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Abstract

A Gaussian graphical model is a statistical model, where the data follows a multivariate

Normal distribution in which conditional independence relations of the random vector are

encoded in a graph. Testing the hypothesis that a Gaussian graphical model is associated

to either a graph or a specific subgraph corresponds to a composite hypothesis test in

the Normal model. However, the standard likelihood ratio test for this problem has both

poor power and size, and is only suitable if the sample size is large compared to the

number of observations. In this thesis, we review higher-order approximations methods

and apply them to subgraph testing in Gaussian graphical models. This allows us to

define a transformation of the likelihood ratio statistic for which an accurate finite-sample

distributional approximation is available. A simulation study shows that in settings of

small and large sample sizes, the introduced statistical test is robust and favorable to the

likelihood ratio test in terms of both power and size.
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1 Introduction

With the democratization of data collection and analysis, the field of statistics is faced

with new challenges stemming from the increased quantity and complexity of collected

data. Graphical models have emerged in many scientific fields as a tool to describe

variables of interest and their interactions. In biology, graphical models are used to

study gene regulatory networks in order to better understand the development of diseases.

In statistical mechanics, the Ising model [19] was introduced as a simplistic model of

ferromagnetism to study interactions of particles on a 2-dimensional grid.

A graphical model is a statistical model associating the joint distribution of a random

vector X = (X1, . . . , Xp) to a graph G. The graph describes the dependence structures

possible within the graphical model: nodes of G represent entries of the random vector X

and missing edges represent conditional independence constraints between corresponding

the entries of X. The graphical view of a statistical model allows to study properties of

the model by combining a graph theoretic analysis of the associated graph to probabilistic

arguments.

A special type of graphical models that we study in this thesis are Gaussian graphical

models. In a Gaussian graphical model, the random vector X follows a multivariate

Normal distribution with covariance matrix ⌃ and mean µ. Since the interactions between

the entries of X are fully specified by the covariance matrix, a Gaussian graphical model

is a multivariate Normal model in which the covariance matrix ⌃ is constrained by the

associated graph. Before being associated to graphs, multivariate Gaussian models with

constraints on the covariance matrix have long been studied under the name of covariance

selection models as introduced by Dempster [14].

When studying graphical models, one might naturally be interested in statistical questions

related to the structure of the associated graph. Consider a graphical model P associated

to a graph G and parametrized by a vector ✓ 2 ⇥ ⇢ Rd, that is, P = {P✓ : ✓ 2 ⇥}. If G0

is a subgraph constructed by removing edges from G, we call P0 ⇢ P the submodel of P

associated to G0 and we have that P0 = {P✓ : ✓ 2 ⇥0} with ⇥0 ⇢ ⇥. In this thesis, we

will be interested in testing statistical hypothesis of the form

H0 : ✓ 2 ⇥0 vs. H1 : ✓ 2 ⇥ \⇥0.

That is, we are interested in knowing whether the true graphical model is associated to

the sub-graph G0.

A standard approach for testing such a problem is the likelihood ratio test. The likelihood
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ratio test provides a generic approach that can be applied in a wide variety of models,

based on the di↵erence in maximum log-likelihood attainable in each model. Assuming

that the null hypothesis H0 is true and under mild conditions, it can be shown that the

likelihood ratio statistic converges to a �2
d distribution, where d is the number of restric-

tions imposed by H0. This generic result has led to a large adoption of this method in

many statistical settings. However, it was recognized early-on that the �2
d approximation

might not work well in finite sample and can be vastly improved by considering corrected

versions of the likelihood ratio statistics. In an influential paper [5], Bartlett shows that

the likelihood ratio could be adjusted with a multiplicative factor to improve the accu-

racy of the �2
d approximation. Later, similar methods exploiting higher-order expansions

of the characteristic function were developed under the term of higher-order statistics

to construct asymptotic approximations and adjustments to statistics which are highly

accurate in small samples. Barndor↵-Nielsen and Cox [4, 12] o↵er a wide overview of the

development and application of such methods.

In this thesis, we are interested in studying applications of higher-order approximations for

testing subgraph null hypotheses of Gaussian graphical models. Eriksen [16] shows that

the �2
d approximation behaves very poorly in small samples and proposes an alternative

test statistic based on a transformation of the likelihood ratio for which accurate higher-

order approximations can be derived. We present the work of Eriksen and empirically

show that it can be employed in a setting where the dimension of the problem grows with

the sample size.

We structure the thesis as follows. In Chapter 2, we provide an introduction to higher-

order approximation methods and present multi-dimensional convergence proofs based on

the modern material from Kolassa [20]. In Chapter 3, we bring our attention to Gaussian

graphical models and present selected results concerning the existence of the maximum

likelihood estimator based on Uhler [23, Chapter 9]. We then apply higher-order methods

to submodel selection in Gaussian graphial models following the work of Eriksen [16].

Finally, we numerically study the behaviour of Eriksen’s test statistic in a setting where

the dimension of the problem is large compared to the sample size.

The source code for the approximations developed in this thesis are made available online1,

alongside with the code to reproduce the figures and various experiments presented.

1https://github.com/matthieubulte/masterthesis/tree/master/code
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2 Higher-order statistics

This chapter introduces the necessary theoretical tools to construct and study higher-

order statistics. In Section 2.1, we review the role and some properties of the charac-

teristic function to study continuous multivariate distributions. In Section 2.2, we show

how these results can be used to construct the Edgeworth approximation to the density

of a standardized sum of i.i.d. random variables. We then study the convergence of this

approximation scheme and illustrate theoretical results by applying it to simple distri-

butions. In Section 2.5, we present the Saddlepoint approximation and compare it to

the Edgeworth approximation. We demonstrate how this approximation can be used to

approximate the density of the maximum likelihood estimator in an exponential fam-

ily, linking the Saddlepoint approximation to the p⇤ approximation. We conclude this

chapter with a numerical comparison of the p⇤ approximation and the standard Normal

approximation to the density of the maximum likelihood estimator.

2.1 The characteristic function and related quantities

The characteristic function is a central tool in studying probability distributions. In

this section, we review general results about the characteristic function of a multivariate

continuous random variable. Let p 2 N and let X be a random vector in Rp. The

characteristic function of X is the function ⇣ : Rp
! C given by

⇣(t) = E
⇥
exp

�
it>X

�⇤
.

The characteristic function is an essential tool in studying distributions. Indeed, the

following multidimensional extension of [20, Theorem 2.4.2] shows that, under regularity

conditions on the characteristic function, the density of a random vector exists and can

be expressed in terms of the characteristic function.

Theorem 2.1. Let X ⇠ P be a random vector in Rp with characteristic function ⇣ 2

L1(Rp). Then, the density of X exists and is given by

f(x) = (2⇡)�p
Z

Rp

exp
�
�it>x

�
⇣(t)dt. (2.1)

Proof. Let A ⇢ Rp be a bounded rectangle A = [a1, b1]⇥. . .⇥[ap, bp] with P (X 2 @A) = 0.
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By Theorem 3.10.4 in [15], we have that

P (X 2 A) = lim
T!1

(2⇡)�p
Z

[�T,T ]p
⇣(t)

pY

k=1

exp (�itkak)� exp (�itkbk)

itk
dt.

By rewriting various terms under the integral, one obtains

P (X 2 A) = lim
T!1

(2⇡)�p
Z

[�T,T ]p
⇣(t)

pY

k=1

exp (�itkak)� exp (�itkbk)

itk
dt

= lim
T!1

(2⇡)�p
Z

[�T,T ]p
⇣(t)

pY

k=1

Z bk

ak

exp (�itkxk) dxkdt

= lim
T!1

(2⇡)�p
Z

[�T,T ]p
⇣(t)

Z

A

exp
�
�it>x

�
dxdt.

Since ⇣ 2 L1(Rp) and A is bounded, the integrand in the previous equation is integrable,

and the limit T ! 1 can be replaced by the proper integral over Rp. Further, using the

absolute convergence property of ⇣, Fubini’s Theorem allows us to change the order of

integration, which gives us

P (X 2 A) = (2⇡)�p
Z

Rp

Z

A

⇣(t) exp
�
�it>x

�
dxdt

=

Z

A

(2⇡)�p
Z

Rp

⇣(t) exp
�
�it>x

�
dtdx.

By definition, this shows that the density of X exists and is given by (2.1).

If X has a density function, the characteristic function of X corresponds to the Fourier

transform of its density. Taking this generalized view of characteristic functions allows us

to study approximations of densities that are not necessarily densities and characteristic

functions themselves. We employ a less commonly used definition of the Fourier transform,

in which the sign of the exponent is reversed. For f 2 L1(Rp), the Fourier transform F [f ]

of f is the function given by

F [f ](t) =

Z

Rp

exp
�
it>x

�
f(x)dx for all t 2 Rp. (2.2)

In this context, we generalize Theorem 2.1 to provide the necessary conditions under

which the Fourier transform can be inverted. This extends [20, Corollary 2.4.3] to Rp.
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Corollary 2.2. Suppose that f 2 L1(Rp) and ⇣ 2 L1(Rp) are related by

⇣(t) = F [f ](t) for all t 2 Rp. (2.3)

Then, for any x 2 Rp, it holds that

f(x) = (2⇡)�p
Z

Rp

exp
�
�it>x

�
⇣(t)dt. (2.4)

Proof. We decompose f in positive and negative parts by f(x) = f+(x) � f�(x) where

f+(x) = f(x)1f(x)�0 and f�(x) = �f(x)1f(x)<0. Then, if c+ =
R

Rp f+(x)dx and c� =
R

Rp f�(x)dx, the functions f+/c+ and f�/c� are both densities over Rp with respective

characteristic functions ⇣+ and ⇣�. By replacing these quantities in (2.3), it follows that

⇣(t) =

Z

Rp

exp
�
it>x

�
f(x)dx

= c+
Z

Rp

exp
�
it>x

� 1

c+
f+(x)dx� c�

Z

Rp

exp
�
it>x

� 1

c�
f�(x)dx

= c+⇣+(t)� c�⇣�(t).

Since ⇣ 2 L1(Rp), we have that ⇣± 2 L1(Rp) and the conditions of Theorem 2.1 are

satisfied by ⇣+ and ⇣�. We then obtain that

1

c±
f±(x) = (2⇡)�p

Z

Rp

exp
�
�it>x

�
⇣±(t)dt.

Hence

f(x) = f+(x)� f�(x)

= c+ (2⇡)�p
Z

Rp

exp
�
�it>x

�
⇣+(t)dt� c� (2⇡)�p

Z

Rp

exp
�
�it>x

�
⇣�(t)dt

= (2⇡)�p
Z

Rp

exp
�
�it>x

� ⇥
c+⇣+(t)� c�⇣�(t)

⇤
dt

= (2⇡)�p
Z

Rp

exp
�
�it>x

�
⇣(t)dt.

This corollary lets us extend the notation introduced in (2.2) and define the inverse Fourier

transform operator F�1[⇣] of ⇣ 2 L1(Rp) as in (2.4), defined for every x 2 Rp by

F
�1[⇣](x) = (2⇡)�p

Z

Rp

exp
�
�it>x

�
⇣(t)dt.
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In order to better understand the characteristic function, we need to be able to know

in which functional space it lies in. The following lemma relates Lp integrability of the

characteristic function to the existence of the density of a convolution of random variables.

This is an extension of [20, Lemma 2.4.4] to Rp.

Lemma 2.3. The characteristic function ⇣ of a random variable X in Rp satisfies ⇣ 2

Lq(Rp) for some q > 1 if and only if there exists a positive integer l 2 N such that the

density of a convolution of l independent copies of X exists and is bounded.

Proof. The only if direction is a direct consequence of Theorem 2.1. Assuming that

⇣ 2 Lq(Rp) we have that ⇣ 2 Ll(Rp) for l = dqe and hence,

Z

Rp

��⇣(t)l
�� dt < 1.

Thus, ⇣ l 2 L1(Rp). Since the characteristic function of a sum of l independent copies of

X is equal to t 7! ⇣(t)l, we can apply Theorem 2.1. This shows that the density of the

convolution of l copies of X exists and is bounded.

We now prove the if direction of the lemma. Assume that there exists a positive interger

j 2 N such that the density fj of a convolution of j independent copies of X exists and

is bounded. Then, using that |⇣(�t)| =
���⇣(t)

��� = |⇣(t)|, we have that for any r 2 R,

Z

[�r,r]p
|⇣(t)|2j dt =

Z

[�r,r]p
|⇣(t)|j |⇣(t)|j dt =

Z

[�r,r]p
|⇣(t)|j |⇣(�t)|j dt.

Furthermore, by the definition of the characteristic function and using Fubini’s theorem,

we have that

Z

[�r,r]p
|⇣(t)|2j dt =

Z

[�r,r]p

Z

Rp

fj(x) exp
�
it>x

�
dx

� Z

Rp

fj(y) exp
�
�it>y

�
dy

�
dt

=

Z

Rp

Z

Rp

Z

[�r,r]p
fj(x)fj(y) exp

�
it>(x� y)

�
dtdydx.
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Setting z = y � x and using the identity sin x = (exp (ix)� exp (�ix))/2i, we get

Z

[�r,r]p
|⇣(t)|2j dt =

Z

Rp

Z

Rp

Z

[�r,r]p
fj(x)fj(x+ z) exp

�
�it>z

�
dtdzdx

=

Z

Rp

Z

Rp

fj(x)fj(x+ z)

"
pY

k=1

Z

[�r,r]

exp
�
�it>zk

�
#
dtdzdx

=

Z

Rp

Z

Rp

fj(x)fj(x+ z)

"
pY

k=1

exp (�irzk)� exp (irzk)

�izk

#
dzdx

=

Z

Rp

Z

Rp

fj(x)fj(x+ z)

"
pY

k=1

2 sin(rzk)

zk

#
dzdx.

Applying the change of variable v = rz gives us

Z

[�r,r]p
|⇣(t)|2j dt =

Z

Rp

Z

Rp

fj(x)fj(x+ v/r)

"
pY

k=1

2 sin(vk)

vk/r

#
r�pdvdx

=

Z

Rp

Z

Rp

fj(x)fj(x+ v/r)

"
pY

k=1

2 sin(vk)

vk

#
dvdx.

Using the fact that supx2R |sin x/x| < 1, we have that
Qp

k=1
2 sin(vk)

vk
< 2p and

Z

[�r,r]p
|⇣(t)|2j dt  2p

Z

Rp

fj(x)

Z

Rp

fj(x+ v/r)dvdx = 2p
Z

Rp

fj(x)dx = 2p.

This shows that a finite upper bound on k⇣k2j2j exists, that is independent of r. This

concludes the proof for q = 2j.

In the following sections, we study approximations of the characteristic function in terms

of its Taylor approximation. As one might expect, computing the Fourier and inverse

Fourier transforms of such approximations involves computing the Fourier transform of

derivatives of the characteristic function. Before studying Fourier transforms of di↵erential

quantities, we introduce some notation for multivariate derivatives.

For k 2 N, we define Sp(k) as the set of index tuples of length k over p-dimensional

vectors, that is,

Sp(k) = {(s1, . . . , sk) : si 2 [p]} ,

where [p] = {1, . . . , p}. Let f : Rp
! R be a k-times di↵erentiable function, let s 2 Sp(k)
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and let x0 2 Rp. Then the s-derivative of f in x0 is given by

Dsf(x0) =
dk

dxs1 . . . dxsk

f(x)

����
x=x0

.

We now proceed to the following lemma, which gives a simple expression of the Fourier

transform of derivatives of a function.

Lemma 2.4. Let k 2 N and f 2 L1(Rp) such that all partial derivatives of f of order up

to k exist, and for any s̃ 2 Sp(k � 1),

lim
kxk!1

exp
�
it>x

�
Ds̃f(x) = 0. (2.5)

Then for any s 2 Sp(k), it holds that

F [Dsf ] (t) = (�i)ktsF [f ].

