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Abstract

The main objective of this thesis is to analyse the dynamical behaviour of different
linear and non-linear stochastic heat equations using analytical and probabilistic
techniques. We begin with the linear setting of the parabolic Anderson model on
a random tree with a stationary random potential, where we characterize the in-
termittent long-time behaviour of solutions. Then we continue to analyse coupled
systems of non-linear stochastic heat equations on continuous spatial domains with
time-dependent additive and multiplicative random perturbations given by Wiener
processes. Here, we derive the existence of random attractors by means of random
dynamical system theory. Finally, we characterize fluctuations around the slow
manifold of a linear fast-slow system with a slowly varying parameter perturbed by
an infinite-dimensional Wiener process.

Zusammenfassung

In dieser Doktorarbeit analysieren wir das dynamische Verhalten von verschiede-
nen linearen und nicht-linearen stochastischen Warmeleitungsgleichungen. Zunachst
befassen wir uns mit dem linearen parabolischen Anderson Modell, definiert
auf einem zufalligen Baum und gestort durch ein stationdres zufalliges Poten-
tial.  Wir zeigen, dass sich Losungen im Laufe der Zeit auf einen einzel-
nen Knoten lokalisieren. Anschliefend beschéiftigen wir uns mit gekoppelten
Systemen von nicht-linearen stochastischen Wérmeleitungsgleichungen auf kon-
tinuierlichen Rdumen mit zeitabhangigen additiven und multiplikativen zufélligen
Storungen in Form von Wiener Prozessen. Wir charakterisieren das Langzeitverhal-
ten von Losungen anhand von zufilligen Attraktoren mit Hilfe der Theorie von
zufélligen dynamischen Systemen. AbschlieBend konzentrieren wir uns auf eine
stochastische Warmeleitungsgleichung mit einem langsam variierenden Parameter
und beschreiben Fluktuationen der Losung um die langsame Mannigfaltigkeit.
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Introduction

In the year 1807 J. B. Fourier (1768-1830) formulated in his seminal manuscript
‘Théorie de la Propagation de la Chaleur dans les Solides’ (later publsihed in [Fou22|)
amongst others the partial differential equation (PDE) describing the process of heat
conduction, today known as the heat equation. It reads as follows
pcaT(t, x)
ot
where T = T(t,x) stands for the temperature at a point 2 € D C R3 in a solid
body at time ¢ > 0. The constants K, p and c describe the thermal conductivity,
the density and the specific heat capacity of the solid, respectively. Equation
can be derived from a physical conservation law, which states that the change in
heat content in D per unit time is equal to the flux of heat through the boundary
(in the absence of sinks and sources), together with the laws that (a) the heat
flow is proportional to the temperature gradient and that (b) the heat content is
proportional to the temperature. A historical perspective on Fourier’s work on heat
propagation can be found in [Nar99].
Assuming that the thermal conductivity is homogeneous within the body and

=V.-KVT(t,x), (0.1)

defining the thermal diffusivity d = g (also called diffusion constant), equation
(0.1)) reduces to
Owu(t,z) = dAu(t,z), (t,z) € Rt x R", (0.2)

where we have used the letter u for the generic unknown function in a partial
differential equation and where we consider an n-dimensional spatial domain R"
instead of the real world space D C R3. Equation is the simplest representative
of the class of parabolic partial differential equations and it forms its conceptual
foundation. For every bounded initial condition u(0,2) = wuo(z) equation
possesses a unique continuous solution given by the convolution of the heat kernel
with the initial condition, that is

1 _le—y?
u(t,z) = (indi) 2 /}Rn e 4t ug(y) dy. (0.3)

Adding a time and/or space dependent suitable function f(¢,z) to the equation
allows to model sources and sinks of heat, i.e.

Owu(t,z) = dAu(t,z) + f(t,z), (t,z) € RT x R". (0.4)
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2 INTRODUCTION

We refer to as an inhomogeneous heat equation and f is often referred to as a
forcing term. The (inhomogeneous) heat equation models not only the conduction
of heat in space but it can be used to describe the dynamics of the density of any
diffusing material, and thus appears in the analysis of numerous physical, biological
or social systems (also often referred to as diffusion equation).

Non-linear processes play a major role in natural systems. Thus, to capture the
relevant dynamics it is often essential to include non-linear terms in a model. We
formulate the non-linear heat equation as

duult, z) = dAu(t,z) + F(u(t,z)), (t,z) € R* x R", (0.5)

where F'(u) is a suitable, possibly non-linear function in u. Equations of this form
are also often called reaction-diffusion equations in the applied sciences, as they
model the dynamics of concentrations of chemical substances that diffuse in space,
while undergoing reactions (which depend on the current local concentration). The
interplay or competition between the two central processes, diffusion and non-linear
reaction, may lead to complex dynamical phenomena. Due to their importance
in applications there is an extensive literature available on this type of equations
(see for example the monographs [Smo94,Vol14,|GR11,/CD17,Per15] amongst many
others).

Most real-world physical systems are subject to some kind of random fluctua-
tions, which may enter at different ‘levels’: for example as internal fluctuations, as a
random external forcing or as environmental noise. Internal fluctuations are mainly
caused by microscopic effects such as molecular collisions and electric fluctuations.
These microscopic effects are usually combined into a random perturbation in the
dynamics of the macroscopic observables. That is, to do justice to all these effects,
one may include random terms into the macroscopic modelling equation of a physi-
cal system, leading to stochastic or random partial differential equations (SPDEs or
RPDESs), whose solutions are random objects. Here, one often uses the term random
PDE when the randomness appears as a random parameter, while the term SPDE
usually refers to a PDE combined with some stochastic process, which requires some
form of stochastic integration. Further insight into the modelling aspect of spatially
extended physical systems by SPDEs may for example be found in |[GOS12|. The
beginnings of the mathematical theory of SPDEs can be traced back at least to the
early 1970s, with initial works by e.g. E. Cabana [Cn70|, A. Bensoussan and R.
Temam [BT72] and E. Pardoux. For a historical perspective on this field we refer
to |[Zam?20].

Let us now take a closer look at the stochastic heat equation

Opu(t, x) = dAu(t,x) + o(u(t,x))E(t, ), (t,x) € (0,00) x R™,
u(0.2) = uo(a) ()

where (£(t,x) : t > 0,z € R") is a random field in space and time, ¢ : R — R
is a suitable, non-random function and wug(x) is a non-random initial condition.
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For the choices o(u) = 1 and o(u) = u, equation is called the stochastic
heat equation with additive noise and with linear multiplicative noise, respectively.
The unabated interest in the stochastic heat equation and its non-linear variants
stems not only from its wide-ranging applications in modelling, such as in astro-
physics [Jon99] and neurophysiology [Wal81], to name just a few; but also from
its connection to particle systems [Muelb, CM94] and its relation to the famous
Kardar-Parisi-Zhang equation for interface growth via the Cole-Hopf transforma-
tion |Hail3] and to the stochastic Burger’s equation [CM94]. Note that equation
can be considered as a multiparameter stochastic equation and the solution is
a one-dimensional random field [Wal86], or as the solution to an infinite-dimensional
stochastic differential equation and the solution is a stochastic process taking values
in an infinite-dimensional function space, see also for the standard notation in
this interpretation. This latter approach was mainly developed by G. Da Prato and
J. Zabczyk [DPZ92| and it is often referred to as the semigroup approach. As out-
lined in the next paragraph, the lack of regularity of random terms greatly influences
the concept and analysis of solutions to (|0.6]).

Let us consider the case with additive noise; in this setting equation can
be regarded as a heat equation with a random inhomogeneity. If the randomness is
caused by internal microscopic fluctuations on a very small scale, one may assume
that it is completely uncorrelated in space and time. Then, a suitable mathematical
model for the noise is given by the so-called space-time white noise. Space-time
white noise is a mean zero Gaussian random field, which is formally characterised
by the correlation function

E[§(t, 2)E(s,y)] = 6(t — 5)d(z —y).

Note that £ is a distribution instead of a function (generalized Gaussian noise). In
particular, its action on space-time test functions f, g has covariance

E[E(f)E(g)] = (fs g>L2(]R+><Rn).

For d = 1, u(0,z) = 0, 0 = 1 the solution to is given by the space-time
convolution of the heat kernel with the random inhomogeneity

t E
u(t, x) :/0 W /n e 4t=1¢(s,y) dy ds. (0.7)
It turns out that the solution is a centred Gaussian, whose variance is finite if and
only if n = 1. In this case, u(t,x) is for fixed = almost surely a-Holder continuous
for any o < 1/4 and for fixed t it is almost surely a-Holder continuous for any
a < 1/2. For n > 1 the solution is not a function but a distribution. In particular
in connection with non-linear problems this may cause problems as products of
distributions may be ill-defined, i.e. it might not be clear what is actually meant
for a distribution to be a solution in this setting. Such equations are called singular
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stochastic equation and dealing with them leads to the highly active fields of rough
paths, paracontrolled calculus and regularity structures |[Haild, GIP15]. To avoid
such subtleties we will consider more regular types of noise within this thesis. That
is, we consider noise which is spatially coloured, i.e. spatially correlated. Formally,
this may be expressed as

E[ﬁ@? 1’)§(S, y)] = 5(t - 8)f<1’, y),

with some correlation function f, see Chapter [3| for details.

As mentioned above, one may view, just like in PDE theory, a randomly per-
turbed heat equation as a stochastic ordinary differential equation (SODE) in an
infinite-dimensional Hilbert space H. It is in fact possible to define suitable Hilbert
space valued Wiener processes (W(t))i>0, such that the non-linear heat equation
with additive noise can be written as

du = (dAu+ F(u)) dt + AW (t). (0.8)

and the solution u(t) is an element in H. The SPDE can be analysed by
means of infinite-dimensional It integration theory, as developed in [DPZ92|. We
will introduce this approach in more detail in Chapter 3| A major source of research
problems arises from asking how the noise influences the presumably complex dy-
namical behaviour, e.g. pattern formation, of such a non-linear equation. Hereby,
it can not only be observed that effects governing the deterministic counterpart are
perturbed by the noise, but also new phenomena, so-called noise-induced phenom-
ena, which are not present in the deterministic setting, may appear.

Let us also take a brief look at the heat equation with linear multiplicative noise,

ou(t,x) = dAu(t, z) + u(t, x)E(t, x), (t,z) € (0,00) x R™,

u(0,) = uo(a). (0
where again ({(t,z) : t > 0,z € R") is a random field in space and time. Equa-
tion is also sometimes called the parabolic Anderson model (PAM) in a wider
sense. One may differentiate between a stationary case, meaning here that £ is
time-independent, and a non-stationary case, meaning that £ is time-dependent. In
the stationary setting we arrive at,

Owu(t, x) = dAu(t, z) + u(t, v)é(x), (t,z) € (0,00) x R"

u(0,2) = ug(z), (0.10)
and the random field ((x) : = € R™) is called a random potential. This equation
may be seen as a model for the spread of mass in a static random environment. The
solution to the PAM is well-known to exhibit an intermittency effect, meaning
that almost all the solution is asymptotically concentrated in a small number of
disjoint regions. More details on this phenomenon can be found in Chapter
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In this thesis we will analyse different types of linear and non-linear stochastic
heat equations from different points of view. The overall goal is to seek a better
understanding of the dynamical behaviour of solutions using various analytic and
probabilistic techniques. This work consists of three main results, which can be
found in the Chapters and [} We now give a short summary of each result and
an outline of the structure of this thesis.

We begin with a brief introduction to random trees in Chapter The main
purpose of this chapter is to introduce and characterise critical Galton-Watson trees
conditioned to survive with an offspring distribution in the domain of attraction of
a stable law, as this will be the spatial domain on which we work in Chapter 2l This
chapter is based on joint work with Eleanor Archer.

In Chapter |2| we analyse the parabolic Anderson model with a stationary ran-
dom potential given by a family of iid random variables on a discrete spatial domain,
namely on a random tree. The intermittency phenomenon that we mentioned above
is on Z™ relatively well understood by now. In particular, the strength of the lo-
calisation behaviour depends on the tail decay of the random potential and several
different regimes have been identified. We consider in this chapter the heavy-tailed
Pareto potential that causes a very pronounced intermittency effect. Indeed, on
Z™ it was shown in [KLMSO09] that the solution to the PAM with Pareto potential
localises eventually almost surely on only two sites and with high probability on one
single site.

Motivated by the increasing interest in dynamics on networks, it is an intriguing
task to consider the PAM on other graphs different from Z". In Chapter [2] we there-
fore analyse the intermittency behaviour of the PAM on critical Galton-Watson trees
conditioned to survive T,,. This extends the current literature since the underlying
graph is now random with non-uniform volume growth and unbounded degree. We
prove that, similar to the Z" setting, the PAM with Pareto potential on the tree
model T localises with high probability in one single vertex for time going to in-
finity. The proof relies on a spectral analysis of the Anderson Hamiltonian A+ &(+)
and the representation of the solution by a Feynman-Kac formula.

Chapter [2| is based on joint work with Eleanor Archer.

After Chapter [2] we switch over to reaction-diffusion equations on continuous
spatial domains and with time-dependent random perturbations for the rest of the
thesis. For this, we introduce relevant concepts and results in the fields of SPDEs
and random dynamical system theory in Chapters |3| and |4} respectively.

In Chapter [5| we analyse the long-term behaviour of certain systems of stochas-
tic reaction-diffusion equations using the random dynamical systems approach (see
Chapter . More precisely, we derive the existence of random attractors, i.e. ran-
dom invariant compact sets of the phase space towards which solutions of the system
evolve. The first type of systems that we consider are so-called partly dissipative
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reaction-diffusion systems with additive noise (Section , meaning that they con-
sist of a coupling between a SPDE and a SODE, i.e. they have the general form

du; = (dAu1 — h(;v,ul) — f($,u1,uQ)) dt + By dWq,

0.11
duy = (—o(x)uz — gz, u1,us)) dt + By AW, (0.11)

where W1 2 are Wiener processes, the o, f, g, h are given functions, By o are suitable
operators, d > 0 is a parameter and the equation is posed on a bounded open
domain D C R™. Systems of this form appear in numerous models in the natural
sciences such as the spatial Morris-Lecar model |[ML81] in neuroscience, the cubic-
quintic Allen-Cahn equation [Kuel5a] in elasticity, and the Barkley model [Bar91]
for spiral waves used in cardiac dynamics.

As will be outlined in Chapter [4] the existence of a random attractor follows from
the existence of a compact absorbing set for the corresponding random dynamical
system. To derive the existence of a bounded absorbing set, we impose certain
regularity assumptions on the noise and growth conditions on the reaction terms in
(0.11)). Due to the absence of the regularizing effect of the Laplacian in the second
component we have to perform a certain splitting technique for the compactness
argument.

In Sectionwe perform a similar analysis for system , however, this time
we consider a multiplicative perturbation by a Brownian motion in the Stratonovich
sense.

In Section [5.5] we consider the stochastic Field-Noyes system, again with a mul-
tiplicative perturbation by a Brownian motion in the Stratonovich sense. This
reaction-diffusion system arrives in chemical kinetics and possesses a non-linear
coupling between components (which is not covered by the analysis in the previ-
ous sections). We show that non-negativity is preserved under the flow and make
explicit use of this information in order to derive a random attractor in this setting.

Note that Chapter [fis based on joint works with Christian Kuehn and Alexandra
Neamtu and that results in Section were jointly published in [KNP20].

In Chapter [6] we are concerned with a finer resolution of the dynamical be-
haviour of stochastic reaction-diffusion equations compared to the existence proofs
of random attractors in the previous chapter. Here, we focus on fast-slow systems,
that is, coupled systems where different components evolve on widely different time
scales. Suppose that a deterministic fast-slow ODE system exhibits a hyperbolic at-
tracting slow manifold, then there exists an exhaustive theory on how sample paths
of the corresponding SODE system (perturbed by Brownian motion) behave close
to this manifold. Namely, there exists exponential estimates on the probability that
sample paths leave a certain neighbourhood around the manifold. We would like
to extend this theory to fast-slow SPDEs of reaction-diffusion type and thereby
contribute to a finer characterisation of the dynamical behaviour of these systems.
As a first step towards this goal, we consider in Chapter [0] a linear SPDE with a
non-autonomous reaction term on a bounded domain. In our approach we use a
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finite-dimensional Galerkin approzimation of this equation, which can be treated
by the corresponding SODE theory, and then we pass in a suitable way to the
limit with infinite modes. By this means, we are able to show that, similar to the
finite-dimensional setting, the probability of a sample path to leave a certain neigh-
bourhood around the corresponding deterministic slow manifold is exponentially
small in the size of this neighbourhood.

Chapter [6] is based on joint work with Manuel Gnann and Christian Kuehn; and
results in Section were jointly published in |[GKP19).

Finally, notations are listed after Chapter [6] and some classical results are stated
in the appendices, to which we may refer throughout the thesis. Note that constants
may always change from line to line if their precise value is not relevant. If not
mentioned otherwise constants are assumed to be positive and finite.
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Chapter 1

Random trees

Random trees are fundamental objects in probability theory. In the following we
give a brief overview on this topics, where we restrict ourselves to discrete trees. The
main purpose of this chapter is to define critical Galton-Watson trees conditioned to
survive with an offspring distribution in the domain of attraction of a stable law and
to derive several estimates for these objects, which will be needed in the following
Chapter 2 This chapter is based on joint work with Eleanor Archer.

1.1 Discrete trees

Discrete, plane, rooted trees are connected graphs with no cycles where one vertex
is designated as the root of the tree. They can be defined with the so-called Ulam-
Harris formalism introduced in [Nev86|. For that, let us define

u:=|JNm,

n>0

with the convention that N = {()}. Furthermore, we set for u = (uy,...,u,) € U,
n > 1, |ul =n and |@] = 0. We also define the concatenation of two elements u =
(Upy ooy Up), 0 = (U1, eey Uy) €U S UV = (UL, ooy Upy V14 oey Uy ). I u = () Tespectively
v = ) we set uv = v respectively uv = u. We call v an ancestor of u if there exists
() # w € U such that u = vw. This genealogical relation is denoted as v < wu.

Definition 1.1. A tree T is a subset of I/ such that
(i) DeT,
(ii) If v € T and v = uj for some j € N, then also u € T,

(iii) For every u € T there exists k, € Ng U {oo} such that uj € T if and only if
1 <j < k.
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The vertex () is the root of the tree T', which we will also often denote as O in
the following. The number k, denotes the number of offspring of the vertex u, in
particular its degree is given by deg(u) = k, + 1. A vertex v € T is a leaf if k,, = 0.
Furthermore, for w € T we define the subtree T,, of T as

T,:={vel:uw T}

We also impose a lexicographic order on T, that is, for u,v € T, we say v < u if
either v < v or v = wjv’ and u = wiv’ with j < ¢ for some ¢, j € N and w,u’,v' € U.
We define the height and the generation size at level n of a tree T as

Height(T') := sup{|u|,u € T}, 2,(T) :=#{u e T :|u| =n},

where # A denotes the cardinality of a set A. Finally, let us set T to be the set of
all discrete rooted trees as defined above.
The following figure depicts a finite tree with Ulam-Harris labelling.

(3,1,1) (3,1,2) (3,1,3)

(1,1) (1,2) (1,3) (2,1) (2,2) (3,1)

Figure 1.1: Finite tree T' with Ulam-Harris labelling, note that Height(7T') = 3 and
ZQ(T) = 6.

1.2 Galton-Watson trees

Random trees are trees formed by stochastic processes. In this section we will
introduce the canonical example of a random tree, the Galton-Watson tree, which
describes the genealogy of a Galton- Watson process. These processes were primarily
studied by the French scientist I.-J. Bienaymé (1796-1878) and the British scientists
F. Galton (1822-1911) and H. W. Watson (1827-1903). We refer to [Har63] and
[AN12] for detailed presentations of this topic.

Let (2, F,P) be a probability space.

Definition 1.2 (Galton-Watson process (GWP)). Let (Z,)n,>0 be a sequence of
integer-valued random variables, recursively defined by

Zn—l
Zn= )Xok, n21,
k=1
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where {X,, ; : n,k > 1} are iid integer-valued random variables with common dis-
tribution (py)n>0 and independent of Zy. Then (Z,),>0 is called Galton-Watson
process (GWP) with offspring distribution (pr)n>0 and Zp ancestors.

Let X have the offspring distribution (p)n>0, i.e. P(X = n) = p, and let
m := E[X] = > 77 np, be its mean. We call the corresponding Galton-Watson
process sub-critical if m < 1, critical if m = 1 and super-critical if m > 1.

Remark 1.3. Every GWP with Zy = k ancestors is the sum of k independent GWPs
with Zy = 1 ancestors and the same offspring distribution. We always consider the
case Zg = 1 from now on.

For each n > 0, the random variable Z, is interpreted as the size of the nth
generation of a given population. The population is called extinct at generation n
if Z,, = 0 and we define the extinction event

Ext:={3dneN:Z,=0} = li_>m {Z,, = 0}.
Note the following fundamental theorem.

Theorem 1.4 (see e.g. [AN12]). We consider a GWP with offspring distribution
(Pn)n>0 and we assume
0<po<po+p <l (1.1)

If m <1 we have P(Ext) =1, i.e. the process is almost surely extinct. If m > 1 we
have P(Ext) = q with 0 < ¢ < 1, i.e. the process has a positive probability to not get
extinct (i.e. to survive).

Remark 1.5.

(i) The proof is based on the fact that the extinction probability is a fixed point of
the generating function of the corresponding process. The statement can then
be derived easily by using elementary properties of the generating function.

(ii) In the trivial cases pg = 0 and py = 1 it holds P(Ext) = 0 and P(Ext) = 1,
respectively.

(iii) If 0 < po < 1 and pg + p1 = 1 it holds P(Ext) = 1.

Definition 1.6 (Galton-Watson tree). A Galton- Watson tree T with offspring dis-
tribution p = (pp)n>0 and root O is a T-valued random variable with law P,, satis-
fying the following properties

(i) Pp(ko =n) = py for all n > 0.

(ii) Let v1,v2... denote the offspring of O, then the subtrees T,,, ..., T, are inde-
pendent under the conditional probability P,(:|ko = n) and distributed as the
original tree T', i.e. with law P,,.
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Remark 1.7.

(i) For any probability measure p on Ny there exists a unique probability measure
P, on the set of plane trees satisfying the properties in Definition see
[Nev86).

(ii) Let T be a Galton-Watson tree with root O and law P,. Let (Z,),>0 be
a Galton-Watson process with offspring distribution p and a single ancestor.
Then (2,(T"))n>0 and (Zy)n>0 have the same distribution.

(iii) In other words, a Galton-Watson tree T' can be associated to a Galton-Watson
process (Zp)n>0 with offspring distribution (p,)n>0 and single ancestor. The
construction goes as follows: Start with the ancestor (or root) and suppose
that individuals in a given generation have offspring independently of the past
and of each other according to the distribution (py,)n>0. The vertex set of T is
the entire collection of individuals, edges are the parent-offspring bonds and
Zp, is the number of individuals in the nth generation of T

(iv) We will omit the subscript p in P,,.

1.3 Offspring distribution in the domain of attraction
of a stable law

In the following we recall the notion of distributions in the domain of attraction of
a (-stable distribution. We refer to [Fel71|] for further details.

Definition 1.8 ([-stable distribution). Let p be a probability distribution on R and
let X1, X, ... be iid random variables with distribution . Then we call p S-stable
with index B € (0,2] if there exist a sequence (b, ),>1 such that

X1+ Xo 4o+ X, 208X, +b,, forallnecN. (1.2)
w is called strictly p-stable if holds with b, = 0 for all n € N.
Remark 1.9.
(i) If B =2, then p is a Gaussian distribution.

(ii) If B8 = 1, then b, = (¢t — ¢ )nlog(n), for n € N, ¢t ¢~ > 0. If additionally
¢t = ¢, then u is a Cauchy distribution.

It turns out that stable distributions are those that appear as limits of sums of
iid random variables.
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Definition 1.10 (Domain of attraction). Let u be a probability distribution on R
that is not concentrated in one point and let Z be a random variable with distri-
bution u. Let X, X7, Xo,... be iid random variables with distribution Px and set
Sn = X1+ Xo+ ... + X,,. Then Px belongs to the domain of attraction of p,
denoted as Dom(u), if there exist sequences of real numbers (a,)n>1 and (by)n>1

such that
Sy, — by,

an

— Z in distribution for n — oo.

If 4 is stable with index 8 € (0,2] and one can choose a, = n'/# we say that Px
lies in the domain of normal attraction of w.

Proposition 1.11 (see [Fel71, VI.1]). Let p be a probability distribution on R that
is not concentrated in one point. It holds Dom(u) # O if and only if v is stable.
Then € Dom(p).

Remark 1.12. If, in the setting of Definition E[X] < oo and E[X?] < oo then
Py lies in the domain of normal attraction of the Gaussian distribution (8 = 2) by
the classical central limit theorem.

A useful characterization is given in the following.

Theorem 1.13 (cf. [Fel71, XVIL5 Corollary 2]). Let 0 < § < 2. The distribution
of a positive random variable X belongs to the domain of attraction of a B-stable
distribution if and only if the tail probability P(X > x) varies reqularly with exponent
—B asx — o0, i.e.

P(X >z) ~ 2 PL(x),

where L(x) varies slowly (see Definition [B.7).

Proposition 1.14 (see [Fel7l, XVIL5]). If Px lies in the domain of attraction
of a stable distribution with index B, then E[|X|'] < oo for all v € (0,5) and
E[|X|"] = 00 in case y > B and B < 2.

Now, let (pn)n>0 be an offspring distribution with m = "> p,n =1 (critical)
in the domain of attraction of a stable law p with index 8 € (1,2). We will ignore
slowly varying fluctuations in the offspring distribution, that is, we always assume
that the function L(z) in Theorem is equal to a positive constant. Let (Zy,)n>0
be the corresponding Galton- Watson process started from Zy = 1. Define the non-
extinction probability of the nth generation ¢, := P(Z,, > 0), then by [Sla68, Lemma
2

1
B-1. .,
qn c (B _ 1)77/7
In this setting the following asymptotic behaviour can be established for the asso-

ciated critical Galton-Watson tree 7' . Note that V(T') stands for the volume of the
tree, i.e. the total number of vertices it contains.

for some ¢ > 0. (1.3)
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Lemma 1.15. There exist constants ¢, < oo such that, as n — oo,

Proof. The relation ([1.4) has been proved in [Korl2, Lemma 1.11] and the relation
(1.5)) follows from ([1.3]). O

Some simulations by I. Kortchemski of critical Galton-Watson trees with off-
spring distributions in the domain of attraction of a S-stable law can be found in

Figure 1.2

ek

Figure 1.2: Simulations by I. Kortchemski of Galton-Watson trees, conditioned on
having a large fixed number of vertices, with a critical offspring distribution in the
domain of attraction of an S-stable law with g8 = 1.1, 1.5, 1.9, 2 (from top to
bottom and left to right), see https://igor-kortchemski.perso.math.cnrs.fr/
images.html.

Remark 1.16. Recall that P(X > n) ~ n~8 if and only if lim,_ e PXzn) _ g,

n—>p
In particular, this means that for every £ > 0 there exists an N, such that for all


https://igor-kortchemski.perso.math.cnrs.fr/images.html
https://igor-kortchemski.perso.math.cnrs.fr/images.html
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n > N;
nP(l—e) <P(X>n)<(1+e)n P,

Furthermore, defining

c1 = min{l—e, min {P(XZn)n'B}},

0<n<Ne¢
€ := max {1 +e, max {P(X > n)nﬁ}} ,
0<n< N,
then P(X > n) ~ n~# also implies that for all n > 0

nBe < P(X >n) < con P,

We will often use these kinds of bounds in the following.

Furthermore, we will also need the following lemmas later on.

Lemma 1.17 (see |Arc20, Lemma 3.1]). Let (X;)i>1 be iid random variables where
P(Xi>z)~ cx™P for some B < 1. Then

(i) If B < 1, then there exists a constant ¢ < oo such that for each n > 2

P (Z X; > nl/ﬁ)\> < c’)\_B,

i=1

asn — oo.
(it) If B = 1, then there exists a constant ¢ < oo such that for each n > 2

P (Z X; > nl/ﬁAlog(n)> < A8,

=1

as n — o0.

Lemma 1.18. Let X be a random variable and 3 < 1 such that P(X > x) ~ a8
as x — 00. Then there exists 0 < ¢ < oo such that

1 — Elexp{—60X}] ~ c#® as § — 0.

Proof. The statement follows from [Kor04, Theorem 8.2, Section IV]. O
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1.4 Kesten’s tree

In this subsection we will state Kesten’s construction of infinite Galton-Watson
trees [Kes86|. Note that in case of a super-critical offspring distribution one can
easily define an infinite tree by simply conditioning the corresponding standard
Galton-Watson tree on surviving. However, this conditioning does not make sense
for sub-critical or critical Galton-Watson trees since their probability to survive is
zero. Thus, from now on we assume that p = (pn)n>0 is an offspring distribution
with mean m < 1. We define its size-biased version p* = (p})n>0 as
Py = %, for n > 0.
m

Definition 1.19 (Kesten’s tree, cf. e.g. [AD14a]). A Kesten’s tree T* associated
to the probability distribution p is a two-type Galton-Watson tree distributed as
follows:

e Each individual is either of type normal or of type special.
e The root O of T™ is special, we call it sg.
e A normal individual produces normal individuals according to p.

e A special individual produces offspring according to the size-biased distribu-
tion p*. If the number of children is finite, one of them is chosen uniformly at
random. This individual is of type special, the rest of the produced individuals
are of type normal. We denote the special vertex of the nth generation as sy,.
If the number of children is infinite, then all children are normal.

S0 S1 52

GWD

Figure 1.3: Sketch of Kesten’s tree with critical offspring distribution. Uncon-
ditioned critical Galton-Watson trees (GW'T’s) grow out of the infinite backbone

50,815 82 -+

Let us now restrict to the case m = 1, i.e. critical offspring distributions. Then,
P-almost surely the special vertices form a unique one-ended infinite backbone of
T*. In other words T* € T, where To denotes the set of plane rooted trees
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with a single (one-ended) infinite path to infinity. Moreover, each of the subtrees
emanating from the children of the backbone vertices are independent unconditioned
Galton-Watson trees with offspring distribution (py,)n>0. We let s, s1, s2, ... denote
the ordered vertices of the backbone, so that sg is the root, and s, is at distance n
from the root, see Figure [1.3

Let us define

T .= {T e T : Height(T) < h},

and the restriction function from T to T, that is for T € T
ri(T) == {u €T, |u| < h}.

Then a sequence of random trees (1},),>1 converges in distribution with respect to

d
the so-called local topology towards a random tree T', denoted as T, (42 T, if and
only if

Vhe N,vi € T, lim P(ry(T) = t) = P(ra(T) = 1).

Kesten proved that Galton-Watson trees with critical offspring distribution (py)n>0
conditioned on reaching at least height n (surviving until generation n) converge in
distribution to Kesten’s tree with distribution (py,)n>0 for n going to infinity. That
is Kesten’s tree is the local limit in distribution of such conditioned Galton-Watson
trees. More precisely,

Theorem 1.20 (Kesten’s theorem, see [Kes86\|Janl2]). Let p = (pp)n>0 be a crit-
ical offspring distribution that satisfies . Let T be a Galton-Watson tree with
offspring distribution p and T Kesten’s tree associated to p. Furthermore, for every
n let T,, be a random tree distributed as T conditionally on having height at least n.
Then

T, 41

in the local topology as defined above.
Remark 1.21.

(i) It can be shown that conditioning critical Galton-Watson trees on differ-

ent events can also lead to convergence in distribution to Kesten’s tree,
see |[AD14b] for details.

(ii) In the sub-critical case m < 1, P-almost surely the spine of Kesten’s tree is
finite and one vertex has infinite degree. Similar local limit theorems can be
proved, we refer to [Jan12,|AD14a| for further details.
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1.5 Critical Galton-Watson trees conditioned to survive
T

This section is based on joint work with Eleanor Archer. We consider here the
critical Galton-Watson tree conditioned to survive (as defined above) with root O
and with an offspring distribution (p)n>0 that is in the domain of attraction of
a [-stable law p with § € (1,2]. Furthermore, for simplicity, we assume that the
slowly varying function L(z) in Theorem is equal to some constant ¢ > 0. We
denote this tree as T.

In the following we will denote the number of offspring of a vertex v, i.e. k,, also
as Off(v). Note that the size-biased distribution (p};),>0 belongs to the domain of
attraction of the same stable law with index 5 — 1.

e In particular, in case 8 € (1,2), (pn)n>0 has finite mean and infinite variance
and for a normal vertex v € T, we have

P(Off(v) > n) ~ en™". (1.6)

Furthermore, in that case (p})n>0 has infinite mean and for a special vertex
s, we can conclude that

P(Off(s) > n) ~ en~ 571, (1.7)

e Now, in case f = 2, (pn)n>0 has finite mean and either infinite variance, in
which case for a normal vertex v

P(Off(v) > n) ~ en™2,
or finite variance in which case (from Markov’s inequality) we know
P(Off(v) > n) = O(n™?).

Likewise, the distribution (p}),>0 has then either infinite mean and for a
special vertex we have

P(Off(s) > n) ~ en”t,

or it has finite mean and

P(Off(s) > n) = O(n™1).

We will restrict from now on for the rest of the chapter to the case 8 € (1,2).
That is, equations and are the relevant identities for the tails of the
offspring distribution. This way we avoid the inclusion of certain logarithmic cor-
rection terms, which would appear for example when applying Lemma m (ii) for
the size-biased offspring distribution in the 8 = 2 setting, and thus we will not have
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to distinguish different cases throughout the analysis. Furthermore, note that for
any v # O we have deg(v) = Off(v) 4+ 1 and therefore, for a normal vertex v, using

(1.6, for n — oo

P(deg(v) >n) P(Off(v) >n—1) 1
en—B N cn—1)=P (1-1/n)s =L

that is, the same kind of tail decay holds for the distribution of the degree. Likewise,
the tail decay of the degree distribution for a special vertex s is given by .

In the following we will derive several estimates for this tree model, which we
will need in Chapter

1.5.1 Properties of T

Given r > 0, we denote by B, the closed ball of radius r around the root in Ty, and
by V(B,) the volume of this ball (i.e. the number of vertices it contains). If the
ball with radius r in T, is centred at v # O it is denoted as B(v,r). Furthermore,
we denote by A, the connected component containing O obtained after removing
the vertex s, from T,,. We also let Sp(r) denote the set of offspring of the vertices
50,51, - - -, Sr—1 and V(Sp(r)) its volume. Moreover, we define Sp*(r) as the set of the
offspring of the vertices sy, ..., s,—1 excluding the vertices s, ..., s, again V(Sp*(r))
denotes the volume of this set. More generally, if A C T, we let V(A) denote the
number of vertices in A. For the subtree T}, v € T, we denote by B! the ball of
radius r around v in T,,. We derive the following volume estimates.

Proposition 1.22. Let 8 € (1,2). Take \,r > 1. Then for any € > 0, there exist
constants 0 < C < 0o (may be different for each of the following bounds) such that

() P(V(B,) 2 AriT ) < 0A-(-12),

i (B-1te)
(ii) P(V(BT) > Arﬁ) >C\ =5 , for r sufficiently large,
B —(B-1
(ii) P(V(Ar) zwfl) <Oox 7,
B—1
(iv) P(V(BT) < )\*17“%> < Ce= " | forr, A sufficiently large.

Proof. (i) and (ii) are taken from |[CKO08, Proposition 2.5].

(iii) Due to the construction of T, (recall Subsection [1.4) we can write

) =1+ Z V(T,) < Y V(T (1.8)

veSp*( vESp r)



20

(iv)
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where (T)yesp(r) is a collection of independent copies of (unconditioned)

-1
Galton-Watson trees, so that P(V(T,) > n) ~ en® for v € Sp(r) by Lemma
[I.15 Moreover, the degree distribution on the backbone is size-biased, so we
have

r—1
V(Sp(r)) = ) _ Off(sy),
i=0

where Off(s;) denotes the number of offspring of vertex s; and recall from ([1.7)
8

that P(Off(s;) > z) ~ cx~#=Y for § € (1,2). Then, since 7 < 771\ for all r,

we have by (|1.8) that for 5 € (1,2)

P(V(4,) > T%A>

where the bounds in the final line follow from Lemma [1.17] (i).

Assume for convenience that r is even. Again, by the construction of Ty,
the subtrees T, emanating from each vertex v € Sp*(r/2) are independent
Galton-Watson trees with offspring distribution (py,)n>0. Therefore,

V(B)> Y V(B
vESP*(r/2)

Moreover, again by Lemma for each v € Sp*(r/2) we have P(V(T,) >
1

n) ~ cn #. Furthermore,

r/2—1

V(Sp*(r/2)) = Y _ (Off(s;) — 1), (1.9)

1=0

i.e. V(Sp*(r/2)) is given by the sum of 3r random variables in the domain of
attraction of a (8 — 1)-stable law, compare with (iii). Thus for some 6 > 0,
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using Markov’s inequality and the law of total expectation, we have

<E|expg —0 Z V(B;j%) exp {HT%)\*l}
vESP*(r/2)

<E (E[exp{—HV(Tv)}] + P<Height(Tv) > ;7‘)) o (7’/2))] exp {HT%)\_I}

<E [(E[exp{—ﬂzl}] + crﬁ_—ll)zﬂ i exp {HT%YI} ;

where Z; has %—stable tails and Z; has (8 —1)-stable tails. Moreover, it follows

for such random variables from Lemma that Elexp{—02,}] < 1-¢ 67 and

E[exp{—¢Z1}] < Ce=®""" for all sufficiently small 6, ¢ and some constants
-8

C,c,c > 0. Therefore, taking § = 75T\ and assuming \ > (25)6 yields for

r sufficiently large

Lp

P(V(B)<r7 A1) <E (E[exp{—ezl}uw‘-i)zl] exp {ora1)
1
—1\2Z1|2

2
T

Corollary 1.23. Let 8 € (1,2). P-almost surely for any € > 0 it holds

(1)

V (B,
lim sup ( )1+E =0,

n=oo pB-1(logr)s-1
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V (A,
lim sup 5 ( )52+s:0’
"0 pB-T1(logr) B
(ii3)
B,
lim inf V(B,) 57— > 0.
r—oo =t —

r5-1(loglogr) 51

Proof. We consider the first identity. Let 6 > 0 be arbitrary, set r, := 2" and

5 _Lte B4 dte . ..
= &(logry,)#1== with €' := 27-1"#-1-<. Then we compute using Proposition

An :
(i) that
B
ZP < Br,) > AT > < C'Z(logrn)*(lﬁ) < o0.

n=0

Thus by Borel-Cantelli (see Lemma [A.1)) we can conclude that along the sequence
ry, eventually almost surely

£ ke

5 B
V(B,,) < =rh ! (logrn)ﬁ =< Sry "t (logry, ) F—1-¢

C

Furthermore, for r € [ry, rp4+1] eventually almost surely

6L ﬂi 14e
V(B,) <V(B,,,) < 6213 rn  (logr, + log(2))f-1-<
e i £

< ég%-kﬂur B (log Tn)ﬁj—s

C
L 1+s
< 61777 (log r) 7
That is, for any § > 0

_B_ lte

rA-1(logr)f-1-=
Hence, the first identity follows for some & > 0 that we rename e. The other
two identities of the Corollary follow in a similar manner from (iii) and (iv) of the

previous Proposition O

Proposition 1.24. Let Z} denote the size of the rth generation of T. For every
€ > 0 there exists a constant ¢ such that for all r > 1, >0

P (Z,’f > )\rﬁ> < cNPle

Proof. This statement has been proved in |[CK08, Proposition 2.2]. O
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Let m > 0 and let us define for r > 0 the set

Cy = {UETOO:M:(I— T,EIUETOO:|U\:T,U—<U}, (1.10)

1
(logr)™
that is, the set of vertices in generation (1 — W) r that have a descendant in

generation r. We derive the following volume estimate for this set, which we will
need later on.

Lemma 1.25. Let k > 0 and K =k + % For € > 0 there exists a constant C
such that for r sufficiently large

P (V(Cy) > (logr)) < C(logr)~h=)F-1=2),

Proof. We set r* := (1 - W) r. Let Z. denote the size of the r*th generation

of T, and let v;, 1 = 1,..., Z7. denote the vertices of this generation. Furthermore,
let T, denote the subtrees starting at v;. Then

vich= Y ]l{Height(Tw)Z 4 }

m
we{v1,..., vz} (log T‘)

14 3 1 {Height(Tw) > (10grr)m} 7

we{vl,...,’uz;f* N{sp*}

where we have used that the subtree T . is infinite. Note that the subtrees T}, w €
{v1,...,vz:, } \ {sr+}, are unconditioned Galton-Watson trees. Recall from Lemma

—1
that for v; # sy, P(Height(Ty,) > x) ~ cx?-1, i.e. V(C,) is stochastically
dominated by a random variable with distribution 1 + Binom(Z}. — 1,p,) where

1 m
pr = dr 71 (logr)?-1 for some constant ¢’. Thus

P(V(Cr) = (logr)™)
<P(Z > r51(logr)F ) + P (X > (logr)X — 1), (1.11)

= r
1
where X ~ Binom(r?-1 (logr)*¥=¢ — 1,p,). Applying Proposition we obtain for
the first term in ([1.11) that for £ > 0 there exists a constant ¢ such that

1

X L —(B—1-¢)
P(Z% > 51 (logr)* %) < ¢ |(logr)F—= <1 - (logr)m>
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The second term in (1.11)) is estimated by a Chernoff bound (see Lemma [A.3]). Let
6 > 0, then

P(X > (logr)K -1)
E[eex]
— ef((logr)K—1)

- exp ((rﬁ(log ryk—e — 1)c’r7ﬁ(logr)%(69 _ 1))
o exp (6((logr)K — 1))
exp (¢ (logr)* 51 (e ~ 1))
exp(6(logr)K —0)
< exp(c/(log 1) 7T ¢! — 0(log 1) + ),

and since K = k + % the second term in ([I.11)) can be upper bounded by the
first one for r large enough. That is, combining both terms, we deduce that for any
€ > 0, there exists C' < oo such that for r large enough

P (V(C’") = (logT)K) < C(logr)*(k*f?)(ﬁfl—s)_

We will also need the following result concerning a uniform vertex in B,.
Lemma 1.26. Let § € (1,2). Let v, be a uniform vertex in B,.

(i) Fiz some constant k < co such that B(v,,k) C By. For any e > 0 there exists
¢ > 0 (depending on k) such that

P(V(B(v,,k)) > A) < e (87179,
In particular for every function f with f(r) — oo as r — oo it follows

P(V(B(v,k)) > f(r)) =0, asr — oo.

(ii) Let m € N. For any € > 0 we have for r sufficiently large

~(1-¢) _erelB

P(deg(u,) 2 m) < m~ G-V F 1 e

/ —
+cm B,
for some constants ¢,c, ", C.

Proof. (i) Let P*(v,) denote the ancestor of v, that is exactly s A |v,| generations
before it. Let Tpx(,,) be the subtree of T, rooted at P"(v;.).
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o If P*(v,) # s; for all i € {0,1,2,...,7}. Then Tpr(,, is almost surely
a finite subtree conditioned on having height at least k. The offspring
distribution along the leftmost path that contains v, and has maximal
height (of all the paths that visit v,.) can be stochastically dominated by
the size-biased distribution (e.g. see |[GK98, Lemma 2.1)).

e If there exists i € {0,1,...,7} such that P"(v,) = s;, then Tpx(,, is
almost surely infinite with backbone s;, s;41,... and it is conditioned to
reach v, in one of the unconditioned Galton-Watson trees grafted to the
Two-backbone (if v, is not on the backbone itself). Again the offspring
distribution along the leftmost path that contains v, and has maximal
height (of all the paths that visit v,) can also be stochastically dominated
by the size-biased distribution.

In any case, the volume of B(v,, k) can be upper bounded by the volume of
two balls B, B3, with radius 2x around the origin of T, T2, where T, and
T2 are distributed like Ts,. That is

P(V(B(vr, k) > A) < P(V(B3,) + V(B3,) > )

by Proposition m (i), where ¢ is some constant that depends on .
(ii) We calculate for r sufficiently large
P(deg(v,) > m)
=P (deg(v,) >m|Fi € {0,1...,7} s v, = s5;) P (Fi € {0,1...,7} : v, = ;)
+ P (deg(vy) > mlu, # s;Vi € {0,1,....;7}) P (v, # s;Vi € {0,1,...,7})
B—e
< dm~F-Np <E|i €{0,1....7} : v, = 5|V(B,) > Tﬁ)
B—e
+P (V(B,) <77 ) +dm 7

P
scm G—2)
r A-1

_ C//m—([}fl)T—él:lE) n Cefcﬁ/ﬂ + Clmfﬁ,

1+ Ce "’ L /mB

where we have used Proposition [1.22] (iv).

We also give a bound on the diameter of A,, which is defined as

Diam(A,) := sup{|u — v| : u,v € A, }.
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Proposition 1.27. P-almost surely, for any € > 0

lim sup Diam(A.)

reo r(logr)Pte b

Proof. By conditioning on the heights of the subtrees grafted to the infinite backbone
of Tw, it follows from the definition of A, that

P(Diam(A,) > 2r))

<P ( sup Height(T},) > 7“)\>

vESP™* (1)

<P sup Height(T,) > r)\’V Sp*(r p*(r)) > r%)\p)
vESP™* (1)

< rFTAPP (Height(T) > 1)) + P <V(Sp PP

where T denotes an unconditioned Galton-Watson tree. We invoke Lemma [I[.15 and
Lemma (i) (recall the definition of Sp*(r) and (1.9)) to compute further

P(Diam(A,) > 2r\) < dr-T AP (FA) =T 4 eA P D)
NP — 5 + eNPB-1)
<COAF,

| /\

where we chose p = m in the last line. Now fix ¢ > 0 and set £ = 5. Choose

A = (logr)?*¢ and consider the sequence r, := 2". Since

ZP Diam(A,, ) > 2rpAy, ) < CZ log )~ (H/8) < 00
n=0

we can infer from Borel-Cantelli that along the sequence (r,), we have eventually

almost surely
Diam(4,.)

rp(logr,)B8+e —
For r € [rp,n+1] we can invoke a monotonicity argument, that is there is a ¢ > 0
such that eventually almost surely

Diam(A4,) < Diam(A4,,,,) < Diam(A4,,.,)

Diam(A,,.,) <
. . . c.
r(logr)P+té = r,(logry)B+e — 747’T“(log T”%)ﬁ"’s

C
27rp41 (IOg Tn+1 )BJré -

<

Thus there exists rg such that for all r > ro we have

Diam(4,) 1 Diam(A4,) c_ ¢

r(logr)Pte — (logr)¢ r(logr)A+e = (logr)é;

as the right hand side converges to 0 for » — oo, the statement follows. O
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We will also need the following estimate on the sum of the logarithm of the
degrees. Let us define I, as the set of all direct paths between two vertices in B,.
Furthermore, for v € T';, let || denote the length of the path.

Lemma 1.28. There exist deterministic constants B, B < oo such that P-almost
surely,

sup Zlog(deg v) — <B|’y! + Blog 7’) <0
el vey

for all sufficiently large r. In particular, since for v € I'y, |y| < r, P-almost surely

sup Z log(degv) < Br + Blogr,
76Frv€7

for sufficiently large .

Proof. Let ¢ > 0 and let us define ¢ := 8 —1—¢ > 0 and B > %(2/6;3 —1—5).
Note that E[(degv)°] < oo for all v € B, (recall Proposition [I.14). We set A :=
log E[(degv)¢] < 0o and B := % Also note that the degrees of distinct vertices

are independent of each other due to the Galton-Watson structure. We define for

. Blogr 5 2 ; ;
yely, A\, = Ml + B and v, := r#-1. With this, we calculate

P (Z log(degv) > )\7|7|) < E |exp (chog(degv))] exp(—cAy|v|)
vey vey
< exp (A]y] — ey v)
=B,

Note that |I';| < V(B,)2. Applying a union bound yields

P <sup {Zlog(deg v) — )\7|v|} > 0)

el vey

=P (sulp {Zlog(degv) - )\7]7]} > 0|V (B,) < vr> P(V(B,) < v,)
vEeLr vey
+P (sulp {Zlog(degv) - )WM} >0|V(B,) > vr) P(V(By) > v)
YELY veEY

<v’r B+ P(V(B,) > v,)
<rf4Cr
S C/T7€/27
where we have used Proposition m (i). The statement now follows by applying

Borel-Cantelli along the subsequence r,, = 2", and then applying monotonicity if
r € [2n, 27, O
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1.5.2 Random walk on T

Given a particular realisation of T, we let X = ((Xm)m>0,Pu,v € Too) be the

continuous time, variable speed random walk on T started at v € T,,. This process,

generated by the discrete Laplacian, is strong Markov. In particular, the jump

times, started at a vertex w € Ty, are exponentially distributed random variables

with parameter deg(w). That is, the mean jump time at a vertex w is deg —- In the

case where X is started from the root O of T, we just write PP for the law of X.
Let A C T,,. We denote the first exit time from A as 74, i.e.

