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ABSTRACT

The vision of this dissertation is that devices are aware of their fatigue behavior, and utilize this
information to optimally balance revenue and fatigue. Based on this vision, the online estimation of
fatigue is improved and novel formulations for Model Predictive Control (MPC) of fatigue are developed.
Additionally, the effect of fatigue reduction is demonstrated in the integrated wind turbine design
scenario.

Online estimation of fatigue provides insight, which points in time and which actions have a
decisive impact on the total fatigue level. Previous algorithms for fatigue estimation provide only
value-discontinuous updates of fatigue at discrete time instances or at discrete events. This gap is
closed in the present dissertation, where a novel one-step value-continuous algorithm for fatigue
estimation is developed, implemented and successfully tested.

Model Predictive Control of fatigue typically involves the minimization of fatigue via a cost function.
Conventional fatigue cost formulations from the literature either are not accurate enough or result in
high computational load. None of these fatigue cost formulations exhibits a direct implementation
of the Rainflow counting algorithm, which, however, is the de facto standard for fatigue estimation.
Furthermore, since fatigue is a long-term effect, the historic stress has to be considered, while typical
MPCs optimize their control actions only based on the predicted states.

These challenges are overcome in the present work, where four novel fatigue cost formulations
are developed, implemented and successfully tested. The corresponding MPCs have a more realistic
perception of the current fatigue situation, and have an increased capability of controlling fatigue.
From the algorithmic point of view, the added computational load by the fatigue cost is minor com-
pared to the MPC execution, which facilitates the application in various domains. Differences among
these four novel fatigue cost formulations are related to simpler implementation into standard MPC
frameworks or higher generality. Simpler implementation is enabled by the externalization of the
fatigue estimation from the MPC. Higher generality is enabled by casting the fatigue estimation into a
hybrid dynamical system.

A glimpse of the broad applicability of the novel MPC formulations is provided by successfully
controlling a high-fidelity wind turbine model, a complex battery model, and a challenging hybrid
energy system comprising both device models. Particularly for the wind turbine, a comprehensive
controller toolchain is set up, comprising a Lidar (Light detection and ranging) simulator, Lidar data
processing, and a Moving Horizon Estimator. In a wind turbine simulation setup with turbulent inflow,
the novel MPC shows superior performance over a conventional MPC particularly for lower quality of
wind prediction and for shorter prediction horizons. In a battery simulation setup targeting a realistic
primary frequency control market, the novel MPC outperforms state-of-the-art controllers by smartly
balancing power mismatch penalty and battery cyclic aging. In a hybrid energy system simulation, the
novel MPC simultaneously controls wind turbine tower fatigue and battery cyclic aging, while ensuring
a defined power supply to the grid.
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CHAPTER 1

Introduction

1.1 Motivation

1.1.1 Why renewable energy transition?

The fight against human-induced climate change requires the reduction of greenhouse gas emis-
sions, which is often headlined "decarbonization". In the energy sector, this goal is pursued by the
transition to renewable energy. Besides the energy sector, also buildings, industry and transport are
major emitters of greenhouse gases, and need to be decarbonized [1]. In order to supplement their
hydrocarbon input, even more renewable energy is required. Thus, the transition to renewable energy
can be considered as the core task in the fight against the human-induced climate change.

Human-induced climate change is an unequivocal reality according to [2]. However, for human
individuals the full picture of climate change can be hard to grasp since it occurs on large scale in terms
of time (decades) and space (global), as shown in Fig. 1.1. Consequently, it is also worth exploring,
which potential co-benefits can be caused by the renewable energy transition in further domains
like health, economy, security, politics and society. Each of these high-level co-benefits is related to
concrete benefits of human individuals, and is likely to be experienced sooner and more local than
climate change. In this regard, note that Fig. 1.1 shows only one possible version of temporal and
spacial arrangement.

In the following subsections, the high-level co-benefits, their potentially overall positive effects
on the human individuals, but also potential drawbacks are presented in the presumed temporal
order of Fig. 1.1. Instead of claiming a comprehensive assessment, the goal is to stimulate discussions,
and ideally to provide to each reader an individual motivation for the potentially biggest project of
humanity to this date: the renewable energy transition.

Conservation of earth surface & prevention of radiation

Conventional fossil and nuclear energy lead to massive surface mining for lignite coal [3], poisoning of
drinking water with fracking residuals [4, 5], or the contamination of land due to nuclear accidents
as in Chernobyl (Ukraine) or Fukushima (Japan). However, it should be mentioned that also certain
renewables like hydro and geothermal energy can consume significant amounts of land.

Often, this consumption of land comes along with the permanent loss of home for the local
population, who is forced to migrate. For instance, as of 2018, the lignite mining in Germany has forced
the resettlement of 120,000 people [3]. In contrast, wind energy and photovoltaics are geologically less
invasive, do not contaminate land, and thus enable people to keep their home.

Conservation of air quality

Throughout wide parts of the world, the air is polluted by particulate matter, ozone, nitrogen dioxide,
and sulfur dioxide. Indeed, 91% of the world’s population are affected by excessive pollution, which
increases their risk of stroke, heart disease, lung cancer, and respiratory diseases. Ultimately, ambient
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Figure 1.1: Potential benefits of the renewable energy transition. Colors: different domains. The box of each
high-level benefit is positioned according to its presumed time of main impact and level of primary
impact. Note that, clearly, a primarily national phenomenon can spread to the international and
local levels at a secondary stage. The small boxes in the "Individual" row represent the derived effects
to the human individuals.

air pollution kills 4.2 million people worldwide per year. Even in the EU, despite the enforcement of air
quality standards, in average each citizen looses 8.6 months of lifetime. [6]

Since the energy sector is one of the key emitters for the above mentioned substances, the transition
to renewable energy will protect health and extend lives of people in former proximity of fossil power
stations.

Net increase of jobs

In the context of the existing energy sector, the phase-out of fossil energy clearly results in job cuts,
which, however, can be compensated by retirement, retraining and reallocation of workers [3]. For
the example of Germany, during the years 2005-2019, net employment in the electricity generation
sector actually rose by 4.8% [7], while the share of renewables quadrupled from 10% to 40% [8]. In
the context of new investments, studies estimate that $1 million spent in fossil energy creates 2.65
full-time-equivalent (FTE) jobs in the short-to-medium term, while the same amount in renewable
energy creates 7.49 FTE jobs [9]. To conclude, investments shifted from fossil to renewable energy will
provide extra employment, and consequently purpose and prosperity, to the people.

Net reduction of costs

As shown in Fig. 1.2, the Levelized Cost of Energy (LCOE) of coal energy could not be decreased in
the past decade. One reason is that its LCOE is significantly dictated by fuel price, instead of plant
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Figure 1.2: Double-logarithmic plot of LCOE [$/MWh] over cumulative installed power worldwide [MW] (modi-
fied from [10]).

investment cost. Consequently, like for every fossil energy, there is an LCOE barrier which cannot
be overcome by innovation. Furthermore, due to the very likely increase of carbon prices, e.g. via
emissions trading systems, coal energy will even become more expensive in the upcoming years. The
LCOE of nuclear energy already increased, due to more costly safety requirements. In contrast, LCOEs
of onshore wind energy (-70%) and solar photovoltaics (-89%) impressively decreased, and reached a
competitive level. In the future, the decline of their LCOE is expected to continue due to technological
advances and the economy of scale. [10]

Additionally, the prices for Li-ion battery packs, which help balancing the intermittent renewable
supply and the demand, decreased by 89% within one decade. In the upcoming years, this trend is
expected to persist as well. [11]

To conclude, a renewable energy system has the potential to provide cheaper electricity, and thus
to increase prosperity of the individual people.

Reliability of investments

To date, a significant amount of money is still invested in fossil energy, despite these investments being
in danger of becoming stranded. A worst-case study has shown the following: There is an enormous
risk of investing in fossil projects under the hypothesis that the agreed climate goals would not be
enforced by new laws. If those laws then are put in place after all, the demand for fossil energy would
decrease. If then, low-price fossil energy suppliers "out-sell" their energy, high-price fossil-fuel assets
of up to $12 trillion could end up as stranded. This financial volume corresponds to more than 15% of
global gross domestic product, and actually could cause severe regional or global financial crises. [12]

Thus, the shift of investments from fossil to renewable mitigates wide-ranging financial risks,
which ultimately protects prosperity of the individual people.
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Resilience of energy supply from natural disasters

By their nature, a renewable energy system is more granular and decentralized than the conventional
energy system. This offers the opportunity of locally aggregating power production units into micro-
grids, which can be connected to a national grid. In case of a natural disasters, where transmission
lines may be cut or important power plants may be shut down, an advanced microgrid can disconnect
from the national grid, black-start, and provide a self-sufficient local energy supply [13].

Thus, a smart management of renewable power units can increase the resilience of energy systems,
and can secure stability of the consumers’ lifestyle.

Decentralization & democratization of energy

In a conventional centralized energy system, the profits from energy supply are also centralized and
primarily concentrated at the government and few corporations [14]. This can promote rent-seeking
and corruption, and thus harm the political process [15]. In contrast, a renewable energy system
typically is more decentralized, and its profits are "democratized" towards communities or even
individual households. In Germany in the year 2016, private citizens, farmers and municipalities
owned 44.9% of the installed renewable power capacity [16]. Also for the upcoming years, especially
for photovoltaics (60%) and onshore wind energy (40%), end users and municipal utilities are expected
to be key renewable investors in Germany [17].

An even higher impact of energy democratization can be expected for developing countries with
regional lacks of electrification. Here, decentralized renewable energy and microgrids offer the "oppor-
tunity to leapfrog, not only fossil fuels, but, to some extent, the need for a centralized electricity grid",
and thus facilitate electrification [14].

To conclude, the renewable energy transition can promote political and economic justice, and
provide perspective to people who receive electricity supply for the first time.

International political independence & peace

At least 80% of the world’s population lives in countries that are net importers of fossil fuels [14], and
thus heavily depend on few other countries. Furthermore, fossil fuels often have to be transported
through energy choke points like certain sea routes and channels, which are vulnerable to disruption
by aggressive countries or criminals. Regarding the relationship to these producing or transmitting
countries, the dependence can be used as a bilateral weapon and restrict political freedom. In contrast,
in a renewable energy economy, many countries will be energy-independent and only trade technology
(national scenario), or at least build up a diverse energy supplier base of neighboring countries
(continental scenario) [18].

Apart from restricted political freedom, even more severe conflicts are likely to be started, main-
tained and extended due to the dependence on fossil fuels [19]. Oil and natural gas production is
robustly correlated with outbreaks of civil war [20]. The long-term continuation of such wars is fre-
quently financed by fossil fuel export. For instance, in 2015, the terrorist group "Islamic State of Iraq
and Syria" had an estimated income of $500 million by oil sales [21]. Additionally, the presence of
fossil fuels can involve further countries in such conflicts. A study based on 69 countries which had
a civil war between 1945 and 1999 shows an increasing probability for third-party country military
interference if the conflict country has higher oil reserves and if the third-party country has a stronger
import dependence regarding oil [22]. Actually, national militaries are in a self-exciting dilemma since
contemporary war machinery almost entirely runs on oil-based fuel. As a consequence, governments
and military leaders consider oil supply as national security interest, and have to deploy more armed
forces to support their fossil companies in controlling resources [23]. This shall be underlined by the
following quotation:
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account the complete observational time series and thereby reduce the role of internal variability at the grid point 
level. White indicates areas where time coverage was 100 years or less and thereby too short to calculate a reliable 
linear regression. The right map is based on model simulations and shows change in annual multi-model mean 
simulated temperatures at a global warming level of 1°C (20-year mean global surface temperature change relative 
to 1850–1900). The triangles at each end of the color bar indicate out-of-bound values, that is, values above or 
below the given limits. 
Panel b) Simulated annual mean temperature change (°C), panel c) precipitation change (%), and panel d)
total column soil moisture change (standard deviation of interannual variability) at global warming levels of
1.5°C, 2°C and 4°C (20-yr mean global surface temperature change relative to 1850–1900). Simulated changes
correspond to CMIP6 multi-model mean change (median change for soil moisture) at the corresponding global
warming level, i.e. the same method as for the right map in panel a).

Figure SPM.5:    Changes in annual mean surface temperature, precipitation, and soil moisture.
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Figure 1.3: Left: Change in global surface temperature (decadal average) as reconstructed (1-2000) and observed
(1850-2020); Right: Simulated change of annual mean surface temperature for 4 ◦C global warming
relative to end of 19th century. [2]

Quotation (John McCain, USA, Republican party, former presidential candidate, [24]):
"My friends, I will have an energy policy that we will be talking about, which will eliminate our
dependence on oil from the Middle East that will prevent us from having ever to send our young
men and women into conflict again in the Middle East."

To conclude, the renewable energy transition has the potential to generate more sovereign and
confident states, to eliminate some causes of wars, and finally to promote peace for the citizens.

Stabilization of climate

Studies report at high confidence that the atmospheric CO2 concentration was higher in 2019 than
it has even been for at least 2 million years [2]. As a consequence, in the second decade of the 21st
century, the global surface temperature was already 1.09◦C higher than at the end of the 19th century,
as shown in Fig. 1.3 (left). If the trend of increasing greenhouse gas emissions is continued, a scenario
with a mean temperature increase of 4◦C by the year 2100 will be very likely. As shown in Fig. 1.3 (right),
temperature increase over land is even higher and particularly pronounced around the north pole.
This mean temperature increase already would have severe effects on humans, animals and vegetation.
However, particularly extreme heat events and heavy precipitation events are expected to have even
worse impact. These events already have become more frequent and intense, and are mainly caused
by human-induced climate change [2]. Further effects of human-induced climate change on nature
are the retreat of glaciers and the Arctic sea ice, the acidification of the surface open ocean, and the
rise of the global mean sea level (0.2m by now). Since many of these effects are irreversible for the
upcoming centuries and millenia, the reduction of greenhouse gas emissions by the renewable energy
transition is mandatory in order to save home of the people.

1.1.2 Why wind energy & battery energy storage?

As shown in Fig. 1.2, particularly onshore wind energy has already reached a high installed power,
has been scaled significantly, and has reached a very low LCOE. Thus, it is a main backbone of the
renewable energy transition. Since onshore installation space is very limited, offshore wind energy will
very likely gain importance in the next decades.
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Due to the intermittent nature of most renewables, electrical energy storage is crucial for balancing
supply and demand. Particularly Li-ion battery energy storage systems can absorb and release electrical
energy very fast. Furthermore, they have gained technological maturity, can be scaled well, and have
reached a viable price range.

1.1.3 Why control of wind turbines & batteries?

The operation of wind turbines or batteries is a complex task with often adversarial goals, which only
can be handled via sophisticated automatic controllers. Put simple, wind turbines are operated with
the aims of extracting maximum power in the partial load region, limiting power and rotor speed in the
full load region, limiting extreme deflections, and reducing fatigue [25]. Batteries are operated with the
aims of following a reference power, limiting State of Charge and temperature, and reducing calendric
and cyclic aging [26]. Note that, in essence, the term "cyclic aging" is a battery-related synonym for
"fatigue", and thus only the latter term will be used in the following.

1.1.4 Why control of fatigue?

Fatigue of wind turbines and batteries corresponds to the damage of device integrity via cyclic loading.
Originally, the controller of the device has to make sure, that sufficient integrity is maintained until
the planned end-of-life. Beyond that, controllers with improved fatigue mitigation capabilities can be
utilized in two scenarios [27]:

• Retrofit scenario: If the fatigue rate of a device in the operation phase is further reduced by
upgrading the controller, the device lifetime can be extended.

• Integrated design scenario: If the fatigue rate of a device in the design phase is further reduced
by integrating a novel controller, less material can be specified, performance can be increased,
or design lifetime can be extended.

In suitable market settings, both scenarios will translate to a reduction of LCOE, and ultimately to
higher profit of the operator. In the present dissertation, both scenarios are targeted.

1.2 Research topics & innovative content

Based on the fatigue mitigation scenarios of Section 1.1.4, the present dissertation pursues the following
vision:

Vision: Devices are aware of their fatigue behavior, and utilize this information to optimally
balance revenue and fatigue.

Based on this vision, the mission is derived, which comprises two research topics:

1. Improve the online estimation of fatigue.

2. Develop novel formulations for more accurate Model Predictive Control of fatigue.

These research topics contribute to both fatigue mitigation scenarios of Section 1.1.4. Particularly
the integrated design scenario is investigated in Papers 10 and 11 for wind turbines. These papers
have not been led by the author of this dissertation. Consequently, the papers are shown in Chapter 5,
but their content is neither included in the research topics of the present section, nor in the methods
of Chapter 2.
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Estimation and control of fatigue can be applied to various domains. The applications for the
present dissertation stem from the renewable energy sector: wind turbines, battery energy storage
systems, and hybrid systems combining both. In the following, for each research topic, the background
is provided and the innovative content of the present dissertation is presented. Parts of the following
text within this chapter are excerpts of the papers of Chapters 3 and 4.

1.2.1 Research topic 1: Estimation of fatigue

Background: The current value of accumulated fatigue provides information about the remaining
useful lifetime of the device.

Since fatigue is caused by cyclic application of stress, fatigue estimation typically involves the
decomposition of the input stress trajectory to stress cycles. Cycle identification is straightforward if,
e.g., a simple sinusoid is analysed. There, amplitudes, mean values and number of cycles are obvious.
However, realistic stress trajectories usually are highly complex and contain stress cycles that can be
nested ("nested cycles"). Additionally, half and full cycles can be present. The most widely accepted
algorithm for cycle identification from complex trajectories is the Rainflow(-counting) algorithm
(RFC) [28].

At a real machine, fatigue estimation is based on stress which can be derived from measurements
or obtained from a co-simulation. In a simulation, stress can be obtained directly from the model. For
both settings, total fatigue can be estimated batch-wise offline, or gradually online.

Online estimation of fatigue provides insight, which points in time and which actions have a
decisive impact on the total fatigue level. In theory, at each online update step, a full batch-wise offline
estimation could be performed. However, this would require storing the entire stress history since
start of operation, and analyzing this high amount of data at every estimation step. Consequently, the
batch-wise approach in an online setting is too expensive in terms of memory and computing power.

Instead, cumulative algorithms have emerged, which store and evaluate only the residue, a con-
densed set of historic stress samples. However, these cumulative algorithms provide only value-
discontinuous updates of fatigue at discrete time instances or at discrete events:

• Online updates at discrete time instances are implemented in the moving window approach
of Heinrich et al [29]. Here, the algorithm periodically gathers stress samples for a defined
time range, identifies full stress cycles from the residue and this new stress set via the Rainflow
algorithm, and stores the remaining half cycles in the residue. Here, the value-discontinuity
stems from attributing only full cycles to the total fatigue value.

• Online updates at discrete events are implemented in the algorithm of Musallam et al [30].
Here, an own cycle identification algorithm is implemented, which however is derived from the
original Rainflow algorithm. Instead of one residue set, two buffers for historic stress minima
and maxima are utilized. For each of both buffers, a separate cycle identification algorithm is
run, which is event-triggered by the appearance of a new minimum or maximum, respectively.
Here, the value-discontinuity stems from only attributing completed full or half cycles to the
total fatigue value.

For a very granular insight and for control purposes, a continuous update of fatigue is desirable.

Innovative content: This gap is closed in the present work, where a novel one-step value-continuous
algorithm for fatigue estimation is developed, implemented and successfully tested. The differences
with respect to the above algorithms are summarized in Table 1.1. In contrast to the above time-
or event-triggered algorithms, the novel algorithm is executed for each new available stress sample,
which can be provided at arbitrarily small time steps. In contrast to the above value-discontinuous
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fatigue updates for completed cycles, the novel algorithm also attributes the fatigue impact of ongoing
incomplete cycles to the total fatigue value. Consequently, a smooth value-continuous fatigue update
algorithm is achieved, which enables accurate monitoring of fatigue evolution, and serves as a useful
basis for controller formulations.

Table 1.1: Comparison of previous and novel fatigue estimation algorithms

Property Heinrich et al. [29] Musallam et al. [30] Novel algorithm

Triggered by time new extremum new stress sample
Fatigue updated by completed full cycle completed full or half

cycle
completed or ongoing
full or half cycle

Value-continuous
fatigue update

- - X

Original Rainflow
algorithm utilized

X - X

Number of residue
sets / buffers

1 2 1

In detail, the novel algorithm merges the residue set and the new stress sample, and identifies full
cycles and incomplete half cycles via the Rainflow algorithm. Only those stress samples, which belong
to half cycles, are stored in the residue. The fatigue damage of the full cycles is added to a dedicated
fatigue state. This fatigue state represents the condensed fatigue impact of all historic full cycles. Based
on this fatigue state and the fatigue of new half cycles, the total fatigue is updated.

In accordance with physics, practical tests reveal that this total fatigue value is increasing as long
as the stress is oscillating. The total fatigue value remains constant for time periods where the stress is
constant. Compared to an offline batch-wise fatigue estimation, the novel algorithm exhibits exactly
the same end value of fatigue, and thus zero loss of information.

The novel online fatigue estimation algorithm is developed and implemented in Paper 5, serves as
the basis for a novel controller formulation in the same paper, and is utilized to simulate fatigue of a
battery energy storage system in Papers 8 and 9.

1.2.2 Research topic 2: Model Predictive Control of fatigue

Background: Model Predictive Control (MPC) enables the economically optimal management of
systems by using predictions of their future response, including stress at crucial spots in the device
structure. Conventional MPC formulations for fatigue found in the literature can be classified according
to the use of an indirect or a direct fatigue metric.

With indirect fatigue metrics, instead of actual fatigue damage, only a damage-related value is
considered and optimized, as illustrated in the left part of Fig. 1.4. Two approaches within this class
are as follows:

• Stress rate penalization is a common approach for considering fatigue in MPC. In Gros et al [31]
and Evans et al [32], this method is implemented for wind turbine towers by penalizing the
deflection rate at the tower top. Since deflection correlates with stress, this can be interpreted as
a damping of stress oscillations. There is no consideration of stress cycles per se, and thus there
is no direct link to fatigue.

• In spectral methods, damage is approximated by empirical functionals depending on spectral
moments of the predicted stress signal [33]. A severe limitation of this approach is the inherent
assumption of a narrow-banded Gaussian process, which is often violated in practical cases.
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Figure 1.4: Left: Indirect fatigue metric. Right: Direct fatigue metric. [34]

In contrast, direct fatigue metrics evaluate actual damage, which can be readily converted to
monetary fatigue cost, as illustrated in the right part of Fig. 1.4. The main approaches within this class
are as follows:

• By a piecewise-affine (PWA) dynamical system [35, 36], a simplified fatigue metric is calculated
in continuous time within the control horizon. Here, pseudo stress cycles are detected by sign
changes in the stress signal, similarly to the Simple Range Counting method of ASTM [28]. This
method represents an extreme simplification of RFC, because nesting of stress cycles is not
accounted for.

• In Barradas-Berglind et al [37], hysteresis operators are used to adapt parameters of a cost function
in the MPC. However, this cost function essentially penalizes deflection rates, similarly to the
TTVP approach. Additionally, the control problem is reported to become significantly hard to
solve.

• In Collet et al [38], fixed-point iterations are used to tune a parametric nonlinear relationship of
stress variance to actual fatigue at each MPC step. Two advantages of this approach are a solid
relation to fatigue and the combination of proven numerical methods. The main disadvantage
relates to the numerous required fixed-point iterations, with a consequently high computational
cost [38].

• In Luna et al [39], a surrogate Artificial Neural Network is trained based on damage results from a
large number of stress time series. This approach seems to be very promising in terms of correct
damage estimation. However, it involves a high a priori effort for the training of the surrogate
model, as well as a significantly increased computational load in the MPC [39].

In summary, all available indirect or direct fatigue metrics either do not accurately approximate
fatigue damage, or result in high computational load. Since RFC is the de facto standard for fatigue
estimation, a direct and non-simplified implementation of RFC in MPC is desirable and promises best
results. Unfortunately, however, there are two properties of fatigue estimation which pose challenges
regarding this implementation, as visualized in Fig. 1.5. First, Rainflow is a discontinuous branching
algorithm, which is not per-se directly usable within a gradient-based optimization context, including
MPC. Second, since fatigue is a long-term effect, the historic stress has to be considered, while typical
MPCs optimize their control actions only based on the predicted states.

Innovative content: These challenges are overcome in the present work, where four novel Rainflow-
based fatigue cost formulations are developed, implemented and successfully tested. Via these for-
mulations, for the first time, the standard fatigue estimation procedure is implemented in an MPC.
This implies that the controller has a more realistic perception of the current fatigue situation, and has
increased capability of controlling fatigue. This proximity to the standard fatigue estimation procedure
implies that the novel formulations are more transparent than, for instance, the Artificial Neural
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Figure 1.5: Two properties of fatigue estimation which pose challenges to Model Predictive Control of fatigue
(modified from [40]).

Network formulation of Luna et al [39]. From the algorithmic point of view, the added computational
load by the fatigue cost is minor compared to the MPC execution, which facilitates the application in
various domains. Considering these disruptive improvements, it can be argued that the four novel
formulations of the present dissertation start a new family of fatigue cost formulations. Consequently,
the way of controlling dynamic systems by these novel fatigue cost functions has been successfully
protected by a worldwide patent [41].

In detail, the common solution of all novel formulations to the discontinuity of the Rainflow
algorithm is to fix its result for one MPC step and employ a continuous proxy of the cycle identification
result in the cost function. In the algorithm, after setting up the proxy, the gradients can be computed
and the optimization problem can be solved.

The common solution of all novel formulations to the long-term nature of fatigue is to employ and
update a residue set, and consider it in the preparation of the cost function.

Differences of the formulations particularly lie in the point where the Rainflow algorithm and the
residue update are executed, and in the design of the above mentioned proxy. In the following, details
on these differences and their effects on the practical implementation are explained for the individual
formulations:

1. In the formulation "Direct Online Rainflow Counting" (DORFC), the Rainflow algorithm is
executed within the MPC algorithm. At this point, the residue information can be utilized and
updated. The fatigue proxy in the cost function comprises individual functions for each stress
cycle. Since this formulation requires manipulation of the MPC algorithm and comprises a
non-standard cost function, it has been implemented in an in-house MPC framework instead of
a public standard MPC framework. The formulation is developed and tested extensively with a
wind turbine model in Papers 2 and 3.

2. In the formulation "Parametric Online Rainflow Counting" (PORFC), the Rainflow algorithm
and residue update are taken out (externalized) of the core MPC, but still executed at each MPC
step. The results of fatigue estimation then are fed to the MPC via parameters. The fatigue
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proxy within the MPC is a standard economic cost function. These modifications with respect
to DORFC beneficially enable employing many standard MPC frameworks, while retaining a
correct estimation of fatigue. This formulation is developed in Paper 4 and extended by the
residue concept from Paper 5 in Paper 6. Further, PORFC is applied successfully to a variety of
challenging applications comprising a high-fidelity wind turbine simulator in Papers 6 and 7, a
Li-ion battery storage system in Paper 8, and a hybrid energy system in Paper 9.

3. The formulation "Tracking Online Rainflow Counting" (TORFC) is implemented identically
to PORFC with the only differences that the parameters are further condensed and, instead
of an economic cost function, a more conventional tracking cost function is utilized. This
has the advantages of supporting even more MPC frameworks, and facilitating convergence
of the optimization. A disadvantage is that part of the fatigue information is lost in the above
mentioned condensing of the parameters. This formulation is developed in Paper 4 and tested
with a wind turbine model there.

4. In a fourth formulation, the Rainflow algorithm and residue update are incorporated deeply
in the MPC-internal system model via a dedicated hybrid dynamical system, which directly
computes fatigue. A separate hybrid dynamical system, but with the same structure, provides
a continuous proxy for the fatigue cost gradient computation. Unfortunately, these hybrid
dynamical systems impede the utilization of standard MPC frameworks. Instead, the advantages
of this formulation have mainly been identified in the academic domain as yet. Casting fatigue
estimation in the general framework of a hybrid dynamical system supports the understanding
of fatigue control processes. Furthermore, by deriving successfully the above three formulations
from the present one, they have been linked to a common basis, and their assumptions have
been analyzed in a unified manner. This formulation is developed and successfully tested with a
wind turbine model in Paper 5.

Finally, the existing literature as well as the formulation and application results of the present
dissertation will enable the discussion of the following high-level questions in Section 6.1:

• How far can wind turbine fatigue be reduced by control, and how much is needed?

• How can cyclic aging control influence operational profit of batteries, and when is it applicable?

• How do the simulation setups influence the results?

• How and to which level of accuracy do the novel formulations represent fatigue?

1.3 Publications

Within this publication-based dissertation, eleven publications are included and referred to. In the
following, an overview of the publication structure is presented, and their references are listed.

1.3.1 Overview of publications

Figure 1.6 shows a schematic overview of all publications (Papers 1-11). Here, the publications
are grouped with respect to their main type of research work: development of novel formulations,
applications of these formulations, and assessment of integrated design approaches. This grouping is
coherent with the Chapters 3-5, where the individual papers are presented.

The publications led by the author of this dissertation are highlighted with lighter background.
The co-authored papers contain significant scientific contributions, but are not led by the author.
Published publications are shown with a solid edge, while a dotted edge indicates the review status.
Three journal publications have emerged as extensions of conference publications, which is indicated
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by a solid arrow pointing to the journal publication. In all cases, the journal publications contain
substantial extra content regarding formulations, more challenging test environments, or extended
assessments. Finally, the formulations of two publications have been combined (indicated by the
circle), and applied in four other publications (indicated by dashed arrows) .
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Figure 1.6: Schematic overview of publications presented within this dissertation.

In Paper 1, a Nonlinear Model Predictive Control (NMPC) implementation is presented for hybrid
system models which comprise physics-based dynamics and data-driven static behavior. This NMPC
implementation serves as the basis for Paper 2, where simplified fatigue cost formulations and the
idea for Direct Online Rainflow Counting (DORFC) are presented. Extending this publication, Paper 3
provides a comprehensive derivation of DORFC and an extensive assessment of its capabilities and
properties. For wider applicability with standard MPC frameworks, in Paper 4, the fatigue cost formu-
lations Parametric (PORFC) and Tracking Online Rainflow Counting (TORFC) are derived from DORFC.
A generalization of DORFC, PORFC and TORFC is provided in Paper 5, where the fatigue estimation
process is cast into the framework of a hybrid dynamical system. Furthermore, the formulation of the
one-step value-continuous fatigue estimation algorithm is developed in the same paper.

The concept of stress history via the residue is taken from Paper 5 and added to the PORFC
formulation from Paper 4. This combined formulation serves as the basis for all four application
papers, since PORFC is conveniently applicable but still very close to the original fatigue estimation
process. In Paper 6, the resulting novel MPC is applied to a high-fidelity wind turbine simulator,
and compared to a conventional MPC and a conventional PID controller. This paper comprises
the assumptions that all required wind turbine states are measured and also the incoming wind
is perfectly known. These assumptions are dropped in Paper 7, which extends the latter paper by
employing a Moving Horizon Estimator and a realistic Lidar simulator, and by performing a much
broader assessment. The wide applicability of the present formulations is emphasized in Paper 8,
where PORFC is controlling the cyclic aging of a battery energy storage system. Going further, in
Paper 9, a hybrid energy system comprising one wind turbine and a battery system is effectively
controlled.

The benefits of the novel MPCs can be exploited in both the retrofit and the integrated design
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scenario, as shown in Section 1.1.4. Particularly the integrated design scenario is pursued in Papers 10
and 11; however utilizing a Lidar-assisted conventional controller, instead of an MPC. In Paper 10, a
design method is presented to rapidly assess the mechanical benefits of Lidar-assisted control at the
first stages of wind turbine design. This work is expanded in Paper 11, where the controller upgrade is
assessed in combination with turbine redesign options, and where the economic feasibility is analyzed
more deeply. By revealing the potential of fatigue reduction for wind turbines, Papers 10 and 11 also
support the motivation for Papers 1 - 7, and put them into a new perspective.

1.3.2 List of publications

The following publications have been included into this thesis. All eleven publications have been
submitted to peer-reviewed conferences or journals that are either Scopus- or Web-of-Science-listed.
Ten of these publications have been published already, while one is in the review process. In the
individual sections of Chapters 3-5, for each publication a summary is provided, and the contribution
of the author of this dissertation is stated. As each publisher has granted a reprint permit, a copy of
each paper is also included in each section.

Publications led by the author:

• Paper 1: S. Loew and D. Obradovic, “Real-time implementation of nonlinear model predictive
control for mechatronic systems using a hybrid model,” in 2018 IEEE 14th International Confer-
ence on Automation Science and Engineering (CASE), 2018, pp. 164–167.
Reprinted in: S. Loew and D. Obradovic, “Real-time nonlinear model predictive control: Pre-
dictive control for mechatronic systems using a hybrid model,” atp magazin, no. 08, pp. 46–52,
2018

• Paper 2: S. Loew, D. Obradovic, and C. L. Bottasso, “Direct online rainflow-counting and indirect
fatigue penalization methods for model predictive control,” in 2019 18th European Control
Conference (ECC). IEEE, 2019, pp. 3371–3376. doi:10.23919/ECC.2019.8795911

• Paper 3: S. Loew, D. Obradovic, and C. L. Bottasso, “Economic nonlinear model predictive control
of fatigue—formulation and application to wind turbine control,” Optimal Control Applications
and Methods, 2022. doi:10.1002/oca.2870

• Paper 4: S. Loew, D. Obradovic, A. Anand, and A. Szabo, “Stage cost formulations of online
rainflow-counting for model predictive control of fatigue,” in 2020 European Control Conference
(ECC), 2020, pp. 475–482. doi:10.23919/ECC51009.2020.9143939

• Paper 5: S. Loew and D. Obradovic, “Formulation of fatigue dynamics as hybrid dynamical
system for model predictive control,” IFAC-PapersOnLine, vol. 53, no. 2, pp. 6616–6623, 2020.
doi:10.1016/j.ifacol.2020.12.080

• Paper 6: S. Loew, D. Obradovic, and C. L. Bottasso, “Model predictive control of wind turbine
fatigue via online rainflow-counting on stress history and prediction,” Journal of Physics: Confer-
ence Series, vol. 1618, p. 22041, 2020. doi:10.1088/1742-6596/1618/2/022041

• Paper 7 (in review): S. Loew and C. L. Bottasso, “Lidar-assisted model predictive control of wind
turbine fatigue via online rainflow-counting considering stress history,” Wind Energy Science
Discussions, vol. 2021, pp. 1–31, 2021. doi:10.5194/wes-2021-119

• Paper 8 (publication led in equal amount by Abhinav Anand): S. Loew, A. Anand, and A. Szabo,
“Economic model predictive control of li–ion battery cyclic aging via online rainflow–analysis,”
Energy Storage, 2021. doi:10.1002/est2.228

https://doi.org/10.23919/ECC.2019.8795911
https://doi.org/10.1002/oca.2870
https://doi.org/10.23919/ECC51009.2020.9143939
https://doi.org/10.1016/j.ifacol.2020.12.080
https://doi.org/10.1088/1742-6596/1618/2/022041
https://doi.org/10.5194/wes-2021-119
https://doi.org/10.1002/est2.228
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Publications with significant scientific contribution by the author:

• Paper 9 : A. Anand, S. Loew, and C. L. Bottasso, “Economic control of hybrid energy systems
composed of wind turbine and battery,” in 2021 European Control Conference (ECC), 2021, pp.
2565–2572. doi:10.23919/ ECC54610.2021.9654911

• Paper 10: H. Canet, S. Löw, and C. L. Bottasso, “Lidar-assisted control in wind turbine design:
Where are the potential benefits?” Journal of Physics: Conference Series, vol. 1618, p. 042020, 2020.
doi:10.1088/1742-6596/1618/4/042020

• Paper 11: H. Canet, S. Loew, and C. L. Bottasso, “What are the benefits of lidar-assisted control
in the design of a wind turbine?” Wind Energy Science, vol. 6, no. 5, pp. 1325–1340, 2021. [Online].
Available: https://wes.copernicus.org/articles/6/1325/2021/. doi:10.5194/wes-6-1325-2021

https://doi.org/10.23919/ ECC54610.2021.9654911
https://doi.org/10.1088/1742-6596/1618/4/042020
https://wes.copernicus.org/articles/6/1325/2021/
https://doi.org/10.5194/wes-6-1325-2021


CHAPTER 2

Methods

This chapter provides a summary of existing and novel methods which contribute to the research topics
of Section 1.2. As this is a cumulative dissertation, these methods have been published previously in
the papers of Chapters 3 and 4. Consequently, this chapter contains also excerpts of these publications.
At the end of the chapter, the utilized system models are presented for completeness.

2.1 Estimation of fatigue

In order to perform model-based control of fatigue, a suitable model of fatigue estimation is required.
As a basis, the phenomenon of fatigue is defined, and the widely used Rainflow algorithm is presented,
which is a key ingredient for accurate fatigue estimation. Next, the need for long analysis time frames
is stressed, and the existing solution of a residue is provided. Finally, a novel value-continuous fatigue
estimation model is introduced which will serve as a basis for control design in Section 2.2.

2.1.1 Definition of fatigue

Fatigue is damage of a material caused by cyclic application of stress. Without loss of information, the
fatigue impact of a given stress-trajectory can be analyzed solely based on its extrema or "reversals".
This implies that the shape and contained frequencies of the original continuous stress trajectory
are considered to be irrelevant for fatigue estimation [37]. Therefore, the fatigue impact of such a
reversal sequence is fully determined by its contained individual stress cycles. Each stress cycle can be
represented by a cosine function. A stress trajectory typically contains full cycles, which are cosines of
a full period, and half cycles, which are cosines of only a half period, as shown in Fig. 2.1.

Half cycles therefore represent either a rising or falling transient. Instead of storing three (full
cycle) or two (half cycle) stress samples, it is common to store two stress samples and a weight, which
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Trajectory Half cycle Full cycle

Figure 2.1: Stress trajectory which comprises one full cycle (red) and one rising half cycle (blue-dashed).
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is valued wc = 1 (full cycle) or wc = 0.5 (half cycle). The two stress samples can be the cycle stress
maximum and minimum, or the stress amplitude σa,c and mean σm,c . Instead of stress amplitude,
stress range σr,c = 2σa,c is frequently used as well.

Typically, fatigue impact of a stress cycle mainly correlates with its stress amplitude. As a secondary
factor, a positive stress mean increases and a negative stress mean decreases the fatigue impact.
Quantitatively, this mean stress effect is considered by correcting the stress amplitude to an equivalent
stress via the Goodman equation [53] (p. 184)

σeq,c =σa,c
Rm

Rm −σm,c
(2.1)

where Rm denotes the ultimate tensile stress. Consequently, equivalent stress is used to calculate the
number of cycles to failure Nc = f −1

SN (σeq,c ) via the inverse S-N or "Woehler" curve, which typically
has a piecewise definition over the stress-axis. Fatigue damage of a given stress cycle Dfatigue,c = 1/Nc

is obtained by the reciprocal of the number of cycles to failure. Assuming linear and time-invariant
damage accumulation, the Miner-Palmgren Rule [54] is used to compute the total fatigue damage of
the stress time series as

Dfatigue =
∑

c
Dfatigue,c . (2.2)

2.1.2 Cycle identification via the Rainflow algorithm

Cycle identification is straightforward if, e.g., a simple sinusoid is analysed. There, amplitudes, mean
values and number of cycles are obvious. However, realistic stress trajectories usually are highly
complex and contain stress cycles that can be nested ("nested cycles"). Additionally, half and full cycles
can be present, as stated above. The most widely accepted algorithm for cycle identification from
complex trajectories is the Rainflow(-counting) algorithm (RFC) [28].

The Rainflow algorithm contains algorithmic branches and loops. Thus, a crucial property of the
Rainflow algorithm is its discontinuous output behavior. Furthermore, the number Nc of identified
cycles is not known before execution, but bounded by the number of extrema. The characteristics of
the identified cycles that are output by the Rainflow algorithm

[σa,c ,σm,c ,kmax,c ,kmin,c , wc ] = RFC (σ(k)) (2.3)

for each cycle c are stress amplitude σa,c [Pa], stress mean σm,c [Pa], sample index of cycle maximum
kmax,c [-], sample index of cycle minimum kmin,c [-], and cycle weight wc [−].

2.1.3 Long time frames & residue

Originally, Rainflow analysis is performed batch-wise on the entire stress history. However, in [29] it
is shown that Rainflow analysis also can be performed on a moving window. Furthermore, fatigue is
a long-term effect, and correct evaluation requires knowledge about the entire stress history. As an
extreme example, the very first stress sample after commissioning of the machine can form a stress
cycle with the current stress sample several years later. These transition cycles grow over a long period
of time and can reach high stress amplitudes with dominating fatigue impact [55]. Since transition
cycles per definition have not been closed yet, they appear as half cycles in the Rainflow analysis. Thus,
to account for transition cycles in the moving-window algorithm, the corresponding half-cycle stress
samples are buffered in the so-called residue [56].

Definition (Residue): The residue denotes a set of stress samples that occured in the past and
have not formed full cycles as yet.
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Depending on the stress signal, a high number of samples can be accumulated in the residue.
Highest possible dimensions of the residue vector result from diverging and converging stress time
series because they result in a very high number of half cycles [56]. However, long-term diverging
series are unrealistic because unstable machine behavior typically is counteracted by the controller or
an emergency shutdown. Long-term converging series are irrelevant, since very low-amplitude cycles
can be neglected without significant error in fatigue estimation. Concluding, the dimension Nres of the
residue vector is finite and in practical tests remained well below 100.

2.1.4 Value-continuous fatigue estimation

Motivation

The moving-window Rainflow analysis of [29] results in periodic updates of identified full cycles. This
corresponds to a value-discrete update of fatigue cost. However, gradient-based optimization in MPC
requires value-continuous behavior of cost functions. Therefore, also the dynamics of fatigue cost need
to be expressed in a continuous fashion. Additionally, just like the plant states, fatigue cost should be
updated on arbitrarily small timesteps unlike the larger time periods of the moving-window algorithm.

Solution

Both goals are achieved by the following two novel steps of enhancement from Paper 5:

As the first step, the moving-window algorithm is adapted to a one-step cycle identification which
is shown in Alg. 1. The advantage is that this algorithm does not pause until a new string of stress
samples is available, but directly provides an update of full cycles with each new stress sample.

Algorithm 1 One-step Rainflow-analysis

Input: existing stress string σexist; periodic update of a scalar new stress sample σ
Output: full cycles
Initialization: stress residue xres =σexist

while true do

1: Merge residue xres and new stress sample σ
2: Extract full cycles from merged set using Rainflow algorithm; store residue in xres

end

As the second step, Alg. 1 is enhanced by the additional consideration of half cycles which start
"growing" already due to infitesimally small variations in stress. This consideration results in con-
tinuous output of the computation of fatigue cost which is appended to the algorithm, like stated in
Alg. 2.

These enhancements do not introduce further assumptions. Thus, like shown in Fig. 2.2, this
continuous fatigue cost calculation provides the same output like a batch evaluation over the entire
stress trajectory. As expected, the fatigue cost is monotonously increasing, and thus the fatigue cost
rate is never negative.

Application

Algorithm 2 is applied to simulate cyclic aging within the battery plant models of Papers 8 and 9, and
will be the basis for the MPC-internal fatigue model of Section 2.2.7.
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Algorithm 2 One-step value-continuous fatigue cost estimation

Input: existing stress string σexist; update of a scalar new stress sample σ(k +1) at each step k
Output: fatigue cost Jfatigue(k)
Initialization: zero total fatigue cost Jfatigue(0) = 0 and fatigue cost xfatigue,FC(0) = 0 of full cycles; stress
residue xres(0) =σexist, k = 0
while true do

1: Merge residue xres(k) and new stress sample σ(k +1)
2: Extract full and half cycles from merged set using Rainflow algorithm; store residue in xres(k +1)
3: Calculate fatigue cost based on full cycles; add result to xfatigue,FC(k) to obtain xfatigue,FC(k +1)
4: Calculate fatigue cost based on full and half cycles; add result to xfatigue,FC(k) to obtain Jfatigue(k+1)
5: k = k +1

end
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Figure 2.2: Top: Exemplary input stress trajectory, and fatigue cost rate. Bottom: value-continuous and batch
estimation using only full cycles or full+half cycles.

2.2 Model Predictive Control of fatigue

For various technical devices, an important task of operation is the economic balancing of revenue
and fatigue cost. This is a classical optimal control problem (OCP). Model Predictive Control (MPC)
enables the solution of this OCP on a moving horizon while respecting constraints on system states
and inputs [57]. For reference, important variants and properties of MPC are provided in Appendix A.
In a generic form, the optimization problem for control of fatigue is

min
ū

− Jrevenue(x)+αdamage Jfatigue(·) (2.4a)

subject to
ẋ(t ) =F (x(t ),u(t ),d(t )) (2.4b)

x(t0) = x̃ (2.4c)

G(x̄) =0 (2.4d)

H(x̄) ≤0 (2.4e)

umin ≤ ū≤umax (2.4f)
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Figure 2.3: Top: indirect fatigue metric. Bottom: direct fatigue metric.

where revenue Jrevenue is balanced with fatigue cost Jfatigue by the weight αdamage. The continuous
nonlinear system dynamics F depend on the system states x(t), the control variables u(t) and the
external disturbances d(t ). Fatigue is caused by stress σ(t ), which can be one of the states or outputs
of the system. Practical representations of system dynamics can be found for a wind turbine in
Section 2.3.4, and for a battery energy storage system in Section 2.3.5.

At each MPC step, the states are initialized by their measurements or estimates x̃ which are
obtained from the plant. The state samples x̄ at the control intervals are constrained by equalityG
and inequality constraint setsH . Finally, the control variable samples ū are limited by lower umin and
upper bounds umax.

The revenue cost function typically is a stage cost of the states x. In contrast, the fatigue cost
function can take more complex forms. An overview of existing fatigue cost functions from the
literature is provided for wind turbines in Paper 3 and for battery energy storage systems in Paper 8.
Fatigue costs can be based either on an indirect or direct fatigue metric, as shown in Fig. 2.3. For
indirect fatigue metrics, only a damage-related value is optimized and thus the link to economics is
difficult. In contrast, direct fatigue metrics return actual damage, which can be converted to monetary
fatigue cost. As stated in Papers 3 and 8, the existing direct fatigue cost functions in the literature either
are inaccurate or computationally expensive. Accurate fatigue estimation is enabled by the Rainflow
algorithm (see Section 2.1.2) which, however, is discontinuous and thus cannot be differentiated. Thus,
in essence, the goal is to find direct, accurate, computationally cheap and differentiable fatigue cost
functions Jfatigue.

In the following, three existing simplified fatigue costs will be presented for reference. Later, four
novel fatigue cost formulations will be presented which fulfill the above goal to a very high degree.

2.2.1 Simplification by stress rate penalization

The quadratic penalization of stress rate

Jfatigue,TTVP =
∫ tend

t0

σ̇(t )2dt (2.5)

is a common approach for considering fatigue in MPC. In Gros et al [31] and Evans et al [32], this
method is implemented for wind turbine towers by penalizing the deflection rate at the tower top.
Since deflection correlates with stress, this can be interpreted as a sort of damping of stress oscillations.
There is no consideration of stress cycles per se, and thus there is no direct link to fatigue. However,
since this cost function is the most common basis for comparison in the literature, it will be used for
the same purpose under the label "Tower Tip Velocity Penalization" (TTVP) in Papers 2-7.
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2.2.2 Simplification by stress amplitude penalization

In the standard fatigue estimation process, stress amplitudes of separate cycles are considered as key
fatigue drivers (see Section 2.1.1). A constant stress trajectory results in zero fatigue. Thus, fatigue
damage can be penalized approximately by penalizing stress amplitudes σa(k) = σ̄(k)− σ̂m w.r.t. a
stress mean σ̂m over the entire MPC horizon. The notation (̄·) means sampled on the Nu control
intervals of the prediction horizon, while (̂·) means fixed for one MPC step. The resulting fatigue cost
function

Jfatigue,AP =
Nu∑

k=1
σa(k)2 (2.6)

is a sum of squares of stress amplitudes, and is utilized in Paper 2.

2.2.3 Simplification by piecewise-affine cycle identification

In the MPC formulation of [35], cycle identification is approximated via a piecewiese-affine dynamical
system. Therefore, this formulation is referenced as "PWA" in the present work. This formulation
corresponds to the Simple Range Counting of [28] which is a strong simplification of the Rainflow
analysis. In short, the fatigue cost function

Jfatigue,PWA =
Nu∑

k=1
σr(k)2 (2.7)

is a sum of squares of stress ranges σr = (σr,rise(k),σr,fall(k))T which are treated separately for rising
and falling half cycles. These stress ranges are obtained by the piecewise-affine dynamical system

σr(k +1) =A(k)σr(k)+b(k) |σ(k +1)−σ(k)| (2.8)

where the system matrixA(k) and the input vector b(k) are switched at each stress extremum. More
details can be found in Paper 8. In essence, the stress ranges are reset to zero at each stress extremum
and grow with stress evolution until the next extremum.

2.2.4 Incorporation into the MPC algorithm

As mentioned in Section 2.1.2, the Rainflow algorithm is the de facto standard for fatigue estimation.
Thus, a direct and non-simplified implementation of the Rainflow algorithm in MPC is desirable and
promises best results.

Obstacles

According to the literature, the following obstacles stand in the way of a direct implementation of the
Rainflow algorithm in MPC:
■ Obstacle 1: The Rainflow algorithm requires the entire stress trajectory over the prediction hori-
zon as an input [36], and thus cannot be cast into standard stage or terminal cost functions (see
Appendix A.5).
■ Obstacle 2: It does not seem possible to derive analytical expressions of fatigue cost gradients g∗fatigue,
due to the Rainflow algorithm not having a "closed mathematical form" [33, 58–60].
■ Obstacle 3: The Rainflow algorithm is a highly nonlinear algorithm [37], which exhibits discontinu-
ous outputs because of its branches and loops (see Section 2.1.2).



2.2. Model Predictive Control of fatigue 21

Solution

In Papers 2 and 3, the above mentioned obstacles are overcome by the combined application of three
principles, which are labeled here "Separate", "Substitute", and "Switch seldom":

■ "Separate": Obstacle 1, which amounts to a "non-standard cost function", can be overcome if in
the MPC implementation the solution of the ODEs and of the QP are separated and serialized. This
applies if the Sequential approach is pursued, as explained in Appendix A.3 and visualized in the upper
part of Fig. 2.4.

Via the insertion of code in between these two steps, as shown in the lower part of Fig. 2.4, the
Rainflow algorithm is executed (directly) without approximations and (online) within the MPC. This
justifies the use of the terms Direct Online in the DORFC name of the algorithm.

MPC step Sys.Dyn. Optimization

Sequential approach:

Sequential approach with Direct Online Rainflow Counting:

MPC step Sys.Dyn. OptimizationFatigue Figure 2.4: Integration of DORFC into the Sequential
MPC approach.

■ "Substitute": Obstacle 2 refers arguably to the absence of a "closed mathematical form", which is
questioned in the present work. As shown in Paper 3, the algorithmic loops in the Rainflow algorithm
are always executed a finite number of times. Thus, Rainflow can actually be classified as a "closed"
algorithm. Instead, in the present work, the argument of a non-closed form is interpreted to originate
from the fact that the discrete execution structure of the Rainflow algorithm is highly dependent on the
input, and thus is not known a priori.

Definition (Execution structure): The execution structure is composed of the set of consecutive
branch decisions.

The input-dependent execution structure of the Rainflow algorithm still poses a very challenging
obstacle, and probably still blocks any attempt at deriving gradients of RFC (σ). However, for many
practical applications (including the one shown in Paper 3 ), it is reasonable to hypothesize that:

• The execution structure only changes gradually over time.

• Consequently, the execution structure —and thus also the output cycle structure— can be
assumed to remain fixed within each MPC step.

Definition (Cycle structure): The cycle structure is composed of the number of cycles Nc , cycle
weights wc , and cycle samples (kmax,c ,kmin,c ).

The assumption of a fixed structure allows for the substitution of RFC (σ) by continuous expressions,
and the transformation from a discontinuous to a continuous (and differentiable) damage program, as
shown in Fig. 2.5.

The substitution is performed for the stress meanσm,c and stress amplitudeσa,c for separate cycles,
by using their related maximum and minimum stress samples, which leads to

σm,c =
σ(k̂max,c )+σ(k̂min,c )

2
and σa,c =

σ(k̂max,c )−σ(k̂min,c )

2
. (2.9)
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These expressions are continuous and linear, and are assumed to be locally valid for one MPC step.
To conclude, each execution of DORFC consists firstly of the evaluation of the "Discontinuous

fatigue cost program" based on the Rainflow algorithm, and secondly of the evaluation of the "Fatigue
cost gradient program" based on the continuous substitutes, as shown in Alg. 3. The computation steps
of the fatigue cost program and of the fatigue cost gradient program will be specified in subsequent
subsections.

Algorithm 3 MPC using DORFC

Input: measurement of system states, initial guess of control variables
Output: update of control variables
while true do

1: Receive new initial states from measurement
2: Solve system dynamics via single-shooting
3: Evaluate "Discontinuous fatigue cost program", using the Rainflow algorithm (2.3)
4: Evaluate "Fatigue cost gradient program", using the continuous stubstitutes (2.9)
5: Set up and solve QP
6: Apply new control variables to plant
7: Execute steps 2: to 4:, using current initial states and new control trajectories
8: Update Hessian matrix via BFGS method, using old and new control trajectories and cost gradi-

ents

end

■ "Switch seldom": Obstacle 3, which refers to the "discontinuous output" of the algorithm, is
especially relevant for the present work, since the Real-time Iteration (RTI) approach is applied (see
Appendix A.2). In fact, RTI requires the cost function and its gradients to only change mildly for
successive MPC steps. This can be achieved if:

• The sample-time Tcntrl of the controller is appropriately low w.r.t. the time constants of the
system dynamics.

• The discontinuities in the Rainflow algorithm switch sufficiently seldom.

This requirement of seldom switches can be linked to the concept of "average dwell-time" in
switching cost functionals [61]. In a nutshell, this concept implies that an MPC with switching cost
function can remain stable if, on average, there is a sufficient time period between the switching
events. Since this requirement only holds "on average", a longer time period without switches may be
followed by a time phase of frequent switches. A more precise theoretical analysis is out of scope of the
present work. However, studies using an exemplary system in Paper 3 show that indeed changes in the
execution structure of the Rainflow algorithm happen infrequently enough over the simulation time.

Continuous Fatigue Cost Program

The fatigue cost of one cycle is a polynomial

Jfatigue,c (σeq,c ) = wc

N∑
n=2

an σ
n
eq,c (2.10)

with a minimum monomial order of n ≥ 2 and non-negative coefficients an ≥ 0. The cost is weighted
by wc = 1 if a full stress cycle is detected, and by wc = 0.5 in the case of a half cycle. The polynomial
order and coefficients can be derived from material and economic data, as shown in Paper 3.
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Following the Linear Damage Accumulation approach by Miner & Palmgren [54], the total fatigue
cost of a specific stress time series is obtained by the linear accumulation of fatigue cost of all Nc

detected cycles c, i.e.

Jfatigue,DORFC =
Nc∑

c=1
Jfatigue,c . (2.11)

Fatigue Cost Gradient Program

Differentiation of the continuous fatigue cost program yields the fatigue cost gradient program
(Fig. 2.5 d) to e)), which can be written as

dJfatigue,DORFC

dūi , j
= ∂Jfatigue,DORFC

∂Jfatigue,c
diag

(
∂Jfatigue,c

∂σeq,c

)[
diag

(
∂σeq,c

∂σm,c

)
∂σm,c

∂σ(k)
+diag

(
∂σeq,c

∂σa,c

)
∂σa,c

∂σ(k)

]
dσ(k)

dūi , j
.

(2.12)
Automatic Differentiation (AD) obtains exact numeric gradients online in a step-wise manner by

following the chain rule. The forward execution of the original program (Fig. 2.5c)) determines which
steps are taken, i.e. which execution structure of the Rainflow algorithm can be currently observed.

In the present work the fatigue program has only one output, represented by total fatigue cost
Jfatigue,DORFC, and a large number of input optimization variables ūi , j . In such situations, Reverse
AD is more efficient [62]. Accordingly, calculations are executed top-down as shown in the "Fatigue
cost gradient program" in Fig. 2.5e). Numerical values of each chain element of the differentiated
program (2.12) are computed by manually coded symbolic gradients.

Noteworthy, the gradient of the continuous substitutes (2.9) w.r.t. the stress trajectory samples
yields

∂σm,c

∂σ(k)
=


1
2 if k = kmax,c
1
2 if k = kmin,c

0 otherwise

and
∂σa,c

∂σ(k)
=


1
2 if k = kmax,c

−1
2 if k = kmin,c

0 otherwise.

(2.13)

Each row of the resulting Jacobians will contain two non-zero entries, since each stress cycle c is
defined by two stress samples. For instance, for c = 3 identified stress cycles and k = 6 stress samples,

the Jacobian ∂σa/∂σ will take the following form:

 · −1
2 · 1

2 · ·
1
2 −1

2 · · · ·
· · · 1

2 · −1
2

 .

2.2.5 Externalization from the MPC algorithm via an Economic Stage Cost

Challenges

Direct Online Rainflow Counting (DORFC) exhibits the following challenges w.r.t. formal analysis and
implementation in standard MPC-frameworks:
■ Challenge 1: This Rainflow-based definition of fatigue cost is a discontinuous function of all time-
samples of stress within the prediction horizon. Thus, neither the concept of stage cost nor of terminal
cost applies. Formal proofs of stability and recursive feasibility usually are researched for those
standard concepts ( [63], [64], [65] p.112 ff.). Consequently, many standard MPC-frameworks like
ACADO Toolkit [66] as well only allow for stage and terminal costs.
■ Challenge 2: The structure of the fatigue cost function is redefined at every MPC step. This fact as
well poses difficulties concerning formal proofs. Additionally, such redefinitions are not allowed for in
many standard MPC-frameworks.
■ Challenge 3: DORFC requires a valid and continuous stress trajectory during the preparation
phase of the Quadratic Program (QP). In case of a Multiple-shooting [64] MPC-framework, the state
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Figure 2.5: Standard damage program a). Substitution of RFC (σ) by linear continuous functions (2.9) yields the
continuous damage program b). Substitution of the damage functions Dc by fatigue cost functions
Jfatigue,c yields the fatigue cost programs (c) and d)). Reverse Automatic Differentiation of d) yields
the fatigue cost gradient program e). For all programs: Separate calculation for the individual
stress cycles (colored background) and joint calculation (elsewhere). The grey arrow indicates the
calculation flow of DORFC, where a forward execution of the "Discontinuous fatigue cost program"
c) is followed by a reverse execution of the "Fatigue cost gradient program" e).

trajectories can exhibit discontinuities after the preparation phase of the MPC. As a consequence, a
Rainflow-analysis of such a discontinuous stress trajectory might exhibit unrealistic extra cycles, and
the definition of the fatigue cost function would be wrong.
■ Challenge 4: In DORFC, fatigue cost is evaluated solely based on the states in the prediction horizon.
However, fatigue is a long-term effect, and correct evaluation requires knowledge about the entire
stress history.

Solution

The above Challenges 1 and 2 are overcome by the principle "Decouple", which refers to decoupling
the fatigue cost in time in order to achieve a standard Economic Stage Cost formulation with time-
varying parameters (see Appendix A.4). Challenge 3 is overcome by the principle "Externalize", which
refers to performing the fatigue estimation externally and prior to each MPC execution in order to
generate these time-varying parameters, as shown in Fig. 2.6. Challenge 4 is overcome by the principle
"Memorize", which refers to memorizing the past stress via the residue from Section 2.1.3.

MPC step Optimization   FatigueSys.Dyn. Sys.Dyn.

Parameters

Figure 2.6: Externalization of fatigue estimation
from the Simultaneous MPC approach.
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■ "Decouple": Inserting (2.9) into the Goodman equation (2.1) and the latter into fatigue cost of
individual cycles (2.10), total accumulated fatigue cost (2.11) can be expressed by

Jfatigue,DORFC =
Nc∑

c=1
Jfatigue,c

(
σ(k̂max,c ),σ(k̂min,c ), ŵc

)
. (2.14)

This equation highlights that the fatigue cost of each cycle c depends on two stress samples whose
positions in the prediction horizon are determined by k̂max,c and k̂min,c . These positions and the cycle
weights ŵc are outputs of the Rainflow-algorithm.

Consequently, the fatigue cost of individual cycles (2.14) is split into two halves

Jfatigue,DORFC ≈
Nc∑

c=1

(
1

2
Jfatigue,c

(
σ(k̂max,c ), σ̂(k̂min,c ), ŵc

)+ 1

2
Jfatigue,c

(
σ̂(k̂max,c ),σ(k̂min,c ), ŵc

))
(2.15)

where for each term only one stress value σ remains variable and the complementary stress value σ̂
becomes a parameter. For instance for the first cost term, stress mean now is calculated by

σm,c =
σ(k̂max,c )+ σ̂(k̂min,c )

2
and stress amplitude by σa,c =

σ(k̂max,c )− σ̂(k̂min,c )

2
. (2.16)

Based on practical considerations in Paper 4, this is reformulated to

Jfatigue,DORFC ≈
Nc∑

c=1

(
1

2
Jfatigue,c

(
σ(k̂max,c ), σ̂m,c , ŵc

)+ 1

2
Jfatigue,c

(
σ(k̂min,c ), σ̂m,c , ŵc

))
(2.17)

where the mean stress value instead of the complementary stress values is a parameter. For both cost
terms, stress amplitude now is calculated by

σa,c =
∣∣σ(k̂max/min,c )− σ̂m,c

∣∣ . (2.18)

By the preceding derivation, the fatigue cost calculation was decoupled in time which is shown in
Fig. 2.7 (right) for an exemplary case of four stress cycles.
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Figure 2.7: Left: Initial stress trajectory (blue), its extrema (orange circles), generated time-varying mean stresses
(solid green, red, purple, yellow) and optimization goals (dotted arrows) for PORFC. Right: Corre-
sponding distribution of damage over the prediction horizon. Both figures are modified from [67].

Thus, this formulation of a summation over cycles c with each two temporal terms can be converted
to the stage cost formulation

Jfatigue,DORFC ≈
Nu∑

k=1

(
Jfatigue,c

(
σ(k), σ̂m,c1(k), ŵc1(k)

)+ Jfatigue,c
(
σ(k), σ̂m,c2(k), ŵc2(k)

))
(2.19)
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of a summation over samples k with each two cycle terms. Only two terms for two cycles c1 and c2
are needed, since each stress sample contributes to maximum two stress cycles [68]. Since only stress
extrema contribute to stress cycles, the parameters of mean stress

(
σ̂m,c1(k), σ̂m,c2(k)

)
and cycle weight

(ŵc1(k), ŵc2(k)) are nonzero only for those samples within the horizon. This is shown in Fig. 2.7 (left).
For the present MPC implementation, a time-continuous stage cost function is needed. Thus, the

summation-type formulation finally is approximated by the integral-type formulation

Jfatigue,PORFC
(
σ, p̄

)=
1

Tcntrl

∫ tend

t0

(
Jfatigue,c

(
σ(t ), ˆ̄σm,c1(t ), ˆ̄wc1(t )

)+ Jfatigue,c
(
σ(t ), ˆ̄σm,c2(t ), ˆ̄wc2(t )

))
dt (2.20)

where the parameters

p̄= (
ˆ̄σm,c1, ˆ̄σm,c2, ˆ̄wc1, ˆ̄wc2

)
(2.21)

are defined piecewise constant over the control intervals of the prediction horizon. The factor 1
Tcntrl

is
prepended to approximate the discrete sum (2.19) by the present time-integral.

■ "Externalize": The PORFC formulation requires the parameters p̄ to be available before each
MPC execution. This computation has to be based on the same stress trajectory like the one which is
simulated within the MPC. This is achieved by performing the fatigue estimation based on a forward
pre-simulation, as shown in Alg. 4 and Fig. 2.9.

■ "Memorize": Before executing the Rainflow analysis, the pre-simulated stress trajectory is merged
with the residue, as shown in Alg. 4 and Fig. 2.9. Later on, the residue is updated based on the results of
the Rainflow analysis.

Algorithm 4 MPC using Parametric Online Rainflow-counting (PORFC)

Input: measurement of system states, initial guess of control variables
Output: update of control variables
while true do

1: Pre-simulation: The reduced plant model is simulated over the prediction horizon using the latest
measured states as initial values. Relevant result is a stress prediction, as visualized in Fig. 2.8
(right).

2: Merge: The residue is merged with the stress prediction.
3: Rainflow: The Rainflow algorithm is used to identify stress cycles over this merged trajectory.

Consequently, according to the principle "Switch seldom" from DORFC, it is assumed that the
cycle structure does not change within the upcoming optimization run. As shown in Fig. 2.8, this
assumption implies that the controllable extrema in the prediction horizon only can be shifted
vertically by the optimization.

4: Residue update: The measured initial value σ(t0) is added to the residue. Furthermore, the results
of the Rainflow analysis are used to discard certain samples of the residue. Further details are
stated in Paper 6.

5: Time-varying parameters: Information from the Rainflow analysis is used to set the time-varying
parameters, which are forwarded to the cost function of the MPC.

6: Optimization/MPC: In the cost function of the MPC, the parameters are used to time-continuously
calculate fatigue cost over the horizon and accumulate it via integration. Finally, the optimization
problem is solved and the resulting control variables are applied to the plant.

end
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Figure 2.8: Left: Stress residue from the past. Right: Stress prediction in the future.
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Application

The formulation of PORFC is developed in Paper 4 and extended by the residue concept from Paper 5
in Paper 6. Further, PORFC is applied to a high-fidelity wind turbine simulator in Paper 6 and Paper 7,
to a Li-ion battery storage system in Paper 8, and to a hybrid energy system in Paper 9.

2.2.6 Externalization from the MPC algorithm via a Tracking Stage Cost

Motivation

The Economic Stage Cost formulation (2.20) effectively corresponds to a pointwise penalization of
deviation of stress w.r.t. parametric mean stress values ˆ̄σm,c1 and ˆ̄σm,c2. This formulation already
is very close to a Tracking MPC formulation (see Appendix A.4), which typically is characterized by
simpler implementation and improved convergence.

Solution

In the following, a Tracking Stage Cost is achieved by "Condensing" the time-varying parameters, and
by "Matching" the cost function, as shown in Paper 4. The new formulation will be referred to as
Tracking Online Rainflow-counting (TORFC).

■ "Condense": In TORFC, stress mean becomes the tracking reference for the system state of stress.
In contrary to PORFC, at each sample, only a scalar stress mean can be defined. Thus, in case of two
stress mean values in PORFC, those two values have to be condensed to a scalar value for TORFC. One
straightforward and fairly meaningful way of condensing them seems to be a definition of the tracking
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reference

ˆ̄σref =
Jfatigue,c1 ˆ̄σm,c1 + Jfatigue,c2 ˆ̄σm,c2

Jfatigue,c1 + Jfatigue,c2
(2.22)

by a fatigue-cost-weighted average. Analogously to stress mean, also the cycle weights are condensed
to a scalar cycle weight of

ˆ̄wc,ref =
Jfatigue,c1 ˆ̄wc1 + Jfatigue,c2 ˆ̄wc2

Jfatigue,c1 + Jfatigue,c2
. (2.23)

Analogously to PORFC (2.18), the stress amplitude

σa(t ) = ∣∣σ(t )− ˆ̄σref(t )
∣∣ (2.24)

can be represented by the stress tracking deviation.
Since mean stress is the reference now, the variable mean stress effect (2.1) degenerates to a fixed

linear amplification

σeq =σa ˆ̄wm (2.25)

of stress amplitude by the factor

ˆ̄wm = Rm

Rm − ˆ̄σref
. (2.26)

■ "Match": In Tracking MPC, generic stage costs

JTracking
(
σ, ˆ̄σref, ˆ̄wT

)= ∫ tend

t0

ˆ̄wT(t )
(
σ(t )− ˆ̄σref(t )

)2
dt (2.27)

involve a quadratic penalization of deviations from the state reference ˆ̄σref which can be weighted
by the time-varying tracking weight ˆ̄wT. Matching the present fatigue cost formulation (2.10) to this
pattern only allows for an exponent of m = 2 in the fatigue cost function

Jfatigue,c (σeq, ˆ̄wc,ref) = ˆ̄wc,ref a2 σ
2
eq (2.28)

of individual stress cycles. The coefficient a2 can be tuned to approximate the original cost function
(2.10) in a desired range of equivalent stress σeq.

Inserting (2.24) into (2.25) into (2.28) leads to the fatigue cost

Jfatigue,c (σ, ˆ̄σref, ˆ̄wc,ref) = ˆ̄wc,ref a2 ˆ̄w2
m

(
σ(t )− ˆ̄σref(t )

)2
(2.29)

for individual stress samples. Analogously to (2.20), this leads to a total fatigue cost of

Jfatigue,TORFC
(
σ, ˆ̄σref, ˆ̄wc,ref

)= 1

Tcntrl

∫ tend

t0

Jfatigue,c (σ, ˆ̄σref, ˆ̄wc,ref)dt (2.30)

which finally is matched with the generic Tracking Stage Cost (2.27) to

Jfatigue,TORFC
(
σ, ˆ̄σref, ˆ̄wT

)= ∫ tend

t0

ˆ̄wT(t )
(
σ(t )− ˆ̄σref(t )

)2
dt (2.31)

with the tracking weight

ˆ̄wT(t ) =
ˆ̄wc,ref a2 ˆ̄w2

m

Tcntrl
. (2.32)
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Implementation

TORFC is implemented in MPC similarly to PORFC also based on the principles "Externalize" and
"Memorize" (see Section 2.2.5). The only difference lies in the time-varying parameters (2.21) which
in the formulation of TORFC are replaced by the time-varying tracking references (2.22) and weights
(2.32).