Proof. Let s̃ = (s1, . . . , sk�1), then by direct computation of the Fourier transform,

F [Dsf ] (t) = (2⇡)�p

Z

Rp

exp
�
it>x

�
Dsf(x)dx

= (2⇡)�p

Z

R�1

Z

R
exp

�
it>x

� d

dxsk

Ds̃f(x)dxskdxs̃ .

Integrating by part over the axis xsk and using Assumption (2.5) gives,

F [Dsf ] (t) = �(2⇡)�p

Z

Rp

(itsk) exp
�
it>x

�
Ds̃f(x)dx

= �itsk(2⇡)
�p

Z

Rp

exp
�
it>x

�
Ds̃f(x)dx

= �itskF
⇥
Ds̃f

⇤
(t)

Iterating the previous steps completes the proof.

Next, we introduce the cumulant generating function, a quantity related to the charac-

teristic function relevant to the construction of density approximations. For a random

vector X in Rp, the cumulant generating function of X is the function K : Rp
! R given

by

K(t) = logE
⇥
exp

�
t>X

�⇤
.

The derivatives of the cumulant generating function are called the cumulants. Let s 2



2 HIGHER-ORDER STATISTICS 10

Sp(k) be an index vector of length k 2 N, then if the involved derivatives exist, we define

the s-cumulant of X as

s(X) = DsK(0).

In the sequel, cumulants might depend on various quantities such as the sample size, the

random variable of interest or parameters of a distribution, in which case we will use

variations of the notation s to make clear which cumulants are being discussed.

Since the Normal distribution will often be used in the sequel, the next example gives the

cumulant generating function and cumulants of a multivariate Normal distribution.

Example 2.5. Let X ⇠ N(µ,⌃) with µ 2 Rp and ⌃ 2 Sp. The cumulant generating

function K(t;µ,⌃) of X is the quadratic function given by

K(t;µ,⌃) = t>µ+ t>⌃t.

Since K is quadratic in t, it is clear that cumulants of X of arbitrary order exist. Fur-

thermore, the first order cumulants are the components µ, the second order cumulants

are the components of ⌃, and the cumulants of order higher than 2 are equal to 0.

We now state, without a proof, some simple properties of cumulants that will be useful

in future proofs.

Lemma 2.6. Let X1, . . . , Xn
iid
⇠ P . Then the following holds for any s 2 S(k)

i. s(X1 + . . .+Xn) = ns(X1)

ii. For all c 2 R, s(cX1) = cks(X1)

iii. For all c 2 Rp, s(X1 + c) =

8
<

:
s(X1) + ci if s = (i),

s(X1) otherwise,

where we write s(Z) for the s-cumulant of the random variable Z.

Note that the cumulant generating function is closely related to the characteristic function

since

K(t) = logE
⇥
exp

�
t>X

�⇤
= logE

⇥
exp

�
i(�i)t>X

�⇤
= log ⇣(�it).

This equality allows us to define the cumulants s(X) for s 2 Sp(k) in terms of the
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characteristic function

s(X) = DsK(0) =
dk

dxs1 . . . dxsk

log ⇣(�it)

����
t=0

= (�i)kDs log ⇣(0),

and hence

Ds log ⇣(0) = iks(X).

2.2 Heuristic introduction to the Edgeworth approximation

We now present a heuristic development of the Edgeworth approximation [?]. Consider

two distributions P and Q over Rp with respective densities f and q, characteristic func-

tions ⇣ and ⇠, and cumulants s and �s for s 2 Sp(k), k 2 N. Assume that both P and

Q have mean 0 and a covariance matrix equal to 1p. We wish to utilize the cumulants of

both distributions to construct an approximation of the density of P .

By formal expansion of the di↵erence between the cumulant generating functions of P

and Q around 0, we obtain that for any t 2 Rp,

log
⇣(t)

⇠(t)
= log ⇣(t)� log ⇠(t) =

1X

r=0

X

s2Sp(r)

(s � �s)
irts

r!

=
1X

r=3

X

s2Sp(r)

(s � �s)
irts

r!
,

where the last equality follows from the assumption of shared mean and covariance of P

and Q. Exponentiating on both sides of the equation and isolating ⇣(t), we find that

⇣(t) = ⇠(t) exp

8
<

:

1X

r=3

X

s2Sp(r)

(s � �s)
irts

r!

9
=

; .
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Let ↵s = s� �s. By taking a formal expansion of the exponential function, we have that

⇣(t) = ⇠(t) exp

8
<

:

1X

r=3

X

s2Sp(r)

↵s
irts

r!

9
=

;

= ⇠(t)
1X

j=0

1

j!

8
<

:

1X

r=3

X

s2Sp(r)

↵s
irts

r!

9
=

;

j

=
1X

j=0

1

j!

1X

r1=3
...

rj=3

X

s12Sp(r1)
...

sj2Sp(rj)

↵s1 . . .↵sj

⇠(t)ir1+...+rj ts1 . . . tsj

r1! . . . rj!
.

We can simplify the notation by replacing the summation over rk and sk by a sum over

a single pair (r, s) and grouping together the coe�cients of the power ts. To do so, we

introduce the pseudo-cumulants ↵⇤
s satisfying

⇣(t) =
1X

j=0

X

s2Sp(j)

↵⇤
s

⇠(t)ijts

j!
. (2.6)

One sees that for s 2 Sp(j), the pseudo-cumulant ↵⇤
s is a sum over products of the form

Ql
i=1 ↵si where s1 2 Sp(j1), . . . , sl 2 Sp(jl) such that j1 + . . . + jl = j, and such that the

indices in s and s1, . . . , sl match. For instance, for j = 1, 2, 3, the pseudo-cumulants are

of the following form,

j = 1 : ↵⇤
(k) = ↵(k)

j = 2 : ↵⇤
(k,l) = ↵(k,l) + ↵(k)↵(l)

j = 3 : ↵⇤
(k,l,m) = ↵(k,l,m) + ↵(k,l)↵(m) + ↵(k)↵(l)↵(m),

where k, l,m 2 [p] and the exact coe�cient in front of the ↵ terms are not relevant and

ignored for conciseness. Now, assuming that the conditions of Lemma 2.4 are satisfied by

the density q of Q, we recognize that

⇠(t)(�i)jts = F [Dsq] .
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This allows us to retrieve the density of P by Fourier inversion,

f(x) = F
�1 [⇣] =

1X

j=0

X

s2Sp(j)

↵⇤
s

(�1)jDsq(x)

j!

= q(x)

8
<

:1 +
1X

j=1

X

s2Sp(j)

↵⇤
s

(�1)jDsq(x)

j!q(x)

9
=

; . (2.7)

A convenient choice for Q is the multivariate standard Normal distribution Np(0, 1p) with

density � : Rp
! R. In this case, the cumulants of P and Q of order k = 1, 2 of the

two distributions match, implying that ↵s = 0 for any s 2 Sp(k) and k = 1, 2. Since the

pseudo-cumulants ↵⇤ are composed of sums and products of the coe�cients ↵, this also

implies that the pseudo-cumulants of order k = 1, 2 are 0 as well. Using this in (2.7), we

obtain that

f(x) = �(x)

8
<

:1 +
1X

j=3

X

s2Sp(j)

↵⇤
s

(�1)jDs�(x)

j!�(x)

9
=

;

= �(x)

8
<

:1 +
1X

j=3

X

s2Sp(j)

1

j!
↵⇤
shs(x)

9
=

; , (2.8)

where hs(·) are a multivariate generalization of the Hermite polynomials, given by

hs(x) = (�1)j
Ds�(x)

�(x)
. (2.9)

Next, we apply this transformation to the standardized sum Y = n�1/2
Pn

i=1 Xi where

X1, . . . , Xn are i.i.d. copies of X ⇠ P . For any s 2 Sp(k), using properties (i) and (ii) of

cumulants given in Lemma 2.6, the s-cumulants of Y are given by

s(Y ) = n1�k/2s(X) = O(n1�k/2).

We can form the Edgeworth approximation of order k, denoted ek,n(·;(X)), by only

keeping cumulants of order up to k and removing terms of order o(n1�k/2) in (2.8). The

notation ek,n(·;(X)) highlights the fact that the approximation to the density of Y only

depends on three parameters: the order k, the number of terms summed n, and the

cumulants (X) of the summands. Since we discard all cumulants of order higher than

k, the error of the resulting approximation must be at least O(n(1�k)/2) and we have

fY (y) = ek,n(y;(X)) + o(n1�k/2), (2.10)
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Note that this equation can be slightly refined, which will be of use in the sequel. After

truncating (2.8), the density f can be decomposed as follows

f(y) = �(y)
�
1 + Pk,n(y;(X)) + o(n1�k/2)

 
, (2.11)

where Pk,n(·;(X)) is the polynomial part of the Edgeworth approximation.

Example 2.7. Consider a random variable X 2 R with cumulants (X) = ((1),(2), . . .)

such that EX = 0 and V[X] = 1. In one dimension, (2.8) becomes

f(x) = �(x)

(
1 +

1X

j=3

1

j!
↵⇤
jhj(x)

)
.

Let Y be a standardized sum of n independent copies of X. To construct the Edgeworth

approximation of order k = 4 of the density of Y , we truncate the above equation to

only keep cumulants of order up to 4: (3) and (4). As mentioned ealier, each cumulant

(k)(Y ) is of order O(n1�k/2), hence, the following products of cumulants can result in a

term of the desired orders

(3)(Y ) =
(3)
p
n

(3)(Y )(3)(Y ) =
2
(3)

n
(4)(Y ) =

(4)

n
.

Finding the right coe�cients of each of these terms from the definition of the corresponding

↵⇤, we obtain the following expression of the Edgeworth approximation

e4,n(y;(X)) =
1

p
2⇡

exp

✓
�
y2

2

◆(
1 +

(3)H3(y)

6
p
n

+
3(4)H4(y) + 2

(3)H6(y)

72n

)
. (2.12)

While the argument provided above for the definition of the Edgeworth series is not

su�ciently rigorous to prove (2.10), we now show that the Edgeworth series ek,n(y;(X))

indeed approximates the density of a standardized sum with an error of o(n1�k/2).

Remark 2.8. The initial assumption of having mean 0 and a covariance matrix equal

to the identity does not imply a loss of generality of the approach. Indeed, if X has a

mean µ and covariance matrix ⌃, the Edgeworth series ek,n(·;(Z)) can be constructed

for the standardized random variable Z = ⌃�1/2(X � µ) and can be used to construct an

approximation ek,n(·;(X)) of the density of n�1/2
Pn

i=1 Xi by applying the corresponding
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change of variable formula, giving

ek,n(s;(X)) = |⌃|�1/2 ek,n(⌃
�1/2(s�

p
nµ);(Z)).

In the sequel, we use the Edgeworth expansion to approximate the density of random

variables which are not necessarily centered or have a unit covariance. In this case, we

implicitly make use of the change of variable formula mentioned in the following remark.

Remark 2.9. Note that one can show from the definition of generalized Hermite poly-

nomials in (2.9), that for any index tuple s 2 Sp(k), where k 2 N is an odd integer, 0

is a root of the generalized Hermite polynomial hs. Furthermore, by the development of

(2.8), the coe�cient of each Hermite polynomial hs, where s 2 Sp(k), contains terms of

order O(n1�k0/2) where k and k0 have the same parity and k0
 k.

Combining this with Remark 2.8 shows that the polynomial part of the Edgeworth series

evaluated at the mean of the approximated distribution is a polynomial in n�1 instead of

a polynomial in n�1/2 since terms of odd powers are zero. Another consequence of this is

that the error at the mean of the Edgeworth approximation of even order k is O(n�k/2).

For instance, if e4,n(·;(X)) is the Edgeworth expansion of order 4 from Example 2.7, we

have that

fY (y) = e4,n(y;(X)) +

8
<

:
O(n�2) if y = 0,

o(n�1) otherwise.

2.3 Convergence of the Edgeworth approximation

While the previous section provided an intuition for the development of the Edgeworth

approximation, it is not a rigorous proof. In this section, we develop a proof for the

convergence claim in (2.10).

Recall that in the first step of the development of the Edgeworth approximation, the ratio

of characteristic functions ⇣/⇠ is approximated via two truncated Taylor expansions,

log ⇣(t)� log ⇠(t) = u �! exp u = ⇣(t)/⇠(t)

⇡ ⇡ ⇡

v �!
Pl

k=0 v
k/k! = z

The following lemma from [20, Theorem 2.5.3] bounds the error found in approximating

exp u by the truncated Taylor expansion of exp(·) evaluated at a point v near u.
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Lemma 2.10. Let u, v 2 C and l 2 N, then the following inequality holds,

�����exp u�

lX

k=0

vk

k!

�����  max {exp |u|, exp |v|}

✓
|u� v|+

����
vl+1

(l + 1)!

����

◆
. (2.13)

Proof. By the triangle inequality,

�����exp u�

lX

k=0

vk

k!

�����  |exp u� exp v|+

�����

1X

k=l+1

vk

k!

����� .

We begin by upper bounding the second term on the right hand side as follows,

�����

1X

k=l+1

vk

k!

����� 
1X

k=l+1

����
vk

k!

���� =
����

vl+1

(l + 1)!

����
1X

k=0

��vk
�� (l + 1)!

(k + l + 1)!



����
vl+1

(l + 1)!

����
1X

k=0

����
vk

k!

���� =
����

vl+1

(l + 1)!

���� exp v



����
vl+1

(l + 1)!

����max {exp |u|, exp |v|} .

Furthermore, by Taylor’s theorem, there exists ✓ 2 (0, 1) such that for z = ✓u+ (1� ✓)v

|exp u� exp v| = |u� v| exp z.

Using the convexity of the exponential function, we find the following bound

|exp u� exp v|  |u� v|max {exp |u|, exp |v|} .

Combining the above two bounds completes the proof of the lemma.

Continuing the development of the Edgeworth approximation, a pseudo-characteristic

function was constructed based on the approximation of the ratio ⇣/⇠. In the following

theorem, we use the previous lemma and properties of cumulants to provide an asymp-

totic bound on the error obtained when using this approximation on the characteristic

function of a standardized sum of random variables. This theorem is a specialization of

[20, Corollary 2.5.4].

Theorem 2.11. Let ⇣ be the characteristic function of a random vector X 2 Rp and let

n, k 2 N. Assume that all cumulants of X of order up to k exist and that the second
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cumulants of X satisfy (i,j) = �ij for all i, j 2 [p]. Let

⇠(t) = exp

✓
�
1

2
ktk22

◆ k�2X

l=0

1

l!

2

41 +
kX

m=3

X

s2Sp(m)

imsts

nm/2�1m!

3

5
l

. (2.14)

Then for every ✏ > 0 there exists � > 0 and a constant Cp > 0 dependent on the dimension

of X such that

��⇣(tn�1/2)n � ⇠(t)
��  exp

✓
�
1

4
ktk22

◆"
✏ ktkk2
nk/2�1

+
Ck�1

p ktk3(k�1)
2

(k � 1)!nk/2�1/2

#
(2.15)

holds for all t 2 Rp with ktk2 < �
p
n.

Proof. The idea of this proof is to rewrite the left hand side of (2.15) to be able to use

Lemma 2.10 and find suitable upper bounds on the remaining quantities. To that end,

we define the functions u(t) = nu⇤(tn�1/2) and v(t) = nv⇤(tn�1/2), where

u⇤(t) = log ⇣(t) +
1

2
ktk22

and

v⇤(t) =
kX

m=3

X

s2Sp(m)

imsts

m!
.

