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Abstract—Combined harnessing of electrical and thermal ener-
gies could leverage their complementary nature, inspiring the
integration of power grids and centralized heating systems in
future smart cities. This paper considers interconnected power
distribution network (PDN) and district heating network (DHN)
infrastructures through combined heat and power units and heat
pumps. In the envisioned market framework, the DHN operator
solves an optimal thermal flow problem given the nodal elec-
tricity prices and determines the best heat production strategy.
Variate coefficients of performance of heat pumps with respect
to different load levels are considered and modeled in a disci-
plined convex optimization format. A two-step hydraulic-thermal
decomposition method is suggested to approximately solve the
optimal thermal flow problem via a second-order cone program.
Simultaneously, the PDN operator clears the distribution power
market via an optimal power flow problem given the demands
from the DHN. Electricity prices are revealed by dual variables at
the optimal solution. The whole problem gives rise to a Nash-type
game between the two systems. A best-response decentralized
algorithm is proposed to identify the optimal operation schedule
of the coupled infrastructure, which interprets a market equilib-
rium as neither system has an incentive to alter their strategies.
Numeric results demonstrate the potential benefits of the pro-
posed framework in terms of reducing wind curtailment and
system operation cost.

Index Terms—Decentralized operation, district heating net-
work, market equilibrium, optimal thermal flow, optimal power
flow, power distribution network, power-heat interdependence.

NOMENCLATURE

Abbreviations

ACOPF Alternating current optimal power flow.
ADMM Alternating direction method of multipliers.
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CHP Combined heat and power.
CLMP Continuous locational marginal price.
COP Coefficient of performance.
DHN District heating network.
LMP Locational marginal price.
OPF Optimal power flow.
OTF Optimal thermal flow.
PDN Power distribution network.
SOCP Second-order cone programming.
TES Thermal energy storage.

Sets

SB Set of buses in PDN.
SL Set of heat loads in DHN.
Sloop Set of loops in the DHN
SN Set of nodes in DHN.
SP Set of pipelines in DHN.
SS Set of heat sources in DHN.
SB,d

i Set of downstream buses connecting to bus i.
SP,s

i Set of pipelines starting at node i.
SP,e

i Set of pipelines ending at node i.

Parameters

Cp Specific heat capacity of water.
CP

i Capacity of heat pump.
COPi Coefficient of performance of heat pump.
hL

i,t Energy demand of heat loads.
Lb Length of pipeline.
pd

i,t/qd
i,t Active/reactive power demands.

rij/xij Line resistance/reactance.
Ta

t Ambient temperature at period t.
γb Coefficient of pressure loss in pipeline.
ηc

i /η
d
i Efficiencies of heat charge/discharge in TES

units.
λb Heat transfer coefficient of pipeline.
μH

i Thermal loss rate of TES unit.
ρw Contract price of renewable energy.
ρH

P The price of electricity sell, which could be
either a constant or the LMP.

ρP
H The price of heat offered by CHP units in PDN.

�t Duration of period.
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Decision Variables

hc
i,t/hd

i,t Charge/discharge rate of TES units.
hP

i,t Thermal output of heat pump.
hS

i,t Generation of heat source.
lij,t/vi,t Square magnitude of line current/bus voltage.
LMPi Locational marginal price or nodal price.
ṁp,s

b,t /ṁ
p,r
b,t Mass flow rate in supply/return pipeline.

ṁS
i,t/ṁL

i,t Mass flow rate of heat source/load.
�ps

b,t/�pr
b,t Pressure loss in supply/return pipeline.

pi,t/qi,t Nodal active/reactive power injection.
Pij,t/Qij,t Active/reactive line power flow.
pg

i,t/pw
i,t Output of gas-fired generator/wind farm.

pgD
i,t /hgD

i,t Electric/thermal output of CHP unit in PDN.

pgH
i,t /hgH

i,t Electric/thermal output of CHP unit in DHN.
wH

i,t Thermal energy stored in TES units.

τ rp,i
b,t/τ rp,o

b,t Temperature at inlet/outlet of return pipeline.

τ sp,i
b,t/τ sp,o

b,t Temperature at inlet/outlet of supply pipeline.
τ sS

i,t/τ rS
i,t Supply/return temperature of heat source.

τ sL
i,t/τ rL

i,t Supply/return temperature of heat load.
τ sn

i,t/τ rn
i,t Mixture temperature at supply/return node.

I. INTRODUCTION

ENERGY is the foundation of human society and modern
life. Traditional fossil fuels have negative environmental

impacts and limited reserves. Under the transition to a green
and sustainable society, the mushrooming of renewable gener-
ations in power grids such as solar and wind power has been
witnessed worldwide during the past decades [1]. However,
renewable resources have not been fully utilized. In China,
the curtailment of wind energy reached 33900 GWh and the
curtailment rate was 15% in 2015 [2]. This is because large
wind farms are located at northeast and northwest provinces,
where the local electric power demands are relatively low,
and long-distance delivery of volatile renewable power may
impose great challenges on the system operation. Deploying
energy storage facilities helps resolve the uncertainty issue,
but remains a cost-intensive option. An up-to-date survey on
different energy storage technologies and the pertinent costs
can be found in [3].

In addition to managing energy production and consump-
tion solely in the power system, the multi-carrier energy
system [4]–[6] provides a new perspective on harnessing
the complementary nature of heterogeneous energy resources
more efficiently via energy system integration. In particular,
electricity delivery possesses a high efficiency while thermal
energy is easy to store. Furthermore, a large fraction of domes-
tic electricity is utilized for producing heat in vast areas with
long cold winters, such as north China and many European
countries. These facts inspire the integration of an electric
power grid and a heat supply network.

