method requires a large number of modes. On the other hand
the CAE – LSTM model, constructed with 2 encoding modes, is able to accurately project
the initial condition. As a result the prediction at the time tend has small error arising from
numerical error at each integration step and small projection error.

17
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Table 2.1: Parameters used for development of POD – GP, and CAE – LSTM surrogate
model in [ 23 ].

Parameters Values
General

L 1

tend 2

Re {100, 200, · · · , 1900}
dx 1/128

dt 0.02

POD – GP
POD Modes {2, 5, 10, 20, 30}

CAE – LSTM
Encoding Space Dimension 2

Convolution type 1D convolutions
Pooling Max pooling

Number of Convolutional layers in
encoder

6

Number of Convolutional layers in
decoder

6

Size of LSTM output 2 (same as encoding space
dimension)

LSTM temporal window size 10
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memory networks

(a) Initial condition projection using CAE (b) Integrated u(x, t) at t = tend using CAE –
LSTM

(c) Initial condition projection using POD (d) Integrated u(x, t) at t = tend using POD –
GP

Figure 2.9: The figure compares the solution of Equation (  2.28 ) using CAE – LSTM method
and POD – GP method for Re = 1000. We can observe that the POD – GP
method is unable to perform well even for a choice of high number of modes,
on the other hand the CAE – LSTM method is able to capture the dynamics well
due to non-linear projection.
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3 Machine Learning based extension of
explainable Model Order Reduction

Research in application of ML for solving PDE has shown that ML techniques can be used
in different capacities such as a direct solver[ 32 ,  27 ,  19 ,  33 ], parameterization technique
[ 6 ,  16 ], or model order reductor [ 10 ,  12 ,  5 ,  17 ,  23 ]. In the domain of Model Order Reduction
(MOR), several studies have shown that the ML based methods perform far better than
classical method both in terms of accuracy and online computational cost [ 23 ,  10 ,  17 ]. One
of the common issues in these methods is the lack of explainability due to missing nu-
merical analysis and related theory behind the Neural Networks (NN). We partially tackle
this explainability issue in the proposed Proper Orthogonal Decomposition coupled with
Convolutional Autoencoder (POD – CAE) method by taking predominantly POD based
MOR and using the CAE as a corrector.

The fundamental assumption behind any MOR method is that the solution from simu-
lations using large number of degrees of freedom lies close to a low dimensional manifold,
also referred as solution manifold, embedded in the high-dimensional space. Therefore it
is possible to express the solution of the PDE using the intrinsic coordinates on the solution
manifold. For any non-stationary PDE of form Equation (  2.2 ) with parameter Γ ∈ Rnp ,
if has a unique solution at every time t, has at most np + 1 � N intrinsic dimension of
the solution manifold [ 12 ]. In general for a complex problem, the solution manifold has a
complicated shape and therefore the mapping of the solution from high-dimensional FOM
space to solution manifold space requires a non-linear operator. Development of such a
non-linear mapping is highly problem and parameter dependent, further there is no well
established method to accurately and uniquely determine the non-linear mapping opera-
tor. This brings the necessity to use data-driven methods such as  Autoencoders which find
a non-linear mapping from the high-dimensional FOM space to the approximate solution
manifold space. As mentioned above using  Autoencoders alone leads to a non-explainable
mapping therefore we propose a framework which develops a mapping that could be ex-
pressed as a sum of linear and non-linear mapping operator. This formulation allows the
user to choose the number of linear dimensions as well as non-linear dimension, further
for appropriate choice of reduced linear manifold, obtained through say  Proper Orthog-
onal Decomposition , partial explainability can be easily achieved. In addition to this, we
can inspect the intrinsic coordinates obtained from non-linear operator,  Autoencoders , to
understand the quality of projection and shape of the solution manifold. With these tools
in hand we can easily monitor the cause of the error in the solution, and when necessary,
alter the parameters to obtain better results.
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3.1 Framework Construction

We now formulate the proposed idea in a more concrete mathematical form for intrusive
and non-intrusive approaches to MOR. For the sake of ease, we will refer to the dimen-
sion of reduced linear manifold, obtained using the POD method, as the number of linear
modes and represent it with k. Similarly, we will refer to the dimension of reduced non-
linear manifold, obtained using  Convolutional Autoencoders , as number of non-linear
modes and represent it with m.

In order to formulate the method let us assume that the data matrix Q ∈ RN×T is gen-
erated by some process modelled by the PDE expressed in Equation ( 2.1 ) . Further, let us
reconsider Equation ( 2.5 ) and Equation ( 2.6 ) with l = N (in contrast to general POD
assumption, l� N ) then we can write the full POD for a snapshot matrix Q by

Q =

N∑
i=1

Φiai∗ = Φa, Φ ∈ RN×N , a ∈ RN×T . (3.1)

Now for any number of linear modes, we can rewrite the above equation as follows

Q =
k∑
i=1

Φiai∗︸ ︷︷ ︸
S1

+
N∑

i=k+1

Φiai∗︸ ︷︷ ︸
S2

.
(3.2)

It should be noted that a full POD represents the complete dynamics of the data in FOM
space and therefore the exact equality holds in Equation ( 3.2 ) .

For k � N , the S1 in Equation (  3.2 ) is equivalent to performing POD projection of
the snapshot matrix, we take S1 as the linear projection for our model. Let us define the
subspace spanned by first k POD bases as follows

Φ̂ = {Φi|i = 1, · · · , k} (3.3)

The S2 in Equation ( 3.2 ) represent the residual modes that are not covered by first k POD
modes, further the S2 lies in a space Ψ =

{
Φ \ Φ̂

}
∈ RN×N−k, which is high-dimensional.

Now we can rewrite the Equation ( 3.2 ) in matrix form as follows

Q = Φ̂aΦ̂︸︷︷︸
S1

+ ΨaΨ︸ ︷︷ ︸
S2

.
(3.4)

Further, we can project the S2 using a non-linear mapping constructed with CAE, as fol-
lows

S2 ≈ Ψ
[
D(E(ΨTS2))

]
= Ψ

[
D(E(ΨT [Q− S1]))

]
,

χ = E(ΨT [S2]), χ ∈ Rm,
(3.5)

where:
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• χ: The encoding space or the intrinsic coordinates space of reduced non-linear man-
ifold.

• E : RN−k → Rm: Encoder, projects the data from Ψ to χ.

• D : Rm → RN−k: Decoder, project the data from the encoded space back to FOM
space.

It should be noted that the S2 lies in a subspace spanned by Ψ = {Φk+1,Φk+2, · · · ,ΦN}
which is orthogonal to Φ̂. Further, the CAE constructs a mapping from Ψ to the reduced
non-linear manifold embedded in the subspace Ψ itself, therefore the S2 as well as χ both
are orthogonal to Φ̂ and S1. Additionally using the orthogonality properties we also have
following 〈

Φ̂,Ψ
〉

= 0,
〈
Φ̂, Φ̂

〉
= Ik, 〈Ψ,Ψ〉 = Im,〈

Φ̂, S2

〉
= 0, 〈Ψ, S1〉 = 0.

(3.6)

Now we can express our final POD – CAE decomposition as follows

Q ≈ Φ̂ aΦ̂︸︷︷︸
POD, lies in∈Rk

+Ψ

D
E (ΨT

[
Q− Φ̂aΦ̂

])
︸ ︷︷ ︸

CAE lies in∈Rm


 , k +m� N,

Q ≈ Φ̂aΦ̂ + Ψ [D(χ)] . (3.7)

With this decomposition we now construct the ROM for intrusive and non-intrusive method.

3.1.1 Intrusive: Proper Orthogonal Decomposition with Galerkin Projection

For a intrusive MOR we reformulate the  POD - Galerkin Projection method with the POD
– CAE decomposition. Let us consider Equation ( 2.2 ) , for a specific set of Γ and snapshot
Q we can find a unique POD – CAE decomposition in the form of Equation ( 3.7 ) , therefore
we can rewrite Equation ( 2.2 ) as follows

d

dt
qh (Γ, t) + Ld [qh (Γ, t)] +Nd [qh (Γ, t)] = 0,

d

dt

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
+ Ld

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
+Nd

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
= 0.

(3.8)
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Now we can project Equation (  3.8 ) in the subspace spanned by Φ̂ and Ψ to perform the
integration.

Φ̂T

[
d

dt

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
+ Ld

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
+Nd

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

] ]
= 0,

ΨT

[
d

dt

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
+ Ld

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
+Nd

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

] ]
= 0.