We then rewrite ⇣(tn�1/2)n as follows,

⇣(tn�1/2)n = exp
�
n
⇥
log ⇣(tn�1/2)

⇤�
= exp

✓
�
1

2
ktk22

◆
exp u(t)

and

⇠(t) = exp

✓
�
1

2
ktk22

◆ k�2X

l=0

v(t)l

l!
.

Lemma 2.10 gives a bound on the left hand side of (2.15), and thus

��⇣(tn�1/2)n � ⇠(t)
�� = exp

✓
�
1

2
ktk22

◆ �����exp u(t)�
k�2X

l=0

v(t)l

l!

�����

 exp

✓
�
1

2
ktk22

◆
max {exp |u(t)|, exp |v(t)|}

✓
|u(t)� v(t)|+

|v(t)|k�1

(k � 1)!

◆

Next, we find a suitable upper bound on the right hand side of the above inequality. First

note that both u and v have continuous derivatives in 0 of order up to k. Starting with
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u⇤, let s 2 Sp(m) for 3  m < k, then

Dsu⇤(0) =
d

dts1
. . .

d

dtsm
log ⇣(t) +

1

2
ktk22

����
t=0

=
d

dts1
. . .

d

dtsm
log ⇣(t)

����
t=0

+
d

dts1
. . .

d

dtsm

1

2
ktk22

����
t=0

= (�i)�ms = ims,

where the last equality follows from the fact that the derivative of ktk22 is 0 since ktk22 is

quadratic in t and |s| = m � 3. Similarly, we can compute the derivatives of v⇤ in 0,

Dsv⇤(0) =
d

dts1
. . .

d

dtsm
v⇤(t)

����
t=0

=
d

dts1
. . .

d

dtsm

kX

m0=3

X

s02Sp(m0)

im
0
s0ts01 . . . ts0m0

m0!

����
t=0

=
kX

m0=3

X

s02Sp(m0)

im
0
s0

m0!

d

dts1
. . .

d

dtsm
ts01 . . . ts0m0

����
t=0

.

Note that the term d
dts1

. . . d
dtsm

ts01 . . . ts0m0 |t=0 = 1 if and only if s0 is a permutation of s,

otherwise it is equal to 0. Hence

d

dts1
. . .

d

dtsm
v⇤(t)

����
t=0

=
X

s02Sp(m)

ims0

m!
= m!

ims

m!
= ims,

where the second equality holds as s = s0 for all permutation s0 of s. Therefore all

derivatives of order up to k of u⇤
� v⇤ (and hence also u� v) exist in 0 and are all equal

to 0. Thus, there exists � > 0 such that for all t 2 Rp with ktk2  �,

|u⇤(t)� v⇤(t)|  ✏ ktkk2 .

If ktk2  �
p
n, this bound yields

|u(t)� v(t)| = n
��u⇤(tn�1/2)� v(tn�1/2)

��  n✏
��n�1/2t

��k
2
= n1�k/2

ktkk2 ✏.

Now let � > 0 be small enough such that |u⇤(t)| < ktk22 /4 for ktk2  �. Then for

ktk2  �
p
n we have that

|u(t)| = n
��u⇤(tn�1/2)

��  n
��tn�1/2

��2
2
/4 = ktk22 /4.
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We observe that all derivatives of v⇤ in 0 of first and second order are equal to 0 and that

the third order derivatives of v⇤ are bounded. By Taylor’s theorem, this allows us to find

the following bound for all ktk2  �
p
n,

|v(t)| = |nv⇤(tn�1/2)| < Cpn
��tn�1/2

��3
2
= Cp ktk

3
2 n

�1/2,

where

Cp = sup
ktk2�,
s2Sp(3)

p3 |Dsv⇤(t)| .

Hence, for � > 0 small enough and t  �
p
n, we have that

��⇣(tn�1/2)n � ⇠(t)
��

 exp

✓
�
1

2
ktk22

◆
max {exp |u(t)|, exp |v(t)|}

✓
|u(t)� v(t)|+

|v(t)|k�1

(k � 1)!

◆

 exp

✓
�
1

2
ktk22

◆
max

⇢
exp

✓
1

4
ktk22

◆
, exp

�
C ktk32 n

�1/2
��

·

 
✏ ktkk2
nk/2�1

+
Ck�1

p ktk3(k�1)
2

nk/2�1/2k!

!

 exp

✓
�
1

4
ktk22

◆"
✏ ktkk2
nk/2�1

+
Ck�1

p ktk3(k�1)
2

(k � 1)!nk/2�1/2

#
.

Note that this proof doesn’t use the fact that ⇣ is a characteristic function. Indeed, this

theorem can be proven in a more general setting without any changes to the statement

of the theorem or the proof itself.

We finally prove the main theorem of this section by relating the error of the Edgeworth

approximation to the error of the associated Fourier transforms. The original proof is

presented in [20, Theorem 3.5.1].

Theorem 2.12. Let P be a distribution and k 2 N�2 such that all cumulants (X) of P

of order up to k exist. Let n 2 N, let X1, . . . , Xn
iid
⇠ P and Y be the standardized sum

Y = n�1/2
nX

i=1

Xi.

Let ek,n(·;(X)) be the Edgeworth series, constructed by only keeping cumulants of order

up to k in (2.8). Then, if the density fY of Y exists, ek,n(·;(X)) approximates fY with

a uniform error of order o(n1�k/2).
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Proof. Without loss of generality, we assume that, for i 2 [n], Xi has mean 0 and a

covariance matrix equal to the identity, see Remark 2.8. Let ⇠ be the Fourier transform of

ek,n(·;(X)), then by Corollary 2.2, we can bound, for any y 2 Rp, the absolute di↵erence

between fY (y) and ek,n(y;(X)) by

|fY (y)� ek,n(y;(X))|  (2⇡)�p

Z

Rp

|⇣(tn�1/2)n � ⇠(t)|dt, (2.16)

where ⇣(tn�1/2)n is the characteristic function of Y . Since both ⇣ and ⇠ are L1(Rp), the

integral is well defined and provides a valid upper bound. We proceed by splitting the

range of integration in two parts: one part in which t is small such that Theorem 2.11

can be applied, and the remaining part of the integral will be handled separately.

By construction of the Edgeworth approximation, the Fourier transform of ek,n(·;(X))

corresponds to the function given in (2.14) of Theorem 2.11. Hence, for any " > 0, there

exists � > 0 such that (2.15) holds and we can upper bound the small t part of the right

hand side of (2.16) as follows,

Z

B2(�
p
n)

|⇣(tn�1/2)n � ⇠(t)|dt

 (2⇡)�p

Z

B2(�
p
n)

exp

✓
�
1

4
ktk22

◆"
✏ ktkk2
nk/2�1

+
Ck�1

0 ktk3(k�1)
2

(k � 1)!nk/2�1/2

#
dt


✏C1

n(k�2)/2
ET

h
kTkk2

i
+

Ck
2

k!n(k�1)/2
ET

h
kTk3k2

i
= o(n1�k/2),

in which T ⇠ N(0, 21p) and C0, C1, C2 2 R are constants that do not depend on n.

For the remaining part of the integral, where ktk2 � �
p
n, we bound the integral by the

triangle inequality and consider each term separately,

Z

Rp\B2(�
p
n)

|⇣(tn�1/2)n � ⇠(t)|dt



Z

Rp\B2(�
p
n)

|⇠(t)|dt+

Z

Rp\B2(�
p
n)

|⇣(tn�1/2)n|dt

= I1 + I2.

By construction of ⇠, the integral I1 has an exponential decay, thus I1 is o(n1�k/2). As for

the integral I2, using that |⇣(t)| < 1 for t 6= 0 and |⇣(t)| ! 0 for n ! 1 and any t 2 Rp,

there exists a 2 (0, 1) such that for n large enough, if ktk2 � �
p
n, then |⇣(tn�1/2)|  a.

Furthermore, by assumption of the existence of fY and Lemma 2.3, there exists q > 1
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such that ⇣n 2 Lq(Rp). Thus,

I2  an�q

Z

Rp\B2(�
p
n)

|⇣(tn�1/2)|qdt  an�q
p
n

Z

Rp

|⇣(t)|qdt = O(
p
nan) = o(n1�k/2),

which concludes the proof.

2.4 A numerical case study of the Edgeworth approximation

To better understand the Edgeworth approximation, we investigate its behaviour when

applied to a distribution for which the true density of the standardized sum is known.

This is the case for the Gamma distribution as presented in [20, Section 3.6].

Example 2.13. The Gamma distribution �(p,�) for p,� > 0 has density

f(x) =
�p

�(p)
xp�1 exp (��x) ,

where � is the Gamma function. Its characteristic function is ⇣(t) = (1� it/�)�p. Hence,

we can easily see that for X1, . . . , Xn
iid
⇠ �(p,�), both the sum and standardized mean of

X1, . . . , Xn follow a Gamma distribution with
Pn

i=1 Xi ⇠ �(np,�) and n�1/2
Pn

i=1 Xi ⇠

�(np,�n�1/2). The cumulant generating function of the �(p,�) distribution is

K(t) = p log (�)� p log (�� t) ,

hence the (j)-cumulant of X is (j) = p�(j)��j. To be able to apply Theorem 2.12, the

density of the standardized sum must exist, which is true since we know that it follows a

Gamma distribution.

In Figure 1, we show several examples of the behaviour of the Edgeworth approximation

under di↵erent conditions. In the upper pane of Figure 1, we compare the Edgeworth

approximations of orders k = 2, 3, 4 to the true density of a standardized sum of n = 1

and n = 10 random variables with a �(p, 1) distribution for p = 1, 2. For p = 1, �(p, 1)

is an exponential distribution. For n = 1, the discontinuity at y = 0 of the exponential

distribution results in high oscillations of the Edgeworth approximation as demonstrated

in Figure 1a which even leads to negative values of the density approximation. Increas-

ing to p = 2, we can see in Figure 1b that the approximation is better behaved but

unsurprisingly still does not well approximate the �(2, 1) distribution. For both p = 1

and p = 2, increasing the number of terms summed to n = 10 results in seemingly good

approximations to the density of the standardized sum as shown in Figures 1c and 1d.
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Density approximation of �(p, 1) standardized sums

(a) p = 1;n = 1 (b) p = 2;n = 1

(c) p = 1;n = 10 (d) p = 2;n = 10

Figure 1: Several combinations of p and n exposing di↵erent behaviours of the Edgeworth
approximation to the density of a standardized sum of n i.i.d. random variables following
a �(p, 1) distribution.
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Approximation error of �(p, 1) standardized sums

(a) p = 1;n = 1 (b) p = 2;n = 1

(c) p = 1;n = 10 (d) p = 2;n = 10

Figure 2: Study of the approximation error of the Edgeworth approximation on a stan-
dardized sum of n = 10 i.i.d. random variables following a �(p, 1) distribution. The
absolute error studied in Theorem 2.12 is well behaved as shown in the upper pane. How-
ever, the lower pane shows that the relative error of the approximation can be extremely
high in low density regions where a low absolute error might still be a large relative error.
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While Figure 1 appears to show good results of the Edgeworth approximation, it is hard

to assess the quality of the approximations in regions of low probability. We display in

Figure 2 the error of the Edgeworth series of orders k = 2, 3, 4 approximating the density

of a standardized sum of n = 10 i.i.d. random variables following a �(p, 1) distribution for

p = 1 and p = 2. The upper pane demonstrates the control of the absolute approximation

error studied in Theorem 2.12. However, the lower pane of Figure 2 shows that the relative

error can still reach very high values even as the order of the approximation increases.

This is explained by the fact that even if the relative error is controlled, it might still be

big relative to the true density in low probability regions.

In many settings, one is interested in using distribution approximations to compute p-

values in statistical tests. In this case, one is trying to find statistical evidence against a

null hypotheses by demonstrating a low p-value of the null hypothesis model. Hence, the

Edgeworth series itself can be ill suited for direct applications. However, as we will see

in the next section, the Edgeworth approximation and related approximation results can

still be used to construct approximations that are usable to estimate the density function

in low probability regions.

2.5 Saddlepoint approximation

This section presents another approximation scheme based on the Edgeworth approxima-

tion, which resolves some of the issues of the Edgeworth approximation highlighted in the

previous section.

We begin by introducing exponential tilting. Consider a random variable X 2 Rp with

cumulant generating function K and density f . We introduce the exponential family

TP = {P�}�2Rp where each P� 2 TP is characterized by its density function f(·; �) given

by

f(x; �) = f(x) exp
�
�>x�K(�)

�
.

Note that by the definition of the cumulant generating function, K(�) is the correct

normalization factor for f(·; �) to integrate to 1, and hence f(·; �) is a valid density

function. Furthermore, the original distribution P is an element of TP with P = P0.

Given two distributions P�0 , P� 2 TP , their densities di↵er by a known factor

f(x; �0) = f(x; �) exp
�
(�0 � �)>x� [K(�0)�K(�)]

�
.

Hence, choosing �0 = 0 gives f(·; �0) = f and the following holds for any � 2 Rp,

f(x) = f(x; �) exp
�
K(�)� �>x

�
. (2.17)
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Therefore, we can construct an approximation of f by choosing � such that f(·; �) can be

accurately approximated.

Let us now consider a distribution P with cumulant generating function K. We wish

to use the previous argumentation to approximate the density fn of the mean S of n

i.i.d. random variables distributed according to P . Using that the cumulant generating

function of S is Kn(t) = nK(t/n) and replacing it in (2.17), we get

fn(s) = fn(s; �) exp
�
nK(�/n)� �>s

�
, (2.18)

where fn(·; �) is the density of the mean of n i.i.d. random variables distributed according

to P�. Since the Edgeworth approximation was derived for a standardized sum of random

variables, we apply the transformation

1

n

nX

i=1

Xi 7!
1
p
n

nX

i=1

⌃�1/2
� (Xi � µ�)

s 7! s⇤ :=
p
n⌃�1/2

� (s� µ�)

where µ� and ⌃� are respectively the mean and covariance under the distribution P�.

Furthermore, the determinant of the transformation is np/2
|⌃�|

�1/2, which gives, using

the notation in (2.11),

fn(s; �) = np/2
|⌃�|

�1/2�(s⇤)
�
1 + Pk,n(s

⇤;(�)) + o(n1�k/2)
 
, (2.19)

where (�) are the cumulants of the random variable distributed according to P�. The

cumulant generating function K(·; �) of P� can be expressed in terms of the cumulant

generating function K by

K(t; �) = K(t+ �)�K(�).

Since the covariance matrix ⌃� is equal to the Hessian of the cumulant generating function

K(·; �) of P� evaluated at 0, we have ⌃� = K 00(�). This lets us rewrite (2.19) in terms of

K as follows,

fn(s; �) = np/2
|K 00(�)|�1/2�(s⇤)

�
1 + Pk,n(s

⇤;(�)) + o(n1�k/2)
 
.

We are now interested in choosing � such that the Edgeworth approximation of fn(·; �)

is accurate. As seen in Remark 2.9, the Edgeworth approximations of even order k have

an approximation error of O(n�k/2) instead of o(n1�k/2) when evaluated at the mean of

the distribution. In other words, the Edgeworth approximation will be more accurate if
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s⇤ = 0 in the previous equation. Since � can be chosen freely and di↵erently for each value

s at which the density fn is evaluated, we can choose � such that s⇤ = 0, or equivalently,

such that s = µ�. Similarly to the covariance matrix, we can write the mean of P� as

µ� = K 0(�). Hence, for any s 2 Rp, we find a distribution P�̂s 2 TP with mean s by

solving

K 0(�̂s) = s. (2.20)

We call the solution of this equation �̂s to emphasize the fact that for each s 2 Rp, a

di↵erent tilting distribution P�̂s is chosen such that the Edgeworth approximation to the

density of P�̂s is accurate in s. Note that if �̂s solves (2.20), it is also the maximum

likelihood estimator of � within the model TP . Replacing � by �̂s in (2.19), we get

fn(s; �̂s) =
⇣ n

2⇡

⌘p/2
|⌃�̂s |

�1/2
�
1 + Pk,n(0;(�̂s)) +O(n�k/2)

 
.