2.2.7 Generalization & incorporation into the MPC-internal model

Motivation

The previous formulations of fatigue estimation in MPC have been practically motivated and contained
workarounds. In order to gain a deeper understanding and to put those formulations into perspective,
the following more abstract questions are raised and solved:
■ Question 1: In DORFC, PORFC and TORFC, the fatigue dynamics are treated separately from the
remaining MPC-internal system model. However, treating fatigue as part of the system model (see
Fig. 2.10) seems natural and promises a more generic formulation. Thus, is it possible to include
fatigue estimation including residue into the MPC-internal system model?
■ Question 2: An assessment in Paper 4 shows that the PORFC fatigue cost function actually penalizes
stress samples based on other stress samples which lie not only in the past but also in the future. This
corresponds to acausal behavior. However, other approaches for fatigue control in the literature use
causal surrogate models for fatigue dynamics [31, 37, 39]. Thus, can correct fatigue control also be
achieved by a cost formulation with causal properties?
■ Question 3: In PORFC, a standard stage cost formulation is achieved by decoupling fatigue cost in
time, and externalizing its estimation from the MPC. However, are standard stage or terminal cost
formulations without those workarounds possible as well?
■ Question 4: As with the previous fatigue cost formulations, gradient-based MPC should be used.
Thus, can gradients be computed from the novel fatigue cost formulation?
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Figure 2.10: Incorporation of fatigue estima-
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Solution strategy

Question 1 is solved by utilizing the one-step fatigue estimation including residue of Alg. 2. However,
this is an algorithm, and reformulation to a known class of dynamical systems is desired. Since fatigue
estimation comprises physical value-continuous states and algorithmic discrete states, it can be
"Divided" into suitable subsystems and represented by a hybrid dynamical system. A background on
hybrid dynamical systems is provided in Paper 5.

Via the residue, full information about the prior stress evolution is present in the state of the hybrid
system. Thus, at any time within the prediction horizon, the fatigue accumulated up to this point can
be computed only based on the instantaneous hybrid states. This corresponds to causal behavior, and
solves Question 2. Note: Since the system is utilized in an MPC, there will be a distinction between
time instances in the controllable prediction horizon (prediction) and time instances before execution
of the current MPC step (past).

When the MPC-internal model simulation reaches the end of the prediction horizon, total fatigue
can be computed solely based on the terminal states. Thus, the fatigue penalization can be "Matched"
to a standard terminal cost which solves Question 3.



30 Chapter 2. Methods

Transition 𝑮RFC of

cycle structure

Dynamics 

𝑭sys of plant

system

Reset 𝑅fatigue,FC & constant

dynamics 𝐹fatigue,FC of fatigue

cost of past full cycles

𝑥fatigue,FC(𝑡)

𝜎 𝑡 ∈ 𝒙(𝑡)

𝒒struct 𝑡

Output 𝐻fatigue of

total fatigue cost

𝐽fatigue (𝑡)

Reset 𝑹res & 

constant dynamics

𝑭res of residue

𝒙res(𝑡)

𝒙res(𝑡)

𝒙res(𝑡)

Corrected mathrm

𝒙 𝑡0
𝒖 𝑡 , 𝒅(𝑡)
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Originally, computation of fatigue cost gradients from this hybrid dynamical system is not straight-
forward due to its discontinuous subsystems and its complex structure. However, the task can be eased:
the discontinuities are avoided by the principle "Switch seldom" of Section 2.2.4; the complexity of the
gradient computation is further reduced by "Neglecting" subsystems which are independent from the
control variables. Thus, gradients can be computed with reasonable effort, and Question 4 is solved.

Formulation of fatigue dynamics

■ "Divide": In order to represent Alg. 2 as a hybrid dynamical system, it is divided into suitable
actions which are: the simulation of plant dynamics, extrema & cycle identification, update of residue,
update of fatigue cost of past full cycles, and output of total accumulated fatigue cost. Consequently,
these actions are represented by subsystems of the hybrid dynamical system, as visualized in Fig. 2.11.
Interestingly, all types of mappings of hybrid dynamical systems are utilized; namely several continuous
differential equations, a transition map, three reset maps, and one output function. Additionally, there
are value-discrete and value-continuous state sets of variable dimensions. In the following, the main
concepts are presented, while the mathematical details can be found in Paper 5.

• Plant: The time-continuous evolution of value-continuous plant states x(t ) is obtained by the
setFsys of differential equations from (2.4b).

• Cycle identification: According to Alg. 2, cycle identification by the Rainflow algorithm is based
on a stress string which is a concatenation of the residual stress samples and the new stress
sample. This string is input to the transition map GRFC which instantaneously updates the
value-discrete structural states qstruct. The structural states comprise cycle weights wc , and
sample indices of cycle maxima kmax,c and minima kmin,c .

• Residue: As per the definition in Section 2.1.3, the residue emerges at τ which lies before the
current evaluation time τ< t . Particularly in the present case, this time frame stretches over the
uncontrollable past τ≤ t0 and the controllable prediction t0 < τ< t . Thus, also the respective
parts of the residue are either uncontrollable or controllable, and should be distinguished.
Consequently, the value-continuous residue states

xres =
(
{xres,past,xres,pred}

)= (
(σres,past,1,σres,past,2, ...,σres,past,Npast )

(σres,pred,1,σres,pred,2, ...,σres,pred,Npred )

)T

(2.33)

comprise of these two parts and are updated by the reset map

xres(t ) =Rres
(
qstruct(t−),xres(t−),σ(t−), t

)
. (2.34)

The numbers of past Npast and predicted Npred residue samples - and thus the dimensions - are
variable. The reset map comprises two sub-mapsRres,past andRres,pred for treatment of past-
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and prediction-residue, respectively. Furthermore, the reset map is accompanied by a constant
continuous dynamics ẋres(t ) =Fres =0 in order to memorize the states in between of the reset
events. Figure 2.12 shows the sampling of the past and predicted stress trajectory via reset maps
to obtain the residue states.

At the beginning t = t0 of the predicted future, the past-residue is updated by appending the
new estimated stress sample σ̃(t0) and by forgetting samples related to full cycles, as shown in
Fig. 2.12. Within the predicted future t > t0, the past-residue is held constant.

In contrast, the prediction-residue is cleared at the beginning of the predicted future in order
to forget the outdated information from the previous MPC step. During the progression of the
predicted future, each emerging stress extremum is stored there.

• Fatigue cost of past full cycles: The fatigue cost xfatigue,FC(t ) of full cycles which occurred in the
estimated past (t ≤ t0) is updated by the reset map

xfatigue,FC(t ) = Rfatigue,FC
(
qstruct(t−),xres(t−),σ(t−), xfatigue,FC(t−)

)
(2.35)

at the beginning of the predicted future. This reset map as well is accompanied by a constant
continuous dynamics in order to memorize xfatigue,FC(t ) within the predicted future t > t0.

• Fatigue cost: Total accumulated fatigue cost Jfatigue(t) is obtained by the value-continuous
output function Hfatigue.

■ "Match": For the MPC, only the fatigue cost is relevant which is added within the prediction
horizon. Added fatigue

Jfatigue,Hybrid = Jfatigue(tend)− Jfatigue(t0) (2.36)

is computed by subtracting the initial fatigue cost from the terminal fatigue cost. This essentially
matches fatigue cost to a standard terminal cost.

Derivation of fatigue cost gradient

In order to compute the gradient
dJfatigue,Hybrid(t )

dū of fatigue cost w.r.t. the control variables, according to
the chain rule, all mappings of the hybrid dynamical system have to be differentiated. For the plant
subsystem, the gradient dσ(t )

dū is obtained from Variational Differential Equations.
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■ "Switch seldom": In contrast, the value-discrete transition mapGRFC cannot be differentiated.
Therefore, the principle "Switch seldom" of Section 2.2.4 is applied which assumes that the update of
control variables by the optimization algorithm only leads to mild variations in the state trajectories
within one MPC step. Therefore, the cycle structure qstruct can be assumed as "frozen" and thus
invariant w.r.t. the controls within one MPC step. Consequently, all paths are neglected for gradient
calculation which are input or output to the transition map GRFC, as shown in Fig. 2.11. This also
simplifies the gradient formulation for the downstream submodels of residue, fatigue cost of past full
cycles, and total fatigue cost.

For instance, now the reset-mapRres,pred for the prediction-residue does not have to be differen-

tiated w.r.t. the structural states qstruct. Thus, the gradients
dxres,pred(t )

dū of the prediction-residue can
simply be updated by a reset mapRres,pred,ū of similar design toRres,pred itself. The difference is that

now gradient samples dσ(t )
dū instead of stress samples are reset. A commonality is that these events of

the gradient reset mapRres,pred,ū are also triggered by the "frozen" structural states qstruct and thus
coincide with the events inRres,pred.

■ "Neglect": Further simplification of gradient computation stems from the fact that states in the
estimated past are independent from the future control variables. Consequently, no gradient is required
for the reset mapRres,past of the past-residue, or for the reset map Rfatigue,FC of the fatigue cost of past
full cycles.

Thanks to these assumptions and neglections, the total fatigue cost gradient calculation boils down
to the approximation

dJfatigue,Hybrid(t )

dū
= ∂Hfatigue(t )

∂σ

dσ(t )

dū
+

Npred∑
l=1

∂Hfatigue(t )

∂σres,pred,l

dσres,pred,l (t )

dū
(2.37)

where the gradients of the output function Hfatigue w.r.t. the stress values are obtained by Automatic
Differentiation.

2.3 Utilized system models

2.3.1 Wind model

For turbulent simulations with the high-fidelity wind turbine model in Papers 6 and 7, a stochastic, full-
field wind model is employed. The model is executed offline, i.e. before the simulation, in the software
TurbSim from the National Renewable Energy Laboratory (NREL) [69]. Here, for each time step, a
two-dimensional vertical rectangular array of three-dimensional wind velocity vectors is generated, as
shown in Fig. 2.13. The spectral properties of the wind fields are based on the IEC Kaimal model [70].

2.3.2 Lidar model

In Paper 7, the model of a pulsed Lidar with ten range gates and four beams is employed, as shown in
Fig. 2.14. The model is executed in the Lidar simulator from sowento GmbHwhich generates Lidar wind
estimates offline, and thus independently from the wind turbine simulation suite [71]. Considered
physical effects are: limitation to line-of-sight wind speeds, spatial averaging via a Gaussian range
weighting function, discrete scanning, and "unfrozen" wind evolution. Particularly the wind evolution
can be parameterized by an exponential decay constant; here, a higher value results in higher variation
of the wind during its convection towards the rotor. Finally, the spatially distributed measurements are
converted to rotor-effective wind speed by wind field reconstruction [71, 72].
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Figure 2.13: Turbulent wind field created by TurbSim [69]
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3. Description of Simulation Scenario
In this section, the simulation scenario is briefly described.

3.1. Wind Turbine Model
In this simulation study, the NREL 5MW reference onshore wind turbine with a rotor diameter
ofD = 126m implemented in FAST [8] and SLOW [9] is used. The FAST sFunction is integrated
in MATLAB Simulink and is extended by a collective pitch actuator implemented as linear
second order model with a damping factor of 0.7 and a undamped natural frequency of 1Hz.
No further changes have been done to the FAST model. The advantage of the SLOW model
compared to the FAST model is that simulations are much faster (up to 1000×).

3.2. Wind Disturbance and Lidar Simulator
For this study, a 4-beam pulsed nacelle lidar is simulated, see Figure 4. The opening angle
is fixed to arctan(0.5/2.5) = 11.3 deg, such that the lidar can be additionally used for power
performance testing (at 2.5 rotor diameter, the measurements are on a circle of the size of the
rotor). The minimum distance is limited to 40m and the measurement rate is fixed to 4Hz. For
this study, 10 measurement distances and a Gaussian volume weighting function are considered.

In this study we focus on normal operations and thus a Design Load Case (DLC) 1.2 following
current standard [10] is carried out, using eleven one-hour turbulent wind fields from 4m/s to
24m/s based on class IA, see Appendix C.3 of [9].

Further, a tool-independent lidar simulator is used [11]. In a first step, the tool calculates
the auto-spectra and cross-spectra of the rotor-effective wind speed and its lidar-estimate based
on [12]. The following effects are considered: the limitation to line-of-sight wind speeds, the
spatial averaging of the range weighting function, the discrete scanning, wind evolution (using
a longitudinal decay of α = 0.1 for an exponential wind evolution model [13]), and wind field
reconstruction (all line-of-sight wind fields are condensed to one estimate of the rotor-effective
wind speed using a dynamic wind field reconstruction method [9]). In a second step, the wind
fields are reduced to the rotor-effective wind speed. Further, the corresponding lidar-estimate of
the rotor-effective wind speed is calculated with the auto-spectra and cross-spectra. The preview
of the calculated signal corresponds to the measurement distances and the mean wind speed.
The advantage of this method is that it can be combined with the trajectory optimization, which
already calculates the auto-spectra and cross-spectra of the first step, and with both simulation
tools.
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Figure 2.14: Left: rotor disc. Right: scanning points of the Lidar model in the upwind volume [27].

2.3.3 High-fidelity wind turbine model

The 3-bladed NREL 5MW onshore wind turbine model in the aero-elastic simulator OpenFAST is
utilized in Papers 6 and 7.

The aerodynamics are represented by the classical Blade Element Momentum (BEM) theory. Here,
the Momentum theory describes the interaction of the rotor disc with the stream tubes. The Blade
Element theory describes the interaction of the flow with each blade section [72].

The structural elasto-dynamics are represented by the most significant mode shapes. The ampli-
tude of each mode shape is defined by a second-order differential equation. Finally, the amplitudes of
the independent modes are superimposed.

The active structural degrees of freedom (DOF) are stated in Tab. 2.1. Each of these DOFs is
represented by 2 states. On top of those, 2 states for the collective blade pitch actuator and 1 state for
the generator torque are added which results in a total of 33 states.
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Table 2.1: Number of Degrees of Freedom for the NREL 5MW onshore turbine.

Component Number of instances DOFs Total number of DOFs

Blades 3 2 flap-wise, 1 edge-wise 9
Tower 1 2 fore-aft, 2 side-side 4
Rotor 1 1 rotation 1
Drive-train 1 1 torsion 1
Total - - 15

2.3.4 Reduced wind turbine model

In all wind turbine MPCs of the present work, a standard reduced wind turbine model is utilized [73,74].
Its six states

x(t ) = (
ωr(t ),dT(t ), ḋT(t ),βb(t ), β̇b(t ),Tg(t )

)T
(2.38)

comprise the rotational speed of the rotor ωr(t), the fore-aft deflection of the tower tip dT(t) and its
time derivative, the collective pitch angle of the blades βb(t ) and its time derivative, and the generator
torque Tg(t ). Figure 2.15 provides an overview of the system dynamics.

𝑇Q = 𝑇Q(… )

𝐹T = 𝐹T(… )
Tower 

dynamics

Drive train 

dynamics

𝑉w

𝑇g

𝑉rel

𝑉rel

𝜔r

ሶ𝑑T

−

𝐾𝜎
𝑑T 𝜎

Pitch 

dynamics

Generator 

dynamics

𝛽b

𝑇g,d

𝛽b,d

Figure 2.15: Coupled dynamics of wind turbine drive train and tower.

Stress at tower root is not a state of this simplified model. However, it is assumed that the stress
at tower root is linearly dependent on the tower tip deflection dT(t ), resulting in σ(t ) = KσdT(t ). The
control variables of the model correspond to the demandsu(t ) = (

βb,d(t ),Tg,d(t )
)T for the subordinate

actuator controllers. Here, βb,d(t) is the demanded blade pitch angle and Tg,d(t) is the demanded
generator torque. Excitement and disturbance d(t ) =Vw(t ) of the system stem from the ambient wind
speed Vw(t ), which is predicted for example by a Lidar scanner.

The generator and pitch actuator dynamics are modeled as linear first and second order systems,
respectively. Nonlinearity in the system model stems from the aerodynamic torque

TQ = TQ(ωr(t ),Vrel(t ),βb(t )) (2.39)

and the aerodynamic thrust force

FT = FT(ωr(t ),Vrel(t ),βb(t )). (2.40)

These loads depend on the rotor-relative wind speed

Vrel(t ) =Vw(t )− ḋT(t ) (2.41)

where the external rotor-effective ambient wind speed Vw(t) is combined with the tower tip speed
ḋT(t ).
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2.3.5 Li-ion battery model

In Papers 8 and 9, the plant is represented by a grey-box Li-ion battery model, which involves first-
principle models and interpolated lookup-tables. For the MPC, the lookup-tables are substituted by
continuous data-fitted static maps, which introduces a minor model mismatch. The Li-ion battery
model comprises several sub-models, capturing the electrical, thermal and aging behavior as shown in
Fig. 2.16. These sub-models will be presented in the following.

𝑄, 𝑆𝑂𝐻 𝐼, 𝑅𝑖𝑛𝑡

𝑇

𝑇

𝑆𝑂𝐶
Input

𝑃, 𝑇𝑎𝑚𝑏𝑖𝑒𝑛𝑡

Output

𝑆𝑂𝐶, 𝑇, 𝑄

Degradation Model

Electrical Model

Thermal Model

Figure 2.16: Process flow of the Battery model

Electrical model

A simple electrical equivalent circuit is chosen [75]. Important variables are charge/discharge power P ,
Open Circuit Voltage U ocv, internal resistance R int, current I and terminal voltage U terminal. The states
considered are State of Charge SOC , State of Health SOH and cell temperature T . State of Charge
SOC = Qcont

Q [−] is defined as the ratio of instantaneous charge content Qcont with respect to the
instantaneous charge capacity Q of the battery. Thus, the rate of SOC is directly proportional to the
current, and can be expressed as

dSOC

dt
=− I

Q

[
1

s

]
. (2.42)

By convention, current is considered positive for the discharging case and negative for the charging
case.

State of Health SOH = Q
Qnominal

[−] is defined as the ratio of instantaneous charge capacity Q with
respect to the nominal charge capacity of the battery Qnominal at the time of production. Charge
capacity and thereby State of Health are decreased by aging, as it will be detailed later in this section.

Thermal model

The thermal model captures the dynamic behavior of cell temperature T (in [K]) due to internal heating
and external cooling. The most commonly used thermal model

dT

dt
= 1

C H

(
I 2R int −C R(T −T ambient)

) [
K

s

]
(2.43)

is based on a lumped heat capacitance with the parameters Heat Capacity C H (in [J/K]) and Cooling
Rate C R (in [J/(Ks)]). Ambient temperature T ambient is an external input [76].

Degradation model

The degradation model captures the loss in charge capacity and the increase of internal resistance
over time and usage.
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Charge capacity: Typically, the charge capacity decreases over the lifetime of the battery. By conven-
tion, the amount of loss of charge capacity is assigned to two quantities: calendric capacity loss Qcal

which occurs intrinsically at any time, and cyclic capacity loss Qcyc which occurs during usage of the
battery. Consequently, the instantaneous charge capacity

Q =Qnominal − (Qcal +Qcyc)

can be expressed by the aforementioned quantities. The battery is considered to be at the end of its
service life when its capacity Q has decreased to a predefined end-of-life capacity.

Calendric Aging: Calendric aging refers to the permanent loss in battery capacity, independently of
usage. The corresponding rate of calendric capacity loss

dQcal

dt
(t ,SOC ,T ) = Acal fQ cal(t ) fQ cal(SOC ) fQ cal(T )

[
As

s

]
(2.44)

depends on time since production t , and on the additional stress factors of State of Charge SOC and
cell temperature T .

The time-variance is modeled by

fQ cal(t ) = 1

2
p

t
≈ 1

2
p

t + t shift

[
1p

s

]
(2.45)

where the shift time t shift can be used to account for the previous operation time duration of an already
aged battery. The constant Acal is derived from experimental data.

The temperature effect is represented by the Arrhenius law

fQ cal(T ) = Aarrheniusexp

(−E activation

RgasT

)
[−] (2.46)

where Aarrhenius is a model parameter obtained by experiments, E activation is the activation energy of
the cell, and Rgas is the Universal gas constant. The State of Charge effect

fQ cal(SOC ) = K1 +K2SOC [−] (2.47)

is represented by a linear fit of experimental data via the parameters K1 and K2.

Cyclic aging: Cyclic aging refers to the loss of battery capacity during dynamic operation by repeated
charging and discharging. The major stress factor for cyclic aging is the absolute range of magnitude of
the individual SOC cycles, also referenced as "Depth of Discharge" DOD [77, 78]. The most accepted
algorithm for cycle identification from SOC trajectories is the well-known Rainflow algorithm [28].
Thus, the dynamics of cyclic aging can be represented by the one-step value-continuous Algorithm 2.



CHAPTER 3

Formulations

3.1 Paper 1: Formulation of Nonlinear MPC comprising data-driven sub-
models

3.1.1 Summary

An MPC implementation is presented for hybrid system models which comprise physics-based dif-
ferential equations and data-driven static nonlinearities. For the present example of a wind turbine,
these nonlinearities represent the aerodynamic torque and thrust of the rotor, and are required for the
accurate prediction of fatigue. This MPC implementation will be used in Papers 2, 3 and 5.

First, a symbolic math implementation of the wind turbine system dynamics is presented. Lookup
tables of the nonlinearities are obtained from high-fidelity simulations. After training Feedforward
Neural Networks (NN) with this numerical lookup data, a symbolic version of them can be integrated
into the above mentioned symbolic differential equations.

Second, a symbolic math implementation of the state and cost gradient dynamics for the MPC is
presented. Instead of "brute force" differentiating the entire hybrid model w.r.t. the control variables,
a "divide and conquer" approach is pursued where hand-coded symbolic gradients of the NN are
inserted after differentiating the remaining simpler differential equations. This "divide and conquer"
approach beneficially reduces computational effort during MPC setup and online operation.

For validation at different wind speeds, the stationary operating points of this MPC in the loop
with the same simplified model are compared to the stationary operating points of an LQR in the
loop with the high-fidelity model. The results show very good agreement for wind speeds which have
been part of the NN training set. Outside of this set, the results differ significantly which indicates low
extrapolation capabilities of the NNs.

3.1.2 Contribution

The author of this dissertation extended the implementation, formalized the approach, performed the
simulations, and wrote the paper. DO developed the approach and the initial implementation, and
supervised the work. All authors provided important input to this research work through discussions,
feedback and by improving the manuscript.

3.1.3 Reference

This work has been peer-reviewed and published at the 14th IEEE CASE conference [42]. Subsequently,
the work has been reprinted without modifications in the atp magazin journal, as included in this
dissertation: S. Loew and D. Obradovic, “Real-time nonlinear model predictive control: Predictive
control for mechatronic systems using a hybrid model,” atp magazin, no. 08, pp. 46–52, 2018.
Note: Due to a typesetting error, the numbers of Figure 1 and 2 have been exchanged in the respective
figure captions.
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Nonlinear Model Predictive Control (NMPC) is a control method for the 
implementation of advanced controller behavior. The present work shows the 
symbolic mathematical implementation of a mechatronic system model containing 
aerodynamic nonlinearities modeled by Feedforward Neural Networks. Gradients 
for the optimization are obtained efficiently by exploiting the feedforward property 
of the neural networks and symbolic computation. Current research on the 
implementation of damage metrics into the cost function is outlined. In order to 
achieve real-time capability, Real-time Iteration is used. The research is part of the 
project “MISTRALWIND – Monitoring and Inspection of Structures At Large Wind 
Turbines”, funded by the German Federal Ministry of Economic Affairs and Energy.

KEYWORDS  Model Predictive Control / NMPC / Real-time Iteration /  
Neural Networks / Hybrid model / Wind turbine

Echtzeit-Implementierung von NMPC –  
Prädiktive Regelung für mechatronische Systeme unter Verwendung eines  
hybriden Modells
Nichtlineare Modellprädiktive Regelung (NMPC) ist eine aufstrebende Methode 
zur Umsetzung von komplexem Reglerverhalten. Die vorliegende Arbeit zeigt die 
symbolische Modellierung eines mechatronischen Systems unter Einbeziehung von 
aerodynamischen Nichtlinearitäten durch Neuronale Netze. Durch die Feedforward-
Eigenschaft der Neuronalen Netze sowie Computeralgebra können die Gradienten 
für die Optimierung effizient berechnet werden. Aktuelle Forschungstätigkeit zur 
Einbindung von Materialermüdungsmetrik in die Kostenfunktion der Regelung wird 
kurz dargestellt. Um einen echtzeitfähigen Regler zu erreichen, wird die Methode 
Real-time Iteration verwendet.

SCHLAGWÖRTER  Modellprädiktive Regelung / NMPC / Real-time Iteration / 
Neuronale Netze / Hybrides Modell / Windturbine

Real-time Nonlinear Model 
Predictive Control 
Predictive control for mechatronic systems using a hybrid model
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T
he MISTRALWIND project aims to develop 
new monitoring, inspection and control 
methods for structures of large wind tur-
bines. One of the work packages of Siemens 
is the development of a controller which 

reduces damage to structural parts and adapts to 
the remaining useful lifetime. Taking into account 
future wind predictions using lidar [1], a Nonlinear 
Model Predictive Controller (NMPC) is developed. 
This paper starts with an outline of the dynamic 
system. Afterwards, modeling of the aerodynam-
ic nonlinearities by Feedforward Neural Networks 
is described. Furthermore, the applied strategies 
for the symbolic setup of the NMPC problem and 
the solution method using Real-Time Iteration are 
described. 

1. WIND TURBINE SYTEM
A. States, control variables and optimization variables
Generally in MPC, future plant behavior is predicted 
by a simplified model of the plant. The states of the 
wind turbine are reduced to the state vector
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with the rotational speed of the rotor ωr(t), the fore-aft 
deflection of the tower tip dT(t) and its time derivative, 
the collective pitch angle of the blades βb(t) and its time 
derivative and the generator torque Tg(t).
The control variables for subordinate controllers of the 
corresponding actuators are 
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where βb,d(t) is the desired pitch angle of blades and Tg,d (t) 
is the desired generator torque. The control variables 
are defined as piecewise-constant time functions
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For the MPC this leads to the optimization variables 
vector
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B. Analysis of system dynamics
The closed loop systems of the actuators are modeled 
as linear second and first order systems, respectively. 
Nonlinearity in the system model stems from the aer-
odynamic torque coefficient 
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and the aerodynamic thrust coefficient
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These coefficients depend on the relative wind speed
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where the external variable rotor averaged ambient velocity of wind  is superimposed by velocity   at the tower tip. These coefficients also couple the drive train dynamics 
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Instead of solving one Sequential Quadratic Programming SQP problem for each new optimization horizon, Real-time Iteration RTI is applied, where only one Quadratic Programming QP problem is solved at each control step as shown in Fig. 4. RTI is based on the assumption of only mildly varying optimization problems throughout subsequent MPC-steps Fehler! Verweisquelle konnte nicht gefunden werden.. In the present wind turbine application this can be assumed to be fulfilled if the sampling time of the MPC is appropriately low, considering system dynamics and worst case wind variations. Each QP problem is formulated at the current operating point ∗, ∗, ∗. The cost function is approximated quadratically as 
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where the external variable rotor averaged ambient 
velocity of wind Vw(t) is superimposed by velocity d

.
T (t) at 

the tower tip. These coefficients also couple the drive 
train dynamics
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and the tower fore-aft dynamics 
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as shown in Fig. 1. The fixed parameters are lumped 
inertia of the drive train Jtot, air density ρ, rotor area A 
and rotor radius R. The mass mT , damping coefficient  
dT and stiffness kT stem from a lumped model of tower 
fore-aft movement. Here, the aerodynamic coefficients 
CQ and CT are calculated at stationary operating points 
using the high-fidelity simulator Cp-Lambda. The entire 
simplified model
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is a nonlinear hybrid model in which fundamental 
dynamic models are combined with empirical models [2].

2. MODELING OF LOOKUP DATA BY  
NEURAL NETWORKS

Lookup data can be included in control models, e.g. 
by high-order polynomials [3], cubic B-splines [4] or 
Feedforward Neural Networks. Since Feedforward 
Neural Networks (NN) globally approximate functions, 
usually fewer parameters are necessary. Although 
trained by numerical data, the inputs of Neural Net-
works can be defined symbolically. The outputs are 
then symbolic functions which can be inserted into 

other symbolic functions. In this work, the lookup 
data of the static aerodynamic nonlinearities (6) and 
(7) are modeled by Neural Networks and inserted into 
the symbolic representation of the simplified model 
(11). The Neural Network modeling is demonstrated 
for the aerodynamic torque. The aerodynamic thrust 
is treated analogously.

A. Inputs, Outputs and Training Data
A suitable input vector for the proposed Neural 
Network is 
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Rotational speed ωr and relative wind velocity Vrel 
should not be merged to one input like tip-speed-ratio
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where Rr is the radius of the wind turbine rotor. The 
reason is that the angle of attack and thus the aerody-
namic coefficients of modern wind turbines can show 
significant direct dependency on wind velocity. This is 
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due to bending and twisting of blades with increasing 
thrust force as passive thrust compensation.

Instead of the aerodynamic torque coefficient CQ (6), the 
resulting torque TQ is defined as the output
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for the Neural Network. This results in more compact 
equations if gradients of the system dynamics (11) have 
to be derived. 

For the present case, Neural Networks exhibit very 
low extrapolation capabilities. In Fig. 2 the stationary 
behavior of the simplified model (11) controlled by an 
MPC is compared to a high-fidelity model in Cp-Lamb-
da controlled by a Linear Quadratic Regulator (LQR). 
If the training data for the simplified model only cov-
ers an insufficient range 3 m/s < V < 13 m/s of ambient 
wind velocity, completely wrong stationary points are 
reached if higher wind velocities are applied, for exam-
ple. If the training data set is extended to a proper range, 
the stationary operating points match the ones of the 
high-fidelity model very well.

The Neural Network only should be trained using 
data samples which are within the permitted opera-
tion range. For this, negative aerodynamic torques and 
forces are discarded, as well as aerodynamic torques 
exceeding a defined limit. 

B. Extraction of gradients
Another advantage of Feedforward Neural Network 
modeling is the straightforward extraction of output 
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  w.r.t 
the inputs. Using the analytic derivative of the activation 
function, the gradients can be obtained by applying 
the chain rule.

3. NMPC METHOD AND REAL-TIME ITERATION
A. Method
The original problem is an Optimal Control Prob-
lem over an infinite horizon. Because this problem 
usually cannot be solved, an approximate solution 
is obtained by optimization over shorter, moving 
horizons. The length of the horizon is chosen taking 
into account the time constant of the turbine drive 
train and the tower.

The present optimization problem is defined by the 
cost function
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box constraints on the optimization variables
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box constraints on the rate of change of the optimi-
zation variables
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and nonlinear inequality constraints on the system 
states
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If the future system states are defined as free varia-
bles (e.g. in the Multiple-shooting approach), additional 
constraints are needed in order to satisfy the dynamic 
behavior of the system [5]. This Simultaneous approach 
is advantageous for highly nonlinear systems and if 
parallelization is intended. Main disadvantages are 
the increased optimization effort and the chance of an 
unfeasible simulation. Alternatively, in the Sequential 
approach the system dynamics model is used explicitly 
in calculating the future states; in this case no addi-
tional free variables and constraints are needed [6]. The 
Sequential approach is applied in the present work.

B. Cost Function
In order to provide maximum freedom to the optimi-
zation algorithm in finding optimum solutions, the 
concept of Economic NMPC (ENMPC) is pursued. An 
interesting discussion on ENMPC can be found in [7]. 
For maximization of generated electrical energy [7] 
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FIGURE 2:  Coupled dynamics of wind turbine drive train  
and tower
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propose the indirect costing of power PA(t) extracted 
from the wind. Direct costing of electrical power PE(t) 
can lead to greedy extraction of rotor inertial energy, 
called the turnpike effect [7]. This behavior was also 
observed in the present work.

One objective in the MISTRALWIND project is the 
implementation of a tower damage metric into the 
cost function. This is challenging since damage is a 
long term effect. A three-stage approach is proposed 
as shown in Fig. 3 where the damage term in the cost 
function is adaptively weighted by α. Various cost terms  
∏damage including tower tip velocity [7], thrust force, 
rainflow counting and frequency based methods are 
investigated currently. First simulations involving 
tower tip velocity show promising behavior.

In the present MPC implementation all terms of the 
cost function are of integral type in time. Thus the 
definition of the time derivative of the cost function 

  

   =  −  (8) 

 

where the external variable rotor averaged ambient velocity of wind  is superimposed by velocity   at the tower tip. These coefficients also couple the drive train dynamics 
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Instead of solving one Sequential Quadratic Programming SQP problem for each new optimization horizon, Real-time Iteration RTI is applied, where only one Quadratic Programming QP problem is solved at each control step as shown in Fig. 4. RTI is based on the assumption of only mildly varying optimization problems throughout subsequent MPC-steps Fehler! Verweisquelle konnte nicht gefunden werden.. In the present wind turbine application this can be assumed to be fulfilled if the sampling time of the MPC is appropriately low, considering system dynamics and worst case wind variations. Each QP problem is formulated at the current operating point ∗, ∗, ∗. The cost function is approximated quadratically as 
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by integration over the MPC horizon [t0,tend] yields the 
cost function
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C. Real-time iteration
Instead of solving one Sequential Quadratic Program-
ming (SQP) problem for each new optimization hori-
zon, Real-time Iteration (RTI) is applied, where only 
one Quadratic Programming (QP) problem is solved at 
each control step as shown in Fig. 4. RTI is based on 
the assumption of only mildly varying optimization 
problems throughout subsequent MPC-steps [8]. In the 

present wind turbine application this can be assumed 
to be fulfilled if the sampling time of the MPC is appro-
priately low, considering system dynamics and worst 
case wind variations. Each QP problem is formulated at 
the current operating point (x*,u̅ *,Vw

*). The cost function 
is approximated quadratically as
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where H* is the Hessian and g* is the gradient of the cost 
function with respect to the optimization variables u̅ . 
The Hessian H of the QP problem is updated at each 
control step in accordance with the Broyden-Fletch-
er-Goldfarb-Shanno (BFGS) method ([6], [9]). Since the 
cost function (20) is of integral type, the gradients of the 
cost function with respect to all optimization variables 
have to be evaluated at t=tend of the MPC horizon. For a 
specific operating point this yields

 (22)
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D.  Cost and State Gradients with respect to  
optimization variables

Since the cost function is of integral type, the time deriv-
ative of the cost function 
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 is already defined 
(19). Thus using Schwarz‘s theorem [10]
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the gradient at the end of a horizon can be determined by 
numerical integration. Using the chain rule, this leads to
NJu=i∙j cost gradient differential equations
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In the preparation phase of the MPC problem, the 
functional derivatives
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 are determined 
efficiently by symbolic differentiation of the cost 
dynamics J̇(t) which will be described in Section 3-E. 
Considering piecewise-constant optimization variables 
u̅  gives the following determination of the gradient
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Finally the cost gradient differential equations in (24) 
require the state gradients with respect to the optimi-
zation variables. Analogously to the cost gradient, by 
using Schwarz’s theorem
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FIGURE 3:  Monitoring and control of structural damage at three 
different time stages
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the state gradients can be determined by numerical 
integration. Using the chain rule and (11), this leads to 
Nxu=k∙i∙j∙ state gradient differential equations
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Real-time Iteration 
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FIGURE 4:  Comparison of classical program structure and the method of Realtime Iteration. The blocks “ODEs” 
symbolize numerical integration of the differential equation and the blocks “QP” symbolize the solution 
of a QP problem.
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The gradients 
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 are the states of these ODEs and 
introduce full coupling of the state gradient differential 
equations. The functional derivatives 
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 are 
again determined by symbolic differentiation. The 
state gradients are additionally used to linearize the 
nonlinear inequality constraints (18) of the states for 
the QP.

E. Gradient dynamics by Symbolic Differentiation
Functional derivatives of cost (19) and states (11) 
ODEs with respect to states and control variables can 

be obtained by numerical differentiation, automatic 
differentiation and symbolic differentiation [11].

Symbolic differentiation of extensive nonlinear 
equations can lead to high computational effort at 
the setup of the MPC-problem. In the present case, 
the aerodynamic coefficients (6) and (7) introduce 
most of complexity. By initially defining the aerody-
namic coefficients as functionals, only compact ODEs 
have to be differentiated symbolically. Afterwards 
the functionals and their gradients can be substituted 
by symbolic expressions explicitly provided by the 
Neural Networks (see Section 2).
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3.2 Paper 2: Simplification of fatigue & concept of incorporation into the
MPC algorithm

3.2.1 Summary

The idea for a completely novel formulation is raised which directly incorporates the standard fatigue
estimation process in the cost function of an Economic Nonlinear Model Predictive Controller. The
key feature is the substitution of the discontinuous Rainflow(-counting) algorithm by continuous
expressions. This substitution is performed once per MPC step and can be fixed in the meantime
as supported by practical observations. The formulation called "Direct Online Rainflow-counting"
(DORFC) is presented briefly, implemented in the MPC of Paper 1, and compared to two indirect
fatigue cost formulations.

The first indirect fatigue cost function is very common and corresponds to a stage cost of the
squared stress rate. For the wind turbine tower example, stress rate at the tower bottom is highly
correlated with the deflection rate of the tower tip, and thus is called "Tower-Tip-Velocity Penalization"
(TTVP) here.

The second indirect fatigue cost function is based on the facts that in the standard fatigue estima-
tion process stress cycle amplitudes are considered as key fatigue drivers, and that a constant stress
trajectory results in zero fatigue. Thus, fatigue damage can be penalized approximately by a stage cost
of squared stress differences from the stress mean over the prediction horizon. This formulation is
called "Amplitude Penalization" (AP) here.

In turbulent simulations, the dynamic behavior of DORFC exhibits characteristic plateaus in the
stress trajectory which stem from the direct objective of reducing the amplitudes of stress cycles. TTVP
and AP exhibit fair economic results while the latter seems to be less sensitive to reference wind velocity.
DORFC exhibits best profit due to higher total revenue while accepting higher damage of the turbine
tower. Furthermore, in contrary to the indirect formulations, DORFC can be fully parameterized by
physical and economical quantities which simplifies the commissioning.

3.2.2 Contribution

The author of this dissertation developed the core idea of Direct Online Rainflow Counting, performed
the implementation, executed and analyzed the simulations, and wrote the paper. DO and CLB put the
formulation in the right context, recommended simulation cases, and supervised the work. All authors
provided important input to this research work through discussions, feedback and by improving the
manuscript.

3.2.3 Reference

S. Loew, D. Obradovic, and C. L. Bottasso, “Direct online rainflow-counting and indirect fatigue pe-
nalization methods for model predictive control,” in 2019 18th European Control Conference (ECC).
IEEE, 2019, pp. 3371–3376. doi:10.23919/ECC.2019.8795911 © 2019 IEEE. Reprinted with permission.
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Direct Online Rainflow-counting and Indirect Fatigue Penalization
Methods for Model Predictive Control∗

Stefan Loew1, Dragan Obradovic2, Member, IEEE, Carlo L. Bottasso3

Abstract— The standard material fatigue estimation process
is implemented in an Economic Nonlinear Model Predictive
Controller. The process comprises cycle identification, mean-
stress effect, Wöhler curves and Linear Damage Accumulation.
For cycle identification, this novel implementation uses a
standard Rainflow-algorithm which is substituted periodically
by linear functions based on its output. The implementation is
compared to two straightforward methods for fatigue penaliza-
tion using a wind turbine model and exhibits higher profit over
the entire range of tested reference wind velocities.

I. INTRODUCTION

Fatigue is damage of a material caused by cyclic applica-
tion of mechanical stress. Failure occurs after a large number
of e.g. 101−108 stress cycles at rather low stress amplitudes.
Stress levels may be smaller by dimensions than the ultimate
tensile stress where already a single stress peak leads to
failure of the considered machine part. Fatigue has large
impact on the operating costs of devices and thus control
of fatigue is used to increase the total economic profit.

Model Predictive Controllers (MPC) enable optimal con-
trol of many devices by using predictions of future system
excitation ([1], [2]). Based on these input predictions, stress
time-series at crucial spots in the device structure can be
predicted. Rainflow-counting (RFC) is the standard method
for decomposition of stress time-series for fatigue estimation.
Until recently, RFC could not be implemented in MPC [3]
and only could be used for post-processing of measured and
simulated data. In the preliminary study [4], RFC is imple-
mented in MPC by the method of Direct Online Rainflow-
counting (DORFC).

In the present paper, DORFC is applied to a wind turbine
model using turbulent wind of different reference wind
velocities. DORFC is compared to two conventional meth-
ods which here are called Tower-Tip-Velocity-Penalization
(TTVP) and Amplitude Penalization (AP). Previous appli-
cations of MPC to wind turbines can be found in [5], [6]
and [7].

*The depicted research is part of the project ’MISTRALWIND - Mon-
itoring and Inspection of Structures At Large Wind Turbines’ and funded
by the German Federal Ministry of Economic Affairs and Energy.

1Stefan Loew is with Siemens Corporate Technology, Otto-Hahn-Ring 6,
81739 Munich, Germany and the Wind Energy Institute of Techni-
cal University of Munich, Boltzmannstrasse 15, 85748 Garching, Germany.
loew.stefan@siemens.com

2Dr. Dragan Obradovic is with Siemens Corporate Tech-
nology, Otto-Hahn-Ring 6, 81739 Munich, Germany.
dragan.obradovic@siemens.com

3Prof. Carlo L. Bottasso is head of the Wind Energy Institute of
Technical University of Munich, Boltzmannstrasse 15, 85748 Garching,
Germany. carlo.bottasso@tum.de

This paper is organized as follows. In Section II, the con-
ventional fatigue estimation process is presented. In Section
III, three online implementations of fatigue penalization and
their gradients are described. In Section IV, the exemplary
wind turbine system and setup of the MPC is presented.
In Section V, the three implementations are compared w.r.t.
tuning effort as well as economic and dynamic behavior.
Finally, Section VI summarizes results and gives an outlook
to future work.

II. FATIGUE ESTIMATION

A. Relevant Quantities

Fatigue impact of a given stress time-series is character-
ized primarily by the amplitude and number of contained
stress cycles. Mean stress of cycles has to be considered,
since it alters fatigue impact of a cycle of a specific stress
amplitude. In current fatigue estimation procedures, frequen-
cies and actual shapes of stress cycles are neglected.

B. Cycle Identification

Rainflow-counting (RFC) is considered as most sophisti-
cated method for the identification of stress cycles c from
general non-repetitive stress time-series. RFC is based on
the work of Matsuishi & Endo [8] and standardized in
ASTM-E1049 [9]. This standard as well is the basis for
the implementation rainflow() in MATLAB [10]. The
outputs for identified stress cycles of RFC can be converted
to the quantities of Tab. I where the value of weight equals
wc = 1 if a full stress cycle is detected and equals wc = 0.5
if a half cycle is detected.

TABLE I: Converted outputs of RFC for stress cycles c

Quantity Variable Unit
Stress amplitude σa,c [Pa]
Stress mean σm,c [Pa]
Sample index of cycle maximum kmax,c [−]
Sample index of cycle minimum kmin,c [−]
Weight wc [−]

C. Fatigue Cost Estimation

After the identification of stress cycles c, damage D of
the stress time-series σ(u) can be computed, like shown in
Fig. 1 (left). For brevity of notation, only the dependency on
the control variables u is stated.
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Fig. 1: Original damage program (left). Substitution of
damage D by fatigue cost Jfatigue (middle). Substitution
of RFC(σ) by linear continuous functions yields the con-
tinuous fatigue cost program (right). Parallel calculation for
separate cycles (colored) and joint calculation (elsewhere).

1) Equivalent stress: The effect of mean stress of cycles
on fatigue is considered by a correction of amplitude stress
to an equivalent stress via the Goodman equation [11]

σeq,c = σa,c
Rm

Rm − σm,c
(1)

where Rm denotes ultimate tensile stress.
2) Damage of separate stress cycles: Wöhler curves

σeq,c(Nc) which can be obtained by material experiments
provide the equivalent stress of a cycle for a specific number
of cycles to failure. Fatigue damage of one cycle is obtained
by the reciprocal

Dc =
1

Nc(σeq,c)
(2)

of the number Nc of cycles to failure which is the inverse
of the Wöhler function.

3) Linear damage accumulation: Following the Miner-
Palmgren rule [12], total fatigue damage is obtained by linear
accumulation

D =
∑
c

Dc (3)

of damage of all detected cycles.

III. FATIGUE COST FUNCTIONS FOR ENMPC
This chapter deals with the online implementation of fa-

tigue metrics and their gradients in ENMPC. Two straightfor-
ward methods (TTVP, AP) and one novel method (DORFC)
are presented.

A. Tower-Tip-Velocity Penalization (TTVP)

A common approach of implementing fatigue in MPC is a
cost function term which quadratically penalizes stress rate.
The present work follows [7], where this is implemented
for a wind turbine tower by penalizing deflection rate ḋT

at the tower top. In the present work, this is implemented
by averaged kinetic energy of tower oscillation which is
obtained by

Jfatigue,TTV P =

∫ tend

t0

1

2Thorizon
mT ḋ

2
T dt (4)

using the lumped mass of the tower mT and a normalization
by the horizon length Thorizon = tend − t0.

ODEs for gradients dJfatigue,TTV P

dūi,j
of this integral fatigue

cost function w.r.t. the optimization variables ūi,j are set-up
symbolically using Schwarz’s theorem [13] and solved by
numerical integration (see [14]).

B. Amplitude Penalization (AP)

In the standard fatigue estimation process, stress am-
plitudes of separate cycles are considered as key fatigue-
drivers (see Section II-A). A constant stress trajectory results
in zero fatigue. Thus, fatigue damage can be penalized
approximatively by penalizing stress amplitudes

σa(k) = σ̄(k) − σm (5)

w.r.t. a stress mean

σm =

∑Nu

k=1 σ̄(k)

Nu
(6)

over the entire MPC horizon. The variable Nu denotes the
number of control intervals within the MPC horizon and σ̄(k)
denotes stress samples at the control intervals.

The fatigue cost function

Jfatigue,AP =

Nu∑
k=1

σa(k)2 (7)

is a sum of squares of stress amplitudes. Gradients
dJfatigue,AP

dūi,j
of total fatigue cost are obtained by applying

the chain rule.

C. Direct Online Rainflow-counting (DORFC)

The method DORFC is based on the standard fatigue
estimation process of Section II applied to the entire MPC
horizon. In order to enable monetary cost terms, the damage
program of Fig. 1 (left) is transformed to the monetary
fatigue cost program in Fig. 1 (middle). This requires a
monetary analytical expression for the cost Jfatigue,c of
separate stress cycles c w.r.t. equivalent stress σeq,c. In [4]
physical and mathematical requirements for this expression
are defined. One analytical expression which fulfills these
requirements is a polynomial

Jfatigue,c(σeq,c) = wc
(
a2 σ

2
eq,c + a4 σ

4
eq,c

)
(8)

of even exponents. The coefficients a2 and a4 can be based
on fatigue damage relations (2) and additional monetary
damage cost models. Analogously to fatigue damage (3),
fatigue cost is accumulated linearly by

Jfatigue,DORFC =
∑
c

Jfatigue,c. (9)
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In [4] a direct implementation of the Rainflow-algorithm
in MPC is introduced which overcomes obstacles for gradient
calculation. Key feature is the substitution of the discontinu-
ous RFC algorithm RFC(σ) by continuous expressions, like
shown in Fig. 1.

The implementation is based on the practical observation
with the present wind turbine model that the structure of
identified cycles does not vary strongly for most subsequent
MPC steps. This structure includes number of cycles max(c),
cycle weights wc and cycle samples (kmax,c, kmin,c). Thus,
this structure can be assumed to be fixed during one opti-
mization step in MPC. Consequently, according to Table I,
only mean σm,c and amplitude stresses σa,c remain variable.
Continuous expressions of mean stress

σm,c =
σ̄(kmax,c) + σ̄(kmin,c)

2
(10)

and amplitude stress

σa,c =
σ̄(kmax,c) − σ̄(kmin,c)

2
(11)

are obtained using their related maximum and minimum
stress samples. The positions kmax,c and kmin,c of these
stress samples within the MPC horizon are obtained from
the RFC algorithm.

Expressions (10) and (11) provide a continuous substitute
to the Rainflow-algorithm RFC(σ) in Fig. 1 (middle) which
yields the continuous fatigue cost program in Fig. 1 (right).
Gradients dJfatigue,DORFC

dūi,j
of total fatigue cost w.r.t. the

optimization variables ūi,j then can be obtained by applying
the chain rule.

IV. EXEMPLARY SYSTEM AND CONTROLLER

The exemplary three-bladed variable-speed 3.6MW wind
turbine model is assumed to be equipped with wind predic-
tion e.g. by a LiDAR, like shown in Fig. 2. Perfect foresight
of the rotor-equivalent velocity Vw of wind is assumed in this
work. Wind induces thrust force on the rotor which excites
fore-aft oscillations in the tower. These oscillations result in
severe cyclic stress and thus in fatigue at the tower root. This
wind turbine model is used as internal controller model and
as simulation model.

A. System Quantities

The wind turbine is modeled as an explicit nonlinear
system

ẋ = F(x(t),u(t), d(t)). (12)

The state vector

x(t) =



ωr(t)
dT (t)

ḋT (t)
βb(t)

β̇b(t)
Tg(t)

 (13)

is composed of the rotational speed of the rotor ωr(t),
the fore-aft deflection of the tower tip dT (t) and its time
derivative, the collective pitch angle of the blades βb(t) and

𝑑𝑇 , 𝐹𝑇  

𝛽𝑏 

𝜎 

𝜔𝑟, 𝑇𝑄  𝑇𝑔 𝑉𝑤 

Fig. 2: Sketch of the LiDAR-equipped wind turbine model
with rotor-equivalent velocity Vw of wind, generator torque
Tg , rotational speed of the rotor ωr, aerodynamic torque TQ,
displacement of tower tip dT , aerodynamic thrust force FT ,
collective blade pitch angle βb and tensile stress at tower
root σ.

its time derivative and the generator torque Tg(t). Stress at
tower root is modeled by a linear dependency

σ(t) = KσdT (t) (14)

to tower tip deflection dT (t) and thus is an output of the
system. The control variables for subordinate controllers of
the corresponding actuators are

u(t) =

(
βb,d(t)
Tg,d(t)

)
(15)

where βb,d(t) is the desired pitch angle of blades and Tg,d(t)
is the desired generator torque. Excitement and disturbance

d(t) = Vw(t) (16)

of the system stem from velocity Vw(t) of wind. Details on
the system dynamics and idealizations are given in [14].

B. Setup of Control Problem

The original problem of MPC is an Optimal Control
Problem over an infinite horizon. Because this problem usu-
ally cannot be solved, an approximative solution is obtained
by optimization over shorter, moving horizons [t0, tend]. In
the present case, the time-continuous control variables ui(t)
become the piecewise-constant optimization variables ūi,j ,
where the type of control variable is determined by i and
the control interval by j.

In order to provide maximum freedom to the optimization
algorithm in finding optimal solutions, the concept of Eco-
nomic NMPC (ENMPC) is pursued [7]. An economic cost
function

J = −Jrevenue(x) + αdamageJfatigue(x) (17)

is used to trade-off maximization of revenue Jrevenue and
minimization of fatigue cost Jfatigue by the controller. A
weighting-factor αdamage can be used to influence this trade-
off. The optimization problem is subject to
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umin ≤ ū ≤ umax, (18)

u̇min ≤ ˙̄u ≤ u̇max (19)

and cineq(x̄) =

(
x̄ − xmax
−x̄ + xmin

)
≤ 0, (20)

where the system states x̄ are sampled at the control intervals.
This nonlinear program is solved by the Sequential

approach where the system
[
ẋ, J̇integral, ∂ẋ

∂u ,
∂J̇integral

∂u

]T
of ordinary differential equations (ODEs) is solved in a
Single-shooting manner [1]. The integral cost function
Jintegral comprises both cost terms for TTVP and only
the revenue term for AP and DORFC (see Section IV-C).
The solutions of the ODEs are used for preparation of
a Quadratic Programming (QP) problem and for Hessian
update via the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
method ([15], [16]). Following the method of Real-time
Iteration [17], only one QP is solved per MPC step. More
details on the present implementation are described in [14].

C. Terms of Cost Function

For TTVP and AP, following [7], revenue is represented
by extracted energy from the wind which is obtained by

Jrevenue,TTV P/AP =

∫ tend

t0

PA(t)dt (21)

using extracted aerodynamic power PA. For TTVP, fatigue
cost is represented by (4) and a pareto-optimal tuning weight
of αdamage,TTV P = 4200 has been determined by simula-
tions. For AP, fatigue cost is represented by (7) and the cor-
responding pareto-optimal tuning weight is αdamage,AP =
2520. Note that using this weight, stresses σ̄ need to be in
the unit [MPa].

For DORFC, monetary cost terms are applied. Thus,
revenue within the horizon is obtained by

Jrevenue,DORFC =

∫ tend

t0

PA(t)Jelec,kWh
1

1000 · 3600
dt

(22)
for a fixed electricity price of Jelec,kWh = 0.1 e

kWh . By
the denominator, the electricity price is converted to SI-
units [ eWs ]. For DORFC, the monetary fatigue cost term (9)
requires an expression for cost Jfatigue,c of separate stress
cycles. This expression is obtained by fitting the coefficients
in (8) to Wöhler parameters of Tab. II and an exemplary
machine cost of Jmachine = 4 · 106e. This yields the
polynomial cost curve in Fig. 3.

It needs to be stated that this cost curve is not valid for
equivalent stresses close to ultimate tensile stress since cost
of one cycle should approach total machine cost there. In
the present work this is not crucial since equivalent stresses
remain far below these levels. Since both cost function terms
for DORFC are on the same monetary basis, the tuning
weight can be set to αdamage,DORFC = 1.

TABLE II: Material properties of steel of the wind turbine
tower.

Quantity Unit Value
Yield stress Rp [MPa] 355
Ultimate tensile stress Rm [MPa] 400
Number Nslo of cycles at slope change (Wöhler) [−] 5 · 106
Stress σeq,slo at slope change (Wöhler) [MPa] 65.7
Slope k of first part of Wöhler curve [−] 3
Slope k of second part of Wöhler curve [−] 5
Number of cycles at fatigue endurance [−] 8 · 106

0 100 200 300 400

Equivalent stress [MPa]

0

50

100

150

200

250

Samples of cost
Fitted polynomial of cost

Ultimate
tensile stress

Fig. 3: Curve fitting of fatigue cost Jfatigue,c(σeq,c) of
separate stress cycles.

D. Controller and Simulation Settings

For the MPC, a controller sample-time of Tcntrl = 0.2s,
Nu = 20 control steps per prediction horizon and a fixed
integrator step-time of Tintegr = 0.005s are used. The MPC
is real-time feasible in this case. Length of the prediction
horizon was chosen to Thorizon = 4s to contain at least one
full stress cycle at the first eigenfrequency of the wind turbine
tower. Simulations in the present work are conducted using
rotor-averaged IEC 61400 Class A turbulent wind data Vw(t)
of different reference velocities Vw,ref . These time series of
3600s each are generated by TurbSim.

V. RESULTS OF APPLICATION & DISCUSSION

A. Tuning of Cost Function

Like mentioned in Section IV-C, determination of profit-
optimal tuning weights αdamage for TTVP and AP requires
extensive simulations. Since there is no common economic
basis between revenue and fatigue cost function terms, even
guessing suitable dimensions for the tuning weights is not
intuitive. In contrary, DORFC can be applied immediately,
only by setting electricity price, material parameters and the
cost of machine failure.

B. Economic Controller Behavior

Behavior of absolute revenue in Fig. 4a is similar for
all of the three methods. Towards high reference velocities
of wind, revenue settles since the wind turbine is operated
at rated conditions for an increasing portion of time. Like
shown in Fig. 4b, TTVP and AP exhibit significantly lower
revenue by 1% to 2% normalized to revenue of DORFC.
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This especially is pronounced for below-rated reference wind
velocities Vw,ref < 9.8m/s.

Absolute monetary fatigue cost in Fig. 4c is very low in
comparison to revenue for all reference velocities. This as
well was observed from simulations of another turbine at the
same wind conditions. Relatively high fatigue costs occur
at reference wind velocities close to rated wind velocity.
This is influenced by the sharp maximum of thrust force
at the transition from region II 1/2 to region III and strong
gradients of thrust force w.r.t. wind velocity in proximity
to this peak. Thus, following fluctuations of wind velocity
results in highly dynamic excitation of the turbine tower.

Like shown in [4], for the present wind turbine the Pareto
optimum for TTVP occurs at low fatigue costs but as well
at low revenue. For AP, the pareto-optimal weighting factor
results in medium fatigue cost, like shown in Fig. 4c and
Fig. 4d. For all reference wind velocities, the ENMPC using
DORFC operates the turbine tower most aggressively and
results in highest fatigue cost.

Profit of operation here is defined by the difference be-
tween revenue and fatigue cost. Normalized profit

Profitnorm(Vw,ref ) =

Revenue(Vw,ref ) − CostFatigue(Vw,ref )

RevenueDORFC(Vw,ref ) − CostFatigueDORFC(Vw,ref )
(23)

for a specific reference wind velocity in this case is defined
by a normalization to the respective profit of DORFC.

Like shown in Fig. 4e, TTVP looses up to 0.5% of profit
compared to DORFC. AP looses almost 0.3% for a reference
wind velocity of Vw,ref = 7m/s. The profit of AP seems
to be less sensitive to wind velocity than it is the case with
TTVP. In general, significant benefits of using DORFC can
be expected especially for below-rated wind velocities since
there is more freedom in shifting power extraction in time.
It can be concluded for the present application that DORFC
economically correctly accepts higher fatigue damage in the
tower in exchange to higher energy extraction from the wind
in comparison to the other methods. Additionally, note that in
contrary to TTVP and AP, the weight αdamage,DORFC = 1
is not optimized.

C. Dynamic Controller Behavior

Fig. 5 shows the dynamic behavior of the wind turbine
for turbulent wind of a reference velocity Vw,ref = 9m/s.
This reference velocity results in high fatigue cost for all
methods, like shown Section V-B.

TTVP very well smoothens the effect of turbulent wind
on angular velocity of the rotor. AP and especially DORFC
stronger follow the wind. For DORFC, this as well results
in higher amplitudes in tower root stress which can be
expected considering the fatigue analysis in Section V-B.
However, this stress trajectory shows plateaus which as well
are observed in [4]. While strongly following the wind, part
of the damage is reduced by cutting the peaks of the stress
cycles.
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Fig. 4: Economic comparison of Tower-Tip-Velocity-
Penalization (TTVP, weighting factor αdamage = 4200),
Amplitude Penalization (AP, αdamage = 2520) and using
Direct Online Rainflow-counting (DORFC, αdamage = 1).
a) Revenue by sold electric energy. b) Normalized revenue.
c) Fatigue cost by stress oscillations at tower root. d)
Normalized fatigue cost. e) Normalized profit.

Due to slightly higher amplitudes in generator torque and
higher variability in angular velocity of the rotor, power
quality is expected to be lower for DORFC in comparison to
TTVP and AP. On the other hand, DORFC shows least use
of the pitch actuators. This is highly beneficial since fatigue
in the blades and in the pitch bearings is a further key cost
driver which has to be considered.

VI. CONCLUSION & OUTLOOK

Implementing the standard material fatigue estimation
process in MPC via Direct Online Rainflow-counting ex-
hibits practical advantages because the cost function only
needs to be parameterized by physical and economical
quantities. No extensive simulations are necessary to find
suitable tuning weights like it is the case with Tower-Tip-
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Fig. 5: Comparison of dynamic behavior using Tower-Tip-
Velocity-Penalization (TTVP, weighting factor αdamage =
4200), Amplitude Penalization (AP, αdamage = 2520) and
Direct Online Rainflow-counting (DORFC, αdamage = 1)
for a reference velocity Vw,ref = 9m/s.

Velocity-Penalization and Amplitude Penalization. Tower-
Tip-Velocity-Penalization and Amplitude Penalization ex-
hibit fair economic results while the latter seems to be less
sensitive to reference wind velocity. Direct Online Rainflow-
counting exhibits best profit due to higher total revenue while
accepting higher damage of the turbine tower.

Dynamic behavior of DORFC exhibits characteristic
plateaus in the stress trajectory which stem from the direct
objective of reducing the amplitudes of stress cycles. Power
quality of AP and DORFC seems to be lower than for TTVP.
On the other hand, DORFC advantageously requires less
pitch activity for the present case.

The present work is to be considered as a preliminary
study, and further investigations are planned. Future work
will be directed to:

• Including stress information from past measurements
• Research on uncertainty and robustness
• Application of DORFC within the Simultaneous ap-

proach (Multiple Shooting)
• Higher-sophisticated and business-oriented fatigue cost

models
• Simultaneous consideration of fatigue cost for multiple

wind turbine parts
• Realistic wind turbine controller tests using a high-

fidelity wind turbine simulator
• Comparison of DORFC to further fatigue penalization

methods
• Application of DORFC to other fatigue-driven systems.
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3.3 Paper 3: Incorporation of fatigue into the MPC algorithm

3.3.1 Summary

The novel method "Direct Online Rainflow-counting" (DORFC) has been presented only with a mini-
mum level of detail in Paper 2. The present paper closes this gap.

A literature review reveals that all indirect [32, 33] and direct methods [36–39] for the online
implementation of fatigue in MPC either do not accurately approximate fatigue damage, or result in
high computational load. Furthermore, the following obstacles are reported to stand in the way of
direct implementation of RFC in MPC:

1. RFC requires the entire stress trajectory over the prediction horizon, and thus cannot be cast
into standard stage or terminal cost functions;

2. It does not seem possible to derive analytical expressions of fatigue cost gradients, due to the
RFC algorithm not having a "closed mathematical form";

3. RFC is a highly nonlinear algorithm, which exhibits discontinuous outputs because of its
branches and loops.

These obstacles are overcome by the combined application of the following principles:

1. Separate: In the MPC implementation, the fatigue cost algorithm is inserted in between of the
ODE solution and the QP solution, which are separated according to the Sequential approach;

2. Substitute: For the purpose of gradient computation, RFC as part of the fatigue cost algorithm is
substituted by continuous linear expressions. These expressions are assumed to be locally valid
for one MPC step;

3. Switch seldom: This local validity is supported by numerical studies using the wind turbine
system which show that switches in the execution structure of RFC happen sufficiently seldom
over the simulation time.

The numerical studies reveal the following four extra insights w.r.t. Paper 2: In the frequency space,
DORFC beneficially focuses on the reduction of stress amplitudes, irrespective of the frequency where
they occur. Online fatigue estimation ratios are at meaningful levels, and optimal cost tuning does
not seem to imply meeting a certain estimation ratio. In the cost function, switching events happen
sufficiently seldom. The fatigue cost gradients obtained by DORFC match with the ones obtained by
the Finite Difference method.

3.3.2 Contribution

The author of this dissertation developed the core idea of Direct Online Rainflow Counting, formalized
the approach, performed the implementation, and executed and analyzed the simulations. The author
of this dissertation and CLB wrote the paper. DO and CLB put the formulation in the right context,
recommended simulation cases, and supervised the work. All authors provided important input to
this research work through discussions, feedback and by improving the manuscript.

3.3.3 Reference

S. Loew, D. Obradovic, and C. L. Bottasso, “Economic nonlinear model predictive control of fatigue—
formulation and application to wind turbine control,” Optimal Control Applications and Methods,
2022. doi:10.1002/oca.2870
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Abstract
In this article, the estimation of fatigue is implemented in the cost function
of a gradient-based model predictive controller (MPC). This is a challenging
problem, because calculating fatigue leads to a non-standard and discontinu-
ous cost function. Based on a brief previous publication, in the present work
the method is derived, explained, and assessed in detail. The key enablers of
the proposed method are a sequential implementation of MPC, the periodic
substitution of discontinuous aspects of the cost function by linear functions,
and the assumption of a sufficiently infrequent switching of this substitution.
Fatigue cost gradients are obtained efficiently by automatic differentiation. The
method is implemented in an economic nonlinear model predictive controller
(ENMPC), which optimally balances revenue and fatigue cost. This novel for-
mulation is applicable to a very wide range of domains, and it is demonstrated
here on the control of a wind turbine. The proposed ENMPC is fully param-
eterized by physical and monetary variables, and outperforms a conventional
ENMPC based on the literature. The method is assessed by considering various
metrics, including frequency spectra, damage estimation, switching, and gradi-
ent dynamics, which together provide useful insight into its main characteristics
and an initial assessment of its performance.

K E Y W O R D S

economic control, fatigue, model predictive control, wind turbine

1 INTRODUCTION

1.1 Motivation

The phenomenon of fatigue is characterized as damage caused by cyclic loading. Fatigue failure of a component typically
occurs after a large number of cycles even at rather low amplitudes and mean load values, well below the admissible
ultimate ones.1

The present research is part of the project “MISTRALWIND—Monitoring and Inspection of Structures At Large Wind Turbines”, funded by the German
Federal Ministry for Economic Affairs and Energy.
This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2022 The Authors. Optimal Control Applications and Methods published by John Wiley & Sons Ltd.

Optim Control Appl Meth. 2022;1–30. wileyonlinelibrary.com/journal/oca 1
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T A B L E 1 Cyclic fatigue in different domains

Domain Relevant load state Unit Examples

Moderately loaded mechanical structures
(elastic deformation)

Mechanical stress Pa Towers and blades of wind turbines2,3

Highly loaded mechanical structures (plastic
deformation)

Mechanical strain - Jet engine rotors4

Power semiconductors (thermo-mechanical
variations)

Temperature K Insulated-gate bipolar transistors
(IGBT) in power converters5,6

Battery energy storage systems (loss of active
material by charging and discharging)

State of charge (SoC) % Lithium-ion cells7,8

Fatigue is relevant to a variety of domains, where it is driven by different system states, as shown in Table 1. The
present work considers the structural fatigue of a wind turbine tower. Thus, without loss of generality, mechanical stress
𝜎 is considered as the fatigue-driving quantity throughout this work.

Fatigue has a large impact on the investment and operating costs of devices, and thus on economic profit.
However, unfortunately fatigue damage cannot in general be completely avoided, and can only be mitigated, for
example by active controls or passive design solutions. Model predictive control (MPC) enables the economically
optimal management of systems by using predictions of their future response,9,10 including stress at crucial spots
in the device structure. Rainflow counting (RFC) is the standard algorithm used for the decomposition of stress
time-series in the estimation of fatigue damage. It should be noticed that RFC is typically a post-processing activ-
ity: given a measured or simulated signal, RFC can be used to decompose it in a way that is amenable to
the estimation of fatigue-induced damage. Unfortunately, however, RFC is a discontinuous branching algorithm,
which is not per-se directly usable within an optimization context, including MPC.2 Furthermore, RFC requires
complete stress trajectories as input, and thus cannot be cast into standard stage or terminal cost functions.
Consequently, previous work on MPC for fatigue reduction always has avoided using RFC, as presented in the
following.

1.2 Previous work

Conventional MPC formulations for fatigue found in the literature can be classified according to the use of an indirect or
a direct fatigue metric.

With indirect fatigue metrics, instead of actual fatigue damage, only a damage-related value is considered and
optimized, as illustrated in the left part of Figure 1. Two main families of methods have been described:

• The penalization of deflection rate is a common approach for considering fatigue in MPC. In Gros et al.11 and Evans
et al.,12 this method is implemented for wind turbine towers by penalizing the deflection rate at the tower top. Since
deflection correlates with stress, this can be interpreted as damping of stress oscillations. This method does not consider
stress cycles per se, and thus cannot establish a direct link to fatigue. However, since this method has served as a
common basis for comparison among several publications, it will be used here as a baseline reference under the label
“Tower-tip-velocity penalization” (TTVP).

• In spectral methods, damage is approximated by empirical functionals depending on spectral moments of the predicted
stress signal.2 A severe limitation of this approach is the inherent assumption of a narrow-banded Gaussian process,
which is often violated in practical cases.

In contrast, direct fatigue metrics evaluate actual fatigue damage, which can be readily converted to monetary fatigue
cost, as illustrated in the right part of Figure 1. The main approaches within this family are as follows:

• By the serialization of stress cycles,3 a simplified fatigue metric is calculated in continuous time within the control
horizon. Here, stress cycles are detected by sign changes in the stress signal, similarly to the Simple Range Counting
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Stress or Simple accumulation,

e.g. integralother state

Damage-

related

value

Stress
ActualStandard fatigue

estimation procedure

Simple accumulation

damage

F I G U R E 1 Left: Indirect fatigue metric. Right: Direct fatigue metric13

method of ASTM.14 This serialization is an extreme simplification of RFC, because nesting of stress cycles is not
accounted for.

• In Barradas-Berglind et al.,15 hysteresis operators are used to adapt parameters of a cost function in the MPC. However,
this cost function essentially penalizes only deflection rates, similarly to the TTVP approach. Additionally, the authors
state that the resulting control problem is hard.

• In Collet et al.,16 fixed-point iterations are used to tune a parametric nonlinear relationship of stress variance to actual
fatigue at each MPC step. Two advantages of this approach are a solid relation to fatigue and the combination of
proven numerical methods. The main disadvantage relates to the numerous required fixed-point iterations, with a
consequently high computational cost.16

• In Luna et al.,17 a surrogate Artificial Neural Network is trained based on damage results from a large number of stress
time series. This approach seems to be very promising in terms of correct damage estimation. However, it involves a
high a priori effort for the training of the surrogate model, as well as a significantly increased computational load in
the MPC.17

In summary, all available indirect or direct fatigue metrics either do not accurately approximate fatigue damage, or
result in high computational load. Since RFC is the de facto standard for fatigue estimation, a direct and non-simplified
implementation of RFC in MPC is desirable and promises best results. To the authors’ knowledge, the problem of rigor-
ously implementing RFC within MPC was first solved by the same authors in Loew et al.,18 using a novel method termed
Direct Online Rainflow Counting (DORFC). However, in Loew et al.,18 only the core idea of the method was mentioned
with a minimum level of detail, and brief simulation results were shown.

1.3 Contribution

These gaps are closed in the present work. For the first time, a comprehensive presentation of DORFC is provided. The
discussion covers the obstacles to the inclusion of RFC into MPC, the solution strategy, the required assumptions, and
the inherent limitations of the resulting algorithm. Furthermore, mathematical and algorithmic details are provided here
to facilitate a rapid implementation by interested readers. Finally, for the first time several interesting characteristics of
DORFC are demonstrated with reference to a complex wind turbine control problem. These characteristics span over
the domains of economic behavior, dynamic behavior, online damage estimation capabilities, switching behavior, and
gradient dynamics.

1.4 Outline

The standard procedure for off-line fatigue estimation is presented in Section 2. Next, Section 3 discusses an imple-
mentation of nonlinear MPC (NMPC), which is suitable for fatigue control. Section 4 provides a detailed explanation of
the DORFC formulation. In order to give practical insights into DORFC, the method is applied to a wind turbine con-
trol problem in Section 5. The DORFC MPC is compared to a conventional MPC in Section 6, leading to an extensive
demonstration and quantification of its performance. Finally, Section 7 presents the main conclusions and findings, and
directions for further research.
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2 FATIGUE DAMAGE ESTIMATION

2.1 Overview and governing quantities

Fatigue impact of a given stress time-series 𝜎(k) is characterized primarily by the amplitudes 𝜎a,c of the Nc stress cycles
c that the signal contains. Methods for identification of these stress cycles are presented in Section 2.2. For an overview,
the cycle-governing quantities are collected in Table 2.

