TUTI

Technische Universitat Munchen

Fakultat fur Mathematik
Professur fiir Wissenschaftliches Rechnen (Prof. Dr. Elisabeth Ullmann)

Variance reduction with multilevel estimators

Daniel Schaden

Vollstandiger Abdruck der von der Fakultat fiir Mathematik der Technischen Universitat
Miinchen zur Erlangung des akademischen Grades eines

Doktors der Naturwissenschaften (Dr. rer. nat.)

genehmigten Dissertation.

Vorsitzender: Prof. Dr. Michael Ulbrich
Priifer der Dissertation:

1. Prof. Dr. Elisabeth Ullmann

2. Prof. Dr. Benjamin Peherstorfer

3. Prof. Dr. Stefan Vandewalle

Die Dissertation wurde am 20.01.2021 bei der Technischen Universitat Miinchen eingere-
icht und durch die Fakultat fiir Mathematik am 05.04.2021 angenommen.



i




1l

Titel in deutscher Sprache:
Varianzreduzierung mit Multilevel-Schétzern

Zusammenfassung:

Diese Dissertation besteht aus zwei Teilen, die sich beide mit partiellen Differentialglei-
chungen mit zufilligen Koeffizienten befassen, welche bei der Uncertainty Quantification
auftreten. Ziel der Arbeit ist es kosteneffiziente Schétzer zu konstruieren indem Diskreti-
sierungen der partiellen Differentialgleichungen mit unterschiedlichen Genauigkeiten kom-
biniert werden.

Im ersten Teil stellen wir eine multilevel Varianzreduktionstechnik vor, um den Erwar-
tungswert einer relevanten Grofie zu schétzen. Auflerdem analysieren wir diese. Die
Hauptidee besteht darin, die Schatzung als verallgemeinertes lineares Kleinste-Quadrate-
Problem neu zu formulieren und den zugehorigen multilevel besten linearen erwartungs-
treuen Schétzer herzuleiten. Wichtig ist, dass dieser Schétzer bei einer Hierarchie von
Modellen anwendbar ist. In einem weiteren Schritt betrachten wir die Berechnungskosten
der Samples und konstruieren einen sample allocation optimal best linear unbiased esti-
mator (SAOB). Dieser Schitzer erreicht die kleinste Varianz in der Klasse der linearen
erwartungstreuen Schétzer mit einem vorgeschriebenen Rechenbudget. Somit verbessert
der SAOB bestehende Methoden wie Monte Carlo, Multilevel Monte Carlo und Multifide-
lity Monte Carlo. Man kann zeigen, dass die Komplexitiat des SAOB asymptotisch optimal
ist fiir lineare Kombinationen von Samples aus Modelldiskretisierungen, die gegen die ex-
akte relevante Modellgréfie konvergieren. Es ist jedoch schwierig, explizite Ausdriicke fiir
die Komplexitét des implizit definierten SAOB zu erhalten. Aus diesem Grund fithren wir
die neuen Richardson—Extrapolations—Schétzer ein und analysieren sie um die Kosten des
SAOB nach oben abzuschétzen. Interessanterweise ist der Richardson—Extrapolations—
Schétzer eine Verallgemeinerung des Multilevel-Monte-Carlo—Schétzers.

Im zweiten Teil entwickeln wir einen Multilevel-Monte—Carlo—Schétzer fiir ein risikoneu-
trales Optimalsteuerungsproblem mit deterministischer Kontrolle. Die Grundidee besteht
darin, die Multilevel Monte Carlo Diskretisierung vom Erwartungswert in der Zielfunktion
auf die deterministische Kontrolle zu verschieben. Dies liefert eine Folge konvexer Opti-
mierungsprobleme. Wir zeigen, dass dies dhnlich wie bei der normalen Multilevel Monte
Carlo Methode die Varianz des Schétzers der optimale Kontrolle verringert. Im Gegen-
satz zu alternativen Methoden in der Literatur, beispielsweise stochastischen Optimie-
rungsmethoden, ist keine Auswahl der Schrittweite erforderlich. Dariiber hinaus kann die
Konvergenzanalyse des neuen Ansatzes mit klassischen Werkzeugen aus der numerischen
Analyse durchgefiihrt werden. Wir verifizieren die Hauptergebnisse dieser Arbeit nume-
risch unter Verwendung einer elliptischen partiellen Differentialgleichung mit zufélligen
Koeffizienten.
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Abstract

This thesis has two parts, both concerned with partial differential equations with random
coefficients arising in uncertainty quantification. The goal of the thesis is to construct
cost-efficient estimators by combining discretizations of the partial differential equations
with different accuracies.

In the first part we introduce and analyse a multilevel variance reduction technique to
estimate the expectation of a quantity of interest. The main idea is to reformulate the es-
timation as a generalized linear least squares problem and derive the associated multilevel
best linear unbiased estimator. Importantly, this estimator can work with a hierarchy of
models. In a further step we consider the computational cost for a sample and construct a
sample allocation optimal best linear unbiased estimator (SAOB). This estimator achieves
the smallest variance in the class of linear unbiased estimators given a prescribed com-
putational budget. Thus, the SAOB improves upon existing methods like Monte Carlo,
Multilevel Monte Carlo and Multifidelity Monte Carlo. We show that the complexity
of the SAOB is asymptotically optimal for linear combinations of samples from model
discretizations which converge to the exact model output quantity of interest. However,
explicit expressions for the complexity of the implicitly defined SAOB are difficult to
obtain. For this reason we introduce and analyse the novel Richardson extrapolation esti-
mators that allow us to upper bound the cost of the SAOB. Interestingly, the Richardson
extrapolation estimator is a generalisation of the Multilevel Monte Carlo estimator.

In the second part, we develop a Multilevel Monte Carlo estimator for a risk neutral opti-
mal control problem with deterministic control. The basic idea is to push the Multilevel
Monte Carlo discretization from the mean in the cost functional to the deterministic con-
trol which leads to a sequence of convex optimization problems. We show that, similar
to standard Multilevel Monte Carlo, the variance of the estimator for the optimal control
is reduced. In contrast to alternative methods in the literature, for example, stochastic
optimization methods, no step size selection is required. In addition, the convergence anal-
ysis of the new approach can be carried out with classical tools from numerical analysis.
We numerically verify the main results of this thesis using an elliptic partial differential
equation with random coefficients.
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Chapter 1

Introduction

Uncertainty quantification is an important branch of Mathematics. Uncertainties arise
from measurement errors, unobservable or only partially known data as well as model
errors which are incorporated into physical and mathematical models [54, [130]. This
is done by assuming that the input of the model is random and takes on a possibly
infinite set of values with a prescribed probability. The input can be obtained from real
life measurements, generated samples from a simple distribution or the result of another
model. The response or output of the model then assumes a possibly infinite set of values
and follows a probability distribution, which allows us to study the model under different
configurations. This field of study is often called forward uncertainty quantification to
distinguish it from the more challenging inverse uncertainty quantification, where the
output is given and the input (distribution) has to be reconstructed, see e.g. [37, 129] or
[130, Chapter 6.

The infinite set of model outputs are difficult to examine and thus often collapsed in a
meaningful way into fewer values. The most important statistic is the expected value or
average output of the model. Other important statistics include the variance, moments,
quantiles or risk measures, see [I10] or [127, Section 6] for the latter. The models and the
probability distribution of the inputs are often complicated such that there is no analytic
expression for the probability distribution of the output. Hence, the statistics of the
output have to be estimated or approximated with a numerical scheme. A well-known
technique for the estimation is the Monte Carlo method [77, [79], TT8] which samples from
the input distribution or uses representative samples from real life measurements. The
model is then simulated and the computed or measured outputs are averaged to obtain
an approximation for the expectation.

There are numerous applications of the above approach. Classical use cases for proba-
bility theory and estimation include financial products, where we want to compute the
expected return, estimate the risk of a default or optimize a portfolio with respect to
(w.r.t.) some metric, see [59]. Similar methods are used to analyse related fields like
stochastic games and gambling. Machine learning [69] Q9] [132] is another use case and
estimation is specifically used to train regression models like neural networks or kernel
methods. The models are trained for complicated tasks, for example image classification,
face recognition, targeted advertising, knowledge discovery or reinforcement learning for
board games. Other examples include groundwater flow where the composition of the
underlying rock layers is not fully known [40, 141]. In this thesis, we concentrate on a
randomized version of Poisson’s equation which models the stationary temperature profile
in a material with unknown heat conductivity coefficient. This is the standard model in
forward uncertainty quantification [25] 31, 63, 87, 134]. We assume that the conductiv-
ity coefficient is a lognormal random field and we use the Karhunen—Loéve expansion [,
Section 3] to sample from it. We now informally describe the methods, motivation and
goals of this thesis. Afterwards, we give a brief summary of the contents and main results
of each chapter.

Estimation. The Monte Carlo method is an extremely general method that can be
used to estimate the mean. The idea is to average the model outputs for multiple inputs
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following the same distribution. It relies only on a few weak assumptions, is often easy
to implement and does not require any knowledge of the underlying distribution, except
for existence of the first moment. Furthermore, the Monte Carlo method does not suffer
from “the curse of dimensionality”, which is often in contrast to deterministic quadrature
rules, see [24][Section 2], [35, Section 5.4] or [46, Section 1]. The curse of dimensionality
is a phrase to emphasize that the cost of a method increases rapidly, sometimes even
exponential, with its dimension. The generality of the Monte Carlo method and its easy
use has the significant downside of not being very cost effective. Indeed, this method often
requires a large amount of samples and thus we have to compute the model response very
often. Considerable research and methods have been proposed to improve and speed up
basic Monte Carlo. An often used term in this context is variance reduction since the cost
of the Monte Carlo method is often proportional to the variance of the random model
output [59, 118]. All parts in this thesis are geared towards achieving and obtaining a
variance reduction with sampling based methods. We mainly focus on the control variate
approach and neglect other approaches that modify the sampling process like importance
sampling, Markov chain Monte Carlo or Sequential Monte Carlo |28, 48], 54] [T18].

Model discretization and variance reduction. Models like Poisson’s equation for
diffusion processes often require numerical approximations, since the respective solution
cannot be computed analytically. This requires us to discretize an infinite dimensional
function space and we use the well-known finite element method [21, 29] which approx-
imates this space with a finite number of basis functions. The approximation quality
increases if we increase the number of basis functions, hence the costs to obtain an ap-
proximate solution also increases. This means that there is an inherent trade off between
the accuracy of the solution and the computational costs. Multigrid methods [67, [137] use
coarse grids to reduce the effort to solve a linear system on the fine grid. The idea to use
coarse models for estimation was used by Heinrich [70] and the Multilevel Monte Carlo
approach was analysed by Giles [56, 57]. A control variate approach, where coarse grid
levels are used, is the Multifidelity Monte Carlo estimator [106, [107] or the Approximate
Control Variate approach [62]. A survey of Multifidelity methods for estimation can be
found in [I08]. As it turns out, if the model discretization satisfies some cost and variance
properties, then the Multilevel Monte Carlo estimator of Giles [56] achieves a substan-
tially smaller asymptotic cost than Monte Carlo. This means the actual model, whose
mean we want to approximate, can be estimated much cheaper. This was also verified
analytically for the Multifidelity Monte Carlo estimator in [106].

Best linear unbiased estimators and sample allocation. We show that it is
helpful to view the estimation of the mean as regression problem. The best linear unbiased
estimator, which is a well-known method in Statistics [8, [64] 69, 96| 114, 116} 142] uses
a linear combination of samples to estimate a parameter. We systematically develop
estimators that combine samples from inaccurate but cheap models with accurate but
expensive models. In contrast to Multilevel Monte Carlo methods, which exploits a similar
idea to drastically reduce the costs at least in the case of hierarchical models, we emphasize
the viewpoint as regression problem. We furthermore optimize the sample allocation
that determines the used models and how often we evaluate them. This then leads to
an estimator that is cost minimal in the class of linear unbiased estimators. Sample
allocation problems are crucial for a good estimator and this was already discussed in [50]
and [I07] for the respective estimators that allow for a unique sample allocation under
mild assumptions.
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Optimal control problems. The goal in optimal control problems is to find a control
that steers the response of a system towards a prescribed desired state [73], [136]. For
example, the temperature inside a material should be close to the desired temperature
and we can cool or heat the material only at the boundary. Mathematically speaking,
this can be formulated as constrained minimization problem, where the solution is the
optimal control. The distinguishing feature is that the response of the system cannot
be controlled directly but only indirectly. The conductivity coefficient is often unknown
and thus assumed to follow some probability distribution. This problem is a risk neutral
optimal control problem and has gained interest in the literature, where different variants
and solution methods are discussed [4], 6], 52, 82, 138]. We search for a deterministic
control, however, the response of the system is random. Therefore the control is chosen to
be close on average to the desired state. We propose a novel variance reduction technique
based on the Multilevel Monte Carlo method to solve this minimization problem.

1.1 Organization of the thesis

This thesis is organized in eight chapters, where the first one is the introduction. We
list the other chapters with their respective content and objective. Figure shows the
ordering of the chapters.

Chapter [2t Partial differential equations with random coefficients.  In this
chapter we introduce concepts needed for forward uncertainty quantification. This in-
cludes basic probability theory, where we introduce random variables, their expectations
and variances. We further discuss the Karhunen—Loeve expansion which is a method to
generate samples with values in an infinite dimensional Hilbert space. We conduct numer-
ical experiments with the help of Poisson’s equation, which we discuss in the last section
of this chapter. We further provide known results for the accuracy of the finite element
approximation of the solution.

Chapter Estimation and variance reduction. We present methods to estimate
the expectation of a quantity of interest. These methods are used in practice and well
known in the literature. We start with the Monte Carlo method and introduce the con-
trol variate approach to obtain a variance reduction. Practically implementable control
variate approaches are the Multifidelity Monte Carlo and Approximate Control Variates
estimator, which improve over standard Monte Carlo in certain circumstances. We fur-
ther introduce the Multilevel Monte Carlo method, which is another method to reduce
the variance. We provide asymptotic results of these estimators for a model sequence
converging to the true model and introduce the notion of a lower variance bound. We use
these methods as comparison to the best linear unbiased estimator or the SAOB in the
following chapters.

Chapter 4 Multilevel best linear unbiased estimators. We present the basic idea
behind multilevel best linear unbiased estimators (BLUE) in this chapter. We examine the
class of linear estimators that use linear combinations of the samples and are unbiased
w.r.t. some linear combination of the mean values. A well-known result is that there
exists a best linear unbiased estimator, where best means that the variance is smallest.
Importantly, we reformulate the estimation of the mean as linear regression problem
which allows us to use the available mathematical literature for least squares problems.
The multilevel BLUE is then the (unique) solution of this regression problem, where
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the expression “multilevel” refers to different discretization levels of the same quantity
of interest. We then examine the estimators of Chapter [3| and give details under what
circumstances these are BLUESs.

Chapter [5; Sample allocation optimal BLUE. The BLUE is defined as solution of a
regression problem. This regression problem itself depends on the sample allocation, which
we study in this chapter. We introduce a budget constraint and the costs for the evaluation
of a model group. A model group is a collection of models that we evaluate using the
same input sample. The goal is then to select the regression problem and estimator such
that the variance is minimized given a fixed budget. We call the resulting estimator
the SAOB, which is optimal in the class of linear unbiased estimators. Computing the
true SAOB is in general an intractable problem due to integer constraints and thus focus
mostly on a relaxed version. We show that the relaxed sample allocation problem has a
solution, verify that this solution is in general not unique and a solution can be found
that uses at most L model groups. We then proceed and show that first optimizing the
sample allocation and then the coefficients is beneficial to remove some assumptions of the
previous theorems. The resulting optimization problem is similar to an ¢; minimization
problem, which allows us to show that the set of minimizers has a specific structure.

Chapter 6 Asymptotics of the SAOB. This chapter extends the asymptotic analysis
of the Multilevel Monte Carlo estimator to the SAOB. The latter estimator is only given
implicitly as a minimizer of a convex optimization problem and thus rather difficult to
analyse. However, since the SAOB is the linear unbiased estimator with the smallest
variance given some prescribed budget, we are able to bound its complexity with explicit
complexity bounds from other linear unbiased estimators. In particular, we are able to
use the Monte Carlo, the Multifidelity and the Multilevel Monte Carlo estimator. We
then introduce Richardson extrapolation for both the mean and the variance to obtain
an estimator that, under specific assumptions, has an improved complexity compared to

other estimators. The obtained complexity bounds, while not necessarily sharp, are also
valid for the SAOB.

Chapter [Tt A multilevel approach for the risk neutral optimal control prob-
lem. We introduce a multilevel approach for solving optimization problems, which
we exemplary apply for a linear quadratic optimization problem. This problem is a risk
neutral optimal control problem where we compute a deterministic control such that the
systems response is on average close to some prescribed state. A straightforward and
naive application of the Multilevel Monte Carlo estimator leads to an ill-posed optimiza-
tion problem. Our approach is to push the Multilevel Monte Carlo discretization to the
deterministic control, hence the name Multilevel Monte Carlo for the control. We verify
that this leads to a sequence of well-posed convex optimization problems. Furthermore,
this substantially improves the cost that are up to logarithmic factors equal to the cost
of the standard Multilevel Monte Carlo estimator.

Chapter |8t Conclusion and outlook. We finish with a conclusion of this thesis and
discuss open problems together with possible future research directions.
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Figure 1.1: Chapters and ordering of this thesis.
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Chapter 2

Partial differential equations with random
coeflicients

In this chapter we describe the basic notation, definition and results needed as foundation
of this thesis. Basic in this context means that we describe well-known ideas and methods
in mathematics. We lay a common ground to present our results in later chapters. Each
section of this chapter contains a short outline of its topic and concepts adapted for this
thesis, where proofs of statements are mostly omitted or very short to highlight the main
idea. We provide three distinct sections regarding related parts of Forward Uncertainty
Quantification.

e Probability Theory: Section contains a short introduction and repetition of
basic notation in probability theory. We explain concepts like random variables,
independence, expectation, variance and provide some useful inequalities. Here we
use standard definitions from [79]. Further introductions to probability theory can
also be found in [6} 10} [77].

e Karhunen—Loéve expansion: We are interested in random variables that have re-
alizations in a function space and we use the Karhunen—Loeéve expansion to generate
samples, which we describe in Section 2.2l We mainly focus on mean zero Gaus-
sian random fields and provide results for the Whittle-Matérn covariance function.
We further discuss some practical methods how to compute and sample from a
Karhunen—Loeve expansion.

e Mathematical models: We provide the mathematical models we are using in
thesis in Section This is mostly Poisson’s equation, which can be used to
model the temperature of a material given some heat source. We randomize the
conductivity and provide results for the existence and uniqueness of the random
solution of the weak Poisson’s equation. The finite element method is used to obtain
a discretized and thus computable solution which converges to the exact solution
with a certain rate.

2.1 Probability Theory

Random variables. @ The foundation of modern probability theory is a probability
space. We provide the standard definition and names for related concepts as well.

Definition 2.1 (Probability space [79, Definition 1.38]). The triple (2, F,P) is a proba-
bility space if

e the set of elementary events Q is non—empty, Q # (),
e the o-algebra F is a suitable subset of the power set, F C 29,

e the probability measure P is a suitable measure, P : F — [0, 1]. o
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We use the usual definition of o-algebra, the power set and probability measure. These
definitions are available in Klenke [79], Section 1] or Kallenberg [77), Section 1, Section 2].
We denote (elementary) events with w € §2 and also refer to the measure P as (probability)
distribution. We call the pair (€2, F) measurable space. The motivation for Definition
is to assign every observable event F' € F a probability between [0, 1] which models the
chance of it occurring.

We are typically not interested in the probability of a random event F' € F but rather on
a respective outcome or effect. This is modelled with the help of random variables, which
are measurable functions that map events w to quantities that we are interested in.

Definition 2.2 (Random variable [77, Section 2]). Let (H,G) be a measurable space and
7 : ) — H afunction. Z is measurable if the preimage of a measurable set is measurable.
Stated formally, we require that for all G € G

Z7HG) ={weQ|Z(w) e G} € F.

If Z is measurable on a probability space then Z is called a random wvariable. Then, in
case H is a space of vectors, we call Z a random vector and if H is a space of functions,
we call Z a random field. For H := R we call Z real-valued. o

The random variable Z allows us to define the probability of certain outcomes in the
image space H. For all G € G the probability that Z assumes values in G is

P(Z € G) :=P({w € Q| Z(w) € G}) = P(Z~1(G)).

This expression is well defined since Z is measurable by its definition as random variable.
As a consequence we conclude that the triple (H,G,P(Z € -)) is a well-defined probability
space. The map P(Z € ) is called the pushforward of P under Z. We denote this by
Z ~ P and call P the distribution of Z.

The composition of measurable functions is again measurable and thus we are able to
compose new random variables in a simpler way. We precisely state this result.

Lemma 2.3 (Composition of measurable functions [79, Theorem 1.80]).

Let (2, F), (H1,G1) and (Hs,Gy) be measurable spaces. Furthermore, let Z; : Q@ — H;
and Z, : Hi — Hy be measurable functions w.r.t. the respective o-algebras. Then the
composition Z5 o Z; : 2 — H, is measurable.

Proof. For G € G, the preimage Z,'(G) is measurable w.r.t. G; and thus Z; '(Z;'(G))
is measurable w.r.t. . This concludes the proof. O

An important class of measurable functions are continuous functions. This often allows
us to circumvent the rather tedious direct verification of measurability from its definition.
We require the notion of a topological space, which is formally defined by Klenke [79,
Definition 1.20]. A topological space is a pair (H,7) where 7 is a topology. This can
be constructed from open sets which are defined in terms of a distance function. The
generated o-algebra is then the smallest o-algebra that contains these open sets. An
example for a topological space is (R, O), where O contains all open intervals of R. Then
the generated o-algebra denoted by o(O) is the well-known Borel o-algebra.

Lemma 2.4 (Continuous functions are measurable [79, Theorem 1.88]). Let Z : H; — H,
be a continuous function w.r.t. the topological spaces (Hi,7) and (Hs, 75). Then Z is
measurable w.r.t. the measurable spaces (Hi,G;) and (Hs,Gs), where Gy := o(7y) and
Gy := 0(72) denotes the generated o-algebra.
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Proof. The main idea of the proof by Klenke [79, Theorem 1.88] is that the preimage of
an open set is open for the continuous function Z. O

We often examine two or more random variables and their relationship. A pair of random
variables (Z,Y) is independent if we are allowed to examine Z and Y separately. Infor-
mally, this means that we do not gain any information regarding the value of Z even if
we know the value of Y and vice versa. We make this statement precise for a finite set of
random variables.

Definition 2.5 (Independence of random variables [79, Remark 2.15]). Let (Z3,...,Z})
be a random vector with associated probability space

(Hy X -+ x Hp, Gy x - xG,P((Z1,...,Z1) € 4)).

We denote the marginal probability measure of Z, with P, for all £ € {1,..., L}. Then the
random variables 71, ..., Z are called independent if the probability measure P factorizes
such that for all G; € Gy,...,Gr € G;,

L
P(Zy,...,Z1) € Gy x -+ x Gp) = | [Pl Ze € Go). o
/=1

Simulation based techniques often require multiple realizations or samples of a random
variable Z. The idea is to extract information by looking at independent copies of Z
which are evaluated for some event w € ).

Definition 2.6 (Independent identically distributed samples). The random variables
ZY, ..., Z™ are independent identically distributed (i.i.d.) if Z',... Z™ are independent
and Z° ~ P for all £ € {1,...,m}. We always assume that random variables with differ-
ent superscripts are i.i.d.. For w € Q we call Z(w) a sample or realization of the random
variable Z. By slight abuse of notation we often drop the w and denote i.i.d. samples of
Z with Z1 .= ZYw),..., 2™ = Z™(w). o

The computation of a sample often incurs a random computational cost. This definition
is rather vague, since the exact cost may be the actual time a computer needs to compute
a sample. We may also define the cost as degrees of freedom or number of operations if
computing the sample requires us to solve a linear system.

Definition 2.7 (Expected cost for a random variable). The cost function W maps a
random variable Z to a non—negative real number

W:{Z:Q — H|Z measurable } — Rx,. o

The value of W[Z] is interpreted as expected cost to compute a sample of Z. For random
variables Z1, ..., Z; we abbreviate

wy :=W[Z,| forall ¢ €{1,...,L}.

We frequently make statements about random variables that are certain and occur with
probability one. We formally define this and the equivalent formulation for a general
measure space.
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Definition 2.8 (Almost all, P-almost surely). Let (£2, F,v) be a measure space and
f: H —{0,1} be a measurable function. We say that the property f holds for v—almost
all we Qif

v(f~'({o}) =o.

If v := P is a probability measure we say that f holds P—almost surely, which we sometimes
abbreviate with P-a.s.. We often drop P from the notation. o

There is little value in specifying the measurable space (€2, F), since this is often given
implicitly in terms of a probability measure P, a probability density function, a random
variable or a cumulative distribution function. Therefore, we never attempt to describe
both € and F in this thesis. We however, always specify P or a corresponding random
variable Z.

Moments. For notational purposes and throughout the rest of this chapter we assume
that Z and Y assume values in the Hilbert space H unless stated otherwise. It is often
helpful to summarize or compress a function or random variable Z into a single value. We
achieve this if we integrate out the domain of Z raised to some power p. This operation is
well defined for measurable functions if the function is p-integrable. We formulate this for
a general measure space, where we denote the scalar product of a Hilbert space H with
(+,-)m and the induced norm with || - ||g.

Definition 2.9 (Lebesgue space L?). Let (£2, F,v) be a measure space and p € [1, +00].
The Lebesque space LP(§2, H,v) is the space of measurable functions whose p—th moment
is bounded

LP(Q, H,v) :={Z:Q— H|Z is v-measurable and || Z||r(q,1,) < +00},

where the norm || - || Lr(o, ) for p € [1,400) is defined such that

121y = [ V2ol
For the special case p = +00 the norm is defined as
| Z || oo (,m1,0) = sup{c € R|v(||Z]|g < ¢) > 0}.
If the meaning of the space is clear from the context we use the abbreviation
LP =[P (Q):=LP(Q,H) = LP(Q, H,v). o
It is well known that the space LP is a Banach space if we identify functions that are
equal up to a set of measure zero. Furthermore, for p = 2 the space L? is a Hilbert space

that inherits the inner product structure from H. We formally define this inner product
such that for all Z,Y € L?

(Z,Y )2 = /Q (Z(w),Y (w)) pdv(w). (2.1)

The Cauchy-Schwarz inequality shows that (2.1)) is well defined. This inequality is a
special case of Holder’s inequality and we precisely state both now.
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Lemma 2.10 (Hoélder’s inequality, Cauchy—Schwarz inequality). Let p, ¢ € [1, +o0] with
% + % =1,Z e LlPand Y € L4 Then Hélder’s inequality holds

1(Z,Y)u |l < ([ Z] 2o ]]Y || 2o
The special case with p = ¢ = 2 is the Cauchy—-Schwarz inequality
1(Z,Y)a I < ([ Z]| 2]V 2.
Proof. See Klenke [79, Chapter 7]. O

A straightforward consequence of Hélder’s inequality and P(€2) = 1 is that for all p €
[1,400] the random variable Z € L?(§2, H,P) is also an element of the space L%((2, H,P)
for all ¢ € [1,p]. This implication is in general not true if we replace P with an arbitrary
measure V.

Expectation, Variance, Covariance and Correlation. We proceed to define specific
integrals concerning random variables. The expectation or mean of a random variable
describes its average value. We use the variance to describe the average squared deviation
from the mean. Both values are basic properties of random variables and exist if the first
respectively second moment is finite.

Definition 2.11 (Expectation, Variance). For Z € L' we define the expectation or mean

Ewpiéﬂ@m@y

This definition has to be understood as Bochner integral if Z is not real-valued. If in
addition Z € L? we define the variance

V2] :=E[1Z - E[Zl[] = E[IZIl%] - [EZ][l%- (2:2)

For real-valued Z the variance (2.2)) coincides with the usual definition. For random

variables Z,,...,Z; € L? we abbreviate the mean and variance
we = E[Z] forall £ € {1,..., L},
o7 :=VI[Z) for all ¢ € {1,...,L}.

The mean is the constant in H that best approximates the random variable Z. It is the
unique solution of the minimization problem

. 2 2
min |2 — |z = E[Z — ull]-

The value of the cost function at the minimizer p = E[Z] is the variance and describes
the approximation error. The variance is zero V[Z] = 0 if and only if Z is almost surely
constant with Z = E[Z]. In all other cases the variance is positive. We are allowed to
pull out constants from the variance by squaring them, that is for all § € R

V[BZ] = g*V[Z].
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The expectation is a linear operator since for all Z;,...,Z; € L' and vectors 3 € R”

L L
> BiZe| = BE[Z].
=1 =1

The mean and variance are concerned with a single random variable Z and both give a
single value. We now describe relationships between two random variables with the help
of the covariance and correlation.

E

Definition 2.12 (Covariance, Correlation). For real-valued random variables Z,Y € L?
we define the covariance

Cov|Z,Y] := E[(Z — E[Z))(Y — E[Y])] = E[ZY] — E[Z]E]Y].

If in addition V[Z], V[Y] > 0 we define the correlation or correlation coefficient

Cov[Z,Y]
2Y| = s
N
The random variables Z and Y are uncorrelated if Cov[Z,Y] = 0. ©

We extend the previous definition to multiple random variables. This allows us to place
multiple covariance and correlation values into a vector or matrix.

Definition 2.13 (Covariance and Correlation matrix). For vectors of real-valued random
variables Z 1= (Zy,...,Z;)t € L> and Y := (Y1,...,Yy)T € L? we define the covariance
matrix

Cov[Z,Y]:=E[(Z —E[Z])(Y — E[Y])"] € R"*V,

For V[Z],...,V[Z.],V[Y1],...,V[Yxn] > 0 we define the correlation matriz as the corre-
lation between entries of Z and Y

Corr[Z,Y] € RE*N  Corr[Z, Y], = Corr[Z,Y,] forallle{l,...,L},ne{l,...,N}.

o
For real-valued random variables 7, ..., Z; € L? we abbreviate
Z Zy Zy Z
C := Cov S N e Rt p.= (pij)ﬁjzl := Corr N IR e RIXE,
ZL ZL ZL ZL

We generalize the covariance to infinite dimensional Hilbert spaces. The basic idea is to
reduce the Hilbert space valued random variable Z to a single value in R by testing it
with a linear functional in the dual space H*. We identify this space with H due to the
Riesz—representation theorem [79, Theorem 7.26].