Replacing fn(s; �) by the approximation above in (2.18) gives

fn(s) =
⇣ n

2⇡

⌘p/2 exp
�
nK(�̂s/n)� �̂>

s s
�

|K 00(�̂s)|1/2
⇥
1 + Pk,n(0;(�̂s)) +O(n�k/2)

⇤

= g(s;K)
⇥
1 + Pk,n(0;(�̂s)) +O(n�k/2)

⇤
(2.21)

where

g(s;K) =
⇣ n

2⇡

⌘p/2 exp
�
nK(�̂s/n)� �̂>

s s
�

|K 00(�̂s)|1/2
.

We call g(·;K) the Saddlepoint approximation to the density of S. We now justify the

approximation accuracy claim from (2.21) in the following theorem.

Theorem 2.14. Let P be a distribution with cumulant generating function K and k 2

N�2 such that all cumulants of P of order up to k exist. Suppose that for every s 2 Rp,

(2.20) has a unique solution �̂s. Let n 2 N and S be the mean of X1, . . . , Xn
iid
⇠ P ,

S = n�1
nX

i=1

Xi.

Then, if the density fn of S exists, the expansion given in (2.21) holds.

Proof. This result is a direct consequence of Theorem 2.12, applied pointwise to the

tilted distribution P�̂s for every s 2 Rp. As discussed above, Remark 2.9 implies that

only powers of n�1 have non-vanishing coe�cients in the Edgeworth approximation of the

tilted densities. This turn implies that the Edgeworth approximation error in each point
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is of order O(n�k/2), concluding the proof of the theorem.

While the Saddlepoint approximation has many advantages over the Edgeworth approxi-

mation, it is important to note that the Saddlepoint approximation requires the complete

cumulant generating function of the approximated density to be known. The Edgeworth

approximation on the other hand only uses the first k cumulants of the distributions,

which are evaluations of derivatives of the cumulant generating function in 0.

A special case of particular interest arises when taking k = 2. In this case, the Edgeworth

approximation of fn(·; �̂s) is equal to its normal approximation since the polynomial part

Pk,n(·;(�̂s)) of ek,n(·;(�̂s)) is equal to 0, giving

fn(s) = g(s;K)
⇥
1 +O(n�1)

⇤

=
⇣ n

2⇡

⌘p/2 exp
�
nK(�̂s/n)� �̂>

s s
�

|K 00(�̂s)|1/2
⇥
1 +O(n�1))

⇤
. (2.22)

The Saddlepoint approximation of second order is commonly used in applications since

it presents many advantages compared to the Edgeworth approximation. It has a simple

expression which makes it easier to construct and manipulate it. Furthermore, the Sad-

dlepoint approximation is often highly accurate or even exact up to normalization, and,

unlike the other approximations presented so far, it is always positive.

Example 2.15. Extending Example 2.13, we analyze the behaviour of the Saddlepoint

approximation to the mean Y = n�1
Pn

i=1 Xi 2 R+ where X1, . . . , Xn
iid
⇠ �(p,�). The

cumulant generating function of the �(n, p) distribution is K(t) = p log (�)� p log (�� t)

and its first derivative is K 0(t) = p/(� � t). For any s 2 R+, the Saddlepoint �̂s is given

by the solution to the Saddlepoint Equation in (2.20), which here becomes

p

�� �̂s/n
= s ) �̂s = n

⇣
��

p

s

⌘
.

In Figure 3, we demonstrate how the Saddlepoint approximation of second order compares

to the Edgeworth approximation when approximating a standardized sum of n random

variables independently distributed according to �(2, 1). Since the standardized sum can

be obtained by multiplying the mean by a factor of
p
n, the Saddlepoint approximation is

easily adapted by change of variable. Both panes show accurate approximation properties

both in terms of relative and absolute error.

In this example, it is also interesting to examine the explicit form of the Saddlepoint ap-

proximation g. Replacing the relevant quantities in (2.22), we obtain that the Saddlepoint
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Approximation error of �(2, 1) standardized sums with n = 10

Figure 3: Study of the error of the Saddlepoint approximation on a standardized sum
n = 10 i.i.d. random variables distributed according to �(2, 1). Both panes demonstrate
the properties studied of the Saddlepoint approximation: the accurate relative error, the
gain in order of approximation and the uniform relative error of the approximation for
sums of Gamma random variables.
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approximation is

g(s;K) =
r

n

2⇡K 00(��
p
s )

exp
⇣
nK

⇣
��

p

s

⌘
� n

⇣
��

p

s

⌘
s
⌘

=

r
n

2⇡s2/p
exp (n (p log (�)� p log (p/s))� ns�+ np)

= (n�)npsnp�1 exp (�sn�)
(np)1/2�np exp (np)

p
2⇡

.

Consider now Stirling’s formula for the gamma function

�(z) ⇡
p

2⇡zz�1/2 exp (�z) .

We recognize that the second term in the expression of g(s;K) corresponds to the inverse

of Stirling’s approximation of �(np). Therefore, the Saddlepoint approximation to the

density of the mean of n i.i.d. random variables distributed according to �(p,�) corre-

sponds to the density of the true distribution �(np, n�) of the mean, where the gamma

function has been replaced by Stirling’s approximation. This has the consequence that

the relative error of the Saddlepoint approximation does not depend on s, the point at

which the density is evaluated, but rather only depends on n. This behaviour is also

seen in Figure 3 where the relative error of the Saddlepoint approximation is a straight

horizontal line. Daniels [13] characterizes the class of distributions for which the uniform

relative approximation error holds.

2.6 The p⇤ approximation in exponential families

Next, we apply the Saddlepoint approximation to an exponential family P = {P✓}✓ with

natural parameter ✓ 2 Rp. We write f(·; ✓) for the density of P✓ 2 P . Then, f(·; ✓) is

given by

f(x; ✓) = exp
�
✓>T (x)�H(✓)� G(x)

�
.

Given a random sample x = (x1, . . . , xn) of P✓, the log-likelihood function denoted by

`(·; x) is given by

`(✓; x) = ✓>
nX

i=1

T (xi)� nH(✓) = n [t̄�H(✓)] ,
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where t̄ = n�1
Pn

i=1 T (xi) is the sample average of the su�cient statistic T . Hence, the

maximum likelihood estimator of ✓ is the value ✓̂t̄ 2 Rp satisfying the score equation

H
0(✓̂t̄) = t̄. (2.23)

For simplicity, we assume that H0 is one-to-one to ensure that (2.23) has a unique solution

✓̂t̄. In the exponential family P , it can be shown that the cumulant generating function

of any member P✓ 2 P is given by K✓(t) = H(✓ + t) � H(✓). Thus K 0
✓(t) = H

0(✓ + t).

Using the cumulant generating function in the score equation (2.23) gives

K 0
✓(✓̂t̄ � ✓) = t̄.

Consider the Saddlepoint equation given in (2.20), and notice that the parameter �̂t̄ of

the tilted family is related to the maximum likelihood estimator ✓̂ by

�̂t̄/n = ✓̂t̄ � ✓.

Using this in the Saddlepoint approximation (2.22), we obtain that the Saddlepoint ap-

proximation for the average T̄ = n�1
Pn

i=1 T (Xi), where X1, . . . , Xn
iid
⇠ P✓, is

g(t̄;K✓) =
⇣ n

2⇡

⌘p/2
|K 00

✓ (✓̂t̄ � ✓)|�1/2 exp
⇣
nK✓(✓̂t̄ � ✓)� (✓̂t̄ � ✓)>t̄

⌘

=
⇣ n

2⇡

⌘p/2
|H

00(✓̂t̄)|
�1/2 exp

⇣
n(H(✓̂t̄)�H(✓))� (✓̂t̄ � ✓)>t̄

⌘

=
⇣ n

2⇡

⌘p/2
|j(✓̂t̄)|

�1/2 exp
⇣
`(✓; t̄)� `(✓̂t̄; t̄)

⌘
,

where the last equality follows from the fact that H00(✓̂) is equal to the observed Fisher

information j(✓̂). Daniels [1] notes that this approximation can further be used to ap-

proximate the distribution of the maximum likelihood estimator. Let ⇥̂ be the random

variable solving the score equation H
0(⇥̂) = T̄ . By change of variable, we can use the

approximation above to construct the p⇤ approximation to the density of ⇥̂, given by

p⇤(✓̂; ✓, t̄) =
⇣ n

2⇡

⌘p/2
|j(✓̂)|�1/2 exp

⇣
`(✓; t̄)� `(✓̂; t̄)

⌘ �����
d✓̂

dt̄

�����

�1

.

To compute the determinant of the Jacobian of the transformation ✓̂(t̄), we di↵erenti-

ate the score equation with respect to ✓̂ to find H
00(✓̂) = (dt̄/d✓̂) and hence (d✓̂/dt̄) =

H
00(✓̂)�1 = j(✓̂)�1. Therefore, the density of ⇥̂ given the true parameter ✓ and the obser-
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vation t̄ is approximated by

p⇤(✓̂; ✓, t̄) =
⇣ n

2⇡

⌘p/2
|j(✓̂)|1/2 exp

⇣
`(✓; t̄)� `(✓̂; t̄)

⌘
. (2.24)

While the dependence on t̄ naturally comes from the proposed derivation of the p⇤ ap-

proximation, it is often more convenient to parametrize the loglikelihood `(·; x) and p⇤

approximations in terms of the maximum likelihood estimator ✓̂(t̄). We then write

p⇤(✓̂; ✓, ✓̂) =
⇣ n

2⇡

⌘p/2
|j(✓̂)|1/2 exp

⇣
`(✓; ✓̂)� `(✓̂; ✓̂)

⌘
.

This highlights the fact that the p⇤ approximation inherits its locality from the Saddlepoint

approximation, since the density p⇤(✓̂; ✓, ✓̂) is di↵erent at each point ✓̂ at which it is

evaluated. The p⇤ approximation can also be used in many di↵erent situations where the

distribution of refence is not necessarily an exponential family. Several articles and books

by Barndor↵-Nielsen[2, 3] and other authors study and derive the p⇤ approximation in

broader generality.

Suppose now that the exponential family P has an alternative parametrization {P�} such

that there exists a di↵eomorphism � = �(✓) satisfying �̂ = �(✓̂), where �̂ and ✓̂ are the

maximum likelihood estimators in their respective parametrizations. Then,

p⇤(�̂;�, �̂) =
⇣ n

2⇡

⌘�p/2

|j�(�̂)|
1/2 exp

⇣
`(�; �̂)� `(�̂; �̂)

⌘

=
⇣ n

2⇡

⌘�p/2

0

@|j✓(✓(�̂))|

�����
d✓̂

d�̂

�����

�2
1

A
1/2

exp
⇣
`(✓(�); ✓(�̂))� `(✓(�̂); ✓(�̂))

⌘

= p⇤(✓(�̂); ✓(�), ✓(�̂))

�����
d✓̂

d�̂

�����

�1

.

Hence, the p⇤ approximation is invariant under reparametrization. The next example

demonstrates the use of the p⇤ approximation and shows how the parameterization in-

variance can be useful when applying the approximation.

Example 2.16. We estimate the density of the maximum likelihood estimator of the

parameter � 2 R+ of an exponential distribution Exp(�). The density of the distribution

Exp(�) is

f�(x) = � exp (��x) .

To make direct use of the p⇤ approximation in (2.24), we must work in the natural

parametrization of the exponential distribution. For � 2 R+, the corresponding natural
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Error of p⇤ approximation of MLE in Exp(�) model with n = 10

Figure 4: Study of the approximation error of the Saddlepoint approximation on a stan-
dardized sum of n = 10 of �(2, 1) random variables. Both panes expose properties studied
of the Saddlepoint approximation: the accurate relative error, the gain in order of approx-
imation and the uniform relative error of the approximation for sums of Gamma random
variables.



2 HIGHER-ORDER STATISTICS 33

parameter is ✓ = �� 2 R� and the density of Exp(✓) is then f✓(x) = exp (✓x+ log (�✓)).

Given an i.i.d. sample x1, . . . , xn of Exp(✓), the log-likelihood function is given by

`(✓; x̄) = n [✓x̄+ log (�✓)] ,

where we used that the su�cient statistic is T (x) = x and hence t̄ = x̄ is the sample mean.

The maximum likelihood estimator of ✓ is then ✓̂ = �1/x̄ and the observed information

is equal to j(✓) = 1/✓2.

It follows that the p⇤ approximation to the density of ✓̂ is

p⇤(✓̂; ✓, ✓̂) =
p
n

|✓|n

|✓̂|n�1
exp

⇣
�n(✓ � ✓̂)/✓̂

⌘
/
p

2⇡

=
p
n

|✓|n

|✓̂|n�1
exp

✓
n


1�

✓

✓̂

�◆
/
p

2⇡.

Using the invariance of the p⇤ approximation, we obtain a p⇤ approximation of the density

of the maximum likelihood parameter �̂ in the original parametrization,

p⇤(�̂;�, �̂) = p⇤(✓(�̂); ✓(�), ✓(�̂))
���d✓̂/d�̂

���
�1

=
p
n

|�|n

|�̂|n�1
exp

✓
n


�

�̂
� 1

�◆
/
p

2⇡. (2.25)

The Normal approximation is a commonly used approximation to the distribution of

the maximum likelihood estimator. In the exponential model, the Fisher information is

I(�) = ��2 and the following central limit theorem holds for the maximum likelihood

estimator [22, Example 3.12]

p
n(�̂� �)

d
�! N(0, I(�)�1) as n ! 1. (2.26)

Hence, �̂ is approximately N(�,�2/n) with an approximation error of the density of

o(n�1/2).

In Figure 4, we display how (2.25) and (2.26) approximate the density of �̂ under the

true model Exp(2). Since Exp(�) = �(1,�), the distribution of X̄ is �(n, n�) and hence

�̂ = x̄ is Inv-�(n, n�). As we can see in the left pane, the p⇤ approximation properly

fits the true density of �̂ and captures the bias of the �̂ estimator as opposed to the

Normal approximation which is centered around the true value of �. Furthermore, we

observe in the right panel how the relative error of the p⇤ approximation is identical to

the approximation error of the Saddlepoint approximation to the mean of �(2, 1) seen in
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Example 2.15. This is also a direct consequence of the invariance of the p⇤ approximation

since ⇤̂, the random variable associated to the maximum likelihood estimator, is the

inverse of the sample mean X̄, which is a di↵eomorphic transformation for positive reals.

2.7 Julia implementation of higher-order approximations

One is often confronted with challenges when translating mathematical ideas into exe-

cutable software. Edgeworth series in particular are simple in their mathematical defini-

tion, but hide the use of many mathematical concepts that, independently, are commonly

cumbersome to translate into easy-to-use and bug-free software. A generic implementation

of Edgeworth series requires the ability to compute derivatives, express and manipulate

asymptotic expansions and combine those to create density approximations.