=inf{t >0: X; ¢ A}.
Given a vertex v € T, we let
H, :=inf{s >0: X, = v},
denote the first hitting time of v.

Proposition 1.29. Conditionally on Ts,, we have for v € Ts, with |v| = r that

(i)
P(H, <t) <exp{—r([logr—logt—1]V0)},

(ii) and for r > %t and r sufficiently large

P(H, <t) (H dog(u ) exp{—r[logr — logt]}.

Proof.
(i) Let O = vg < v1 < ... < v, = v denote the ordered ancestors of v. To
reach v from vy, the random walk must first pass through each of the points
Vl,...,Up—1. When it reaches the point v;, the time to jump to v;y+; will

stochastically dominate an Exp(1) random variable (since it can only reach v;41
through one edge which rings at rate 1). The time delay for the random walk to
reach v will thus be greater than ) E,, where (Ey )., is a sequence of iid
Exp(1) random variables. Hence, using Stirling’s formula n! > /2rn"+1/2¢="

for all n = 1,2,3,..., and the fact that for P ~ Poi(¢) it holds

P(ZEu§t> =P(P>r),

u—<v
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we obtain

~—

P(H, < t) gP(ZEugt> =P(P>r

r
\ /2ﬂ-r7”+1/2€—7”

< exp{—r[logr — logt — 1]}.

(ii) We lower bound the probability of hitting v in time ¢ by the probability of
going directly to v in time ¢, i.e. taking the direct path. Accordingly, let

again O = vg < v1 < ... < v, = v denote the ordered ancestors of v, and let
(E;)i—3 be independent random variables, where E; ~ Exp(deg(v;)) for each
1=0,..,r—1.

Then, if 3t < 2r, since all vertices except perhaps vy have degree at least 2,
we have for all sufficiently large r that

r—1 r—1 ; r—1 )
P<§ Ei§t> zHIP’<Ei§> H(1—e—:degvi)
T
=0 i

i=0 1=0

_t _2e\71
(1_e r)(l—e )
< T

—r(logr—logt)

v

IV
= |+

=€

Since 1 — e™ 2% > %m and 1 —e™®* > %az if z < % and for large enough

r, (%)“1% > 1. Therefore, lower bounding the desired probability by the

probability of taking a direct path to v in time less than ¢, we deduce that

1
deg(v;)

r—1
P(H, <t)> H exp{—rllogr — logt]}.
=0
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We can now also derive the following results for the exit times of A, and B,.
Corollary 1.30. Conditional on Ts, for all t > 0
P(1a, <t) <exp{—r([logr —logt —1] VvV 0)}.

Proof. Since the random walk can exit A, only through s, we have by using Propo-
sition [L.29] that

P(14, <t)=P(Hs, <t) <exp{—r([logr —logt—1]V0)}.

For the exit time of B, let us define d := % = d o > d and

)= <102igt)q+1’ ' <10gt>

These constants and scaling functions will appear in Chapter [2] where a will be
coming from the random potential of the parabolic Anderson model. For now, let
us just note these definitions and we continue to prove the following bound for the
exit time probability for a ball of radius r — 1.

Lemma 1.31. Take any f,p > 0. With high P-probability for t — oo, we have for
all v € [r(t)(loglogt)~/,r(t)(log t)?] that

IP’(TBT_ISt)SeXp{ rlog( )+0( ())}

Proof. Let € > 0. Let m > p+1, k > Bm+6 +2efor0 < d < 1andset K := k+
Recall the definition of C). from and by Lemmaﬁwe have for r large enough

P(V(C,) > (logr)) < C(logr)~k=9)F-1=2),

Now, since the random walk needs to visit a vertex in C). before it can exit the ball
B,_1, we can lower bound the exit time of the set B,_1 by the hitting time of the
set C,. On the high probability event {V(C,) < (logr)¥}, we can thus compute
using Proposition for r sufficiently large

P(rp,_, <t)

<PFweC,:H,<t)

<) P(H, <t)
veCy

< V(Cr)eXp{— (1 - (10;,,)7n> [10g< ) +log ( (1C>gl7“)7”>]}
< (logr)¥ exp {— <1 - (10;7«)7n> [log (;ﬁ) B (1032?")’”} }

3 T
< — - — .
exp {Klog logr (1 (log 1) > rlog (et)} ) (1.12)
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where we have used that log(l —z) > —2z for z < 1/2. We define 7(t) :=
r(t)(loglogt)~™ and R(t) := r(t)(logt)?. Now, in order to show that (1.12)) holds
with high probability simultaneous for all r € [7(t), R(t)], we define the sequence

for 0 < n < Ny := [log(R(t))™"%]. Then ro = R(t) and for ¢ large enough, using
that for any constant ¢’ it holds exp(—x5) < z7¢ for z sufficiently large, we have

log (R0 ) _ o
bg@(ﬂ)’”) R(t) = exp(—(log(R(1)))’) k(1)

< (bgél(t))%fz(t) < Cr(t) log(t) P < ().

TN, < exp (—

Then, taking a union bound, we have that

3 'n
P(Eln <Ny :P(rp,, _, <t) >exp {K(loglog n) = <1 - ()m> rn log (g) })
<P(In < N : V(C,,) > (logrn)™)
< 3 llogry) U1

TLSNt
5 { D) 1 —(k-e)(B—1—¢)
< c |log(R(t +nlog<1~)]
n<Ni (log R(t))™
> e los(ite) 2 T
< ¢ |log(R(t)) — n~]
n<Ny (log R(t))™
< ¢ |log R(t (1—~>]
n<2log(R(t))m+ (log R(t))'~°

~ m+do—(k—e)(f—1—¢)
< C [log(R(1))] .

Since k > Brfffa + 2¢ this probability converges to zero as t — oo, i.e. with high

P-probability

P(7s,, _, <t)

< exp {K(log logry,) — (1 - (1()‘%?;%)7”> Ty log (ZT;)} for all n < Ny (1.13)
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Now, on the event in (T.13)), we have for all r € [7(t), R(t)] with 7 € [r11,75] that
]P’(TBT71 < t)

< P(TBrn+1,1 < t)

<exp{Kloglogrn+1—<1— 1 m>7“n+110g Tn 1)}
(logrp+1)

3rlog (&
<exp4 Kloglogr —r, (1— )1 T”H rlog (53)
10g R m (lOg Tn+1 )m
1

o B rlog( ) 3rlog(
< exp {Kloglogr log (et <1 (logR( 3 >> 4 (logR( e (logrn+

o

)

2r LT log (8) 3rlog (& }
(1.1

J

<exp{ —rlo + Kloglogr + = —
B p{ 8 () + K 1ostos oz B " (o Rty Togrmsn)”

We compute further
Kloglogr < K loglog(R(t)) = K loglog (r(t)(log t)P) = o(r(t)),

and

) _ 3rlog (L) _ 3rlog (L)
<

(logrn,)™ :log <<1 - W)Nt R(t)>]m
( .
( -

3r log( o
(log TnJrl)

IN

D) ~ ety
3rlog (é)
1) (0 )|

< COrlos () (1.15)
(log B(t))™

_log

IN

3rlog (é)
(
(

_log

Finally, we compute

rlog (L) - R(t)log (Rett)> B r(t)(log t)P log <W>

(log R(t))™ —  (log R(t))™ (log(r(t)(log t)?))™
< Cr(t)—— ot

(o ((s1)"))”

< Cr(t)(logt)PTt—m
o(r(t)), (1.16)
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where we have used that m > p + 1 by assumption. In particular, we can conclude
from (1.15) and (1.16)) that the last three terms in (1.14) are also of order o(r(t)),
i.e. with high P-probability as t — oo we have for all r € [F(t), R(t)]

P(rp,_, <t) <exp {—rlog <é) + o(r(t))} .
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Chapter 2

The parabolic Anderson model
with Pareto potential on critical
Galton-Watson trees

We prove that the solution to the parabolic Anderson model with Pareto potential on
a critical Galton-Watson tree conditioned to survive with an offspring distribution
in the domain of attraction of a stable law localises with high probability in one single
vertex for time going to infinity. This chapter is based on joint work with Eleanor
Archer.

2.1 Introduction

In a very general form the parabolic Anderson model denotes the parabolic initial
value problem

Opu(t,v) = Au(t,v) + &(t, v)u(t,v), (t,v) € (0,00) X S,

u(0,v) = up(v), vES,
where S is a space equipped with a Laplacian and (£(¢,v) : t > 0,v € S) is a possibly
time-dependent random field. That is, we are dealing with a stochastic heat equation
with multiplicative noise, see the Introduction. Here, we are only interested in the
stationary case, i.e. where the potential is time-independent and furthermore we

consider a discrete space, say Z¢, and localised initial data. We will thus generally
refer to the following problem as the parabolic Anderson model (PAM) on Z¢.

Definition 2.1 (Parabolic Anderson model (PAM) on Z%).

Opu(t, z) = Au(t, z) + £(2)u(t, 2), (t,z) € (0,00) x Z9,
u(0,2z) = 1{z = 0}, z el

35
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where

(Af)(2) =D [fy) - f(2)], z€Z%f:Z" >R, (2:2)

Y~z

denotes the discrete Laplace operator and (£(z) : z € Z%) is a collection of inde-
pendent identically distributed random variables, called the random potential. The
probability measure associated to £ will be denoted as P and the corresponding
expectation as £.

The PAM is a classical model for the spread of particles in an inhomogeneous
random environment, with applications including population dynamics and chemical
reactions, see |[CM94] for details. Even though the discrete model on Z¢ may, in
some cases, from the modelling point of view only be an approximation to a physical
system in continuous space, many qualitative phenomenon of the model are the
same on Z% and R?. The PAM can be derived as the evolution equation for the
expected number of particles at a given site and time of a branching random walk
in random environment, see Subsection for details. A comprehensive survey
of results on the model can be found in the book [Konl6|. We also refer to the
surveys [GKO5,[Mo6r09] for an overview.

One of the most interesting phenomenon that can be observed in the PAM is
a localisation behaviour of the solution. That is, for ¢ large, the solution becomes
concentrated in a few disjoint islands, outside of which the contribution to the total

Ut):==>_ ut,z2),

z€74

is negligible. This effect is called intermittency. The size and number of islands
depend on the tail decay of the potential, which leads to several different regimes
[vdHKMO6]. Note that with a constant, non-random potential, a diffusion process
will spread most of its mass at time t over a ball with radius of order /%, i.e. it
is indeed the randomness of the potential that drives the localisation behaviour in
the PAM. We will discuss this phenomenon in Subsection [2.2.1] in more detail. In
this chapter, we will focus on a setting with a Pareto-distributed potential, that is
with polynomially decaying tails, for which a strong intermittency effect can be
observed. More precisely, in [KLMS09| it was shown that the solution to ({2.1]) with
Pareto potential localises eventually almost surely at two sites. The authors also
derived that with high probability the solution actually localises at one site only
for time going to infinity (this result was also proven earlier in the unpublished
preprint [KMS06| by different tools).

Motivated by e.g. biological models on network, it is an intriguing task to
analyse the PAM and its intermittency behaviour on other graphs besides Z¢. In
this chapter we are especially interested in random graphs, or more precisely, Galton-
Watson trees combined with a Pareto-distributed potential. In order to consider the
long-time behaviour of the PAM on a Galton-Watson tree, it is natural to restrict
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to the case of an infinite tree. The most natural candidate for such a tree would be
a super-critical Galton-Watson tree as it has a positive probability to survive (see
Theorem |1.4). However, in the case of a Pareto potential the exponential volume
growth in a super-critical Galton-Watson tree causes the solution of the PAM to blow
up, almost surely. We will therefore consider the PAM on critical Galton-Watson
trees that are conditioned to survive, see Subsection for the precise definition of
our tree model T,,. Moreover, we choose an offspring distribution in the domain
of attraction of a B-stable law, i.e. B is the main parameter controlling the random
tree. We note that T, has unbounded degree and non-uniform volume growth,
which makes the analysis more delicate compared to the Z? case. Furthermore, the
random tree introduces another layer of randomness into the model and most results
are stated in the joint probability law of the potential and the tree.

In our main Theorem we show, in a similar manner as in [KMS06| for the
Z¢ case, that the solution of the PAM on Ts with Pareto potential localises with
high probability in one single vertex as time goes to infinity. This is joint work with
Eleanor Archer.

The only other work on the PAM on a random tree, at least that we know of,
is given in [dKd20]. There, the authors consider super-critical Galton- Watson trees
with a bounded degree assumption together with a random potential that has a
double exponential tail. In particular, they analyse the large t asymptotics of the
total mass, which gives information about the localisation and the structure of the
localisation set, see Subsection Apart from that, we know of two other works
where the PAM is considered on deterministic graphs different from Z?, namely on
sequences of the complete graph [FM90] and the hypercube [AGH20| (note that both
have unbounded degree in the limit, though to cancel out this effect the Laplace
operator was multiplied by a suitable pre-factor in both settings).

The rest of this chapter is structured as follows: In Section [2.2] we will summarize
a few aspects of the PAM on Z% and provide the corresponding references. We will
continue with Section where we introduce the PAM on the tree T, (defined in
Section . After deriving estimates on the extremal values of the Pareto potential
with parameter a on Ty, we will establish the existence/non-existence for a non-
negative solution of the PAM on T, for a < % / a> % In the last Subsection
we will state our main theorem and give details on the proof strategy. We
continue with Section [2.4] where we will derive estimates for the maximizer of the
potential and for the concentration site that will be essential for the main proofs.
The aim of Section [2.5] is twofold, firstly to derive a concentration result for the
principal eigenfunction of the Hamiltonian appearing in the PAM on a bounded set
and secondly to infer a relation between the solution of the PAM and the principal
eigenfunction allowing to transfer the concentration result to the solution. We com-
bine the auxiliary results from the previous sections in Section [2.6] where the main
theorem about the one point localisation of our model will be proved. Finally, we

conclude this chapter with an outlook on future research in Section
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Note that all results in this chapter are based on joint work with Eleanor Archer.

2.2 The parabolic Anderson model on Z“

The parabolic Anderson model is named after the physicist P. W. Anderson (1923-
2020). In particular, it is the parabolic analogue to the Schrédinger equation (on
7Z%) in quantum mechanics with the so-called Anderson Hamiltonian H := A +£(+),
i = Hy, 9(0,2) = olz) € A

describing the dynamics of the wave function of an electron inside a semiconductor,
which is assumed to have random impurities described by the random potential
€. Anderson’s research [Andb8| revealed that the wave function may concentrate
on small domains, which is today known as Anderson localisation. The spectral
properties of the Anderson Hamiltonian play a central role in the understanding of
this phenomenon and a related spectral analysis will also be relevant for proving
intermittency effects in the PAM, see Subsection [2.2.1] For further physical back-
ground we also refer to [Mol91] and for theoretical background on random operators
to [AW15].

The existence of a non-negative solution to is established in the following
theorem.

Theorem 2.2 (see |[CM94,GMI0|). Assume that the random potential fulfils

£(0) v 2 >d
| ——F—— < 00. 2.3
[<1og<s<o> V) (23)
Then (2.1)) has a unique non-negative solution.

Remark 2.3. Since we will be working with a Pareto-distributed potential later on,
let us note that if (£(z) : z € Z9) is a family of iid random variables with Pareto
distribution with parameter o > 0, that is

P(é(O) < LU) =1- xia) T > ]—)

then condition (2.3|) translates to o > d.

One of the main probabilistic tools for analysing the PAM is the representation
of the solution via a Feynman-Kac formula.

Definition 2.4 (Feynman-Kac formula). Under condition (2.3|) the solution to ([2.1])
is given by

u(t, z) = Eg [exp {/Otf(Xs)ds} 11X, = z}] , (t,2) e RT x 74, (2.4)

where (X5),e(0,00) 18 @ time-continuous random walk on Z% with generator A starting
at 0 € Z% under E,.
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The expectation in the Feynman-Kac formula is taken with respect to the ran-
dom walk and the solution is still random with respect to the potential. This formula
already suggests that sites that can be reached quickly by the random walk and that
have a large potential value contribute heavily to the mass of the solution.

2.2.1 Intermittency

The parabolic Anderson model with iid random potential exhibits a concen-
tration property, called (geometric) intermittency |[GKMO07]. That is, the solution
is concentrated for ¢ large, on a few, small, remote islands, which carry most of
the total mass U(t). These islands are called relevant islands and identifying their
number, size and location constitutes the main task in characterising the intermit-
tency phenomenon. It is assumed that the heavier the tails of the distribution of
the potential, the smaller the number of relevant islands and the smaller their size.
That is, the intermittency effect becomes more pronounced.

The analysis of this effect often relies on a spectral decomposition of the solution
in a large box, i.e. an expansion with respect to the eigenfunctions of the Anderson
Hamiltonian. Let Hp denote the Anderson Hamiltonian on a finite set B C Z¢
with Dirichlet boundary conditions. Let ¢1, ¢, ..., ¢|p| be the eigenfunctions for the
decreasingly ordered eigenvalues A1, ..., \|p| of Hp. Note that the eigenfunctions
form an orthonormal basis of £2(B). We set ¢;(z) =0 for z € B and i = 1, ..., |B|.
Then the solution upg of in B admits the representation

|B|

up(t,) = D e o(0)dn(), t € (0,00). (2.5)
k=1

Heuristically, intermittency can now be explained as follows: As the Anderson lo-
calisation predicts, the eigenfunctions of H belonging to eigenvalues close to the
boundary of the spectrum are exponentially concentrated in small areas that are
randomly located. Assuming that this also holds on the large box B, we expect
¢ to be small outside a small neighbourhood around its centre z; and further-
more, due to the exponential term e, summands in with large k become
negligible against the leading terms e, e!*2, ... Since the concentration centres xy,
are also predicted to be far away from each other, the solution up is well approx-
imated around x;, by the summand e**¢y(0)éy (2 + -), i.e. up has high values
on a few (only small values of k relevant), small islands that are well separated in
space. See [Konl6] for more heuristics on the intermittency phenomenon. For a
rigorous proof the solution is considered on time-dependent boxes B; that grow for
t — oo and the spectral analysis is combined with the probabilistic expansion via
the Feynman-Kac representation.

Let us review some known results on geometric intermittency in the PAM. In
[GKMO7] the authors showed that for potentials with double exponential tails and
heavier tails with finite exponential moments, the contribution to the total mass



40 CHAPTER 2. PAM ON CRITICAL GWT

coming from outside a random number of relevant islands is eventually almost surely
negligible. They also proved that for potentials with tails heavier than the double
exponential tail (i.e. including Pareto and Weibull distributions) the localisation
islands consist of single sites. Later the number of localisation islands were specified
for the Pareto and Weibull distribution. In the setting with Pareto potential (no
finite exponential moments) with parameter o > d it was shown that eventually
almost surely the non-negligible contribution to the total mass is coming from at
most two single sites [KLMS09] and moreover that with high probability it is indeed
only one site. Likewise, in [ST14] localisation in one site with high probability was
shown for the setting with the Weibull potential (i.e. P(£(0) > z) ~ exp(—z7))
with parameter 0 < v < 2. The authors also conjecture that almost surely the
solution localises in only two sites. The case with Weibull potentials with parameter
v > 2 was settled in [FM14]. Again, the solution is eventually localised with high
probability in one single site.

Remark 2.5. The localisation in two points is the strongest form of localisation
that can hold almost surely. This is due to the fact that the localisation sites are
time-dependent, i.e. there will be a sequence of transition times when the solution
jumps’ from one site to another, meaning that both sites contain non-negligible
mass at that time.

A related notion of intermittency is given in terms of large time asymptotics of
the moments of the total mass; more precisely, it is expressed as a faster growth
rate of higher moments. That is, if all exponential moments E[exp(A(0))], A > 0,
exist, then all moments of the total mass E[U(¢)F], t,p > 0, exist and the PAM is
called intermittent if

p]1/p
lim sup Euy]

P W = 0, for 0 < p<q. (26)

This notion was motivated by the statistical physics literature, see for example
[ZMRS87]. Furthermore, properties of the relevant islands are on a heuristic level
reflected in the asymptotic expansion of E[U(t)] for large ¢, cf. [GKO05|. For many
potentials the large ¢ asymptotics of both the moments of U(t) (annealed setting)
and of U (t) itself (almost sure setting, or quenched setting) have been analysed, see
for example [BK01,GM90,GM98] and also [vdHKMO06]. Note that the definition via
can not be applied to the PAM with Pareto potential since this distribution
does not possess any exponential moments. We therefore apply the more explicit,
geometric notion of intermittency from above. For a heuristic relation between these
two notions we refer to [GM90] and [BC95, Section 2.4].

2.2.2 Branching random walk in random environment

There exist a close relationship between the PAM and a branching process in random
environment defined on Z¢, see for example [GM90]. Suppose that at time t = 0
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there exist a single particle at the site z that starts to move according to the law of a
nearest neighbour, time-continuous simple random walk on Z¢. Furthermore, at each
site z the particle splits into two particles at a rate £(x), where & = (£(z) : = € Z9)
is a family of iid random variables (the random environment). Each descendant
evolves and splits according to the same laws but independently of each other.
Let N(t,z) denote the total number of particles that occupy the site x at time
t. Furthermore, for a fixed realization of the random potential & we denote the
probability law and the expectation over the branching and migration mechanisms
as P, and E,, respectively. Then u(t,z) := E,[N(¢,0)] satisfies (2.1)), i.e. it solves
the parabolic Anderson model on Z¢. That is, one may say that the PAM is the
thermodynamic limit of this particle system. Due to the symmetry of the Anderson
operator it holds u(t,z) = E,[N(t,0)] = Eo[IN(¢,2)], that is, on a particle level the
solution of the PAM can be regarded as the mean number of particles present at
site z at time ¢ given that the branching random walk started with a single particle
at the origin.

The branching system itself has been the subject of intesive research. Very
recently the setting with Pareto potential has been studied in great detail in [OR16),
OR17|OR18]. Amongst others, the authors showed that a process that only depends
on the random environment &, the so-called lilypad process, governs many aspects of
the system such as the hitting times of sites, the number of particles and the support
in a rescaled version. We also refer to the recent survey [K6n20] on branching random
walks in random environment.

2.2.3 Continuous space, time-dependent potentials

There are also many interesting research works on the PAM defined on a continu-
ous space and/or with a time-dependent potential. We will mention a few below,
however, this is by no means a complete list.

The analysis of intermittency in the PAM on a continuous spatial domain, in
particular on R?, was initiated in [Szn93,/Szn98], where Brownian motion among
(time-independent) Poisson traps has been analysed. The traps are constructed
by setting the potential equal to —oo in neighbourhoods of sites of a homogeneous
Poisson point process. In [CM95| the authors analyse intermittency in the sense
of for the PAM with a homogeneous ergodic random field ¢ on R%. Gaussian
potentials with certain regularity properties were studied in [GK00, GKMO0O0]. Very
recently, in [KPvZ20] the PAM with a Gaussian space white noise potential (time-
independent) in R? has been investigated, in particular, the almost sure large time
asymptotic behaviour of the total mass was analysed.

The PAM with time-dependent random fields on Z% is subject of the monograph
[CM94].

Finally, settings with time-dependent potentials in continuous space have been
analysed, for example, in the following works: In [BC95] the authors showed inter-
mittency behaviour for the PAM with space-time white noise in R. The same model
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is subject of the recent work |[CKNP20|, where the authors proved spatial ergodicity
and a central limit theorem for the solution. In [HHNT15] stochastic heat equations
in R? with more general multiplicative centred Gaussian noise are analysed. We also
refer to the book |[Khol4]. Finally, in |[CK19|] the authors investigate intermittency
for the stochastic heat equation with Lévy noise.

2.3 The parabolic Anderson model on 7,

Let T be the critical Galton-Watson tree conditioned to survive with an offspring
distribution in the domain of attraction of a -stable law with 8 € (1,2), as char-
acterized in Section We now define the parabolic Anderson model with Pareto
potential on this tree. That is, from now on we consider

Opu(t,v) = Au(t,v) + E(v)u(t,v), (t,v) € (0,00) X Tro,

u(0,v) = 1{v = O}, v € Too, (2.7)

where O denotes the root of T, A is the discrete Laplacian, i.e.

(AN@) = [fy) = FW)], vETw f:Tw—R,

y~v

and (£(v) : v € Tw) is a collection of independent Pareto-distributed random vari-
ables with parameter o, i.e. for any v € T

P(v) >z) =2

Note that we have two sources of randomness in this model, coming from the
random potential and the underlying random tree. We sample the tree first, and
then independently sample the potential; i.e. the law of the potential P is defined
under the law of the tree P and results are given in the product law P x P.

It turns out that the quotient % plays a similar role as the dimension d for the
parabolic Anderson model on the d-dimensional lattice. Therefore we set from now
on

_B_
B—1

In the following subsections we will first derive bounds for the maximal value of
the potential £ on T,. Subsequently, we will verify the existence of a Feynman-Kac
representation of the solution to for certain parameter values in Subsections
2.3.2 Then we will state the main localisation theorem and outline the proof
strategy in Subsection [2.3.4

2.3.1 Extremal values of the potential &

In the following we will derive upper and lower bounds on the maximal potential &
in certain subsets of Too.
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Lemma 2.6. It holds for any r, A > 1

PxP (sup £(v) > rd/a)\> < CX\ TR
UEAT

P x P <Sup £(v) > rd/a)\> <O\
’UEBT

for some constants C,C".

Proof. Using Proposition m (iii), we compute

PxP (31} €A : &) > ré%)\>

aﬁ2

B _ap® 1.8 B _ap?
< BTN P x P (5(0) > rap-l )\) +P (V(Ar) > pp-1 )\61+B2>

B a8 5 _ (=1
L pBINB-14B82p  B-I )\ Y4+ O\ B-1+82
_aB=1)
= C)\ B-1+82,
The same kind of proof works for B;. O

Lemma 2.7. P x P-almost surely, for any € > 0 we have that

SuPyea, £(v)

lim =0 (2.8)
rooo 1.8, (log ) (54142
and
lim —PveB; 5@2 —0 (2.9)
r—00 +e

1 (25—2+1+5) l
. « B—1 .
Proof. Let € > 0 be arbitrary and set ¢ := 2 . Using Lemma [2.6] we
deduce for any § > 0

(8% 1
Px?P (31} €A () > ircltﬂél(logr)o‘(ﬁ1Jr +E))

_i(8 _a
< 0§ TE(logr) © (‘HHJ”E) 82/ (1)
= C’(Vﬁ(log r)*lfel,
with &/ = W > 0. This probability is summable along r,, = 2", that is
= 18 1 (wHJF ,)
> PxP (Elv €A, &) > ors P logr,)*\ AUV :
n=1

< § THRC Z(n log2)~'7 < o0,

n=1
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and thus by Borel-Cantelli eventually P x P-almost surely

e, €0 _§
18 1(82 - '
raB—1 (logrn)a<[3—1+1+8) C

Now, let r € [r,, p11], n large enough. Since V(A,) < V(A4,,,,) we have

SUP,ea, £(V) SUPveA,, ., £(v)
1.8 182 1_B8_ 1(8%2
ras-1(logr)e (ﬁ—1+1+5> i P (logry) @ (5—1+1+8)
Ctlastorre) e, €0
o é% l<ﬁf21-i-1-&-a)
Tt (logrpyr)e\P-

Thus,

) e &)
im sup —— WD =0,
r—00 7’57571 (log T)E<7ﬁ—1 +1+€)

and because of non-negativity, the limit is also zero.
The same kind of proof works for B,. O

2.3.2 Existence of solutions for o > %

Given a particular realisation of T, let us denote by X = ((Xpn)m>0, Py, v € Teo)
the continuous time, variable speed random walk on T, started at v € T, as
characterised in Subsection Note again that the law P, is defined under the
law P and we write P for the random walk starting in the root O.

Furthermore define

u(t, 2) = Eo [exp {/Otg()@ ds} 1{X, = z}] 450, z€Te. (210)

Heuristically, the expectation on the right hand side considers paths that start at the
root and end in z at time ¢, where in the exponential the potential values that the
walker encounters on its path are accumulated and weighted by the times it spends at
the respective vertices. A classical result by Gartner and Molchanov |[GM90, Lemma
2.2] yields that if u(¢, z) < oo for all (¢, z) € (0, 00) X T, then u(t, ) is a non-negative
solution to the Cauchy problem . Hence, to establish existence of a solution
we need to guarantee that the Feynman-Kac formula does not explode. For
that we will compare the likelihood of the random walk exiting the set A, with the
maximum potential it should encounter on the set A,.
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Proposition 2.8. Take o > % Then, P x P-almost surely, the Cauchy problem
(2.7) possesses a unique non-negative solution u : (0,00) X Toe — [0,00) given by
the Feynman-Kac formula

u(t,z) = Eo [exp {/Otg(xs) ds} 1{X, = z}} L >0, 2 € Th. (2.11)

Proof. In fact we can bound the total mass for all times. Decomposing according to
how far the random walk progresses along the backbone up until time ¢, and then
substituting the results of Lemma [2.7|and Corollary we see that P x P-almost
surely,

r=0 vEA,
3 g (Lt
<CY exp{—rflogr —logt — 1]} exp {trislaogr)a (#rrase) } ,
r=0

and for a > % the right hand side is finite. Ezistence thus follows from Lemma
2.2 in [GMO0].

A potential £ is called percolating from below if for each k € R the level set
{v € T : £&(v) < k} contains an infinite connected component, see [GM90]. Now,
P-almost surely a random potential £ is non-percolating from below. By Lemma
2.3 in |[GM90] this implies the uniqueness of the solution. O

2.3.3 Non-existence of solutions for o < %

For technical reasons let us now consider the sets

[ := {v € Tso : degv < 4},
A, :={v e A, :degv < 4}.

Lemma 2.9. For a realisation of Too, it holds
1
V(AQT‘ \ Ar) > §V(A2r \ AT)

Proof. Let n denote the number of vertices in Ag, \ A,. Since Ag, \ A, is a tree, it
contains n — 1 edges. It therefore follows that

Z degv —2=2(n-1),

UGAQT\AT



46 CHAPTER 2. PAM ON CRITICAL GWT

where we have subtracted 2 from the left-hand side since we have removed one child
of s9,—1 and the parent of s, to construct Ay, \ A,. Then, letting N denote the
number of vertices in Ay, \ A, with degree at least 4, it follows that

so that N < % This concludes the proof. O

Lemma 2.10. Let A > 1. For any € > 0 there exists a constant C' > 0 such that
for r sufficiently large

(B—1+¢)

P (V(dor \ 4y) 2 7 10) > OX™ 75

Proof. By Lemma [2.9] we have that
~ ~ 1 1
V(A2T \ AT) > §V(A2T \ AT) > 5‘/(327‘ \ AT)7

and by construction V(Ba, \ A,) has the same distribution as V(B,). Hence, the
statement is a consequence of Proposition m (i). O

Now let v, be the vertex in A\ A, such that &(v,) = SUD,,¢ i, \ A, &(v) (this
maximum is almost surely unique for all r» > 0).

Lemma 2.11. There exist constants Cy, C3 > 0 such that

P x P(limsup E,) = 1,

r—00

where the event E, is defined as follows

~ ~ ~ ~ B
E, = {V(Azr \ Ay) > Cor#1, Diam(Ag, \ A,) < Cyr, sup  €(v) > 1701 (logr) '/

UEAQT‘\AT

Proof. We calculate, using Lemma, and the elementary relation P(AN B) >

} |
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P(A) — P(B¢) for a probability function P and events A, B,

P x P(E,)
>P (V(AQT \ Ar) > 027‘%, Diam(flgr \Ar) < 037“)
PxP ( sup  &(v) > T%(logr)l/o‘

UGAQT\A

B

‘v Aoy \ A,) > Corp- Diam(flgr\flr)gCgr)

Cor
> [P (V(Aa\ 4,) > Cor#7) = P(Diam( Ao, \ 4,) > Cir ) |
CorPoT
o

L
1—(1—r =1 (logr)”

B—1+e

> [C’CQ_ =R _ ooy ] [1 —e*C2<10gr>‘1]

> K (logr) !

for sufficiently large r, provided Co, C3 are chosen appropriately (i.e. such that the
first bracket is positive) and where we have used that 1 — e™2* > z for = small
enough. We have also used that Diam(A,.) ~ Diam(As, \ A,.) > Diam(4s, \ 4,) and
that by the proof of Proposition we know

=

P(Diam(4,) > 2r\) < CA7 .

Now set 7, := 2", then the events (E;, )p>1 are mutually independent and

[e.9]

Z(PXP inlogQ

n=1

Then applying the second Borel-Cantelli lemma (see Lemma [A.2)) we have

P x P(limsup E;) > P x P(limsup E,, ) = 1,

r—00 n—o0
what concludes the proof. O

B

Proposition 2.12. Tuke a < 5=. Then, P x P-almost surely u(t, z) = oo for all
z €Ty and all t > 0.

Proof. By the same argument as in [GM90, Theorem 2.1b)], it is sufficient to show
that .
sup Eo [efo §X)ds o X, = 2} = . (2.12)
26T
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To see this, first note that, by reversibility, it follows that for any w € Tso,
Eo [efff E(Xds [, — w}} = E, [efOt §XDdsyrx, = 0. (2.13)

Here the restriction to vertices of degree at most 4 ensures that the appropriate
comparative constants are uniform over w € T, and depend only on deg O. Then,
for any v € T,

u(3t,v) = Eo {efgté(XS)dsIl{th = v}}

> sup Eo [efgtg(XS)ds]l{Xt =w, Xo = O, X3 = v}
wefw

= sup Eo [efg §(Xs)dsg t2t5(Xs)dsef23ttf(XS)ds]l{Xt =w, X9 = 0, X3 = v}
wEToo
> ¢ | sup u(t,w)?| u(t, v),
'LUGTOO
where we have used independence and ([2.13)).
Now, to prove (2.12)), we let v, be the point in Ay, \ A, maximising the potential

and we let r be large enough and r > 3(t — 1). Then, by Proposition m (ii), we
have since [v,| > r > 3(¢t — 1) and r sufficiently large that
u(t,vr) =Eo [efg §Xo)dsyrx, — UT}}

> exp{&(v,) }P(Hy, <t —1,Xs =0v,Vs € [Hy,,1t])

1
> = | ¢~ lvrlllog |vr|—log(t=1)] ,—4t &(vr)
> (ull deg(u))e e e

= exp {— > log(degu) — |vy|[log |v.| — log(t — 1)] — 4t + €(vr)} :

U<vp

Now, on the event E; it holds v, € By cy),, thus by Lemma it holds almost
surely for 7 large enough and some constant C; > 0

Z log(degu) < B(2+ C3)r + Blog((2 4 C3)r) < Cyr.

u<vy

Therefore, on the event E, for r large enough
8
u(t,vr) > exp {—Clr — Cyr[log(Car) — log(t — 1)] — 4t + re-1 (log r)l/o‘} .

If % > « this diverges as r — oo. Thus, since FE, occurs infinitely often P x P-

almost surely by Lemma this establishes (2.12]). O
Remark 2.13. If a = % the term above converges. However, one might be able to

tweak the exponents in order to obtain non-existence in this case as well, at least
with positive probability.
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2.3.4 Main theorem and proof strategy

Having established the existence of solutions, we are ready to state the main theorem
concerning the localisation of the solution in one vertex with high probability for
t — oo.

Theorem 2.14. Let o > % and let u be the unique non-negative solution to (2.7)).

There exists a process (Zt)tzo with values in Ty, such that

u(t, Zy)
U(t)

— 1 in P x P-probability as t — oc. (2.14)

Remark 2.15. The solution can not be localised at one vertex for all large times
almost surely. This is clear since the process Z, is not eventually constant, hence, at
jump times of the process the solution has to relocalise continuously from one site
to another during which it is concentrated in more than one vertex, cf. [KLMS09,
Remark 1].

The proof strategy is similar to the one fpr the localisation result on Z? as
given in [KMS06]. We will define the process Z; as the maximiser of the following

functional
2] E

m@yza@—l%(>, 2 € The. (2.15)

t et

Now, according to the Feynman-Kac representation of the solution, the paths that
move quickly to a vertex with a high potential and then stay there for a long time
contribute the most to the total mass. Thus the functional can be seen as
balancing between the 'reward’ of visiting a vertex z with potential £(z) and the
‘cost’ of hitting that vertex in time ¢ (which increases with the distance from the
root). It is thus plausible that the maximiser of this functional over all vertices
in T, will define the localisation process. To prove this, we will split the solution
u(t, z) into three parts, that is, we distribute the paths in the Feynman-Kac formula
into three categories

(i) those that leave a certain time-dependent ball by time ¢, they constitute
ul(t7 Z);

(ii) those that do not leave this ball, but also not visit the ’optimal’ site Zt, they
constitute usy(t, 2);

(iii) and those that do not leave the ball and visit Z;, they constitute us(t, z).

It will turn out, that w;(¢,2) and wua(t, z) do not contribute to the total mass for
t going to infinity. Heuristically, for uy(t, z) this is due to the fact that the box is
chosen large enough, such that leaving it is too ’costly’; while ug(t, z) is negligible
since the contribution from the second optimal site, i.e. the second maximiser of



50 CHAPTER 2. PAM ON CRITICAL GWT

, is negligible compared to the one from Zy. Tt is thereby crucial that the time-
dependent radius of the ball is chosen in such a way that Z, is with high probability
also the site of the maximal potential within this ball at time ¢. Finally, by means
of a localisation result for the principal eigenfunction of the Anderson Hamiltonian,
we will show that wuz (¢, z) localises on Z;, which concludes the argument.

Before starting with the analysis, let us recall the following definitions, which

will appear throughout the following pages, d := %, q:= ﬁ and

r(t) i= <kfgt)q+1, a(t) = <btgt>q (2.16)

Here, r(t) is the distance scale for the localisation site, while a(t) is the scale for
the maximum of the random functional (2.15]), see Proposition These scaling
functions are the same as in the setting in Z¢, see [KLMS09).

2.4 The concentration site

2.4.1 Maximizer of the potential ¢

In Section [2.5| we will prove a concentration result for the principal eigenfunction of
the Hamiltonian appearing in the PAM. To understand the concentration result for
this eigenfunction, we first need to derive some properties of the maximizer of the
potential. Let us thus define for a finite set A C T

Zy = argmax{{(2)},
Zy = argmax{¢(2) — deg(2)}.

Note that these maximizers are almost surely unique. Furthermore, we also define
the following gaps

gn = &(Zn) — Ze?,j;ZA{f(z)},
ga = &(Za) — deg(Za) — max_ {£(2) — deg(2)}.
2ENz#Zp

Henceforth, we will consider A = B, and we start by proving an almost sure lower
bound for the gap ¢p,.

Lemma 2.16. P x P-almost surely, for any € > 0 there exists r. < oo such that

JE] —(1+4¢)
gp, > cdreG=D(logr)” «

for all r > ro. In particular, almost surely gp, — 0o as r — 0.
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Proof. We will start by proving the following: Let (X;)!"_; be i.i.d. Pareto random
variables with parameter «, and let m, = argmaxi<i<, Xi, gn = SUPj<i<n X; —
SUD| <j<n,itm, Xi- Then P(gn <y) < e~V gy @y (1),

Recall that X; has the cumulative distribution function F(z) = 1 — P(X; >
z) =1 — 272 and the density f(z) = az(@*). The maximum of X1, ..., X,, has
density fx,, (z)=nf(z)F(z)" ! and distribution Fx,, (z)= (F(z))", so that for
y sufficiently large

Plgn <)
< P(Xm, <2y) + Pgn < Y[ Xom, > 2y)

— P2y + /2 Pgn < Y Xm, = 2)fx,, (2)de
Y

= F(2y)" + /OO nf@F@)" " 1- [ P&Xi<z-ylXi<a)|do
2y L 1<i<n i#my,
o0 [ T — n—1
=F(2y)"+/2 nf(@)F(z)" ! |1 - <F(F(x)y)> ] e
y L
=(1-Q2y)" )"+ /200 anz~ (@D (A=) = (1= (& —y))" ] da,

defining h(z) := (1 — 27%)"~! we calculate further for y sufficiently large

—(2y) )" +any (1 -y~
1)

Plgn <)

_ —ayn Ooomx_(a'H) Y r)dr | dz
<1 (2 >+/2y (/z_yhmd)d
<= @)+ [ an @ (o - g)do
< (1 2y))" + any (1 — (1 —y~)")

S (1 a)n—l

Q)T gy ey (0t

where we have used that h/(z) is decreasing for = sufficiently large and that 1 — (1 —
y~ )t < (1 -y~ )" ! for y sufficiently large. If y = %(Sné(logn)_?1 for § < 1,
then we have for all n > Nj

Plgn <y) < (1+0a2%6*)(logn)n ™"
The right hand side is summable since 6~ > 1. Therefore, since the volumes of the
sets (By)r>1 are strictly increasing, we deduce by Borel-Cantelli that

Q=

PxP <gBT < %(V(BT)) (log(V(B,)) = i.o.> — 0.
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Since it also follows from Corollary (iii) that there exists ¢ > 0 such that

_B_ __B_ .
P(V(BT) < cré-1(loglogr) A1 1.0.) =0,

we deduce that, P x P-almost surely, for any € > 0 there exists r. < oo such that

_B —(1+¢)
gp, > creG-1(logr)

for all r > r.. O

The following Lemma shows that with high probability the sites Zp. and Z B,
coincide.

Lemma 2.17. Asr — 00,
P x P<ZBT = ZBT) — 1.

Proof. We instead show that P x P(deg Zp, < gp.) — 1. This proves the result,
since on this event we have for all z € B, with z # Zp, that

[€(ZB,) — deg(Z,)] - [£(2) — deg 2] = [£(ZB,) — £(2)] — [deg(Zp,) — deg 2]
2 9B, — 9B, T 1,
from which it follows that Zp_ = Zp, (uniquely).

Since the potential is independent of the tree, we have that Zp, is uniform on
the vertices of B,. By Lemma [1.26] (ii) we have for r sufficiently large

—(1—¢) <
P x P(deg(Zp,) > m) < 'm B~ 75=1 4 Ce™ e

+cdm P,

B—e
In particular, choosing m, = ¢/r«®-1 we get that for r large enough

) , —B(B=e)
1) 4+ cr aB-1 s

_(<st)+(1fs>
P x P(deg(Zp,) > m,) <cr @ B

and by Lemma for r — oo
P x P(gp, <m,)— 0.
We therefore have that
P x P(deg(Zp,) > gB,) < P x P(deg(Zp,) > m,) + P x P(gp, < m,) — 0.
O

With this result we are able to lower bound the gap gp. by ¢p,/2 with high
probability.
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Corollary 2.18. Asr — oo,
Px7P (gBT > *‘%) S (2.17)

Proof. In the proof of Lemma[2.17 we can choose a deterministic sequence m, — 0o
so that P x P(gp, < 2m,) — 0 as 7 — oco. With P x P(deg(Zp,) > m,) — 0, it
then follows that

P x P(Qdeg(ZBT) < -gB'r) — 1.

On the event {Zp, = Zp.} N {2deg(Zp,) < gB,} we have

9, =&(Zp,) —deg(Zp,) = _max  {{(z) — deg(2)}

ZEBT\{ZBT}
> gp, — deg(Zp,) > QQBT,
i.e. (2.17) follows by invoking Lemma [2.17] O

Later on, given a finite A C Ty, it will be useful to define the following set
V= {v e A\ {Zx}: £(v) > &(Zn) — deg Zy }. (2.18)
We can show that for B, this set is empty with high probability.

Lemma 2.19. Asr — oo,
PxPVh =0)— 1.

Proof. On the event {Zp, = Zp, } N{deg Zp, < gp,} we have for z # Zp, = Zp,
(€(Z5,) — deg(Zs,)| - €(2) = [6(Z8,) — £(2)] — [deg(Z5,)] = 95, — g, = 0.

Hence, since {deg Zp, < gp,} C {Zp, = Zp,} N {deg Zp, < gp,} the statement
follows as in Lemma O

2.4.2 Maximizer of the functional v,

As motivated earlier the maximizer of the functional (2.15) will turn out to be the
localisation process. That is, let us properly define

Z; = arg max ¢ (2).
4

Note that we will also denote Z; as Zt(l). We also define the second maximizer ZAt@)
as R
Zt(Q) :=arg max  (2).
€T\ (2,7}
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Lemma 2.20. P x P-almost surely, Zy is well defined.

Proof. By Lemma for any € > 0 there exists rg large enough such that almost
surely

li
sup &(v) < red=17" for all r > rg.
vEA,
Let t be fixed and let € € (O 1-2 /3 1) then EW +¢e < 1 and in particular there

exists r1(t) > 0 such that for r > r(t)
i
paF-Tte _ glog (é) <0, for all » > ri(t).

Set r(t) = max{ro,r1(¢)}, then

sup () < sup [sup )~ iog (”)]

|z|>7(¢) |z|>r(t) |vEA et
< sup [raﬁJr - flog (Lﬂ < 0.
r>r(t) t et

Hence, almost surely, v; is positive only for finitely many 2 and therefore it attains
its maximum. O

Proposition 2.21. With high P x P-probability as t — oo, for any f > 0,0 < g <

gi,B > (q(;i)lﬁ) we have

(i) r(t)(loglog(t))~F < |Z;| < r(t)(loglogt)?,

(i) a(t)(loglog(t))™9 < ¥¢(Z) < a(t)(loglogt)

Proof.

Bd
[e3

(i) Upper bound. Choose 0 < e <d—a, A > * (B - 26—l—l),B>(q+1)A,

set Ny := E‘lm loglogt, N; = %, and consider a sequence of

radii 7, := 2"r(t). We will show that, with high probability as ¢t — oo:
(a) supyep,, &(v) < 3% log (3%) for all n > Ny,
(b) supyep,, &(v) < 7“7? (loglog r(t))™ for all N; <n < Nj.

We deal with case (a) first. First recall from Corollary (i) that P-almost
_B_ 1fe
surely, V(B,) < r#-1(log r)ﬁtl for all sufficiently large r. P-almost surely, we
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can therefore write for all sufficiently large ¢t that

P(Hn > Ny, € By, 1 £(v) > 22 log (Ln))

et et
Tn Tn
<N V(B ( In ) ( ))
_Z (Br.)PE(O )_36150 3et
’VLZNt
_B_ 14e /71 -« r —a
B—1 — n n
< 30 ni T ogr) T (35) o (37)
n> Ny
< Z Cn%27"(a7%75)27"5(10gt)%,
TLZNt

where C' > 0 is some constant. Since n > Ny, we have by our choice of N; that
e+2
2"¢ > (logt)s-1, so that

P(Hn > Ny, v € By, :é(v) 2 5 log <*>)

<> Cn#tig O 5T (log ) 7
n>Nt

< C(logt)s-1 Zné+i2 n(a= 55 -9)

n>1

— 0,

as t — oo. This proves (a).

We now turn to (b). By our choice of A, we can compute, using Proposition
197 (i),

P x P(Eln € [Ny, Ny, v € By, : £(v) > 7‘;% (loglog r(t))A>

< Z [P (V(Brn) > Tg(loglogr(t))m)

nE[NmNt}

—|—rﬁ(log logr(t)) 3*11*2573 ({(O) > r§ (loglog (r(t))A>]
<N [ﬂog log r(t)) * 7% + (loglog r(t)) 1% (log log <r<t>>‘Aa]
1 (e+2)
(8 —1)log2

— 0,

—(B—1—¢)

loglogt [(loglogr(t)) B-1=2= + (log logr(t))ﬁ—ll—%_Ao‘]

as t — oo. This establishes (b). As a consequence of (a) and (b), we now
claim that the following holds with high probability as ¢ — oo:
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() Spyes, - Y1l0) > o0,

(b) SUPveB, y \Brg, Py (v) = —o0.

Here (B,)¢ denotes the complement of the ball B, in T,. Note that (a’)
is a straightforward deduction from (a). Indeed, if v € (B, )¢ with [v] €
[277(t), 27T Lr(¢)], for n > Ny, we have that

|v] v Tn+1 Tnt1 | v
hiw) < sup g(z) = og (1) < P hog (TEL) - Pliog ()
2€Bynt1,) t et et et t et
2 2
< 2l log 2l ol log vl
3et 3et t et

< —lmlog M
- 3t et
— —00,

as t — oo, which establishes (a’). Point (b) similarly implies that

4
«

w) < sup €(z) <7,y (loglogr(£)A < (2u]) (loglog r(£)4,

ZeB"n+1
for all v € Bth \BTNt with |v| € [2"r(t), 2" 1r(t)]. For each such v, we clearly
have [v| > 2Ntr(t) = (loglogt)Pr(t), so we can write
0

< (2Jv])

(log log r(£))* — ’”t| log <|:t|>
vl <2it|v|i—1 (log log () — log <’:t’>>

Tt
< [l 924t o - (loglogt)B(%_l) (loglog r(t))”
ot logt

—qlogt+ (¢ +1)loglogt + 1)

q+1)loglogt 1 >

lv|logt (a4 B(%) A (
= —-————— 2a 1 1 t q+1 1 1 t -
, (loglogt) (loglogr(t))” —q + Tog 1 o1

This latter quantity converges to —oo as t — oo by our choice of B. This
therefore establishes (b’). To complete the proof of (i) we therefore note
that ¥,(O) > 0 for all positive ¢, which means that, on the high proba-
bility events considered above, the maximiser of 1, inside the ball BQNtr(t)
is strictly greater than that outside the ball B2Ntr(t)’ which implies that

|Z4] < 2Ver(t) = (loglog t)Br ().
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Lower bound. Let f > 0 and 0 < ¢ < %. To prove the lower bound, we
take g := Z—d — ¢, in particular f > g, and we set f(t) := (loglogt)~7/, g(t) :=

(67

(loglogt)™9. We show that with high probability as t — oo:

_fd
() suPyep, ) ) Ye(v) < r(t)*(loglog )~ 2a,

(b) SUDuep, 4, U1(0) = Cr(t)(loglog £) 0.

