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Abstract

Testing of critical parts is a crucial step in ensuring a timely and cost-effective development of complex dynamical

systems. Tests should be carried out with realistic boundary conditions and high fidelity such that the function of a

component in the later application can be assured. Real-Time Hybrid Substructuring (RTHS) is a test method that enables

testing of critical parts under realistic boundary conditions. Here, the critical part is mounted on a test bench and coupled

in real-time to a co-simulation of the surrounding structure. The coupling involves a controlled actuator and, for a high

fidelity of the RTHS test outcome, the tracking of this actuator needs to be ideal. If the actuator is not ideal and introduces

its own dynamics, it makes the coupling inaccurate and at worst even unstable. In this contribution, we investigate the

applicability of P-type Iterative Learning Control (PILC) to RTHS and whether it can improve the tracking performance

of the actuator and thus the fidelity of the test for consecutive trials. We investigated a one-dimensional mass-spring-mass

system using RTHS and PILC and performed RTHS tests. The tests were first conducted purely in simulations and then

experimentally. We considered two distinct cases: (i) a system where the coupling is stable but inaccurate in the first

iteration and (ii) a system that is unstable due to actuator dynamics in the first iteration. Results reveal that the PILC

manages to improve tracking performance and fidelity of the RTHS test for the stable system (i), but it does not stabilize

the unstable coupling (ii). This preliminary research implies that PILC can be a useful tool to improve the fidelity of

RTHS tests. However, the robustness of the scheme needs to be improved in future work.

1 Introduction

In order to save time and money, new parts should be tested

as early as possible during the development process to ver-

ify their function, detect potential failure and investigate

their dynamical influence on the surrounding mechanical

sytem. Especially parts that are exposed to external im-

pacts or come into contact with the surrounding are critical

parts of a system, as contact e.g. excites high-frequency

modes. Since modeling of contact phenomena in numer-

ical simulations is cumbersome, experimental investiga-

tion of this critical event is often unavoidable. Real-Time

Hybrid Substructure Testing (RTHS), also referred to as

Hardware-in-the-Loop on mechanical level, is a suitable

method to test critical parts already in the early develop-

ment stage under loading conditions encountered in opera-

tion. In RTHS, the critical part is tested experimentally on

the test bench (experimental substructure, EXP) while the

surrounding structure is simulated numerically (numerical

substructure, NUM). Both substructures are coupled via a

transfer system (T S), which consists of an actuator, a force-

torque sensor (FTS) and a digital signal processor (DSP).

The transfer system exchanges displacement/velocity and

force signals at the interface(s) between the substructures.

RTHS is e.g. used for testing of vehicle axles and also other

applications in mechanical engineering, see [6]. A com-

mon way to couple the experimental and numerical sub-

structures is visualized in Figure 1, where G• denotes the

transfer function of the respective part. The numerical sim-
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Figure 1 Signal flow in RTHS.

ulation is performed with a fixed sample time and outputs

the displacement at the interface point z. The displacement

is sent to the actuator, which performs the movement z′.

The experimental substructure reacts to this displacement

by exerting a force Fint that can be measured by the FTS.

This measured force signal F ′
int and the external forces Fext

are used to calculate the next time step in the numerical

simulation. In case the actuator, the FTS and the DSP have

ideal transfer behavior, i.e., GT S = 1, the RTHS test em-

ulates the whole dynamical system perfectly—apart from

modeling errors and errors coming from the numerical time

integration in the numerical part. However, due to actua-

tor dynamics and time lag in the communication and force

measurement, additional dynamics are introduced into the

RTHS loop, which lead to inaccuracy of the test. The delay

effects act like negative damping on the coupled system. If

the overall damping of the assembly is negative, the loop



even becomes unstable. Note, that unstable does not re-

fer to the unstable dynamics of a dynamical system but an

instability of the coupled RTHS loop due to additional dy-

namics in the transfer system. We refer to a stable RTHS

coupling if the actuator movement remains within bounds.