Luckily, modern programming languages and libraries allow to quickly develop algorithms

that are both e�cient and close to their mathematical counterpart. In this thesis, we make

use of the Julia programming language [8], and Julia bindings to the computer algebra

system SymPy [24]. The Julia programming language was chosen because it allows to

write code that is generic enough to be used in various scenarios and extended with the

ecosystem of libraries. For instance, one building block of the approximations developed in

this thesis is the cumulant generating function of a distribution. The cumulant generating

function of a �(↵, �) distribution can be defined as the function

julia > gamma(p, �) = t -> p*log(�) - p*log(�-t)

This function can then both be used with concrete values of p,� and t, for instance

gamma(1.0, 2.0)(1.0) = 0.6931471805599453. However, one can also define symbolic vari-

ables for p and � to construct a symbolic expression of the cumulant generating function

julia > @syms p:: positive �:: positive

julia > gamma(p, �)(1.0)

p*log(�) - p*log(�-1.0)

This modularity can be used to construct helper functions to manipulate cumulant gen-

erating functions based on other libraries. For instance, if we are interested in computing

the cumulants of a distribution, we can use the same definition of the cumulant function

and use the TaylorSeries [7] library to e�ciently compute the derivatives of the cumulant

generating function. This let’s us define the following function to compute the first n

cumulants of a distribution from its cumulant generating function
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function cumulants (K, n ; T=Number)

t = Taylor1 (T, n+1)

(K( t ) . c o e f f s . / exp ( t ) . c o e f f s ) [ 2 : end ]

end

Julia’s extensibility makes it easy to combine several libraries to develop more advanced

functionalities. For instance, the code presented above can be used to compute the generic

formula of the mean and variance of a �(p,�) distribution without having to program the

interaction between Julia’s SymPy bindings and the TaylorSeries library

julia > @syms p:: positive �:: positive

julia > µ, �2 = cumulants(gamma(p, �), 2)

2-element Vector{Sym}:

p/�

p/�2

We used the capability of Julia to compose high-level libraries in order to develop a

generic procedures for manipulating cumulant generating functions and develop density

approximations for sums and maximum likelihood estimators. As an example, Listing

1 implements an arbitrary-order Edgeworth expansion by combining the mathematical

derivation of the Edgeworth series in Section 2.2 and some of the ideas described above.

A particularly appealing example of the usage of the function in Listing 1 is to derive the

generic formula of the Edgeworth series of a specific order given the required cumulants.

We start by defining a function symcgf(cumulants) which creates a cumulant generating

function with cumulants provided as an argument. For instance,

julia > @syms t::real 3::real 4::real

julia > K = symcgf ([0.0; 1.0; 3; 4])

julia > cumulants(K, 5; T=Sym)

5-element Vector{Sym}:

0

1

3

4

0

We can then use the edgeworth from Listing 1 to compute the explicit formula for the

Edgeworth series of order 42

2To avoid writing out the Hermite polynomials, we use a sligthly modified version of the code in
Listing 1 replacing Hermite polynomials by symbolic functions Hk.
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julia > edgeworth(K, n, 4; T=Sym)(x)

-x2

/ \ ---

| 2
3H6(x) 4H4(x) 3H3(x) | 2

0.398942280401433 |1 + ------ + ------ + ------- | e 3

| 72n 24n 6
p
n |

\ /

With (2⇡)�1/2
⇡ 0.398942280401433, this formula corresponds expression derived in (2.12)

of Example 2.7.

Listing 1: Symbolic implementation of the Edgeworth expansion

function edgeworth (K, nsum , order ; T=Float64 )

H(k ) = ba s i s ( ChebyshevHermite , k )

f i n a l t y p e = promote ru le (T, typeo f (nsum) )

t ay l o r o rd e r = 3∗ order+1

# Def ine two symbol ic v a r i a b l e s t and n . We use t as

# va r i ab l e o f the cg f f o r computing Taylor s e r i e s and

# n as the symbol ic number o f e lements in the sum in

# order to be ab le to t rack terms o f var i ous o rde r s o f n .

@vars t n : : ( p o s i t i v e , i n t e g e r )

# Star t by con s t ruc t i ng the cg f o f
P

(Xi � µ)/
p

�2n ,

# as d i s cu s s ed in Remark 2.8 .

µ , �
2 = cumulants (K, 2 ; T=T)

stdK = a f f i n e (K, −µ , 1/ sq r t (�2∗n ) )
sumK = iidsum ( stdK , n)

# Use the new cg f to cons t ruc t the expansion o f the r a t i o

# o f c h a r a c t e r i s t i c func t i ons , as in (2.6 ) .

r a t i o = exp (sumK( t ) − t ˆ2/2)

expansion = r a t i o . s e r i e s ( t , n=tay l o r o rd e r ) . removeO ( )

# Then proceed by t runcat ing the expansion to the de s i r ed

# order and r ep l a c e the symbol ic n by i t s t rue value .

expansion = c o l l e c t ( expand ( expansion ) , n )

expansion = t runca t e o rde r ( expansion , n , (1−order )/2)

3This output was lightly adapted to properly render in LaTeX.
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expansion = subs ( expand ( expansion ) , n , nsum)

# The ‘ expansion ‘ v a r i ab l e i s now a symbol ic polynomial

# in the va r i ab l e t . We r e t r i e v e the dens i ty by Four i e r

# inve r s i on , by which we r ep l a c e i n s t an c e s o f t ˆk by the

# k−th Hermite polynomial as in (2.8 ) .

↵ s t a r = c o l l e c t ( expansion , t ) . c o e f f . ( t . ˆ ( 0 : t ay l o r o rd e r ) )

↵ s t a r = convert . ( f i n a l t yp e , ↵ s t a r )

polynomial = sum ( [↵ s t a r [ i ]∗H( i −1) for i =1: l ength (↵ s t a r ) ] )

# Fina l ly , the approximate dens i ty can be cons t ruc ted

# as done in 2.8 and us ing Remark 2.8 .

function dens i ty ( z )

1 = sqr t (nsum)∗µ ; x = ( z − 1 ) / sq r t (�2 )

return exp(−xˆ2/2)/ sq r t (�2∗2⇡ ) ∗ polynomial ( x )

end

end
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3 Gaussian Graphical Models

In this chapter, we study problems related to submodel selection in Gaussian graphical

models. In Section 3.1, we begin by defining graphical models and Gaussian graphical

models. We then study the existence and computation of the maximum likelihood estima-

tor of the precision matrix in a Gaussian graphical model under di↵erent assumptions on

the graph. In Section 3.3, we apply the p⇤ approximation from Section 2.6 to compute an

accurate approximation for submodel testing. The test resulting from this approximation

is then numerically evaluated against the likelihood ratio test in di↵erent dimensionality

settings.

3.1 Preliminaries

We begin with a brief introduction to elementary concepts in graph theory. Let G = (�, E)

be a graph with nodes � and edges E. In the sequel, we only consider unconnected and

loopless graphs. For notational simplicity, we assume that the nodes � are numbered. For

p = |�|, we write G = ([p], E) and have that E ⇢ {{i, j} : i, j 2 [p], i 6= j}. If e = {i, j} 2

E for some i, j 2 [p], we call i and j endpoints of e and write i, j 2 e. We denote by bd(i)

the set of neighbours of i 2 [p], that is bd(i) = {j 2 [p] : {i, j} 2 E and j 6= i}. Note that

it will be useful to treat the set of edges as a set of indices on a matrix. For this case,

we introduce the augmented edge set, in order to include indices refering to the diagonal

entries of a matrix. The augmented edge set E⇤ of E is the set E⇤ = E [ {{i} : i 2 �},

constructed by adding all possible loops in G.

A graph G is said to be complete if all pairs of distinct nodes are connected by an edge.

A clique of G is a set of nodes C ⇢ [p] such that the subgraph GC = (C,EC) with

EC = {{i, j} 2 E : {i, j} ⇢ C} is complete. We denote by C(G) the set of cliques in G.

Let l 2 N, a l-cycle is a set of nodes i1, . . . , il 2 [p] such that {ij, ij+1} 2 E for j 2 [l]

and {i1, il} 2 E. A chord is an edge e connecting two nodes of a cycle that is not part of

the cycle. A chordless cycle is a cycle which has no chord. A chordal graph G is a graph

which contains no chordless cycle of length greater or equal to 4.

Let G = ([p], E) and M 2 Rp⇥p. We introduce the following notation.

• If e = {i, j} 2 E, then Me = Mij.

• If A,B ⇢ [p], then MA,B is the |A|⇥ |B| matrix constructed by keeping rows labeled

by the entries in A and columns labeled by the entries in B.

• If A ⇢ [p], then MA = MA,A.
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• If A,B ⇢ [p], then [MA,B][p] is the p⇥ p matrix with entries given by

[MA,B]
�
ij =

8
<

:
Mij if {i, j} 2 A⇥ B,

0 otherwise.

Since most matrices manipulated in this thesis reference quantities related to nodes in a

graph, we index matrices with respect to the nodes of the graph instead of row or column

number of the matrix. For instance, if A,B ⇢ [p] and M 2 Rp⇥p, then following the

notation introduced above, we have that

(MA,B)ab = Mab for all a 2 A, b 2 B.

We denote by S
p the set of p ⇥ p symmetric matrices and S

p
�0 the set of p ⇥ p pos-

itive definite symmetric matrices. Let G = ([p], E), we define the set of matrices

S(G) = {M 2 S
p : Me = 0 if e /2 E⇤

} and S�0(G) = {M 2 S(G) : M is positive definite }

or equivalently S�0(G) = S(G) \ S
p
�0.

3.2 Maximum likelihood estimation in Gaussian graphical mod-

els

A graphical model is a probabilistic model associating relations between random variables

to a graph. The random variables of the model are represented by nodes in the graph

and conditional independence relations are represented by missing edges between the

corresponding nodes of the graph.

Consider a random vector X distributed according to the multivariate Gaussian distri-

bution Np(0,⌦�1), where the precision matrix ⌦ 2 S
p
�0 is the inverse of the covariance

matrix ⌃. Thus, the density of X is

f(x;⌦) = (2⇡)�p/2
|⌦|1/2 exp

⇢
�
1

2
tr
⇥
xx>⌦

⇤�
. (3.1)

Clearly, the multivariate Gaussian distribution is an exponential family with canonical

parameter ⌦ and su�cient statistic 1
2xx

>. We start by stating a result about multivariate

Normal distributions that can be found in [21, Proposition C.5].

Lemma 3.1. Let X ⇠ Np(µ,⌃) and A,B ⇢ [p] be disjoint. Then, the conditional
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distribution of XA given XB = xB is N|A|(µA|B,⌃A|B) where

µA|B = µA + ⌃A,B⌃
�1
B,B(xB � µB) and ⌃A|B = ⌃A,A � ⌃A,B⌃

�1
B,B⌃B,A.

One recognizes that the conditional covariance matrix ⌃A|B is the Schur complement of

⌃B in ⌃.

We parametrize the multivariate Normal distribution in terms of the precision matrix

because of its special role in the context of graphical models. Indeed, the conditional

independence relations of the entries a random vector X ⇠ Np(0,⌦) are characterized by

the sparsity patterns of the precision matrix ⌦. This is shown in the following lemma

from [21, Proposition 5.2].

Lemma 3.2. Let X ⇠ Np(µ,⌃) and let i, j 2 [p] with i 6= j. Then

⌦ij = 0 () Xi ?? Xj|X[p]\{i,j}. (3.2)

Proof. By Lemma 3.1, we have that the bivariate vector X{i,j} is Gaussian with covariance

matrix ⌃{i,j}|[p]\{i,j} equal to the Schur complement of ⌃[p]\{i,j}. The statement in (3.2) is

thus equivalent to

⌦ij = 0 () ⌃{i,j}|[p]\{i,j} is diagonal.

Using the Schur complement inverse property, we have that

⌃{i,j}|[p]\{i,j} =
⇥
⌦{i,j}

⇤�1
=

 
⌦ii ⌦ij

⌦ji ⌦jj

!�1

=
1

|⌦{i,j}|

 
⌦jj �⌦ij

�⌦ji ⌦ii

!�1

.

Hence, ⌃{i,j}|[p]\{i,j} is diagonal if and only if ⌦ij = 0, completing the proof of the lemma.

Consider a graph G = ([p], E). We say that X satisfies the Gaussian graphical model with

graph G if X ⇠ Np(0,⌦) and

⌦ij = 0 for all {i, j} /2 E⇤. (3.3)

Property (3.3) corresponds to the pairwise Markov property in graphical model theory

[21]. Note that the independence relations of the entries of X, the connectivity of the

nodes in G and the sparsity pattern of ⌦ are all the same concept viewed from a di↵erent

angle, which each on its own will help in studying them.
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We now study properties of the maximum likelihood estimator in a Gaussian graphical

model, largely the presentation of Uhler [23, Section 9].

Consider a sample X = (X1, . . . , Xn) from a Gaussian distribution. The log-likelihood

function for a precision matrix ⌦ 2 S
p
�0 obtained from (3.1) is

`(⌦;X) =
n

2
log |⌦|�

1

2
tr[XX>⌦].

Rewriting the log-likelihood in terms of the su�cient statistic S = n�1XX>, we get that

`(⌦;S) =
n

2
log |⌦|�

n

2
tr[S⌦]. (3.4)

In the saturated model where no constraints are put on the entries of ⌦, the maximum

likelihood estimator is defined when S 2 Sp
�0 and is equal to

⌦̂ = S�1.

Note that, if we are interested in estimating the maximum likelihood estimator ⌦̂ of a

Gaussian graphical model with graph G = ([p], E), the solution ⌦̂ must lie in the subset

S�0(G) of S
p
�0 in which the conditional independence relations encoded in G are satisfied.

We are left with the following optimization problem

maximize
⌦2Sp

�0

log |⌦|� tr[S⌦]

subject to ⌦ 2 S(G).
(3.5)

Since the Gaussian graphical model condition is a linear constraint, the set S(G) is a

convex cone. Showing that the objective function in (3.5) is concave would imply that

maximum likelihood estimation in Gaussian graphical models is a convex optimization

problem. This would allow us to bring new insights to the maximum likelihood problem

by studying its dual formulation. The following lemma from [23, Proposition 9.2.1] states

that the objective function is indeed concave.

Lemma 3.3. The function f : Sp
�0 ! R, X 7! log |X|� tr [SX] is concave.

Proof. Remark that the sum of a concave function and a linear function is concave, and

tr [SX] is linear in X. Thus, it is su�cient to show that the logarithm of the determinant

of a matrix is concave. To show this, we consider the line {U + tV : t 2 R} for U, V 2 S
p
�0.

We show thatX 7! log |X| is concave on S
p
�0 by proving that g(t) = log |U+tV | is concave
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as follows. Since U 2 S
p
�0, both U1/2 and U�1/2 exist and we have

g(t) = log |U + tV |

= log |U1/2(1p + tU�1/2V U�1/2
|

= log |U |+ log |1p + tU�1/2V U�1/2
|.

Let �i be the eigenvalues of U�1/2V U�1/2 and note that the eigenvalues of 1p +

tU�1/2V U�1/2 are 1 + t�i. Therefore

g(t) = log |U |+
pX

i=1

log(1 + t�i).

Now, since each log(1 + t�i) is concave in t, we have that g is concave, which completes

the proof of the lemma.

We can now study the dual problem to (3.5). The Lagrangian of the likelihood maximiza-

tion problem in Gaussian graphical models is given by

L(⌦, ⌫) = log |⌦|� tr[S⌦]� 2
X

{i,j}/2E

⌫ij⌦ij

= log |⌦|�
pX

i=1

Sii⌦ii � 2
X

{i,j}2E

Sij⌦ij � 2
X

{i,j}/2E

⌫ij⌦ij

The Lagrange dual H of (3.5) is given by H(⌫) = L(⌦⌫ , ⌫) where ⌦⌫ is the maximizer of

L(⌦, ⌫). Let ⌦⌫ be the maximizer of L(⌦, ⌫) with respect to ⌦. Then, finding the roots

⌦⌫
ij of

d
d⌦ij

L(⌦, ⌫) shows that the inverse ⌃⌫ of ⌦⌫ satisfies the following

⌃⌫
ij =

8
<

:
Sij if i = j or {i, j} 2 E,

⌫ij otherwise.