Definition 2.14 (Covariance operator, Correlation operator). Let Hy, Hy be real Hilbert
spaces. For Z € L*(Q, Hy) and Y € L*(Q, Hy) we define the covariance operator
Cov|Z,Y]: Hy x Hy — R, Cov|Z,Y](z,y) :=E[(2,Z —E[Z])n, (y,Y —E[Y])n,].
We define the correlation operator accordingly
Cov|Z,Y](z,y)
(Cov[Z, Z)(2, 2)Cov[Y, Y](y, )"’

whenever the quotient is not equal to zero. o

Corr[Z,Y]: Hy x Hy —» R, Corr[Z,Y](z,y) :=
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The covariance operator is a generalization of the covariance matrix where the Hilbert
spaces are H, := RY and H, := RY with the Euclidean inner product. We obtain the
entries of the covariance matrix if we test with the unit vectors z := ¢, and y := ¢,

Cov[Z,Y](z,y) = E[(er, Z — E[Z])ge(€n, Y — E[Y])gn]
= E[(Z, — E[Z/]) (Y. — E[Y,])]
= Cov|[Z,Y]

4n”

Let us now verify that the covariance is actually well defined for Z,Y € L2. We fix
z € Hy, y € Hs, apply the Cauchy—Schwarz inequality twice and use the linearity of the
expectation

Cov[Z,Y](2,y)* <E[(2, Z — E[Z])5, |E[(y,Y — E[Y])Z,]
<E[l2l5, 012 = ELZ]3 JE[lyllz 1Y — ENY]|IZ,]
= |1211%, Iyl B[ Z — ELZ1IE,JE[Y - E[Y]|E,]-

The last term is bounded for Z,Y € L?. We summarize some well-known properties of
the covariance.

Lemma 2.15 (Properties of the covariance). For Z,7,,...,Z; € L*(, H;) and Y €
L*(Q, Hy) the covariance operator Cov is

e symmetric: Cov[Z,Y](z,y) = Cov[Y, Z](y, z) for all z € Hy,y € H,.
e bilinear: Cov [Zle BeZe, Y| = o0, BiCov|Z,, Y] for all § € RE.

e positive semi-definite: Cov|[Z, Z](z,2) > 0 for all z € H.
e cqual to the variance if Z is real-valued: Cov([Z, Z] = V[Z].
Proof. The properties follow directly from the definition of the covariance. O

The correlation Corr inherits its properties from the covariance. The Cauchy—Schwarz
inequality can be used to show that the correlations operator takes values between —1
and 1. Formally, for all z € H; and y € H, where the correlation is well defined

Corr[Z,Y](z,y) € [-1,1].

The covariance matrix C' € RY*” is always positive semi—definite. We now show that if the
entries of Z —E[Z] with Z = (Zy,...,Z;)" are linearly independent, then C' = Cov|[Z, Z]
is positive definite and thus invertible.

Lemma 2.16 (Positive definiteness of the covariance). For Z € L? the following state-
ments are equivalent

o Cov|Z,Z](z,2) >0 for all z € H\ {0}.
e (2,7 —E[Z])g # 0 P-almost surely for all z € H \ {0}.
For Z := (Zy,...,Zy)T with real-valued Zi, ..., Z; this equivalence reads

e BTCov[Z,Z]B > 0 for all B € RX\ {0}.
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o 71 —E[Zy],...,Z, — E[Z]] are linearly independent.
Furthermore, if 37Cov[Z, Z]3 = 0 for some 8 € RL then P-almost surely
BY(Z —E[Z]) = 0. (2.4)
Proof. We deduce the claim by directly looking at the definition of the covariance
Cov|Z,Z|(z,2) = E[(z, Z — E[Z])%]. O

The factorization of the probability measure P for independent random variables shows
that their covariance is zero. We summarize this and further properties in the next lemma.

Lemma 2.17 (Properties of independent random variables [79, Theorem 5.4]). Let Z,Y €
L' be independent random variables. Then the expectation of the product is equal to the
product of the expectations

For Z,Y € L? the random variables Z and Y are uncorrelated Cov|[Z,Y]| = 0. ©

The previous lemma shows that independence of Z,Y implies that Z,Y are uncorrelated,
however the converse is in general not true. We now state an important computational
rule for the variance of sums of random variables.

Lemma 2.18 (Variance of sums [79, Theorem 5.7]). Let Z1,...,Z;, € L* be real-valued
random variables. Then the variance of the sum satisfies

L L L L
VY Z| =) CovZ, 2] => VIZ]+ ) _ CovlZ, 7]
=1 =1 =1 ¢j=1
t#j
It Zy,..., Z are pairwise uncorrelated then the covariance terms are equal to zero
L L
VI Z| =D Vi[zZ).
=1 =1
Proof. We use the bilinearity of the covariance and Cov[Z,, Z;] = 0 for uncorrelated
Zy, Z;. O

Convergence of random variables. There are different convergence types for random
variables. In this thesis we distinguish between almost sure convergence and convergence
in the Lebesgue space LP.

Definition 2.19 (Almost sure convergence [79, Definition 6.2]). Let (Z,,)22; be a sequence
of random variables. We say that (Z,,)5°, converges almost surely to the random variable
Z if

]P’( lim Zn:Z):l. o

n—-+4o0o
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Definition 2.20 (Convergence in L? [79, Definition 7.2]). Let (Z,)5°, C L? and Z € LP.
Then (Z,)22, converges to Z in L? if

lim ||Z, — Z||p» = 0. o
n—-+0o0o

Useful inequalities. The probability that a random variable deviates from its mean is
bounded by its variance. This allows us to estimate the probability that the realizations
of a random variable remain within a certain distance from its mean.

Theorem 2.21 (Markov inequality, Chebyshev inequality, [79, Theorem 5.11}).
Let Z be a random variable and f : [0,+0c0) — [0,400) a monotonically increasing
function. Then for all € > 0 Markov’s inequality holds

P(|Z||y > o) < PLUZNa)]

f(e)

provided that the right-hand side is well defined. For Z € L? the Chebyshev inequality
holds
ViZ]

g2

P((|Z —E[Z][lu =€) <

We state Jensen’s inequality, which allows us to exchange the expectation and a convex
function ¢ at the cost of introducing an inequality.

Lemma 2.22 (Jensen’s inequality [79, Theorem 7.11]). Let I := (a,b) C R be an open
interval, Z € L'(Q, I) and the function ¢ : I — R convex. Then Jensen’s inequality holds

o(E[Z]) < E[p(Z)],

provided that the right—hand side is well defined.

Proof. A formal proof is given in [79, Theorem 7.11]. We only remark that convex func-
tions are continuous and thus measurable, hence ¢(Z) is a random variable. O

We finish this section with the elementary Young inequality, which we use to estimate the
expectation of a product of real-valued random variables such that 2E[ZY] < E[Z?] +
E[Y?].

Lemma 2.23 (Young inequality [79, Lemma 7.15]). For p,q € (1,400) with i + % =1
and real numbers z,y € [0, +00) Young’s inequality holds

P q
zyg——l—y—.
p q

In particular, for p = ¢ = 2 the inequality holds for arbitrary z,y € R. o
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2.2 Karhunen—Loeve expansion

Construction of Gaussian random fields. The Karhunen—Loéve expansion (KLE)
is a powerful tool to generate random variables with values in an infinite dimensional,
separable Hilbert space. The main idea is to randomize the coefficients of a Fourier series
in a suitable way such that the series converges almost surely. A study of orthogonal
expansions of random variables is available in [I], Section 3]. First, we provide conditions
for the special case of real-valued random variables.

Lemma 2.24 (Khinchin and Kolmogorov [77, Lemma 3.16]). Let (£,)5°; be real-valued

n=1
independent random variables with E[{,] = 0 for all n € N such that their variance is
summable .
> V&) < +oo.
n=1
Then the series >~ | &, converges almost surely. o

We require the previous lemma to ensure that the KLE is well defined.

Definition 2.25 (Infinite dimensional Gaussian random field). Let H be an infinite di-
mensional, separable, real Hilbert space. Furthermore, assume the following:

1. The eigenfunctions (¢,)5, form a complete orthonormal basis of H,

2. The random variables (£,)%°, are i.i.d. standard normals with &, € N(0, 1) for all
n € N,

3. The eigenvalues (\,)32, are non—negative values A, > 0 for all n € N and the
sequence is summable

D A < +o0. (2.5)
n=1

We define the KLE a as series

a =Y VAnthn.
n=1
We have a € L? and define C := Cov]a, a], which we abbreviate with a ~ N(0,C). o

We use Parseval’s identity and apply Lemma in combination with (2.5)) to show that
the norm of a is almost surely bounded

lallf =D~ A =D Aal€n = 1) + D An < +oo.
n=1 n=1

n=1

We thus conclude that a € H almost surely. We use the monotone convergence theorem
[77, Theorem 1.19] to exchange the mean and summation

3 Ansz] SSTENE] = A < toc,
n=1 n=1 n=1

which shows that a € L?. The dominated convergence theorem [77, Theorem 1.21] now
shows that E[a] = 0.

Ellalls] =E
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We clarify why we call \,, eigenvalues and v,, the eigenfunctions of C(¢,, -). The functions
(1,)52, form a complete orthonormal basis and thus

C(tn, ) = ZfFEgkﬁm (n Vi) me—ZJ_J_Egngm Ym)

k,m=1

We use the independence of &, and &,, for n # m, E[¢,,] = 0 and E[¢2] = 1 to conclude

ZJ_J_Esnsm )i = An( ) a

We interpret C(1),,, -) as an element of H with the help of the Riesz-representation theorem
and conclude that 1, is an eigenfunction of C with eigenvalue A,

C(¢n) = /\nl/}n‘

The covariance operator is diagonal C(1y,, ;) = A0, where d,; is the Kronecker delta

1, ifn=y,
5nj = . .
0, ifn#j.

We are interested in random fields and thus ,, are functions. For an event w and z € D
the KLE with arguments has the following form

=3 VA (W) (2)

We want to construct a random field such that values at close points are highly correlated.
For points x,y € D we require that

Covia(x),a(y)] = k(||lz — yl),

where k is a stationary covariance kernel and || - || a suitable norm. We call a covariance
kernel or random field stationary if the covariance Cov{a(z),a(y)] depends only on the
distance between x and y. We work with the commonly used Whittle-Matérn covariance
kernel. Practical applications of covariance kernels are Gaussian processes regression or
kriging in machine learning [I15], where the kernel models the similarity between the
datapoints. Another application is spatial descriptions in geostatistics [33] [140].

Definition 2.26 (Whittle-Matérn covariance kernel [I15, Chapter 4]).

The Whittle-Matérn covariance kernel k has three parameters, the variance o? > 0, the
smoothness v > 0 and the correlation length ¢ > 0. We write down the kernel for different
values of v for a given distance d > 0

o v=1/2: k(d) := o exp(—d/?),
o v=23/2: k(d) == o?(1 + v/3d/t) exp(—/3d/?),
o v=>5/2: k(d) := o*(1 4+ V/5d/l + 5d*/(3?)) exp(—v/5d /(). o

The Whittle-Matérn covariance kernel now defines the KLE of a Gaussian.
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Theorem 2.27 (Gaussian from Whittle-Matérn covariance kernel [I15, Chapter 4]). Let
D C R? be a bounded domain. Then there exists a ~ N(0,C) with values in C(D) such
that for all x,y € D

Covla(z), aly)] = k(llz — yl]),
where £ is the Whittle-Matérn covariance kernel. We express the random field a as KLE

=YV At
n=1

We restrict ourselves to the random field a ~ N(0,C) where C is induced by a Whittle—
Matérn covariance kernel k. Other stationary random fields are examined by Adler [T
Section 5| and a general theory on the existence of Gaussian random fields in infinite
dimensions is given by Bogachev [12].

Practical implementation. The KLE for a is a series

a =3V Abuthn,
n=1

which we truncate to obtain a finite sum that we evaluate numerically. We define the
truncated KLE

N
an =YV Aubuthn.
n=1

The expected value of the error for this truncation in the H-norm is equal to the sum of
the missing eigenvalues.

Lemma 2.28 (KLE truncation error). The expected truncation error for a KLE is
Ellany —allz] = > A (2.6)
n=N+1
This error converges to zero for N — +4-o00.

Proof. The error (2.6) follows from the Parseval identity and converges to zero since the
eigenvalues are summable by assumption ([2.5)). ]

For a fixed truncation index N we minimize the truncation error if we keep the N largest
eigenvalues. We thus sort the eigenvalues in descending order

AL > Ao >

The eigenpairs (A, ¥,,) for the Whittle-Matérn covariance typically cannot be computed
analytically. However, for arbitrary v € L?(D) the eigenpairs are related to the kernel k
in the following way

A (U, v) 12(py = Covla, al (1, v)

/ / Yu(@)Ela(z)a(y)]v(y)dedy
/ / b2k (1 — yl))o(y)dady
(6 K

|- — II))L2<D> V) L2(D)-
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This expression holds for all v € L*(D) and thus for almost all y € D

(k(H ) _yH)7wn)L2(D) = An¢n(y) (27)

The collocation approximation solves a numeric approximation of (2.7), which is equiva-
lent to a matrix eigenvalue problem.

Definition 2.29 (Collocation approximation [92, Section 7.4]). Let wy,...,wy € R be
quadrature weights and x1,...,xy € D collocation points such that

M
> wik(|lz; — wml)¥(z;) = Mp(xn) for all m € {1,..., M},
Jj=1

The collocation approximation requires us to solve the following eigenvalue problem

Av = v,
Ac RMXM7 Ajm = w]’k’(HfBj - ZL‘m”),
NS RM, Um = ¢($m> ©

The truncated KLE allows us to compute only the N largest eigenvalues and the cor-
responding eigenvectors. This problem is known as (generalized) Hermitian eigenvalue
problem, which is a well-studied problem in linear algebra, see for example [61, Chapter
8]. The evaluation of ay at a point € D is then approximately given by

an(z) = Y Vb [2],

where v"[z]| & 1), () is a suitable interpolation that uses the entries in the n-th eigenvector
v™. This procedure allows us to draw samples of ay which are close to a.

We give some examples for a Gaussian mean zero random field with Whittle-Matérn co-
variance in Figure for D :=[0,1]. Figure contains samples with similar parameters
for D :=[0,1]?. The parameter o2 for the Whittle-Matérn kernel in Definition con-
trols the variance or magnitude of the random field and is fixed 0% := 1 for all examples.
The correlation length ¢ controls how fast the kernel decays. Large values of ¢ ensure that
a(z) =~ a(y) even if x is not close to y. Small values of ¢ ensure that a(x) and a(y) are
almost uncorrelated even if x is close to y. Increasing the smoothness parameter v leads
to smoother realizations.

We remark that the collocation approximation is not the only approach to sample from
a random field. The Galerkin approach [92] Section 7.4] approximates the eigenfunctions
¢ in a finite dimensional subspace of L?*(D). The algorithm of Saibaba [124] computes
a random solution for the eigenvalue problem . For stationary random fields there
are circulant embedding methods to sample efficiently, see [47] or [92, Section 7.2]. We
remark that this is not an exhaustive list of methods to sample from a Gaussian with
values in an infinite dimensional Hilbert space.

2.3 Elliptic partial differential equation and discretization

Models with uncertain inputs. In this section we write down mathematical models
that we use for our numerical experiments. Let H;, Hy be two measurable spaces. A
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Figure 2.1: Samples of a Gaussian mean zero random field with Whittle-Matérn covari-
ance in D = [0, 1] for different values of the smoothness v € {1/2,3/2,5/2}, correlation
length ¢ € {0.01,0.05,0.1,0.5} and fixed variance 0> = 1. Each plot shows three indepen-
dent realizations (red, blue and black). We generated the plots by a truncated KLE after
N = 1000 terms, M = 1000 collocation points and each random field is evaluated at 10*
points.

model consists of an input parameter ¢ € H; and a continuous function f : H; — H,
which maps an input to the Quantity of Interest (Qol)

Z = f(a) € H.

We create a random model if we replace the deterministic input a with a random variable
a : €2 — Hy such that the Qol is also a random variable

Z:=foa:Q— H,.

Our goal is to collect information of Z like the mean, variance and so forth. The jus-
tification for such an approach is that in practice the input quantities are often either
unknown or known only up to a certain accuracy. Instead of a deterministic input we
allow a random input which assumes more values where each one is weighted according
to the distribution P of a. The gain is that we look at more than a single configuration
of the model and by examining the random Z we better understand how uncertainties in
the input a propagate to the Qol.

Poisson’s equation. We fix some notation for differential operators. For an open set
D CR%and f: D — R we denote the partial derivative w.r.t. the n—th variable as 0, .
We define the divergence and the gradient as usual

d
div(f) =Y 0 fi,
=1

V= (0uf,...,00 ).
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Figure 2.2: Samples of a Gaussian mean zero random field with Whittle-Matérn co-
variance in D = [0,1]? for different values of the smoothness v € {1/2,3/2,5/2} and
correlation lengths ¢ € {0.1,0.5}. Each image is an independent realization of the ran-
dom field. We generated the plots by truncating the KLE after N = 100 terms.

We model heat transfer through a material with the help of Poisson’s equation. The
mathematical description for the temperature y is the solution of a partial differential
equation (PDE). The physical interpretation is that a constant heat source, say a chemical
reaction or the heating of a metal rod, has enough time to conduct through a material
[7, Chapter 7.1]. The steady state temperature is then described with Poisson’s equation,
where we first introduce the strong formulation.

Example 2.30 (Strong Poisson equation). Let D C R? be a bounded domain. Then the
strong Poisson equation is

—div(a(z)Vy(z)) = u(z), x €D,
y(x) =g(z), x€aD.

(2.8)

Let us describe the quantities and their physical meaning:
e The domain D describes the volume of a material.
e The function y : D — R is the temperature in the material.
e The forcing function u controls how much heat is generated or lost inside the domain.
e The diffusion a > 0 determines how fast the heat travels through the material.

e The temperature at the boundary has fixed value g. o

This model problem is also used in groundwater flow, where it models subsurface flow.
Here Darcy’s law is combined with the continuity equation to obtain Poisson’s equation,
see [30], [40} T41]. The existence and uniqueness of solutions of strong PDE formulations is
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often difficult to prove. Instead, we look at weak formulations. We further randomize the
diffusion a which leads to a pathwise formulation. Weak formulations are often obtained
by multiplying the PDE with suitably smooth test functions and using integration by
parts. We denote with H}(D) C L?(D) the Sobolev space consisting of functions with
weak first order derivative in L?(D) and zero trace [50, Section 5]. We equip this space
with the norm [|y[| g1 (p) = [[VY| L2 (p)-

Definition 2.31 (Pathwise weak elliptic PDE). Let D C R? be a bounded domain,
u € L*(D) and g := 0. We call y € H}(D) a weak solution of (2.§)) if for all functions
v € H}(D)

(aVy, VU)LQ(D) = (’LL, U)LQ(D)-

We call y a pathwise weak solution if for P-almost all w €  the function y(w) € H}(D)
and for all functions v € H}(D)

(a(w)Vy(w), Vv)r2py = (u,v) 12(p).- (2.9)

o

This model is well-studied and often used as a baseline for numerical experiments [25, 31,
63, [87, 134], which is why we also use it. It is of course possible to further randomize some
appearing quantities. Equation can be generalized to account for random boundary
values g # 0 or a random right-hand side w. This is done in [26], [134]. We are often
not directly interested in the solution y but rather some quantity that we derive from it.
As an example, we might define the Qol as average over a subset of the whole domain
Dobs g D
1

y(w, z)dx.
|Dobs| /;obs

Properties of the solution. = We have to make some assumptions on the diffusion
coefficient a to ensure existence and uniqueness of the solution y. These assumptions are
a reformulation of the assumptions in [26] and [134]. The authors of [26] assume a domain
D € C? i.e. with smooth boundary, and [134] extend the results to piecewise polygonal
domains.

Z(w) =

Assumption 2.32 (Properties of the diffusion a). The diffusion coefficient a satisfies the
following three properties:

e There exists a t € (0, 1] such that P-almost surely realizations of a are in C*(D).
e The diffusion a satisfies the pathwise ellipticity bound such that for almost all w
0 < Amin(w) < a(z,w) < max(w) < +0o  for almost all x € D, (2.10)
where api, and a,.x are random variables.

e For all 51,55 € R the bounds on the diffusion coefficient satisfy a®. a2 € L% o

min’ “max

Assumption ensures that a € LP(Q2,CY(D)) for all p € [1,+00). The lognormal
diffusion coefficient satisfies this assumption.
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Lemma 2.33 (Lognormal diffusion coefficient). Let k ~ N(0,C) with covariance such
that the kernel £ : R>y — R defined as

E(||lx — y||) := Cov|r(z),k(y)] forall z,y € D
is Lipschitz continuous. Then the lognormal diffusion coefficient
a = exp(K)

satisfies Assumption for all t with ¢t < 1/2. The Whittle-Matérn covariance kernel
satisfies this assumption for the smoothness v = 1/2 for all ¢ < 1/2 and for smoothness
v=3/2and v =5/2 with t = 1.

Proof. The result can be deduced from [25, Section 2| and by showing that the Whittle—
Matérn covariance kernel is Lipschitz continuous. Therefore, we only outline the main
idea. First, Kolmogorov’s Theorem [34, Theorem 3.5] is used to verify that there exists a
version of a whose realizations are Holder continuous and thus continuous. We are then
able to define the bounds

Umin(w) := min exp(k(z,w)), Umax (W) := max exp(k(z,w))
xeD xeD

and is satisfied since the exponential maps to the positive reals. The Fernique
Theorem [34, Section 2.2] can now be used to bound the moments of @y, Gmax and their
inverse. This can be done similar to |25, Proposition 2.3] and [26, Proposition 2.4]. The
smoothness of the sample paths for v = 3/2 and v = 5/2 follows from [I11], Corollary
4.4]. The assumptions of this corollary are satisfied, since the covariance kernel is twice
continuously differentiable with Holder continuous derivative. This can be deduced from

Definition or from the expansion [128, Chapter 2, Equation (15)]. O

We use standard PDE theory [50, Chapter 6] to show the existence and uniqueness of a
pathwise weak solution as well as pathwise bounds under some mild assumptions.

Theorem 2.34 (Existence, uniqueness and regularity of pathwise weak solutions).
Let D C R? be a bounded Lipschitz domain and let Assumption be true for ¢ € (0, 1].
Then there exists a unique pathwise weak solution y of (2.9)) such that

ly(@) g0y < er(w)llullrzpy), (2.11)
(W)l 20y < ca(w)||ullL2(p)- (2.12)

Furthermore, for all 0 < s < ¢ except s = 1/2 we have y(w) € H'™(D) and the bound

[y()llmres oy < ea(w)lullL2(p)- (2.13)

The random variables ¢, ¢q, c3 € LP for every p € [1,+00). For t = 1 the statement holds
with s = 1.

Proof. The existence, uniqueness and is found in [25, Proposition 2.4] and is a result
of the classical Lax—Milgram Lemma [50, Section 6.2.1]. The use of Poincare’s inequality
then shows (2.12). The bound is given in |26, Proposition 3.1]. The moments of
¢1, ¢2, c3 are bounded according to [26, Theorem 3.4]. O

A further computation shows that y is actually a well-defined random variable.
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Lemma 2.35 (y is a random variable). Let the assumptions of Theorem be true.
Then the unique pathwise weak solution y of ([2.9) is a random variable y € LP(Q2, H}(D)N
H'*#(D)) for all p € [1,+00).

Proof. We verify that y is measurable by showing that y is locally Lipschitz continuous
w.r.t. a since continuous functions are measurable, see Lemma We view the solution
y as function of the diffusion coefficient a

y : {a € L(D)| There exists ayin > 0: a(z) > i > 0 for a.a. x € D} — H (D),

where a.a. is the abbreviation for almost all. Let a,a be two diffusion coefficients and
y :=y(a), y := y(a) the respective solutions. A computation now shows

- - 1 ~ -
ly = GlZ oy = IVy = VillZ2(p) < m(a(Vy = V), Vy = V) 2(p).-
We split this expression and use the weak formulation (2.9) with v = y — ¥ once for y and

once for y to conclude

(a(Vy = Vy),Vy = Vy)r2(py = (aVy, Vy — V) 2(p) — (aVYy, Vy — VY)2(D)

= (
= (¥ = Y12y — (aVy, Vy = V) r2(n)
= (aVy,Vy — Vy)m — (aVy, Vy = V§)r2(p)
< [la —ar= ||Vy||Lz(D)||Vy Vyllr2(p)

We now use Poincare’s inequality to show the result

1

| c ~
IVHlIZ2(p) < = = (@Vy, Vy)r2py = = (w, ¥)r2p) < = lulleyIVYllz2py. O

min min min

Finite element method. The numerical computation of y requires us to discretize the
Sobolev space H}(D) to obtain a discrete formulation of (2.9). In this thesis we restrict
ourselves to linear finite elements and polygonal domains D. We now basically follow [29],
a further introduction for finite element spaces is given by Brenner [21]. For the pathwise
formulation we use results from [25, 26], [134].

Definition 2.36 (Finite element mesh). Let D C R? be a bounded and polygonal domain.
Then 7 := {m,...,7n} is an admissible mesh if

e The 7, C R? are open triangles,
e D is the union of these triangles D = Ugil Tns
e The triangles are disjoint 7,, N 7; = @) for n # j,

e Any face (vertex or edge) of 7, is a face of another triangle 7; or is a subset of the
boundary 9D.

The mesh size h is the diameter of the largest triangle h := max,cq1,. v} diameter(r,). A
sequence of triangulations (7;)72, is called shape-regular if there exists a constant ¢ > 0

such that for all ¥ € N and all 7,, € 7

inscribedradius(7,)

9

diameter(7,)

where inscribedradius is the radius of the largest inscribed circle of 7,. o
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Definition 2.37 (Linear finite elements). Let 7, be an admissible mesh. Then the space
of linear finite elements is

V)" := {v e C(D)|v|, is affine linear for all 7,, € T; and v|sp = 0}.

The space of linear finite elements is conforming V® C H}(D) for all £ € N, see Bren-
ner [21, Chapter 3. o

The finite element method replaces Hi(D) with V) in the weak formulation (2.9).

Definition 2.38 (Pathwise discrete solution). We call y, a pathwise discrete solution if
for P-almost all w € Q the function y,(w) € V,* and for all v, € VP

(a(w)Vyg(w), VUZ)LQ(D) = (U, UZ)LQ(D)- (214)

o

We write down the discrete analogon for the existence, uniqueness and boundedness of
pathwise weak solutions.

Theorem 2.39 (Existence and uniqueness of pathwise discrete solutions). Let Assump-
tion be true. Then there exists a unique pathwise discrete solution y, of (2.14]) and
it is bounded by

lye()ll oy < er(@)lull2(),
[ye(w)llL2(py < ca(w)lullz2(p)-
Furthermore, ci,c, € LP for all p € [1,+00) and y, € LP(, VFE).
Proof. The proof is analogous to the proof of Theorem [2.34 and Lemma [2.35 O

The approximation quality of the solution is summarized in the next theorem. The con-
vergence depends crucially on the mesh size h and the convergence rate on the smoothness
of the diffusion coefficient.

Theorem 2.40 (Finite element error estimate). Let Assumption be true for t € (0, 1].
Then for all 0 < s <t except s = 1/2 the approximation error is bounded

lye(w) = y()llmyp) < er(@)hillull o),
lye(w) = y(@)lz2(p) < ca(w)hi®lull2(p)-

Furthermore, the constants ¢, ¢y € LP for all p € [1, +00) and thus

E|llye = 4l iy | < PNl
Hy(D) 2 (D) (2‘15)
E llye = 912y | < bl

For t = 1 the statement of this theorem holds with s = 1.

Proof. The proof for the estimates in the H}(D) can be found in [26, Theorem 3.9] and
the Aubin—Nitsche trick is used to obtain estimates for L*(D), see [26], Corollary 3.10]. [
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We give the reader examples in Figure of the solution y for different diffusion coefhi-
cients in d = 2. The general behaviour of the solution y is that if the diffusion is small in
a certain area, then the temperature generated by u accumulates in this area. For large
diffusion values the heat travels very fast to the boundary where we fixed the temperature
to zero and thus the temperature in this area is comparatively low. This also explains
why the temperature in the center is often largest, since the heat has to travel the farthest

distance to the boundary.
u a a
1 1 1 5 1
12
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15 10
0.6 8
0.5 0.5 . 0.5
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Figure 2.3: The left top image shows the function u which models heat generation at
five points in some material. The bottom left image is the temperature y with a diffusion
coefficient @ = 1. The other images show the random field on top, which are realizations
of a := exp(k), where Kk ~ N(0,C) and C is obtained from the Whittle-Matérn kernel
with v := 3/2 and ¢ := 1/2. The three bottom images are the solutions y obtained from
the diffusion a above.

0 0.5 1

The convergence rates of y naturally extends to a Qol Z that is defined as an average
value over a subdomain D, € D

Z(w) =

| DObS | obs

(2.16)
/ ye(w,z)dx for all £ € N.
Dops

Zy(w) =
Z |Dobs|

We write down the corresponding error estimate.

Corollary 2.41 (Finite element error estimate for 7). Let Assumption be with ¢t = 1.
Then Z, 7y, Zy,--- € LP for all p € [1,400) and the approximation error is bounded

E[|Z, — Z||’] < chy. (2.17)

In particular, we have the following errors for the mean and variance for all / € N
IE[Z] - E[Z]|| < chi, (2.18)
V[Z, — Z) < chj. (2.19)

Proof. The result (2.17)) follows from Jensen’s inequality and ([2.15)) in Theorem m

(f Obs|ye<x>—y<x>rd:c)] | [ ) = y(o) e

E llye = yll30)| < ehi.

1
|-l)obs|2

E[|Z — Z|*] < E

< 1
o |D0bs‘2
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We show ([2.18]) by pulling out the expectation, using Jensen’s inequality and ([2.17))
E(Z] - ELZ)|? < E[|Z ~ 2] < ch.

We use the fact that E[Z, — Z] is the deterministic constant that minimizes the quadratic
deviation from Z, — Z and use ([2.17)) to show (2.19))

V(Z— Z) =E[|Z — Z - E[Z, - Z]|*] = gleiﬂgE[HZe —Z ]
<E[|Z — Z - 0|]] < chj. O

Numerical implementation. We outline how to numerically compute a solution
ye(w) € VFE of (2.14). Let (v,)Y_; be any finite dimensional basis of V/* and express
the solution of y,(w) as linear combination of the basis functions of this space

ye@) = 3 Bulw)pn.