In order to obtain high fidelity RTHS test results, which

means that the RTHS test replicates the true dynamical sys-

tem, it is desirable to mitigate the delay effects in the RTHS

loop. In many applications, these mainly come from the

actuator. The dynamics of the FTS and the DSP can often

be neglected and F ′
int = Fint can be assumed, since the re-

sponse time of the data acquisition is very small compared

to the dynamics to be simulated.

In this work, we use P-type Iterative Learning Control

(PILC) to improve the tracking performance1 of the ac-

tuator in an RTHS setup. This scheme is introduced in

Section 2. Then, we explain our experimental setup in

Section 3. In Sections 4 and 5 the results of the purely

simulated tests and respectively the experimental tests are

presented and discussed. In the final Section 6, we sum-

marize our findings and give an outlook on possible future

work.

2 Iterative Learning Control

Iterative Learning Control (ILC) is a control scheme to im-

prove the tracking performance for a given set point trajec-

tory. It is used to improve the set point tracking of actua-

tors that perform tasks repeatedly, i.e., tasks where a fixed

trajectory is traced many times in a row. The tracking er-

ror that has been made in the previous iteration is recorded

and the scheme tries to minimize the error throughout the

iterations. One of the first who proposed the idea of us-

ing an iteration-based control update law for mechatronic

systems were Arimoto et al. in 1984 [1]. They propose

an update law for the actuator input signal u j+1 in iteration

j + 1 (i.e. the time-history of the input signal in learning

iteration j + 1) that is based on the previous actuator in-

put u j and the time-derivative of the previous tracking error

ė j =
d
dt
(r− y j). Here, the desired set point trajectory is de-

noted by r and the achieved movement in iteration j is de-

noted by y j. They also prove convergence of this scheme.

After that, numerous scientific articles and different tech-

niques of ILC have been published and it was successfully

implemented in many engineering applications, see for ex-

ample [2, 11]. Since this type of controller needs informa-

tion from the previous iterations, ILC can only be applied

to systems that have the following properties: the system

is reset to its initial value after every iteration and the de-

sired control objective does not change with the iterations,

i.e., the set point trajectory r remains the same for all iter-

ations [9, 10].

In P-type Iterative Learning Control (PILC), which is a

widely used ILC scheme, the feedforward signal f j for it-

eration j is calculated by the update law:

f j = f j−1 +L · e j−1, (1)

1By tracking performance we denote the set point tracking between

the desired command z and the real achieved displacement z′. The error

is calculated as e = z− z′.
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Figure 2 Control loop with ILC (in grey) as feedforward

controller f j in addition to a feedback controller C. G

refers to the plant to be controlled and Memory stores its

signal for the length of the interval j+1.

where the feedforward signal from the previous iteration

is f j−1, the tracking error from the previous iteration is

e j−1 = r−y j−1 and the so-called learning filter is L [7]. In

order to ensure convergence and robustness, Equation (1)

can be extended with an additional robustness filter Q,

which is usually chosen as a low-pass filter:

f j = Q · ( f j−1 +L · e j−1). (2)

While in a general control problem the desired trajectory

that should be performed by the actuator in iteration j is

denoted by r, in the context of RTHS it corresponds to the

interface displacement z j calculated in the numerical part.

Likewise, the achieved displacement y j in the general con-

trol problem becomes the true interface displacement z′j by

which the experimental component is moved. Hence, in

RTHS, the tracking error from the previous iteration be-

comes e j−1 = z j−1 − z′j−1. The resulting control loop is

visualized in Figure 2 in the context of RTHS. There, the

actuator with transfer function G is controlled with a feed-

back controller C and the PILC feedforward controller (in

gray). The controlled actuator and the FTS (its dynamics

are assumed to be negligible here) form the transfer system

with transfer behavior GT S.