To unleash the synergy between electrical power and ther-
mal energy, coordinated operation of power grids and heating
systems becomes a hot topic in recent years [7], [8]. Actually,
combined heat and power generation has already been an
active research field for a long time. A centralized optimiza-
tion method is proposed in [9] for managing heat and power

productions with a detailed heat storage model; residential-
level energy management of thermal and electrical appliances
is studied in [10] and [11]. In above research, the network
model of heating system is neglected. Considering pipeline
model of district heating network (DHN) and heat transfer con-
straints, a general dispatch model for combined heat and power
(CHP) units is investigated in [12] to exploit the flexibility of
thermal system and reduce wind curtailment. Based on some
specific network models, a multi-scale thermal storage model
is proposed in [13] to reduce the primary energy consumption
and improve the economy in district heating systems; optimal
operation of DHN is investigated in [14] and [15] through
reducing costs of pumping and heat loss. Systematic model-
ing of a DHN, a pipeline network delivering heat-conducting
fluids, is comprehensively discussed in [16]. The formulation
incorporates both hydraulic conditions and thermal conditions.
The model in [16] has been further extended in [17] and [18]
by incorporating temperature dynamics, based on which com-
bined heat and power dispatch methods are proposed to exploit
thermal storage capabilities of pipelines and building tempera-
ture control. A similar framework is employed in [19] to study
unit commitment of the integrated heating and power system,
and a two-stage robust optimization approach is adopted to
cope with uncertain wind generation.

Most of aforementioned studies rely on a centralized opti-
mization paradigm. In current practice, power systems and
heating systems are managed by different entities, therefore,
decentralized decision making is highly desired. To this end,
a decentralized algorithm for combined heat and power dis-
patch is proposed in [20] based on Benders decomposition. At
each iteration, either an optimality cut or a feasibility cut is
sent to the power system operator according to the outcome
of thermal flow calculation, while physical data of the two
systems are kept private; no economic objective is pursued by
the heating system. A consensus based decentralized algorithm
is developed in [21], in which an alternating current optimal
power flow (ACOPF) subproblem for the power system and a
thermal flow optimization problem are solved alternatively. In
the thermal flow model, the heating system is approximated
by an equivalent circuit.

To the best of our knowledge, energy trading and market
issues in the heat-power energy systems have not attracted
much attention, and the reasons could be: i) thermal energy
is usually charged at fixed prices in traditional heating sys-
tems, and there is not much economic benefit from improving
production plans; ii) there is no clear market mechanism for
energy trading between the power system and the heat system;
iii) historically, coal-fired or gas-fired boilers are mainstream
heating sources, and the synergy of the two systems is not
prominent. However, the proliferation of CHP units and heat
pumps has been greatly promoting the share of electricity con-
sumption from heating devices in the total electricity demand,
and intensifies the interaction between the two systems. Recent
trends on power distribution system marketization [22] make
it possible and profitable to realize market-driven energy trans-
actions. Along this line, by extending the locational marginal
price (LMP) scheme to DHN, a heat-power spot market
is studied in [23], and the market equilibrium condition is
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formulated as a mixed-integer linear program; strategic bid-
ding of energy hub in heat-power market is discussed in [24]
and comes down to a mathematical program with equilibrium
constraints.

This paper focuses on multi-period operation of intercon-
nected power distribution network (PDN) and DHN. The
contribution is twofold.

1) We propose a two-step hydraulic-thermal decomposition
algorithm to solve the nonlinear and nonconvex optimal ther-
mal flow (OTF) model efficiently. In the OTF model, dynamic
changes of heat pump coefficient of performance (COP) with
respect to different load levels are considered, and the heat
pump cost is formulated in line with a disciplined convex
optimization format. Based on the loss analysis of pipelines,
we propose a heuristic method to determine proper hydraulic
conditions in DHN, as such the OTF gives rise to a convex
program. The proposed method can find a near global solution
very efficiently.

2) We propose a decentralized operation scheme for inter-
dependent PDN and DHN by leveraging the distribution
power market and time-varying nodal electricity prices. In the
proposed framework, PDN and DHN can be independently
operated by respectively solving an optimal power flow (OPF)
problem and an OTF problem, given the status of the other net-
work. The LMP is extracted from the dual variables associated
with an exact nonlinear OPF model. System-level interaction is
reflected by the fact that heat generation schedule changes the
electricity demand, which will further impact LMPs; LMPs in
turn influence the schedule of heat generation. The interaction
is captured by a Nash-type game; however, dual variables do
not appear in traditional Nash game models. A best-response
algorithm is proposed to identify the market equilibrium state,
at which neither system is willing to alter their strategies.
A tailored continuous LMP (CLMP) scheme is developed to
improve convergence performance and enhance market sta-
bility. Unlike the prevalent alternating direction method of
multipliers (ADMM) for distributed optimization, the pro-
posed algorithm is parameter-free and enjoys fast convergence
due to the adoption of CLMP.

Compared with [23] which aims to discuss market impacts
of elastic demands, no heat market exists in this paper. The
branch flow model is also employed in [23], while its lineariza-
tion depends on the special forms of two objective functions;
moreover, even if the equilibrium conditions can be applied to
the multi-period market in this paper, there would be a large
number of complementarity and slackness conditions which
quickly go beyond the capability of existing solvers. In this
paper, we propose an iterative algorithm which involves solv-
ing tractable second-order cone programs (SOCPs). A tailored
continuous LMP (CLMP) scheme is suggested to enhance
market stability.