For every § > 0 with high probability it holds (see Lemma

sup  €(v) < [r(t) f(£)]Y (loglog t)°,
veEBL (1) (1)

and thus for § = 2 with high probability

sup  (v) < r(6)¥*(loglog )%
VEB(1) £ (1)

This establishes (a). We now continue to prove (b). Let r, := r(t)27"

for 1 < n < glog®(t) be a sequence of decreasing radii (from r(£)/2 to

r(£)2791087 ) > ()g(t)) and let M := B_%HE. Note that the volumes of the
25

sets By, \ A,, are mutually independent and distributed as the volumes of
the sets B,,,. Thus by Proposition [1.22] (ii) there exists ¢ > 0 such that

P x P (B < glog®(t) : V(Bay, \ Ar,) > rilog® (1))

_ B—1 glog(g)(t)
< [1 _ 62(10g(3) (t)) M<26+5)]

< exp { 29108 (1) (log® (1))~} (2.19)
— 0 for t — .

Hence with high probability there exists a n < glog®(t) such that V(Bay., \
A,,) > r(log® ()M, On this event and with this n we calculate further

P x P (ﬂv € By, \ Ar, 1 §(v) > k%nlog (%))

< exp {—k:_O‘Q”(O‘_d)r(t)d_ata(log(g) t)Mg log(t)_a}
= exp {—k*%”(a*d) (log® (t))Mq*a} (2.20)

— 0 for t — oo.
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Thus with high probability there exists a v € V/(Ba,, \ 4y, ) such that {(v) >
k= log (). Since |v| < 2, this yields £(v) > k’lv‘ log (lv‘> with &' = k/3

It follows further for this v and k > 3, using that |[v| > ()2~ glog™(?)

t

> - 1y Soglog) D) Uoglog) 2r)).

et

Hence, since for 1 < n < glog® (t) we have Bay, \ Ay, C By \ Arpyg), it
holds for t large enough

sup  i(v)
VEB (1) \Ar()g(1)
g+1 —g
> (K — 1) t 1 log (loglog(t))~9r(t)
logt t(loglog(t))9 et
> (K —1) Ly ! (g — €)log(t)
- logt ) log(t)(loglog(t))d 8
()15 2.21
W= D™ Gog gy 220
i.e. statement (b) follows. From (a) and (b) we conclude that with high
probability for ¢ — oo
sup  (v) < sup  y(v)
vEBr (1)1 (1) VEBr () \Ar(t)g(t)

and therefore with high probability for ¢ — oo

|Zi| > () f(t) = r(t)(loglog t) 7.

(ii) It follows from the upper bound in part (i) and with Lemma that for any
0 > 0, we have with high probability,
W(Z) < sup €(v) < ()= (loglogt) &+ = a(t)(loglogt) &
VEAL (1) log 10a (1)) B

Similarly, it follows from the proof of the lower bound in part (i) that with
high probability,

Yi(Zy) > sup
vEBr () \Ar()g(t)

y " 1)y d/aﬂ
Pir(v) = (kK = 1)r(?) (loglog(t))9

= (k' = 1)(q — &)a(t)(loglog(t)) 9.
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We can eliminate the constant by adding some sufficiently small § to g, that
is for any § > 0 we have with high probability

i(Zy) > a(t)(loglog(t))~ o).
O
For € > 0 and ¢ small enough such that % <1—2¢let hy, t € (0,00), be a
function such that (log(t))~(1=29) < b, < (log(t))f%. In particular, limy_, o hy =
0. Furthermore, we define the random radius
Ry = |Zy|(1 + hy).

This will be the radius of the ball with respect to which we will split the solution for
the localisation argument in Section (also recall the proof strategy as outlined in
Subsection . The reason why these decay conditions on h; are necessary will
become clear in the proofs of Lemma and Proposition [2.3T

We now show that with high probability 7y is equal to Z B, 1€ the maximizer
of 1, is also the maximizer of the potential £ in the ball with radius R;.

Lemma 2.22.
tlggloP x P(Z; = ZBRt) =1.

Proof. We start by proving that for ¢ sufficiently large

. 2| Zu|h Z
{Zt#ZBRt}C {QBRt < | ;| tlog (leﬂ)}

On the event {Z; # Zpp, } we calculate

= Z —
98, = §(ZBy,) vEBr;%BRt £(v)

< &(Zpy ) — £(2)
Z Z R 7 7
zw(ZBRt)—l—’ B;Rt|10g<| BRf‘>—¢(Zt)—|Zt‘10g (’Zt|)

et t et

< Bt g () - 2 (!Zl)
t et et

t
_ !Zt\ (14 hy) 1o <‘Zt|(1€t+ ht)) ~log (@)
< ’Zt‘ hy log <’Zt‘> + (14 he)log (1 + hy)
< Q\Zt|ht <\Z;|>
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where we have used that t is sufficiently large. Setting rq(t) := 7(t)(loglog(t))~/
and ro(t) := r(t)(loglog(t))?, for some B > 05(%—11)7 this implies

{2 # Zig,} (2.22)

c {1l ¢ n(®. 0]} U {gBRt < 2t ('i‘) V) € [r1<t>,r2<t>1}.

We now show that almost surely for ¢ sufficiently large

{w c [rl(t),rg(t)]} c {gBRt > 2!Ztt\ht log (’ftt') }

n the event At€r1t,r2t it follows by definition that R; € [ri(¢ +
On th Z foll by defi hat R 1

ht),r2(t)(1 + hy)]. Now, by Lemma almost surely for € > 0 there exist ¢y < co
such that for all t > ¢y and t large enough

14¢

9B, = c’Rf/a(logRt)_ o

> C/T(t)d/a(loglog(t))—fd/a(l + ht)d/a log <T'(t)(1 + ht))_a

(log log(t))/
> clr(t)l:g(t) (loglog(£)) /¥ [log r(t) + log(2)] =

_142¢

(log(t))” =, (2.23)

> Cr(t) lfg(t)

for some C' > 0. Furthermore, on the event {]Zt| € [rm (t),rg(t)]} we also have

A%k ( rzt| ) < o, "D 0glog®)” | (r(t)(log 1og<t>>3>

t t et

<2(q+ B)’"“)ltog(t)(log log(t))2hy. (2.24)

Now, we can choose € > 0 small enough such that h; < (log t)_% by definition
of hy. Hence, on the event {|Zt| € [ri(t), rg(t)]} for ¢ sufficiently large it holds, by

(2.23) and (2.24), that
2| Zy|hy 24|
> | — 1.
9Bgr, = ; og( of

In particular, (2.22) then implies that almost surely there exists ¢y such that for all
t >t

{12 € [r1(0), 20} € {20 = Zsy, )
Applying Proposition m (i) concludes the proof of the statement. O
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2.4.3 The gap

In this subsection we prove that the gap between the potential at the ’optimal’ site
Zt(l) and at the ’second best’ site Zt(Q) is asymptotically large.

Lemma 2.23. For any ¢ > 0 there exist t- < oo and 6. > 0 such that for all t > t.
PxP WOy _ (2@ 5
X P i(Z77) —e(Z,7) < bea(t)) <e.

Proof. Let us first prove the following claim.
Claim: For any given § > 0 we can choose ¢ > 0 such that P xP <\Zt(1)] < cr(t)) < 4.

Proof of Claim: The proof of this claim follows along the lines of the proof of the
lower bound in Proposition (i). Let 6 > 0 be given. We have for ¢ < ¢ < 1 and
with 7, = 27"r(t) for n < log(¢™!)

PxP <|Z§1)| > cr(t)) >PxP| sup (v) < sup P(v)
vEB¢r (1) UeBr(t)\AET(t)

>1— [P+ P>+ Ps]

with

P =PxP ( sup @ZJt(’U) > C3T(t)d/a> s

UeBcr(t)

Py:=P x P (Pn<log(¢™!):V(Ba, \ 4,,) > C’47‘z) ,

Py =P x P (B0 € Bo, \ Ay, : t(v) > Cyr(t)

3n < log(@™Y)  V(Bar, \ Ar,) > Curf)

for C3,C4 > 0. Now, from a similar calculation as for (2.20]) (with £ = 4) we have
fore >0

P xP (39@ € By, \ Ay, 1 £() > 4%” log (%) ‘Eln <log(é1): V(Bay, \ 4,.) > c4r;{)

< exp {—4_0‘2"(0‘_d)(q — 5)_aC4} .

We now choose Cy such that this probability is smaller than §/3. Furthermore,
we set C3 := (4/3 — 1)£= for some € > 0, and by comparison with ([2.21]) we can

conclude that for this choice of Cy and Cj5 it holds P3 < §/3. Regarding P» we can
choose ¢ according to (2.19)) such that

P, <exp {—02 log(é_l)C;(b )} < 0/3.
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Finally, by Lemma we may choose ¢ small enough such that P, < §/3 and ¢ < ¢é.
This concludes the argument and proves the claim.

We can now prove the statement of the Lemma. Let ¢ > 0. We can choose
ne > 0, xe > 0 and t. such that for all ¢t > t. we have

(1= (s ()] ) o

(1+ xe)™

>1-—ec. (2.25)

Furthermore, according to the claim above we can choose ¢ such that

5(1) < "e
PxP (|Zt | < cr(t)) < G (2.26)

Also note that there exists 0 < &/ < ¢ and 7., sufficiently large such that for ¢ > 7./

08 () = iyt 5 (g )
D

a( q—<'\ _ /
> clog(t) log (t > =c(q —£')al(t). (2.27)

Now, let t. := max{t., 7/} and set d. := (¢ —&')cx.. Let 2 > 0 and z := d.a(t). We
calculate using (2.26]) and the elementary relation P(A|B) < P(A) 4+ P(B°) for a
probability function P and events A, B,

PxP (wt(ZAt(l)) >4z

w2y ez -1,2)
>PxP (wt( AR R z‘q/)t(Zf)) clr—1,2, 02 > 2~ 1,12V > cr(t))
~P x P12V < er(t))

> inf inf P (Q/Jt(ZAt(l)) > x4+ z‘d)t(Zt(Q)) €[z — 1,2],%(25”) >z — 1,Zt(1) = v)
T€To ve(BT )¢
e

(1 +X€)a’

where B! denotes the ball of radius r in the tree T
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Thus, we obtain for ¢ > ¢,

PxP(¢t( )>x+z)¢t )e[z—1,z})

5(2) Tle
y _ )l
A it P (0> et 220 € =1 i) > 2 1) - e
. . e
= inf f > >z—1)— ——
TETo, ve(gc%r(t))c (wt(v) " Z’w(v) : ) (1+xe)*
] . (Ye(v) >z + 2) Me
= inf f -
Tl ve(Bl ) P (0e(0) > 2= 1) (1+x2)°
13 >x+z+|v‘log(v|>) N

= inf inf

P
P
)
P () G

ot 7 (s> -1 s (B)) - 00"

x—i—z—f—@log(%)

(03
) . Ne

= inf inf
TeTw UG(B£<t))C

—14 %(t)log (C'r(tt)

- T+ %(t) log (m;;)) (1+ xe)™
- [ (5],

= er(t) o] L] A+ xe)
L [ hog (%37

where in the calculation above we have used the fact that

fer) = (z—l—i—’;log(;)) 7

x—i—z—i—%log(é)

is increasing in z for fixed r and increasing in r for fixed z. By applying (2.27)) and
(2.25)) we obtain

P x P (vi(Z] )>x+z‘1/)t (27) ez -1,4)
(1-[en ()] ")
- T+

It follows that for any e > 0 there exists t. < oo and . > 0 such that for all ¢ > ¢,

>1—c.

PxP(z/zt(Z( ) — (2 )>5a()>21—£,

this concludes the proof. O
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From the previous Lemma we can infer the following corollary.

Corollary 2.24. If 6, — 0 as t — oo, then

PxP (wt(Z,S”) — (2P < m(t)) 50 as t — 0.

2.5 Spectral results

In this section we derive a concentration result for the principal eigenfunction of
the Anderson Hamiltonian restricted to a suitable subset of T,,. More precisely,
take some finite, connected set A C Ty, and consider equation restricted to A
with zero boundary condition. The corresponding solution up admits the spectral
representation (cf. [MP16, Proposition 3.10])

(k)
Z A ( )(b (), t>0,0€A, (2.28)
k=1 [
where )\le) > ... > )\E\Ml) and gb(l),...,gb (AD are the respective eigenvalues and

corresponding orthogonal eigenfunctions of the Anderson Hamiltonian restricted
to the class of functions supported on A, which we will denote as Hy, also recall
Subsection As before, we also have the Feynman-Kac representation for the
solution on A, namely

t
uA(t,v):Eo[eXp{/ £(Xs) ds} H{X;=v,7a>1t}|, t>0,v€A.
0

Due to this dual representation, it is possible to transfer concentration results for
the principal eigenfunction gbs\l) to the solution up. The objective of this section is
therefore to prove such a concentration result. To do this, we will use the following
path representation of the principal eigenfunction.

Lemma 2.25. (see (MP16, Proposition 3.3]). For any z,y € A,

zif 18 ~E, [exp { / ety - A) ds} W{H, < TA}} ~

In particular, if ¢5\1) s normalised so that gi)g\l)(y) =1, for somey € A, then

60 (z) = E, [exp { /0 M e, - A ds} 1{H, < TA}} L (229

Henceforth, we consider A = B, and we assume that d)gT) is normalised so that
5312(2 B,) = 1. We will show that gbgr) is concentrated around the vertex Zg . We
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first prove a lemma showing that we can restrict to a direct path in . For this,
let us define the set of all paths from = € B, to 7 B, as 'y, and, furthermore, let
us denote the direct path from x € B, to 4 B, , excluding the endpoint 4 By» @S Ya,r-
We also introduce the notation 7(Xjg ), to denote the path that consists of all the
sites visited by the random walk (X;)s>0 between times 0 and .

Lemma 2.26. For all x € B,,

Proof. The proof follows a similar strategy to [KLMS09, Lemma 2.3]. Firstly, it
follows from the Rayleigh-Ritz formula for the principal eigenvalue of the Anderson
Hamiltonian that

AG) = sup{((€ + AV f, Feair) t | € C(Too), supp(f) € By, [|f]]2 = 1}
> sup {<(§ + A)d, 5Z>£2(Too)}
z€B,
= sup {¢(z) — deg(2)}
z€B,

= §(ZBT) - deg(ZBr)a

here || - || denotes the £2(T,) norm. Then, by Lemma we have

oW (z) = E, [eXp { /0 "2p, (€(X5) = A ds} 1{H,, < TBT}}

Now, let (T} )vep, denote a set of independent exponentially distributed random
variables, each with respective parameter deg(v), i.e. T, ~ Exp(deg(v)). Further-
more, note that every path v € I'; . contains the set v, ,. Recall the definition of
the set Vgr in equation (2.18). On the event {V]QT = ()} we have that for every

veE B\ {ZBT}
degv
degv — [{(v) + deg Zp, — £(ZB,)]

<1.
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Hence, we can compute, on the event {Vgr = (0}, that

(1)(x

)
[exp{ " (6(X,) ~ [€(Zp,) — dea Z,) dS} 1Hz,, < TBT}}

SWEF P, ( (X[OH ]> :7) \1;[2 }Er [exp {Tv[g(v)—i—degZBr —g(ZBT)]H
x,r vey Br
. degv
< 2 B r(Yom, ) =) R S e ey v
degv degv
< = Py (7 { Xj0,1, =7 - -
velg,r JB, «/ezl“;,r ( < [0 HzBﬂ) ) ve'y\({Zlg}U%,r) degv — [€(v) + deg Zp, — &(ZB,)]

IN
=
Q.
0
4

where we have used that the moment generating function of X ~ Exp(A\) is given by
E[e!X] = ﬁ for t < A. The statement now follows by invoking Lemma O

We will also need the following Lemma concerning the degrees of vertices in the
direct path 7z ;.

Lemma 2.27. (i) There exist constants B, B such that for any C' > 0

PxP sup Z log(degv) — [Blog(r) + Blya,|] p <0 | — 1,
2€B\B(ZB,.,.C) | vEva.r

as r — oo.

(ii) For any B,C >0

PxP sup Z log(degv) — Bloglog(r) <0| —1,
x€B(Zp,,C)NB:\{Zg, } VEYg,r

as r — oo.
Proof. We work conditionally on Z B,. Note that this is a uniform vertex in B,.
(i) The statement follows from Lemma [1.2§

(ii) Let ¢ > 0 and let us define ¢ :== -1 —¢ > 0. Note that E[degv‘] < oo
for all v € B,. We set A := log E[degv¢] < co. Working backwards along
the path 7, , starting at Z B, and ending at z, the degrees of the vertices are
independent of each other. Let € B(Zp,,C) N B, \ {Zp.}. This implies
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1 < |vz,| < C. We define for B >0, Xa,r 1= % and f(r) := (logT)CB/Q.
We can now compute ’

P Y log(degv) > Xorlves]

UE'YI,T

<E |exp|c Z log(degv) | | exp(—cXar|Va,r])
VEYa,r
<exp (A’%c,r‘ — ¢Bloglog r)
< exp(AC)log rB,
Applying a union bound yields
P sup > log(degv) = Xasr|Yar| p =0

z€B(Zp,,C)NB\Zp, | vEva,r
< exp(AC) f(r) log =P + P(V(B(Zs, . C)) > f(r)).
= exp(AC)(logr) /2 + P(V(B(Zs,,C)) > f(r)):
Invoking Lemma [I.26] we can conclude that the right hand side converges to
0 for r — oo.
O
We are now able to show that the principal eigenfunction is concentrated in Z B,
with high probability.
Lemma 2.28.
||<Z>gr 12 Z qﬁgr)(z) — 0 in P x P-probability as r — oo.
ZEBr\{ZBT}

Proof. We work conditionally on Z B,. Let £ > 0 and let us definec:=g—-1—¢ > 0.
Let B and B be the constants appearing in Lemma [2.27] (i), that is, in particular it

holds B > % (2% + 6) (see the proof of Lemma [1.28), and we set
22(8-1) (. B+e
Cop=——+—|B .
We split the sum into two parts, which we bound separately in the following,

Y 6@ = Yo @)+ 3 8% (@).

z€B-\{Zp, } 2€B\B(ZB,,Cap) 2€B(Zp,.,Ca,p)NB:\{ZB, }

(2.30)
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Part 1: In particular, for € B, \ B(Zg,,Cap) it holds |y.,| > Caps. We set
B+e
v, :=rB-1. On the event

sup > log(degv) — [Blog(r) + Blye,l] p <0 p N{V(B:) < v.}
IEBT\B(ZBr’Ca,ﬁ) 'Ue'yx,r

/

B —(ite) d
N {gBT > %ra(ﬁfm (logr) o } N gbg)(x) < H 8T for all z € B, },
" 9B
VEYz,r

we calculate for sufficiently large r

S W)

z€B\B(ZB,,Ca.p)

< > I

= 9B
2€B\B(Zp,.,Ca,g) VEVar 7"

= Z exp Z log(deg(v)) — log(gs, )]

2€B\B(Zp,.,Ca.p) VEYz,r
- 1 1
< Z exp <B log(r) + B|vVar <log(c’/2) + ofﬁofq) - j; c log log r>)

€B\B(Zp,.,Ca.p)

- |7x,7“

1 1+ ~
< v, exp < logr {Ca’ﬂm(;il) — B} —Cap [Qf(ﬁogi?“l) S € loglogr — B])

1 .
+6loglogr—B]> ,

< r—¢ exp (—Caﬁ [20[(5‘11) lOgr —

and the right hand side converges to 0 for » — oco. Note that we have assumed
¢’ > 2, as we can choose ¢ large enough according to Lemma [2.16]

Part 2: Let f(r) :=log(r) and B > 0. On the event

~sup ) Z log(degv) — Bloglogr » <0
LBGB(ZBT’C‘LB)HBT\{ZBT} 'UG'Yac,'r

N{V(B(Zp,,Cap)) < f(r)}

Q

!B —(+e d
N3 gp, > —ra=1 (logr) 9l qﬁg)(x) < H 8% for all z € B, »,
2 ' VEYx,r gBT
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we calculate similar to the first part for sufficiently large r

3 )

JCEB(ZBT 7Ca,ﬁ)mB7"\{Z~BT}

< > exp | Y [log(deg(v)) — log(g, )]

@€B(Zp,,Ca,s)NB:\{Zp, } vEYx,r

R 1
< f(r)exp (B loglogr — (log(c’/Q) + _B logr — re log log r))
a

(B-1) &

< (log ) A+ e~

and the right hand side converges to zero as r — co. Again, we have assumed ¢’ > 2.

Thus, invoking Proposition [1.22] Lemma Lemma [2.26] Lemma [2.27] and
Corollary it follows that both parts of the sum converge to zero in
P x P-probability as r — oo. This completes the proof, since this also shows that
for all sufficiently large r

o113 = 3" 05 (@)? = 6% (Zs )2+ Y o} (@)
zEBy z€B,\{Zg,}
2

<1+ Y e@] <2
IGBT\{ZBT}

O]

As mentioned above, we want to transfer the concentration result for the prin-
cipal eigenfunction to the solution of the PAM on a suitable set. Let us set

t
ug, 7, (t,v) :=Ey [exp {/ §(Xs)ds} WXy = v}l{rp, > t}1{H; < t}] ,
T 0 ™
(2.31)
that is, the contribution to the solution of the PAM, which comes from paths in the
Feynman-Kac formula that do not leave B, and also visit the vertex Zp,. Then the
following holds conditionally on T.

Lemma 2.29. For allv € Ty, and t > 0 we have
- () <un 5 (260260 2.32
uBmZBT( ,v) < uB'mZBT( ) Br)||¢BT||2¢BT(U)' (2.32)

The Lemma was proved in [GKMO7, Theorem 4.1] (in a more general form) for
7% and it works in the same way for Th,. Nevertheless, for completeness, we will
give the proof here as well.
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Proof. For notational convenience we set A := B,. First note that (2.32)) follows
trivially for v ¢ A as the left hand side is zero in this case. For v = Zj,
follows due to the normalisation qﬁg\l)(ZA) = 1. Hence, we only need to prove the
estimate for v € A\ {Z)}.

Thus, let v € A\ {Zx} and we compute using time reversal and the Markov
property of the random walk

Uy ZA(t v)

=E, [exp {/ ¢(X } 1{X, = 0}1{r > t}1{H;, < t}]

=E, [exp{/ AE(XS) 8} IL{HZA St}]l{TA>HZA}
0
t—u
xE; [exp {/ f(XS)ds} {X;— =0}1{mpA >t — u}} . (2.33)
0 ’LL:HZA
Furthermore we have by time reversal and the Markov property at time u

UA ZA(t ZA

_E, [exp{/g }n{xt:on{m >t}}
>Ejz, [exp {/0 §(Xs)ds} 1{X, = Zp}1{rs > t}}

xE; [exp {/0 ) §(Xs)ds} {Xi—y =0}1{mp >t — u}}
o A9 (Z )asA (Za)
- oy 13
xEz [exp {/Ot—“ f(Xs)ds} Xy =0}1{1p >t — u}} , (2.34)

where we have used the spectral representation (2.28) in the last inequality. Re-
arranging ([2.34) we obtain a upper bound for the expectation, which we plug into

(2.33) for u = H; (also recall the normalisation ¢E€)(ZA) = 1). Using (2.29)) we
can thus conclude

Hn MU Hg (D2 5
uA,ZA(tvv) < Ev €xp /O g(Xs)dS ]l{HZA < TA}e ZAH(ZSA HQuA,ZA(t7 ZA)

Hy,
= 6} 3uy 5, (t. Z0)E, [exp { /0 (E(Xs) — A(Al))ds} 1{H, < TA}}

= 11657 13up 5, (8, Za)oY (v),

and the proof is complete. O
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2.6 Localisation with high probability

As motivated in Subsection we split u(t,v) into three parts

ui(t,v) = Eoy :exp {/Otf(Xs)ds} H{X: =v}l{rp,, < t}} ,

ua(t,v) = Eo :exp {/Otg(Xs)ds} 1{X; = v}l{rp,, > 1}1{H; > t}] ,

uz(t,v) = Eo :exp {/Otf(Xs)ds} {X; = v}l{rp,, > 1}1{H; < t}] ,

then clearly it holds u(t,v) = uy(t,v) + ua(t,v) + ug(t,v). We will show that the
contributions to the total mass of each of these terms away from the site Z, vanishes,
with high probability as time goes to infinity.

We first give a lower bound for the total mass U(t).

Proposition 2.30. With high P x P-probability as t — oo for every e >0

log U(t) > ty(Z) + o ((lotgag)tzg> '

Proof. Note that for ¢ large enough we can invoke Proposition m (ii), thus we
have for any p € (0,1) that

U(t) > u(t, Z;)
> P(Hy, < pt, X, = Zi¥s € [Hy,, Hy, + (1= p)t]) exp{€(Z) (1 - p)t}
> P(Hy, < pt) exp{—tdeg(Z) + £(2:)(1 - p)t}

. VA . .

> exp{ —|Zilog ('J) 3" log(degu) — tdea(Z) + E(Z)(1 - p)t
p u<2t

Note from Lemma that there exists a constant C' such that P-almost surely,

o

> u<z, log(degu) < C |Z;| for all sufficiently large t. Thus, using Proposition

(i), we can infer

PxP Z log(degu) > r(t)(loglog )Pt | = 0 ast — oo,
u-<2t

for B > aggr_ll). Similarly, it follows from Lemma and the fact that Zp,, is a

uniform vertex in Bg, that P x P(deg(Zt) > loglog t) — 0 as t — oo by invoking
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Lemma, m Therefore, setting p = ;25 we deduce that with high probability as
t — 00,

U(t) > exp {—|Zt| log (’j;‘) —r(t)(loglogt)B+! — tloglogt + £(Z,)(1 — p)t}

A N et -
= exp {twt(Zt) — | Z|loglogt — r(t)(loglog t)BT! — tloglogt — logtg(Zt)} .

Furthermore, we have by Proposition (i) and the proof of (ii) that, with high
probability for ¢ — oo,

eté(Z)
logt

|Z;|loglogt + r(t)(log log t) B! + tlog log t +
eta(t)
logt
2(loglogt)B+1  loglogt  (loglog z&)%*‘S

+e
logt t logt

< 2r(t)(loglog t)B*t + a(t) loglog t + (loglog t)%*‘S

= ta(t)

)

which completes the proof. ]

We are now able to prove that the contribution from u; to the total mass is
asymptotically negligible as ¢t — oo.

Proposition 2.31.

ZvEToo U1 (t7 7})

U0 — 0 in P x P-probability as t — oo.

Proof. Let

1/ p?
p>max{q—|—1,(q+1)a(/8_14—14-6)}. (2.35)

We first note that it is sufficient to bound the sum over all v € B,(3)(10g¢)»- Indeed,

similar to the proof of Proposition 2.8 we have for any ¢ > 0 that P x P-almost
surely for ¢ sufficiently large

Z ui(t,v)

ve (B'r(t)(log t)P )C

< > P(ra, < t)exp{t sup £(v)}

r>7(t)(logt)P veAr

< Z exp {—rlog (é) } exp {tri(log 7")é (%HH) } .

r>r(t)(logt)P
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Now note that for r = r(t)(log ¢)P and t sufficiently large we have

rlog (é) 7(t)(log t)p>

L

=r(t
= r(t)(logt)? log(t4(log t)P~ 71 /e)
> qr(t)(log t)"*,

and, using that g + qi =1,

1

tr?f(logr)a(ﬁ-l““) = r(t)(log )"+ (log(r(t)(log t)p))é<ﬁﬁ‘l+l+€)

for some 0 > 0 (since we have a strict inequality in (2.35)). In particular this means
that for t large enough

d g(f—iﬂﬁ) 1 r
tra(logr) < =rlog (—) . (2.36)
Since
t

% {—;rlog (ei) + trg(log T);(ﬁ+1+a>} <0,

for r large enough, (2.36) actually holds for all r > r(t)(logt)? and t sufficiently
large. Thus we have for ¢ sufficiently large

Y wtys Y exp{—;rlog(;)}.

VE(Br(t)(log £)P)° r>r(t)(logt)P

Now, since for every r > r(t) and t large enough

oo {2+ 1tog () < L Liom (2) Lewp {Lrion (1))

IN
DO | =
@

o]
o]
—
|
N —
<
5}
09
|
~
——
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we obtain

> utns ¥ eofgrioe(s)}

Ue(Br(t)(logt)p)c Tzr(t)

conf o ()52
cron{-browe ()] o

as t — 0o. Since U(t) > 1 eventually almost surely, this shows that the contribution
of u; outside the ball of radius r(¢)(log¢)? is asymptotically negligible as t — oco.
We next prove that, with high probability as ¢ — oo,

log Z w1 (t,v)

VEBy(¢)(1og t)P

< max {wt@%, 16:(ZY) = Rylog <]:tt> } +o (igg) . (237

To do this, first note that by definition of u;, Proposition and Lemma we
have with high probability that

log Z u(t,v)

VEB,(¢)(log t)P

“log Y E [exp {t sup 5@)} I {sup X, = TH

re[Re,r(t)(log t)?] veBr s<t

< log > exp {t sup 5(v)} P(rp,_, <t)

re[Re,r(t)(log t)P] veB:

= t + log (P <t)) b +1 H(loge t)P
- TE[Rt;r(lgﬁOgt)p]{ Useugr §(v) +log (P(rp, ., < ))} og (r(t)(logt)")

r r ta(t)
< — 1 _
B tTE[Rt,Ig(lgﬁogt)P] {USEUET 5('0) t 8 (6t>} to (10gt> ’

where we have used that for positive real numbers z1, ..., z, it holds

log (Z x) < max {log(z:)} + log(n).

=1/ 77
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Let 7(t) € [R¢,r(t)(logt)P] denote the radius for which the maximum is attained,
and 9(t) = argmax{{(v) : v € Byy)}. [ 9(t) = Zt(l), then

- { sup £(v) — %log ( - )} = t&(2") — #(t) log (@)

re[Re,r(t)(log H)?] | veB, et ¢
< 1€(Z™) — Ry log (fg) .

Otherwise, i.e. if 0(t) # ZAgl), we have

t . max { sup £(v) — - log (;)} = t€(i(t)) — 7() log (t

TE[Rth‘(t)(IOg t)p} ’UGBT

This establishes (2.37). To complete the proof, we invoke Proposition and note
that, with high probability as t — oo for € > 0

ZUETOQ U1 (tv U)
U(t)

< exp {max {01 (27),16(2(") = Retog () b= 02"+ (okSh )

(1)
¢ ’) — Rilog (Rt>}
et

= exp {max {t (zpt(Zt@)) - ¢t(ZAt(1))) ) |Zt(1)| log (Zet

N ta(t)
o —2%— 7.
(logt)t—=
Now, recall from Corollary that for any function 7; with 1, — 0 as t — oo, we
have that for ¢ — oo

P x P (v(Z") = p(Z) < malt)) > o.

In particular, choosing 7; = (log t)_% and choosing e < % gives that

t (wt(zt(Q)) - %(Zt(l))) +o0 ((10?15)?5) — —00

in probability as t — oo.
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To deal with the second term, note that since R; = |Zt(1)|(1 + ht) and since we
can choose ¢ small enough such that h; > (log t)*(1*25), we have by Proposition
[2.2]] that, with high probability, for ¢ sufficiently large

R " A% ta(t
Autos (22 - 201 (l i) o ()

(1)
5(1) 1Z, | ta(t)
> \Z I —_—
= | t |ht 0g ( p > +o <(10gt)1—6
5 (1) ta(t)
> [ S A—
> C|Z, " |htlogt + o ((logt)l—g

(loglogt)~ ta(t)
> Cta(t)W o ((10gt)15> 7

which diverges as t — co. This completes the proof. ]

Likewise, the contribution from us to the total mass is asymptotically negligible
as t — oo, as we will show in the following proposition.

Proposition 2.32.

uz(t, v
Z”E?}’(t;() — 0 in P x P-probability as t — oo. (2.38)

Proof. We split the sum into two parts, that is, for f > 0,

Z ua(t,v)

UETOO

<E [exp { /0 tf(Xs)ds} Hy > 1{7s,, > t}}
< Y B few{ [ ctxoas} 1ttt > rgsup . = ]

r<R:

= 5 efen{ [ e > ol =)

r<r(t)(loglog(t))~

+ 3 E [exp { /0 tg(xs)ds} H(Hyp > tH{sup| K| = 7“}] .

7(t)(loglog(t))~f <r<R:
(2.39)

For the first sum in ([2.39)), we note that by Lemma [2.6| with high P x P-probability
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as t — oo it holds

log (W(txz Blew{] (s | U0 > 1 X, = }D

loglog(t))~

< log Z expqt sup  £(v)
r<r(t)(loglog(t))—f UGBT\{ZAEI)}

<t sup ¢(v) +log(r(t)(loglog(t)) /)
YEB, 1) (1og los(t)—F

for some % > ¢ > 0. Furthermore, we know by Proposition that with high

P X P-probability for ¢ — co, for B > a(q‘%_ll)

Re = |2V (1 4 he) < r(£)(log log(£)) (1 + he) < r(¢)(log (1)),

for some p > 0. Thus, for the second sum in (2.39) we can invoke Lemma that
is, with high P x P-probability as t — oo

log Z E [exp<t sup &(v) p I{sup|Xs| =r}
r(t)(log log(1)) =/ <r<R: veBAZ) s<t

< log > exsplt  sup  £() SB(rs, <1)
r(t)(loglog(t))—f <r<r(t)(log )P UEBT\{ZAt(l)}

< max t  sup  &(v)+log(P(rp,_, <t)) ¢ +log(r(t)(log(t))?)
Te[r(tgt()k(){g lotg)(pt]))‘f, veB\{2{"}
r(t)(log

< max t  sup &(v) —rlog (L> +o(r(t)) p + log(r(t)(log(t))?)
Té[r(tgt()k()fg lotg)(;t]))‘f, veB\{Z{"} et
r og

r r
<t max sup v) — —log | — + o(r(t)).
relr(t)(loglog(t))—f,r(t)(log t)P] {'DGBT\{ZA,SU} 5( ) t & <€t) } ( ( ))

As argued in Proposition [2.31] we can conclude that

t max { sup  &(v) — %log (é) } < twt(Zt(Q)).

relr(t)(oglos(®)) /() 1ogt)?] | p 17003
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Hence, we have established that with high P x P-probability for t — oo

log ( Z ug(t,v)> < twt(Zt(Q)) +o <ta(t)c> . (2.40)

el (loglogt)

As outlined in Proposition we can conclude from ([2.40) by using Proposition
and Corollary (with 7; = (loglogt)~¢/?) that in P x P-probability for

t— 00
ZUETOO u2 (t7 U)
U(t)
This concludes the proof. ]

Finally, we show that w3 localises in Zy = Zt(l) with high P x P-probability as
t — oo. For this, the spectral results that we derived in Section become relevant.

Proposition 2.33.

D verio\ (2} s (t;v)
U(t)

— 0 in P x P-probability as t — oo.

Proof. Note that on the event {Zt = ZBRt}, ug is of the form (2.31)) with r = R;.
Thus, by Lemma it follows

S 1
us(t,v) < us(t, 20)|6%5), 1365) (0).
Hence,

5 1 1
Sreraizn ¥(t0) _ Toer gz 1t 20195, 1365, )

U(t) B ’ng(t,Zt)
1 1
=lloG, 1B D> ek @),
veToo\{Z1}

i.e. the statement of the proposition follows by Lemma and Lemma [2.22]
Lemma [2.17] O

Proof of Theorem [2.14 As u(t,v) = ui(t,v) + ua(t,v) + ug(t,v), the statement of
Theorem is a direct consequence of Propositions [2.31] [2.32] and [2.33] O

2.7 Outlook

In this chapter we showed that the parabolic Anderson model with Pareto potential
on Ty localises with high probability in one vertex for ¢ going to infinity. We
conjecture that, just like in Z¢ [KLMS09], our model will almost surely localise in
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two vertices. The almost sure analysis is more delicate in the following sense. In
order to deal with rare events in an almost sure setting, a more complex random
functional ¥; needs to be defined. In particular, it will be crucial to make the role
of the degree of the vertices explicit in ¢, because the larger the degree of a vertex
the smaller is the probability that the random walk remains at that site for a long
time. Furthermore, the proof of Theorem relied heavily on the fact that the
gap between ¢t(2t(1)) and wt(2§2)) is with high probability asymptotically large
(Lemma [2.23). Such a result can not hold almost surely, recall Remark It is
therefore crucial to consider the first three maximizers of a suitable functional for
the almost sure setting and show that the gap between ¢t(2§2)) and wt(Zt(g)) is
eventually almost surely large. This will lead to a finer splitting of the solution with
respect to certain sets of paths in the Feynman-Kac representation. This is work in
progress together with Eleanor Archer.

There are many other aspects of the model investigated above that we would
like to analyse in the future. One questions concerns the so-called ageing. A system
is aeging if the time span it stays in a certain state increases with time, i.e. one
can tell the age of the system by observing it at the present time. In the context
of the parabolic Anderson model we talk about ageing if the frequency with which
the localisation site Z; is changing is decreasing over time. For the PAM on Z¢
with Pareto potential this was investigated in |[MOS11|, where the authors showed
a linearly increasing dependency between the periods in which the solution nearly
stays constant and time.

Another objective of future research is to consider different potentials for the
PAM on Ts. In particular, we would like to investigate whether, as in the Z¢ case,
also the Weibull distribution leads to one point localisation with high probability. An
even further step would be to consider potentials with lighter tails, where localisation
is less pronounced and the intermittency analysis becomes much more subtle.

Although the results of this chapter are restricted to critical Galton-Watson trees
and in certain proofs we take advantage of the tree structure, we anticipate that the
PAM should exhibit similar behaviour on other critical random graphs, such as the
Uniform Infinite Planar Triangulation, critical Erd6s-Rényi graphs, and the critical
configuration model.
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Chapter 3

Stochastic partial differential
equations

The purpose of this chapter is twofold. Firstly, to give a relatively broad insight into
the field of SPDEs, and secondly, to state certain specific results in this area that
will be needed later on. For this reason the level of detail may very throughout the
chapter. The presentation is by no means exhaustive and the interested reader is
referred to the monographs [DPZ92,|LR15,|GM10,DW14[/Chol4| and the references
therein.

3.1 Stochastic analysis

3.1.1 Wiener processes

One of the most widely used stochastic process to incorporate noise in differen-
tial equations is the Wiener process, named after the American mathematician N.
Wiener (1894 - 1964). Figure shows the familiar image of a sample path of a
real-valued Wiener process, also called Brownian motion. This process is defined as
follows.

Definition 3.1 (Brownian motion). A real-valued stochastic process (B(t)):>0 on
some probability space (2, F,PP) is called Brownian motion or real-valued Wiener
process, if the following three conditions are fulfilled

(i) B(0) =0,
(ii) B has P-almost surely continuous trajectories,

(iii) For tgo = 0 < t; < ... < ty, the increments B(t;) — B(ti—1), 1 < i < n, are
independent with law N (0,¢; — t;—1).

81
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Figure 3.1: Sample path of a real-valued Brownian motion.

Remark 3.2. Without condition (ii) the process is sometimes called pre-Brownian
motion. In fact, by Kolmogorov’s theorem every pre-Brownian motion has a modifi-
cation whose sample paths are continuous, and even locally Holder continuous with
exponent % — 0 for every 6§ € (0, %) (see Lemma .

As outlined in the Introduction, we will often consider SPDEs of evolutionary
type whose state space is an infinite-dimensional function space. Hence, the infinite-
dimensional extension of the real-valued Wiener process, as defined below, will be a
central object. For a detailed overview on this topic, we refer to [DQS11].

In the following let (H, || - ||zr) be a separable Hilbert space with scalar product
(-,)m and let (2, F,P, (F¢)e>0) be a filtered complete probability space.

Definition 3.3 (Isonormal process, see [VNO8|). An H-isonormal process W is a
family W = {W(h) : h € H} of real-valued random variables defined on (9, F,P)
such that

(i) For every h € H the random variable YW(h) has Gaussian law with mean zero.
(ii) E[W(hl)W(hg)] = (hl, h2>H for every hl, ho € H.
Note that all isonormal processes are linear.

Example 3.4 (Brownian motion). Let H = L%([0,7]) and W be the associated H -
isonormal process. Then B(t) := W(1jyy) defines a real-valued Brownian motion
on [0,T7].

Definition 3.5 (H-cylindrical Brownian motion). Set Hr := L*([0,T]; H). A Hyp-
isonormal process is called a H -cylindrical Brownian motion on [0, T].
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Example 3.6 (Spatially homogeneous Gaussian noise, cf. [DQS11] Section 2.2]).
Let U be the completion of C5°(R?) with respect to the semi-norm || - ||y associated
to the semi-inner product

(prealu = [ Aln)(or = @2)(e), o102 € OF (R

where x denotes convolution, @o(x) = @o(—x) and A is a symmetric, non-negative
definite measure on R%. U is a separable Hilbert space. Then W, the Ur-isonormal
process or U-cylindrical Brownian motion on [0,T], is called white in time, spatially
homogeneous Gaussian noise. In particular, if A(dz) = f(x)dx then, for hi, hy €
UT;

T
EDVW(h)] = | (ha(8):ha(0)y

- | ! [, [ morste —yhaley) @z ay ar

what explains the notion spatially homogeneous (or translation invariant). This is
a type of spatially coloured/correlated noise.

Definition 3.7 (Cylindrical Wiener process, see [DQS11|). Let Q € L(H) be sym-
metric (self-adjoint) and non-negative definite. A cylindrical Wiener process on H
is a family of real-valued random variables Wy := {Wg(t)h : t > 0,h € H} such
that

(i) (Wg(t)h);er+ is a real-valued Brownian motion for all h € H.

(ii) For all t1,to € RT and hy, he € H we have

E[WH(tl)hl WH(tg)hQ] = min{tl, t2}<Qh1, ]’L2>H

Q@ is called the covariance operator. In case Q = Idy, we call Wy a standard
cylindrical Wiener process.

To every H-cylindrical Brownian motion, we can associate a standard cylindrical
Wiener process according to the following proposition.

Proposition 3.8 (see [DQS11}, Proposition 2.5]). Let Wy be a H -cylindrical Brow-
nian motion. Fort € [0,T] and h € H we set

Wr(t)h == Wh (1 ® h),

where ® denotes the tensor product, as we can identify Hr with L*([0,T]) ® H.
Then {Wg(t)h:t € [0,T],h € H} is a standard cylindrical Wiener process on H.
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Remark 3.9. In particular, to every spatially homogeneous Gaussian noise that is
white in time (Example [3.6) we can associate a cylindrical Wiener process in a
particular Hilbert space.

Example 3.10 (Space-time white noise). Let H := L?*(D) with D C R?% open.
A standard cylindrical Wiener process on H provides the mathematical model for
space-time white noise. In particular, we have

E [WH(tl)hl WH(tg)hz] = min{tl, t2}<h1, h2>L2(D)-

Loosely speaking, space-time white noise on D 1is the time derivative of a standard
cylindrical Wiener process on H. We refer to ([PZ07, Section 7.1.2] for details.

Remark 3.11. Let (eg)ren be an orthonormal basis of H and (8g)ren be a sequence
of independent Brownian motions. Then

ZhekHBk , for h € H,
k=1

defines a cylindrical Wiener process on H. However, the series

> Br(t)er,
k=1

does not necessarily converge in L?((Q, F,P); H), i.e. it does not necessarily describe
a genuine H-valued Gaussian process.

The following definition gives a straightforward extension of the real-valued
Wiener process to H-valued Wiener processes. This characterization is based on
trace-class operators; see Appendix for details on nuclear and Hilbert-Schmidt
operators.

Definition 3.12 (Q-Wiener process). Let Q € L(H) be non-negative definite, sym-
metric and of trace class. A H-valued stochastic process (Wq(t))icjo,r) on (2, F,P)
is called Q-Wiener process if

(i) Wo(0) =o.
(ii) Wg has P-almost surely continuous trajectories.

(iii) The increments Wg(t) — Wg(s) are independent and have Gaussian laws with
mean zero and covariance operator (t—s)@Q, for all 0 < s < ¢ < T. This means,
that for any h € H and 0 < s < t < T, the real-valuesd random variable
(Wq(t)—Wgq(s), h) g is Gaussian with mean zero and variance (t—s)(Qh, h) g
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Proposition 3.13 (Representation of a -Wiener process, see [LR15, Proposition
2.1.6]). Let (ex)ken be an orthonormal basis of H where Qe = \xe, k € N. Then
a H-valued stochastic process (Wq(t))icpo,1], 18 a Q-Wiener process if and only if

Wot) =>  vVMkBr(t)er, te[0,T], (3.1)

keN

with independent Brownian motions Bi, k € {n € N: \,, > 0} on a probability space
(0, F,P). That is, the series converges in L*((Q, F,P), H) for every t € [0,T].
The series converges in L?((Q, F,P); C([0,T], H)), i.e.

2

lim E | sup = 0.

=00 t€[0,7)

>V AkBr(t)er — Wo(t)
=1

H
In particular, this means that the process has a P-a.s. continuous version.

Definition 3.14. A Q-Wiener process (Wq(t))e(o,) is called a Q-Wiener process
with respect to the filtration (Fi)iejo,r), if Wgq is adapted to the filtration and
Wq(t) — Wo(s) is independent of F, for all 0 < s <t <T.

Remark 3.15. The covariance of Wy is given as

E[(Wo(t), Wo(s)u] =B | Y MeBu(t)Br(s){ex, ex)
keN

= 3" ME[B(D)A(s)] = min{s, (}Tr Q < o,

keN

for s,t € [0,7]. In particular, the variance is given by E[[|[Wq(t)||%] = tTr Q. The
operator @ is the covariance operator (at time t = 1).

By Proposition a H-valued QQ-Wiener process can be represented as the

following series
Wot) = Bult)ar,
keN

where (Sk)ren are independent real-valued Wiener processes and (a)ren is an or-
thonormal basis of Q'/2(H) =: Hy. This series converges in L?((, F,P), H) because
the embedding operator Hy — H is Hilbert-Schmidt. We will denote the space of
all Hilbert-Schmidt operators between two separable Hilbert spaces U and K as
(L2(U, K), || | o, k))» s€€ Appendix for a precise definition. There is a natural
way to associate to every H-valued (-Wiener process a cylindrical Wiener process
on H. More precisely, for any h € H, t > 0, we set

Wh(t)h := (Wo(t),h)u, (3.2)
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Then {Wg(t)h : t > 0,h € H} is a cylindrical Wiener process on H with covariance
operator (.

However, not every cylindrical Wiener process can be associated to a ()-Wiener
process. More precisely, recall from Remark that a cylindrical Wiener process
on H can be defined via

Wi (t)h =Y (h.ex)uB(t), for h € H.
k=1

However, the series
o0
> Br(t)ex, (3:3)
k=1

might not converge in L?((€2, F,P); H). In particular, the following theorem holds.

Theorem 3.16 (see [MP14, p.177]). Let H be a separable Hilbert space and Wi a
cylindrical Wiener process on H with covariance (). Then the following are equiva-
lent

(i) Wy is associated to a Q-Wiener process (Wq(t))i>0, in the sense of (3.2).

(i) For any t > 0, h — Wg(t)h defines a Hilbert-Schmidt operator from H to
L3(Q, F,P).

(iii) Tr Q < oo.

Nevertheless, there always exist a larger Hilbert space H’ and a Hilbert-
Schmidt embedding operator J : H < H'  such that the series converges
in L2((Q, F,P), H'), see [DPZ92, Section 4.1.2] or [LR15} Section 2.5] for more de-
tails. In particular, this means that if B € L(H’, H) is Hilbert Schmidt, then
(BWg(t))t>0 defines a H-valued Q = BB*-Wiener process.

Remark 3.17.

(i) To define Wiener processes on the whole of R, we simply concatenate inde-
pendent copies of Wiener processes on intervals [0, 7.

(ii) Assume that (Wi(t))i>0 and (Wa(t))s>o0 are two independent Q)-Wiener pro-

cesses. Then
Wit t>0
W(t) _ 1( ) s U
Wa(—=t) ,t<0

is a two-sided Q-Wiener process (W (t))icr that vanishes at zero.