In [8] it is shown that monotonic convergence is achieved

by tuning L and Q to fulfill the criterion

‖Q · (1−L ·G ·S)‖∞ < 1, (3)

with the sensitivity function S = (1+C ·G)−1. This crite-

rion indicates that Q · (1− L ·G · S) should remain within

the unit circle for all frequencies. De Roover showed the

robust convergence and practical usefulness of an update

law (2) on a wafer stage experimental setup in [3].

There have been plenty of publications about the proper

choice of the learning filter L and having a look on Equa-

tion (3) shows that L = (G ·S)−1
would be desirable for a



g
Kp Kd

mNUM

kEXP

mEXP

zNUM

t

z d
,
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Figure 3 Mechanical system being investigated with its

numerical (Kp, Kd , mNUM and the upper wall) and its ex-

perimental components (kEXP, mEXP and the ground). The

upper wall performs a cosine movement (zd , żd). On the

highest point of the trajectory, the distance between the

lower mass mEXP and the ground is h0.

fast convergence. However, an identification of the plant

G is rather cumbersome, since in reality each actuator pos-

sesses friction and nonlinear behavior. In this publication

and based on preliminary work, see [5], we decided to use a

rather simple approach and set the learning filter to a con-

stant L = α . It has been shown that this approach works

effectively and minimizes the tracking error for a given set

point trajectory without the need of a system identification

of the plant G. [2] The convergence of this scheme is only

guaranteed if α and Q are chosen such that the convergence

criterion given by Equation (3) is fulfilled.

3 Experimental Setup

In this study, the mechanical system shown in Figure 3 is

investigated using RTHS. There, the contact scenario be-

tween the mass mEXP and the ground could be critical and

should therefore be tested experimentally. We use this one-

dimensional mass-spring-mass system representatively for

engineering applications with contact. Since we want to

investigate the contact event experimentally, the system is

split into the numerical substructure (blue) and the exper-

imental substructure (green). The upper wall performs a

cosine trajectory with frequency fd and amplitude
h0+∆zd

2

such that the lower, experimental mass mEXP comes into

contact intermittently. At the interface between the upper

mass mNUM and the spring kEXP, force and displacement

information is exchanged. The displacement of this point

is denoted by zNUM .

In our experiments, the transfer system consists of

• actuator: We use an in-house built Stewart Platform

that is driven by six electric motors. It is controlled

by a P-PI-PI cascaded controller which is described

in detail in [5].

• FTS: A Kistler Multicomponent Dynamometer Type

9129AA with Charge Amplifier Type 5080A is used

to measure the forces Fint acting on the experimental

part at the interface.

TS

EXP

NUM

z

z

Figure 4 Experimental setup for this RTHS test.

Table 1 Parameters used for the RTHS tests

variable value variable value

h0 0.01 m mNUM 9.62 kg

l0 0.071 m fd 0.25 Hz

Kp 104 kg

s2 , 5 ·104 kg

s2 ∆zd 0.005 m

Kd 75
kg
s

g 9.81 m
s2

kEXP 8650 N
m

α 10

mEXP 0.38 kg q 0.7

• DSP: The control of the actuator and the simulation

of the numerical model are implemented in MAT-

LAB/Simulink (version R2016b, MathWorks) and

compiled to run on a dSpace MicroLabBox dS1202.

The experimental setup is shown in Figure 42. The exper-

imental mass mEXP and the spring kEXP are mounted on

the Stewart Platform, see also [4]. The parameters that we

used for our RTHS tests are listed in Table 1. We im-

plemented the PILC according to Equation (2) to be used

within the RTHS loop in order to improve the tracking per-

formance of the actuator. We chose the PILC parameters

to be constant, namely a learning gain of L = α and a ro-

bustness filter Q = q. We tuned them to fulfill the conver-

gence criterion (3) and the respective values are stated in

Table 1. In preliminary work, we found out that choosing

the robustness filter as a constant is sufficient and we do

not need a low-pass filter. The reason could be that high-

frequency content is filtered mechanically through the lim-

ited bandwidth of the actuator and therefore, no frequency-

dependent filter is needed. As mentioned in Section 2, ILC

schemes only work if the initial states are the same for all

iterations. Therefore, we implemented a pause of 1 s after

each bump.