(3.9)

Using Equation ( 3.6 ) we can reduce the above equation in the following form

d

dt

(
aΦ̂(t)

)
+ LΦ̂

[
aΦ̂(t)

]
+NΦ̂

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
= 0, (3.10a)

d

dt
(D(χ(t))) + LΨ [D(χ(t))] +NΨ

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
= 0, (3.10b)

where:
LΦ̂ = Φ̂TLdΦ̂, LΨ = ΨTLdΨ,

NΦ̂ = Φ̂TNd, NΨ = ΨTNd.
(3.11)

We can observe that Equation (  3.10a ) takes the same form as shown in  POD - Galerkin
Projection with additional term Ψ [D(χ(t))] in the non-linear operator. To solve this equa-
tion we use POD-GP with  DEIM and reformulate the non-linear term, for d DEIM modes,
as follows

NΦ̂ = Φ̂TW
(
PTW

)−1Nd
[
PT · Φ̂aΦ̂(t) + PT ·Ψ [D(χ(t))]

]
︸ ︷︷ ︸

Rd

, (3.12)

where:

• W ∈ Rk×d: Left hand singular vector of the snapshot matrix constructed from eval-
uation of non-linear term alone,

• P ∈ RN×m: Selection matrix that selects specific location for evaluation of non-linear
term. It is obtained using Algorithm  1 ,

• K =
(
Φ̂TW

(
PTW

)−1
)
∈ Rm×d: Non-linearity coefficient matrix.
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While Equation ( 3.10a ) lies in k � N dimensional subspace, the Equation ( 3.10b ) lies
in N − k dimensional subspace, which is very close to the original space. Further, we
are only interested in the evolution of χ(t) ∈ Rm since that would allow us to perform the
integration of Equation ( 3.10a ) and obtain the approximate solution using Equation ( 3.7 ) .
Therefore instead of directly integrating the Equation ( 3.10b ) we utilize the LSTM network
for time integration of χ(t).

Upon inspection of Equation ( 3.10b ) , we can observe, for an accurate estimation of χ
at any time t the LSTM network not only requires the previous states of χ but also aΦ̂.
Table  3.1 lists some of the possible methods and the associated issues for feeding LSTM
network with aΦ̂.

Table 3.1: Input method for aΦ̂ to the surrogate LSTM model for Equation ( 3.10b ) and the
associated issues

Input Method Issues
Full space Projection of aΦ̂ Very high computational cost and extremely

high number of LSTM parameters.
aΦ̂ in Φ̂ space The LSTM network has to implicitly learn k ×

m additional parameters, making the training
process difficult.

In addition to the issues mentioned in the Table  3.1 , another prominent issues is the ex-
trapolation in the encoding space. When solving the Equation ( 3.10b ) using LSTM model
close to the boundary of the encoding space, any numerical error in Equation ( 3.10a ) can
change the problem from an interpolation task to an extrapolation task, thereby resulting
in large errors [  4 ]. Therefore, we decide not to input aΦ̂ in to the LSTM model, and this
could be one of the challenges to be tackled in the future work. Hence the final equation
modelled by the LSTM network is

d

dt
(D(χ(t))) + LΨ [D(χ(t))] +NΨ [Ψ [D(χ(t))]] = 0. (3.13)

With this formulation the LSTM network remains oblivious to the evolution of the POD
modes and hence the training and the prediction of χ can be performed independently
for any given initial condition and POD – CAE projection. A major drawback of this uni-
directional coupling can be observed in the case where the overall dynamics is majorly
governed by the non-linear term. The LSTM being uninformed about the evolution of aΦ̂
generates a unique value of χ at any time t and if the Equation ( 3.10a ) makes an error
in any integration step it continues to aggregate in all the following step. A bidirectional
coupling could solve this by adjusting the χ based on the prediction of aΦ̂ and vice versa.
Another interesting implication of this bidirectional coupling is highlighted in the next
section.
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 Algorithm  2 defines the final algorithm for development of surrogate model using in-
trusive method.

Algorithm 2: POD – CAE Intrusive ROM
Input : Solution snapshot matrix Q, Non-linear term snapshot matrix QNL,

number of linear modes k, number of non-linear modes m, number of
DEIM modes d, LSTM time window w, PDE

Output: Surrogate Model Linear Part ML, and Non-Linear Part MNL

POD – CAE:
1 Perform full POD on Q to obtain Φ = {φi|i = 1, 2, · · · , N} and a
2 set Φ̂← {φi|i = 1, · · · , k}, aΦ̂ ← {ai|i = 1, · · · , k}, Ψ← {φi|i = k + 1, · · · , N},

aΨ ← {ai|i = k + 1, · · · , N}
3 Train CAE on aΨ with m encoding dimensions to obtain the encoder,E , and

decoder, D
4 Project snapshot aΨ to obtain χ

POD – DEIM + LSTM:
5 Project the PDE using Φ̂ in the form of Equation ( 3.10a )
6 Perform POD on QNL to obtain W with d modes
7 Use Algorithm  1 to obtain selection matrix P
8 Define non-linear operator for the POD using Equation ( 3.12 )
9 Train LSTM on χ

10 MNL ← {Projectors: (E ,D), Integrator: Trained LSTM}
11 ML ←

{
Projectors: (Φ̂T , Φ̂), Integrator: User’s Choice, PDE: Algorithm  5 

}

3.1.2 Non–Intrusive: Proper Orthogonal Decomposition with Operator
Inference

A non-intrusive MOR approach provides two possibilities for problem formulation. The
first constructs the operators in the FOM space by solving Equation ( 2.19 ) with complete
snapshot matrix. The second approach constructs the operators in a lower dimensional
space by projecting the snapshots in the Φ̂, and therefore omitting the necessity to explic-
itly project the operators. We describe both the approaches in the following two para-
graphs

Full Space Operator Inference

The fundamental idea behind full scale operator inference is very similar to intrusive mod-
elling. Here we assume a PDE of form Equation ( 2.18 ) and then infer the complete op-
erators by solving Equation ( 2.19 ) . It should be noted that for the experiments discussed
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later, we assume that the snapshots are generated through numerical simulations or phys-
ical experiments and therefore have some numerical or experimental error in them. This
assumption justifies the solving of regularized minimization problem for inference of op-
erators. If this is not the case and the snapshots is generated from analytic solution or
from a very accurate simulation then the regularization term should be dropped in Equa-
tion ( 2.19 ) .

Once the operators are obtained we can use the  Algorithm  2 for to obtain the reduced
POD-CAE model.

Reduced Space Operator Inference

To formulate the reduced space OI, we follow a similar approach as that of the intrusive
method. We consider the Equation ( 2.18 ) and insert the POD – CAE projection to obtain

d

dt

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
= c+ A

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
+ H

((
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
⊗
(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

))
+ Bu(t).

(3.14)
Let us define the leading square term as N , then we can express the above equation as
follows

d

dt

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
= c+ A

(
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

)
+ H · N

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
+ Bu(t),

(3.15)

from this point we can follow the steps described in Section  3.1.1 to obtain the reduced
equation in the form

d

dt

(
aΦ̂(t)

)
= cΦ̂ + AΦ̂

[
aΦ̂(t)

]
+ HΦ̂ · N

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
+ BΦ̂u(t), (3.16a)

d

dt
(D(χ(t))) = cΨ + AΨ

[
aΦ̂(t)

]
+ HΨ̂ · N

[
Φ̂aΦ̂(t) + Ψ [D(χ(t))]

]
+ BΨu(t), (3.16b)

where:
AΦ̂ = Φ̂TAΦ̂, AΨ = ΨTAΨ,

cΦ̂ = Φ̂T c, cΨ = ΨT c,

HΦ̂ = Φ̂TH, HΨ = ΨTH,

BΦ̂ = Φ̂TB, BΨ = ΨTB.

(3.17)
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3 Machine Learning based extension of explainable Model Order Reduction

Following the similar argument described in Section  3.1.1 , the Equation ( 3.16a ) lies in
space the spanned by Φ̂ ∈ Rk and the Equation ( 3.16b ) lies in space the spanned by
Ψ ∈ RN−k, which is high dimensional. Therefore, we again attempt to solve the Equa-
tion ( 3.16a ) directly using any integration method of choice, and use an LSTM model,
trained on snapshot encoding, to obtain χ at any time t. We will again consider a unidirec-
tional coupling based on the arguments provided in the Section  3.1.1 . In order to solve
the Equation ( 3.16a ) we infer the projected operators cΦ̂, AΦ̂, HΦ̂, and BΦ̂, by putting the
projected snapshot matrix aΦ̂ in the Equation ( 2.19 ) .

It is important to consider that the OI solves a minimum least square problem to obtain
the operators and with the reduced space OI, we need to make sure that enough POD
modes are used such that the dominant dynamics is covered by Equation ( 3.16a ) . Usually
this means considering a relatively larger number of POD modes as compared to the  Full
Space Operator Inference . Further, for an accurate prediction of operators almost all the
modes contributing to the dynamics of the system should be taken into the linear part.
This consideration somewhat undermines the fundamental idea behind using the POD –
CAE decomposition, since the contribution of S2 in the Equation ( 3.2 ) becomes negligibly
small, and the overall dynamics is governed by the S1. It can be shown when S1 contains
almost all the dominant POD modes the S2 captures only very high frequency and low
amplitude POD modes, these make the learning task complex for the CAE projector and
the LSTM integrator. Further, the S1 doesn’t capture enough dynamics, the constructed
operators are not accurate, and Equation ( 3.16a ) dominates the error.

One possibility to remedy the situation of necessity to select large number of linear
modes and negligible contribution of S2 would be by considering a bidirectional coupling
along with joint training of LSTM and OI. This could be considered as a possible direction
for the future work. A bidirectional coupling allows the LSTM model to be aware of the
states achieved by aΦ̂, allowing it to produce the outputs accordingly. With this in hand,
a joint training of OI and LSTM allows the OI operators to be influenced from the param-
eters of the LSTM model through χ in the non-linear term, N , and vice versa. Therefore,
the joint training can be viewed as a feedback mechanism that allows the operators to ad-
just based on the dynamics being covered by the LSTM and similarly the LSTM adjusts
the parameters based on the operators predicted from the OI. Hence, this could lead to
relaxed constraints on the choice of number of linear modes, and allow more dynamics to
be encoded in the non-linear modes.