(iii) In the following, we will often omit the subscripts for Wg or Wy and simply
denote a Q-Wiener or a cylindrical Wiener process as W. Furthermore, by
referring to a cylindrical Wiener process in the following we always mean the
standard cylindrical Wiener process.



3.1. STOCHASTIC ANALYSIS 87

3.1.2 Stochastic integration in Hilbert spaces

The stochastic integral with respect to a H-valued -Wiener process is defined as
the natural generalization of the Ité integral with respect to a real-valued Brownian
motion, as for example introduced in [Oks03]. In this subsection we will give a rough
outline of the construction and we refer the reader to the monographs [LR15,GM]10,
DPZ92| for excellent, in-depth presentations of the topic.

As before, let (H, ||| ;) denote a separable Hilbert space and let (£2, F,P) denote
a probability space.

It6 integral with respect to ()-Wiener processes

The construction of the Ité integral with respect to a H-valued QQ-Wiener process
(Wq(t))epo,r) (adapted to the normal filtration F = (Fi)icpo,7)) begins with the
definition for so-called elementary processes. Let (K, ||-|| k) denote another separable
Hilbert space. An elementary, L(H, K )-valued process is of the form

n—1
U(t,w) = p(w)Lo(t) + D (W)L, 00 (1),
=0

with 0 = ¢t < ... < t, = T, n € N, where ¢, ¥;, j = 0,...,n — 1, are Fo-,
Fi;-measurable L(H, K )-valued random variables that take only a finite number of
values and 1 4(¢) denotes the indicator function on a subset A C R*. Let £(L(H, K))
denote the set of all L(H, K)-valued elementary processes. For ¥ € £(L(H, K)) the
Ito integral is defined as

Int(W)(t) = /0 U (s)dWg(s)

n—1
= 4 (Wo (min{t, tj11}) — Wo (min{t,£;})),  for t € [0,T].
j=0

Int(W)(t) is a continuous, square-integrable martingale with respect to the filtration
F (see [LR15, Proposition 2.3.2]). We denote by M?2(K) the space of K-valued
continuous, square integrable martingales M (t), t € [0, T], which, equipped with the
norm L2 "

1M piz ) = sup (E[IM@)IE]) ™ = (E[IM(D)IZ]) " (3.4)

t€[0,T]

becomes a Banach space [LR15, Proposition 2.2.9]. Note that the second equality
in ([3.4) follows since |M(t)||% is a sub-martingale. Furthermore, calculating the
MZ(K) norm of Int(¥) yields the so-called Ité isometry [LR15, Proposition 2.3.5]

T
(0B = B | [ 1000Q I, g ots| = N0l @9
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where we recall that (Lo(H, K), ||| 1,(#,x)) denotes the space of all Hilbert-Schmidt
operators from H to K. Note that || - ||z is only a semi-norm on E(L(H, K)) and
in order to obtain a norm we switch to equivalence classes of elementary processes
without changing the notation. Then,

It : (E(L(H, K)), || - l7) = (MEE), |- gz )

is an isometric transformation.

In a second step the abstract completion E(L(H, K)) of &(L(H, K)) is charac-

terised. More precisely, E(L(H, K)) can be explicitly represented as
NE(0,T;K) := {¥ :[0,T] x Q@ — Ly(Hp, K) : ¥ is predictable and ||¥|7 < co}.
Here, Hy denotes the separable Hilbert space Hy = QY 2(H) with scalar product
(w0, vo) o = (@ u0, Q" *v0) m,

see [LR15, Chapter 2] for details. Note that with this definition the | - ||p-norm can
be written as

T
wu%zE[ /0 19 ()2, 101005 -

Furthermore, predictable means here that U is Pr/B(L2(Hp, K)) measurable where
Pr is defined as

Pri=c{(s,t] x Fs:0<s<t<T,Fse€ Fs} U{{0} x Fy: Fy € Fo}),

where o(S) denotes the o-algebra generated by the family of sets S. Now, as
E(L(H,K)) is dense in E(L(H,K)), there is a unique and isometric extension of
the Ito integral to N3,(0,T; H). That is,

Int : (NG (0, 5 H), || - [l7) = (ME(E), || - ez )
is linear and isometric. Furthermore, we have for ¥ € N‘?V (0,T; H) that
E[Int(¥)(¢t)] =0, te]0,T].
Finally, by a localisation procedure the definition of the It6 integral can be further
extended to the set

Nw(0,T; K) :={V :[0,T] x Q — Lo(Hy, K) : ¥ is predictable with

T
P ( /0 19012, g1y < oo> _ 1} ,

which is called the set of stochastically integrable processes. Note that for ¥ €
Nw (0, T; H) the integral Int(¥) defined by this procedure is only a continuous K-
valued local martingale.
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It6 integral with respect to cylindrical Wiener processes

Let Wi := {Wg(t)h : t € [0,T],h € H} be a standard cylindrical Wiener process
on H. According to Subsection there exists another Hilbert space H' and a
Hilbert-Schmidt embedding H < H’ such that

Wa(t) = Br(t)ex, (3.6)
k=1

where (Bj(t))r>1 are independent Brownian motions, (ey)r>1 is an orthonormal
basis of H and the series converges in L?((€2, F,P), H'). Let J be the corresponding
Hilbert-Schmidt embedding operator. In particular, is a H'-valued Qq := JJ*-
Wiener process. Now, for predictable ¥ : [0,7] x  — Lo(H, K) with

P (/OT H\II(S)H%2(H,K)dS < OO) =1,
the stochastic integral with respect to Wy is defined as
/Ot\IJ(s)dWH(s) = /thz(s) o J 1dWy(s), te€[0,T]. (3.7)
In particular, since

U e Ly(H,K) e Vo J ' € LyQY*(H), K),

the right hand side of (3.7]) is well defined as described above, see [LR15, Section
2.5] for further details. Consequently, the Itd isometry holds, that is,

It6 formula

t
E =E [/ H‘I’(S)H%Q(H,K) ds|, fortel0,7]. (3.8)
0

2
K

/0 U(s) dWg(s)

An indispensable tool for stochastic calculus in infinite dimension is the It6 formula,
which can be regarded as the stochastic analogon to the fundamental theorem of
calculus.

Definition 3.18 (It6 process). Let (Wg(t)): be a H-valued Q-Wiener process and
U € Nw(0,T; K) a stochastically integrable process. Furthermore, let ® : Q x
[0,T] — K be P-a.s. Bochner integrable and F-measurable. Finally, let X (0) be a
Fo-measurable K-valued random variable. Then

X(t) = X(0) —i—/o <I>(s)ds+/o U(s)dWq(s), tel0,T],

is well-defined and called It6 process.



90 CHAPTER 3. PRELIMINARIES: SPDES

Theorem 3.19 (It6 formula, see [DPZ92, Theorem 4.32]). Let X : Q x [0,T] — K
be an Ito process and F : [0,T] x K — R continuous. Furthermore, let the Fréchet
derivatives Fy, Fy, Fyp be continuous and bounded on bounded subsets of [0,T] x K.
Then the following Ito formula holds P-a.s. for all t € [0,T]

F(t, X (1) = F(0,X(0)) + /0 (Fo(s, X(5)), U(s)dWo(s)) i
T / (Fy(5, X(5)) + (Fa(5, X (5)), 8())
0
45T [Fuals, XENEEQ A 0()Q2)] .

Remark 3.20. A similar It6 formula can be proved for cylindrical Wiener processes,
see |[GM10).

Stochastic Fubini theorem

Let again (H, | - ||g) and (K, | - ||x) be separable Hilbert spaces.

Theorem 3.21 (Stochastic Fubini theorem, [DPZ92, Theorem 4.33]). Let (E,E) be
a measurable space and p be a finite positive measure on this space. Let (Wg(t)):
be a H-valued Q- Wiener process on a filtered probability space (0, F, (Ft)t,P). Fur-
thermore, assume that

O ([0,T] x QAx E,Prx &) — (L2(Hop, K),B(L2(Hp, K))),
(t,w,x) = O(t,w, x),

is a measurable mapping. Here, we have again defined Hy := QY2H. If

/ 18( -, 2)llru(de) < oo,
E

then P-a.s.

/E [ /OT ®(t,z) dWQ(t)} p(dz) = /OT [ /E O(t, ) M(dx)] AWo(t).

Stratonovich integral

We recall that in the SODE setting the definition of the stochastic integral of a
suitable integrand f with respect to a Brownian motion depends on the choice of
the approximation via elementary functions. More precisely, when choosing f(¢;) as
the value for the interval [¢;,¢;11], the construction leads to the It integral; whereas
when choosing the midpoint, i.e. f((t; + tj4+1)/2), this leads to the Stratonowvich
integral, see |Oks03] for details. Compared to Itd integrals, Stratonovich integrals
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are not martingales, however, they have the advantage that they obey the ordinary
chain rule and no second order terms appear as in the It6 formula.

The same holds true when considering Stratonovich integrals of Hilbert space
valued integrands. That is, let H be a separable Hilbert space, (B(t)):>0 be a real-
valued Wiener process and let ®(¢,-) : H — H be a Fréchet differentiable mapping
and (u(t)):>0 be some H-valued process. Then the transformation between the
Stratonovich integral (where the differential is denoted as o dB(s)) and the It6
integral reads as follows

t t 1 t
/0<I>(s,u(s))OdB(s):/0 B(s, u(s)) dB(s)+2/0 (s, u(s))Bu(s, u(s)) ds, (3.9)

where ®,, is the Fréchet derivative of ® with respect to u, see [DW14} Section 4.5].
Hence, by adding or subtracting a correction term one can transform a Stratonovich
integral into an Ito integral and vice versa. In particular, if the integrand does not
depend on u, we observe that the correction term vanishes. Thus, for stochastic
differential equations with additive noise terms there is no difference in interpreting
the stochastic differential in the Stratonovich or It6 sense.

3.2 Semi-linear stochastic partial differential equations

Let us fix a probability space (€2, F,P). We are interested in semi-linear 1t6 SPDEs.
More precisely, let (H, |- ||z) and (K, ||-||x) be two separable Hilbert spaces. Then,
we will consider equations of the form

du(t) = [Au(t) + F(t,u(t))] dt + B(t,u(t)) dW (), te[0,T],

4(0) = 10 (3.10)

under the following assumptions

Assumptions 3.22.

(i) A: D(A) C H — H is the generator of a Cp-semigroup (S(t))i>0 of linear
operators on H (see Appendix |C.3)),

(ii) W is a standard cylindrical Wiener process on K,
(iii) F:[0,T] x H — H is B([0,T]) ® B(H)/B(H)-measurable,
(iv) B:[0,T] x H— Lo(K,H) is B([0,T]) ® B(H)/B(L2(K, H)) measurable,

(v) up is H-valued and Fp-measurable, where (F;):>0 is the filtration generated
by the Wiener process.
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3.2.1 Solution concepts

There are several different notions of solutions to equation (3.10), see for example
[Tapl3] for an overview.

Definition 3.23 (Strong solution). A D(A)-valued predictable process u(t), t €
[0,T7, is called strong solution of equation (3.10)) if for all ¢ € [0, T]

u(t) = uo —i—/o [Au(s) + F(s,u(s))] ds —i—/o B(s,u(s)) dW(s), P—a.s.

In particular, the integrals on the right hand side have to be well-defined, that is

T
P ( T+ 1A+ 156 i+ 1B D sy s < oo) —1
Definition 3.24 (Weak solution). A H-valued predictable process u(t), ¢t € [0,T],

is called weak solution of equation ([3.10]) if for every test function £ € D(A*) and
every t € [0,T]

(u(t), £) = (o, €) + /0 (u(5), A€) + (F(s,u(s)), €) ds

—|—/0 (B(s,u(s)),&) dW(s), P—as.

Note that (A*,D(A*)) denotes the adjoint of (A, D(A)) on H and H is identified
with its dual. Again, it is assumed that

T
P ( /0 ()l + P (s, w(s )l + 1B (s, w(DIE, oy ds < oo> 1

Definition 3.25 (Mild solution). A H-valued predictable process u(t), t € [0,T],
is called mild solution of equation (3.10) if for every t € [0,T] Duhamel’s formula
holds, i.e. P—a.s.

u(t) = S(t)uo + /0 S(t—s)F(s,u(s)) ds +/0 S(t — s)B(s,u(s)) dW(s),

and

T
P (/0 ()]l + [1E (s, u(s)) i + IB(s, uls )L y,m1) ds < OO) =1
Definition 3.26 (Stochastic convolution). The stochastic integral in the mild for-

mulation is called stochastic convolution.

Every strong solution is also a weak solution. Furthermore, we have the following
relation between weak and mild solutions.
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Lemma 3.27 (see |Tapl3, Prop. 5.9, 5.11]). Every weak solution to (3.10) is a mild
solution to (3.10). Every mild solution u of (3.10|) for which

T
E[ /O 1B (s, w2, eap) ds| < oo,

is also a weak solution to (3.10]).
Remark 3.28.

(i) For more details on how the different concepts are related we refer to [Tapl3,
DPZ92|[GMI0].

(ii) For non-linear operators A there exists also the widely used concept of varia-
tional solutions, see [LR15|] for details.

3.2.2 Existence of mild solutions

Let us briefly state the main existence result of mild solutions to SPDEs of the form
(3.10]). We will need the following assumptions.

Assumptions 3.29. There exists a constant C' > 0 such that for all u,v € H, ¢t € [0, T
and almost all w € it holds

(i)
HF(t?wvu) - F(tvwvv)HH + HB(tvwvu) - B(t’w7v)||L2(K,H) < CHU - UHHv
(ii)
1P (w0, )7 + 1Bt w, Wl k) < CPA A+ [Julla),

Theorem 3.30 (see [DPZ92, Thm. 7.2]). Let Assumptions[3.29 and Assumptions
hold. Then problem (3.10) possesses a unique (up to equivalence) mild solution

w. Moreover, u has a continuous modification.

3.2.3 Stochastic convolution

We fix a probability space (2, F,P). Let H, K be Hilbert spaces, A be an operator
that generates a Cp semigroup (S(t)):>0 on H and let B € Lo(K, H). Furthermore,
let (W (t))t>0 denote a standard cylindrical Wiener process on K, adapted to the
normal filtration (F¢);>0. The solution to the following linear equation is called
Ornstein- Uhlenbeck process

du = Au dt + B dW, (3.11)

and with initial condition w(0) = 0 it is simply given by the stochastic convolution

u(t) = /OtS(t—s)B Aw(s), telo,T). (3.12)
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Note that a useful tool to work with the stochastic convolution is given by the
following integration by parts formula

u(t) = / S(t— 5)B AW (s)
0

= BW(t) + A/S(t —s)BW(s) ds

0
_ —A/S(t —$)BW(t) - W(s)) ds + S(t)BW(2).
0

Space and time regularity of Ornstein-Uhlenbeck processes on Hilbert spaces are
closely linked. More precisely, interpreted as a evolution process on an infinite-
dimensional space, the time regularity depends on the functional space under con-
sideration. In the following we state some well-known regularity results for stochastic
convolutions.

Proposition 3.31 (see [DP12, Prop. 2.2 & 2.3]). In the setting described above,
u(t) is a Gaussian random variable with mean zero and covariance operator @y,
where

t
Qix = /0 S(s)BB*S*(s)x ds, forxz e H, (3.13)

where (S*(t))i>0 is the semigroup generated by A*. Furthermore, the process u(-) is
adapted and mean square continuous, i.e.

2
sup E([lu(t)|[z) < oo.
te[0,T]
One can actually show a stronger result, namely that wu(-) is P-almost surely
continuous.

Proposition 3.32 (cf. [DPZ92, Thm 5.11]). In the setting described above, u has
almost surely continuous sample-paths in H and for p > 0

E ( sup ||u(t)||%) < 0. (3.14)

t€[0,1]

In case A generates an analytic semigroup stronger regularity results can be
proved. In particular, sample paths are Holder continuous, as stated in the following
proposition.

Proposition 3.33 (see [DPZ92, Theorem 5.15]). Assume that, in the setting above,
the semigroup (S(t))e>0 is analytic and let o € (0,1/2). Then for arbitrary 6 € (0, @)
the sample paths of u are in C°([0,T]; H).
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Moreover, we will need the following result later on in Chapter |5, cf. [DPZ92,
Theorem 5.25].

Proposition 3.34. Consider equation with H = L*(D), where D is bounded.
Assume that the spectrum of A lies entirely in the open left half plane and that
A generates an analytic semigroup (S(t))i>0 = (exp(tA))t>0 on LP(D), for any
p > 1, and that D((—A)Y) can be identified with the Sobolev space W*'P(D), for
any v > 0. Furthermore, let the eigenfunctions {ey}3>, of A form a complete
orthonormal system of H with |ey(x)|? < k for some k > 0 and for all k and x € D.
Let B € L(K, H) and assume that the operator Q; defined in is of trace class.
Set Q = BB*. Furthermore, let K = H and assume that there exist sequences
{3, and {0k}, such that

Aep, = —Apep, and Qe = rer, keN.

Finally, we assume that there exists a € (0, %) such that

D aA ! < 0. (3.15)
k=1

Then
E ( sup ||u(t)|]£> < 0.

te(0,1]

Proof. For completeness we give the proof here. Note that using the well-known
factorization formula (see [DPZ92, Theorem 5.10]), we have for (¢,x) € [0,7] x D
and o € (0,1/2)

with
y(r,x) = /OT exp ((1 — s)A) (1 — )" *B dW (s, x)

-2 / exp (7 — 8)4) (7 — 8)~*Bey (¢)dBi(s)

k=

= ;/OT exp (—(7 — $)A\g) (T — 8) "/ drer(x)dBi(s),

where we have used the formal representation W(s,z) = > 2, Bi(s)er(x) of the
cylindrical Wiener process, with {51 }72, being a sequence of mutually independent
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real-valued Brownian motions. y(7,z) is a real-valued Gaussian random variable
with mean zero and variance

E [|y(r, z)[*]
o0 T 2
_E [Z </0 exp (— (7 — $)\e) (7 — 8)=°+/0r dﬁk(s)> |ek(x)|2]

= > oulea(o) B ([ ettt dﬂ'“(S))z]

k=1
=Y ala@P [ e (-250) 57 ds,
0

k=1

where we have used Parseval’s identity and the It6 isometry. Our assumption on
the boundedness of the eigenfunctions {e;}°, yields together with (3.15]) that

E [ly(r,z) Zékﬁ / exp (—2s\g) 572 ds
0
_K22204 11-\ Zé )\20( 1

Hence, E [|y(7’, x)]zm} < Oy, for Cp, > 0 and every m > 1 (note that all odd

moments of a Gaussian random variable are zero). Thus we have

T
EV /|y(7’,x)|2mdwd7'] < TC|D),
0 D

i.e., in particular for all p > 1 we have y € LP([0,7] x D) P-a.s.. Now, since A
generates an analytic semigroup and its spectrum lies entirely in the open left half
plane and by the assumed identification of the interpolation spaces with Sobolev
spaces, we can conclude using Lemma, that

| exp(tA)z|| e < Ct2e7% 2, < Ct72||2|,, for = € LP(D).
Choosing v = a we observe

[w(®) lwr (D)

sin(ma t
< (7r ) / (t — 7)Y exp ((t — 7)A) y(r, ) lw() d7
0
gcsmgjo‘) /0 (t— 7)1t — 1) 2ly(r, | dr

t
<C swp ly(r ) / (t — ) ar,
T7€[0,] 0
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and thus

E ( sup Hu(t)Hp>
tel0,1]

1
<CE ( sup  sup \ly(n-)\p) / /27 dr
0

te[0,1] T€0,¢]

=CE ( sup H?Aﬂ')”p) ~
7€[0,1]

Now, the right hand side is finite as all moments of y(7,x) are bounded uniformly
in z, 7, see above. Due to embedding of Lebesgue spaces on a bounded domain we
have that

E | sup [Ju(t)ll, | <oco implies E | sup [[u(®)|} ] < oo.
te[0,1] t€[0,1]

O]

Remark 3.35. Alternatively, one can analyse the regularity of the stochastic convo-
lution (3.12) using the integration by parts formula as stated above.

3.3 Galerkin approximation of SPDEs

We refer to |[LPS14] for a comprehensive presentation of numerical methods for
solving SPDEs. Here, we only recall the spectral Galerkin approzimation, as this
will play a role later on.

Let us consider the special case of a semi-linear evolution equation on a Hilbert
space H with additive noise of the form

du(t) = [Au(t) + F(u(t))] dt + o dW (), te [0,T),

3.16
u(0) = wo, ( )
where o > 0 and

(i) A:D(A) C H— H has a complete orthonormal set of eigenfunctions (¢;);en
and corresponding eigenvalues A; > 0, where A\ 11 > A,

(ii) W is a H-valued Q-Wiener process, where the eigenfunctions of the covariance
operator are given by (¢;);en,

(iii) F: H — H is Lipschitz continuous,

(iV) ug € H.
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For the spectral Galerkin approximation of a SPDE we define a finite-dimensional
subspace V,,, := span{¢1, ..., ¢, } that is spanned by the first m eigenfunctions of A.
Furthermore, we define the orthogonal projection P, : H — V,,. In particular, for
u € H |[LPS14, Lemma 1.41]

Pmu:zﬂjgi)jv ’ij = <u’¢j>v

j=1

and
| Pruller < ||ulla, ||u— Pnullg — 0, as m — oo.

Then, we seek the so-called Galerkin approximation u,,(t) € V;, that satisfies the
equation
dum (t) = [Amum(t) + P F(up)] dt + o Py, dW (1), (3.17)

with A,, := P, A and with initial data u?n = Ppug.

Now, is an SDE on a finite-dimensional space and one can apply for
example the Fuler-Maruyama method with a stepsize At to find an approximation
Um.n Of U (ty,) With ¢, := nAt. That is starting with ), we consider the iteration

Um,n+1 = Umn — At*Amum,n-l—l + AthF(um,n) + o P AWy,

with AW, := [/ dW (s).

Remark 3.36. In more general settings with multiplicative noise and where the eigen-
functions of () and A do not coincide the approximation becomes more involved,
see [LPS14| Section 10.6].



Chapter 4

Random dynamics

4.1 Random dynamical systems

In this section we describe the theory of random dynamical systems; for a compre-
hensive reference book on this topic we refer to [Arn13].

4.1.1 Metric dynamical systems

We begin with the concept of a metric dynamical system, which serves as a gener-
alized model of noise and its time-evolution.

Definition 4.1 (Metric dynamical system (MDS)). Let (2, 7,P) be a probability
space and let 6§ = {6; : Q@ — Q}ier be a family of P-preserving transformations
(meaning that 6, = P for all ¢t € R), which satisfy for all ¢, s € R that

(i) (t,w)— b is (B(R) ® F, F)-measurable,
(ii) 6o = Idg,
(iii) Oyys = 0405 = 0, 0 O5 (group property).

Then (Q, F,P,0) is called a metric dynamical system (MDS).
A MDS is called ergodic if invariant sets F' € F, that is sets satisfying 0;F = F
for all t € R, have either full or zero measure, i.e. P(F) € {0,1}.

Example 4.2 (MDS associated to a @Q-Wiener process). Consider the follow-
ing canonical probability space (Q,F,P): For a separable Hilbert space H set
Q = Cy(R; H); i.e. the sample space consists of all continuous functions on R
with values in H that vanish at the origin. Furthermore, let F := B(§2) be the Borel
o-algebra induced by the compact-open topology on ). As probability measure P on
F, we choose the Wiener measure induced by the trace-class covariance operator on
H. Furthermore, let us introduce the Wiener shift on Co(R; H), defined by

Orw(s) i=w(-+t) —w(t). (4.1)

99
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For A e F, s,t € R we verify
OP{w:w(s) € A}) =P({w: w(s) € A})
=P{{w:w(s+t) —w(t) e A}) =P({w : w(s) € A4}),
1.e. 0; is a P-preserving transformation. Furthermore,
Oow(s) = w(s) —w(0) = w(s),
and
Orysw(r) =w(r+t+s) —w(t+s) =0(w(r+s) —w(s)) = 0:(0sw(r)),

for t,s,r € R. Thus the quadruple (2, F,P,0) defines a MDS. By using Kol-
mogorov’s 0-1 law one can show that the MDS is ergodic.

For an ergodic MDS the following form of Birkhoff’s ergodic theorem holds, see
for instance [Wal00| for a proof.

Theorem 4.3 (Birkhoff’s ergodic theorem). Let (2, F,P,0) be an ergodic MDS.
Let X : Q — R be an integrable random variable. Then there exists a 0-invariant
set Q' € F of full P-measure such that for every w € €V

t
lim / X (Osw) ds = EX.
0

4.1.2 Temperedness

A key concept in the theory of random dynamical systems is that of temperedness,
which we are going to introduce now.

Definition 4.4 (Tempered random variable). Let (2, F,P,0) be a MDS. A random
variable X : Q — [0,00) is called tempered (from above), if there exists a set of full
P-measure Q' such that for every w € Q' it holds

+
lim log™ X (Oyw)

e It| =0, (4.2)

where log'(z) = max{0,log(z)} for # > 0. A random variable X : Q — (0, 00] is
called tempered from below if X! is tempered.

Remark 4.5.
(i) Property (4.2)) is equivalent to

lim e X (0,w) =0, forany ¢ > 0. (4.3)

t—+oo
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(ii) If @ is ergodic, then the only alternative to (4.2) is

. log™ X (Oyw)
limsup —————~ =
t—+o0 ‘t‘

)

i.e., the stationary random process X (f;w) either grows sub-exponentially or
blows up.

(iii) Note that for a tempered random variable the set €' of full P-measure on
which (4.2) holds is € invariant.

We will also make use of the following sufficient condition for the temperedness
of a positive random variable.

Proposition 4.6 (see [Arnl3, Proposition 4.1.3]). Let (Q,F,P,0) be a MDS and
let X : Q — [0,00) be a random variable. If

E| sup X(bw) | < o0,
tel0,1]
then X is tempered.

Proof. For completeness we give the proof here. Let € > 0 be arbitrary and define

for n € N the event
log™ X (6
En::{ sup 0g<t°d>>g}_
n<t<n-+1 t

Then, by using the P-invariance of the MDS, we compute

ZP(En) < Z]P’ < sup log™ X (Qw) > 5n)
n=1 n=1 n<t<n+l

= Z 0_,P ( sup log™ X (w) > 6n>

n—1 n<t<n-+1
. (1

< ZIP’ < sup log"™ X (yw) > n>
Jo— € 0<t<1

ee 1
g/ P ( sup log® X (fiw) > x> dz
0 € 0<t<1

1 1
<-E ( sup 1og+X(0tw)> <-E ( sup X(Gtw)> < 0.
€ 0<t<1 € 0<t<1

Hence, by Borel Cantelli for all € > 0

P <10g+ X (Oyw)

> ¢ i.0.> =0
t

and thus the statement for ¢t — oo follows. A similar argument holds for ¢ — —oo.
This concludes the proof. O
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We also note that products and sums of tempered random variables are tempered
random variables as well. More precisely, it holds

Lemma 4.7 (see [Arnl3, 4.1.2 Lemmal). Let (Q,F,P,0) be a MDS. The set of
tempered random variables X : © — [0,00) is a commutative ring with unit element.

We will use the Hausdorfl semi-distance to measure the distance between two
sets.

Definition 4.8 (Hausdorff semi-distance). Let (X, d) be a metric space, then the
Hausdorff semi-distance between two non-empty subsets A, B € 2X is given by

dist(A, B) := sup inf d(v, 0)
veA vEB

and the distance between v € X and B € 2% is given by dist(v, B) := dist({v}, B).
Let V be a separable Banach space with norm || - ||.

Definition 4.9 (Random set). Let (2, F,PP) be a probability space. A set-valued
map K : Q — 2V is called a random set on V if for all v € V the map

w — dist(v, K(w))

is measurable. A random set KC is called closed or compact if for every w € ) the
set (w) is closed or compact.

Definition 4.10 (Tempered set). Let (2, F,P,0) be a MDS. A bounded random
set A is called tempered with respect to 6 provided that for all w € Q

lim exp (—pt) sup |lal|=0 forall g > 0.
t—ro0 acA(O_tw)
Remark 4.11. Let A be a random set and let p : Q@ — (0, 00) be a tempered random

variable. If for all w € )
A(w) C B(0, p(w)),

then A is a tempered set.

4.1.3 Random dynamical systems

Definition 4.12 (Random dynamical system (RDS)). A random dynamical system
(RDS) on a separable Banach space V' over a metric dynamical system (2, F, P, 0)
is a map

e:RTxQxV =V, (t,w,v)— p(t,w,v),

which is (B(RT) @ F @ B(V), B(V))-measurable, such that ¢(0,w) = Idy for all
w € Q and
ot + s,w,v) = @(t, Osw, p(s,w,v)),
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for all s,t € R*, v € V and w € Q. This last condition is called cocycle property,
see Figure

We say that ¢ is a continuous or differentiable RDS if v — (¢, w, v) is continuous
or differentiable for all t € Rt and every w € .

(W} x V {Osw} xV

o(t, 05w, p(s,w,v))
= ot +s,w,v)

HSHw

Figure 4.1: Tllustration of the cocycle property, adapted from |Arnl3, Fig. 1.2.].

Remark 4.13.

(i)

(iv)

The framework of random dynamical systems can be regarded as a general-
ization of the concept of non-autonomous deterministic dynamical systems,
see |[CH17| for further insight.

Definition justifies the notion of the metric dynamical system as the
driving force for the temporal evolution of the noise.

Finite-dimensional stochastic differential equations generate random dynami-
cal system (see [Arnl3, Chapter 1] and [Kun97, Section 4.5]). However, this
does not hold in full generality for SPDEs since Kolmogorov’s continuity the-
orem fails for random fields that are parametrized by an infinite-dimensional
Hilbert space [MZZ06|. Nevertheless, in the special cases of linear multiplica-
tive or additive noise it is possible to transform SPDEs into PDEs with random
coefficients, which can be solved for every w. More details on this approach
can be found in 4.3 and 4.5

Apart from the classical approach to generate a RDS from a SPDE via a trans-
formation into a PDE with random coefficients as mentioned in (iii), there is
also a possibility to use the concept of pathwise mild solutions as explored
in [KNS20|. This allows to use the random dynamical systems approach for
certain SPDEs that can not be handled via a Doss-Sussmann type transfor-
mation, e.g. because the differential operator depends on time and random
coefficient w.
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A related notion is that of stochastic flows.

Definition 4.14 (Stochastic flow). Let (Q,F,P,0) be a metric dynamical system
and let V' be a Banach space. A family of mappings

S(t,7,w): V=V fort>17€eR, weq,
is called a stochastic flow if the following conditions are fulfilled
(i) S(t,s,w)S(s,7,w) = S(t,7,w) for all 7 < s <t and w € ,
(i) S(t,7,w)=S(t—7,0,0,w) for all 7 < ¢ and w € Q,
(iii) The map (¢t,7,w,v) — S(t,7,w)v is (BR) ® B(R) @ F @ B(V),B(V))-

measurable.

If the map v — S(¢,7,v) is continuous for all 7 < ¢t and w € , then S is called a
continuous stochastic flow.

4.2 Random attractors

One of the main concepts to analyse the long-term behaviour of a random dynamical
system is that of random attractors. A random attractor is defined as a compact
invariant subset of the phase space with a certain pullback attraction property.
This pullback approach is comparable to the concept of an attractor for a non-
autonomous deterministic dynamical system, see Remark We will present the
precise mathematical formalism of random attractors in the following.

Random attractors have been introduced and intesively studied by Crauel and
Flandoli [CF94], Debussche [Deb97,|CDF97| and Schmalfuss [Sch92|, amongst oth-
ers.

Within this section we assume that ¢ is a random dynamical system on a sepa-
rable Banach space (V, || - ||) over a metric dynamical system (Q, F, P, 6).

Definition 4.15 (Attracting and absorbing set). Let A and B be random sets.
(i) B is said to pullback attract A for the RDS ¢, if for every w €

dist(e(t, 01w, A(0_w)), B(w)) — 0 for t — oo.

(ii) B is said to absorb A for the RDS ¢, if for every w € Q there exists a (random)
absorption time ¢ 4(w) such that for all ¢ > ¢ 4(w)

o(t, 01w, A(6_w)) C B(w).

(iii) Let D be a collection of random sets, which is closed with respect to set
inclusion. A set B € D is called D-absorbing/D-pullback attracting for the
RDS ¢, if B absorbs/pullback attracts every random set in D.
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Remark 4.16. Let A be a random set. If for every v € A(f_w) and every w € § it
holds

hin sSup ||90(t7 eftwa U) H < p(w)a (44)
—00

where p > 0 is a tempered random variable, then for any § > 0 the random set B
defined via

B(w) := B(0, p(w) +6), forw € €,

is a tempered absorbing set for A. This is a convenient criterion to derive the
existence of an absorbing set via a-priori estimates of the random dynamical system.

An attractor will be defined relative to a universe of sets that get attracted, the
so-called basin of attraction. We choose the set of all tempered random subsets of
V', denoted as 7T, as the universe under consideration.

Definition 4.17 (Random pullback attractor). A random set A € T is called a
T -random pullback attractor for the RDS ¢ if it possesses the following properties

(i) A(w) is compact for every w € €2,
(ii) A is pullback invariant, i.e., p(t,w, A(w)) = A(6;w) for all t > 0,

(iii) A is T-pullback attracting.

{eit w} <V {G_tlw} xV

B0 00) [ Bt w) TS T By

@(tla Q,tlw, B<9*t1w))
P(t2,0—t,w, B(0—t,w))

A(w)
A(0_¢,w) = p(t2, 0_,w, A(0_,w))
O_tlw Q
Q,tzw w

Figure 4.2: Illustration of the pullback invariance of the random attractor .4 and
the pullback attraction of a set B by the attractor, adapted from [CH17, Fig. 4.1].

Both, the invariance and the attraction property, are defined in the pullback
sense, i.e. states are moved from —t to 0 while ¢ — oo; see Figure for an
illustration. It is this pullback convergence that allows to analyse fixed fibres of the
omega-limit sets, see the definition below.



106 CHAPTER 4. RANDOM DYNAMICS

Definition 4.18 (Omega-limit set). For a random set K we define the omega-limit
set as

Qxc(w) =[] | et 0w, K(O-w)).

T>0t>T
Note that Qx(w) is closed by definition.

A very useful criterion for the existence of a random pullback attractor is given
by the following theorem, a proof of which can be found in [FS96, Theorem 3.5].
The result is a generalisation of [AS96,/CF94,[Sch92].

Theorem 4.19. Let ¢ be a continuous RDS over (2, F,P,0) and assume that there
exists a compact random set B € T that absorbs every set D € T, i.e. B is T-
absorbing. Then there exists a unique T -random attractor A, which is defined by

A(w) = Qg(w),  for each w € Q.

Remark 4.20. Note that if a RDS associated to a SPDE exhibits a random attractor,
then there exists an invariant measure (see [CF94) Section 4]).

Remark 4.21. For many deterministic dynamical systems one can show that the
dimension of the associated attractor is finite. In particular, this means that only
a finite number of degrees of freedom is relevant for the long-term behaviour of the
system. In [Deb98/Deb97] a method, based on global Lyapunov exponents, to deduce
bounds on the dimensions of random attractors has been developed. However, so far
only for few random systems it was possible to establish the finiteness of a random
attractor [CLRO1]. For lower bounds on the dimension of the attractor, one may also
try to find invariant manifolds that lie within the attractor and whose dimension
can be bounded.

4.3 Conjugacy

We introduce the notion of conjugated random dynamical systems. Again let (V/, ||-]|)
denote a separable Banach space.

Proposition 4.22 (see [CKS04, Lemma 2.2]). Let ¢ be a continuous RDS on V
over a metric dynamical system (2, F,P,0) and let T : Q@ x V — V be a mapping
with the following properties:

(i) For fized w € Q the mapping v — T (w,v) is a homeomorphism on V.
(ii) For fived v € V the mappings w + T(w,v) and w + T~ (w,v) are measurable.
Then the mapping
(t,w,v) = @a(t,w,v) == T(Bw, 1 (t,w, T Hw,v)))

defines a RDS, which is called conjugate to the RDS .
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There is a simple connection between random attractors of two conjugate RDS.

Theorem 4.23 (see [IS01, Theorem 2.1]). Let 1 be a continuous RDS on' V' over the
MDS (2, F,P,0) and let p2 be a RDS conjugated to o1 via the mapping T. Let Ay be
a random attractor for the RDS ¢1. Furthermore, assume that {T(D)|D €T} C T,
where T is the set of tempered subsets (i.e. T~ preserves temperedness). Then
As(w) =T (w, A1 (w)) is a random attractor for ¢s.

Remark 4.24. A widely used strategy to show the existence of random attractors
for stochastic partial differential equations is to find a suitable mapping that trans-
forms the equation into a partial differential equation with random coefficients. If
this PDE generates a random dynamical system ¢ and if the mapping fulfils the
conditions in Proposition then the stochastic equation also generates a ran-
dom dynamical system 5. In particular, it is sufficient to derive the existence of
a random attractor for (; as this implies the existence of a random attractor for
the stochastic equation. These kinds of transformations are often based on suitable
Ornstein- Uhlenbeck processes, which we are going to characterise further in the next
section, see also Subsection Details about the transformations can be found
in Subsection [4.5

4.4 Ornstein-Uhlenbeck processes

Recall that we have defined Ornstein-Uhlenbeck processes in a general setting in
Subsection[3.2.3] Here we will look at two special cases, namely real-valued Ornstein-
Uhlenbeck processes and Hilbert space valued Ornstein-Uhlenbeck processes associ-
ated to @Q-Wiener processes, and show additional properties that are useful in the
the theory of random dynamical systems.

4.4.1 Real-valued Ornstein-Uhlenbeck processes

We consider the ergodic MDS (€, F,P, ) associated to the two-sided real-valued
Brownian motion (B(f))er, see Example The elements of €2 are identified with
the paths of the Brownian motion, i.e. W(t,w) = w(t) for w € .

Let us consider the following equation

dz = —z dt + dw. (4.5)

The stationary solution to this equation is given by an Ornstein-Uhlenbeck process
as detailed in the following.

Proposition 4.25 (cf. [CKS04, Lemma 4.1]). There exists a -invariant subset
Qe F of Q of full P-measure such that for every w € §Q
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and the random variable given by

0
z(w) == —/ exp(T)w(7)dT,

—00

is well-defined. Furthermore, for w € Q the mapping
0
(t,w) — z(bw) = —/ exp(7)0w(T)dT,

—00

is a stationary solution of (4.5)) with continuous trajectories.
For w € Q we have the following identities

(i) limg 400 7'4?5‘“})‘ =0,

1) limy 400 7 |4 2(0rw)dT =0,
li L[ 2(0,w)dr =0
(iii) limy 100+ [ 2(0-0)]dT = E|2| < co.

Proof. For completeness we give the proof here. By the law of the iterated logarithm
there exists a set of full measure 2 C F such that for any w € Q2

|B(t,w)|

limsup ———=——= =

t—+oo 1/2|t|loglog |t]

Thus, for every w € Q

Do O Wl /Zlogloall

< 1m < im sup
t—doo |t t—+oo 2|t|loglog || \/m 7

and the first statement follows. Furthermore, the sub-linear growth of w € Q guar-
antees that the integral

0

z(w) = —/ exp(7)w(7)dT, (4.6)

is well-defined for all w € . A solution to
dz = —z dt + dB(t)

is given by the stochastic convolution

(w.1) = /_ exp(—(t — 7))AB(r,w). (4.7)



4.4. ORNSTEIN-UHLENBECK PROCESSES 109

Using integration by parts we obtain for s <t
/ exp(—(t — 7))dB(7,w)
= exp(0)B(t,w) — exp(—(t — s5))B(s,w) — / exp(—(t — 7)) B(1,w)dT
0 S
= w(t) —exp(s — t)w(s) — /t exp(7)B(T + t,w)dr
0 0

= w(t) /_t exp(7)d7r + exp(s — t)(w(t) — w(s)) — /_t exp(7)B(T + t,w)dr

S 0 S
=exp(s —t)(w(t) —w(s)) — /t exp(7)bww(7)dr.

Letting s — —oo the right hand side tends to z(6;w) for those w satisfying the above
growth condition, while the left hand side tends to (4.7)). Hence z(6,w) is a version
of the solution . The stationarity of this solutions follows by the invariance of
the Wiener measure P with respect to 6.

To prove continuity of the trajectories t — F(t) := — f exp(T)w(t+7)dT4w(t),
we only need to show that the integral term is contlnuous as w(t) is continuous
by definition. Define f(7,t) := exp(7)w(T + t), then ¢t — f(7,¢) is continuous
for every 7 € R. Let tp € R and (t,)neny be a sequence with lim, o t, = to.
Define f,,(7) := f(7,tn), then lim,, o fn(7) = f(7,t0) because of continuity. Let
9(7) := exp(T) SUPgciry—1,40+1] IW(T+E)|; then g(7) is integrable and for n sufficiently
large | fn(7)] < g(7) for 7 € (=00, 0]. By Lebesgue’s dominated convergence theorem
we therefore have

lim F(t,) = F(to),

n—o0

i.e. the trajectories are continuous.
Finally, we will prove the three identities given at the end of the proposition.

(i) By the law of the iterated logarithm for w € Q and 1/2 < § < 1 there exists a
constant Cs,, > 0 such that

(T + )| < O + |7+t < Cs +|71° +1t°, 7 <0,

Thus,

lim |z(Ow)|

A = lim |t| ‘ exp( Jw(t + 7)dT + w(t)

t
< lim |t|/ exp(7)|w(T 4+ t)|dT + lim lw(®)]

t—+o0 t—+oo |t|

dr+0=0.

C 4t
< lim exp(T) o 171+ 1

t—too J_ ‘t‘
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(ii) From it follows Ez = 0. Furthermore, the expectation of the absolute
value of a Gaussian random variable is finite, i.e. E|z| < co. By Birkhofl’s
ergodic theorem (see Theorem there exist a 6§ invariant set ' € F of full
P-measure such that for w € €

1 t
lim / z(0;w)dr = Ez = 0.
0

t—+oo

(iii) Again by the Birkhoff’s ergodic theorem there exists a 6 invariant set Q° € F
of full P measure such that for every w € Q° the stated identity holds.

Finally we set Q := QN Q' NQ°. Then for every w € Q the above statements hold,
P(Q) =1 and Q is # invariant. This completes the proof. O

Remark 4.26. We now consider the restriction of the Wiener shift onto €, denoted
as 0. Likewise, we restrict

F:={QNnFFecF}

and P is the restriction of the Wiener measure to this o-algebra. Then (2, F,P, )
defines again a metric dynamical system. For further analysis we will always consider
this MDS, however, for convenience, we will denote it again as (2, F, P, 0).

4.4.2 Ornstein-Uhlenbeck processes in Hilbert spaces

We now consider the metric dynamical system (€2, F, P, #) associated to a two-sided
Q-Wiener process (W (t)):cr with trace class covariance operator ) on a separable
Hilbert space (H,|| -||), see Example Again, we identify W (t,w) = w(t) for

w €  and we consider the equation
dz = —pz dt + dw, (4.8)

with g > 0. The following generalization to Proposition holds

Proposition 4.27 (cf. [KS99, Lemma 2.5]). There exists a §-invariant set QeF
of full P-measure such that for w € Q the mapping

0
(t,w) — z(Ow) = —p/ exp(ut)bw(r) dr,

—00

is a stationary solution of (4.8)) with continuous trajectories in H. Furthermore,
forweQ

(i) Timg oo LG = 0,

(ii) For any k > 0
1 t
lim t/ |2(0-w)||* dr = E||2||*.
o0 0
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Proof. For completeness we give the proof here. The first statement follows by
a similar calculation as in the beginning of the proof of Proposition The
continuity of the trajectories was proved in Proposition [3.32

Furthermore, by applying It6’s formula (see Theorem with the functional
F(u) = %||ul|? we obtain

12(6)]1” = |z(@)|I” +2 / (2(8sw), AW (s)) g1 s — 2p / J2(60)|? ds + ¢ TrQ.
0 0

Taking expectations and noting that E|z(6;w)||?> = E||z(w)||? by the stationarity of
z it follows

t
2,u/ E|z(w)||?* ds =t TrQ
0
and thus E||z(w)||? = % < 0.
(i) By Doob’s inequality we have

E sup ||2(6iw)[|* < CE|z(61w)[|” = CE| 2* < o0
te(0,1]

and with a similar argument as in the proof of Proposition [4.6] the statement
follows.

(i) As mentioned above it holds E|z|> = Tzrl?, and since z is Gaussian similar
estimates hold for any k& > 0. The statement thus follows by Birkhoft’s ergodic
theorem (Theorem 4.3)).

O]

4.5 Doss-Sussmann transformations

As mentioned above for certain SPDEs it is possible to transform them into random
PDEs, via a so-called Doss-Sussmann-type transformation, [Dos77,[Sus78|. However,
this kind of transformation is only possible for SPDEs with additive or linear mul-
tiplicative noise. In the following we will give examples for the transformation in
both cases.

4.5.1 Additive noise

We consider the equation
du = [Au+ f(u)]dt + dW,

where W denotes a Q-Wiener process on a Hilbert space H and A generates an
analytic semigroup on H. Let (2, F, P, 6) be the associated metric dynamical system
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and let us identify W (t,w) = w(t) for w € . The unique stationary solution of the
linear equation

dz = Az dt + dw,
is given by the Ornstein-Uhlenbeck process
t
z(Oyw) :/ =94,

The following Doss-Sussmann-type transformation
v(t) = u(t) — z(w),

yields a non-autonomous random PDE for each w € €2, namely
dv
i Av + f(v + z(Ow)).

Applications of Doss-Sussmann-type transformations in the case with additive noise
can be found (amongst others) in [GLR11}Youl7,[PY19,(BH10, BLW09|. We also
refer to Section [5.2.41

4.5.2 Linear multiplicative noise

We consider the following Stratonovich SPDE with multiplicative noise
du = [Au+ f(u)]dt +uwodB,

where B is a real-valued Brownian motion. Again, let (2, F,P, ) be the associated
MDS and let z(f;w) denote the one-dimensional Ornstein-Uhlenbeck process solving
(4.5). Then

v(t) = exp(=z(6iw))u(t),

satisfies the following random PDE for each w € Q

dv
3 = Avtz(0w)v + exp(=z(0w)) f (exp(2(0uw))v)-
Applications in the linear multiplicative setting can, for instance, be found in [TY16,

CGALdIC17,/CL08,[Pha20,|CLRO0,WZ11] and we also refer to Section



Chapter 5

Random attractors for
stochastic partly dissipative
systems

We prove the existence of global random attractors for a class of so-called stochastic
partly dissipative systems. These systems consist of two reaction-diffusion equations,
where the diffusion constant vanishes in one of them. Both equations are linearly
coupled and perturbed by (additive or multiplicative) noise. The result for additive
noise (Section was published in [KNP20| (joint work with Christian Kuehn
and Alexandra Neamtu). Similarly, we prove the existence of a random attractor
for the stochastic Field-Noyes system, a reaction-diffusion system with a non-linear
coupling between different components. This chapter is based on joint works with
Christian Kuehn and Alexandra Neamtu.

5.1 Introduction

Coupled deterministic reaction-diffusion systems appear in many models for the
dynamical behaviour of biological, chemical and physical systems, see [Mur07] for
an overview. They allow for many interesting spatio-temporal phenomena such as
pattern formation [Tur90] and oscillatory behaviour, see also |Kinl13].

Having a diffusive behaviour in only one component, leads to so-called partly
dissipative systems of the form

% = dAuy + f(z,u1,u2), (5.1)
G2 = g(@,u1,up),

where f and g are suitable functions, the so-called reaction terms, and d > 0 is a dif-
fusion constant. Famous examples of such systems are the Hodgkin-Huzley [HH52]

113
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and FitzHugh-Nagumo systems [Fit61, NAY62|, which model the signal transmis-
sion across axons in neuroscience [ET10]. Other examples in the biological con-
text concern the modelling of interactions between cellular or intracellular pro-
cesses and diffusion growth factors, for instance in the field of carcinogenesis,
see [MCKO08,MCKO6]|.

The mathematical analysis of reaction-diffusion systems often concerns the ex-
istence of solutions, bifurcations, properties of solutions (e.g. positivity) and their
long-term behaviour. Due to their importance in the applied sciences a vast body of
literature on theses equations has been accumulated over the years, see for example
the monographs [Smo94}[Vol14, GR11|. The analysis of partly dissipative systems of
the form can in parts be more complicated as the semigroup associated to the
problem is no longer compact. In [Mar89|] such systems have been analysed on a
bounded domain and, under certain polynomial growth assumptions on the reaction
terms, the existence of a global attractor that captures the long-term behaviour of
solutions has been proved. Furthermore, bounds on the Hausdorff and fractal di-
mension of this attractor have been derived in the same work. In [RBWO0O] a similar
partly dissipative systems was analysed, however, on R™. Again, the authors proved
the existence of a global attractor using that the solutions are uniformly small at
infinity for large times. In [Wan09a] a pullback attractor for a non-autonomous
version of the FitzHugh-Nagumo system on unbounded domain was derived.