In addition to the amplitudes, stress mean values 𝜎m,c of the cycles have to be considered, since typically a positive
stress mean increases fatigue, whereas a negative stress mean has the opposite effect. In fatigue estimation, the frequen-
cies and actual shapes of stress cycles are neglected. Therefore, all reviewed methods for cycle identification include the
reduction of the stress time histories to a series of peaks and valleys (extrema). The calculation of fatigue damage is then
based on the identified cycles, as shown in Section 2.3.

2.2 Cycle identification

Cycle identification from stress time-series is straightforward if, for example, a simple sinusoid is analyzed. There, ampli-
tude, mean value, and number of cycles are obvious. However, realistic stress trajectories are usually highly complex and
contain stress cycles that can be nested.

In the ASTM-E1049 standard,14 various methods are presented for the identification of stress cycles. These include
methods for serial counting of stress-level crossings, stress extrema and stress ranges. For repetitive stress patterns, the
Reservoir Method is a sophisticated and intuitive approach.19 For general non-repetitive stress patterns, the Rainflow
Counting algorithm (RFC) is considered as the most sophisticated method. Thus, RFC is chosen for the present work and
is expressed as

[𝜎a,c, 𝜎m,c, kmax,c, kmin,c,wc] = RFC(𝜎(k)), (1)

where the weight is set as wc = 1 if a full stress cycle is detected, whereas wc = 0.5 in the case of a half cycle. Full cycles are
cosines of a full period, while half cycles are cosines of only a half period. Half cycles therefore represent either a rising
or falling transient.

As shown in more detail in Appendix A, RFC contains algorithmic branches and loops, resulting in a discontinuous
output behavior. Furthermore, the number Nc of identified cycles is not known before execution, but can only be bounded
by the number of extrema.

2.3 Damage estimation

After the identification of stress cycles, the total damage of a stress time-series can be computed as shown by the standard
damage program reported in Figure 2a.

The effect of the cycle stress mean on fatigue is considered by correcting the stress amplitude to an equivalent stress
via the Goodman equation20(p. 184):

𝜎eq,c = 𝜎a,c
Rm

Rm − 𝜎m,c
, (2)

T A B L E 2 Converted outputs of RFC for stress cycles c

Quantity Variable Unit

Stress amplitude 𝜎a,c Pa

Stress mean 𝜎m,c Pa

Sample index of cycle maximum kmax,c -

Sample index of cycle minimum kmin,c -

Weight wc -
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F I G U R E 2 Standard damage program (a). Substitution of RFC(𝜎) by linear continuous functions (16) yields the continuous damage
program (b). Substitution of the damage functions Dc by fatigue cost functions Jfatigue,c yields the fatigue cost programs (c,d). Reverse
automatic differentiation of (d) yields the fatigue cost gradient program (e). For all programs: Separate calculation for the individual stress
cycles (colored background) and joint calculation (elsewhere). The grey arrow indicates the calculation flow of DORFC, where a forward
execution of the “Discontinuous fatigue cost program” (c) is followed by a reverse execution of the “Fatigue cost gradient program” (e)

where Rm denotes the ultimate tensile stress.
Woehler curves, which can be obtained by ad hoc material experiments, provide the number Nfail of cycles to failure

for specific equivalent stresses. Consequently, fatigue damage of one cycle is obtained by the reciprocal to the number
Nfail of cycles to failure, that is,

Dfatigue,c =
1

Nfail(𝜎eq,c)
. (3)

Assuming linear and time-invariant damage accumulation, the Miner-Palmgren Rule21 is used to compute the total
fatigue damage of the stress time series as

Dfatigue =
∑

c
Dfatigue,c. (4)

3 NMPC FORMULATION AND IMPLEMENTATION

The original NMPC problem is an optimal control problem over an infinite time horizon. Because this problem usually
cannot be solved in closed form, an approximative solution is obtained by optimization over a shorter, moving horizon
[t0, tend].

3.1 Dynamic system

The present work considers a continuous nonlinear system

ẋ = F(x(t),u(t),d(t)), (5)
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comprising the system states x(t), the control variables u(t), and external disturbances d(t). Fatigue is caused by stress
𝜎(t), which can be one of the states or outputs of the system.

3.2 Economic formulation of revenue and fatigue

In order to provide meaningful optimal solutions, the concept of Economic NMPC (ENMPC) is pursued in the
present work. An interesting discussion on economic nonlinear model predictive controller (ENMPC) can be
found in Gros et al.11 The core idea of ENMPC is the direct implementation of high-level operational objectives
in the cost function. In many cases this is superior to the tracking of state trajectories often used in standard
NMPC.

For the present application, the economic cost function J is expressed as

J(x) = −Jrevenue(x) + 𝛼damageJfatigue(x). (6)

This figure of merit is used to trade-off the maximization of revenue Jrevenue and the minimization of fatigue cost Jfatigue
by the controller. A weighting factor 𝛼damage can be used to influence this trade-off. Revenue is formulated as a stage cost
term

Jrevenue =

tend

∫
t0

J̇revenue(x(t)) dt. (7)

The formulation of fatigue cost will be presented in Section 4.3.

3.3 Formulation of the nonlinear program

The NMPC problem is transformed to a nonlinear program (NLP) by discretizing the time-continuous con-
trol variables u(t) into piecewise-constant optimization variables ui,j. Here, the type of control variable is deter-
mined by i ∈ Nin and the control interval by j ∈ Nu. The number of control inputs is denoted by Nin and
the number of control samples by Nu = Thorizon∕Tcntrl, with horizon length Thorizon = tend − t0 and controller
sample-time Tcntrl.

The NLP is defined by the minimization

min
u

J(x), (8)

of the cost function (6) subject to the system dynamics (5), box constraints on the optimization variables

umin ≤ u ≤ umax, (9)

and nonlinear inequality constraints

cineq(x) =

(
x − xmax

− x + xmin

)
≤ 0, (10)

on the system states xk,j, which are sampled at the control intervals j ∈ Nu. Here, the individual states are represented by
k ∈ Nx with the total number of states Nx.

The above hard nonlinear inequality constraints are sufficient in a setting without noise or plant-model mismatch,
as true for the exemplary application of the present work. In the case of significant noise, soft constraints have to be
employed to ensure feasibility.22
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In the present work, the Sequential Approach is applied, where the dynamics are solved in a single-shooting fash-
ion before the optimization step. This results in a small-size optimization problem.23 The simulated dynamics are
expressed as

Ẋ =
[

ẋ, J̇revenue,
dẋ
du

, dJ̇revenue

du

]T

, (11)

and involve four components: the ODEs of the reduced plant system ẋ, given by (5), and of the revenue term J̇revenue, given
by (7), as well as the variational differential equations (VDEs) for the state gradients dẋ

du
and the revenue gradients dJ̇revenue

du
.

Note that the VDEs make up the major portion of the simulated dynamics since, for example, for the state gradients, each
state has to be derived w.r.t. each individual control sample, and thus the dimension is dẋ

du
∈ RNx ⋅Nin⋅Nu . More details on

the present formulation are provided in Löw et al.24

3.4 Real-time implementation

Sequential Quadratic Programming (SQP) is a common method for solving NLPs. Here, the NLP is sequen-
tially approximated by QPs, which is repeated until full convergence and can be very time-consuming. Thus, the
present implementation is based on the Real-Time Iteration (RTI),25 which is inspired by SQP but only solves one
Quadratic Programming (QP) problem at each MPC step, as shown in Figure 3. RTI is based on the assumption
that the optimization problems vary slowly over time. Thus, the QPs in subsequent MPC steps approximate
an SQP.

Solving only one QP per MPC step implies that full convergence is in general not achieved. However, starting from a
good initialization at the first MPC step, each new operating point is close to the previous one, and each new optimization
solution exhibits only limited suboptimality (see Diehl et al.26 and Gros et al.25 for further details).

Each QP problem is formulated at the current operating point (x∗,u∗,d∗), where the cost is approximated by a
quadratic function as

min
Δu

1
2
ΔuTH∗Δu + (g∗)TΔu. (12)

Here H∗ is the Hessian, and g∗ is the gradient of the cost function w.r.t. the optimization variables u. Each QP yields an
update

unew = u∗ + Δu, (13)

of the optimization variables.

Real-time IterationClassical program structure

Series of 

QP steps

QP

Prediction Horizon

ODEs QP

Sequential Quadratic Programming

ODEs HESS …ODEs HESS

QPODEs QP

Sequential Quadratic Programming

ODEs HESS …ODEs HESS

time
0 Tcntrl 2Tcntrl 3Tcntrl 4Tcntrl 5Tcntrl 6Tcntrl 7Tcntrl 8Tcntrl

time
0 Tcntrl 2Tcntrl 3Tcntrl 4Tcntrl 5Tcntrl 6Tcntrl 7Tcntrl 8Tcntrl

QP step ODEs QP ODEs HESS

QP step ODEs QP ODEs HESS

…

…

F I G U R E 3 Comparison of the classical MPC program structure and the RTI method. HESS, update of the Hessian matrix; ODEs,
numerical integration of the dynamics; QP, solution of the QP problem
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In the present work, the Hessian H∗ of the QP problem is approximated at each control step according to the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) method.23,27 The BFGS method only requires the current optimization vari-
ables and cost gradients, and the Hessian does not have to be explicitly calculated.

The gradients of the cost function (6) w.r.t. all optimization variables are written as

g∗ = dJ∗

du∗ = g∗revenue + g∗fatigue, (14)

and are obtained separately for revenue and fatigue cost. The gradients for the cumulative revenue stage cost write

g∗revenue =
dJ∗revenue(tend)

du∗ , (15)

and are only required at the end t = tend of the prediction horizon. These gradients are obtained via the corresponding
VDE in (11). The formulation of the fatigue cost gradients will be presented in Section 4.4.

For the present implementation, the algorithms for solving the dynamics and the QP will be stated in Section 5.3.

4 DIRECT ONLINE RAINFLOW COUNTING

4.1 Obstacles

According to the literature, the following obstacles stand in the way of a direct implementation of RFC in MPC:
Obstacle 1: RFC requires the entire stress trajectory over the prediction horizon as an input,3 and thus cannot be cast

into standard stage or terminal cost functions. Stage costs would comprise a summation of state-samples or a time-integral
of state-trajectories over the prediction horizon. Terminal costs would be defined as functions of the state samples at the
end of the prediction horizon.28

Obstacle 2: It does not seem possible to derive analytical expressions of fatigue cost gradients g∗fatigue, due to the RFC
algorithm not having a “closed mathematical form”2,29-31

Obstacle 3: RFC is a highly nonlinear algorithm,15 which exhibits discontinuous outputs because of its branches and
loops (see Section 2.2).

4.2 Solution strategy

The above mentioned obstacles can be overcome by the combined application of three principles, which are labeled here
“Separate”, “Substitute”, and “Switch seldom”:

“Separate”: Obstacle 1, which amounts to a “non-standard cost function”, can be overcome if in the MPC implemen-
tation the solution of the ODEs and of the QP are separated and serialized, as visualized in the upper part of Figure 4.
This is enabled in the present MPC implementation by exploiting the following properties of the Sequential Approach
(see Section 3.3):

• Trajectories of states x and state gradients dxl(k)∕dui,j are obtained by an ODE solver using single-shooting, and thus
are available before the QP solution (see Section 3.3).

• Cost gradients dJfatigue(tend)∕du need to be determined only at the end of the prediction horizon, but not over the
prediction horizon itself (see Section 3.4).

Via the insertion of code in between the QP steps shown in the lower part of Figure 4, the rainflow algorithm is
executed (directly) without approximations and (online) within the MPC. This justifies the use of the terms Direct Online
in the DORFC name of the algorithm.

“Substitute”: Obstacle 2 refers arguably to an absence of a “closed mathematical form”, which is questioned in the
present work. As shown in Figure A1 in the Appendix, the algorithmic loops in RFC are always executed a finite number
of times. Thus, RFC can actually be classified as a “closed” algorithm.
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QP step ODEs QPDORFC ODEs DORFC HESS

QP step ODEs QP ODEs HESS

Real-time Iteration:

Real-time Iteration including Direct Online Rainflow-counting:

F I G U R E 4 Integration of DORFC into the QP steps of the RTI method. HESS, update of Hessian Matrix; ODEs, numerical integration
of the ordinary differential equations; QP, solution of a QP problem

Instead, in the present work, the argument of a non-closed form is interpreted to originate from the fact that the
discrete execution structure of the RFC algorithm is highly dependent on the input, and thus is not known a priori.

Definition (Execution structure): The execution structure is composed of the set of consecutive branch decisions.

The input-dependency of the execution structure originates from two properties of RFC:

1. The input stress time-series is reduced to extrema, which clearly depend on the stress time-series itself.
2. The branches and loops in the cycle-counting procedure depend on the locations and values of these extrema.

The input-dependent execution structure of the RFC algorithm still poses a very challenging obstacle, and probably
still blocks any attempt at deriving gradients of RFC(𝜎). However, for many practical applications (including the one
shown in Section 6.4), it is reasonable to hypothesize that:

• The execution structure only changes gradually over time.
• Consequently, the execution structure—and thus also the output cycle structure—can be assumed to remain fixed

within each MPC step.

Definition (Cycle structure): The cycle structure is composed of the number of cycles Nc, cycle weights wc, and
cycle samples (kmax,c, kmin,c).

The assumption of a fixed structure allows for the substitution of RFC(𝜎) by continuous expressions, and the
transformation from a discontinuous to a continuous (and differentiable) damage program, as shown in Figure 2.

The substitution is performed for the stress mean 𝜎m,c and stress amplitude 𝜎a,c for separate cycles (see Table 2), by
using their related maximum and minimum stress samples, which leads to

𝜎m,c =
𝜎(k̂max,c) + 𝜎(k̂min,c)

2
and 𝜎a,c =

𝜎(k̂max,c) − 𝜎(k̂min,c)
2

. (16)

These expressions are continuous and linear, and are assumed to be locally valid for one MPC step.
To conclude, each execution of DORFC consists first of the evaluation of the “Discontinuous fatigue cost program”

based on RFC, and second of the evaluation of the “Fatigue cost gradient program” based on the continuous substitutes,
as shown in Algorithm 1. The computation steps of the fatigue cost program will be specified in Section 4.3, and of the
fatigue cost gradient program in Section 4.4.

“Switch seldom”: Obstacle 3, which refers to the “discontinuous output” of the algorithm, is especially relevant for
the present work, since the RTI method is used. In fact, RTI requires the cost function and its gradients to only change
mildly for successive MPC-steps. This can be achieved if:
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Algorithm 1. MPC using DORFC

Input: measurement of system states, initial guess of control variables
Output: update of control variables
while true do

1: Receive new initial states from measurement
2: ODEs: Solve dynamics (11) via single-shooting,using current initial states and control trajectories
3: DORFC(1): Evaluate "Discont. fatigue cost program", using rainflow algorithm (1) on stress trajectory
4: DORFC(2): Evaluate "Fatigue cost gradient program", using continuous stubstitutes (16)
5: QP: Set up and solve QP
6: Apply new control variables to plant
7: ODEs + DORFC: Execute steps 2: to 4:,using current initial states and new control trajectories
8: HESS: Update Hessian matrix via BFGS method,using old and new control trajectories and cost gradients

end

• The sample-time Tcntrl of the controller is appropriately low w.r.t. the time constants of the system dynamics (5).
• The discontinuities in RFC switch sufficiently seldom.

This requirement of seldom switches can be linked to the concept of “average dwell-time” in switching cost
functionals.32 In a nutshell, this concept implies that an MPC with switching cost function can remain stable if, on aver-
age, there is a sufficient time period between the switching events. Since this requirement only holds “on average”, a
longer time period without switches may be followed by a time phase of frequent switches. A more precise theoretical
analysis is out of scope of the present paper. However, studies using an exemplary system in Section 6 show that indeed
changes in the execution structure of RFC happen infrequently enough over the simulation time.

4.3 Continuous fatigue cost program

In order to obtain monetary cost functions in the ENMPC, the damage programs are transformed into fatigue cost pro-
grams as shown in Figure 2 (programs (a) into (c), and (b) into (d)). This transformation requires a continuous expression
for the cost Jfatigue,c of separate stress cycles c w.r.t. the equivalent stress 𝜎eq,c. The following criteria are proposed for this
analytical expression:

• A zero equivalent stress should result in a zero cost, that is,

Jfatigue,c(𝜎eq,c = 0) = 0. (17)

• There are no healing effects in standard fatigue models. Thus, negative fatigue costs should never be obtained for all
possible values of the equivalent stress, that is,

Jfatigue,c(𝜎eq,c) ≥ 0, (18)

for every 𝜎eq,c ∈ R+
0 . Notice that the Goodman equation (2) does not produce negative equivalent stresses, since the

stress mean 𝜎m,c < Rm must not exceed the ultimate tensile stress limit.
• Due to the use of gradient-based optimization, the expression has to be continuously differentiable on 𝜎eq,c ∈ R+

0 .
• Due to the use of a QP formulation, the expression has to be convex, that is,

Jfatigue,c(𝜆𝜎eq,c1 + (1 − 𝜆)𝜎eq,c2) ≤ 𝜆Jfatigue,c(𝜎eq,c1) + (1 − 𝜆)Jfatigue,c(𝜎eq,c2), (19)

for every 𝜆 ∈ [0, 1] and 𝜎eq,c1, 𝜎eq,c2 ∈ R+
0 .
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Polynomials are one class of analytical expressions that fulfills the above mentioned criteria, leading to the following
expression for the cost of a cycle:

Jfatigue,c(𝜎eq,c) = wc

N∑
n=2

an 𝜎n
eq,c (20)

with a minimum order of n ≥ 2 and non-negative coefficients an ≥ 0. The cost is weighted by wc = 1 if a full stress cycle
is detected, and by wc = 0.5 in the case of a half cycle. The polynomial order and coefficients can be adjusted to various
economic fatigue models, which for example can comprise:

• Initial capital cost;
• Opportunity cost of lost remaining lifetime;
• Safety-margin for a guaranteed lifetime.

For the mechanical case, these cost models should be based on a relationship between applied stress and
cycles-to-failure, such as the one provided by Woehler curves.

Following the linear damage accumulation approach by Miner Palmgren,21 the total fatigue cost of a specific stress
time series is obtained by the linear accumulation of fatigue cost of all detected cycles c, that is,

Jfatigue =
∑

c
Jfatigue,c. (21)

4.4 Fatigue cost gradient program

Differentiation of the continuous fatigue cost program yields the fatigue cost gradient program (Figure 2, program (d)
into (e)), which can be written as

dJfatigue

dui,j
=

𝜕Jfatigue

𝜕Jfatigue,c
diag

(𝜕Jfatigue,c

𝜕𝜎eq,c

)[
diag

(𝜕𝜎eq,c

𝜕𝜎m,c

)
𝜕𝜎m,c

𝜕𝜎(k)
+ diag

(𝜕𝜎eq,c

𝜕𝜎a,c

)
𝜕𝜎a,c

𝜕𝜎(k)

]
d𝜎(k)
dui,j

(22)

with Jacobians dJfatigue

dui,j
∈ RNin⋅Nu , 𝜕Jfatigue

𝜕Jfatigue,c
∈ RNc , 𝜕Jfatigue,c

𝜕𝜎eq,c
∈ RNc , 𝜕𝜎eq,c

𝜕𝜎m,c
∈ RNc , 𝜕𝜎eq,c

𝜕𝜎a,c
∈ RNc , 𝜕𝜎m,c

𝜕𝜎(k)
∈ RNc×Nu , 𝜕𝜎a,c

𝜕𝜎(k)
∈ RNc×Nu and

d𝜎(k)
dui,j

∈ RNu×Nin⋅Nu .
Gradients of functions and algorithms (“programs”) generally can be obtained by numerical differentiation, symbolic

differentiation, or automatic differentiation (AD). Numerical gradients of nonlinear programs, for example, via finite
differences, can be expensive and may result in loss of accuracy.

Symbolic gradients, on the other hand, are also unsuitable for the present problem: either a large number of symbolic
gradients would have to be pre-computed offline for all possible execution structures of the rainflow algorithm, or the
symbolic gradients would have to be composed online by computer algebra. The latter method would need to be executed
at each controller step, which can be expensive for real-time applications.

In contrast, AD obtains exact numeric gradients online in a step-wise manner by following the chain rule. The forward
execution of the original program (Figure 2c) determines which steps are taken, that is, which execution structure of
RFC can be currently observed. Using the numerical results of each step of the program, gradients are obtained either
by Forward AD or by Reverse AD. Simply put, these two modes stem from different applications of the associative and
distributive law, and differ in efficiency depending on the problem. In the present work the fatigue program only has one
output, represented by total fatigue cost Jfatigue, and a large number of input optimization variables ui,j. In such situations,
Reverse AD is typically more efficient.33 Accordingly, calculations are executed top-down as shown in the “Fatigue cost
gradient program” in Figure 2e.

AD requires a library of gradients either for elementary mathematical operations or, as in the present case, for the chain
elements of the differentiated program (22). In the following, analytical gradients for all chain elements are presented:

• Since linear damage accumulation (21) is used, gradients of total fatigue cost w.r.t. to fatigue cost of separate stress
cycles result in
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𝜕Jfatigue

𝜕Jfatigue,c
= 1. (23)

• The gradient of fatigue cost of separate cycles (20) w.r.t. equivalent stress is obtained analytically and yields

𝜕Jfatigue,c

𝜕𝜎eq,c
= wc

N∑
n=2

n an 𝜎n−1
eq,c . (24)

A gradient w.r.t. weight wc is not required, since wc is part of the cycle structure and thus fixed for the current MPC step.
• Partial differentiation of the Goodman equation (2) yields the gradient of equivalent stress w.r.t. stress mean

𝜕𝜎eq,c

𝜕𝜎m,c
= 𝜎a,c

Rm

(𝜎m,c − Rm)2 and stress amplitude
𝜕𝜎eq,c

𝜕𝜎a,c
= Rm

Rm − 𝜎m,c
. (25)

• The continuous replacement functions (16) enable the direct calculation of the gradient of mean value

𝜕𝜎m,c

𝜕𝜎(k)
=
⎧
⎪⎨⎪⎩

1
2

if k = kmax,c
1
2

if k = kmin,c

0 otherwise

and amplitude value
𝜕𝜎a,c

𝜕𝜎(k)
=
⎧
⎪⎨⎪⎩

1
2

if k = kmax,c

− 1
2

if k = kmin,c

0 otherwise

, (26)

w.r.t. the stress trajectory samples. It should be noted that each row of the resulting Jacobians will contain two non-zero
entries, since each stress cycle c is defined by two stress samples. For instance, for c = 3 identified stress cycles and
k = 6 stress samples, the Jacobian 𝜕𝝈a∕𝜕𝜎 will take the following form:

⎛
⎜⎜⎜⎝

⋅ − 1
2

⋅ 1
2

⋅ ⋅
1
2

− 1
2

⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ 1

2
⋅ − 1

2

⎞
⎟⎟⎟⎠
.

• The stress gradients d𝜎(k)
dui,j

⊂ dxl(k)
dui,j

w.r.t. the optimization variables are subsets of the state gradients (Section 3.3), and
thus are obtained by numerical integration.

5 EXEMPLARY APPLICATION

Performance of MPC with DORFC is evaluated using the reference wind turbine developed within IEA Wind Task 37, as
sketched in Figure 5. A detailed presentation of the model is provided in Appendix B.

F I G U R E 5 Sketch of the LiDAR-equipped wind turbine model with ambient wind speed Vw, generator torque Tg, rotational speed of
the rotor 𝜔r, aerodynamic torque TQ, displacement of tower tip dT, aerodynamic thrust force FT, collective blade pitch angle 𝛽b and tensile
stress at tower root 𝜎
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5.1 Idealizations

The present work is focused on the assessment of the key characteristics of DORFC. In order to limit the complexity of
the analysis, the following idealizations are used:

• The simulation (plant) model is the same as the internal MPC model, that is, there is no model mismatch.
• All system states (B1) are assumed to be measured exactly and without noise.
• An exact prediction of the wind is assumed within the MPC horizon.
• The MPC is assumed to operate without execution delays. This implies that acquired measurement signals are

synchronous with output control signals.
• No mechanical and electrical energy-losses are considered.

Particularly the first three hypotheses neglect noise, biases, and uncertainties, thereby eliminating the need for a state
estimator and soft constraints in the MPC. A more realistic and complete simulation and controller setup without the
above idealizations is part of ongoing research.

5.2 Cost functions

The primary objective of wind turbine operation below rated wind speed is to maximize the extraction of energy
from wind, while respecting various system constraints. This is mainly achieved by adjusting the generator torque,
while the variation of blade pitch angle typically is low or zero. Above rated wind speed, the goal is to track
the rated electrical power, mainly by varying the pitch angle. However, perfect tracking is not possible due to
the variability of the exciting wind. For instance, for a drop of wind speed, the pitch angle has to follow as
rapidly as possible in order not to excessively affect energy extraction. This behavior can be achieved either
by a power tracking cost function,34 or by the combination of energy maximization and a power upper con-
straint. The latter was chosen in the present work. Consequently, the cost function (6) of power maximization
and fatigue cost minimization is universally effective over all wind speed regions, from cut-in to cut-out wind
speed.

The interaction of the rotor with the wind induces a thrust force that —among other effects— excites fore-aft oscil-
lations of the tower. These oscillations result in cyclic stress and thus in fatigue at the tower base. To mitigate this effect,
the turbine controller can be designed to achieve a second objective, that is, the minimization of fatigue. Clearly, fatigue
damage occurs at other wind turbine components, and may drive their design. For simplicity, however, the present work
only considers fatigue at tower base.

In the following, the above mentioned objectives are cast into the economic cost function (6) for the MPC formulations
TTVP and DORFC:

(1) For TTVP, energy-based cost terms are considered. Therefore, following Gros et al.,11 revenue is expressed as an
integral of extracted aerodynamic power

Jrevenue =

tend

∫
t0

PA(t) dt. (27)

Fatigue cost is represented by the average kinetic energy of tower oscillations, which is obtained as

Jfatigue =

tend

∫
t0

1
2Thorizon

mTḋ2
T dt, (28)

using the lumped mass of the tower mT and a normalization by the horizon length Thorizon.
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F I G U R E 6 Woehler curve and characteristic stress levels in double-logarithmic representation

(2) For DORFC, monetary cost terms are considered. Thus, revenue cost within the horizon is obtained as

Jrevenue =

tend

∫
t0

PA(t)Jelec,kWh

1000 ⋅ 3600
dt, (29)

for a fixed electricity price of Jelec,kWh = 0.1 e/kWh. By the term at the denominator, the electricity price is converted to
SI-units [e/(Ws)].

Fatigue cost is based on the Woehler curves

log10(𝜎eq,c) = − 1
m
(log10 Nfail − log10 Nslo) + log10 𝜎eq,slo, (30)

which are a function of the number of cycles to failure Nfail. The specific curve for the present wind turbine tower is
obtained by the Woehler parameters of Table 3, and it is displayed in Figure 6. The damage model is obtained from the
Woehler curve shown in (3). Using this damage model and an exemplary initial capital cost (ICC) Jmachine = 4 ⋅ 106e, the
Woehler-based fatigue cost of separate stress cycles can be calculated to be

J̃fatigue,c(𝜎eq,c) = Jmachine
1

Nfail(𝜎eq,c)
, (31)

as shown in Figure 7.

T A B L E 3 Material properties of the wind turbine tower steel

Quantity Unit Value

Yield stress Rp MPa 355

Ultimate tensile stress Rm MPa 400

Stress 𝜎eq,slo at slope change of Woehler curve MPa 65.7

Number Nslo of cycles at slope change - 5 ⋅ 106

Exponent m for high-stress part of Woehler curve - 3

Exponent m for low-stress part of Woehler curve - 5
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For the definition of the MPC problem, a polynomial fatigue cost function according to (20) is required. An
approximation by a 5th-order monomial is used here, resulting in the expression

Jfatigue,c(𝜎eq,c) = wc a5𝜎5
eq,c (32)

with coefficient a5 = 6.79 ⋅ 10−10. Due to this parameterization, the approximation is always equal to or above the original
Woehler-based fatigue cost function, as shown in Figure 7. The corresponding MPC formulation is termed in the following
DORFC-5. Due to the use of QPs, a second cost function based on a 2nd-order monomial is also tested, resulting in the
expression

Jfatigue,c(𝜎eq,c) = wc a2𝜎2
eq,c (33)

with coefficient a2 = 7.38 ⋅ 10−5. Using this value of the coefficient, the gradient of (33) matches the gradient of the
Woehler-based fatigue cost function at the frequently occurring equivalent stress level of 𝜎eq,c = 35 MPa. The correspond-
ing MPC formulation is termed in the following DORFC-2.

5.3 Controller and simulation settings

For the present work, an in-house developed MPC implementation is used, where the dynamics are solved by a 4th-order
Runge–Kutta integrator, and the QPs by the interior-point algorithm of quadprog.35 A controller sample-time of
Tcntrl = 0.2 s, a fixed integrator step-time of Tintegr = 0.005 s and a prediction horizon of Thorizon = 8 s are set. This horizon
length was chosen to obtain several stress cycles within the prediction horizon. Considering that Lidars are capable of
scanning at distances of 200 m and more in front of the turbine,36,37 10 s long wind predictions are available without the
need for extrapolation, even at high wind speeds of 20 m/s.

The number of control variables within the horizon is Nu = Thorizon∕Tcntrl = 40, since the control horizon equals the
prediction horizon. The present implementation is not capable of real-time execution with these settings, but achieves
real-time performance with half the horizon length on a standard workstation equipped with an Intel® Core i7-6820HQ
CPU and a 16 GB DDR4 RAM.18 Each individual simulation is conducted using 645 s of turbulent hub-height wind data,
where the first 30 s and the last 15 s are neglected in the post-processing phase.

Since the controller and plant models are identical in the present implementation and all measurements are exact
and without delays, it was verified that all MPCs are able to almost exactly eliminate all tower oscillations when a smooth
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rotor-equivalent wind speed is used as input. To avoid this situation, the more turbulent hub-height wind speed signal is
used, which essentially amounts to the introduction of a stochastic disturbance in the controller.

6 RESULTS AND DISCUSSION

Three different MPC formulations are applied to the exemplary wind turbine problem: the conventional TTVP, and the
two versions DORFC-2 and DORFC-5 of the novel method, respectively with an approximate and a physically correct
fatigue exponent of m = 2 and m = 5.

For the strongly convex cost function of DORFC-5, the MPC initially exhibited a noisy behavior and deteriorated
performance. This effect was eliminated by reducing the step length of the QP output from the standard Δu to 0.3Δu.

6.1 Economic controller behavior

The tuning of the fatigue weight 𝛼damage and the economic behavior over different reference wind speeds has already been
discussed in Loew et al.18 Therefore, only a brief summary is provided here.

The resulting fatigue cost Jfatigue,real of the plant is obtained by post-processing via offline RFC. Fatigue damage is
converted into fatigue cost by multiplying by an ICC of 4 ⋅ 106 e. Energy capture is converted into revenue by multiplying
(after appropriate unit conversion) by an electricity price of 0.1 e/kWh. Profit is revenue minus fatigue cost.

6.1.1 Performance as a function of tuning weights

The present turbine has a rated wind speed of Vw,rated = 9.8 m/s. Tuning of the controller was obtained by considering
Design Load Case (DLC) 1.138 at a wind speed of 9 m/s. This wind speed was chosen because it is close to the rated one,
and thus ensures frequent transitions between the partial and the full load operating regions.

As shown in Figure 8, maximum profit is reached for TTVP at a fatigue weight of 𝛼damage = 2000, for DORFC-2 at
𝛼damage = 1, and for DORFC-5 at 𝛼damage = 10. It should be noted that the weights for DORFC are in the order of O(1),
demonstrating that the monetary cost formulation renders tuning easier or almost unnecessary.

6.1.2 Performance as a function of wind speed

As shown in Figure 9, DORFC reaches higher revenue and profit for almost all wind speeds. However, just as in Loew
et al.,18 these advantages remain below 1%. The reason mainly lies in the perfect match of the MPC-internal and plant
models used in the present simulation setting. Because of this, all MPC formulations are able to suppress tower oscillations
without significantly reducing energy capture. Furthermore, the low tower stress oscillations lead to a fatigue cost that is
about 3 orders of magnitude smaller than the revenue.

Both DORFC formulations exhibit a similar profit behavior. However, this is achieved by different strategies. While
DORFC-2 increases revenue only to a moderate extent and decreases fatigue cost by up to 10%, DORFC-5 tolerates
significantly higher fatigue in order to maximize revenue.

Regarding actuator usage, DORFC-2 exceeds TTVP in numerous velocity ranges, while DORFC-5 decreases generator
torque travel by about 20% and blade pitch travel by about 10% on average.

6.2 Dynamic controller behavior

For the MPC without fatigue penalization, there are severe oscillations in the tower root stress, as shown in Figure 10.
When the conventional cost formulation of TTVP is used, a good damping of turbine tower oscillations is achieved. By
using DORFC, an unusual further modification of the stress trajectory is achieved: in fact, plateaus in the stress trajectory
are visible in Figure 10, for example, at t = 82 s and t = 89 s. Although these plateaus only result in a minor reduction of
stress cycle amplitudes, the effect on fatigue damage is strong due to the superlinear relation of stress to fatigue. These
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F I G U R E 8 Variation of fatigue weights for three different MPC formulations. Each node represents an average over 12 simulations,
each with a different turbulent seed

plateaus stem from the clear focus of DORFC on the reduction of stress amplitudes, without unnecessarily spending
control effort on the damping of high-frequency oscillations.

In order to verify this statement, the amplitude spectra of the stress at tower root are compared for different controllers
in Figure 11. For DORFC, different fatigue exponents m and fatigue weights 𝛼damage are presented. Each spectrum is
based on an average over 12 Fourier-transformed simulation outputs of 600 s of length each. For this comparison, the
base configuration of DORFC-2 is re-tuned to a fatigue weight of 𝛼damage = 0.8, in order to achieve identical fatigue cost
as TTVP.

For the MPC without fatigue penalization, a clear resonance peak is visible at the first fore-aft eigenfrequency
feigen,T,1 = 0.277 Hz of the tower, which is represented by the vertical dash-dotted line in Figure 11. All MPC formulations
equipped with TTVP or DORFC are able to eliminate this peak.

However, despite TTVP and the base configuration of DORFC resulting in the same fatigue cost, their spec-
tral behavior is quite different. In fact, TTVP exhibits a deep notch-filter-like decrease of amplitude around the
first eigenfrequency of the tower. TTVP focuses on this frequency range, since it contains much stress content
at high frequencies and thus at high stress rates, which are explicitly penalized in the cost function. In contrast,
DORFC-2 and DORFC-5 exhibit a broader frequency range of moderate amplitude decrease. This behavior is even
more pronounced in the additional spectrum plotted in the same figure for a higher fatigue weight 𝛼damage = 10
and DORFC-2. This demonstrates that DORFC is focused on the reduction of stress amplitudes, irrespective of
the frequency where they occur. This conclusion is in line with the above statement regarding the origin of stress
plateaus.

To complete the picture of spectral behavior, it is discussed how the controllable frequency range is limited by the
controller settings (see Section 5.3):
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TTVP-based MPC. Middle row, right: zoomed version of fatigue cost plot. Each node represents an average over 12 simulations, each with a
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• Lower frequency limit: The length Thorizon = 8 s of the prediction horizon limits the longest controllable half
cycle to a length of 8 s. Thus, the minimum controllable frequency of a full cycle (double length) can be
estimated to fcontrol,min = 1∕(2Thorizon) = 6.25 ⋅ 10−2 Hz. This limit is represented by the left vertical dashed line
in Figure 11.

• Upper frequency limit: Considering Shannon theorem,39 the controller sample time of Tcntrl = 0.2 s results in a maxi-
mum controllable frequency of fcontrol,max = 1∕(2Tcntrl) = 2.5 Hz. This limit is represented by the right vertical dashed
line in Figure 11.

6.3 Validation of damage estimation

For a verification of the online damage estimation capability of DORFC, its online fatigue estimate Jfatigue,estimated is com-
pared to an a posteriori fatigue estimate Jfatigue,real, which is obtained via the original RFC and represents the fatigue
accumulated over the entire simulation. Similarly, the online estimate Jfatigue,estimated is obtained via an accumulation over
the simulation time [Tsim,start,Tsim,end] of 600 s and is computed as

Jfatigue,estimated =
Tsim,end∑

tcntrl=Tsim,start

1
Nu

Jfatigue(tcntrl, tend). (34)

Here, Jfatigue(tcntrl, tend) is the predicted fatigue cost (21) at a controller execution instance tcntrl within the simulation
time and at the end of the respective prediction horizon tend. These individual fatigue costs are normalized by the
number Nu of control intervals within the MPC horizon. This normalization is required, since the predicted fatigue
cost Jfatigue(tcntrl, tend) represents fatigue over the entire horizon Thorizon, while the accumulation is over simulation time
and thus requires only the average fatigue value over one controller execution step Tcntrl = Thorizon

Nu
. In the following,

the ratio Jfatigue,estimated∕Jfatigue,real of estimated to real fatigue cost is assessed for variations of wind speed and fatigue
weight.
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6.3.1 Variation of wind speed

Figure 12 shows the fatigue estimation ratio Jfatigue,estimated∕Jfatigue,real over more than 200 simulations at different wind
speeds. For both formulations DORFC-2 and -5, the estimation ratio increases with wind speed and spans about 2 orders
of magnitude. The ideal ratio of 1 is met for DORFC-2 at low reference wind speeds, and for DORFC-5 at high reference
wind speeds.

This deserves some attention, as estimation ratios of 1 or more are not to be expected. As shown in Loew et al.,13 a
significant portion of stress cycles has a time range that is longer than the present MPC horizon of 8 s. Therefore, since
the MPC only sees a part of the cycle stress amplitude, it should underestimate their fatigue impact. Two mechanisms of
overestimation may compensate this effect:

• One reason for the high estimation ratio may be the presence of strong oscillations in the predicted stress signal, when
an abrupt excitation (e.g., by a fast wind gust) enters the prediction horizon “from the right-hand side” at t = Tend.
These strong oscillations in reality do not occur at the turbine (plant), since within the subsequent QP steps the MPC
generates suitable control signals to attenuate the excitation until it reaches the beginning of the horizon at t = t0. Thus,
large cycles that only occur in the prediction lead to an overestimation of fatigue cost.

• Another reason, which only applies to DORFC-2, may be the approximation of fatigue cost by a monomial of exponent
m = 2, as shown in Figure 7. This function overestimates fatigue cost for short cycles of low equivalent stress, and
underestimates fatigue cost for long cycles. Thus, fatigue cost is overestimated for the rather small cycles that are visible
in the prediction horizon.

6.3.2 Variation of fatigue weight

The fatigue weight 𝛼damage is influencing only indirectly the computation of fatigue Jfatigue,estimated in the MPC. Via the
optimization, a higher fatigue weight typically leads to smaller stress cycles, and thus also affects the estimation ratio.
Consequently, the question arises if fatigue weight tuning implicitly aims for a certain estimation ratio. Figure 13 shows
the fatigue estimation ratio Jfatigue,estimated∕Jfatigue,real for different fatigue weights from the fatigue cost tuning setting of
Section 6.1.

The first observation is that for DORFC-2, the estimation ratio remains constant over various orders of magnitude
of fatigue weight, and reaches a local maximum at the optimum weight of 𝛼damage = 1. In contrast, DORFC-5 exhibits a
higher slope and no extremum at the optimum weight of 𝛼damage = 10. The second observation is that the estimation ratio
at optimum fatigue weights deviates significantly from the value of 1 for both formulations. From these observations, it
may be concluded that optimum tuning does not imply meeting a certain or ideal estimation ratio.
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F I G U R E 12 Ratio of fatigue cost estimation and fatigue cost over more than 200 individual simulations at different wind speeds
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F I G U R E 13 Ratio of fatigue cost estimation over fatigue weights at fixed wind speed. The green circles mark the optimum tuning
weights. Each node represents an average over 12 simulations

6.4 Seldom switching and continuous substitution

As shown in Section 4.2, the rainflow algorithm RFC(𝜎) is substituted by the continuous expressions (16) for the calcula-
tion of gradients in DORFC. The underlying assumption is that the execution structure of RFC, and thus the output cycle
structure, switches only seldom. In the following, the validity of this assumption is assessed over subsequent MPC steps
and within individual MPC steps. The former is required for the applicability of the RTI approach.

For the present assessment, the controller sample time was extended to Tcntrl = 0.25 s and the prediction horizon was
extended to Thorizon = 15 s, in order to accommodate even more stress cycles.

6.4.1 Assumption of seldom switching cycle structure

The most crucial aspect of the cycle structure is the sample indices of maxima kmax,c and minima kmin,c of detected cycles.
Figure 14 shows these indices for the three cycles of highest fatigue cost for every execution of DORFC over an operation
period of 10 s. As shown in Figure 4, for each MPC step there are two evaluations of DORFC that occur simultaneously. In
the present visualization, every second evaluation result of DORFC is shifted in time by one half controller sample time,
which leads to a virtual DORFC sample time of Tcntrl∕2 = 0.125 s.
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F I G U R E 14 Sample positions of maxima kmax,c and minima kmin,c of the three most damaging stress cycles over an operation time of
10 s. The cycles are sorted in a descending order w.r.t. damage cost. Samples are displayed for each execution of DORFC that occurs every
Tcntrl∕2 = 0.125 s. The prediction horizon comprises 61 samples, and thus the vertical axis is limited accordingly. The corresponding stress
output in these 10 s of operation time can be seen in Figure 10
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F I G U R E 15 Setup for the validation of continuous substitution

Within the initial four seconds, the positions of the detected cycles approximatively follow the evolution of opera-
tion time, which is an expected behavior. This corresponds to a shift towards the beginning of the prediction horizon,
and thus a decrease of the respective sample indices by one for every MPC step. Correspondingly, the slopes are approx-
imatively equal to −4 samples∕s. Another expected result is the null slope at the upper and lower borders of the
horizon, where new cycles enter or exit the horizon. For example, at k = 1 the exit of the initially most damaging
cycle from the prediction horizon can be observed by a switch from Maximum 1 over Maximum 2 and Maximum 3 to
disappearance.

Continuity of the cycle identification is interrupted by only a few switching events, especially for the period 85 s <
t < 88 s. However, it can be observed that maxima and minima maintain their respective nature, and are only assigned to
different cycles. Thus, the directive to the optimization algorithm to decrease or increase the corresponding stress values
will not change.

6.4.2 Substitution by continuous functions

In order to check the validity of the continuous substitution within one MPC step, the outputs of the continuous
expressions before the QP step are compared to the outputs of RFC after the QP step, as shown in Figure 15.

In order to focus on the change in cycle structure, the comparison is based on a common stress trajectory from the
second ODE evaluation within the MPC step. Thus, this stress trajectory is obtained using the same initial states but
updated control variables ui,j w.r.t. the first evaluation of DORFC. This stress trajectory is then input into the continuous
expressions (𝜎m,c,1, 𝜎a,c,1) created before the QP step, and to the rainflow algorithm executed after the QP step.

Figure 16 shows that the ratios between the outputs of the continuous expressions and RFC are typically very close to
the ideal value of 1. All amplitude and stress mean results are deviating by less than 3%, except for one sample at t = 81.5 s.
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stress mean values of the three most damaging cycles over an operation time of 10 s. The cycles are sorted in a descending order w.r.t. damage
cost. Samples are displayed for each MPC step occurring every Tcntrl = 0.25 s
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At this instance, stress amplitudes are slightly underestimated, whereas stress mean values are slightly overestimated by
the continuous expressions.

In conclusion, the use of continuous substitutes of the rainflow algorithm is considered as justified and amply
acceptable, at least as far as the present application is concerned.

6.5 Fatigue cost gradients

The results discussed so far show good performance of the MPC equipped with DORFC. However, switches in the fatigue
cost gradient program can lead to excessive changes of the optimization problem for successive MPC steps. These changes
can lead to convergence problems for the optimization algorithm, since RTI does not treat an approximate SQP in this
case. Therefore, in the following, the continuity of the fatigue cost gradient is assessed, and the computation of the fatigue
cost gradient is validated.

6.5.1 Assessment of the fatigue cost gradient dynamics

Figure 17 shows time-series of the fatigue cost gradient dJfatigue∕du1,1 w.r.t. to pitch angle (i = 1) in the first con-
trol interval of the prediction horizon (j = 1). Due to its position at the beginning of the prediction horizon,
there is a high influence of this pitch control variable on the response of the system behavior, and thus on
fatigue cost.

For TTVP, almost sinusoidal oscillations of the fatigue cost gradient can be observed, at a frequency similar to the first
eigenfrequency feigen,T,1 of the tower.

For DORFC, significant variations in the fatigue cost gradient can be observed at higher frequencies. High-frequency
content of the fatigue cost gradient signal could in principle stem from the discontinuity of the RFC algorithm. However,
for the assessed time interval, the detected switchings in cycle structure visible in Figure 14 do not seem to correlate with
the variations in the fatigue cost gradient signal.

Another reason for the presence of high frequencies in the fatigue cost gradient can be its inherent static nonlineari-
ties (24) and (25). The output signal of a highly nonlinear function can contain a wider-band response than the input,40

and especially it may contain higher harmonics.41

Part of future research will focus on the reduction of this high frequency content.
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F I G U R E 17 Gradients dJfatigue∕du1,1 of fatigue cost w.r.t. pitch angle in the first control interval of the prediction horizon. Comparison
of gradients obtained by automatic differentiation within DORFC, by finite differences (FD) using a step size of 10−12 or 10−3 within DORFC,
and from TTVP. The corresponding stress output in these 10 s of operation time are reported in Figure 10
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6.5.2 Validation of the fatigue cost gradient computation

For validating the AD procedure within DORFC, gradients of fatigue cost are calculated by FD, as shown in Figure 17.
AD and FD are in good agreement if a fixed FD step-size of 𝛿u1,1 = 10−12 rad is chosen. This step-size is sufficiently small,
because the control variable of pitch angle usually varies in the order of 𝛿u1,1 = [10−2, 10−1] rad.

If a larger FD step-size of 𝛿u1,1 = 10−3 rad is chosen, some information is lost in comparison to the locally exact AD
output of DORFC. This can be seen for example, at t = 81 s and t = 84.5 s.

7 CONCLUSION AND OUTLOOK

The novel fatigue cost formulation Direct Online Rainflow Counting represents a fundamental advance in the control
of fatigue. In the present work, for the first time, a comprehensive explanation and assessment of this formulation have
been provided.

Three obstacles have been identified in the literature, that seemed to prevent the direct implementation of fatigue
estimation in MPC:

• Non-standard cost function;
• Non-closed form of the algorithm;
• High nonlinearity due to discontinuities.

To overcome these obstacles, the new DORFC algorithm has been proposed, which works by

• Separating the solution of system dynamics and optimization problem, in order to allow for the “surgical” inclusion of
specialized code for the calculation of gradients;

• Substituting the discontinuous algorithm by linear functions at each MPC step;
• Switching the discontinuities only seldom, by choosing a sufficiently low controller sampling time, and by ensuring a

sufficiently long “average dwell-time” between switching events.

The present work has also discussed how to embed DORFC within an MPC framework, how to define appropriate
cost models, and how to compute the fatigue cost gradients.

Application to a wind turbine control problem has shown that the novel DORFC MPC can achieve slightly higher
profit at significantly lower actuator usage in comparison to a conventional MPC. Additionally, finding an initial guess
for the tuning weight is much easier for DORFC.

A comparison of the dynamic response has shown that DORFC is able to reduce stress amplitudes by introducing
plateaus in the stress trajectory. Frequency spectra have shown that DORFC beneficially focuses on the reduction of stress
amplitudes, irrespective of the frequency where they occur.

An assessment of online damage estimation capabilities in DORFC MPC has revealed that estimation ratios are at
meaningful levels, and that optimal cost tuning does not seem to imply meeting a certain estimation ratio.

An investigation into the discontinuous behavior of the cost function has shown that switching events happen suffi-
ciently seldom. Furthermore, high-frequency behavior in the fatigue cost gradient do not seem to correlate to switching.
Finally, the correct implementation of the fatigue cost gradient has been verified by the FD method.

Further investigations on the method of DORFC are planned, and in particular the focus will be directed to:

• Investigating the effects of uncertainties and robustness especially by considering the presence of noise in the
measurements and of a plant-model mismatch;

• The simultaneous consideration of fatigue cost for multiple components of the turbine;
• The application to other devices, as for example batteries and power semiconductors. As a first step, a derived formu-

lation from DORFC has been applied successfully to a complex hybrid energy system comprising a wind turbine and
a battery energy storage system.42
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NOMENCLATURE
Quantity Explanation
a□ Coefficient of fatigue cost function
d Vector of external disturbances
dT (m) Deflection of turbine tower
f control (Hz) Sample-frequency of controller
f eigen, T, 1 (Hz) First fore-aft eigenfrequency of turbine tower
g∗ Gradient vector at operating point
k Control samples within horizon
kend , c Sample index of cycle end
kmax , c Sample index of cycle maximum
kmin , c Sample index of cycle minimum
kstart , c Sample index of cycle start
mT (kg) Lumped mass of turbine tower
tcntrl (s) Time-variable of controller sampling
u Vector of control variables
u Vector of piece-wise constant optimization variables
wc Weight of one cycle
x State vector
Dfatigue Total fatigue damage
Dfatigue , c Fatigue damage of one cycle
F System of differential equations
H∗ Hessian matrix at operating point
J Cost function
Nc Number of stress cycles identified by the rainflow algorithm
N fail Number of cycles to failure
N in Number of control inputs
Nu Number of control variables within horizon
Nx Number of states
Rm (Pa) Ultimate tensile stress
T cntrl (s) Controller sample-time
T g (Nm) Torque of turbine generator
T horizon (s) Length of prediction horizon
T integr (s) Integrator sample-time
V w (m/s) Wind speed
𝛼damage Weighing factor for cost function
𝛽b (rad) Collective pitch angle of blades
𝜎(Pa) Stress signal
𝜎a,c (Pa) Stress amplitude of one cycle
𝜎eq,c (Pa) Equivalent stress of one cycle
𝜎m,c (Pa) Stress mean of one cycle
𝜎r,c (Pa) Stress range of one cycle
𝜔r (rad/s) Rotational speed of turbine rotor
â Quantity fixed for one MPC-step
a Quantity sampled on the control intervals of the prediction horizon
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Abbreviation Explanation
AD Automatic differentiation
DORFC Direct Online Rainflow Counting
ENMPC Economic nonlinear MPC
FD Finite differences
ICC Initial capital cost
LiDAR Light detection and ranging
MPC Model predictive control
NMPC Nonlinear model predictive control
ODE Ordinary differential equation
QP Quadratic programming
RFC Rainflow counting algorithm
RTI Real-time iteration
SQP Sequential quadratic programming
TTVP Tower-tip-velocity-penalization
VDE Variational differential equation
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APPENDIX A. RAINFLOW ALGORITHM

A.1 Algorithmic flow
A flowchart of RFC is displayed in Figure A1. At the beginning of the algorithm, RFC receives as input a stress trajectory
and extracts its reversals (extrema). Throughout the algorithm, reversals are read consecutively from left to right. Each
new reversal is stored in an operational memory. From this memory, cycles are identified based on a triplet of reversals.
The rainflow algorithm contains four main loops. Loop 1 initiates the reading of a new reversal sample, if less than three
reversals are in the operational memory. Loop 2 initiates the reading of a new reversal if, based on the current operational
memory, no cycle could be identified. Loop 3 and Loop 4 initiate the subsequent check for a cycle in the current operational

F I G U R E A1 Flowchart of the MATLAB-implementation rainflow() of the Three-Point Algorithm (simplified from the
Mathworks43). Here, stress extrema are called “reversals”. The range r(X) = |X(2) − X(1)| of a stress value pair X is the absolute value of the
difference between both stresses
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F I G U R E A2 Left: Stress trajectory and identified extrema. Right: identified stress cycles. The cosines are flipped on the horizontal axis
according to their appearance in the stress trajectory. All cycles are displayed with uniform period time. For the identified half cycles, the
second half of the cosine is dotted, whereas full cycles are shown entirely in solid lines

T A B L E A1 Outputs of the Three-Point Algorithm for the exemplary stress
trajectory of Figure A2

c 𝝈r,c (MPa) 𝝈m,c (MPa) kstart,c kend,c wc

1 0.02 34.37 5 6 1

2 0.06 34.36 7 8 1

3 3.05 33.09 1 11 0.5

4 0.11 20.47 24 25 1

5 21.96 23.63 11 38 0.5

6 7.76 16.53 38 48 0.5

7 6.95 16.94 48 55 0.5

8 0.86 13.90 55 58 0.5

9 0.68 13.99 58 61 0.5

memory and are triggered after identification of a half or full cycle, respectively. A more comprehensive explanation of
the algorithm can be found in the MathWorks.43

A.2 Example
The left part of Figure A2 shows an exemplary stress trajectory and its extrema. Using this series of extrema, the
Three-Point Algorithm identifies three minor full cycles and six half cycles as shown in the right part of Figure A2 and in
Table A1. The half cycle c = 5 has the most impact on fatigue and contains the nested full cycle c = 4.

APPENDIX B. WIND TURBINE MODEL

B.1 System quantities and optimization variables
The states of the wind turbine are collected in the state vector

x(t) =
(
𝜔r(t), dT(t), ḋT(t), 𝛽b(t), �̇�b(t),Tg(t)

)T
, (B1)

which is composed of the rotational speed of the rotor 𝜔r(t), the fore-aft deflection of the tower tip dT(t) and its time
derivative, the collective pitch angle of the blades 𝛽b(t) and its time derivative, and the generator torque Tg(t).
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Stress at tower root is not a state of this simplified model. However, it is assumed that the stress at tower root is linearly
dependent on the tower tip deflection dT(t), resulting in 𝜎(t) = K𝜎dT(t). The control variables for the subordinate con-
trollers of the corresponding actuators are u(t) =

(
𝛽b,d(t),Tg,d(t)

)T where 𝛽b,d(t) is the desired blade pitch angle and Tg,d(t)
is the desired generator torque. The control variables are defined as piecewise-constant time functions u1,j = 𝛽b,d,j and
u2,j = Tg,d,j. This leads to the MPC optimization variable vector u =

(
u1,u2

)T . Excitement and disturbance d(t) = Vw(t)
of the system stem from the ambient wind speed Vw(t), which is assumed to be perfectly measured by a forward-looking
LiDAR.

B.2 System dynamics
The generator and pitch actuator dynamics are modeled as linear first order (PT1) and second order systems (PT2),
respectively. Nonlinearity in the system model stems from the aerodynamic torque

TQ(t) = TQ(𝜔r(t),Vrel(t), 𝛽b(t)), (B2)

and the aerodynamic thrust force

FT(t) = FT(𝜔r(t),Vrel(t), 𝛽b(t)). (B3)

The aerodynamic loads TQ and FT are modeled via feed-forward neural networks, trained on samples at stationary oper-
ating points calculated by the aeroelastic simulator Cp-Lambda,44 as presented in Löw et al.24 The aerodynamic loads
depend on the rotor-relative wind speed

Vrel(t) = Vw(t) − ḋT(t), (B4)

where the external rotor-effective ambient wind speed Vw(t) is combined with the tower tip speed ḋT(t). In turn, torque
and thrust affect the drive train dynamics

�̇�r(t) =
1

Jtot

(
TQ(t) − Tg(t)

)
, (B5)

and the tower fore-aft dynamics

d̈T(t) =
1

mT

(
FT(t) − cTḋT(t) − kTdT(t)

)
, (B6)

as shown in Figure B1. The model parameters include the lumped inertia Jtot of rotor and drive train, and the lumped
mass mT, damping cT and stiffness kT of the tower.
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3.4 Paper 4: Externalization of fatigue from the MPC algorithm

3.4.1 Summary

In the formulation of DORFC in Papers 2 and 3, the fatigue cost computation is inserted in between
of the ODE solution and the QP solution in the MPC algorithm. However, in contrast to the utilized
in-house MPC implementation from Paper 1, most standard MPC frameworks like ACADO Toolkit

impede such modifications, perform better with the Simultaneous approach, and only allow for
standard stage and terminal cost functions. Furthermore, formal proofs of stability and recursive
feasibility typically are researched for those standard cost functions only.

In order to overcome these limitations, the fatigue estimation is taken out (externalized) of the
core MPC but still executed at each MPC step. The results of fatigue estimation then are fed to the
MPC via time-varying parameters. Within the MPC, a standard economic stage cost formulation with
time-varying parameters remains. Thus, the formulation will be referred to as "Parametric Online
Rainflow-counting" (PORFC).

In DORFC, fatigue damage is a sum over damages from individual stress cycles. In PORFC, this is
replaced by a sum over damages from individual time samples which motivates the use of time-varying
parameters to transfer this information to the MPC optimization problem. The summation over time
samples is achieved by splitting the damage of each cycle in two halves, and allocating those to the two
time samples which define the stress cycle. The parameters are stress mean and cycle weight, and are
calculated based on a pre-simulation which matches the internal simulation of the MPC.

To complete the picture, also a tracking stage cost is formulated. In a nutshell, here the parameters
of PORFC are condensed to a time-varying stress reference and a tracking weight.

Simulations show that the accumulated stage costs compare very well to an a posteriori Rainflow
analysis, exhibit ramps at samples which contribute to a cycle, and exhibit noteworthy acausal behavior.
Furthermore, a closed-loop simulation shows the successful mitigation of highly damaging stress
cycles. For certain successive MPC steps, jumps to different prediction trajectories are observed which
are suspected to be caused by jumps into new local minima of the optimization problem.

3.4.2 Contribution

The author of this dissertation developed the core idea of the fatigue stage costs, performed the
implementation, executed and analyzed the simulations, and wrote the paper. DO and AS supervised
the work. All authors jointly formalized the idea, and provided important input to this research work
through discussions, feedback and by improving the manuscript.

3.4.3 Reference

S. Loew, D. Obradovic, A. Anand, and A. Szabo, “Stage cost formulations of online rainflow-counting
for model predictive control of fatigue,” in 2020 European Control Conference (ECC), 2020, pp. 475–482.
doi:10.23919/ECC51009.2020.9143939 © 2020 IEEE. Reprinted with permission.
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Stage Cost Formulations of Online Rainflow-counting for
Model Predictive Control of Fatigue

Stefan Loew1,2,#, Dragan Obradovic1, Member, IEEE, Abhinav Anand1, Andrei Szabo1

Abstract— The material fatigue cost formulation of Direct
Online Rainflow-counting is reformulated to an Economic Stage
Cost and a Tracking Stage Cost. This enables implementation
in the majority of standard MPC frameworks, and even more
importantly, this will enable further theoretical analysis. Key
enablers for this reformulation are decoupling of fatigue cost
in time, pre-simulation of the system-dynamics before the
MPC, and periodic update of time-varying cost-parameters.
Simulation-based tests of the cost calculation are shown which
provide further insight and verify the correspondence to a
classical moving-window a posteriori fatigue analysis. A brief
theoretical discussion on the influence of presented approxima-
tions is provided. Finally, dynamic closed-loop simulations are
presented which show the effectiveness of the formulations in
attenuating oscillations of mechanical stress for a wind turbine
model.

I. INTRODUCTION

Fatigue is damage of a material caused by cyclic appli-
cation of mechanical stress. Fatigue has large impact on
the operating costs of devices and thus control of fatigue
is used to increase the total economic profit. Model Pre-
dictive Controllers (MPC) enable optimal control of many
devices by using predictions of future system excitation ([1],
[2]). Based on these input predictions, stress time-series at
crucial spots in the device structure can be predicted. High
amplitudes of stress cycles within these stress time-series are
key drivers of fatigue. Rainflow-counting (RFC) ([3], [4]) is
the standard method for decomposition of stress time-series
to stress cycles and therefore is part of the standard fatigue
estimation process.

Direct Online Rainflow-counting (DORFC) has been in-
troduced as a method for direct incorporation of the stan-
dard fatigue damage estimation process in the cost function
of Model Predictive Control [5]. A brief recapitulation of
DORFC can be found in Section II-B. DORFC has been
compared to two indirect methods for control of fatigue, and
exhibits higher profit at lower tuning-effort [5]. However,
DORFC exhibits some difficulties w.r.t. formal analysis and
implementation in standard MPC-frameworks because

1) This Rainflow-based definition of fatigue cost is a
discontinuous function of all time-samples of stress
within the prediction horizon. Thus, neither the concept
of stage cost nor of terminal cost applies. Stage costs
would comprise a summation of state-samples or a
time-integral of state-trajectories over the prediction

1Siemens AG, Corporate Technology, Otto-Hahn-Ring 6, 81739 Munich,
Germany.

2Wind Energy Institute of Technical University of Munich, Boltz-
mannstrasse 15, 85748 Garching, Germany.

#All correspondence to: stefan.h.loew@tum.de

horizon. Terminal costs would be defined as a function
only of the state samples at the end of the prediction
horizon [6]. Formal proofs of stability and recursive
feasibility usually are researched for those standard
concepts ([6], [1], [7] p.112 ff.). Consequently, many
standard MPC-frameworks like ACADO Tookit [8]
as well only allow for stage and terminal costs.

2) The structure of the fatigue cost function is redefined
at every MPC-step (explanation in Sec. II-B). This fact
as well poses difficulties concerning above mentioned
proofs. Additionally, such redefinitions are not allowed
for in many standard MPC-frameworks. In [5], a less
mature in-house MPC-framework had to be used for
the implementation of DORFC.

3) Due to this periodic redefinition of fatigue cost, the
cost gradients have to be hand-coded. This coding
is error-prone and suspected to be less efficient than
offline-computed gradients by Automatic Differentia-
tion within standard MPC-frameworks.

4) DORFC requires a valid and continuous stress tra-
jectory during the preparation phase of the Quadratic
Program (QP). In case of a Multiple-shooting [1]
MPC-framework, the state trajectories can exhibit dis-
continuities after the preparation phase of the MPC.
As a consequence, a Rainflow-analysis of such a
discontinuous stress trajectory might exhibit unrealistic
extra cycles, and the definition of the fatigue cost
function would be wrong. Concluding, DORFC should
not be used directly within Multiple-shooting MPC-
frameworks.

In the present paper, above difficulties 1 to 3 are overcome
by transforming the formulation of DORFC to an Economic
Stage Cost formulation with time-varying parameters and to
a Tracking Stage Cost formulation with time-varying state
references and weights [6]. This transformation is enabled
by approximations which are explained during the derivation
and discussed at the end of this work. Difficulty 4 is
overcome by performing the Rainflow-analysis based on a
single-shooting pre-simulation before execution of the MPC.

This paper is organized as follows. In Sec. II, an intro-
duction to the targeted plant systems, the control problem
and the method DORFC is given. In Sec. III and IV, the
economic and tracking stage cost formulations are derived.
After a verification of the formulations in Sec. V, the work
is concluded in Sec. VI.

One comment on notation: The variable notation with hat â
means fixed for one MPC-step and with bar ā means sampled
on the control intervals of the prediction horizon.
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II. FUNDAMENTALS

A. Plant system and control problem
The present work can be applied to general continuous

nonlinear systems

ẋ = F (x(t),u(t),d(t)), (1)

comprising the system states x(t), the control variables u(t)
and external disturbances d(t). Fatigue is caused by stress
σ(t) which can be one of the states or outputs of the system.

The NMPC problem is transformed to a Nonlinear
Programming (NLP) problem by discretizing the time-
continuous control variables ui(t) to piecewise-constant opti-
mization variables ūi,j . Here, individual control inputs to the
plant system are determined by i ∈ Nin and the respective
control interval within the prediction horizon by j ∈ Nu. The
number of control inputs is denoted by Nin and the number
of control samples by Nu = Thorizon

Tcntrl
with horizon length

Thorizon = tend − t0 and controller sample-time Tcntrl.
This NLP is solved via Real-time Iteration [9] where one
Quadratic Programming (QP) problem is solved per MPC-
step and suboptimal control variables are applied to the plant.

B. Recapitulation of Direct Online Rainflow-counting
Direct Online Rainflow-counting incorporates cycle iden-

tification from a stress trajectory, mean-stress effect, Wöhler
curves and Linear Damage Accumulation into the cost func-
tion of Model Predictive Control. An overview is given via
Alg. 1.

Cycle identification is straightforward if e.g. a simple sinu-
soid is analysed. There, amplitudes, mean values and number
of cycles are obvious. However, realistic stress trajectories
usually are highly complex and contained stress cycles can
be nested. Additionally, half and full cycles can be present.
The most accepted algorithm for cycle identification from
complex trajectories is the Rainflow(-counting) algorithm
(RFC) which as well is used in DORFC. The outputs of RFC
can be converted to the variables in Table I where the value
of weight equals wc = 1 if a full stress cycle is detected and
equals wc = 0.5 if a half cycle is detected.

TABLE I: Converted outputs of RFC for stress cycles c

Quantity Variable Unit
Stress amplitude σa,c [Pa]
Stress mean σm,c [Pa]
Sample index of cycle maximum kmax,c [−]
Sample index of cycle minimum kmin,c [−]
Weight wc [−]

The Rainflow-algorithm is based on reversals (extrema)
of the stress trajectory and contains algorithmic branches.
Thus, one property of the Rainflow-algorithm is its discon-
tinuous output-behavior. Therefore, for gradient calculation
in DORFC, at every MPC-step the Rainflow-algorithm is
substituted by linear functions based on its outputs. This
substitution is possible because the structure of identified
cycles can be assumed to be fixed during one optimiza-
tion step in MPC. This structure includes number of cy-
cles Nc = max(c), cycle weights wc and cycle samples

(kmax,c, kmin,c). Consequently, only stress mean values
σm,c and stress amplitudes σa,c remain variable. Continuous
expressions of stress mean

σm,c =
σ(k̂max,c) + σ(k̂min,c)

2
(2)

and stress amplitude

σa,c =
σ(k̂max,c)− σ(k̂min,c)

2
(3)

are obtained using their related maximum and minimum
stress samples. The positions kmax,c and kmin,c of these
stress samples within the MPC horizon are obtained from the
Rainflow-algorithm. Note: The sample indices are defined to
k ∈ [0, Nu] where k = 0 corresponds to t = t0 and k = Nu
to t = tend.

The effect of mean stress of cycles on fatigue is considered
by a correction of stress amplitude to an equivalent stress via
the Goodman equation [10] (p. 184)

σeq,c = σa,c
Rm

Rm − σm,c
(4)

where Rm denotes ultimate tensile stress. Equivalent stress is
converted to fatigue cost Jfatigue,c of separate stress cycles
c which can be expressed by an exponentiation

Jfatigue,c(σeq,c, ŵc) = ŵc am σmeq,c (5)

of the same order like the Woehler exponent for low stress
amplitudes. For the present example, the exponent m = 5
is obtained from the material-specific Woehler-curve and
the coefficient am is determined from Initial Capital Cost
of the machine (see also [5]). Analogously to the standard
procedure for fatigue damage, fatigue cost is accumulated
linearly by

Jfatigue,DORFC =

Nc∑
c=1

Jfatigue,c. (6)

III. ECONOMIC STAGE COST WITH TIME-VARYING
PARAMETERS

A. Formulation

In order to fit the method of Direct Online Rainflow-
counting into a classical MPC-formulation, this non-stage
non-terminal fatigue cost formulation is transformed to an
economic stage cost formulation with time-varying parame-
ters. The presented method will be referred to as Parametric
Online Rainflow-counting (PORFC).

Inserting (2) and (3) into the Goodman equation (4) and
the latter into fatigue cost of individual cycles (5), total
accumulated fatigue cost (6) can be expressed by

Jfatigue,DORFC =

Nc∑
c=1

Jfatigue,c(σ(k̂max,c), σ(k̂min,c), ŵc).

(7)
This equation highlights that the fatigue cost of each cycle

c depends on two stress samples whose positions in the
prediction horizon are determined by k̂max,c and k̂min,c.
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Algorithm 1 MPC using Direct Online Rainflow-counting
(DORFC)
Input: Periodic measurement of system states, Initial guess
of control variables
Output: Periodic update of control variables
while true do

1: Receive new initial states from measurement
2: Start preparation of QP by simulating state and state

gradient dynamics via single-shooting
Using current initial states and guess of control variables

3: Evaluate Discontinuous Fatigue Cost program
Based on stress trajectory, Using Rainflow-algorithm

4: Evaluate Fatigue Cost Gradient program
Using continuous stubstitutes (2) and (3)

5: Finish preparation and solve QP
Based on result of single-shooting and of fatigue cost
gradient program

6: Apply updated control variables to plant
end

These positions and the cycle weights ŵc are outputs of
the Rainflow-algorithm like shown in Tab. I. Consequently,
this fatigue cost of individual cycles (7) is split w.r.t. both
contributing stress samples

Jfatigue,DORFC ≈
Nc∑
c=1

(
1

2
Jfatigue,c(σ(k̂max,c), σ̂(k̂min,c), ŵc)+

1

2
Jfatigue,c(σ̂(k̂max,c), σ(k̂min,c), ŵc)

)
(8)

where now for each term only one stress value σ remains
variable and the complementary stress value σ̂ becomes a
parameter. E.g. for the first cost term, stress mean now is
calculated by

σm,c =
σ(k̂max,c) + σ̂(k̂min,c)

2
(9)

and stress amplitude by

σa,c =
σ(k̂max,c)− σ̂(k̂min,c)

2
. (10)

However, this fatigue cost formulation unfavorably en-
courages the optimization algorithm to shift the variable
stress value towards congruence with the fixed comple-
mentary stress value. Via the first cost term e.g., the vari-
able σ(k̂max,c) is shifted towards the fixed complementary
σ̂(k̂min,c). However, conversely the same happens with the
variable complementary stress sample σ(k̂min,c) via the sec-
ond cost term. Thereby, within one QP-step the two samples
can exchange their role as maximum or minimum sample,
respectively. As a result, practical observations - like in Fig.
1 - exhibit stress trajectories which are alternating between
vertically flipped realizations for consecutive optimization
steps.

0 0.5 1 1.5 2 2.5 3 3.5 4

Time [s]

20

30

40

50

60

70

S
tr

es
s 

[M
P

a]

Stress before QP-step
Stress after QP-step

Fig. 1: PORFC using parametric complementary stress val-
ues: From blue to red graph, two local minima (t = 1.5s, t =
4s) and one local maximum (t = 3s) approximatively change
their role. In the red graph, an additional minimum (t = 0.7s)
appears.
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Fig. 2: Decoupling of stress cycles in time by assigning half
of the fatigue cost to each contributing stress sample. For
example, cycle 1 is defined by the two stress samples at
time steps 1 and 3.