Similar to Figure 2, we extended the existing feedback con-

trol C of the Stewart Platform by the PILC. In this case,

the existing feedback controller is a P-PI-PI cascaded con-

trol, which is often used to control electric motors. We

injected the feedforward signal of the ILC after the outer

P controller, i.e., inside the position control loop. In [5]

2The FTS depicted in this figure is different to the FTS that we used

in the measurements for this contribution. Furthermore, the experimental

component is mounted upside down in the experimental setup, but we

compensate for this coordinate transform.



we performed preliminary analysis and observed that ILC

is useful to improve the tracking performance of our Stew-

art Platform for a given set point trajectory without RTHS.

There, we also show in detail where the feedforward signal

is added in the feedback loop.

In this contribution, the main difference compared to com-

mon applications of ILC is that the trajectory command

changes throughout the iterations. This is because better

tracking of the actuator changes the measured force sig-

nals and thus the result in the numerical simulation changes

accordingly, which leads to a variation in the desired tra-

jectory at the interface. Hence, it is not intuitive whether

the ILC scheme can still converge and we investigate the

convergence behavior in this paper for two different sys-

tems, i.e., two different Kp values. One refers to a stable

system (Kp = 5 · 104 kg

s2 ) and the other a unstable system

(Kp = 104 kg

s2 ). This means that, with our experimental

setup, the coupling becomes unstable during the contact

phase when Kp = 104 kg

s2 (see i.a. [4]).

To assess the fidelity of the RTHS test outcome, a reference

solution is needed. We consider the displacement of the

interface point zNUM as our quantity of interest. We obtain

the reference solution zr
NUM from a pure simulation of the

overall system, i.e., of the full system depicted in Figure 3.

We identified the spring stiffness kEXP by loading and un-

loading of the spring in 0.1 mm steps and recorded the force

values. The contact is modeled using the penalty method,

where the ground is modeled with a stiffness and damp-

ing. As soon as the mass mEXP penetrates the ground, this

additional stiffness and damping are acting on the mass.

The values for the stiffness and damping were 109 N
m

and

500
kg
s

, respectively. Any damping or friction effects are

neglected and not captured in the reference solution zr
NUM .

To assess the tracking performance of the actuator and the

fidelity of the RTHS test, we need to define error measures.

We denote the commanded displacement of the actuator as

zc
NUM and the truly achieved displacement by z′NUM (com-

pare to z and z′ in Section 1). We use the relative root-

mean-square (RMS) error to measure the tracking perfor-

mance, which is defined as

eTrack,rel =
RMS(zc

NUM − z′NUM)

RMS(z′NUM)
. (4)

The RMS value of a variable • can be calculated with

RMS(•) =
√

1
nt

∑
nt
i=1 (•(i))

2
, where •(i) denotes the value

of the variable at discrete time step i. Our sample time

step is 1 ms and since the frequency of the cosine trajec-

tory is fd = 0.25 Hz, the total number of time steps during

one bump is nt = 4000. We also use a relative RMS er-

ror to measure the reference error, i.e., the fidelity of the

RTHS test outcome zc
NUM compared to the reference solu-

tion zr
NUM , namely

eRe f ,rel =
RMS(zr

NUM − zc
NUM)

RMS(zc
NUM)

. (5)

Note that we could also take z′NUM instead of zc
NUM as our

test outcome.

4 Simulated Experiments

In this section, the whole RTHS experiment as explained

in Section 3 was simulated using MATLAB/Simulink. Of

course, the basic idea of RTHS is to test components that

are difficult to model and it is usually not possible to simu-

late the whole experiment. Though, our goal in this contri-

bution is to see how PILC interacts with RTHS and there-

fore a simulation of the full RTHS tests is useful.

The simulation of the reference simulation (introduced in

Section 3) is expanded by the dynamic behavior of the

transfer system. We neglected the dynamics of the DSP,

since it is supposed to be much faster than the dynamics of

the investigated system. Hence, we needed to analyze the

dynamics of the controlled Stewart Platform and the FTS.