 Algorithm  3 describes the final algorithm for development of surrogate model using
POD – CAE projection and Reduced Space Operator Inference.

3.2 General Remarks

With the  intrusive and  non-intrusive formulation we can start experimenting on some
examples. Here we list out some of the general considerations made throughout all the
experiments
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3.2 General Remarks

Algorithm 3: POD – CAE Non-Intrusive ROM
Input : Solution snapshot matrix Q, number of linear modes k, number of

non-linear modes m, OI regularization factor λ, and LSTM time window
w

Output: Surrogate Model Linear Part ML, and Non-Linear Part MNL

POD – CAE:
1 Perform full POD on Q to obtain Φ = {φi|i = 1, 2, · · · , N} and a
2 set Φ̂← {φi|i = 1, · · · , k}, aΦ̂ ← {ai|i = 1, · · · , k}, Ψ← {φi|i = k + 1, · · · , N},

aΨ ← {ai|i = k + 1, · · · , N}
3 Train CAE on aΨ with m encoding dimensions to obtain the encoder,E , and

decoder, D
4 Project snapshot aΨ to obtain χ

OI – LSTM:
5 Compute the Operators of Equation ( 3.16a ) using projected snapshots aΦ̂ and

Equation ( 2.19 )
6 Train LSTM on χ
7 MNL ← {Projectors: (E ,D), Integrator: Trained LSTM} ;

8 ML ←
{

Projectors: (Φ̂T , Φ̂), Integrator: User’s Choice, PDE: Algorithm  5 

}
;

• About 95 – 98 % system energy is modeled by linear modes, Φ̂, and the rest by Ψ.
For the cases, considered this implies considering 2 – 12 linear modes depending on
the problem at hand and system size.

• The number of non-linear modes are chosen close to the dimension of the parame-
ter space G. For G ⊂ Rnp , we iteratively increase the number of non-linear modes
capping at 4× np and starting with np.

• The dimension of the convolution layer is decided based on the dimensions of the
considered problem. For the non-intrusive cases where no-information on discretiza-
tion or the dimensionality of the problem space is available a simple 1D convolution
is performed.

• The convolution filter sizes are restricted to {3, 5, 7} in order to keep the number of
parameters low.

• The maxpooling filter size is restricted to {2, 3, 4} in order to avoid too much data
loss.

• The window size and the number of LSTM blocks are tuned based on the problem.

• To evaluate the quality of the surrogate model we examine the L2 and L∞ error
over the time domain, and point-wise relative and absolute difference over the space
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domain.

30



4 Experiments

In this section we apply the proposed POD – CAE method to the following two problems.
We split them into cases, first belonging to  intrusive method , and the second being the
non-intrusive with  full space OI . We follow the conventions described in Section  3.2 .

Before diving into the experiments concerning POD – CAE, we describe a study recom-
mended by Dr. Romit Maulik 

1
 to justify the choice of separated training of CAE and LSTM

model in [ 23 ] in contrast to the previous works where a combined training is performed.

4.1 CAE – LSTM Simultaneous vs Separated Training

In this experiment we consider two CAE – LSTM surrogate model for solving 1D Burg-
ers’ equation, differing only in the training process. The aim of the study is to exam-
ine the encoding space representation and the ease of explainability of two CAE – LSTM
model differing only in training process, namely simultaneous and separated training.
Here we show that a separated training provides a single representation of the data in the
intrinsic coordinates, further we also show that for any initial condition u0 and parame-
ter Re lying in the domain of training set, not same as training data but any combination
Re ∈ {100, 200, · · · , 1900} and t ∈ [0, tend) such that we have an interpolation problem.

4.1.1 Problem Setup

For this experiment we use the Equation ( 2.28 ) and the parameters defined in Table  2.1 .
We use Equation ( 2.29 ) to generate the snapshot matrix. Figure  4.1 shows the parameters
used for construction of complete snapshot matrix.

We perform the combined training and the separated training keeping the parameters
of the LSTM and CAE constant. Figure  4.2 shows the architecture of the constructed
CAE and the Figure  4.3 shows the architecture used for LSTM model. In both the settings
we examine the intrinsic coordinates spanned by the training snapshots before and after
application of LSTM.

4.1.2 Results

For the above described problem setup we first examine the snapshots in the full space.
Figure  4.4 shows some of the snapshots for different values of Re and t used for training

1This study was pointed out by Dr. Romit Maulik in personal correspondence about the topic
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Figure 4.1: The points in the plot show the sampled value of t and Re from the parameter
space to be used for construction of the complete snapshot matrix as well as
for training and testing of the CAE – LSTM model. The points are equispaced
along the time axis such that the LSTM model doesn’t have to take into account
another parameter, dt.

the CAE – LSTM models. We can observe that the snapshot matrix consists a mixture of
smooth and sharp profiles spread across large parameter space. Using these snapshots we
construct the encoding space for two cases.

Figure  4.5 shows the encoding space representation for the combined training and the
separated training. We can see that for the combined training that the LSTM progressed
points lie in disjoint region while in the case of the separated training the LSTM progressed
points lie in the constructed encoding space by the encoder. It should be noted that we
expect the LSTM progressed points to lie in the same encoding space, since the LSTM pro-
gressed point correspond to a training point of the encoder therefore the output of the
LSTM has a unique representation in the encoded space formulated by the encoder. A
disjoint region of the LSTM progressed point suggest that the LSTM maps the point from
one manifold to another both of which have a overlapping region in the higher dimen-
sional space (since the encoded coordinates for same point are different). Further, in case
of combined training, the disjoint region suggests that the decoder and the encoder map
to different manifolds.

Figure  4.6a highlights the two representation of the same point, the red point is the rep-
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4.1 CAE – LSTM Simultaneous vs Separated Training

(a) Encoder Architecture (b) Decoder Architecture

Figure 4.2: The figure shows the architecture of the constructed encoder and the decoder
part of the CAE. This architecture is used for both combined and separated
training. The input block to the network is at the bottom and the output block
is at the top. The figure is generated using tensorboard toolkit available in the
tensorflow library [ 3 ].

resentation corresponding to the manifold mapped to which the encoder maps the points
and the black point is the representation corresponding to the manifold from which the
decoder maps to the full space. For a given series of the encoded points, the LSTM net-
work acts as a mapping from encoder’s manifold to decoder’s manifold. This is mainly
because in a coupled training we do not have a control over the state of decoder or the
LSTM network, sandwiched between the encoder and decoder, and the optimizer adjusts
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Figure 4.3: The figure shows the architecture used for the LSTM time integrator. Two con-
secutive LSTM blocks are used for the experiment followed by a dense layer.
The architecture of each LSTM block is similar to that described in Section  2.5 

. The first LSTM block has output dimension of 20, which is encoding space
dimension times the window size, and the second LSTM block has an output
dimension same as the encoding space.

the weights in a way that the decoder can best reconstruct the output. To achieve this the
LSTM network maps the encoded points to a manifold where they are well spaced, making
the learning task for the decoder easier. In contrast to this, the separated training ensures
that the encoder and decoder map to and from the same manifold, respectively. Doing
so enforces the LSTM to map the output point, for a given series of encoded input, to the
same manifold. Figure  4.6b shows the embedding space obtained from separated train-
ing of the CAE – LSTM network, and the corresponding expected and obtained output
from LSTM. We can see that the mapping lies in the same manifold as expected.

A separated training is particularly interesting for this thesis work since it opens the
possibility of explicit analysis of the projection operators and the time integrator. Further,
it aids in the explainability of the model since an explicit construction of the embedding
space allow to perform causal analysis of the error. For example when integrating a pro-
jected model using LSTM network we can examine the trajectory, if the path includes any
point at the encoding space boundaries or outside the encoding space then we can con-
clude that the integration task performed by the LSTM includes extrapolation which can
be source of error.

Following the above mentioned arguments we always perform a separated training for
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4.1 CAE – LSTM Simultaneous vs Separated Training

(a) Re = 100 and t = 0 (b) Re = 100 and t = 1.0

(c) Re = 1100 and t = 0 (d) Re = 1100 and t = 1.0

(e) Re = 1900 and t = 0 (f) Re = 1900 and t = 1.0

Figure 4.4: The figure shows different values of the profile of u for different choices of Re
and t. We can observe that the data almost discontinuous behavior for higher
Re values and small t values. For increasing t values and reduced Reynolds
number the profile turns smooth as shown in Figure  4.4b . The snapshot matrix
constructed with these data is used for training the CAE – LSTM model.

the proposed POD – CAE projection model.
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(a) Combined Training (b) Separated Training

Figure 4.5: Encoding space representation of the snapshot matrix when CAE – LSTM
model is trained in combined and separated fashion. We can observe that the
LSTM progressed points in the combined training lie in a separate manifold in
contrast to the separated training where the LSTM progressed points lie in the
same manifold.