This phenomenon is counteracted by a formulation

Jfatigue,DORFC ≈
Nc∑
c=1

(
1

2
Jfatigue,c(σ(k̂max,c), σ̂m,c, ŵc)+

1

2
Jfatigue,c(σ(k̂min,c), σ̂m,c, ŵc)

)
(11)

where the mean stress value instead of the complementary
stress values is a parameter. For both cost terms, amplitude
stress now is calculated by

σa,c =
∣∣∣σ(k̂max/min,c)− σ̂m,c

∣∣∣ . (12)

An unfavorable property of this formulation is that a reduc-
tion of mean stress cannot be encouraged anymore. However,
via the Goodman equation (4) parametric mean stress still
amplifies the influence of the related amplitude stress. Since
formulation (11) adds an approximation, further studies on
convergence of the original problem (8) may be worthwhile
as well.

By the preceding derivation, the fatigue cost calculation
was decoupled in time which is shown in Fig. 2 for an
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exemplary case of two stress cycles. Thus, this formulation
of a summation over cycles c with each two temporal terms
can be converted to the stage cost formulation

Jfatigue,DORFC ≈
Nu∑
k=1

(Jfatigue,c(σ(k), σ̂m,c1(k), ŵc1(k))+

Jfatigue,c(σ(k), σ̂m,c2(k), ŵc2(k))) (13)

of a summation over samples k with each two cyclic terms.
Only two terms for two cycles c1 and c2 are needed, since
each stress sample contributes to maximum two stress cycles
[11]. Since only stress extrema contribute to stress cycles, the
parameters of mean stress (σ̂m,c1(k), σ̂m,c2(k)) and cycle
weight (ŵc1(k), ŵc2(k)) are nonzero only for those samples
within the horizon.

A special but regular case is a cycle where one of the
two contributing stress samples is the initial stress sample
(k = 0) of the horizon. Since the initial stress sample is a
measured sample which cannot be modified, fatigue cost of
the corresponding cycle can be solely manipulated via the
complementary stress sample which lies in the controllable
part (k > 0) of the horizon. Thus, in the stage cost, the entire
fatigue cost contribution of this cycle has to be concentrated
at the complementary sample index. This is accounted for by
neglecting the splitting-factors 1

2 of (11) and by conditionally
halving the cycle weights ŵc1(k) and ŵc2(k) for (13) instead.
For a given sample k > 0, a cycle weight is only halved if
the complementary sample also lies in the controllable part
(k > 0) of the horizon. This definition of cycle weights is
summarized in Tab. II.

TABLE II: Cycle weight ŵc1(k) or ŵc2(k) at a given stress
sample k which contributes to a specific cycle c

hhhhhhhhhhhhhhhhhhhIdx of complementary sample

Idx of given sample
k > 0

k > 0 ŵc
2

k = 0 ŵc

For the present MPC-implementation, a time-continuous
stage cost function is needed. Thus, the summation-type
formulation finally is approximated by the integral-type
formulation

Jfatigue,PORFC (σ, p̄) =

1

Tcntrl

∫ tend

t0

(
Jfatigue,c(σ(t), ˆ̄σm,c1(t), ˆ̄wc1(t))+

Jfatigue,c(σ(t), ˆ̄σm,c2(t), ˆ̄wc2(t))
)
dt. (14)

where the parameters

p̄ =


ˆ̄σm,c1
ˆ̄σm,c2
ˆ̄wc1
ˆ̄wc2

 (15)

are defined piecewise constant over the control intervals
of the prediction horizon. The factor 1

Tcntrl
is prepended

to approximate the discrete sum (13) by the present time-
integral.

B. Controller structure and NLP

Above presented method requires the calculation of the
parameters p̄ at every controller step before the MPC is
executed. Since these parameters are a substitute for stress
cycle identification which otherwise would have to happen
within the MPC, they have to be calculated based on the
same stress trajectory like the one which is present within
the MPC.

This is achieved by a pre-simulation PRESIM of the
system model over the prediction horizon which matches the
simulation within the MPC, and by a Rainflow-analysis RFC
of the resultant stress trajectory σsim, like shown in Fig. 3.

The entire procedure is given in Algorithm 2. Just like the
MPC, PRESIM is initialized with the states x0,sim = xPlant
which are sampled at the PLANT via zero-order hold ZOH.
Since shifting [9] is used within the MPC, the applied control
trajectories for PRESIM as well are obtained by a SHIFT of
the control trajectories from the previous MPC evaluation.

The pre-simulation is done in a forward-simulation-
fashion, irrespective of whether single- or multiple-shooting
is being used in the MPC. On the one hand, this introduces
a mismatch of simulation methods in the latter case. On
the other hand, the Rainflow-analysis is executed on pre-
simulation output which is guaranteed continuous.

The resulting stress trajectory from PRESIM is input to
the subsequent Rainflow-analysis RFC. Its outputs (Tab. I)
can be mapped directly to the parameters (15).

After this update of parameters p̄, the MPC can be
executed which is implemented as the following parametric
Nonlinear Program. Its objective

min
ū
− Jrevenue(x) + αdamageJfatigue,PORFC (σ, p̄) (16)

is maximization of the revenue stage cost Jrevenue and
minimization of the fatigue stage cost Jfatigue,PORFC (14)
subject to the system dynamics (1), box constraints on the
control variables

umin ≤ ū ≤ umax (17)

and nonlinear inequality constraints

cineq(x̄) =

(
x̄− xmax
−x̄+ xmin

)
≤ 0 (18)

on the system states x̄ which are sampled at the control
intervals.

IV. TRACKING STAGE COST WITH TIME-VARYING
REFERENCES AND WEIGHTS

A. Formulation

The Economic Stage Cost formulation (14) effectively
corresponds to a pointwise penalization of deviation of
stress w.r.t. parametric mean stress values ˆ̄σm,c1 and ˆ̄σm,c2.
This formulation already is very close to a Tracking MPC
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PLANT
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σsim p̄
ū

xxPlant

Fig. 3: Flowchart of Parametric Online Rainflow-counting.
PRESIM = Pre-simulation over prediction horizon, RFC
= Rainflow-counting, MPC = Model Predictive Controller,
PLANT = Controller plant, ZOH = Zero-order hold.

Algorithm 2 MPC using Parametric Online Rainflow-
counting (PORFC)
Input: Periodic measurement of system states, Initial guess
of control variables
Output: Periodic update of control variables
while true do

1: Receive new initial states from measurement
2: PRESIM: Pre-simulate state dynamics by forward

simulation
Using current initial states and SHIFTed guess of control
variables

3: RFC: Evaluate Rainflow-algorithm and adapt time-
variant fatigue cost parameters of MPC

4: MPC: Prepare and Solve QP
Using Multiple-shooting

5: Apply updated control variables to PLANT
end

formulation. In the following, necessary modifications of
the fatigue cost calculation are presented which achieve a
reformulation to Tracking Stage Cost. The presented method
will be referred to as Tracking Online Rainflow-counting
(TORFC).

In TORFC, stress mean becomes the tracking reference
for the system state of stress. In contrary to PORFC, at
each sample, only a scalar stress mean can be defined. Thus,
in case of two stress mean values in PORFC, those two
values have to be reduced to a scalar value for TORFC.
One straightforward and fairly meaningful way of combining
them seems to be a definition of the tracking reference

ˆ̄σref =
Jfatigue,c1 ˆ̄σm,c1 + Jfatigue,c2 ˆ̄σm,c2

Jfatigue,c1 + Jfatigue,c2
. (19)

by a fatigue-cost-weighted average. Analogously to stress
mean, also the cycle weights are combined to a scalar cycle
weight of

ˆ̄wc,ref =
Jfatigue,c1 ˆ̄wc1 + Jfatigue,c2 ˆ̄wc2

Jfatigue,c1 + Jfatigue,c2
. (20)

Equivalently to PORFC (12), the stress amplitude

σa(t) =
∣∣σ(t)− ˆ̄σref (t)

∣∣ . (21)

can be represented by the stress tracking deviation.

Since mean stress is the reference now, the controllable
mean stress effect (4) degenerates to a fixed linear amplifi-
cation

σeq = σa,c ˆ̄wm (22)

of amplitude stress by the factor

ˆ̄wm =
Rm

Rm − ˆ̄σref
. (23)

In Tracking MPC, stage costs

JTracking
(
σ, ˆ̄σref , ˆ̄wT

)
=∫ tend

t0

ˆ̄wT (t)
(
σ(t)− ˆ̄σref (t)

)2
dt. (24)

involve a quadratic penalization of deviations from the state
reference ˆ̄σref which can be weighted time-varying by the
tracking weight ˆ̄wT . Adaptation of the present fatigue cost
formulation (5) to this pattern only allows for an exponent
of m = 2 in the fatigue cost function

Jfatigue,c(σeq, ˆ̄wc,ref ) = ˆ̄wc,ref a2 σ
2
eq (25)

of individual stress cycles. The coefficient a2 can be used to
adapt this tracking cost function to approximate absolute or
derivative values of the original cost function (5) in a defined
range of equivalent stress σeq .

Inserting (21) into (22) into (25) leads to fatigue cost

Jfatigue,c(σ, ˆ̄σref , ˆ̄wc,ref ) = ˆ̄wc,ref a2 ˆ̄w2
m

(
σ(t)− ˆ̄σref (t)

)2
(26)

for individual stress samples. Considering (14), this leads to
a total fatigue cost of

Jfatigue,TORFC
(
σ, ˆ̄σref , ˆ̄wc,ref

)
=

1

Tcntrl

∫ tend

t0

Jfatigue,c(σ, ˆ̄σref , ˆ̄wc,ref )dt

(27)

which finally is reformulated to the standard Tracking Stage
Cost formulation

Jfatigue,TORFC
(
σ, ˆ̄σref , ˆ̄wT

)
=∫ tend

t0

ˆ̄wT (t)
(
σ(t)− ˆ̄σref (t)

)2
dt

(28)

with the tracking weight

ˆ̄wT (t) =
ˆ̄wc,ref a2 ˆ̄w2

m

Tcntrl
. (29)

B. Controller structure and NLP

TORFC is implemented in MPC similarly to PORFC
which is described in Sec. III-B. This includes a Rainflow-
analysis based on the output of a pre-simulation of the
system states. The only difference lies in the time-varying
parameters (15) which in the formulation of TORFC are
replaced by the time-varying tracking references (19) and
weights (29).

479

Authorized licensed use limited to: Technische Universitaet Muenchen. Downloaded on September 24,2020 at 21:51:10 UTC from IEEE Xplore.  Restrictions apply. 

88 Chapter 3. Formulations



V. VERIFICATION & DISCUSSION

The following analysis is presented mainly for the PORFC
formulation, due to space limitations. However, in simulative
tests, the TORFC formulation exhibits qualitatively compa-
rable behavior to PORFC.

A. Exemplaric system & MPC setup

Above developed methods are tested using a simplified
model of the NREL 5 MW wind turbine [12]. Details on
this 6-state dynamical model can be found in [5]. This
model is used as internal controller model and as plant
model. The turbine is assumed to receive perfect foresight of
the incoming rotor-equivalent wind velocity from a LiDAR.
Wind induces thrust force on the rotor which excites fore-aft
oscillations in the tower. These oscillations result in severe
cyclic stress and thus in fatigue at the tower root. The turbine
exhibits two control variables; generator torque and collective
blade pitch angle. Typically, the latter is primarily used
to manipulate thrust force and thus to reduce fatigue cost
Jfatigue. However, the controller must balance this with the
primary objective of maximizing energy output Jrevenue.

The MPC is implemented in ACADO Toolkit using 40
control steps over a horizon length of 4s which leads to
a controller sample time of 100ms. Since the concept of
Real-time Iteration (RTI) [9] is used, only one QP-step is
executed per MPC-step. The RTI-steps of the MPC are real-
time-feasible in this configuration. Only at the initial MPC-
step, a SQP of 50 QPs is executed. It is important to note that
in an SQP, for each QP-step the time-varying parameters (15)
have to be updated. Thus, at each QP-step, the pre-simulation
PRESIM and Rainflow-analysis RFC have to be executed.

The internal integrator of the MPC as well as the integra-
tors of the pre-simulation and of the plant are set-up with a
fixed step-size of 5ms. The external variable of wind velocity
only can be input at a rate of 100ms for PRESIM and MPC,
but at a rate of 5ms for the PLANT.

B. Verification of fatigue cost calculation

In the following, insights into the calculation of fatigue
cost (14) is given exemplarily for the case of PORFC; for
TORFC the procedure is similar. The entire process can be
traced in Fig. 4. The underlying stress trajectory in Fig. 4a
is calculated within the pre-simulation and exhibits 4 local
extrema: 2 minima and 2 maxima. The Rainflow-algorithm
is applied to this stress trajectory, and its outputs are used
to create two trajectories of stress mean values (Fig. 4a) and
two trajectories of cycle weights (Fig. 4b), like described in
Sec. III-B. Those variables can be nonzero at controllable
stress extrema in the horizon (t > t0). Both representations
of each variable (mean & weight) are nonzero for samples
which contribute to two stress cycles.

The accumulated PORFC fatigue cost within the predic-
tion horizon is shown in Fig. 4c. Its trajectory exhibits ramps
at each sample where the parameters and thus the fatigue
stage cost are nonzero.

Additionally, Fig. 4c enables analysis of further properties
of the herein defined MPC fatigue cost functions. Here,

0 0.5 1 1.5 2 2.5 3 3.5 4
Time [s]

0

20

40

60

80

S
tr

es
s 

[M
P

a]

Predicted stress
Parametric stress mean 1
Parametric stress mean 2

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4
Time [s]

0

0.25

0.5

W
ei

gh
t [

-] Parametric weight of cycle 1
Parametric weight of cycle 2

(b)

0 0.5 1 1.5 2 2.5 3 3.5 4
Time [s]

0

0.05

0.1 Classical RFC
PORFC
TORFC

(c)

Fig. 4: Calculation of fatigue cost for PORFC based on a)
predicted stress trajectory via parametric stress mean values
and b) cycle weight. c) Comparison of resulting PORFC
fatigue cost evolution to the ones of TORFC and of a
classical moving-window Rainflow-analysis.

the P/TORFC fatigue cost functions are compared to an a
posteriori fatigue cost evaluation method based on classic
Rainflow-counting on a moving window [13]. The latter al-
gorithm is evaluated at each point of the very fine simulation
time grid. The plot of its output fatigue cost results in the
blue trajectory. It can be seen that fatigue cost increases
gradually in time with growing stress cycles and finally leads
to a similar end value like PORFC and TORFC. However,
obviously the fatigue cost values within the horizon differ
drastically. The reason lies in the design of the cost functions
for PORFC and TORFC, where cost of a stress cycle is
allocated back in time to the stress sample which starts the
cycle. For an example, the most damaging half cycle can
be studied which occurs at 1.5s < t < 3s. Half of its
fatigue cost already causes a ramp in P/TORFC fatigue cost
at t = 1.5s. The second half of its fatigue cost is visible at
t = 3s. In general words, information about the future stress
state influences an earlier fatigue state. Thus, from a system-
theoretical point of view, these parametric cost functions
show acausal behavior.

C. Verification of closed-loop dynamic behavior

Fig. 5 shows the behavior of stress over a simulation
time of 30 seconds using an MPC with PORFC in closed
loop with the plant. The effectiveness of the presented
formulation is visible via the reduction of stress amplitude
in comparison to the initially predicted trajectories. Since
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Fig. 5: Predicted stress at tower bottom for different succes-
sive MPC-steps over a simulation time of 30 seconds. Each
predicted trajectory has an horizon length of 4 seconds and
is colored from blue (beginning of horizon) to yellow (end
of horizon). Vertical lines marked by (*) where reduction of
stress amplitude and (#) where jumping-behavior occurs.
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Fig. 6: Predicted stress at tower bottom for 50 different QP-
steps of the initial SQP at the beginning of simulation. Light-
grey bold-dashed line = first QP; varying-grey thin-dashed
lines = further QPs, where darker color = later in SQP-
iteration; black bold-solid line = last QP.

fatigue cost (5) increases superlinearly with stress amplitude,
these reductions especially occur at big cycles like at t = 3s,
t = 7s and t = 22s which are marked by (*).

In contrary, at t = 11s and t = 20s which are marked
by (#), the opposite seems to occur. Here, the finally im-
plemented stress amplitude is much higher than the initially
predicted ones. This behavior is suspected to be due to a
jump into new local minima for the subsequent optimization
problems. Additionally to these observations in the time-
marching Real-time Iteration context, similar behavior can
be detected at a fixed-time SQP in Fig. 6. Here, the solution
trajectory first converges towards a low-oscillatory trajectory
but after 6 QPs jumps to a trajectory with a pronounced
maximum of 85MPa at t = 2.7s. Starting from there, the
optimization converges towards the bolt-solid trajectory with
a more moderate cycle depth. Further studies are necessary
to obtain a clear answer on this jumping into new minima.

D. Comparative discussion w.r.t. the underlying DORFC
formulation

The reformulations of PORFC and TORFC introduce
further approximations w.r.t. to the formulation of DORFC.

Tab. III provides an overview of key quantities which appear
in the individual fatigue cost terms of DORFC (5), PORFC
(14) and TORFC (28). A main difference of PORFC w.r.t.
DORFC lies in neglecting sample indices kmax,c and kmin,c.
This means that the MPC does not receive information about
the position of the complementary stress sample. However,
the MPC does not require this information for fatigue cost
calculation since information about the value of the comple-
mentary stress sample is contained in the parametric mean
stress ˆ̄σm,c1/2. A main difference of TORFC w.r.t. to DORFC
and PORFC is the restriction to a quadratic penalization of
stress amplitudes by m = 2.

TABLE III: Overview of key quantities in the respective
fatigue cost terms and their treatment as variable (”V”) or
fixed (”F”) during one optimization step, or constant (”C”)
throughout operation.

Quantity DORFC PORFC TORFC

Stress value 1 σ(k̂max,c) (V) σ(t) (V) σ(t) (V)
Stress value 2 σ(k̂min,c) (V) ˆ̄σm,c1/2(t) (F) ˆ̄σref (t) (F)
Sample index 1 k̂max,c (F) - -
Sample index 2 k̂min,c (F) - -
Weight ŵc am (F) ˆ̄wc1/2(t) am (F) ˆ̄wT (t) (F)
Exponent m ≥ 2 (C) m ≥ 2 (C) m = 2 (C)

In terms of total fatigue cost values for the entire predic-
tion horizon, the approximations of the PORFC formulation
do not introduce significant mismatch w.r.t. DORFC. Minor
mismatch can be expected since in DORFC stress amplitudes
are determined based on stress sampled at the coarse control
grid while in PORFC stress amplitudes are determined based
on numerical integration over control intervals which are
”activated” by the parameters (15).

In the calculation of fatigue cost gradients and Hessian,
higher mismatch is suspected. Like indicated in Sec. III-A,
the gradient of fatigue cost w.r.t. mean stress does not affect
the optimization problem anymore since mean stress is a
parameter in PORFC. Additionally, since the fatigue cost
terms are decoupled in time, all off-diagonal terms of the
second derivative ∂2Jfatigue,c1/2

∂σ(k)2 of fatigue cost w.r.t. separate
stress samples are zero. However, further theoretical and
numerical investigation is needed here.

VI. CONCLUSION & OUTLOOK

Reformulation of the non-standard fatigue cost of Direct
Online Rainflow-counting (DORFC) to an Economic and a
Tracking Stage Cost is a significant advancement in terms
of practical applicability and of theoretical interpretability
of Online Rainflow-counting in MPC. Applicability within
standard MPC frameworks has been shown via an imple-
mentation in ACADO Toolkit. It has been shown that
the necessary Rainflow-analysis at each MPC-step can be
externalized based on a pre-simulation which matches the
internal simulation of the MPC. The results of this exter-
nalized Rainflow-analysis are inserted into the optimization
problem via time-varying parameters (Economic), or time-
varying tracking references and weights (Tracking).
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It has been demonstrated that the accumulated stage costs
compare very well to an a posteriori Rainflow-analysis,
exhibit ramps at samples which contribute to a cycle, and
exhibit noteworthy acausal behavior. Furthermore, a closed-
loop simulation has shown the successful mitigation of
highly damaging stress cycles. For certain successive MPC-
steps, jumps to different prediction trajectories have been
observed which are suspected to be caused by jumps into
new local minima in the optimization problem. Especially
this property will be investigated further in the future.

Additional work will be directed to:
• Including stress information from past measurements

and far-future predictions in order to account for long-
term transition cycles

• Further formalization of Online Rainflow-counting in
MPC

• Comparison to fatigue cost approximations by Hystere-
sis Operators [14] and Artificial Neural Networks [15]

• Research on uncertainty and robustness
• Simultaneous consideration of fatigue cost for multiple

parts of the plant
• Realistic controller tests using high-fidelity plant simu-

lators
• Online-adaptation of horizon and control step size based

on current error of fatigue cost estimation.

REFERENCES
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3.5 Paper 5: Generalization & incorporation of fatigue into the MPC- in-
ternal system model

3.5.1 Summary

In the DORFC formulation of Papers 2 and 3 fatigue estimation is incorporated as an intermediate
step of the MPC algorithm. In the present paper, this incorporation is even intensified by formulating
fatigue estimation as part of the MPC-internal system model.

As an open-loop basis, an existing moving-window value-discrete fatigue estimation algorithm is
enhanced to a one-step value-continuous algorithm. Key enablers are the perpetual update of a residue
set, and the consideration of full and half cycles. The residue set plays a central role as "condensed
memory" by carrying along past stress extrema which have not contributed to full cycles as yet.

On top of this algorithm, the MPC-internal fatigue estimation model requires a distinction between
time instances before execution of the current MPC step (past) and time instances in the prediction
horizon (prediction). The reason behind is that only the predicted states are controllable, and that
they are deleted and re-simulated at each new MPC step. As system class, a hybrid dynamical system
is chosen since it can represent physical value-continuous dynamics and algorithmic discontinuous
mappings. The submodels are:

• The plant dynamics is provided by a set of value-continuous differential equations.
• The stress cycle identification (Rainflow algorithm) is represented by a transition map which

updates the value-discrete structural states (cycle weights and sample indices of stress extrema).
• The past- and prediction-residues are updated by separate reset maps and held constant in the

meantime. The reset maps are defined by a logic of appending and deleting samples which is
governed by the structural states.

• The fatigue cost of past full cycles as well is updated by a reset map and held constant in the
meantime. The reset map is defined by continuous fatigue cost functions, and by a logic governed
by the structural states.

• The total fatigue cost is provided by continuous output functions which as well are adapted by a
logic.

The gradients of total fatigue cost w.r.t. the control variables are formulated. This is simplified by
the fact that past states are independent from the control variables, and by the assumption "Switch
seldom" from Paper 3. Finally, the hybrid dynamical system is implemented in the cost function of
an Economic Nonlinear MPC where it provides accurate fatigue estimation by efficiently memorizing
past stress samples. By deriving previous fatigue cost formulations from the present hybrid dynamical
system, the impressive generality of this approach is proven.

3.5.2 Contribution

The author of this dissertation developed the one-step value-continuous fatigue estimation algorithm
and the hybrid dynamical systems, performed the implementation, executed and analyzed the simula-
tions, and wrote the paper. DO put the formulation in the right context and supervised the work. Both
authors jointly developed the idea for the generalization of fatigue estimation, and provided important
input to this research work through discussions, feedback and by improving the manuscript.
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Abstract: The standard fatigue estimation procedure is formulated as a hybrid dynamical
system, which subsequently is utilized to calculate an economic terminal cost in MPC. This
formulation is enabled by the development of a novel algorithm for continuous stress cycle
identification. A second hybrid dynamical system is designed to provide fatigue cost gradients.
The formulation turns out to be a powerful generalization of previous fatigue cost formulations,
and additionally introduces consideration of past stress into the cost function. Presented closed-
loop simulations using a wind turbine model provide insight into the subsystems of the hybrid
dynamical system, and show the benefit of memorizing the past.
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1. INTRODUCTION

Fatigue is damage of a material caused by cyclic appli-
cation of mechanical stress. Fatigue has large impact on
the operating costs of devices and thus control of fatigue
is used to increase the total economic profit. Model Pre-
dictive Controllers (MPC) enable optimal control of many
devices by using predictions of future system excitation
(Findeisen and Allgöwer (2002)). Based on these input
predictions, stress time-series at crucial spots in the device
structure can be predicted. In Direct Online Rainflow-
counting (DORFC, Loew et al. (2019)), these stress pre-
dictions are used for direct incorporation of the standard
fatigue damage estimation procedure in the cost function
of Model Predictive Control.

Questions:
Question 1) Since within the formulation of DORFC, fa-
tigue cost is a discontinuous function of all time-samples of
stress within the prediction horizon, neither the concept of
stage cost nor of terminal cost applies (Grüne and Pannek
(2017)). However, formal proofs of stability and recursive
feasibility usually are commonly researched for those stan-
dard concepts (Grüne and Pannek (2017), Findeisen and
Allgöwer (2002), Rawlings and Mayne (2009) p.112 ff.).
In Loew et al. (2020), stage cost formulations are achieved
by some approximations, externalization of the fatigue
cost evaluation from the MPC algorithm, and insertion
of its results into the MPC via time-varying parameters.
However, the question arises, if direct stage or terminal
cost formulations without those additions are possible as
well.

Question 2) In preceding methods (Loew et al. (2019),
Loew et al. (2020)), fatigue cost is evaluated only based on
the states in the prediction horizon. However, fatigue is a
long-term effect, and correct evaluation requires knowledge
about the entire stress history. As an extreme example, the
very first stress sample after commissioning of the machine
can form a stress cycle with the current stress sample
several years later. Thus, the question arises, if information
about the stress history can be included consistently into
the predictive cost function.

Question 3) Taking up the previous question, storing the
entire stress history requires a high amount of computa-
tional memory in the order of Gigabytes. Analyzing this
high amount of data at every controller step requires exces-
sive computing power. Thus, a smart method is required
which enables pertaining a reduced dataset in the controller
without losing information.

Question 4) Other approaches for fatigue control in lit-
erature use Markovian and causal surrogate models for
fatigue dynamics (Luna et al. (2020), Gros and Schild
(2017), Barradas-Berglind et al. (2015)). However, analysis
in Loew et al. (2020) shows that cost functions are closer to
the nature of the fatigue estimation process if stress state
values are penalized based on their past and future evolu-
tion. In Loew et al. (2020), this property is implemented
by above mentioned externalization of fatigue evaluation.
However, the question arises, if this property also can be
achieved by a standard cost formulation with Markovian
and causal properties.

Contribution & Outline: In Sec. 2, Questions 2) and
3) are solved by the development of a value-continuous
fatigue cost calculation with residue handling. In Sec. 3,
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Allgöwer (2002), Rawlings and Mayne (2009) p.112 ff.).
In Loew et al. (2020), stage cost formulations are achieved
by some approximations, externalization of the fatigue
cost evaluation from the MPC algorithm, and insertion
of its results into the MPC via time-varying parameters.
However, the question arises, if direct stage or terminal
cost formulations without those additions are possible as
well.

Question 2) In preceding methods (Loew et al. (2019),
Loew et al. (2020)), fatigue cost is evaluated only based on
the states in the prediction horizon. However, fatigue is a
long-term effect, and correct evaluation requires knowledge
about the entire stress history. As an extreme example, the
very first stress sample after commissioning of the machine
can form a stress cycle with the current stress sample
several years later. Thus, the question arises, if information
about the stress history can be included consistently into
the predictive cost function.

Question 3) Taking up the previous question, storing the
entire stress history requires a high amount of computa-
tional memory in the order of Gigabytes. Analyzing this
high amount of data at every controller step requires exces-
sive computing power. Thus, a smart method is required
which enables pertaining a reduced dataset in the controller
without losing information.

Question 4) Other approaches for fatigue control in lit-
erature use Markovian and causal surrogate models for
fatigue dynamics (Luna et al. (2020), Gros and Schild
(2017), Barradas-Berglind et al. (2015)). However, analysis
in Loew et al. (2020) shows that cost functions are closer to
the nature of the fatigue estimation process if stress state
values are penalized based on their past and future evolu-
tion. In Loew et al. (2020), this property is implemented
by above mentioned externalization of fatigue evaluation.
However, the question arises, if this property also can be
achieved by a standard cost formulation with Markovian
and causal properties.

Contribution & Outline: In Sec. 2, Questions 2) and
3) are solved by the development of a value-continuous
fatigue cost calculation with residue handling. In Sec. 3,

Formulation of Fatigue Dynamics
as Hybrid Dynamical System
for Model Predictive Control

Stefan Loew ∗ Dragan Obradovic ∗∗

∗ Wind Energy Institute of Technical University of Munich,
Boltzmannstrasse 15, 85748 Garching, Germany, and Siemens AG,

Corporate Technology, Otto-Hahn-Ring 6, 81739 Munich,
Germany(e-mail: loew.stefan@siemens.com).

∗∗ Siemens AG, Corporate Technology, Otto-Hahn-Ring 6,
81739 Munich, Germany.

Abstract: The standard fatigue estimation procedure is formulated as a hybrid dynamical
system, which subsequently is utilized to calculate an economic terminal cost in MPC. This
formulation is enabled by the development of a novel algorithm for continuous stress cycle
identification. A second hybrid dynamical system is designed to provide fatigue cost gradients.
The formulation turns out to be a powerful generalization of previous fatigue cost formulations,
and additionally introduces consideration of past stress into the cost function. Presented closed-
loop simulations using a wind turbine model provide insight into the subsystems of the hybrid
dynamical system, and show the benefit of memorizing the past.

Keywords: Optimal Control, Hybrid Systems, Mechatronic Systems, Energy Systems

1. INTRODUCTION

Fatigue is damage of a material caused by cyclic appli-
cation of mechanical stress. Fatigue has large impact on
the operating costs of devices and thus control of fatigue
is used to increase the total economic profit. Model Pre-
dictive Controllers (MPC) enable optimal control of many
devices by using predictions of future system excitation
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(2017)). However, formal proofs of stability and recursive
feasibility usually are commonly researched for those stan-
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very first stress sample after commissioning of the machine
can form a stress cycle with the current stress sample
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Question 3) Taking up the previous question, storing the
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erature use Markovian and causal surrogate models for
fatigue dynamics (Luna et al. (2020), Gros and Schild
(2017), Barradas-Berglind et al. (2015)). However, analysis
in Loew et al. (2020) shows that cost functions are closer to
the nature of the fatigue estimation process if stress state
values are penalized based on their past and future evolu-
tion. In Loew et al. (2020), this property is implemented
by above mentioned externalization of fatigue evaluation.
However, the question arises, if this property also can be
achieved by a standard cost formulation with Markovian
and causal properties.

Contribution & Outline: In Sec. 2, Questions 2) and
3) are solved by the development of a value-continuous
fatigue cost calculation with residue handling. In Sec. 3,
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However, the question arises, if this property also can be
achieved by a standard cost formulation with Markovian
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Contribution & Outline: In Sec. 2, Questions 2) and
3) are solved by the development of a value-continuous
fatigue cost calculation with residue handling. In Sec. 3,

Fig. 1. Flowchart of the MATLAB-implementation
rainflow() of the Three-point Rainflow algorithm
(simplified from The MathWorks Inc. (2018)). Stress
extrema are called ”reversals”. The range r(X) =
|X(2)−X(1)| of a stress value pair X is the absolute
value of the difference between both stresses.

fundamentals on delayed and hybrid systems are presented
as a basis for further modeling. In Sec. 4, fatigue cost calcu-
lation is cast into a hybrid dynamical system which solves
Question 4). In Sec. 5, a link to previous formulations and
an incorporation of the hybrid dynamical system into the
terminal cost of an MPC is provided, which solves Ques-
tion 1). Sec. 6 provides first insight into this novel MPC
implementation. Sec. 7 provides conclusion and outlook.

One comment on notation: The variable notation with
bar ā means sampled on the control intervals of the
prediction horizon and with tilde ã means estimated from
measurements.

2. FATIGUE ESTIMATION

2.1 Cycle identification and fatigue estimation

Rainflow-counting (RFC) (ASTM (1985), The MathWorks
Inc. (2018)) is the standard method for decomposition of
stress time-series to stress cycles and therefore is part of
the standard fatigue estimation process. A flowchart of the
Rainflow algorithm is displayed in Fig. 1. The Rainflow
algorithm is based on reversals (extrema) of the stress
trajectory, and contains algorithmic branches and loops.
Thus, a crucial property of the Rainflow algorithm is its
discontinuous output-behavior. Furthermore, the number
Nc of identified cycles is variable, but bounded by the
number of extrema. The outputs of RFC can be converted
to the variables in Table 1 where the value of weight equals
wc = 1 if a full stress cycle is detected and equals wc = 0.5
if a half cycle (half period) is detected.

2.2 Moving-window cycle identification & Residue

Originally, Rainflow analysis is performed on the entire
stress history. However, in Heinrich et al. (2019) it is shown

Table 1. Converted outputs of RFC for stress
cycles c

Quantity Variable Unit

Stress amplitude σa,c [Pa]

Stress mean σm,c [Pa]

Sample index of cycle maximum kmax,c [−]

Sample index of cycle minimum kmin,c [−]

Weight wc [−]

Fig. 2. Rainflow analysis on a moving window (Heinrich
et al. (2019)).

that Rainflow analysis also can be performed on a moving
window, like stated in Alg. 1.

In Question 2) of Sec. 1, the importance of considering the
stress history in fatigue evaluation is pointed out. This is
due to so called transition cycles which grow over a long
period of time and can reach high stress amplitudes with
dominating fatigue impact (Marsh et al. (2016)). Since
transition cycles per definition have not been closed yet,
they appear as half cycles in Rainflow analysis. Thus,
to account for transition cycles in the moving-window
algorithm, the corresponding half-cycle stress samples are
carried along in the so-called residue (Köhler et al. (2012)).

Algorithm 1 Rainflow-analysis on a moving window;
according to Heinrich et al. (2019)

Input: Existing stress string σexist, Periodic update of
new stress string σnew

Output: Full cycles

1: Extract full cycles from existing string (t ≤ t0) using
Rainflow algorithm, Store residue in xres,1

while true do
2: Receive string σnew of new stress samples obtained on

(t0, t0 + ∆t]
3: Extract full cycles from σnew using Rainflow algo-

rithm, Store residue in xres,2

4: Merge residues xres,1 and xres,2

5: Extract full cycles from {xres,1,xres,2} using Rainflow
algorithm, Store residue in xres,1

end

As an illustration, the Rainflow analysis on a moving
window is shown in Fig. 2. At step a), full cycles are
extracted from an existing stress string which occurs at
t ≤ t0. Additionally, a string of new stress samples (t0 <
t ≤ t0 + ∆t) is obtained and full cycles are extracted
from it as well. Step b) shows extracted full cycles and
residues of both. Step c) shows the string which results
from concatenation of both residues. Consequently, this
string as well is analyzed for full cycles.
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Depending on the stress signal, a high number of samples
can be accumulated in the residue. Highest possible di-
mensions of the residue vector result from diverging and
converging stress time series because they result in a very
high number of half cycles (Köhler et al. (2012)). However,
long-term diverging series are unrealistic because unstable
machine behavior typically is counteracted by the con-
troller or an emergency shutdown. Long-term converging
series are irrelevant, since very low-amplitude cycles can be
neglected without significant error in fatigue estimation.
Concluding, the dimension Nres of the residue vector is
finite and in practical tests remained well below 100.

2.3 One-step value-continuous cycle identification

The moving-window approach of Sec. 2.2 results in pe-
riodic updates of identified full cycles. This corresponds
to a periodic value-discrete update of fatigue cost. How-
ever, gradient-based optimization in MPC requires value-
continuous evolution of cost functions. Therefore, also
the dynamics of fatigue cost needs to be expresses in a
continuous fashion. Additionally, just like the plant states,
fatigue cost should evolve on arbitrarily small timesteps
unlike time periods ∆t of Alg. 1. Both goals are achieved
by the following two novel steps of enhancement:

As the first step, Alg. 1 is adapted to a one-step cycle
identification which is shown in Alg. 2. The advantage is
that this algorithm does not pause until a new string of
stress samples is available, but directly provides an update
of full cycles with each new stress sample.

Algorithm 2 One-step Rainflow-analysis

Input: Existing stress string σexist, Periodic update of a
scalar new stress sample σ
Output: Full cycles
Initialization: Stress residue xres = σexist

while true do

1: Merge residue xres and new stress sample σ
2: Extract full cycles from {xres, σ} using Rainflow algo-

rithm, Store residue in xres

end

As the second step, Alg. 2 is enhanced by additional consid-
eration of half cycles which start ”growing” already due to
infitesimally small variations in stress. This consideration
results in continuous output of the computation of fatigue
cost which additionally is added to the algorithm, like
stated in Alg. 3.
These enhancements do not introduce further assump-

tions. Thus, like shown in Fig. 3, this continuous fatigue
cost calculation provides the same output like a batch
evaluation over the entire stress trajectory. As expected,
the fatigue cost rate never is negative, and thus fatigue
cost is monotonously increasing. Concluding, Alg. 3 also
solves Question 3) of Sec. 1 by condensing information
of past full cycles in the scalar xfatigue,FC , and by only
memorizing stress samples which are extrema and have
not contributed to full cycles yet.

3. SYSTEM CLASSES

In order to integrate the continuous fatigue cost estimation
of Alg. 3 in an MPC, it has to be cast into a class of

Algorithm 3 One-step value-continuous fatigue cost es-
timation
Input: Existing stress string σexist, Periodic update of a
scalar new stress sample σ(k + 1) at each step k
Output: Periodic update of fatigue cost Jfatigue(k) at
each step k
Initialization: Zero total fatigue cost Jfatigue(0) = 0 and
fatigue cost xfatigue,FC(0) = 0 of full cycles, Stress residue
xres(0) = σexist, k = 0
while true do

1: Merge residue xres(k) and new stress sample σ(k + 1)
2: Extract full and half cycles from {xres(k), σ(k + 1)}

using Rainflow algorithm, Store residue in xres(k + 1)
3: Calculate fatigue cost based on full cycles, Add result

to xfatigue,FC(k) to obtain xfatigue,FC(k + 1)
4: Calculate fatigue cost based on full and half cycles,

Add result to xfatigue,FC(k) to obtain Jfatigue(k + 1)
5: k = k + 1

end
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dynamical systems. A system class is required which allows
for incorporation of past states, for dynamic variation of
state dimensions, and for discontinuous updates of states.
In the following, system classes from literature are assessed
which seem promising with regard to these properties.

3.1 Delay differential equations

Delay differential equations (DDEs) are differential equa-
tions in which the state differential at a certain time
depends on past state values (see Shampine and Thompson
(2009)). However, discontinuous updates of states and
their dimensions do not seem to be possible. Additionally,
delays would have to increase with simulation time since
the instances of residue-sampling are fixed in absolute
time. Therefore, DDEs are not utilized in the present work.

3.2 Hybrid dynamical systems

Definition: A hybrid dynamical system is characterized
by a coexistence of value-continuous and value-discrete
dynamics (Aihara and Suzuki (2010)). They are able to
describe physical mechanisms like impact and friction,
and cyber-physical mechanisms like switching. Therefore
for the present work, hybrid systems are highly suitable
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dynamical systems. A system class is required which allows
for incorporation of past states, for dynamic variation of
state dimensions, and for discontinuous updates of states.
In the following, system classes from literature are assessed
which seem promising with regard to these properties.

3.1 Delay differential equations

Delay differential equations (DDEs) are differential equa-
tions in which the state differential at a certain time
depends on past state values (see Shampine and Thompson
(2009)). However, discontinuous updates of states and
their dimensions do not seem to be possible. Additionally,
delays would have to increase with simulation time since
the instances of residue-sampling are fixed in absolute
time. Therefore, DDEs are not utilized in the present work.

3.2 Hybrid dynamical systems

Definition: A hybrid dynamical system is characterized
by a coexistence of value-continuous and value-discrete
dynamics (Aihara and Suzuki (2010)). They are able to
describe physical mechanisms like impact and friction,
and cyber-physical mechanisms like switching. Therefore
for the present work, hybrid systems are highly suitable

Fig. 4. Switching of dynamics at t2 and resets of the
value-continuous state x at t1 and t3, both triggered
by the value-discrete state q (Lunze and Lamnabhi-
Lagarrigue (2009)).

for modeling the interplay of physical value-continuous
dynamics and algorithmic discontinuous mappings.

According to Aihara and Suzuki (2010) and Lunze and
Lamnabhi-Lagarrigue (2009), hybrid dynamical systems
can be described by the mappings

ẋ(t) = F q(t)(x(t),u(t)) (1a)

q(t) = G(q(t−),x(t−),u(t)) (1b)

x(t) = R(q(t−),x(t−),u(t)) (1c)

y(t) = H(q(t),x(t),u(t)) (1d)

where

• x(t) ∈ RNx are value-continuous states.
• u(t) ∈ RNin are control variables.
• q(t) ∈ RNq are value-discrete states.
• t− = lim

ε→0
τ − ε denotes the time instant right before

a discontinuous transition/reset event τ of states. t
equivalently denotes the time instant after such an
event.

• y(t) ∈ RNy is the output of the system.

• F q(t) is a switched set of continuous differential
equations. Which subsystem is active, is determined
by the value-discrete states q(t).

• G is a discontinuous transition-map for the value-
discrete states from q(t−) to q(t).

• R is a discontinuous reset-map for jumps of the value-
continuous states from x(t−) to x(t).

• H is an output function.

An exemplary time-behavior of a simple hybrid dy-
namical system is shown in Fig. 4.

4. FATIGUE DYNAMICS AS HYBRID
DYNAMICAL SYSTEM

4.1 Formulation of fatigue dynamics

In the following, plant dynamics and fatigue evolution
of Alg. 3 will be cast into the framework of an hybrid
dynamical system which was introduced in Sec. 3.2. Since
the ultimate goal is utlization of this hybrid dynamical
system in an MPC cost function, there will be a distinc-
tion between time instances in the controllable prediction
horizon (prediction) and time instances before execution
of the current MPC-step (past). The resulting subsystems
stem from plant dynamics, extrema & cycle identification,

update of residue, update of fatigue cost of past full cycles,
and output of total accumulated fatigue cost. This is
visualized in Fig. 5. Interestingly, all types of mappings
of hybrid dynamical systems are utilized; namely several
continuous differential equations, a transition-map, three
reset maps, and one output function. Additionally, there
are value-discrete and value-continuous state sets of vari-
able dimensions.

Plant: The time-continuous evolution of value-continuous
plant states x(t) is obtained by the set

ẋ = F sys(x(t),u(t),d(t)) (2)

of differential equations with control variables u(t), dis-
turbances d(t) and initial states x(t0) = x̃(t0). Fatigue is
caused by stress σ(t) ∈ x(t) which is considered as one of
the states of the system.

Cycle identification: According to Alg. 3, cycle identifi-
cation by the Rainflow algorithm is based on a stress string
which is a concatenation of the residual stress samples
and the new stress sample. This string is input to the
transition-map

qstruct(t) = GRFC({xres(t), σ(t)}) (3)

which instantaneously updates the value-discrete struc-
tural states. The structural states are defined by

qstruct =

(
w

kmax

kmin

)
=

(
(w1, w2, ..., wNc

)
(kmax,1, kmax,2, ..., kmax,Nc

)
(kmin,1, kmin,2, ..., kmin,Nc

)

)
(4)

where the number Nc of identified cycles - and thus the
dimensions - are variable. The structural states are cycle
weights w, sample indices kmax of cycle maxima and
sample indices kmin of minima (compare to Tab. 1).

Residue: The update of the value-continuous residue
states is obtained by the reset-map

xres(t) = Rres(qstruct(t
−),xres(t

−), σ(t−), t) (5)

with the residue states

xres = ({xres,past,xres,pred}) =
(

(σres,past,1, σres,past,2, ..., σres,past,Npast
)

(σres,pred,1, σres,pred,2, ..., σres,pred,Npred
)

)T

(6)

where the numbers of past Npast and predicted Npred

stress samples - and thus the dimensions - are variable.
Since the reset-map depends on the structural states
qstruct, it is event-driven. Additionally, the reset-map is
time-driven since the reset-behavior differs for the begin-
ning t = t0 and within t0 < t ≤ tend the horizon.

The reset-map comprises two sub-maps Rres,past and
Rres,pred for treatment of past and predicted residue, re-
spectively. Fig. 6 shows the sampling of past and prediction
trajectory via reset-maps to obtain the residue states.

The update of the past-residue is obtained by the reset-
map

xres,past = Rres,past =




{σres,past,l(t
−), σ(t−)} ∀l ∈ {kmax,j , kmin,j}

∀j|¬(wj = 1 ∧ kmax,j ≤ Npast ∧ kmin,j ≤ Npast)

if t = t0
not active if t0 < t ≤ tend

(7)
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Fig. 5. Structure of the hybrid dynamical system for plant dynamics and fatigue cost evaluation. Black = value-
continuous dynamics, Orange = transition-map, Purple = reset-map, Blue = output function. Dashed lines =
paths which are neglected at fatigue cost gradient calculation.
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Fig. 6. Generation of past-residue xres,past and prediction-
residue xres,pred from estimated past and predicted
future stress evolution. Both past extrema which form
a full cycle are excluded from the residue and their
fatigue cost is added to the fatigue cost xfatigue,FC of
past full cycles.

where the new estimated stress sample σ(t−) is appended
to the previous past-residue σres,past,l(t

−) at the begin-
ning t = t0 of the prediction horizon. From the previ-
ous past-residue, only samples are maintained which are
extrema and thus contribute to stress cycles (index l ∈
{kmax,j , kmin,j}). This is further limited to extrema which
do not contribute to full cycles (wj = 1) which entirely oc-
cur in the past-residue (kmax,j ≤ Npast ∧ kmin,j ≤ Npast).

The update of the prediction-residue is obtained by the
reset-map

xres,pred = Rres,pred =




∅ if t = t0
{σres,pred,l(t

−), σ(t−)} ∀l + Npast ∈ {kmax,kmin}
if t0 < t ≤ tend

(8)

where the new estimated stress sample is appended to
the previous prediction-residue within the horizon t0 <
t ≤ tend. From the previous prediction-residue, all samples
are maintained which contribute to stress cycles. At the
beginning t = t0 of a new MPC-step, the prediction-
residue is initialized to an empty set.

In between of those resets, the residue states are held
constant; which is represented by the continuous dynamics

ẋres(t) = F res = 0. (9)

Fatigue cost of past full cycles: The update of fatigue
cost of full cycles which occurred at t ≤ t0 is obtained by

the reset-map

xfatigue,FC(t) =

Rfatigue,FC(qstruct(t
−),xres(t

−), σ(t−), xfatigue,FC(t−)) =



∑
j (wj ffatigue,j({xres(t

−), σ(t−)}, kmax,j , kmin,j)) +

+xfatigue,FC(t−) ∀l ∈ {kmax,j , kmin,j}
∀j|(wj = 1 ∧ kmax,j ≤ Npast ∧ kmin,j ≤ Npast)

if t = t0
not active if t0 < t ≤ tend

(10)

which calculates a sum of convex fatigue cost func-
tions ffatigue over all full cycles in the past residue
(see Loew et al. (2019) for more details). Each fatigue
cost function is composed by two stress samples out of
the string {xres(t

−), σ(t−)}; determined by the indices
kmax,j , kmin,j . The summed fatigue cost is added to the
previous version of the state xfatigue,FC(t−). This state
as well is accompanied by a constant continuous dynamics
ẋfatigue,FC(t) = Ffatigue,FC = 0.

Fatigue cost: The continuous calculation of total accu-
mulated fatigue cost is obtained by the output function

Jfatigue(t) = yfatigue(t) =

Hfatigue(qstruct(t), {xres(t), σ(t)}, xfatigue,FC(t)) =∑

c

(wc ffatigue,c({xres(t), σ(t)}, kmax,c, kmin,c)) +

+ xfatigue,FC (11)

which calculates a sum of fatigue cost over all identified
full and half cycles c, and adds this to the fatigue cost of
past full cycles xfatigue,FC .

Summary: The total hybrid system Φ, its states χ and
output γ are defined by

Φ





F sys

GRFC

Rres

F res

Rfatigue,FC

Ffatigue,FC

Hfatigue

χ





x

qstruct

xres

xfatigue,FC

γ




Jfatigue.

(12)

Since at any point of time the states χ(t) contain all
relevant information about the entire history, they form
a Markovian state.
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Fig. 5. Structure of the hybrid dynamical system for plant dynamics and fatigue cost evaluation. Black = value-
continuous dynamics, Orange = transition-map, Purple = reset-map, Blue = output function. Dashed lines =
paths which are neglected at fatigue cost gradient calculation.
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Fig. 6. Generation of past-residue xres,past and prediction-
residue xres,pred from estimated past and predicted
future stress evolution. Both past extrema which form
a full cycle are excluded from the residue and their
fatigue cost is added to the fatigue cost xfatigue,FC of
past full cycles.

where the new estimated stress sample σ(t−) is appended
to the previous past-residue σres,past,l(t

−) at the begin-
ning t = t0 of the prediction horizon. From the previ-
ous past-residue, only samples are maintained which are
extrema and thus contribute to stress cycles (index l ∈
{kmax,j , kmin,j}). This is further limited to extrema which
do not contribute to full cycles (wj = 1) which entirely oc-
cur in the past-residue (kmax,j ≤ Npast ∧ kmin,j ≤ Npast).

The update of the prediction-residue is obtained by the
reset-map

xres,pred = Rres,pred =




∅ if t = t0
{σres,pred,l(t

−), σ(t−)} ∀l + Npast ∈ {kmax,kmin}
if t0 < t ≤ tend

(8)

where the new estimated stress sample is appended to
the previous prediction-residue within the horizon t0 <
t ≤ tend. From the previous prediction-residue, all samples
are maintained which contribute to stress cycles. At the
beginning t = t0 of a new MPC-step, the prediction-
residue is initialized to an empty set.

In between of those resets, the residue states are held
constant; which is represented by the continuous dynamics

ẋres(t) = F res = 0. (9)

Fatigue cost of past full cycles: The update of fatigue
cost of full cycles which occurred at t ≤ t0 is obtained by

the reset-map

xfatigue,FC(t) =

Rfatigue,FC(qstruct(t
−),xres(t

−), σ(t−), xfatigue,FC(t−)) =



∑
j (wj ffatigue,j({xres(t

−), σ(t−)}, kmax,j , kmin,j)) +

+xfatigue,FC(t−) ∀l ∈ {kmax,j , kmin,j}
∀j|(wj = 1 ∧ kmax,j ≤ Npast ∧ kmin,j ≤ Npast)

if t = t0
not active if t0 < t ≤ tend

(10)

which calculates a sum of convex fatigue cost func-
tions ffatigue over all full cycles in the past residue
(see Loew et al. (2019) for more details). Each fatigue
cost function is composed by two stress samples out of
the string {xres(t

−), σ(t−)}; determined by the indices
kmax,j , kmin,j . The summed fatigue cost is added to the
previous version of the state xfatigue,FC(t−). This state
as well is accompanied by a constant continuous dynamics
ẋfatigue,FC(t) = Ffatigue,FC = 0.

Fatigue cost: The continuous calculation of total accu-
mulated fatigue cost is obtained by the output function

Jfatigue(t) = yfatigue(t) =

Hfatigue(qstruct(t), {xres(t), σ(t)}, xfatigue,FC(t)) =∑

c

(wc ffatigue,c({xres(t), σ(t)}, kmax,c, kmin,c)) +

+ xfatigue,FC (11)

which calculates a sum of fatigue cost over all identified
full and half cycles c, and adds this to the fatigue cost of
past full cycles xfatigue,FC .

Summary: The total hybrid system Φ, its states χ and
output γ are defined by

Φ





F sys

GRFC

Rres

F res

Rfatigue,FC

Ffatigue,FC

Hfatigue

χ





x

qstruct

xres

xfatigue,FC

γ




Jfatigue.

(12)

Since at any point of time the states χ(t) contain all
relevant information about the entire history, they form
a Markovian state.

4.2 Derivation of fatigue cost gradient

For gradient-based MPC, gradients of states and cost func-
tions w.r.t. the control variables ū have to be simulated in
parallel to the states and cost functions (12). This gradient
dynamics as well is cast into the framework

Φū

{
F sys,ū,GRFC,ū,Rres,ū,F res,ū,

Rfatigue,FC,ū, Ffatigue,FC,ū, Hfatigue,ū

χū

{
dx

dū
,
dqstruct

dū
,
dxres

dū
,
dxfatigue,FC

dū

γū

{
dJfatigue

dū

(13)

of an hybrid dynamical system. Since fatigue cost is the
output of system (12), all gradient calculations culminate
in the gradient

γūi,j (t) =
dJfatigue(t)

dūi,j
=

∂Hfatigue(t)

∂χ

dχ(t)

dūi,j
=

∂Hfatigue(t)

∂σ

dσ(t)

dūi,j
+ (14a)

+
∂Hfatigue(t)

∂qstruct

dqstruct(t)

dūi,j
+ (14b)

+

Npast∑

l=1

∂Hfatigue(t)

∂σres,past,l

dσres,past,l(t)

dūi,j
+ (14c)

+

Npred∑

l=1

∂Hfatigue(t)

∂σres,pred,l

dσres,pred,l(t)

dūi,j
+ (14d)

+
∂Hfatigue(t)

∂xfatigue,FC

dxfatigue,FC(t)

dūi,j
(14e)

of fatigue cost output w.r.t. individual zero-order-hold-
samples ūi,j of the control variables. The individual terms
of (14) are derived in the following.

Plant: For term (14a),
∂Hfatigue(t)

∂σ is obtained by Auto-

matic Differentiation (AD), and dσ(t)
dūi,j

from the respective

Variational Differential Equation F sys,ūi,j
.

Cycle identification: For term (14b), dqstruct(t)
dūi,j

cannot

be obtained because the transition-map GRFC cannot be
differentiated. Therefore, the assumption stated in Loew
et al. (2019) is applied, that the update of control variables
ūi,j by the optimization algorithm only leads to mild
variations in the state trajectories within one MPC-step.
Therefore, the structure qstruct of identified cycles can
be assumed to be invariant w.r.t. the controls within one
MPC-step. This corresponds to

dqstruct(t)

dūi,j
= GRFC,ūi,j

= 0 (15)

and a vanishing term (14b). Consequently, in Fig. 5, all
paths are marked as neglected for gradient calculation
which are connected to the transition map GRFC . Valida-
tion and further assessment of above mentioned assump-
tion are subject of current research.

Residue: All summation terms of (14c) are equal to zero
since the past residue samples from t ≤ t0 are inde-
pendent from the control variables in t > t0. Therefore,
dσres,past,l(t)

dūi,j
= Rres,past,l,ūi,j

= 0 ∀l ∀t ≥ t0.

For term (14d), gradient
∂Hfatigue(t)
∂σres,pred,l

is obtained by AD.

The gradients

dσres,pred,l(t)

dūi,j
= Rres,pred,l,ūi,j

=





∅ if t = t0{
dσres,pred,l(t)

dūi,j
(t−),

dσ(t)

dūi,j
(t−)

}

∀l + Npast ∈ {kmax,kmin} if t0 < t ≤ tend
(16)

of prediction-residue are updated by a reset-map of identi-
cal design to the reset-map of the prediction-residue itself
(8). This gradient update is a simplification since the reset-
map also depends on the structural states qstruct, and
formally gradients w.r.t. this variable would have to be
derived as well. However, these terms are neglected due
to assumption (15). Analogously to the residue states (9),
also their gradients are held constant by dẋres

dū = F res,ū =
0.

Fatigue cost of past full cycles: Term (14e) is equal to
zero since the past fatigue cost xfatigue,FC of full cycles is
independent from the control variables in t ≥ t0. Therefore
dxfatigue,FC(t)

dūi,j
= 0, Rfatigue,FC,ū = 0 and Ffatigue,FC,ū =

0 ∀t ≥ t0.

Fatigue cost: Concluding, fatigue cost gradient calcula-
tion reduces from (14) to the approximation

dJfatigue(t)

dūi,j
=

∂Hfatigue(t)

∂σ

dσ(t)

dūi,j
+

+

Npred∑

l=1

∂Hfatigue(t)

∂σres,pred,l

dσres,pred,l(t)

dūi,j
. (17)

5. LINK TO EXISTING METHODS AND
ENHANCEMENT

The present formulation of fatigue cost in a hybrid dy-
namical system is very general. In the following, this is
demonstrated briefly by deriving from it two existing for-
mulations of direct fatigue cost implementation in MPC.
Additionally, both approaches are revolutionized in the
sense that stress history from the past now can be con-
sidered in the cost function in a natural and consistent
way.

5.1 Parametric Online Rainflow-counting

Derivation: In PORFC (Loew et al. (2020)), fatigue cost
calculation within the MPC is continuous since the discon-
tinuous subsystem is externalized and its state is fixed for
one MPC-step. Implementation-wise, the continuous state
prediction of the plant additionally is simulated before
each evaluation of the MPC in order to perform Rainflow
analysis on the output stress trajectory. The result of the
Rainflow analysis, which corresponds to the discrete states
qstruct, is converted to time-varying parameters which are
fed to the MPC. The remaining problem in the MPC then
is continuous. A fairly similar approach can be seen in A.
W. Winkler et al. (2018), were the sequence of discrete
states is fixed a-priori and their event-times are optimized
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in a continuous and smooth MPC problem.
In comparison to the hybrid dynamical system (12), sub-
systems in PORFC are:

• Externalized from MPC: GRFC .
• Neglected: Rres,F res, Rfatigue,FC , Ffatigue,FC since

Rainflow analysis is performed batch-wise on the
entire stress prediction, and no past residue is taken
into account.

• Remaining in MPC: F sys, Hfatigue

Enhancement: Following the hybrid dynamical system
formulation, past stress is introduced to the fatigue cal-
culation of PORFC by adding all neglected subsystems
to above mentioned external pre-preparation phase of the
MPC.

5.2 Direct Online Rainflow-counting

Derivation: In DORFC Loew et al. (2019), the entire
discontinuous fatigue cost calculation is performed within
the MPC. Therefore, calculation of fatigue cost and its
gradients already are similar to the hybrid dynamical sys-
tems (12) and (13), respectively. The two main differences
are:

• Fatigue cost is calculated in a batch fashion over
the entire prediction horizon. Thus, compared to the
hybrid dynamical system, the stress update σ(t−)
is not a scalar but is the entire stress trajectory
(σ(t) ∀t ∈ [t0, tend]) over the prediction horizon.

• A past residue is not taken into account.

Enhancement: The fatigue cost calculation of DORFC
can be replaced by a terminal cost ∆Jfatigue utilizing
the present hybrid dynamical system. This terminal cost
represents the added fatigue cost within the prediction
horizon. This formulation results in the following time-
continuous Nonlinear Programming problem:

min
ū

−
∫ tend

t0

Jrevenue(x(t))dt

+ ∆Jfatigue(χ(tend),χ(t0)) (18a)

where:

∆Jfatigue(χ(tend),χ(t0)) =

Hfatigue(χ(tend)) −Hfatigue(χ(t0)) =

Hfatigue(qstruct(tend), {xres(tend), σ(tend)}, xfatigue,FC(tend))

−Hfatigue(qstruct,0, {xres,0, σ̃}, xfatigue,FC,0)
(18b)

subject to:
χ(t) �→ Φ(χ(t)) (18c)

χ(0) = (x̃, qstruct,0,xres,0, xfatigue,FC,0) (18d)(
x− xmax

−x + xmin

)
≤ 0 (18e)

umin ≤ ū ≤ umax (18f)

If subsystems regarding past stress Rres,past = 0 and past
fatigue cost Rfatigue,FC = 0 are neglected, (18) returns
similar results like the DORFC-formulation of Loew et al.
(2019). If those subsystems are considered, DORFC is
enhanced significantly since the MPC now can minimize
stress cycles which start in the past and terminate in the
prediction.
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Fig. 7. Upper left: past-residue. Upper right: prediction
trajectory σ(t) and prediction-residue. Lower right:
total fatigue cost and fatigue cost of full cycles over
the prediction horizon. Lower left: gradients of fatigue
cost w.r.t. to all samples j = 1...Nu of one i = 1
control variable ūi=1,j in the prediction horizon. The
gradient trajectory is given at every 50 out of 800
integrator steps in the prediction horizon.

6. DEMONSTRATION & VERIFICATION

The hybrid dynamical system formulation (18) is imple-
mented in the Economic Nonlinear Model Predictive Con-
troller of Loew et al. (2019) and tested with a wind turbine
model. Goals for the MPC are maximization of revenue by
harvested energy and minimization of structural fatigue
at the root of the turbine tower. Important states are
rotor speed and stress at the tower root. Control variables
are generator torque and collective blade pitch angle. See
Loew et al. (2019) for more details. Further examples of
wind turbine control via MPC can be found in Luna et al.
(2020), Gros and Schild (2017) and Barradas-Berglind
et al. (2015). In the following, a brief insight and initial
simulation results are provided.

Fig. 7 shows some of the hybrid states at a specific
MPC-step. The controls are discretized zero-order-hold
by Nu = 20 samples over the prediction horizon. The
evolution of states is displayed on the integrator grid
which has 800 steps per horizon. Fatigue cost Jfatigue
evolves continuously, like expected, but as well exhibits
non-smoothness e.g. at step 480. This is due to the closing
of a full cycle which is formed by xres,pred,1 and xres,pred,2,
and the consequent continuation of a large half cycle which
starts in the past-residue at xres,past,13. This continuation
as well results in a jump of the fatigue cost gradients.
However, since (18b) is a terminal cost, only the fatigue
cost gradients at the final integrator step 800 are used
in the optimization. At the beginning of the horizon, the
offset of Jfatigue w.r.t. the fatigue cost of past full cycles
xfatigue,FC equals the fatigue cost of all half cycles formed
by the past-residue samples xres,past.

Fig. 8 shows first results from wind turbine simulations
using the DORFC formulation from Loew et al. (2019) and
the new DORFC-R formulation (18) including utilization
of past-residue. Very generally, DORFC-R beneficially
seems to result in smoother stress trajectories with less
excursions. Especially in 82s < t < 100s a long-term flat
behavior is observed, originating from the long-term stress
memory due to past-residue xres,past. For the turbine rotor
speed at 65s < t < 80s both formulations exhibit entirely
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in a continuous and smooth MPC problem.
In comparison to the hybrid dynamical system (12), sub-
systems in PORFC are:

• Externalized from MPC: GRFC .
• Neglected: Rres,F res, Rfatigue,FC , Ffatigue,FC since

Rainflow analysis is performed batch-wise on the
entire stress prediction, and no past residue is taken
into account.
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formulation, past stress is introduced to the fatigue cal-
culation of PORFC by adding all neglected subsystems
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• Fatigue cost is calculated in a batch fashion over
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hybrid dynamical system, the stress update σ(t−)
is not a scalar but is the entire stress trajectory
(σ(t) ∀t ∈ [t0, tend]) over the prediction horizon.

• A past residue is not taken into account.

Enhancement: The fatigue cost calculation of DORFC
can be replaced by a terminal cost ∆Jfatigue utilizing
the present hybrid dynamical system. This terminal cost
represents the added fatigue cost within the prediction
horizon. This formulation results in the following time-
continuous Nonlinear Programming problem:

min
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+ ∆Jfatigue(χ(tend),χ(t0)) (18a)

where:

∆Jfatigue(χ(tend),χ(t0)) =

Hfatigue(χ(tend)) −Hfatigue(χ(t0)) =

Hfatigue(qstruct(tend), {xres(tend), σ(tend)}, xfatigue,FC(tend))

−Hfatigue(qstruct,0, {xres,0, σ̃}, xfatigue,FC,0)
(18b)

subject to:
χ(t) �→ Φ(χ(t)) (18c)

χ(0) = (x̃, qstruct,0,xres,0, xfatigue,FC,0) (18d)(
x− xmax

−x + xmin

)
≤ 0 (18e)

umin ≤ ū ≤ umax (18f)

If subsystems regarding past stress Rres,past = 0 and past
fatigue cost Rfatigue,FC = 0 are neglected, (18) returns
similar results like the DORFC-formulation of Loew et al.
(2019). If those subsystems are considered, DORFC is
enhanced significantly since the MPC now can minimize
stress cycles which start in the past and terminate in the
prediction.
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Fig. 7. Upper left: past-residue. Upper right: prediction
trajectory σ(t) and prediction-residue. Lower right:
total fatigue cost and fatigue cost of full cycles over
the prediction horizon. Lower left: gradients of fatigue
cost w.r.t. to all samples j = 1...Nu of one i = 1
control variable ūi=1,j in the prediction horizon. The
gradient trajectory is given at every 50 out of 800
integrator steps in the prediction horizon.

6. DEMONSTRATION & VERIFICATION

The hybrid dynamical system formulation (18) is imple-
mented in the Economic Nonlinear Model Predictive Con-
troller of Loew et al. (2019) and tested with a wind turbine
model. Goals for the MPC are maximization of revenue by
harvested energy and minimization of structural fatigue
at the root of the turbine tower. Important states are
rotor speed and stress at the tower root. Control variables
are generator torque and collective blade pitch angle. See
Loew et al. (2019) for more details. Further examples of
wind turbine control via MPC can be found in Luna et al.
(2020), Gros and Schild (2017) and Barradas-Berglind
et al. (2015). In the following, a brief insight and initial
simulation results are provided.

Fig. 7 shows some of the hybrid states at a specific
MPC-step. The controls are discretized zero-order-hold
by Nu = 20 samples over the prediction horizon. The
evolution of states is displayed on the integrator grid
which has 800 steps per horizon. Fatigue cost Jfatigue
evolves continuously, like expected, but as well exhibits
non-smoothness e.g. at step 480. This is due to the closing
of a full cycle which is formed by xres,pred,1 and xres,pred,2,
and the consequent continuation of a large half cycle which
starts in the past-residue at xres,past,13. This continuation
as well results in a jump of the fatigue cost gradients.
However, since (18b) is a terminal cost, only the fatigue
cost gradients at the final integrator step 800 are used
in the optimization. At the beginning of the horizon, the
offset of Jfatigue w.r.t. the fatigue cost of past full cycles
xfatigue,FC equals the fatigue cost of all half cycles formed
by the past-residue samples xres,past.

Fig. 8 shows first results from wind turbine simulations
using the DORFC formulation from Loew et al. (2019) and
the new DORFC-R formulation (18) including utilization
of past-residue. Very generally, DORFC-R beneficially
seems to result in smoother stress trajectories with less
excursions. Especially in 82s < t < 100s a long-term flat
behavior is observed, originating from the long-term stress
memory due to past-residue xres,past. For the turbine rotor
speed at 65s < t < 80s both formulations exhibit entirely
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Fig. 8. Wind turbine simulation using the previous
DORFC formulation without residue, and using the
new hybrid dynamical system formulation DORFC-R
with residue.

different strategies. Comprehensive analysis has to be done
to judge which behavior is superior. In general, these very
first results need to be extended by simulations which are
planned for the future.

7. CONCLUSION & OUTLOOK

Within the present work, a novel algorithm for continuous
fatigue cost calculation has been presented. Using this al-
gorithm, it has been possible to cast the complete standard
fatigue estimation procedure into the general framework
of a hybrid dynamical system. For implementation in
gradient-based MPC, a second hybrid dynamical system
has been developed which provides fatigue cost gradients
w.r.t. control variables. The hybrid dynamical system has
been implemented in the cost function of an Economic
Nonlinear MPC where it provides accurate fatigue estima-
tion by efficiently memorizing stress samples which even
might date back for several years. By deriving previous
fatigue cost formulations from the present hybrid dynami-
cal system, the impressing generality of this approach has
been proven.

In the future, this new MPC implementation will be tested
thoroughly by applying it to a high-fidelity wind turbine
simulator and to a LiIon battery energy storage system.
Furthermore, the generalization of fatigue cost functions
to hybrid dynamical systems will allow for systematic the-
oretical analysis of stability (Müller and Allgöwer (2012)).
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CHAPTER 4

Applications

4.1 Paper 6: Wind turbine with perfect state knowledge & wind foresight

4.1.1 Summary

The economic stage cost with time-varying parameters (PORFC) from Paper 4 is combined with the
residue concept from Paper 5. Furthermore, an application-focused explanation for the wind energy
community, and a thorough assessment of the MPC coupled with the high-fidelity wind turbine
simulator OpenFAST is provided.

In order to demonstrate the need for the residue as "condensed memory", the concept of Rainflow
spectrum is developed, which corresponds to a binning of Rainflow-identified cycles w.r.t. their period
time. In comparison to the Fourier spectrum, for the present application the Rainflow spectrum shows
more amplitude content at higher period times. Furthermore, the study indicates that - without residue
- an MPC prediction horizon of at least 10s is required to see cycles with sufficient damage-equivalent
effect.

The MPC formulation is implemented in the state-of-the-art MPC framework acados. In com-
parison to Papers 1-5, the optimization problem is extended by spline-interpolated aerodynamic
nonlinearities, slack variables for recursive feasibility, and a penalization of pitch activity.

In order to retain ideal conditions for the present assessment, several degrees of freedom are
deactivated in OpenFAST, all states are assumed as measurable, and perfect foresight of rotor-effective
wind speed is provided. Aeroelastic simulations show that PORFC outperforms conventional PID- and
MPC-controllers in terms of profit over the entire wind regime by up to 195% and 7.8%, respectively.
Particularly above rated wind velocity, this is achieved by only minor extra pitch activity compared to
the PID-controller. By adding the residue consideration to PORFC, about 1% of profit is added for low
to medium wind speeds, while the pitch activity is equal or lower.

4.1.2 Contribution

The author of this dissertation combined the fatigue cost formulation with the concept of residue,
performed the implementation, and executed and analyzed the simulations. The author of this
dissertation and CLB conceptualized the research work and wrote the paper. DO and CLB supervised
the work. All authors provided important input to this research work through discussions, feedback
and by improving the manuscript.

4.1.3 Reference

S. Loew, D. Obradovic, and C. L. Bottasso, “Model predictive control of wind turbine fatigue via online
rainflow-counting on stress history and prediction,” Journal of Physics: Conference Series, vol. 1618, p.
22041, 2020. doi:10.1088/1742-6596/1618/2/022041
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Abstract. The standard fatigue estimation procedure is implemented in Model Predictive
Control via externalization of the Rainflow algorithm from the optimization problem.
Additionally, stress history is considered in a consistent manner by employing a so-called stress
residue. The formulation is implemented in the state-of-the-art MPC framework acados and
tested in closed-loop with the 5MW onshore turbine in OpenFAST. Simulation results indicate
that the new formulation outperforms conventional PID- and MPC-controllers over the entire
wind regime, and that the consideration of stress history is highly beneficial.