This paper is different from [24] in three aspects. (i) From
the market structure, the market in [24] contains two levels;
the energy hub strategically bids offering prices and quan-
tities in the upper level, while the heating market and the
power market in the lower level are connected to the energy
hub but not directly connected to each other. In this paper,
the PDN and the DHN connect to each other directly, and

Fig. 1. Structure of the DHN.

there is no intermediate agent. Both situations can happen,
depending on the system structure and market organization.
(ii) From the mathematical formulation, the linearized branch
flow model is used in [24], and LMP is not involved; the bid-
ding problem comes down to a bilevel program. In this paper,
the exact power flow model is adopted, and electricity trans-
action follows LMPs; the market boils down to a single-level
Nash-type game. (iii) From the solution method, the bilevel
model in [24] is reformulated as a mixed-integer linear pro-
gram, while the market equilibrium in this paper is solved by
an iterative algorithm.

The rest of this paper is organized as follows. The OTF
problem and its two-step decomposition algorithm are intro-
duced in Section II; the OPF problem and distribution power
market clearing are described in Section III; the bilateral
electricity and heating market structure and the decentralized
operation scheme are set forth in Section IV; case studies are
presented in Section V; finally, conclusions are summarized in
Section VI.

II. THE OTF PROBLEM

A. Exact Formulation

A DHN consists of symmetric supply and return pipelines,
and Fig. 1 shows the typical topology of a DHN. At each
source (load) node, heat is injected into (withdrawn from) the
network via a heat exchanger between the supply side and
the return side. The network model is subject to hydraulic
conditions and thermal conditions [16].

Hydraulic conditions describe the mass flow and fluid
pressure in pipelines, which consist of the following formula:

1) Continuity of Mass Flow: For each node in the DHN,
the mass flows entering the node are equal to the mass flows
leaving the node.

∑

b∈SP,e
i

ṁp,s
b,t +

∑

j∈SS
i

ṁS
j,t =

∑

b∈SP,s
i

ṁp,s
b,t +

∑

k∈SL
i

ṁL
k,t (1)

∑

b∈SP,s
i

ṁp,r
b,t +

∑

k∈SL
i

ṁL
k,t =

∑

b∈SP,e
i

ṁp,r
b,t +

∑

j∈SS
i

ṁS
j,t. (2)

2) Fluid Pressure Balance: Due to the friction of pipelines,
the fluid pressure decreases along the pipe, and the pressure
loss is expressed as follows:

�ps
b,t = γb

(
ṁp,s

b,t

)2
,�pr

b,t = γb

(
ṁp,r

b,t

)2
(3)
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According to the principle of pressure balance, the pressure
loss in a closed loop is equal to zero.

∑

b∈Sloop

Kb�ps
b,t = 0,

∑

b∈Sloop

Kb�pr
b,t = 0 (4)

where Kb = 1 indicates that the direction of mass flow in
pipeline b is consistent with the loop direction; Kb = −1 indi-
cates that the direction of mass flow in pipeline b is opposite
to the loop direction.

Thermal conditions characterize relations among nodal tem-
peratures and thermal energy production/consumption, and
consist of the following formula:

3) Heat Source Model: Thermal energy provided by heat
sources is expressed as follows:

hS
i,t = cpṁS

i,t(τ sS
i,t − τ rS

i,t) (5)

Two kinds of heat sources are considered, which are CHP
units and heat pumps. A CHP unit produces electricity and
heat at the same time. This paper considers a general situation
that some CHP units are operated by PDN (CHP-PDN for
short), and others are operated by DHN (CHP-DHN for short).
We do not consider third-party owned CHP units. Such profit-
driven entity has been discussed in [24].

The feasible operation region of an extraction-condensing
CHP unit is normally a polytope [25]. The operation cost
of CHP-DHN is a bi-variate convex quadratic function in its
electricity and heat outputs:

CGH
i,t = a0

i + a1
i pgH

i,t + a2
i hgH

i,t

+ a3
i (p

gH
i,t )2 + a4

i (h
gH
i,t )2 + a5

i pgH
i,t hgH

i,t (6)

According to the study in [26], the COP of a heat pump
decreases with the increase in its output. We can approximate
this relation via a decreasing linear function

COPi = −a
(
hP

i,t/CP
i

)+ b (7)

In addition, heat pumps purchase electricity from PDN at the
LMP, so its operation cost is given as:

CPH
i,t = LMPih

P
i,t/COPi (8)

The DHN operator can buy heat from CHP-PDN units with
a contract price, and the corresponding cost is:

CGD
i,t = ρP

HhgD
i,t . (9)

4) TES Unit Model: Some heat pumps are equipped with
thermal energy storage (TES) units. When electricity is
cheaper, more heat can be produced and stored for future use.
The storage dynamics in a TES unit is expressed as follows:

wH
i,t+1 = wH

i,t

(
1− μH

i

)+
(

hc
i,tη

c
i − hd

i,t/η
d
i

)
�t. (10)

5) Heat Load Model: Heat consumption at a load node is:

hL
i,t = cpṁL

i,t

(
τ sL

i,t − τ rL
i,t

)
. (11)

6) Pipeline Model: Due to inevitable heat loss, the tem-
perature of fluid in pipelines drops along flow directions. The
relation between inlet and outlet temperatures of each pipeline
is established as:

τ sp,o
b,t =

(
τ sp,i

b,t − Ta
t

)
e
− λbLb

Cpṁ
p,s
b,t + Ta

t (12)

τ rp,o
b,t =

(
τ rp,i

b,t − Ta
t

)
e
− λbLb

Cpṁ
p,r
b,t + Ta

t . (13)