4.2 1D Burgers’ Equation

In this experiment we implement the proposed POD – CAE projection method using intru-
sive ROM methodology as described in Section  3.1.1 . For this experiment we again con-
sider 1D Burgers’ equation as described in Equation (  2.28 ) , we will project this equation
to obtain the surrogate model using the Algorithm  2 . We further analyse the accuracy of
the formulated surrogate model and compare it with classical POD – GP with DEIM and
the exact solution. We will also attempt to add explainability by analysing the reduced
space modes. Additionally, we also compare the runtime for the POD – CAE surrogate
model, POD – GP with DEIM and a full order Finite Element Model (FEM).
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4.2 1D Burgers’ Equation

(a) Simultaneous Training of CAE – LSTM
network

(b) Separated Training of CAE – LSTM net-
work

Figure 4.6: The figure shows embedding space representation of snapshot matrix, gener-
ated from Equation ( 2.28 ) , and the integrated output from the LSTM for a
simultaneously trained CAE – LSTM network and separately trained CAE –
LSTM network. The green points are the encoded points from the snapshot
matrix. The red points represent the expected output from the LSTM network
for given time sequence of green points. The black points represent the actual
outputs of the LSTM network.

4.2.1 Problem Setup

In this experiment we consider Equation ( 2.28 ) restated below

u̇+ u
∂u

∂x
= ν

∂2u

∂x2

u(x,Re, 0) = u0 =
x

1 +
√

1
t0
eRe

x2

4

, x ∈ [0, L], t ∈ [0, tend]

u(0, Re, t) = 0

u(L,Re, t) =
L
t+1

1 +
√

t+1
t0
eRe

L2

4t+4

, t0 = e
Re
8 and Re =

1

ν

(4.1)

The analytical solution to the equation is given by Equation ( 2.29 ) . In this experiment we
will consider the following three scenarios

• FEM Simulation: We perform a full order FEM simulation for the solution of the 1D
Burgers’ equation. We compare the quality of the solution with the exact solution and
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use the generated data to perform further studies. The details of the FEM simulation
is provided in the Section  6 .

• POD – GP with DEIM: Next using the FEM snapshot data we perform a POD – GP
with  DEIM to solve the partial differential equation for t ∈ [0, tend). We will compare
the obtained results with the analytical solution. Further, we will extend this part to
be used as the linear surrogate model in POD – CAE setup.

• POD – CAE: For the POD – CAE application we will again use the snapshot matrix
developed from FEM simulation. Additionally we will also use the linear part of
the model from the POD – GP with DEIM, and couple it with the non-linear solver
developed in the Section  3.1.1 .

The parameters used for the three settings are described in the Table  4.1 .

Table 4.1: Parameters used for FEM simulation, POD – CAE surrogate model, and POD –
GP with DEIM surrogate model.

Parameters Values
General

L 1

tend 2

Re {100, 200, · · · , 1900}
FEM

dx 1/128

dt 0.01

POD – GP with DEIM
Number of POD modes {2, 5, 10}

Number of DEIM modes Number of POD modes
+ {2, · · · , 5}

POD – CAE
Energy covered by linear modes 95 – 98 %
Number of non-linear modes m 4

Convolution type 1D convolutions
Pooling Max pooling

Number of Convolutional layers in
encoder

6 depending on m

Number of Convolutional layers in
decoder

5 depending on m

Number of LSTM blocks 2
Size of LSTM output m

LSTM temporal window size 10
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4.2 1D Burgers’ Equation

4.2.2 Finite Element Method

As shown in Figure  4.4 the properties of the solution of Equation ( 4.1 ) is highly depen-
dent on the choice of Re. For higher Re the non-linear term dominates the solution and
the PDE would be stiff. This requires a smaller time stepping for time integration and a
finer discretization to avoid discontinuity. To find a full order solution of the PDE we use
the following form obtained from the formulation described in Section  6 

Mu̇(t) = −1

2
Du2(t)− νBu(t) + f(t) (4.2)

where:

• M: mass matrix

• B: stiffness matrix

• D: Convection coefficient

Figure  4.7 shows the simulation results for the above equation we can observe that for
higher Re the FEM solution shows error near the discontinuity. Further, Figure  4.8 high-
lights the relative error at each simulation step for different choices of Re. We can notice
for higher Re some of the intermediate simulation steps have highest error, these are the
simulation points where the newton iteration did not converge for the backward euler
step. This is primarily because the PDE becomes increasingly stiff for higher values of Re,
and therefore requires smaller time steps.

After solving the equation we collect the snapshots and use them for ROM development.

4.2.3 POD – GP with DEIM

The snapshots collected from the FEM simulations are now used to develop the POD –
GP model with DEIM approximation of non-linearity. We begin with computation of POD
basis for the model. We will examine the POD – GP with DEIM for multiple choices of
POD modes and evaluate the quality of the surrogate model. For a snapshot generated
from FEM model we can compute the POD modes using following [ 34 ]

UUTMφ = σ2φ (4.3)

Since M is symmetric positive definite there exist a Cholesky decomposition of M = RTR
then we can rewrite the above equation as follows

RUUTRTRφ = σ2Rφ

ÛÛT φ̂ = σ2φ̂
(4.4)
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(a) Re = 1900 (b) Re = 900

(c) Re = 100

Figure 4.7: The figure shows outputs for 3 FEM simulations for Re = {100, 900, 1900}. The
blue line shows the initial condition used for the FEM simulation and the green
line shows the obtained output at the end of simulation.

Now we perform SVD on Û to obtain the left hand singular vector, B, and select k modes.
Using B and R we can obtain the POD basis:

Φ = R−1B, where Φ = {φi|i = 1, · · · , k} (4.5)

Using the obtained POD modes we can define the following ansatz for full-order approxi-
mation

u(t) ≈ Φû(t), with û(t) ∈ Rk (4.6)

Now we can apply  POD Galerkin Projection with DEIM on the Equation ( 4.2 ) to obtain
following reduced model

d

dt
û(t) = −1

2
Dred (Cû)2 (t)− νBredû(t) + fred(t) (4.7)
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4.2 1D Burgers’ Equation

Figure 4.8: The figure shows the relative L2 error for each integration point during the
FEM simulation of Equation ( 4.2 ) . Each row represent all the states of one
FEM simulation for a specific Re.

where
Dred = ΦTDW

(
PTW

)−1
,

Bred = ΦTBΦ,

fred = ΦT f,

C = PTΦ.

(4.8)

The W is the left hand singular vector obtained from the snapshot matrix of non-linear
term, U2 =

[
u2(t1), u2(t2), · · · , u2(tN )

]
. Further, the P is the selection matrix obtained from

the application of  DEIM . Before applying the above formulation for different parameters
listed in Table  4.1 , we investigate the POD modes of the snapshot matrix and the system
energy they capture. Figure  4.9a shows the behaviour of the first 5 POD modes and the
region of the dynamics. It also highlights the amount of system energy modelled by the
addition of each POD modes. We can notice that a choice of 5 POD modes cover ' 99% of
the system energy, and therefore modelling higher modes would contribute progressively
less to the system dynamics. It should be noted that, for stiff PDE, although higher modes
have diminishing contribution to the overall system energy but they have significant role
in the system accuracy. For stiff PDEs usually a very high number of POD modes are
necessary to accurately model the system. We show the results obtained for choice of
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2, 5, 10 POD modes in Figure  4.10 .

(a) Behaviour of the first 5 POD modes across the
domain.

(b) System energy covered by addition of each
POD mode.

Figure 4.9: The figure shows the preliminary analysis on the POD modes. The behaviour
of the modes across the domain highlights the region with maximum dynamics
in the FEM snapshot matrix. Further, an inspection of the energy modelled by
addition of each POD mode aids in deciding the sufficient number of modes to
capture the major dynamics of the FEM snapshots.

Figure  4.10 suggests that addition of each POD mode reduces the low frequency error
corresponding to each POD modes. Further the DEIM measurement points aid in mak-
ing better prediction by adding more measurement points in the region of high dynamics.
Figure  4.11 shows the regions of high error in the parameter space for different choice of
POD modes. For 2 POD modes we can observe high error region around high Re and t
because the projection is not able to capture the progression of non-linearity due to miss-
ing POD modes. This is effect is somewhat mitigated by introduction of additional POD
modes and corresponding DEIM points. But we can observe that, for a stiff PDE, even
the higher POD modes which do not contribute much to the system energy has significant
impact on the accuracy of ROM.

We now extend the shown POD – GP with DEIM framework to incorporate the POD –
CAE type projection as described in Section  3.1.1 and develop the non-linear counterpart
for coupling.