1. Introduction
Fatigue is damage of a material caused by cyclic application of mechanical stress. For wind
turbines, fatigue has large impact on lifetime e.g. of tower, blades and drivetrain, and is a
main design driver. Model Predictive Controllers (MPC) enable optimal control of turbines by
utilizing predictions of incoming wind by a Light detection and ranging (Lidar) device [1, 2].
Based on these input predictions, stress time series at crucial spots in the turbine structure can
be predicted. Rainflow-counting (RFC) is the standard method for the decomposition of stress
time series for fatigue estimation. Until recently, RFC could not be implemented in MPC [3]
and could only be used for post-processing of measured and simulated data. In [4], a MPC
formulation was presented that allows for the externalization of the RFC evaluation from the
MPC algorithm, and the inclusion of its results into the MPC via time-varying parameters.
Therefore, this formulation is referred to as Parametric Online Rainflow-counting (PORFC).
PORFC allows for the direct incorporation of monetary fatigue in the cost function of MPC,
and thus for a true economic balancing with revenue from generated electricity.

In PORFC, fatigue is calculated based on stress information from the prediction horizon
of the MPC, which is in the order of a few seconds. However, fatigue is a long-term effect
where stress cycles are usually defined on much longer time spans. Therefore in [5] a systematic
incorporation of historic stress samples (”residue”) into the fatigue cost calculation of MPC was
presented. In [4] and [5], these novel formulations were introduced in detail, but only preliminary
closed-loop simulations were presented.

The main goal of the present work is to more thoroughly assess PORFC including stress
history. Therefore, this paper is organized as follows. In Sec. 2, the phenomenon of fatigue and
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cycle identification are assessed. This analysis is the basis for an application-focused description
of PORFC in Sec. 3. In Sec. 4, aeroelastic simulations over the full range of turbulent wind
conditions are carried out. Furthermore, PORFC is compared to a common MPC formulation
from the literature and to a conventional controller.

2. Assessment of fatigue estimation
2.1. Definition of fatigue
In the following, the phenomenon of fatigue is defined for conditions and assumptions that
apply to the wind energy domain: mechanical fatigue, normal ambient temperatures, neglection
of irreversible strain effects and invariance w.r.t. time. In this setting, fatigue is damage of
a material caused by cyclic application of mechanical stress. Without loss of information,
the fatigue impact of a given stress-trajectory can be analyzed solely based on its extrema
or ”reversals”. This implies that the shape and contained frequencies of the original continuous
stress trajectory are considered to be irrelevant for fatigue estimation [6]. Therefore, the fatigue
impact of such a reversal sequence is fully determined by its contained individual stress cycles.
Each stress cycle can be represented by a cosine function. A stress trajectory typically contains
full cycles, which are cosines of a full period, and half cycles, which are cosines of only a half
period. Half cycles therefore represent either a rising or falling transient. Instead of storing
three (full cycle) or two (half cycle) stress samples, it is common to store two stress samples and
a weight, which is valued wc = 1 (full cycle) or wc = 0.5 (half cycle). The two stress samples
can be the cycle stress maximum and minimum, or the stress amplitude σa,c and mean σm,c.
Instead of stress amplitude, stress range σr,c = 2σa,c is frequently used as well.

Typically, fatigue impact of a stress cycle mainly correlates with its stress amplitude:
a positive stress mean increases and a negative stress mean decreases fatigue impact.
Quantitatively, this mean stress effect is expressed by the Goodman equation [7] (p. 184)
which leads to the equivalent stress σeq,c. Consequently, equivalent stress is used to calculate
the number of cycles to failure

Nc = f−1
SN (σeq,c) (1)

via the inverse S-N or ”Woehler” curve, which typically has a piecewise definition over the
stress-axis. Fatigue damage of a given stress cycle Dfatigue,c = 1/Nc is obtained by the reciprocal
of the number of cycles to failure. Total damage of the given stress-trajectory is obtained by
linear accumulation Dfatigue =

∑
cDfatigue,c of damages of individual stress cycles according to

the Miner-Palmgren-Rule [8].

2.2. Cycle identification via the Rainflow algorithm
Cycle identification is straightforward if, e.g., a simple sinusoid is analysed. There, amplitudes,
mean values and number of cycles are obvious. However, realistic stress trajectories usually are
highly complex and contain stress cycles that can be nested (”nested cycles”). Additionally,
half and full cycles can be present, as stated above. The most widely accepted algorithm for
cycle identification from complex trajectories is the Rainflow(-counting) algorithm (RFC) [9].
A flowchart of the Rainflow algorithm is displayed in Fig. 1.

At the beginning of the algorithm, RFC receives as input a stress trajectory and extracts
its reversals (extrema). Throughout the algorithm, reversals are read consecutively from left
to right. Each new reversal is stored in an operational memory. From this memory, cycles are
identified based on a triplet of reversals. The Rainflow algorithm contains four main loops.
Loop 1 initiates the reading of a new reversal sample, if less than three reversals are in the
operational memory. Loop 2 initiates the reading of a new reversal if, based on the current
operational memory, no cycle could be identified. Loop 3 and Loop 4 initiate the subsequent
check for a cycle in the current operational memory and are triggered after identification of a
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Figure 1. Flowchart of the
MATLAB-implementation
rainflow() of the Three-
point algorithm (simplified
from [10]). Stress extrema are
called ”reversals”. The range
r(X) = |X(2) − X(1)| of a stress
value pair X is the absolute value
of the difference between both
stresses.

half or full cycle, respectively. A more comprehensive explanation of the algorithm can be found
in [10].

As shown above, the Rainflow algorithm contains algorithmic branches and loops. Thus, a
crucial property of the Rainflow algorithm is its discontinuous output behavior. Furthermore,
the number Nc of identified cycles is not known before execution, but bounded by the number
of extrema.

The characteristics of the identified cycles that are output by RFC for each cycle c are stress
range σr,c [Pa], stress mean σm,c [Pa], sample index of cycle start kstart,c [-], sample index of
cycle end kend,c [-] and cycle weight wc[−]. In the present work, these characteristics will be
used in a converted form of stress amplitude σa,c [Pa], stress mean σm,c [Pa], sample index of
cycle maximum kmax,c [-], sample index of cycle minimum kmin,c [-] and cycle weight wc[−].

2.3. Temporal range of cycle amplitudes and damage
It is important to note that stress cycles are not only caused by instantaneous oscillations, but
also by long-term changes of deflection. This phenomenon is expressed by so-called transition
cycles which grow over a long period of time and can reach high stress amplitudes with a
dominating fatigue impact [11]. Since transition cycles, by definition, have not been closed yet,
they appear as half cycles in the Rainflow analysis. In the wind turbine context, transition cycles
are caused, e.g., by long-term evolution of mean wind velocity and can span across the turbulent
and intra-day range (O(10s) to O(1day)). For the example of the turbine tower, a cycle can
reach from turbine start-up (beginning of positive deflection) until shutdown (return to vertical
orientation). To gain a quantitative impression of this long-term impact, in the following, an
exemplary 620s tower base stress trajectory from a DLC 1.2 simulation is analyzed w.r.t. period
time of contained stress cycles.

For the following analysis, the Rainflow cycles are binned w.r.t. their period time, and their
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amplitudes σa,i within the respective bins are summed. This is done according to

fRF(Ti) =
∑

i

σa,i ∀i| Ti ≤ tend,i − tstart,i < Ti + ∆T, (2)

where Ti are discrete period times, ∆T = 0.005s is the chosen bin size, and (tstart,i, tend,i) denote
start and end time of a cycle, respectively. The resulting trajectory fRF(T ) is called ”Rainflow
spectrum” in the following.

For comparison, the amplitude spectrum for the same stress trajectory is calculated by a Fast
Fourier Transform (”Fourier spectrum”). Both spectra are cumulated over time and normalized
w.r.t. their end value. As shown in Fig. 2, the cumulative Rainflow spectrum is lower than the
cumulative Fourier spectrum for low period times because, for the former, open stress cycles
are not closed when they are interrupted by nested cycles. Instead, an open cycle is continued
after closing of a nested cycle and can grow into a larger cycle with longer period time. This
translates into a higher amplitude spectrum at higher period times for the cumulated Rainflow
spectrum.

Consequently, for each bin, damage is calculated based on the output of the Rainflow analysis.
Damage is as well cumulated over period time and normalized w.r.t. its end value, as shown in
Fig. 3. The following properties of the cumulative damage trajectory are worth mentioning:

• Damage remains close to zero until period times of T = 3s, which is close to the first fore-aft
eigenfrequency of the turbine tower. In this set, only low-amplitude cycles are present. Due
to the superlinear nature of the damage function, these cycles only cause minor damage.

• For analysis windows of about T = 4s, already cycles with a 40% damage-equivalent effect
can be seen entirely within the window.

• Analysis windows of more than T = 20s would be necessary to see cycles with a 80%
damage-equivalent effect within the window.

10-3 10-2 10-1 100 101 102 103

Window length [s]

0

0.2

0.4

0.6

0.8

1

N
or

m
al

iz
ed

 s
um

 o
f s

tr
es

s 
am

pl
itu

de
s 

[-
]

RFC transformed
Fourier transformed

Figure 2. Normalized cumulative amplitude
spectrum obtained via the Rainflow algorithm
and a Fourier transformation, respectively.
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Figure 3. Normalized cumulative fatigue
damage obtained via the Rainflow algorithm.

2.4. Batchwise cycle identification & residue
As demonstrated in Sec. 2.3, wind turbine stress trajectories can contain long-term cycles. Thus,
the Rainflow analysis has to be carried out over the entire length of an available stress trajectory.
For offline purposes, this mode is perfectly adequate. However, for online monitoring and control,
a complete Rainflow analysis for each newly measured stress sample is computationally infeasible.
As a solution, in [12] it is shown that Rainflow analysis also can be performed batchwise if a
so-called residue is used for carrying along the half-cycle stress samples. Residue, therefore,
denotes a set of stress samples that occured in the past and have not formed full cycles as yet.
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Figure 4. Left: Indirect fatigue metric. Right: Direct fatigue metric.

Depending on the stress signal, a high number of samples can be accumulated in the residue.
The highest possible dimensions of the residue vector result from diverging and converging stress
time series, because they result in a very high number of half cycles [13]. However, long-term
diverging series are unrealistic, because unstable machine behavior typically is counteracted
by the controller or an emergency shutdown. Long-term converging series are irrelevant, since
very low-amplitude cycles can be discarded without significant errors in fatigue estimation. To
conclude, the dimension Nres of the residue vector is finite and remained well below 100 in
practical tests [5].

3. Fatigue in Model Predictive Control of wind turbines
Wind turbine tower base fatigue usually is implemented in MPC within the cost function.
Common cost types in MPC are Stage cost and Terminal cost. Stage costs comprise a summation
of state samples or a time integral of state trajectories over the prediction horizon, and are
preferred for the present application. Terminal costs are defined as a function of the sole state
samples at the end of the prediction horizon [14].

3.1. Indirect fatigue metrics in MPC
Several approaches reported in the literature involve indirect fatigue metrics [3], [15], [16].
However, indirect fatigue metrics have two main disadvantages:

• Instead of actual damage, only a damage-related value is obtained and optimized, as
illustrated in Fig. 4.

• Indirect fatigue terms have different units from harvested energy. Thus, weighting both
terms in the cost function is not straightforward.

The most common approach involves quadratic penalization of tower tip deflection rate ḋT .
This also can be interpreted as a penalization of kinetic energy of the lumped tower mass mT ,
averaged over the prediction horizon Thorizon. In the present work, therefore, the stage cost

Jfatigue,TTV P =

∫ tend

t0

1

2ThorizonPg,max
mT ḋ

2
Tdt (3)

is used for comparison and referred to as Tower tip velocity penalization (TTVP). An additional
division by rated power Pg,max is used for scaling the cost, which is beneficial for optimization.

3.2. Direct fatigue metrics in MPC
In contrast to indirect fatigue metrics, direct fatigue metrics return actual damage, which can be
readily converted to monetary fatigue cost, as visualized in Fig. 4. This conversion is achieved
for instance by multiplication with Initial Capital Cost of the respective component or the
entire turbine. Since harvested energy also can be converted to revenue by electricity price, the
optimization algorithm can directly maximize profit.
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As shown in Sec. 2, direct fatigue estimation involves the Rainflow algorithm.
Implementation of RFC within a gradient-based optimization seemed impossible until now due
to following obstacles:

• RFC is a function of all stress samples. Therefore, neither the concept of stage nor of
terminal cost applies.

• RFC contains branches. Therefore, it exhibits discontinuous outputs and is not continuously
differentiable.

• RFC contains ”while” loops, which lead to a changing function execution structure
depending on the stress input.

Thus, in all known references, the Rainflow algorithm is approximated to some extent. In
[17], a version of Simple Range Counting is applied, which is standardized in [9]. In [6], hysteresis
operators are used to adapt parameters of a cost function in MPC. This cost function penalizes
deflection rates, comparable to TTVP. In [18], damage estimation including standard RFC is
performed on a large number of stress time series which are used to train a surrogate Artificial
Neural Network. The latter seems to be very promising in terms of correct damage estimation.
However, the approach involves a high a priori engineering effort, as well as a significantly
increased computational load in the MPC [18].

Stress history is not included in any of these approaches. In [6], the hysteresis operators only
have memory of damage evolution. Similarly, in [18], only the previous fatigue rate output of
the ANN is memorized until the next evaluation.

3.3. Parametric Online Rainflow-counting - Concept
The above mentioned obstacles for a direct implementation of RFC in MPC are overcome by the
method of Parametric Online Rainflow-counting (PORFC). In PORFC, all discontinuous parts
of the fatigue estimation procedure are carried out before each execution of the MPC algorithm,
as shown in Fig. 5. Additionally, the stress history is incorporated via a residue which is inspired
by the batchwise cycle identification in Sec. 2.4. The algorithmic workflow is as follows:

• Simulation: The reduced wind turbine model is simulated over the prediction horizon
using the current measured states as initial values. Relevant result is a stress prediction, as
visualized in Fig. 6 (right).

• Merge: The residue is merged with the stress prediction.

• Rainflow: The Rainflow algorithm is used to identify stress cycles over this merged
trajectory. Consequently, it is assumed that the structure of identified cycles does not
change within the upcoming optimization run. The term ”structure” denotes here positions
(kmin,c, kmax,c) and weights (wc) of cycles. As shown in Fig. 6, this assumption implies
that the controllable extrema in the prediction horizon only can be shifted vertically by the
optimization.

• Residue update: Stress cycles can be composed by stress samples only from residue or
prediction, or by a combination of both. However, only controllable samples within the
prediction horizon can be altered by the optimization. Especially the measured initial value
at prediction step 0 cannot be altered and, therefore, is added to the residue. If a full
cycle is detected entirely within the residue, both contributing values are discarded from
the residue. The reason for this is that also in the future they will never anymore form a
cycle with a sample from the prediction and, therefore, are irrelevant for the MPC.

• Time-varying parameters: Information from cycle identification is used to fill vectors of
time-varying parameters, which are forwarded to the cost function of the MPC. Details on
this step are provided in Sec. 3.4.
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Figure 5. Externalization of fatigue estimation (Rainflow algorithm) from MPC.
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Figure 6. Left: Stress residue from the past. Right: Stress prediction in the future.

• Optimization/MPC: In the cost function of the MPC, the parameters are used to time-
continuously calculate fatigue cost over the horizon and accumulate it via integration.
Finally, the optimization problem is solved and the resulting control variables are applied
to the wind turbine plant.

3.4. Parametric Online Rainflow-counting - Time-varying parameters & cost function
Distribution of damage over time: Since information from cycle identification is

forwarded to the MPC via parameters, which are varying over the prediction horizon, the total
fatigue damage has to be distributed over the prediction horizon, as visualized in Fig. 7 (right).
Therefore, the damage of each stress cycle is split into two halves, which are allocated to the
two contributing stress samples. For example, cycle 4 is formed by samples k = 5 and k = 8.
Their fatigue cost terms therefore are allocated to these samples, as shown by the blocks in
Fig. 7 (right). This example also shows an important property of the Rainflow algorithm,
which identifies cycle 4 even though it is interrupted by the nested cycle 2. If, for a given
stress sample, the complementary stress sample is not controllable (residue or initial value), all
damage is allocated to the given sample. Here, this is the case for cycle one, where all damage
is allocated to sample k = 2 since the complementary stress sample at k = 0 is not controllable.

Setup of the time-varying parameters: Figure 7 (left) visualizes the generation of the
time-varying parameters. Since each stress extremum belongs to one or two stress cycles [19],
the Rainflow algorithm provides one or two mean stresses per extremum. These mean stresses
(M1 - M4) are considered as optimization- or tracking-goals for the current MPC-step. A more
detailed derivation and explanation can be found in [4].

Cost function: Consequently, the fatigue cost term of PORFC is defined. One comment on
notation: the variable notation with hat â means fixed for one MPC-step and with bar ā means
sampled on the control intervals of the prediction horizon.
The fatigue cost function is defined by an integral over two cost terms, each one representing
one potential cycle contribution of a stress sample, i.e.:

Jfatigue,PORFC (σ, p̄) =

1

Tcntrl

∫ tend

t0

(
Jfatigue,c(σ(t), ˆ̄σm,c1(t), ˆ̄wc1(t)) + Jfatigue,c(σ(t), ˆ̄σm,c2(t), ˆ̄wc2(t))

)
dt [e]. (4)

The cost terms are ”switched on” by nonzero cycle weights ˆ̄wc1/2(t). Mean stresses ˆ̄σm,c1/2(t)
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Both figures are modified from [20].

and cycle weights ˆ̄wc1/2(t) are collected in the parameter vector

p̄ =
(
ˆ̄σm,c1, ˆ̄σm,c2, ˆ̄wc1, ˆ̄wc2

)
, (5)

which is defined as piecewise constant over the control intervals of the prediction horizon. The
cost of individual cycles is defined by

Jfatigue,c = ˆ̄wc1/2(t) am |σ(t)− ˆ̄σm,c1/2(t)|m. (6)

3.5. Optimization problem for TTVP and PORFC
The Economic MPC of a wind turbine is defined by the following optimization problem

min
ū,̄s

(
−αrevenueJrevenue + αfatigueJfatigue +

∫ tend

t0

(
10−2|β̇b|+ 107 s̄2ω + 107 s̄2P

)
dt

)
, (7)

which maximizes the revenue Jrevenue and minimizes the fatigue Jfatigue,PORFC, where αrevenue

and αfatigue are weighting factors. Instead of generator power, aerodynamic power is maximized
by Jrevenue = ωr Tw(ωr, Vrel, βb) to avoid a greedy extraction of rotor kinetic energy by the MPC
(turnpike effect), as suggested by [15]. Furthermore, pitch travel |β̇b|, and slack variables for
rotational speed s̄ω and generator power s̄P are penalized (see their use in the constraints below).

The optimization variables are the demanded pitch angle and torque rate ū = (β̄b,d,
¯̇Tg,d), and

the slack variables s̄ = (̄sω, s̄P ).
For both TTVP and PORFC, revenue is weighted by the current electricity price

αrevenue,PORFC = pelec [e/Ws] to match the monetary nature of (4). The fatigue weight remains
free and will be determined later in this work.

The optimization problem is subject to:

• The system dynamics of a reduced turbine model ẋ = F (x(t),u(t),d(t)) with six states:
rotational speed of the rotor, tower tip deflection, tower tip velocity, pitch angle, pitch rate
and generator torque. More details about the model are given in [21].

• Inequality constraints over the horizon, to keep rotational speed, tower deflection (yield
strength), pitch angle, pitch rate, generator torque and generator power within their
limits. In order to maintain feasibility of the optimization despite model uncertainties
and spontaneous constraint violations, the constraints on rotational speed and generator
power are augmented by slack variables, as suggested by [22].

• Box constraints on control and slack variables.
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4. Simulation setup and results
4.1. Simulation setup

Plant model: The designed MPC formulations are tested with the NREL 5MW onshore
reference turbine [23] in the aeroelastic simulator OpenFAST. The present preliminary study is
focused on assessment of the formulations in ideal conditions. Therefore, exact measurements of
the required turbine states are provided to the MPC. Furthermore, in OpenFAST, only the tower
fore-aft and the rotor Degree of Freedom (DOF) are activated. Future work will be directed
to extending the MPC-internal turbine model and finally enabling all DOFs in OpenFAST. All
results in this work are mean values of 12 simulations (each with a different seed) of 600s length
in DLC 1.2 with turbulence category A.

Lidar model: The Lidar-simulator of OpenFAST is used and set to provide exact pointwise
wind measurements. These measurements are obtained via circular scan patterns of four different
radii r = {0.2, 0.4, 0.6, 0.8}Rrotor which are applied in alternating fashion. For each radius, 20
azimuthal stops are distributed equally (every 18 degrees). Inspired by [2], each measurement is
weighted by the cubic of the scanning radius, since the associated area increases quadratically,

and the stationary spanwise variation
∂Cp

∂r of the power coefficient increases approximately
linearly with the scanning radius. Every 5 ms a new wind sample is obtained. Due to vertical
wind shear, this raw wind prediction signal oscillates, an effect which is counteracted by applying
a moving mean filter, whose window length corresponds to two full scans over all radii and
azimuths. The longitudinal scanning distance is set to xscan = Vw,ref Thorizon, where Vw,ref is
the reference wind velocity of a given DLC, and Thorizon = 8s is the horizon length of the MPC.
This value for the horizon length was chosen based on the findings in Sec. 2.3 which indicate,
that cycles of at least 60% of damage-equivalent effect will be contained in the controllable
prediction horizon.

MPC framework: The MPC is implemented in the state-of-the-art acados framework
[24], using the interior-point solver HPIPM for the underlying Quadratic Programs (QP). The
controller sample time is 100 ms. Maximum 5 QPs are solved per MPC step to ensure results
close to convergence. The Hessian matrix is automatically convexified to account for possible
numerical issues due to the highly non-standard cost formulation of PORFC.

Controller variants: In the following, performance of five MPC formulations and the
baseline conventional controller (CC) from NREL [23] are compared. The MPCs involve the
conventional formulation of Tower tip velocity penalization (TTVP, Sec. 3.1) and the novel
formulation of Parametric Online Rainflow-counting (PORFC, Sec. 3.3). For PORFC, a fatigue
exponent of m = 5 (see (6)) is used, which is present at low stress amplitudes in the actual S-N-
curve of the tower material. This case is assessed in combination with (PORFC-5R) and without
(PORFC-5) the use of residue. Since especially PORFC-5R will not lead to satisfactory results,
additional formulations (PORFC-2R, PORFC-2) with fatigue exponent m = 2 are assessed
which result in quadratic cost functions, and thus are more suitable for Quadratic Programming.

Performance indicators: Considered performance indicators are revenue (analog to
energy), fatigue cost (based on a realistic piecewise defined S-N-curve, see Sec. 2.1), profit
(revenue subtracted by fatigue cost), pitch travel and torque travel.

4.2. Simulation results for weight variation
As shown in Sec. 3.5, the fatigue weight αfatigue is a free tuning variable. In contrast to the
Online-Rainflow MPC setup in [25], in the present setup a choice of αfatigue = 1 does not seem to
result in maximum profit. One reason is the additional presence of non-monetary cost terms next
to revenue and fatigue in the MPC cost function (7). Another reason may be the approximating
nature of PORFC, where fatigue is distributed over and decoupled in time (see Sec. 3.4).

For the purpose of weight-tuning, Fig. 8 shows results for variations of fatigue weight for
all MPC setups and a reference wind velocity of 7 m/s. This wind velocity was chosen, since
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Figure 8. Variation of fatigue weights. Vertical dashed lines: location of profit-optimal weights.
Middle row, right: Zoomed version of profit plot.

it is close to the mean annual wind velocity for the given hub height and an onshore site.
Profit-optimality is the prime goal and achieved by the following weights: 104 (TTVP), 4 · 10−2

(PORFC-2), 2 · 10−2 (PORFC-2R), 7 · 10−2 (PORFC-5) and 10−2 (PORFC-5R).
For very low fatigue weights, all MPCs (TTVP, PORFC) are able to achieve similar revenue

that, however, is about 1% lower than the revenue of CC. The investigation of reasons for this
behavior is part of ongoing research. With increasing weights, revenue is sacrificed to reduce
fatigue cost. For all MPCs, the major drop in fatigue cost appears for lower weights than the
drop of revenue. As a result, pronounced peaks in profit are visible. Optimum profit of TTVP
is 6.2% higher than the profit of CC. The profit-peaks of PORFC-2, -2R and -5 are at almost
equal levels and about 8.6% higher than the profit of CC. Unfortunately, the performance of
PORFC-5R is slightly deteriorated, but still higher than the one of TTVP.

Width of the profit-peaks is suggested as an indicator for robustness of tuning. Width, e.g.,
can be measured by the weight range where profit is above a certain threshold, which here is
defined as 95% of the individual maximum profit. In the present case, width is half an order
of magnitude for TTVP, almost one order of magnitude for PORFC-2(R) and PORFC-5R,
and substantially more than one order of magnitude for PORFC-5. To conclude, PORFC-5 is
considered as the most robust against inaccurate tuning.

4.3. Simulation results for velocity variation
As a next step, the above-presented profit-optimal fatigue weights are fixed and the controllers
are applied to a comprehensive range of reference wind velocities. The results are normalized
w.r.t. TTVP and are presented in Fig. 9. Strikingly, all MPCs are extracting significantly
less energy than CC at low wind velocities. Just like in [2], this is due to the MPCs’ strategy
of reducing fatigue via significantly decreasing rotor speed. Above rated wind velocity, the
MPCs result in about 1% higher revenue than CC. An exception is PORFC-5R, which performs
unreliably over the wind regime and is excluded from the remaining analysis.
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Figure 9. Variation of reference wind velocities. All resulting quantities are normalized w.r.t.
the MPC using TTVP. Middle row, right: Zoomed version of profit plot.

TTVP exhibits between 14% (9m/s) and 98% (5m/s) less fatigue cost than CC. This is further
improved by PORFC-5, which exhibits between 2% (7m/s) and 68% (21m/s) less fatigue cost
than TTVP. As a result, the MPCs generally exhibit higher profit than CC, especially for very
low wind velocity and above rated. Specifically TTVP exhibits between 2.8% (9m/s) and 174%
(5m/s) more profit than CC. The advanced formulations of PORFC add further improvement,
where, e.g., PORFC-5 exhibits up to 7.8% more profit than TTVP. The beneficial effect of
residue can be observed from PORFC-2 to -2R, where significant profit is added for low to
medium wind velocities, while pitch travel is equal or lower.

Pitch activity usually is a main concern for the control of fatigue. Indeed, for low wind
velocities, the MPCs exhibit substantial pitch activity in comparison to almost none for CC.
Above rated, PORFC reliefs the pitch system by about 50-75% in comparison to TTVP, and
almost reaches the low levels of CC.

The deteriorated behavior of PORFC-5R cannot be fully explained yet. It may be caused
by numerical difficulties, which arise from the approximation of the cost function of exponent
m = 5 by a Quadratic Program in the optimization algorithm. This phenomenon may manifest
itself with the use of residue, since here higher (long-term) stress amplitudes are detected which
lie in a steep region of the damage function (6).

5. Conclusion & Outlook
In the present work, the MPC formulation of Parametric Online Rainflow-counting (PORFC)
has been presented in an application-focused way. It has been highlighted how PORFC directly
incorporates mechanical fatigue in predictive wind turbine control. A study on period times of
tower base stress cycles has demonstrated that long observation windows are required to see
cycles with sufficient damage-equivalent effect. As a solution for MPC, which typically is based
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on short prediction horizons, stress history can be considered in a consistent manner by carrying
along a residue. Aeroelastic simulations show that PORFC outperforms conventional PID- and
MPC-controllers in terms of profit over the entire wind regime. Particularly above rated wind
velocity, this is achieved by a moderate amount of extra pitch activity compared to the PID-
controller. Furthermore, a simple test has shown that all variants of PORFC are more robust
against inaccurate tuning compared to the conventional MPC formulation of TTVP.

Future research concerning PORFC will be directed to monetary cost functions for actuator
usage, application with a sophisticated Lidar-simulator, and further assessment of influencing
factors like MPC settings and state uncertainty.
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[21] Löw S and Obradovic D 2018 atp edition 60 46–53 ISSN 2364-3137
[22] Gros S 2013 An economic nmpc formulation for wind turbine control 52nd IEEE Conference on Decision

and Control pp 1001–1006
[23] Jonkman J, Butterfield S, Musial W and Scott G 2009 Definition of a 5-MW Reference Wind Turbine

for Offshore System Development: Technical Report NREL/TP-500-38060 (National Renewable Energy
Laboratory)

[24] Robin Verschueren, Gianluca Frison, Dimitris Kouzoupis, Niels van Duijkeren, Andrea Zanelli, Branimir
Novoselnik, Jonathan Frey, Thivaharan Albin, Rien Quirynen and Moritz Diehl 2019 acados: a modular
open-source framework for fast embedded optimal control arXiv

[25] Loew S, Obradovic D and Bottasso C L 2019 Direct online rainflow-counting and indirect fatigue penalization
methods for model predictive control 2019 18th European Control Conference (ECC) (IEEE) pp 3371–3376
ISBN 978-3-907144-00-8

4.1. Paper 6: Wind turbine with perfect state knowledge & wind foresight 113



114 Chapter 4. Applications

4.2 Paper 7: Wind turbine with estimated states & realistic wind foresight

4.2.1 Summary

In Paper 6, the novel PORFC MPC formulation was simulated in a partially idealized setting where
only a few degrees of freedom (DOF) in the high-fidelity plant turbine model were activated, and where
full information about the incoming wind and about the turbine states was assumed. The present
work closes these gaps by thoroughly assessing the formulation in a more realistic simulation scenario.
Particularly, all DOFs of the plant are activated, a Moving Horizon Estimator (MHE) provides initial
state estimates for the MPC, and a Lidar simulator is utilized to generate a realistically imperfect wind
estimate.

A sequential tuning approach is employed for the Lidar simulator, Lidar data processing, MHE,
and MPC. Here, key findings are:

• For the Lidar data processing, simple adaptive tuning laws are sufficient without further tuning.

• For the MHE, instead of accurately reconstructing the plant states, it is important to estimate
only the low-frequency state information which can be handled by the MPC-internal model.

• For the MPC, no horizon length leads to the best performance in all scenarios.

Finally, extensive economic and dynamic simulation results in turbulent and gust wind settings
reveal the following insights:

• In the "Default lidar" scenario with high prediction quality, PORFC-2R exhibits 2.5% higher profit
than a conventional MPC and 30% higher profit than a conventional PID controller. Towards
shorter horizons, especially the PORFC formulation with residue shows a higher profit stability
than the conventional MPC.

• In the "High decay lidar" scenario with low prediction quality, PORFC-2R even increases its profit
benefit over the conventional MPC to 5.1%, and still surpasses the conventional PID controller
by 26%. This suggests that PORFC-2R is strong especially towards lower Lidar prediction quality.

• In the "Perfect prediction" scenario, both MPCs exhibit similar results. A comparison to a wind
persistence setting shows that PORFC-2R benefits more from the availability of this prediction
than the conventional MPC.

• In Extreme Operating Gust settings, both MPCs show similar pitching and tower dynamics.

4.2.2 Contribution

The author of this dissertation combined the fatigue cost formulation with the concept of residue,
formulated the Moving Horizon Estimator, implemented and tuned the controller toolchain, and
executed and analyzed the simulations. CLB supervised the work. Both authors jointly conceptualized
the research work, and provided important input to this research work through discussions, feedback
and by writing the paper.

4.2.3 Reference

S. Loew and C. L. Bottasso, “Lidar-assisted model predictive control of wind turbine fatigue via online
rainflow-counting considering stress history,” Wind Energy Science Discussions, vol. 2021, pp. 1–31,
2021. doi:10.5194/wes-2021-119
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Abstract. The formulation of Parametric Online Rainflow Counting implements the standard fatigue estimation process and a

stress history in the cost function of a Model Predictive Controller. The formulation is tested in realistic simulation scenarios

where the states are estimated by a Moving Horizon Estimator and the wind is predicted by a lidar simulator. The tuning

procedure for the controller toolchain is carefully explained. In comparison to a conventional MPC in a turbulent wind setting,

the novel formulation is especially superior with low lidar quality, benefits more from the availability of a wind prediction, and5

exhibits a more robust performance with shorter prediction horizons. A simulation excerpt with the novel formulation provides

deeper insight into the update of the stress history and the fatigue cost parameters. Finally, in a deterministic gust setting, both

the conventional and the novel MPC - despite their completely different fatigue cost - exhibit similar pitch behavior and tower

oscillation.

1 Introduction10

Fatigue is damage of a material caused by cyclic application of mechanical stress. For wind turbines, fatigue has a large impact

on lifetime e.g. of tower, blades and drivetrain, and is a main design driver. Model Predictive Controllers (MPC) enable optimal

control of turbines by utilizing predictions of the incoming wind by a light detection and ranging (lidar) device (Bottasso et al.,

2014; Schlipf et al., 2013). Based on these input predictions, stress time series at crucial spots in the turbine structure can be

predicted. Rainflow-counting (RFC) is the standard method for the decomposition of stress time series for fatigue estimation.15

Until recently, RFC could not be implemented in MPC (Barradas-Berglind and Wisniewski, 2016) and could only be used for

post-processing of measured and simulated data. In Loew et al. (2020a), a MPC formulation was presented that allows for the

externalization of the RFC evaluation from the MPC algorithm, and the inclusion of its results into the MPC via time-varying

parameters. Therefore, this formulation is referred to as Parametric Online Rainflow Counting (PORFC). PORFC allows for

the direct incorporation of monetary fatigue in the cost function of MPC, and thus for a true economic balancing with revenue20

from generated electricity.

In PORFC, fatigue is calculated based on stress information from the prediction horizon of the MPC, which is in the order

of a few seconds. However, fatigue is a long-term effect where stress cycles are usually defined on much longer time spans.

Therefore, in Loew et al. (2020b) PORFC was combined with a systematic incorporation of historic stress samples ("residue").

1
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In the same work, this formulation was simulated in an idealized setting where only a few degrees of freedom (DOF) in the25

plant turbine model were activated, and where full information about the incoming wind and the turbine states was assumed.

The main goal of the present work is to thoroughly assess the formulation in a more realistic simulation scenario. Particularly,

all DOFs of the plant are activated, a Moving Horizon Estimator provides initial state estimates for the MPC, and a lidar

simulator is utilized to generate a realistically imperfect wind estimate. The assessment is performed in several turbulent as

well as deterministic gust scenarios.30

This paper is organized as follows. In Sect. 2, the phenomenon of fatigue and cycle identification are reviewed. This analysis

is the basis for an application-focused description of PORFC in Sect. 3. In Sect. 4, a Moving Horizon Estimator is formulated.

In Sect. 5, the controller toolchain and the tuning of each of its elements are presented. Finally, PORFC is compared to a

conventional MPC and to a conventional PID controller in the above mentioned simulation scenarios.

2 Review of fatigue estimation35

In the following, fatigue is defined, cycle identification is explained, and the concept of residue is presented.

2.1 Definition of fatigue

In the following, the phenomenon of fatigue is defined for conditions and assumptions that apply to the wind energy domain:

namely mechanical fatigue, normal ambient temperatures, neglection of irreversible strain effects and invariance with respect

to time. In this setting, fatigue is damage of a material caused by cyclic application of mechanical stress. Without loss of40

information, the fatigue impact of a given stress-trajectory can be analyzed solely based on its extrema or "reversals". This

implies that the shape and contained frequencies of the original continuous stress trajectory are considered to be irrelevant for

fatigue estimation (Barradas-Berglind et al., 2015). Therefore, the fatigue impact of a reversal sequence is fully determined by

its contained individual stress cycles. Each stress cycle can be represented by a cosine function. A stress trajectory typically

contains full cycles, which are cosines of a full period, and half cycles, which are cosines of only a half period. Half cycles45

therefore represent either a rising or falling transient. Instead of storing three (full cycle) or two (half cycle) stress samples,

it is common to store two stress samples and a weight, which is valued wc = 1 (full cycle) or wc = 0.5 (half cycle). The two

stress samples can be the cycle stress maximum and minimum, or the stress amplitude σa,c and mean σm,c. Instead of stress

amplitude, stress range σr,c = 2σa,c is frequently used as well.

Typically, fatigue impact of a stress cycle mainly correlates with its stress amplitude: a positive stress mean increases whereas50

a negative stress mean decreases fatigue impact. Quantitatively, this mean stress effect is expressed by the Goodman equation

(Haibach, 2006) (p. 184), which leads to the equivalent stress σeq,c. Consequently, equivalent stress is used to calculate the

number of cycles to failure

Nc = f−1
SN (σeq,c) (1)

2
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Figure 1. Flowchart of the MATLAB-

implementation rainflow() of the Three-

point algorithm (simplified from The Math-

Works Inc. (2018)). Stress extrema are called

"reversals". The range r(X) = |X(2)−X(1)|
of a stress value pair X is the absolute value

of the difference between both stresses.

via the inverse S-N or "Woehler" curve, which typically has a piecewise definition over the stress-axis. Fatigue damage of a55

given stress cycle

Dfatigue,c = 1/Nc (2)

is obtained by the reciprocal of the number of cycles to failure. Total damage of the given stress trajectory is obtained by linear

accumulation Dfatigue =
∑

cDfatigue,c of damages of individual stress cycles according to the Miner-Palmgren-Rule (Miner,

1945).60

2.2 Cycle identification via the Rainflow algorithm

Cycle identification is straightforward if, e.g., a simple sinusoid is analysed. There, amplitudes, mean values and number of

cycles are obvious. However, realistic stress trajectories usually are highly complex and contain stress cycles that can be nested

("nested cycles"). Additionally, half and full cycles can be present, as stated above. The most widely accepted algorithm for

cycle identification from complex trajectories is the Rainflow(-counting) algorithm (RFC) (ASTM, 1985). A flowchart of the65

Rainflow algorithm is displayed in Fig. 1.

3
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At the beginning of the algorithm, RFC receives as input a stress trajectory and extracts its reversals (extrema). Throughout

the algorithm, reversals are read consecutively from left to right. Each new reversal is stored in an operational memory. From

this memory, cycles are identified based on a triplet of reversals. The Rainflow algorithm contains four main loops. Loop 1

initiates the reading of a new reversal sample, if less than three reversals are in the operational memory. Loop 2 initiates the70

reading of a new reversal if, based on the current operational memory, no cycle could be identified. Loop 3 and Loop 4 initiate

the subsequent check for a cycle in the current operational memory and are triggered after identification of a half or full cycle,

respectively. A more comprehensive explanation of the algorithm can be found in The MathWorks Inc. (2018).

As shown above, the Rainflow algorithm contains algorithmic branches and loops. Thus, a crucial property of the Rainflow

algorithm is its discontinuous output behavior. Furthermore, the number Nc of identified cycles is not known before execution,75

but bounded by the number of extrema.

The characteristics of the identified cycles that are output by RFC for each cycle c are: stress range σr,c [Pa], stress mean

σm,c [Pa], sample index of cycle start kstart,c [-], sample index of cycle end kend,c [-], and cycle weight wc[−]. In the present

work, these characteristics will be used in a converted form of stress amplitude σa,c [Pa], stress mean σm,c [Pa], sample index

of cycle maximum kmax,c [-], sample index of cycle minimum kmin,c [-], and cycle weight wc[−].80

2.3 Batchwise cycle identification and residue

As shown in Loew et al. (2020b), wind turbine stress trajectories can contain long-term cycles. Thus, the Rainflow analysis

has to be carried out over the entire length of an available stress trajectory. For offline purposes, this mode is perfectly ade-

quate. However, for online monitoring and control, a complete Rainflow analysis for each newly measured stress sample is

computationally infeasible. As a solution, Heinrich et al. (2019) showed that Rainflow analysis can be performed batchwise if85

a so-called residue is used for carrying along the half-cycle stress samples. Residue, therefore, denotes a set of stress samples

that occured in the past and have not formed full cycles as yet.

Depending on the stress signal, a high number of samples can be accumulated in the residue. The maximum possible length

of the residue vector results from diverging and converging stress time series, because they generate a large number of half

cycles (Köhler et al., 2012). However, long-term diverging series are unrealistic, because unstable machine behavior typically is90

counteracted by the controller or an emergency shutdown. Long-term converging series are irrelevant, since very low-amplitude

cycles can be discarded without significant errors in fatigue estimation. To conclude, the length of the residue vector is finite

and remained well below 100 in practical tests (Loew and Obradovic, 2020).

3 Fatigue in Model Predictive Control of wind turbines

Wind turbine fatigue is usually implemented in MPC within the cost function. Common cost types in MPC are Stage cost and95

Terminal cost. Stage costs comprise a summation of state samples or a time integral of state trajectories over the prediction

horizon, and are preferred for the present application. Terminal costs are defined as a function of the sole state samples at the

end of the prediction horizon (Grüne and Pannek, 2017).

4
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Figure 2. Indirect fatigue metric (a). Direct fatigue metric (b).

3.1 Indirect fatigue metrics in MPC

Several approaches reported in the literature involve indirect fatigue metrics (Barradas-Berglind and Wisniewski, 2016; Gros100

and Schild, 2017; Evans et al., 2015). However, indirect fatigue metrics have two main disadvantages:

– Instead of actual damage, only a damage-related value is obtained and optimized, as illustrated in Fig. 2a.

– Indirect fatigue terms have different units from harvested energy. Thus, weighting both terms in the cost function is not

straightforward.

When considering tower fatigue, the most common approach involves the quadratic penalization of tower tip deflection rate105

ḋT. This also can be interpreted as a penalization of kinetic energy of the lumped tower mass mT, averaged over the prediction

horizon Thoriz. In the present work, therefore, the stage cost

Jfatigue,TTVP =

tend∫

t0

1
2ThorizPg,max

mTḋ
2
Tdt (3)

is used for comparison and referred to as Tower Tip Velocity Penalization (TTVP). An additional division by rated power Pg,max

is used for scaling the cost, which is beneficial for optimization.110

3.2 Direct fatigue metrics in MPC

In contrast to indirect fatigue metrics, direct fatigue metrics return actual damage, which can be readily converted into monetary

fatigue cost, as visualized in Fig. 2b. This conversion is achieved for instance by multiplication with the Initial Capital Cost of

the respective component or the entire turbine. Since harvested energy also can be converted into revenue by electricity price,

the optimization algorithm can directly maximize profit.115

As shown in Sect. 2, direct fatigue estimation involves the Rainflow algorithm. Implementation of RFC within a gradient-

based optimization seemed impossible until now due to the following obstacles:

– RFC is a function of all stress samples. Therefore, neither the concept of stage nor of terminal cost applies.

– RFC contains branches. Therefore, it exhibits discontinuous outputs and is not continuously differentiable.

5
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– RFC contains "while" loops, which lead to a changing function execution structure depending on the stress input.120

Thus, in all known references, the Rainflow algorithm is approximated to some extent. In Sanchez et al. (2015), a version

of Simple Range Counting is applied, which is standardized in ASTM (1985). In Barradas-Berglind et al. (2015), hysteresis

operators are used to adapt parameters of a cost function in MPC. This cost function penalizes deflection rates, comparable to

TTVP. In Luna et al. (2020), damage estimation including standard RFC is performed on a large number of stress time series,

which are used to train a surrogate Artificial Neural Network (ANN). The latter seems to be very promising in terms of correct125

damage estimation. However, the approach involves a high a priori effort in setting up the ANN, as well as a significantly

increased computational load in the MPC (Luna et al., 2020).

Stress history is not included in any of these approaches. In Barradas-Berglind et al. (2015), the hysteresis operators only

have memory of damage evolution. Similarly, in Luna et al. (2020), only the previous fatigue rate output of the ANN is

memorized until the next evaluation.130

3.3 Parametric Online Rainflow Counting - Concept

The above mentioned obstacles for a direct implementation of RFC in MPC are overcome by the method of Parametric Online

Rainflow Counting (PORFC). In PORFC, all discontinuous parts of the fatigue estimation procedure are carried out before

each execution of the MPC algorithm, as shown in Fig. 3. Additionally, the stress history is incorporated via a residue, which

is inspired by the batchwise cycle identification in Sect. 2.3. The algorithmic workflow is as follows:135

– Simulation: The reduced wind turbine model is simulated over the prediction horizon using the current measured states

as initial values to produce a stress prediction, as visualized in Fig. 4b.

– Merge: The residue (see Fig. 4a) is merged with the stress prediction.

– Rainflow: The Rainflow algorithm is used to identify stress cycles over this merged trajectory. Consequently, it is as-

sumed that the structure of identified cycles does not change within the next optimization. The term "structure" denotes140

here positions (kmin,c, kmax,c) and weights (wc) of cycles. As shown in Fig. 4b, this assumption implies that the control-

lable extrema in the prediction horizon only can be shifted vertically (i.e., in the values but not in their positions) by the

optimization.

– Residue update: Stress cycles can be composed by stress samples only from residue or prediction, or by a combination

of both ("mixed cycle"). However, only the samples within the prediction horizon can be controlled by the optimization.145

Particularly the measured initial value at prediction step 0 cannot be controlled and, therefore, is added to the residue. If

a full cycle is detected entirely within the residue, both contributing values are discarded from the residue. The reason

for this is that also in the future they will never anymore form a cycle with a sample from the prediction and, therefore,

are irrelevant for the MPC.

– Time-varying parameters: Information from cycle identification is used to fill vectors of time-varying parameters,150

which are forwarded to the cost function of the MPC. Details on this step are provided in Sect. 3.4.

6
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Externalization from MPC

MPC step Sys.Dyn. OptimizationFatigue
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Figure 3. Externalization of fatigue estimation (Rainflow algorithm) from the MPC.
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Figure 4. Stress residue from the past (a). Stress prediction into the future (b).

– Optimization/MPC: In the cost function of the MPC, the parameters are used to time-continuously calculate fatigue

cost over the horizon and accumulate it via integration. Finally, the optimization problem is solved and the resulting

control variables are applied to the wind turbine plant.

3.4 Parametric Online Rainflow Counting - Time-varying parameters and cost function155

3.4.1 Distribution of damage over time

Since information from cycle identification is forwarded to the MPC via parameters, which are varying over the prediction

horizon, the total fatigue damage has to be distributed over the prediction horizon, as visualized in Fig. 5b. Therefore, the

damage of each stress cycle is split into two halves, which are allocated to the two contributing stress samples. For example,

cycle 4 is formed by samples k = 4 and k = 8. Their fatigue cost terms therefore are allocated to these samples, as shown by160

the blocks in Fig. 5b. This example also shows an important property of the Rainflow algorithm, which identifies cycle 4 even

though it is interrupted by the nested cycle 2, as shown in Fig. 5a. If, for a given stress sample, the complementary stress sample

is not controllable (i.e. lies in the residue), all damage is allocated to the given sample. Here, this is the case for cycles 1 and 3,

where all damage is allocated to sample k = 2 and k = 4, respectively.

3.4.2 Setup of the time-varying parameters165

Figure 5a visualizes the generation of the time-varying parameters. Since each stress extremum belongs to one or two stress cy-

cles (Shi et al., 2018), one or two stress references are set per extremum. These stress references are considered as optimization-

or tracking-references for the current MPC-step. If both stress samples of a cycle lie in the prediction, mean stresses (M2, M4)

become the stress references. If the complementary stress sample of a cycle lies in the uncontrollable residue ("mixed cycle"),

7
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this complementary stress value (C1, C3) becomes the stress reference for the considered sample in the controllable prediction.170

However, in many cases, a mixed cycle is crossing the level of the initial stress σ(t0). In this case, the best possible tracking-

reference is this initial stress value itself (R1, R3), since zero oscillation in the prediction corresponds to zero fatigue cost. A

more detailed derivation and explanation can be found in Loew et al. (2020a).

Sample index

in residue [-]

Sample index - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

in prediction [-]

-2 -1 0 1 2 3 4 5 6 7 8

N
o

n
-d

im
e

n
s
io

n
a

l
s
tr

e
s
s
 [
-]

1

0.8

0.6

0.4

0.2

0

R1

C1

R3

C3

M2

M2 M4

M4

Stress trajectory

Initial stress sample

Stress extrema

Stress references

a)

-2 -1 0 1 2 3 4 5 6 7 8

Sample index

in residue k [-]

Sample index - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

in prediction [-]

C
y
c
le

[-
] 𝑐2

𝑐1

D
a

m
a

g
e

 

1 2 3 4 Cycle index c [-]

𝐷1
𝐷2

𝐷3 𝐷4

ൗ1 2𝐷1

ൗ1 2𝐷1
ൗ1 2𝐷2 ൗ1 2𝐷2ൗ1 2𝐷3

ൗ1 2𝐷3

ൗ1 2𝐷4ൗ1 2𝐷4

b)

Figure 5. Stress trajectory (blue), its initial value at t0 (grey circle), its extrema (colored dots), sequence of samples that form a cycle (dash-

dotted), generated time-varying reference stresses (solid purple, red, green, yellow), and optimization goals (dotted arrows) for PORFC (a).

Corresponding distribution of damage over the prediction horizon (b). Both figures are modified from Anand (2020).

3.4.3 Cost function

The fatigue cost function is defined by an integral over two cost terms, each one representing one potential cycle contribution175

of a stress sample, i.e.:

Jfatigue,PORFC (σ, p̄) =
1

Tcntrl

tend∫

t0

(
Jfatigue,c(σ(t), ˆ̄σref,c1(t), ˆ̄wc1(t)) +Jfatigue,c(σ(t), ˆ̄σref,c2(t), ˆ̄wc2(t))

)
dt [e]. (4)

The notation (̂·) means fixed for one MPC-step, while (̄·) means sampled on the control intervals of the prediction horizon. The

cost terms are "switched on" by nonzero cycle weights ˆ̄wc1/2(t). Reference stresses ˆ̄σref,c1/2(t) and cycle weights ˆ̄wc1/2(t) are

collected in the parameter vector180

p̄=
(

ˆ̄σref,c1, ˆ̄σref,c2, ˆ̄wc1, ˆ̄wc2

)
, (5)

which is defined as piecewise constant over the control intervals of the prediction horizon. The cost of individual cycles is

defined by

Jfatigue,c = ˆ̄wc1/2(t) am |σ(t)− ˆ̄σref,c1/2(t)|m, (6)

where the fatigue coefficient am and the fatigue exponent m are derived from the damage curve of Eq. (2).185
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3.5 Optimization problem for TTVP and PORFC

The Economic MPC of a wind turbine is defined by the following optimization problem

min
ū,s̄


−αrevenueJrevenue +αfatigueJfatigue +

tend∫

t0

(
10−1β̇2

b + 10−2Ṫ 2
g + 107 s̄2

ω + 107 s̄2
P

)
dt


 , (7)

which maximizes the revenue Jrevenue and minimizes the fatigue Jfatigue, which is represented by Eq. (3) for TTVP or Eq. (4)

for PORFC. The constants αrevenue and αfatigue are weighting factors. Instead of generated electrical energy, harvested aero-190

dynamic energy Jrevenue is maximized to avoid a greedy extraction of rotor kinetic energy by the MPC (turnpike effect), as

suggested by Gros and Schild (2017). Furthermore, pitch rate β̇b, torque rate Ṫg, and slack variables for rotational speed s̄ω

and generator power s̄P are penalized (see their use in the constraints below). The optimization variables are the demanded

pitch angle and torque rate ū= (β̄b,d,
¯̇T g,d), and the slack variables s̄= (s̄ω, s̄P ).

For both TTVP and PORFC, revenue is weighted by the current electricity price αrevenue = pelec [eW−1 s−1] to match the195

monetary nature of Eq. (4). The fatigue weight αfatigue remains free and will be determined later in this work.

The optimization problem is subject to:

– The system dynamics of a reduced turbine model ẋ= F (x(t),u(t),d(t)), whose six states

x(t) = (ωr(t),dT(t), ḋT(t),βb(t), β̇b(t),Tg(t))T (8)

are rotational speed of the rotor noted ωr, tower tip deflection dT, tower tip velocity ḋT, pitch angle βb, pitch rate β̇b,200

and generator torque Tg. More details about the model are given in Löw and Obradovic (2018).

– Inequality constraints over the horizon, to keep rotational speed, tower deflection (yield strength), pitch angle, pitch rate,

generator torque, and generator power within their limits. In order to maintain feasibility of the optimization despite

model uncertainties and temporary constraint violations, the constraints on rotational speed and generator power are

augmented by slack variables, as suggested by Gros (2013).205

– Box constraints on control and slack variables.

4 Moving Horizon Estimator

The MPC-internal system model only comprises the 6 states defined by Eq. (8), while the plant model in OpenFAST (includ-

ing the actuators, but excluding the yaw mechanism) comprises 33 states (8 tower states, 6 states for each of the 3 blades, 2

states for drive-shaft torsion, 2 states for rotor rotation, 2 states for the collective blade pitch actuation, 1 state for the generator210

torque actuation) (Jonkman et al., 2009). Thus, the MPC-internal model is only a reduced representation of the plant model.

Furthermore, both the tower deflection and velocity of the MPC-internal model cannot be measured directly on a real turbine.

9
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Only rotor speed, tower tip fore-aft acceleration d̈T(t) and the actuator states can be measured by on-board sensors. Conse-

quently, a Moving Horizon Estimator (MHE) is designed to provide initial value estimates for the MPC-internal model based

on the available measurements from the high-fidelity plant and the lidar system.215

4.1 Formulation of the MHE

The cost function of the MHE

min
v̄

t0∫

t0−Thoriz,est

(
‖yest(t)−ymeas(t)‖2W meas

+ ‖xest(t)−xest,prev(t)‖2W prev
+ ‖v(t)‖2W v

)
dt (9a)

penalizes differences of the current estimates from the measurements, differences of the current estimates from the previous

estimates, as well as noise v(t) (Huang et al., 2010; Gros et al., 2013). The second term has been added to obtain a smoother220

estimation output over the course of consecutive MHE steps. The piece-wise constant noise v̄ is optimized as well. Within the

vectors of estimated

yest =


 xest(t)

d̈T,est(t)


 (9b)

and measured variables

ymeas =


 xmeas(t)

d̈T,meas(t)


 , (9c)225

the states x are defined as in the reduced system given by Eq. (8). The estimated tower acceleration d̈T,est(t) is obtained by

the nonlinear output equation

d̈T,est(t) =
1
mT

(
FT(t)− cTḋT,est(t)− kTdT,est(t)

)
, (9d)

with lumped tower mass mT, damping cT and stiffness kT. The diagonal weighting matricesWmeas,W prev andW v will be

tuned in Sect. 5.2.4.230

The optimization problem is only subject to the system dynamics

ẋest = F (xest(t),dest(t)) +v(t), (9e)

with the additive optimization variable represented by the process noise v(t) (Huang et al., 2010). The external input

dest(t) = (Vw(t),βb,d(t), Ṫg,d(t))T (9f)

comprises the lidar-estimated wind speed Vw, as well as the pitch angle βb,d and torque rate demands Ṫg,d, which have been235

set by the MPC and thus are fixed for the present MHE step. Notably, there is no equality constraint for the initial states

xest(t0−Thoriz,est), which thus are freely varied by the optimization algorithm.

10
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After the execution of the MHE, the terminal states at the end of the MHE estimation horizon become the initial states at the

beginning of the MPC prediction horizon:

x(t0) = xest(t0). (10)240

In the present controller setup, the optimized noise v(t) of the MHE is not utilized in the MPC, and its role is limited to the

improvement of the quality of the estimates by taking into account process noise (which, in this context, also includes model

errors).

4.2 Initialization of the MHE

The MHE requires information about the measurements over its entire estimation horizon. Therefore, the past measurements245

ymeas are buffered.

As mentioned above, the tower deflection and velocity are not measured. However, the MHE optimization benefits from

meaningful measurement values as tracking reference. Therefore, a static wind-to-tower-deflection mapping is interpolated over

the lidar wind estimate in order to generate a proxy tower deflection trajectory dT,meas. Tower velocity ḋT,meas is obtained by

the numerical time-derivative of the deflection trajectory. These quantities are termed "lidar-based references" in the remainder250

of this work.

5 Simulation setup, tuning and results

In the following, the simulation setup is presented, each element of the controller toolchain is tuned, and the simulation results

are discussed.

5.1 Simulation setup255

5.1.1 Plant model

The designed MPC formulations are tested with the NREL 5MW onshore reference turbine (Jonkman et al., 2009) in the

aeroelastic simulator OpenFAST. This turbine has a hub height of 110m and a rotor diameter D = 126m. All mechanical

degrees of freedom (DOF) are activated.

5.1.2 Wind model260

All turbulent results in this work are mean values of 12 simulations (each with a different seed) of 600s length in DLC 1.2

with category A turbulence. For the chosen turbine with a hub height of 110m and coastal onshore setting, a mean annual wind

speed of Vw,mean = 7ms−1 can be assumed (Hau, 2017). Thus, in the turbulent simulations the probability of wind speed is

assumed to follow the Rayleigh distribution

p(Vw) =
π

2

(
Vw

V 2
w,mean

)
exp

[
−π

4

(
Vw

Vw,mean

)2
]
, (11)265
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Figure 6. Rayleigh probability density function for a mean wind speed of Vw,mean = 7ms−1.

as shown in Fig. 6. The Rayleigh distribution is a variant of the Weibull distribution with the simplification of having only a

single parameter (Manwell et al., 2008).

5.1.3 Lidar simulator

The model of a pulsed lidar with four beams is employed. The model is implemented in the lidar simulator from sowento

GmbH, which generates lidar wind estimates offline, and thus independently from the wind turbine simulation suite (Raach and270

Schlipf, 2018). Considered physical effects are: limitation to line-of-sight wind speeds, spatial averaging via a Gaussian range

weighting function, discrete scanning, and "unfrozen" wind evolution. Particularly the wind evolution can be parameterized by

an exponential decay constant; here, a higher value results in higher variation of the wind during its convection towards the

rotor. Finally, the spatially distributed measurements are converted to rotor-effective wind speed by wind field reconstruction.

5.1.4 MHE/MPC framework275

The MHE and MPC are implemented in the state-of-the-art acados framework (Verschueren et al., 2021), using the interior-

point solver HPIPM for the underlying Quadratic Programs (QP).

5.1.5 Controller variants

In the following, the performance of five MPC formulations and the baseline conventional controller (CC) from NREL

(Jonkman et al., 2009) are compared. The MPCs involve the conventional formulation of TTVP (see Sect. 3.1) and the novel280

formulation of PORFC (see Sect. 3.3). For PORFC, a fatigue exponent of m= 2 (see Eq. (6)) is utilized, which, resulting in

quadratic cost functions, is very suitable for Quadratic Programming. This case is assessed in combination with (PORFC-2R)

and without (PORFC-2) the use of residue. Additionally, a fatigue exponent of m= 5 is tested (PORFC-5), which is present at

low stress amplitudes in the actual S-N-curve of the tower material. This parameterization in combination with residue has not

led to satisfactory results, and thus is not considered further.285
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5.1.6 Performance indicators

Considered performance indicators are revenue (analog to energy), fatigue cost (based on a realistic piecewise S-N-curve, profit

(revenue subtracted by fatigue cost), pitch travel, and torque travel.

5.2 Tuning

Each element of the present controller toolchain (lidar simulator, lidar processing, Moving Horizon Estimator, Model Predictive290

Controller) comprises a set of tunable parameters, which all impact the control performance. A comprehensive overview of

these parameters is provided in Schlipf et al. (2018). Instead of tuning all parameters at once (monolithic approach), the

sequential approach of Schlipf et al. (2018) is pursued. Here, the elements are tuned sequentially according to their individual

performance criteria.

5.2.1 Tuning of lidar simulator295

In Schlipf et al. (2018), the same wind turbine plant model (NREL 5MW onshore) and lidar simulator are used as in the present

work. There, the parameters of the lidar simulator are tuned in order to maximize the measurement coherence bandwidth for

the rotor-effective wind speed. In other words, the smallest detectable eddy size is maximized, reaching a value ofDeddy,min =

1.58D = 199m. Since control of fatigue - but not lidar tuning - is the focus of the present work, the parameters of the lidar

simulator in Table 1 are adopted from Schlipf et al. (2018). This "Default lidar" scenario with a low decay constant of 0.1 is300

accompanied by a "High decay lidar" scenario, where the exponential decay constant is increased to 0.4 (Schlipf, 2016).

Table 1. Parameters of lidar simulator for the "Default lidar" and "High decay lidar" scenarios.

Parameter Unit "Default lidar" "High decay lidar"

Type of lidar - Pulsed Pulsed

Opening angle [deg] 11.3 11.3

Distance to closest scanning plane dscan,close [m] 40 40

Distance to farthest scanning plane [m] 280 280

Number of scanning planes [-] 10 10

Scanning rate fscan [Hz] 4 4

Gaussian - Full width at half maximum [m] 20 20

Gaussian - Evaluation points [m] -10,0,10 -10,0,10

Exponential decay constant of turbulent wind [-] 0.1 0.4

5.2.2 Tuning of lidar processing

The raw rotor-effective wind speed from the lidar simulator has to be buffered in order to compensate time delays, and filtered

to remove uncorrelated high-frequency information. The buffer and filter parameters have to be tuned. In Schlipf et al. (2018),

13
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the tuning of the lidar processing is performed using the reduced wind turbine model as plant model for performance reasons.305

However, simulations in Loew et al. (2019) have shown that unrealistically high fatigue reduction is possible if the MPC-

internal and the plant model are matching. Thus, in the present work, the high-fidelity OpenFAST model is used for tuning of

the lidar processing, in order to benefit from its realistic fatigue behavior.

Buffering: Inspired by Schlipf (2016), the raw rotor-effective wind speed is buffered by an adaptive buffer time span of

Tbuffer(t) = Ttravel(t)− 0.5Tscan−Tfilter. (12)310

Here, the traveling time Ttravel(t) = dtravel(t)
Vmean(t) from the closest scanning plane to the rotor is obtained by the traveling distance

dtravel and the current mean wind speed Vmean. The traveling distance dtravel(t) = dscan,close + dT(t) is the nominal distance

corrected by the current tower tip deflection. The total scan time Tscan = 1
fscan

is obtained from the scanning rate. The filter

delay Tfilter is zero here, since a zero-phase filter is utilized.

Filtering: Since the lidar correlation varies with wind speed (Schlipf, 2016), the uncorrelated high-frequency information has315

to be processed by a low-pass filter, which is adaptive as well. In order to avoid the above mentioned filter-delay compensation,

only zero-phase algorithms have been considered. Particularly, a zero-phase forward-backward IIR-filter (function filtfilt

in MATLAB) has been compared to a central moving mean filter (function movmean in MATLAB). For this purpose, the lidar

simulator parameterization from Sect. 5.2.1 and a reasonable initial parameterization of the MHE and MPC have been utilized

in turbulent simulations. Despite its simplicity, with different MPC formulations and horizon lengths, the moving mean filter320

has exhibited superior economic profit, and thus has been chosen for the present application. Beneficially, the moving mean

filter only requires tuning of its window length. The empirical formula

Tmovmean(t) =
Deddy,min

Vmean(t)
, (13)

which is based on the smallest detectable eddy size and the current mean wind speed, has led to a very good adaptive tuning

for the present setup.325

Due to its nature, the central moving mean filter requires sufficient information from the past and future. Except for the

beginning of a simulation, the amount of past information typically is sufficient and even growing in the course of simulation

time. In contrast, sufficient future information beyond the prediction horizon is only ensured if the inequality

Tpred(t)− 0.5Tmovmean(t)≥ Thoriz (14)

holds, where the lidar-predicted time Tpred subtracted by half the moving mean filter length Tmovmean exceeds the MPC330

horizon length Thoriz. The lidar-predicted time Tpred(t) = dscan,far/Vmean(t) depends on the distance of the farthest scanning

plane to the rotor and the current mean wind speed. As shown in Fig. 7, the inequality typically holds and is only slightly

violated at Vmean > 22ms−1.

Further scaling of buffer and filter parameters: In order to verify the above adaptation formula, simulations have been

executed where these buffer and filter window lengths are increased or decreased. These results are generated for the "High335

decay lidar" scenario, where lidar data quality is lower and thus correct filtering is more important. The simulations reveal that
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Figure 7. Comparison of the effectively available filtered prediction information (red dash-dotted) to the MPC horizon length (black dashed).
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Figure 8. Variation of KPIs depending on the scaling of moving mean filter window length.

the above adaptation laws lead already to optimal or near-optimal profit results. As shown exemplary for the filter window

length in Fig. 8, maximum profit is achieved with a scaling factor of 1 for TTVP, and 0.1 for PORFC. Lower scaling factors

(shorter filter windows) have a tendency towards higher actuator usage, while higher scaling factors dramatically increase

fatigue cost. Consequently, scaling of the buffer and filter parameters is not applied in the present work.340

5.2.3 Tuning of the MHE algorithm

The MHE is set up with an estimation horizon length of 8s and a sample time of 0.1s, which are fixed for all MPC configura-

tions.
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Figure 9. Wind turbine tower quantities ordered by occurrence in the estimation and control process: measured, unmeasured, lidar-based ref-

erence (see Sect. 4.2), estimated, and predicted. Negative time samples = estimation horizon of the MHE; positive time samples = prediction

horizon of the MPC.

5.2.4 Tuning of the MHE cost weights

Practical experience has shown that the goal for the MHE should not be an accurate reconstruction of the unmeasured true345

plant states of tower tip deflection and velocity, as shown in Fig. 9. In fact, an accurate reconstruction would contain high

frequencies from the plant higher-order degrees of freedom, which would be attributed to the lower-order degrees of freedom

in the MPC-internal model.

Instead, for the low-frequency MPC-internal model also low-frequency initial states should be provided by the MHE ("es-

timated initial" states). Consequently, the MHE is tuned to estimate state trajectories that best fit the behavior of the reduced350

model. This is achieved by setting low weights for the tower variables in the weighting matrix Wmeas, as shown in Table 2.

These low weights allow for significant deviations from the measured tower acceleration and the lidar-based references, and

thus for a greater focus on the reduced model dynamics. For tower deflection and velocity, very low values of 10−4 are chosen,

since these quantities are not measured. For tower acceleration, an intermediate value of 10−2 is chosen, since it is measured

but its trajectory does not need to be tracked carefully.355

By the intermediate weights in the weighting matrixW prev, the current state trajectories are only loosely tied to the previous

ones.

In the weighting matrixW v , significant noise is only permitted for the pitch angle and torque rate, in order to enable a close

match of pitch and torque estimations with their already accurate measurements.
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Table 2. Diagonal elements of the weighting matrices W penalizing the corresponding entries of the estimation yest and noise vector v.

ωr(t) dT(t) ḋT(t) βb(t) β̇b(t) Tg(t) d̈T(t)

Wmeas 1 10−4 10−4 1 1 1 10−2

W prev 10−2 10−2 10−2 10−2 10−2 10−2 -

W v 1 1 1 1 10−3 10−3 -

5.2.5 Tuning of the MPC algorithm360

The controller sample time is set to 0.1s like in Bottasso et al. (2014) and Gros and Schild (2017). The maximum horizon

length of Thoriz,max = 8s is chosen based on the findings of Loew et al. (2020b), which indicate that a considerable portion of

the plant stress cycles will be contained in this prediction horizon. However, since horizon length has a substantial impact on

performance and - moreover - the longest horizon is not always the best, shorter horizons of Thoriz = {4;2;1}s will be tested

throughout all turbulent studies.365

One QP is solved per MPC step. The Hessian matrix is automatically convexified to account for possible numerical issues

due to the highly non-standard cost formulation of PORFC. Practical experience has shown that performance is improved if

the Newton step length of the QP is reduced from 1 to 0.1. This can be explained by the frequently changing optimization

problems, especially for PORFC. In this case the initialization of the QP might not be sufficiently close to the optimum, and

full Newton steps could leave the region of validity of the quadratic approximation of the Nonlinear Program (Diehl and Gros,370

2020).

5.2.6 Tuning of the MPC cost weights

As shown in Sect. 3.5, all weights in the cost function except for the fatigue weight αfatigue are pre-defined for simplicity. Thus,

only the fatigue weight has to be tuned in the following. Tuning is executed at a single reference wind speed of Vw,ref = 9ms−1.

This wind speed is chosen since for the conventional controller, the highest profit contribution occurs there, as shown in terms375

of profit density in Fig. 10. Profit density represents the incremental contribution to total cumulative profit at a certain wind

speed. Another meaningful criterion for a suitable tuning wind speed would be the wind speed where half of total cumulative

profit is reached.

The variation of important KPIs with fatigue weights is shown in Fig. 11. For brevity, only the results for the maximum MPC

horizon length of 8s are shown. All variants of PORFC exhibit higher profit than TTVP. Especially for PORFC-2R there is a380

profit plateau that spans over a wide range of fatigue weights. Thus, the tuning of PORFC-2R can be considered as less critical

than that of TTVP. Since in most cases torque travel and pitch travel increase with fatigue weight, low fatigue weights should

be preferred if profit is not harmed significantly. Following this strategy, the fatigue weights are determined for all controller

formulations and horizon lengths, as shown in Table 3.
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Figure 11. Variation of KPIs for different fatigue weights and a prediction horizon length of Thoriz = 8s.
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Table 3. Optimum fatigue cost weights αfatigue for different controller formulations and prediction horizon lengths.

Controller formulation Thoriz = 8s Thoriz = 4s Thoriz = 2s Thoriz = 1s

TTVP 104 103 104 105

PORFC-2R 104 103 102 103

PORFC-2 106 103 104 104

PORFC-5 105 105 105 104

5.3 Results of turbulent simulations385

5.3.1 Comparison of controller formulations in the "Default lidar" scenario

As a next step, the optimal tuning weights from Sect. 5.2.6 are fixed and simulations at different reference wind speeds

Vw,ref = {5;7; ...;25}ms−1 are performed for each controller formulation and prediction horizon length. The simulations result

in the Weibull-weighted cumulative KPIs shown in Fig. 12.

Even for the best-performing MPCs, revenue remains below the one of CC. However, since fatigue of the MPCs is much390

lower, all MPCs with a prediction horizon of Thoriz ≥ 2s exhibit higher profit than CC. The highest profit gain is achieved by

PORFC-2R at maximum prediction horizon, which surpasses CC by 30% and the best TTVP by 2.5%. At least for the present

setting, very short horizons of 1s cannot be recommended, since they significantly decrease revenue and extremely increase

fatigue.