Then test (2.14) with all test functions ¢,, € V' to obtain the pathwise linear system of
equations of the form such that for P-almost all w € ()

A(w)B(w) = 0. (2.20)
The stiffness matriz A(w) is then
Aw) = (A @)Yy = () Vi, Vo oo oy €RYN. (221
The right-hand side or load vector b is given as follows
bim (b)y = (1 )2y € RY. (2:22)

The solution solution vector B(w) € RY is the vector of coefficients for y,(w) satisfying
(12.20))

Bw) = (Bu(w))n=y € RY.

It is often required to compute the L?(D)-norm of 3, which can be achieved with the help
of the mass matriz

M= (M) = (o 0))N
such that HZ/@H%%D) = BrMp.

Remark 2.42 (Quadrature rules). It is often necessary to use a quadrature rule to com-
pute the stiffness matrix A in (2.21) and the load vector b in (2.22). This introduces
additional errors that may worsen the error rates of Theorem if a(w) is not suffi-
ciently smooth, see [26, Section 3.3]. o

Remark 2.43 (Errors in the diffusion coefficient). We also replace the diffusion coefficient
a by a truncated KLE in our numerical experiments. We do not state the error that gets
introduced from using a truncation and instead refer to Charrier [25], 26]. o

We summarize the method to compute samples of y,. First, we have to compute the
KLE of the diffusion coefficient such that we are able to cheaply generate samples of a.
Afterwards, we obtain a single sample by the following steps:
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1. Compute a realization of the diffusion coefficient a(w).

\)

. Compute the stiffness matrix A(w) according to (2.21]) using some quadrature rule.

3. Compute the load vector b according to (2.22) using some quadrature rule.

S

. Solve the system (2.20)) to obtain the coefficients 8(w) of ye(w) € V/}E.

The most expensive step is often to solve the system . In particular, if the basis
functions (i, )"_; have full support over D, then A(w) is a dense matrix and thus the costs
to directly solve the system is of order O(N?). A standard method to reduce the
complexity is to use the nodal basis, which are functions that have local support. Then
the stiffness matrix A is sparse, which allows us to efficiently solve the system ([2.20)).
Multigrid methods [137, Section 3| are able to compute a solution with accuracy e with
costs O(N log(e)), which is optimal up to logarithmic factors.

We remark that we view two solutions on two different grids y,, and y,, as functions in
H}(D). This ensures, for example, that the expression y,, — 3y, is well defined, however
the corresponding expression for the vectors 3 — 3% is in general not well defined. We
overcome this obstacle if V'® C V,'® with a linear prolongation operator P} such that
P}, ye, are the coefficients of y,, in the nodal basis of V2", That is, the coefficients of
the difference ys, — ¢, in the nodal basis of V;IF is computed as follows

FE of Y4
P€2,€1ﬂ1_ﬂ2'
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Chapter 3

Estimation and variance reduction

The goal of this chapter is to give an overview for the approximation of the mean of a
random variable Z € L?

E[Z] = /Q Z(w)dP(w). (3.1)

We divide quadrature methods into deterministic and sampling based quadrature and list
common methods for both.

e Deterministic quadrature: These methods often discretize P and approximate
as a weighted sum of evaluations of Z at quadrature points. Classical quadrature
rules like the trapezoidal rule or Gaussian quadrature (see [35, Chapter 5] or [38])
work well in one dimension and reach a high accuracy. The straightforward extension
to multiple dimensions is called tensor product quadrature and applies these rules for
every dimension. This is prohibitively expensive in high dimensions, since the cost
is exponential in the number of dimensions. A potential improvement are sparse
grids [24] where we do not use a full tensor grid but only a carefully chosen subset of
grid points. In the context of random PDEs this is often combined with collocation
methods [102]. Sparse grids require mixed regularity of the integrand w.r.t. the
dimensions, which may not always be satisfied. The stochastic Galerkin method [55]
or [92, Chapter 9] discretizes the probability space with the help of polynomials. The
approach is similar to the finite element discretization of Hj(D) and may result in
a high dimensional problem. The drawback of this method is that it requires the
solution of a large linear system and is intrusive. Another well-known approach is
quasi-Monte Carlo [46], [90), Section 5,6], which uses the same quadrature weights as
Monte Carlo with deterministic evaluation points obtained from a low-discrepancy
sequence. This also requires the reformulation of as integral over R?.

e Sampling based quadrature: These methods combine samples of Z. We explain gen-
eral results and introduce some common notation in Section 3.1l We examine the
classical Monte Carlo estimator in Section adapted for the PDE setting with
random coefficients. Control Variates are a variance reduction technique and we
study them in Section The specific implementations of Control Variates are
Multifidelity Monte Carlo in Section and Approximate Control Variates in Sec-
tion [3.5] Another popular variance reduction method in the context of hierarchical
models is Multilevel Monte Carlo in Section [3.6] We finish this chapter with a brief
review of other sampling based methods in Section [3.7]

The thesis is mainly concerned with sampling based quadrature and we do not treat
deterministic quadrature any further. Most results in this chapter are well known and a
repetition or reformulation adapted for the goal . Throughout the rest of thesis if not
mentioned otherwise, we assume that Z is a real-valued random variable. Furthermore,
we assume that Z € L? such that Z has finite first and second moments. Generalizations
for Z € L' with Z ¢ L? are possible but complicate the analysis. For example, the
strong law of large numbers [79] Theorem 5.17] shows that the sample average converges
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almost surely to the mean under the weak assumption Z € L!. However, for a rate of
convergence w.r.t. the number of samples we require higher regularity and Z € L? is
sufficient to obtain a usable rate.

We call the next assumption General Assumption, since we assume it throughout the
thesis without further mentioning it.

General Assumption 3.1. Let Z,Z,, Z,, ..., Z;, € L? be real-valued random variables
and let Z, have positive cost wy > 0 for all £ € {1,...,L}. o

Challenges. Let us briefly demonstrate the challenges that arise for the computation
of the mean of a random variable.

Example 3.2 (Diffusion process). Let us define the Qol as in (2.16)

)
yla(w), x)dz,
Do o (a(w), )

where Dy, C D and y is a pathwise weak solution of the elliptic PDE in Definition [2.31
with diffusion coefficient

Z(w) =

a(r,w) = D7V M) (). (32)

We denote the truncation of this expansion at N with ax and obtain an approximation
of the integral
BlZ) = | Za)dPw)~ | Zlax()px()ds
Q R
where py is the probability density function of the random vector (&;,...,&y)T. We are
not able to compute the solution y or Z analytically and thus replace them with the
approximation Z; ~ Z

B(Z)~ [ Zlaxony~ [ Zulaxo o)y 33)

RN

&

We list the three main challenges to compute the mean and list reasons why we should
be able to overcome them.

e Curse of dimensionality: The probability space is often high—dimensional, e.g. in
of dimension NN, and thus requires high-dimensional quadrature. The curse of
dimensionally describes the phenomena that the costs grow rapidly or exponentially
w.r.t. the dimension N of the stochastic space. However, as Lemma [2.28| shows the
error of dropping the random variable &, from the KLE in is small if n is large,
which translates to a small error for Z. Although the original problem requires
the evaluation of an infinite dimensional integral, the effect of large dimensions n
on Z decays. This intuition is formalized with the variance since V[Z] < +o0 is
bounded independently of the truncation index N.

e Discretization: We have approximations Zy, Zs,... of Z at varying degrees of
accuracy. In Example [3.2] we use a finite element discretization for y and Theo-
rem [2.40] shows that the error decreases depending on the mesh size h. As the
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mesh size decreases the quadrature error decreases, however the required computa-
tional resources increase significantly. The coarse discretizations have a larger error
than the fine discretizations but are much cheaper to compute. Since the coarse
grids contain some information it is conceptionally advantageous to include them
for estimating the mean.

e Cost balancing: The quadrature and the discretization error have to be balanced
to achieve a computationally tractable solution. If the discretization is too fine we
are only able to compute a few evaluations of Z, and the quadrature error of E[Z] is
large. On the other hand if the discretization Z, is coarse and cheap the quadrature
error is small but the discretization error is large. Furthermore, a method that
uses discretizations 71, Zs, ... with different costs and accuracies has to balance the
computational effort between these models.

3.1 Sampling based estimation

The goal of this section is to define some common terminology and explain the reason for
the sampling based estimation of the mean. Sampling based estimators define a random
variable 11 that approximates the mean

w=E[Z].

We understand = in the mean square error sense, which is the average squared deviation
from the quantity E[Z]. We further define the bias that denotes how far E[i] deviates
from E[Z]. This definition is rigorous if we assume g € L?, which is the case for all
examined estimators in this thesis.

Definition 3.3 (Bias, mean square error). We define the bias and mean square error
(MSE) of an estimator fi as

Bias(j1) := Bias(1i, Z) := |E[i] — E[Z]],
MSE(fi) := MSE(#, Z) = E[||i — E[Z]||],

where || - || is a suitable norm. We call an estimator ji unbiased if Bias(fz) = 0 and thus
E[i] = E[Z]. o

The bias and MSE are always defined w.r.t. the expectation E[Z] that we want to estimate.
We often abbreviate Bias(zi) and MSE(jz) without the explicit Z if there is no ambiguity.
It is well known that the MSE satisfies a bias-variance decomposition and is equal to the
squared bias plus the variance of the estimator. For unbiased estimators the MSE is equal
to the variance.

Theorem 3.4 (Bias-variance decomposition). The MSE admits the decomposition
MSE(fi) = Bias(12)* + V[fi].
In particular, for unbiased estimators iz the MSE is equal to the variance

MSE(p) = V[p].
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Proof. We insert E[z] and use the properties of the inner product

E[[l7 — E[Z]|]*] = E[|i — E[A] + E[@] — E[Z]|]
= E[|E[A] - E[Z]|I"] + E[|lZ — E[A]|”]
+2E[(1 — Efu], E[u] — E[Z])].

The first term is the squared bias and the second term is the variance of the estimator
. For the third term we use the linearity of the inner product in the first argument and
pull in the expectation. We then conclude that this term is zero. O]

The bias-variance decomposition leads to a bound on the probability that i deviates
from the mean E[Z]. Both the bias and the variance is small if the MSE is small and an
application of Chebychev’s inequality in Theorem then bounds this probability.

Theorem 3.5 (MSE bound for probability of deviation). For all positive ¢ with &2
4 MSE(jz) the probability that i deviates from E[Z] is bounded by

P(|7 ~ ElZ]] > ) < 5 MSE(). (3.4)

Proof. We insert E[z] and use the triangle inequality

I = EZ][| < Iz — E[u]|| + Bias(p).

The expression on the left has equal or smaller probability to exceed e than the expression
on the right
P(ll — E[Z]|| > e) < P(||[z — E[u]|| + Bias(u) > ¢). (3.5)

We use Theorem [3.4] and MSE(f1) < €%/4 to bound the bias
Bias(7) < (Bias(@)? + V[))/? = MSE(@)% < /2.

We combine this with Chebychev’s inequality in Theorem and V[i] < MSE(2) from
Theorem to conclude ((3.4)

Vig]
(e — Bias(a))? ~

P(|7i — E[f]]| + Bias(i) > <) < 3 VISE(@).

]

The previous theorem allows us to derive confidence intervals for the estimation of the
mean. It further allows us to upper bound the required MSE such that we do not deviate
more than e from the mean E[Z] with some prescribed probability 4.

Example 3.6 (Confidence intervals). We determine the deviation € > 0 such that for a
prescribed confidence § € (0, 1)

P(iz € [—e+E[Z],E[Z] +¢€]) > .
This is equivalent to demand that
P(|p —E[Z][| > ¢) <1 -4 (3.6)

The use of (3.4) now gives the smallest deviation e = 2(MSE(71)/(1 — 8))"/2. o
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Example 3.7 (Target MSE). Let the deviation € > 0 and confidence level 6 € (0, 1) be
fixed. We want to determine MSE(jz) to ensure that

P(u € [—e+E[Z],E[Z] +¢€]) > 0.
Similarly to Example we obtain and thus shows
1—-6> iz MSE(1).
£
Therefore the estimator fi has to satisfy MSE(z1) < (1 — §)g?/4. o

It is of course possible to improve these estimates if more knowledge of the underlying
distribution of 11 is available, see [45, Chapter 8] or [42], Chapter 24, 25], [122, Chapter 10]
for the Gaussian case. Improved results are often obtained from concentration inequalities,
see [19].

3.2 Monte Carlo

Exact sampling. In this section we review the basic properties of the classical Monte
Carlo (MC) estimator. The results are well known and available in most introductory
books on probability theory [77, [79]. The MC estimator or the sample average plays a
central role for laws of large numbers, the central limit theorem and estimation in general.

Definition 3.8 (MC estimator). For m € N the MC estimator is the sample average

ﬁMC — %Z Zi,
=1

where the Z¢ are m i.i.d. samples of Z. o

The MC estimator is unbiased and has variance inversely proportional to m. We provide
a proof since the used techniques are useful for other estimators.

Lemma 3.9 (Bias, variance of MC estimator). The MC estimator is an unbiased estima-
tor for E[Z] with variance
viZi

V(M) = . (3.7)

Proof. The unbiasedness is a direct consequence of the linearity of the expectation and
that all samples have the same distribution as Z. The expression for the variance crucially

requires that Z!, ..., Z™ are pairwise uncorrelated
. 1 «— — 1 &K V[Z], ifi=j
V[pM°] = — Y Cov[Z',Z7] = — ’ ’
)= e 3 ezt - S

We use V[Z?] = V[Z] for i € {1,...,m} to conclude (3.7). O
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The convergence rate for the MC estimator is thus of order O(m~%/2) for the root mean
square error (RMSE)

e _ V2]
Toml/2

RMSE (M) := MSE(a™°)

The rate O(m~/?) is rather slow compared to deterministic quadrature. However, the
convergence rate is independent of the dimension of the underlying probability space, does
not suffer from the curse of dimensionality and does not require any regularity assumptions
except for Z € L2.

The cost to evaluate the MC estimator is the cost of a single samples times the number of
samples. A consequence of Lemma [3.9]is that to half the RMSE we have to increase the
number of samples by a factor of four. This also increases the cost by a factor of four.

Corollary 3.10 (Exact sampling cost). The cost to achieve MSE(MC) < &2 is

W[V = mW([Z] = 8—12V[Z]W[Z] =0(e7?). (3.8)

We did not include the practically necessary ceiling of m in (3.8]) since

1
is typically not an integer. We continue to do so throughout the rest of this thesis and
only mention the additional costs for ceiling if the obtained results are different. We
remark that sampling based methods often require a lot of evaluations and thus ceiling
the number of samples does not significantly increase the overall costs.

Discretized sampling. Corollary makes the strong assumption that we are able to
generate samples from the true Qol Z, which is often not possible. Therefore let Z;, Zs, . ..
be a sequence of model discretizations such that the mean converges E[Z,] — E[Z] for
{ — +o00. The bias-variance decomposition of the MSE now guides us how to proceed.
First, select an appropriate fine level L such that the bias is smaller than a prescribed
threshold. Afterwards apply the standard MC estimator for Z; with enough samples
to sufficiently decrease the variance. We denote this estimator with 7}!C and provide a
well-known result which is proved similarly to [56, Theorem 3.1].

Theorem 3.11 (Asymptotic cost). Assume that for all £ € N the bias, variance and costs
of the models Z, satisfy

Bias(Z;) < 27 Bisst) (3.9)
V[Z)] <, (3.10)
wp < ¢27Costt, (3.11)

Then for all € € (0,1/¢] there exists a fine level L € N and a number of samples m € N
such that the cost to achieve MSE(i}!¢) < €% is bounded

W[ﬁl}//IC} S 06*2*’YCost/'YBias' (312)
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Proof. We follow [56, Theorem 3.1]. Let €2 > 0 be fixed and set

L := —logy(e)/¥Bias + Lo

for Ly := Lo(¢?) > 0 such that L € N. We use (3.9) and assume L, is large enough to
satisfy
Bias(}'?)? = Bias(Zy,)? < 2 2l = 07 2minslog2 < 22 /9

The last inequality is achieved for Ly bounded independently of 2. We define the number

of samples as follows

207 207
We combine this with the bias-variance decomposition and the expression for the variance
(3.7) to obtain the bound for the MSE

2
~ . ~ ~ €
MSE(fy) = Bias(ip)* + V[i] < o + = <<

We apply the variance bound (3.10]) and sample cost bound (3.11)) to get the bound ([3.12)

~ 207 .
W[,LLIL\//IC] — me — ’V €2L—‘ wL S 6(8_2 _I_ 1)2')/CostL S C27COStL0€_2_'YCOSt/’YB1as

S 68727’Y003t/73ias . D

The cost O(g~27cost/78ias) is much larger than the cost O(¢2) for exactly sampling from
7. This result is rather intuitive, since an increase of the accuracy not only requires more
samples but also increases the cost per sample. Let us put this rate into perspective for
the elliptic PDE with different physical dimensions.

Example 3.12 (PDE example). Let Z be a Qol from an elliptic PDE similarly to .
We now assume an optimistic costs increase equal to the degrees of freedom in a finite
element mesh

Wy = QCM,

where Ycost = d is the dimension of the physical domain D. We use Corollary to
obtain the bias for level ¢
Bias(Z;) < ch}.

This translates to Ygias = 2 for uniform mesh refinement with h, = ¢27*. The cost is thus
of order O(¢727%2) and we give a summary in Table . The exact sampling cost of

O(e72) leads to a cost increase of a factor of four if we half the RMSE. o
Dimension d 1 2 3 4 5 6
Cost g72% g3 g3 gt gts 7

Cost increase | ~ 5.66 8 ~ 1131 | 16 =22.63 32

Table 3.1: Cost of the MC estimator w.r.t. to the dimension d of the domain D. The
row “Cost increase” denotes the factor by which the total cost increases if we require half
the RMSE e. The Qol is (2.16]) obtained from the elliptic PDE example.
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Variance reduction. We outline the main idea for many variance reduction techniques.
The cost of the MC estimator is proportional to the variance V[Z] and we try to
decrease this term without increasing the overall costs to much. As an example, let Y be
a random variable with mean zero such that the MC estimator of Z — Y is an unbiased
estimator for E[Z]. The costs to achieve a MSE of ¢ are

\W% [% i(zi —-Y| = “@W[z, Y],

where W[Z,Y] is the cost to compute a sample of (Z,Y). The cost compared to the
standard MC estimator is reduced significantly if

V[Z - Y|W[Z,Y] < V|Z]W[Z].

This happens if Z ~ Y and the cost to compute a sample of Y is much cheaper than Z.
This approach is sensible since Y carries a lot of information required to compute E[Z]
and we already know E[Y] = 0. We give a mathematically rigorous interpretation later
in Chapter [l In any case, the estimators in the following sections all use some variation
of this basic idea to construct a cheaper estimator.

3.3 Control Variates

Single control variates. @ The method of control variates is a well-known variance
reduction technique and results of this section are available in [59, [60, [88], 123]. We start
with the single control variate (CV) estimator and introduce multiple control variates
later in this section. To construct the CV estimators we assume that the expectations
[1, .-« pbr—1 are known.

Definition 3.13 (Single CV estimator). For m € N and 8 € R the CV estimator is

defined as
1 o~ . 1 o~ .
~CV ._ i - ) o
Hp = m ; Zp,—B (m ; 21 ,UL—l) .
We call the random variable Z;_; control variate. o

The S does not influence the bias of the estimator, only its variance. Since we want to
obtain an estimator that minimizes the MSE it makes sense to choose a 3 such that the
variance is as small as possible. It turns out that the optimal value for § is unique under
mild assumptions and independent of the number of samples.

Lemma 3.14 (Bias, variance). The CV estimator is an unbiased estimator for pj with

variance ) 5
O'L — 2BCL,L—1 -+ 5 O'L_l

Viag'] = 3.13
[:UL } m ( )
For 07 _; > 0 the variance minimizing coefficient is unique
. Cria
pr=— (3.14)
01
and the variance for this minimizer is
~CV 2 of
V[ML } =(1- pL—l,L)E' (3.15)
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Proof. The unbiasedness of [i$V is obvious. The result follows from the variance of
sums of independent random variables in Lemma . The variance (3.13)) as function of
/3 is a parabola with positive leading coefficient since ¢ ; > 0. Elementary calculus now
shows ((3.14)) and ({3.15)). O

The variance of the CV estimator is never larger than the variance of the MC estimator,
since pr -1 € [—1,1] in , however, we have the additionally cost to compute a
sample of Z;_1. The next corollary states that the CV estimator improves the standard
MC estimator in terms of the computational cost if the squared correlation is large enough
or the coarse model is cheap.

Corollary 3.15 (Cost). The cost of the single CV estimator to achieve MSE(i¢V) < &2
is 02
W[ﬁgv} = 8_5(1 - p%,L—l)(wL + wp_1).

Furthermore, the cost ratio w.r.t. the MC estimator satisfies
W{asVv wr,—1
[ ] =(1- P%7L—1) 1+ .
wr,

W]
The CV estimator is an improvement compared to the MC estimator if the condition
w1 < p} 1 (wp—1 +wy) is satisfied.

Proof. The result follows from Lemma and Lemma |3.14! O]

Multiple Control Variates. The results for a single CV estimator easily generalize
to multiple control variates. The basic idea is to form a linear combination of the coarse
models Zl, ceey ZL—1~

Definition 3.16 (Multiple CV estimator). For m € N and 8 € RE™! the (multiple) CV

estimator is L
/\CV i — 1 S )
S B WIE ]
=1 i=1
We call the random variables 7y, ..., Z;_1 control variates. o

The properties of this estimator are similar to the single CV estimator in Lemma [3.14]
We again want to choose (8 such that the variance is minimized, which yields a quadratic
minimization problem. The variance minimizer is again independent of the number of
samples.

Lemma 3.17 (Bias, variance). Let [ := {1,...,L — 1} be the index set of the control
variates. The CV estimator is an unbiased estimator for p; with variance

N 2 20 e
V[MEV} _ 0L 110+ 5 I,Iﬁ. (3.16)
m
For positive definite C ; the unique minimizer for the variance is
B*=CrCrL. (3.17)

The variance for this minimizer is

N 1 _
V[[L(Ljv} = E(U% — OLJCLIIC[’L). (318)
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Proof. The proof is a straightforward extension of the proof of Lemma to multiple
dimensions. O

Let us comment on the assumption that C7; is positive definite and thus invertible. This
is necessary for the uniqueness of a minimizer 8*. If Cj; is not positive definite then

Lemma shows there exist coefficients 3 € RE~! such that

L—-1
> Bu(Ze— ) = 0.
/=1

Therefore we may w.l.o.g. remove the last control variate Z;_; from the CV estimator

L—2 m
AoV __ZZz ;&(%;Zé—w).

We repeat this process until the remaining control variates I’ C {1,...,L — 1} satisfy
that Cp p is positive definite or I = (). A minimizer 3* for the original problem is thus

g = ¢; CppCrp, iLET,
£ o, ifee I
In this case the minimizer may not be unique, since linear dependence allows us to either
remove at least two different control variates from I or Z, = pu, almost surely. In the
latter case 3, may be chosen arbitrarily.

Let us comment on the expression for the minimal variance (3.18). We write down the
covariance matrix C' in block form

0'2 CL I
C = L
(OI r Crr
Then (3.18)) without the factor 1/m is the Schur complement [61], Chapter 3] of the block
C'1 of the covariance matrix
C/C[’[ = O'% - CL,ICZ}CI,L

The multiple CV estimator reduced the variance compared to the MC estimator if the
Schur complement is small enough and the coarse models are cheap. We obtain a result
that is similar to Corollary [3.15]

Corollary 3.18 (Cost). Let [ := {1,...,L — 1} and C}; be positive definite. Then the
cost to achieve V[ﬁgv} < e?is

L
= 1
W[Mgv} = 5—2(0/01,1) sz-
=1
Furthermore, the cost ratio w.r.t. the MC estimator is

W] _ (Gl $

W] wr,

(=1

Proof. The corollary follows from Lemma [3.17] O
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Lower variance bound. Let us now assume that we have an infinite amount of samples
available for Z;,...,Z;_1 but only m samples of Z;. This fits in the setting of control
variates since by the strong law of large numbers [79, Section 5.3] we may assume that
[1, .-, 1 are known. Formally, for n — +o0o we have convergence in the almost sure
sense of the sample average to the mean

This situation occurs in practice if we have a time limit for an expensive but fast computer
allowing us to sample only m times from the high fidelity model Z;. Later we may sample
more often the coarser models Z1, ..., Z;_1 on a slower computer such that the error for
the approximation of py,...,ur—1 is negligible. Another situation where this occurs is
if the samples of Z; are expensive real life experiments and samples of Z;,...,Z;_1 are
simulations by a computer. We first assume that we only have a single sample m = 1 of

the high fidelity model.

Definition 3.19 (Lower variance bound of an estimator). We define the lower variance
bound for an estimator iz with a single evaluation m; := 1 of Z;, as

VR[] = lim  V[ul,

mi,...,Mp_1—>+00

where my,...,m;_; denotes the number of i.i.d. realizations of Z1,...,Z_1. o

The restriction to a single high fidelity sample m; = 1 is often not severe, since the

estimators in this thesis have the property that the lower variance bound for arbitrary

m, translates to V™[] /m .

The MC estimator is special in the sense that it does not use any coarse grid samples.

Therefore, the lower variance bound for MC is the variance of the high fidelity model
VIR[EYC] = o

We use (3.18) to conclude that the Schur complement is the lower variance bound for the

CV estimators such that with / :={1,...,L —1} and J := T U{L}

V[agV] =07 = CriCr1CrL = Cys/Cry.

In Chapter |4 we formally prove that V[ﬁgv] is the minimal variance that is achievable
by any linear unbiased estimator of u; with only a single sample of Z; and an infinite
amount of samples of Z1,..., Z;_1.

Definition 3.20 (Lower variance bound). Let I/ C {1,..., L—1} such that C; is positive
definite. Then for J := TU{L} we define the lower variance bound or maximally achievable
variance reduction as the Schur complement

Vit = V[af¥] = 0f = CLiCiiCra = Cuy/Cur,

where the CV estimator 1%V uses a single sample m = 1 and control variates Z;,, ..., 2 Iy
o
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The CV estimator should achieve a larger variance reduction with more control variates.
Every additional model Z, allows us to choose the corresponding parameter 5, # 0.
Therefore, the new estimator has more degrees of freedom which translates to an equal
or smaller variance. The lower variance bounds V™" are therefore non-increasing if we
include more and more models.

Lemma 3.21 (Lower variance bound ordering). For I C {1,...,L — 1} and J C [ the
lower variance bound satisfies ‘ .
ymin < ymin, (3.19)

Proof. Let us denote the CV estimator with control variates indices in I with g¢V[I] with
coefficients 3. We do the same with for J with 7¢V[J] with coefficients a. We use ([3.16)
and use the optimality of the coefficients to conclude

VP = V] = iy oF - 2005+ 671

BeRII
vy = VIagvJ]] = miB| o7 — 200+ ' Cy o
a€eR

It is crucial to observe that J C I and thus the first optimization problem simply min-
imizes over more coefficients. We fix §, = 0 for all £ € [\ J to obtain the second
optimization problem

min 07 — 20,8+ BTC ;< min  of —2C 8+ BT OB

/BER|I| 5€R|I\7
Be=0 if L€T\J
= min 0% — 20 jo + O{TC’J’JQ
acRlVI
and the result (3.19)) now follows. O

It is possible to extend the notion of a lower variance bound for multiple models, even if
they are not high fidelity.

Remark 3.22 (Lower variance bound for multiple models). We define the set of models
Q C{1,...,L} as the models that are evaluated once and I C {1,..., L} as the models
that we evaluate infinitely often. Then with J := Q) U I the covariance of the vector of
estimators (1if")seq with correlated samples satisfies

Coy™in .— COV[(ﬁEV)eeQ, (,ZZEV)KEQ} = Cyy/Cr € RIQIxIQI o

n

Since Cov™" is however a matrix and not single number, it is not clear what a lower
bound in this context means. It is possible to reduce this (often) positive definite matrix
to a single number via the trace(Cov™") or by looking at a specific linear combination

6T(C Ovmin B

Problems of the CV estimator. The CV estimator requires us to know the expecta-
tion of the control variates piq, ..., ur—1. These values are often unavailable and we need
to estimate them. Therefore, we could again devise a CV estimator.

Example 3.23 (Three level nested CV estimator). For the purpose of this example define
the CV estimator for p; as the MC estimator

1 my
~CV .__ %
T .——g AR

mq £

=1
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We then define an approximation for the CV estimator for us such that
)
ACV _ Z Zz 51< Z( 7i //L\CV>>.
=1

Now we continue with the third level

= S-S s ) :
The example shows that there are a several degrees of freedom and choices to make.

e We may choose the coefficients 3 for both estimators 715V and 715V to dependent on
each other.

e We want to distribute the number of samples m, m4, m3 to achieve a small variance.

e [t is unclear how to choose the independence structure of the random variables, i.e.
it might make sense to use independent samples to estimate 1§V and 1SV, but not
for SV,

e It is trivial to generalize this estimator for more levels, however, the optimality of
this approach is not clear.

The Multifidelity Monte Carlo method in Section and Approximate Control Variate
method in Section both estimate p7 in similar fashion shown in Example [3.23]

3.4 Multifidelity Monte Carlo

We continue with the Multifidelity Monte Carlo (MFMC) estimator in [107]. This method
assumes that the mean values 1, ..., ur_1 of the control variates are unknown and have
to be estimated. The MFMC estimator is a CV estimator with a specific number of
samples m and independence of the realizations.

Definition 3.24 (MFMC estimator). For mq,...,m; € N and 8 € RE™! we define the
MFMC' estimator

AR ZZ’ Zﬂe< ZZ—mimZZ) (3:20)

Similar to the CV estimator we want to choose 8 and m such that the variance of the
estimator is minimized. As it turns out, the optimal choice of § is independent of the
choice of m allowing us to optimize them separately. The next lemma optimizes the
and is a summary of the results of Section 3 from [107]. We simplify the notation and
abbreviate pr o := 0.
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Lemma 3.25 (Bias, variance [107, Section 3]). Let m; > --- > m; and assume o7 > 0
for all £ € {1,...,L}. Then the MFMC estimator is an unbiased estimator for p; with
variance
MFMC o1 ST 1 2 2
V[ane) = 7L ( - —)(—mcu 1 Bo?). (3.21)
] mr, ;m€+1 my o
A variance minimizer 8* € RF7! is
Bf =Cpyfo; forallte{l,....L—1} (3.22)
and the minimal variance satisfies
N
V[ae] = o7 Y - B R (3.23)
=1

Proof. The proof is scattered throughout Section 3 of [I07]. The unbiasedness follows
directly from the linearity of the expectation. The result in (3.21]) is a straightforward
calculation done in [I07, Lemma 3.2, Lemma 3.3]. A step in the proof is to compute

]' 1
me;Z,_,, ZZ

]zl

1

~ max{my,m;} ¢

Cov

The assumption m; > --- > my is then used to obtain the easier manageable form (3.21]).
The proof of (3.22)) is given in [107, Theorem 3.4]. We use m; > --- > my, to ensure that

tlle eX[)IeSSl()ll

is non—negative for all £ € {1,..., L —1}. W.lLo.g. we may assume that this expression is
larger than zero, otherwise the value of 3, does not influence the variance in and
we may choose 8; = Cp/of as in (3.22). For o} > 0 equation as function of 3 is
a sum of L — 1 parabolas with positive leading factor. We separately minimize them to
obtain the unique minimizer

Bf = Cryfo; forall e {l,... L—1}.