4.2.4 POD – CAE formulation

To formulate the POD – CAE projection of the model we have to express the Equation ( 4.2 )
in the Equation ( 3.10a ) form. To achieve this let us reconsider Equation ( 4.4 ) , to obtain a
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4.2 1D Burgers’ Equation

(a) Re = 1900 and 2 POD
Modes 7 DEIM mode

(b) Re = 900 and 2 POD
Modes 7 DEIM mode

(c) Re = 100 and 2 POD
Modes 7 DEIM mode

(d) Re = 1900 and 5 POD
Modes 12 DEIM mode

(e) Re = 900 and 5 POD
Modes 12 DEIM mode

(f) Re = 100 and 5 POD
Modes 12 DEIM mode

(g) Re = 1900 and 10 POD
Modes 17 DEIM mode

(h) Re = 900 and 10 POD
Modes 17 DEIM mode

(i) Re = 100 and 10 POD
Modes 17 DEIM mode

Figure 4.10: The figure shows the POD – GP with DEIM simulation output for Burgers’
equation using FEM snapshot matrix. The red dashed lines represent the
DEIM measurement locations, obtained from Algorithm  1 . We notice that the
performance of the model is very poor for choice of 2 POD modes, although
the DEIM measurements are performed close to the region of actual dynamics.
Increasing the POD modes to 5 somewhat improves the performance of the
model by removing the low frequency error arising from the missing modes,
additionally DEIM modes increase the measurement points in the region of
error aiding in the error reduction. A similar trend is observed for addition of
next 5 POD modes.
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(a) 2 POD mode (b) 5 POD mode

(c) 10 POD mode

Figure 4.11: The figure shows the relative L2 error for each integration point during POD –
GP with DEIM simulation for the solution of Equation ( 4.2 ) using 2, 5, 10 POD
modes. We can notice that the overall relative error decreases with an increase
of POD modes. For 2 POD modes we can notice the high error region to be
concentrated around higherRe and t values. Which changes for 10 POD mode
case where the high error region is concentrated around lowRe and high t, this
is because of the unavailability of DEIM measurement points toward the right
boundary as shown in Figure  4.10i .

full POD, we compute the left hand singular vector, B, of Û and compute the Φ

Φ = R−1B, where Φ = {φi|i = 1, 2, · · · , N}. (4.9)

We can now decompose the Φ in Φ̂ = {φi|i = 1, · · · , k} ∈ RN×k and Ψ = {φi|i = k + 1, · · · , N} ∈
RN×N−k. Using Φ̂ and Ψ with Equation ( 3.7 ) we can define following ansatz for full order
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4.2 1D Burgers’ Equation

approximation

u(t) ≈ Φ̂û(t) + Ψ [D(χ(t))] , with û(t) ∈ Rk and χ ∈ Rm, (4.10)

where

• D : Rm → RN−k is the decoder of the CAE model

• E : RN−k → Rm is the encoder of the CAE model, which is used for encoding uΨ =

ΨT
(
u(t)− Φ̂û(t)

)
.

Using above formulations we can transform Equation ( 4.2 ) to

d

dt
û(t) = −1

2
Dred (C1û(t) + C2D(χ(t)))2 − νBredû(t) + fred(t), (4.11)

where
Dred = Φ̂TDW

(
PTW

)−1
,

Bred = Φ̂TBΦ̂,

fred = Φ̂T f,

C1 = PT Φ̂,

C2 = PTΨ,

(4.12)

and W as well as P are the DEIM terms. W is the left hand singular vector of the non-
linear term snapshot matrix, U2 =

[
u2(t1), u2(t2), · · · , u2(tN )

]
and P is the selection matrix

obtained from the Algorithm  1 .
As explained in the Section  3.1 , the non-linear projector is formulated using a  Convolutional

Autoencoders . Following the directions mentioned in Section  3.2 we decide k andm. For,
this experiment we choose k = 5 which covers 98% system energy, and since the number
of parameters in the Equation ( 4.2 ) are 2 so we take m = 8 for our experiment. Before
constructing our non-linear projector we examine the û and uΨ. Figure  4.12 shows the de-
composition of u in û and uΨ. As expected, the û corresponding to the first k POD modes
forms a smooth approximation of u, while the uΨ captures the sharp changes in the profile
since it lies in the subspace Ψ which consists of high frequency modes.

Now we construct the CAE based non-linear projector using the parameters defined in
Table  4.1 . In our formulation, we perform a separated training of CAE and LSTM as men-
tioned in Section  4.1 , therefore we can ensure that the encoder, E , and decoder, D, map to
and from same manifold, respectively. This also opens the possibility to perform a separate
study of the quality of projection using CAE. Figure  4.13a shows the relative reconstruc-
tion error of the uΨ. We can notice that the relative error is high in the region with high Re
and low t. Further, the Figure  4.13b shows the intrinsic coordinates of the obtained uΨ

from the FEM simulation. The points are coloured by relative error, with the blue points
being on the lower side of the relative error and the red points being on the higher side. We
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(a) Re = 1900, t = 0, 5 POD Modes (b) Re = 1900, t = 2.0, 5 POD Modes

(c) Re = 900, t = 0, 5 POD Modes (d) Re = 900, t = 2.0, 5 POD Modes

(e) Re = 100, t = 0, 5 POD Modes (f) Re = 100, t = 2.0, 5 POD Modes

Figure 4.12: The figure shows the full POD decomposition of u in û = S1 and uΨ = S2 form
based on Equation (  3.2 ) . We can observe that û always forms the smooth
curve even in the cases where u have sharp change in value, due to small
frequency of the first 5 POD modes. On the other hand the uΨ captures the
sharp changes, due to the high frequency POD modes.

can notice that the red points are always at the boundary of the intrinsic domain spanned
by the projected points. This behaviour is easily explainable since the interpolating func-
tion, CAE, does not have enough data at the boundaries to make an accurate prediction.
This also suggests that uψ for high Re and low t values lie on the domain boundary of the
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4.2 1D Burgers’ Equation

intrinsic coordinates. Therefore to improve the quality of projection of uψ for high Re and
low t values we should sample more such points in the FEM snapshot matrix. A similar
argument holds for the extended branches in the domain. Since we restrict the study to
the choice of FEM parameters mentioned in Table  4.1 , we will continue with this CAE
projector for further analysis.

Similar to the projector we can perform an analysis on the intergrator, LSTM, separately.
We examine the relative reconstruction error for all the FEM snapshots and the intrinsic
coordinates in the encoding space for a integrated example of uΦ. Figure  4.14a highlights
the region of high error, we observe a high error for low Re and high t values which
correspond to the domain branch. Further, the integration path, in Figure  4.14b , for the
Re = 200 suggests that the LSTM could have attempted prediction outside the domain,
leading to additional error arising from extrapolation.

With the linear part formulated in Equation ( 4.11 ) , along with the non-linear projector
and integrator we can use the POD – CAE intrusive surrogate model. For the integration
of Equation ( 4.11 ) we use Backward Euler iteration with Newton fixed point iteration [ 7 ].

4.2.5 Results

In this part we investigate the solution of the POD – CAE projection based intrusive ROM,
compare the accuracy and performance of the formulated surrogate model as well as pos-
tulate the possible source of errors.

Figure  4.15 shows the computed final state for 3 Re values, we observe that the POD –
CAE intrusive model is able to predict the overall trend. Further, the overall oscillatory be-
haviour of the solution is reduced significantly as compared to POD – DEIM. Additionally,
we also observe that the POD – CAE surrogate model reduces the L2 error by an order of
magnitude at a minuscule cost of performance as highlighted in Table  4.3 and Table  4.2 

. Figure  4.16 shows the relative L2 norm error for all choices of Re, we notice that the
relative error trend is similar to that of Figure  4.14a . The reason behind such trend is that
for the stiff PDE, Equation ( 4.2 ) , the non-linear term governs the dynamics and in Equa-
tion ( 4.11 ) the non-linear term has complete access to the modes in Ψ through C2. There-
fore, the possible sources of error in computation of non-linear term in the Equation ( 4.11 )
are the error accumulation through time integration scheme and the computation of C2.
Hence the dominant source of error in the resulting solution is the contribution from the
non-linear projection and integration through CAE and LSTM, respectively. A possibility
to improve the POD – CAE intrusive surrogate model could through enforcing the formu-
lation of convex domain of intrinsic coordinates. Such a formulation would minimize the
error made by LSTM model since any prediction inside the convex domain would always
be an interpolation step, and there would very limited cases that are close to the boundary.
Another possibility to control the error would be through projection operator. It can be
concluded from Figure  4.13a that the CAE projector puts a lower bound on the error due
to imperfect reconstruction. Any improvement in the decoder can reduce the overall error
of the CAE – POD intrusive surrogate model.
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We can observe that for an order of magnitude loss in accuracy the proposed reduced
order model provides a performance gain of about two orders of magnitude and solves
the issues that come with the classical POD – GP with DEIM method.

Table 4.2: Runtime comparison for solution of Burgers’ equation using the three methods.
The average time is computed using 5 runs for each parameter value

FEM POD – GP with
DEIM

Intrusive POD –
CAE

Worst case time (s) 14.310± 0.111 0.086± 0.009 0.148± 0.008

Average time (s) 9.932± 2.908 0.124± 0.015 0.133± 0.012

Speed-up w.r.t. FEM 1.0 79.4± 21.7 73.7± 18.8

Table 4.3: L2 error norm comparison for solution of Burgers’ equation using the three
methods at final time step. The table outlines the results where the POD – CAE
(5 POD modes, 4 CAE modes), FEM and POD – GP (10 POD modes) with DEIM
are deployed anew for each Re. The L2 norm is computed between the final
time step result and the exact solution. The POD – CAE model error is lower for
similar number of reduced dimensions.