Over different horizon lengths, PORFC-2R exhibits a very stable profit level. In contrast, for the PORFC formulations with-395

out residue (PORFC-2, PORFC-5), a shorter horizon of Thoriz = 4s exhibits higher profit than Thoriz = 8s. This phenomenon

may be explained by a higher influence of the prediction errors: due to model errors and wind evolution, the predicted states at

the end 4s< t≤8s of a long horizon may be affected by large errors. Since PORFC-2/5 have to rely solely on the predictions,

their performance may suffer from long horizons.

For all MPCs, the profit benefit with respect to CC via fatigue reduction comes at the price of a higher pitch travel. Here,400

TTVP exhibits around 6 times the pitch travel of CC. Since in the literature more moderate increases of e.g. factor 2 are reported

(Luna et al., 2020), further studies on pitch penalization are planned. For PORFC, pitch travel is even slightly higher, while a

reduction of horizon length also leads to a moderate reduction of pitch travel. Torque travel exhibits a different behavior, where

several MPC formulations have a lower torque travel than CC.

A look at the profit density and cumulative profit in Fig. 10 shows that both MPC formulations (TTVP, PORFC) "earn405

money" very similarly over wind speed. Compared to CC, the MPC fatigue reduction strategies lead to impressive profit

benefits at very low and at intermediate wind speeds. With the present tuning, TTVP has a slight extra advantage at very low

wind speeds, while PORFC-2R is superior at a broad range of intermediate wind speeds.
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Figure 12. "Default lidar" scenario. Weibull-weighted KPIs for different controller formulations (indicated by edge style) and MPC prediction

horizon lengths (indicated by color). The results for the shorter horizons are transparent in order to focus the attention on the more important

longer horizons. Results are normalized with respect to the best TTVP configuration with a prediction horizon length of Thoriz = 8s. Middle

row, right: Zoomed version of profit plot.

5.3.2 Performance in the "High decay lidar" scenario

The "Default lidar" scenario of the previous sections can be considered as very favorable for lidar-assisted control, since the410

wind does not change very much between the lidar measurement planes and the rotor. Thus, the lidar provides a fairly good

estimate of the true incoming wind. In order to challenge the MPCs even more, a further assessment is performed for the "High

decay lidar" scenario (see Table 1).

Despite the significant reduction of lidar signal quality, the profit benefit of the MPCs over CC decreases only slightly, as

shown in Fig. 13. Particularly, the best-performing PORFC-2R (Thoriz = 4s) still surpasses CC by 26% for the "High decay415

lidar" scenario, in comparison to the above mentioned 30% for the "Default lidar" scenario.

The very strong profit benefit of 5.1% of the best PORFC-2R (Thoriz = 4s) over the best TTVP (Thoriz = 8s) shows that

PORFC-2R is particularly strong in handling situations of low lidar data quality. In a direct comparison using the same horizon

length (Thoriz = 4s), PORFC-2R even benefits by almost 9%. Just like in the "Default lidar" scenario, PORFC-2R exhibits

better profit stability over the horizon lengths Thoriz = {8;4;2}s, and fails at Thoriz = 1s.420
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Figure 13. "High decay lidar" scenario. Weibull-weighted KPIs for different controller formulations and prediction horizon lengths. Results

are normalized with respect to the best TTVP configuration with a prediction horizon length of Thoriz = 8s. Middle row, right: Zoomed

version of profit plot.

5.3.3 Performance in the "Perfect prediction" scenario

Increasing benefit of PORFC-2R with respect to TTVP with lower lidar data quality, conversely suggests decreasing benefits

with very high lidar data quality. This hypothesis is actually partially confirmed by the extreme scenario of a perfect wind

prediction (without lidar errors). As shown in Fig. 14, as expected, the performance of TTVP and PORFC-2R is significantly

surpassing the performance from the "Default lidar" scenario of Sect. 5.3.1. However, relative to TTVP, the advantage of425

PORFC-2R decreases significantly. For the maximum horizon length, TTVP even slightly surpasses PORFC-2R by 0.4%. On

the other hand, as the profit of PORFC-2R is more stable for shorter horizons, it retains a significant advantage there.

5.3.4 Benefit of "Perfect prediction" vs. "Perfect persistence"

All previous scenarios assumed a wind preview. However, to date, lidar systems can still account for a significant portion of

the capital and operational expenditures of wind turbines (Canet et al., 2020). In order to avoid lidar-related costs or effort,430

some studies are directed towards predictive control without explicit preview measurement (Evans et al., 2015; Jassmann et al.,

2016). In this case, the wind prediction over the MPC horizon can for instance be generated via constant extrapolation of the

instantaneous wind estimate at the rotor ("persistence"). This motivates an analysis of how the novel PORFC MPC actually

benefits from a predictive preview compared to a persistent preview.
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Figure 14. "Perfect prediction" scenario. Weibull-weighted KPIs for different controller formulations and prediction horizon lengths. Results

are normalized with respect to the best TTVP configuration with a prediction horizon length of Thoriz = 8s. Middle row, right: Zoomed

version of profit plot.

Since the design of a rotor-effective wind speed estimator is out of scope of the present work, a "Perfect persistence" scenario435

is employed and compared to the above "Perfect prediction" scenario.

As shown in Fig. 15, all MPC configurations - but especially PORFC-2R - significantly benefit from prediction (instead of

persistence) by 5% to 25% of profit. For all configurations, this is primarily achieved by high fatigue reduction. At the same

time, actuator usage is moderately decreased or even increased at some horizon lengths for TTVP, but is significantly decreased

for PORFC-2R if Thoriz ≥ 2s.440

These results further indicate the technical benefit of lidar-assisted control, and motivate further studies comparing the

realistic lidar wind preview with a sophisticated wind speed estimator.

5.4 Insights into PORFC

In order to gain deeper insight into the behavior of PORFC, short time periods within a turbulent simulation in the "Default

lidar" scenario are analyzed.445

5.4.1 Evolution of residue

Figure 16 shows a situation where the stress prediction at the initial value σ(t0) turns from a mildly rising slope (MPC step 1)

to a mildly falling slope (MPC step 2). Consequently, a new stress maximum is formed and added to the "right-hand-side" of

the residue set at MPC step 2, as shown in Fig. 16a. In the following steps 3 to 5, the size of the residue set remains constant;

only the right-hand-side value is updated by the current initial stress value.450

22

https://doi.org/10.5194/wes-2021-119
Preprint. Discussion started: 25 October 2021
c© Author(s) 2021. CC BY 4.0 License.

136 Chapter 4. Applications



0 2 4 6 8
0.85

0.9

0.95

1

1.05

R
el

at
iv

e 
re

ve
nu

e 
[-

]

0 2 4 6 8

0.2

0.4

0.6

0.8

R
el

at
iv

e 
fa

tig
ue

 c
os

t [
-]

0 2 4 6 8
1

1.2

R
el

at
iv

e 
pr

of
it 

[-
]

0 2 4 6 8

1

1.5

R
el

at
iv

e 
to

rq
ue

 tr
av

el
 [-

]

0 2 4 6 8
0.6

0.8

1

1.2

R
el

at
iv

e 
pi

tc
h 

tr
av

el
 [-

]

TTVP, T
horiz

=8s

TTVP, T
horiz

=4s

TTVP, T
horiz

=2s

TTVP, T
horiz

=1s

PORFC-2R, T
horiz

=8s

PORFC-2R, T
horiz

=4s

PORFC-2R, T
horiz

=2s

PORFC-2R, T
horiz

=1s

Figure 15. Weibull-weighted KPIs of the "Perfect prediction" scenario normalized with respect to the individually corresponding KPIs of

the "Perfect persistence" scenario with same MPC formulation and horizon length.

5.4.2 Evolution of PORFC parameters

As shown in Fig. 16b, the change of extrema in the stress prediction over the course of MPC steps leads to frequent changes

in the PORFC stress references (see Sect. 3.4.2) or, more in general, in the PORFC parameter structure (see bars in Fig. 16b).

However, since many of the emerging or vanishing stress cycles are small in amplitude, also their corresponding stress reference

values are close to the stress prediction trajectory (compare bars to the solid blue line), and thus have low impact on the overall455

optimization problem.

Since by nature of MPC the stress trajectory is shifted to the left-hand-side with each simulation step, also the PORFC

parameter samples are shifted. This becomes even more clear in Fig. 17, where stress reference 1 is plotted over the prediction

horizon and over MPC steps (simulation time). Here, over the course of MPC steps, the stress reference pattern is evolving

smoothly towards the beginning of the prediction horizon. While some references emerge within the prediction horizon, many460

references originate at the end and do not vanish before reaching the beginning of the prediction horizon.

5.5 Results of deterministic gust simulations

According to the current standards (IEC, 2005), a central qualification criterion for controllers is their reaction to deterministic

gusts. Previous literature already has shown that deterministic gusts are an easy but unrealistic task for predictive controllers like

MPCs (Schlipf and Raach, 2016), resulting in too optimistic conclusions regarding extreme load reduction. Besides, extreme465
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Figure 16. Stress trajectories for PORFC-2R in turbulent wind 10s after the start of the simulation. Top-down: Five consecutive MPC steps.

Residue set of variable size, where the values of the last stress samples are labeled (a). Stress prediction of the MPC, and stress references as

part of the PORFC parameter set (b).

loads are not even always design-driving for some wind turbine components (Canet et al., 2020). Nonetheless, the study of

gust scenarios sheds additional light on the controller dynamic behavior.

Thus, in the following, the conventional controller is compared to the MPC formulations of TTVP and PORFC-2R in an

"Extreme operating gust" scenario (IEC, 2005), with a duration of 10.5s and an initial wind speed that is 2ms−1 below rated

wind speed (Vrated = 11.4ms−1). In order to test the MPCs with partial knowledge of the gust, a prediction horizon of 4s is470

chosen. Besides this limited horizon, a perfect wind prediction without lidar errors is assumed.

As shown in Fig. 18, even during the gust, for all controllers the rotor speed remains below the rated speed of 1.267 rad s−1.

As a result, the conventional controller remains at the minimum pitch angle, and the tower deflection freely follows the gust

wind speed, which leads to a high positive excursion. After the gust, the tower oscillation quickly vanishes due to aerodynamic

damping.475

In contrast, the MPCs anticipate the incoming gust, and react to a significant extent by pitching the blades. Interestingly,

despite their different fatigue cost formulations, the MPCs exhibit very similar pitching behavior. As expected, the TTVP

and the PORFC-2R MPC attenuate very effectively the tower excursion, and dampen the oscillation immediately. However,

PORFC-2R puts less priority on the attenuation of the tower excursion. Since the tower deflection has been flat prior to the

gust, the stress residue of PORFC-2R contains only stress values around the steady state. Consequently, PORFC-2R assumes480

only a small stress cycle with low damage potential during the gust. This behavior is changed, if the stress residue is initialized
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Figure 17. PORFC stress reference over the prediction horizon of 80 samples for 100 consecutive MPC steps.

with 0 MPa, which corresponds to an undeflected tower prior to operation. Due to this stress memory, PORFC-2R identifies a

large half cycle, and consequently tries to further limit the maximum tower excursion by peak-shaving, as shown by the purple

trajectory in Fig. 18.

Clear differences of PORFC-2R with respect to TTVP can be seen in the rotor speed and generator power dynamics. At485

the beginning of the gust, the generator power is reduced in order to achieve a high rotor speed during the gust. This behavior

can be attributed to an attempt at harvesting the energy of the gust, and also has been observed for an MPC where 5 QPs

(instead of 1 QP) have been solved per MPC step for better convergence. For the PORFC-2R MPC with the 0 MPa residue,

the rotor speed remains at a high level for a longer time frame, which is an unusual behavior and requires more investigation.

Finally, it can be noted that the steady state rotor speed is slightly higher for the MPCs than for the conventional controller,490

as seen before the gust. Assuming perfect tracking of optimal rotor speed by the conventional controller, this difference can

be attributed to the MPC plant-model mismatch. However, as shown in Fig. 18, the rotor speed difference does not result in

significant suboptimality of the steady state power capture.

25

https://doi.org/10.5194/wes-2021-119
Preprint. Discussion started: 25 October 2021
c© Author(s) 2021. CC BY 4.0 License.

4.2. Paper 7: Wind turbine with estimated states & realistic wind foresight 139



280 290 300 310 320 330
8

10

12

14

W
in

d 
sp

ee
d 

[m
 s

-1
]

280 290 300 310 320 330
1.05

1.1

1.15

1.2

1.25

R
ot

or
 

sp
ee

d 
[r

ad
 s

-1
]

280 290 300 310 320 330
0.2

0.3

0.4

T
ow

er
 

de
fle

ct
io

n 
[m

]

280 290 300 310 320 330
Time [s]

0

0.1

P
itc

h
an

gl
e 

[r
ad

]

280 290 300 310 320 330
Time [s]

0

5

G
en

er
at

or
 

po
w

er
 [M

W
]

Conventional controller
TTVP, T

horiz
=4s

PORFC-2R, T
horiz

=4s

PORFC-2R, T
horiz

=4s, residue initialized at 0 MPa

Figure 18. Extreme operating gust at V = Vrated− 2ms−1.

6 Conclusions and outlook

6.1 Conclusions495

The present work represents a significant step in assessing the benefits of the MPC formulation of PORFC. For this purpose,

the simulation setup of Loew et al. (2020b) has been extended by a realistic lidar simulator, lidar processing, and a Moving

Horizon Estimator (MHE).

First, the PORFC formulation has been presented in an application-focused way. It has been highlighted how PORFC directly

incorporates mechanical fatigue in predictive wind turbine control. Since fatigue requires long observation windows, stress500

history has been considered in a consistent manner by carrying along a residue (PORFC-2R).

Second, the formulation of the MHE has been explained, where the lidar wind estimate has been used to generate an

initialization for the unmeasured tower states.

Third, a sequential tuning approach has been employed for the lidar simulator, lidar processing, MHE, and MPC:

– For the lidar simulator, parameters from the literature have been utilized, which maximize the measurement coherence505

bandwidth.

– For the lidar buffering and filtering, simple adaptive tuning laws have been employed. Simulations have revealed that

they result already in good performance, and that no further tuning seems to be required.
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– For the MHE, instead of accurately reconstructing the plant states, the cost weights have been tuned to estimate only the

low-frequency state information that can be handled by the MPC-internal model.510

– For the MPC, four different prediction horizon lengths have been employed throughout the study, since no single horizon

length has led to the best performance in all scenarios. In the MPC cost function, the fatigue weight has been tuned

systematically for each controller formulation and horizon length.

Finally, extensive economic and dynamic simulation results have been presented for turbulent and gust wind settings:

– In the "Default lidar" scenario, PORFC-2R has obtained a 2.5% higher profit than a conventional MPC, and a 30%515

higher profit than a conventional PID controller. For shorter horizons, especially the PORFC formulation with residue

has shown a more robust profit than the conventional MPC.

– In the "High decay lidar" scenario with a lower lidar prediction quality, PORFC-2R had an even higher profit benefit

over the conventional MPC equal to 5.1%, while surpassing the conventional PID controller by 26%. This suggests that

PORFC-2R is a recommended solution especially for lower lidar prediction quality.520

– In the "Perfect prediction" scenario, both MPCs have exhibited similar results. A comparison to a wind persistence setting

has shown that PORFC-2R benefits more from the availability of this high quality prediction than the conventional MPC.

– In all considered turbulent scenarios, MPCs with a very short prediction horizon of 1s have obtained only modest results.

– An excerpt of a turbulent simulation with PORFC-2R has demonstrated how the residue is updated, and that the para-

metric stress references evolve smoothly following an expected pattern.525

– In an Extreme Operating Gust setting, both MPCs have shown a similar pitching behavior and the effective attenuation

of tower excursion. During the gust, PORFC-2R has shown a higher variability in the rotor speed.

6.2 Outlook

The MPC formulation of PORFC still has several aspects worth investigating:

– For the MHE tuning, an automated but still computationally tractable approach should be developed.530

– In the MPC cost function, economic terms for the actuator, blade and drive-train damage should be included.

– The MHE- and MPC-internal system model has a significant error with respect to the plant system. Thus, online model

adaptation promises further benefits.

– In certain business cases, the goal may not be to minimize fatigue but simply to keep the fatigue rate on average below

certain thresholds, or to keep the cumulative damage below a threshold by the end of service. To assist these goals, the535

PORFC cost function could be modified and fatigue could be added as a parametric constraint in the MPC. Alternatively,

an outer control loop based on structural health monitoring could be added (Do and Söffker, 2020), which adapts the

MPC cost function weights.

– The novel PORFC MPC has been extensively simulated and is ready for application on real systems. Consequently, just

like for conventional MPCs in Sinner et al. (2021) and Dickler et al. (2021), the novel PORFC MPC should be assessed540

on scaled and full-scale wind turbines.
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Nomenclature

Quantity Unit Explanation

I545

ā - Quantity sampled on the control intervals of the prediction horizon

â - Quantity fixed for one MPC step

ã - Quantity estimated from measurements

I

Abbreviation Explanation550

CC - Conventional PID controller

lidar - Light Detection And Ranging

MHE - Moving Horizon Estimator

MPC - Model Predictive Controller

PORFC - Parametric Online Rainflow Counting555

QP - Quadratic Programming

RFC - Rainflow counting algorithm

TTVP - Tower Tip Velocity Penalization
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4.3 Paper 8: Battery energy storage system in frequency regulation mar-
ket

4.3.1 Summary

Stationary and transient operation of LiIon battery cells cause calendric and cyclic aging, respectively.
Cyclic aging is found to be influenced significantly by the Depth of Discharge of individual State of
Charge (SOC) cycles, which is very similar to mechanical fatigue. In this sense, SOC in the battery
domain acts like stress in the mechanical domain.

This similarity is exploited to improve existing simulation models and MPCs for battery systems.
For cyclic aging simulation, the one-step value-continuous damage estimation from Paper 5 is adapted.
For calendric aging simulation, a new time-variant term is proposed which improves consistency.

For the MPC, the wind turbine formulation of PORFC from Paper 6 is adapted to batteries, and
applied to the PJM frequency regulation market. In this market, the battery can provide less than the
demanded reference power, e.g. in order to limit its own aging. However, each mismatch results in
monetary penalization. Even though the underlying formulation of PORFC with residue is similar to
Paper 6, several modifications of the optimization problem are required:

• Additional time-variant cost function for calendric aging;

• Power tracking cost instead of the economic revenue cost function;

• Highly dynamic power reference and mismatch penalty instead of constant weights;

• Additional time-variant power tracking constraint.

The PORFC MPC is compared to a simple rule-based controller and to a state-of-the-art MPC from
the literature with simplified SOC cycle identification by a switched linear system. An open loop test
demonstrates that this simplified approach leads to an underestimation of cyclic aging. In contrary, a
validation of the PORFC cyclic aging cost function shows that correct aging estimation is maintained
despite the distribution of aging over time and the moving-horizon mode.

In a simplified market setting, the PORFC MPC incurs 13% less total penalty than the state-of-the-
art MPC and 23% less total penalty than a conventional rule-based controller. Total penalty here is the
sum of power mismatch penalty and aging cost. In a full market setting with additional constraints,
the PORFC MPC exhibits its ability to adapt even to unusual economic situations, and to outperform
manually chosen control policies by up to 10% in terms of total penalty. In an artificial scenario with a
ramp power reference, the behaviors of the closed-loop PORFC MPC and of an open-loop OCP match
well. Low Karush-Kuhn-Tucker (KKT) values further indicate sufficient optimality.

4.3.2 Contribution

Abhinav Anand (AA) and the author of this dissertation contributed equally to this publication. The
author of this dissertation developed the initial model architecture and controller formulation. AA
and the author of this dissertation jointly developed the model and the controllers, analyzed the
simulations, and wrote the paper. AA improved the formulations, performed the literature survey,
implemented the controllers, and performed the simulations. AS initiated and closely supervised the
work. All authors provided important input to this research work through discussions, feedback and by
improving the manuscript.

4.3.3 Reference

S. Loew, A. Anand, and A. Szabo, “Economic model predictive control of li–ion battery cyclic aging via
online rainflow–analysis,” Energy Storage, 2021. doi:10.1002/est2.228
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Abstract

Cycle identification via the rainflow-algorithm is implemented online in a

model predictive controller (MPC) for Li-ion batteries. This is achieved by

externalization of the cycle identification from the optimization problem. The

limitation for cyclic aging estimation due to short prediction horizons is over-

come by updating and utilizing a State of Charge memory. Furthermore, a

comprehensive plant model for Li-ion batteries is presented with novel sub-

models for calendric and cyclic aging. The novel MPC is implemented in the

ACADO Toolkit and tested with the aforementioned plant model. Simulation

results indicate that—even without tuning—the novel MPC clearly outper-

forms a rule-based controller and an extensively tuned MPC from literature.

KEYWORD S

cyclic aging, Li-ion battery, model predictive control, rainflow-analysis

1 | INTRODUCTION

1.1 | Motivation and previous work

Battery energy storage systems are very well suited to
absorb and release electrical energy with intermediate
storage periods which can last over different time scales.
This stationary and transient operation causes calendric
and cyclic aging, respectively. Aging manifests in the
decrease of charge capacity and the increase of internal
resistance.1 When a defined aging level is reached, the
battery reaches its end-of-life and has to be replaced.
Consequently, an important task of modern battery oper-
ation strategies is the economic balancing of the revenue
from energy storage and the cost of aging. This is a classi-
cal optimal control problem (OCP). Model predictive con-
trol (MPC) enables the solution of this OCP on a moving
horizon while respecting constraints on system states and
inputs.2

A crucial and difficult task in the setup of the MPC is
the correct modeling of abovementioned aging mecha-
nisms. Specifically, cyclic aging estimation requires cycle
identification from the state of charge (SOC) trajectory.
The absolute range of SOC excursion of a cycle is called
Depth of Discharge (DOD), and has a strong influence on
the amount of aging.3 The most accepted method for
cycle identification for aging estimation is the rainflow-
counting (RFC) algorithm.4 However, RFC is a discontin-
uous algorithm and does not have an analytical mathe-
matical form.5,6 Thus, until recently, RFC could not be
implemented in online controllers of batteries, and could
only be used for post-processing of measured and simu-
lated data. Instead, typically only surrogates for the
cycling have been utilized in the setup of controllers, as
described in the following.

A fairly simple surrogate is the penalization of charge
throughput which is implemented as a time integral of
discharge current in Wang et al.7 This method completely

Received: 2 November 2020 Revised: 8 January 2021 Accepted: 9 January 2021

DOI: 10.1002/est2.228

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided

the original work is properly cited.

© 2021 The Authors. Energy Storage published by John Wiley & Sons Ltd.

Energy Storage. 2021;e228. wileyonlinelibrary.com/journal/est2 1 of 23

https://doi.org/10.1002/est2.228

4.3. Paper 8: Battery energy storage system in frequency regulation market 147



lacks the consideration of cycles. Thus, the disproportion-
ate aging of big cycles is missed.

Some touch of cyclic behavior is captured by the sim-
plistic definition of DOD as the difference of SOC
between the beginning and the end of a control step in
Yallamilli et al.8 However, this method still lacks the
identification of extrema and actual cycles. Thus, on the
one hand, cycles which may be located within the consid-
ered control step are missed entirely. On the other hand,
the aging effect of cycles which span over multiple con-
trol steps is highly underestimated.

This limitation to fixed evaluation samples is not pre-
sent in He et al,9 where the location of extrema is identi-
fied on a historic SOC trajectory and used in the control
problem. However, here DOD is simply defined as the
SOC difference between two adjacent extrema. This defi-
nition corresponds to Simple Range Counting, which is
standardized in ASTM.4 As a consequence of this defini-
tion, no nesting of small cycles within big cycles can be
considered. Instead, a big cycle is split into two cycles by
a nested small cycle, and thus will be underestimated
again in terms of aging.

The same simplistic definition of DOD is used in
Koller et al.10 Unlike the preceding formulation, here iden-
tification of extrema is based on the predicted SOC trajec-
tory, and is implemented by a switched linear dynamic
subsystem within the MPC. Even though the above draw-
back of aging underestimation persists, this formulation
can be classified as sufficiently advanced, and thus is uti-
lized as comparison object in the present work.

Proper cycle identification by the rainflow algorithm
in offline optimal control of a battery is presented in Shi
et al11. Further, this work provides an excellent proof of
convexity of the rainflow algorithm which guarantees
reliable convergence of the considered OCP. However,
computational times will be high due to the slowly-
converging gradient-descent method.

In order to enable online implementation, a simple
control policy with upper and lower SOC thresholds is
derived from above offline method in Shi et al 5 and Xu
et al.12 The distance of these SOC thresholds represents a
DOD which is cost-optimal between mismatch penalty
and aging cost. While this cost-optimal DOD can be cal-
culated explicitly a priori, the actual threshold levels arise
online. Benefits of this policy are its simplicity and a
quantified optimality gap to the offline method. Further-
more, these thresholds enable carrying along reduced
information about SOC history, whose benefit will be
explained later. As drawbacks, the policy does not seem
to support more realistic battery dynamics where SOC is
not a simple integral of power, or other cost terms than
mismatch penalty and cyclic aging. Thus, this policy is
not suitable if also calendric aging should be considered,
or if a hybrid energy system controller is pursued.

In Loew et al,13 an MPC formulation has been pres-
ented which allows for RFC evaluation externally from the
MPC algorithm, and the inclusion of its results into the
MPC via time-varying parameters. Therefore, this formula-
tion is referred to as Parametric Online Rainflow-counting
(PORFC). In PORFC, cyclic aging is calculated based on
SOC information from the prediction horizon of the MPC.
However, cyclic aging is a long-term effect where SOC
cycles are usually defined on much longer time spans.
Therefore, in Loew et al,14 PORFC has been combined with
the concept of residue to systematically incorporate SOC
history. In the same work, this concept has been applied
successfully for MPC of a fatigue-affected wind turbine.

1.2 | Contribution

In the present work, these controller formulations for
wind turbines14 are extended, and adapted to the require-
ments and use cases of battery energy storage systems. To
the best of the authors' knowledge, this introduces the first
model predictive controller (MPC) that considers correctly
and without approximation the cyclic aging of batteries.

As a by-product for battery modeling, novel sub-
models for calendric and cyclic aging are presented
which improve consistency and accuracy.

The novel MPC formulation is compared to a conven-
tional rule-based controller and the above mentioned
state-of-the-art MPC from Koller et al10 in a realistic mar-
ket scenario, showing significantly better economic per-
formance. Furthermore, the accuracy of the cyclic aging
cost function, the degree of optimality, and the computa-
tional performance of the MPC are assessed in detail.

1.3 | Outline

In section 2, a battery plant model with specific focus on
aging is presented. This model is the basis for the MPC
formulation in section 3 whose key novelty is the direct
implementation of cycle identification. In section 4, this
MPC formulation is compared with state of the art con-
trollers in a realistic market setting. Furthermore, key
features of the MPC are analyzed and validated. In sec-
tion 5, the work is concluded and an outlook is provided.

2 | BATTERY PLANT MODEL

The goal of this section is to present the approach used to
model Lithium-ion batteries with particular focus on deg-
radation. A grey-box modeling approach is used which
involves first-principle models, data-fitted static maps
and algorithmic parts. A comprehensive battery storage
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system model includes several individual sub-models,
capturing the electrical, thermal, and aging behavior as
shown in Figure 1. These sub-models will be presented in
the following.

2.1 | Electrical model

A simple electrical equivalent circuit as shown in
Figure 2 is chosen.15 Important variables are charge/dis-
charge power P, open circuit voltage Uocv, internal resis-
tance Rint, current I and terminal voltage Uterminal. The
states considered are SOC, SOH, and cell temperature T.
State of Charge SOC= Qcont

Q −½ � is defined as the ratio of
instantaneous charge content Qcont with respect to the
instantaneous charge capacity Q of the battery. Thus, the
rate of SOC is directly proportional to the current, and
can be expressed as

dSOC
dt

= −
I
Q

1
s

� �
: ð1Þ

By convention, current is considered positive for the
discharging case and negative for the charging case. The
calculation of open circuit voltage, internal resistance, bat-
tery current and terminal voltage is detailed in section A.1.

State of Health SOH = Q
Qnominal

−½ � is defined as the
ratio of instantaneous charge capacity Q with respect to
the nominal charge capacity of the battery Qnominal at the
time of production. Charge capacity and thereby State of
Health are decreased by aging which will be detailed in
section 2.3.

Note: Within the present work, the term “capacity”
refers to the charge capacity of the battery (in [As])
whereas “energy capacity” refers to the energy capacity
of the battery (in [Ws]).

2.2 | Thermal model

The thermal model captures the dynamic behavior of cell
temperature T (in [K]) due to internal heating and exter-
nal cooling. The most commonly used thermal model

dT
dt

=
1
CH

I2Rint−CR T−Tambientð Þ� � K
s

� �
ð2Þ

is based on a lumped heat capacitance with the parame-
ters heat capacity CH (in [J/K]) and cooling rate CR

(in [J/(Ks)]). Ambient temperature Tambient is an external
input.16

2.3 | Degradation model

The degradation model captures the loss in charge capac-
ity and the increase of internal resistance over time and
usage. Typically, only the degradation of capacity is
modeled, and used to express the degradation of resis-
tance via (A5).

2.3.1 | Charge capacity

Typically, the charge capacity decreases over the lifetime
of the battery. By convention, the amount of loss of charge
capacity is assigned to two quantities: calendric capacity
loss Qcal which occurs intrinsically at any time, and cyclic
capacity loss Qcyc which occurs during usage of the battery.
Consequently, the instantaneous charge capacity

Q=Qnominal− Qcal +Qcyc

� �

can be expressed by aforementioned quantities. The bat-
tery is considered to be at the end of its service life when
its capacity Q has decreased to a predefined end-of-life
capacity Qeol.

FIGURE 1 Process flow of the

battery model

( , , )

( )

FIGURE 2 Battery electrical equivalent circuit model
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2.3.2 | Calendric aging

Calendric aging refers to the permanent loss in battery
capacity, independently of usage. The corresponding rate
of calendric capacity loss

dQcal

dt
t,SOC,Tð Þ=Acalf Qcal tð Þf Qcal SOCð Þf Qcal Tð Þ As

s

� �
ð3Þ

depends on time since production t, and on the addi-
tional stress factors of SOC and cell temperature T.

Experiments have shown that calendric capacity loss
exhibits a square-root behavior Qcal �

ffiffi
t

p
over time for

constant SOC and temperature.1 In the literature, this
square-root dynamical behavior often is modeled in a
way which does not suit continuous simulation.1,17

Therefore, in the present work, the time-derivative of the
square-root

f Qcal tð Þ=
1

2
ffiffi
t

p ≈
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t+ tshift

p 1ffiffi
s

p
� �

ð4Þ

is proposed for seamless integration into the dynamic
model. This term corresponds to a time-variance of the
dynamical system. The shift time tshift is added to avoid
numerical errors at t = 0. Its value can be very small.
Alternatively, the shift time can also be used to account
for the previous operation time duration of an already
aged battery. The constant Acal

Asffiffi
s

p
h i

is derived from
experimental data. Its unit has no physical meaning and
simply results from the chosen mathematical model.

The temperature effect typically is represented by the
Arrhenius law

f Qcal Tð Þ=Aarrheniusexp
−Eactivation

RgasT

� �
−½ � ð5Þ

where Aarrhenius is a model parameter obtained by experi-
ments, Eactivation is the activation energy of the cell, and
Rgas is the Universal gas constant. The SOC effect

f Qcal SOCð Þ=K1 +K2SOC −½ � ð6Þ

is represented by a linear fit of experimental data via the
parameters K1 and K2.

2.3.3 | Cyclic aging

Concept
Cyclic aging refers to the loss of battery capacity during
dynamic operation by repeated charging and discharging.

The major stress factor for cyclic aging is the absolute
range of magnitude of the individual SOC cycles, also
referenced as “depth of discharge” DOD.

3,11 Other than
that, current, temperature, and terminal voltage also
affect cyclic damage, but are neglected in the present
work.1,18 The most accepted algorithm for cycle identifi-
cation from SOC trajectories is the well-known Rainflow
algorithm.4 Identified cycles can be “full” or “half
cycles,” as visualized in Figure 3. A full cycle refers to a
sequence of battery charge and discharge with identical
initial and final SOC values. A half cycle refers to only
one charging or discharging sequence. Furthermore,
cycles can be nested in other cycles. The output of the
rainflow algorithm is summarized in Table 1.

Damage and capacity loss
Lifetime of the battery is usually specified as the number
of full cycles of a given cycle depth which the battery can
provide before reaching end-of-life capacity Qeol. Non-
dimensional damage of an individual cycle of a specific
depth is obtained by the reciprocal of the number full of
cycles. For an increased cycle depth, the damage of the
battery typically increases over-proportionately.3 Based
on experimental data at discrete DODs, this dependency
is represented by a piece-wise linear interpolation

Dcyc,c =ϕ DODRFC
c ,wRFC

c

� �
=piecewise linear −½ �: ð7Þ

Consequently, capacity loss

Qcyc,c =AcycDcyc,c As½ � ð8Þ

of a specific cycle is obtained by multiplying the constant
Acyc = Qnominal − Qeol.

Cycle identification requires an entire SOC trajectory
as input and therefore originally only can be performed

FIGURE 3 Exemplary result of a rainflow analysis. Sampled

SOC trajectory (blue), extrema (red circles). There are three half

cycles (green, purple, and yellow) and one nested full cycle (red)
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batch-wise. The total batch-wise cyclic capacity loss of an
SOC trajectory is obtained via linear accumulation

QBatch
cyc =

XNc

c=1

Qcyc,c As½ � ð9Þ

of damage of all Nc identified cycles.20

Due to batch-wise execution, unlike calendric aging,
the cyclic aging model originally cannot be expressed as a
time-continuous dynamic system. Instead, for the present
battery model, a time-discrete cyclic aging model will be
developed. As a basis for this, in the following, the con-
cept of “residue” will be presented first.

Residue
The SOC values which are extrema, but have not contrib-
uted to a full cycle so far, form half cycles. These SOC
values can later form a new half or full cycle with the
newly acquired SOC samples of subsequent simulation
time-steps. This new cycle will have a higher DOD, and
thus higher damage, than the original half cycle.21 Thus,
it is important to preserve these half-cycle extrema and
merge them with the new SOC samples before per-
forming the next cycle identification. This set of extrema
is referred in current work as “residue” SOCresidue and
plays a central role in accurate identification of cyclic
damage.21

One-step time-discrete model
Based on the rainflow algorithm and the concept of resi-
due, a one-step time-discrete model of cyclic aging has
been proposed in Loew and Obradovic.22 This means that

by introducing residue as an additional “memory” state,
with each new SOC sample an update of cyclic capacity
loss can be computed. The procedure is presented in
Algorithm 1.

In a mathematical way, time-discrete cyclic aging
estimation is expressed by the update of the resi-
due set

SOCresidue k+1ð Þ=Gcyc,residue SOCresidue kð Þ,SOC k+1ð Þð Þ,
ð10Þ

by the update of cyclic capacity loss of full cycles

Qcyc,FC k+1ð Þ=Gcyc,FC SOCresidue kð Þ, SOC k+1ð Þ,Qcyc,FC kð Þ� �
ð11Þ

and by the update of total cyclic capacity loss

QStep
cyc k+1ð Þ=Gcyc,tot SOCresidue kð Þ, SOC k+1ð Þ,Qcyc,FC kð Þ� �

:

ð12Þ

TABLE 1 Output of rainflow algorithm in MATLAB for each

cycle c19

Quantity Variable Description Unit

Cycle weight wRFC
c 1 for a full cycle, 0.5 for

a half cycle
[−]

Cycle depth DODRFC
c Absolute difference of

both SOC magnitudes
forming a cycle

[−]

Cycle mean SOCRFC
m,c Mean value of both SOC

magnitudes forming a
cycle

[−]

Sample index
of cycle
maximum

kRFCmax,c
– [−]

Sample index
of cycle
minimum

kRFCmin,c
– [−]

Algorithm 1

One-step time-discrete cyclic aging
estimation22

Input: Existing SOC string SOCexist, Periodic
update of a scalar new SOC sample SOC(k + 1)
at each step k.
Output: Periodic update of cyclic capacity loss
QStep

cyc at each step k.
Initialization: Zero total cyclic capacity loss
QStep

cyc = 0 and cyclic capacity loss Qcyc,FC = 0 of
full cycles, SOC residue SOCresidue = SOCexist.
while true do.

1: Merge residue SOCresidue(k) and new SOC
sample SOC(k + 1)

2: Extract full and half cycles from {SOCresidue(k),
SOC(k + 1)} using Rainflow algorithm, Store
residue in SOCresidue(k + 1)

3: Calculate cyclic capacity loss based on full
cycles, Add result to Qcyc,FC(k) to obtain
Qcyc,FC(k + 1)

4: Calculate cyclic capacity loss based on full
and half cycles, Add result to Qcyc,FC(k) to
obtain QStep

cyc k+1ð Þ
end
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Thus, the time-discrete equations Gcyc,� represent the
algorithmic steps which have been described in Algo-
rithm 1.

2.4 | Time-discrete expression of
continuous dynamics

Since the cyclic aging estimation is performed in time-
discrete fashion, the other submodels of the battery
model as well are expressed as time-discrete state
updates:

SOC k+1ð Þ=Gint I kð Þ,Q kð Þ, 1ð Þð Þ+ SOC kð Þ ð13aÞ

T k+1ð Þ=Gint I kð Þ,Rint kð Þ,T kð Þ,Tambient kð Þ, 1ð Þ 2ð Þð Þ+T kð Þ
ð13bÞ

Qcal k+1ð Þ=Gint tk,SOC kð Þ,T kð Þ, 1ð Þ 2ð Þ 3ð Þð Þ+Qcal kð Þ:
ð13cÞ

This is obtained by application of integrators Gint to
the respective ODEs. The time tk [s] denotes the absolute
time of the current sampling instance k since production
of the battery.

3 | CONTROLLER DESIGN USING
PARAMETRIC ONLINE RAINFLOW-
COUNTING

The battery model of section 2 consists of mainly contin-
uous submodels; namely the electrical, thermal and
calendric aging models. For those submodels, the

calculation of sensitivities w.r.t. the control inputs, and
the integration of the submodels into gradient-based opti-
mal control is straightforward.

In contrast, the cyclic aging submodel contains the
Rainflow algorithm which contains algorithmic branches
and loops. Thus, a crucial property of the Rainflow algo-
rithm is its discontinuous output-behavior. Furthermore,
the number Nc of identified cycles is not known before
execution, but bounded by the number of extrema.
Therefore, until recently, integration of the cyclic aging
submodel into gradient-based Model Predictive Control
has not been possible.

3.1 | Concept

In Loew et al,13 the above mentioned obstacles for a
direct implementation of RFC in MPC are overcome by
the method of Parametric Online RainFlow-Counting
(PORFC). In PORFC, all discontinuous parts of the cyclic
aging estimation procedure are carried out in a
preprocessing step before each execution of the MPC
algorithm, as shown in in Figure 4. In order to base this
externalized cyclic aging estimation on the same SOC tra-
jectory like the MPC, the preprocessing step has to start
with a predictive forward simulation using the same
model, sampling and horizon length as the internal simu-
lation of the MPC. Additionally to this prediction, the
SOC history is incorporated in the preprocessing via a
periodically updated residue SOCresidue (see section 2.3.3).

The algorithmic workflow within the controller is as
follows:

• Simulation: The battery model is simulated over the
prediction horizon using the currently measured states ~x
as initial states x0, and the current guess of the optimal

FIGURE 4 Control loop for battery plant simulator and MPC using PORFC
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control trajectory uguess. Relevant result is an SOC predic-
tion over the entire horizon.

• Merge: The residue is merged with the SOC
prediction.

• Rainflow: The Rainflow algorithm is used to identify
SOC cycles over this merged trajectory. Consequently, it
is assumed that the structure of identified cycles does not
change within the upcoming optimization run. The term
“structure” denotes here positions (kRFCmax,c , kRFCmin,c ) and
weights (wRFC

c ) of cycles. This assumption implies that
the controllable extrema in the prediction horizon only
can be shifted vertically by the optimization.

• Residue update: SOC cycles can be composed by
SOC samples only from residue or prediction, or by a
mixture of both. However, only controllable samples
within the prediction horizon can be altered by the opti-
mization. Especially the measured initial value at the
beginning t0 of the horizon cannot be altered and, there-
fore, is added to the residue. If a full cycle is detected
entirely within the residue, both contributing values are
discarded from the residue. The reason for this is that
also in the future they will never anymore form a cycle
with a sample from the prediction and, therefore, are
irrelevant for the MPC.

• Time-varying parameters: Information from cycle
identification is used to fill vectors of time-varying
parameters, which are forwarded to the cost function of
the MPC. Details on this step are provided in section 3.2.

• Optimization/MPC: In the cost function of the MPC,
the parameters are used to time-continuously calculate
the cyclic capacity loss over the horizon and accumulate
it via integration. Finally, the optimization problem is
solved and the resulting control variables are applied to
the battery plant.

The simulation flow of the control loop in Figure 4 is
as such: Measurement of the plant states and controller

execution happen at a rather coarse sample time Tcntrl.
Within the preprocessing step of the controller, the for-
ward simulation is performed with a fixed step size of
Tsim,preproc < Tcntrl. The PORFC parameters are sampled
on the coarse control grid Tcntrl since parameters typically
only can be inserted into the MPC problem on this gran-
ularity for current MPC frameworks. Within the MPC-
step of the controller, Multiple-shooting is used where
the shooting nodes are defined on the control grid Tcntrl.
Within each shooting interval, the battery model is simu-
lated on the fine grid Tsim,MPC = Tsim,preproc. The opti-
mized control variables and shooting states are output
from the controller again at a sample time of Tcntrl. The
first entries of each control variable are applied to the
plant.

3.2 | Time-varying parameters

Distribution of cyclic capacity loss over time: Since infor-
mation from cycle identification is supposed to be for-
warded to the MPC via parameters, which are time-
varying over the prediction horizon, the total cyclic
capacity loss has to be distributed over the prediction
horizon, as visualized in Figure 5A.

Any particular half or full cycle always corresponds to
exactly two “complementary” SOC samples. Conse-
quently, the assumption is used that the capacity loss of a
cycle can be evenly split over the corresponding two com-
plementary sample instances.

Therefore, the capacity loss of each SOC cycle is split
into two halves, which are allocated to the two contribut-
ing SOC samples kRFCmax,c and kRFCmin,c . For example, cycle 4 is
formed by samples k = 5 and k = 8. Their capacity loss
terms therefore are allocated to these samples, as shown
by the yellow blocks in Figure 5A. This example also

FIGURE 5 PORFC approach for distribution of cyclic damage over time, and setup of SOC tracking goals. A, Distribution of damage

per cycle to damage per sample. B, Piecewise constant mean SOCs as tracking goals
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shows an important property of the rainflow algorithm,
which identifies cycle 4 even though it is interrupted by
the nested cycle 2.

Although a SOC sample is not allocated uniquely to
one identified cycle, it can at maximum be part of two
cycles.11,23 Thus, in a general case, it can be assumed that
a particular SOC sample may belong to either none
(when it is not an extremum), or one (when it is part of
only one-half or full cycle), or two cycles (when it sits at
a cycle junction point).

Setup of the parameters: Figure 5B visualizes the gen-
eration of the time-varying parameters. Since each SOC
extremum belongs to one or two SOC cycles,11 the
Rainflow algorithm provides one or two mean SOC
values per extremum. These mean SOC values (M1-M4)
are considered as optimization- or tracking-goals for the
current MPC-step. For a specific cycle, capacity loss
appears twice, once at each of the corresponding sample
indices. Thus, the equivalent capacity loss at each sample
point has to be halved if both samples lie in the controlla-
ble prediction horizon. If, for a given controllable SOC
sample, its complementary SOC sample is not controlla-
ble (residue or initial value), all damage is allocated to
the controllable sample. Here, this is the case for cycle
one, where SOC sample k = 0 is not controllable. There-
fore, the weight is defined to

with an additional dependency on the location of the
complementary SOC sample.

Cycle mean values SOCPORFC
m,c and cycle weights

wPORFC
c are collected in the parameter vector

pPORFC = SOCPORFC
m,1 ,SOCPORFC

m,2 ,wPORFC
1 ,wPORFC

2

� � ð15Þ

which is defined piecewise constant over the control
intervals of the prediction horizon.

A more detailed derivation and explanation can be
found in Loew et al.13

3.3 | Cyclic aging rate

Consequently, the cyclic capacity loss term of PORFC
is defined. The capacity loss function is defined by a

time-integral over two cost terms, which each represent
one potential cycle-contribution of a SOC sample. In a
time-differential form, the rate of cyclic capacity loss is
expressed by:

_Q
PORFC
cyc tð Þ= dΔQPORFC

cyc SOC tð Þ,pPORFC tð Þð Þ
dt

=

1
Tcntrl

X2
c=1

QPORFC
cyc,c SOC tð Þ,SOCPORFC

m,c tð Þ,wPORFC
c tð Þ� �

As=s½ �:

ð16Þ

The cost terms are “switched on” by nonzero cycle
weights wPORFC

c1=2 . Here, the capacity loss

QPORFC
cyc,c tð Þ=wPORFC

c tð ÞK1 DODPORFC
c tð Þ� �K2 As½ � ð17Þ

by individual cycles c is defined based on (8) and on a
power-function fitting of (7). The fitting by an analytic
function with its parameters K1 and K2 is necessary to
achieve a continuous optimization problem. Further-
more, DOD

DODPORFC
c tð Þ=2 j SOCPORFC

m,c tð Þ−SOC tð Þ j −½ � ð18Þ

here is obtained based on the parametric mean SOC
values SOCPORFC

m,c .
As an overview, Figure 6 shows the process flows of

the novel online PORFC cyclic aging estimation and the
conventional offline batch-wise procedure. As depicted,
the main differences of PORFC w.r.t. the conventional
procedure are the cycle evaluation per time sample, the
usage of a rate of cyclic capacity loss and the accumula-
tion via an integral.

3.4 | Optimization problem

The task of the present battery controller is to operate the
battery at an economically optimal point between aging
cost and power mismatch penalty. Thus the Economic
Nonlinear MPC optimization problem is formulated as

wPORFC
c =

1
2
wRFC
c if the complementary SOC sample is controllable

wRFC
c if the complementary SOC sample is not controllable

0
@ ð14Þ
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with the power reference Pref which is variable over the
prediction horizon Thoriz, the power mismatch penalty wP

which can be variable over the horizon, and the aging
penalty wB which is constant during the entire simula-
tion. The aging penalty is calculated as

wB =
CpurchQnominalUocv,nominal

Qnominal−Qeol
$=As½ � ð20Þ

with the battery purchase price Cpurch and the nominal
Open Circuit Voltage Uocv,nominal. Each quantity is
adjusted to SI-units. In order to avoid a linear cost term
of power mismatch, all cost terms in (19) are squared
individually. In practical tests, this significantly improved
the convergence behavior.

The cyclic aging rate _Q
PORFC
cyc tð Þ is obtained by the

novel parametric ODE (16). The states of the controller-
internal model f(�) are defined as x = (SOC,T,ΔQcal)

T,
and are obtained by the ODEs (1), (2), and (3). The state
ΔQcal is initialized to zero since it represents the added
capacity loss within the horizon.

The control input u(t) = P(t) is defined by the
piecewise-constant charge−/discharge power. The exter-
nal input d(t) = Tambient(t) is the ambient temperature.

The constraints on the system states SOC and T, and
on the input P are denoted as box constraints with respec-
tive upper and lower limits. For the power, the limits

Pmin tð Þ= 0 if PrefðtÞ≥0
PrefðtÞ if PrefðtÞ<0

(
and Pmax tð Þ= PrefðtÞ if PrefðtÞ≥0

0 if PrefðtÞ<0

(

ð21Þ

are time-varying, and depend on the power reference to
enforce a meaningful power. For instance, in the case of
a discharging reference (Pref(t) ≥ 0) only a positive power
of maximum the power reference power can be chosen
by the optimization. Outside of these limits following
meaningless situations would occur:

• A negative power would lead to more cyclic capacity
loss than zero power, and additionally cause higher
power mismatch penalty.

PORFCðt,x t0ð Þ,pPORFC tð Þ, Pref tð Þ,wP tð Þ,wB,d tð ÞÞ :
min
�P

w2
BΔQcal tendð Þ2 + Thorizw

2
B

ðtend
t0

_Q
PORFC
cyc tð Þ2dt+Thorizw

2
P tð Þ
ðtend
t0

P tð Þ−Pref tð Þ� �2
dt $2
	 


such that _x tð Þ= f t,x tð Þ,u tð Þ,d tð Þ,x t0ð Þð Þ
x t0ð Þ= SOC0,T0,ΔQcal,0 = 0

� �
SOCmin≤SOC tð Þ≤SOCmax

Tmin≤T tð Þ≤Tmax

Pmin tð Þ≤P tð Þ≤Pmax tð Þ

ð19Þ

FIGURE 6 Process flow of calculation

of cyclic capacity loss using PORFC and

using the conventional batch-wise

procedure (9). The differences are

highlighted in bold
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• A greater power than reference power would lead to
more cyclic capacity loss than reference power, and
would additionally cause power mismatch penalty.

4 | RESULTS, ANALYSIS, AND
VALIDATION

In this section, the closed-loop behavior of the MPC of
section 3 with the battery plant model of section 2 is pres-
ented and compared to other controllers in a realistic
simulation case. Furthermore, the controller is assessed
in terms of optimality, cyclic aging estimation, and com-
putational time. A validation of the plant model with a
special emphasis on the calendric and cyclic aging sub-
models can be found in section A.2.

4.1 | Comparison to other controllers in
PJM market setting

This section presents a comparison of controllers for the use
case of the US-American real-time ancillary service market
of the transmission operator “PJM Interconnection LLC.”
After an overview on the PJM market setting, the controller
configurations and the simulation results are provided.

4.1.1 | PJM market setting

In the PJM frequency regulation market, the system opera-
tor sends an Automatic Generation Control (AGC) based sec-
ondary frequency control signal every 2 seconds to the
participating generating units.24,25 The control signal has
two components: the RegA signal is the low-pass and the
RegD signal is the high-pass filtered component of the area
control error (ACE). RegD exhibits very high ramp rates but
is designed to have a zero mean over a certain duration.24,25

Thus, the RegD signal is ideal for storage units and has been
considered as the reference regulation signal r(t) for the pre-
sent battery system. The economics for providing the fre-
quency regulation service depend on two components26:

• The power-based option fee which is paid to the bat-
tery operator based on the offered regulation power
Poffered.

• The energy-based mismatch penalty wP [$/Ws]
which is paid by the battery operator depending on the
mismatch between energy provided and energy requested
by the system operator via the RegD signal.

These prices are provided to the generating entities
every 5 minutes for the next 5 minutes interval.24,25

The dynamic performance of the participating entity
is further constrained by the system operator using a

performance score δ � [0, 1], where a value of 1 repre-
sents complete tracking of the RegD signal.24,25,27 The
participating entity must maintain a minimum perfor-
mance score to be qualified for participation in the regu-
lation market. Originally, this score is calculated based
on tracking error, response delay, and correlation.25 In
the present work, response delay and correlation are
neglected for simplicity. This leads to the simplified per-
formance score δ tð Þ= P tð Þ

Pref tð Þ −½ �:
The key simulation parameters and input signals for

the battery plant model and the frequency regulation
market are summarized in Table 2.

4.1.2 | Customized PORFC MPC

In the following, the optimization problem (19) is cus-
tomized to the PJM market setting. The reference power
signal Pref(t) = Pofferedr(t) results from the offered regula-
tion power and the unitless RegD signal. An additional
constraint δmin ≤ δ(t) ≤ 1 for the performance score is
added to prevent disconnection from the grid (see sec-
tion 4.1.1). The MPC is implemented in the MPC frame-
work ACADO Toolkit.28

4.1.3 | Constraint-based controller

The reference controller is designed to follow the power
reference and only deviate from it when the SOC-limits
are reached. This controller therefore also can be consid-
ered as “rule-based.”

4.1.4 | MPC with piecewise-affine cycle
identification (“PWA MPC”)

As a more sophisticated comparison object, the time-
discrete MPC formulation of Koller et al10 is
implemented which focuses explicitly on optimal control
of battery aging. Here, cycle identification is approxi-
mated via a piecewise-affine dynamical system. There-
fore, this formulation is referenced as “PWA MPC” in the
present work.

In the original work, a Mixed-integer Quadratic
Programming (MIQP) formulation is used. In the pre-
sent work, only the continuous decision on power is
required. Therefore, a QP formulation is sufficient.
This MPC is implemented in MATLAB using the
fmincon optimization solver with two QP steps per
MPC execution.

The cycle identification method of this formulation is
designed according to the Simple Range Counting of
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ASTM4 which is simplistic in comparison to Rainflow
counting. Here, this is implemented by adding two extra
states DOD = (DOD(k)charge, DOD(k)discharge)

T to the
controller-internal system model, which represent instan-
taneous charging and discharging DODs, respectively.
The evolution of these DOD states is governed by a piece-
wise affine (PWA) dynamical system

DOD k+1ð Þ=A kð ÞDOD kð Þ+ b kð Þ SOC k+1ð Þ−SOC kð Þj j:
ð22Þ

The input to the PWA system is the change in SOC
over the current simulation time step. The dynamics of
DOD is defined by the system matrix

A kð Þ=

diag 1,0ð Þ if P kð Þ>0^P k−1ð Þ>0

diag 0,1ð Þ if P kð Þ<0^P k−1ð Þ<0

diag 0,0ð Þ if P kð Þ>0^P k−1ð Þ<0ð Þ_ P kð Þ<0^P k−1ð Þ>0ð Þ
diag 1,1ð Þ if P kð Þ=0

8>>><
>>>:

ð23Þ

and the input vector

b kð Þ=
1,0ð ÞT if P kð Þ>0

0,1ð ÞT if P kð Þ<0

0,0ð ÞT if P kð Þ=0

0
B@ ð24Þ

which both are switched by the net battery power P(k).
The first two cases for the system matrix lead to growth
of the instantaneous (dis)charging DOD. The third case
diag(0, 0) results in a reset of the DOD states at each sign
change of power. The fourth case holds the DOD
constant.

Figure 7 shows the evolution of the DOD states for a
defined SOC trajectory. Here, following disadvantages of
this PWA cycle identification method become apparent:

• Cycle growth is terminated even by small nested
cycles, for instance once at t = 1400 seconds and several
times at t > 4000 seconds.

• The detected maximum DOD of up to 0.12 is much
lower than the actual SOC excursion which by visual
inspection is greater than 0.2 and defined by the SOC
extrema at t = 1900 seconds and t = 5000 seconds.

For a comparison, a second plot in Figure 7 shows
DODs which are obtained from the cycle identification
method of the battery plant model of section 2 using the
standard RFC algorithm. At each sample, that DOD is
plotted which is related to the instantaneous SOC sam-
ple. Following advantageous behavior can be seen:

• Continuation of cycle growth after completion of a
small nested cycle, for instance at t = 1600 seconds.

• During discharge at t = 3050 seconds, the dis-
charging DOD exhibits a jump in magnitude since the
nested full cycle is completed and cycle identification
switches to a former larger cycle.

TABLE 2 Key parameters and input signals of the present Li-ion battery model

Quantity Variable Value Unit

Battery peak power Plimit 20 [kW]

Battery nominal capacity Qnominal 200 [Ah]

Defined EOL capacity Qeol 160 [Ah]

Number of cycles until EOL - 3000 (at DOD = 0.8) [−]

Plant cyclic aging curve Piecewise linear − [−]

MPC cyclic aging parameters in (19) K1, K2 3.8 � 10−4, 2 [−]

Battery purchase price Cpurch 300 [$/kWh]

Maximum state of charge SOCmax 0.9 [−]

Minimum state of charge SOCmin 0.1 [−]

Maximum battery temperature Tmax 65 [�C]

Minimum battery temperature Tmin −10 [�C]

Ambient temperature Tambient 25 [�C]

Regulation power offered Poffered 18.2 [kW]

Minimum performance scorea δmin 0.4 [−]

Power mismatch penalty wP Time-series [$/Ws]

Normalized RegD control signal r(t) Time-series [−]

aAs per PJM regulation,25 a minimum performance score of 0.4 is necessary to avoid disconnection from the grid.
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• As expected, the final charging and discharging
DODs related to the same nested cycle are equal, like for
instance at t = 2700 seconds and t = 3050 seconds.

• The visible maximum SOC excursion of DOD = 0.2
is reached for a charging half cycle at t = 1900 seconds
and for a discharging half cycle at t = 5000.

To conclude, the PWA cycle identification systemati-
cally detects too low cycle depths. Consequently, also
cyclic capacity loss is underestimated. Furthermore, the
present comparison highlights that for correct cycle iden-
tification it is necessary to memorize past SOC extrema,
as it is done in the novel PORFC formulation.

The optimization problem for the PWA MPC is
defined as

subject to P kð Þ= Pcharge kð Þ+Pdischarge kð Þ ð25bÞ

22ð Þ ð25cÞ

SOC k+1ð Þ= SOC kð Þ+ Tcntrl

Q Uocv,nominal

� −ηchargePcharge−
Pdischarge

ηdischarge

 !
ð25dÞ

x0 = SOC0,DOD0 = 0,0ð ÞT
� �

ð25eÞ

SOCmin≤SOC kð Þ≤SOCmax ð25fÞ

min 0,Pref kð Þð Þ≤Pcharge kð Þ≤0 ð25gÞ

0≤Pdischarge kð Þ≤max 0,Pref kð Þð Þ ð25hÞ

Pcharge Pdischarge = 0: ð25iÞ

The decision variables for the OCP are charging
Pcharge and discharging Pdischarge power which are applied

FIGURE 7 Evolution of DOD states for the PWA and the RFC cycle identification

PWA Pref tð Þ,d tð Þ,wPWA
DOD,w

PWA
SOC ,wPWA

P,wear,w
PWA
P

� �
:

min
�Pcharge , �Pdischarge

XNcntrl

k=1

wPWA
DOD DOD kð Þ2charge +DOD kð Þ2discharge

� �
+wPWA

SOC SOC kð Þ−SOCPWA
ref

� �2
+wPWA

P,wear Pcharge kð Þ2 +Pdischarge kð Þ2� �
+wPWA

P P kð Þ−Pref kð Þ� �2
ð25aÞ

12 of 23 LOEW ET AL.

158 Chapter 4. Applications



zero-order-hold over the Ncntrl steps k of the prediction
horizon. Their sum (25b) is the net power of the battery.
Both powers are also the inputs to the SOC difference
Equation (25d), where the charge/discharge efficiencies
are set to ηcharge = 1 and ηdischarge = 1 in the present
work. In (25e), the DODs are initialized to zero at the
beginning of the prediction horizon for each new MPC
step. Constraint (25f) enforces a SOC within its limits,
and (25g, 25h) enforce meaningful (dis)charging powers
analogously to (21). A complementary constraint (25i) is
imposed on the system to prevent simultaneous charging
and discharging control actions. The cost function (25a)
contains three terms for aging costs and one term for
power mismatch penalty. The aging cost terms quadrati-
cally penalize the present approximate DOD, the devia-
tion of SOC from a SOC reference SOCPWA

ref = 0:5 and the
(dis)charge powers.

4.1.5 | Comparison of simplified PORFC
MPC to constraint-based controller and
PWA MPC

Figure 8 shows the closed-loop simulation results for the
constraint-based controller, the PWA MPC and the new
PORFC MPC. For PORFC, the cases with (“PORFC-R
MPC”) and without (“PORFC MPC”) utilization of the
residue are shown. In order to achieve a fair comparison
to the PWA MPC with its reduced capabilities, in the
PORFC MPC the performance score constraint and the
calendric aging cost function are turned off for the pre-
sent simulation. Additionally, a fixed power deviation
penalty of wP = 9.37 � 10−9$/Ws is used.

The PORFC(−R) MPCs are parameterized using the
physical and economical parameters in Table 2. In con-
trast, for the PWA MPC, profit-optimal aging weights
(wPWA

DOD = 10−4,wPWA
SOC = 10−9,wPWA

P,wear = 10−20 ) are obtained
by an extensive parameter study of 126 simulations of
10 minutes each using exactly the power profile of the
present test. Interestingly, in essence, these weights
switch off the SOC and power cost terms. This indicates
that the remaining DOD cost has highest correlation to
the true cyclic aging cost; despite abovementioned under-
estimation of DODs. The mismatch penalty is set to
wPWA
P =w2

P = 8:78 � 10−17.
In order to cause significant cyclic aging within the

simulation, it is assumed that the evolution of SOC
started from SOC = 0 before the current simulation time.
Thus, the battery is operating within a big charging half-
cycle already at the start of the simulation. This informa-
tion is used to initialize the residue SOC set SOCresidue = 0
of the PORFC-R MPC.

During the simulation, the SOC constraints are not
reached. Thus, the power of the constraint-based control-
ler is equal to the power reference. All MPCs deviate
from the reference power to a certain extent. The PWA
MPC frequently even chooses zero power. In contrast,
the PORFC MPC stays very close to the power reference.
The PORFC-R MPC follows the discharging reference to
a certain extent but does not perform any further charg-
ing to avoid further increase of the high charging DOD
from the past. This is caused by its awareness of the big
charging half-cycle via the residue. Consequently, the
PORFC-R MPC stays below the SOC = 0.5 level during
the present simulation. However, it is not obvious why it
does not follow the charging power at least up to this

FIGURE 8 Comparison of PORFC MPC to piecewise-affine MPC10 and a rule based controller. For the MPCs: Prediction horizon

120 seconds, controller sampling time 1 second
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level without incurring high cyclic aging. This effect will
be investigated in the future.

The PORFC-R MPC incurs highest cumulative power
deviation penalty but also lowest cyclic aging penalty.
The PWA MPC reaches intermediate values for both pen-
alties. In terms of total penalty, the PWA MPC improves
w.r.t. the constraint-based controller by 10%. The PORFC
MPC reaches similar total penalty. The PORFC-R MPC
clearly exhibits lowest total penalty which is 23% below
the one of the constraint-based controller.

It should be noted that the PORFC(−R) MPCs
achieve this performance after straightforward parame-
terization with given physical and economical parame-
ters. In contrast, the PWA MPC has been extensively
tuned specifically for the present case.

To put the penalties of the order O(0.01$/10 minutes)
into perspective, it should be noted that the revenue
(power-based option fee, see section 4.1.1) reaches up to
an order O(10$/10 minutes). Profit is the revenue sub-
tracted by the penalties. As a consequence, the variations
in profit for different controllers remain fairly limited for
the present PJM market setting.

4.1.6 | Comparison of full PORFC MPC
to rule-based controllers

The above test involves several simplifications in the
PORFC MPC in order to be comparable to the PWA
MPC. Therefore, in the following, the PORFC-R MPC

(with residue) is tested in a full configuration with these
additional features:

• Calendric aging cost function active.
• Performance score constraint active.
• Power deviation penalty factor variable over time.

Four controllers are compared: the “baseline
PORFC-R MPC” with a performance score constraint of
δmin = 0.4, an “unconstrained PORFC-R MPC” without
performance score constraint δmin = 0, the constraint-
based controller for power following, and a policy of
applying zero battery power.

The present test is extreme in the sense that the vari-
able power deviation penalty is at a very low level. There-
fore, pure power following is far from being optimal, and
the MPCs are expected to converge to strategies of low or
even zero power.

As shown in Figure 9, during large time spans the
PORFC-R MPCs do not apply the full reference power,
and the baseline PORFC-R MPC hits but does not violate
its lower power limit. The unconstrained PORFC-R MPC
in general applies low power values to limit the DODs
due to cyclic aging, and to remain close to SOC = 0.5 due
to calendric aging. Thereby, its power deviation penalty
almost reaches the one for zero-power policy. The base-
line PORFC-R MPC exhibits an intermediate power devi-
ation penalty. On the other hand, the MPCs are able to
drastically reduce battery aging. Since the zero-power
policy does not cause SOC cycles, its aging trajectory is at

FIGURE 9 Comparison of PORFC MPC including calendric aging, performance score constraint and variable power deviation penalty

factor to two rule-based controllers. For the MPCs: Prediction horizon 300 seconds, controller sampling time 1 second
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a very low level and only reflects the unavoidable calen-
dric aging.

The behavior of total penalty exhibits that little power
following is advantageous, and that the intermediate
strategies of the MPCs are superior to the rule-based con-
trollers. More specific, the zero-power policy reduces total
penalty by 50% w.r.t. the constraint based controller. The
baseline PORFC-R MPC additionally reduces total pen-
alty by 3%, and the unconstrained PORFC-R MPC by 10%
w.r.t. the zero-power policy.

Furthermore, this test proves that the present
PORFC-R MPC can handle time-varying penalty factors
very well. It may be worth mentioning that the penalty
factors are interpolated over time, in order to achieve
smooth transitions, and to facilitate convergence of the
optimization algorithm.

4.2 | Analysis and validation of the MPC

4.2.1 | Degree of optimality

In order to validate the operational performance of the
PORFC-R MPC, a comparison to a “one-shot” OCP solu-
tion is presented in the following. The latter algorithm
has full information about the reference power and pen-
alty costs over the entire simulation duration. Its optimi-
zation horizon equals the simulation duration. The MPC
problem is an approximation of this OCP, and is based
on the formulation in section 4.1.2. Different horizon
lengths are tested for the MPC. A standard power refer-
ence signal (constant and ramp) over a simulation time
of 1 hour is used, as shown in Figure 10.

The OCP solution exhibits a reduced and constant
charging power level already at the beginning of the simula-
tion. Exactly in parallel to the reference ramp, the charging
power goes down to zero and remains there while the refer-
ence power crosses zero. After this crossing the discharging
power again increases in parallel to the reference until a

new constant power level is reached. In absolute terms, this
discharging power level is lower than the earlier charging
power level. This difference can be explained by the longer
time span of discharging in comparison to charging refer-
ence power. By decreasing the applied discharging power
the corresponding cycle DOD remains limited.

The MPCs start charging from reference power and
gradually converge to the OCP solution as the cycle DOD
grows. This difference in initial behavior may be caused
by the difference in cost function design, where the OCP
penalizes absolute power mismatch and the PORFC-R
MPC penalizes a square of power mismatch. Especially
the point of reaching zero power is matched very well,
although some spikes are visible whose cause is unclear.
Due to their limited horizon, the MPCs initially again
rather follow the discharging reference power. However,
later on, their power drops even below the OCP solution
in order to compensate for the already high DOD.

During the discharging phase, the MPCs with longer
horizon approximate better the OCP solution. In terms of
total economic penalty (mismatch + aging), OCP exhibits
best performance, followed by the MPCs in descending
order of horizon length. Worst performance results from
following the reference power.

Note that the OCP does not converge toward zero
power at the end, only because of the fact that its horizon
ends at the end of the simulation time t = 60 minutes. In
other words, such a constant non-negative power is an
optimum control result only for limited time spans.

On a lower level, the degree of optimality of the opti-
mization problems at separate MPC steps is quantified
using the Karush Kuhn Tucker (KKT) values.2 KKT
values indicate how close the solution of the constrained
optimization problem is to its closest local optimum.
Figure 11 shows the KKT values over the duration of the
PJM simulation of section 4.1. During most of the simula-
tion time, the KKT values remain below 10−3. Therefore,
the optimization problems can be considered as fairly
converged.

FIGURE 10 Validation of the PORFC-R

MPC against a one-shot optimal control

solution
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4.2.2 | Comparison of PORFC in one-shot
fashion to conventional cyclic aging
calculation

In section 3.2, it has been explained how cyclic capacity
loss is distributed and decoupled over time. In order to
check, if this approximation introduces an error, it is
compared to the conventional cyclic aging calculation
(9). For PORFC, cyclic aging is calculated byÐ tkend
0

_Q
PORFC
cyc tð Þdt using (16). The process flows of the two

approaches have been shown in Figure 6.
The present comparison is based on random SOC sets

of kset = 10,000 samples each. Consequently, both cyclic
aging functions are applied in one-shot to the full SOC
sets k = [0, kset] which results in two cyclic capacity loss
values for each SOC set. The relative errors of 100 of
those tests are depicted in Figure 12. For all the tests, it
turns out that both approaches result in the same total
cyclic capacity loss up to machine precision.

Therefore, it can be concluded that the
preprocessing step and the cyclic capacity loss dynam-
ics of PORFC do not introduce errors in terms of abso-
lute capacity loss.

4.2.3 | Comparison of PORFC in moving-
horizon fashion to conventional cyclic
aging calculation

In section 3.1, the PORFC concept is explained of utilizing
a residue to correctly estimate cyclic aging in a moving-
horizon fashion. In order to validate this approach, in the
present assessment, the dynamic evolution of cyclic aging
over simulation time for PORFC is compared with the evo-
lution for conventional cyclic aging calculation.

Here, PORFC is evaluated at each time step k on a
moving horizon [k, k + N] of N = 100 samples, while the
residue is carried along from previous time steps. In con-
trast, the conventional calculation is applied to all sam-
ples [0, k] up to the current one k. Figure 13 shows that
in principle both approaches match w.r.t. the dynamics
and the end values. The only difference lies in the leading
time shift of 100 samples by PORFC. This, however, is
expected since PORFC is evaluated on the prediction
horizon and therefore outputs a future capacity loss.

4.2.4 | Length of SOC residue

In order for the formulated controller to be implemented
on an embedded hardware, the arrays used should have a
finite length such that a finite memory space can be allo-
cated on the hardware. Specifically the length of the SOC
residue vector, which is used in the preprocessing algo-
rithm, is not clear a priori.

However, numerous practical tests have shown that its
length typically remains well below 100 entries. As an exam-
ple, in Figure 14 the length of the SOC residue even remains
at around 10 during a closed-loop simulation of 18 hours.

4.2.5 | Computational performance

Table 3 shows the average computational time taken by
the preprocessing and MPC step to generate the optimal
control input for the plant at every simulation step (com-
pare with flowchart of Figure 4). The averaging is done
over 600 execution steps each. Results are shown for dif-
ferent combinations of controller sample times and
lengths of the prediction horizon.

FIGURE 11 KKT values for the PJM setting

0 10 20 30 40 50 60 70 80 90 100

−0.5

0

0.5

x 10
−14

Test number

R
el

at
iv

e 
er

ro
r 

[−
]

 

 
FIGURE 12 Relative error

between PORFC cost function in

one-shot fashion and

conventional cyclic aging

calculation

16 of 23 LOEW ET AL.

162 Chapter 4. Applications



As expected, the preprocessing causes less effort than the
MPC execution, and an increase in prediction time leads to
increases in both modules. The increase is conveniently sub-
linear for the preprocessing and only slightly superlinear for
the MPC execution. In any case the average total computa-
tional time is significantly smaller than the sample time,
assuring real-time implementability of the present controller.