Inserting this optimal £* into ([3.21]) then leads to (3.23). O
The condition m; > --- > m is often satisfied for hierarchical models, where we require

few evaluations of the high fidelity model and allow for more evaluations of the coarser
models. Furthermore, o7 > 0 is a mild assumption, since o7 = 0 implies that Z; is almost
surely constant and thus Cp, = 0. The corresponding term in is then zero and
we remove Z, from the estimator. The minimizer 8* is unique if the stricter inequality
my > .-+ > my is satisfied. This is desirable since for m;; = m, the terms associated
with the control variate Z; are zero and we remove this model

~MFMC __ 1 - Zl pasy Zz 1 - Zz
oL = Z Z Be Z [ Z i
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Sample allocation. We now answer the question how to optimally allocate the number
of samples m, for every level £. The goal is to minimize the variance not exceeding a fixed
computational budget WPudeet > (0. The MFMC estimator requires m, samples of Z,
and each sample incurs costs of w, > 0. This is formalized in the following relaxed
optimization problem, where we allow fractional samples:

L 2
min _J(m) ::V[AMFMC - Zpu ﬂLe 1

mi,...,mpER
1 L —

L
such that Z myw, = Whudset (3.24)

My > My forall ¢ € {1,..., L — 1},
my, ZO

We use the ordering constraints to apply (3.23) of Lemma which ensures that the
expression for V[a)"™¢] is valid. The budget constraint

L
§ mywy S Wbudget
=1

is satisfied with equality at a minimizer, otherwise we could linearly scale up mq,...,my,
to further reduce the variance. We include this constraint as equality constraint, since
these are easier to handle than inequality constraints in convex optimization.

Theorem 3.26 (Optimal sample allocation [I07, Theorem 3.4, Corollary 3.5]).
Let 07 > 0 for £ € {1,..., L} and assume the ordering

Pra < <Pl (3.25)

Furthermore, let the costs and correlations satisfy

we+1(ﬂ%,e - P%,eq) > W(P%,ul - P%,e) (3.26)
for all ¢ € {1,...,L — 1}. Then the unique variance minimal sample allocation m* of
(3.24)) satisfies

. Wbudget p%,ﬁ _ p%,f—l 1/2
me - I 5 5 1/2 w (327)
Zj:l (wj(pL,j - pL,j—l)) ¢
for all ¢ € {1,..., L}. The variance for this optimal sample allocation satisfies
o? L / ’
. 1/2
VA = g (S~ ) 329
=1

Proof. A detailed proof is given in [I07, Theorem 3.4]. The assumptions (3.25]) and (3.26))
are used to ensure that the constraint m; > --- > m is satisfied with strict inequality
at the optimum m*. Then (3.24)) is minimized using basic convex optimization. m
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The variance V[iy"™C¢] is inversely proportional to WP, This allows us to compare
the cost to the MC estimator similar to Corollary for the CV estimator. The main
difference is that the variance reduction of the MFMC estimator only depends on the
correlations between the high fidelity model and the low fidelity models pr1,. .., pr.-1
but no correlation between two low fidelity models. In contrast, the CV estimator depends

on the Schur complement of C', which takes other correlations into account.

Lemma 3.27 (Cost). Let the assumptions of Theorem be true. Then the cost to
achieve V[)yFMC] < 2 g

w[pye] = 2L (Z (we(p2 , — pi,g_n)”?) . (3.29)

2
9
/=1

Moreover, the cost compared to the MC estimator satisfies

MPMC L/ wp 1/2\ 2
%:<Z(M—L<pi,g—p@_l>) ) 3:30)

M, —1

Proof. The proof is a straightforward application of Theorem [3.26| n

Graph based model selection. We have to devise an algorithm to ensure that the
assumptions of Theorem [3.26| are satisfied. Furthermore, we want to select or order the
models in such a way that the cost of the estimator is minimized. This problem is called
model selection problem.

Definition 3.28 (Model selection problem). The model selection problem for MFMC is
a minimization problem

1P| 12
min  J(P) =Y (wr(phr, — Fhr ) - (3:31)

P
/=1

where P = (Py, P,,...,Ppi_1,L)" is a vector of length |P| < L with P, € {1,...,L}. We
further require that P satisfies

op, >0 forall ¢ € {1,...,|P|}, (3.32)
PLp < < Pl (3.33)

wPul(p%,Pg - P%,Pg,l) > Wp, (P%,PHI - p%,Pg) forall £ €{1,...,|P| -1} (3.34)

We define p%,PO = 0. o

The conditions (3.32)), (3.33)) and ([3.34)) are used to apply Lemma The cost function
J in (3.31]) is up to a constant equal to the square root of the cost of the MEMC estimator

in (3.29). The model selection P = (L)” corresponds to the MC estimator and thus the
minimizer in (3.31]) is guaranteed to lead to an estimator with variance not exceeding MC.
Without model selection this property is in general not true.

The algorithm originally proposed by Peherstorfer [107, Algorithm 1] applies a brute force
strategy and checks all valid P that satisfy (3.32)), (3.33)), (3.34]). The model selection P
with the smallest variance is then used. This strategy has costs exponential in the number
of models L.
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We propose a graph based approach where we reformulate (3.31) as a shortest path
problem. To explain the main idea we first neglect the constraints. Let Z; be an artificial
model with wy := 0, Cov[Zy, Zo] := 0, 07 > 0 and define edge weights

1/2

dij = (wl(p%z - P%,j)) / :

We then define the directed graph G with vertices V', edges F and edge weights ()
G:=V,E,Q), V:i={0,....L}, E:=VxV, Q:=(q)r

4,j=0"

The cost of a path P from 0 to L is exactly J(P) in (3.31). Furthermore, every path
corresponds to a valid model selection and vice versa. Solving the model selection problem
is thus equivalent to finding a shortest path in a directed graph.

Let us now introduce the constraints that are all of local nature. First, if is not
satisfied for some model Z,, then we do not add any edges to the vertex ¢. This ensures
that no path from 0 to L uses this model. Condition (3.33) is satisfied for every path P if
we only add edges (4, j) if p7 ; < p7 ;. The constraint (3.34)) is tricky since it is a condition
between three models and thus three vertices. We solve this issue by introducing another
dimension in the vertex set of the graph such that nodes are now pairs (i,j). We then
introduce edges of the form ((4,7), (j, k)) if condition is satisfied. A path which
uses this edge means that the models i, j were selected and k is the next model which
incurs costs of gj;. Let us formally define this graph G.

G:=(V.E Q),
V::{O,...,L}x{O,...,L},
E = {((i,), (. k) € V X V]i # j,i # k,j # k and

> 0, a >0, o7 > 0, and
< P and (3.35)

o}
P%,j
wi(pd = o) > wilohs — ) b
U{((0,0),(0,0))|¢€{1,...,L}}
U{((¢,L),(L,L))|¢e{1,...,L}},
Q = (@ijjt)ijh=0r g = ji-
The goal is to find a shortest path from (0,0) to (L, L).

Lemma 3.29 (Shortest path model selection). Finding the shortest path from (0,0) to
(L, L) in (3.35)) is equivalent to the model selection problem in Definition [3.28|

Proof. We first show that every path P from (0,0) to (L, L) in G delivers a valid model
selection and vice versa. For some K € {1,..., L} the path P is

P = (<07 O)? (07 El)? (Elv 62)7 (627 63)7 SR (gKa L)? (L7 L)) (336)
and from this define the reduced path or model selection
Pred = (01, 0o, 05, ... Uk, L). (3.37)

The reduced path P4 satisfies (3.32)), (3.33) and (3.34)) by construction. We only verify
this for last condition. For ¢ € {1,..., K} and with Pi*® := 0 abbreviate the vertices
i:= P4, j = Pt and k := P/°]. The construction of P from P shows

P=(..(,5),0(.k),...)
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and thus ((4, ), (j, k)) € E. The definition of the edge set F in shows
wk(PL; = PLi) > Wi(PLy — PL;)-

The verification of the other conditions and is similar. We conclude that

Pred s a valid model selection. For the other direction let P be a valid model selection

given as in (3.37). From this we define P as in . It is now straightforward to verify

that P is actually a path in G from the assumption that P is a valid model selection

satisfying , and .

All that remains is to show that the cost of a path P is equal to the cost of the respective

model selection. We denote the first entry of Py = (i, 5) with (), := 4. The definition of

q in (3.35)) shows that the cost satisfies

|P| |P|-1
Zq(PZ—l)l(PZ—I)Z(PZ)l(PZ)Z = Z 4(Pp)1(Pp)2>
(=2 £=2

where we used that the last term is qr;, = 0. The definition of P™? in (3.37) shows

|P|-1 |pred| |pred]

1/2
D AR = D dripe = 3 (szed(/)i,p;ed - pQL,Pﬁ‘il)) = J(P™9),
=2 =1 =1 '
which is exactly the cost in (3.31]). m

We remark that computing a shortest path in a directed graph G with non—negative
weights can be done efficiently in the sense that the costs are polynomial in the number
of models L. A well-known algorithm to compute shortest paths is Dijkstra’s algorithm,
see [13, Section 1.5] or [2, Section 7.4].

Asymptotic analysis. Let us return to the setting that we know asymptotic infor-
mation of the models Z,. We assume that the cost w, increases at most geometrically
and the difference p7 , — p7 ,_; decreases sufficiently fast. The latter is achieved if the
difference of the variance of two consecutive levels converges to zero at a certain rate. The
overall variance of the estimator is then given in terms of an asymptotic expansion. We
summarize the result of [I06, Lemma 2] in the next lemma.

Lemma 3.30 (Asymptotic variance). Let the assumptions of Theorem be true and
for all / € N

Bias(Z,) < 2Bt (3.38)
V[Ze — Zp_1] < 27t (3.39)
wy < 27005t (3.40)

Furthermore, assume uniform lower and upper bounds on the variance for all / € N
0<o? <o} <o? < +oo. (3.41)
Then the bias for the MFMC estimator is
Bias(7)}FMC) < 27 minsl (3.42)

and the variance satisfies

I 2
/=1
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Proof. The MFMC estimator 1}*™¢ is an unbiased estimator for u; and thus (3.38))
shows ([3.42]). The proof for the variance (3.43) is given in [100, Lemma 1, Lemma 2] and
we only write down the main idea. We have to bound p%x — ,0%’@71 in (3.28)

2 L 2
V[A™] = (Zw(pi,g - pi,e_n)”?) . (3.44)

=1
We assume 0 < pr1 < -+ < pr.1, otherwise redefine some Qols from Z, to —Z,. Combine
this with py . € [0, 1] to obtain the bound
P%,e - P%,e—1 = (pre+ pre-1)(pre — pre-1) < 2(pre — pre-1)-
W.lo.g. we assume o7 = 1 for all £ € {1,...,L} due to (3.41)) and apply Hoelder’s
inequality to get
pre— pre—1 = Cov|Zy, Zy — Zy_4]
= Cov|Zy — Zy_1, Zy — Zya] + Cov[Zy_y, Zy — Zp_1]
< (V[Zyp — Zoe1)V[Ze — Ze )Y + Cov[Zo_y, Zo — Zo].

The variance assumption (3.39) is used to bound the first term by ¢2~"Var*, Furthermore,
the second term is non—positive

(COV[szl, Zg - ngl] = Peo—1 — 1 S 0 (345)
and thus p7 , — p7 ,; < c27 ! We insert this and use the sample cost ([3.40) to bound

the overall cost in (3.44)), which yields (3.43)). O

The property (3.45)) is crucially needed for the proof. We emphasize this, since since a
direct application of the Cauchy-Schwarz inequality leads to only half the rate

pre— pro—s = Cov|Zy, Zy — Zo_1) < (V[ZL)V[Zy — Zya])? < c2-wart2,

Let us summarize the asymptotic complexity of the estimator in the next theorem. The
proof is very similar to the proof of [56, Theorem 1] and [31, Theorem 1]. The statement is
a slight generalization of the result in [106, Theorem 1, Corollary 1] since it takes rounding
into account.

Theorem 3.31 (Asymptotic cost [I06, Theorem 1, Corollary 1]). Let the assumptions of
Lemma be true. Then for all € € (0,1/e] there exists a fine level L and a number of

samples my, ..., my such that cost to achieve MSE(f}*™MC€) < £? is bounded
5_27 if Yvar = YCosts
W{a™Me] < ce Moot/ 1Bias 1 o e 72 og()?, if Yvar = YCost, (3.46)
—9_ YCost “¥Var .
€ TBias if Yar < YCost-

Proof. Fix €2 > 0 and choose
L:.=— 1Og(5)/7Bias + LO (347)
for a suitable Ly < ¢ large enough such that L € N and that the result (3.42)) gives

Bias(fi) "™MC)? < 2 2minsk = o 2minslog2 < 22 /9
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We further choose

I 2
WbUdget = C872 (Z Q(VCOSC'YVar)E/2> /2
(=1

and combine these results with a bias-variance decomposition and (|3.43))

MSE(AY™C) = Bias(@}i™C)? + v [

L 2
S Blas(l’zlz/IFMC)Q _|_ Wbidget (Z 2(’7C05t_'y\/ar)€/2>

(=1

< g2,

The asymptotic expression for the cost W[ZPXIF MC} = Whudeet without ceiling the number
of samples m follows by looking at the three distinct cases. First, for yva, > Ycost We use
the properties of the geometric sum to obtain

L 00
Z 2('}’Cost*'}’Vaur)€/2 < Z 2('YCost*“/Var)£/2 < c,
/=1 /=1

where we used the fact that the exponent is negative. We thus obtain W = ce 2.

Secondly, for Yvar = Ycost the sum is bounded by

L 2 L 2
Z 2('7003t7Var)£/2> — (Z 1> — Lz'
(fl /=1

Inserting L from (B.47)) adds the additional logarithmic factor W[a}F™¢] = ce=2log(e)?.
Finally, for yvar < Ycost the geometric sum now grows faster

[ﬁlz/[FMC}

I 2
(Z 2('YCost”YVar)€/2> S C(2('YCost*'7Var)(L+1)/2) 2 — C2('YCost*'7Var)L_
/=1

Again, if we insert L from we obtain the costs of W[i}FMC] = ce™2e~(ost=var)/1mias
Up until this point we have neglected the ceiling of the number of samples m. The
geometric cost increase (3.40)) ensures that the cost of ceiling is dominated by cwy, which
is a constant times the cost of a single high fidelity sample. We combine this with
to obtain

cwy < QVCost L < e~ YCost/TBias

9

which is the additional term for the cost W[ZPXIF MC] in (3.46)). O

The complexity of the MFMC estimator is significantly smaller than the complexity of the
MC estimator which has the complexity expression (3.46) with v, = 0. In particular,
for Yvar > Ycost and assuming that the cost for rounding does not dominate, that is,

fYCost/’YBias S 2’

we have the optimal asymptotic cost of €72 as for the MC estimator that samples di-

rectly from Z without discretization, see Corollary [3.10 For completeness we state the
asymptotic cost compared to MC.
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Corollary 3.32 (Asymptotic cost quotient). Let the assumptions of Theorem be
true. Then the cost of the MFMC estimator compared to the MC estimator to reach a
MSE of €% € (0, 1] satisfies

YCost

o~ € TBias , if ar > ost
W[M%AFMC} e i o )2 . v YCost
o~ = € "Bias 10g(E)", 1 ar — ost 5
W[M%{C] - g . v YCost
€ "Bias if Yar < YCost-
Proof. Combine the expressions of Theorem [3.31| and Theorem [3.11] n

We return to the PDE Example|3.12and there the MFMC estimator achieves the optimal
cost of O(¢72) for low dimensions. These costs are asymptotically equal to the MC
estimator that directly samples from Z.

Example 3.33 (PDE example). Let the assumptions of Theorem be true. Then if
Z is defined as in ([2.16]) such that Corollary applies, we have Vgias = 2, Yvar = 4 and
Yoost = d, where d is the dimension of D. The cost is minimal for d < 3 and close to

optimal for d = 4. The result for different dimensions is summarized in Table [3.2] o
Dimension d | 1 2 3 4 5 6
Cost g2 g2 g2 e?log(e)? e g3
Cost increase | 4 4 4 ~ 4 ~5.66 8

Table 3.2: Cost of the MFMC estimator w.r.t. to the dimension d of the domain D.
The row “Cost increase” denotes the factor by which the total cost increases if we require
half the RMSE e. The Qol is (2.16) obtained from the elliptic PDE example.

Lower variance bound. We examine the behaviour for the MFMC estimator if we

increase the number of coarse grid samples my, ..., m_; to infinity. We might expect the
same lower variance bound V™" with I = {1,...,L — 1} as for the CV estimator, since
[, ..., pr—1 are known. However, as the authors of [62, Theorem 1] show, this is not the

case. The MFMC estimator only reaches the bound V?Li‘ll}, which is the lower variance
bound for a single CV estimator using Z; ;. We provide two proofs, one were we directly
increase the number of samples and one were we decrease the cost for the coarse models
to zero.

Theorem 3.34 (Lower variance bound [62, Theorem 1]). Let the assumption of Theo-
rem [3.26] be true. Then the lower variance bound for the MEMC estimator satisfies

VRG] = it = 0B (1 - g, ), (3.49)

Proof (sample based): Use the limit of m, — 400 for ¢ € {1,..., L—1} in (3.23)) to obtain
the right side of (3.48]). The resulting expression is equal to (3.15]). O

Proof (cost based): We have to be careful to ensure that assumption (3.26) of Theo-
rem is satisfied if we let wy, ..., wr_1 go to zero. Let @« — 0 with a > 0 and redefine
the costs as awy, ..., awy_1. Now assumption (3.26)) is satisfied for all « < 1. We further
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define WPudset — ¢, and from (3.27) we conclude m, — +oo for £ € {1,...,L — 1} and
m; — 1 for a — 0. We obtain the result from (|3.28))

len [AII\//IFMC] — hmV[ MFMC}

2
2 L-1 "
= l}{)% WTLdget (wL(P%,L - P%,L—1))1/2 + Z(awé(P%,e - P%,£—1))
(=1

=07 (1 _p%,Lfl)' 0

The MFMC estimator is not optimal in the limit of infinitely many low fidelity models.
From Lemma [3.21] we obtain a comparison to the full CV estimator

VRG] — V> R = VRREeY)
This inequality is often strict, which we later show in numerical experiments in Section [4]
We want to give the reader a deeper understanding of why the variance reduction is not
optimal. A close inspection of the MFMC estimator shows almost sure convergence to the
single CV estimator with control variate Z;_;. In particular, the correlation information

between the models 71, ..., Z;_o and Z} is lost. The reason is that some of the sums in
the definition of the MFMC estimator (3.20)) almost surely converge to zero

me41
I Z—— Zil=0 forall¢e{l,...,[—2).
ml,...,mlLH_ll—>+oo(me+1 Z 4 Z Z) or a. { }

=1

For ¢ € {1,...,L — 2} the random variables Z}, ..., Z,"" that are correlated with the
samples of the fine model Z},..., Z' disappear.

Lemma 3.35 (Almost sure convergence to single CV). The MFMC estimator yM¢
converges almost surely to the single CV estimator 1%V with control variate Z;_, and m,
samples
lim GUFMC _ 7OV,
mi,..,,mp_1—+00

Proof. Let us rewrite the MEMC estimator defined in ([3.20]) such that the first m; samples
are all grouped together

mr

' 1 ' mr—1
~MFMC __ 2 7 E : 7 7 E : 7
He B ( Z 5£(m2+1Z£_ mZZ€)> +6L 1 ZL 1+R

i=1 T i=mp+1

where R is the remainder of the estimator. If we take the limit my,...m;_; to infinity,
the term m%Z} converges almost surely to zero. This is true for all random variables in

the left sum except for #ﬂZé with / = L — 1. By the strong law of large numbers

R converges almost surely to zero and the remaining term converges almost surely to
Br_1ptr,—1. We conclude almost sure convergence of the MFMC estimator to the CV
estimator for mq,...,m;_; = 400

1 mrp, . 1 mry, ‘
AMFMC ; ; ~CV
N7 B> Zh 4 B = Y,
Hr, my . — BL e 2 11+ Br_apr—1 = g

where 7i$V is the single CV estimator with control variate Z;_; with m  samples. O
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3.5 Approximate Control Variates

We describe a different control variate framework introduced in [62] in this section. The
basic observation of the authors is that the MFMC and the Multilevel Monte Carlo
estimator in Section [3.6] do not achieve the same lower variance bound as the control
variate estimator. They propose several estimators which do not have this disadvantage.

Definition 3.36 (ACV-IS estimator [62, Definition 2]). For my,...,m; € N and § €
RE~! we define the Approzimate Control Variate Independent Samples (ACV-IS) estima-
tor

m L-1
ﬂ%CVIS::mLLZLZEL_Zﬂg( ZZZL__<ZZZL+ Z ZM)) R
i1 =1

i=mp+1

We want to choose the coefficients 3 such that the variance of the estimator is minimized.
In contrast to the MFMC estimator, the optimal coefficients 5 now depend on the number
of samples m. We denote the Hadamard or element wise product of two matrices with o.

Lemma 3.37 (Bias, variance [62, Theorem 3]). Define the matrix FS € R(E-Dx(L-1)

(mg—mp)(m;—mr) if 0+ j
S ) Js
FIS (FEIJS)ZJ 1 FKI]'S - {_me—mL o if g :]

my

Moreover, let m, > my for all ¢ € {1,..., L —1} and for I := {1,..., L — 1} assume that
C' 1 is positive definite. Then the ACV-IS estimator is an unbiased estimator for iz, and
the variance minimizing choice for [ is

ﬁ* = (FIS @) C[}]) (dlag( ) e} C[ L) (349)

The minimal variance at 5* satisfies

V[V ] = mLL(Ui — (diag(F"®) o Cp.p)" (F" o Cp 1)~ (diag(F'®) o Cr1)).  (3.50)

Proof. We refer to the proof of [62, Theorem 3]. O

The authors of [62, Definition 3] also define a modification of the MEMC estimator, where
the first average of the control variates is now only summed up over the first m samples.

Definition 3.38 (ACV-MF estimator [62, Definition 3]). For my,...,m; € Nand g €
RE~! we define the Approzimate Control Variate Multifidelity (ACV-MF) estimator

1 mry, L—1 1 my, 1 my
~ACV-MF i i i
=— 4 — — Ly — — Zy . o
e S - ol - 5
Lemma 3.39 (Bias, variance [62, Theorem 4]). Define the matrix FMF ¢ RE-Dx(L=1)

mm{.mg m;t—mp, if 0 .
PME = (F )y, FT = {mfi‘;;{g”_“”j}_’ “7_”]
m—e, 1 =7
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Moreover, let m, > my for all ¢ € {1,..., L —1} and for I := {1,..., L — 1} assume that
C1 1 is positive definite. Then the ACV-MF estimator is an unbiased estimator for p,
and the variance minimizing choice for § is

B* = (FMF o C’M)_l(diag(FMF) (0] CI,L)'

The minimal variance at 5* satisfies

1
V[N = (o} — (diag(FM") 0 Cr.) (FMF o Cpp) ' (ding(FY'F) 0 C1)).
L

Proof. We refer to the proof of [62, Theorem 4]. O

We continue with the next estimator which is a combination of two control variate esti-
mators.

Definition 3.40 (ACV-KL estimator [62] Definition 4]). Let m4,...,m; € N and g €
RE=L. Then for K, N € {1,..., L} with N > K we define the Approzimate control variate
KL (ACV-KL) estimator

o ) my L—-1 1 mrLoo 1 my .
iy ¢=E;ZL_;6K<W_L;Z€_E;Z£>
K—1 1 2N A

(3.51)

o

The KL in the name ACV-KL stems from the original parameters K, L used in [62]. The
idea behind this estimator is to use the ACV-MF estimator with the last control variates
Zx,...,Zr_1 and then use a CV scheme with the remaining control variates Z1, ..., Zx_1.
These control variates are typically cheaper and this allow us to estimate the expression

1 ZmN Z} with my > mj, samples, which reduces the variance. In particular, for N = L
or "K=1 the ACV-KL estimator is equal to the ACV-MF estimator.

Lemma 3.41 (Bias, variance [62, Theorem 6]). Define the matrix FXF := (FffL)M s
RE-Dx(E=1) guch that

(

e o
mL(mz—mN)(mj—mzlzn”ZTJ)\;fvmin{me,mj}—WN)7 if0,j < K

Fit = mp e ifN>(>K,j <K,
ML ifN>j>K/I{<K,
0, otherwise.

\

Moreover, let my > my forall ¢ € {1,...,L—1}, m, > my forall £ € {1,..., N —1} and
for I :={1,..., L —1} assume that C is positive definite. Then the ACV-KL estimator
is an unbiased estimator for p;, and the variance minimizing choice for f is

B* = (F*" o Cp )~ (diag(F*") o Cr ).

The minimal variance at $* satisfies

V[V = —(07 — (diag(F"") o Cr )" (F*" 0 Cp 1)~ (diag(F*") 0 Cr 1))

mp
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Proof. We refer the reader to the proof of [62, Theorem 6]. O

We give the reader an intuition for the particular expression of §* and the variance for the
ACV-IS estimator. A similar result also holds for the ACV-MF and ACV-KL estimators.
We define the sample modified covariance matriz as

m 1 F15 diag(F'9)

With this notation we rewrite 8* (3.49) and V[2°V™5] in (3.50) to obtain an analogous
result to Lemma for the multiple CV estimator in terms of the Schur complement

B :< 17“7,11)_1 ZLLv
V[ﬁ%CVJS] — Cm/ ?’Z].

A possible interpretation, at least in terms of the variance, is that the ACV estimators are

CV estimators that use control variates that depend on the number of samples my,...,m.
For ¢ € {1,...,L — 1} we define
. o\ 1/2
Zom —y | gy 4 | DL <mf mL) &, (353
m,’ my my my

where the &,...,&,_1 are independent copies of Z,...,Z;_1. We further define ZL =
Zr/ m};/ ?. It is now straightforward to verify that the covariance matrix of Z 1ynns Z L 18
equal to (3.52]). Furthermore, for m, > m  this covariance matrix is obviously invertible
if C' is invertible and thus the expression (F o C; ;)= in (3.49) is well defined.

Sample allocation. The ACV-IS, ACV-MF and ACV-KL estimators all depend on
the number of samples m,...,m and the ACV-KL estimator additionally depends on
the parameters K and N. For a positive budget Wudgt > ( the authors of [62] solve the
relaxed sample allocation problem

: J — V ~ACV-IS
, min _J(m) ki

L
such that Z mow, = WPudset,
=1
me > my, forall £ € {1,...,L — 1},
mrp, Z 0.
The optimization problem for the ACV-MF estimator is similar, we simply replace the
variance Va2 V™8] with the counterpart V[zi2°V™F]. For the ACV-KL estimator we

have the integer parameters K and N and thus use categorical optimization. First fix K
and N and compute the optimal solution of

. J — V ~ACV-KL
, min_J(m) 12 ]

L
such that ngwg = Vybudeet
=1
my > my forall ¢ € {1,...,L —1},
my > My forall £ € {1,...,N — 1},
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This is then done for every valid combination of (K, N) and the parameters with the
smallest variance is chosen. There is no known analytical form for the optimal sample
allocation mq,...,m, for either of these estimators. Therefore, numerical optimization
has to be used.

At this stage we remark that the ACV estimators depend on the ordering of 7, ..., Z; ;.
In particular, the authors of [62] do not optimize over this ordering and do not perform any
model selection. As an example to show why this might be a disadvantage let 21, ..., Z;_1
be independent of Z;. Then the constraint m; < m, requires the evaluation of models
that do not reduce the variance but have non-zero costs.

Lower variance bound. The authors of [62] changed a small but important detail
for the ACV-IS and the ACV-MF estimator compared to the MFMC estimator. If the
number of low fidelity samples goes to infinity, then the contribution of the first term of
the control variates mLL S "E 7" in Definition [3.36] and mLL S-h Zi Definition (3.38) for
¢ e {1,...,L — 1} does not go to zero as for MFMC. This allows these estimators to
achieve the same lower variance bound as the CV estimators. This was proven in a more
general setting by Gorodetsky et al. [62, Theorem 5|. The main idea of the proof is to
use the convergence of the matrices F'% o Cr; and FM¥ o C;; to Cr; for an increasing
number of low fidelity evaluations. The result is the same lower variance bound as for the

CV estimator, which is not a coincidence.

Lemma 3.42 (Almost sure convergence to CV). The ACV-IS and ACV-MF estimator
converge almost surely to the multiple CV estimator with control variates Zy,..., 2 1
and mj samples

lim ﬁfcv*ls = lim ZZ?CV*MF = ﬁgV[Zl, ey Zpq). (3.54)
mi,...,Mp_1—>+00 mi,...,Mp_1—>+00
The same statement holds for the ACV-KL estimator with K =1or N = L. For K > 1

and N < L the ACV-KL estimator almost surely converges to the multiple CV estimator
with control variates Zg, ..., Z;_1 and m samples

im VR = V(2. 2y (3.55)
mi,...,Mp_1—>+00
Proof. The proof for the ACV-IS estimator is similar to the proof for the ACV-MF
estimator, thus we only prove the statement (3.54) for ACV-MF. The estimator reads

~ACV-MF 1 <&, = 1L 1
o= L85 Sa( L Sa L 5a)
Lo (=1 L =1 ti=1

If we now let m, — 400 the terms mig St Zi — g almost surely, which shows the claim.
The claim for the ACV-KL estimator follows since for K =1 or N = L it is equal to the
ACV-MF estimator. The proof for K > 1 and N < L is straightforward. The terms in
the sum Zf:_ll in converge almost surely to zero which shows the claim. O]

Another method to derive this result, at least for the ACV-IS estimator, is the interpre-
tation as CV estimator with control variates Z4,..., Z_1 defined in . Form;, =1
and m, — +oo for £ € {1,...,L — 1} the control variates almost surely converge, that
is 7 ¢ — Zy. A straightforward consequence is that the lower variance bound for ACV
estimators is equal to the lower variance bound for the CV estimators.