Re = 1750 Re = 950 Re = 150

Absolute L2 error
FEM 2.257× 10−4 1.445× 10−4 5.052× 10−5

POD – GP with DEIM 1.352× 10−2 1.337× 10−2 1.123× 10−2

Intrusive POD – CAE 1.160× 10−3 6.562× 10−4 1.561× 10−3

Relative L2 error
FEM 0.080% 0.053% 0.026%

POD – GP with DEIM 4.819% 4.903% 5.726%

Intrusive POD – CAE 0.413% 0.241% 0.795%
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4.2 1D Burgers’ Equation

(a) Relative reconstruction error of uΨ

(b) Intrinsic Coordinates of the FEM snap-
shots: View 1

(c) Intrinsic Coordinates of the FEM snap-
shots: View 2

Figure 4.13: The figure shows the quality of non-linear projection operator, CAE. The first
figure shows the relativeL2 error for reconstruction of uΨ. We can observe that
the reconstruction quality is relatively poor for the higher Re and lower t val-
ues. Further, the lower figures show the intrinsic coordinates for the complete
snapshot matrix. The points are coloured with relative reconstruction error,
with red being the highest and blue being the lowest. We can observe that the
highest relative error is obtained for the points which lie on the boundary of
the encoding domain, suggesting that the points with high Re and low t are
mapped on the boundary of the domain.
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(a) Relative reconstruction error of uΨ after in-
tegrating with LSTM model

(b) Intrinsic Coordinates of the FEM snapshots
with a sample integration case: View 1

(c) Intrinsic Coordinates of the FEM snapshots
with a sample integration case: View 2

Figure 4.14: The figure shows the quality of non-linear projection and integration opera-
tors, CAE – LSTM. The first figure shows the relative L2 error obtained on
integration of χ(t = 0) over t ∈ [0, tend), using LSTM, followed by projection
to full space. We can observe that the integrated χ has maximum error for
low Re and high t, these values correspond to the extended branches of the
intrinsic coordinates domain. The lower figures highlight the intermediate in-
tegration points, obtained from LSTM, for Re = 200. We can observe that the
initial integration points and the final integration point lie on the branch, and
the corresponding points in the above figure also show high error. Further, the
integration points pass through the boundary of the domain suggesting that
LSTM could have attempted prediction outside the domain.
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4.2 1D Burgers’ Equation

(a) Re = 1750 (b) Re = 950

(c) Re = 150

Figure 4.15: The figure shows outputs for 3 POD – CAE simulations for Re =
{150, 950, 1750}. The green line shows the initial condition used for the simu-
lation and the blue line shows the expected outcome, the red points show the
computed output using the POD – CAE intrusive surrogate model.
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Figure 4.16: The figure shows the relative L2 error for the formulated POD – CAE intrusive
surrogate model. We observe that the error dominant region is still with low
Re and high t, this is primarily because the initial χ points and final χ points lie
on the extended branches. Additionally, a unidirectional coupling makes the
LSTM network oblivious to the implicit Backward Euler method for solving
the linear part, thereby disabling it to perform iterative improvement.
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4.3 Gap – radiation problem

(a) Sample domain to be used in the gap –
radiation model.

(b) Sampled Parameter values for Gap radi-
ation model

Figure 4.17: The figure shows the domain being simulated in this experiment and the ini-
tial parameter values.

4.3 Gap – radiation problem

The Gap – radiation model is a thermal model including radiative coupling. For this model
we consider a general heat – transfer equation with radition term as follows

CpṪ = KT + RT 4 + Bu. (4.13)

This equation represents several radiation dominated phenomenon occurring in aerospspace,
energy and manufacturing domain [ 35 ]. For this experiment we will consider a simple
case with two separated plates, with upper plate having an inward heat flux, Figure  4.17a 

shows the setup.
We will consider both plates to be made of steel with thermal capacity 434 J/(kg · K)

and thermal conductivity 14 W/(m · K). We take initial temperature,T0, and heat load,
h, as the system parameter. We consider the T0 ∈ [20◦C, 300◦C]. We perform simulation
for 3600 seconds. Figure  4.17b shows the sampled parameter values for the experiment.
In this experiment we consider that the domain discretization is unknown and we use
Section  3.1.2 to obtain the operators in Equation ( 4.13 ) .

4.3.1 Problem Setup

For this problem we will be begin with reconstruction of the full operators and then follow
the steps described in Section  3.1.1 to obtain the final reduced surrogate model. For each
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set of parameters we solve Equation ( 2.19 ) after application of lifting, to convert Equa-
tion ( 4.13 ) to have a leading quadratic term[ 31 ]. This is done by introducing following
variables

T1 = T,

T2 = T 2,

T3 = T 3,

(4.14)

then we have
Ṫ1 = Ṫ

Ṫ2 = 2T1Ṫ

Ṫ3 = 3T2Ṫ .

(4.15)

Using above formulation we can rewrite the Equation ( 4.13 ) as follows

CpṪ1 = KT1 + RT 2
2 + Bu

CpṪ2 = 2(KT2 + RT2T3 + T1Bu)

CpṪ1 = 3(KT3 + RT 2
3 + T2Bu).

(4.16)

We can express the combined system as follows

Cp

Cp

Cp

Ṫ1

Ṫ2

Ṫ3

 ≈
K

2 ∗K
3 ∗K

T1

T2

T3

+ H

T1

T2

T3

⊗
T1

T2

T3

+

B
B

B

u0
0

 ,
(4.17)

where

H =

 R
R

R

 ,
T1

T2

T3

⊗
T1

T2

T3

 =



T 2
1

T1T2

T1T3

T 2
2

T2T3

T 2
3

 .
(4.18)

In the above equation we drop the mixed terms of form Tiu for the sake of simplicity
and possibility to convert it in the form of Equation ( 2.18 ) .

Using the this formulation we extract the operators Cp, K, R and B. Following this we
can solve the above equation using the intrusive formulation.

Figure  4.18 show the reconstructed snapshots for different values of u, we can observe
an increasing error with time, suggesting that the reconstructed operators aren’t exact.
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4.3 Gap – radiation problem

Table 4.4: Parameters used for Operator Inference, POD – CAE surrogate model, and POD
– GP with DEIM surrogate model.

Parameters Values
General

Number of spatial grid points (Nx) 3686

tend 3600

Heat load (u) Sampling shown in Figure  4.17b 

dt 36.0

OI
Regularization search space [0.001, 10.0]

POD – GP with DEIM
Number of POD modes 8

Number of DEIM modes Number of POD modes +6

POD – CAE
Energy covered by linear modes 95 – 98 %
Number of non-linear modes m 4

Convolution type 1D convolutions (unknown
discretization)

Pooling Max pooling
Number of Convolutional layers in

encoder
6 depending on m

Number of Convolutional layers in
decoder

5 depending on m

Number of LSTM blocks 2
Size of LSTM output m

LSTM temporal window size 10

This is expected since we drop the mixed terms of T and u as well as we use the regular-
ization in the system. It should be noted that the 3D points are arranged linearly in this
experiment because of unavailability of the discretization. We can now formulate the POD
– DEIM model using the obtained operators.

4.3.2 POD – DEIM formulation

We can now perform POD on the temperature snapshot matrix and project the Equa-
tion ( 4.13 ) in the form of Equation ( 2.11 ) :

T ≈ Φ̂T̂ ,

d

dt
T̂ = KredT̂ + Rred(Φ̂T̂ )4 + Bredu,

(4.19)
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(a) h = 26.77 Watt (b) h = 52.58 Watt

(c) h = 74.95 Watt (d) Relative L2 error for reconstruction of
temperature snapshot with the inferred
operators

Figure 4.18: The figure shows the reconstruction of the temperature snapshot using in-
ferred operators. We can see an increasing trend of error in the reconstructed
snapshot suggesting that the operators aren’t exact, and the error accumula-
tion can be expected on time integration.

where

Kred = Φ̂TC−1
p KΦ̂,

Rred = Φ̂TC−1
p R,

Bred = Φ̂TC−1
p B.

(4.20)

We define the non-linear term using the  DEIM as follows

Rdeim = RredW
(
PTW

)−1
,

Z = P T Φ̂.
(4.21)
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4.3 Gap – radiation problem

Then we can rewrite the Equation ( 4.19 ) as following

d

dt
T̂ = KredT̂ + Rdeim(ZT̂ )4 + Bredu, (4.22)

where:

• W: left hand singular vector of the non-linear snapshot matrix TNL =
[
T 4

1 , T
4
2 , · · · , T 4

N

]
• P: selection matrix obtained from Algorithm  1 .

We now analyse the POD modes of system, we can observe in Figure  4.19 that the
first mode itself is able to capture more than 99% of system’s energy but for the sake of
comparison with the POD – CAE method, because of the choice of parameters, we proceed
in the further analysis with 8 POD modes.

Figure 4.19: The figure shows the ratio of modelled system energy to the total system en-
ergy for addition of each POD mode. We can observe that the first POD mode
itself is able to capture more than 99% of the system’s energy.

Figure  4.20 shows the results obtained from a POD – GP with DEIM surrogate model.
We can notice that the surrogate model is able to capture the overall trend of the temper-
ature from the given snapshot matrix but it fails to compute accurately the temperature
values. Further, Figure  4.20d highlights that the projection of the initial condition is inac-
curate which can be expected since most of the snapshots in the system have significantly
different shape as compared to the initial condition. Therefore the miscalculated initial
condition leads to an accumulation of the error during the integration steps.
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(a) h = 26.77 Watt (b) h = 52.58 Watt

(c) h = 74.95 Watt (d) Relative L2 error for reconstruction of
temperature snapshot with the inferred
operators

Figure 4.20: The figure shows the reconstruction of the temperature snapshots using POD
– GP with DEIM method. We can observe the difference in the exact solution
and the POD – GP with DEIM method, further a comparison Figure  4.18 also
shows apparent difference in the prediction. We can observe that the POD –
GP with DEIM is able to capture the overall temperature trend but makes big
error in the projection at an initial stage.