7) Temperature at Confluence Nodes: According to the
energy conservation law, when fluids with different temper-
atures come across at a confluence node, the temperature of
the mixture is calculated as:

∑

b∈SP,e
i

(
τ sp,o

b,t ṁp,s
b,t

)
+
∑

j∈SS
i

(
τ sS

j,tṁ
S
j,t

)

= τ sn
i,t

⎛

⎜⎝
∑

b∈SP,e
i

ṁp,s
b,t +

∑

j∈SS
i

ṁS
j,t

⎞

⎟⎠ (14)

∑

b∈SP,s
i

(
τ rp,o

b,t ṁp,r
b,t

)
+
∑

k∈SL
i

(
τ rL

k,tṁ
L
k,t

)

= τ rn
i,t

⎛

⎜⎝
∑

b∈SP,s
i

ṁp,r
b,t +

∑

k∈SL
i

ṁL
k,t

⎞

⎟⎠ (15)

In addition, the temperatures of leaving mass flows are equal
to the temperature during mixing at the node.

τ sp,i
b,t = τ sn

i,t, τ sL
k,t = τ sn

i,t (16)

τ rp,i
b,t = τ rn

i,t, τ rS
j,t = τ rn

i,t (17)

Let mh be mass flow variables and xh all other decision
variables of the DHN operator, then the OTF problem can be
formulated as follows:

min fOTF(xh)

s.t. Hydraulic constraints (1)-(4)

Thermal constraints (5), (10)-(17)

xh
L ≤ xh ≤ xh

M, mh
L ≤ mh ≤ mh

M (18)

where xh
L (xh

M) and mh
L (mh

M) are the lower (upper) bounds of
xh and mh, respectively. The objective function

fOTF =
∑

t

⎛

⎝
∑

i

CGH
i,t +

∑

j

CPH
j,t +

∑

k

CGD
k,t

⎞

⎠ (19)

is comprised of operation costs of CHP-DHN units and heat
pumps, as well as the payment for purchasing heat from the
PDN. OTF problem (18) is non-convex due to the fractional
cost function of heat pumps, products of mass flow and tem-
perature variables in constraints (5), (11), (14), and (15), as
well as exponential functions in constraints (12) and (13).
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B. An SOCP Approximation

1) Convexifying the Objective Function: The cost function
of heat pumps could be written in the following form:

CPH
i,t =

LMPihP
i,t

COPi
= bLMPi

(
CP

i

)2

a
(
bCP

i − ahP
i,t

) − LMPiCP
i

a
(20)

whose second-order derivative is

∂2CPH
i,t

∂
(
hP

i,t

)2 =
2abLMPi

(
CP

i

)2
(
bCP

i − ahP
i,t

)3 > 0, ∀hP
i,t ∈

[
0, CP

i

]
(21)

implying the convexity of heat pump cost function in its entire
feasible operation region. To state (20) in a disciplined convex
form, we omit the second term of CPH

i,t in (20), which is a
constant because LMP is fixed in OTF; then replace the first
term with an axillary variable σi,t, and include the following
inequalities in the constraints of the OTF problem:
∥∥∥∥∥

2
√

bLMPi(CP
i )2

a
σi,t − (bCP

i − ahP
i,t)

∥∥∥∥∥
2

≤ σi,t +
(
bCP

i − ahP
i,t

)
(22)

σi,t ≥ 0, hP
i,t ≥ 0, bCP

i − ahP
i,t ≥ 0 (23)

where (22) is a canonical second-order cone and (23) rep-
resents a polyhedral set, both of which are compatible with
SOCP solvers. In fact, (22) and (23) are equivalent to

σ ≥ bLMPi(CP
i )2

a(bCP
i − ahP

i,t)
, bCP

i − ahP
i,t ≥ 0 (24)

So we actually performed an epigraph transformation [27].
Please note that inequality bCP

i − ahP
i,t ≥ 0 does not affect

heat pump operation, because it is a natural consequence of
COPi > 0 according to (7). Compared with constant COP
which leads to a linear cost function, (24) introduces only
one second-order cone constraint and a linear inequality; other
OTF constraints remain the same. So the problem size does not
change much. It is revealed in [28] and [29] that the primal-
dual interior-point algorithm has O(

√
n) iteration-complexity

for both SOCP and LP, where n denotes the number of
constraints, implying that considering varying COP increases
model accuracy while brings little extra computational burden.

2) Approximating the Constraints: It is observed that when
mass flow variables are fixed, thermal constraints in the OTF
problem (18) become linearized. Next we present a method to
determine near-optimal mass flow rates based on network loss
analysis. The rationale rests on the energy conservation law:
the total heat production must be equal to the heat demand
plus pipeline losses. As the demand is fixed, one natural way
to cut down the cost is to reduce the losses.

The heat loss in a pipeline is expressed as follows:

�Qb
t = Cpṁp

b,t

(
τ

p,i
b,t − τ

p,o
b,t

)
(25)

Substituting equation (12) into equation (25) results in:

�Qb
t = Cpṁp

b,t

[(
τ

p,i
b,t − Ta

t

)(
1− e

− λbLb
Cpṁ

p
b,t

)]
(26)

Algorithm 1 Two-Step Hydraulic-Thermal Decomposition
1: Set all the temperatures of pipelines to the lower limits

and calculate the heat loss according to equation (27).
2: Optimize production plans of heat sources; the total output

is equal to the summation of heat loads and pipeline losses.
3: Calculate nodal mass flow rates (ṁS

j,t, ṁL
k,t) according to

(5) and (11) using the heat source outputs and heat loads.
4: Calculate mass flow rates (ṁp

b,t) in pipelines according to
(1)-(4) using nodal mass flow rates (ṁS

j,t, ṁL
k,t).