Chapter 3 Estimation and variance reduction 67

Theorem 3.43 (Lower variance bound). Let K = 1 or N = L for the ACV-KL estimator.
Then the lower variance bound for ACV is

Vmin [//L\%CV—IS] — Vmin [ﬁ%CV—MF] me {AACV KL] f{ril’n L1} (356)

For K > 1 and N < L the lower variance bound for ACV-KL is

min [~ACV-KL min
N 1755 | = {K,...L—1} <

3.6 Multilevel Monte Carlo

The Multilevel Monte Carlo (MLMC) estimator has recently become popular due to
its asymptotic complexity improvement over the MC estimator. Giles [56] introduced
this estimator for computing the expectation of the solution of a stochastic differential
equation. The authors of [3I] extended this result to a PDE with a random diffusion
coefficient. A summary of the method and extensions are listed in [57]. Let us denote
Zy =0, wy:=0 and pgo := 0.

Definition 3.44 (MLMC estimator [50, Section 2]). For mq,...,m; we define MLMC

estimator
AMLMC Z Z ZK 15 (357)

o

The estimator differs from a CV estimator in the sense that there are no coefficients g
to choose. Furthermore, the samples for every difference in are independent. In
particular, m, is not the number of evaluations of Z, but rather of Z, — Z,_;. The total
number of evaluations of Z; is my, +m,,; for £ € {1,..., L — 1} and of Z is m .

It is not immediately obvious why the MLMC estimator is constructed as a telescoping
sum, however the reasons will become clear when we examine its asymptotic properties.
Let us write down the bias and variance of this estimator.

Lemma 3.45 (Bias, variance [56, Section 2]). The MLMC estimator is an unbiased
estimator for py with variance

L
V[Z - Z
V[ayMe] Z ) (3.58)

(=1

Proof. We use the properties of the telescoping sum, the linearity of the expectation and
to = 0 to conclude the unbiasedness

iy Me ZE Zy— Zya] = pr — po = pr

We use the independence of the random variables w.r.t. the levels ¢ and the sample index
i together with the standard MC variance estimate to conclude (3.58])

i Z£1 0

(=1

L

AV [ﬁl}//ILMC] — Z A\

my

1 il zé
LSz

=1
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Sample allocation. Let us continue with the sample allocation for MLMC. The goal
is to find the number of samples my,...,m that minimize the variance given a fixed
computational budget WPudeet >~ (. The relaxed sample allocation problem where we
allow fractional samples reads

L
. . VZe — Zo—]

J(m) = Vg™ =y ————— 3.59

Lomin () = V[ ; - (3.59)
L

such that Z mo(we + wy_p) = Whdeet, (3.60)
=1

my >0 for all £ € {1,...,L}. (3.61)

This minimization problem has a unique solution which can be computed analytically. The
solution was obtained by Giles [56] and generalized by Cliffe et al. [31] to accommodate
the PDE setting.

Theorem 3.46 (Optimal sample allocation [31, Section 2.1]). Let V[Z, — Z,_1] > 0 for
all ¢ € {1,..., L}. Then the optimal sample allocation m* of (3.59)-(3.61) is

_ ybudset <V[Zg - Z“])l/2
SE (V]2 — Zo|(we + we_))?\ we + we '

*
my

The variance at this minimizer satisfies

V[ = Wbidget (Z(V[Ze — Zoa)(we + we)) 2) : (3.62)

(=1

Proof. The proof is standard convex analysis [20, Section 5]. We however, want to repeat
the main ideas of it since a proof with similar structure will appear in a more complicated
setting. First, we argue that a minimizer exists. We use V[Z, — Z, 1] > 0 and m, > 0 to
show

lim J(m) = 4o0.

mp—0
Since J(m) is continuous for m, > 0, we conclude that m, > ¢ > 0 for all ¢ € {1,...,L}
for some small c. Furthermore, the cost constraint and wy, > 0 ensures that

mf(wé + wﬁfl) S Wbudget

and thus m, < cfor all £ € {1,..., L} for sufficiently large ¢. The continuous function J
attains its minimum over a compact set, thus m* exists. The uniqueness follows since J
is strictly convex restricted to linear cost constraint. This can be seen by looking at the
Hessian of .J, which is a diagonal matrix that is strictly positive definite

V[ Zy — Zya|m;?,  if b =3,

Hjy(m) = (H;(m)g) ey,  Hi(m)ey = {O 0

This also shows that (3.59))-(3.61]) is a convex optimization problem, since the constraints
are all affine. The Karush-Kuhn-Tucker (KKT) conditions are thus sufficient for a min-
imizer. There exists the Lagrange multiplier \Y € R associated with the cost constraint
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and A\, € R associated with the positivity constraint of m, for every ¢ € {1,..., L} such
that the KKT conditions are

V[Zy — Zoi]

—m—%+/\w(we+wz—1)—>\e=0 forall ¢ € {1,..., L},

L

budget
E mg(wg —|—U)g,1) = Wruaeet,
/=1

(3.63)
my >0 for all £ € {1,..., L},
Aemy =0 for all £ € {1,..., L},
A >0 forall ¢ € {1,...,L}.

Observe that we already concluded m, > 0 and thus by the complementary slackness
condition Ay = 0. Therefore, we have to solve the system

VZ, — Z,_1]

———7%;——+AWWM+wpn:0 for all ¢ € {1,..., L},

mz(wz + wz_1) — Wbudget‘

] =

(=1

We further conclude that A¥ > 0 and thus for all £ € {1,..., L}

my = ( V[Z, — Zg_l]))lm'

)\W(UJ( + wp_1

The cost constraint ([3.60)) now shows

I 2
1
AW:W@@E*;]W@_ZﬁMW+wHDW>-
=1
This then yields the optimal value for m} for all £ € {1,..., L}
. Wbudget V[Zg . Zf—l] 1/2
M= I 2\ we+w .
> 1 (V[Ze = Zpa](we + we-1)) ¢ We
The variance at the minimizer m* satisfies
1 - i
Jm") = Wybudget (Z(V[ZZ — Zpa](we + wZ—l))l/Q) = \"Wyybudeet, O
=1

It is straightforward to generalize the theorem if V[Z, — Z,_] = 0 for some ¢ € {1,..., L}.
We remove the model ¢ from the estimator without affecting the accuracy, which corre-
sponds to m; = 0. The result shows the inversely proportional relationship between
V [EYEMO] and WPtdeet | similar to the result for MFMC in Theorem M

Graph based model selection. The variance of the MLMC estimator (3.62) shows
that the cost is not invariant under reordering of the models. Let us formulate a model
selection problem similar to the one for the MEFMC estimator in Definition [3.28
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Definition 3.47 (Model selection problem). The model selection for MLMC is to mini-
mize

1P|
min J(P) =Y (V[Zp, = Zp,,] (wp, + wp, )", (3.64)

=1
where P = (Py, P», ..., Ppj_1,L)" is a vector of length |P| < L with P, € {1,..., L} and
we defined wp, := 0. o

The cost function J in (3.64)) is up to constant equal to the square root of the variance of
the MLMC estimator in for P = (1,...,L)". Definition allows us to reorder
the models and if necessary, not use some of them.

The goal is to find the optimal model selection P that minimizes the variance and we show
that this problem is equivalent to a shortest path problem. Let us define the directed,
edge weighted graph G := (V| E, Q) defined as

V.={0,..., L},
E=VxV, (3.65)

Q= (gm0 @ij = (V[Zj — Z)(w; +w;))'"">.

A shortest path from 0 to L now describes the best model selection and can be computed
efficiently, i.e. by using Dijkstra’s algorithm, see [I3], Section 1.5] or [2 Section 7.4].

Lemma 3.48 (Shortest path model selection). Finding a minimizer of (3.64]) is equivalent
to finding a shortest path from 0 to L in G defined in ((3.65)).

Proof. The model selection P = (Py, P,. .., Ppi—1,L)" is a valid path from 0 to L in G
if we add zero in front P’ = (0, P)T. Similarly, every path from 0 to L in G is a valid
model selection if we drop the first entry. All that remains is to show that the cost of any
path P from 0 to L is equal to J(P) in (3.64)). This however, follows from the definition

of the edge weights ¢;; in (3.65)). ]

Asymptotic complexity. The asymptotic cost for the MLMC estimator is an im-
provement over the MC estimator and is equal to the cost of the MFMC estimator in
Theorem [3.31] The proof is also quite similar. In particular, the MLMC estimator
achieves the optimal O(e7?) complexity if the variance reduction rate Jy,, is larger than
the cost increase rate ycost-

Theorem 3.49 (Asymptotic cost [56, Theorem 3.1], [31, Theorem 1]). Let the following
assumptions be true for all £ € N

Bias(Z,) < ¢2 7 Binst (3.66)

V[ Zy — Zy_q] < 27t (3.67)

wy < ¢2700stt, (3.68)

Then for all € € (0,1/e] there exist a final level L and a number samples m, ..., m such

that the cost to achieve MSE(zYMC) < &2 is bounded
5_27 if YVar = 7YCosts

~MLMC —VCos ias -2 2 ] .
W[ML } S ce YGost/7B +cq € log(e) ) lf YVar = YCost»
_9_JCost™Var .
€ TBias if Yvar < YCost-
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Proof. The proof is analogous to the proof for the MFMC estimator in Theorem [3.31]
We only have to verify that the variance satisfies the expression

L 2
~MLMC c ost —YVar )2/2
V['U’L ] < Wybudget <Z 2(70 et/ ) ’

(=1
which directly follows if we combine (3.62)) with (3.67)) and (3.68]). O
Lower variance bound. The lower variance bound of MLMC does not reach the

bound V?Lin_l} as for a single CV estimator, since there is no coefficient 3 to choose. This
result can be found in [62, Section 2.4], we however provide a different proof.

Theorem 3.50 (Lower variance bound). The MLMC estimator almost surely converges
1 <20
lim e = o Y (ZL—Zy ) + (3.69)
- L=

In particular, the lower variance bound for the MLMC estimator satisfies
VI EYINC] = V7, — 7, 1] > VR, (3.70)

Proof. All MC estimators in (3.57)) converge almost surely to their mean

1 mry, L—-1
: ~MLMC
lim Br :_E( ZL1+E — [e-1),
mMy,e.,Mmp_1—+00 mrp “ 1 =1
i= =

which shows (3.69)) since this is a telescoping sum with gy = 0. The bound ([3.70) now
follows since the right estimator in (3.69)) is a single CV estimator with control variate
Z1,_1, my, samples and potentially suboptimal coefficient 5 = 1. O

Let us briefly outline a derivation of the expression (3.70) by decreasing the cost of the
low fidelity models to zero. We use (3.62) with WPudeet = 4, to obtain

I 2
1
. ~MLMC] __ 1/2
wl,...,lggl,ﬁoV[ML } = wllggl 50 Vybudset <;(V[Zz — Zo—1|(we + we—q)) >
—V[Z1 — Zi_1].

3.7 Other multilevel methods

Multi-index Monte Carlo. The Multi-index Monte Carlo estimator [68] is an ex-
tension of the MLMC estimator such that the telescoping sum idea is used in multiple
directions. Let us assume that we have the models Z,; for ¢,j € {1,...,L} available.
Then define the two difference operators in the first and the second direction

A Z; = 2, ifi =1, NoZ; ;= Zit, itj=1
P Zij— Zi—j, i#1 e Zij = Zij-1, Hj#L



72 Chapter 3 Estimation and variance reduction

The estimator for E[Z}, 1] now sums up over all low fidelity models

me,j

L
//’ZL,L = Z % ZAgAlZZ;’e

£,5=1 Joi=1

This is an unbiased estimator for E[Z}, ;| with variance

This expression is equivalent to the expression for the MLMC estimator (3.58|) except
that we sum over two dimensions. Importantly, this method is viable if the variance term
exhibits mixed regularity in the following sense

V[AQA:L Ze,]] = 62_,7/\731”2€2_'7Var1]’7

where Yvare, Yvar; are positive rates w.r.t. the respective dimensions.

It is possible and advisable to not sum up over all £,j € {1,..., L} and instead carefully
select the indices. The authors show in [68, Remark 2.2] that with an improved selection
and under some regularity assumptions, the convergence rate is, up to logarithmic factor,
independent of the dimension d of D for the PDE setting in Example |3.12| These results
however, require mixed regularity assumptions w.r.t. the bias, variance and cost.

Adaptive methods. Adaptive methods seek to optimize the low fidelity models
Z1,...,Z1 1 in a certain way to reduce the variance. The method of Peherstorfer [105]
uses a Gaussian process to generate a cheap low fidelity model and uses this model as
control variate to estimate the expectation of the high fidelity model. The tradeoff here
is that the low fidelity model may be inaccurate if it is cheap.

Other adaptive methods do not consider a fixed hierarchy Z,...,Z; 1 and use a refine-
ment scheme that depends on the particular sample, see [44. [74, 80]. This exploits features
of the underlying Qol that may be sample dependent such as a localized forcing term,
where the location is random and differs significantly for different realizations. Adaptive
mesh refinement is then used to obtain sample dependent approximations of Z.
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Chapter 4

Multilevel best linear unbiased estimators

In this chapter we reformulate sampling based estimation as linear regression problem and
generalized linear least squares problem. These problems and their respective solutions
are well known in the mathematical literature [8, [64) [69, 06, 114, 116, 142]. Therefore,
a lot of work in this chapter consists of translating sampling based estimation to the
language of least squares problems. We restrict ourselves to a solution in the class of
linear unbiased estimators, where we form a linear combination of the samples. This class
includes the estimators presented in Chapter [3] The Gauss—Markov—Aitken Theorem
asserts the existence and uniqueness of the best linear unbiased estimator (BLUE), where
“best” means variance minimal. In this context the term “multilevel” means that we use
the samples of the low fidelity models Z;,..., 2,1 to estimate the expectation of the
high fidelity model Z;. The contents of this chapter is organized as follows:

e We derive the BLUE from two different perspectives in Section[4.1} First, we proceed
similar to the CV estimator by defining a general linear unbiased estimator. Then
we choose the coefficients to satisfy a bias constraint and to be variance minimal,
which in turn leads to the BLUE. The second approach reformulates the estimation
problem as linear regression problem, where we apply the Gauss-Markov—Aitken
Theorem to obtain the BLUE. Both derivations lead to the same result, however
the latter one is more insightful.

e We continue with the lower variance bound for the BLUE in Section [4.20 Since the
BLUE is the linear unbiased estimator with the smallest variance, this bound is a

lower bound for every linear unbiased estimator. As it turns out the bound is sharp
and equal to the bound for the CV and ACV estimators.

e Linear unbiased estimators are formed by linear combinations of the samples. In
Section we view the samples as basis functions of a suitable subspace V. The
BLUE consists of the best approximation in V' of an element in a larger space which
we obtain from the bias constraint plus a residual orthogonal to V. This viewpoint
emphasizes the samples and the Qols Z1, ..., Z; and not the coefficients of the linear
combination.

e We view the estimators of Chapter [3| as linear unbiased estimator in Section
and show that some of them are the BLUE under certain circumstances. We fur-
ther define the full coupling estimators, which are the BLUESs for a special sample
allocation.

e Some results of this chapter are verified numerically in Section [4.5 where we have
samples of a Qol which is a monomial or a monomial plus noise. The goal is to
combine these samples in a linear fashion to reduce the variance of the estimate for
the mean of the high fidelity model z1;,. We further verify that V™® in Definition m
is the lower variance bound.

Throughout this chapter we estimate a linear combination of the means of the discretized
Qols E[Zy],...,E[Z,] and not of the actual mean E[Z] we are interested in. This is a
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restriction that makes sense for the purpose of this chapter and we defer the estimation
of the exact mean E[Z] to Chapter [6] This chapter contains results from [126].

4.1 Estimation as linear regression

Linear unbiased estimators. = We estimate the mean u = (E[Z],...,E[Z.])T by
linearly combining samples of Zi,...,Z;. We define subsets of these Qols as model
groups, where we later independently sample from them. We further define a restriction
and prolongation operator.

Definition 4.1 (Model group, restriction, prolongation). For K := 2L —11et S*,... SK
be the K non-empty, disjoint subsets of {1,...,L}. We call each S* a model group. For
each model group the restriction R* is defined such that for all v € RY

RFv = vg € RIS*.
We define the prolongation as transpose of the restriction P* := (RF)T. o

We simplify the notation by deliberately not specifying which subset the model group
S* for a specific k is unless it is contextually required. We now define estimators that
linearly combine samples with coefficients that are deterministic and thus implicitly define
the bias parameter. For every k € {1,..., K'} we have my, i.i.d. samples of the Qols with
indices in S* and denote them as usual with Z;’,ck, cee Zg;’“’k.

Definition 4.2 (Linear unbiased estimator). For deterministic coefficients %% € RIS"!
and samples Zg,’f we call i, a linear estimator

K myg
o =Y (B9 2.
k=1 =1

The bias (parameter) o is defined in terms of the coefficients

K m
o= Zpkiﬁi»k. (4.1)
k=1 =1

The estimator i, is a linear unbiased estimator (for a® ). For unit vectors e, € RE we
abbreviate ji, := i, o

We call a the bias since it determines the bias for estimating zero. The definition (4.1
ensures that i, is an unbiased estimator for oy irrespective of the actual value of u,
which is required since we do not know any entry of the mean p. This becomes clear if
we equivalently reformulate (4.1))

K m K m
Eli,] = Z i(ﬁi’k)TE [Z;,’f} = Z i(ﬁi’k)TRk,u =a'pu for all p € R”.
k=1 i=1 k=1 i=1

It is often helpful to specifically select the coefficient in front of the /-th level

[lg]k = e} PFpi*, (4.2)
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where the coefficient is zero ﬁfé]k = 0 if the model is not in the group ¢ ¢ S*. Notice that
in general Bfé]k =+ Bé’k and that Bé’k is ill-formed if ¢ > |S¥|. For the set I C {1,..., L} we
define . .

By = (B eer € RV, (4.3)
We allow the number of samples for a model group to be zero, hence we distinguish models
that we are required to evaluate, used models and used model groups.

Definition 4.3 (Required models, used models, used model groups). We define required
models that we have to evaluate

Uy ={e{l,...,L}|ay #0}. (4.4)
The models that are evaluated at least once are the used models

Uy :={€ec{l,...,L}| there exists k € {1,..., K} such that £ € S* and m,, > 0}.

(4.5)

The used model groups are evaluated at least once
Us:={ke{l,....K}|m; > 0}. (4.6)
o

A step in the construction is to choose the coefficients g given a desired bias a and the
number of samples. For every ¢ with a, # 0 we require to have at least one sample of Z,,
since otherwise the estimator is biased for p, # 0.

Lemma 4.4 (Existence of linear unbiased estimators). For a fixed oo € R there exists a
linear unbiased estimator fi, if and only if U, C Uy.

Proof. “=" We fix ¢ € U, and combine this with ({4.1]

K my K myg
0£ag=cla=) Py g*=% % B
k=1 i=1 k=1 i=1

Hence there exists k € {1,..., K} such that £ € S* and m,, > 0, which shows ¢ € Uy.
“<” We verify that (4.1)) is satisfied if we average the coefficients as follows

5 {%ab it € € Uy,

zkzl mklsk (6)
0, iUy,

For ¢ € Uy the denominator in this definition is positive and we obtain the desired bias

Tipk%ﬂik i%ﬁlk ii Lar (€
o k=1 i=1 k=1 i=1 Oéék 1 i=1 Zk 1mk15’“(€) o

For £ ¢ Uz we use the assumption U, C Uz and hence a, = 0, which is equal to the linear
combination of the coefficients since they all satisfy B[zé}k = 0. O]

It is straightforward to extend the notion of a linear unbiased estimator for the entire
vector p or Ap for any compatible matrix A. This is achieved by separately looking at
the rows of A. We abbreviate such an estimator with i, or i in the case of A = I
the identity matrix. Clearly, a linear unbiased estimator for p requires us to evaluate all
models at least once.
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Corollary 4.5 (Existence of linear unbiased estimators). Define the set of required models
Ua:={l€{l,...,L}| there exists i such that A; # 0}. o

For fixed A € RM*L there exists a linear unbiased estimator i, if and only if Uy C Uy.
In particular, for A = I € RE*E we require Uz = {1,...,L}. In the next sections
and throughout the rest of this thesis we tacitly assume that we have samples such that
U, C Uy is satisfied and thus linear unbiased estimators exist.

Best linear unbiased estimator. We now write down the variance of a linear unbiased
estimator. The result contains expressions with the covariance matrix of a model group

C* .= RFCPF ¢ RIS* XIS,

We assume that the samples are uncorrelated across model groups and that all samples
of every model group are also uncorrelated. The random variables Zg,lf have the same
variance for different sample index ¢ and thus the same information regarding pgx. Hence
it makes sense to all weigh them exactly the same way 3% = 7% for all i, j € {1,...,my}.
We formally derive this.

Lemma 4.6 (Variance, uniform coefficients). The linear unbiased estimator jz, has the

variance
K myg

Vi) = ) (BHTChs (47)

k=1 =1

For g% := """ B%* the modified estimator
1 & ik
=y (B <m_ > Z;k)
keUs koi—1
uses the same samples, has the same bias and variance not larger than i, that is
N <6k)T0k6k R
Vi) = Z E— < V). (4.8)
keUs k
Proof. The variance (4.7 follows from the independence structure of the samples

K mi

k=1 i=1

K myg K my

_ Z ZV[(BM)TZ;::} _ Z Z(ﬁi,k)TC«kﬂi,k.

k=1 i=1 k=1 i=1

Vi) =V

The estimator i, clearly uses the same samples as [i, and is a linear unbiased estimator
for a1

K mp, K K myg
B[] =E|> (89" (mi > zgf) = () s = 30 S5 s
k=1 =1 k=1 k=1 i=1
- (4.9)
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For the variance (4.8)) we separately minimize the inner sums of the variance in (4.7 such
that we do not change the bias

my
min J@h . o) = Z(vi)TCkvi
vl,... o™k € RIS i—1

. - (4.10)
such that Z vl = Z ik = gk,
i=1 i=1

Clearly, if m; = 0 then the optimization problem is trivial. For k € Ug and thus m; > 0
this is a convex optimization since C* is positive semi-definite and the constraint is affine.
The KKT conditions are thus necessary and sufficient [20), Section 5]. Let A € RIS*! be
the Lagrange multiplier such that the optimal choice for v!,...,v™* satisfies the KKT
conditions

CFu' 4+ X =0 for all i € {1,...,my},

mp

gr = Zvi.

=1

We write down a solution of this system

I — forallie {1,...,my},
Ok

A=——p"
Mg

We conclude that using uniform coefficients across samples of a model group never in-
creases the variance and thus (4.8)) holds. O

The proof of Lemma further shows that if the covariance matrix C* is positive definite,
then the optimal choice for v!, ..., v™* in is unique with uniform coefficients for
every model group.

Notice that we have to make the distinction between m; = 0 and m, > 0, since we
otherwise divide by zero in . The estimator with equal coefficients in front of every
sample for each model group is a weighted sum of correlated MC estimators

R 1 mp . 1 mp .
e ST (L) - (i a) e
keUsg k=1 keUs reSk ki1

The inner sum contains correlated MC estimators when changing ¢ and the outer sum
contains uncorrelated MC estimators when changing k. The variance of this estimator is

v, = Y LLEE (4.13)
keUs k

and the bias satisfies the simplified expression

a= ) Psh. (4.14)

keUg

The goal is now to choose the coefficients § such that the variance (4.13) is minimized
and the bias constraint (4.14)) is satisfied. This is a quadratic optimization problem with
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positive semi-definite matrices C* and a linear equality constraint. We define a matrix
to express the solution

U= Z mkpk(ck)—le c RLXL

keUg

and write down its properties.

Lemma 4.7 (Properties of ¥). The matrix U is well defined if the model group covari-
ance matrices C* are positive definite. Then ¥ is symmetric and positive semi-definite.

Furthermore, VU is positive definite if and only if we evaluate every model at least once,
that is Uz = {1,..., L}.

Proof. The well-definedness, symmetry and positive semi—definiteness are easy to verify.
Let us now verify the statement for the positive definiteness.
“<": Let v € RY be arbitrary such that

0=0v"Tv = Z myv’ PP(C*) "' RFy = Z M e (CF) g,

keUs keUs

For k € Us we use m;, > 0 and that (C*)~! is positive definite to show

Vgk = (’Ug)gesk =0.

For ¢ € Ugeyy S¥ = Uy we conclude v, = 0. Since we use all models Uy = {1,..., L} we
obtain v = 0 and thus W is positive definite.

“=7: Let us assume that the model ¢ & Uy is not used, which implies that R¥e, = 0 for
all £ € Ug. Then

el Ve, = Z myer PF(C*) ™ RFey = 0

keUg

and thus ¥ is not positive definite. O

The above lemma allows us to write down the best linear unbiased estimator.

Definition 4.8 (Best linear unbiased estimator). If ¥ is well defined and positive definite
we define the best linear unbiased estimator (BLUE)

1 <&
~B T\1,—1 pk(k\—1 1,k
o = myo’ W PY(C —» Zi |-
i Z " (C*) (mz )

This is a linear unbiased estimator with coeflicients

B = m(C*) TR a. (4.15)

The BLUE is the linear unbiased estimator for o’y with the smallest variance. This
justifies its name.
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Theorem 4.9 (Existence and uniqueness of BLUE). Let the covariance matrices C* be
positive definite for all k£ € Ug and assume that we evaluate every model at least once
Uz = {1,...,L}. Then the estimator i’ is a linear unbiased estimator for o’y with
variance

V(gg] =" v o (4.16)

Every linear unbiased estimator 7i,, that uses the same samples as 112 satisfies
V(@) > V[ig)]
and equality holds only if i, = iE.

Proof. We verify that the coefficients in (4.15]) are the unique best choice. First, we write
down the convex minimization problem for minimizing the variance such that the bias
constraint is satisfied

min J(B) == Z GG

B my

keUs (4.17)
such that o= Z PkgE.
keUg
We evaluate every model Uz = {1,..., L} and thus there exists a linear unbiased estimator

which is a feasible point of (4.17). The KKT conditions are thus necessary and sufficient
for a minimizer. The KKT conditions with the Lagrange-multiplier A € R” read

1
—C*g* 4+ REN=0  forall k € Ug, (4.18)
my
» Pt =a. (4.19)
keUg

We solve for 5% in (4.18) since C* is positive and insert the result into (4.19)) to obtain
an expression for A

a=—> mPHC" RN = —T\

keUg
Since V¥ is invertible we solve for A and insert the result in (4.18)

1
—C*pF — Rl =0 for all k € Ug.
my,

Again we solve for % and obtain the coefficients (4.15) which are the minimizer of (4.17)).
Since these coefficients satisfy the bias constraint (4.19) the BLUE is unbiased E[z] = a.
We insert the coefficients into the variance expression in (4.13))

~B (5k>T0k5k T1,—1 Dk kN—1 pk,—1 T\,—1 -1
Vel =Y = my "V PR CH) T R a = oT O BT

m
keUs k keUs

which is the variance (4.16). Now let iz, be another linear unbiased estimator. Then to
minimize the variance we are forced to choose the coefficients to be uniform for every
sample in each model group. The resulting estimator then corresponds to a feasible point
in ([£.17) where 78 is the unique minimizer. Thus V(z,] > V[a8] if 71, # fi5. O
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Remark 4.10 (Existence and uniqueness of BLUE for Uz C {1,...,L}). The condition
Uz = {1,...,L} is not necessary to derive a BLUE. As long as there exists a linear
unbiased estimator U, C Uy we are able to construct the BLUE by removing the unused
models {1,..., L} \ Uz and renumbering the remaining Qols such that Z;,..., Z;, with
Uz ={1,...,L'}. Then we apply Theorem to this smaller set where every model is
used. o

Linear models. In the previous paragraph we derived the BLUE from a constructive
perspective. Fix the bias «, ensure that a linear unbiased estimator exists and select
the coefficients 8 such that the variance is minimized. This follows the control variate
approach in Section We now derive this estimator from the perspective of linear
models and linear regression. The key observation is to reformulate the estimation and
to interpret the random variable Z; as noisy observation of the unknown mean gy, in the
sense of a linear model

Zp=pr+ (Zy — pr) = o + e

Here 7y, is a mean zero noise with variance o%. We extend this basic idea for all Qols
Zy, ..., 2y, for each model group and for multiple i.i.d. samples of every model group.
Recall that we want to estimate the vector 1 € R or some linear combination o’y of it.

Definition 4.11 (Linear model). For k € {1,..., K} we abbreviate
Zgr = (Ze)eest
Ner = Zgk — Rkﬂa

and define the linear model
Zsk = Rk,u + /’75’“'
We collect m, samples of Zgx and define Y*, B* and n* such that
Z évk R* 7];16
Y= = : |u+| : | =Bn+i"
Zgl Rt Mot
We again collect these vectors in a linear model such that with Y, B and 7 it holds
Yl Bl 771
Y=\ |=1]": |p+]| | =Bp+n. (4.20)
YK BK nK
o
In the context of linear models Y is called the vector of observations, B the design matrix,

1 the parameter that we want to estimate and 7 the noise vector. We give a brief example
with three models to explicitly express such a linear model.

Example 4.12 (Linear model). Let L := 3 and the K = 7 model groups be

St.= {1}, S? .= {2}, S? .= {3}, S*={1,2},
S5 .= {1,3}, S0 .= {2,3}, ST.=1{1,2,3}.



Chapter 4 Multilevel best linear unbiased estimators 81

We define the number of samples as m; := m; := 1, mg := 2 and m,, := 0 for all other
model groups. Ignoring the number of samples for a moment, the linear models are

M1
Zi=(1 0 0)|pe|+(Z—m) =R+ gy,
M3
1

Z 010 Zo 2 ‘

(2)-@o ) ~((2)-(2)  memen
M3

Z1 1 00 1 Z H1

Zsl =10 1 0 o | + Zy | — | m2 =R7H + 11,23}

Zs 00 1/ \us Z3 M3

We now collect these in a block vector to account for two samples of S¢. We arrive at

z" 100 2 —m
71 010 Zy° — iy

1,6 1,6
Zs 00 1 N B 1
729 o1 of(™" 725 — 1 6 "

5o | =g o 11\ P2 T8 22| =B |rt|n | =Burtn
Zg 3 Z3 — U3 37 777
Z 100 Z0T —
ZL7 010 Zy" — g
Zy" 001 AR

<

Linear models are well studied in mathematics and we derive some properties of this
specific instance (4.20). The design matrix B € RY¥*E is typically a tall and skinny
matrix, since we often have more samples N than levels L in the following sense

K
N := ka|5k| > L.
k=1

Similarly, realizations of the observations and noise Y (w),n(w) € RY are vectors of size
N. The covariance matrix of the noise 1 describes how much the observations deviate
from the mean p and the correlation between different observations. The noise covariance
matrix of a model group is equal to the model group covariance matrix

..........