Figure 15A shows that in rare cases the computational
times can be significantly higher than their mean values.
This is especially true for the preprocessing step. In the pre-
sent test, the maxima of preprocessing and MPC execution
time do not occur at the same time since the maximum of
total time is lower than the sum of the individual maxima.
However, even if the maxima of preprocessing and MPC
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FIGURE 13 Evolution of cyclic aging from PORFC

cost function (using residue and a moving horizon of [k, k

+ N]) in comparison to the conventional approach over

[0, k]

FIGURE 14 Number of entries in the

SOC residue set plotted over the controller

execution steps

TABLE 3 Average computational

time of PORFC MPC at different sample

times and prediction horizon lengths

Computational time of controller

Sample
time

Discretization
steps

Horizon
length Preprocessing MPC Total

100 ms 50 5 seconds 1.7 ms 3.6 ms 5.3 ms

100 ms 100 10 seconds 2.8 ms 7.4 ms 10.2 ms

100 ms 200 20 seconds 5.0 ms 16.2 ms 21.1 ms

100 ms 300 30 seconds 6.7 ms 27.4 ms 34.1 ms

1000 ms 20 20 seconds 1.1 ms 1.5 ms 2.6 ms

1000 ms 200 200 seconds 5.0 ms 15.8 ms 20.8 ms

FIGURE 15 Computational times of the

PORFC MPC for a setting with sample time of

100 ms and horizon length of 20 second. A, Minima,

maxima and mean values of computational times. B,

Breakdown of computational cost within

preprocessing step
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execution time occurred at the same time, the total compu-
tational time would remain below 50 ms.

Figure 15B provides a further breakdown of computa-
tional cost within the preprocessing step. Obviously, the
presimulation of the battery dynamics consumes most
time. However, this part already has high numerical effi-
ciency since it is based on a code-generated integrator
from ACADO Toolkit.28 Concluding, there remains
only minor improvement potential in the array-handling
of the parameter generation.

5 | CONCLUSION AND OUTLOOK

5.1 | Conclusion

A comprehensive Li-ion battery model including electri-
cal, thermal, and aging submodels has been presented.
For calendric aging, a novel time-variant term has been
proposed for time-continuous simulation of the square-
root aging dynamics. For cyclic aging, cycle identification
and damage accumulation have been cast into a novel
time-discrete dynamical model.

Consequently, a MPC comprising an exact cyclic
aging cost function has been formulated for Li-ion batte-
ries. This cyclic aging cost formulation is enabled by

• Performing a Rainflow-analysis prior to each MPC step
based on a pre-simulation of the system dynamics.

• Distributing and decoupling of cyclic capacity loss
over time.

• Memorizing a condensed set of SOC samples from past
half cycles.

In a simplified market setting, the novel MPC incurs
13% less total penalty than a state-of-the-art MPC from
literature and 23% less total penalty than a conventional
rule-based controller. Total penalty here is the sum of
power mismatch penalty and aging cost.

In a full market setting with additional constraints,
the novel MPC exhibits its ability to adapt even to
unusual economic situations, and to outperform manu-
ally chosen control policies.

A validation of the cyclic aging cost function shows
that correct aging estimation in the MPC is maintained
despite the distribution of capacity loss over time and the
moving-horizon mode.

5.2 | Outlook

The promising results of the present study motivate the
following future work:

• Integration of the plant model and controller in an
in-house hybrid power plant simulation suite.

• Testing with a real-life battery energy storage
system.

• Application of the controller formulation to further
domains where fatigue or aging play a crucial role for
profitable operation.

NOMENCLATURE

Variable/
Abbreviation

Unit Explanation

kmax,c [−] Sample index of cycle
maximum

kmin,c [−] Sample index of cycle minimum

u Control variables vector

wc [−] Weight of one cycle

x State vector

DOD [−] Depth of discharge

P [W] Charge/discharge power of
battery

Q [As] Instantaneous charge capacity of
battery

Qcal [As] Calendric capacity loss

Qcyc [As] Cyclic capacity loss

Qeol [As] Charge capacity at end of life

Qnominal [As] Charge capacity at the time of
production

SOC [−] State of charge

T [K] Cell temperature of battery

Tambient [K] Ambient temperature

Tcntrl [s] Controller sample-time

Thoriz [s] Length of prediction horizon

MPC Model predictive control

OCP Optimal control problem

ODE Ordinary differential equation

PORFC Parametric online Rainflow-
counting

RFC Rainflow-counting

ACKNOWLEDGMENT
Open access funding enabled and organized by
Projekt DEAL.

CONFLICT OF INTEREST
The authors declare no conflict of interest.

18 of 23 LOEW ET AL.

164 Chapter 4. Applications



DATA AVAILABILITY STATEMENT
Data available on request from the authors

ORCID
Stefan Loew https://orcid.org/0000-0002-3342-6548

REFERENCES
1. Schmalstieg J, Käbitz S, Ecker M, Sauer DU. A holistic aging

model for li(nimnco)o2 based 18650 lithium-ion batteries.
J Power Sources. 2014;257:325-334.

2. Rawlings JB, Mayne DQ, Diehl MM. Model Predictive Control:
Theory, Computation, and Design. 2nd ed. Madison, Wisconsin:
Nob Hill Publishing; 2017.

3. Laresgoiti I, Käbitz S, Ecker M, Sauer DU. Modeling mechani-
cal degradation in lithium ion batteries during cycling: solid
electrolyte interphase fracture. J Power Sources. 2015;300:
112-122.

4. ASTM, Standard Practices for Cycle Counting in Fatigue Anal-
ysis, 1985.

5. Shi Y, Xu B, Tan Y, Kirschen D, Zhang B. Optimal battery con-
trol under cycle aging mechanisms in pay for performance set-
tings. IEEE Trans Autom Control. 2019;64:2324-2339.

6. Xu B, Zhao J, Zheng T, Litvinov E, Kirschen DS. Factoring the
cycle aging cost of batteries participating in electricity markets.
IEEE Trans Power Syst. 2018;33:2248-2259.

7. Wang C, Du Z, Ni Y, Li C, Zhang G. Coordinated predictive
control for wind farm with bess considering power dispatching
and equipment ageing. IET Gener Transm Distrib. 2018;12:
2406-2414.

8. R. S. Yallamilli, L. K. Vedulla, M. K. Mishra 2018, Cost savings
oriented microgrid control strategy considering battery degra-
dation. Paper presented at: 2018 7th International Conference
on Renewable Energy Research and Applications (ICRERA),
pp. 661–666.

9. He G, Chen Q, Kang C, Pinson P, Xia Q. Optimal bidding strat-
egy of battery storage in power markets considering
performance-based regulation and battery cycle life. IEEE
Transact Smart Grid. 2016;7:2359-2367.

10. M. Koller, T. Borsche, A. Ulbig, G. Andersson, Defining a deg-
radation cost function for optimal control of a battery energy
storage system. Paper presented at: 2013 IEEE Grenoble Con-
ference, 2013, pp. 1–6.

11. Y. Shi, B. Xu, Y. Tan, B. Zhang, A convex cycle-based degrada-
tion model for battery energy storage planning and operation,
Paper presented at: 2018 Annual American Control Conference
(ACC), IEEE, 2018, pp. 4590–4596.

12. Xu B, Shi Y, Kirschen DS, Zhang B. Optimal battery participa-
tion in frequency regulation markets. IEEE Trans Power Syst.
2018;33:6715-6725.

13. S. Loew, D. Obradovic, A. Anand, A. Szabo, Stage cost formula-
tions of online rainflow-counting for model predictive control
of fatigue, Paper presented at: 2020 European Control Confer-
ence (ECC), 2020, pp. 475–482.

14. Loew S, Obradovic D, Bottasso CL. Model predictive control of
wind turbine fatigue via online rainflow-counting on stress his-
tory and prediction. J Phys Conf Ser. 2020;1618:022041.

15. Mousavi SM, Nikdel GM. Various battery models for various
simulation studies and applications. Renew Sust Energ Rev.
2014;32:477-485.

16. Gao Z, Chin C, Woo W, Jia J. Integrated equivalent circuit and
thermal model for simulation of temperature-dependent
lifepo4 battery in actual embedded application. Energies. 2017;
10:85.

17. Maheshwari A. Modelling, Aging and Optimal Operation of
Lithium-ion Batteries. Eindhoven: Technische Universiteit
Eindhoven; 2018.

18. Wang J, Liu P, Hicks-Garner J, et al. Cycle-life model for
graphite-lifepo4 cells. J Power Sources. 2011;196:3942-3948.

19. The MathWorks Inc Rainflow counts for fatigue analysis, 2018.
20. Miner MA. Cumulative damage in fatigue. Journal of Applied

Mechanics. 1945;3:159-164.
21. Marsh G, Wignall C, Thies PR, et al. Review and application of

rainflow residue processing techniques for accurate fatigue
damage estimation. Int J Fatigue. 2016;82:757-765.

22. S. Loew, D. Obradovic, Formulation of fatigue dynamics as
hybrid dynamical system for model predictive control,
Paper presented at: Accepted for IFAC World Congress
2020, 2020.

23. Shi Y, Xu B, Wang D, Zhang B. Using battery storage for peak
shaving and frequency regulation: joint optimization for super-
linear gains. IEEE Trans Power Syst. 2018;33:2882-2894.

24. PJM, Ancillary service lmps, 2019.
25. PJM, Pjm manual: Energy and ancillary service market opera-

tions, 2019.
26. PJM, Pjm regulation market, 2017.
27. B. Xu, Y. Dvorkin, D. S. Kirschen, C. A. Silva-Monroy, J.-P.

Watson, A comparison of policies on the participation of stor-
age in u.s. frequency regulation markets, Paper presented at:
2016 IEEE Power and Energy Society General Meeting
(PESGM), 2016, pp. 1–5.

28. Houska B, Ferreau HJ, Diehl M. An auto-generated real-time
iteration algorithm for nonlinear mpc in the microsecond
range. Automatica. 2011;47:2279-2285.

29. Fotouhi A, Auger DJ, Propp K, Longo S, Wild M. A review on
electric vehicle battery modelling: from lithium-ion toward
lithium–sulphur. Renew Sust Energ Rev. 2016;56:1008-1021.

30. Wang J, Purewal J, Liu P, et al. Degradation of lithium ion bat-
teries employing graphite negatives and nickel–cobalt–
manganese oxide + spinel manganese oxide positives: part
1, aging mechanisms and life estimation. J Power Sources. 2014;
269:937-948.

31. Birkl CR, Roberts MR, McTurk E, Bruce PG, Howey DA. Deg-
radation diagnostics for lithium ion cells. J Power Sources.
2017;341:373-386.

How to cite this article: Loew S, Anand A,
Szabo A. Economic model predictive control of Li-
ion battery cyclic aging via online rainflow-
analysis. Energy Storage. 2021;e228. https://doi.org/
10.1002/est2.228

LOEW ET AL. 19 of 23

4.3. Paper 8: Battery energy storage system in frequency regulation market 165



APPENDIX

Battery modeling details

Open circuit voltage
The open circuit voltage of the battery (UOCV) is defined as
the voltage that can be derived from the battery when it is
under no-load. This voltage is assumed to depend only on
the SOC. It has been modeled as a linear dependency

Uocv SOCð Þ=Uocv,nominal +Uocv,slope SOC−SOCnominalð Þ V½ �
ðA1Þ

with a fixed predefined slope Uocv,slope, centered around a
nominal state of charge SOCnominal and with an offset
nominal open circuit voltage Uocv,nominal.

15,29

Internal resistance
The internal resistance of a battery cell is function of
SOC, cell temperature T and State of Health SOH. Here,
the internal resistance

Rint SOC,T,SOHð Þ= f R SOCð Þf R Tð Þf R SOHð Þ Ω½ � ðA2Þ

is modeled as a product of the individual dependency
functions. The dependency on temperature is modeled
using a decreasing exponential function

f R Tð Þ=Arexp −BrTð Þ+Cr Ω½ � ðA3Þ

with the constants Ar, Br, and Cr.
15,29 The dependency on

SOC is modeled using a piece-wise linear function

f R SOCð Þ=piecewise linear −½ � ðA4Þ

based on available battery data.30 Battery degradation
leads not only to reduction in capacity but also to addi-
tional increase in the internal resistance.31 The increase
in internal resistance is observed to be approximately lin-
early proportional to the decrease in battery capacity.1

Consequently, the dependency of internal resistance on
State of Health is modeled as

f R SOHð Þ=1+ βdegradation 1−SOHð Þ −½ � ðA5Þ

with the proportionality constant βdegradation which is
obtained from experiments.

Battery current and terminal voltage
By applying Kirchoff's voltage law in the battery electrical
equivalent circuit shown in Figure 2 for a given power P,
battery current I can be obtained by the solution

I =
Uocv−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Uocv

2-4RintP
p
2Rint

A½ �: ðA6Þ

of the underlying quadratic equation. The terminal volt-
age Uterminal can be subsequently obtained by

U terminal =Uocv−IRint V½ �: ðA7Þ

Verification and validation of the battery plant
model

Exemplary simulation output
In order to qualitatively verify the behavior of the sub-
models, the battery plant model is simulated in open-loop
and subject to power steps and ramps. The sample time
of this time-discrete model here is set to 1 minute, and
the total simulation time to 12 hours. The results of the
simulation are shown in Figure A1.

Each of the output plots can be divided into six sec-
tions (each of duration 2 hours) based on the power input
type:

In the first section, a discharging power is applied for
2 hours. As a result, the battery SOC decreases and the
temperature increases due to resistive heating.

In the second section, an equal magnitude of charging
power is applied to the battery for 2 hours which brings
the SOC back to the initial value.

In the third section, the battery discharges at a higher
power than that of the first section. Therefore, the rates
of SOC decrease and temperature increase are higher
than that in first section.

In the fourth section, a zero power allows the battery
to cool down. Hence, the temperature asymptotically
converges toward the ambient temperature. As expected,
there is no change in SOC during this time.

In the fifth section, a charging power ramp is input to
the battery which shows a gradual increase in SOC, and a
smaller initial rate of temperature increase compared
with that of section three, where a power step is applied.

Throughout the simulation, the charge capacity of the
battery and therefore the State of Health is decreasing.
This decrease can be understood better by looking at the
individual behaviors of calendric and cyclic capacity loss:

Calendric aging, The increase in calendric capacity
loss follows a square root behavior with respect to simu-
lation time. According to (3), the slope of this square root
function is scaled depending on the temperature and
SOC levels.

Cyclic aging, During section one, the battery only
discharges, and thus the Rainflow algorithm only
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calculates one half cycle with linearly increasing cycle
depth, and over-proportionally increasing cycle dam-
age. As the SOC decreases stronger in section three
compared to section one, the corresponding increase in

cyclic capacity loss is also higher. For a constant SOC
trajectory (as in section four), the cyclic capacity loss as
well is constant because the battery does not exhibit
any SOC cycle.

FIGURE A1 Open-loop simulation results for the battery storage system model. The signals are grouped into input, states, and

intermediate variables
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Electrical submodel, During the entire simulation, the
battery current follows the behavior of input power. The
terminal voltage (A7) mainly is governed by the current,
and secondarily by the SOC via the Open Circuit Voltage.
Here, it is normalized by the nominal Open Circuit Volt-
age Uocv,nominal. The cell internal resistance (A2) has
complex dependencies on temperature, SOC, and state of
health as can be seen in the lowest subplot.

Calendric aging
The calendric aging submodel is validated by simulat-
ing the battery plant at defined combinations of SOC
and ambient temperature. For each combination, the
simulation duration is the corresponding expected life-
time. Thus, at the end of each simulation the end-of-
life amount of capacity loss should be reached. These
simulations are done at zero power such that there is
no cyclic aging and thus the resultant total capacity

loss is only due to calendric degradation. Furthermore,
the SOC and temperature are fixed during the entire
simulation.

The results for variations of SOC are summarized in
Table A1, and for variations of ambient temperature in
Table A2. All results show that exactly the expected
capacity loss is reached.

As discussed in section 2, the rate of calendric capac-
ity loss is scaled depending on the instantaneous temper-
ature and SOC. Higher temperature or SOC increase the
aging rate. The simulation output in Figure A2 verifies
this behavior.

Cyclic aging
The cyclic aging submodel is validated by simulating the
battery plant at defined alternating power magnitudes
such that the SOC is cycling at fixed DODs. In order to
obtain a fixed DOD for every cycle throughout the

FIGURE A2 Validation of calendric capacity loss at different SOCs and temperature for zero power. A, Calendric capacity loss at

different SOCs for a given temperature. B, Calendric capacity loss at different temperatures for a given SOC

TABLE A2 Validation of calendric

aging at a state of charge of 0.5
Temperature Lifetime Lifetime loss (exp.) Lifetime loss (model) Error

21�C 12 years 20 Ah 20 Ah 0%

41�C 4 years 20 Ah 20 Ah 0%

Note: The errors are rounded to integer values.

TABLE A1 Validation of calendric

aging at an ambient temperature

of 21�C

SOC Lifetime Lifetime Loss (Exp.) Lifetime Loss (Model) Error

1 4 years 20 Ah 20 Ah 0%

0.75 7.5 years 20 Ah 20 Ah 0%

0.5 10 years 20 Ah 20 Ah 0%

0.1 15 years 20 Ah 20 Ah 0%

Note: The errors are rounded to integer values.
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simulation, the dynamics of calendric aging and tempera-
ture are deactivated. For a specific DOD, the simulation
is performed until the expected number of cycles to end-
of-life is reached. Thus, at the end of each simulation the

end-of-life amount of capacity loss should be reached.
The results are summarized in Table A3. For all simula-
tions, the expected capacity loss is obtained up to
machine precision.

TABLE A3 Results of cyclic degradation validation

Cycle depth Lifetime (exp.) Lifetime loss (exp.) Lifetime loss (model) Error

1 2300 full-cycles 40 Ah 40 Ah 0%

0.8 4500 full-cycles 40 Ah 40 Ah 0%

0.5 7700 full-cycles 40 Ah 40 Ah 0%

0.2 28 000 full-cycles 40 Ah 40 Ah 0%

Note: The errors are rounded to integer values.
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4.4 Paper 9: Hybrid energy system tracking a scheduled power

4.4.1 Summary

In this publication, a grid-connected hybrid energy system comprising one wind turbine (5 MW rated
power) and one battery (1 MW rated power, 1 MWh energy capacity) is controlled by a single Economic
Nonlinear Model Predictive Controller (ENMPC). This novel ENMPC simultaneously tries to maximize
energy production of the wind turbine, and to minimize wind turbine fatigue and battery cyclic aging,
while a net power demand for the total hybrid energy system is met.

In contrary, in the literature only a combination of static economic optimization with a dynamic
Tracking MPC has been observed. Furthermore, those control schemes typically do not consider wind
turbine fatigue, and only employ heavy approximations of battery cyclic aging.

The basis for the novel ENMPC is a combination of the PORFC MPCs for wind turbines and
batteries from Papers 6 and 8, respectively. The novel ENMPC exhibits the following extra features:

• Simultaneous consideration of wind turbine fatigue and battery aging;

• Thus, there are two cost functions of PORFC with residue;

• Additional soft equality constraint between net power generation and grid demand.

A comparison to a sole maximization of wind turbine energy production shows that the PORFC
MPC leads to higher total profit (revenue minus fatigue and aging cost) for the present application.
This is achieved by a significant reduction of wind turbine fatigue and a slight reduction of battery
aging, while retaining the net power mismatch at a very low level and accepting a slight reduction of
wind turbine revenue.

A comparison to a PORFC MPC without residues for past mechanical stress and SOC shows that
this "blinded" controller underestimates fatigue and aging, and thus focuses on the maximization of
wind turbine revenue. In total, this leads to lower profit at similar power mismatch levels.

4.4.2 Contribution

The author of this dissertation assisted in conceptualizing the research work and in analyzing the sim-
ulation results. AA led the research work, developed the formulations, performed the implementation,
executed and analyzed the simulations, and wrote the paper. CLB supervised the work. All authors
provided important input to this research work through discussions, feedback and by improving the
manuscript.
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Economic control of hybrid energy systems composed of wind turbine
and battery

Abhinav Anand1,∗, Stefan Loew1, and Carlo L. Bottasso1

Abstract— An Economic Nonlinear Model Predictive Con-
troller (ENMPC) is designed for a wind turbine and battery
based hybrid energy system. An explicit consideration of cyclic
damages within the controller is implemented via externaliza-
tion of Rainflow based cycle counting (RFC) algorithm from
the Model Predictive Controller (MPC). This is achieved using
Parametric Online Rainflow counting (PORFC) approach. Ad-
ditionally, impact of stress history is considered directly inside
the optimization problem by employing a stress residue which
also helps overcome the limitation of using shorter horizon
for cyclic damage estimation. The designed MPC controller
is implemented using the state-of-the-art ACADOS framework.
The performance of the controller is assessed in closed loop
with a hybrid plant model consisting of a NREL 5MW onshore
wind turbine and a 1MWh/1MW Li-ion battery. Simulation
output indicates that the formulated controller results in profit
gain with respect to a realistic base-case controller. Moreover,
the formulated controller is found to conveniently handle model
complexities, non-linearities, and system constraints resulting in
suitable dynamic performance. An economically optimal closed-
loop operation of the grid-connected hybrid plant is achieved,
where the controller, using PORFC algorithm, optimizes a
realistic monetary objective while explicitly considering the
requirements from the electricity grid.

I. INTRODUCTION

Large scale grid integration of wind power is a con-
tinuously evolving research field. One emerging approach
involves hybridizing the wind energy systems with other
systems such as batteries [1], [2], [3]. Operating such a
hybrid plant in closed loop with an economically optimal
controller can allow profit optimal hybrid plant operation
while abiding by the grid requirements at the same time.
Moreover, such formulation can enable participation of wind
based generation units in modern grid ancillary services,
generating additional revenue streams for the plant owner
[4].

Cyclic damage corresponds to the loss in the capacity or
lifetime of a material due to cyclic application of the stress
factors [5], [6]. For wind turbines (WT), the stress factors are
the material stress cycles leading to structural fatigue damage
of various turbine components such as tower or blades.
For batteries, the stress factors are the charging-discharging
cycles. These damages result in significant economic cost to
the plant owner.

The standard economic control formulations for wind
based hybrid energy systems do not perform dynamic eco-
nomic optimization [7], [8]. A two-level approach is rather

1Technical University of Munich, Wind Energy Institute, Boltz-
mannstrasse 15, 85748 Garching b. Muenchen, Munich, Germany

*All correspondence to: abhinav.anand@tum.de

utilized which only includes tracking pre-computed econom-
ically optimal steady state set-points via a standard model
predictive controller (MPC) [9]. Also, these formulations
are subjected to simplified hybrid plant model [8], [10],
[11], where the wind turbine cyclic fatigue minimization is
never considered. In some cases, the battery cyclic damage
minimization is considered, however, the damage evaluation
approaches are heavily approximated [11], [12], [13], [14],
[15].

In general, explicit and accurate consideration of cyclic
damages in the optimization objective is seldom witnessed
[16], [17], [18]. This is possibly because the standard cyclic
fatigue evaluation approaches, such as Rainflow algorithm,
do not have an analytical formulation and contain algorithmic
branches and loops resulting in a discontinuous output-
behaviour [19], [20]. This does not allow calculation of sen-
sitivities required for standard gradient-based optimization
techniques. Furthermore, the total number of identified cycles
Nc for a given stress trajectory σ is not known before the
MPC execution. Consequently, cyclic damage minimization
objective is approximated or even not considered [15], [16].
Therefore, until recently, integration of the cyclic damage
evaluation using RFC into gradient-based MPC has not been
possible.

In the present work, an economic nonlinear model predic-
tive controller (ENMPC) is formulated for a grid-connected
wind turbine and battery based hybrid energy system. To
the best of our knowledge, a direct economic optimization
by simultaneous consideration of wind turbine and battery
damage against energy generation in an MPC framework has
not been previously reported. The current work utilizes the
concept of Parametric Online Rainflow Counting (PORFC)
for cyclic damage minimization, proposed first in our previ-
ous contribution [21] and illustrated more in details in [20]
and [19]. Unlike standard nonlinear MPC where the optimal
control variables are generated with the objective of tracking
pre-specified set-points, an ENMPC generates optimal con-
trol variables by directly minimizing a realistic/high-level
monetary cost function. The formulated controller aims to
maximize the overall profit of the plant by directly balancing
between revenue and cost objectives enabled by an accurate
and explicit handling of cyclic damage, while providing the
power demanded by the electricity grid.

In comparison to our previous contributions, the present
work proposes and utilizes a more realistic and complex
optimization objective including the interplay of two cyclic
damage cost functions. Also, the inclusion of the hard equal-
ity constraint between net power generation and demand over
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the MPC prediction horizon renders the overall online opti-
mal control problem difficult. In addition to these, the closed
loop performance of the formulated controller is assessed
in conjunction with a comparatively more complex plant.
Moreover, there are small underlying modelling differences
between the controller internal model and the employed plant
model such as in the nonlinear battery damage function,
challenging the robustness of the controller.

This paper is divided into five sections. We begin setting
the context in Sec. II by providing some fundamentals about
cyclic damage evaluation and background about the corre-
sponding control problem. Section III focuses on controller
design: first a description of using PORFC in MPC and
second formulating the optimal control problem. Section IV
shows a comparison of the formulated economic controller
with a realistic baseline power-maximizing controller. Fur-
thermore, the benefit of accurate damage estimation consid-
ering stress history inside the MPC controller is illustrated
via simulation output. Section V concludes this work and
presents future goals.

II. BACKGROUND & FUNDAMENTALS

A. General Plant model and Control problem

The present work is applicable to a plant model repre-
sented as a continuous non-linear system

ẋ(t) = F(x(t),u(t),d(t)), (1)

where x(t), u(t), and d(t) represent continuous system
states, control variables, and external disturbance respec-
tively. Function F(.) represents the mapping of ordinary
differential equations governing the continuous dynamics of
the system. The stress factor σ(t) for cyclic damage could
be an output or a state of this model.

The standard Nonlinear Model Predictive Control (NMPC)
problem is solved by formulating a Nonlinear Programming
(NLP) problem over the prediction horizon Thorizon. The
continuous nature of NLP is approximated by discretization
of the time continuous control variables ui(t) into piece-
wise constant optimization variables ūi, j. Here, i denotes
the individual control input to the plant system i ∈ Nin,
determined by the total number of control inputs Nin, and j
denotes the respective control interval within the prediction
horizon after discretization j ∈ Nu, determined by the total
number of control intervals Nu. The duration of one control
interval can thus be denoted as Tctrl =

Thorizon
Nu

.

B. Cyclic Damage evaluation

1) Conventional Approach: The conventional cyclic dam-
age evaluation approach utilizes cycle counting algorithms,
where damage cycles and their characteristics due to a
particular stress trajectory are identified. Rainflow based
cycle-counting (RFC) algorithm is widely accepted for its
accuracy and involves identifying points of reversal (extrema)
in the trajectory of the stress factor σ(t) discretized into
σ(k), resulting in total cyclic damage D(k) [22]. Fig. 1 shows
an exemplary stress trajectory and the corresponding points
of reversal leading to damage cycles. The identified cycles

Fig. 1: Exemplary stress profile and identified cycles using
RFC algorithm

are classified either as full-cycle or half-cycle, depending on
whether the initial and final stress magnitude are the same
or different.

Table I summarizes the outputs of the RFC algorithm.
Here, cycle weight σRFC

w,c is either 1 or 0.5 depending on
whether the identified cycle c is a full-cycle (closed cycle)
or a half-cycle (open cycle). The units of identified cycle
range and cycle mean are equal to those of the corresponding
stress trajectory σ . The remaining three outputs σRFC

w,c , kRFC
max,c,

and kRFC
min,c are unit-less. The cyclic damage D is a nonlinear

function of the Rainflow outputs.

TABLE I: Output of Rainflow algorithm in MATLAB for
each cycle c [23]

Quantity Variable

Cycle weight σRFC
w,c

Cycle range σRFC
r,c

Cycle mean σRFC
m,c

Index of sample resulting in cycle maximum kRFC
max,c

Index of sample resulting in cycle minimum kRFC
min,c

2) Residue: The stress sample values which are extrema,
but have not contributed to a full cycle so far, form half
cycles. These stress values can later form a new half or full
cycle with the newly acquired stress samples of subsequent
simulation time-steps. This new cycle will have a higher
cycle range, and thus higher damage, than the original half
cycle [24]. Thus, it is important to preserve these half-
cycle extrema and merge them with the new stress samples
before performing the next cycle identification. Thus, accu-
rate cyclic damage evaluation is a time-cumulative process.
This set of extrema is referred in present work as ”residue”
σresidue and plays a central role in accurate identification
of cyclic damage [24]. The conventional cyclic damage
evaluation extracts the damage due to residue samples at
current simulation step and discards the samples for next
simulation step [24]. This leads to under-evaluation of cyclic
damage [19].

3) One-step time discrete approach: Based on the Rain-
flow algorithm and the concept of residue, a one-step time-
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discrete model for cyclic damage evaluation has been pro-
posed in [21]. This means that by introducing residue as an
additional ”memory” state, with each new stress sample an
update of cyclic damage can be computed. The procedure is
presented in Alg. 1.

Algorithm 1 One-step time discrete cyclic aging evaluation
[21]
Input: Existing stress factor string σσσ exist, Periodic update of
a scalar new stress sample σ(k+1) at each step k
Output: Periodic update of cyclic damage DStep

cyc at each step
k
Initialization: Zero total cyclic damage DStep

cyc = 0 and cyclic
damage Dcyc,FC = 0 of full cycles, stress residue σσσ residue =
σσσ exist
while true do

1) Merge residue σσσ residue(k) and new stress sample σ(k+
1)

2) Extract full and half cycles from {σσσ residue(k),σ(k+1)}
using Rainflow algorithm, Store residue in σσσ residue(k+
1)

3) Calculate cyclic damage based on full cycles, Add
result to Dcyc,FC(k) to obtain Dcyc,FC(k+1)

4) Calculate cyclic damage based on full and half cycles,
Add result to Dcyc,FC(k) to obtain DStep

cyc (k+1)
end

The time-discrete cyclic damage estimation is expressed
by the update of the residue set

σσσ residue(k+1) = Gcyc,residue (σσσ residue(k),σ(k+1)) , (2)

by the update of cyclic capacity loss of full cycles

Dcyc,FC(k+1) = Gcyc,FC
(
σσσ residue(k),σ(k+1),Dcyc,FC(k)

)
(3)

and by the update of total cyclic damage

DStep
cyc (k+1) = Gcyc,tot

(
σσσ residue(k),σ(k+1),Dcyc,FC(k)

)
.
(4)

Thus, the time-discrete equations Gcyc,· represent the algo-
rithmic steps as described in Alg. 1.

C. Modified plant model
Since the cyclic damage evaluation can only be performed

in time-discrete fashion, the present work is hence applicable
to a modified plant model where the continuous system
dynamics shown in (1) in Sec. II-A are expressed in time-
discrete fashion as

x(k+1) = Gint(x(k),u(k),d(k)). (5)

This is obtained by the application of integrator Gint to the
system of ODEs shown in Eq. 1.

III. ECONOMIC CONTROLLER FORMULATION FOR
HYBRID SYSTEM USING PARAMETRIC ONLINE RFC

A. PORFC concept1

1The content of Sec. III-A explains briefly the detailed formulation
presented in [19]

The challenges for a direct implementation of RFC in
MPC (refer to Sec. I) are overcome by the method of PORFC
[21], where all discontinuous parts of the cyclic damage
estimation procedure are performed in a pre-processing step
before each execution of the MPC algorithm, as shown in
Fig. 2. In order to base this externalized cyclic damage
estimation on the same stress trajectory like the MPC, the
pre-processing step has to start with a predictive forward
simulation using the same model, sampling and horizon
length as the internal simulation of the MPC. In addition to
this prediction, the stress history is incorporated in the pre-
processing via a periodically updated residue σσσ residue (see
Sec. II-B.2).

The workflow within the PORFC approach can be ex-
plained as:

• Simulation: The plant internal model is simulated over
the prediction horizon using the currently measured
states x̃ as initial states x0, and the current guess of
the optimal control trajectory uguess. Relevant result is
the stress prediction over the entire horizon.

• Merge: The residue is merged with the stress prediction.
• Rainflow: The Rainflow algorithm is used to identify

stress cycles over this merged trajectory. Consequently,
it is assumed that the structure of identified cycles does
not change within the upcoming optimization run. Here,
the term ”structure” denotes positions (kRFC

max,c, kRFC
min,c) and

weights (σRFC
w,c ) of cycles. This assumption implies that

only the values and not the positions of the controllable
extrema can be shifted in the prediction horizon by the
optimization.

• Residue update: Stress cycles can be composed by
stress samples only from residue or prediction, or by
a mixture of both. However, only controllable samples
within the prediction horizon can be altered by the
optimization. If a full cycle is detected entirely within
the residue, both contributing values are discarded from
the residue. The reason for this is that also in the future
they will never anymore form a cycle with a sample
from the prediction and, therefore, are irrelevant for the
MPC.

• Time-varying parameters: Information from cycle
identification is used to fill vectors of time-varying
parameters pparameters, which are forwarded to the ob-
jective function of the MPC. Since, any particular half
or full cycle always corresponds to exactly two ”com-
plementary” stress samples σ(kRFC

min,c) and σ(kRFC
max,c), it

is assumed that the damage of a cycle c can be evenly
split over the corresponding two complementary sample
instances kRFC

max,c and kRFC
min,c.

Although a stress sample is not allocated uniquely to
one identified cycle, it can at maximum be part of two
cycles [25], [15]. Thus, in a general case, it can be
assumed that a particular stress sample may belong to
either none (when it is not an extrema), or one (when
it is part of only one half or full cycle), or two cycles
(when it sits at a cycle junction point). Since each stress
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Fig. 2: Process-flow using the proposed methodology

extremum belongs to either one or two stress cycles
[25], [15], the Rainflow algorithm provides one or two
mean stress values per extremum. These mean stress
values are considered as optimization- or tracking-goals
for the current MPC-step.
Cycle mean values σPORFC

m,c1/2 and cycle weights σPORFC
w,c1/2

are collected in the parameter vector

pPORFC =
(
σPORFC

m,c1 ,σPORFC
m,c2 ,σPORFC

w,c1 ,σPORFC
w,c2

)
(6)

which is defined piece-wise constant over the control
intervals of the prediction horizon.

A more detailed derivation and explanation can be found in
[19].

In the cost function of the MPC, the parameters are used
to time-continuously calculate the cyclic damage over the
horizon and accumulate it via integration. Consequently,
the cyclic damage term of PORFC is defined by a time-
integral over two cost terms, where each represents one
potential cycle-contribution of a stress sample [21]. In a time-
differential form, the rate of cyclic damage is expressed by:

ḊPORFC
cyc (t) =

d∆DPORFC
cyc

(
σ(t),pPORFC(t)

)
dt

=

1
Tctrl

2

∑
c=1

DPORFC
cyc,c

(
σ(t),σPORFC

m,c (t),σPORFC
w,c (t)

)
. (7)

This expression can thus be used to formulate cyclic damage
minimization objectives for the optimal control problem.

B. Optimal control problem

The proposed methodology, as shown in an implemented
process flow in Fig. 2, describes an MPC controller operating
in closed loop with the hybrid plant. Such a controller utilizes
an internal model of the plant to calculate economically
optimal control variables by optimizing a chosen realistic and
operationally meaningful economic objective (maximizing
profit by balancing between cost and revenue). Measurement
of the plant states x0 and controller execution happen at a
rather coarse sample time Tctrl. Within the pre-processing step
of the controller, the forward simulation is performed with a
fixed step size of Tsim,preproc < Tctrl. The PORFC parameters
are sampled on the coarse control grid Tctrl since parameters

typically only can be inserted into the MPC problem on this
granularity for current MPC frameworks. For the MPC-step
of the controller, the inputs, which might contain external
parameters such as references and weights, are inserted as
parameters on the control grid Tctrl. Within the MPC-step of
the controller, multiple-shooting is used where the shooting
nodes are defined on the control grid Tctrl . Within each
shooting interval, the plant model is simulated on the fine
grid Tsim,MPC = Tsim,preproc. The optimized control variables
and shooting states are output from the controller again at a
sample time of Tctrl . The first entries of each control variable
u∗(1) are applied to the plant.

1) Hybrid system model:
a) Wind turbine model: A reduced order model of

NREL 5 MW wind turbine has been considered in this
work [6]. This model serves as the plant model as well as
the internal controller model. This section summarizes the
modelling approach which has been presented in detail in
[26].

The turbine is assumed to receive perfect foresight of
the incoming rotor equivalent wind velocity from a Light
Detection and Ranging (LiDAR) sensor. The incident wind
Vw(t) induces aerodynamic torque TQ in the rotor shaft and
thrust force FT on the rotor. The aerodynamic torque directly
couples with the drive-train dynamics

Jrω̇ = TQ−Tg, (8)

where Jr, ω , and Tg represent rotor moment of inertia,
rotor angular velocity, and generator torque respectively.
The thrust force FT excites fore-aft oscillations in the tower
quantified using tower tip deflection dT having dynamics

d̈T =
1
a1

(FT −a2ḋT −a3dT ) (9)

resulting in a severe cyclic stress σ(t) at the tower root
causing cyclic damage. The turbine model has two control
variables: rate of change of generator torque Ṫg and blade
pitch actuator set-point βc with blade dynamics

β̈b =−a4β̇b−a5(βb−βc). (10)

Here, βb represents the collective blade pitch angle and the
parameters a1 through a5 are fixed model parameters rep-
resenting turbine properties [6]. Non-linearity in the model
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originates from TQ(ω,βb,(Vw − ḋT )) and FT (ω,βb,(Vw −
ḋT )), and are calculated at stationary operating points using
high-fidelity Cp−Lambda simulator [26].

b) Battery model: An electrical equivalent circuit
model of a 1MW/1MWh Li-ion battery has been consid-
ered in this work. This section summarizes the modelling
approach which is presented in detail in [19]. The considered
model serves as the plant model and with some approxima-
tions as an internal controller model.

The battery model consists of three sub-models: electrical,
thermal, and degradation. For a given control variable PB,
denoting battery power, the electrical sub-model captures the
battery current I(t) dynamics and state of charge SOC(t)
dynamics

˙SOC =− I
Q
. (11)

Here, Q represents the maximum charge capacity of the
battery at a given time. Q always decreases over time and
usage because of the permanent loss in the capacity of the
battery over time (calendric damage Qcal), calculated using

Q̇cal = f1(SOC) f2(T )
√

t, (12)

and over charging and discharging operations (cyclic dam-
age Qcyc), calculated using one step time-discrete cyclic
ageing evaluation approach shown in Alg. 1 and in (4).
The functions f1(SOC) and f2(T ) denote the dependency
of state of charge SOC and battery temperature T on the
calendric capacity loss. The battery thermal model captures
the evolution of battery temperature T (t) dynamics

Ṫ =
1

CH
(I2Rint −CR(T −Tambient)) (13)

based on a lumped heat capacitance model [27]; where CR
and CH denote cooling rate and heat capacity respectively.
Here, Tambient denote ambient temperature considered to be
fixed at 298.15 K.

The wind turbine and battery based hybrid plant model
having system dynamics, as shown in (1) and (5), consists of
ten system states x= (ω,dT , ḋT ,βb, β̇b,Tg,T,SOC,Qcal ,Qcyc)
and three control input variables u = (βc, Ṫg,PB).

2) Optimization problem: The formulated economic opti-
mal control problem

min
u,s
−(JWT

generation)
2 +(JWT

tower f atigue)
2 +(JB

cyclicloss)
2

+
∫ tend

t0
((103s2

1 +106s2
2)dt) (14a)

subject to
ẋ = h(x,u) (14b)

xaug ≤ xaug ≤ xaug (14c)

u≤ u≤ u (14d)

s≤ s≤ s (14e)

ωTg +PB + s2 = Pgrid
demand (14f)

is solved in an online MPC fashion for the hybrid system
model described in III-B.1. Here the interval t ∈ [t0, tend ]
denotes the prediction horizon Thorizon of MPC. The opti-
mization variables are the control variables u = (βb, Ṫg,PB)
and the slack variables s = (s1,s2).

The purpose of introducing slack variables is to achieve
recursive feasibility of the MPC optimization problem in
presence of model uncertainties and system perturbations
[28]. In the present formulation, the state variable ω and
the wind turbine electrical power output ωTg are augmented
using the bounded slack variables s1 and s2 respectively, as
suggested in [28]. The augmented system states xaug can be
represented as xaug = (ω + s1,dT , ḋT ,βb, β̇b,Tg,SOC).

The optimization objective includes

1) Maximizing wind turbine generation by maximizing
the aerodynamic power capture

JWT
generation = wP

∫ tend

t0
(ω(t)TQ(ω,βb,(Vw− ˙dT )))dt

(15)
at the given input condition and revenue rate of pro-
viding electricity wP. It should be noted that instead of
the electrical power ωTg, the aerodynamic power ωTQ
is maximized in order to avoid the greedy extraction
of rotor kinetic energy by MPC (turnpike effect), as
suggested by [28].

2) Minimizing tower cyclic damage due to stress at its
root σ . A continuous estimation of fatigue cost rate
due to a particular stress cycle JWT

tower f atigue is given as
(refer Eq. 7 and for details check [20])

JWT
tower f atigue =

∫ tend

t0
(JPORFC

cyc,σ )dt,

JPORFC
cyc,σ =

1
Tctrl

2

∑
c=1

JPORFC
cyc,c,σ (σ(t),σPORFC

m,c (t),σPORFC
w,c (t)),

JPORFC
cyc,c1/2,σ = σ

PORFC
w,c1/2 (t)amσ

m
eq,c1/2(t),

σeq,c1/2(t) = |σ(t)−σ
PORFC
m,c1/2 (t)| Rm

Rm−σPORFC
m,c1/2 (t)

.

(16)

Here am is determined from the initial capital cost of
the machine (see also [6]), Rm denotes the ultimate
tensile strength of the material, and m represent the
positive exponent derived from the material S-N char-
acteristic. In present work, m = 2.

3) Minimizing battery cyclic damage due to charging
and discharging operation represented by SOC(t) cy-
cles. A continuous estimation of cyclic loss rate due
to a particular for a given SOC cycle JB

cyclicloss is given
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as (refer Eq. 7 and for details check [19])

JB
cyclicloss = wB

∫ tend

t0
(QPORFC

cyc,SOC)dt,

QPORFC
cyc,SOC =

1
Tctrl

2

∑
c=1

QPORFC
cyc,c,SOC

(
SOC(t),SOCPORFC

m,c (t),SOCPORFC
w,c (t)

)
,

QPORFC
cyc,c1/2,SOC =

σ
PORFC
w,c1/2 (t)Acycaw|SOC(t)−SOCPORFC

m,c1/2 (t)|
w. (17)

Here, Acyc, aw, and w represent the total cyclic capacity
loss till defined battery end of life [19], Woehler
constant and Woehler exponent obtained from curve
fitting the battery manufacturer data. It should be noted
that the plant model of battery has a Woehler constant
of w = 1.4 whereas the controller internal model uses
a Woehler constant of w = 2. The weight factor wB
represent the unit replacement cost of the battery [19].

The optimization problem is subjected to
• system dynamics of hybrid plant (More details on the

model in [26], [19]): as shown in (14b)
• inequality constraints on augmented states: as shown in

(14c)
• box constraints on control and slack variables: as shown

in (14d) and (14e)
• power balance as equality constraint: as shown in (14f)

IV. RESULTS

A. ENMPC setup

The formulated ENMPC problem is solved via state-of-
the-art ACADOS framework [29], [30], using the interior-
point solver HPIPM for the underlying Quadratic Program
(QP) in an NLP. A single QP is solved per MPC step
except for the first MPC step, where twenty QPs are solved.
Multiple shooting approach is used and the Hessian matrix
is automatically convexified to address possible numerical
issues due to highly non-standard formulation using PORFC
[20]. The horizon length Thorizon is 2s with total 20 control
steps such that Tctrl is 100ms. The plant model is also
sampled at 100ms.

B. Output

1) Comparison to a realistic base-case scenario: The
optimal control problem, formulated in (14), is applied to
the hybrid model described in Sec. III-B.1. The output is
compared w.r.t a base case scenario similar to (14) but with
the only difference of the optimization objective

min
u,s
−JWT

generation +
∫ tend

t0
(103s2

1 +107s2
2)dt (18)

which only focuses on maximizing power capture of the wind
turbine instead of maximizing the profit (as in (14a)). The net
profit is calculated as the difference of revenue from wind
power generation and costs due to tower fatigue damage and
battery capacity loss.
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Fig. 3: Simulation output for a realistic power reference
ramped up/down periodically around turbine rated power.
The green curve shows output of formulated ENMPC con-
troller and the blue curve shows the base-case controller.

Fig. 3 shows the simulation comparison results of the for-
mulated ENMPC (green curve), as described in (14), which
performs economically better than the base-case scenario
(blue curve), as described in (18). The enhanced economic
performance is because the formulated ENMPC controller
manages to find an optimal spot for hybrid plant operation
(refer to the green curve in subplot ”Normalized WT power
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Fig. 4: Simulation results showing impact of residue on
economic performance of plant in closed-loop operation. The
red curve shows ”blinded” ENMPC controller and the blue
curve shows actual ENMPC controller.

electrical” and ”Normalized applied battery power” in Fig.
3a). This optimal operating point balances the wind turbine
tower fatigue cost and revenue from power generation at the
same time exerting lesser power demand on the battery.

The controller reduces the wind turbine tower root fatigue
cost by reducing the tower tip oscillation amplitudes (refer
subplots ”Tower tip deflection” and ”Normalized cumulative
tower fatigue cost” in Fig. 3b) that lead to damage cycles at
the tower root. Moreover, the battery cyclic capacity loss
and the corresponding cost of battery damage is reduced
by optimally reducing the SOC cycle depths (refer sub-
plots ”Battery State of Charge” and ”Normalized cumulative
battery damage cost” in Fig. 3b), which effectively depend
on power applied/demanded to/from the battery. As a con-
sequence, the cumulative profit (refer subplot ”Normalized
Cumulative Profit” in Fig. 3b) of the formulated economic
controller (green curve) is higher than the base case (blue
curve). This is because of a comparatively higher reduction
in overall costs than reduction in generated revenue (refer
subplot ”Normalized Cumulative Revenue” in Fig. 3b) for
the hybrid plant.

Although, the equality constraint of power balancing is
numerically violated for both the controllers (see subplot
”Absolute power mismatch” in Fig. 3a), the mismatch values
are in orders of magnitudes smaller than the reference power.

The average computational time for the controller over
the simulation duration of 2 min sampled every 100 ms is
found to be 160 ms. This also includes the computational
time of 2 ms required for PORFC setup in the pre-processing
step (refer Fig. 2). The closed-loop problem was simulated

in MATLAB on a desktop with Intel i7 processor having
64-bit operating system and 8 GB RAM. Although, the
controller is not yet real-time feasible, further tuning of
the numerical setup of the optimal control problem such as
reducing the prediction horizon length would improve the
controller computational performance.

2) Impact of stress history on economic performance in
closed loop: The impact of residue stress samples on eco-
nomic performance of controller is evident from the simula-
tion output shown in Fig. 4 where the red curve represents the
normalized plant performance when the controller is blinded
to the history of mechanical stress σ for the wind turbine
and State of Charge SOC for the battery. This means that
during the pre-processing stage of the controller (refer Sec.
III-A), at any given MPC simulation step, the residue stress
samples from previous step are not merged with the stress
samples from the prediction. This leads to under-evaluation
of cyclic damages leading to an economically sub-optimal
solution of the optimization problem. The normalization has
been done against the output for the formulated optimization
problem in (14) shown as blue curve in Fig. 4 and as green
curve in Fig. 3. As the costs are under-evaluated, the blinded
controller (red curve) sees lesser equivalent damage and
thus tries to capture more power from the wind turbine to
increase the revenue (see ”Normalized Cumulative revenue”
subplot in Fig. 4). This in turn results in comparatively
higher cost (see ”Normalized Cumulative tower fatigue” and
”Normalized Cumulative battery damage” subplots in Fig.
4) than the case when the controller is not blinded (blue
curve). This comparative analysis clearly shows that accurate
consideration of stress history leads to economically better
performance without much difference in the absolute power
mismatch (see subplot ”Absolute power mismatch” in Fig.
4) between generation and demand.

V. CONCLUSION

In present work, an ENMPC has been formulated to
operate in a closed loop with a wind turbine and battery
based hybrid energy system providing power to the electrical
grid. The economic controller directly balances between the
revenue obtained from power generation and costs due to me-
chanical fatigue damage of wind turbine tower and cyclic ca-
pacity loss of the considered Li-ion battery while respecting
the system, input, and grid constraints. The controller utilizes
PORFC formulation to explicitly and accurately formulate
associated cyclic damages as an optimization objective. This
is achieved by performing Rainflow analysis prior to each
MPC step, distributing and de-coupling cyclic damage over
time, and by memorizing a condensed set of stress samples
from past open-cycles.

The initial results for the formulated economic controller
shows profit gain against a realistic base-case scenario
with suitable dynamic performance. Moreover, the explicit
consideration of stress cycles from past in the controller
results in enhanced economic performance. This motivates
extending the approach towards more complex dynamical
systems such as wind farm and solar plants based hybrid
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systems participating in modern grid ancillary services for
obtaining profit optimal dynamic operation. In parallel to
this, the controller formulation can be further refined to
improve the plant dynamic performance by analysing the
impact of prediction horizon length, numerical setup of the
QP and NLP solvers, and possibly by formulating a more
holistic economic objective function.
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CHAPTER 5

Integrated design

5.1 Paper 10: Exploration of mechanical benefits from Lidar-assisted con-
trol

5.1.1 Summary

In this work, a design method is presented to rapidly assess the potential benefits of Lidar-assisted
control (LAC) already at the first stages of wind turbine design. By revealing the potential of fatigue
reduction, this work also supports the motivation for Papers 1 - 7 and puts them into a new perspective.
The method is applied to one offshore and two onshore reference machines, and comprises two steps:

1) An analysis of potential load reduction margins is performed, based on simulations of a full set
of Design Load Cases (DLCs). A distinction is made between DLCs which are modifiable by LAC , or
not modifiable and thus are blocking further improvement. A key load quantity (e.g. bending moment
at tower bottom) can be improved if its maximum value is caused by a modifiable DLC. In this case, the
potential load reduction margin is the difference between the leading modifiable and the first blocking
DLC. For the reference machines, the margins are for blade extreme load at up to 30%, for blade tip
deflection at up to 21%, and for tower extreme load close to zero. Noteworthy, for fatigue there are no
blocking DLCs, and fatigue reductions from LAC fully translate into relaxed design constraints.

2) A numerical optimization for structural redesign is performed, where the design constraints
are relaxed by factors obtained from the literature. This "load reduction model" replaces simulations
with LAC in the loop. Additional optimistic and pessimistic scenarios are generated by a correction
factor. Best results are obtained for the large offshore machine with tower mass reductions of up to
17%, blade mass reductions of up to 7%, and Levelized Cost of Energy (LCOE) reductions of up to 2%. A
general finding is that expensive machines with fatigue-driven towers profit the most from LAC. Finally,
further performance improvement of LAC is recommended since it decreases LCOE more than a cost
reduction for Lidar hardware, and since remaining load reduction margins indicate high extra benefits.

5.1.2 Contribution

The author of this dissertation prepared the lidar load reduction model, and assisted in its application
in the design framework. HC led the research work, developed the design optimization, conducted
the design studies, and performed the analysis. CLB formulated the methodology and supervised the
work. All authors provided important input to this research work through discussions, feedback and by
writing the paper.

5.1.3 Reference

H. Canet, S. Löw, and C. L. Bottasso, “Lidar-assisted control in wind turbine design: Where are the
potential benefits?” Journal of Physics: Conference Series, vol. 1618, p. 042020, 2020. doi:10.1088/1742-
6596/1618/4/042020
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Lidar-assisted control in wind turbine design:

Where are the potential benefits?

H Canet1, S Löw1, CL Bottasso1

1 Wind Energy Institute, Technical University of Munich, Garching, Germany

E-mail: carlo.bottasso@tum.de

Abstract. This study explores the potential benefits of considering Lidar-assisted control
(LAC) at the first stages of wind turbine design. The proposed methodology starts with a
load analysis of several reference wind turbines to understand which design constraints can be
influenced by the use of LAC. The blade and tower of each analyzed model are redesigned
considering LAC-induced reductions in key driving quantities. Preliminary results suggest
modest reductions in LCOE with potentially significant benefits limited to the tower. The study
also discusses the requirements on LAC system purchase and O&M costs, for both onshore and
offshore machines, to achieve a reduction in LCOE.

1. Introduction
Turbine-mounted Light detection and ranging (Lidar) sensors are able to measure various
properties of the incoming wind up to several hundred meters ahead of the wind turbine
rotor plane. This preview information has been successfully used to augment conventional
feedback controllers with feedforward loops [7], or to replace conventional controllers by advanced
predictive ones [13]. These strategies are generically termed Lidar-assisted control (LAC).
Multiple studies have concluded that LAC can be used to improve the tracking of Cp, which
can lead to an increase of AEP and can reduce fatigue damage and extreme loads in various
structural components [7]. These benefits have so far been used to extend the lifetime of existing
wind turbines, originally designed to operate with conventional controllers [14].
Even though significant research efforts are currently being devoted to the development of LAC,
the benefits of considering LAC within the design of wind turbines are still not fully understood.
Within the present work, LAC is considered already at the initial stages of turbine design to
fully exploit its potential and reduce Levelized Cost of Energy (LCOE).
This study focuses on two main research questions: first, the paper analyses which key loads
can be reduced by a basic LAC implementation and which LCOE reduction can be expected
from a LAC-based redesigned turbine. Second, the paper explores the requirements on both the
performance and cost of LAC for this device to be economically feasible.
This paper is organized as follows. Sections 2 and 3 are respectively devoted to the description
of the approach and the models implemented to answer the two research questions. Section 4
describes the resulting effects of applying LAC at the first stages of design for three different
turbines and three different scenarios. Furthermore, the required costs of Lidar are discussed
for rendering LAC economically feasible.
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2. Approach
The study starts with a load analysis of three reference wind turbines with the goal of
understanding the potential reduction margin of their design constraints by the use of LAC.
Each model is simulated under a variety of Design Load Cases (DLCs) [12], including power
production with normal turbulence (DLC 1.1, DLC 1.2), extreme turbulence (DLC 1.3), loss of
electrical network (DLC 2.1) and during extreme operating gusts (DLC 2.3). Also situations
where the machine is parked are considered under multiple conditions, such as yaw misalignment
(DLC 6.1), grid loss (DLC 6.2) and extreme yaw misalignment (DLC 6.3).
These DLCs are classified into two groups: modifiable and blocking, according to the influence of
the controller on the load envelope. Modifiable DLCs are those in which the controller can modify
the load envelope. Blocking DLCs represent conditions in which the controller performance does
not effect the loads, as for example in parked conditions. Table 1 includes a detailed description
of the DLCs considered in this study.
The potential load reduction is defined through rankings, where the values of each quantity are
ranked in descending order, noting the originating DLC. The value of a key quantity can only be
reduced by LAC if the ranking is led by a modifiable DLC. Its reduction potential is defined as
the difference between its absolute maximum value and the value of the highest ranked blocking
DLC.
As a second step, a baseline LAC load-reduction model is applied to the resulting loads of all
modifiable DLCs. This model replaces the simulation of LAC and consists in the application
of load-reduction coefficients to the load envelope resulting from aeroelastic simulations with
a non-LAC controller. Differently performing LAC systems are considered by introducing an
optimistic and a pessimistic scenario, defined by a correction factor. This factor multiplies the
load-reduction coefficients and is defined as 1.5 for the optimistic scenario, 1 for the baseline
scenario and 0.5 for the pessimistic one. The presented method intentionally does not commit
to a specific Lidar hardware or controller types, and thus enables a fast preliminary generic
assessment for design purposes. Finally, for all three scenarios, the structural redesign of the
blades and tower is performed. The resulting changes in the structure are evaluated from
an economic point of view through corresponding cost models, according to the wind turbine
characteristics.

Table 1: Classification of Design Load Cases (DLC) according to the influence of the controller
on the wind turbine load envelope. NTM = Normal Turbulence Model; ETM = Extreme
Turbulence Model; EOG = Extreme Operating Gust; EWM = Extreme Wind speed Model

Classification DLC Seeds Design situation Wind speed Wind profile Other condition

Modifiable

1.1 3 Power production Vin:Vout NTM
1.2 3 Power production Vin:Vout NTM
1.3 3 Power production Vin:Vout ETM
2.1 3 Power production Vin:Vout NTM Grid loss
2.3 Vo 1 Power production Vout EOG Grid loss
2.3 Vr 1 Power production Vrated ± 2m/s EOG Grid loss

Blocking
6.1 3 Parked Vref EWM 50 year Yaw mis. ±8◦

6.2 3 Parked Vref EWM 50 year Grid loss
6.3 3 Parked Vref EWM 1 year Ext. yaw mis. ±20◦
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3. Methodology and models
3.1. Aeroelastic simulation and design procedure
Aeroelastic calculations are performed with the Blade Element Momentum (BEM) based
aeroelastic simulator Cp-Lambda (Code for Performance, Loads, Aeroelasticity by Multi Body
Dynamic Analysis) [6], coupled with a conventional non-LAC controller [13]. This aeroelastic
simulator is also the core of the wind turbine design suite, Cp-Max [1]. This code can perform
the combined preliminary optimization of a wind turbine, including both blade and tower sizing.
The optimization of the blade aeroelastic characteristics can be divided into two smaller sub-
loops, which size the external aerodynamic shape and the structural components separately.
In this work, the aerodynamic shape is kept frozen, and the turbine is redesigned only from
the structural point of view. The structural optimization algorithm aims at minimizing blade
cost, while guaranteeing its structural integrity and other requirements by enforcing a set of
constaints. The optimization variables include the thickness of the structural elements for given
blade layout and materials. The inertial and structural characteristics of each blade section are
computed with the 2D finite element cross-sectional analysis code ANBA [10].
The tower structural sizing aims at minimizing tower cost, while satisfying a number of
constraints to ensure the safety of the machine and other design requirements. The optimization
variables include the diameter and thickness of the different tower segments for given material
characteristics. The formal description of these algorithms can be found in [4, 1]. Both the
blade and tower procedures employ a Sequential Quadratic Programming (SQP) optimization
algorithm, in which gradients are computed by means of forward finite differences.

3.2. Baseline LAC load-reduction model
Multiple studies in the literature report the effects of LAC on loads for different controller
formulations, such as feedforward, Linear Quadratic Regulator (LQR) or Model Predictive
Control (MPC). Within these references, one specific study [7] is chosen to define the load-
reduction model employed here. Reference [7] used a simple feedforward Lidar-assisted controller
in combination with a conventional feedback controller on a 5 MW turbine.
The work reports reductions on an extensive set of loads for multiple components such as blade,
tower and main bearing. Large reduction of fatigue loads resulting from DLC 1.2 for blade, main
bearing, tower top and tower base are observed. Extreme loads resulting from DLC 2.3 also
significantly benefit from the implementation of LAC. Table 2 reports the considered reduction
coefficients for each component and modifiable DLC. For simplicity, this model does not include
Lidar faults and assumes a Lidar availability of 100%.
DLC 2.1 deserves a specific discussion. Even though it is in principle a modifiable DLC, the
precise estimation of LAC-induced reductions of extreme loads is difficult in this case. Extreme
loads usually result from the wind turbine shut-down manoeuvre after grid disconnection. Since
the wind excitation and the time at which grid loss occurs are both random, the state of the
turbine at the time the shut-down manoeuvre is initatied is also random. This clearly makes
it difficult to reliably estimate the load reduction, unless as specific dedicated simulation is
conducted. Since these LAC-induced load reductions are still not fully described in the literature,
they are here considered to be negligible.
In terms of Annual Energy Production (AEP), benefits are assumed to be 0.2% below rated
speed and nonexistent above rated speed [7].

3.3. Cost models
The economic assessment is performed with different cost models. The SANDIA Blade Cost
Model [11] is used to compute the blade cost for both onshore and offshore models. The 2015
NREL Cost Model [16], an updated version of the 2006 model [9], is applied for onshore machines,
while the INNWIND Cost Model [8] is used for the study on offshore machines. The outputs
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of both models are expressed in 2020e , correspondingly inflated with the consumer price index
and exchange rate. In order to ensure its comparability, LCOE is computed as

LCOE =
FCR · ICC

AEP
+ AOE, (1)

where FCR [−] is the Fixed Change Rate, assumed to be 7%, ICC [e ] is the Initial Capital Cost,
AEP [MWh] is the Annual Energy Production and AOE [e /MWh] are the Annual Operating
Expenses.
In addition to the standard turbine costs, the costs for the Lidar system have to be considered.
Very conservative cost values for purchase and O&M of the Lidar hardware have been considered,
based on the information from two major Lidar manufacturers. It has been assumed that two
Lidar scanners have to be purchased over a turbine lifetime of 20 years. This results in additional
100, 000e of ICC and 2, 500e /year of AOE. Only hardware-related costs have been regarded.
Due to lack of information, the costs of development or licensing of Lidar-assisted turbine control
software, related commissioning and software maintenance have been neglected.

Table 2: Load reduction coefficients considered in the baseline LAC load-reduction model

BLADE

Description Fx Fy Fz Mx My Mz

DLC 1.1 & 1.3
Extreme loads -2.0%
Tip deflection -2.0%

DLC 1.2 DEL -3.8% -0.1% -0.25% -0.4% -3.8% -3.5%

DLC 2.3
Extreme loads -2.9%
Tip deflection -2.9%

MAIN BEARING

Description Fx Fy Fz Mx My Mz

DLC 1.1 & 1.3 Extreme loads
DLC 1.2 DEL -10.0% -1.2% -0.4% -1.0%

TOWER TOP (YAW BEARING)

Description Fx Fy Fz Mx My Mz

DLC 1.1 & 1.3 Extreme loads
DLC 1.2 DEL -12.0% -0.1% -2.1% -2.0% -1.8% -0.2%

TOWER BASE

Description Fx Fy Fz Mx My Mz

DLC 1.1 & 1.3 Extreme loads -5.0%
DLC 1.2 DEL -3.0% 0.2% -2.2% -0.1% -12.0% -0.2%

DLC 2.3 Extreme loads -40.0%

4. LAC-based effect on LCOE
4.1. Analyzed reference machines
The study is performed on three reference machines of different wind classes: an offshore
10 MW turbine (1A) [6] and two onshore machines: a 2.2 MW (2A) [1] and a 3.4 MW (3A) [2]
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turbine. The general characteristics of these turbines, including blade length and tower height,
are described in Table 3. A detailed characterization of these machines can be found in the
corresponding references.

Table 3: Main characteristics of the reference models included in the study

Turbine 1 [6] 2 [1] 3 [2]

IEC Class & Category 1A 2A 3A
Rated electric power [MW] 10 2.2 3.4
Rotor diameter [m] 178.3 92.4 130.0
Specific power [W/m2] 400.5 298.3 252.4
Hub height [m] 119.0 80.0 110.0
Blade mass [t] 42.5 8.6 16.4
Tower mass [t] 628 125 553

These machines are representative of currently installed wind turbines. The costs of these three
machines are compared to the costs of reference projects in the US in terms of capital (CAPEX),
operational expenses (OPEX), AEP and LCOE. The first three figures are normalized by rated
power. Table 4 shows a good match between the costs of the onshore 2A machine and a generic
2.32 MW turbine of a reference onshore project in the US in 2017 [15]. The costs of the 3A
turbine, even if slightly higher for some figures, also follow well the values of the reference turbine.
In the second column, the costs of a bottom-fixed offshore 5 MW machine are compared with
the 1A machine used in this study. Large differences are found here, for instance in OPEX
costs, due to the very different rating of the turbines. In general, the cost distribution presents
a similar pattern to the considered reference. The cost breakdown comparison is expressed in
2017 United States Dollars (USD) and CAPEX does not include financial costs. LCOE has been
recomputed in all cases as indicated in Eq. (1).

Table 4: Comparison of cost breakdown of the different reference models in 2017 USD

Onshore Offshore
Stehly et al. [15] 2A 3A Stehly et al. [15] 1A

Rating [MW] 2.32 2.2 3.4 5 10

CAPEX [USD/kW] 1454 1297 1759 3846 4379
OPEX [USD/kW] 43.6 48.1 51.4 144 225
AEP [MWh/MW] 3633 3520 3866 3741 4500

FCR [%] 7.9 7.9 7.9 7.0 7.0

LCOE [USD/MWh] 43.6 42.9 49.2 110.5 118.1

4.2. Load analysis: Potential reduction margins
The analysis of the load rankings highlights important potential reduction margins that could
be exploited by LAC. Figure 1 provides an overview of the ranking position of the first blocking
DLC for each machine.
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Blade tip deflection: As shown in Fig. 1a, this ranking is led by modifiable DLCs and
reductions are blocked by DLC 2.1 for all machines. More specifically, the reduction margin
for turbine 1A is blocked at ranking position 7, for turbine 3A at ranking position 20, and
for turbine 2A at ranking position 28. The analysis unveils potential reduction margins of tip
displacement between 8% (1A) and 21% (2A). These margins could be exploited in the design
of the blade, since maximum tip deflection is typically an important active design driver for the
spar caps.

Extreme loads: The analysis of the combined blade root moment ranking (Fig. 1b) leads
to similar conclusions. Indeed, DLC 2.1 is here also the first blocking DLC to appear for the
three turbines, with large potential reduction margins in machines 2A and 3A.
Combined bending moment at tower top (Fig. 1c) shows no potential margin for machine 1A,
and reduced margins for turbines 2A and 3A. This potential reduction could relax the buckling
constraint. No potential reduction margin is found at tower bottom (Fig. 1d), a load clearly
driven by blocking cases.

Fatigue: In the case of fatigue, only DLC 1.2 has to be considered according to the standards.
Thus, there are no blocking DLCs and fatigue reductions from LAC fully translate into relaxed
design constraints.
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Figure 1: Ranking position of the first appearing blocking case for different key quantities and
machines. Results are normalized with the maximum load of the respective turbine.
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4.3. LAC-induced reductions in blade and tower mass
For the LAC-based redesign of the turbines, the load-reduction coefficients of Table 2 are
applied to the loads resulting from initial non-LAC runs of all DLCs. Consequently, the design
parameters are varied until convergence of the SQP algorithm. This sequence of simulation,
application of reduction margins and optimization is repeated until convergence.
The LAC-based redesign leads to large reductions in tower mass and more modest savings in
blade mass, as reported in Fig. 2.

Tower: Both the 1A and 3A towers enjoy significant benefits from the large reductions in
fatigue and achieve a mass reduction between approximately 17% for the optimistic scenario
and approximately 5% for the pessimistic one.
The tower of the 2A machine presents a smaller improvement due to different active design
drivers. Indeed, this model presents an increased importance of the buckling constraints when
compared to the other turbines. Even though a potential reduction margin of 10% was found in
the load analysis for combined bending moment at tower top (Fig. 1c) —a load that may drive
the tower buckling behavior— this is not reduced by LAC according to the applied load-reduction
model (Table 2), and therefore cannot be exploited.

Blades: Modest reductions are achieved at the blades of all models and for all scenarios, due
to the moderate influence of LAC in design-driving constraints. Even though a large potential
margin was found for tip deflection, the applied LAC load-reduction model in Table 2 only allows
for a reduction of 2%.
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Figure 2: LAC-induced reductions in tower mass and blade mass. The confidence intervals show
the values for the optimistic (lower end) and pessimistic scenarios (upper end), introduced by a
correction factor.

4.4. LAC-induced reductions in LCOE
LAC-generated improvements not always translate into noticeable LCOE changes. For the 2A
turbine, low tower mass reductions in combination with the significant Lidar costs clearly lead
to an increase of LCOE. More interesting conclusions are obtained when analyzing the 1A and
3A machines.
While both machines present significant reductions in ICC, a different effect is observed in annual
operating expenses (AOE). Indeed, the additional expenses created by maintenance of the Lidar
system do not significantly increase the overall AOE for offshore machines, due to the already
high O&M expenses. For onshore machines, these costs play a larger role and increase AOE
by approximately 2%.the Additionally, AEP is slightly increased for both onshore and offshore
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machines. While turbine 1A achieves reductions between 0.5% and 2% in LCOE, for machine
3A a slight decrease of 0.5% is achieved with the best performing scenario.
The reduction in ICC reached by the blade redesign is generally not high enough to compensate
for the increase of AOE. Therefore LCOE increases for all onshore machines and slightly
decreases for the offshore machine.
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(a) LAC-induced redesigned tower
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Figure 3: LAC-induced reductions in Initial Capital Costs (ICC), Annual Energy Production
(AEP), Annual Operating Expenses (AOE) and Levelized Cost Of Energy (LCOE) for tower
(left) and blade redesigns (right). The confidence intervals show the values for the optimistic
(lower end) and pessimistic scenarios (upper end), introduced by the correction factor.

4.5. Cost sensitivity analysis
Finally, a cost sensitivity analysis is performed to understand how the purchase and maintenance
cost of a Lidar system can influence the reduction in LCOE. The analysis is performed on the
scenario with baseline LAC load-reduction coefficients.
In the case of the 1A machine (Fig. 4a), LCOE shows little variability when both purchase and
maintenance costs are modified. Larger effects are observed for the 3A machine (Fig. 4b). Here
an increase or redution of LCOE can be obtained by modifying the LAC system costs. Both
machines show modest reductions in LCOE, even with very low LAC costs, implying that a real
effect on LCOE can only be achieved by an improved LAC performance in some key loads.

5. Conclusions
This paper has presented a preliminary analysis on the potential benefits of considering LAC at
the first stages of wind turbine design. A first load analysis highlights an interesting potential
for the blade as well as for fatigue-driven tower designs. For instance, potential reduction mar-
gins of up to 20% are observed in tip deflection, as well as in the combined bending moment
at tower top. The current LAC systems are only partially exploiting the reduction potential of
these loads. Indeed, according to the load-reduction model considered here, blade tip deflection
is reduced up to 2% and combined bending moment at tower top is not reduced, leading to
negligible benefits for the rotor and buckling-driven towers. Fatigue-driven towers enjoy a more
significant effect, since fatigue is greatly reduced by LAC.
In terms of LCOE, the offshore machine shows the largest reductions for all considered systems.
This turbine significally benefits from the reduced influence of the additional LAC-based costs,
given the already high O&M and ICC figures. In this case, the purchase and O&M costs of
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(a) Machine 1A (b) Machine 3A

Figure 4: Sensitivity analysis of the effect of the purchase and O&M cost of LAC systems
on LCOE reduction for the offshore (1A) and onshore (3A) machines. The baseline costs are
indicated with a black circle.