5: Fix mass flow variables at mh
0 obtained above, and solve

the following problem

min fOTF(xh) with given LMP

s.t. (5),(10)-(17),(22)-(23) with mh = mh
0 (28)

xh
L ≤ xh ≤ xh

M

where 0 < λbLb/Cpṁp
b,t � 1. Since e−x ≈ 1− x, we have:

�Qb
t ≈ Cpṁp

b,t

(
τ

p,i
b,t − Ta

t

) λbLb

Cpṁp
b,t

= λbLb

(
τ

p,i
b,t − Ta

t

)
(27)

Equation (27) suggests that �Qb
t is independent of mass flow

rate ṁp
b,t. Recently, this phenomenon has been corroborated by

experiments on real heating systems [30]. The sole controllable
variable that influences �Qb

t is the inlet temperature. In order
to cut down the heat loss and reduce the operation cost, the
overall operating temperature of the DHN should be controlled
as low as possible. According to [16], the temperature lower
limits of supply and return sides could be set as 70◦C and
30◦C, respectively.

Fixing mass flow variables, problem (18) renders a convex
optimization problem. A two-step hydraulic-thermal decom-
position method is suggested to find a near-optimal solution.
The flowchart is summarized in Algorithm 1. In each single
period, hydraulic conditions are determined first and remains
unchanged, and then nodal temperatures are calculated accord-
ing to the demands; from a multi-period perspective, the OTF
formulation interprets a variable-flow variable-temperature
operation. More exactly, in different time periods, the mass
flow rates are adjustable in response to the variation of
demands, and the temperatures only change slightly near their
lower bounds. The advantage of this paradigm is that the mass
flow rate, a mechanical variable, can change quickly by oper-
ating the circulating pump, while the temperature dynamics
have large inertial due to the large specific heat capacity of
water.

The proposed method is applied to the single-period OTF
problem of a 10-node meshed DHN; its topology is shown in
Fig. 2(a). System data are provided in [31]. We randomly gen-
erate 50 load scenarios, where the total demand varies from
3MW to 6MW. The exact model (18) is solved by Baron,
a global solver for nonlinear programs; the optimal value is
denoted as Opt-Glo; the convex approximation model (29) is
solved by CPLEX; the optimal value is denoted as Opt-Apr.
Since certain variables are fixed in (29), Opt-Apr ≥ Opt-Glo
always holds. The optimality gap (Opt-Apr−Opt-Glo)/Opt-
Glo is shown in Fig. 2(b). The gap has an order of magnitude

Authorized licensed use limited to: Technische Universitaet Muenchen. Downloaded on May 20,2021 at 13:11:45 UTC from IEEE Xplore.  Restrictions apply. 



CAO et al.: DECENTRALIZED OPERATION OF INTERDEPENDENT PDN AND DHN: MARKET-DRIVEN APPROACH 5379

Fig. 2. (a) Topology of a 10-node DHN. (b) Optimality gap.

TABLE I
CALCULATION RESULTS OF MASS FLOW RATES (kg/s)

of 10−4 in all 50 instances, indicating that Algorithm 1 offers
high-quality OTF solutions. The average computation times of
Baron and Algorithm 1 are 1357s and 1.14s, respectively. The
default tolerance of optimal value gap of Baron is 10−6. If we
change it to 10−4, the computation time is 1043s, still much
longer than the proposed method.

Mass flow rates of individual pipelines in the minimum,
average, and maximum demand scenarios are summarized
and compared in Table I (where A1 is abbreviation for
Algorithm 1). The relative error of optimal solution is also
very small, and decreases with the increase in loads. According
to previous analysis, the larger the value of ṁ, the smaller
the value of x, and the more concise the approximation made
in (27). Experiments conducted in [30] suggest that in most
cases, (27) is satisfactory if the mass flow rate is greater
than 1kg/s.

Furthermore, we test a 24-period OTF problem by incor-
porating time-varying heat demand across a day. In this
test, Baron fails to converge after running for 5 hours,
while Algorithm 1 finds a solution in 9.87s. The speedup
of Algorithm 1 mainly benefits from its convex program-
ming formulation of OTF problem with fixed mass flow rates,
which is based on the property of heat loss revealed in (27).
We also test IPOPT, a local solver for nonlinear programs,
and the average solver time for the 24-period OTF problem
is 96s.

It should be pointed out that the water flow in a DHN is
maintained by a circulating pump, which consumes certain

amount of electricity. In normal conditions, the energy con-
sumed by the circulating pump is far less than a heat pump, so
the cost of circulating pump is negligible in the OTF problem.

III. THE OPF PROBLEM

We envision an distribution power market which is cleared
via an OPF problem, charging consumers at the LMP. Because
a PDN is usually operated with a tree topology, the power flow
equations can be described by the branch flow model [32].

pj,t =
∑

k∈SB,d
j

Pjk,t −
(
Pij,t − rijlij,t

)+ pd
i,t (29)

qj,t =
∑

k∈SB,d
j

Qjk,t −
(
Qij,t − xijlij,t

)+ qd
i,t (30)

vj,t = vi,t − 2
(
rijpij,t + xijqij,t

)+
(

r2
ij + x2

ij

)
lij,t (31)

lij,tvi,t = P2
ij,t + Q2

ij,t (32)

where pj,t denotes the total active power injection at bus j,
in period t, including the output of gas-fired generators, CHP
unit, and wind farm. The generator at the slack bus mimics
the power supplied from the transmission network. The total
cost of PDN includes four components described in (33)-(36).
The operating cost of a CHP-PDN unit is a bi-variate convex
quadratic function in electricity and heat generations:

CGD
i,t = b0

i + b1
i pgD

i,t + b2
i hgD

i,t

+ b3
i

(
pgD

i,t

)2 + b4
i

(
hgD

i,t

)2 + b5
i pgD

i,t hgD
i,t (33)

The operation cost of a gas-fired generator is modeled by a
univariate convex quadratic function:

CPT
i,t = c0

i + c1
i pg

i,t + c2
i

(
pg

i,t

)2
(34)

Electricity can be purchased from CHP-DHN units, and the
payment is:

CHP
i,t = ρH

P pgH
i,t (35)

where ρP
H denotes the trading price of electricity; it could be

a fixed contract price or the LMP. If the latter is adopted, we
fix ρH

P at the LMP obtained in the last iteration.
Wind farms provide cheap electricity at a fixed contract

price, and the corresponding cost is:

CWP
i,t = ρwpw

i,t (36)

The total operating cost of PDN is given by

fOPF =
∑

t

⎛

⎝
∑

i

CGD
i,t +

∑

j

CPT
j,t +

∑

k

CHP
k,t +

∑

s

CWP
s,t

⎞

⎠

Let xd be a vector of decision variables of the PDN, so that
security boundary constraints can be represented by

xd
L ≤ xd ≤ xd

M (37)

Expressing line capacity constraints in the form of
√

P2
ij,t + Q2

ij,t ≤ Sij (38)

will not jeopardize the convexity of (37).
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It is revealed that constraint (32) which is non-convex can
be replaced by a rotated second-order cone [32]

lij,tvi,t ≥ P2
ij,t + Q2

ij,t (39)

and (39) naturally holds as an equality at the optimal solution
of the OPF problem. In this way, the OPF problem can be
represented as an SOCP

min fOPF

s.t. Cons-PF with given DHN demands (40)

(37), (38)

where Cons-PF contains (29)-(31) and (39). In case that the
convex relaxation in (39) is not exact, the sequential SOCP
approach in [33] can be applied to recover the optimal solu-
tion, because the distance between the inexact solution and
feasible/optimal solutions to the original OPF problem is usu-
ally very small. This approach has been generalized in [34] to
cope with OPF problems over meshed power grids.

After OPF problem (40) is solved, nodal electricity prices,
also known as LMPs, can be retrieved from the Lagrangian
dual multipliers associated with nodal active power balance
equalities (29). The procedure of solving OPF and calculating
LMP is called distribution market clearing.

We do not model uncertainty of wind generation in the OPF
problem. The reason is that in heat-power integrated systems
discussed in this paper, wind spillage is mainly caused by its
opposite tendency compared to the electric load curve, which
will be illustrated through case studies.

IV. THE MARKET DRIVEN APPROACH

A. Market Settings

Heat and electricity transactions between the PDN and the
DHN obey the following rules:

1) CHP units owned by the PDN can sell heat to DHN at
a contract price ρP

H . The quantity is bid by DHN.
2) CHP units owned by the DHN can sell electric power

to PDN at price ρH
P , which could be either a constant or

the LMP; the latter is adopted in this paper. The quantity
is bid by PDN.

3) Heat pumps purchase electricity at LMP.
The market structure is summarized in Fig. 3. One larruping

feature of the proposed framework is the LMP based electricity
transaction. As industrial heat pumps and CHP units possess
considerably larger capacities than residential appliances, they
have the potential to influence market prices, which makes the
decision making more complicated: on the one hand, when the
DHN operator performs the OTF and determines heat produc-
tion plans, LMPs are needed as input; on the other hand, when
the PDN operator conducts the OPF and clears the distribution
market, electricity demands of heat pumps are needed as input.
This interaction precipitates a Nash-type game and outcomes
a market equilibrium in the integrated system.

B. An Algorithm for Decentralized System Operation

In the proposed decentralized operation method, the DHN
operator solves the OTF with fixed boundary variables, i.e.,

Fig. 3. Market structure of the integrated system.

Algorithm 2 Best-Response Decentralized Algorithm
1: Set a tolerance ε > 0 and a maximum number of iterations

Nmax. All variables are initialized as x0 = 0, including
heat pump power demands; LMPs are initiated as the
marginal cost of the largest generator at rated output. The
iteration index is set as n = 0.

2: Solve OPF problem (40) with fixed demands from the
DHN and ρH

P being the LMP at corresponding bus in last
iteration, record the optimal solution in xn+1, and retrieve
LMPs. Send LMPs and power demands to the DHN.

3: Solve OTF problem (18) with fixed LMPs and demands
from the PDN, record the optimal solution in xn+1, then
send both power and heat demands to the PDN.

4: If |x(n+1) − x(n)| < ε, terminate and report x(n+1) as the
final result; else if n > Nmax, quit and report that the
algorithm fails to converge; else update n← n+1 and go
to step 2.

LMPs and electric power output of CHP-DHN units, and then
submits heat pump power demands and heat requests from
CHP-PDN units to the power grid; the PDN operator clears
the market with fixed power and heat requests from the DHN,
updates LMPs and power demands from PDN-DHN units, and
then sends them to the heating system. The iterative procedure
continues until certain convergence tolerance is met. The basic
steps have been summarized in Algorithm 2.

More dedicated initialization in step 1 can accelerate con-
vergence. Step 2 and step 3 are interchangeable, depending on
the available information. For example, if the DHN operator
could forecast LMP from historical data and statistic analysis,
then the OTF problem can be solved first in step 2.