For the special case of i.i.d. samples across model groups and samples in the same model
group the covariance matrices of the combined noise vectors 7* and 7 are block diagonal.

Lemma 4.13 (Mean and covariance of 7). The random variables ngx, n¥ and 7 have mean
zero. For all k € {1,..., K} with i.i.d. samples Zg,, ..., Zg¥ the covariance matrix of
the noise n* is block diagonal

Cov[n*,n"] = diag((C*)24). (4.21)

S}f,...,Zgﬁf’k for all k € {1,..., K} the
covariance matrix of the noise n is also block diagonal

Covln, n] = diag((Cov[n*,n"])il;) = diag(((C*)4)e,)- (4.22)

For i.i.d. samples also across model groups Z!
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Proof. The proof that the noises ngr, n* and n have mean zero follows directly from
Definition We now show ([4.21)). We denote with [i] the entry of n* that corresponds
to the i-th sample nl* := ZL, — pg.. For i,j € {1,...,m;} the independence across the
sample index then shows the block diagonal form

. . . , Ck  ifq= Jj
COV [’L]JC’ []]’k — COV 3 . Z.] — ) Y
Similarly, for (4.22)) we denote with [z, k] the entry of 1 that correspond to the i-th sample
for the k-th model group nlv* = Z’Sf — pgr. For k0 e {1,..., K} and i € {1,...,m},
j € {1,...,m,} the independence across the sample index and model group shows the
block diagonal form

CF e RIS*IXIS*Lif = j and k = ¢,

]
0 € RIS*IXIST otherwise.

Cov [n[i’k],nu’ﬂ] = Cov [Z;,]f,Z;ﬂ = {

We are now in a position to derive the BLUE from the perspective of a generalized linear
least squares problem. First, recall the linear model in (4.20)

Y =Bu+n.
We model 1 as mean zero Gaussian with covariance Cov|n,n| and thus
Y ~ N(Bp, Covln, n)).

This distribution is determined solely by the parameter u, since we assume that C' and
thus Cov[n, n] is known. The goal is now to compute the the mazimum likelihood estimator
for p, which is the point where the probability density function is maximized. This is
equivalent to minimizing the negative log likelihood

~ 1 )
[P ;= argmax cexp (——(B/L —Y)TCovln,n (B — Y))
;LERL 2

) (4.23)
= argmin §(Bu — ) Covln,n] " (Bu —Y).

HERL

The estimator 7P in is the solution of a least squares problem where the norm is
determined by the symmetric, positive definite and block diagonal matrix Cov|n,n|. We
set the derivative of the objective function to zero such that the minimizer 1" satisfies
the normal equations

BTCov[n,n ' Bi® = B Cov(n,n] Y. (4.24)

Solving the normal equations means inverting the matrix on the left—-hand side of (|4.24])
to arrive at
i = (B"Covln,n] ' B)~' B Covln,n] Y. (4.25)

We now verify that this estimator is the BLUE for estimating iz. We start by simplifying
the expressions and show that the system matrix in (4.24)) is equal to W.
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Lemma 4.14 (Least squares solution). Let C* be positive definite for all k& € Ug and
assume that we evaluate every model Uy = {1,..., L}. Then the estimator z" in ([4.25)
is well defined and

¥ = BTCov[n,n] "B = Z my, P*(C*) 'R, (4.26)
keUg
1 <& .
B =0t N o PR e =Yz . 4.27

Proof. We use the block diagonal structure of the covariance matrix of n in (4.22) and
the invertibility of C* to conclude that Cov[n,n] is invertible. We further write down the
inverse and recall the expression for B and Y

Covln,n] ™" = diag ((([C*]™) kevs )
B = ((R);)kevs:
Y = ((Zgl]:)?;ﬁ)keUs

A calculation now shows the expression for the matrix ¥ in (4.26))
my
B"Cov[n,n]"'B = B"(([C*] 'RM ™M ey = Y Y _PHCH)'RF =W
keUg i=1
The right-hand side of the normal equations (4.24)) is
mg
B Covln,n| 'Y = BT(([CY ' Z5) M kevs = Y PH(CH) ™' Zgr.
keUg =1

We combine this result with (4.25)), (4.26) and the invertibility of ¥ in the proof of
Theorem [4.9| to conclude (4.27)). O

The previous lemma allows us to show that the estimator P is actually the BLUE for
estimating the mean .

Theorem 4.15 (Gauss—Markov—Aitken [I14, Theorem 4.4]). Let C* be positive definite
for all k& € Ug and assume that we evaluate every model Uz = {1,...,L}. Then the
estimator /1% is a linear unbiased estimator of x4 with covariance

Cov[p®, %] = v~ (4.28)
Every linear unbiased estimator i that uses the same samples satisfies
Cov|zi, 1] > Cov[n®, i"] (4.29)
and equality holds only if i = .

Proof. The proof is a translation of [I14] Section 4.2] or [76, Appendix A] for our setting.
We first show the unbiasedness of the BLUE

m - - 1 & i - -
E[”B} = ¢! Z mkpk(ck) 1<m_k;E[ZSII:]> —g! Z mkpk(c«k) 'REy = 4

keUs keUs
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We use (4.27)) to express the covariance matrix of the BLUE as

Cov|[a®, "] = ¥~ 'Cov Z P*(C™)~ ZZ;,’:, Z PF(C*)~ E:Z”C

keUs keUs

The independence across the sample index ¢ and model groups k now shows (4.28|)

COV[ﬁB7ﬁB} — gt Z ipk(ck 1@0\/[2”“ i k} (CF) "1 RFp

Sk
keUg i=1
— \I/_l Z mkPk<Ck)—10k(Ck)—le\I/—l
keUg
= loyt,

Now let 7 be another linear estimator for p that uses exactly the same samples
i=n"+ 6"y,

where 3 € RV*L models the respective difference for the linear combination compared to
the BLUE. We require that /i is unbiased for all possible mean vectors p € R”

p=E[Rn] =E[p°+"Y] = p+ 8"Bu+ B"Eln] = p+ 57 By,
from which we conclude 87 B = 0. The covariance matrix of Ji is
Cov|u, ] = Cov [ﬁB, ﬁB} + 2Cov [,EB, 5TY} + BT CovlY, Y]5.
We use Y = Bu +n and 7B = 0 to conclude that the second term is zero
Cov [ﬁB, BTY} = Cov [\If’lBTCOV[n, n~'Y, BTY}
= Cov [\I/_lBT(Cov[n, 7]]_177, ﬁTT]}
= U~ B"Cov[n, 1] "Covly, n)8
— u'BTg
=0.

We conclude (4.28) since the matrix Cov[Y,Y] = Cov[n,n] is positive definite and thus
for a positive semi—definite matrix A

Covlji, fi) = Cov [@®, i®] + 8" Cov[n, 1) = Cov[i® "] + A,

We now verify that A = 0 implies 8 = 0 and therefore i = i® is the unique BLUE. The
covariance matrix of the noise is block diagonal, hence the matrix A satisfies

A= Covln,n)B = B (C* M) kevs = Y Z (BT Ck ik,
keUg 1=1

where 8% € RIS"I*L are the respective entries of 3. Notice that the matrix (3°%)TC*gi+ e
RE*L is positive semi-definite and thus A = 0 implies that for all v € RF

v (/Bz’k)TCkﬁZ’kU = 0.
We use that C* is positive definite to conclude
Bi’kv =0.

Since this result holds for all vectors v € R* we conclude ¥ = 0 and thus 8 = 0. O
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We remark that the BLUE for the specific linear combination oy is given by
i = o
and thus we immediately obtain an expression for its variance
V[aS] = Cov[ps, fin] = o' Cov[®, i%]a = " ¥ .
We furthermore obtain the coefficients
BY = m (C* ' RFI .

This coincides with the BLUE in Definition [4.8 and Theorem [4.9]is now a straightforward
consequence of Theorem |4.15]

4.2 Lower variance bound

We derive the lower variance bound for the BLUE and thus for all linear unbiased es-
timators. We assume that we evaluate the model group S! which contains the high
fidelity model once and all other model groups with models in 7> C {1,...,L — 1} an
arbitrary amount of time. The fixed models I := S\ I* are then evaluated only
once and the models that reduce the variance are I := I~ N S'. We assume that
Uz = {1,...,L} = S U I, otherwise some models are not used and can w.l.o.g. be
removed. This setting is a slight generalization of the control variate setting where
St={1,...,L}, I*=1={1,...,L — 1} and I" = {L}. We verify that the BLUE
has the same lower variance bound as the CV or ACV estimators. Let us give a brief
example for the aforementioned sets.

Example 4.16 (Lower variance bound sets). Let S := {1, 3,4} and assume that we have
an arbitrary amount of model evaluations in I* := {2,3,5,6}. We want to compute the
lower variance bound for the BLUE with bias o := (1,1,1,1,0,0)". We then have

Uz =8S'uI*=1{1,...,6},

F - {174}7
I ={3}. o

We will later show that the coefficients of models in I are fixed and only samples in I can
be used to reduce the variance. The lower variance bound for the BLUE is the solution
of a minimization problem.

Lemma 4.17 (Lower variance bound optimization). The lower variance bound of the
BLUE is .
ymingB) = mﬁin BTCr1B —28"Crrage + afeCre prage. (4.30)

Proof. “>”: We write down the variance of the BLUE in terms of a minimization problem

Z ﬁk TO’“B’“
kv (4.31)

such that o= Z Pkg*,

keUg

Vi) = min (53)7C'5" +
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The entries of 8! corresponding to [T are fixed, since these models are evaluated only
once and only in S*

ar =Y Bliry = By

keUg

We drop the remaining bias constraints and the variance terms not belonging to S*. This
yields a lower bound for the variance

T
- . B Crr Crr\ (B
VB > min (1] 1 I Yy
[Iua] — 5[1[] (/B[IIF] O[F,I CIFJF ﬁ[llp}
We rename ﬁ[IIF] = ayr and 6[1]] = —f3 to obtain exactly the lower bound in (4.30).

“<”: Let B* be a minimizer of (4.30) and 6[11F] = ayr. We insert these suboptimal
coefficients in (4.31)) to obtain the upper bound

«\T * F)TCrp
vl < (1) (G Ein) (o) omp > TR
arr Crrp Cregr ) \ogr * kevsvgy M

where we still have to satisfy the bias constraint with the other 3% for k # 1. This
constraint can always be achieved by samples of the model group S¥~ := [

(5 Rl S T e Sl e
" " kEUS\ {1k}

if we set 8* := 0 for k € Us \ {1,k>}, Bf" := ar — 8* and B[, := aye\s. The variance
is thus upper bounded

T o0 oo oo
V[AB] < p* Crr Cpgr B* 4 (B85 )rCr gt
ol = (0% 22 C]F’[ C]FJF arF M0 '
No coefficient here depends on the number of samples m ., hence the limit procedure for
My — +00 and afterwards using the definition of 5* shows the result. n

The lower variance bound is a Schur complement and for special sets and biases equal to
the bound for the control variate setting.

Corollary 4.18 (Lower variance bound for the BLUE). For positive definite C7; the
lower variance bound of the BLUE is a Schur complement

VR[] = agr (OIF,IF - CIF,ICE}OI,IF)O‘IF-

For a:=ep, [ :==1°:={1,...,L —1} and S* := {1,..., L} this bound is equal to the
lower variance bound for the control variates

VRG] = VRRESY) = Vi = O\ G
Proof. The minimizer in (4.30]) satisfies
01,15 = CI,IFO-’IFv

where 3 can be computed since Cf7; is invertible. The proof of the remainder of this
corollary is then a straightforward computation. O]
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We summarize the result of this section in the next theorem, which states a tight lower
bound for the variance of any linear unbiased estimator with a certain sample allocation.

Theorem 4.19 (Lower variance bound). Assume that C7; is positive definite. Let i
be a linear unbiased estimator that uses a single sample of Zél and further samples of Z;
with ¢ € I*° which are uncorrelated to Zg1. Then its variance is lower bounded

Vi) > v (4.32)
A linear unbiased estimator i for p with the same samples as [i; satisfies
COV[ZZ,ZZ]IFJF > Crrgr — C’IFJC’;}CLIF. (4.33)
Both inequalities are tight.

Proof. We prove both inequalities (4.32)) and (4.33) by replacing jz; with the BLUE that
uses the same sample allocation. By definition of the BLUE this never increases the
variance

Via,] > Viag].
We now use V[af] > VP from Corollary {4.18 to show ([4.32). The tightness of this
bound follows if i, is the BLUE with a suitable sample allocation. We obtain (4.33]) and
its tightness by observing that for all o € R* with a = (0, a;r)T

ajrCovlg, mlF,IFaIF = o' Cov[fi, fila = V[aTﬁ} > V[ﬁg}
> OC?F (CIFJF — CIFJC[_’]lCI,IF)aIF' ]

Up until this point we made the choice to evaluate the sample group S*. Importantly, all
models that are evaluated only once are in this model group. We now explain this choice
with an example.

Example 4.20 (Sample allocation). Let us assume that the models in 7°° and the models
in S! are uncorrelated, that is

Cov|Zy, Z;]) =0, forallleI>® je St

Then clearly, no variance reduction can be achieved and we are allowed to ignore the
bias constraints associated with these models. Thus w.l.o.g. I = (). We further assume
that we have two models and a; = as = 1. Then there exists a unique linear unbiased
estimator which is equal to the BLUE with variance

V[ﬁg} = V[Olel + OégZz].

Notice that if we restrict the number of evaluations of Z; and Zs we are free to choose
whether we use dependent samples and a single evaluation of S := {1,2} or independent
samples with a single evaluation of both S? := {1} and S® := {2}. The variance of the
two different BLUESs is then
V(B = o} + 3, for my =1,my = 0,mz =0,
o 0?4+ 05+ 2C12, form;=0,my=1,ms=1.
Clearly, depending on the sign of (' 5 either of these estimators may achieve a smaller
variance than the other. o

We conclude that we have two different BLUEs that achieve a different variance. The
smallest variance is achieved if we also optimize over the possible sample allocations. We
deal with this problem in Chapter
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4.3 Linear subspace formulation

Lower variance bound. Up until this point we formulated the BLUE as a specific

linear combination
1 <&,
A= 8" (— > Z;f:)
keUs L —

and we chose the coefficients to minimize the variance such that a bias constraint is
satisfied. This approach focuses on the coefficients 5 and not the linear subspace spanned
by the linear combination of the MC estimators. In this rather short section, we interpret
the BLUE with the help of the best approximation in a certain Hilbert space similarly to
[60], where this was done with control variates. It is well known that least square solutions
can often be interpreted as best approximations, or equivalently, that computing a best
approximation requires the solution of a least squares problem. We define the subspace
of L? with mean zero random variables

H:={Z-E[Z]|Z € L*}

with the inner product
(Z,Y) :=Cov[Z,Y].

This space is a well-defined Hilbert space since the scalar product is positive definite on
H due to the restriction to mean zero random variables. Formally, for Z € L? with

(Z.7) = Cov[Z,Z] =V[Z] =0

we conclude that Z = E[Z] is almost surely constant. The assumption Z € H then shows
Z = E[Z] = 0 almost surely.
For an index set I C {1,...,L — 1} we define the subspace of control variates

Vi = span((Z; — pu)ge;) € H.
The lower variance bound in Lemma is thus a minimization problem over this space

Vrjnin = IIlﬂiIl ﬁTC[Jﬁ — QﬂTCLL + 0'%
T ] ’ Crr Cro\ (-8
B Hlﬁln ( 1 CLJ 0'% 1

Zy — Z BlgZe

Lel

=minV
B

= min | Z, — ol

= dist(Z, Vi).

The minimizer §* now corresponds to the element v* € V; which is the best approximation
of Z;, — ur, € H. The residual is orthogonal to all elements in V;

ZL_/*’LL_U*J—‘/Ia

in other words the residual is uncorrelated to every element in the space V;. Therefore,
the best approximation v* is the orthogonal projection of Z; — u;, onto the space V;. We
remark that the CV estimator assumes that py, ..., ur—1 is known and thus the space V;
is known. The best approximation is the linear combination of the control variates that
minimize the variances. This perspective is often helpful as we show in the next example.
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Example 4.21 (Linear combination). Let Z; be a linear combination of Z, ...

and let £ denote a random variable which is uncorrelated to Z;,..., 2,4

L-1

Zy = Zﬁzzz +¢&,
=1

then & is the residual and its variance is the lower variance bound

f{rii,r.l..,Lq} - V[§]~

Conversely, the expansion (4.34) for Z, always exists and if Cr; with [ := {1,...,L

is positive definite, then the coefficients (3, are unique.

) ZL—I

(4.34)

_1}

Best approximation for multiple samples. Let us now write down the BLUE for

multiple model groups. We restrict ourselves to the estimator with S* := {1,...,

L} and

non—zero my, which allows us to easily express the results. We first eliminate the bias

constraint by fixing 8% as

Z Pkﬁk—eL.

keUs\{L}

We insert this expression into the variance (4.13]) of linear unbiased estimators and with

I:={1,...,L—1} we obtain

wpp GO 5 (BYC

1253 m m
L keUs\{L} K

= Z (ﬁk)TRk i Z Pkﬁk _9 Z (Bk)TRk %—F

keUs\(L) ML\ ket keUs\(L) L
kTCk k

ey LR

keUs\iry K

A computation shows that the above expression is actually equal to

LRNIETS DETEND NEE () o LS 9Ee)
=1 =1 i=1

keUs\{L}

We define the control variate space, that now depends on the number of samples m

1 mry, ) 1 mp )
V" := span ((— Z zpt - — Z Z;k> > C H.
mL i3 my 3 tesk

keUs\{L}

The basis functions are differences of uncorrelated MC estimators which ensures that the
estimator remains unbiased. Then the best approximation minimizes the distance to the

MC estimator of Zy, in the following sense

1 mrp, ) 2 1 mrp, )
— Z¥ |l =dist| — Zul ym .

V[a}] = min

veV"
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Example 4.22 (Linear combination). Let the MC estimator of Z;, be a linear combination
of the functions that define V;" plus some random variable & with & L V"

; 1 & i 1 o~ i
_ZZL ZZﬂ[e]<m—L;Ze’L—m—k;Zg’k)+§

keUs tesk
mr, . mp A
>y at) - ST i)
keUg ¢eSk i=1 keUs ¢eSk

It is always possible to find such a decomposition. We see that we now have two parts
of the estimator that depend on the coefficients 3, where the first part is correlated with
the MC estimator of Z; and the second part is not. The variance of the BLUE is

1 = 7 i 7
2z - >3 B ZZL >3 ZZ’“
i=1

keUs £cSk keUs teSk

— Vg, o

Vi) = v

4.4 Comparison of linear unbiased estimators

In this section we derive the circumstances under which the linear unbiased estimators of
Chapter |3 that is the MC, CV, ACV, MFMC and MLMC estimators, are the BLUE or
give examples when they are not. These estimators are all of the form

N
i =Y BiZy (4.35)
=1

for suitable coefficients 3;. We further write down the model groups to denote the cor-
relation structure and thus the underlying linear regression problem. In this section, we
assume that the covariance matrix C' is positive definite to ensure that the coefficients g
for e.g. the BLUE or the CV estimator are well defined and unique.

Monte Carlo. We first look at the MC estimator
1 X
~MC i
Wy = — Z
3z

which uses a single model group

b={L}.
We use the convention that the model Z;, is in the samples group S* and we keep this
consistent for this section.
The MC estimator is the BLUE. A formal verification uses Lemma [4.6] to show that the
coefficients 3; in for the BLUE are all equal and thus 8; = 1/m,, which shows that
the BLUE is the MC estimator. If 02 = 0 and thus C is not positive definite, then the
BLUE is not unique and any combination of coefficients with

N
Zﬁz‘ =1
=1
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delivers a BLUE with zero variance.

Control Variates. We deal with the CV estimator in a special way, since these
estimators assume that pq, ..., pur_1 is known

~CV 1 < — 1 i
pr = m_L;ZL _;@(m_L;ZE —Me)-
The only model group that is used consists of all models
St ={1,...,L}.

The knowledge of ji1, . .., pp—1 is in stark contrast to the other estimators and to the BLUE
discussed in this chapter. Therefore, we compare it to a hypothetical linear unbiased

estimator
mrp,

Iig, == Z(5i>TZgL

i=1

where we only keep the bias constraint for the fine model 7,
mry, '
=358,
i=1

This can be achieved since we assume that pq,...,ur_1 are known. The variance of this

estimator is
mr,

Vi) = (8)Cp.

i=1

The KKT conditions for optimizing the coefficients 3° and adhering to the bias constraint
require us to find a Lagrange multiplier A € R such that

CB' + Xer, =0 foralli € {1,...,m},
mp,
Zefﬂi =1.
i=1

A straightforward calculation shows that there exists a unique solution such that all
coefficients are equal w.r.t.the sample index ¢

, 1 1 [-B
(A _C—l Tc—l -1 -
g e er(e;C™"er) U
for a suitably chosen f that minimizes the variance. Hence the BLUE is the CV estimator
mr, 1 my, L—-1
AL =3 (00 2 = =3 (Zz o> Mé) =
i=1 i=1 =1

For positive definite covariance matrix C' the choice of 3° is unique. This shows existence
and uniqueness of the BLUE and the optimality of the CV estimator for the special case
of knowing i1, ..., pur_1 with S* = {1,...,L}.
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Multifidelity Monte Carlo. The MFMC estimator assumes that the expectations

[1, ..., -1 are unknown and have to be estimated. This estimator is
Ng+1
e 23S S - 13
The model groups for this approach are
= {1}) mqy =Ny — Nog,
71:{17"'7[1_1}7 mp_1 =N —Ng,
L=1{1,...,L}, my =nrg.

We verify that this estimator is the BLUE for some interesting cases.

Theorem 4.23 (Cases for which MFMC is BLUE ). Let C' be positive definite. Assume
that at least one of the following is true

(i) L <2,

(ii) Zp-1 and Zp are uncorrelated to Zi,..., 2o, that is ppy = pr_1, = 0 for £ €
{1,..., L —2}.
Then the MFMC estimator is the BLUE M™MC = ;B

Proof. “(1)”: For L = 1 the MFMC estimator is the MC estimator and thus the BLUE.
For L = 2 the bias constraint of the BLUE ensures that 33 = 1 and thus

mo

ﬁ% Ti Z(ﬁ2) <ZZ2>+_Z/612z1__ZZZQ+/Bl Zle"i_ﬁl ZZZI

A computation redefining the coefficients 37 and /3] in a suitable manner shows

ZZ”+51 ZZ“ 3 ZZ’2+51 m2<zlz§1+izj’2>.

~2 ~1
The bias constraint now requires that 5, = —f; and thus the BLUE is equal to the
MFMC estimator

:_22” ~( ZZZQ m1+m2<2221+2222>) PMFNC

This result follows, since both estimators optimize over the coefficient Ei
“(ii)”: For L > 2 with pr, = 0 for £ € {1,...,L — 2} the coefficients of the MFMC

estimator from (3.22)) are equal to zero

C o2g2)1/2
BZZ%ZPLZ( L g) —0.
Oy Oy

Therefore, this estimator is equal to the MFMC estimator with L = 2 after renaming
Zr_1,25, to Z1,Z>. We prove that the BLUE and the MFMC estimator are equal if we
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verify that the BLUE also only uses Z; 1 and Z;. First, define I := {L — 1, L} and
with I¢ = {1,..., L —2} we use Cj ;e = 0 to conclude that the covariance matrix is block
diagonal. A computation then also shows W; ;e = 0 and thus VU is block diagonal. We

combine this with the formula for the coefficients (4.15)) of the BLUE

Bk — mk(ck)—leqj—leL

-1 — 07c
= my (Clcmsk,lcmsk 0 )Rk (\Ijlcl,lc 0 1) |é |

-1 _
0 Cmsk,msk 0 \IJI,I 1
_ 07c
c1 0 1|
—m IeNSk IcnSk 3 )Rk /0
: ( 0 lesk,msk \III,} 1

= m,R" 0 C1

-1

Czcmsk,lcmsk 0 0 Ojze)
INSk, INSk

A careful inspection using S* = {1,...,k} and I° = {1,...,L — 2} now shows that

ﬁ[’“lc] = 0 and thus the BLUE does not use Zi,..., 21 _». O

We comment on the different cases. Case (i) says that the MEMC estimator is optimal
if we have two models and case (ii) says that this is still the case if we add models that
are uncorrelated to Z; 1 and Zy. For L > 2 the MFMC estimator is typically not the
BLUE and we provide and example for L = 3. We exploit the property that the MFMC
estimator does not depend on the correlations py; for models j,¢ € {1,...,L —1}.

Example 4.24 (Noisy observations). We define the models such that

Zy =Y +10& + &,
Zy = 10Y + 106,
Zg = 10Y,

where Y,&1,& ~ N(0,1) are independent random variables. Notice that the coarsest
model Z; is almost independent of Z3 but can be used to remove the noise & from Z,.
Therefore the BLUE leverages the linear combination Z3 ~ Z, — Z; which yields a small
variance. The MFMC estimator is not able to do this. We write down the covariance and
correlation matrices

102 110 10 1 0.77 0.10
C =110 200 100 |, P~ 1077 1 0.71
10 100 100 0.10 0.71 1

We conclude that the ordering of the models satisfies 0 < p; 3 < p23 < p33 = 1 which is
required by the MFMC Theorem [3.26| The variance of the MFMC estimator is

L 2 2
. Pre ~ Pre—1 100 100 100
VMO =62 ) 2t 2 > (1 - 1/2) + —(1/2 — 0.01) + —0.01
[FEC) =01 2 e =12 (Y )+
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Contrast this with the following MLMC estimator that uses fewer samples

ns n2—mns

~ 1 i i i, 1 i, i
it = — Z(Zig - (Z2’3 -7 3)) + Ty — 113 Z (Z22 - Z1’2)-

n
3 =1 i=1

This is a linear unbiased estimator and thus the variance of the BLUE satisfies
2 82
V ~B < V ~MLMC - = )
[NL} < [ML ] - + Ty — T3
A suitable choice of ny and n3 now shows that the MFMC estimator is not the BLUE

“][ } QJ{ANHJAC] <:§][ MIWAC} o

Let us continue with another interesting example. The MFMC estimator only uses the
correlations pyr, for ¢ € {1,..., L} and thus it is tempting to think that this estimator is
the BLUE if p,; = 0 for ¢,5 € {1,...,L — 1} with ¢ # j, that is, no correlation between
the models Z; and Z; can be used. This is however, not the case. We derive this from
the lower variance bound.

Example 4.25 (MFMC is not BLUE). We define the Qol as follows

Zl = 51.
Z2 = 527
Zy =Y + & + &,

where again Y, &1, & € N(0,1) are independent random variables. Clearly Z; and Z, are
uncorrelated. However, the lower variance bound for the BLUE is tight and thus there
exists ny, ng, ng and € > 0 such that

V[AL) < L+ VL] = 1L+ e ViR, = (L+ VY] = 1+e

On the other hand, we have shown that the MFMC estimator only reaches the lower
variance bound in Theorem [3.34]

V[ﬁi/IFMC] me [AMFMC] ?51? — V[Y + 51] —9
Therefore, the MFMC estimator is not the BLUE. o

Approximate Control Variates. We start with the ACV-IS estimator which is
defined as follows

FATNES PR m( ZZZL_R_E(ZZM & Z))

t=nrp+1

The sample groups and their respective number of samples are

St = {1}, my =mn; —ng,
= {L - 2}7 myp_o=mnNr—2—"NL,
= {L - 1}7 myp 1 ="nNL-1—"NL,

L:{l,...,L}, mp =nrg.
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It turns out that the ACV-IS estimator is the BLUE. The intuitive reasoning is that the
BLUE with the same sample allocation requires the coefficients to satisfy /B@] = — B} from
the bias constraint. Then the BLUE is essentially a control variate approach where the
unknown fiy,...,up—1 are estimated from independent MC estimators from samples of
the model groups St,..., St~1.

Theorem 4.26 (ACV-IS is BLUE). Let C' be positive definite. Then the ACV-IS esti-
mator is the BLUE, 4CV1S = ;B

Proof. First, we rewrite the ACV-IS estimator to group the respective model groups

e

ﬁ/Lxcvfls _ _ZZzL Zﬁ‘<(_ _ i) RZLZE',L _ i Z Zé,@)

[ L
1 ; — m Ty Y
- Z’L,L _ _Z _t - ZlL o Z’L
LS S (Lo DS LS
=1 /=1 i=nr+1
We use my =ny —ny for £ € {1,..., L — 1} and n;, = m to conclude that
Ny 1 1 . Ny Ny — Ny, . 1 . 1
me\n, ng) my npgnge  np omp

We change the superscript of the samples ZZ’Z and the definition of 5, to arrive at

1 mrp, . L-1 " 1 mry, ' 1 my .
~ACV-IS i, L i, L 3,0
1l = — A Byl — Z)77 — — Z) . (4.36)
The BLUE with the same sample allocation is
p 1 . ;
S IO W E D S
i=1 i=1
Here the bias constraint requires the coefficients to satisfy
B =—By=—p1 forallle{l,... L—1},
Br=1.
We use this result and group the models Z, together

S (LS LS a)

=1

This however, is exactly ([4.36) for 515 Bf. The ACV-IS estimator and the BLUE are
identical MACV IS = iB since both select the coefficients to minimize the variance. O

We continue with the ACV-MF estimator

R 1 nr, i L—1 1 nr, . 1 ny ;
S L B T E'D SE T o) NG
=1 /=1 =1 1=1
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where we w.l.o.g. assume that n;,_; < np_o <--- < ny, otherwise we rename 21, ..., 2y 1
accordingly. The model groups and number of samples are the same as for the MFMC
estimator

= {1}7 myp =Ny — N,
- :{177L_1}7 mp.,="0nr-1—"Ng,
L={1,...,L}, mp =ng.

This estimator is the MFMC estimator if L < 2 or if Zy,..., Z;_ are uncorrelated to
Z1_1, 25, and thus this estimator is the BLUE in this case.