In previous work, see [5], we performed a system identifi-

cation of the Stewart Platform using a multi-sine signal and

approximated its dynamic behavior up to 100 Hz. We im-

plemented this approximated dynamic behavior in the sim-

ulation of the RTHS experiment. Furthermore, we identi-

fied the frequency response function (FRF) of the Kistler

FTS using a LMS data acquisition system. The FRF of

the force sensor has an almost ideal transfer behavior up

to > 1000 Hz, meaning that the amplitude is 0 dB and the

phase is almost 0 ◦ and thus we can neglect its dynamics in

the simulation of the RTHS experiment, i.e, F ′
int = Fint .

At first, the tracking performance of the Stewart Platform

using the PILC was investigated for the two different sys-

tems (different Kp values). The results are summarized in

Figure 5, where the relative RMS tracking error eTrack,rel

from Equation (4) is shown for all iterations j = 1...50.

The results show that the tracking error is reduced consid-

erably for Kp = 5 ·104 kg

s2 (blue in Figure 5) within the first

few iterations and converges to a fixed value. Note, that

convergence to a zero final error is only possible if no ro-

bustness filter is used, i.e. Q = 1 [8]. It can be concluded

that the convergence criterion is fulfilled for the stable sys-

tem, even though the desired trajectory changes throughout

the iterations. On the contrary, the tracking error increases

strongly for the system with Kp = 104 kg

s2 (orange in Fig-

ure 5). This is because the PILC scheme tries to follow its

desired command zc
NUM better in iteration j+ 1 than in it-

eration j. However, if the desired trajectory zc
NUM already

shows oscillating behavior in the first iteration, the PILC

schemes tries to follow that instability better, which in turn

makes the coupling even more unstable. As this divergence

was not observed in the preliminary studies, where this

PILC scheme was used to track a fixed set point trajectory,

it can be concluded that the convergence criterion (3) does

not hold in the context of RTHS tests and that the conver-

gence is more sensitive to the proper choice of L and Q.

In the next step, the fidelity of the RTHS test was inves-

tigated throughout the iterations. For this purpose, the

output zc
NUM of the RTHS test was compared to the ref-

erence solution zr
NUM . In Figure 6, the reference error

eRe f = zc
NUM − zr

NUM is plotted over time for different iter-

ations for the stable system (Kp = 5 ·104 kg

s2 ). It can be seen

that the reference error gets closer to zero for an increasing

number of iterations. However, an oscillation about the ref-
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Figure 5 Relative RMS tracking error eTrack,rel for all it-

erations for the stable (blue) and unstable system (orange)

in the simulated experiments.
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Figure 6 Reference error eRe f of the stable system over

time for different iterations in the simulation.

erence solution zr
NUM can be observed—especially during

the contact phase (t ∈ [1 s − 3 s]), i.e., when the lower mass

mEXP touches the ground. This oscillation is even slightly

bigger for iteration j = 50 than iteration j = 5. This might

come from the fact that there is already a slight oscilla-

tion in the signal in the first iteration, which is amplified

for an increasing number of iterations. The reference error

eRe f over time is not shown here for the unstable system

(Kp = 104 kg

s2 ), since the reference error strongly increases

due to an increasing tracking error.

To further investigate the correlation between the tracking

performance and the reference error, we calculated the rel-

ative RMS reference error as defined in Equation (5) for all

iterations j = 1...50 for both, the stable (Kp = 5 · 104 kg

s2 )

and the unstable system (Kp = 104 kg

s2 , maximum num-

ber of iterations 5). The results can be seen in Figure 7.

Clearly, there is a correlation between the tracking perfor-

mance eTrack,rel and the reference error eRe f ,rel . For the sta-

ble system (Kp = 5 ·104 kg

s2 ), the reference error decreases

and converges to a fixed value in accordance with the track-

ing error. For the unstable system (Kp = 104 kg

s2 ), the diver-

gence of the reference error with an increasing iteration

number j similar to the tracking error can be observed.