Note that ⌃⌫ is the matrix formed by replacing entries in S corresponding to missing edges

with entries of the dual variables ⌫ij. Replacing ⌦⌫ in the expression for the Lagrange
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dual function H, we obtain that

H(⌫) = L(⌦⌫ , ⌫) = log |⌦⌫
|� tr[S⌦⌫ ]� 2

X

{i,j}/2E

⌫ij⌦
⌫
ij

= log |⌦⌫
|� tr[⌃⌫⌦⌫ ] + 2

X

{i,j}/2E

⌃⌫
ij⌦

⌫
ij � 2

X

{i,j}/2E

⌫ij⌦
⌫
ij

= log |⌦⌫
|� p = � log |⌃⌫

|� p.

Hence, the dual to (3.5) is

minimize
⌃2Sp

�0

� log |⌃|� p

subject to ⌃ij = Sij for all {i, j} 2 E⇤.
(3.6)

To prove that problems (3.5) and (3.6) are equivalent, we must show that strong dual-

ity holds for this convex optimization problem. By Slater’s constraint quantification [9,

Section 5.3.2], it is enough to show that there exists an ⌦⇤
2 S

p
�0 that is strictly feasable

for the primal problem. Since the identity matrix is positive definite and is an element

of S(G) for any G, strong duality holds for any graph G. Thus, we can freely study both

formulations of the optimization problem. Furthermore, Problems (3.5) and (3.6) have a

solution if and only if log |⌃| + p is bounded from above in the set of feasable matrices.

We have yet to study under which condition this is the case.

To that end, let us first introduce some notation. Let G = ([p], E) and let ⌃ 2 Rp⇥p,

the G-partial matrix ⌃G of ⌃ is the partial matrix constructed by removing entries in ⌃

corresponding to missing edges in G, see Figure 5 for an example. With this notation, the

dual problem (3.6) can be reformulated as follows,

minimize
⌃2Sp

�0

� log |⌃|� p

subject to ⌃G = SG.
(3.7)

In this formulation, the dual optimization problem corresponds to a positive definite

matrix completion problem in which the matrix ⌃ is partially specified from entries of

the sample covariance matrix corresponding to edges present in G. Furthermore, Uhler

[23, Section 9.4] presents a geometric argument tying together the matrix completion

to the original convex optimization formulation of the likelihood maximization problem.

We state without a proof a reformulation of [23, Theorem 9.4.2], in which we use that

L \ S
p
�0 = S(G), which we have shown to contain at least 1p.
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Theorem 3.4. Consider a Gaussian graphical model associated to the graph G and a

sample covariance matrix S. The likelihood maximization primal and dual problems have

unique solutions ⌦̂ and ⌃̂ if and only if SG has a positive definite completion. In this case,

⌃̂ is the positive definite completion of SG and ⌦̂ = ⌃̂�1.

We now study the existence of a solution to the maximum likelihood question by finding

the conditions under which a G-partial sample covariance matrix can be completed to a

positive definite matrix. Gross et al. [18] introduce the maximum likelihood threshold of

a graph G. The maximum likelihood treshold of a graph G, denoted by mlt(G), is the

smallest sample size guaranteeing that the maximum likelihood estimator exists almost

surely in a Gaussian graphical model associated to the graph G. In other words, mlt(G)

is the smallest number of observations for which SG can be almost surely completed to

a positive definite matrix. For a Gaussian graphical model over p variables, the rank

of the sample covariance constructed from a sample of n observations is almost surely

rank(S) = min(n, p). Hence, if n � p > 0, S itself is a valid positive completion of SG,

giving the worst case bound

mlt(G)  p, (3.8)

where equality holds if G is complete.

A necessary condition for a solution to the matrix completion problem to exist is that all

completely specified principal submatrices SG
[p]\I of S

G for I ⇢ [p] must be positive definite.

The principal submatrix SG
[p]\I of SG is completely specified if it contains no missing

value. The necessary condition can be shown by the following argument. Let SG
[p]\I be a

principal completely specified submatrix of SG such that there exists z 2 Rp�|I|
\ {0} with

z>SG
�Iz  0. Then if SG

+ is the positive definite completion of SG, it holds that x>SG
+x  0

for x 2 Rp
\ {0} with xI = z and x[p]\I = 0, contradicting the positive definiteness of

SG
+. Furthermore, if C is a clique of G, C is complete and thus the submatrix SG

C is a

completely specified principal submatrix of SG. As SG
C is complete, it is positive definite

with probability one if and only if n � |C|. Now let q(G) = max {|C| : C is a clique of G}

be the maximum clique size in G. We can lower bound the maximum likelihood threshold

by

q(G)  mlt(G). (3.9)

However, as shown in the example in Figure 5, this condition is not su�cient for the

existence of a positive definite completion. Still, Grone et al. [17] show that this condition

is also su�cient if and only if G is a chordal graph.
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Figure 5: Example from [23, Section 9.3] of a matrix S for which all completely speci-
fied submatrices of SG are positive definite but where S doesn’t have a positive definite
completion.

Theorem 3.5. For a graph G, the following statements are equivalent.

i. A partial matrix MG has a positive definite completion if and only if all completely

specified submatrices of MG are positive definite.

ii. G is chordal.

A consequence of this theorem is that if G is a chordal graph, then mlt(G) = q(G).

This result for chordal graphs can be used to compute an upper bound on the maximum

likelihood treshold of a general graph, tighter than the worst-case bound in (3.8).

Let G = (�, E) be a graph and S a sample covariance matrix. A graph G
+ = (�, E+)

is called a chordal cover of G if E ⇢ E+ and G
+ is chordal. Then, since E ⇢ E+, we

have that the G
+-partial matrix SG+

agrees with the G-partial matrix SG on the entries

corresponding to the edges E of G. Thus, one can view SG+
as a partial completion of SG,

and any positive definite completion of SG+
is a valid positive completion of SG. Hence,

by Theorem 3.5, the following bound holds

mlt(G)  q+(G) = min
�
q(G+) : G+ is a chordal cover of G

 
.

Combining (3.9) and the above bound, it follows that for any graph G,

q(G)  mlt(G)  q+(G). (3.10)

Example 3.6. Let G = ([p], E) be a chordless cycle of length p � 4, E =

{{1, 2}, {2, 3}, . . . , {p, 1}}. Then, the maximal clique size of G is q(G) = 2. We can

form a chordal cover G+ = ([p], E+) that attains the minimum q(G+) = 3 by connecting

an arbitrary node a 2 [p] to all other nodes of G that are not already neighbours of a.

That is, we define the set of edges of G+ by E+ = E[{{a, i} : i 2 [p] \ {a}}. This chordal
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x1

x2

x3

...

xp�1

xp

Figure 6: The graph G = ([p], E) formed from the black edges in the above figure is
a cycle of length p. If E+ is formed by adding the red edges in the figure to E, then
G
+ = ([p], E+) forms a chordal cover of G.

covering is depicted in Figure 6, with a = 1. Hence, for a chordless cycle G of size p,

2  mlt(G)  3.

The exact conditions under which the maximum likelihood estimator in a chordless cycle

exists for n = 2 are studied in Buhl [10, Section 4].

Now that we have presented some of the conditions under which one can almost surely find

a positive definite completion to the G-partial correlation matrix SG, we turn ourselves

to the question of finding an algorithm capable of computing the maximum likelihood

estimator ⌃̂ of ⌃. As discussed earlier, the completely specified principal submatrices of

SG are the submatrices corresponding to the cliques of G. Hence, finding a positive definite

completion of SG is equivalent to finding the matrix ⌃̂ satisfying for all C 2 (C)(G),

⌃̂C = SC . (3.11)

This equation naturally suggests an iterative algorithm by successively adjusting parts of

the covariance matrix to satisfy (3.11) while keeping the running matrix positive definite.

This procedure, called iterative proportional scaling, was studied by Speed and Kiiveri

[26], among with other algorithms for solving the maximum equation problem in Gaussian

graphical models.

Next, we present a development of the algorithm in a Gaussian graphical model with

graph G, given a sample covariance matrix C computed from a sample of size n > mlt(G).
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Let ⌦ 2 S
p
�0 be a positive definite matrix and let C 2 C(G) be a clique of G. We define

the C-marginal adjustment operator TC given by

TC⌦ = ⌦+

 
(SC)�1

� (⌃C)�1 0

0 0

!
, (3.12)

where the variable ⌃ denotes the inverse of ⌦, and for simplicity of notation, the top-left

block of matrices writen out explicitly corresponds to the current clique C. We now show

that the operator TC satisfies the following useful properties.

Proposition 3.7. Let G = ([p], E) and S be an empirical covariance matrix constructed

from a sample of size n > mlt(G) from the Gaussian graphical model associated to G.

Then, the operator TC satisfies the following properties.

i. TC is well defined;

ii. TC adjusts the C-marginal of ⌦. That is, (TC⌦)�1 satisfies (3.11) for the clique C;

iii. If ⌦ 2 S
p
�0, then TC⌦ 2 S

p
�0;

iv. If ⌦ 2 S(G), then TC⌦ 2 S(G).

Proof. (i) By assumption on the sample size n, all matrices and submatrices involved in

TC are positive definite and can be inverted.

(ii) As seen earlier, the inverse of ⌃C can be expressed in terms of ⌦ by using the Schur

complement

(⌃C)
�1 = ⌦C � ⌦C,Cc(⌦Cc)�1⌦Cc,C ,

where Cc = [p] \ C is the complement of C in [p]. Replacing this in the definition of TC

gives

TC⌦ =

 
(SC)�1 + ⌦C,Cc(⌦Cc)�1⌦Cc,C ⌦C,Cc

⌦Cc,C ⌦Cc,Cc

!
. (3.13)

We can now use the Schur complement to compute the C-marginal of ⌦,

⇥
(TC⌦)

�1
⇤
C
=
⇥
(SC)

�1 + ⌦C,Cc(⌦Cc)�1⌦Cc,C � ⌦C,Cc(⌦Cc)�1⌦Cc,C

⇤�1

=
⇥
(SC)

�1
⇤�1

= SC .

(iii) In [21, Proposition B.1], Lauritzen gives a su�cient condition for a symmetric diagonal

to be positive definite. Applying this proposition, we have that TC⌦ is positive definite if

and only if both (TC⌦)C and E = (TC⌦)C � (TC⌦)C,Cc((TC⌦)Cc)�1(TC⌦)Cc,C are positive

definite. As seen in (ii), (TC⌦)C = SC is by assumption positive definite. As for the Schur
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Algorithm 1 Iterative proportional scaling

Input: Set of cliques C(G), sample covariance matrix S, tolerance ".
Output: Maximum likelihood estimator ⌦̂.
1: Let ⌦0 = 1p
2: Let ⌦1 = ⌦0

3: for C 2 C(G) do
4: Set ⌦1 := TC⌦1

5: end for
6: if k⌦1

� ⌦0
k < " then

7: Return ⌦̂ := ⌦1

8: else
9: Set ⌦0 := ⌦1

10: Go to line 2.
11: end if

complement,

E = (TC⌦)C � (TC⌦)C,Cc((TC⌦)Cc)�1(TC⌦)Cc,C

= (SC)
�1 + ⌦C,Cc(⌦Cc)�1⌦Cc,C � ⌦C,Cc(⌦Cc)�1⌦Cc,C

= (SC)
�1,

is by the same assumption positive definite. Hence TC⌦ is positive definite.

(iv) Let E be the set of edges of G and e = {i, j} /2 E be a missing edge in G. Since C is a

clique of G, we have that |C \ {i, j}|  1 and the entry of the matrix TC⌦ corresponding

to the edge {i, j} is in one of the following submatrices: (TC⌦)C,Cc , (TC⌦)Cc or (TC⌦)Cc,C .

Since these submatrices are left invariant under TC , we have that (TC⌦)ij = ⌦ij = 0, thus

TC⌦ 2 S(G).

Given these properties, we can naturally define an algorithm by cycling through the cliques

C 2 C(G) of G, successively adjusting each C-marginal by applying the adjustment op-

erator TC , and repeating until convergence. This algorithm is the iterative proportional

scaling algorithm, given in Algorithm 1. The question remains of whether this algorithm

converges and why. We start by showing that the C-marginal adjustment operator com-

putes the solution to a constrained version of (3.5). A proof of this lemma can be found

within the proof of [21, Theorem 5.4].

Lemma 3.8. Let ⌦0
2 S�0(G). The C-marginal adjustment operator TC computes the

solution to problem (3.5) over the section

⇥C(⌦
0) =

�
⌦ 2 S�0(G) : ⌦Cc = ⌦0

Cc and ⌦C,Cc = ⌦0
C,Cc

 
.
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That is, TC⌦0 is the solution to

maximize
⌦2S�0(G)

log |⌦|� tr[S⌦]

subject to ⌦Cc = ⌦0
Cc and ⌦C,Cc = ⌦0

C,Cc .
(3.14)

Proof. Using the expression of the determinant of a block matrix in terms of Schur com-

plement, we have that

|⌦| =
��⌦C � ⌦C,Cc(⌦Cc)�1⌦Cc,C

�� |⌦Cc | .

Furthermore, using the fact that ⌦ 2 ⇥(⌦0), it follows that

log |⌦| = log
���⌦C � ⌦0

C,Cc(⌦0
Cc)�1⌦0

Cc,C

�� ��⌦0
Cc

�� 

= log
��⌦C � ⌦0

C,Cc(⌦0
Cc)�1⌦0

Cc,C

��+ log
��⌦0

Cc

��

= log |⌦0
|+ log

��⌦0
Cc

�� ,

where ⌦0 = ⌦C � ⌦0
C,Cc(⌦0

Cc)�1⌦0
Cc,C . Since ⌦0

Cc is constant in the optimization problem

(3.14), it can be ignored and we have that log |⌦| and log |⌦0
| are equal up to a constant

term. Furthermore, using again the fact that ⌦ 2 ⇥C(⌦0), we get

tr [⌦S] = tr [⌦CSC ] + tr [⌦CcSCc ] + 2tr [⌦C,CcSC,Cc ]
.
= tr [⌦CSC ]

= tr [⌦0SC ] + tr
⇥
⌦0

C,Cc(⌦0
Cc)�1⌦0

Cc,CSC

⇤ .
= tr [⌦0SC ].

Hence, the optimization problem (3.14) is equivalent to

maximize
⌦02S|C|

�0

log |⌦0
|� tr[SC⌦

0].

Comparing this to the earlier discussions, this problem is equivalent to finding the max-

imum likelihood estimator of the precision matrix ⌦0 of the Gaussian graphical model

associated to the graph G restricted to the nodes in C. Since C is a clique, the subgraph

is complete and the maximum likelihood estimator is given by ⌦̂0 = (SC)�1. Hence, the

solution to (3.14) is given by ⌦̂ 2 ⇥(⌦0) where

⌦̂C = ⌦0 + ⌦0
C,Cc(⌦0

Cc)�1⌦0
Cc,C

= (SC)
�1 + ⌦0

C,Cc(⌦0
Cc)�1⌦0

Cc,C .

Hence, the solution to (3.14) is ⌦̂ = TC⌦0.
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By Lemma 3.8, Algorithm 1 corresponds to an iterative partial maximization algorithm, or

block coordinate descent algorithm. Since TC is a linear transformation, it is continuous.

Further, we showed that TC maps S�0(G) onto itself. With these conditions satisfied,

Lauritzen [21, Proposition A.3] proves that the iterative partial maximization algorithm

converges, and hence Algorithm 1, to the maximum likelihood estimator ⌦̂ 2 S�0(G).