Because the objective function of OTF involves LMPs, the
dual variables of OPF, it is not trivial to mathematically prove
the convergence condition of Algorithm 2. In our study, we
observe that when a heat pump is installed at a downstream
bus of a wind farm, the output of this heat pump may fail to
converge in the iterative procedure and oscillation may occur.
The phenomenon is analyzed as follows. Consider a heat pump
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Fig. 4. Illustration of CLMP.

and its corresponding LMP. In a certain iteration, it consumes
little electricity and surplus wind generation is curtailed at the
upstream bus, then LMP will be close to the wind power offer-
ing price ρw which is low. Hence, the heat pump will increase
its output at this iteration; as a result, wind power is no longer
curtailed, and the LMP may witness a sudden rise. At the next
iteration, the heat pump will opt to decrease its output and the
LMP may return to the wind power offering price. In this way,
oscillation takes place due to the discontinuity of LMP.

A CLMP method is suggested in [35] to circumvent the dis-
advantage of the traditional LMP scheme. Basically, it uses a
continuous piecewise linear function to approximate the dis-
continuous LMP-demand curve. CLMP is adopted at electric
buses where LMPs are not continuous. The solid black line in
Fig. 4(a) shows the traditional LMP as a function of electric
load. In this paper, the step point is mainly caused by wind
power spillage, so a tailored CLMP scheme is suggested as
follows.

1) At a heat pump connected bus, set the power consumed
by heat pump to zero and solve the OPF problem. The
calculated LMP is represented by X;

2) Increase the power consumed by heat pump until no
wind power is curtailed and solve the OPF problem.
The calculated LMP is representd by Y.

3) CLMP curve is represented by the red dashed line
connecting X and Y.

In this way, at the PDN side, LMPs are increasing with the
growth of heat pump demands according to OPF results; at
the DHN side, the heat pump demands are decreasing with
the rise of LMPs according to OTF results. The intersection
of price and demand curves interprets the market equilibrium.

V. CASE STUDIES

A. System Configurations

A testing heat-power integrated energy system composed of
an IEEE 33-bus PDN and a 32-node DHN modified from [16]
is used to demonstrate the performance of the proposed
method. System topology is shown in Fig. 5. Energy produc-
tion facilities include 3 gas-fired generators, 2 wind farms, 1
CHP-PDN unit, 1 CHP-DHN unit and 3 heat pumps. TES units
located at nodes 5, 18, 24 in the DHN are not shown in Fig. 5.
Power and heat load profiles, and forecasted maximum wind
generation outputs are shown in Fig. 6. We can see that the
heat demand has a tendency opposite to the power load curve
but consistent with wind generation. Complete system data

Fig. 5. Topology of the integrated system.

Fig. 6. (a) Electric and heat loads. (b) Wind power forecast.

are provided in [31]. All experiments are conducted on a lap-
top with Intel i5-7300HQ CPU and 8G memory. Optimization
models are solved by CPLEX.

B. Analysis of CLMP Scheme

In the benchmark case, Algorithm 2 without CLMP scheme
is tested first. Fig. 7(a) shows the incremental output of heat
pump #1 between two successive iterations in period 5, and
Fig. 7(b) gives the LMP at bus 30. As analyzed in Section IV,
persistent oscillations are observed. Then the CLMP scheme is
applied, results are provided in Fig. 7(c) and Fig. 7(d). We can
see that Algorithm 2 converges successfully after 9 iterations.

The spatial and temporal variation of LMPs in the PDN is
portrayed in Fig. 8a. In the temporal horizon, we can see that
the LMP curves at individual buses follow similar tendency:
higher during daytime and lower across night periods because
of the difference of load levels. In the spatial horizon, the
slice at period 12 is shown in Fig. 8b. Clearly, LMP increases
along the power flow direction. The LMP at bus 7 is the lowest
because a CHP unit of low marginal cost is connected to this
bus.

C. Comparison of Mark-Oper and Cont-Oper

As a comparison, a pure contract-based situation is consid-
ered, in which heat pump power consumptions are paid at a
constant contract price. The network operation is decoupled:
the DHN operator solves the OTF first and submits electric-
ity demands to the PDN, and then the PDN operator solves
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Fig. 7. Incremental values between two successive iterations: (a) output
of HP1 without CLMP method ; (b) LMP at bus 30 without CLMP method;
(c) output of HP1 with CLMP method; (d) LMP at bus 30 with CLMP method.

Fig. 8. System LMPs.

the OPF and determines power dispatch. The market based
scheme is termed as Mark-Oper, and the contract-based one
is referred to as Cont-Oper.

Assuming the contract price in Cont-Oper mode is the daily
average LMP 34$/MWh, the dispatched wind power in two
schemes are compared in Fig. 9(a). In general, wind power
curtailment occurs during the night owing to low electric loads
and high wind power outputs. In addition, because the elec-
tricity price is flat and heat pumps have less incentive to buy
excessive wind power for heat production. For Mark-Oper

Fig. 9. (a) Wind power usage. (b) LMPs related to HPs in Mark-Oper
scheme.

Fig. 10. Output of HPs in (a) Mark-Oper scheme. (b) Cont-Oper scheme.

Fig. 11. (a) Heat produced by CHP unit in DHN. (b) Heat produced by
CHP unit in PDN.

scheme, LMPs at heat pump connection buses are shown in
Fig. 9(b). When the wind power is abundant, the LMP is low,
encouraging the use of surplus wind power during night which
can be observed from Fig. 9(a) and heat pump output curves
in Fig. 10.