4.3.3 POD – CAE formulation

We now reformulate the Equation (  4.13 ) using thr POD – CAE decomposition. Let the
complete decomposition of the snapshot matrix be given as follows

T = Φ̂T̂ + ΨTΨ, (4.23)
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where Φ̂ consists of first k POD modes and the Ψ contains the remaining modes. Using
this we can rewrite the Equation ( 4.13 ) as follows

d

dt
T̂ = KredT̂ + Rred(Φ̂T̂ + ΨTΨ)4 + Bredu, (4.24)

where the operators Kred, Rred, and Bred have the same form as described in Equa-
tion ( 4.20 ) . We now apply  DEIM to the non linear term

d

dt
T̂ = KredT̂ + Rdeim(Z1T̂ + Z2TΨ)4 + Bredu, (4.25)

where
Rdeim = RredW

(
PTW

)−1
,

Z1 = P T Φ̂,

Z2 = P T Ψ̂,

TΨ = D(χ(t)).

(4.26)

In the above equation the D : Rm → RN−k is the decoder of the CAE model and the
E : RN−k → Rm is the encoder of the CAE model, with χ(t) = E(TΨ).

Following the directions mentioned in the Section  3.2 we choose k = 2 and m = 4,
since the system has only 2 parameters. We also use a two block LSTM network with the
parameters defined in the Table  4.4 . We will again perform a separated training for the
CAE and LSTM. Figure  4.21 shows the quality of the CAE projector, we can observe that
the CAE is able to reconstruct the field with worst case accuracy of 98.4% which happens
due to under-representation of the initial condition profiles, which are significantly dif-
ferent than average profiles, in the snapshot matrix. Further, these initial conditions are
mapped to the boundaries of the domain spanned by the snapshots in the encoding space,
which also suggests that they are under-represented or have significantly different profile.
Figure  4.22 highlights the relative L2 error for integration of sampled points using LSTM
model. We observe that the overall relative error is dominated by the projection operator
and the LSTM model has a relatively insignificant error.

4.3.4 Results

Using the above described formulation with the parameters in Table  4.4 we perform
integration for 10% of the sampled points that were not used in training of the CAE and
LSTM model. Table  4.6 shows the performance of the POD – CAE projection with  Full
Space Operator Inference , we can observe the POD – GP with DEIM has about 6 times
worse performance than the proposed Full OI POD – CAE method. It should be noted
that the operators inferred from the OI puts a lower bound of error on both the ROM,
POD – GP and POD – CAE, since these operators are projected to a lower dimensional
subspace. We can notice that the overall error for the POD – CAE method, with only 2
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POD modes, is very close to that of OI, in contrast to POD – GP with DEIM, using 8 POD
modes. The main reason behind this behaviour is the capability of the formulated linear
model to implicit access the dynamics covered in Ψ. The term Z2TΨ allows the linear part
to take into account the impact in space Φ̂ from Ψ through the interaction caused due to
non-linear term.

Table  4.5 highlights the overall simulation time and speedups for the OI, POD – GP
with DEIM, and Full OI POD – CAE method. We observe that the POD – GP with DEIM
provides the best performance on the cost of accuracy. On the other hand the POD – CAE
method improves the relative L2 error by an order of magnitude at a cost of small gain in
simulation time. We can notice that the simulation time of Full OI POD – CAE method is
still 3 orders of magnitude lower as compared to OI.

Additionally, Figure  4.23 shows the simulated output compared to the exact solution,
for three test cases. We observe that the predicted solution is very close to the actual so-
lution. Further, an inspection of relative error in Figure  4.23 and Figure  4.20d sug-
gests that the dominant source of error in this experiment is the linear model. This is
primarily because the initial projection in the linear part has high inaccuracy, as the POD
method constructs the basis which covers maximum dynamics of the snapshots therefore,
an under-representation of initial condition would construct a projection operator which
ignores the variations in the initial condition. We can also notice that this inaccuracy is
dissipates due to the coupling with the CAE – LSTM model.

Table 4.5: Runtime comparison for solution of heat equation using the three methods. The
average time is computed using 5 runs for each parameter value

OI POD – GP with
DEIM

Intrusive POD –
CAE

Average time (s) 31.324± 1.351 0.053± 0.008 0.210± 0.012

Speed-up w.r.t. OI 1.0 591.0± 99.6 149.2± 15.0
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Table 4.6: L2 error norm comparison for solution of heat equation using the three methods
at final time step. The table outlines the results where the POD – CAE (2 POD
modes, 4 CAE modes), OI and POD – GP (8 POD modes) with DEIM are de-
ployed anew for each u. The L2 norm is computed between the final time step
result and the exact solution. The POD – CAE model error is lower for similar
number of reduced dimensions.

u = 28.49 Watt u = 49.13 Watt u = 68.06 Watt
Absolute L2 error

OI 10.641× 10−3 17.148× 10−3 23.467× 10−5

POD – GP with DEIM 79.643× 10−3 72.943× 10−3 67.977× 10−3

Full OI POD – CAE 11.957× 10−3 17.568× 10−3 24.066× 10−3

Relative L2 error
OI 0.006% 0.007% 0.007%

POD – GP with DEIM 0.051% 0.031% 0.022%

Full OI POD – CAE 0.007% 0.008% 0.008%
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(a) Relative reconstruction error of TΨ

(b) Intrinsic Coordinates of the snap-
shots: View 1

(c) Intrinsic Coordinates of the snap-
shots: View 1

Figure 4.21: The figure shows the quality of non-linear projection operator, CAE. The first
figure shows the relative L2 reconstruction error for the TΨ. We can observe
that the quality of reconstruction is very well, with worst case having an er-
ror of 1.6%. We can also notice that the reconstruction error is high for initial
time-steps, which is primarily because the initial profile is underrepresented
in the snapshot matrix. In the Figure  4.20a blue curve shows the initial profile,
we can see that it differs significantly from the other profiles. The lower im-
ages shows the distribution of intrinsic coordinates in the encoding space. The
points are colored by relative reconstruction error, with blue being the lowest
error and red being the highest. We can observe that the initial conditions lie
on the boundaries of the domain spanned by the snapshots in the encoding
space.
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(a) Relative reconstruction error of TΨ

(b) Intrinsic Coordinates of the snap-
shots: View 1

(c) Intrinsic Coordinates of the snap-
shots: View 2

Figure 4.22: The figure shows the quality of non-linear projection and integration operator,
CAE – LSTM. The first figure shows the relative L2 error obtained on integra-
tion of χ(t = 0) over t ∈ [0, tend) using LSTM, followed by projection to full
space, using CAE. We can observe that the χ(t) has maximum error for low t,
which arises from the CAE model, since the number of sample having similar
profile to initial condition are relatively low in the snapshot matrix, making
the reconstruction task difficult for the CAE. We can also observe the similar-
ity between Figure  4.22a and Figure  4.21a which arises from the fact that
between CAE and LSTM, the CAE is the dominant source of error. The lower
figure highlights the trajectory of a test point, with h = 59.5 progressed with
LSTM model in the encoding space. We can observe that the initial point is
mapped to the boundary, which is high error location, of the encoding space,
but the LSTM model progresses the point inside the domain with final state
being in a low error region.
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(a) u = 28.49 Watt (b) u = 49.13 Watt

(c) u = 68.06 Watt (d) Relative L2 error for POD–CAE projec-
tion with  Full Space Operator Inference 

surrogate model

Figure 4.23: The figure highlights the performance of the POD – CAE POD–CAE projec-
tion with  Full Space Operator Inference  surrogate model. We observe that
the overall performance of the model increases significantly as compared to
POD – DEIM alone. We observe two orders of magnitude improvement in the
performance of the ROM. Further, we can notice that the predicted final state
overlaps the exact solution even in the high oscillation regions.
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5.1 Summary and Conclusion

In this thesis work, we developed an explainable machine learning-based extension of the
linear model order reduction method, specifically POD – GP with DEIM. This method is
developed to tackle the following two problems

• Failure of POD – GP with DEIM for Advection dominated equations

• Failure of explainability in the machine learning based MOR.

The POD – GP with DEIM shows instability as well as slow convergence for advection
dominated problems. Often for such problems, ML-based MOR methods are used, which
suffer from a lack of explainability. To tackle these problems, we proposed a POD – CAE
projection method, in Chapter  3 , which performs a two-part projection, first using POD
and the second using the CAE. This projection method allows to inspect the data in low
dimensional space and perform specific analysis without going to the full space. We use
the POD – CAE projection method to formulate a generalized projected governing equa-
tion, a part of which is solved using a classical integrator, while the second is solved using
the LSTM model. Further, this generalized formulation allows the flexibility to apply this
method to a wide array of problems. One of the salient features of this framework is that
the POD counterpart of the projected governing equation has a very similar form to POD
– GP with DEIM, yet it doesn’t suffer from the drawback of the POD – GP method. Using
this formulation we developed the Algorithm  2 for intrusive MOR and Algorithm  3 for
non-intrusive MOR. Further, we test the algorithm for intrusive and non-intrusive settings
in Chapter  4 .