In many situations a stochastic version of the reaction-diffusion system provides
a more realistic model of the underlying physical system [GOS12], see also [GSB11]
in the context of modelling electrically active cells and recall the Introduction. It is
thus of great interest to study random and stochastic reaction-diffusion models in a
mathematical rigorous way. The type of noise and the way in which it is integrated
into a system plays a central role and can lead to widely different effects.

In this chapter, we study a class of stochastic partial differential equations with
a partly dissipative structure, that is, systems of the form

du; = (dAu1 + f(;r,ul,uQ)) dt + Bl(aj,ul,uz) dWh,

duz = g(z,u1,uz) dt + Ba(z,u1,uz) dWa, 2

where W7o are Wiener processes, the f,g are given functions, B2 are operator-
valued, A is the Laplace operator and d > 0 is the diffusion constant. The equation
is posed on a bounded open domain D C R", u; 2 = u; 2(t, z) are the unknowns for
(t,z) € [0, Tmax) X D, and Tax is the maximal existence time. The assumptions
on the reactions terms will be chosen similar to those imposed on the deterministic
system analysed in [Mar89|, see Section for the precise setting. Firstly, we will
consider an additive random perturbation by a Wiener process, that is, we choose

Bi(z,u1,u2) = B, Ba(x,u1,u2) = By,
where By and By are fixed bounded linear operators. Secondly, in Section [5.3] we will

consider the same system with a linear multiplicative perturbation by a real-valued
Brownian motion in the Stratonovich sense.
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In both cases, the goal will be to analyse the long-term behaviour of solutions
using the random dynamical systems approach as introduced in Chapter [dl To this
end, we will transform the stochastic equations into random equations that generate
a random dynamical system, for which we can show the existence of a random
attractor by deriving a compact absorbing set (cf. Theorem . More precisely,
certain regularity assumptions on the noise terms together with the assumptions on
the reaction terms allow us to compute a-priori bounds of the solution, which are
used to construct a bounded absorbing set. Due to the absence of the regularizing
effect of the Laplacian in the second component, a compact embedding result can
not be applied directly in order to obtain a compact absorbing set. For this reason
a more refined compactness argument based on a suitable splitting technique needs
to be derived, similar to the deterministic setting, see [Mar89, Tem12].

Let us now briefly summarise, without claiming completeness, previous results
on stochastic reaction-diffusion systems with a partly dissipative structure. The
analysis focused so far mainly on the specific stochastic FitzHugh-Nagumo system
and its variants. In [BMO§| the authors proved the existence and uniqueness of
mild solutions for this system on the bounded domain (0,1) where the additive
random perturbation is given by a ()-Wiener process in both components. Fur-
thermore, they showed the existence of an invariant ergodic measure associated to
the transition semigroup. In [SS16] a similar neuronal model was analysed, here,
a reaction-diffusion equation, additively perturbed by a cylindrical Wiener process,
is coupled to a system of ODEs, which itself is driven by multiplicative noise. The
authors prove existence and uniqueness of variational solutions under local Lipschitz
and monotonicity assumptions on the reaction terms. They also discuss a numerical
approximation scheme. In [HSZS18| deterministic PDEs are coupled to a SDE mod-
elling acid-mediated tumor invasion. The authors focus on global well-posedness of
the problem and simulations of solutions. Furthermore, we emphasize that other
dynamical aspects for similar systems have been investigated, e.g. inertial manifolds
and master-slave synchronization in |[CS10].

Regarding the asymptotic behaviour of solutions in terms of random attractors,
to the best of our knowledge, only the FitzHugh-Nagumo system has been analysed
in detail. In [Wan09b| the existence of a random attractor for the FitzHugh-Nagumo
system perturbed by additive real-valued Wiener processes on unbounded domain
is proved. Furthermore, in [AW13b| respectively [AW13a] a non-autonomous ver-
sion of the stochastic FitzHugh-Nagumo system on unbounded domain is analysed,
and amongst others the existence of a random attractor is shown in case of ad-
ditive respectively multiplicative real-valued Wiener noise. The regularity of the
attractor is further studied in |[LY16] for the additive setting and in [ZG17| for
the multiplicative setting. Furthermore, in [ZW16] the authors consider a similar
non-autonomous version of the FitzHugh-Nagumo system driven by multiplicative
real-valued Wiener-processes, however, here defined on a bounded domain, and they
show the existence of random attractors under slightly different assumptions. The
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setting with a non-autonomous FitzHugh-Nagumo system with real-valued multi-
plicative noise on unbounded thin domains was analysed in [SWLW19|. Finally, a
result with colored noise for the non-autonomous system on a bounded domain can
be found in [GW18].

In this chapter we will develop a more general theory of stochastic partly dissi-
pative systems, that is, we will allow for a whole class of reaction terms, similar to
that analysed by [Mar89] in the deterministic setting. Moreover, in the case with
additive noise we will extend the theory to infinite-dimensional noise.

However, this class of reaction terms only includes systems where the coupling
between different components is linear. Nevertheless, there are many reaction-
diffusion equations appearing in the natural sciences with a non-linear coupling,
for example the Field-Noyes system [NFK72,FKNT72 [FN74], which describes the
Belousov-Zhabotinskii reaction in chemical kinetics. Marion analysed in a second
part of her work in [Mar87] (fully dissipative) and [Mar89| (partly dissipative) deter-
ministic reaction-diffusion systems that exhibit an invariant region and she proved
the existence of a global attractor for such systems as well. As a first step towards
extending such a result to the stochastic setting we will consider in Section the
fully dissipative stochastic Field-Noyes system and prove the existence of a random
attractor as well.

Let us summarise the structure of this chapter: In Section [5.2] we will analyse
partly dissipative systems with an additive random perturbation given by a Wiener
process. We will start by stating our precise assumptions (Subsection and
by formulating the system as an abstract Cauchy problem (Subsection for
which solutions exists locally in time (Subsection. Subsequently, in Subsection
we transform the stochastic problem into a random equation via an Ornstein-
Uhlenbeck process and formulate the associated random dynamical system. The
existence of a bounded absorbing set for this system will be derived in Subsection
5.2.5| and the compactness argument mentioned above can be found in Subsection
5.2.6l The next section, Section [5.3] contains the same analysis for the setting
with multiplicative Stratonovich noise. We will give two concrete examples arising
from applications that fall into the class of analysed systems in Section In
the following Section [5.5| we analyse the fully dissipative stochastic Fields-Noyes
model, a system with non-linear coupling, in a similar fashion as in Section [5.2] and
Finally, in Section [5.6] we conclude this chapter with an outlook on further
interesting research questions that we plan to approach in the future.

5.2 Stochastic partly dissipative systems with additive
noise

Note that this section is based on [KNP20], joint work with Christian Kuehn and
Alexandra Neamtu; in particular, all the technical calculations are copied from there.
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Let D C R" be a bounded open set with regular boundary, set H := L?(D)
and let Uy, Us be two separable Hilbert spaces. We consider the following coupled,
partly dissipative system with additive noise

du; = (dAuy — h(z,u1) — f(x,u1,u2)) dt + By dWh,

dug = (—o(x)ug — g(x,u1)) dt + By dWs, (5:3)

where u1 9 = u12(t,z), (t,z) € [0,T] x D, T > 0, Wy are cylindrical Wiener
processes on Uj respectively Us, and A is the Laplace operator. Furthermore, By €
L(U1,H), By € L(Us,H) and d > 0 is a parameter controlling the strength of the
diffusion in the first component. The system is equipped with non-random initial
conditions

u1(0,2) = ud(z) € L*(D), wu2(0,z) = u3(z) € L*(D),
and a Dirichlet boundary condition for the first component
ui(t,z) =0 on [0,7] x 9D.

We will denote by A the realization of the Laplace operator with Dirichlet boundary
conditions, more precisely we define the operator A : D(A) — L?(D) as Au = dAu
with domain D(A) := H?(D) N H} (D) C L*(D).

Remark 5.1. Note that A is a self-adjoint operator that possesses a complete or-
thonormal system of eigenfunctions {ex}ren of L?(D). Within this chapter we
assume that there exists £ > 0 such that |ej(2)|? < & for all k € N and 2 € D. This
holds for example when D = [0, 7]™.

5.2.1 Assumptions

For the deterministic reaction terms appearing in (5.3) we impose the following
assumptions.

Assumptions 5.2. (Reaction terms)

(i) h € C?(R™ x R) and there exist 61,082,353 > 0, p > 2 such that
0|ur|P — 03 < h(z,ui)ur < daluq|P + ds. (5.4)
(ii) f € C?*(R™ x R x R) and there exist 64 > 0 and 0 < p; < p — 1 such that
|f (@, ur, uz)| < 641 + |ua [P + |uzl). (5:5)
(iii) o € C2(R™) and there exist 8,0 > 0 such that

6 <o(z)<9. (5.6)
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(iv) g € C%(R"™ x R) and there exists d5 > 0 such that

lgu(z,ur)| < 05, |ga; (zyur)| < O05(1+ |ur]), i=1,...,n. (5.7)

In particular, Assumptions and imply that there exist d7, dg > 0 such
that

lg(,&)] < 07(1 + [€]), forall { €R, z € D, (5.8)
\h(z,€)] < os(1+|¢P7Y), forallé €R, 2 € D.

Remark 5.3. Assumptions are identical to those given in [Mar89), except that
in the deterministic setting only a lower bound on ¢ was assumed.

We always consider an underlying filtered probability space denoted as
(Q, F, (Ft)t>0,P) that will be specified later on. In order to guarantee certain regu-
larity properties of the noise terms, we make the following additional assumptions.

Assumptions 5.4. (Noise)

(i) We assume that By : Uy — H is a Hilbert-Schmidt operator. In particular, this
implies that Q2 := B2Bj is a trace class operator and BaW5s is a (Q2-Wiener
process.

(ii) We assume that By € L(U;, H) and that the operator )¢ defined by
t
Qiu = / exp (sA) Qrexp (sA*)uds, we H,t>0,
0

where Q1 := B1Bj, is of trace class. Hence, BiWj is a Q1-Wiener process as
well.

(i) Let Uy = H. There exists an orthonormal basis {e;}72, of H and sequences
{A\e}g2, and {05}, such that

Aep = —Apep, Qe = Oger, k€N

Furthermore, we assume that there exists o € (0, %) such that
[o.¢]
Z 6k)\2a+1 < 00.
k=1

Remark 5.5. Assumptions [5.4] guarantee that the stochastic convolution is a well-
defined process with sufficient regularity properties, see Lemmal5.10] As an example,
one could choose By = (—A)~"/2 with v > 5 — 1 to ensure that Assumptions
hold for a with 2a0 <y — 5 + 1, see [DP12, Chapter 4].
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5.2.2 The Cauchy problem

We will formulate problem (5.3)) as an abstract Cauchy problem. Let us define the
following product space

H:= L*(D) x L*(D);

with the norm ||(u1,u2) "||% = ||u1l|3+ |luzl|3 this becomes a separable Hilbert space.
Let (-, -)m denote the corresponding scalar product. Furthermore, we set

V := H}(D) x L*(D),

with the norm ||(u1,ug)"||3 = ||u1H%p(D) + |luz||3. We define the following linear

operator
A 0
A= (0 —a(x)) '

where A : D(A) C H — H with D(A) = D(A) x L?(D). Since all the reaction
terms are twice continuously differentiable they obey in particular the Carathéodory
conditions [Zei89]. Thus, the corresponding Nemytskii operator is defined by

uy,u) ) (x
F(C) ) = (e ).

_ (—h(x,m(w)) - f<x,u1<x>,u2<x>>> |

—g(z, u1(x))

where F : D(F) C H — H and D(F) := H. By setting

- Wi e By (W
W <W> B (B> and = ()

we can rewrite the system (5.3) as an abstract Cauchy problem on the space H

du = (Au+F(u)) dt + B dW, (5.10)
with initial condition
0
w(0) = u® := <“(1)> . (5.11)
U

5.2.3 Mild solutions and the stochastic convolution

We are interested in mild solutions to (5.10))-(5.11). First of all, let us note the
following

Lemma 5.6. A generates an analytic semigroup {exp (tA)}>0 on H.
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A_<61 8)*@ —ao<x>>'

—_— ————
=:Aq =:Ao

Proof. Consider

It is well known that A; generates an analytic semigroup on H [RR06, Theorem
12.40]. Furthermore, As is a bounded multiplication operator on H. Hence the
statement follows by Lemma [C.22] O

Remark 5.7. Also note that A with D(A) = WQ’p(D)ﬁWOl’p(D) generates an analytic
semigroup {exp (tA)}:>0 on LP(D) for every 1 < p < oo and —A is a positive,
sectorial operator [SY02, Theorem 38.2]. In particular, we have for v € LP(D) that
for every a > 0 there exists a constant C, > 0 such that

|(—A)%exp (tA) ull, < Cot™*exp (=0dt) |Jullp, for all £ >0,

where 0 > 0, see Lemma Furthermore, the domain D((—A)%) can be identified
with the Sobolev space W2%P(D) and thus we have in our setting for ¢ > 0

J exp (t4) ullwron(p) < Cat=% exp (~0t) [ul. (5.12)

The stochastic convolution corresponding to (5.10]) is given by (see |[Nag89,
Proposition 3.1])

Wa () = /Ot <exp((t0— 5)A) exp((to S)U(x))) (g:) AW (s)

_ [ Joexp((t=9)A) BidWi(s) |
fot exp (—(t — s)o(x)) By dWa(s)

This is a well-defined H-valued Gaussian process. Furthermore, Assumptions
(i) and (ii) ensure that Wa(t) is mean-square continuous and F;-measurable, see
Theorem [3.31)

Remark 5.8. As Wy is a Gaussian process, we can bound all its higher-order mo-
ments, i.e. for p > 1 we have

sup E[|Wa(t)|l < oo (5.13)
te[0,7)

This follows from the Kahane-Khintchine inequality, see [vNO8, Theorem 3.12].
Proposition 5.9. Let Assumptions[5.4 and[5.4] (i)-(ii) hold. Then a mild solution

t
u(t) = exp(tA)u’ + /0 exp((t — s)A)F(u(s)) ds + Wal(t),

of (5.10)-(5.11)) exists locally-in-time in
L2(9;C([0, T]; H)) 1 L2 (% L*([0, T); V),

for some T > 0.
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Proof. Since the reactions terms are locally Lipschitz continuous, the existence of
local in time solutions follows from classical SPDE theory, see for example [DW14,
Theorem 4.17] and the comments thereafter. O

5.2.4 Associated RDS

We consider H := L?(D) x L?(D) and let T denote the set of all tempered subsets
of H. In the sequel, we consider the fixed canonical probability space (2, F,P)
corresponding to a two-sided H-valued Wiener process, see Example Here P
is the distribution of the trace class Wiener process W (t) := (Wi(t), Wa(t)) =
(B1W1(t), BaWa(t)) (extended to t € R), where we recall that By and Bs fulfil
Assumptions [5.4] We identify the elements of Q with the paths of these Wiener
processes, more precisely

W(t,w) == (Wi(t,wr), Wa(t,ws)) = (wi(t),wa(t)) =: w(t), for w e Q.

Together with the Wiener shift the quadruple (2, F,P, 0) defines a metric dynamical
system.
Let us now consider the following equations

dz1 = Az dt + dwy, (5.14)
dzo = —o(x)ze dt + dws. (5.15)

The stationary solutions of (b.14)-(5.15) are given by the following Ornstein-
Uhlenbeck processes (see Subsection [4.4.2))

t 0

(t,w) > 21 (6) = / =94 oy (5) = / = df,0n(s), (5.16)
t 0

(t,w) — 22(biw) = / e~ (173)0(@) ey (s) = / 7 (@) dfyws(s). (5.17)

Here, we observe that for ¢ =0

0 0

(w) = / A dun(s),  2a(w) = / @) duso(s).

—0o0 —0o0

In the following we will need a spatial regularity result of the Ornstein-Uhlenbeck

processes ((5.16)-(5.17)). For this, Assumption (iii) is crucial.
Lemma 5.10. Suppose that Assumptions[5.9 and[5.) hold. Then for every p > 1

lz2 (@) and [[z2(w)]13

are tempered random variables.
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Proof. Using the assumption 0 < § < o(z) < 4, the statement for ||zz(w)||3 follows
by the same argument as in the proof of Proposition (i). Furthermore, under
Assumptions all conditions required in Proposition are fulfilled (in particular
recall Remark and from there we can infer

E ( sup ||21(0tw)||£> < 00,
te(0,1]
i.e., temperedness of ||z1(w)|[5 follows by Proposition O

Remark 5.11.

(i) Note that Assumption [5.4] (iii) together with the boundedness of e for k € N
were essential for the proof of Proposition One can extend such state-
ments for general open bounded domains in D C R"”, according to Remark 5.27
and Theorem 5.28 in [DPZ92|.

(ii) One can show in a similar way as in the proof of Proposition that 21 €
WLP(D) and in particular also ||Vz1(w)||h is a tempered random variable for
all p > 1.

Let us perform the following Doss-Sussmann transformation
v(t) = u(t) — z(Ow),
where v(t) = (v1(t),v2(t)) ", 2(w) = (21(w1), 22(w2)) " and u(t) = (ui(t),uz(t))" is a

solution to (5.10)-(5.11). Then v(t) satisfies the following random equation for each
we

% = Av+F(v+ z(fw)), (5.18)
v(0) = u’ — 2(w) =: 0. (5.19)

Component-wise this reads as follows

dvét(t) = dAvi(t) — h(z,v1(t) + 21(0w)) — f(x,v1(t) + 21(Ow), v2(t) + 22(6w)),
(5.20)
d’l);t(t) — _o'(l')'UQ(t) — g(x,vl (t) + Zl(atw))- (5‘21)

In the equations above no stochastic differentials appear, hence they can be consid-
ered path-wise, i.e., for every w instead just for P-almost every w. For every w
is a deterministic equation, where z(6iw) can be regarded as a non-autonomous,
time-continuous perturbation. In particular, we have
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Lemma 5.12. The map v : RT x Q x H — H with

0

bitw, (00, 0)) = (”l(t’w’”%);) , (5.22)

va(t,w, vy
defines a continuous RDS over the MDS (2, F,P, ).
Proof. [CV96] guarantees that for all v* = (v9,09) T € H there exists a weak solution
v(-,w,v?) € C([0,00), H) with v1(0,w,v?) = v), v2(0,w,v]) = v9. Moreover, the
mapping H > vy — v(t,w,v9) € H is continuous and also the measurability with
respect to w is guaranteed. In particular, v is jointly measurable with respect to
(t,w,vp). Furthermore, note the equivalence of weak and mild solutions [Bal77,

Juzl14]. The cocycle property can be verified easily using the mild formulation. We
have

v(t,w,v?) = el + /Ot eIAFR (u(r,w,1°) + 2(0,w)) dr,
and thus
U(t, 05w, (s, w,v°))
= (s, w,00) + /Ot AR (0(r 4 5,w,1°) 4 2(0gp,w)) dr
= etA <eSAUO + /OS e(sfr)AF(v(r,w, %) + z(@rw))dr>
+ /Ot AR (u(r 4 5,w,0°) + 2(0s4,w)) dr
= lits)Ay0 4 /OS eUHSTIAR (u(r, w, 0°) + 2(0pw))dr

t+s
+ / eUHSTAR (u(r,w, 0°) + 2(6,w)) dr

=Pt + 5,0, 0°).

Lemma 5.13. The map ¢ : RT x Q x H — H with

ot w, (ul,uD)) = (w(uw,ug))

ug(t, w, usy)
defines a continuous RDS over the MDS (Q, F,P,0), conjugated to the RDS .
Proof. Define the mapping 7' : 2 x H — H by

T(w,v) =v+ z(w).
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Clearly this map fulfils conditions (i) and (ii) from Proposition where
T~ Yw,v) = v — z(w). Thus, together with Lemma

(p(t, W, (u(l]v ug)) P =

defines a continuous RDS over the MDS, conjugated to the RDS . O

The RDS ¢ is associated to the stochastic partly dissipative system and
conjugated to the RDS ¢. In the following we will prove the existence of a random
attractor for the RDS v. By Theorem this implies the existence of a random
attractor for ¢, i.e. for our original stochastic system.

5.2.5 Bounded absorbing set

In the following we will prove the existence of a bounded absorbing set for the RDS
(5.22)). In the calculations we will make use of some standard analytical inequalities,
which are stated in Appendix

Lemma 5.14. Suppose Assumptions |5.9 and hold. Then there exists a set
B €T such that B is a bounded T -absorbing set for the RDS 1.

Proof. To show the existence of a bounded absorbing set, we want to make use of
Remark 4.16}7 i.e. we need an a-priori estimate in H. Let v = (v1,v2)' be the
solution of (|5.18]), then

G (ol oall) = 5510l = (o)

= (Av+F(v+ z(6iw)),v)m

= (dAvy,v1) + (F1(v + 2(6w)), v1) — (o(x)ve, v2) + (Fo(v + 2(6w)), va)

= —d|| Vv ||3 = (h(z, v, 4+ 21 (Biw)), v1) —(f (z,v1 + 21(B,w), v2 + 22(0,w)), v1)

-~ -~

N | —

=:1 =:1s

— 8|jv2|13 —(g(z,v1 + 21 (B1w)), va),

-~

=:I3

where we have used ([5.6)). We now estimate I1-I3 separately. Deterministic constants
denoted as C,C1,Cy,... may change from line to line. Using (5.4) and (5.9) we
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calculate

L =- /D h(z,v1 + 21 (0iw))v1 dx
=— /D h(z,v1 + z1(6iw))(v1 + 21 (Ow)) dz

+ /D h(z,v1 + z1(0iw))z1 (Oiw) dz

< —/ 1 |uq [P da:—i—/ 3 dx—i—/ |h(z, v1 + z1(0rw)) |21 (Ow) | dz
D D D
< =ailully +C +8 [ @+ unP Dl 6w)] do
D
= —Gifjur|ly + C + dsl[z1(6:0) |1 + 58/ fur [P~ 21 (Bi0)| dx
D
5
< =biflur|lh + C + Cillz1(Buw)lI3 + %IIUlH%ﬁ + Caflz1(0w) 13

0
= —Elllmll,’i +C + C1 ([z1(0) 13 + [l21(Be) 1) -

Furthermore, with (5.5)) we estimate

I = —/ f(x,v1 + 21 (6w), va + 22(0iw))vy d
D
s/Wﬂam+wﬂ@wmy+@ww»mu—man¢v
D
g/ 54(1 + [t + uz )| da
D
+/ 54(1+ [ur [P + Jug])| 21 (6uw)| da
D
=/&wuﬂmmﬂm+/QMMﬂm+MM@wh
D D
+/ dyg|ur|Pt|z1 (Bw)| dz—i—/ d4|ug||z1(Opw)| dz
D D
S/ 54(‘U1’+’U1‘p1+1) d$+/ 54‘U1HU2’ d$+(54”21(9tW)”g+C
D D
5
+ [ Sl o+ Culla @@+ [ siulla )] do
D D
3
§/ Sa=(Jur| + |ua |Pr1) da:+/ dg|ug|uz| dx + C
D 2 D

41 (Ja6w3 + 0w ) + [ Siualr (6)] do.
D
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With (5.8) we compute
I3 = —/ g(x,v1 + z1(0w))ve dx
D
< [ gt un)ljuz = 22(60)] da
D
< / 07(1 + |ug|)|usl dx—}—/ 07(1 + |uq])|z2(6w)| dz
D D
—/ 07(1 + |ur|)|ue| dz + d7]|z2(6iw) |1 —|—/ d7|ur|]z2(Qw)| dz
D D
< / S7(1 + Jua|)uzg| dz + b7]|z2(0uw)I3 + C+/ O7fur[z2(0w)]| dz.
D D
Combining the estimates for I and I3 yields
I+ I3
3
< / 07 (1 + |ug|)|ue| dx—i—/ d7|uy||z2(Orw)| dx—i—/ (545(]u1| + |ug [P da
D D D
—i—/ O |us] dx+/ d4|ual|z1 (Ow)| dz
D D
+C+ 1 (Jl22(0) 3 + ll21 ()13 + 121 (B 12211
3
< (54 + (57)/ (1 + \ulmuﬂ dx +/ 57’114”22(9,5&))’ dz +/ 545(‘U1’ + |U1‘p1+1) dx
D D D
+ / Saluz||z1 (Brw)| dz + C + Cy (||z2(0tw)||§ +[l21(0w) 13 + ||z1(etw)||§1i})
D
)
< sllalE +Co [ (Ut dot [ 6] do
D D
3
+/ Ga 5 (lua] + |ua [ d””'/ dafuz|[z1 ()| dz
D 2 D
+C + O (Jlz2(00) 1 + ll21 )13 + 1210 17241
0 3
= —||lug|)3 + 54/ (Jut] + [ur [P + Oo(1 + |ug|)?) da
16 2/
—I—/ d7|uq||z2(6iw)| dx—i—/ d4|ugl|z1 (Oiw)| dz
D D

+C +C1 (Jlz2(0) 3 + ll21 )13 + 121 (B 12211

IN

0 01 0
Sgllual+Co [ (1) do + G+ g el
+C +Cr (20l + A B) I3 + 21 ) 251

where we have used that for ¢ = max{p; + 1,2} < p there exists a constant Cy such
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that

Cr([El+ g + 01+ [€])%) < Ca(l€]?+1), forall & € R. (5.23)
Thus,

I+ I3

01

5 31
< Sllualz + Zllw [z + 7w}

+0+ 0 (HZQ(etw)HQ o ll21 O3 + ll21 G 2251

) 013
< llvallz + 7Hu1H” +C

+ 0 (\\22(9#0)“2 + 121(6) I3 + a1 (B) 15211

Hence, in total we obtain

1d
5= (ll3 + [l

1 1) (513
< —d||Vu|l5 — 5||u1!\§§ — 8[|l + ZHWH% + = || 1l
+C + Cy (|l22(0)1I3 + 21 (B I3 + ||zl<etw>||iii% + a1 (Gl
01 30
Sl = Tl

+C+Cy (uzz(etmuz + l21(0) I3 + 121 )55 + 111.00) )

= —d||Vuil3 -

d 30
< =5 IVells = g llonlls = vl + € + Cr (l22(0) 3 + 21 (0 [}) - (5.24)

and thus

d
gz (Ill3 + l[vall3) < =Co (lonllz + [[vall3) + € + Cr (2203 + 21 (B:s0) ) -

(5.25)
Applying Gronwall’s inequality yields
lvill3 + llv213
< (02113 + [[2]]3) exp (=Cat) + C5 (1 — exp (—Cat))
+ 01/ xp (—Ca(t — 5)) ([22(05w)[I3 + |21 (8sw)|[B) ds
< (07113 + ll9313) exp (=Cat) + C3
+ Cl/ exp (—Ca(t — s)) (||22(c95w)|]% + |]21(95w)||£) ds. (5.26)
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We replace w by 0_;w (note the P-preserving property of the MDS) and carry out a
change of variables
[v1 (2, 64, 07 (O—)) 13 + [Joa(t, 60, v3 (0—w))I3
< (07 (0-w) 13 + lv3(6-w)[13) exp (—Cat) + C3
t
+C1 [ exp(~Calt = 5)) (Iza(Ou-s) [+ [ 21(Buci)}) s
0
< (07 (0= 13 + vz (0-1w)13) exp (—Cat) + C3

0
e / exp (Cas) ([l 22(0u) |12 + 1 (Bu0)][2) ds.

—t
Thus for arbitrary D € T and (v}, v9)(0_w) € D(0_w)
1 (t, 61w, (07, 03) (0—1w)) Iy
< (IR (0-w) 13 + [0 (0-e)|3) exp (~Cat) + Cs

0
+01/ exp (Cos) ([l 22(8s) |12 + 1 (Bu0)[2) ds.

—t

Since D € T we have

lim sup (||vf (0—w)[3 + [|05(8-w)|[3) exp (~Cat) = 0.
t—o00
Hence,

limsup [[¢(t, 0w, (07, v3)(0—w)) |

t—o00
0
<0y +Cy / exp (C25) (|22(0a)|2 + [|21(Bu0) ) dis
= p(w). (5.27)

Due to the temperedness of |z1(w)|[h for p > 1 and ||z9(w)]|3, the improper integral
above exists and p(w) > 0 is a tempered constant. As described in Remark we
can define for some € > 0

B(w) = B(0,pl) +2).
Then B = {B(w)}, € T is a T-absorbing set for the RDS ¢ with finite absorption
time t7(w) = supper tp(w). O

Remark 5.15. The random radius p(w) depends on the restrictions imposed on the
non-linearity and the noise. These were heavily used in Lemma in order to

derive the expression (5.27)) for p(w).

In order to make use of Theorem [£.19 we have to show the existence of a compact
T-absorbing set. So far we have only shown the existence of a bounded absorbing
set, which is, being a ball in an infinite-dimensional Hilbert space, not compact.
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5.2.6 Compact absorbing set

The classical strategy to find a compact absorbing set in L?(D) for a reaction-
diffusion equation is the following: Firstly, one needs to find an absorbing set in
L*(D). Secondly, this set is used to find an absorbing set B in H'(D) and due
to compact embedding H'(D) cC L?(D) (see Theorem , B defines a compact
absorbing set in L?(D).

In the given setting the construction of an absorbing set in H!(D) is more
complicated as the regularizing effect of the Laplacian is missing in the second
component of (5.18). That is, solutions with initial conditions in L?(D) will in
general only belong to L?(D) and not to H'(D).

To overcome this difficulty, we split the solution of the second component into
two parts: one, which is regular enough, in the sense that it belongs to H'(D) and
another one, which asymptotically tends to zero in L?(D). This splitting method
has been used by other authors in the context of partly dissipative systems as well,
see for instance [Mar89,[Wan09a]. Let us now explain the strategy for our setting in
more detail. We consider the equations

dvjt(t) = —o(x)va(t) — g(x,v1(t) + 21 (Aw)),  va(0) =0, (5.28)
and
Yo oo, o3(0) = of (5.29)
dt 2) "2 2 .

and one can easily verify that vy = vd + v3 solves (5.21)). Note at this point that
we associate the initial condition v € L?(D) to the second part. Now, let D =
(D1, D7) € T be arbitrary and v° = (v9,v9) € D. Then

(o1t 0w, v (0_yw))
w(t, H_tw, UU(G_tw)) = <’U2 (t, G_tw, 0(21) (G_tw))>

N (”1 (t;fg (_t%’i(i(:g 0_)M))> " (Ug(t’ QtW?Ug (9tw))> '

~~

=) (t,G,tw,v(l)(Gftw)) =g (t,G,tw,vg(éLtw))

If we can show that for a certain t* > tp(w) there exist tempered random variables
p1(w), p2(w) such that

o1 (¢, 0—peco, 07 (O—=w)) [ 111 (p) <pr1(w), (5.30)

[vg(t*,0—=w, 0)[| gr1.(py <p2(w), (5.31)

then by compact embedding v (t*,0_+w, D1 (0_4+w)) is a compact set in H. If,
furthermore,
[v3 (¢, 04w, v3(0_4w))[|2 = 0, (5.32)

lim
t—o00
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then o (t,0_4w, Da(0_w)) can be regarded as a (random) bounded perturbation
and 1 (t, 0_,w, D(0_4w)) is compact in H as well, see [Tem12, Theorem 2.1]. Then,

D, 0_pew, B(O_p-w)) (5.33)

is a compact absorbing set for the RDS 1. We will now prove the necessary estimates

E30-(539).

Lemma 5.16. Let Assumptions cmd hold. Let Dy C L?(D) be tempered and
uy € Dy. Then

lim ||v3(t, 0_w,v3(0_w))||3 = 0.
t—o00
Proof. The solution to (5.29) is given by

v3(t) = v3 exp (~o(2)t)

and thus
. 2 0 2 _ 1. 0
tlggo [v3(t, 0—sw, v3(0—w)) |5 = tlggo Hvz —w) exp (— H2
< lim [ly(6—w)|3 eXp(—5t)
t—00
< Jim ([lup(0-w)||3 + [|22(0-1w)[3) exp (—6t) =
— 00
as uJ € Dy and ||z2(w)||% is a tempered random variable. O

We now prove boundedness of v; and vi in H!(D). Therefore we need some
auxiliary estimates. First, let us derive uniform estimates for u; € LP(D) and for
v € H 1 (D)

Lemma 5.17. Let Assumptions and hold. Let Dy C L*(D) be tempered and
ul € Dy. Assumet >0, 7 >0, then

t+r t+r
/ lun (s, w0, wd@))|IZ ds < Cr + Cy / (l22(8uw) 12 + [121(65) ) ds
t

+ loa(t,w, v (W))II3 + oz (t,w, v3(w))I13,  (5.34)

t+r t+r
/t V01 (s, 0, 09(@))| ds < Cr + Cy / (l22(6:0)13 + (121 (6:)2) dis
+ |lor(t,w ’Ul( ))Hz + [|v2(t, w Uz( ))Hza (5.35)

where C,Cy are deterministic constants.
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Proof. From (5.24) we can derive

d
&(HW”% + [|v2]3)

o
< —d||Vorl3 - lelmlli +C + C1 (z2(0:) 13 + llz2(6ew) 7).,

and thus by integration

(51 t+r

t+r
d [ 19nsw @) ds+ 5 [ s, a @) ds
t t

t+r
< C’?“—I—Cﬁ/ (|\Zz(93a))||%+ ||Z1(95W)||g) ds
t
+ [Jor (t, w, o (W)[5 + v2(t,w, 05 ()15
The two statements of the lemma follow directly from this estimate. O

Lemma 5.18. Let Assumptions and hold. Let Dy C L*(D) be tempered and
u(l] € D1. Assume t > r, then

t+r 0 9p—9
[ium@mmwmmﬁw

t+r 5
< Cer + Ca|lz1(Bsw) 72D + Csllz2(65w) 13 + Callva(s, w, v (w)) (13 ds
t—r
+ Csllvi (t — 7w, 07 (W) [13 + Cslva(t — 7w, v3(w)) |3, (5.36)

where Cy, C3, Cy, C5, Cg are deterministic constants.

Proof. Multiplying equation (5.20) by |v1[P~2v; and integrating over D yields
1d
/ lv1|P dx
pdt Jp
= d/ Avy (t) o1 [P~%0; dz —/ h(x, v1(t) + 21 (6w))|v1 [P0y da
D D
- / fz,v1(t) + 21 (Bsw), va(t) + 20(0pw))|v1 [P~ 201 da
D
= —d(p — 1)/ |V 2|1 |P~2 da —/ h(z,v1(t) + 21 (0;w)) o1 [P~ 201 dz
D D
- / fz,v1(t) + 21 (Bsw), va(t) + 22(0pw))|v1|P vy da
D
) _
<= [ (Gl = €= i@ + G ) [0~ ds
D

+ / |f(x,v1(t) + 21 (Oiw), va(t) + 22(9tw))\|vl\p_2v1 dzx,
D



132 CHAPTER 5. RANDOM ATTRACTORS

where we have used the inequality
51 D 2 D
h(z,v1 + z1)v1 > —2p\1}1\ — C = Cy(|z1)* + |-,

which can be proved by using conditions (5.4]) and (5.9))

h(z,v1 + z1)v1 = h(z,v1 + z1)(v1 + 21) — h(z,v1 + 21)21
> 01|v1 + 21|P — 03 — [h(z, v1 + 21)]|21]
> 81|vy + 21|P — 85 — (85 + dg|vg + 21 [P~ 24|
> 61jvy + 21|P — C = Ci|z|* = 61/2)v1 + 21|P — Colz1|P
_ 0
2
> Hjor| = [l = @ = Crlal? + [l

o1+ 21 P = C = Ci(|z1* + |21 P)

0
> plul’ = C = Cilaf +]a1).

We compute further, using condition ([5.5)) and the relations p—1,p—2,p1+p—1 <
2p — 2

1d
-4 P q
pdt/D‘Ul’ x

o
< —/ 2713\?}1!21”_2 dx+C/ vy P72 da
D D

+ C1/ (|21(6,0)|? + |21 (83w [P) |01 [P~2 da
D
+/ 04(1 + |v1 + 21 (Opw)|P* + |v2 + ZQ(GtCU)D|’U1|p72’U1 dz
D
< —/ 571|U1|2p—2 dx+C/ v [P~2 dx+Cl/ o1 [P~ da
p 2P D D
+ C2/ (’21<6tw)’2p*2 + ‘Zl(etwanip) dz
D
+/ Sa (1P~ + Ca (|1 [P0 4 21 () [P or [P~ + gl [or [P~ + 20(0w) [[0n [P71)) dae
D
< —/ 5—1\1;1]2”_2 dz + 51/ ]vllzp_Q dz + Cy
=" |, 4 J,

e / (121 (6) % + |21 (Buo)P* ) da
D

+/ Cs (|21 () P! [or[P~" + [va][or [P~ + [22(Bw)[[or [P7) dix.
D
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Hence we have

p 2p—2
pdt/ |v1] dx—i—/ 421,’”1‘ dz

< Cs —G—CQ/ (|21 (Bsw) P72 + |zl(9tw)|p2_p) dz
D

+/ Cs(|z1 ()P + |va] + [22(0ew) ) vr [P da
D

<Cit G [ (aB)? + 120" 7) do [ 1o ? da
D 420
+/ Cs(|21(0w)|P* + |va| + |z2(0w)|)? dz,
D
and thus
1d
_ p 2p—2
dt/D’vﬂ da:—i—/ 22p\v1| dz
< Cs + 02/ (122 (B:w) 272 + |21 (B) [P°P) da
D
+/ C3(|21(0:w) %Pt + |v2(t)? + |22(0w)|?) dz. (5.37)
D

We arrive at the following inequality

1d o
vl + 2pi1Hv1||§§ §<C6+02||21(9tw)||p P+ Csll22(0i) |3+ Clvz 3, (5.38)

and thus
d p p*—p 2 2 01 p
vy < Co + Coll1(0w) 172, + Csllz2 ()l + Csllvzll2 = gopglloallp- (5.39)
With (5.34) we have
t+r t+r
/t 1 (s, w, o8 (w))II7 ds —/t lua (s, w, 09 (@) = z1(8sw) |5 ds

<cre e [ (w1 + l6.0p) ds
+ Caf|ui(t,w, v} ()3 + Callva(t, w, v3 () 13-
Thus by applying the uniform Gronwall Lemma to we have
lor (t + 7w, 08 (@) I}
ttr

<rCe + Cal|z1(6s uJ)Hp TP+ Csllz2(0sw)3 + Callva(s,w, w3 (W) ds

+05||v1(t w, 0} ()13 + Cs|lva(t, w, w3 (w)) 13- (5.40)
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Now integrating (5.38|) between t and ¢ + r yields

t+r -
[ It w3 as

t+r
< Cor + Caf|z1(6 sw)\lp 0+ Csllz2(05w) 13 + Cslva(s, w, v (w)) 13 ds

+CH111(75 w, o7 (W))]I7,
and thus for ¢ > r using ([5.40))

t+r )
/ H’l)l(s,w,’l)l(w))’bp ds
t

t+r
< C6r+/ Ca[z1(0 w)H” 0+ Csllz2(05w) 13 + Callva(s,w, v (w))[13 ds
t

-r

+ Csllor(t = ryw, 0 (W))[5 + Cslloa(t =, w, 03 (w))[13.

In total this leads to

t+r 9
/ s (5,0, 00 (@) [2272 dis
t

t+r
< Cer + Caf|z1(6s w)\lp TP+ Calz2(850) 13 + Calloa(s, w, v3(w))13 ds

t—r

+ Csflon(t = r,w, 07 (@) + Cslloa(t — 7w, v5(w)) 3

t+r 9p—9
4 / (65012272 ds
t

t+r
< Cer + Ca||z1(0s W)Hp 0+ Csllz2(65w) 13 + Calloa(s, w, v (w)) 13 ds
t—r

+ Cslvi(t — 7w, 07 (W))[[5 + Csllva(t — 7, w, v3 ()3,
and this finishes the proof. O

Remark 5.19. One can also use appropriate shifts within the integrals on the left
hand sides in (5.34), (5.35), (5.36) to obtain simpler forms of the w-dependent
constants on the right hand side, see for instance [Wan09bl, Lemma 4.3, 4.4]. More
precisely, in case of one can for instance obtain an estimate of the form

t+r
/ 15, 0t —yt0, w0 (Bt w)IIZ < (1 + ().

where p(w) is a random constant. Nevertheless such estimates hold for every w,
independent of the shift that one inserts inside the integral on the left hand side.
Without the appropriate shifts on the left hand sides, as in the lemmas above, the
constants on the right hand sides depend on the shift.
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Next, we are going to show the boundedness of vy in H!(D).

Lemma 5.20. Let Assumptions and hold. Let D = (D1,D2) € T and
u’ € D. Assume t > tp(w) + 2r for some r > 0 then

val (t, 0w, U?(e—tw))”% < p1 (w)7 (5'41)
where p1(w) is a tempered random variable.

Proof. We recall that vy satisfies equation ([5.20) and thus we can compute

d
2 dtHW1H2 <dt Avl>
= (dAvy — h(z,v1 + 21(0w)) — f(z,v1 + 21 (Ow), v2 + 22(Oiw)), —Avy)

= —d||Av1[3 + (h(z,v1 + 21(6:0)), Avi) + (f (2,01 + 21(0w), v2 + 22(6w)), Avi)
< d”AUlHQ +/ 58 1+ |U1|p 1)|A’Ul| diU-i—/ 54(1 + ‘U1|p1 + |UQD|A’U1| dx
D

< —d||Av1||2+C/ @+ Jua P! + Jua Pt + Jus])| Avy | da
D
d _
< 2||Avl||(§)+0/ (U fua P+ [+ Jug))?
D
d
<= 518ulE+C [ (1 PP+ fusf) do
D

d 2p—2
= —§IIA01||§ +C1+ Cllurligp=; + Clluall3

dc 2p—2
< —5WU1H§ + C1 4 Clluallgp =5 + Cllugl3.

We want to apply the uniform Gronwall Lemma. Therefore, note

d
3 Vot w, viW)E < Zde [[Vor (t,w, 01 (@)]3
=y(t) =g(t)

+ Oy + Cllua (t, w, ud (W) 15225 + Cllua(t, w, ud(w)) |3
:=h(t)

We calculate rir
/ g(s) ds <0,
t

and

t+r t+r
/ 101 (5,0, 00(@)) 3 ds < Cr + O / (l22(65) 3 + | 22(6u0) ) ds
t

+ Cy ([[oa(t, w, v (W))[I3 + llva(t, w, vy (W))]3) ,
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where we have applied Lemma [5.17] By Lemma [5.18| for ¢ > r

t+r 0 _—
[ s an 5 as

t+r
< Cer + Coll 21 (65 w)Hp TP+ Callz2(850) 13 + Culua(s, w, v3(w)) |3 ds

t—r

+ Cslloa(t = 1,0, 09 (W))|3 + Csllva(t — 7w, v3 ()15
Now, the uniform Gronwall Lemma yields for ¢t > r

Vw1 (t + 7,0, 07 (W))II3
t+r
< C+Cl/ (llz2(05)13 + llz1(Bs) |15) ds
+Cs ([or (t,w, o] (W) 13 + o2, w, 03 (w))I3)
t+r
+C3/t 121 (05 W)Hp T llz2(Osw)3 + llua(s, w, v3(w))13 ds

+Cy ([lor (t = r,w, 07 (W) [I3 + [lva(t — 7w, w3 (w))13)

t+r
+@/'Hw@ww<»mm
t

t+r t+r 2
<ChCr [ luatsod@)IE ds+ Co [ @@ + (6015 ds
t—r

t—r

+C3 (o (t, w, 07 (W))II3 + oz (t, w, v3 ()13
Hvi(t = ryw, v @)[3 + [lva(t = r,w, v3(w)]3) -

That is, for ¢ > 0 we have

Vi (t +2r,w, 07 (w)) 13

t+2r
§C+a/ va(s, w, ud(w))|I2 ds
t

t+2r 9
%%a/ 21 (0) 378 + [122(0.0)]3 ds
1 Cs (Jlor(t + 0, o2 (@)E + [[oa(t + 1,0, 03(w)) ...
ot o2 @)E + ozt w, o3()3) -

Let us recall that our goal is to find a t* > tp(w) such that (5.30]) holds. Now assume
that t > tp(w). We replace w by 0_;_o,w (again note the P-preserving property of
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the MDS), then
Vo1 (t + 27, 0120w, 0} (0—1—2:0)) 13

t+2r
<C+ C1/ |va (s, 0—t—2pw, ud(0—s—2,w))|3 ds
t

t+2r .
+Ca [ ar(Oima @) ]+ [2aOrmrar) [ s
+ Cs (o1 (t + 7, 0—1—orw, v (O—¢—2,w))[|3 + [|[v2(t + 7, 0—s—2pw, VI (0_t—2,w)) |3
Hlor(t, 0t —9rw, 07 (0—1—9,w)) 15 + [|va(t, O0—s—2rw, v3 (0t —2,w))]3) -
As t > tp(w) we know by the absorption property that there exists a p(w) such that
[1.(t, 0-ew, 0] (O-w)) 13 < A(w),
and thus replacing w by 0_o,w
[01.(, 0120w, ] (0—1—20w)) |3 < H(O-2rw).
Similarly, we know that
[o1.(t + 7, 0—p—rw, 09 (0—1—rw)) |3 < H(6-r),
and thus by replacing w by 0_,w
[0 (¢ + 7, 02w, 07 (0—1—2,w))[[3 < P(O-2,0).

The same arguments hold for vy. Furthermore, as t > tp(w) and we know from
Lemma that there exists a tempered random variable p(w) such that for s €
(t,t+2r)
(5, 80, u3(0—s0))I13 < ()
and thus
t+2r
[ a0ty 361000 s

t
t+2r

2r 0
< / P(Os—t—orw) ds = /,6(97_2rw) dr = /[)(Hyw)dy.
t 0 —2r

With similar substitutions in the integral over |21 (0s—¢—2,w)|7 z:g and
| 22(0s—t—2,w)||3 We arrive at

val (t + 27,0t 2w, U(lj (e—t—Qrw)) H%

0 0
2_ ~
<Co i [ 30wyt Co [ a5+ 12200 dy + Cap(0-arw)
—2r
—2r
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where the right hand side is independent of t. Due to the temperedness of all terms
involved, they can be combined into one tempered random variable p;(w) such that
for t > tp(w) + 2r =: t* we have

[V0n(t, 0100, 09(6_ )3 < p1 (),
this concludes the proof. O

We are now able to prove the boundedness of the first term of vy in H'(D).

Lemma 5.21. Let Assumptions and hold. Let D = (D1,D2) € T and
u® € D. Assume t > tp(w) + 2r for some r > 0. Then we have

IV (t, -, 0)[[3 < p2(w), (5.42)
where pa(w) is a tempered random variable.
Proof. Remember that v] satisfies the equation and thus
- a3 = %vl )
x)vy — g(x, vy + 21), —Avg)
= {o(x)vy, Avy) + {g(@, 01 + 21), Avy) .
=L =Ly

We estimate L and Lo separately
L, = / o(z)vyAvydr = —/ V(o(z)vs) - Vosda
D D
< ~3|VeblE - [ Yooy} - Velda,
D
and
Ly = / gz, v1 + 21)Av) do = —/ Vg(x,v1 + 21) - Voy dz
D D
= —/ (Vg(z,v1 + 21) + Oeg(x,v1 + 21)V(v1 + 21)) - Vg du,
D

where in the last equation the gradient is to be understood as
V(@ 01+ 21) = (9n,9(w, 01 + 21), 00, O, g, 01 + 21)) .