Lidar do not play a large role in the overall achieved LCOE reduction. For the onshore machine,
the effect on LCOE shows a higher sensitivity to the performance and costs of a LAC system.

This study only partially explores the benefits of introducing LAC in the early stages of wind
turbine design. Indeed, even though this study gave some insight into how design differences in
the tower can influence the LAC-induced benefits, a deeper analysis of the design drivers should
be performed to get a more complete picture. Additionally, the list of analyzed DLCs should
be expanded to include other design conditions that occasionally result in design drivers, such
as DLC 1.4 (power production with extreme coherent gust with direction change) or DLC 1.5
(power production with extreme wind shear). Further work should also analyze the effects of
a reduced Lidar availability, since the current load-reduction model assumes an availability of
100%. Additionally, other applications of LAC should be explored. For instance, LAC-induced
lower loading could be exploited to increase hub height and gain power capture. Finally, it should
be remarked that the use of a generic load model implies some significant approximations, and
more precise conclusions could be obtained with the use of a Lidar simulator and a specific
controller implementation.
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5.2 Paper 11: Redesign of key properties utilizing Lidar-assisted control

5.2.1 Summary

In Paper 10, the structural elements - and thus the mass of tower and blades - have been re-optimized
for Lidar-assisted control (LAC), while the macroscopic dimensions and lifetime have remained
unchanged. The present publication extends this work by three additional re-optimization scenarios:

1. re-optimization of the tower structural elements with manually increased tower height while
keeping turbine lifetime unchanged;

2. re-optimization of the rotor structural elements with manually increased rotor diameter while
keeping turbine lifetime unchanged;

3. re-optimization of the tower structural elements with manually extended tower lifetime while
keeping the macroscopic dimensions unchanged.

In Scenario 1) and 2), the procedure is to increase the respective macroscopic dimension, optimize
the turbine with the default controller, and finally optimize the turbine with the LAC load reduction
model. For the large offshore turbine, a redesign with 15% higher tower leads to 2% higher annual
energy production (AEP), since the rotor is exposed to higher wind speeds at higher altitudes. Due to
the load reduction of LAC, this redesign is possible without significantly increasing the tower mass. For
small onshore turbines, the tower increase did not lead to a benefit in LCOE. Rotor increases neither
led to LCOE benefits since lower limits for material thicknesses are hit, and thus fatigue reduction
benefits cannot be exploited.

In Scenario 3), the lifetime constraint is manually increased, and consequently the tower is opti-
mized with the LAC load reduction model. For the large offshore turbine, again, the most promising
result was obtained: for a doubled turbine lifetime of 40 years with LAC, the tower mass still can be
reduced by 10%. Similar results also could be achieved with a smaller onshore machine.

General findings beyond the ones of Paper 10 are:

• Particularly for the tower, there is very high improvement potential via the reduction of fatigue,
but less via the reduction of ultimate loads.

• Among all redesign options with LAC, the design for higher lifetime is most promising.

5.2.2 Contribution

The author of this dissertation prepared the lidar load reduction model, and assisted in its application
in the design framework. HC led the research work, developed the design optimization, conducted
the design studies, and performed the analysis. CLB formulated the methodology and supervised
the work. HC and CLB wrote the paper. All authors provided important input to this research work
through discussions, feedback and by improving the manuscript.
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Abstract. This paper explores the potential benefits brought by the integration of lidar-assisted control (LAC)
in the design of a wind turbine. The study identifies which design drivers can be relaxed by LAC, as well as
by how much these drivers could be reduced before other conditions become the drivers. A generic LAC load-
reduction model is defined and used to redesign the rotor and tower of three representative turbines, differing in
terms of wind class, size, and power rating. The load reductions enabled by LAC are used to save mass, increase
hub height, or extend lifetime. For the first two strategies, results suggest only modest reductions in the levelized
cost of energy, with potential benefits essentially limited to the tower of a large offshore machine. On the other
hand, lifetime extension appears to be the most effective way of exploiting the effects of LAC.

1 Introduction

Wind turbines are highly dynamical systems, excited by
stochastic and deterministic disturbances from wind. Among
their various goals, wind turbine control systems aim at limit-
ing structural loads. In fact, lower ultimate and fatigue load-
ing can be exploited to reduce mass and cost or to design
larger and taller turbines that can generate more energy; in
turn, all these effects may lead to a reduction of the cost of
energy.

Traditional wind turbine controllers rely on feedback mea-
surements to drive blade pitch, generator torque, and yaw.
Since they operate based on the response of the system as ex-
pressed by live measurements, these controllers are only ca-
pable of reacting to wind disturbances that have already im-
pacted the wind turbine. This is an intrinsic limitation of all
feedback-based mechanisms: since control actions are based
on past measurements, the controller is always “late”, in the
sense that it reacts to events that are already taking place. To
improve on this situation, control systems can be augmented
with preview information, which informs the controller on
the wind that will affect the turbine in the immediate future.

Wind preview can be obtained from turbine-mounted light
detection and ranging (lidar) sensors, which are capable of
measuring various properties of the incoming flow field up to

several hundred meters in front of the rotor. Lidar-augmented
control strategies are generically termed lidar-assisted con-
trol (LAC).

Several LAC formulations have already been investigated,
and their performance in terms of power capture and load
mitigation are reported in the literature. Bossanyi et al.
(2014) describe a standard feedback controller enhanced by
a feedforward blade pitch branch enabled by lidar wind pre-
view. Results indicate promising reductions in blade flap and
tower fore–aft fatigue damage, without any appreciable loss
in power production. Similar benefits are described by other
sources such as, for example, Dunne et al. (2011, 2012). Ben-
efits have also been confirmed in the field (Schlipf et al.,
2013c), albeit to the present date only on a small research
wind turbine. Feedforward torque control strategies have
also been investigated; results indicate marginal increments
in mean power capture at the expense of high power and
torque variations (Bossanyi et al., 2014; Wang et al., 2013;
Schlipf et al., 2013). More advanced formulations, such as
nonlinear model-predictive controllers (Schlipf et al., 2013b)
or flatness-based controllers (Schlipf et al., 2014), have also
been enhanced with lidar wind preview information. Promis-
ing results were reported in terms of load reductions and
power increase, at the expense of a much higher computa-

Published by Copernicus Publications on behalf of the European Academy of Wind Energy e.V.

5.2. Paper 11: Redesign of key properties utilizing Lidar-assisted control 191



1326 H. Canet et al.: What are the benefits of lidar-assisted control in the design of a wind turbine?

tional cost, which makes real-time execution more challeng-
ing to achieve and test in the field (Scholbrock et al., 2016).

Even though the potential of LAC is widely recognized,
the system-level benefits that LAC may possibly bring to
the levelized cost of energy (LCOE) are still not fully un-
derstood. In general two strategies have been suggested for
reducing LCOE by LAC (Schlipf et al., 2018). The first is
the retrofit strategy, which consists in using lidars to extend
the lifetime of a wind turbine that has already been designed
and installed. For example, Schlipf et al. (2018) reported the
extension of the lifetime of a tower by 15 years. A second
strategy is the integrated approach, in which LAC is consid-
ered as part of the system from its very inception. The idea in
this second case is that, by considering LAC within the de-
sign process, its full potential can be realized by translating
the benefits of load reductions directly into an improved tur-
bine. Indeed, the adoption of a holistic system-level design
approach was identified as an opportunity to assess the cost-
benefit tradeoffs among turbine, lidar and control system by
two IEA Wind Tasks: Task 32 on wind energy lidar systems,
and Task 37 on systems engineering for wind energy (Sim-
ley et al., 2018, 2020).

This work aims at taking a first step in this direction,
providing an initial rough assessment of the potential ben-
efits of considering LAC in the sizing of the two primary
components of a wind turbine, namely the rotor and tower.
The present work refines and expands the study described in
Canet et al. (2020). In a nutshell, this study tries to give a
preliminary general answer to the following main research
questions:

– To which extent can design-driving constraints be re-
laxed by LAC?

– What is the best way of reaping the benefits brought by
LAC in the design of rotor and tower?

– To make LAC beneficial at the system level, is it neces-
sary to improve its performance or reduce its cost?

The present investigation intentionally does not commit to
a specific lidar hardware or control formulation. In fact, the
effects of LAC are considered here through a load-reduction
model, defined according to the average performance of
LAC systems reported in the literature. To understand trends,
rather than focusing on a specific case, this baseline aver-
age literature-sourced model is expanded to cover an opti-
mistic and a pessimistic scenario, thereby providing a range
of possible behaviors. The study is performed on three wind
turbines, which differ for wind class, size and power rat-
ing. These three reference machines are reasonable repre-
sentations of current wind turbines available on the market.
Clearly, the application of a literature-sourced range of load-
reductions to three very different machines cannot give final
and precise answers, which would require dedicated turbine
and control-specific analyses conducted with coupled LAC-
turbine simulations. However, the present approach offers a

way of obtaining an initial preliminary assessment of the po-
tential benefits of adopting LAC, and it helps pinpoint the
most promising applications that should be further analyzed.

The paper is organized as follows. Section 2 describes the
approach and the models used in the study, while Sect. 3 an-
alyzes the potential benefits of integrating LAC in the design
of the tower and rotor of three different reference wind tur-
bines. The study considers mass (and hence cost) reductions
of these two components, but also investigates the design of
towers that are taller or have a longer lifetime, including the
effects of the purchase and maintenance costs of the onboard
lidar system. Section 4 closes the paper by reporting and dis-
cussing the main conclusions of the study.

2 Approach

Figure 1 presents a graphical depiction of the approach used
in the present work. In a first phase, each turbine model is
analyzed using a baseline non-LAC controller. This analy-
sis highlights the benefits of reducing some design-driving
quantity, and indicates by how much that quantity could
be improved before another effect starts driving the design.
Based on this information, a second phase of the analysis ini-
tially considers each turbine equipped with a LAC controller,
and then exploits the obtained load-reduction benefits to per-
form a structural redesign. Finally, the improved design is
subjected to an economic analysis, whose goal is to estab-
lish tradeoffs between weight savings made possible by LAC
and the additional expenses due to the purchase and opera-
tion and maintenance (O&M) costs of the lidar. More details
on these analysis processes are provided in the next sections.

2.1 Assessment of potentially exploitable margins

Design-driving quantities are those key indicators that de-
fine active constraints, thereby affecting the design solution.
Design-driving quantities can be modified by LAC – or, more
in general, by any control or technological solution – only
to some extent, past which some other effect beyond the
reach of LAC becomes the driver, preventing further im-
provements. The extent by which a design-driving quantity
can be affected before another one becomes the driver is
called here a potentially exploitable margin (PEM). It is an
exploitable margin because, if it can be achieved, the design-
driving constraints can be relaxed and, therefore, the design
can be improved. It is, however, only a potential margin be-
cause it represents an upper bound: in fact, a smaller im-
provement might be actually obtainable by LAC than this
maximum limit.

A PEM is clearly a very valuable piece of information:
there is no point in using LAC to reduce a certain quantity
past the value where the driver switches to some condition
that is not controllable by LAC. In fact, any further reduc-
tion would be futile, as it would not affect the design-driving
constraints and therefore the final design.
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Figure 1. Approach overview.

These considerations clearly do not apply exclusively to
LAC but more in general hold for any technology that has the
potential to relax the design constraints of a system. There-
fore, the analysis of PEMs is an extremely useful exercise,
because

– it is able to highlight the possible design benefits
brought by the introduction of a new technology and

– it gives a target maximum margin of improvement that
that technology should bring.

In the context of the current analysis, the assessment of
PEMs is based on key quantities such as ultimate and fatigue
loads, and elastic deflections, which result from the aeroser-
voelastic simulation of a comprehensive set of design load
cases (DLCs) run with a non-LAC controller. DLCs repre-
sent the different operating conditions that a wind turbine
encounters throughout its lifetime, as defined by certification
standards (IEC, 2005).

For the purposes of this work, DLCs are classified in
two distinct groups: modifiable and blocking. In modifiable
DLCs, the maximum value of each key quantity depends on
the controller. For example, this is the case of loads obtained
in power production conditions (DLC 1.X). In fact, by modi-
fying the pitch–torque controller of the turbine, the response
of the machine changes, and consequently the loads that are
produced also change. On the contrary, in blocking DLCs the
key quantities are not affected by the controller. For instance,
this is the case of loads generated in parked conditions (DLC
6.X). In fact, as the pitch–torque controller is not active when
the turbine is parked, it clearly cannot influence the loads that
are generated in that condition. Table 1 presents a classifica-
tion of a selection of DLCs, including a description of the
corresponding operating condition.

PEMs are obtained via a two-step procedure.
First, the (active) design constraints that determine the siz-

ing of a given wind turbine component are identified; these

are termed design drivers or design-driving constraints. De-
sign constraints are introduced in the structural design pro-
cess of a wind turbine component to guarantee structural
safety during its lifetime, ensuring that admissible values for
stress, strain, and fatigue damage are never exceeded. Ad-
ditional constraints are enforced to guarantee a safe clear-
ance and to avoid collisions between the blade and tower,
to prevent buckling, and to ensure all other desired charac-
teristics from the resulting design (Bottasso and Bortolotti,
2019). These constraints are functions of the key quantities
resulting from the various DLCs, augmented by safety fac-
tors as prescribed by the norms. Other constraints, such as
those enforced to avoid resonant conditions, are not depen-
dent on DLCs.

Second, the maximum value of a key quantity is extracted
from each considered DLC. The values are then sorted in
descending order and labeled with the indication of the orig-
inating DLC. Each DLC is classified as modifiable or block-
ing. Clearly, the maximum value of a key quantity can only
be reduced by LAC if its ranking is led by a modifiable DLC.
The PEM is computed for each design-driving key quantity,
and it is obtained as the difference between the quantity max-
imum value and the value of the highest-ranked blocking
DLC.

2.2 Estimation of benefits through structural redesign

PEMs can be exploited to improve the structural design of
the wind turbine components that are driven by modifiable
DLCs. To this end, DLCs should be run again, this time using
LAC to yield new reduced values of the key quantities. How-
ever, as argued earlier on, instead of focusing on a particular
case, it is more interesting to perform an analysis that is less
specific and more general in character. To this end, a LAC
load-reduction model was used here instead of re-running
all DLCs with a given LAC in the loop. The load-reduction
model is simply represented by a set of multiplicative co-
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Table 1. Classification of a selection of the design load cases into modifiable and blocking (see text for a definition). NTM: normal turbulence
model; ETM: extreme turbulence model; ECD: extreme coherent gust with direction change; EWS: extreme wind shear; EOG: extreme
operating gust; EWM: extreme wind speed model.

Classification DLC Design situation Wind speed Wind profile Other condition

Modifiable

1.1 Power production Vin : Vout NTM
1.2 Power production Vin : Vout NTM
1.3 Power production Vin : Vout ETM
1.4 Power production Vrated± 2 ms−1 ECD
1.5 Power production Vin : Vout EWS
2.1 Power production Vin : Vout NTM Grid loss
2.3 Power production Vout, Vrated± 2 ms−1 EOG Grid loss

Blocking
6.1 Parked Vref EWM 50 year Yaw mis. ±8◦

6.2 Parked Vref EWM 50 year Grid loss
6.3 Parked Vref EWM 1 year Ext. yaw mis. ±20◦

efficients, which are defined for each key quantity associ-
ated with a modifiable DLC. Each coefficient expresses how
LAC affects a key quantity with respect to a non-LAC con-
troller; therefore, load reductions correspond to coefficients
smaller than one in the model. Clearly, such coefficients de-
pend on a multiplicity of factors, such as the specific control
formulation, the tuning of its gains, or the performance of
the lidar system. While a specific analysis is crucial when
actually designing a wind turbine and its control system, a
specific analysis also clearly hinders somehow the generality
of the results and conclusions that can be drawn from it. In
this spirit, a range of possible performances – in contrast to
a case-specific performance – is considered here by defining
different load-reduction scenarios. The load-reduction model
and additional scenarios are based on results sourced from
the literature, as more precisely discussed in Sect. 2.3.

The application of a LAC load-reduction model lowers
some of the key quantities, in turn deactivating the associ-
ated design-driving constraints. To exploit the slack gener-
ated by LAC in the formerly active constraints, a redesign is
performed to determine the structure that minimizes a desired
figure of merit while guaranteeing structural integrity, in turn
reactivating the constraints. After the redesign, an economic
evaluation reveals the potential gains in LCOE, as discussed
in Sect. 2.4.

2.3 LAC load-reduction model

The load-reduction model is based on a literature survey. The
study reported in Bossanyi et al. (2014) was chosen as ref-
erence, because it presents a comprehensive list of the ef-
fects of LAC for several key quantities of various compo-
nents. Additionally, that work was based on a rather standard
controller, which might be representative of an initial con-
servative deployment on production machines. The imple-
mentation used a simple feedforward collective pitch LAC
combined with a conventional feedback controller, applied

to a 5 MW turbine. The paper reports a significant reduction
of damage equivalent loads (DELs) resulting from DLC 1.2
for the blades, main bearing, tower top, and tower bottom.
Extreme loads resulting from extreme operating gust condi-
tions also experience significant benefits. On the other hand,
power capture – and hence annual energy production (AEP)
– is largely unaffected by this LAC implementation.

The load-reduction model derived from Bossanyi et al.
(2014) is reported in Table 2 for each component and mod-
ifiable DLC, in terms of percent changes with respect to a
non-LAC controller. In the table, F and M respectively indi-
cate force and moment components, expressed in the (x,y,z)
righthanded triad, where x points downstream, y is in the
crossflow direction, and z points vertically upwards. Com-
ponents not reported in the table experience either null or
negligible reductions.

The load-reduction model reported in Table 2 prompts a
few important remarks.

First, the model only includes DLC 1.1, 1.2, and 1.3,
which represent power production cases. In reality, these are
not the only DLCs that are modifiable – in the sense that they
can be affected by a change in the controller. In fact, addi-
tional modifiable DLCs are represented by DLC 1.4 (power
production with extreme wind direction), 1.5 (power produc-
tion with extreme wind shear), 2.1 (power production with
control system fault or grid disconnection under normal tur-
bulence conditions), and 2.3 (power production with con-
trol system fault or grid disconnection under extreme oper-
ating gusts). The first two of these DLCs are not consid-
ered in the LAC load-reduction model because they do not
typically generate design-driving loads, as further explained
in Sect. 3.1. The case of DLC 2.1 and 2.3 is, however, dif-
ferent: here, maximum loads are typically generated dur-
ing a shutdown, triggered by an extreme ambient condition
change, a fault, or a grid disconnection. When this happens,
the entity of the generated loads will be largely dictated by
the behavior of the shutdown procedure, which here is as-
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Table 2. Load-reduction coefficients based on Bossanyi et al. (2014), expressed as percentages with respect to a non-LAC controller.

Blade

Key quantity Fx Fy Fz Mx My Mz

DLC 1.2 DEL −3.8 % −0.1% −0.25 % −0.4 % −3.8 % −3.5 %

DLC 1.X
Extreme loads −2.0 %
Tip deflection −2.0 %

Main bearing

Key quantity Fx Fy Fz Mx My Mz

DLC 1.2 DEL −10.0 % −1.2 % −0.4 % −1.0 %
DLC 1.X Extreme loads

Tower top (yaw bearing)

Key quantity Fx Fy Fz Mx My Mz

DLC 1.2 DEL −12.0 % −0.1 % −2.1 % −2.0 % −1.8 % −0.2 %
DLC 1.X Extreme loads

Tower bottom

Key quantity Fx Fy Fz Mx My Mz

DLC 1.2 DEL −3.0 % 0.2 % −2.2 % −0.1 % −12.0 % −0.2 %
DLC 1.X Extreme loads −5.0 %

sumed not to be assisted by a lidar for safety reasons. On the
other hand, loads generated during a shutdown might also de-
pend to some extent on the state of the turbine at the time the
shutdown was triggered, which does depend on the behavior
of the LAC controller. A precise quantification of the effects
of LAC on these DLCs would therefore require simulations
with LAC in the loop, which are outside of the scope of the
present preliminary work.

This point, however, leads to a second, more general, ob-
servation: the model in fact includes both DELs and extreme
loads, neglecting lidar faults and assuming a lidar availabil-
ity of 100 %. While faults and availability (as long as it is not
excessively low) will not impact DELs significantly, the sit-
uation is much more complicated for extreme loads. In fact,
the malfunctioning of a lidar might in principle generate in-
creases in ultimate loads, compared to a non-LAC case. A
precise analysis of the possible faults and their consequences
is clearly not only complex, but also highly case-specific.
A mitigation of negative effects caused by faults could be
achieved, for example, through triple modular redundancy
(Koren and Krishna, 2020), which would, however, clearly
affect costs. A comprehensive analysis of these effects is out-
side of the scope of the present simplified study, and fault-
induced increases of ultimate loads are therefore neglected
here. Although this is an apparently strong assumption, in
the end it does not affect the results of this study. In fact, as
shown later, the benefits of the present LAC model on the
turbines considered here are confined to fatigue mitigation,
and hence only fatigue-driven components do benefit from

LAC in this study. At a more general level, one could won-
der whether system-level benefits could be obtained by using
LAC also for components driven by ultimate loads. While
this remains an open question for now – as the present work
is not able to provide definitive answers – it is clear that such
an approach drastically raises the bar in terms of the com-
plexity of the analysis and of the implementation, because of
its obvious safety-related implications.

Third, differences in the formulation and tuning of a LAC
controller will generally imply different reductions of key
quantities. To estimate these effects, the results obtained
from various authors were compared. The most complete
set of results was found for DLC 1.2 in terms of DELs for
fore–aft tower bending at tower bottom (FABMTB), flap-
wise blade root moment (FBRM), and shaft torsional mo-
ment (STM), as reported by Schlipf et al. (2014, 2015), Bot-
tasso et al. (2014), Haizmann et al. (2015), Schlipf (2016),
and Sinner et al. (2018). Table 3 reports the outcome of this
analysis. There is a significant scatter in the results, espe-
cially for DEL FBRM and DEL STM, because of the vari-
ety of controller formulations and target wind turbine mod-
els. For instance, for DEL STM Schlipf et al. (2014) re-
port a load reduction of 30 % using a flatness-based feed-
forward controller, while Schlipf (2016) reports an improve-
ment of 6 % when using a feedforward–feedback controller.
The lower values reported in Bossanyi et al. (2014) are most
likely caused by the utilization of a fairly simple controller.

The scatter shown in Table 3 motivates the definition of
two additional sets of coefficients that represent optimistic
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Table 3. LAC-enabled load reductions from Bossanyi et al. (2014)
compared to other references.

Bossanyi et al. (2014) Additional literature

DEL FABMTB −12% −16.4%± 9.1%
DEL FBRM −3.8% −13.4%± 6.6%
DEL STM −1.2% −11.8%± 9.3%

and pessimistic scenarios and provide a more general view
of the benefits of LAC. The optimistic scenario is obtained
by multiplying the baseline coefficients by a factor of 1.5,
whereas the pessimistic one is obtained by using a factor
of 0.5. Here again, it is worth remembering that the present
study does not target one specific LAC controller but aims at
understanding basic trends.

A distinction must be made between the application of
load-reduction coefficients to ultimate loads and deflections,
which is straightforward (with the caveat of the effects of
faults, as previously discussed), and to fatigue loads. The
former simply consists in the correction of the key quanti-
ties obtained by a non-LAC controller with the correspond-
ing coefficients of the load-reduction model. Combined loads
– for example, at tower base or at the main and blade pitch
bearings – are computed from the corrected individual load
components.

For fatigue damage, the following procedure is used. Site-
weighted DELs are computed as

DEL=
v=Vout∑
v=Vin

f (v)Leq(v), (1)

where f (v) is the Weibull probability density function at a
wind speed v, while the damage equivalent load at that same
wind speed is expressed as

Leq =

(∑n
i=1S

m
r, i

Neq

)1/m

, (2)

where m is the Wöhler coefficient, Sr, i is the load range of a
cycle i, n is the total number of cycles, and Neq is the equiv-
alent number of cycles (Hendriks and Bulder, 1995).

To compute LAC-reduced DELs, it is assumed that load
reductions are independent of wind speed and load range.
This way, the Weibull-weighted DEL reductions reported in
the literature can be applied directly to the load time histories
obtained here with a non-LAC controller by aeroelastic sim-
ulations. Clearly this is an approximation, as LAC-enabled
reductions generally depend on the wind speed, as reported
by several studies (Bottasso et al., 2014; Schlipf et al.,
2018, 2013). However, it was verified by aeroelastic analyses
that this assumption does not significantly affect the results
when the reduction coefficients are small, as those reported
in Tables 2 and 3. For example, with reference to Table 3,

considering the DEL FBRM reduction of −3.8 %, the differ-
ence in fatigue margin at the blade root between wind-speed-
dependent and independent reductions was found to be less
than 2 %; for the DEL FABMTB reduction of −12 %, the
fatigue margin difference at tower base was found to be ap-
proximatively equal to 5%. Given the character of this study,
these differences were deemed to be acceptable and well
within the margin of uncertainty of the analysis.

To complete the calculation of LAC-reduced DELs, tran-
sient combined loads are computed from the relevant compo-
nents (for example, combining fore–aft and side–side com-
ponents at tower base and similarly combining the associated
components at the main and pitch bearings) and then pro-
cessed by rainflow counting to obtain DELs, finally search-
ing for the point in the cross section of interest with the maxi-
mum damage. The computation of fatigue margin constraints
for the steel tower is performed following the European reg-
ulations (EN 1993-1-9, 2006).

2.4 Economic evaluation

During the redesign phase, the components are evaluated
from an economic point of view through suitable cost mod-
els, based on the characteristics of the wind turbine. The
2015 NREL cost model (NREL, 2020), which is an updated
version of the 2006 model (Fingersh et al., 2006), is used
for onshore machines, whereas the INNWIND cost model
(Chaviaropoulos et al., 2014) is used for offshore turbines.
The blade cost for both onshore and offshore models is com-
puted based on the SANDIA cost model (Griffith and Jo-
hans, 2013). All cost model estimates are expressed in 2020
Euros (EUR), inflated by the consumer price index and ex-
change rate. The comparison of the various designs is based
on LCOE, which is computed as

LCOE=
FCR · ICC

AEP
+AOE, (3)

where FCR [–] is the fixed change rate, ICC [EUR] the initial
capital cost, AEP [MWh] the annual energy production, and
AOE [EUR/MWh] the annual operating expenses.

2.5 Design and simulation environment

Aeroelastic analyses are performed with the blade element
momentum (BEM)-based aeroelastic simulator Cp-Lambda
(Bottasso et al., 2016), coupled with a conventional non-LAC
controller (Riboldi et al., 2012). The aeroelastic simulator
Cp-Lambda is also the core of the wind turbine design suite
Cp-Max (Bottasso and Bortolotti, 2019; Bortolotti et al.,
2016). This code can perform the combined preliminary op-
timization of a wind turbine, including both rotor and tower
sizing.

The optimization of the blade aeroelastic characteristics
can be divided into two coupled sub-loops, which size the ex-
ternal aerodynamic shape and the structural components. In
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this work, the aerodynamic shape of the blade is kept frozen,
and the rotor is redesigned only from the structural point
of view. The blade structural optimization algorithm aims at
minimizing cost while guaranteeing structural integrity and
other requirements by enforcing a set of constraints that in-
clude, among others, extreme conditions, fatigue damage,
buckling, tower clearance, frequency placement, manufac-
turability, and transportation. The optimization variables in-
clude the thickness of the structural elements (skin, spar caps,
shear webs) for given blade layout and materials. The iner-
tial and structural characteristics of each blade section are
computed with the 2D finite-element cross-sectional analy-
sis code ANBA (Giavotto et al., 1983).

The structural sizing of the tower aims at minimizing its
cost while satisfying constraints from extreme loads, buck-
ling, and fatigue damage, as well as geometric constraints
for manufacturing and transportation. The optimization vari-
ables include the diameter and thickness of the different
tower segments for given material characteristics.

The formal description of the design algorithms can be
found in Bottasso et al. (2012) and Bortolotti et al. (2016).
Optimization is based on sequential quadratic programming
(SQP), where gradients are computed by means of forward
finite differences.

3 Results

The potential benefits of adopting LAC in the early stages
of the design of the rotor and tower of different wind tur-
bines are analyzed next, following the approach described in
Sect. 2.

3.1 Reference machines

Three reference wind turbines are considered: WT1, an off-
shore class 1A developed in Bottasso et al. (2016) as an
evolution of the original DTU 10 MW reference wind tur-
bine (Bak et al., 2013); WT2, an onshore class 2A (Bor-
tolotti et al., 2016); and WT3, an onshore class 3A (Bor-
tolotti et al., 2019). The principal characteristics of these ma-
chines are reported in Table 4, while additional details can
be found in the corresponding references. These turbines are
reasonable representatives of current products available on
the market. The three machines have blades made of a glass-
reinforced polymer and towers made of thin-walled tubular
tapered steel sections.

Table 5 compares the three machines in terms of capi-
tal cost (CAPEX), operational expenses (OPEX), AEP, and
LCOE with some actual installations in the United States ac-
cording to Stehly et al. (2017). The cost breakdown is ex-
pressed in 2017 United States Dollars (USD), and CAPEX
does not include financial costs. The comparison shows a
good match between the costs of the onshore 2.2 MW WT2
turbine and the 2017 US land-based 2.32 MW machine. The
costs of the 3.4 MW WT3 turbine, even if slightly higher for

Table 4. Principal characteristics of the three reference turbines.

Turbine WT1 WT2 WT3

IEC class and category 1A 2A 3A
Rated electrical power [MW] 10 2.2 3.4
Type Offshore Onshore Onshore
Rotor diameter [m] 178.3 92.4 130.0
Specific power [W/m2] 400.5 298.3 252.4
Hub height [m] 119.0 80.0 110.0
Blade mass [t] 42.5 8.6 16.4
Tower mass [t] 628 125 553

some figures, are also in reasonable agreement with the US
reference. For the offshore case, a bottom-fixed 5 MW ma-
chine is compared to the 10 MW used in the present study.
Larger differences are found here, for instance in the OPEX
costs, due to the very different rating of the two turbines, al-
though the LCOEs are relatively similar.

3.2 Assessment of potentially exploitable design
margins

The present study considers a reduced set of DLCs (IEC,
2005), which are responsible for generating the design
drivers of these machines (Bottasso et al., 2016; Bor-
tolotti et al., 2016, 2019). The set includes power produc-
tion with normal turbulence (DLC 1.1 and DLC 1.2), ex-
treme turbulence (DLC 1.3), loss of electrical network in
normal turbulence (DLC 2.1), and with extreme operating
gusts (DLC 2.3). Additionally, parked conditions are also
considered in yaw misalignment (DLC 6.1), with grid loss
(DLC 6.2) and with extreme yaw misalignment (DLC 6.3).

3.2.1 Tower

A first analysis of the design-driving key quantities and con-
straints of the three towers unveils a significant potential that
could be exploited by LAC.

For the design constraint analysis, several cross sections
are considered along the tower height, where three local con-
ditions are evaluated: buckling, ultimate strength based on
von Mises stresses, and fatigue damage. Additionally, the
placement of the first fore–aft and side–side frequencies is
constrained to avoid crossing the one per rev at rated rotor
speed.

For simplicity of discussion, only results at the tower top
and bottom cross sections are shown in Fig. 2, where the con-
straint margins are displayed. These are formulated as the
relative difference between the local conditions and their ad-
missible values. A null value therefore indicates an active
constraint, whereas a positive value indicates a slack condi-
tion, i.e., a constraint that is satisfied but inactive.

Considering first the tower top section, Fig. 2a shows that
at this location the towers of WT1 and WT3 are driven by

https://doi.org/10.5194/wes-6-1325-2021 Wind Energ. Sci., 6, 1325–1340, 2021

5.2. Paper 11: Redesign of key properties utilizing Lidar-assisted control 197



1332 H. Canet et al.: What are the benefits of lidar-assisted control in the design of a wind turbine?

Table 5. Cost breakdown of the different reference models expressed in 2017 USD.

Cost [USD/kW]
Onshore Offshore

Stehly et al. (2017) WT2 WT3 Stehly et al. (2017) WT1

Rating [MW] 2.32 2.2 3.4 5 10

CAPEX [USD/kW] 1454 1297 1759 3846 4379
OPEX [USD/kW] 43.6 48.1 51.4 144 225
AEP [MWh/MW] 3633 3520 3866 3741 4500
FCR [%] 7.9 7.9 7.9 7.0 7.0

LCOE [USD/MWh] 43.6 42.9 49.2 110.5 118.1

Figure 2. Design constraints at tower top (a) and tower bottom (b).

fatigue, whereas buckling and strength are well below their
maximum allowed values. The design of this section can
therefore benefit from reductions in fatigue damage, which
is mostly produced by the modifiable DLC 1.2 (power pro-
duction in normal turbulence). On the other hand, the upper
section of the WT2 tower is driven by buckling, whereas fa-
tigue damage and ultimate strength are inactive. The PEM at
this position along the tower is related to the combined bend-
ing moment at tower top (CBMTT). The rankings of this key
quantity for the three turbines are shown in Fig. 3a. All val-
ues are normalized with respect to the leader, and, for clar-
ity, only the leading and first blocking DLCs are shown. The
ranking for WT2 is led by DLC 1.3, a modifiable DLC. The
first blocking DLC is 2.1, which appears at position 28 in the
ranking, leading to a PEM of about 20 %.

Considering the tower bottom cross section, Fig. 2b in-
dicates that all three towers are driven by fatigue. Load
rankings for combined bending moment at tower bottom
(CBMTB) are reported in Fig. 3b. Results show no poten-
tial reduction for the extreme-load constraints, since the load
rankings of the WT1 and WT2 towers are led by blocking

DLCs. A PEM of about 21 % is present for the WT3 tower,
which, however, cannot be exploited since extreme loads do
not drive the design at this section.

3.2.2 Rotor

Rotor design constraints include limits on the placement of
the lowest natural frequencies to avoid resonant conditions,
as well as a safe clearance with respect to the tower. Ad-
ditionally, several cross sections are considered along the
length of the blade, where upper limits for strains, stresses,
and fatigue damage are prescribed on the spar caps, shell, and
shear webs. An excerpt from this extensive set of constraints
is shown in Fig. 4; the shell, spar cap, and shear web con-
straints are shown only at the midspan section of the blade,
for simplicity of illustration.

The spar caps are the components that play the largest
role in dictating the overall blade mass, as they mainly pro-
vide the blade flapwise bending stiffness. The design of these
elements is driven by the blade-tower clearance constraint,
which limits the maximum blade tip displacement (Fig. 4a).
On the other hand, stress, strain, and fatigue constraints are
all inactive (Fig. 4b). The tip displacement rankings, shown
in Fig. 5a, indicate a significant reduction potential for all
turbines, since they are all led by modifiable DLCs. This key
quantity for all three turbines is first blocked by DLC 2.1,
leading to PEMs between 8 % (WT1, ranking position 7) and
21 % (WT2, ranking position 28).

The sizing of the shell is mainly driven by the fatigue dam-
age constraint (Fig. 4c). This is also the main driver in the
design of the shear webs, which are elements made of sand-
wich panels that carry shear. Fatigue damage is driven by the
modifiable DLC 1.2. However, here the reduction potential is
limited by technological constraints that bound from below
the thickness of these elements. The load ranking of the com-
bined blade root moment (CBRM) is shown in Fig. 5b, high-
lighting potential reductions. Indeed, all turbines are again
first blocked by DLC 2.1, with large PEMs for WT2 (25%,
ranking position 2) and WT3 (30 %, ranking position 3).
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Figure 3. Ranking of normalized combined bending moment at tower top (CBMTT) (a) and tower bottom (CBMTB) (b), for the three
turbines. Only the leading and first blocking DLCs are shown.

Figure 4. Rotor design constraints for tip displacement and frequency placement (a). For a midspan section of the blade, design constraints
at the spar caps (b), shell (c), and shear webs (d).

3.3 Estimated benefits through structural redesign with
LAC

This section aims at quantifying the benefits of integrating
LAC within the design of the blade and tower of the three ref-
erence wind turbines. To this end, the rotor and tower of each
turbine are reoptimized, considering loads and elastic de-
flections as reduced by the coefficients of the load-reduction
model (Table 2) and the additional optimistic (values incre-
mented by 50 %) and pessimistic (values reduced by 50 %)
scenarios. The economic evaluation is performed as indi-
cated in Sect. 2.4, considering a fixed change rate (FCR) of

7 %. It is further assumed that two lidar scanners have to be
purchased over a turbine lifetime of 20 years. This results in
an additional EUR 100 000 of ICC. Furthermore, the AOE in-
cludes an additional EUR 2500 per year of lidar O&M cost.
These costs have been estimated based on input from two
major lidar manufacturers and only include hardware-related
costs. Due to a lack of information, the costs of development
or licensing of LAC control software, related commissioning,
and software maintenance have been neglected.

https://doi.org/10.5194/wes-6-1325-2021 Wind Energ. Sci., 6, 1325–1340, 2021

5.2. Paper 11: Redesign of key properties utilizing Lidar-assisted control 199



1334 H. Canet et al.: What are the benefits of lidar-assisted control in the design of a wind turbine?

Figure 5. Ranking of normalized blade tip displacement (a) and combined blade root moment (CBRM) (b) for the three turbines.

Figure 6. Effects of LAC on the redesign of the tower with respect
to the initial baselines. Solid bars: load-reduction model of Table 2;
whiskers: range of the pessimistic and optimistic scenarios.

3.3.1 Tower redesign

Figure 6 reports changes in the LAC-based redesigned tow-
ers with respect to the initial baselines, when the tower height
is held fixed. The solid color bars correspond to the nominal
load-reduction model, while whiskers indicate the effects of
considering the pessimistic and optimistic scenarios. To en-
sure direct comparability with the baselines, the redesigned
towers are considered to be made of several thin-walled tubu-
lar tapered steel sections. Additional geometric constraints to
ensure realistic tower shapes are also considered.

Both towers of WT1 and WT3 enjoy significant bene-
fits from large reductions in fatigue damage, which decrease
mass between 5 % for the pessimistic scenario and 17 % for
the optimistic one. In turn, the lighter weight induces signif-
icant reductions in the ICC of both turbines. On the other
hand, annual operating expenses (AOE) show a different

behavior. Indeed, the additional expenses generated by the
maintenance of a lidar system do not significantly add to the
already high O&M costs of the offshore turbine WT1. For the
onshore machines WT2 and WT3, where these costs play a
larger role, AOE increases by approximately 2 %. For all tur-
bines, AEP is essentially unaffected. In the end, the combi-
nation of these various effects produces a reduction in LCOE
of about 1.2 % for WT1 and a very slight increase of 0.1 %
for this same figure of merit for WT3 (Fig. 6).

The WT2 tower presents a different trend. Indeed, the up-
per segment of this tower is driven by buckling, and CBMTT
presents a significant PEM of about 20 % (see Fig. 3a). How-
ever, this PEM cannot be exploited, since the LAC load-
reduction model (Table 2) does not affect extreme loads at
tower top. As a consequence, the redesign is only capable of
a limited mass reduction that, in combination with the signif-
icant lidar costs, leads to an increase in LCOE.

3.3.2 Taller tower redesign

Instead of reducing tower mass (and hence cost), LAC-
enabled improvements in fatigue damage and ultimate loads
can be exploited to design taller towers. In fact, by reach-
ing higher above the ground, the rotor is exposed to faster
wind speeds, thus increasing AEP; thanks to LAC, this can
be achieved without significantly increasing the cost of the
tower. To explore the effects of this concept, towers of in-
creasing heights were designed. The study assumes that LAC
performance does not depend on tower height. To ensure di-
rect comparability, the redesigned towers are also considered
to be made of several thin-walled tubular tapered steel sec-
tions. The corresponding geometrical constraints are there-
fore also included in the redesign problem.

The study is here performed in two steps. First, the tower
structure is sized with a non-LAC controller for a given
height. The design objective is minimum mass, constrained
to guarantee structural integrity. Next, the resulting tower de-
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sign is reoptimized considering the different scenarios of the
LAC load-reduction model, exploiting the slack that it gener-
ates in some design-driving constraints. The procedure is re-
peated for increasing tower heights until no further improve-
ments are possible or an upper limit of 15% height increase
with respect to the baseline is reached.

The effects on mass, ICC, AEP, AOE, and LCOE for the
three reference machines are reported in Fig. 7.

Different trends are observed for the three turbines. The
tower of the offshore machine shows a large potential: for
each of the analyzed heights, mass reductions with respect to
the non-LAC configuration always translate into decreases in
ICC. At the same time AEP increases, whereas AOE remains
mostly constant due to the already high O&M costs. LCOE
decreases gradually as tower height is increased. However,
most of the gains are already achieved for a height increase
of 5 %, which is associated with an LCOE decrease of about
1.5 % (Fig. 7e).

An opposite trend is obtained with the tower of WT2: be-
cause of its different design drivers, this machine does not
benefit from a taller tower, as already noted in Sect. 3.2.1.
However, the trend indicates that some LCOE improvements
might be possible for very tall towers, which were, however,
deemed unrealistic past the upper bound of a 15 % height in-
crease.

Similarly, a taller tower appears not to be very promising
even for the onshore fatigue-driven WT3 turbine, although
for different reasons. Here, although a 5 % height increase
lowers tower mass and ICC and improves AEP by about 2 %,
these benefits are offset by an increase in AOE, resulting in
marginal – if not completely negligible – benefits in LCOE.

3.3.3 Tower redesign for longer lifetime

Instead of aiming for less expensive or taller towers, as done
so far, yet another way to try and exploit the load benefits
brought by LAC is to extend the tower lifetime. In this case,
the baseline towers are first designed for a 20-year lifetime
based on the key quantities resulting from a non-LAC con-
troller. Here again, the towers are redesigned for increasing
lifetime in two steps. First, the tower structure is sized with a
non-LAC controller for a given lifetime. Next, the resulting
tower is reoptimized based on key quantities modified by the
LAC load-reduction model (Table 2). WT2 is excluded from
this analysis, because of the very limited relevance of fatigue
in the sizing of its tower, as shown earlier. To ensure direct
comparability with the baseline, the redesigned towers are
considered to be made of several thin-walled tubular tapered
steel sections, and the corresponding geometrical constraints
are included in the sizing.

The tower mass of both WT1 and WT3 increases sub-
stantially when sizing for a longer lifetime without using
LAC. This negative effect is very nicely counteracted by the
use of LAC. Figure 8 reports mass changes generated by
LAC for increasing lifetime; all results are computed with

respect to initial non-LAC 20-year baselines. At a lifetime of
40 years, which is double the conventional life duration, the
tower mass of WT1 is still 10 % lower than for the non-LAC
20-year case. The effect is similar, although a bit less pro-
nounced, even for WT3: for a lifetime of 40 years with LAC,
this tower has in fact nearly the same mass of the 20-year
non-LAC design.

It should be remarked that these trends are obtained un-
der the assumption of a 100 % lidar availability; addition-
ally, because of the approximations implicit in the assumed
load-reduction model, these results can only be regarded as
preliminary rough trends. However, the use of LAC to de-
sign towers with longer lifetimes seems to be much more
promising than the alternative strategies of aiming for re-
duced costs or improved AEP by taller towers. Indeed, the
trends shown here are in line with the results reported in
Schlipf et al. (2018), which estimated a 15-year extended
lifetime for a tower without redesign. Additionally, since the
tower cost plays a large role in ICC, reductions in LCOE
could be expected by the installation of towers with a longer
lifetime. Alternatively, the towers could be reused to support
more modern rotor-nacelle assemblies, playing the role of
long-term support structures that do not necessarily have to
be upgraded at the same pace of the rest of the turbine.

3.3.4 Rotor redesign

Only rather modest mass reductions are achieved for the
blades of all models and for all scenarios, due to the mod-
erate influence of LAC in design-driving constraints. The sit-
uation is more precisely illustrated by Fig. 9, which shows
the largest improvements for WT1 and essentially no effect
for WT2.

Indeed, the LAC load-reduction model reported in Table 2
shows a larger effect of LAC in fatigue damage mitigation
than in the reduction of ultimate loads and deflections. Al-
though shell and shear webs are both driven by fatigue, they
are already thin structures with limited reduction potential
before technological constraints on their thickness become
active. In turn, this leads to the fatigue PEMs not being fully
exploited. The design of the spar caps is also not significantly
affected by LAC. In principle, a significant PEM is present
for tip deflection, but unfortunately here again the LAC load-
reduction model has only modest 2 % improvements for this
key quantity. Additionally, as previously noted, the exploita-
tion of the reduction of an ultimate condition by LAC raises
important issues related to safety and might imply drastically
increased costs to ensure redundancy.

For all three turbines, the reduction in ICC generated by
the use of LAC in the redesigned rotors is not significant
enough to compensate for the increase in AOE. Therefore,
LCOE increases for all onshore machines and decreases in a
negligible way for the offshore turbine.
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Figure 7. Effects of LAC on the redesign of towers of increasing height with respect to the initial non-LAC baselines. Solid bars: load-
reduction model of Table 2; whiskers: range of the pessimistic and optimistic scenarios. The study considers increments of +5 %, 10 %, and
15 % in tower height for WT1; an increment of 5 % in tower height for WT2; and increments of 5 % and 10 % in tower height for WT3.

Figure 8. Effects of LAC on the redesign of towers of increas-
ing lifetime with respect to 20-year non-LAC baselines. Solid bars:
load-reduction model of Table 2; whiskers: range of the pessimistic
and optimistic scenarios.

3.4 Cost sensitivity analysis

Finally, a sensitivity analysis is performed to understand to
what extent the purchase and maintenance costs of a lidar
system can influence the reduction in LCOE. Baseline val-
ues of EUR 100 000 and EUR 2500 per year, respectively
for purchase and maintenance, are gradually modified until
reaching the limit of ±100% variations. It is assumed that
lidar-related yearly maintenance costs are constant through-
out the wind turbine lifetime and are therefore not affected by
external factors, such as the replacement of the lidar system.

Figure 9. Effects of LAC on the redesign of the rotor with respect
to the initial baselines. Solid bars: load-reduction model of Table 2;
whiskers: range of the pessimistic and optimistic scenarios.

Purchase price includes both the cost and the number of lidar
systems required throughout the wind turbine lifetime. The
analysis considers the nominal LAC load-reduction model
of Table 2 applied only to WT1 and WT3, as WT2 did not
seem to have any real potential for improvement. Clearly, re-
dundancy to ensure safety would significantly increase all of
these costs.

It should be noticed that purchase and maintenance costs
are treated here as two independent variables. In reality, pur-
chase price could be correlated with performance, and there-
fore it might affect load reductions. Additionally, purchase
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price could be correlated with maintenance: a higher cost
of the lidar could imply a more sophisticated device, which
might be more costly to maintain, but it could also be cor-
related with build quality, which then might be inversely
related to maintenance cost. Such considerations would re-
quire a sophisticated cost model of the lidar, which was,
however, unfortunately not available for this research. The
present analysis, being based on the simple change of the
two independent quantities, purchase and maintenance costs,
could then be interpreted as a price positioning study, where
the lidar manufacturer tries to understand the correct price
range for the device to make it appealing to customers.

Figure 10a shows that only a modest effect in LCOE can
be achieved for WT1 when purchase and maintenance costs
are modified. On the other hand, an-order-of-magnitude-
larger effect is observed for WT3 (Fig. 10b), where the in-
cidence of the lidar-associated costs is more prominent given
the smaller size and rating of this turbine.

Break-even is indicated in both figures as a dotted line, lo-
cated in the white area that separates reductions (blue) from
increments (red) in LCOE. The break-even line is almost per-
pendicular to the purchase cost axis, implying a large sensi-
tivity of LCOE to this quantity. The figure shows that re-
ductions in purchase costs appear more effective than reduc-
tions in O&M costs. This seems to indicate that lidar man-
ufacturers should try to keep the cost of the device as low
as possible. The fact that maintenance costs are less rele-
vant might indicate that simple and cheap lidars – although
possibly a bit more expensive to maintain – would be more
appealing than sophisticated but expensive ones. Cheap sin-
gle units, as long as availability remains sufficiently high,
might also be very interesting from the point of view of re-
dundancy, which might open up the possibility of exploiting
ultimate load reductions. However, as noticed earlier, more
sophisticated models – capable of capturing the couplings
among purchase price, performance (including availability),
lifetime, and maintenance – would be necessary to identify
economically optimal development strategies for lidar sys-
tems.

Overall, results indicate that only modest reductions in
LCOE are possible, even with very low LAC-based costs.

4 Conclusions

This paper has presented a preliminary general analysis on
the potential benefits of integrating LAC within the design
of the rotor and tower of a wind turbine. The design was
performed as a constrained optimization based on aeroelas-
tic simulations, conducted in close accordance with interna-
tional design standards.

The benefits generated by the use of a lidar for control-
ling a turbine were quantified through a load-reduction model
sourced from the literature, considering an average perfor-
mance of the lidar-assisted controller and additional pes-

simistic and optimistic scenarios. This approach, in contrast
to the use of an actual lidar-assisted controller in the loop,
was chosen in order to draw conclusions on general trends
rather than on the effects of a specific LAC implementation.
Realizing that any such redesign exercise is typically highly
problem-specific, the study was conducted considering three
representative turbines of different class, size, and rating.

Based on the results of this study, the following conclu-
sions can be drawn.

First, a significant improvement potential was observed
when the design is driven by fatigue. Indeed, fatigue damage
is primarily generated in power production in turbulent wind
conditions. Here, the lidar-generated preview of the wind that
will shortly affect the rotor is clearly beneficial: as the con-
troller “sees” what will happen, it can anticipate its action.
This is in contrast to the case of a pure feedback controller
that, since it can only operate in response to a phenomenon
that has already taken place, is by definition late in its reac-
tion. In turn, the lidar preview information leads to a general
reduction of load fluctuations and hence of fatigue damage.

On the contrary, the improvement potential is only very
limited for components driven by ultimate conditions (such
as maximum stresses, strains, or blade tip deflection). In-
deed, these ultimate conditions cannot always be modified
by LAC. In addition, even when LAC plays a role, other
factors may have an even larger effect; for example, this is
the case of shutdowns, where the pitch-to-feather policy may
have a dominant role in dictating the peak response. But even
when LAC does improve design-driving ultimate conditions,
an even more general question still remains: shall one design
a component based on an ultimate condition that was reduced
by LAC? If so, what are the extra precautions that should be
taken in order to hedge against faults, inaccuracies, misses, or
unavailability of the lidar? These issues were not considered
here, which is a limitation of the present study. However, it
is possible that – at least in some of the cases analyzed in
this work – the improvements to ultimate conditions brought
by LAC would have to be completely discarded when these
additional aspects are considered or where extra costs have
to be added, for example, to ensure redundancy by the use of
multiple lidars.

It was also found that, for fatigue-driven towers, signifi-
cant benefits in mass (on average equal to about 12%, for
the cases considered here) can be obtained by the use of a
LAC controller. However, these benefits are largely diluted
by looking at the more general metric LCOE. In fact, only a
large offshore machine showed improvements for this figure
of merit: since O&M costs are already high for an offshore
turbine, the extra costs due to the lidar play a lesser role. For
smaller turbines the situation is different, and the benefits in
mass do not repay for the costs of the lidar.

Instead of simply reducing mass, LAC can be used to ei-
ther increase hub height (which increases power capture in
sheared inflow) or to extend lifetime. Both approaches were
considered here. The most interesting results were again ob-
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Figure 10. Percent variation of LCOE (shown in the color bars) as a function of purchase and O&M costs of LAC systems for the offshore
machine WT1 (a) and the onshore machine WT3 (b).

tained for fatigue-driven offshore towers. Indeed, a 15%
taller tower was found to present approximately the same
mass of the baseline, but with a 2% higher AEP. Even more
interestingly, a LAC-enabled tower was designed with dou-
ble the lifetime and 10 % less mass than the baseline.

The situation for the rotor is less promising. In principle,
spar caps – which are the main contributors to blade mass
– could greatly benefit from LAC when tip deflection is the
main driver. Here again lidar preview can clearly help when
maximum deflections are triggered by strong wind gusts. On
the other hand, stiffness requirements caused by the place-
ment of the flap frequency can substantially reduce this mar-
gin of improvement, as this is a blocking effect. Additionally,
one would have again to guarantee that the safety-critical
tip clearance constraint is always satisfied during operation,
which might require redundancy of the lidar or other safety
measures. Shear webs and shell are often driven by fatigue, a
condition that could in principle be exploited by LAC. How-
ever, the improvement potential is limited due to the already
limited thickness of these components. In summary, the inte-
gration of LAC into the design of the rotor does not seem to
lead to significant benefits in terms of LCOE.

Finally, a simple parametric study on the purchase and
O&M costs of a lidar system was performed. As previously
observed, the study shows that LCOE is largely independent
from the LAC purchase and O&M costs in the offshore case.
Although a larger effect is visible in the onshore case, im-
provements in LCOE caused by reductions in the lidar costs
are still quite modest. This might indicate that, instead of
targeting price reductions, lidar research and development
should focus on performance. On the other hand, significant
price reductions might allow for redundancy, which in turn

would enable the targeting of drivers based on ultimate con-
ditions.

The present work is based on a number of assumptions,
and further work should be performed before more defini-
tive conclusions can be drawn. First, only three turbines were
considered; although these machines are reasonable approx-
imations of contemporary products, it is clear that design
drivers are typically turbine specific, and a more ample range
of cases should be investigated. Additionally, only the con-
ventional configuration of thin-walled steel towers with cir-
cular tubular tapered sections was considered. This config-
uration presents important geometric constraints that impact
the benefits of LAC. Second, there was no attempt here to
consider lidar availability, faults, and possible redundancy;
an analysis of these aspects would help in clarifying whether
LAC-enabled reductions in ultimate conditions can indeed
be exploited in the structural redesign of the blade and the
tower or not. Finally, it should be remarked that the use of
a generic load model implies some significant approxima-
tions. Although this was done here on purpose with the goal
of making the study more general, it is also clear that the
performance of different LAC systems can be very differ-
ent, depending on the lidar characteristics and on the con-
troller formulation and tuning. Therefore, here again, more
specific studies based on fully coupled simulations should
be performed to further explore the trends reported here and
find additional niches of applicability of LAC missed by the
present general analysis.

Notwithstanding the limitations of this study, in the end
it appears that the answer to the question of whether LAC
is beneficial or not might not be so clear-cut, and in real-
ity the situation is much more complex and varied (and also
interesting). In hindsight, this is also a useful reminder that

Wind Energ. Sci., 6, 1325–1340, 2021 https://doi.org/10.5194/wes-6-1325-2021

204 Chapter 5. Integrated design



H. Canet et al.: What are the benefits of lidar-assisted control in the design of a wind turbine? 1339

apparently obvious improvements do not always necessarily
translate into real system-level benefits. For example, reduc-
ing some loads might be irrelevant if the design is driven by
other factors or might not pay off if the cost of that reduc-
tion neutralizes its benefits. This also stresses once more the
central importance of systems engineering and design for the
understanding of the true potential of a technology.
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CHAPTER 6

Discussion & Outlook

In the following, the highlights of the present dissertation are discussed and further linked. On the
basis of that, an outlook towards future research directions is provided.

6.1 Discussion

In the present work, the vision has been pursued that devices are aware of their fatigue behavior, and
utilize this information to optimally balance revenue and fatigue. Based on this vision, the online
estimation of fatigue has been improved, novel formulations for Model Predictive Control (MPC) of
fatigue have been developed, and the integrated design scenario has been investigated. This research
has led to the following key achievements:

• For the first time, an online fatigue estimation procedure has been presented, which outputs
value-continuous fatigue information, and operates on arbitrarily small time steps.

• Also for the first time, a new family of fatigue cost formulations has been presented, which
directly implement the standard Rainflow-based fatigue estimation procedure in MPC, and even
consider stress information from the past.

• A glimpse of the broad applicability of the MPC formulations has been provided by successfully
controlling a high-fidelity wind turbine model, a complex battery model, and a challenging
hybrid energy system comprising both device models.

• Particularly, for the wind turbine, a comprehensive controller toolchain has been set up, com-
prising a Lidar simulator, Lidar data processing, a Moving Horizon Estimator, and a novel Model
Predictive Controller.

• The benefit of fatigue control in an integrated wind turbine design scenario has been demon-
strated.

Looking at the existing literature, and combining the results of all papers of the present dissertation,
the high-level questions can be discussed that have been raised in Section 1.2.2.

How far can wind turbine fatigue be reduced by control, and how much is needed?

For the wind turbine setup in Paper 7, a conventional MPC employing stress rate penalization [31, 32]
has reduced tower base fatigue by about 50% compared to a conventional PID controller [79]. The
novel PORFC MPC from the present dissertation can be tuned to achieve the same revenue and a
further fatigue reduction of about 5-10%. Note that in Paper 7 profit-optimality has been the goal,
which can lead to less fatigue reduction for the benefit of revenue increase.

Fatigue reduction can be utilized via a retrofit or an integrated design scenario [27], as explained
in Section 1.1.4. In both scenarios, fatigue reduction can be converted to lifetime extension of the
respective component, if the market setting allows for that. For instance, if all regions of the tower
experience at least 50% of fatigue reduction, inversely, lifetime can be doubled from 20 to 40 years. This
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considerable temporal order of magnitude is still in line with the literature, where lifetime extensions
of up to 15 years have been considered [80].

For the integrated design scenario, in terms of improvement potential by control, fatigue has a
clear advantage over other design constraints. The reason lies in the cumulative nature of fatigue in
contrary to the maximum evaluation of the other design constraints as for instance extreme stresses.
As shown in Papers 10 and 11, the other design constraints can be governed - or "blocked" - by non-
operational Design Load Cases as grid-loss or parked conditions. In these Design Load Cases, typically,
the operational turbine controller is not active, and improvements of the controller will not translate
to improvement of these design constraints. In contrast, fatigue is mainly driven by the operational
Design Load Cases, were the turbine controller has full impact.

In terms of actual design improvement for specific wind turbines by control, fatigue also is in a
good position. As shown in Paper 11, very often fatigue is a main design constraint for the important
components tower and blades. For all three turbines of this publication, at the tower bottom, fatigue is
the active constraint with significant margin to other constraints of buckling and ultimate strength.
Also for blade shell skin and shear web, the fatigue constraint is driving the design. Thus, during
the design optimization process, very frequently, fatigue reduction alone leads to significant benefits
before the other design constraints become important. And even beyond this point, further fatigue
reduction is beneficial in many cases.

To conclude, the novel formulations for Model Predictive Control result in significant further
fatigue reduction, which improves lifetime and design of wind turbines to a very large extent.

How can cyclic aging control influence operational profit of batteries, and when is it applicable?

For the battery setup in Paper 8, a conventional MPC employing a piece-wise affine cycle identification
model [35] has decreased total penalty by 10% compared to a conventional rule-based controller. Total
penalty is the sum of power mismatch penalty and aging cost, while profit is revenue subtracted by this
total penalty. The novel PORFC MPC from the present dissertation has further reduced total penalty by
13%. These benefits of both MPCs originate from accepting some mismatch penalty while significantly
reducing cyclic aging.

It should be noted that accepting power mismatch is not possible in every market scenario or
energy system setup. For instance in the German frequency regulation market, participating entities
are forced to supply exactly the demanded positive or negative power [81]. Consequently, for a single
battery there is no flexibility for balancing power tracking with cyclic aging. Instead, in Paper 8, the
US-American PJM frequency regulation market is targeted, where mismatch is permitted under some
constraints [82]. On the other hand, in a market like the German one, cyclic aging control also can
be useful if a further flexibility is introduced; for instance in the form of a second power generation
unit. This complex setting has been demonstrated in Paper 9 with a hybrid energy system comprising
one wind turbine and one battery energy storage system. Here, a single PORFC MPC has successfully
balanced wind turbine tower fatigue and battery cyclic aging, while ensuring a defined power supply
to the grid.

How do the simulation setups influence the results?

The wind turbine MPCs have been tested in both ideal and realistic simulation setups.
The core idealizations in Papers 2-5 have been the absence of plant-model mismatch, the measur-

ability of all states, and the perfect wind prediction. On the one hand, this ideal setup has enabled a
detailed understanding of the dynamic behavior of the novel MPCs. On the other hand, in the ideal
setup, the conventional and novel MPCs have differed only moderately in terms of profit (0.1-1%). The
reason is that, with perfect state predictions, all tested MPCs have been able to radically dampen the
tower oscillation, while maintaining a similarly high revenue level. Consequently, fatigue cost has been
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lower than revenue by about two orders of magnitude, and relative differences between the MPCs in
terms of fatigue have not translated to large differences in terms of profit.

A very different picture has been revealed for the realistic simulation setups, which have comprised
a high-fidelity plant model in Paper 6, and, additionally, estimated states and Lidar wind foresight
in Paper 7. These realistic setups pose significant challenges regarding fatigue reduction for the
controllers, leading to revenue and fatigue being in the same order of magnitude. Consequently, their
balancing is more important, and the controllers have more opportunities to stand out. Indeed, the
novel MPC formulation has been able to achieve impressive profit advantages of 1-5% by smarter
control of fatigue.

How and to which level of accuracy do the novel formulations represent fatigue?

The underlying physical mechanisms of mechanical fatigue occur at the microscopic level in the
form of micro-fissures, which grow and eventually become macro cracks. Thus, it should be noted
that the fatigue estimation procedure, built around Rainflow stress cycle identification, represents
only a macroscopic representation of the actual small-scale processes. However, the stress cycles
identified by the Rainflow algorithm still correlate to the energy that is injected locally by cyclic loading,
and eventually drives the crack growth [56]. Due to this sufficient level of coherence, and due to the
computational efficiency, the Rainflow-based procedure is accepted as the de facto standard for fatigue
estimation throughout science and industry [56].

The novel one-step fatigue estimation algorithm of Paper 5 utilizes the Rainflow algorithm and the
residue concept without modifications. Thus, no information is lost with respect to the original fatigue
estimation procedure, as demonstrated in the same paper.

For the existing and novel MPC fatigue cost formulations of Papers 2-5 and Section 2.2, there is a
more diverse picture. As shown in Fig. 6.1, fatigue - or a simplified metric - is integrated at different
points in the execution flow of the MPC; either as part of the system dynamics (Hybrid, PWA, TTVP),
as part of the MPC algorithm (DORFC, AP), or even externalized from the MPC algorithm (PORFC,
TORFC). Consequently, different proxies for cycle identification are employed in the cost functions,
leading to different proximity to the original fatigue estimation procedure:

• The MPC formulation employing a hybrid dynamical system (Hybrid) from Paper 5 is the
closest to physical fatigue, since it is based on the above mentioned one-step fatigue estimation
algorithm, which enables a continuous fatigue estimation over the prediction horizon.

• The formulation Direct Online Rainflow Counting (DORFC) from Paper 3 exhibits the same
accuracy as the Hybrid formulation, with the only difference of a batch-wise evaluation of the
added fatigue over the prediction horizon, instead of a continuous evaluation.

• The formulation Parametric Online Rainflow Counting (PORFC) from Paper 4 represents a
reformulation of DORFC. As stated in the same paper, PORFC exhibits only minor deviation
from DORFC in terms of absolute fatigue cost, but loses information in the second derivative
(Hessian) due to the decoupling of fatigue in time.

• The formulation Tracking Online Rainflow Counting (TORFC) from Paper 4 is a reformulation of
PORFC, where information is lost by condensing all stress cycle information to a time-varying
tracking reference and weight. However, TORFC contains still more fatigue information than the
formulation Amplitude Penalization (AP) from Paper 2, where a simple constant stress reference
is defined by stress mean.

• In contrast, the formulation employing a piecewise-affine cycle identification (PWA) from [35]
actually aims at identifying cycles. However, instead of the Rainflow algorithm, a simplified
algorithm is utilized, which is less related to actual fatigue.

• Last, the formulation employing stress rate penalization (TTVP) from [31] does not even consider
the quantity of stress, but rather stress rate, which has no direct relation to fatigue.
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Figure 6.1: Comparison of existing and novel (marked by *) fatigue cost formulations, which are closer to the
original fatigue estimation procedure towards the top, and simpler to implement towards the bottom.
The red box indicates the evaluation of fatigue or a related metric. Sys.Dyn. = solution of the system
dynamics. Optimization = solution of the optimization problem.

6.2 Outlook

The novel formulations for estimation and control of fatigue from the present dissertation have closed
research gaps, but also have opened up new interesting aspects to be investigated.

Alternatives to minimization of fatigue

The novel MPC formulations perform a minimization of fatigue, prioritized by a fixed weight.
However, so far, the MPC does not evaluate the success of its actions based on actual fatigue at the

real plant. This link could be established by employing a high-level controller similar to Do et al [83],
which compares the actual fatigue evolution at the plant to a nominal expected evolution, and adapts
the fatigue weight of the MPC accordingly. The link to actual plant behavior could also be established by
converting the fatigue-minimizing cost function to a fatigue-tracking cost function, where a situation-
based acceptable fatigue prognosis is tracked, which is provided by a high-level instance.

Finally, there are market settings, where the device is built already and its lifetime is fixed as well.
Thus, the controller simply has to ensure that end-of-life does not occur before end-of-design-life. For
this purpose, the fatigue cost function could be reformulated to a nonlinear constraint, continuously
keeping fatigue evolution below its nominal trajectory.

Improvements for the controller-internal models

The novel MPC formulations utilize internal system models, which are based on first-principle dy-
namics and data-driven elements, which have been identified offline. Consequently, the real plant
is represented with only limited accuracy. This gap could be closed by utilizing a more sophisticated
internal model, or by online model adaptation. A more sophisticated model can be achieved by re-
placing the first-principle dynamics with reduced-order models, derived from accurate Finite Element
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Models [29]. Online model adaptation can be achieved by extending the state estimator by a parameter
estimation, based on past measurements from the plant [84]. Alternatively, dedicated error terms can
be inserted in the model, and learned online based on measurements from the plant [85].

Additional realism for the assessments

The applications of the present dissertation have demonstrated controller performance in signifi-
cantly realistic simulation settings. However, clearly, these assessments can be improved further by
introducing more uncertainties or objectives in the simulations, or by moving to real test plants.

In the battery context, for instance, uncertain power demand predictions can be introduced.
Clearly, the fast battery typically is able to fulfill virtually any realistic power demand immediately.
However, the economical balancing of revenue and cyclic aging in the MPC will be challenged by the
uncertain demand prediction.

In the wind turbine context, apart from the important tower fore-aft oscillation, the novel fatigue
cost formulations can be simultaneously applied to the blades and the drive train. An application to
tower side-side oscillation is currently under investigation.

Finally, the novel wind turbine MPCs can be applied on small-scale wind turbine models in the
wind tunnel, or to full-scale turbines in the field. In terms of computational load, interestingly, the
small-scale wind turbine models are expected to entail higher challenges. Since their eigenfrequencies
are significantly higher, the controller sample time has to be reduced, which limits the solution time of
the MPC algorithm. A typical counter-action in this case would be the reduction of solution time by
decreasing the prediction horizon length. In this regard, an impressive result of the present dissertation
is that, in contrast to conventional MPCs, the novel MPCs comprising a stress history retain high fatigue
performance even with short prediction horizons.
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APPENDIX A

Model Predictive Control

In the present chapter, selected existing concepts in the domain of Model Predictive Control are
explained and compared. Instead of claiming completeness, a brief and rather application-focused
presentation is chosen.

A.1 Linear MPC & Nonlinear MPC

Many controlled plants are of nonlinear nature. However, MPCs for these plants can be set up based
either on a simplified linear or on a more realistic nonlinear model of the system dynamics. This
corresponds to Linear MPC (LMPC) or Nonlinear MPC (NMPC) formulations, respectively.

In LMPC, the system dynamics and constraints are linearized offline at the desired reference states.
During online operation, these linearizations become constraints of a Quadratic Program (QP). At
each control step, this QP provides new control variables which are applied to the plant system. An
advantage of LMPC is the reliable solution of this QP to its global optimum. However, this solution
does not necessarily reflect the best control action for the real nonlinear plant. A further disadvantage
of LMPC is the decrease of performance if the plant does not operate in close proximity to the desired
reference states. [86]

In NMPC, the nonlinear system dynamics and constraints are explicitly evaluated during online
operation, and become constraints of a Nonlinear Program. An advantage of NMPC is that the
performance does not systematically depend on the current position in the state space. A disadvantage
of NMPC is that the solution time of the Nonlinear Program is variable throughout subsequent MPC
steps, which renders real-time implementations being not straightforward. The challenge of variable
solution times is targeted in the subsequent section. [86]

A.2 Sequential Quadratic Programming & Real-time Iteration

A common method for solving NLPs is the Sequential Quadratic Programming (SQP) approach. Here,
the NLP is sequentially approximated by QPs. This procedure is repeated until convergence, which can
be very time-consuming. Thus, instead, all MPC implementations of the present dissertation are based
on the Real-Time Iteration (RTI) [86] approach. Here, instead of an entire SQP, only one QP is solved
at each control step. The RTI approach is based on the assumption that the optimization problems
vary only slowly over time. Thus, the QPs in subsequent MPC steps approximate an SQP, and each
individual QP solution can be assumed to be close to convergence. [86]

A.3 Simultaneous & sequential approach

The solution of the system dynamics and of the optimization problem can be performed simultane-
ously or sequentially. In the simultaneous approach, the solution of the system dynamics is split over
small time intervals in the prediction horizon. The initial states for each time interval are defined
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as extra optimization variables (see also Multiple Shooting approach). Additional constraints are
needed in order to ensure smooth trajectories of the system dynamics. This approach is advanta-
geous for highly nonlinear systems and if parallelization is intended. Main disadvantages are the
increased optimization effort and the chance of discontinuous state trajectories in case of convergence
problems. [64]

Alternatively, in the Sequential approach the system dynamics are solved in a forward simulation
over the entire prediction horizon; in this case no extra optimization variables or constraints are
needed. After solving the simulation, the optimization problem is set up and solved. [64]

A.4 Tracking & economic MPC

The simplest and, by now, most common formulation of MPC cost functions is the quadratic penal-
ization of deviation of the state trajectories from reference trajectories. This formulation represents
Tracking MPC. In contrast, for Economic MPC, arbitrary nonlinear functions are employed as cost
functions. Very often, these functions are based on revenue or profit considerations which defines the
name Economic. [87]

A.5 Stage & terminal cost function

Stage costs comprise a summation of state samples or a time integral of state trajectories over the
prediction horizon. Terminal costs are defined as functions of the state samples at the end of the
prediction horizon. [63]
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