This correlation between the tracking error and the refer-

ence error can be explained (for example in case of the sta-

ble system) by the fact, that with better tracking the RTHS
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Figure 7 Relative RMS reference error eRe f ,rel over the

iterations for the stable (blue) and unstable system (or-

ange) in the simulation.
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Figure 8 Relative RMS tracking error over the iterations

for the stable and unstable system in the RTHS experi-

ment.

test replicates the true dynamic behavior of the mechanical

mass-spring-mass system better—GT S → 0 and therefore

the reference error decreases accordingly.

5 Experimental Results

In order to verify the obtained results from the simulated

experiments in Section 4, the corresponding measurements

were carried out with the experimental setup explained in

Section 3. In Figure 8, the relative RMS tracking error

eTrack,rel (according to Equation (4)) is plotted. For the sta-

ble system (Kp = 5 ·104 kg

s2 ), 50 iterations were performed

and the measured tracking performance is very similar to

the simulated results in Figure 5. This confirms a correct

modeling in the simulation of the RTHS experiment and

validates the quality of the results obtained in Section 4.

We only performed 5 iterations for the unstable system

(Kp = 104 kg

s2 ) due to heavy oscillations and potential dam-

age of the experimental setup. When comparing the track-

ing performance of the unstable system in Figure 8 to the

tracking performance of the stable system in Figure 5, it is

noticeable that the experimental system shows better track-

ing performance than the simulation, even though it also

diverges. This can be explained with the modeling of the

actuator in the simulation, which assumes linear behavior
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for different iterations in the RTHS experiment.
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Figure 10 Relative RMS reference error over the iter-

ations for the stable and unstable system in the RTHS

experiment.

of the Stewart Platform. In reality, the Stewart Platform is

a bit more agile and possesses nonlinear behavior.

Next, the reference error eRe f = zc
NUM − zr

NUM was con-

sidered and plotted over time for different iterations of the

stable system (Kp = 5 ·104 kg

s2 ) in Figure 9. Again, the re-

sults are very similar to the simulation (see Figure 6). It

can be observed that the reference error decreases with an

increasing tracking performance.

This can also be verified by considering the relative

RMS reference error eRe f ,rel (see Equation (5)) for both

Kp values over all measured iterations j = 1...50 and j =
1...5, respectively. The results can be seen in Figure 10.

The correlation between the tracking error and the refer-

ence error can be verified in the experimental investigation

by comparing Figure 8 and Figure 10 and it shows similar

behavior to the simulated results. Note, that the magnitude

of the error of both, the tracking and the reference error, is

rather small. The applicability and major properties of an

ILC scheme in combination with RTHS can be seen.

6 Conclusion

This contribution proposed an approach to improve the

fidelity of Real-Time Hybrid Substructuring (RTHS) us-

ing P-Type Iterative Learning Control (ILC). We investi-

gated a one-dimensional mass-spring-mass system in sim-

ulated and experimental RTHS tests. The results of both—

simulations and measurements—match closely and we

could verify that coupling of RTHS and ILC can be a suc-

cessful approach to improve the tracking performance of

the used actuator. The improved tracking performance re-

duces the reference error and hence improves the fidelity of

the RTHS test, which means that the true dynamic behav-

ior of the dynamical system is replicated better. However, it

was also shown that it is not possible to improve the fidelity

of the RTHS test if the coupling is unstable in the first it-

eration (smaller stiffness value in the numerical part). For

this system, the tracking error diverged with an increasing

number of iterations. Further, we could observe that the

convergence criterion of ILC that holds for pure set point

tracking tasks is not valid in the context of RTHS. Future

work will include using an additional passivity-based con-

trol scheme, in order to reduce the disturbing oscillation

and also stabilize unstable RTHS systems. Furthermore,

work needs to be put into the analysis of the convergence

criterion for ILC when used for RTHS.
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