The daily operation costs of DHN under Mark-Oper and
Cont-Oper schemes are $2428 and $2698, respectively. Heat
produced by CHP units is depicted in Fig. 11. The genera-
tion cost of CHP-DHN units are quadratic functions of heat
generation, and the marginal costs increase with the increas-
ing of heat generation. The heat produced by CHP-DHN units
in Mark-Oper scheme is always lower than that in Cont-Oper
scheme, as power to heat conversion enabled by heat pumps
enjoys a lower marginal cost than CHP-DHN unit, which
demonstrates the superiority of the market-driven framework.
In addition, when the LMP is high at daytime in Mark-Oper,
heat pump will consume less electricity compared to that in
Cont-Oper. Therefore, DHN operators tend to purchase more
heat from CHP-PDN units to supply the demand at daytime
in Mark-Oper.

Storage dynamics in both schemes are shown in Fig. 12.
In Mark-Oper scheme, TES units are charged in periods 1-11
when electricity is cheap and begin to discharged at period 17
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Fig. 12. Storage dynamics in (a) Mark-Oper scheme. (b) Cont-Oper scheme.

TABLE II
RESULTS WITH RESPECT TO DIFFERENT CONTRACT PRICES

when electricity price is high and heat load starts to grow;
during periods 11-16, the heat demand is low, so the storage
levels do not change much. These observations are consistent
with the outputs of heat pumps shown in Fig. 10. Compared
with Cont-Oper scheme, TES units have deeper charging and
discharging levels in Mark-Oper, which help flatten the elec-
tricity load profile by shaving peaks and filling valleys. Thus,
Mark-Oper scheme driven by time-varying LMPs benefits both
power and heat systems.

D. Impact of Contract Price

We investigate the impact of the contract price in Cont-Oper
on the curtailment rates and operation costs. Results are listed
in Table II. The wind power spillage grows with the increase
in contract price, because heat pumps tend to purchase less
electricity due to the higher price. The DHN operation cost
increases at the same time, but even when the contract price
is 32$/MWh, the economy is still worse than that in Mark-
Oper. PDN operation cost decreases because of the reduction
in power consumptions of head pumps.

E. Impact of Wind Penetration Level

We investigate the performance of the proposed method
under different levels of wind power generations. We multiply
the wind power forecast in Fig. 6b with a scale ratio varying
from 0.6 to 1.4. The numbers of iterations, wind curtailment
rates and operation costs in both Mark-Oper and Cont-Oper are
listed in Table III. The curtailment rate grows with the increase
in wind generation in both Mark-Oper and Cont-Oper. Owing
to the increase of wind power, both electricity price and DHN
operation cost in Mark-Oper decrease. On the contrary, DHN
operation cost remains the same because of the fixed elec-
tricity price in Cont-Oper. PDN operation cost decreases in
both schemes because of the increasing use of wind power. In
general, Algorithm 2 takes more iterations to converge when
more wind power is available, because LMPs in more periods

TABLE III
RESULTS WITH RESPECT TO DIFFERENT WIND POWER LEVELS

TABLE IV
RESULTS WITH DIFFERENT WIND SCENARIOS

become discontinuous. Nevertheless, with the help of CLMP,
Algorithm 2 still converges successfully.

F. Economic Impact of Wind Volatility

In the coupled heat-power energy system studied in this
paper, volatility will not be a major cause of wind curtailment,
and wind power spillage is mainly triggered by its opposite
tendency compared to the electric load curve, which can be
observed from Fig. 6.

Nevertheless, wind uncertainty will impact system daily
operation economy. To investigate this effect, we assume that
wind power forecast error obeys Gaussian distribution with
zero mean, and the standard deviation is 0.1 multiplying the
forecast values. We generate 1000 wind generation scenarios
and execute Algorithm 2 under each scenario. The statistical
performance of curtailment rates and operation costs are listed
in Table IV. The standard deviation of DHN operation cost,
PDN operation cost and total operation cost are about 0.5%,
0.07% and 0.16% of their respective mean values.

G. Impact of Heat Pump Capacity

Finally, we investigate the impact of heat pump capacity on
the performance of the proposed model. We adjust their capac-
ities by multiplying CP

i with a scale ratio varying from 0.6 to
1.4. Results are listed in Table V. With the increase in heat
pump capacity, the wind curtailment rate decreases gradually.
Since bigger heat pump capacities may cause larger incremen-
tal changes of boundary variables in two consecutive steps, the
number of iterations increases consequently. In addition, larger
heat pump has a higher efficiency with the same load level
according to (7). Therefore, DHN operation cost decreases
with the increase in heat pump capacity in both Mark-Oper
and Cont-Oper. PDN operation cost increases because more
power is consumed by heat pumps.
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TABLE V
RESULTS WITH DIFFERENT HEAT PUMP CAPACITIES

VI. CONCLUSION

In this paper, we propose a decentralized market frame-
work for energy transaction in the interdependent PDN and
DHN based on distribution power market and LMP. Combing
a convex approximation for the OTF problem and a con-
vex relaxation for the OPF problem, we develop a convex
optimization based decomposition algorithm for decentralized
system operation in the market environment. Oscillation phe-
nomenon caused by the discontinuity of ordinary LMP scheme
is analyzed, and a CLMP scheme is employed to improve the
convergence performance and facilitate the design of a more
stable market. Case studies show that compared with a con-
tract based energy trading at a fixed price, the proposed market
framework not only allows the optimal system operation, but
also creates additional opportunities of spatial and temporal
demand response that flattens the load profile via real-time
electricity prices. In-depth theoretical study on the existence
and characteristics of the market equilibrium as well as new
trading schemes such as sharing energy markets will be the
focuses of our future work.
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