Theorem 4.27 (Cases for which ACV-MF is BLUE). Let C be positive definite. Assume
that at least one of the following is true

(i) L <2,

(ii) Zp—1 and Zj, are uncorrelated to Zi,..., 2o, that is pp¢ = pr_1, = 0 for £ €

{1,..., L —2},
(iii) Z1,...,Zp—1 are pairwise uncorrelated.

Then the ACV-MF estimator is the BLUE, ¢V MF = 1B,

Proof. “(i)”: The estimators are equal 1yFMC = gACVME and Theorem now shows
the result.

“(i1)”: We reduce thls case to (i) by showing that only the two fine grid models are used.
With [ :={1,...,L — 1} and J := {1,...,L — 2} from Lemma we use the block
diagonal structure of the covariance matrix such that for all £ € {1,..., L — 2}

Be = ef(FMF o (T 1)_1(diag(FMF) © C[,L)

— T 7 (FM o Cy, 7)) 0 0
‘ 0 (FM 1 Crap) ™ ) \FMY L 1 Cr

4
Cr_1,0-1 CL_LL

= 0.

Therefore the ACV-MF estimator only uses the models Z;_; and Z; an we may w.l.o.g.
assume that L = 2. Now (i) shows the result.

“(iii)”: We show that the BLUE is equal to the ACV-MF estimator. The coefficients
of the BLUE divided by the number of samples are constant for k € {1,...,L — 1} and
¢ €{1,...,k}. This follows from the diagonal structure of C* = diag((o2)5_,)

5@ k k k 1 Tq,— a
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This coefficient is independent of k£ and only depends on /. Therefore, the BLUE is

k ™M
HJL_ZZ e Zzzk
k=1 /=1
L— 1L—1~ mig '
ZZ” ZZﬁzlsk(é)ZZé’k
k=1 /=1 =1

L-1  L-1 my
LS A SRS w0z
=1 k=1 i=1
Let us now collect all samples that evaluate the /-th model for £ € {1,...,L — 1} and
introduce the coefficients ﬁf, B,

L—1 myg
LSz B Y S w0
k=1 i=1
i,L i,k
- (,,: ~5) Yzt + B3 102
L k=1 i=1
1 mrp, L my
=B 2 2 A B0 ) 1 (07"
ML de J k=1 i=1
Notice that the right expression is a MC estimator with Z i—emyj = nyg independent
samples. We rewrite this and use the bias constraint 3, = —f, to obtain

L mp

1 (] el 1 S i 1 S i
ZZH@Z DD 1wzt = (n—L;ZE—n—E;ZE).

j=t Jkl'Ll

The bias constraint is satisfied only if 3£ = 1 and the combination of these results shows

-~ ) 1 S 7 1 S 7
u’i’:—ZZ m(-zz——zz)

With m; = np this is exactly the ACV-MF estimator in (4.37). The statement now
follows since both estimators choose (3, such that the variance is minimized. O

We give an example that the ACV-MF estimator is not the BLUE for L > 3 in the
numerical experiments in Section [£.5] Let us continue with the ACV-KL estimator

aovin LA e L <=, 1 xn
s ::m—ZZL—Zﬂz m—ZZz—gZZe
L5 (=K Lz i1
K-1 1 my . 1 e ;
— ;@(Tn—N;Ze - E;Ze)

The model groups and number of samples are the same as for the MFMC and ACV-MF
estimator

= {1}7 my =mny — Ny,

_1:{17"'7L_1}7 mp,="0nr-1—"Ng,

={1,...,L}, my =nr.
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Since the ACV-KL estimator is equal to the ACV-MF estimator for N = L or K = 1
and these parameters are chosen to minimize the variance, we use Theorem to obtain
the following result.

Theorem 4.28 (Cases for which ACV-KL is BLUE). Let C be positive definite. Assume
that at least one of the following is true

(i) L <2,
(ii) Zp—1 and Zj, are uncorrelated to Zi,...,Z o, that is ppy = pr_1, = 0 for £ €
{1,...,L =2},
(i) Zy,..., 251 are uncorrelated.
Then the ACV-KL estimator is the BLUE iV ¥t = ;B and N =L or K = 1. o

We postpone the verification that the ACV-KL estimator is in general not the BLUE for
L > 3 to the numerical experiments in Section [£.5] We only verify this for some fixed
values of N or K by using the lower variance bound.

Example 4.29 (ACV-KL is not BLUE). The lower variance bound of the BLUE and of
the ACV-KL estimator in Theorem B.43] with N < L satisfies

Vmin[ﬁACWKL] = ?I?L 1} > lef..,Lq} = Vmin[ﬁL]-
The above inequality is strict for suitably defined Z,...,Z; and K. As an example,
assume that 7y, ..., Z;_; are pairwise independent and have unit variance, that is V[Z,] :=
1forall ¢ € {1,...,L —1}. Now define the high fidelity model as follows
L—1
ZL = Z ZZ + 57
=1
where £ ~ N(0, 1) is independent of Z;, ..., Z;_1. Then the inequality is strict if K < L
L - K + 1 - f{nfl(rth 1} > le’r.l“,L 1} - 1 o

Multilevel Monte Carlo. The MLMC estimator is defined as

AMLMC il il
Z Z (2" = 2%)
1=

Here we defined Z, := 0 and thus the sample groups are

st={1},
S? ={1,2},
: (4.38)
St ={L-2 L1},
L—{L-1,L}.
It is straightforward to verify that this estimator is not the BLUE. The reason is that we do
not optimize the coefficients in front of the samples. In particular, scaling 7, ..., Z;_1 by

a non—zero constant does not change the variance of the BLUE but changes the variance
of the MLMC estimator. Furthermore, the MLMC estimator is not able to ignore models
that are independent of Z; by setting the coefficients in front of them to zero.
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Example 4.30 (MLMC is not BLUE). We choose Z;, Zs ~ N(0,1) to be independent

random variables. Then 5 .

ygMiMey = 4 4
[MZ ] ms " my
Contrast this with the BLUE that only uses the last model

1
VI[Pl = —.
I:ILLQ ] mo
We conclude that the MLMC estimator is not the BLUE

V[ Me] > v{ay]. 3

Full coupling estimator. For completeness we define the full coupling (FC) estimator
which we use in the numerical experiments Section 4.5, This estimator uses the identical
sample allocation as the MFMC, ACV-MF and ACV-KL estimators

Sti= {1},

SEt=t=11,...,L—1},

St.={1,...,L}
and is defined as the associated BLUE
=

We further the define FC x estimator that couples only the last x models
SE=r = (L — k4 1},

StV = (L —k+1,...,L—1},
St={L—-Kk+1,....L}
and is again the BLUE with this sample allocation
Avon — b, (4.39)

A

We clearly have fit¢L = FC and that zt¢! is the MC estimator. A calculation similar to
Section |4.3| to eliminate the bias constraint shows that this estimator is very similar to a
CV estimator

1 mr, . L—1 1 mr, ' 1 my .
~FCk .__ 3, L INT i, L 3,0
o LSt 3 (L Sa- LSy
L= I=L—r+1 L1 L)

The coefficients ¢ € RIS’ are once again chosen such that the variance is minimized.

Summary. Let us summarize the used model groups for every estimator of this section
in Figure {.1] We further summarize under which circumstances the estimators are the

BLUE in Table 1.1l We define the conditions
L<2 or pry=prae=0foralle{l,....L—2} (4.40)

Z1,...,Z_1 are pairwise uncorrelated. (4.41)
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MC cv MFMC
Zs B Zs B Zs B
Z3 Z3 . Z3 . . .
B 2] [m[m[m|m
2 2 SR 00000C
Sl SQ 53 S-L S') Sl SQ S% S-L S') Sl SQ 53 S-L S')
ACV-IS ACV-M ACV-KL
Zs . Zs . Zs .
Zs H|E| =# H|E| ~# 1L
Zs | W % HIE|IE| % HEN
Z | M| » HIEENE| ~ HIE|E N
Al | H| 2| H|H|E|E|H|] #7|B|H|H|H|N
Sl S? Ss Sv1 55 Sl S? Ss Sv1 55 Sl S? Ss S& 55
MLMC FC3 FC
Zs B Zs B Zs B
2 m[m| - m[m| - 10
Zs . . Z3 . . . Z3 . . .
2B A [m]m|m]m
al 11 | Z al 1L
Figure 4.1: Model groups of different linear unbiased estimators fi; with models
Zy,...,Zs. A model group S* uses the model Z, if the respective square is red, oth-

erwise it is white. The model groups S* changes from estimator to estimator. We follow
the convention that Zs; € S° for all estimators.

Condition | MC CV MFMC | ACV-IS ACV-MF ACV-KL | MLMC FC

none v v X Ve X X X v

4.40 Ve v Ve Ve v v X v

4.41 Ve Ve X v v v X v
Table 4.1: Conditions under which the estimators are BLUE. “v” means that the

estimator is a BLUE and “X” that the condition is not sufficient. A “v” for the second
row means that the estimator is unconditionally the BLUE. For L = 1 all estimators are
equal to the MC estimator, thus all are the BLUE.
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4.5 Numerical experiments

Monomial example. We define the Qol as monomials similar to [62], Section 2.5] for
L=5as
Zy(w) = w’ for all £ € {1,...,5} (4.42)

where the random source is uniformly distributed w ~ U([0,1]). We explicitly compute
the mean, variance and covariance

1 ' 1
= d = —_—
I [:w =TI
) 1 1
O-Z: - y
2041 (L+1)?

04—/1(965—L>(xj—#)dx— ! — !
A A (+1 j+1 (+i+1 ((+1)(G+1)

and summarize them in Table[£.2l We derived in Section [£.3] that the BLUE uses the best
approximation of Zy in the space span(Z; — 1, ..., Zr—1— pr—1) given enough low fidelity
samples such that we can neglect the error in the estimation of p1, ..., ur_1. Since the Qols
are monomials, the problem is equivalent to the approximation of a polynomial of higher
order with polynomials of lower order on the interval [0,1]. The constant polynomial v
is not used for the approximation since it would already approximate the mean, that is,
the mean v* = fol xldx = pp, is the unique minimizer of

1
: 2 _ L 2
min 12— vl = [ (o =)

Our goal is to verify the lower variance bound V™ which is plotted in Figure We
conclude that the highest variance reduction is achieved if we choose I to be as large as
possible I = {1,..., L — 1} and that the inequality in Lemma is true

Vi <ymie o forall J C .

We now want to estimate p, using the following number of evaluations of models Z, for
different N € N

ng:=2N3Ft forall ¢ e {1,...,L —1},

ny, = 1.
12 0'2 Model P Zl Z2 Zg Z4 Z5
Z7 1 0.50 0.08 A 1 097 0.92 0.87 0.82
Zy | 0.33 0.09 Ly sym 1 099 096 0.93
Z3 1025 0.08 Z3 sym sym 1 099 0.97
Zy | 0.20 0.07 Zy sym sym sym 1  0.99
Zs | 0.17 0.06 Zs, sym sym sym sym 1

Table 4.2: Monomial example: Mean, variance and Pearson correlation coefficient matrix
P of the Qol defined in (4.42)). The entry “sym” means symmetric and the value can be
deduced from the relationship p;; = pj;.
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%

10_2 - x

- x x
1073 ¢ x

Vmin
b 4

1074 x

107 ¢ x
' x

6| R
10 Sl S2 S3 S4 55 56 S? 58 SQ SlOsll 51125«13514515516

Zs; E|H|H|H|H| NN e
Zyt I | | | ||
Zs t N NN |
Zs t L | | []
Zit |l [] [] [] [] [] [] []

Sl'l SI'Q 5"3 SI'4 5"5 SIVG 5"7 SIVS 5"9 SlloslllSI12SI13SI14SI15SI16

Figure 4.2: Monomial example: Different values of V" marked as “x” for different
model groups S = I U {L} that contain the high fidelity model Z;. A red square means
that the model is used whereas no square means that the model is not used.

We then choose sufficiently large N to simulate m, — +oo for £ € {1,..., L — 1}, which
corresponds to inexpensive low fidelity models. The number of evaluations of the high
fidelity model is fixed to one, that is, n;, = 1.

We distribute the number of evaluations n, across the levels such that we have as much
evaluations on the finer models as possible. As an example, for the MLMC estimator we
use my;, = ng, samples for S¥ = {L — 1, L}. There are now mj_; := ny_; — ny samples
available for the evaluation of SI=!' = {L — 2, L — 1}. We continue with this scheme for
all levels and apply this for every estimator. For the MFMC estimator the model group
St = {1,...,L} is evaluated only a single time since n; = 1. This costs an evaluation
of Zy,..., Zr_1, whereas the MLMC estimator only has an additional evaluation of Z_;.
We do not use any model selection or optimize the estimator w.r.t. the overall cost. We
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only optimize the coefficients 3 for the BLUE FC, CV, MFMC, ACV-IS, ACV-MF and
ACV-KL estimator. We further optimize over the integer valued parameters K and N of
the ACV-KL estimator.

107 . . : !
777777777777777777 ——FC 2
——FC 3
102 FC 4

Q:!f:‘\ —=—FC
o] %: —o -MLMC
53 @ Q000000000 MFMC |
NG e -ACVAIS
A = ACV-MF
ACV-KL |

Variance
Variance

Figure 4.3: Monomial example: Variance of different estimators for different N. The
left plot is a zoom in with N € {0,...,8} of the right image with N € {0,...,25}. The

min min min

dashed reference lines are Vglin, oy Vi Vi g with decreasing value. The MC

estimator is not drawn, since its variance is equal to Vg“m. The CV estimators with control
variates in [ have variance equal to V.

We present the computed variance of different estimators in Figure[£.3] We conclude that
the FC estimators have a smaller variance compared to the other estimators for small V.
The FC estimator uses a sample allocation equal to the MFMC, ACV-MF and ACV-KL
estimator and thus neither of these three estimator is in general the BLUE. We further
conclude that the variance of the estimators is larger than the predicted minimal variance
Vmin[zi, ], even if we increase the number of low fidelity samples to infinity. The variance
of the FC k estimators converges to the predicted bound V?L“i w10y 10 particular the

FC estimator that couples all models is closest to the bound V?“lir_‘_ L1} We remark that
min

the variance of the MLMC estimator does not reach the respective bound V{ Io1y and
stops shortly before it.

We get a better explanation for this if we look at the coefficients in front of every sample
group for every estimator for N = 8 in Figure . We conclude that the coefficient 5° of
S5 of the FC estimator is very close to the coefficient of the CV estimator, which fits the
theory. We further observe that the coefficients for MFMC, ACV-MF and ACV-KL have
the same sign for all models Z, except one. This is in contrast to the FC estimators that
allow models with multiple negative or positive coefficients, which leads to a checkerboard
pattern for this example. We further remark that in the MFMC estimator the coefficients
of the models in S® = {1,...5} are very close to zero. The result is that the models
Z1,...,Z1_9 are not used for further variance reduction and thus the MEFMC estimator
is not able to achieve a variance smaller than ?Z?

Noisy monomial example.  The previous example showed the basic properties of
the BLUE by optimally combining the models. A linear combination of the low fidelity
models ensures that the residual has a small variance such that it is easy to estimate.
We now give an example where the result is more pronounced by adding noise to the
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MC CV2 CV
Zs 1.00 Zs 1.00 Zs 1.00
Z 7 -0.94 Z -2.50
Zy Zy Zy 222
Zy Zy Zy -0.83
7 A Z 0.12
Sl 52 SZ S—l S5 Sl 52 53 S—l S5 Sl 52 SZ S—l S5
MLMC MFMC ACV-IS
Zs 1.00 Zs 1.00 Zs 1.00
Zy 1.00 | -1.00 Zy 0.94 |-0.94 Zy 0.90 | -0.90
Zs 1.00 | -1.00 Zs 0.58 | -0.57 | -0.00 Zs 0.73 -0.73
Zy 1.00 | -1.00 Zy 0.52 1-0.35 | -0.17 | -0.00 Zy -0.86 0.86
Zi} 1.00 | -1.00 Zi} 048 | -0.32 | -0.11 | -0.05 | -0.00 Zi} 019 -0.19
Sl SZ S:} 54 SS Sl SZ S:} 54 SS Sl SZ S:} 54 SS
ACV-MF ACV-KL FC2
Zs 1.00 Zs 1.00 Zs 1.00
Zy 0.91 1-0.91 Zy 1.64 | -1.64 Zy 0.94 |-0.94
Zy 0.50 | 0.25 | -0.76 Zy -0.44 |1 -0.22 | 0.67 Zy
Zy -0.61 |-0.20 | -0.10 | 0.92 Zy 0.95 | 0.32 | 0.16 | -1.42 Zy
Zi} 0.15 | 0.05 | 0.02 | 0.01 |-0.22 Zi}-0.12 | -0.04 | -0.01 | -0.01 0.18 Z
Sl 52 SS 54 SS Sl 52 SS 54 SS Sl 52 SS 54 SS
FC3 FC4 FC
Zs 1.00 Zs 1.00 Zs 1.00
Zy 1.66 | -1.66 Zy 218 | -2.18 Zy 2.49 |-2.49
Z 0.58 |-1.26 | 0.69 Zs 1.30 | -2.84 | 1.55 Zs 1.85 | -4.06 | 2.21
Zs Zs 0.52 | -1.04 | 0.88 |-0.36 2 1.19 | -2.38 | 2.02 |-0.83
Z Z Zi} 048 |-1.03 | 0.77 | -0.33 | 0.12
Sl S-z 53 Sl SJ Sl S-z 53 Sl SJ Sl S-z 53 Sl SJ

Figure 4.4: Monomial example: Coefficients of the linear combination for different linear
unbiased estimators for N = 8. An empty box means that a model is not used for the
respective model group. Each row has to sum up to 0 except for the top row which sums
up to 1. Here we do not account for rounding errors and the CV estimator has the bias
property only for the top row, since this estimator assumes that pq,..., 1 is known.
The estimator CV 2 uses a single control variate Z; and couples the two models Z; and
Zs. Green coefficients are positive and blue coefficients are negative.
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monomials
Zl(w) = 1 + 57
Zy(w) = w4 € for all ¢ € {2,...,5}, (4.43)
Z6 = (.4}5.

We again assume that w ~ U([0,1]) and that the noise £ ~ N(0,4) is independent of w.
The Qol Z; is up to a constant equal to the noise, Zs, ..., Z5 have added noise and Zg has
no noise and is equal to the high fidelity model for the monomial example without noise.
The mean, variance and covariance can easily be computed using the independence of w
and ¢ and we summarize these values in Table[d.3] We plot the different model groups and
Vwin for different sets I C {1,...,L—1} in Figure We use the same sample allocation
strategy as for the monomial example and show the variance of different estimators in
Figure Since the BLUE computes the best linear combination, we conclude that
by defining Z; := Z, — Z; the FC estimator removes the noise from the control variates
Zo, ..., Zs, therefore its performance should not change significantly compared to the
monomial example without noise.

However, the other estimators, especially the MLMC and MFMC estimator, will have
a large variance since the correlation pr ;1 is not at all close to one. Here the fixed
a-priori ordering of these estimator leads to a large variance. The MLMC estimator has
a far larger variance than even the MC estimator since Z; — Z;_; is not small. This
is typically detected by a model selection step, which could then use the MC estimator.
Furthermore, every estimator that does not use the model Z; like the MC estimator or
the FC k estimators for Kk < 6 are not able to significantly reduce the variance.

For a small number of low fidelity samples N the respective BLUE FC estimator has a
much smaller variance than the other estimators.

Remark 4.31 (BLUE is robust). We emphasize the robustness of the BLUE w.r.t. prior
assumptions. The MLMC estimator makes the a-priori choice for the models and coeffi-
cients based on the idea that Z; — Z;_; is small. If this is not satisfied, then the MLMC
estimator may not even achieve a variance reduction. On the other hand the MLMC esti-
mator does not require us to tune or compute any coefficients [, which typically requires
the knowledge of the covariance matrix. o

Let us finally look at the coefficients for the estimators in Figure 4.7, The MFMC esti-
mator chooses the coefficients to be close to zero except for the coefficient in front of 7,

1 o? Model P | Zy Zy Zs Zy Zy Zs
Zy | 1 4 Z 1099 099 099 099 0
Zy | 0.50 4.08 Zy sym 1 1.00 1.00 1.00 0.12
Z3 1 0.33 4.09 Zs sym sym 1 1.00 1.00 0.14
Zy | 0.25 4.08 Zy sym sym sym 1 1.00 0.14
Zs | 0.20 4.07 Zs sym sym sym sym 1 0.13
Zg | 0.17 0.06 Zg sym sym sym sym sym 1

Table 4.3: Noisy monomial example: Mean, variance and Pearson correlation coefficient
matrix P of the QoI defined in (£.43)). The entry “sym” means symmetric and its value
can be deduced from the relationship p;; = pj;. Values with 1 are exactly 1 and values
with 1.00 are rounded up from 0.99....
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Vmin
%

%
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Figure 4.5: Noisy monomial example: Different values of V" marked as “x” for different
model groups S = I U {L} that contain the high fidelity model Z;. A red square means
that the model is used and an empty square that the model is not used.

10! ‘
E%O—O—O—OOOOOOOO—O—O—OOOOOOO FC2 i
100 —~—FC 3
——FC4
0 - FC5
Frn g e e ) — PO

P

Variance
Variance

Figure 4.6: Noisy monomial example: Variance of different estimators for different N.
The left plot is a zoom in with N € {0,...,8} of the right image with N € {0,...,30}.
The dashed reference lines are V{'™, I{n;f, ‘{rjfg}, s 1{11171‘1“’5} .With decreasing value. The
MC estimator is not drawn, since its variance is equal to Vi*". The CV estimators with
control variates in I have variance equal to V.
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which does not reduce the variance in any significant way. If we add up the last column
of the FC estimator w.r.t. the noise £ we have

0€ — 2.49¢ + 2.21€ — 0.83¢ + 0.12¢ + 0.99¢ ~ 0,

which shows that the FC estimator removes the noise. We obtain a similar result for
every column of the FC estimator. We further remark that the values in this matrix with
rows Zo, ..., Zg and columns S?, ..., S% are almost identical to the values of the matrix
of the FC estimator for the monomial example without noise in Figure [4.7. This confirms
that the BLUE removes the noise from every sample group. The model Z; in S! of the
FC estimator has a coefficient very close to zero, which means that this sample group is
essentially not used. This is not surprising, since Z; and Zg are independent and we can
always subtract a multiple of Z; and thus £ in the linear combination (8*)7 Zgx due to
the model group structure S* = {1,...,/(}.
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CV2 CV MLMC

Zs 1.00 Zs 1.00 Zs 1.00
Zs 0.03 Zs -2.50 Zs 1.00 |-1.00
Zy Zy 2.22 Zy 1.00 |-1.00
A A -0.83 Zs3 1.00 | -1.00
Zy Zy 0.12 Zy 1.00 |-1.00
Z Z 0.99 Zi} 1.00 |-1.00

Sl 52 53 54 SS SG Sl 52 53 54 SS SG Sl 52 53 54 SS SG

MFMC ACV-IS ACV-MF

Zg 1.00 Zg 1.00 Zs 1.00
Zs 0.03 |-0.03 Zs 0.31 0.31 Zs 0.22 |-0.22
Zy 0.02 }-0.02 |-0.00 Zy 0.54 -0.54 Zy 0.35 | 0.17 |-0.52
Zs 0.02 |-0.01 |-0.01 }-0.00 Zs 0.39 -0.39 Zs 0.35 | 0.12 | 0.06 |-0.53
Zy 0.02 1-0.01 |-0.00 |-0.00 |-0.00 Zy -0.41 0.41 Zy -0.31 | -0.10 | -0.03 | -0.02 | 0.46
Zy } 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 Z, }-0.83 0.83 Z,}-0.54 |-0.18 |-0.06 | -0.02 |-0.01 | 0.81

St S? 53 St S° S0 St S? 53 St S° S0 St S? 53 St S° S0

ACV-KL FC2 FC3

Zs 1.00 Zs 1.00 Zs 1.00
Zs 0.22 1-0.22 Zs5 0.03 |-0.03 Zs5 1.78 | 1.78
Zy 0.35 | 0.17 |-0.52 Zy Zy 0.02 | 1.79 |-1.81
A 0.35 | 0.12 | 0.06 |-0.53 Zs A
Zy 0.31 0.10 | -0.03 |-0.02 | 0.46 Zy Zy
Z,f-0.54 |-0.18 | -0.06 |-0.02 | -0.01 | 0.81 Zy A

Sl SZ 57 S-l S5 SG Sl SZ 57 S-l S5 SG Sl SZ 57 S-l S5 SG

FC4 FC5 FC

Zg 1.00 Zg 1.00 Zs 1.00
Zs -11.73 | 11.78 Zs 249 1-2.49 Zs 249 1-2.49
Zy 0.05 | 19.84 |-19.89 Z4 -2.72 | -6.34 | 9.06 Z4 1.85 | -4.06 | 2.21
Zy 0.02 |-0.04 |-8.12 | 8.14 Zy 119 | 4.48 | 5.44 |-11.11 Zs 1.19 1-2.38 | 2.02 |-0.83
Zy Zy 0.02 |-1.18 | -1.77 | -1.59 | 4.52 Zy 0.48 |-1.08 | 0.77 |-0.33 | 0.12
Z Z Zy}-0.00 |-0.48 |-0.16 | -0.24 [-0.12 | 0.99

Sl SQ S.‘i 54 55 Sb Sl SQ S.‘i 54 55 Sb 51 SQ S.‘i 54 55 Sb

Figure 4.7: Noisy monomial example: Coefficients of the linear combination for different
linear unbiased estimators for N = 8. An empty box means that a model is not used for
the respective model group. Each row has to sum up to 0 except for the top row, which
sums up to 1. Here we do not account for rounding errors and the CV estimator has
the bias property only for the top row, since this estimator assumes that p,...,pur_1 is
known. Green coefficients are positive and blue coefficients are negative.
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Chapter 5

Sample allocation optimal BLUE

The condition that an estimator is the BLUE is not a sufficient for being an inexpensive
estimator. Chapter [4] showed that the MC estimator is the BLUE in contrast to the
MLMC estimator which is in general not a BLUE. Nevertheless, MLMC has a better
asymptotic complexity than MC if we compare Theorem with Theorem [3.49] The
reason is that both estimators use different samples such that the achievable variance is
smaller for the MLMC estimator. Therefore we have to equip the BLUE with a method
to choose the linear regression problem which we call the sample allocation problem. In
this chapter we proceed as follows:

e We define the sample allocation problem in Section [5.I We further prove the
existence of a solution which defines a sample allocation optimal BLUE and verify
that this estimator is optimal in the class of linear unbiased estimators. We further
extend the sample allocation problem to include a coupling number x such that only
model groups are evaluated with less or equal to x models.

e We relax the sample allocation problem to obtain a tractable solution and discuss
why this relaxation is sensible. The relaxed problem in Section has a solution
that is in general not unique. We further show that optimal solutions are sparse in
the sense that at most L of the K = 2F — 1 model groups are used. This property is
crucial for a practical implementation due to the necessity for rounding the number
of samples to the next integer.

e Section[5.3] provides analogous but slightly stronger results compared to Section 5.2
The main idea is to view the sample allocation problem from a different angle
and first optimize the sample allocation and afterwards the coefficient of the linear
unbiased estimator. These results simplify the asymptotic analysis in Chapter [6]

e In Section we prove that every minimizer of the sample allocation problem lies
in the convex hull of a finite number of minimizers where each of these uses at most
L model groups.

The sections of this chapter in terms of their minimization problems are given in Fig-
ure 5.1 This chapter contains results from [125, 126] and Section together with
Section 5.4 extend some of these results.

5.1 Ideal sample allocation optimal BLUE

We know from Chapter [4| that the variance of the BLUE with coefficients 3% in ([4.15)
and number of samples m is

V(ps] = Z (GilCEk =o'V ta = aT<Z mkPk(C'k)le> a.

@ m
keUs k keUg

In the following we ease the notation and make the dependence on the number of samples
m of the system matrix W(m) and the estimator i3 (m) explicit. The goal is to choose m
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Sample Allocation Optimal BLUE (SAOB)

. kT vk gk
min,,enx g J(m, B) = Zle (B C*8®

such that Zszl m Wk < yybudeet
K
S PRBE = a.
Section [5.]

mp

relax m; € Rs

such that

Relaxed sample allocation problem
min,cgx g J(m, B) == S p, (8" T C* gk
Zszl m Wk = Pybudset.
Zszl Prg* = a,

my >0 forall ke {l,... K}.

mg

optimize out 3

First BLUE, then sample allocation
min,,cgx  J(m) :=aT¥(m) ta
such that S8 m, Wk = Vybudeet,

Section (0.2

.

my >0 forall ke {l,... K}

J

optimize out m

First sample allocation, then BLUE

ming J(f) := ZkK:l ((/Bk)TCkﬂka)l/Q

such that "0 | PFGF = a.
Section [5.3]

Set of minimizers in Section

.

J

Figure 5.1: Sections of Chapter |5 described in terms of the respective minimization
problem that we examine. Here Wb > () denotes a computational bugdet and W*
the cost to compute a single evaluation of all models in the model groups S*. There are
two methods to derive an approximation of the SAOB: The common step is to first allow
non-integer samples to obtain a tractable optimization problem. Then we use explicit
expression for the optimal 5 or m to obtain two different minimization problems which
both lead to the SAOB. These are examined in Section and Section .
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such that the variance is minimized and we do not exceed a known computational budget
similar to the MLMC, MFMC and ACV estimators in Chapter 8] This cost constraint
is necessary since otherwise the variance can be made as small as desired by choosing m
sufficiently large. We define the cost of a model group as the sum of the costs of every
contained model

W =W[Zg] = > W[Z]=> w, forallke{l,... K}

LeSk LeSk
We introduce a fixed budget WPueet > (0 and write down the sample allocation problem
min V(ge(m)] =" ¥(m) "o

such that W[ﬂg(m)] — Z mka < Wbudget' (51)

ke{l,...,.K}

We define V[i¥(m)] := 400 if m is such that the BLUE [iZ(m) is not well defined. The
BLUE is not necessarily unique, therefore we are only able to prove existence of a solution

of .