3.3 Testing the subgraph hypothesis

In this Section, we apply the approximations developed in Section 2.6 to the problem

of testing two nested Gaussian graphical models. More precisely, let G = (�, E) and

G0 = (�, E0) with E0 ⇢ E, we are interested in developing a test for the following

hypothesis testing problem

H0 : ⌦ 2 S�0(G0) vs. H1 : ⌦ 2 S�0(G) \ S�0(G0). (3.15)

The classical approach to this testing problem is to use the likelihood ratio test based on

the likelihood ratio statistic. Given an observed covariance matrix Sn constructed from a

sample of size n, the likelihood ratio statistic is given by

⇤(Sn) = �2
h
`(⌦̂G0(Sn))� `(⌦̂G(Sn))

i
,

where ⌦̂G0 and ⌦̂G are the functions mapping an observed covariance matrix to the max-

imum likelihood estimators of the precision matrix under models G0 and G respectively.

Under regularity conditions and assuming that the H0 is true, the distribution of ⇤(Sn)

converges to a �2
d distribution with d = |E|� |E0| degrees of freedom, see [28]. A hypoth-

esis test in finite sample can then be constructed by using the �2
d approximation to the

distribution of ⇤(Sn).

In Eriksen [16], the author gives the following simple example which demonstrates how

the �2
d approximation fails when the sample size n is not large enough. Consider two

graphs G and G0 with p = 4 nodes such that G0 is a cycle and G is a chordal cover of

G0. We are interested in the hypothesis test displayed in Figure 7. Eriksen proposes an

alternative test statistic for testing this class of problems which, in this example, is

Q(Sn) = exp (�⇤(Sn)/n) , (3.16)

and demonstrates that it asymptotically follows a Beta distribution B((n� 3)/2, 1/2).

As we have seen in the previous section, the maximum likelihood estimator exists almost

surely under both H0 and H1 if n � 3. We can empirically evaluate the �2
d approximation
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H0

x1

x2

x3

x4 vs.

H1

x1

x2

x3

x4

Figure 7: Simple hypothesis test proposed by Eriksen [16] for which the �2
1 distribution

poorly approximated the distribution of the likelihood ratio statistic in small to medium
sample sizes.

to the distribution of ⇤(Sn) and the B((n� 3)/2, 1/2) approximation to the distribution

of Q(Sn) by sampling the statistics under the null hypothesis of a chordless cycle. For a

given sample size n 2 N, we sample N = 10000 values �1, . . . ,�N of the statistic ⇤(Sn)

under the null hypothesis. With this sample, we construct the empirical cumulative

distribution function F̂⇤ which approximates the true cumulative distribution function of

⇤(Sn), as well as the sorted empirical probabilities p̂i = F̂⇤(�(i)). Further, the empirical

probabilities p̂i can be compared to the probabilities p̃i = F (�(i)) where F corresponds

to the cumulative distribution function of either the �2
1 approximation of ⇤(Sn) or the

B((n � 3)/2, 1/2) approximation of Q(Sn) = exp (�⇤(Sn)/n). Figure 8 displays this

comparison. As seen in the upper pane of Figure 8, the �2
1 approximation is a poor

approximation to the distribution of ⇤(Sn) while the B((n� 3)/2, 1/2) approximation to

the distribution of Q(Sn) is accurate even for small sample sizes. Since we are interested in

constructing a hypothesis test based on these approximations, the small probability region

is of particular interest. In the lower pane of Figure 8, we see that the �2
1 approximation is

particularly poor for n = 5, where a test at level ↵ = 0.05 based on the �2
1 approximation

would have a true size of 0.1.

While the B((n � 3)/2, 1/2) approximation seems accurate, its origin and accuracy are

still unclear. The remainder of this section presents the construction of this statistic as

well as proof of convergence. The following lemma from [16, Theorem 3.1] applies the p⇤

approximation to construct an accurate estimation to the density of the su�cient statistic

S.

Lemma 3.9. Let G be a graph, let ⌦ 2 S�0(G) and let Sn be a sample covariance matrix

computed from a sample X = (X1, . . . , Xn) of size n 2 N of the Gaussian graphical model

associated to G with precision matrix ⌦. Then, the density p(S;⌦) of S satisfies the
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Figure 8: Comparison of the �2
1 approximation of the ⇤(Sn) statistic and Beta approxima-

tion of the Q(Sn) statistic from Eriksen [16] for testing the null hypothesis of a chordless
cycle given a sample of n = 5, 10, 15 observations. As seen in the upper pane, the �2

1

approximation poorly estimates the distribution of the ⇤(Sn) statistic for small and mod-
erate sample sizes, while the B((n�3)/2, 1/2) approximation to the distribution of Q(Sn)
is accurate even for small sample sizes. This is particularly strong when focusing on small
probability regions as we show in the lower pane where the di↵erence of probability can
be of approximately 50%.
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following,

p(S;⌦) = c
|⌦|n/2

|⌦̂G(S)|n/2
|jG(⌦̂G(S))|

�1/2 exp
n
�
n

2
tr [⌦S]

o
(1 +O(n�1)),

where c is a normalization constant, ⌦̂G(S) is the maximum likelihood of ⌦ assuming the

graph G and given the data S, and jG is the observed information matrix given by

jG(⌦)ab = tr
⇥
⌦�1Ha⌦

�1Hb

⇤
for all a, b 2 E⇤. (3.17)

Proof. Since XX> is su�cient in the Gaussian graphical model, S corresponds to the

sample average of the su�cient statistic. Applying the p⇤ approximation to S as done in

Section 2.6, it follows that the density of S satisfies

p(S;⌦) = c|jG(⌦̂G(S))|
�1/2 exp

n
`(⌦;S)� `(⌦̂G(S);S)

o
(1 +O(n�1)).

Replacing the log-likelihood of the Gaussian graphical model in the above equation, we

get that

p(S;⌦) / |jG(⌦̂G(S))|
�1/2 exp

n
`(⌦;S)� `(⌦̂G(S);S)

o
(1 +O(n�1))

/ |jG(⌦̂G(S))|
�1/2 |⌦|n/2

|⌦̂G(S)|n/2
exp

n
�
n

2

⇣
tr [⌦S]� tr

h
⌦̂G(S)S

i⌘o
(1 +O(n�1))

/ |jG(⌦̂G(S))|
�1/2 |⌦|n/2

|⌦̂G(S)|n/2
exp

n
�
n

2
tr [⌦S]

o
(1 +O(n�1))

where the last statement follows from the fact that ⌦̂G(S)S = 1p and hence tr
h
⌦̂G(S)S

i
=

p is constant. The formula for the observed infomation matrix can easily be verified by

taking the appropriate derivatives of the log-likelihood.

Before applying the result of Lemma 3.9 to the general problem of subgraph testing,

we begin by studying a special case. Consider a Gaussian graphical model with graph

G = ([p], E) and the sub-graph G0 constructed by removing a single edge e0 2 E from G.

The Gaussian graphical submodel is then associated to the subgraph G0 = ([p], E0) where

E0 = E \ {e0}. Without loss of generality, we assume that e0 = {1, 2}. It follows that the
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test statistic given in (3.16) is

Q(Sn) = exp (�⇤(Sn)/n)

= exp
⇣
2
h
`(⌦̂G0(Sn))� `(⌦̂G(Sn))

i
/n
⌘

= exp
⇣
(log |⌦̂G0(Sn)|� tr[Sn⌦̂G0(Sn)])� (log |⌦̂G(Sn)|� tr[Sn⌦̂G(Sn)])

⌘

=
|⌦̂G0(Sn)|

|⌦̂G(Sn)|
,

where the last equality follows from the fact that tr[Sn⌦̂G(Sn)] = tr[Sn⌦̂G0(Sn)] = p is

constant for any given graph G. The following theorem from [16, Theorem 3.2], shows that

the Q(Sn) statistic asymptotically follows a Beta distribution with known parameters.

Theorem 3.10. Let G = ([p], E) be a graph with subgraph G0 = ([p], E0) satisfying

E \ E0 = {e0}, where e0 = {i, j} 2 E. Let S be a sample covariance matrix computed

from a sample of size n > mlt(G) of the Gaussian graphical model associated to G0 with

precision matrix ⌦0 2 S�0(G0). Then, the distribution of Q(Sn) conditioned on observing

Sn asymptotically converges to

B

✓
n� f(e0)� 1

2
,
1

2

◆
as n ! 1, (3.18)

where f({i, j}) = |bd(i) \ bd(j)|.

Proof. We start by constructing approximations to the densities p(SG0 ;⌦0) and p(SG;⌦0)

by applying Lemma 3.9 in the Gaussian graphical models associated to G and G0 to get

p(SG0 ;⌦0) = c
|⌦0|

n/2

|⌦̂G0(SG0)|n/2
|jG0(⌦̂G0(S

G0))|�1/2 exp
n
�
n

2
tr
⇥
⌦0S

G0
⇤o

(1 + o(n�3/2))

and

p(SG;⌦0) = c
|⌦0|

n/2

|⌦̂G(SG)|n/2
|jG(⌦̂G(S

G))|�1/2 exp
n
�
n

2
tr
⇥
⌦0S

G⇤
o
(1 + o(n�3/2)).

Combining these results together allows us to approximate the density of Se, conditioned
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on SG0 , as follows

p(Se0 |S
G0 ;⌦0) =

p(Se0 , S
G0 ;⌦0)

p(SG0 ;⌦0)
=

p(SG;⌦0)

p(SG0 ;⌦0)

.
= c̃

|⌦0|
n/2

|⌦̂G0(S
G0)|�n/2

|jG0(⌦̂G0(S
G0))|�1/2 exp

�
�

n
2 tr
⇥
⌦0SG0

⇤ 

|⌦0|
n/2|⌦̂G(SG)|�n/2|jG(⌦̂G(SG))|�1/2 exp

�
�

n
2 tr [⌦0SG]

 

= c̃
|⌦̂G(SG)|n/2|jG(⌦̂G(SG))|1/2

|⌦̂G0(SG0)|n/2|jG0(⌦̂G0(SG0))|1/2

=: qn/2
|jG(⌦̂G(SG))|1/2

|jG0(⌦̂G0(SG0))|1/2
.

where q = |⌦̂G(SG)|/|⌦̂G0(S
G0)|. The last equality follows from the fact that ⌦0SG = ⌦0SG0

which leads to the exponential terms canceling out. Since q = exp (�⇤(S)/n) and ⇤(S)
d
�!

�2
1 is asymptotically ancillary, q is also asymptotically ancillary. Further, since SG0 is a

complete su�cient statistic assuming G0, we have by Basu’s Theorem [6] that SG0 and

q are asymptotically independent. Therefore it holds that, asymptotically, p(Se0 ;⌦0) =

p(Se0 |S
G0 ;⌦0) for any SG0 and we can chose SG0 freely in the previous equation. By taking

SG0 = 1p, it follows that

SG = 1p + Se0He0 =

0

B@
1 Se0

Se0 1

1p�2

1

CA .

Since SG0 and SG are positive definite, they are their own positive definite completion.

Thus, we have |⌦̂G(SG)| = |SG
|
�1 = (1 � S2

e0)
�1 and |⌦̂G0(S

G0)| = |SG0 |
�1 = 1, giving

q = 1� S2
e0 . A change of variable from Se to q has Jacobian (1� q)�1/2 and the density

of q is given by

p(q)
.
= ĉqn/2|jG(⌦̂G(S

G))|�1/2(1� q)�1/2, (3.19)

where ĉ is a normalizing constant.

We now compute the determinant of the observed information matrix given in (3.17) with

⌦�1 = 1p + SeHe. Let a, b 2 E⇤. we start by noting that for any S 2 S(G) and i, j 2 [p]

(SHa)ij =

8
<

:
Sij̄ if j 2 a,

0 otherwise
and (SHb)ji =

8
<

:
Sjī if i 2 b,

0 otherwise,

where j̄ 2 a and ī 2 b are such that {j} [ {j̄} = a and {i} [ {̄i} = b. By applying this in
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the expression of jG(S)ab, we get that

tr [SHaSHb] =
pX

i=1,j=1

(SHa)ij(SHb)ji =
X

(i,j)2a⇥b

Sij̄Sjī =
X

e2a⇥b

SeSē, (3.20)

where the last equality follows by re-indexing and re-ordering the sum. Next, we inspect

the di↵erent a, b 2 E⇤ and e 2 a ⇥ b for which the summand SeSē is non-zero. Setting

s = Se0 , we have that S = 1p + sHe0 . Hence for any e 2 {{i, j} : i, j 2 [p]}

Se =

8
>>><

>>>:

1 if e = {i} for some i 2 [p],

s if e = e0,

0 otherwise.

Thus, the summands SeSē of (3.20) are non-zero if and only if both e and ē are either {i}

for some i 2 [p] or equal to e0. Without loss of generality, we assume that e0 = {1, 2}.

We can thus focus on the following cases.

Case 1. e = ē = {1, 2}. This is possible only if a = {1} and b = {2}, in which case

jG(S){1}{2} =
X

e2{1}⇥{2}

SeSē = S{1,2}S{1,2} = s2.

Case 2. e = {1, 2} and ē = {i, j} with i 6= j (or the opposite). Then, we must have

a = {1, i} and b = {2, j} and since we assumed that S = 1p + sHe0 , we have that

jG(S){1,i}{2,j} = S12Sij + S1jSi2 + Si2S1j + SijS12 = 0.

Case 3. e = {1, 2} and ē = {i} (or the opposite). This is the case when a = {1, i} and

b = {2, i}, and since Sii = 1, S12 = s and Si1 = Si2 = 0, we get

jG(S){1,i}{2,i} = S12Sii + S1iSi2 + Si2S1i + SiiS12 = 2s.

Note that the matrix jG is indexed by edges in G. Therefore, the cases a = {1, i} and

b = {2, i} are only relevant if a, b 2 E. In this case, i is a neighbour of both 1 and 2,

meaning that i 2 bd(1) \ bd(2) =: C.

Case 4. e = {i} and ē = {j}. This only happens if a = b = {i, j}, which, again using
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that a, b 2 E and S = 1p + sHe0 , gives

jG(S){i,j}{i,j} =

8
>>><

>>>:

SiiSii = 1 if i = j,

2S11S22 + 2S12S12 = 2 + 2s2 if {i, j} = {1, 2},

2Sii + 2Sij = 2 otherwise.

This shows that jG(S) is a block diagonal matrix with blocks each equal to one of the

following matrices,

A =

0

B@

{1} {2} {1, 2}

{1} 1 s2 2s

{2} s2 1 2s

{1, 2} 2s 2s 2 + 2s2

1

CA Bi =

 {1, i} {2, i}

{1, i} 2 2s

{2, i} 2s 2

!
, for i 2 C.

Since |A| = 2(1� s2)3 and |Bi| = 4(1� s2) for i 2 C, we have that the determinant of the

observed information |jG(1p + sHe0)| / (1� s2)3+|C| is equal to (1�S2
e0)

3+f(e0) = q3+f(e0).

Replacing this equality in (3.19) gives us,

p(q)
.
= ĉqn/2|jG(⌦̂G(S

G))|�1/2(1� q)�1/2

/ qn/2q�(3+f(e0))/2(1� q)�1/2

= q(n�f(e0)�3)/2(1� q)�1/2.

Since the density of a B(↵, �) distribution is proportional to q↵�1(1� q)��1, we have that

q asymptotically follows a B((n� f(e0)� 1)/2, 1/2) distribution.