In Section  4.2 we solve the Burgers’ equation for a variety of Reynold’s Number values
ranging from 100 to 1900. For high Reynold’s Number value, the Burgers’ equation has a
dominant advection term. We solve the problem using the Finite Element Method (FEM),
POD – GP with DEIM and POD – CAE intrusive MOR. We set the FEM simulation as
the baseline for the Full Order Model (FOM) and use the data generated from the FEM
simulation to formulate the two reduced surrogate model. We show that the POD – GP
with DEIM is incapable of making an accurate prediction in this case. We then show that
the proposed POD – CAE projection method solves the problem accurately and shows an
overall reduction in the error. We also analyse the proposed framework’s performance
compared to FOM and POD – GP with DEIM. We show that the presented model makes a
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minuscule compromise in performance, still being at least two orders of magnitude faster
than the FOM, to obtain a significant reduction in error as compared to POD – GP with
DEIM. Further, we also show that the POD – CAE formulation allows for the inspection of
the low dimensional space, which opens the possibility of performing causal analysis for
error and stability in the low dimensional space. For example, we inspect the regions of
high projection and integration error in the low dimensional space to infer the cause of the
error.

In Section  4.3 we solve the radiative heat transfer equation using non-intrusive method.
We transform the PDE to a form with a leading quadratic term and use Operator Inference
(OI) to obtain full operators. We then follow the formulation proposed in Section  3.1.2 

to obtain POD – GP with DEIM model and POD – CAE surrogate model. We use the OI
method as the baseline for the FOM and compare the performance and accuracy of the
surrogate models to it. We show that the POD – GP with DEIM is able to perform well
for this problem. Then we show that using the POD – CAE surrogate model provides a
lower relative L2 error showing the flexibility of the model to be applicable to a wide array
of cases. We again show that the POD – CAE method makes a small compromise in the
performance to gain overall accuracy.

With the two problems, we were able to show that the proposed POD – CAE method,
in general, provides superior performance in terms of accuracy with a similar number of
reduced dimensions with small compromises in the computational performance. Further,
the proposed method is flexible enough to be applicable to a wide array of problems.

5.2 Future Work

At this point, we would like to highlight some of the possible directions of future work.

Bidirectional coupling of the projected governing equation

In Section  3.1.1 and Section  3.1.2 , we project the governing equation Equation ( 2.2 )
into the two spaces Φ̂ and Ψ. In order to avoid the computational complexity associated
with the bidirectional coupling of Equation ( 3.10a ) and Equation ( 3.10b ) we relaxed the
coupling condition for Equation ( 3.10b ) , assuming only uni-directional coupling. We then
used the relaxed equation for LSTM model. This assumption comes with a cost on overall
accuracy and therefore is a possible direction for future work. One of the possible way to
provide a bidirectional coupling would be to use the aΦ̂ as an input feature to the LSTM
model, therefore allowing the LSTM model to use the dynamics information in Φ̂ and infer
its impact in Ψ directly.
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Error quantification metric in the low dimensional space

Another interesting direction to investigate would be to develop an error quantification
metric for low dimensional space. Development of such metric could have several possible
utilities such as

• Inspection of the low dimensional space to isolate the region of high error, without
intrusive inspection from FOM space.

• Possibility to bifurcate the error of projector and integrator without performing indi-
vidual analysis of the two from FOM space.
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6 Appendix

Numerical Solution of Burger’s Equation using Finite Element
Method

Let us consider the Burgers’ equation with non-homogeneous boundary condition de-
scribed as follows

u̇+ u
∂u

∂x
= ν

∂2u

∂x2
(6.1a)

u(x,Re, 0) = u0 =
x

1 +
√

1
t0
eRe

x2

4

, x ∈ [0, L], t ∈ [0, tend] (6.1b)

u(0, Re, t) = 0 (6.1c)

u(L,Re, t) =
L
t+1

1 +
√

t+1
t0
eRe

L2

4t+4

, t0 = e
Re
8 and Re =

1

ν
(6.1d)

We can rewrite the PDE in the conservative form as follows

u̇+

(
1

2
u2 − νux

)
x

= 0 (6.2)

Now we can consider a N point equidistant discretization of the space with step size h
resulting in xh = {x0, x1, · · · , xN+1}. Then we can define the following FEM ansatz,

u(t, x) =
N∑
i=1

ui(t)φi(x) + u0(t)φ0(x) + uN+1(t)φN+1(x) (6.3)

This ansatz in general fulfils any kind of Dirichlet boundary condition. We choose the
trial function such that {φi|i = 1, · · ·N} vanish at the boundaries while φ0 and φN+1 do
not vanish at the boundaries. For the trial and test function we choose a hat function as
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6 Appendix

described in [ 11 ].

φi(x) =


x−xi−1

h , for x ∈ [xi−1, xi],
xi+1−x

h , for x ∈ [xi, xi+1],

0, otherwise.

, for i = 1, 2, · · · , N

φ0(x) =

{
x1−x
h , for x ∈ [x0, x1],

0, otherwise.

φN+1(x) =

{
x−xN
h , for x ∈ [xN , xN+1],

0, otherwise.

(6.4)

With these test and trial functions we can compute the weak form of Equation ( 6.1a ) . We
put the FEM ansatz in the Equation ( 6.1a ) , multiply it with the test function, and integrate
it over the x ∈ [0, L]:∫ L

0
u̇(t, x)φj(x)dx︸ ︷︷ ︸

T1

= −1

2

∫ L

0

(
u2(t, x)

)
x
φj(x)dx︸ ︷︷ ︸

T2

+ν

∫ L

0
(u(t, x))xxφj(x)dx︸ ︷︷ ︸

T3

(6.5)

For the sake of clarity we now formulate each of the terms, described above, separately:

T1 =

∫ L

0
u̇(t, x)φj(x)dx =

∫ L

0

(
N∑
i=1

u̇i(t)φi(x) + u̇0(t)φ0(x) + u̇N+1(t)φN+1(x)

)
φj(x)dx

T1 =
N∑
i=1

u̇i(t)

∫ L

0
φi(x)φj(x)dx︸ ︷︷ ︸

Mi,j

+u̇0(t)

∫ L

0
φ0(x)φj(x)dx︸ ︷︷ ︸

M0,j

+u̇N+1(t)

∫ L

0
φN+1(x)φj(x)dx︸ ︷︷ ︸

MN+1,j

(6.6)

T2 =

∫ L

0

(
u2(t, x)

)
x
φj(x)dx =

∫ L

0

(
N∑
i=1

u2
i (t)φi(x) + u2

0(t)φ0(x)

+ u2
N+1(t)φN+1(x)

)
x

φj(x)dx

T2 =
N∑
i=1

u2
i (t)

∫ L

0
(φi(x))x φj(x)dx︸ ︷︷ ︸

Di,j

+u2
0(t)

∫ L

0
(φ0(x))x φj(x)dx︸ ︷︷ ︸

D0,j

+ u2
N+1(t)

∫ L

0
(φN+1(x))x φj(x)dx︸ ︷︷ ︸

DN+1,j

(6.7)
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T3 =

∫ L

0
(u(t, x))xxφj(x)dx =

∫ L

0

(
N∑
i=1

ui(t)φi(x) + u0(t)φ0(x)

+ uN+1(t)φN+1(x)

)
xx

φj(x)dx

T3 =
N∑
i=1

ui(t)

∫ L

0
(φi(x))xx φj(x)dx+ u0(t)

∫ L

0
(φ0(x))xx φj(x)dx

+ uN+1(t)

∫ L

0
(φN+1(x))xx φj(x)dx

(6.8)

Now to resolve T3 in the form of derivative of test and trial function we apply integration
by parts and put the boundary condition:

T3 = −
N∑
i=1

ui(t)

∫ L

0
(φi(x))x (φj(x))x dx︸ ︷︷ ︸

Bi,j

+ u0(t)
1

h
φj(0)− u0(t)

∫ L

0
(φ0(x))x (φj(x))x dx︸ ︷︷ ︸

B0,j

+ uN+1(t)
1

h
φj(L)− uN+1(t)

∫ L

0
(φN+1(x))x (φj(x))x dx︸ ︷︷ ︸

BN+1,j

(6.9)

Now we can define the matrices as follows:

M =
h

6


1 4 1

. . . . . . . . .
1 4 1

1 4 1

 ,

D =


−1

2 0 1
2

. . . . . . . . .
−1

2 0 1
2

−1
2 0 1

2



B =
1

h


−1 2 −1

. . . . . . . . .
−1 2 −1

−1 2 −1



(6.10)
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6 Appendix

It should be noted that the matrix M, D, and B are non-square and are in RN×N+2. We
can now substitute these terms back in Equation ( 6.5 ) :

Mu̇(t) = −1

2
Du2(t)− νBu(t) (6.11)

To make the matrices square in the above equation we can introduce a source term f which
combines the contribution of the three terms at the boundaries. The f can be written as
follows

f(t) =


−h

6
˙u(0, t) + 1

4u
2(0, t) + ν

hu(0, t)
0
...
0

−h
6

˙u(L, t)− 1
4u

2(L, t) + ν
hu(L, t)

 (6.12)

Now we can rewrite the equation in the following form

Mu̇(t) = −1

2
Du2(t)− νBu(t) + f(t) (6.13)

With this formulation we can integrate the above equation using any suitable explicit or
implicit time integration scheme. For this thesis work we perform a Backward Euler time
integration.
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