Hence,
d 1)12 1912
&vazlb + 20| Va3
2/ }Va(x)v% + Vg(z,v1 + 21) + Oeg(z,v1 + 21)V(v1 + 21)| |Vol| dz
D

1
< 5/ }VU(JU)U% + Vg(x,vl + 2’1) + 359(55,1;1 + Zl)V(vl + Zl)‘Q dz + (5”V2}%”%,
D
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and further with (5.7))

d
3 /1Vells + ol Vuall;

1 n
< 5/ Z (102, (@) 03| + |02, g(w, 01 + 21)| + |eg (@, v1 + 21)0, (01 + 21)])” de

0«.\}—‘

/Z (Clob] + 851 + o+ 21]) + 8510, (10 + 20)))”

24
(C + 65)? /(!v%]+1+|vl+z1 dz + 5/2\8 (v1 + 21)* dz

%\[\D 0«)\[\3

@407 [ (bl + 1+ o+ 2l)? o+ 2B+ 23

< C1 + Oa([[vz )13 + lloall3 + [121]13) + C3 ([ Vor]l3 + [ V21]3),

where C':= maxi<j<p, max, 5 |0z,0(x)|. Next, we apply Gronwall’s inequality while
taking the initial condition into account and we obtain for ¢t > 0

t
IIW%H%S/O [C1 + Calllall3 + llrll3 + 121l13) + Ca(I Vv [13 + IV 2113)]

x exp ((s —t)d) ds. (5.43)
We have from (5.24)) the following equation
d
dt(\lvlllz +{[v2]13) + M(Jor3 + [[o2]|3) + dlI Vo [13
< C+ C(l|22(0)|3 + 121 () [15), (5.44)

where M = min{d/c,} and certain constants C, C. We multiply (5.44) by exp(Mt)
and integrate between 0 and ¢

t d t
/0 exp(Ms) - (lenl3 + oalB)ds + M /0 exp(Ms)(ua]}2 + o1 2)ds
t
+d/ exp(Ms)||Vuy ||3ds
0
t ot
< / C exp(Ms)ds + O / exp(Ms)([|22(850) 12 + |21 (Buw) [2)ds
0 0
This yields
t
/0 exp(M (s — 1))[[ Vo (s,w, 09(w))||2ds

<

xp(=Mt)([[v] (@) 13 + [[v3(w)[I3) + C

SHN

+ @/0 exp(M (s — 1)) (| 22(0sw) 13 + [[z1.(6s)[[5)ds, (5.45)
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as well as

lvr(¢,w, v} @)]I3 + [lva(t, w, vy ()3

< (II? @)II3 + [[v3(w)]3) exp (~Mt) + C

e / exp (M(s — 1)) (| 22(0.w) 3 + |21 (0sw)[2) ds.

In particular, from the last estimate we obtain

tp(w)
/ (o1 (s, 0w, 07 (O-w)|I5 + [[v2(s, 0w, v9(0_w))13) exp(M (s — t))ds
0
tp(w) 0 ) 0 ) _ rip(w)
< / (o7 (0—w)lI5 + [lvz(0—1w)13) exp (—Mt) ds + C/O exp(M (s —t))ds
0

~ tD(w) s
+ C/o /0 exp (M (1 —1t)) (HzQ(QT_tw)H% 4 Hzl(gT_tw)Hg) drds
< (J0(O—w)[3 + 08(0—1w)|I2) exp (—Mt) tp(w) + C

_ tp(w)
+ Ctp(w) /0 exp (M (T —1t)) (||22(97_tw)||% + ||z (HT_tw)Hg) dr. (5.46)

where we have replaced w by 0_;w after integrating and we have used that ¢ > tp(w).
Now, replacing w by 6_;w in (5.43)), noting that 6 > M and assuming that ¢ > ¢p(w),

we compute using (|5.45))

Vo5 (t, 010, 0)]13
C t
<S4 Ca [ b 0-0,0)13 + (s, 6-res 26D + 12 (6.
0
[ V0n (5, 0100, 0 (0_w)) 3 + | V21 (6—10) 3] exp (s — H)M) ds

tD(UJ)
<Oty [ (b, 6,0 + a6 080 ) ] exp (s~ M) s
0

t
o [ Tlubs, -0, 0)[B + (5,60, 8 (0-0)) 3] ex (s — )00) s
2

p(w
t
+ Cyexp(=M)([[0] (0-w) 13 + vz (6-w)[13) + 04/0 exp(M(s — 1))

% (|22(Bs—tw) 13 + |21 (=) [} + 21 (Os—ew) |13 + |V 21 (05 —ew)I3)ds,
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and using (b.46)) as well as the absorption property, this can be estimated further

IV 0d(t, 010, 0)13
< C1+ Co (0 (0-1) 3 + 10360 13) exp (~M1) t(w)

tp(w)
+C5tD(w)/0 exp (M(1 — 1)) ([22(r—w) I3 + |21 (Br—0) [[}) d7

+ s / p(w)exp ((s —t)M)ds
tp(w)
+ Cyexp(=M)([[0] (0—w) 13 + 03 (6-10)[13)

0
+ 04/ exp(M's)([|22(0sw) 13 + |21 (sw) I} + [[z1(Osw)lI3 + [ V21 (Os)[3)ds

< C1+ Cao(tp(w)) (107 (0-w)|I3 + [[03(0—2w)[13) exp (—Mt) + C3p(w)
0

+C4(tp(w))/ exp(Ms)

—0o0

% (lz2(Bsw)|3 + 21 (Bsw) [} + 121 (0sw) |13 + [V 21 (Bsw) [3)ds.

Finally, since ||22(6sw)]|3, [|21(0sw) |5, |21 (8sw)]13, [| V21 (Bsw)]|3 (see Lemmal5.10] and
Remark [5.11)) and [|[o?(0_sw)||3, [|v9(0_w)||3 (by assumption) are tempered random
variables, we can combine the right hand side into one tempered random variable
p2(w) and this concludes the proof. O

Theorem 5.22. Let Assumptions[5.9 and[5.4 hold. The random dynamical system
defined in Lemma[5.13 has a unique T -random attractor A.

Proof. By the previous lemmas there exist a compact absorbing set given by
in T for the RDS 9. Thus Theorem [4.19] guarantees the existence of a unique 7-
random attractor. By conjugacy the existence of a unique 7-random attractor for
o follows. O

5.3 Stochastic partly dissipative systems with multi-
plicative noise

In this section we analyse the same partly dissipative system as before, however,
this time we perturb it by linear multiplicative noise. Note that the general strategy
to prove the existence of an attractor is similar to the case with additive noise.

Again, let D C R” be a bounded open set with regular boundary. We con-
sider the following partly dissipative system perturbed by the same multiplicative
Stratonovich noise in both components

duy = (dAuy — h(z,u1) — f(x,u1,uz)) dt +uj o dB,

5.47
dug = (—o(z)uz — g(v,u1)) dt +uz o dB, ( )
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where w19 = uio(t,x), (t,2) € [0,T] x D, T > 0, (B(t))ier is a two-sided, real-
valued Wiener process. The symbol o indicates that the equation is understood in
the Stratonovich sense. The system is equipped with initial conditions

u1(0,2) = ud(z) € L*(D), wu2(0,z) = u3(z) € L*(D),

and a homogeneous Dirichlet boundary condition for the first component. We make
the same assumptions on the reaction terms as in the setting with additive noise,
that is, throughout this section let Assumptions hold. Again, we let A denote
the realization of the Laplace operator with Dirichlet boundary conditions.

5.3.1 Associated RDS

We consider the MDS (2, F,P,0) associated to the two-sided Brownian motion,
as defined in Example Let (t,w) — z(6w) denote the stationary Ornstein-
Uhlenbeck process defined via

dz = —z dt + dw. (5.48)

Let u(t) = (u1(t),ua(t))T be a solution of (5.47) and consider the following Doss-

Sussmann transformations

01(t) = exp(—2(0))ur (1), (5.49)
va(t) := exp(—z(Ow))ua(t). (5.50)

Using the chain rule, we verify that v; and vy satisfy the following equations

dvy = exp(—z(fiw))dus — exp(—z(fiw))uq o dz1 (fiw)
= dAvidt + v12(Ow)dt — exp(—z(6w)) (h(x, exp(z(fiw))v1)
+ f(z, exp(z(0:w))v1, exp(z(Orw))ve)) dt, (5.51)

and

dve = exp(—z(fiw))dug — exp(—z(fiw))ug o dz(iw)
= —o(x)vedt + voz(Oiw) dt — exp(—z(Ow))g(z, exp(z(Oyw))vy )dt. (5.52)

Furthermore, the transformed initial conditions read
W(x) := v1(0,z) = exp(—2z(w))u

Remark 5.23. The setting where the equations are perturbed multiplicatively by
finitely many real-valued Wiener processes can be treated analogously by adapting

the transformation (5.49)-(5.50)) accordingly.
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Lemma 5.24. The map v : RT™ x Q x H — H,

T/J(t, w, (U?a Ug)) = (vl(ta w, U(l))7 UQ(t7 W, Ug))—ra
defines a continuous RDS over the MDS (2, F,P,0).
Proof. The Lemma can be proved similar to Lemma [5.12 O

Lemma 5.25. The map ¢ : RT™ x Q x H — H,

Pty w, (uf, ug)) = (ur(t,w,u}), ua(t,w,uf)) "

defines a continuous RDS over the MDS (2, F,P,0).

Proof. The argument is similar to the proof of Lemma here, with the trans-
formation T: Q@ x H — H

T(w,v) :=exp(z(w))v.
O

As in the case for additive noise, we will first derive the existence of an absorbing
set for the RDS % and subsequently we will use a splitting argument to construct a
compact absorbing set.

5.3.2 Bounded absorbing set

Lemma 5.26. Let Assumptions hold. Then there exists a bounded T -absorbing
set B for the RDS .

Proof. Let (v1,v2) be a solution of (5.51)-(5.52]), then we compute
1d
2dt
= —d|[Voi[3 + 2(6s0) (015 + l02]3) - /D o(x)|vz[*dz

(Ilvall3 =+ [lv2ll3)

—exp(—z(fw)) /D h(z,exp(z(Ow))vy)v1de

~~

=1

—exp(=2(00) [ (@ exp(e(8)or,expl=(00)))ada

J/

=1,
—exp(—z(fw)) /D g(z, exp(z(6w))v1)vode .

=:I3
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By using the boundedness of o(x), we derive

- / o(@)u(t)dz < —6vall3.
D

Furthermore, making use of Assumptions [5.2] we compute

I = — exp(—2z(6w)) /D h(z,exp(z(Ow))v1) exp(z(Ow))v1da

<exp(—2z(0w)) /D 03 — d1|v1 exp(z(bw))[Pdx

=C1 exp(—2z(0w)) — 01 exp(—2z(0w)) [|lus [P,

I, < exp(—z(6iw))d4 /D(l + | exp(2(Opw))v1 [P + | exp(z(6iw))va|)vide

_ exp(—2z(9tw))(54/ (1 + [ [P' + Jug]) ] de,
D
and

I3 = —exp(—2z(0tw))/Dg(ac,ul)qux

<5 exp(—2z(0tw))/ (1 + Jur )]us|de.
D
Combining the last two estimates yields

I+ I3 < eXp(—QZ(ﬁtw))(&; + (57)/ \ull + |U1‘p1+1 + (1 + ]uﬂ)\m[dx
D

< _ p1+1 2 2
< exp( 22(9tw))(54+57)/Du1|+|u1\ O+ ) + ozl

5
< exp(~22(0)) g o} + exp(~22(61))C /D 1+ [u |da

o o
< 5 llo2ll3 + exp(—22(6,w)) O + exp(—22(9tw))51|!m||§,

where we have used equation ([5.23)) as in the case with additive noise. In total, we
arrive at

d
—(lv1ll3 + ll2]13) < =24l V|13 + 22(0w) (Jor]I3 + lo2]13) — 28]l02ll3  (5.53)

dt
+ Cexp(—2z(fw)) — 201 exp(—22(0w)) [|uall}
+ 80213 + exp(—22(0:w)) o1 | |1}

2d
< == a3 + 220 (a3 + oa]3) — Sleal
+ Cexp(—2(0w)) — 81 exp(—22(6w))|ur |
< (22(61) — C) (o3 + 02 3) + C exp(—22(8,w)),
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where we have used Poincaré’s inequality. Applying Gronwall’s inequality we obtain
2 2 0 2 0 2 ‘
[o1(w)lz + [lv2(w)llz < (o1 (@)lz + llvg(w)l2) exp (/O (22(07w) — Cl)dT)
t t
+/ Cexp(—2z(0sw)) exp </ (2z(0rw) — C’l)d7'> ds
0 s
t
— @B + o)) exp (2 [ 2(01ar — Cut)
t t
- / Cexp (—22(9300) + 2/ 2(0,w)dr — C1(t — s)) ds.
0 s
We replace w by 0_;w and perform a change of variables

loa(t, 01w, v (0—10)) 13 + [|va(t, 0—w, v3 (0—)) I3

t
< (lof (0-ew)lI3 + w3 (0-w)[I3) exp (2/ 2(0r—w)dr — Cﬂ)
0
t t
+ / C'exp <22(05tw) + 2/ z2(0;—yw)dT — C1(t — s)> ds
0 s
0
= (I[vf (O—ew) 3 + [z (6—e0) |3) exp (2/ z(frw)dr — CNf)
—t

t 0
+ C/ exp (—22(03_tw) + 2/ z(Orw)dr — Cy(t — s)) ds
0 s—t
0

= (12(0_1) 2 + 190 )[12) exp (z /

—t

z(0rw)dr — Clt>
0 0
+ C/ exp (—22(03w) + 2/ z(0rw)dT + Cls) ds.
—t s

Now, let D € T be an arbitrary tempered set and (v}, v9)(0_w) € D(0_w). By
(4.3) we have

Jim (JJof (0-)3 + [[03(0—sw)|3) exp(—C1/2t) = 0.
Furthermore, by Proposition [£.25] (ii)
I 1
lim - [ 2z(f,w)dr =2 lim / z(0rw)dr =0,
0

t—oo t _t t——o0

thus for every w € Q and every 0 < £ < (/2 there exists ¢y such that for all ¢t > tg

1 0
’t / 22(0;w)dr

—t

< C1/2—€,




146 CHAPTER 5. RANDOM ATTRACTORS

and thus
0 1 0
exp (—01/21‘, —|—/ 22(97w)d7> = exp (t (—01/2 + t/ 2z(97w)d7>>
¢ —1
< exp(—et).
Hence,

0

tli}m exp(—C1/2t) exp </ Zz(HTw)d7-> =0,

—t
and we have in total

’ 22(97w)d7> =0. (5.54)

i (080 ) 3 + [19(0-)[3) exp(~C1) exp ( /
Therefore, we obtain

Jim oy (£ 00, 07 (0-)) 15 + o2 (t, -0, v5(0-10)) 15
< C/O exp <—22(93w) + /0 22(0,w)dr + Cls) ds =: p(w)>.
By Proposition [4.25] (i) and (iii) for any £ > 0 and ¢ < 0 small enough
|2(0s410)] < els +1, /to |2(0rw)| = E[z(w)|dT < elt].

Thus for any ¢ > 0 we have for ¢ < 0 small enough

exp(ct)plBuw)?
0

< exp(ct)C/Ooo exp (—25(t +8) + 2/ |2(0,w)| — E|z(w)|dT

s+t

0
+2/ |2(0;w)| — E|z(w)|dT + sE|z(w)| + Cls> ds
t
0
< exp(ct — 68t)0/ exp (—4es + sE|z(w)| + Cys) ds,

that is, choosing ¢ < min{c/6, (E|z(w)| + C1)/4}, the right hand side converges to
zero for t — —oo. A similar argument can be made for t — oco. It follows, that p(w)
is a tempered random variable.

Hence, there exists n > 0 such that

B(w) = B(0, p(w) + 1)

is a bounded, tempered 7T -absorbing set for the RDS 1. We denote the absorption
time as tp(w).
O
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5.3.3 Compact absorbing set

We perform a splitting argument as in the case with additive noise. Consider the
equations

duj (t)
dt

with v3(0) = 0 and

= —0'(1‘)’[)% (t) + U% (t)z(0iw) — exp(—z(Ow))g(x, exp(z(Oiw))v1),  (5.55)

dv3 (t)
dt

with v3(0) = v.

= —0(2)v3(t) + v3(t)z(hiw) = (2(6iw) — o(x))v3(t), (5.56)

Lemma 5.27. Let Assumptions hold. Let D C L*(D) be tempered. Then for
v9 € D we have

lim ||v3(t, 0_w,v3(0_w))||3 = 0.

t—o0

Proof. The solution to (5.56)) is given by
t

v3(t) = vJexp </ (z(Osw) — a(x))ds)
0

and thus

: 2 0 2
Jim |03 (610, 03(0-1) I3

2

¢
= lim |[v9(0_yw)exp (/ 2(05—4w)ds — ta(x))
0
< lim exp(—24dt) exp (2/ z(@sw)ds> |09 (0_s) |3
t—o0 —t
=0,

where for the last equality the same argument that was used to prove equation ({5.54)
can be applied. O

Lemma 5.28. Let Assumptions hold. Let D € T and (v9,v9) € D. Then, for
t>tp(w) andr >0

t+r
/ Vo1 (s, 0w, vY(0_4_w))||3ds < R(w) (5.57)
t

and

t+r R
/ 02 (5, 01 02(6—1—))|[2ds < R(w) (5.58)
t

where R(w), R(w) are tempered random variables.
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Proof. From (5.53)) we have

d
37 (nllz + Jloa13)

< —2d[|Vor[f3 + (22(0w) — C) (o153 + llv2]13) + C exp(—22(6,w)).
Applying Gronwall’s inequality over the interval [¢,¢ + 7] yields

lor (¢ +7)5 + llva(t + )13

t+r
< (lor ()13 + lv2(8)]13) exp </t (22(0sw) — 01)d8>

+ /tHT(C exp(—2z(Osw) — 2d|| Vv (s)]|3) exp </:+T(22(97w) _ C’l)d7> ds,

and thus

t+r t+r
/ 2d|| Vi (s) )3 exp </ (2z(0rw) — Cl)d7'> ds
t s

t+r
< (lor ()13 + 2 D)]13) exp ( | 2stoanas - clr)

[ C exp(—22(0sw)) exp ( / W(zz((m) - Cl)dr> ds.

t

Now, we replace w by 6_;_,w and obtain

t+r
/ 2d|| V1 (5,04 pw, v9(0_t_rw))||3 exp (—2 max |z(6;w)| — C’17“> ds
t —r<r<

t+r t+r
< / 2d|| Vi (s, 0_¢_pw, v (0_s_,w))||3 exp </ (22(0r—t—yw) — Cl)d7> ds
t s

< (o (t, O—t—rw, v} (O——r)) |3 + [lva(t, 0—t—rw0, v3 (0—1—rw))[13)

t+r
X exp </ 22(05—4—rw)ds — Cﬁ)
t

t+r t+r
+/ Cexp(—22(0s—t—rw)) exp </ (22(0r—t—rw) — C’l)dT> ds,
t s
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and therefore, making use of t > tp(w),

t+r
[ 1900w 86w s
t
1
< 5 (01(t 0w, 2 (01 )13 + 02t Oy, v (015 |2)
t+r
X exp </ 22(0s—¢—rw)ds — Clr) exp (2 max |z(6-w)| + Clr)
t —r<r<
1 t+r

to [ Com2t e ([ @0 - Coar ) as

X exp (2 _max |2(0-w)| + C1r

1
< ﬁp(ﬁ,r w)? exp (4 _max |z ( HTw)|> + exp <2 _max |2(0-w)| + Cﬂ‘)
1 0 0
X 24 Cexp(—2 ) exp / (0 rw))dr + C15> ds
1 2
< ﬁp(e,rw) exp (4 ffﬁ’éo )|> + exp (2 _max |2(6,w)| + C’17">
1 0
<54 | Cexp (4 max |z(93w)|> exp (C1s)ds
< 50 exp (4 max |=(0-w)
< 5gP(0-w)”exp (4 max |2

+ Cexp (6 (max |z(0_sw)| + 017’> (1 —exp(—Cir))
=: R(w).

Now, p(w) is tempered and so is p(6_,w). Furthermore, by Proposition [4.25] (i) we
have for K >0

lim log(exp(K maxo<,<r |2(0i—rw)|)) maxo<r<r |2(6¢—rw)|

= 0.
t—+oo ’t’ t—+oo ’t|

Therefore, recalling Lemma R(w) is a tempered random variable and (5.57))
follows. Likewise, (5.53|) yields

d
Sl + [l

< =0rexp((p — 2)2(0ww))[vllf + (22(ew) — C)([vel3 + [[v2ll3) + C exp(—22(6w)),

and with a similar argument as used above we can also show ([5.58|). O



150 CHAPTER 5. RANDOM ATTRACTORS

Lemma 5.29. Let Assumptions hold. Let D € T and (v9,v9) € D. Further-
more, let v > 0 be arbitrary. Then for t > tp(w) +r we have

t+r
[ orto 6o, 2001375 s < Qo)
t
where Q(w) is a tempered random variable.

Proof. We multiply (5.51)) by |v1/P~2v1 and integrate over D. Making use of As-
sumptions [5.2] we compute

1d
-2 p
pdt/Dh)l‘ dz
:d/ Avllvl\p_%ldx—i-z(ﬁtw)/ |v1[Pdx
D D
—exp(—z(etw))/ h(:v,exp(z(@tw))vl)\vl|p_21)1dx
D
—eXP(—Z(etw))/ f (@, exp(2(8w))v1, exp(z(fiw))v2) o1 [P v d
D
< —dp—1) / Vo Pon P 2de + 2 (0iw) / (o1 [Pdz
D D
—exp(—2z(0tw))/ v |p_2(51|exp(z(9tw))vl|p — d3)dz
D
+6XP(—Z(9tw))/ 84(1 4 | exp(z(Bw))v1|P* + | exp(z(Byw))va|) o1 [P~ da
D
Sz(ﬁtw)/ |1 [Pdx + 03 exp(—2z(6tw))/ 01 [P~ 2dz
D D
— 41 exp((p—Q)z(HtoJ))/ |v1|2p_2dzv+54eXp(—z(0tw))/ |vl|p_1dx
D D
+ 04 exp((p1 —1)2(9tw))/ |v1|p1+p_1d$+(54/ \02|\vl|p_1dx
D D

)
< z(@tw)/ |1 [Pdz — Zl exp((p — 2)2(9tw))/ |v1|2p_2dx + 54/ |vg||v1|p_1dx
D D D
+ Cy exp(Co|z(6w)])
) )
< z(Ow) / |y [Pda — Zl exp((p — 2)z(9tw))/ |U1|2p—2dﬂj‘ + gl exp((p — 2)z(6w))
D D

X / o172z + C3 exp(Calz(Biw)])||v2[|3 + C1 exp(Calz(fuw)]).
D
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Rearranging the terms further yields

1d

_ p

19(11t/D|U1 d
o1 (

—9 0
< BB, 4) / o172 + Caz(0w) — 3 exp((p — 2)2(6w))
D

></ [01|22~2dz + Cy exp(Cal 2(0,0) ) (1 + [[va]|2)
D

-2
< (Sl(p)z(thu)/ |U1’2p—2d$ — (il((p —2)z(0w) + 1)/ ’U1|2p_2dx
8 D 8 I
+ Cy|z(Bw)| + C1 exp(Calz(8sw)|) (1 + |lv2]3)
0
< _§1 / 0112 72dz + Oy exp(Co|z(0w)]) (1 + |Jv2]|3). (5.59)
D
Therefore

d
ol < - / [01Pda + Cr exp(Cal2(Bi0) ) (1 + [[02]3) + Cs
D
= —[lvi ][} + Crexp(Calz(0,w)[) + C1 exp(Ca|2(6:w) ) 023 + Cs.
Now, applying the uniform Gronwall lemma we obtain

o1 (¢ + 7, w, 07 (@)1}

1 t+r t+r
< T/t Hvl(s,w,v?(w))Hgds + Cl/t exp(Cslz(fsw)|)ds

t+r
+C / exp(Cz(0,w))||v2(s, w, v3(w))||3ds + Csr,
t

and replacing w by 6_;_,w yields for ¢t > tp(w)

01 (t + 7,0 pw, 07 (0 —pw)) |5
1 t+r 0 t+r
< r/ lv1(s, 0—t—rw, vi(0——w))|Dds + C’l/ exp(Co|z(0s—i—rw)|)ds
t t
t+r
+ C exp(Coz(0s—t—rw))||va(s, O—t—rw, vg(G_t_Tw))H%ds 4 Car
t

1~
< ;R(W) + C1rexp(Cy (ax |2(0—sw)])
+ Cirexp(Co Dax. |2(0—sw))] Dax p(0_sw)? + Csr
. S, (5.60)

where we have used (5.58]) and the absorption property from Lemma By similar
arguments as in the proof of Lemma S(w) is a tempered random variable.
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Now, (5.59)) also yields

d
dt

5 _
lor]l < —§1H01H§,€_§ + Crexp(Cal2(0iw) ) (1 + [[v2]]3).

Integrating between ¢ and ¢ + r

51 t+r 9p—9
B[ It o) I3 ds
t

t+r
< Jloa(t,w, oY (@) 5 + t C1 exp(Cal2(85w) ) (1 + [[vz(s, w, v3(w)) [13)ds,

replacing w by 0_;_,w, yields further

J AR Y O X
< Cllor(t, 0—t—rew, v} (0——rw)) |17
+ tm O exp(C|z(0s—t—rw)|) (1 + [va(s, 0——yw, v3(0—¢—rw))3)ds
< Cllor(t, 0——rw, v (O——r)) I}
+ C1 exp(Cy Jnax |2(0_sw)]) <r + /tt+r lva(s, O rw, vg(Gtrw)ﬂ@ds) .
For t > tp(w) + r we can conclude with and with the absorption property
from Lemma [5.26]
ttr
| s, 80 5
< CS(0—rw) + Cp exp(Co Jnax |2(0_sw)|)(r + 7 Jnax p(0_sw)?)

—: Qw), :

where Q(w) is tempered. This concludes the proof. O

Lemma 5.30. Let Assumptions hold. Let D € T and (v{,v9) € D. Assume
that t > tp(w) + 2r for some r > 0, then

V01 (t, 00, §(0-))]3 < pr(w), (5.61)

where p1(w) is tempered.
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Proof. We take formally the inner product of %vl with —Aw; and calculate

%%vaﬂg = <§t”17 AU1>
= —d||Avy |3 — 2(fw) /Dlevldx
+ exp(—2(Ow)) /[)58(1 + exp(z(Bw) )v1 [P | Avy |da
+exp(=2(01)) [ G1(1+ exp(s(61))n " + | exp((Bi)a) [ Bur da
= —d||Avi]|3 + 2(Oiw) /D Vo1 Vordz + Cexp(—2(6w))
X /D(l + | exp(z(Bsw))v1|P* + | exp(z(0sw))va| + | exp(z(0sw))vr [P~ | Avy |d
< —d|| A3 + 2(0w) [ Vi3 + %HAWH% + Cexp(—2z(fiw))
- /D(l + | exp(z(0uw))v1 [P + | exp(2(8iw) Jv2| + | exp(z(fuw))v1 [P~1)d
<~ LIVarl + 2(6) [V

+ Cexp(—2z(6w)) /D(l + |exp(z(9tw))vg|2 + |exp(z(9tw))vl|2p_2)d$,

and thus

d
aHVUIH%
< (22(61w) — de)||Vor |13
+ Cpexp(—22(0w)) + Callva|} + Cexp((2p — 4)2(0uw)) [ vr][3575 -

=:h(t)

Now, we apply once more the uniform Gronwall lemma and we obtain for ¢ > r

Vo1 (t+ 7,0, 08 (w)]I3

t+r

1 t+r
< (r/ Vo1 (s, w, v) (w))||3ds + Cy exp(—2z(0sw))
¢ t

+ Callva(s,w, v3(w))II3 + C exp((2p — 4)2(85w)) 01 (5, w, v?(W))HngdS)

X exp < /t t+r(2z(95w) - dc)ds> .
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Replacing w by 6_;_,w, we obtain for t > r + tp(w)
Vo1 (t + 7, 0—1—yw, v] (01— w)) |3
1 t+r t+r
< (/ V1 (s, 0w, vY(0_;_w))||3ds + / h(s, H_t_rw)ds>
t t

X exp ( /t t+T(2z(05_t_Tw) - dc)ds>

1 t+r
< (R(w) + Chexp(—2z(0s—t—rw)) + Ca||va(s, 0_t—rw, vg(é?_t_rw))H%

r t
+ Cexp((2p — 4)2(0s—t—w))||v1 (5, 0y —pw, 1) (0_s—w))[|355d5s)

X exp ( /_ 0 2z(93w)ds>

1 0 t+r
< (R(w) + [ Crexp(—2z(0sw))ds + Cal|va (s, 0—t—rw, v3(0_¢_rw))||3ds

r —r t

t+r
40 [ expl(2p = 2000 a5, -1, v‘f(emw))n%ﬁéds)
t

0
X exp (/ 22(05w)ds>
t+r

1
< (TR(W) + C1rexp(2 Jnax |2(0_sw)|) + Collva(s, O—t—rw, v (0—¢—,w))||5ds
<s<r t

t+r
+Cenpl(20— ) s o0 [ o1(5, 0o, 035
<r<r t

0<s<r

X exp (27“ max |z(6 sw)|)

1 t+r
< ( R(w) + Cirexp(2 max |z(0_sw)|) + Cop(Bs—t—_rw)ids

T

+Cexp ((2p 4) max |z(0—,w)| | Q(w >exp <2r max ]z(é?_sw)|>

0<r<r 0<s<r

1
< (R( )+ Chir exp(2€ max |z(0_sw)|) + Cor Jnax p(0_sw)?

T <s<r

+C exp <(2p 4) max |z(6_ |> Qw )exp <2r0max |2(0 sw)l>

0<r<r <s<r

= p1(w)

The temperedness of all terms involved imply the temperedness of p;(w). Hence,
for t > tp + 2r the statement follows. O]
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Lemma 5.31. Let Assumptions hold. Let D € T and (v{,v9) € D. Assume
that t > tp + 2r for some r > 0. Then

IV0b(t, 010, 0)[3 < pa(w), (5.62)
where pa(w) is a tempered random variable.

Proof. The proof is very similar to the one for the analogous lemma in the case of
additive noise. We have

g1V = (o —aed)
= <(z(9tw) — o(x))v% —exp(—z(6w))g(x, exp(z(Oiw))v1), —Av%>
= <(U(:U) — 2(Bw))vd, Av%> + <exp(—z(9tw))g(x, exp(z(fiw))v1), Av%> )

:;Ll :ZLQ

We estimate L, and Lo separately,

L= /D (0(2) — 2(0,0))ub Avkdz
:_/DV((a(x)—z(etw))v;)vv;dx
< (:(0) = IVl - | Volapivelda,
and

Ly = /D exp(—2(6,w))g(w, exp(=(0w)) 1) Avd da

= —exp(—2(0)) | Vol exp(:(0w)n) - Vo da
= —exp(—z(Ow))

X /D (Vg(z, exp(z(0iw))v1) + eg(w, exp(z(Bw))v1) exp(z(iw))Vur) - Voi da.
Hence,

d
SIVOIE + 28 - 2(8)) V033
1
<5 [ (900}l + exp(~2(01)) Vol exp(a(8i))0r) + deg i, exp(x(Bu))n) Vo)) d
D
+ 87033
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and further with (5.7))
d
avang + (6 — 22(0,w)) | Vg |13
1 n
< / > (1020 (x)v3| + exp(—2(01w))|0r, g2, exp(2(61w))v1 )|
g D=1
+|0eg(x, exp(2(0,w))v1) D, 01])* da

1 n
< (5/ Z (C]v%] + 5 exp(—z(0iw)) (1 + exp(z(Brw))|v1]) + 55]8mi111\)2 dz
Di—y

< —(C+ 65 exp(—z(@tw)))Qn/D (|v%| + 1+ exp(z(@tw))]v1|)2 dx

25?/ - >
+ —= Oz, v1|” dx
5 D;! \

< (C+ Crexp(=22(6iw)))([[vz 13 + 1 + exp(22(6iw))|v1[13) + Cs[|Vr |13
< C1 + Cpexp(—22(0w)) + Cs exp(2]z(6w) ) ([[v3]]3 + v1l]3) + Cal| Vs 3,

SR )

where C' := maxi<;<, max, 5 [0z,0(x)|.
Next, we apply Gronwall’s inequality while taking the initial condition into ac-
count and we obtain for ¢ > 0

Vs 3

t
< /O [C1 + Oy exp(—22(0sw)) + Cs exp(2|2(Bsw)[) ([[vz]]3 + [[01][3) + Cal | Vor|[3]
t
X exp </ (2z2(0,w) — 5)dr> ds. (5.63)
We have by (5.53)), where M = min{d,d/c},

d
3z ([lonll3 + [lva13)

< —d||Vor|[3 + (22(8iw) — M)([lor]]3 + [[o2]13) + C exp(~22(0iw)).-

Using Gronwall, this yields in particular

[ 1vuizes ([ @0, - anar) as

< JOR818 -+ 1813 exp [ (2200 — s
e /0  exp(—22(640)) exp < / (22(0,0) M)dT) ds,  (5.64)
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as well as

lorll3 + o213

1 t
< 208 + IefiBex ( [ 2200, - 211 )

+C /0 t exp(—22(0,w)) exp < / t(2z(c97w) - M)dT) ds.

Using the last estimate, we obtain

/ " exp (@B ) (10313 + 1o [3) exp (/ (2:(00) M)ir ) ds

< 5 [ el D103 + 1) exp [ o0, — 2017
X exp ( / (2260, M)d7'> ds
e /O exp(22(6:0)]) /0 " exp(—22(6:w)) exp ( / (22(6,w) M)dr) dr
X exp ( / (220, — M)dT) ds

< 15 + 18I exp(-att)exp ([ 220,17 ) [ explelatouas

2

e ( /0  exp(2)2(6:0))) exp(M (s — 1)) exp ( / t 22(97w)d7’> ds) (5.65)

Now, using (5.64)) and (5.65|) and replacing w by 6_,w we have from (/5.63)
V703 (2, 61w, 0)]13
t t
< / [C1 + Caexp(—2z(0s—1w))] exp (/ (22(0r—w) — 5)d7> ds
0 s
t
+03/ exp(2|2(0s—ew) ) vz (s, 01w, 0) 13 + [[v1 (s, 0w, v] (0—1w))13)
0
t
X exp </ (22(0;—w) — 5)d7'> ds
0 t
+ C4/ V1 (s, 0_s0, v(0_4w)) ||3 exp </ (22(0;—w) — 5)d7’) ds,
0 s
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and thus

V03 (¢, 04w, 0)]13

t 0
< /0 (O + Oy exp(—22(0s1w))] exp < / _t(QZ(eTw)dT> exp(6(s — 1)) ds
+ C3([|0f (0—w) 13 + 03 (0—1w)|13) exp(—Mt) exp </0 22(9r—tw)d7>

t
< [ exp(2a(0u) s
0
2

+0 ([ expl2lz(Ouol) expltts — ) xp [ 2200,-wpar ) as)
+ Call - + 30—l ( [ (22(00-) - ha)as)
# o [ expl(-2:(0 ) exp [ (2:00,-0) ~ 201 ) s

< / " (01 + Cy exp(—22(6:0))] exp < / O(QZ(eTw)dT> exp(6s) ds

0
+ C3([[v] (0-ew)II3 + [|v3(0-w)[|3) exp(— M) exp (/

—00

ZZ(HTw)dT>

0
X / exp(2|z(Osw)|)ds

2

e ( / Y exp(2]2(830)]) exp(Ms) exp ( / ' 2z(0Tw)dT> ds)

—00

0
+ Cs([[v] (0-w)II3 + [|v3(0—w)[|3) exp(—M?) exp (/

—0o0

22(95w)d3)
e / D (- 22(0w)) exp < / ' 2z(07w)d7'> exp(Ms)ds.

—0o0

The right hand side can be combined into one tempered random variable pa(w). O

With the previous lemma the existence of a random attractor for the random
dynamical system ) follows directly from Theorem and by Theorem this
leads to

Theorem 5.32. Let Assumptions hold. Then the random dynamical system ¢
generated by (ui,u2) has a unique T-random attractor A.
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5.4 Applications

We will give here two applications that fall into the class of systems considered in
our analysis above.

5.4.1 FitzHugh-Nagumo system

Let us consider the famous stochastic FitzHugh-Nagumo system, that is, in the
additive noise setting

dus = (nAu —p(@)uy —ui(ug — 1)(ug — 1) — ug) dt + B1dWh,

dug = (oou1 — agug)dt + BodWy, (5.66)

with D = [0,1] and a; € R, j € {1,2,3}, are fixed parameters and p € C*(D). Here,
Wy, Wy are cylindrical Wiener processes and we assume that Assumptions [5.4] are
satisfied. In the setting with multiplicative noise the system reads

duy = (nAu — p(x)u; —ug(ug — 1)(ug — 1) —ug)dt + ug o dB,

dus = (wu1 —agug)dt + ug odB, (5.67)

where here B denotes a real-valued Wiener process. As mentioned earlier, this sys-
tem models the signal propagation in a neuron; in particular, the variable u; denotes
the electrical potential and us is the so-called recovery variable that is associated
with the local concentration of potassium ions.

Such systems have been considered under various conditions by numerous au-
thors, see the references mentioned in Section Our Assumptions [5.2] regarding
the reaction terms are satisfied in this example as follows: Identifying the terms in

(5.66) and (5.67) with the terms given in (5.3 we have

h(z,u1) = p(x)ur +ur(ur — 1) (w1 — 1),  flx,ur,uz) = ua,

o(x)ug = aguz, g(x,u1) = —aguy.

We have o(z) = as and |f(z,ui,u2)| = |ue| , ie., and are fulfilled.
Furthermore, |0,g(z,u1)| = |az2| and |0y,9(x,u1)| = 0 for i = 1,...,n, hence
is satisfied. Finally, as a polynomial with odd degree and negative coefficient for
the highest degree, h fulfils . Thus the analysis above guarantees the existence
of global mild solutions and the existence of a random pullback attractor for the
stochastic FitzHugh-Nagumo system on a bounded domain in both, the additive
and multiplicative linear noise setting.

5.4.2 The driven cubic-quintic Allen-Cahn model
The cubic-quintic Allen-Cahn (or real Ginzburg-Landau) equation is given by

O = Au+ pru+ ud — ud, u = u(t,x), (5.68)
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where (t,z) € [0,T) x D, p1 € R, is a fixed parameter and we will take D as
a bounded open domain with regular boundary. The cubic-quintic polynomial
non-linearity frequently occurs in the modelling of Euler buckling [VGVCO07], as
a re-stabilization mechanism in paradigmatic models for fluid dynamics [MD14], in
normal form theory and travelling wave dynamics [KS98,[DB94], as well as a test
problem for deterministic [Kuel5c| and stochastic numerical continuation [Kuel5c].
If we want to allow for time-dependent slowly-varying forcing on « and sufficiently
regular additive noise, then it is actually very natural to extend the model to

du; = (A’LL1 + pruy + u‘;’ — u? — UQ) dt + By dW7, (5.69)

dus = 5(p2U2 — q2u1) dt + By dWho, ’
where po, g2, 0 < € < 1 are parameters and By, By, Wi, Ws are chosen as in the
previous example. One easily checks again that fits our general framework as
h(z,u1) = —prus — u$ + uf satisfies the crucial assumption . The same holds
in the linear multiplicative noise setting, when the system reads

dup = (Aul + prug + sz - u? — ’LL2) dt + uy o dB,
dus = e(pouz — qouq) dt + ug 0 dB,

with real-valued Wiener process B.

5.5 Non-linear coupling: The stochastic Field-Noyes
system

Assumptions exclude systems with a non-linear coupling between different com-
ponents. However, there are many systems relevant for applications that exhibit
such a structure. In the following we will analyse one of them, namely the Field-
Noyes system, in greater detail and show that here as well we can derive the existence
of a random attractor.

The Belousov-Zhabotinsky reaction is an oscillating reaction that was discovered
in the early 1950s by the biochemist B. Belousov (1893-1970), and it was further
investigated by the biophysicist A. Zhabotinsky (1938-2008). When performed in a
stirred container, oscillations in the concentrations of reactants and products cause
a periodic change of color of the solution (temporal oscillation). Performed in a
shallow, unstirred petri dish also spatio-temporal oscillations can be observed. The
Belousov-Zhabotinsky reaction is a classical example of non-equilibrium thermody-
namics that drives pattern-formation in natural systems.

R. Field, E. Koros and R. Noyes developed a mathematical model, today known
as the Field-Noyes model, to describe the chemical mechanism of the oscillating
Belousov-Zhabotinsky reaction in a simplified way [FKN72,FN74]. This model reads
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as follows 5
a—? = alu+ e (qw — uw +u — u?),
?9:5) =bAv+u—wv, (5.70)
861: = dAw + 0 (—qu — uw + cv),

in (0,00) x D, where D C R3 is a bounded domain with regular boundary. Here,
u denotes the concentration of Bromous acid (HBrOz), v the concentration of
Cerium(4+) (Ce?") and w denotes the concentration of the Bromide ion (Br—1).
The letters €, q, 9, c as well as a, b, ¢, d denote positive constants. This deterministic
system has been analysed intensively; see for example [Yag09, Chapter 10], where
the existence of global solutions and attractors has been derived.

Again, we would like to analyse a stochastic version of and, in particular,
investigate the long-term behaviour of solutions in terms of a random attractor. We
choose a perturbation by a linear multiplicative noise in the Stratonovich sense. In
particular, the influence of the state dependent noise becomes smaller the smaller the
concentration of the respective chemical, which seems to be a reasonable modelling
assumption for noise induced by internal fluctuations. That is, we consider the
following system in (0,00) x D with D C R"™ open, bounded with regular boundary

du = aAu dt + 1/e(qw — vw + u — u?) dt + ou o dB,
dv = bAv dt + (u —v) dt + ov o dB, (5.71)
dw = dAw dt +1/6(—qw — vw + cv) dt + ow o dB,

where (B(t))ter is a two-sided, real-valued Wiener process on a probability space
(Q,P, F). Furthermore, o > 0 controls the intensity of the noise. We equip the
system with non-negative initial conditions u(0, z) = ug(z) > 0, v(0,z) = vo(z) > 0,
w(0,x) = wp(z) > 0 for z € D and Neumann boundary conditions on 9D

Ou Ov  Ow 0

on on  on

where n denotes the unit outward normal. As before, the dependence of u, v, w on

(t,z,w) € (0,00) x D x 2 will often be omitted or be indicated only partially. We

choose in this section n = 3, as we will need a certain Sobolev embedding later on

(see ) and since this choice also makes sense from a modelling point of view.

Similar systems with multiplicative noise have been analysed for example in

[Pha20] (stochastic Hindmarsh-Rose equations) and in [TY16| (stochastic Brussela-

tor system). In both publications the existence of a random attractor was shown
for the respective system.

Remark 5.33. Note that, as we consider here a well stirred solution, we include the
Laplace operator in every component as opposed to the partly dissipative structure
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from the previous sections. However, we anticipate that the partly dissipative case
could be handled again by a suitable splitting technique, as it was done in the
deterministic setting in [Mar89].

5.5.1 The Cauchy problem

First of all, we will rewrite (5.71)) as an abstract Cauchy problem on a Hilbert space.
Let us define the spaces

H := L*(D) x L*(D) x L*(D), V := HY(D) x H'(D) x H'(D),

hi
I := hg EH:hl,hz,h;),ZO
hs3
We denote the norm on H as || - ||z and on V as || - [|y. Furthermore, we set

g = (U,’U,U))T, go ‘= (UOaUOaU}O)Tv
and we define the following operator in H

aA—% 0 0
A= 0 bA —1 0 ,
0 0 dA—%

understood as the realization under homogeneous Neumann boundary conditions,
ie.

hq
8h1 8]12 ahg
D(A) = ho | : hi,ho,hs € H*(D), — = —= = —= =0 on D
(A) hi 1, he, hs € H*(D), o o o on

By classical theory A generates an analytic semigroup on H that we denote as
(T'(t))t>0, see for example [Yag09, Theorem 2.19]. Note that the domains of frac-
tional powers of the sectorial operator —A are given, for 3/4 < n < 1, as

hi
Ohy  0Ohy  Ohg
D((—A)") =< | ha | : h1,ho,h3 € H*(D), =—— = — = ——=00n 9D
h on on on
and for 0 <n < 3/4 as
h1
D((—A)") =< | ha | : b1, ho,hy € H*(D) 3 ,

h3
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see [Yag09, Theorem 16.7]. We now fix some n with 3/4 < 7 < 1 and define the
non-linear operator f : D((—A)") — H as

1/e(qw — vw + 2u — u?)
f(g) = (fl(g)7f2(g)7f3(g))T = (%
1/6(—uw + cv)

In particular, we have by Sobolev embedding (see Theorem and recall that the
space dimension is n = 3) that

D((—A)") ¢ H*(D) x H*(D) x H*'(D) ¢ C(D) x C(D) x C(D).  (5.72)

With these definitions let us rewrite (5.71)) as an abstract Cauchy problem on the
Hilbert space H
dg = (Ag+ f(g))dt + ogodB, t>0,

g(0)=goel. (5.73)

5.5.2 Random PDE system

As in the previous sections, we will transform the system of SPDEs into
a system of random PDEs. Let (2, F,P) denote the canonical probability space
associated to the Brownian motion and we identify B(t,w) = w(t) for w € Q. We
define the following transformations

3
-
~—

Il

@D

i
o)
n

Q

&
=
=

I

—~ o~

)
V(t) := exp(—ow(t))v(t), (5.74)

Remark 5.34. For o > 0 the stochastic process X (t) = exp(—ocB(t)) is a solution
to the Stratonovich SDE dX (¢t) = —o X (t) o dB(t). This follows immediately from
Ito’s formula and the conversion between It6 and Stratonovich differentials (see also

Subsection (3.1.2))

dX(t) = —oexp(—oB(t)) dB(t) + %O’Q exp(—oB(t)) dt

= —oX(t) dB(t) + %(—0)(—0X(t)) dt

— X (t) o dB(t).

Using Remark one can easily verify that the transformed random system is
given as

1
oU = aAU — U+ F(U,V,W,1),
OV =bAV —V + F(U,V,W, 1), (5.75)

W = dAW — %WJr (U, V, W, 1),
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with the non-autonomous reaction terms

1
Fi(UV,W,t) = g(qW —exp(ow(t))UW + 2U — exp(ow(t))U?),
FU,V,W,t) =T,

1
F3(U,V,W,t) := 5(— exp(ow(t))UW + cV),

and with initial conditions in I

U(0,z) = exp(—ow(0))uo(x) = uo(z),
V(0,z) = exp(—ow(0))vo(z) :
W(0,z) = exp(—ow(0))wo(x) = wo(z),

and homogeneous Neumann boundary conditions.

Remark 5.35. Note that for the transformation in we used the Brownian
motion B(t,w) instead of the corresponding Ornstein-Uhlenbeck process as used in
the transformation — in Section Using directly the Brownian motion
has the advantage that no additional terms appear in the transformed equations,
like the v;z(fw) in and vez(Aw) in .

Defining G := (U, V,W)", Gy := (U(0,-),V(0,-),W(0,-))" and F(G,t) :=
(F(G,t), F»(G,t), F3(G,t))T, we can formulate the transformed problem as a non-
autonomous initial value problem on H

d
d—f:AGJrF(G,t), t>0

G(0,w;0,Go) = Gy = exp(—ow(0))go = go € I,

(5.76)

where we denote the mild solution at time ¢ with initial condition Gy at time O as
G = G(t,w;0,Gg). The following two propositions establish the existence of local
solutions to ([5.76)) and their non-negativity.

Proposition 5.36. For any Go € H problem (5.76|) possesses a unique local mild
solution G € C([0,T¢q,], H), where T, > 0 depends on ||Gollm, satisfying the vari-
ation of comstants formula

G(t)=T(t)Go + /Ot T(t—s)F(G(s),s)ds, 0<t<Tg,.

Proof. We want to invoke a classical existence result for local solutions of abstract
non-autonomous Cauchy problems in Banach spaces as stated in [Yag09, Chapter 4,
Section 6]. For that we need to ensure that the following local Lipschitz condition
is fulfilled |Yag09, Equation (4.51)]

HF(G’t) _F(é? S)HH
<o(|Gla +Gln)
(I=A7(G = Bl + (I(~AYG s+ (A7 Cll +1) [t 5| + |G — ).
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for (G,t),(G,s) € D((—A)") x [0,T], where ¢ is a continuous, increasing function
and 7' > 0. We compute

| exp(ow(t))U? — exp(ow(s)) U2

< |lexp(ow(t)U? — exp(ow(t))U? |2 + || exp(ow (1) U? — exp(ow(s)) U2

< exp <0 SElp ] MS)!) 1U? = T2z + [exp (ow(t)) — exp (ow(s))| T2
s€[0,T

Now, with |U? — U?| < (|U| + |U|)|U — U| we have for U,U € H?" invoking (5.72)

102 = T2 < (1Uloo + 1Ullo)IU = Ul

<
< (10N gz + 10N 2) |U = Ul

Furthermore, using the local Lipschitz continuity of the exponential function and

the Hélder continuity of the Brownian motion with some exponent § < I (recall

Remark we have ’
[exp(ow(t)) — exp(ow(s))| < Clu(t) — w(s)] < C'lt — s < C'lt - 5.
Thus we can conclude
lexp(ow(t))U? — exp(ow(s)) U2
< exp (082}(1)%] MS)I) (Ul 20 + 101 z20)1U = Ul + C'Jt = s[|T| 20 U2
Furthermore, for U, U , W, W € H?" we can derive similarly
[UW = OW |2 < C(IW 520 |U = Ullz + Ul zn [W = W][2),
and thus we obtain
| exp(ow(t))UW — exp(ow(s))UW ||
< exp (082[1(1)%] IW(S)I) CUIW g2 llU = Ull2 + 1T 20 [ W = W|2)
+ 't = [T g2n | W]l2.