This construction can be generalized to the case where G0 = ([p], E0) is the subgraph of

G = ([p], E) with d = |E \ E0| > 1. Let E� = E \ E0 = {e0, . . . , ed�1}. We define for

i = 1, . . . , d � 1 the subgraphs Gi = ([p], Ei) with Ei = Ei�1 [ {ei}. Then, the Q(Sn)

statistic can be decomposed as follows,

Q(Sn) =
|⌦̂G0(Sn)|

|⌦̂G(Sn)|
=

|⌦̂G0(Sn)|

|⌦̂Gd�1
(Sn)|

=
|⌦̂G0(Sn)|

|⌦̂G1(Sn)|

|⌦̂G1(Sn)|

|⌦̂G2(Sn)|
. . .

|⌦̂Gd�2
(Sn)|

|⌦̂Gd�1
(Sn)|

=: Q0,1(Sn)Q1,2(Sn) . . . Qd�2,d�1(Sn),

where Qi,i+1(Sn) = |⌦̂Gi(Sn)|/|⌦̂Gi+1(Sn)| corresponds to the test statistic for testing the
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submodel Gi in Gi+1. Applying Theorem 3.10 to each Qi,i+1(Sn) gives that, asymptotically,

Qi,i+1(Sn) ⇠ B

✓
n� f(ei)� 1

2
,
1

2

◆
=: B(↵i, 1/2),

where for ei = {j, k}, f(ei) = |bd(j)\bd(k)| is evaluated in the graph Gi+1. Hence, Q(Sn)

is asymptotically distributed as the product of independent B(↵i, 1/2) random variables.

We call the approximation to the distribution of Q(Sn) resulting from this procedure the

Eriksen approximation and the resulting statistical test the Eriksen test.

3.4 Simulation studies

We now compare di↵erent properties of the likelihood ratio test and Eriksen test described

in Section 3.3. We are interested in evaluating the size and power of the tests resulting from

these two asymptotic approximations. The size of a test is its probability of rejecting the

null hypothesis when it is true, also called type I error. The power of a test is its probability

to reject the null hypothesis when it is false. One is interested in tests maximizing power

while keeping the probability of doing a type I error under a pre-defined level ↵. In

other words, a good test maximizes the probability of discovering true phenomena while

maintaining a low probability of making a false discovery.

We now present experiments aiming at exploring the size and power of the statistical

tests constructed based on the �2
d approximation to the distribution of the ⇤(Sn) statistic

and the product of Betas approximation to the distribution of the Q(Sn) statistic. In

particular, we are interested in evaluating how the di↵erent tests behave when the sample

size is kept fix and the number of parameters increases.

Note that the Eriksen approximation to the distribution of Q(Sn) is based on the product

of independent Beta distributed random variables
Qd

i=1 Bi, which does not admit a closed

form. Instead, we construct an estimator to the distribution of
Qd

i=1 Bi by sampling

100 000 observations of the vector (B1, . . . , Bd) and use the product of the sample to

construct the empirical estimator to the distribution function.

In the first setup, we consider a sequence of problems in which the number of nodes in a

graph G grows while the number of edges removed to form G0 is kept fix. In particular,

we consider the complete graph G = ([p], E) with E = {{i, j} : i, j 2 [p], i 6= j} and the

subgraph G0 = ([p], E0) with E0 = E\{{1, 3}, {2, 4}}. As shown in Figure 9, the subgraph

G0 can be decomposed into the cycle {1, 2, 3, 4} and the clique Cp = [p]\{1, 2, 3, 4} formed

with the rest of the nodes, such that each node of the cycle forms a clique when added to

C.
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Cp

x1

x2 x3

x4

Figure 9: The graph G0 depicted here is a subgraph of the complete graph G which encodes
a constant number of independence constraints as p grows.

In this setup, the quantities of interest are the entries of the precision matrix corresponding

to the two edges removed from G to construct G0, ⌦13 and ⌦24. We call nuisance param-

eters the other entries of ⌦ which are not tested in the model comparison. Hence, in this

setup, while the number of parameters of interest corresponding to the constraints encoded

in G0 is fix, the number of nuisance parameters grows quadratically with p. In this hypoth-

esis test, d = |E|� |E0| = 2 and hence the likelihood ratio statistic ⇤(Sn) asymptotically

follows a �2
2 distribution. Following the procedure described in Section 3.3, the Q(Sn)

statistic is asymptotically distributed as the product of two independent Beta distributed

random variables B((n� f({1, 3})� 1), 1/2) and B((n� f({2, 4})� 1), 1/2). Regardless

of the order in which the edges are removed, we have that f({2, 4}) = f({1, 3}) = p� 2.

Thus Q(Sn) is asymptotically distributed as B((n� p+ 1)/2, 1/2)B((n� p+ 1)/2, 1/2).

To evaluate the size of each approximation, we follow the numerical procedure used in

Tang et al. [27]. For a fixed sample size n = 100 and values p = 5, 10, 20, 50, 75, 90, we

perform a series of experiments with the goal of evaluating the approximations of the

respective test statistics under the null hypothesis. In each experiment, we execute the

following procedure

1. Sample a random precision matrix ⌦ 2 S(G0) as described in Appendix A.

2. Sample a set of observations X1, . . . , Xn
iid
⇠ Np(0,⌦�1) and compute the su�cient

statistic Sn = XX>/n.

3. Compute the test statistics ⇤(Sn) and Q(Sn).

4. Compute p-values based on the asymptotic approximations to the distribution of

the test statistics.

Repeating the experiment N = 25 000 times provides a large sample of p-values for each

constructed test. Under the null hypothesis, the approximate distributions are asymp-

totically valid, hence the p-values are asymptotically uniform on [0, 1]. As shown in the
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Evaluation of tests in 4-cycle vs. dense setup

Figure 10: Evaluation of the tests based on the �2
d and Eriksen approximations for n = 100

and p = 5, 10, 20, 50, 75, 90. The null hypothesis corresponds to the complete graph minus
two edges, forming a 4-cycle and the alternative hypothesis is the complete graph. The
upper panes show the distribution of p-values when the data is sampled from the null
hypothesis. The lower pane displays the Monte-Carlo estimate of the rejection rate of
each test when the data is sampled from the alternative hypothesis.

upper pane of Figure 10, the distribution of the p-values in the likelihood ratio test is

not uniform for p � 10. On the other hand, the p-values for the Eriksen test appear to

remain uniform even for p approaching n.

To evaluate the power of each test, we estimate the empirical rejection rate under the

alternative hypothesis given a fix nominal level ↵ = 0.05. Similarly to the evaluation of

the size of each test, we fix the sample size n = 100 and perform experiments for di↵erent

values of p = 5, 10, 20, 50, 75, 90. For estimating the power of a test, we adapt step 1 of

the experiment described above with sampling ⌦ from the alternative hypothesis instead

of the null hypotheses to have ⌦ 2 S�0(G) \ S�0(G0). With a sample of N = 25 000

p-values from each test, we compute the Monte-Carlo estimate of the average test power

at level ↵ = 0.05 by dividing the number of p-values falling under this threshold by N .

We visualize these results in the lower pane of Figure 10, in which we can see that both

tests su↵er from a strong loss of power as the number of nodes in the graph grows.
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Algorithm 2 Compute Betas for approximation of Q(Sn) in p-cycle vs. complete problem

Input: Number of nodes p.
Output: Parametrized beta variables for approximating the distribution of Q(Sn).
1: Let Betas= {}

2: Let G = ([p], E) be the complete graph over [p]
3: for i = 1, . . . , p� 2 do
4: for j = i+ 2, . . . , p do
5: if {i, j} = {1, p} then
6: Skip iteration
7: end if
8: Set E := E \ {{i, j}} and G := ([p], E)
9: Let C = |bdG(i) \ bdG(j)|

10: Set Betas = Betas [ {B((n� C � 1)/2, 1/2)}
11: end for
12: end for
13: Return Betas

Next, we consider a second setup, in which the number of edges removed from G to

form G0 grows with the number of nodes in G. We define G to be a complete graph

over p nodes and G0 to be the p-cycle defined in Example 3.6. In this case, we have p

nuisance parameters corresponding to the edges in G0 and we have p(p � 1)/2 param-

eters of interest corresponding to the edges removed from G. Further, in this setup,

d = |E| � |E0| = p(p � 1)/2 � p = p(p � 3)/2. Hence, ⇤(Sn) is asymptotically �2
p(p�3)/2.

The Eriksen approximation to the distribution of Q(Sn) is a product of p(p � 3)/2

random variables following Beta distributions. To compute the parameters of these

Beta distributions, we iteratively remove edges from G following a lexicographical or-

dering: {1, 3}, {1, 4}, . . . , {1, p� 1}, {2, 4}, . . . , {2, p}, {3, 5} . . . , {p� 2, p}. For each edge

removed, the graph is updated and the parameters of the corresponding Beta random

variable are computed. The detailed algorithm is displayed in Algorithm 2.

We evaluate the size of each test following the same procedure as in the previous setup.

The result displayed in the upper pane of Figure 11 shows that the �2
d approximation

only properly approximates the distribution of ⇤(Sn) under the null hypothesis when the

dimension p is kept low. This time however, the Eriksen approximation is only accurate

for p  20.

Similarly for the power, we use the same procedure as in the previous setup with the

same nominal level ↵ = 0.05. While the lower pane of Figure 11 shows that the �2
d

approximation su↵ers from the same loss of power for p > 10, the test based on the Q(Sn)

statistic has a power of 1 in every setup. This could be explained by the large di↵erence

between the null and alternative hypotheses.
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Evaluation of tests in p-cycle vs. dense setup

Figure 11: Evaluation of the tests based on the �2
d and Eriksen approximations for n = 100

and p = 5, 10, 20, 50, 75, 90. The upper panes show the distribution of p-values when the
data is sampled from the null hypothesis. The null hypothesis corresponds to a p-cycle and
the alternative hypothesis is the complete graph. The lower pane displays the Monte-Carlo
estimate of the rejection rate of each test when the data is sampled from the alternative
hypothesis.
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4 Conclusion

This thesis studied an alternative statistical test to the likelihood ratio test for testing

two alternative nested Gaussian graphical models. The test introduced by Eriksen [16]

involves exploiting the graph structure of the nested models to adapt general results from

higher-order statistic.

We presented an introduction and analysis of the tools from higher-order statistics re-

quired to develop the new statistical test, resulting in the p⇤ approximation to the distri-

bution of the maximum likelihood estimator. We then studied the maximum likelihood

problem in Gaussian graphical models and the conditions under which a solution exists.

By studying both the primal and dual form of the likelihood maximization problem, we

were able to link this problem to a matrix completion problem. This allowed us to exploit

existence results from matrix completion theory in the context of likelihood maximiza-

tion. Further, we derived the test presented in Eriksen [16] as a special case of the p⇤

approximation in Gaussian graphical models.

A collection of simulations helped us understand the size and power of the Eriksen test

and compare it to the likelihood ratio test. By studying di↵erent graph topologies and

by varying the dimensionality of the problem, we were able to numerically show that the

Eriksen test, unlike the likelihood ratio test, is robust to an increase in the number of

nuisance parameters. Furthermore, the Eriksen test was favorable both in terms of size

and power, even with increasing the number of parameters of interest, compared to the

likelihood ratio test.

Results in higher-order statistics explain why the Eriksen test favorably compared to the

likelihood ratio test in terms of size. However, these results do not cover the behaviour

of the test under the null hypothesis. This leaves the opportunity to develop an under-

standing of the benefits of the Eriksen test in terms of power. Furthermore, all proofs

presented in this thesis only cover asymptotic theory, in which the dimensionality of the

problem is fix. It would be interesting to better understand why the test based on the

p⇤ approximation appears to be both robust to an increase of the number of nuisance

parameters, and less sensitive than the likelihood ratio test to an increase of the number

of parameters of interest.
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A Sampling of random precision matrices

In this Appendix, we discuss the method employed to generate a random precision matrix

⌦ 2 S�0(G) given some graph G = ([p], E). We begin with the assumption that G

is complete. In this case, generating ⌦ 2 S�0(G) is equivalent to sampling a random

element of Sp
�0.

Suppose X1, . . . , Xn
iid
⇠ N(0, 1p) with n > p and let X = (X1, . . . , Xn) 2 Rp⇥n. Then

the p ⇥ p matrix ⌦ = XX> is almost surely invertible and is positive definite. This

construction defines a distribution over the space of p⇥ p positive definite matrices called

the Wishart distribution writen W(1p, n). We can sample from the Wishart distribution

by following the construction described before, or, more e�ciently via the Bartlett decom-

position [25] of ⌦. Let L be a lower triangular matrix with independent random entries

given by

Lij ⇠

8
<

:
N(0, 1) if i > j,

�2
p�i+1 if i = j.

The matrix ⌦ = LL> then follows a Wishart distribution W(1p, n). This sampling scheme

requires sampling less scalar random variables and provides, by construction, the Cholesky

decomposition of ⌦, which makes numerical manipulations of ⌦ more e�cient and stable.

Let us now consider the case when G = ([p], E) is constructed by taking the complete

graph over the nodes [p] and removing the edge e = {i, j} for i, j 2 [p]. In this case,

sampling a random matrix ⌦ 2 S�0(G) is equivalent to sampling a matrix in the subspace

S
p
�0 \ {⌦e = 0}. One approach would be to sample ⌦ ⇠ W(1p, n) for n > p and set

⌦e = 0. However, the resulting matrix might not be positive definite which makes this

sampling scheme unsuited.

Let L be sampled as described above and let ⌦ = LL>. Then, if L has rows Li, we have

that ⌦e = ⌦ij = LaL>
b and hence

⌦e = 0 , Li?Lj.

Therefore, we can remove the edge e from ⌦ by orthogonalizing the corresponding columns

in L before constructing ⌦. To do this, we define the matrix Le via a transformation the

rows Li of L

Le
k =

8
<

:
Li �

LiL>
j

LjL>
j
Lj if k = i,

Lk otherwise.

Since this step involves subtracting one row from another in the matrix L, we have that
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|Le
| = |L|. Hence, the matrix ⌦e = Le(Le)> is positive definite and satisfies ⌦e

e = 0. This

edge removal corresponds to a single step in the Gram-Schmidt orthogonalization process.

Hence, if more than one edge have to be removed, a complete Gram-Schmidt algorithm

can be run on the rows of L as described in Algorithm 2 of Córdoba et al. [11].
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Indian Journal of Statistics (1933-1960), 15(4):377–380, 1955.

[7] Luis Benet and David P. Sanders. A Julia package for Taylor expansions in one or

more independent variables. https://github.com/JuliaDiff/TaylorSeries.jl.

[8] Je↵ Bezanson, Alan Edelman, Stefan Karpinski, and Viral B Shah. Julia: A fresh

approach to numerical computing. SIAM review, 59(1):65–98, 2017.

[9] Stephen Boyd, Stephen P Boyd, and Lieven Vandenberghe. Convex optimization.

Cambridge university press, 2004.

[10] Søren Ladegaard Buhl. On the existence of maximum likelihood estimators for graph-

ical gaussian models. Scandinavian Journal of Statistics, 20:263–270, 1993.

[11] Irene Córdoba, Gherardo Varando, Concha Bielza, and Pedro Larrañaga. On gen-
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Sumith Kulal, Robert Cimrman, and Anthony Scopatz. Sympy: symbolic computing

in python. PeerJ Computer Science, 3:e103, January 2017.

[25] W. B. Smith and R. R. Hocking. Algorithm as 53: Wishart variate generator. Journal

of the Royal Statistical Society. Series C (Applied Statistics), 21(3):341–345, 1972.

[26] Terence P Speed and Harri T Kiiveri. Gaussian markov distributions over finite

graphs. The Annals of Statistics, pages 138–150, 1986.

[27] Y. Tang and N. Reid. Modified likelihood root in high dimensions. Journal of the

Royal Statistical Society: Series B (Statistical Methodology), August 2020.

[28] Samuel S Wilks. The large-sample distribution of the likelihood ratio for testing

composite hypotheses. The annals of mathematical statistics, 9(1):60–62, 1938.