Having these estimates for the non-linear parts of F', we can easily deduce that for
G,G € D((_A)n) , t,s € [O’T]

HF(th) - F(év S)HH
< CUGIa + G (I(=A) "Gl + |(=A)"Cllm + 1)(|t = 5| + |G = Gl),
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and thus by [Yag09, Chapter 4, Section 6] for every Gy € H there exist a unique
local solution up to a time T, in C([0,7¢,], H). The theorem also provides the
estimate

t = AGH) | + 1G)|lm < Cay, 0 <t <Ta, (5.77)

for some constant Cg, > 0. O

Proposition 5.37. Let Gy € I and let G be the local mild solution of (5.76]). Then
G(t) >0 forall0 <t <Tg,.

Proof. The proof works analogously to the proof for the deterministic system, see
[Yag09, Chapter 10, Section 2.2]; we provide it for the sake of completeness. Let
G = (U,V,W)T be the local solution given by Proposition We consider the

following non-linear operator

) 1(gW — exp(ow(t))UW + 2U — exp(ow(t))U?)
F(G,t) = U|
s(—exp(ow(t)) UW +¢V)

and the corresponding Cauchy problem

4G
& SAGHF@G), (5.78)
G(0) = Go.

The existence of a local solution G = (U , f/, W)T up to a time TGO to this problem
follows from the same arguments as outlined in Proposition We now verify
that G € I.

(i) We define the following non-negative, cut-off function

1,2

5 ,—oo<v<0
H(v) = 5V 00 < v 7

0 ,0< v < o0

then p(t) :== [, H D ))dz is continuously differentiable with
_b/ (7 AVd:ch/ H (V)T - 7)dz
Now note that H'(V) < 0, H'(V)V > 0 and
/DH'(V)Ade _— /D VH(V)- Vide = — /D VH! (V)2 < 0,

thus ¢'(t) < 0. Therefore () < ¢(0) and since p(0) = 0 we have ¢(t) =0,
ie. V(t) >0for 0 <t <Tg,.
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(i)

(iii)

Let us set ¢(t) := [, H ))dz, then

(—qW — exp(ow)UW + ¢V)dz

%) \

)=d H’ Ade—i—/H’

exp / H (W) UWdz,

where we have used that

/ H(W)AWdz < 0,
D

andH(j

) < O~H (W)W > 0, as well as V > 0. Thus, using that 0 <
HI(W)W < 2H(W),

¥(t) < S [ 102H(V)as < PO 1 i)

Now making use of (5.77) (which also holds for the local solutions of the
modified Cauchy problem ([5.78])) we have

IT®)le < CI(=A)"C ()] < Caot ™™,

and thus by Gronwall’s inequality
t ~
0(0) < 60)exp (2 [ explow(o)T(3) s
< (0) exp (QCGO /t exp(ow(s))s"ds) .
0

Noting the P-a.s. continuity of Brownian motion sample paths, we can con-
clude from (0 )—Otha‘mb()_o ie. W(t)>0for0<t<Tg,.

Finally, consider x(t) := [, H D ))dz. By similar arguments as before we
derive

—a/ H'(U Aﬁdx—i—/ H'(U %(U+qW—exp(aw)UW—exp(aw)Uz)d
<2 [ (14 exp(ow) 1] + exp(ow) 0) (D)
€Jb

< 20+ ([T (1) oo + exp(ow) [T (D)) (1),

and we can conclude as before that x(t) = 0, i.e. U(t) >0 for 0 < t < TGO.
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Having established the componentwise P-a.s. non-negativity of G we can deduce
that F(G(t),t) = F(G(t),t) for 0 < t < Tg,. This implies that G(t) = G(t) for
0 <t < Tg,, where G(t) is the unique solution of (5.76). That is for Tg, > Tg, the
proof is finished. For TGO < Tg, consider

To=sup{0 < T <Tg,:U(t),V(t),IW(t) >0forall 0 <t <T}.

The continuity of ¢(t),v(t), x(t) implies that also V(Tp), W(Ty),U(Tp) > 0 and if
Ty = T, we are finished. If Ty < T, we repeat the procedure with initial time Tj
and initial value G(Tp), this would give us 7 > 0 such that U(t), V (t), W(t) > 0 for
To <t <Tp+ 7, which is a contradiction, hence Ty = T, . ]

Remark 5.38. In particular, M = [0,00) X [0,00) X [0,00) can be considered as an
invariant set for the system, that is, starting in M, the local solution will stay in
M P-a.s.. This knowledge will allow us to obtain the necessary a-priori estimates
that guarantee that solutions exist globally in time, see the following subsection.

Remark 5.39. We also note that the solution continuously depends on the initial
data by classical results. Furthermore, we note that the mild and weak solution
coincide as in the partly dissipative setting from Subsection see [Bal77,|Juz14].
In the following we refer to solutions always in this mild/weak framework.

5.5.3 Global existence of solutions

In this subsection we will deduce that solutions to the random PDE system exist
not only locally, but globally in time. Recall that our transformed system reads as
follows with some initial time ¢g

% CAG T F(G1), t> 1o, (5.79)
G(to,w;to, Gty) = G, = exp(—ow(to))go € I, (5.80)

and we denote the solution at time ¢t as G = G(t, w; to, Gy, ), starting at to with Gy,.

Proposition 5.40. For any given random variable p(w) > 0, there is a time —o0 <
T(p,w) < —1 such that for any ty < 7(p,w) and for any initial data g9 € I with

llgollm < p(w), the solution G(t,w;ty, Gy,) of (5.79)-(5.80) uniquely exists on [ty, 00).

Proof. The proof works similarly to the proof of [Pha20, Lemma 2.2 and Lemma
2.3]. Let p(w) > 0 and ||go||g < p(w). Multiplying equation (5.79) componentwise
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by G and integrating over D yields for the first component

1
th/ ]U2dm+a/ VU |*da + - /Ude

th/ U] dx—a/ AUUdx + - /Uzdx
_/ g(qI/VU — exp(aw)U2W+ 2U7% — exp(aw)U3)dx
D

1 2
< / - <i exp(—ow)W 4 2U?% — exp(aw)U3) dz,
D

where we have used that ¢WU < exp(ow)W

(¢ /4 exp(—20w) +U?). For the second
component we obtain

2 2
2dt/|v| d:z+b/|VV\ dr + - /de

VI2dz — b / AVVdx + = / V2dz
55 LV i
—/D(UV—2V2)dx

1
g/ U? — —V3dz,
D 4

and finally for the third component

th/ ]W!Qdm+d/ VW [*da + /W2

_ 2
th/ W[2da /AWdeJr /W

1
—/ —ffI/V2 — —exp(ow)UW? + Sywadz
p 02 (5

5
< W2 + V2da:
/D 64 qé

where we have used the non-negativity of the local solution as derived in Proposition
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5.37, Now set & = 461%2 and combine the three estimates from above

1d
s | (O Ve Whdst [ @VUR bV + VW)
D D

1 [ (2
+ / <U2 +eviy qW2> da
2 D g (5

</U2 2 o +e) 4w 0 (—ow) — L) d
=/ -~ exp(ow 22 Xp(—ow) — < T

2

</, <s * 5) 77 OXP(20w) + gy exp(~20w)dz

2 \’14 36
= |D| <5 —l—f) —e? exp(—20w) + |D| a exp(—2ow)

27 16¢2
= Cexp(—20w), (5.81)

where we have used

3
U? 2 +¢) < M[ﬁ + 2 +¢ i(g? exp(—20w),
€ € € 27

and
2

1 §
W2+ ZT‘? exp(—2ow).

1
- _ < Z
5qexp( ow)W < 5

Thus, we have
d
T (U113 +ENVIE + IW13) +2M (VU3 + [VV 3 + [VW13) (5.82)
+u (U3 +€lVIE+1W]3)
< Cexp(—2ow),

where we have set p := min{2/¢,1,¢/d} and M := min{a, b, d}. Applying Gronwall’s
inequality yields

U113+ ENVIE + IW I3 < exp(—p(t — to)) exp(—20w(to))([[uol3 + Ellvoll3 + [lwoll3)
t
+C | exp(—(t —s)pu)exp(—20w(s))ds,
to

that is, with { = min{1, &}, € = max{1,£}, we have for t > tg

IG(t,wito, Gy )|I7r < 7 exp(—plt — to)) exp(—20w(to)) lgoll7

IN
[y ||

+ C’/_ exp(—(t — s)u) exp(—2ow(s))ds. (5.83)
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Let us take t = —1, then

IG (=1, wito, Geo)ll7r < 7 exp(n — plto| — 20w(to)) p(w)”

[ [

-1
+ C'/_ exp(p + ps) exp(—2ow(s))ds.

By the sub-linear growth of the Brownian motion (see Proposition [4.25)) the integral
on the right hand side converges. Furthermore, for any p(w) > 0 and for a.e. w
there exists a time 7(p,w) < —1 such that for any ¢y < 7(p,w)

>1/2, and exp(u(l = 1/20t0)p(w)? < 1

20w(tp)
uto

1

Thus, with exp(—plto] — 20w(tp)) = exp (—,u\to|(1 — 20:7;50))) it follows

HG(_law7t07gO)HH S TO(W),

where r¢(w) := \/1 +C f__olo exp(p + ps) exp(—2ow(s))ds.
We can also integrate ((5.82)) over [—1,¢] then we obtain

t

|G (~1,w; o, go)||% + C/ exp(—2ow(s))ds (5.84)
—1

IN

IG (2, ws to, go) I

IN

[ [N [y [y

ro(w)® + C/l exp(—20w(s))ds,

thus for a.e. w € 2 and any T > —1 the weak solution uniquely exists for ¢t €
[to,T] and does not blow up. Uniqueness follows from the uniqueness of the local
solution. n

5.5.4 RDS and bounded absorbing set

In the following we will define a random dynamical system associated to the original
problem (5.73|) and derive the existence of a bounded absorbing set.

Lemma 5.41. S(t,7,w)go = exp(ow(t))G(t,w; T,Gr) defines a stochastic flow.
Proof. Recall Definition Proposition ensures that G(t,w; 7, G;) uniquely

exists on [7,00), and therefore S(¢,7,w)go as well. By the uniqueness of solutions
we have for 7 < s <tand w € Q
S(t,s,w)S(s,m,w)go = S(t,s,w) exp(ow(s))G(s,w;T,Gr)
= exp(ow(t))G(t,w;s,G(s,w,T,G))
= exp(ow(t))G(t,w;T,Gr)
= S(t,T,w)go-
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Furthermore, let (7'(t)):>0 denote the semigroup generated by A. Using the mild
formulation of solutions we show that

S(t—7,0,0,w)g0
= exp(cb,w(t —7))G(t — 7,60,w;0,Gop)
= exp(ow(t) — ow(7)) [T(t — T)go

—i—/o Tt—7—r) exp(—UQTw(r))f(exp(a@Tw(r))G(r))dr}
= exp(ow(t)) [T(t — 7) exp(—ow(T))go

—i—/o T(t—71—r)exp(—ow(r+ T))f(exp(UHTw(r))G(r))dr]
= exp(ow(t)) [T(t — 7) exp(—ow(T))go

—i—/ T(t —r)exp(—ow(r))f(exp(crw(r —7))G(r — T))dr]
= exp(ow(t)) [T(t — 7) exp(—ow(T))go

—i—/ T(t — r)exp(—ow(r))f(exp(ow(r) — ow(T))G(r — T))dr]
= exp(ow(t))G(t,w;T,G;)
= S(t,,w)go-

The measurability condition can be verified easily, since the solution is continuous

with respect to the initial conditions and measurable with respect to w, see also
[GLR11, Theorem 1.4]. O

Now we can define a random dynamical system associated to our SPDE system.

Lemma 5.42. The mapping ¢ : RT x Q x H — H defined via o(t,w,gy) =
S(t,0,w)go defines a RDS over the MDS (Q, F,P,0) associated to the original prob-

lem (B-73).

Proof. We have ¢(0,w,go) = S(0,0,w)go = go and the cocycle property can be
verified as follows

(
(t,0,05w)S(s,0,w)go
(t+s,s,w)S(s,0,w)go
(t+s,0,w)qg0

(t+ s,w,90).
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Note that we work here directly with the RDS associated to the SPDE instead
of a conjugated RDS associated to the random PDE, as we did in Subsections [5.2

and Let us denote by T the set of all tempered subsets of H.

Proposition 5.43. There exists a bounded T -absorbing set for the RDS ¢ given by
the ball B(w) := B(0, Ro(w)), where Ryo(w) is a tempered random variable as defined

Proof. The proof works similarly to the proof of |[Pha20, Theorem 2.6].
B(0, p(w)) be an arbitrary tempered set and go € B(0, p(6_w)). Note that

o(t,0_4w, go) = S(t,0,0_w)go = S(0, —t,w)go = G(0,w; —t,G_y).

Now, by (5.84)

ra 0
IGO0, 1, Goo) < 1601w, Gl +.C [ exp(~20(s))ds,
S —1
and by
HG(_L w; —t, G—t)”%{
< geXP(—u(—l + 1)) exp(—20w(—1)) o1
B —1
e / exp((1 + $)) exp(—20w(s))ds
< Sepuexp (=15 (1= 2750 ) ) exp- /210000

~1
+ C/ exp((1 + s)p) exp(—20w(s))ds.

Let

Now, due to the sub-linear growth property of the Brownian motion and the tem-

peredness of p, we have
4 _
lim exp _ut 1_£w( 2 =0
t—oo 2 1% —t

. . 2 _
Jim exp(—pt/2)p(0—w)” = 0.

and

Thus, there exist a finite random time T'(p,w) > 1 such that for all t > T'(p,w)

IG(—1,w; —t, G_t)leq <1+ C/__l exp((1 + s)u) exp(—20w(s))ds = r%(w).
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Therefore for t > T'(p,w)

lp(t, 0—se, 90) 71 = G (0, w3 —t, G_o) I

0
< 23 (w) + C/_l exp(—20w(s))ds =: Ry(w)?. (5.85)

[y |y

Thus B(w) := B(0, Ry(w)) is a bounded tempered absorbing set for the RDS ¢. [

Let us set T'(w) := supp(g pw))er I (p;w) as the total absorption time for the
universe 7.

5.5.5 Compact absorbing set

Having the Laplace operator in every component of we can, in contrast to
the partly dissipative systems from Sections and derive in this setting an
absorbing set in V for the full RDS ¢, without invoking any splitting technique. Due
to compact embedding this allows us to directly derive the existence of a compact
absorbing set.

Proposition 5.44. There ezists a random variable R(w) > 0 such that for any
given random variable p(w) > 0 there is a finite time 0 < T'(p,w) such that if go € 1
with lgollir < plw), then

lio(t, 610, go)llv < R(w),  for t > T(p,w). (5.86)

Proof. The proof works similarly to the proof of [Pha20, Lemma 3.1 and 3.2]. Mul-
tiplying (5.79) by —AG and integrating over D yields for the first component

1d 2 2
2 SIVUIR + all AU
1 1 1
:—/ qWAde—i—/ exp(aw)UWAUd:r—/ UAUdzx
€JD €JbD gJD
1
+/ exp(ow)U?AUdz
€JD

2 2 2 2
ga/ AU2dx+7<g) /W2dx+a/ AU2dz + 2 ((2Pw) /U2W2dx
8 D a \& D 8 D a g D

21 2 2
+“/ AU2dx+/ U2dx+a/ AU2dz 1 2 ((&Plow) /U4d:c,
8Jb a &2 D 8Jb a € D
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and thus
d 2 2
VU2 +all AU

a

2
1 2 (SN s
a 4
2

9\»&

For the second component we obtain

thHVVHQ—i—bHAVHQ _ —/ UAVda:Jr/VAde

S

< SIAVIE + bHUHg—HVVH%,

\]

and thus
d 2 2 1 2 2
VI +blAVIz < S Ul = 2[VV]3.
Finally, for the third component we compute

A
S SIVWI + dl AW

_4 / WAWde 1+ SPOw) / UWAWdz — < / VAWdz
0 Jp d D 0 Jp
q d 1 [exp(ow)\? d

< —SIVWIE+ < IAW]5 + 5 —— UW2dz + | AW |2
5 4 d 5 5 4

1 /c\2 9
+(5) VI3
that is

d
VW + dl AW |3
2

4 exp(ow) 2 L 2 [exp(ow)\? 4
<= (D IR+ S0+ > (SRED) g+ 2 (SR o
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q exp(ow) 2 L 2 [exp(ow)\? 4
= (D W3+ S So1g+ 2 (C2ED) s+ 2 (SR .

< 2 (Y Wi — 2t w3 2 (SRD) sy 2 (D)
= d\s 27 204 B 474 5 4
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Combining these three inequalities we arrive at

d
S IVUIE+IVVIE + IVW3) + (@l AUZ + 0| AV]3 + d] AW ]3)

+2vauz+2( )||ku2

< (5 o) 0B+ 3 (5) Wi+ 2 (4) 1wig
+ (S <exp(;w)>2 = UW)) )rmu
N (CQL <expiaw)>2 exp 2)

Now we have the Sobolev embedding H'(D) < L*(D) (cf. Theorem|C.1), i.e. there
exists x > 0 such that

W13

10z < x(IU13 + [IVU13)? < 2x(IUl2 + [V U12),

and
Wi < 2x(IW]l5 + IVW]3).

Thus we obtain the following inequality

d
S IVG( w7, Gl

< |Gt w;m, G| + Caexp(20w) |Gt w; T, G|y
+ Cyexp(20w)||VG(t,w; T, G ||4IVG(t, w; T, G || %,
2 2
where 1 = max { (} + 25,3 (5.2 (9} 2 = (£ (1)* + 3 (3)") 2x. We want
to apply the uniform Gronwall lemma to this inequality. We therefore note the

following. Let t* € [-2,—1]. Let g9 € B(w) (that is we can assume p(w) = Ro(w)
due to the absorption property) and recall that G, = exp(—ow(7))go.

(i) We prove that there exists a time T*(Rp(w)) < —2 such that for any 7 <
T*(Rp(w)) and t € [—2,0]

|G (t,w; 7, Go)llg < p1(w), (5.87)

where pj(w) is a positive random variable defined below. From ([5.83)) we have
for t = —2

1G(=2,w;7,G7)||5 < 2 exp(2p — p| 7| — 20w(7)) R (w)

[y [

+ C’/__ exp(2u + sp) exp(—2ow(s))ds.
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As in the proof of Proposition we note that by the sub-linear growth
property of the Wiener process and the temperedness of Rg(w) there exist a
T*(Ro(w)) < —2 such that for any 7 < T*(Ro(w)),

20w(T)
T

1—

>1/2, exp(u(2 - 1/207])) S R)w) < 1.

[ [y

Thus for 7 < T*(Ro(w))

62,76l < S exp (20— [1 - 2“;“]) R(w)

-2
+ C/ exp(2u + sp) exp(—2ow(s))ds
-
<1+ C’/ exp(p + sp) exp(—2ow(s))ds
= ro(w)?.

Now integrating (5.82)) over [—2,¢] for ¢t € [-2,0] yields

2, 2M [ 2
1G(#wim Golll + = IVG(s,w; T, Gr)l[ds
S J-2
7 t

< §\|G(—2,u};7’, Gol% + C/ exp(—2ow(s))ds
£ 2
€ ’
< gro(w) +C | exp(—20w(s))ds
S -2
=: p1(w).
This establishes (5.87)).

(ii) Now, by (5.81)), for ¢ € [t*, —1], we can deduce that for any 7 < T*(Rp(w))

t+1 g C
VG(t,w;T,Gr)||%ds < w) + exp | 20 sup |w(s
| ive s < (@) + g7 ( )

=: k1(w)

(iii) Furthermore, for t € [t*, —1], we can deduce that for any 7 < T*(Rp(w))

t+1

Cy exp(20w(s))||VG(t,w; T, G7)||}ds
t

< Cyexp (20 sup |w(s)|) k1(w) =: ko(w).

s€[—2,0]
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(iv) And finally for ¢t € [t*, —1], we can deduce that for any 7 < T (Rp(w))
t+1

C1|G(t,w; T, Gr )l + Ca exp(20w)|| G (t,w; 7, Gr) |1 ds
t

< Cip1(w) + Caexp (20 S[up ] w(s)]) p1(w)? =: K3(w).
se[—2,0

Now, applying the uniform Gronwall lemma yields for all ¢ € [t* + 1,0] and 7 <
T*(Ro(w))

VGt w; T, G5 < (k1(w) + ra(w))e™®) = Ry (w)?.
Therefore for t > T(p,w) := max{|T*(Ro(w))|, T(p,w)}

lo(t, 0—, go)llv = 1G(0,w: 1, Gp)|y
= JIGO.w; ., G_0) % + VG0, w; .G |4
= /R1(w)? + Ro(w)? =: R(w).

The existence of a random attractor is now a straightforward consequence.

Theorem 5.45. There exists a unique T -random attractor for the random dynam-
ical system .

Proof. By Proposition [5.44] there exist a bounded absorbing set in V and due to the
compact embedding V' — H (Theorem |C.2)) this implies that there exists a compact
absorbing set. The statement thus follows by Theorem O

5.6 Outlook

In this chapter we have derived the existence of random attractors for different
stochastic (partly dissipative) reaction-diffusion systems with different types of
Wiener noise, i.e. additive and multiplicative and different forms of couplings, i.e.
linear and non-linear. There are several directions in which this research could be
extended in the future.

As mentioned before, in [Mar89,|Mar87| the existence of random attractors for
general partly/fully dissipative autonomous reaction-diffusion systems that possess
an invariant region has been derived. It would be desirable to extend this theory
to the stochastic setting, as started in Subsection (see Remark . More
specifically, in the deterministic setting the invariant region is used in order to derive
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a bounded absorbing set. That is, let us for simplicity look at a one component
reaction-diffusion equation on D C R"

Ou = dAu + f(x,u), (5.88)

where f is sufficiently regular and assume that M C R is a closed convex region
that is positively invariant and ¢ = sup(;,)epxa [f(z,u)| is finite. Assume that
u(0,7) = ug(x) and ug € L?(D, M). Then multiplying by u and integrating
over the spatial domain D yields

1d
il + dIVul = [ 7o wude < oD ul

Using the Poincafe inequality and Young’s inequality one can infer that
d 2 2
g lulz + Cillullz < Gz,

for some constants C7,Cy > 0. Thus by Gronwall a bounded absorbing set in the
form of a closed ball in L?(D, M) can be derived easily. Now, consider the following
stochastic equation, where B is a real-valued Wiener process

du = (dAu+ f(u))dt +uodB, (5.89)

which can be converted by a standard Doss-Sussmann transformation into the ran-
dom equation

U = dAU + exp(—B(t)) f(exp(B(t))U). (5.90)

Suppose that the solution remains non-negative for non-negative initial conditions
and that f is bounded on [0, 00), then we could do a similar analysis as above, i.e.
we would arrive at

d
&HUH% + C1||U[f5 < Coexp(—2B(t)),

that is, we would have the analogue of equation that we encountered for the
Field-Noyes system and just like there we could infer the existence of a bounded
absorbing set for . Note that for the Field-Noyes system we only showed that
a priori the solution will remain non-negative for non-negative initial conditions,
however a priori the non-linearity is not bounded on [0,00)3. Thus we had to
make explicitly use of the structure of the non-linearity in order to derive .
Nevertheless, one may be able to generalize the result that we have obtained for the
Field-Noyes system to a larger class of stochastic reaction-diffusion equations whose
solutions preserve the non-negativity of the initial condition and whose non-linearity
obeys a certain structure, see for example [Kot92].

Concerning systems with general invariant regions let us note that there are
few results available on deterministic invariant regions for stochastic equations.
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In [CV04] the authors considered systems of semi-linear stochastic equations, whose
deterministic counterpart possesses a bounded invariant set. They showed through
a Wong-Zakai type approximation that there exist uniformly bounded approximate
solutions to their stochastic systems, what then allowed them to employ determinis-
tic techniques to derive the existence of an invariant region for the stochastic system.
One may be able to use this result for the derivation of a random attractor for these
systems by invoking similar thoughts as described above. Note however, that the
restrictions on the non-linear terms in |[CV04] are rather strict and do not allow for
non-linear couplings between components. That is, this result could have not been
applied for the Field-Noyes system. Another starting point might be to consider
random invariant regions, however, in this case, a different approach compared to
the one above will probably be needed.

Of course, it would be desirable to not only establish the existence of random at-
tractors for the systems covered in this chapter but also to characterise the attractors
further. That is, first of all, it would be useful to find bounds on the dimensions
of the random attractors and to compare them to the determinisitc results, see
Remark Another possibility would be to show that a random exponential at-
tractor exists. These are compact subsets of the phase space that are attracting at
an exponential rate and, since they are of finite fractal dimension and contain the
global random attractor, their existence would already imply that the global ran-
dom attractor has finite fractal dimension as well, see [CS17|. Furthermore, a finer
resolution of the dynamics might be possible by analysing invariant manifolds of the
system, see for example |[DLS03,|CS10]. In the following chapter, we will explore
this possibility in so-called fast-slow SPDE systems, where the dynamics evolve on
two well-separated time scales. More precisely, we will characterise the fluctuations
of sample paths around an hyperbolic attracting slow manifold of the corresponding
deterministic system.



Chapter 6

Fast-slow stochastic partial
differential equations

In this chapter we consider one of the simplest representatives of fast-slow SPDFEs,
namely a linear SPDE with a slowly varying parameter. We prove that for a short
period of time the probability for the sample paths to leave a uniform neighbourhood
around the stable slow manifold (which is simply the zero solution in this case) is
exponentially small. This chapter is based on joint work with Manuel Gnann and
Christian Kuehn, which was published in |[GKP19].

6.1 Introduction

Fast-slow systems consist of a pair of coupled ordinary differential equations
(ODE’s), where one of the equations contains a very small scaling parameter € in
the derivative. This leads to the phenomenon that the coupled sub-processes evolve
on well-separated time scales. As this kind of behaviour can be observed in many
physical and biological systems, fast-slow systems naturally arise as an important
tool for mathematical modelling. Real-world examples include

e Ocean-atmosphere systems in climate models, where the slow variable de-
scribes the state of the ocean and the fast variable describes the state of the
atmosphere.

e Predator-prey systems in ecology when the reproduction rates of predator and
prey differ strongly.

e FEnzymatic reactions, where the enzyme’s concentration evolves much faster
than the concentration of other involved reactants.

The mathematical analysis of fast-slow systems is well-established and several
asymptotic and geometric techniques have been developed throughout the years.

181
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We refer the reader to the following monographs for a thorough background
[Eck11} Kuel5b, KC12,|0’'m91} Ver05]. One of the most interesting dynamical be-
haviours that can be observed in non-linear fast-slow systems is that of relaxation
oscillations. These are periodic motions of the system due to an alternation in fast
and slow phases, see Example below for more details.

As outlined in the Introduction, by adding a noise term to a differential or
partial differential equation a physical system can often be modelled more realis-
tically. It is thus not surprising that stochastic fast-slow systems were intensively
analysed as well. Applications range again from neuroscience [LSG99,SRT04], over
climate science [BPSV82, MTvdEO01, Has76], to ecology [SMSGO07,|SK18], among
many other areas. In particular, the sample path viewpoint, developed by Berglund
and Gentz [BG06|, yields a very successful technique to analyse these systems and
to characterise noise-induced phenomena. In their theory they focus on random
perturbations given by a real-valued Brownian motion or a finite sum of Brownian
motions, see Section for more details. In [EKN20| the authors started to extend
this theory to stochastic fast-slow systems driven by fractional Brownian motion
(fBM). A fBM is a centred Gaussian process that is parametrized by the so-called
Hurst parameter H € (0,1). For H # 1/2 the increments of the corresponding
process are no longer independent but correlated, allowing to model long-range de-
pendencies.

It would be very desirable to have a generalization of the theory by Berglund
and Gentz to fast-slow SPDEs. Fxamples of such systems arising in applications are
the FitzHugh-Nagumo SPDE [GOS12, BK16], slowly-driven amplitude/modulation
equations |[BI607,|GK15], and degenerate controlled SPDEs |[LPS15, LSP18|. There
are certainly many other important examples as most PDEs arising in applications
have parameters, which quite often are slow wvariables, and those PDEs should fre-
quently have noise terms, e.g. due to internal or external fluctuations. We formulate
an important class of such equations as follows

du = [Au + f(u,v,e)] dt + o dW,

6.1
dv = eg(u,v,¢e) dt, (6.1)

where A is a differential operator that generates a strongly continuous semigroup
on a Hilbert space space H and W is a H-valued Q-Wiener process. As a first step
towards such a generalization, we consider the situation where the system is reduced
to a scalar linear non-autonomous SPDE. This is already the theoretical analogue
to the key step in the SODE theory of Berglund/Gentz; see the linearized parts of
the estimates in [BG06, Section 5.1.2].

We investigate the SPDE on a bounded interval so that the solution can be
expressed by a Fourier series and the SPDE is naturally reformulated as an infinite-
dimensional system of SODEs. The linear reaction term consists of a time-dependent
coefficient and a non-local operator that generates linear couplings between the first
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ke — 1 modes. Thus, it is natural to split the system into two parts: the first
part consisting of the first k., — 1 coupled low-frequency modes and the second part
consisting of infinitely many decoupled high-frequency modes. Both components are
estimated by Bernstein-type inequalities and the limiting process in the second part
is approached by an iteration argument. The probability to exit a suitably chosen
neighbourhood around the stable slow manifold of the system can then be estimated
by convolving the corresponding probabilities for finite and high frequencies. In
particular, we are able to show that for a short period of time this probability is
exponentially small with respect to the size of the neighbourhood. Systems of the
form presented here arise not only directly in numerical spectral Galerkin methods
for SPDEs [Kuel5c| but also in the context of inertial manifolds defined via a finite
number of effective Fourier modes; see [Tem12] for the classical deterministic setting.

The remaining part of this chapter is structured as follows: In Section we
will formally define fast-slow systems and introduce the corresponding terminology.
Subsequently, in Section [6.3| we will consider the stochastic counterpart in finite
dimensions and, in particular, present relevant parts of the theory by Berglund and
Gentz. In Section [6.4] we consider the extension to SPDE’s as described above. Re-
sults in this section were published in [GKP19| (joint work with Manuel Gnann and
Christian Kuehn). More precisely, in Subsection we define the setting at hand
in detail and we derive the finite-dimensional approximation in Subsection [6.4.2
The main result and technical contributions are contained in Subsections
Lastly, we provide a summary and an outlook on future research in Section [6.5

6.2 Deterministic fast-slow systems

In this section we briefly introduce the terminology of fast-slow systems. We keep
this section short and we refer the reader to [Kuel5b| and the references mentioned
therein for a detailed presentation of the theory.

Definition 6.1. A fast-slow system is a system of ODE’s of the following form

du
ET = f(u7v7€)7
v 6.2
STT = g(u,v,a), ( )

where u respectively v are unknown R™- respectively R™-valued functions, f : R™ x
R" xR — R™ and g : R™ x R™ x R — R" are sufficiently regular vector fields and
0 < e < 1 is the so-called time-scale parameter. We refer to u as the fast variable,
to v as the slow variable and to 7 as the slow time scale. By defining the fast time
scale t := 7/ we can transform into the equivalent system

% = f(u7 U? 6)7 (6 3)
S = eg(u,v,e). '
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A first approach towards analysing the dynamics of a fast-slow system is to take
the so-called singular limit, that is setting € = 0. Depending on the time scale this
leads to two different subsystems:

Definition 6.2. The singular limit of (6.2)) yields a differential algebraic equation,
the so-called slow subsystem

O = f(u,v,O),
L = g(u,v,0). (64)

The flow generated by this system is called the slow flow. Taking the singular limit
in (6.3)) results in the so-called fast subsystem

du

o= u,v,0),

g - o (6.5)
dt '

This is a parameterized ODE and the generated flow is called the fast flow. Note
that the two subsystems (6.4]) and (6.5)) are not equivalent any more.

The main idea is to analyse invariant objects of the two limiting subsystems
and then use perturbation methods to characterise the dynamics of the full systems
and for € > 0 sufficiently small. This approach is often termed Geometric
Singular Perturbation Theory (GSPT). A key object in this theory is defined in the
following.

Definition 6.3. The set
Co ={(u,v) € R xR" : f(u,v,0) = 0},
is called the critical set. If Cy is a manifold, we call it the critical manifold.

The critical set consists of equilibria of the fast subsystem and also determines
the phase space of solutions of the slow subsystem. It can be further characterised
in the following way.

Definition 6.4. We call a point p = (u,v) € Cy hyperbolic if the matrix (D, f)(p,0)
has no eigenvalues with vanishing real part. Here D, denotes the total derivative
with respect to u. We call a subset S C Cy normally hyperbolic if all p € S are
hyperbolic.

If all eigenvalues of (D, f)(p,0) have negative real part for all p € S, we call S
attracting. Similarly, if all eigenvalues of (D, f)(p,0) have positive real part for all
p €S, we call S repelling. A normally hyperbolic subset S where the eigenvalues of
(Dw.f)(p,0) have both positive and negative real parts, is called of saddle-type.

Here, we focus on the case where the critical manifold is given locally by a graph
of the slow variable, that is for an open subset Dy C R™ we can write

Co={(u*(v),v) e R xR" : u* : Dy — R™, f(u*(v),v,0) =0,v € Dy}. (6.6)
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Remark 6.5. Note that for a normally hyperbolic critical manifold such a local
representation is always guaranteed by the implicit function theorem.

Assume that Cj is normally hyperbolic attracting. In this case solutions to (6.2
starting close to the critical manifold will approach Cj in a time of order ¢|loge|.
During this time interval the fast flow provides a reasonable approximation for
the dynamics. For larger times solutions remain in an e-neighbourhood of Cj and
they are well approximated by the slow flow. This result of an exponentially fast
convergence towards an e-neighbourhood of a normally hyperbolic attracting critical
manifold is due to Tihonov [Tik52] and Gradshtein |Grab3|. Furthermore, Fenichel
provided by means of a geometrical approach insight into the dynamics within this
neighbourhood in terms of an invariant manifold. Recall that a manifold M in a
phase space is invariant with respect to a flow ¢ if ¢¢(m) € M for all m € M and
teR.

Theorem 6.6 (Fenichel’s theorem [Fen79|). Let the critical manifold of the fast-
slow system be given by . Assume that Cy is normally hyperbolic and
that f,g € CF(R™ x R® x R), 1 < k < oo. Then there exists ¢g > 0 such that for
all 0 < € < gg there exists a locally invariant C*-smooth manifold, called the slow
manifold,

C: ={(u,v) e R" xR" : u =u(v,¢e) :=u"(v) + O(e),v € Dy}. (6.7)

Furthermore, C. has the same local stability properties with respect to the fast vari-
able as Cy.

Remark 6.7. In the normally hyperbolic case Fenichel’s theorem is one of the main
tools for analysing dynamical phenomena in fast-slow systems. In settings with a
non-hyperbolic critical manifold other methods have been developed such as the
so-called blow up method, see for instance |[Kuel5b| and [EK20] for a recent result
in the infinite-dimensional setting.

Example 6.8 (Van der Pol equation). A classical example of a fast-slow system is
generated by the famous Van der Pol equation

u” + pu? — )u' +u = a, (6.8)

where p > 1 4s a parameter and a > 0 is a constant forcing term. Transforming
this second order ODE into a system of first order equations
’ ul
ew = v— 5 +u,
/ 5 (6.9)

v = a-—u,

where we have set € := 1/u?, reveals the typical fast-slow structure. Let us consider

the unforced setting with a = 0. The critical manifold is given by the cubic curve
3

Co = {(u,v) € R?: v =% —u} with its two fold points Fy = (—1,+2/3) and Fy =
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(1,—2/3), see the blue graph on the right side in Figure . We can furthermore
identify a normally hyperbolic repelling part of the critical manifold, namely Cjy =

Con{-1 < u < 1}, and two normally hyperbolic attracting parts, that is C& =
CoN{u< -1} and CZ = Co N {u > 1}.

2.5

trajectory
Co

0 20 40 60 80 100 -3

)
=
)
w

Figure 6.1: Numerical solution of with € = 0.1, a = 0 and initial conditions

u(0) = 0, v(0) = 2 using a simple Euler method. We observe relazation oscillations
of the fast and slow variables.

In the singular limit of the fast subsystem
%—? = v-— %3 + u,
v —
a = 0

v 18 a constant parameter, and depending on its value the dynamics of the fast
variable u exhibits one, two or three equilibrium points lying on the critical manifold.

Thus trajectories start with a fast motion towards the attracting branches C& or Cg.
The slow subsystem, given by

d —
£ = -
describes the flow on the critical manifold in the singular limit ¢ = 0. That is

trajectories starting on Co move upward on C§ and downward on CZ according to
du u

ar = —m—1- Approaching one of the fold points, let us say Fi, the trajectory jumps
in the fast subsystem to the drop point (2,2/3) € C2. Then it continues along C3
towards Fy, where it jumps back to the drop point on C&. Thus we observe a periodic
orbit in the singular limits ¢ = 0. This alternation between slow dynamics and fast
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dynamics in the form of jumps between generic fold points and normally hyperbolic
drop points, is called a relaxation oscillation. If the full dynamics converge in the
singular limit € — 0 to such a behaviour, or conversely the periodic orbit for ¢ =0
persists as an attracting limit cycle for € > 0, we call the full system a relazation
oscillator. For the Van der Pol system this is indeed the case, which can be observed
in simulations of the full dynamics, see Figure left.

6.3 Stochastic fast-slow systems

Definition 6.9. Let (2, F,P) be some probability space. A general stochastic fast-
slow system has the form

— 1 g
du = Zf(u,v)dr + 7% (u,v) dB, (6.10)
dv = g(u,v) dr 4+ 04G(u,v) dB,

where (u,v) = (u(T,w),v(T,w)) € R™ x R", w € Q and B = B(t,w) is a k-
dimensional vector of iid Brownian motions defined on (2, F,P). Furthermore,
0 < g,0f,0y < 1 are small parameters, the maps f,g,F,G are assumed to
be sufficiently smooth and all maps have suitable domains and ranges, that is
F :R™ xR — R™F G : R"™ xR — R™k f . R™" 5 R™ and
g : R™™™ — R™ The parameter ¢ controls the time scale separation between the
fast u variables and the slow v variables, while the parameters o and o, regulate
the noise level. We further define the ratio p := o4/0y.

The solution of is a stochastic process (u(7,w),v(7,w)) depending both
on time 7 € R™ and the realisation w € ). There are two major viewpoints for
analysing solutions: Either one is interested in the distribution of the corresponding
random variables for fixed times 7 or the goal is to characterise the behaviour of
sample paths, that is the temporal evolution of solutions for fixed realisation w. We
will focus here on the latter one.

Remark 6.10. Note that as we are mainly interested in sample paths we often omit
the dependency on w € € in our notations, e.g. we write (u(7),v(7)) for solutions

of (E10).

Example 6.11 (Stochastic Van der Pol equation). We pick up once more the stan-
dard example of the Van der Pol system and perturb the fast variable by a
Brownian motion B(t)

du = (v—"% +u)dt+o dB,

11
dv = —eu dt. (6.11)

Using a simple Euler-Maruyama method we can derive a numerical solution of
(6.11)) and we plot a corresponding sample path, see Figure .
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trajectory
Co

)

Figure 6.2: Numerical solution of (6.11]) with e = 0.1 and initial conditions u(0) = 0,
v(0) = 2 using a simple Euler-Maruyama method.

A fundamental theory to rigourously analyse the behaviour of sample paths for
stochastic fast-slow systems was developed by Berglund and Gentz [BG06, BGO03,
BGO02|. In their work they not only analyse the dynamics near an attracting normally
hyperbolic manifolds, but they also treat the cases where the fast subsystem admits
bifurcation points or periodic orbits. Here, we focus on the normally hyperbolic
attracting case and in the following we will briefly summarize the main result by
Berglund and Gentz in this setting, following [BG06, Section 5].

In the case where the critical set of the associated deterministic system is a
normally hyperbolic attracting manifold, Fenichel’s Theorem yields the existence of
a locally invariant slow manifold C. that is normally hyperbolic attracting as well.
In this setting and under sufficiently small noise, it can be observed that a typical
sample path of starting near C. is going to fluctuate around C. and also slowly
drifts according to a stochastic perturbation of the slow subsystem. We will make
this precise in the following, whereby we closely follow [BGO06, Section 5].

Let us fix the following assumptions for the system .

Assumptions 6.12.

(i) Regularity: Let D C R™ x R™ be open and f € C?(D,R™), g € C?(D,R"),
F € CY(D,R™**) and G € C*(D,R"**). Furthermore, f,g, F,G and all their
existing derivatives are uniformly bounded in D by a constant M.

(ii) Critical manifold: There exists a connected open subset Dy C R™ and u* €
C(Do,R™) such that

Co={(u,v) € D:u=u"(v),v € Dy}
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is a critical manifold of the corresponding deterministic system.
(iii) Stability: The critical manifold Cj is normally hyperbolic attracting.
(iv) Non-degeneracy: The matrix FF' is positive definite.

By Fenichel’s Theorem there exists a locally invariant manifold of the determin-
istic system

Ce ={(u,v) € D:u=1a(v,e) :=u"(v) + O(e),v € Dy}.

In the following we will construct a suitable neighbourhood around C.. Using It6’s
formula one can derive a SODE for the evolution of the deviation £ = v —u(v, ) of
sample paths from the slow manifold [BG06, Equation (5.1.5)]. The following is a
linear approximation of this SODE, where v is replaced by its deterministic version

4

0 _ d £)¢0
d® = 1A d €)&” dr + \/’iFo(v ,€) dB, (6.12)

dvd = g(( €)7 )d’]’,
with

A(v,e) = Dy f(u(v,e),v) — eDyu(v, e)Dyg(u(v, €),v),
Fo(v,e) = F(u(v,¢),v) — pv/eDyu(v,e)G(u(v, ), v).

With an initial condition (£°(0),v%(0)) = (0,v4(0)) the solution to the first equation
in (6.12) is given by the stochastic convolution

&(7) = ji U(r,s)Fo(v?,€) dB(s),

where U(7,s) denotes the principal solution to £ = %A(Ud,e)g. Now, €0(7) is
Gaussian with zero mean and covariance Cov(£%(7)). In order to define a suit-
able neighbourhood within which the solution stays with high probability, it seems
reasonable to use this covariance as an indicator for admissible deviations from
the invariant manifold. In particular, it can be shown that the scaled covariance
X(7r) = U—%Cov(ﬁo(ﬂ) is a solution to the deterministic fast-slow system

dx A(

5%7 = e)X + X A(v, 5) +F0(v,5)F0(v,e)T,

& = 9a(v,e),0).
As, for € sufficiently small, the eigenvalues of A(v, ) have strictly negative real parts

by Assumptions (iii), [BG0O6, Lem. 5.12] ensures that the critical manifold of
(6.13) is normal hyperbolic attracting and it is given by {X*(v,¢e),v € Dy} with

(6.13)

X*(v,e) = /000 exp(sA(v,€))Fy(v,e)Fy(v,e) T exp(sA(v,e)T) ds.
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Again, Fenichel’s theorem implies the existence of an invariant manifold

{X(v,e),v € Dy},

with

X(v,e) = X*(v,e) + O(e).

Assumption (iv) guarantees that X (v,e) is invertible and thus we can define
the following set, describing a neighbourhood around the slow manifold

B(r) := {(u,v) € D: (u—u(v,e), X (v,e) ' (u—1u(v,e))) <r*,v € Dy}. (6.14)
Definition 6.13. We define the following ezit times

TR(ry = inf{r > 0: (u(7),v(r)) & B(r)},
Tp, := inf{7 > 0:v(7) ¢ Dp}.

Berglund and Gentz proved that sample paths are likely to stay for exponential
long time spans within B(r), see Figure for an illustration. More precisely, they
have proved the following theorem.

Theorem 6.14 (cf. [BG06, Theorem 5.1.6]). Let u(0) = u(v(0),e) and denote by
PUOYO) the law of the process (u(T),v(T))r>0 starting in (u(0),v(0)) at time T = 0.
Under Assumptions there exist constants €y, Ag,19,¢,c1, L > 0 such that for
all e <eg, A <Ay, r<rg, ally€ (0,1) and all 7 >0

pu(0)v(0) (TB(T) <TA TDo) < Cr/af,m,n,%A(Ta 8)6—51"2/(20}%), (6.15)

where
mi= oy [1= e+ At nepPod/r + el (1= 7))

and

147 2 —m m n
Cr/df,m,n,%A(T) E) = L(AS) |:(1 - 7) +e / +e /4} (1 + T2/O-J20) :

Remark 6.15. The proof of Theorem starts with a change of variables in
to & and v and a Taylor expansion of the resulting system. Then, precise estimates
for the linear terms of the representation of the solution are derived, while the
non-linear terms are treated as small perturbations. Another key ingredient is to
consider the dynamics first on small time intervals where stochastic convolutions can
be approximated by Gaussian martingales before glueing short time approximations
to larger scales via the Markov property.

Remark 6.16. Clearly, estimate (6.15]) is useless for an infinite-dimensional system,
as the constant C /5, mn~,a would explode for n or m going to infinity. Thus,
a direct transfer of this result to an SPDE interpreted as an infinite-dimensional
SODE system fails.
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Figure 6.3: Sketch of a sample path inside an ellipsoidal neighbourhood B(r) in the
finite-dimensional SODE setting with two fast and one slow variable. In the SPDE
setting, we are going to view the u-direction as infinite-dimensional.

A key estimate in the proof of Berglund and Gentz is given by the following
Bernstein-type inequality, which we will also need in the SPDE setting.

Proposition 6.17 (see [BG06, Lemma B.1.3]). Let ¢ : R — R be Borel measurable
and such that

D(t) ::/O cp(T)2 dr

exists. Furthermore, let B(T) be a real-valued Brownian motion. Then the following
estimate holds:

P (02213/08 o(T)dB(r) > c> < exp (—25@)> . (6.16)

Proof. Using It6’s formula one can derive that for any v > 0

M= e [“etnanm -1 [(errar).

is an exponential martingale with E [M;] = 1. Then Doob’s martingale inequality
(see Theorem [A.4)) yields

P < sup / o(T)dB(T) > c)
0<s<t JO
Lt 2
<P|( sup Ms>exp|ey— = [ ~vo(r)“dr
0<s<t 2 Jo

1 t
< exp <—c*y + 2/ 7290(7)2d7> :
0

and the right hand side is maximal for the choice v = ¢/®(t). O
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6.4 Sample path estimates for fast-slow SPDE systems

As mentioned in Section we would like to extend the sample path theory from
the previous section to fast-slow SPDE systems. We will consider a linear setting
as described below. Note that this section is based on [GKP19|, which is joint work
with Manuel Gnann and Christian Kuehn, and all the technical calculations are
copied from there.

6.4.1 The linear setting

We consider the Hilbert space H := L?([0, L]) for some L > 0 and a probability
space (2, F,P). We will focus on the following special case of equation (6.1)): we
choose A = 8‘9—;, g =1 and f(u,s,e) = a(s)u(s) + Bu(s), with a : R — R being
bounded and measurable and B being a non-local operator as defined below. After
changing to the slow time scale s, we arrive at the following equation

1[ 82 o
== @u(s) + a(s)u(s) + Bu(s)| ds+ 7 dW (s), (6.17)
which is interpreted as a linear evolution equation in H. Note that W is a H-valued
Q-Wiener process. We equip the equation with homogeneous Dirichlet boundary
conditions, i.e, we have u(s,0) = u(s,L) = 0 for all s € [0,t], for some ¢ > 0.
Furthermore, we assume as initial condition «(0,z) = 0 for all = € [0, L].

du(s)

The differential operator The domain of the operator A = 88—;2 in L2([0, L])
under homogeneous Dirichlet boundary conditions is given by

D(A) = H*([0, L]) N Hy ([0, L]).

D(A) is dense in L?([0, L]) and A has a complete orthonormal set of eigenfunctions

2 km
{Qbk}k = {.’L‘ — — sin (l’)} , k>1,
L L N

in L2([0, L]) with associated eigenvalues iy = —ki’f fo
generates a strongly continuous semigroup (S(s))s>0, S(s)

r k > 1. In particular, A
=e%4 in L2([0, L)).

The noise term Let {ey}, denote the eigenfunctions of the trace-class covariance
operator @ : H — H with associated non-negative eigenvalues {\x}, so that

Qe = A\peg, for all k> 1. (6.18)

We assume that the eigenvalues are ordered as A1 > A2 > .... The eigenfunctions
form a complete orthonormal system of H. By Proposition we have the repre-
sentation

W(s) =Y/ AuBr(s)ex, (6.19)
k=1
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where {Bjy}r is a sequence of independent real-valued Brownian motions on
(Q, F,P). In the following we assume that there exist ¢ > 0 and p > 1 such that

A\ < ck?7P.

In particular, the relation between the eigenvalues of A (|ux| ~ k?) and the eigenval-
ues of the trace-class covariance operator ) (which decrease monotonically to zero
as k — oo, since the trace is finite) guarantees that the deterministic decay towards
zero of the drift term dominates the noisy fluctuations in the higher modes.

The non-local operator B The operator B is defined via its action on the
eigenfunctions {¢y} in the following way for some fixed k.

k«—1 10
b k<h—1,

B(b’“(x):{ k> k.

Mild solution The operator L(s) := % [88—;2 +a(s) + B} generates a strongly con-
tinuous evolution family (R(S,1))y<,<s<; and (6.17) admits a unique mild solution

in L2([0, L]) (cf. [Ver10], where a cylindrical Wiener process is considered) given by
the stochastic convolution

u(s) = \@/0 R(s,r) dW (r). (6.21)

Remark 6.18. Note that due to the explicit time dependence of the integrand,
is not a martingale. Thus one can not directly apply suitable martingale inequalities
to bound the solution. In the one-dimensional setting by Berglund and Gentz [BGOG,
Chapter 3] this problem is tackled by approximating the solution locally by Gaussian
martingales, see [BG06, Proposition 3.1.5]. However, their procedure is based on a
certain splitting of the one-dimensional semigroup, which is not valid for a generic
operator-valued evolution family. Thus, a direct transfer of the one-dimensional
result to the Hilbert space norm of the SPDE solution is not possible.

6.4.2 Spectral Galerkin approximation

In this subsection, we derive a finite-dimensional approximation of (6.17). For this
we make the following additional assumption.

Assumptions 6.19. The operators A and ) commute.

We use the spectral Galerkin approximation as introduced in Subsection
That is, we consider the orthogonal projections onto the the m-dimensional space
Vin = span{¢1,..., s} for some m > k.. Note that by Assumptions we
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can assume ¢ = e for all k. According to (3.17) the m-dimensional Galerkin
approximation u,,(s) of (6.21)) satisfies

1 0? o
du,, P —— U, + a(8) Uy + Buy,| ds+ —= P, dW. (6.22)

822 NG

Then, under suitable assumptions, wu,,(s) converges in the L*-topology to u(s) as
m — oo (see [BJ13| for the details regarding this convergence). We calculate for

m . R L
Pmu<s>=;uk<s>¢k, i (s) == /0 or(x)u(s, ) da,

by using integration by parts

L 2 L 2
/0 qﬁk(x)%u(s,x) dxz/o %qﬁk(:n)u(s,m) dz

hence we obtain
axQ Z g (s

Similarly, we also project the noise term using

= VAkBk(s)éx,
k=1

as

/qbk i (5)6;(x das—ZfB /m 2)5(x
! :ﬂBks

Furthermore, the non-autonomous part of the drift term gives

Za’ Qbk;

k=1

and
ki—1kse—1

PnBu(s) = Y > bjii(s)

=1 k=1
In total, (6.22)) is equivalent to the following finite-dimensional system of SODEs
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(i) =2 (8 o) () oo 7 (0 ) (o) o2
=:J(s) =:Upm(s)

where 07 € RF=—1x(m—kt1) qpnq 0y € RM—FxA1)X(kx=1) a6 matrices filled with
Zeros,

w0 ... 0 bl by ... by
0 .o . opooe e
no= |0 O |
: . . 0 k; .. k‘. bé*_l
0 ... 0 e O e S
-B
(6.24)
0 :
Jo(s) := ' . (6.25)
0 cor 0 pn +a(s)

Furthermore, Uy (s) := (41(8), ..., 0k —1(8) ", Ua(s) := (@, (5), ..., 4m(s)) ",

Fy o= diag(VAL, ..o V1), Fo = diag(V e, - VAm),
and
Bi(s) = (Bi(),..., Bi._1(s))", Ba(s) = (Bi.(s),...,Bm(s)".

Here, diag(ay, ..., a,) denotes the n x n diagonal matrix with entries ay, ..., a, on the
diagonal and id,, is the n x n identity matrix.
From now on let the following assumptions hold.

Assumptions 6.20.

(i) Jij € CY([0,t],R), for all 4,j = 1,..,m and the derivatives are uniformly
bounded by a constant M.

(i) a— < a(s) < ag for all s € [0,t] where a_,a; € R.
(iii) p1 +aq + [|Bllop =1 =K < 0.
(iv) \p, #0 for all k=1, ...,m.

Note that the deterministic attracting slow manifold of ((6.23)) is given by C. =
{Upn(s) = 0} for s € [0,¢] since Uy, (s) = 0 solves the problem without noise for any
e > 0 and any s € [0,t], and Assumption (iii) guarantees that C. is attracting.



196 CHAPTER 6. FAST-SLOW SPDES

6.4.3 Main result

We consider equation (6.17]) on the spatial interval [0, L], L > 0, and time interval
[0, t], where we assume for A > 0
t = Ae,

together with homogeneous Dirichlet boundary conditions and initial condition
u(0) = 0, as discussed in Section Let u be the mild solution to this problem
and let u,, be the m-dimensional Galerkin approximation, as discussed in Section

Furthermore, let Assumptions and hold.

Notations It is helpful to introduce some notation to deal with various constants
appearing in the following arguments. Let

K+ B

Cr= G0 = O,

2

exp (2A(F — k — 2/3)) exp <—’Y(H—|— ﬂ)) , (6.26)
K

where v > 0 is chosen arbitrarily, C', 8 are constants depending on the particular

form of B and k, % are lower and upper bounds on the eigenvalues of Ji(s) (see
Section for details). Likewise, for arbitrary 4 > 0 we define

céexp (—27) 72

Cy =Ca(7) == 372 ,

(6.27)

where ¢ > 0 is the constant such that f—i > ckP, and ¢ > 0 is chosen such that
|k + ay| > ¢|pk|- We also introduce the notation

I (2 [4a + pul])

H*(k) = CQkp Y

(6.28)

and we note that, defining H]" := H,(k, +m) for m € N, we have > °_  H" < oo.
Furthermore, we define

o0 2
=y H™ 4495 6.29
s L e (6:29)

where 0 is chosen such that 0%6 > 1, and

(. = LA/, (6.30)
as well as )
g = 1 (=GR (6.31)

B Cadq exp (—Cgpkf_15> ‘
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Main result Our main result then reads as follows

Theorem 6.21. Let v,5 > 0 be arbitrary. For H > n, 4+ (« we have

P ( sup lu(s)1? = 1)

0<s<t
< exp (=Cy (H —ne — ()

lexp (—C1(H — ny — (i) — exp (—CokP(H — 1. — () |
! |C1 — Cok?| ’

+ &C (6.32)

where || - || = || - [|L2(jo,z)) and all the constants are defined as above. The case
C1 = CokY is to be understood in the sense of taking the derivative.

Remark 6.22. Theorem[6.21]tells us the following: For H large enough, the probabil-
ity that the solution to equation deviates more than H from the deterministic
slow manifold C. within an e-small time interval, is exponentially small in H. The
larger p, i.e., the faster the eigenvalues of the covariance operator () decrease, the
smaller is the lower bound on H for which we can guarantee this exponential decay.

Remark 6.23. The left hand side of (6.32)) is equivalent to the exit time probability
P (TB(H) < t) , where
BH)={ueH:|ul*<H}.

Since we have not rescaled our neighbourhood by the noise process, as compared to
the approach by Berglund and Gentz (see (6.14])), the principal eigenvalue A\; of the
covariance operator appears on the right hand side of (6.32)) (in the constant C1).

Proof strategy Let us briefly outline the strategy of the proof. Note that by
Parseval’s identity we have for H > 0

P ( sup |Ju(s)|? > H) (Sup Z |y, (5) ) : (6.33)

0<s<t 0<s<t

For readability we write ug(s) for dg(s) from now on. The main idea to prove
Theorem is to split the infinite sum in into two parts, one containing the
first ks — 1 components and the other one containing the last m — k, 4+ 1 components,
where we let m tend to infinity. We call the first sum the finite-frequency part and
the second sum the high-frequency part. The two parts can be estimated as follows

Proposition 6.24. For arbitrary v > 0 we have for H > (,

kx—1
(mpZNW F>H>gmm4mﬂ—g» (6.34)

0<s<t
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Proposition 6.25. For arbitrary v > 0 we have for H > n,

[e.9]

P| > sup Jug(s)]® > H | <& exp(—Cok2(H —1.)). (6.35)

k—k, 0<s<t

Proposition [6.24] will be proved in Section In order to prove Proposition
[6.25] we will use one-dimensional estimates for each component, which we will then
combine iteratively, see Section Finally, to prove Theorem [6.21] we will con-
catenate the estimates for the finite-frequency part and the high-frequency part, i.e.,

Propositions and see Section

Remark 6.26. Note that similar estimates for one-dimensional and (finite) multi-
dimensional SODE systems have been proved in [BG06]. We use a similar strategy
for the proofs, however, in a way which is tailor-made for the setting at hand.

6.4.4 Auxiliary results

Before proving Propositions and Theorem [6.21] we provide a couple of
auxiliary results. The following proposition will become crucial for obtaining es-
timates on the distribution of the sum of two random variables when exponential
estimates for each individual random variable are given.

Proposition 6.27. Let X, Y be two independent non-negative random variables
on a probability space (Q, F,P) with absolutely continuous cumulative distribution
functions. Assume that the following two estimates hold

P(X >H)<> &xli)exp(—rx(i)(H —nx)),  forall H>nx, (6.36a)
=0
P(Y >H)<&exp(—ky(H —ny)), for all H > ny, (6.36b)

where n € N, {x(i),&y,kx(i),ky > 0, nx,ny > 0 fori = 0,...,n. Then, for
H > nx + ny we have

P(X+Y > H)

<PY >H —nx) (1 - Zﬁx(@) + ) éx(i)exp (—rx (i) (H = nx —ny))
i=0 i=0

Y

- ~exp(—rx (D) (H —nx —ny)) —exp (—ky (H —nx — ny))
- iz:;ngX (Z)’%X (Z) /ﬁlx(i) — Ry
(6.37)

where the case kx (1) = ky for ani € {1,...,n} is to be understood in the sense of
taking the derivative.
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Proof. For simplicity we assume kx (i) # ky for all ¢ € {1,...,n} in what follows.
Further assume H > nx +ny. As X and Y are independent we can use the convolu-
tion formula for the cumulative distribution function of the sum of two independent

random variables, that is

P(X+Y >H)
=1-P(X+Y < H)
" oq
:ﬂ—[;<Mhﬂ—MY2Hm>U—MXZH—HMdm
d

H H
d
=1 —P(Y > Hy)dH; — —P(Y > H) |P(X >H - Hy)dH
*14 dH, 2 H)di EA (dHl( - ﬁ) Xz 1) i

H
zmyzm—A Q;PWZEOPMZH—MNM.

Using that ﬁﬂ” (Y > H;) <0and 1) we calculate further

P(X+Y >H)
=1-P(X+Y < H)
<P(Y > H)
H-nx n
_/O ! (ddﬂlp(yzﬂl)> [;&(i)exp(—ﬁx(i)(ff—ffl—”X))] df
H d B
_jg7m(uhpufth)dH1
=P(Y >H —nx)
H-nx n
_/O ! <ddHlIP’(YZH1)> [;fx(i)exp(—ﬂx(i)(H—Hl_”X))] df; .

=1
(6.38)

With integration by parts and by applying equation (6.36b)), we can estimate Ij
further as follows
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n H-nx
Li=—|P(Y > H)) &x(i)exp(—rx (i) (H — Hy — UX))]

=0 H1=0

H-nx n
+/0 ! P(Y > H;) [fo(i)nx(i) exp (—rx (i) (H — H, nx))] dH,
=0

< -P(Y > H—nx) Y &x(@) + Y &x(i) exp (—rx(i)(H = nx))
1=0 =0

4 [ i i) exp (i) — 1 —nx)) Ay
0 =0

H-nx
+ / &y exp (—ry (Hy —ny))
ny

[Z Ex(i)rx (i) exp (—rx (0)(H — Hy —nx))| dH)
i=0

=-P(Y > H-nx)) &x(i)+ > &x(@)exp (—rx ()(H —nx —ny)) + I,
i=0 i=0

with

H-nx
L= / " by exp (—ry (Hy — 1v))
n

Y

[Z Ex(i)rex (i) exp (—rx () (H — Hy —nx))| dH,
=0

= & &x(i)rx (i) exp (kyny — kx (i) H + rx ()nx)

i=0 .
/ exp (Hy (x (i) — ky)) dH,
ny
v Aiov ()P (CRx (O(H —nx —11y)) — exp (—ky (H —nx —ny))
= ;&fx() x (i) rx (i) — Fy '

Inserting I into [; and estimating I; as above in equation (6.38)) concludes the

proof. O

We will further need the following results for the iteration step in the high-
frequency estimate.
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Lemma 6.28. Forn € N let {x}}_, be distinct non-negative real numbers. Then

Z H =1, (6.39a)
=0 m=0 m;éz Tm
Z H =0. (6.39b)
1=0 m=0,m%#1 Tm

Proof of (6.39a]). Define the auxiliary function f: R — R

Z H 1- :Z//J;;

1=0 m=0,m##¢

Then for kK =0, ...,n we have

fen =3 11 1_§jj§g
=0 m= Om;é'L

—xi/T 1—ap/x
- Z H 1— a:k;a:m * H 1-— a:k;a:m
1=0,i#k m=0,m##1i vhm m=0,m#k ke/ &m

n n

_ Z H 1 —ap/xm 1*1‘]6/1‘]@_’_1:1.

1—xz;/z 1—xz;/x
i=0,i£k \m=0,m#i,m#k i/ Tm i/p

=0

Now, f(x)—1 is a polynomial of degree n with n+1 roots, i.e., f(x) —1 = 0. Hence,

I b=y 1

1=0 m=0,m##1¢ =0 m= Om;éz

Proof of (6.39b)). We prove the second identity by induction. For the base case

n = 1 we have

- - 1 1 1
Z H xm—xi:xl—xo+ =0

Xro— T
1=0 m=0,m##1¢ 0 1
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Now, let (6.39b)) hold for arbitrary but fixed n € N (inductive hypothesis). Then

n+l n+l
=0 m= (]m;éz
1 [m+1 Tt — T n+1 T — g
n (2 n 7
T — +1 o +1
Tntl = Tn _iz:% [Tm=0mzi(@m — i) ; [Tm=0mzi(@m — 2:)
1 d 1 = 1
= - 1
Tn+1 = Tn ; an:oﬂ’n?ﬂ (.’L'm o xl) i:()E’Z‘:;ﬁn H?n—i_ 0,m#1, m;én( - xl)
1
=—[0-0] =0,
Tn+l — Tnp
where we have used the inductive hypothesis in the last line. O

Corollary 6.29. For k. € N, a,b,c € N let us define the following quotient

(ks + )P
(ki +0)P — (ks 4+ )P’

Qpe = (6.40)

which will appear in the estimate for the high-frequency part. For n € N it holds

Zn: ﬂ Qn, =1, (6.41a)

1=0 n=0,m#i
n+l n+l

> I @hi=o, (6.41D)

i:Om:O,m;éi
1— Qi = Q05 (6.41c)

3

H Q%,z z n+l = H Qm n+1: (641d)

=0 \m=0,m#i

Proof. Identities (6.41a)) and (6.41b)) follow directly from Lemma The third
identity (6.41c) can be easily verified by direct calculation

L (ks + )P — (ke +n+1)P (ky +1)P
b1 = (ky +0)P — (ks +n+1)P (ke 40P — (ke +n+1)P
—(ks +n+1)P ol
C (ka4 i) — (ks +n+1)P @nvi

1
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The identity (6.41d|) follows from

n

n
1=0 \m=0,m#i

- n n+1
1
m=0 L i=0 m=0,m#i (k* + m)p — (kj* + @)p
n n+1 n+1 1
ngo | ;;mgn# (ky +m)P — (ky + )P
=0 by (E11)

- 1
+£0(k*+m)P—(k*+n+1)P

-1l (kv +m)P — (ks +n+1)P gon,nH-

m=0

6.4.5 Finite-frequency estimate

Proof of Proposition[0.24. We begin by estimating the eigenvalues of the matrix
Ji1(s). Let ¢(s) be an eigenvalue of Ji(s) = diag(u1,..., g, —1) + a(s)idg,—1 + B
with corresponding normalized eigenvector w (|lw|l2 = 1), i.e. Ji(s)w = ¥(s)w.
Note that || - |2 denotes the Euclidean norm of vectors in R¥~! and || - ||op is the
operator norm on the space RF*~1x¥*==1 Ve have

Bllop = [ Buwllz
= ||diag(¢(s) — a(s) — p1, ..., ¥(s) — als) — pr,—1)wl|2

> i — — fgl.
—k:ﬁ?{ﬁ,lw’(s) a(s) — |

This estimate yields an upper and a lower bound on ¥ (s):

U(s) S als)+ _max et [Bllop < ay + i + [Bllop = .

B R LA

U(s) 2 a(s)+ _min i —[Bllop > a— + pg, 1 = [Bllop =2 =5,

with 0 < ® < k (cf. Assumption (iii)). Now, let Uy(s) be the solution to the

k.« — 1-dimensional system

Ui(s) = %Jl(s)Ul(s) + \%Fl dB1 (s).
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Using Duhamel’s principle the solution can be represented as follows

Us(s) = % /0 exp (ia(s,ﬂ) Fy dBs (7),

with a(s,7) := [ Ji(r) dr. Furthermore, define a(s) := a(s,0). Since we have an
upper and a lower bound for the eigenvalues of Ji(s), we can obtain the following

estimates
1
e —afs
o (Lalo)

<exp <—ia(7‘)>>” <o (T(s+5)). (6.43)

)

< Cexp (—S(E _ B)) , (6.42)

op

where the constant 8§ > 0 comes from the polynomial part appearing in non-
diagonalizable matrices and C, C' are time-independent constants.
Let us now introduce a partition of the time interval [0,¢] by 0 = sg < s1 <

. < sy =t with step size sj;1 — 55 = %’ and N = %1, for some v > 0. Using

(6.42]) we can estimate the probability as follows

k«—1
( sup Z lug(s)|* > H>

0<s<t

N-1 o [* 1 2
< P sup / exp <a(s,7‘)> Fy dBy(1)|| > H
=0 55<s<sjt1 \ﬁ 0 € 2
N-1 2
k'* -1 2 2 1
< P sup (ke = 1)70” max Mg |lexp <a(s)>
= 5;<s<841 5 1<k<k.—1 € op
S 1 2
‘ / exp <a(7’)> er, dBR(7)|| > H
0 € 2
N-1 2
ke — 1)302\ C
< P sup ( ) !
=0 sj<s<sjt1 € €XP ( (fi - /6))
S 1 2
- dB >H
13&122{*4 /0 <exp ( 6@(7)) ek>g k(1) >

2

[ (o (et ) amic

Hsexp( s](m—ﬁ))>
T (ke —13020C )

N—-1
< g max P sup
L 1<k b<k.—1

8j<8<8j41
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Applying the Bernstein inequality from Proposition and using (6.43), we cal-

culate further

ki—1
2
sup E ug(s)|* > H
<O<s<t fur (%) )

< S max 2exp He =P ( il (%~ 6))

> =~ 1<k, f<ku—1 (k _ 1)30.2)\10 2f5]+1 (exp (—704( )) ) dr
N—-1 He ) - 1

< Jz:% 2 exp <_C(k*—1)302/\1 exp (85]-(% - 5)) 2 [ exp (Z(s 1 0)) d )
= H(k+B) 2 = 2y

< J;O 2 exp <_C(k*—1)30'2)\1 exp (€Sj</€ — kK- 2/8>> exXp <_K(K‘+ 5)>)

Ax H(k+B) — 2y
<2 fy-‘ exp <_C(]€*—]_)30'2)\1 exp (2A(H — K= 2/8)) exXp (_H(/{ + ﬂ)))
=exp(—C1 (H — (),

where C = ﬁ and C4, (. are defined in (6.26]) and (6.30]).

6.4.6 High-frequency estimate

To obtain an estimate for the high-frequency part we are going to derive estimates
for each component uy(s) with k > k, and then concatenate them via Proposition
[6.27] First note that we have the following estimate for one single mode

Lemma 6.30. For all k > k, we have

P < sup |ug(s)|? > H) <exp (—Ca2kP(H — H.(k))),

0<s<t

where Cy, H, (k) are defined in (6.27) and (6.2§

Proof. Let k > k., the equation for the k-th component reads

dug(s) = = (i -+ a(s))u(s) s + TV dBs).

and using Duhamel’s principle its solution can be represented as

s =7 [T (D) VA anir)

(6.44)

(6.45)

(6.46)
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with oy (s, 7) = [*(ux + a(r)) dr. We have the following estimate

s [0 (Sereas)
= = ex - ay)s | —
2 1 + ay PE,Uk +

9

L — 6.47
S S + o7] (6.47)

Now fix 4 > 0 and we introduce a k-dependent partition 0 = 315 < s’f <... < sﬂ“\, =t

of [0,¢] = [0,eA] with —ak(sfﬂ,s?) =eyfor0<j <Ny = Iax;i%t)\-‘ Then, using
the Bernstein inequality (Proposition [6.17]) and estimate (6.47)), we obtain

P ( sop ) > 1)

0<s<t
S
=P ( sup U/ exp (ak(S’T)> Vg dBg(1)| > \/ﬁ>
o<s<t |V Jo 2
) o [0
< Z P sup / exp <— b ) dBy(7)
j=0 sjSs<syyy 10 c
> He inf  exp (_ak(s))
g )\k; s§§s§s§+l 9
Nj—1

Z . He infs§§s§5?+l exp (—2ax(s)/e)
2 k
j=0 o=k 2f087“ exp (—2ay(1)/e) dr

Nj—1 He exp (20%(8?“7 8?)/5>
< Z 2exp
7=0

T 9,52 k
202\ fos]Jrl exp <2ak(s§?+1,7)/5> dr

Nj—1
He 2|+ ag |
< ; 2 exp (_202)% exp (—27) —
v (t)] H N
<2 [5'7 exp | ——5 exp (—2%) ﬁck:p

= exp (—CokP(H — H.(k)))

where Cy and H, (k) have been defined in (6.27)) and (/6.28)). O
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We are now going to prove an estimate on a finite sum of components with index
k > k.. This will be used to prove Proposition by finding a bound independent
of the number of addends n.

Proposition 6.31. Letn € N. For H > Y"" _  H" we have

P (Z sup [up.4i(s)[* > H)

o 0<s<t

<Z exp( Co(ky +1)P < ZHm>> ﬂ Qm,z’ ) (6.48)

m=0,m##i
where Qy; ; has been defined in Corollary @

Proof. We prove the statement inductively. The base case n = 0 directly follows
from Lemma Now, let hold for arbitrary but fixed n (inductive hypoth-
esis). Note that > 1 SUpg<g<s Uk, +i(s)|> and supg< g« Uk, +nt1(s)|? are indepen-
dent. Furthermore, by the inductive hypothesis we have for the sum the estimate
given in equation and for the (ki + n + 1)th component we have by Lemma
0.0

P ( sup g, 4ng1(s))? > H) < exp (—Ca(ke +n+ 1)P(H — H')). (6.49)
0<s<t

Now, applying Proposition with €x(i) = [Ln—ompi @mir &y = 1, wx(i) =

Co(ki+1)P, ky = Co(ku+n+1)P, nx =Y. _o H™ and gy = H*, where i = 0...n,

yields for H > " H™ + HMH =St [

n+1
P (Z sup  [ug, 4i(s)* > H)

o 0<s<t

= (Z sup Jug, +4(s)|* + sup [ ZH)

— - 0<s<t 0<s<
=0

< P( sup |ug, yny1(s)]> > H — H*) (1 - Z H Qmﬂ')

O<s<t i=0 m=0,m#i

=0 by (6.41d)

" Co(ks +4)P
m n+1 m= 07"17’51le 2
+eXp< Ca(ke +n+1)" ( ZH - H ));Czk +)P — Ca(ks +n+ 1)P

m=0

+Zexp< Co(ks +1)P (HiHlanH))
m=0

Hm:O,m;éi Qn,iCa (ks +10)P
( H @, (k*+i)P—C’2(k*+n+1)P)'

m=0,m%#1
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The last line can be estimated further as follows

n+1
P (Z Sup. Jug.4i(s)]* > H)

i=0 0S8<
n+1 n n .
= exp (—C2(k +n+1)P ( ZHm>>Z H Q% §,n+1
m=0 i=0 m=0,m##1¢

:HZ:O Qm,n+1 by
n+1 n
+Zexp< Caks +1)° (H ZHm>> H Qm.i (1_Q§,n+1)
m=0,m#1 N——
—auth, by (g
n+1 n+1
e (n 5)) T e

m=0,m#n+1

n+1 n+1
+Zexp< Co(ky + 1) (H ZHm>> H Qm.i
m=0 m=0,m##i
n+1 n+1 n+1
Zexp( CQk +’L (H ZHm>> H Qmm

m=0,m%#1

where we have used results of Corollary O

We are now able to prove Proposition [6.25

Proof of Proposition [6.25. Applying Proposition yields

(Z sup [, +i(s)[? > )

00<s t
< exp (—Cok?H)

n

> |exp (-@[(/@* + )P — KEJH + Co(ka +0)P Y Hm> I an.

i=0 m=0 m=0,mi
Note that
n i—1 n i—1 n
II eni=11an: Il @mi=Cv' 1] @ 11 on:
m=0,m%#1 m=0 m=i+1 m=0 m=i+1

By monotone convergence we have

o0 n

P| > sup |ug(s)]® > H | <exp(—CokPH) lim »  [(—1)"s}], (6.50)

(2
n—oo
k=Fk. 0<s<t > i—0
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where

n

n 1—1
5? = exp (—Cg[(k}* + i)p — kif]H + C’z(k* + i)p Z H?) H Qzlm H Qm,z
m=0

m=0 m=i+1

> 0.

In what follows, we derive an upper bound for s being uniform in n
= = kot \” kv +m\”
ILen—eo (2w ((5) (- (555))
: 1

/ m|—t ) am
ks+m p
1
=exp | —(k« + z)/ In(1 —aP) dz
x/ (ks +i)

IN

exp

1
(ks + z)/ P dx
K/ (ks ti)

ko t+i e
p+1  (p+ (ke +i)P

exp (6.51)

and

ml_i[+1 s = ml_ZIH <1 " (ky +m)P — (ks + i)p>

exp (ﬂi:lln <1+(k:*nji p>>
- <1n(1+(k*+i)p)+ n21n <1+ (k*n;rz>p>>

IN

[(kati) Y

: (

< (1+ (ke + 1)) exp ((k* +1) / e = dy)
(
(

(ks + i)p> for all n > 1. (6.52)
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Now, let 0 > 0 such that 0%5 > 1. Then

(14 (ke +4)P) < 0125 exp (Cod (ks +)P) (6.53)

By inserting the estimates (6.51) and (6.52)) into s} and applying (6.53) we obtain

uniformly in n > 0
si < exp <—02[(k‘* +1)P — kPJH + Co(ky +1)P Z H}T)

m=0
ke 44 Kt . b 1
exp<p+1 ) O e (i)

< exp <—Cz[(k:* +i)P — KPJH + Cok + )P ) Hm>
m=0
1 . (ke +0)P ki k2
I p _
o P (Co3(k +)7) exp ( p—1 p+l  (p+ 1)k +i)p
1 kp-i—l
e — P — -
exp | —Ca(ks + )P | H — iHm— ! - ! -9
T (p—1)Cy (p+1)C
<

1 > 1 1
— CokP H™ + + +0
Ca8 P < ? (n; @-1C  (p+1)C ))

1 1
o p—1 o m o _
exp < Copkl™"i (H E OH* -10 10 5)) ,

m=

where we have used (k. + )P > kP + pkf_lz' in the last line. Consequently, we get
for H > 1,

n

lim si'
n—oo
i=0
< 1 exp [ CokP i H + L + ! +4 i exp (—Cgpkp_lid)
e * = o (p=1Cy  (p+1)Cy = *

1 > 2p 1
= exp | Caok? H'+ ———— + 5))
C20 ( <mZ::o (p? = 1)Cs 1 —exp (702])%715)

=: §uexp (Cokin.) ,

where &, and 7, are defined in (6.31]) and (6.29). Together with (6.50|) this completes
the proof. 0
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6.4.7 Combining finite- and high-frequency estimates

Proof of Theorem [6.21. As outlined before, we split the sum of the components into
the finite- and the high-frequency part and obtain

P < sup ||u(s)H2 > H)
0<s<t

=P su U 2>H
<0<sgtz| k ’ )

k«—1
<P | sup Z]uk \Q—i- sup Z|Uk W>H
0<s<t
ko—1
<P| sup Z |ur(s)|? + Z sup |uk (s)?>H|. (6.54)
0<s<t

Now using Proposition [6.24] and [6.25] we can once more apply Proposition [6.27] with
n =0, 5)((0) =1, & = &, KX(O) = (4, ky = CQk‘fa nx = G Ny = 1, and we
obtain for H > n, + (s

P ( sup [[u(s)]? > H)
0<s<t
<exp (=C1 (H —n« — ()

_ &0 exp (—C1(H — 0« — (i) — exp (_CQkf(H — N — Cs))
* 1 Cl _ CQ]QZ: )

where the case C; = CykY is to be understood in the sense of derivatives. ]

6.5 Outlook

In our main result, Theorem we have established that it is possible in a sim-
plified setting to extend finite-dimensional fast-slow SODE bounds [BG06] near
normally hyperbolic slow manifolds to the infinite-dimensional SPDE setting. In
particular we have obtained exponential bounds on the probability to stay near a
slow manifold. Our proof has shown that it is possible to naturally extend finite-
dimensional results to the SPDE ([6.17)) using a splitting approach into finitely many
(‘low’) frequency modes as stated in Proposition and infinitely many (‘high’)
frequency modes as covered by Proposition Furthermore, the key idea is to
make use of the growth relation between the eigenvalues coming from the determin-
istic drift term and the eigenvalues of the covariance operator of the noise. The
splitting and the iterative treatment of the high-frequency modes are the key steps
in the proof. Those steps could be directly converted into a numerical method.
Indeed, just keeping the low-frequency modes corresponds to a Galerkin truncation.
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Yet, our approach is only a first step towards providing a detailed theory of
multiple time scale SPDEs. There are a few direct possible generalizations. For
example, it is evident that the decay in the eigenvalues of the operator A and the
spectrum of () are the key objects, which have to be balanced, to obtain exponential
error estimates. Hence, we can allow for more general linear operators A with
suitable spectra.

Another next natural step would be to allow linear couplings between the fast
and the slow variable, i.e., systems of the form (where we set B = 0)

{ du = L[Au+piu+po] ds+ % dw, (6.55)

dv = [psu+psv] ds,

with parameters pi, pa, p3, p4 € R. In this case one obtains in the Galerkin approxi-
mation 2 x 2-blocks along the diagonal and the eigenvalues of this block-structured
matrix can easily be computed. Under certain assumptions on the eigenvalues and
with an iterative scheme similar to the one presented here, we expect to obtain expo-
nential bounds on the sample paths as well. In addition, it is natural to conjecture
that suitable regular perturbations of order O(e) of the coefficients are not going to
alter the results presented here.

However, there are also several extensions, which are substantially more tech-
nical. In particular, dealing with non-linear terms and introducing a general slow
SODE including non-linear terms.

One might also ask, whether a more direct approach that avoids the Galerkin
approximation technique applied above may lead to fruitful results regarding the
concentration of sample paths for fast-slow SPDEs. A first step would be to define
the slow manifold of the corresponding deterministic fast-slow PDE system. For
that one might be able to use the recent work [HK20|, where the authors lift the
classical Fenichel theory to the infinite-dimensional setting. Another step would be
to derive suitable Bernstein-type estimates in the infinite-dimensional setting.
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Symbol Description/Definition

N The natural numbers.

Z The integers.

R The real numbers.

R* Rt :={zeR:z >0}

C The complex numbers.

i The complex number v/—1.

log® (t) log® (t) := loglog log(t).

|| Euclidean norm of a vector x or graph distance of a vertex
x in a graph.

x! Transpose of a vector x.

® Tensor product.

1a(z),ze€ X The indicator function of a subset A C X.

{E} Notation for indicator random variable in Chapter

0(x) The Dirac delta-function.

B(x,r) In a metric space (M, d) the symbol for a ball of radius r > 0
centred at x € M, i.e. B(x,r):={m € M :d(m,z) <r}.

B(r), By, B, = B(r) := B(0,r).

2X Power set of X.

dist(A, B) Hausdorff semi-distance between two sets A and B.

B(X) Set of all Borel sets of a topological space X.

Id Identity.

A* Adjoint of an operator A.

Tr Q Trace of an operator Q).

D(A) Domain of an operator A.

L(U,H) Space of bounded linear operators from U to H.

L(H) L(H):=L(H,H).

Ly(H,H') Space of Hilbert-Schmidt operators from H to H'.

Li(H,H) Space of trace class operators from H to H'.

C(D) Space of continuous functions on D.

Il Iloo The supremum norm of a real-valued bounded function f

on a domain D given by || f||c := sup{|f(x)| : z € D}.

213
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Symbol Description/Definition

CP(D) Space of continuous functions on D that have continuous
first p derivatives, p € N.

C7(D) For ~ € (0, 1] space of v-Hélder continuous functions on D,
that is for f € C7(D) there exists C' > 0 such that for all
z,y € D: |f(z) — f(y)] < Clz —y|".

C>*(D) Space of smooth functions on D.

C3 (D) Space of smooth functions on D that vanish at infinity.

Co(R,U) U separable Hilbert space, continuous functions on R with
values in U that vanish at the origin.

2(I) Space of square summable sequences with index set I,
£2(I) = {(xi)i.g] S RI: Zie] ‘ZL‘Z|2 < OO}

LP(D) The Lebesgue spaces on a domain D with norm || -|,, p > 1.

Lr([0,T]; H) Space of LP-functions on [0,7] with values in H.

WHP(D) Sobolev space of order k € N, defined as

WHP(D) := {u € LP(D) : D*u € LP(D) V|a| < k},
with multi-index «, where the norm is given by
1
P p :
oy i= 4 (Statee 10°ulp))” 10 < 00
maxX|q <k [ D%l poo(py P = 00

WyP(D) Functions in W#?(D) that vanish at the boundary 9D in
the sense of traces.

H*(D) H*(D) := Wk2(D).

HE(D) Functions in H¥(D) that vanish at the boundary dD in the
sense of traces.

H2,,([0, 1) H2,([0,Z)) = {u € H2((0, L) : u(0) = u(L)}

M%(K ) Space of K-valued continuous, square integrable martingales
M(t), t € [0,T].

iid independent and identically distributed.

a.s almost surely.

i.o. infinitely often.

TA The first exit time of a stochastic process (X¢):>0 from a set
A ie. Ta=inf{t >0: X, ¢ A}.

H, The first hitting time of a site v by a stochastic process
(Xt)e>0, 1.e. H, =inf{t > 0: X; = v}.

X2y The random variables X and Y are equal in distribution.

X, 2) X The sequence of random variables (X,),>1 converges in dis-

tribution to X for n — oo.
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Symbol Description/Definition

X ~ Dist The random variable X is distributed according to Dist.

L(X) Law of a random variable X.

N(p, o?) Gaussian law with mean p and variance o?.

Bernoulli(p) Bernoulli distribution with parameter p.

Binom(n, p) Binomial distribution with parameters n and p.

Exp(\) Exponential distribution with parameter \.

Poi(\) Poisson distribution with parameter A.

Dom(u) Domain of attraction of a stable law p.

f(z) < g(x) There exist constants c1, o such that |f(x)| < ¢1|g(x)| and
lg(x)| < ea| f(z)] for all .

f(x) =0(g(s)) There exist a constant ¢ such that |f(z)| < c|g(z)| for all z.
Also denoted as O in Chapter @

f(x) ~ g(x) The functions f and g are asymptotically equal as x — oo,
that is limg o0 % =1.

f@) =olg(@)  Timy o L8 =0.

T Set of all discrete, plane, rooted trees.

Teo Set of all discrete, plane, rooted trees with a single (one-
ended) path to infinity.

v~ W For vertices v, w in a graph means that v and w are nearest
neighbours.

v < w Fort vertices v, w is a tree means that v is an ancestor of w.

0] Root of a tree.

V(A) Volume, i.e. total number of vertices, of A C G, for a graph
G.

T, Subtree T, :={v €T :u < v}, where T € Tand u € T.

Height(T") Height(T') := sup{|u|,u € T} for T' € T, where | - | is the
graph distance.

Diam(A) Diam(A) := sup{|u — v| : u,v € A}, where A C G, for a
graph G with graph distance | - |.

deg(v) Degree of a vertex v.

Off(v) Number of offspring of a vertex v in a tree, also denoted as
ky.

Tw Critical GWT conditioned to survive with offspring distri-
bution in the domain of attraction of a [-stable law, see
Subsection

80, 51,59, ... Infinite backbone of T.

A, Connected component containing O obtained after removing
the vertex s,4+1 from Ti.

T To := {v €Ty :degv < 4}.

flr flr ={ve A degv <4},

ZB Zp = argmaxy,ep &(v), see Chapter
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Symbol Description/Definition
Zp Zp := arg max,ecpl(v) — deg(v)], see Chapter H
7 = Zt(l) Ty 1= arg maxyer,, ¥t(v), see Chapter
gA gn = &(Zn) — maxzen 22,{8(2)}-
g ga = E&(Zn) — deg(Zn) —max ¢, 7 {§(2) — deg(2)}.

‘ q+1 d 3
T‘(t) T‘(t) = (@) , @ = a—d’ d= m

q+1
o — a _ _d —

a(t) at) = (5k7) =Y a= 3L d= 7.



Appendix A

Probability theory

For completeness we state here a couple of classical results from probability theory,
which we apply or refer to at certain points within this thesis.

Lemma A.1 (Borel-Cantelli Lemma I, see [Fel68|). Let Ei, Es, ... be a sequence of
events in some probability space. If

S B(E) <,
n=1

then
P <lim sup En> = 0.

n—oo
Lemma A.2 (Borel-Cantelli Lemma II, see [Fel68]). Let Ey, Ea, ... be a sequence of
independent events in some probability space. If

Y P(E,) = o,
n=1

then
P <lim sup En) =1.

n—oo
Lemma A.3 (Chernoff bound for binomial random variable). Let X ~ Binom(n,p)
and 6 > 0, then
enp(ee—l)

P(X >a) < e

e

Proof. Let X1,..., X,, be independent random variables with Bernoulli(p) distribu-
tion. Then
E[e?X1] = (1 —p)e® + pe? =1+ p(e? —1) < eP(e’=1),

217
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hence using Markov’s inequality and X = > | X;

0X n 0X; np(e?—1)
P(X > a) = P > oty < B _ i Bl _ e |
ela 69(1 eaa

O

Theorem A.4 (Doob’s martingale inequality, [BG06|, Lemma B.1.2]). Suppose that
(Myi)e>0 is a positive sub-martingale with continuous paths. Then, for any L > 0
and t > 0 it holds
P ( sup M, > L) < lIE[M,:]
0<s<t L
Theorem A.5 (Kolmogorov’s lemma, see [LG16, Lemma 2.9]). Let X = (X (¢))ter
be a stochastic process indexed by a bounded interval I C R, and taking values in a
complete metric space (E,d). Assume that there exist q,e,C > 0 such that for every
s,tel
E[d(X(t), X ()7 < Clt — s['T=.

Then there exists a modification X of X whose sample paths are Holder continuous
with exponent « for every a € (0,e/q). This means that for every w € Q and every
a € (0,e/q), there exists a finite constant Cy(w) such that for every s,t € I we have

d(X(t,w), X(s,w)) < Co(w)[t — s|~.

In particular, X has a continuous modification.
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Analysis

B.1 Useful inequalities

Lemma B.1 (e-Young inequality). For x,y € R, € > 0, p,q > 1,

have ( )1
pe) 1
——yl .
q

+

=1, we

Q=

1

P
|lzy| < elzl” +

Lemma B.2 (Minkowski’s inequality). Let p > 1 and z,y € R, then
4+ ylP < 2271 (ja P + [y[?).

Lemma B.3 (Gronwall lemma). Let ¢, o and 5 be real-valued functions on (tg,00).
Furthermore, o, B are continuous and @ is differentiable. If

@' (t) < a(t) + B(t)e(t),
then
o(t) < o(to) exp ( t: ﬁ(T)dT) + /t:a(s) exp ( / t 5(7)d7> ds, for allt > to.

Lemma B.4 (Uniform Gronwall lemma [Tem12, Ch. 3, Lemma 1.1]). Let ¢, «,
be positive locally integrable functions on (tg,00) such that ¢ is locally integrable on
(to,00) and which satisfy

¢'(t) < a(t) + Bt)p(t),  fort >to,
t+r

t+r t+r
(s)ds < ay, / a(s)ds < ag, / p(s)ds < as,  fort>tp,
t t t

where T, a1, az, az are positive constants. Then
a
p(t+r) < (*3 + az) exp(ai1), forallt>ty.
r
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Remark B.5. The uniform Gronwall lemma provides, in contrast to the normal Gron-
wall lemma, an estimate that is uniform in ¢ > ¢g and thus guarantees boundedness
for t — oo.

Lemma B.6 (Poincaré’s inequality). Let 1 < p < oo and let D C R™ be a bounded
open subset. Then there exists a constant ¢ = c¢(D,p) such that for every function
ue WP (D)

[ull, < el Vullp.

B.2 Slowly and regularly varying functions

Definition B.7 (Slowly and regularly varying functions). A measurable function
L:(0,00) — (0,00) is called slowly varying at infinity respectively at zero if for all
a>0

L L
(az) =1 respectively lim (az)

=1
z—oo L(z) a—0t L(z)

A measurable function R : (0,00) — (0,00) is called regularly varying at infinity
respectively at zero if for all ¢ > 0 the limit
R(ax) R(ax)

xli}rgo R(x) respectively xlirg+ R(x)

is finite but non-zero.

Remark B.8. Every regularly varying function R is of the form

where § € R and L is a slowly varying function.
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Functional Analysis

C.1 Embedding theorems

Theorem C.1 (Sobolev embeddings, see [Tri78|). Let D C R™ be bounded with
Lipschitz boundary. Let 1 <p < oo and 0 < s < oo.

(i) If 0 < s < n/p, then we have the continuous embedding
W=P(D) C L"(D),

p
n—ps’

where p < r <
(ii) If s =n/p, then we have the continuous embedding
W™/PP(D) € L'(D),
where p < r < co.
(i1i) If s > n/p, then we have the continuous embedding

we»(D) c (D).

Theorem C.2 (Rellich-Kondrachov compactness theorem). Let D C R™ be bounded
with Lipschitz boundary. Then H(D) is compactly embedded in L?(D), i.e.

HY(D) cc L*(D).

C.2 Nuclear and Hilbert-Schmidt operators
We restrict ourselves to the Hilbert space setting. Thus, let (H, ||-||x) and (U, ||-|v)
be two separable Hilbert spaces. The following standard definitions and propositions

can be found for example in [PR07, Appendix B| or [DPZ92, Appendix C].
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Definition C.3. (Nuclear operator) T' € L(U, H) is called nuclear or trace class if
there exists a sequence (a;);en in H and a sequence (bj);en in U such that T has
the representation

(o]
Tx = Zaj<bj,x>y, for all z € U,
j=1

and

o0
> lajllalbillu < oo.

j=1
Remark C.4. A nuclear operator is a compact operator.

Proposition C.5. The space of all nuclear operators from U to H is denoted by
Li(U,H). Endowed with the norm

(o) [o¢]
IT |2,y = inf Y Nlagllallbllo : Te = ajb, x)v,z €U ¢,
j=1 j=1

this is a Banach space. We also use the abbreviation L1(U) := L1(U,U).

Definition C.6. (Trace) Let 7' € L(U) and let (e)ren be a complete orthonormal
system of U. We define

(e 9]
Tr T := Z(Tek,ek>U,
k=1

if the series is convergent. Tr T is called the trace of the operator.
Proposition C.7.
(i) If T € Li(U) then TrT is well-defined and independent of the choice of the

orthonormal basis (ex)keN-
(i) We have |Tr T| < | T 1, @y for all T € Li(U).
(i) If T € L1(U), S € L(U), then TS € L1(U) and

TrTS = Tr ST < ||T| 1, an ISl L

Proposition C.8. A non-negative operator T € L(U) is of trace class if and only
if for an orthonormal basis (eg)ren on U it holds

o0
Z(Tek,ek)U < 0.
k=1

In this case Tr T = T, -
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Definition C.9. (Hilbert-Schmidt operator) T' € L(U, H) is called Hilbert-Schmidt
operator if

[e.e]
DI TexlE < oo,
k=1

where (ej)ren is an orthonormal basis of U.

Proposition C.10. We denote the set of all Hilbert-Schmidt operators from U to
H as Ly(U, H). Equipped with the norm

o0
T\ Loy =D I Texll
k=1

this is a Hilbert space.

Proposition C.11. Let G be a separable Hilbert space. Let S € L(H,G) and
T € Ly(U, H), then ST € Ly(U, G).

Proposition C.12. Let G be a separable Hilbert space. Let S € Lo(H,G) and
T e Ly(U,H), then ST € Li1(U,G) and

15T, w,cy < SN Lo, I TN Lo, 1)
Remark C.13. Clearly, we have the inclusion L, (U, H) C Lo(U,H) C L(U, H).

C.3 Semigroups of operators

We refer to the book [Pazl2| for a comprehensive presentation of the theory of
semigroups of linear operators. All definitions and propositions listed below can be
found therein or in [RR06, Chapter 12]. In the following, we always assume that X
is a Banach space with norm || - [[x and | - || denotes the operator norm on L(X).

Definition C.14 (Semigroup). Let X be a Banach space. A family of bounded
linear operators {1'(t) }+>0 in X is called a semigroup if the following two properties
hold

(i) T(0) = Id,
(ii)) T(t+s)=T()T(s), for all t,s > 0.

Definition C.15 (Infinitesimal generator). Let X be a Banach space. Let {T'(¢) }+>0
be a semigroup of bounded linear operators on X. The linear operator A defined by

Au = lim THv—
tl0 t

on the domain D(A) = {u € X : limyo % exists}, is called the infinitesimal

generator of the semigroup.



224 APPENDIX C. FUNCTIONAL ANALYSIS

C.3.1 (j-semigroups

Definition C.16 (Cy-semigroup). Let X be a Banach space. A family of bounded
linear operators {T'(¢t)}+>0 in X is called a strongly continuous semigroup or Cp-
semigroup, if

(i) {T'(t)}+>0 is a semigroup,
(ii) limypo T'(t)u = u for every u € X, ie. t +— T(t)u is continuous at ¢ = 0.

Theorem C.17. For each Cy-semigroup {T(t)}+>0, there are constants M > 1 and
w > 0 such that
IT)| < Mexp(wt), forallt>D0, (C.1)

where || - || denotes the operator norm.

Definition C.18. ((Quasi-)contraction semigroup)
A Cy-semigroup {T'(t)}+>0 is called

1. a quasicontraction semigroup if ||7°(¢)|| < exp (wt) for some w, i.e. the growth
estimate ((C.1]) is satisfied with M = 1.

2. a contraction semigroup if ||T(t)|| < 1, i.e. the growth estimate (C.1]) is satis-
fied with M =1 and w = 0.

Remark C.19. If {T'(t)}+>0 is a quasicontraction semigroup with growth estimate
|T(t)]] < exp(wt), then {S(t)}+>0 given by S(t) := exp (—wt)T'(t) for allt > 0is a
contraction semigroup. Hence, every quasicontraction semigroup can be transformed
into a contraction semigroup.

C.3.2 Analytic semigroups

Definition C.20 (Analytic semigroup). Let X be a Banach space. A Cy-semigroup
{T(t)}+>0 in X is called an analytic semigroup if the following holds:

(i) For some § € (0,7/2), T(t) € L(X) can be extended to all t € As:={t € C:
largt| < 0} U{0} and for ¢t € A the conditions (i)-(ii) of Definition hold.

(ii) For ¢t € As\{0}, the mapping ¢ — T'(t)x is analytic for every z € X.

Some of the key properties of analytic semigroups are summarized in the follow-
ing lemmas.

Lemma C.21. (¢f. [RR06, Lemma 12.36]) Let A be the generator of an analytic
semigroup {exp(At)}>0 on a Banach space X and assume that the spectrum of
A lies entirely in the open left half-plane. Then there exists § > 0 and constants
M, My, M,, such that

| exp(At)|| < Me™,
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|Aexp(Af)| < M exp(—6t) 1,
||A™ exp(At)|| < M, exp(—dt)/t", forn € N.
Furthermore, let o > 0, then for every x € D((—A)%), we have

exp(At)(—A)%z = (—A)* exp(At)z,

and
[(~A)* exp(AD)] < Mat~ e,

Lemma C.22 (Perturbations of analytic semigroups, see [RR06, Thm 12.37]). Let
A be the generator of an analytic semigroup on X. Then there exists > 0 such
that, if B is any operator such that

(i) B is closed and D(B) D D(A),
(i1) ||Bullx < al|Aul|x + bllul|x for u € D(A) and a <6,

then A+ B also generates an analytic semigroup.
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