Theorem 5.1 (Existence of sample allocation optimal BLUE). Let WPt he such that
we are able to evaluate the required models at least once

> wy < WPE, (5.2)
LeUq

Then there exists a minimizer m* of (5.1)) and every corresponding BLUE is a sample
allocation optimal BLUE (SAOB)

~SAOB .__ ~By, %
fg" " = g (m").
Proof. The sample allocation problem ([5.1)) optimizes over a finite set of m € NX since
the cost of every model w, > 0 is positive. We thus enumerate all values and choose
m* such that the variance is minimized. Assumption (5.2)) now ensures that the MC
estimator with a single sample defines a feasible BLUE

e =a'zy .
Hence we conclude that m* is feasible and thus V|2 (m*)] = V[a3498] < +oc. O

The SAOB is optimal in the class of linear unbiased estimators. No other linear unbiased
estimator is able to achieve a smaller variance satisfying the cost constraint.

Theorem 5.2 (Optimality of SAOB). Let i, be a linear unbiased estimator that uses
my, i.i.d. samples of S* for k € {1,..., K}, where the samples are also independent across
model groups. Then every SAOB with WPudset = W[z ] has smaller or equal variance

V[EAP] < V[i,).

Proof. The BLUE 1i3(m) with the same sample allocation m as fi,, has smaller or equal
variance

V[am)] < V(7]
The Assumption is satisfied since fi¥ is a feasible estimator in and thus a SAOB
exists. However, the SAOB is the minimizer of this problem and thus we conclude the

theorem
V[ASAOP] = VB (m®)] < VIAB(m)] < V(A,]. =
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The two previous theorems allow the usage of every model group S* and similar results
are achievable if we allow only the use of specific model groups. We are particularly
interested in evaluating or coupling at most x models in a single model group, that is
my, = 0 if |S*| > k. The SAOB with coupling k € N (SAOB k) is a BLUE with a sample
allocation that solves
min V[g(m)] =" ¥(m) 'a
my,....,m g E€Np
such that Z m W < yybudeet,
ke{1,...,.K}

mp=0  forke{l,...,K} with |[S*| > &.

We denote this estimator with Z5A9B* and remark that its existence and optimality follows

analogously to SAOB. For completeness we write down the optimality result.

Corollary 5.3 (Optimality of SAOB k). Let [, be a linear unbiased estimator that uses
my, i.i.d. samples of S* for k € {1,..., K} with |S*| < k, where the samples are also
independent across model groups. Then every SAOB r with W"udee® = W[z | has smaller
or equal variance

V[ASAORe] < Vi, o

The coupling parameter x of SAOB k is important for the asymptotic analysis in Chap-
ter [0l We further remark that ~ also determines the lower variance bound of SAOB &,
since we are allowed to couple at most x — 1 other models with the high fidelity model

me UZEAOB Ii] — min Vl}nll’l‘
Ig{1’>L}7
[Il=Kk—1

It is possible to weaken the assumptions of i.i.d. samples for every model group and
across different model groups. The BLUE is the solution of a generalized linear regression
problem, where a different sample structure leads to a different noise assumption, hence
a BLUE still exists. We are further able to generalize the cost constraint by simply
bounding the cost of the respective BLUE

min  V[iig (m)]

[e3

such that W75 (m)] < Whudeet,

This problem typically has a feasible point if WPudeet is large enough. Since the number
of samples are integer, the cost constraints often ensures that the number of evaluations
and thus the number of feasible BLUEs is bounded. We further have to demand that the
estimator i2(m) only depends on m and no further other independent parameters that
may modify the noise or covariance structure. Then the solution of this problem is again
a SAOB that is now optimal in this defined class of linear unbiased estimators with costs
bounded by Whudset,

The above generalization is interesting but in its generality not very useful. In practice, we
have to compute an approximation to the minimization (5.1]), which we will do by allowing
the number of samples to be positive real numbers. If we additionally change the structure
of the noise 7 for the regression problem in Definition to include dependencies across
model groups, then the dependence of the system matrix ¥ w.r.t. m is more complex.
Furthermore, the covariance matrix C'is often unknown in practice and introducing more
coupling requires that we estimate more entries of the covariance matrix of the noise 7.
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5.2 First BLUE, then sample allocation

Relaxed formulation. We state reasons how and why we simplify the optimization
problem (5.1). We relax the constraint that the number of samples m are integer to
non—negative real numbers to obtain a problem that is numerically tractable

: T -1
=a' v
,, min J(m) =a " ¥U(m) «

K
such that Z m W = pybudeet
k=1
my, > 0 for all k € {1,...,K}.

We have replaced the inequality for the cost constraint with equality which is always
satisfied at every minimizer. This problem is still difficult to handle, since ¥ might not
be well defined or not invertible, however the BLUE might still exist. We first show an
example where this is not a problem.

Example 5.4 (U not invertible). Let L := 2, w; := wq := 1, WPudeet .= 3« := (0,1)
and let the covariance matrix be the identity C' := I. Then the MC estimator with three
samples of Z, is the BLUE since samples of Z; never decrease the variance. This can
formally be checked by looking at the lower variance bound Vi = V‘{r‘li]"l. Notice however

that the matrix
1/1y—1 pl 0 00
¥ =m P (C")"'R =3<1 10 1) =1{4 3
is not invertible on R? but on V := span(a), where it matters, that is
v:V -V, Va=3a.

We are thus able to compute the inverse of the linear operator ¥ on V' and thus

1 1
T g1 2
Vv a=—|al ==,
Sl = 3
which is the variance of the MC estimator with three samples of Z,. o

The second and more subtle problem is that the BLUE is not well defined if we do not
evaluate all models that are required by the bias. However, since we demand m > 0 the
number of evaluations of a model may tend to zero if the respective covariance matrices
are close to non-invertibility. We demonstrate this in the next example.

Example 5.5 (C' not invertible). Let L := 2, w; := wq := 1, WPudeet .= 1 o := (1,1)T

2
with covariance matrix C' := 60 (1)
smallest variance if we evaluate the uncorrelated Z; and Z; separately. We compute the
system matrix

. It is straightforward to see that we obtain the

-2
U(m) = m PY(CY) 'R} + m,PX(C?) ' R? = (”“5 ’ )

O mQ
This matrix is invertible for all €2 > 0 and the variance of the BLUE is

T 1 .2
- 1 —e= 0\ /1 1 1
o =ewion o= (1) (%7 2) () =+

ma
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We minimize this expression w.r.t. the cost constraint and use the KKT conditions such
that the optimal m; and m, satisfy

1, 1
28 T
mi my

myq + mo = Wbudget.

The optimal solution and the variance is then

€ 1
= s m = s
1+e 2T 1+4¢

my Jm)=(1+¢e)e+(1+¢).

The above expressions are well defined for all ¢ > 0 and in particular for € = 0 for which
C' is not invertible. The latter is problematic, since then m; = 0 and thus we obtain an
estimator with U, = {1,2} € Uy = {2}. Therefore, the estimator iiL for ¢ = 0 with
m, = 0 and my = 1 is not a well defined linear unbiased estimator of o’ u. o

Formulated differently, the set where the bias constraint can be satisfied is not closed

mi,...,mg € Rsg|there exists 8% with o = Z Pk gk
(k| mp>0}

and minimizing J leads to a point not in this set. We circumvent this difficulty if we
assume that we pay the price of having at least a single evaluation of all models S* :=
{1,...,L}.

Intuitively, it does not make sense to evaluate a model group S* where C* is not positive
definite, since we know that the vectors (Z; — p)segr are linearly dependent. Ignoring the
mean g for now, we are able to compute the value of any linear combination of (Z;),cgx
without evaluating a particular model j € S* and thus we do not have to pay the cost
w;. We formalize this intuition where we do not ignore the mean .

Lemma 5.6 (Model groups not used). Let ji, be a linear unbiased estimator with m; > 1
for the model group ST := {1,..., L} and C not positive definite. Then there exists an
estimator fi, with sample allocation m with equal variance V[l | = V[, ] and smaller or
equal cost W[z, ] < W[z, ] such that all model groups S* where C* is not positive definite
are not used, or used only once for k = L

0, ifk+#L,
my = .
1, ifk=0L.

Proof. Let k € {1,..., K} \ {L} such that C* is not positive definite and assume that i,
uses this model group. Lemma now shows that there exist coefficients (as)scgr # 0

such that almost surely
Z CL@ZE = Z Ay fllp. (53)
LeSk LeSk

This allows us to represent an arbitrary model j € S* with a; # 0 in terms of the other
Qols and the mean values

Z;=— Z ng+uj+ Z %MZ— Z %Ze-FZ%W‘ (5.4)

tesigy Y resgy tesngy U desk Y
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W.lo.g. we assume that the linear unbiased estimator 7i,, uses equal coefficients for every
sample in the model group S*

; L™ i LS~y
e > s ar) e (e
=1 i=1

neUg\{k} LeS™ LeSk

and we replace Z; in the last expression with ([5.4])

ik ik ay ik e
> ozt ezt = 3 (oh- )2t Al S e
J

£eSF\{5} £eSF\{5} tesk

This replacement does not change the variance and we define the estimator i to be

' w1l X in L
Pa == Z Z ﬂ[f]m_ Z Z/ + Z (ﬁﬁ} - Z_jﬁ[kj]> m—k Z Zg’k + 5[13} Z %uz.
noi=1 i=1

neUs\{k} LeS™ LeSk\{j} tesk Y

The last part of this estimator is a linear combination of the mean values, which we know
from (5.3) if we have a sample of S¥' = {1,..., L} available. Moreover, the estimator /i,
is cheaper than [i, since it does not evaluate Z; in the model group S*

Wia) = Wias] — my WIS ] +m WIS®\ {5}] = W[izg] — mjw;. (5.5)

We now repeat the procedure outlined in this proof for iz until we obtain an estimator
fi’, such that m;, = 0 for all kK € {1,..., K} \ {L} where C* is not positive definite. We
remark that this approach works even if we remove only some samples of a model group
with non—positive definite covariance matrix while keeping the remaining ones. Since this
proof is valid if S* is evaluated at least once, we keep a single sample m; = 1 for i/,. [

The above lemma is a justification to only look at model groups where the respective
covariance matrix is positive definite. We view this as preliminary model selection where
we are able to ignore some model groups without increasing the variance of the minimizer.
We incorporate the evaluation of S* in an alternative way into the cost function by
adding the diagonal matrix 6/ with 6 > 0 such that Wy(m) := ¥(m) + 1 is invertible.
We interpret 01 as additional independent evaluations of 71, ..., Z, in the following sense:

L
01 =Y 60;P(C*)'R".
=1
We used that S* = {¢} and assumed ¢ > 0 for £ € {1,..., L}, hence adding 61 corre-
sponds to do? additional evaluations of Z,. We then define the relaxed sample allocation

problem

min Js(m) = o’ Ws(m) o
my,....,mg€R

K
such that Z m W = yybudeet, (5.6)
k=1

my >0 forall k € {1,...,K}.

The matrix ¥, and its inverse is well defined if C' is positive definite or if we restrict
ourselves to model groups where C* is positive definite. In the latter setting we however,
may have to pay the price of an additional evaluation of all models.
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Remark 5.7 (Other relaxations). We are able to replace 61 by 6C ! to obtain a -th of
an evaluation of {1,..., L} if C' is positive definite. Another alternative is to ensure that
all models are evaluated at least d-times

Z my >6 forall 0 e{l,...,L}.
{ke{1,....K} | £eSk}

Both methods complicate the analysis and our numerical results in Chapter [6] suggest
that setting 6 = 0 is possible. Furthermore, in Section |5.3| we apply a different approach
which allows us to remove the matrix §/ altogether. o

We derive a lower and upper bound on the error of the variance for replacing ¥ with W;.
Since 61 can be viewed as additional samples, we expect that the error gets smaller and
smaller if we use more and more samples.

Lemma 5.8 (Variance with added 07). For positive definite ¥ and ¢ > 0 the change in
the variance by adding 0/ satisfies

1
1+ 0 (U1

1
1+ 0Amin (U1

U e < o' U ta < o U a, (5.7)

where A\pin and A\p. are the smallest respectively largest eigenvalue of U. In particular,
if we increase the number of samples to infinity the relative error converges to zero in the
following sense

oW (sm)a—aTUs(sm) o < Mmax (P71
aTVW(sm) la T S+ OAmax (P

— 0 for s — +o0. (5.8)

Proof. We extract the matrix ¥~/2 and use the bound of the largest eigenvalue
Vs =l (U460 ta = U VI 4601012
< Amax (L + 60 HHal T a.

For positive definite matrices the largest eigenvalue of its inverse is the inverse of the
smallest eigenvalue

1 1
Amin(I +00=1) 14 A (1)’

Amax(([ + 5\11_1)_1) =

which shows the upper bound in ([5.7)). For the lower bound we use the inequality
TV 450 )10 20 > A\ (T + 00 HaT T L,

from which the result follows similarly to before. We obtain ({5.8]) using the lower bound

in ((5.7) and

1
/\maX(\I’(Sm>71) = )‘maX((S\II(m»A) = _)‘maX<‘I]<m>71>- [
S
Existence of a minimizer. @ We summarize and derive important properties of the

cost function Js, which follow mostly from the fact that Js is the variance of a BLUE. To
avoid technical difficulties we assume that C' is positive definite.
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Lemma 5.9 (Properties of Js). Let C' be positive definite. The function Js has the
following properties:

(i) Js: RE) — R,
(ii) Js(m/A) = AJs/a(m) for all § > 0 and A > 0,

(iii) Coupling of more models never increases the variance, that is for k,j € {1,..., K}
with S* C S7 we have for all A > 0 and § > 0

Js(m + Xex) > Js(m + Ae;),

(iv) Increasing the number of samples never increases the variance, .J; is monotonically
decreasing in every argument,
(v) Js is twice continuously differentiable for 6 > 0 with derivatives
O, Js(m) = —al W(m) = PHC*) T R s(m) ",
Oy Om, Js(m) = 2" Ws(m) "' PH(C*) ' RM 5(m) P (C7) T RV g (m) v,
(vi) Js is convex for § > 0,
(vii) Js is not strictly convex for L > 3.

Proof. The properties “(i)” and “(ii)” are straightforward to verify. For “(iii)” we use
Sk C S9 denote I := S7\ S* with |I| > 0 and w.l.o.g. assume

j C1[[ CI Sk
) — ) )
C - (CskJ Ck '

Since the covariance matrix C” is positive definite we use the inverse of the Schur com-
plement [109] and the fact that the Schur complement is positive semi-definite

KWAZ(%@#%MJ?)CWGWA<5§O<é_ﬁﬁfw4)
> (Lo, D0 @) ")

:@<5§0'

We conclude that for all v € RIS’
vl (C1) o > vl (CF) g

and thus o '
Pk(Ck)fle < P](C’”)*IRJ.

We use this to verify that for all A > 0
U(m + Aeg) = ¥(m) + APH(CH) ' RY < U(m) + AP/ (C)) 'R = U (m + de;).
For two symmetric positive definite matrices A, B it is well known that

A<B & A'>BY
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which we use to conclude the statement
Js(m + Aeg) = ol (U(m + Aeg) + 61) Fa > o ((U(m + Ne;) + 01)ta = Js(m + Aej).

“(iv)”: The computation is analogous to (iii), where we informally may use S* := ()
to directly obtain the result. Alternatively (v) shows that the first derivative is zero or
negative.

“(v)”: The expression for the first derivative follows from a standard derivative rule for
inverse matrices [109)

O (U5(m)) ™" = =W (m) ™ (O, Vs (m)) Vs (m) ™.

The expression for the second order derivative follows if we apply the derivative rule for
the matrix product [109] for matrices A and B

Oy, (A(m)B(m)) = (O, A(m)) B(m) + A(m ) (O, B(m)).
“(vi)”: We verify that the Hessian is positive semi-definite. For v € RX we have

K
v Hyv = Z 020" Ws(m) T PH(CF) T RF U s (m) T PH(CY) T RIW g (m) T aw;

k,j=1

=207 Ws(m)! <Z ka’“(0’“)*3’“> Uys(m)™ (Z ijj(cj)—lRf> Uys(m) o
= 20" W5(m) W (0) Ws(m) "W (0)Wy(m) e,

j=1

which is always greater or equal to zero.
“(vii)”: The matrix ¥ is symmetric as sum of K = 2% — 1 symmetric matrices

U(m)=> mPH(C*)" 'R,

The space of symmetric matrices has dimension (L + 1)L/2 < 2 —1 = K for L > 3.
Therefore, there exists coefficients 5 # 0 such that

¥(3) = 0
and thus with m;, =1 for all k € {1,..., K} and for all X sufficiently small

Js(m) = o (W(m) +01) "t = " (¥(m + \B) + 61) Lo = Js(m + \j3).
Therefore, J; is constant along the non-zero direction 8 and thus not strictly convex. [

We show that the relaxed sample allocation problem ([5.6) has a minimizer, which is
basically a result of Js being convex.

Theorem 5.10 (Existence of a minimizer). Let C be positive definite and § > 0. Then
there exists a minimizer of (/5.6)).
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Proof. The function J; is convex due to Lemmal5.9 We optimize over the feasible region

K
{ml,...,mK ER®|m, >0 forallke{l,...,K}, kaWk:Wb“dgEt},

k=1

which is compact since W* > 0 for all k € {1,..., K}. All that remains to show is that
this set is non—empty, which follows since it contains the MC estimator

Wk ’
0, otherwise.

Wbudget . k
for k with S*={1,...,L
m, = { or k wi {1,..., L}, -

We write down the KKT conditions for the convex optimization problem ([5.6). These are
necessary and sufficient for the minimizers. Let £ be the Lagrange multiplier associated

with the cost constraint and &1, ..., {x with the positivity constraint. Then the minimizer
satisfies
oWy (m) PR (O TP RN (m) e = WREY — ¢, forall k € {1,..., K},
K
Z mkwk _ Wbudget’
— (5.9)
my, > 0 forall k € {1,..., K},
mpée =0 forall k € {1,...,K}.

Sparsity of used model groups. The minimization problem has K =2 -1
variables, which is exponential in L. Furthermore, a practical implementation requires us
to ceil the number of samples m to be integer. The additional cost for this operation is
bounded by an additional evaluation of every model group

2l 1

> wk (5.10)

which is a bound that is also exponential in L. Fortunately, we are always able to reduce
the number of used model groups to at most L without increasing the variance or the
cost. We formally denote this as |Us(m)| < L, where we make the dependence of the
used model groups Ug(m) on the number of samples m explicit.

Theorem 5.11 (Sparse solution). Let C' be positive definite, § > 0 and m be a feasible
sample allocation of with |Ug(m)| > L. Then there exists a feasible point m’ with
|Us(m')] < L and

J(s(m/) S Jg(m)

In particular, there exists a minimizer m* of (5.6) with |Us(m*)| < L.

Proof. Let m be a feasible point such that w.l.o.g. my,...,my,; > 0. We now construct
a direction along which the variance Js is constant and the cost does not increase. For
z = Ws(m) ' there exists f € RFT!\ {0} such that the following linear combination is
Zero

L+1 L+1
> BR(CH TPl =)Y B’ =0, (5.11)
/=1 /=1
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which follows from a dimension counting argument of the vectors x!, ..., 2" € R with
! .= RY(C")~'P’s. Furthermore, we demand that these coefficients satisfy

L+1

> Bwt <o, (5.12)
/=1

which can always be achieved by suitably changing the sign of 3, that is redefining 3 as
— B if necessary. For notational purposes we now view (3 as a vector in R¥ where we
set B :=0for k € {L+2,...,K}. We define the maximum scale parameter Sy, € R
such that we are at the boundary of the feasible region with the ray originating in m in
direction of 3

Smax = max{s > 0|m,+ s >0forall t € {1,...,L+1}}. (5.13)

The combination of 8 # 0 and W* > 0 with shows that there exists a negative
coefficient 5, < 0 and thus sp.. < 400 is well defined. We verify that the sample
allocation m’ := m + Sya8 > 0 uses at least one less model group, has smaller or equal
cost and equal variance compared to m.

e m' > 0: By definition of 8 we have m}j = my > 0 for k € {L+2,...,K}. For
¢e{l,...,L+ 1} we have m), = my + SmaxfB¢ > 0 from the definition of sy, in
5.13).

e m’ uses at least on less model group: By definition of s,., there exists an index
¢ e {1,...,L+ 1} such that m, + Smax ¢ = 0. Therefore, m’ does not use S* and
no other additional model groups are used for m/’, hence |Ug(m’)| < |Us(m)|.

e m' has smaller or equal cost: This is a consequence of ((5.12)) and spax > 0

L+1

K
Z My + SmaxOk) W Z MW + Smax Z BW* < Z mW".
=1

e Js;(m’) = Js(m): The definition of z := Ws(m) 'a shows

L+1
a=Vs(m x—ZmRZ (CH'Plx + Z myRF(C*) 1 PFe + ox.
=1 k=L+2

We now use (5.11)) to insert zero into the first term

L+1 K
a= Z(mg + SmaxB¢) RY(CH) Pl + Z mpRF(C*) ™ PPy + 5a
=1 k=L+2
= (U(m + Smaxf) + 1)z
= W,(m')x.

The matrix Wy(m’) is positive definite and thus the variances are equal

Js(m) = o’ Vs(m)ta = otz = o’ Ws(m)) o = J;(m).
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We now inductively repeat the process outlined in this proof for m’ until we reach a
sample allocation 7 such that the initial assumption |Ug(7)| > L is false. Hence there
exists a sample allocation m with

K
k S § mka — Wbudget,

[
E
=

k=
my, >0 forall k € {1,...,K}.

The sample allocation m is infeasible if it is truly cheaper than m. We fix this by scaling
the number of samples such that for another sample allocation m

Wbudget

ﬁ”bk =m

M), —————— >0 forall k € {1,...,K}.
k2£(=1mkwk_ ’ { }

The cost constraint is now satisfied with equality and since the variance Js is monotonically
decreasing in every argument due to Lemma (iv)

It is now trivial to find an upper bound on the additional cost introduced from the
ceiling since every model is evaluated additionally at most L times, which is a substantial

improvement over (}5.10))
L
L Z Wy.
=1

However, in practice this bound is often better since expensive models often occur only
in few of the used model groups. We remark that ceiling the number of samples does not
necessarily lead to the SAOB. However, if the budget W19t is large or ¢ is small, then
it is straightforward to argue that the error or the additional cost can be neglected.

We are now in the position to provide an example where the optimal sample allocation
in (5.6) is not unique.

Example 5.12 (Non—uniqueness of an optimal solution). We know that the MFMC es-
timator is the BLUE for L < 2 and that the MC estimator is the BLUE for L = 1. We
show that if the MC estimator has the same variance as the MFMC estimator, then the
optimal sample allocation for the BLUE is not unique. For a = (0,1)T we narrow down
the possible BLUE by examining which models groups we are able to use together.

e {1}: Impossible, bias constraint 6[11} = 0, additional costs to evaluate 7,

{2}: Possible, the MC estimator,

{1,2}: Impossible, bias constraint Ba] = 0, additional costs to evaluate 77,

{1}, {2}: Impossible, bias constraints 5[11] = 0, additional costs to evaluate 77,

{1},{1,2}: Possible, the MFMC estimator,

{1,2},{2}: Impossible, bias constraints 5[31] = 0, additional costs to evaluate 77,
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o {1},{2},{1,2}: Possible, combination of the MC and MFMC estimator.

If the last combination {1},{2},{1,2} has the best sample allocation, then we are able
to use Theorem to reduce the number of active model groups to two or less, which is
the MFMC or the MC estimator. Hence, it suffices to construct an example where both
have the same variance. We use Theorem and require the data to satisfy

2 2
V™) = g (1031 =)+ (a0~ 231))"") = o = VI

We choose pg,l = 1/2 and ws = 1 such that w; has to satisfy

2
1\ 12 1\ /2
1/2
- - 1
() -
which is true for w; = (\/§ —1)2. With these choices for wy, w, and p2.1 the assumptions
of Theorem [3.26] are satisfied and thus our derivation is valid. o

5.3 First sample allocation, then BLUE

Sample allocation. In the previous section we derived some properties of the optimal
sample allocation by adding the matrix 0/ which we interpreted as additional model
evaluations. This change was made purely because of technical reasons to avoid the
difficulty of the matrix inversion. We now derive a stronger result for 6 = 0 by first
optimizing over m and then over the coefficients 3 for the variance of a linear unbiased
estimator

V[ﬁa] _ Z (ﬁ )mf 6 .

k=1
In the first step § is not necessarily such that fi, is a BLUE. We have to make sure that
the cost constraint is satisfied and we do not divide by zero. The case 3% = 0 is equivalent
to not using the model group S* and thus we w.l.o.g. may define m; = 0. On the other
hand if 3% # 0 we w.l.o.g. assume that m, > 0. The set of used model groups is then
entirely defined by the coefficients (8

Ug:={ke{l,....K}|(B5TC*3* > 0}.
For the special case of a positive definite covariance matrix C', we have
Usg={ke{l,...,K}|B"#0} = Us.

We write down the relaxed sample allocation problem for a linear unbiased estimator with
fixed coefficient 3

) (ﬂk)TCkﬂk
min J(m) = -
my,...,mg€ER ( ) IgU:,g my

K (5.14)
such that Z m W = yybudeet,
k=1

my > 0 forall k € {1,..., K}.



Chapter 5 Sample allocation optimal BLUE 123

We remark that the MLMC estimator is a linear unbiased estimator and thus with

Sti= {1}, pli=1,
S?.={1,2}, B = (—1,1),
st = {L-1,L}, 5L = (—1,1),

the cost function J is

ZL:V ~Zi]

(=1

This particular instance of is exactly the sample allocation problem for the MLMC
estimator, which has a unique solution according to Theorem [3.46, We show that this
is in general the case for arbitrary S in and unsurprisingly the exact statement as
well as its proof are quite similar.

Theorem 5.13 (Optimal sample allocation for linear unbiased estimators).

Let (B¥)TC*Bk = 0 for all k € {1,...,K}. Then any feasible point of is optimal
with J(m) = 0. If (B5)TC*kB* > 0 for some k € {1,..., K}, then the unique optimal
sample allocation of is

my, = forall k € {1,...,K}. (5.15)

Pybudget (ﬁk)Tc«kﬁk 1/2
ZkeUﬁ[wk)TCkﬂka]”?( Wk )

The variance at this minimizer is

2

J(m)—m NGO RE AR (5.16)

kGUB

Proof. First, observe that the statement of this theorem for(s*)TC*p* = 0 for all k €
{1,..., K} is trivial. Thus assume now that (5*)TC*3* > 0 for some k, which immediately
shows that the denominator in is well defined. Notice that for k with (8*)TC*3* = 0
the choice m; = 0 is optimal since otherwise this incurs a cost proportional to W* > 0
but does not decrease the variance. Thus is valid for those model groups. Since we
divide by m,, in J there exists a positive constant ¢ > 0 such that the number of samples
is bounded from below

my > ¢ for all k£ € Up.

Similarly, the cost constraint and W* > 0 ensures that there exists a second positive
constant ¢ > 0 such that the number of samples is bounded from above

my < ¢ for all k € Ug.
J is convex and we optimize over a compact and non—empty set, hence there exists a

solution of (5.14). We write down the necessary and sufficient KKT conditions with
Lagrange-multiplier £V € R associated to the cost and & € R for k € Ug associated with
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the positivity constraint

—% + "Wk ¢ =0 forall k € U, (5.17)
> my Wk = pyPudset, (5.18)
keUs

my, >0 for all k € Ug, (5.19)
& >0 for all k € Ug, (5.20)
mip&r =0 for all k£ € Up. (5.21)

We have already verified that m, is positive for all £ € Ug and thus &, = 0. Furthermore,
since there exists a solution we conclude ¢V > 0, otherwise (5.17)) cannot be satisfied. We
reformulate this equation to arrive at

ﬂk Tckﬂk 1/2
e (( i )

and insert this into ([5.18))

(EMY? = ke, [(BF)TC*BEW*] 1/2
Pybudget .

We combine the last two equations to obtain (5.15)) and a straightforward computation

shows ([5.16]). O

We now choose the coefficients 5 to minimize the variance and respecting the bias con-
straint. We achieve this if we minimize over the inner expression of (5.16)

K
mﬁin J(B) = Z[(/@k)TckﬁkWﬂ 1/2
K . (5.22)
such that Z Pkﬁ’f = o,
k=1

The cost function .J from ([5.16) now includes values that are zero ¥ = 0. We remark
that we now do not have any issue stating this problem w.r.t. the matrix inversion of ¥
as this was the case in Section [5.2l where we have added the artificial matrix 61.

Theorem 5.14 (Existence of optimal coefficients). There exists a solution of ([5.22)).

Proof. First, we assume that C' is positive definite. Then since W* > 0 we define the
norms || - || for all k € {1,..., K}

o]l == [(v)"W*C*o] 2 for all v € RIS,

The cost function is a sum over different norms and thus convex

J(B) = _118*lk.
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The minimization problem ([5.22)) has a feasible point, since the bias constraint is satisfied
for B = a for ST :={1,..., L} and 8% = 0 for k # L. We further conclude that for every
ke{l,...,K}

Iim J = +00.
8% (| =00 (8)

We are thus able to w.l.o.g. restrict the set of possible coefficients to a bounded set

K
{ﬂ}jp%k:a,rWWSc mkae{L~wK?}
k=1

where ¢ > 0 is a sufficiently large positive constant. A minimizer now exists, since J is
continuous and we optimize over a non—empty compact set.

Now let C' be non—negative definite. We split RIS = X* 4+ Y* such that C* is positive
definite on X* and Y* is the space of eigenvectors with zero eigenvalue. We rewrite
such that

zleX!, oKeXxK,
yley! . yKevy ¥

K K
such that Z Prab = o — Z Pryk.
k=1 k=1

K
min J(B) =D lla"[ls
k=1

The vectors y* do not influence the value of J which allows us to replace the bias constraint
with a constraint in a smaller space

YL - k_k yL
P ZP =P a,
k=1

where PY™ is the projection onto the space Y+
Yi={veR (v, Py*) =0 forally* e Y* ke{l,... K}}.

The resulting sample allocation problem now reads

K
TR ol
o™i (8) 2 (a2

K
such that pY* Z Prgk — pY*q,
k=1

The function || - || is a norm on X*, hence similarly to the case of positive definite C' the
existence of a minimizer follows. []

We remark that an optimizer in Theorem [5.14] corresponds to an optimizer in Theo-
rem if 6 = 0 and vice versa. Furthermore, it is not straightforward to actually
compute an optimal coefficient [, since the norm || - || is not differentiable at zero which
requires an expensive case distinction w.r.t. the used model groups.

Let us now assume that we have computed the optimal coefficients 5. We are able to
compute the number of samples from (}5.14)

Pybudeet ( ﬁk)chk 519 1/2
:zf&mvmwwwﬂ< Wk >’

My (5.23)
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however this expression is only valid if C' is positive definite. It is straightforward to
verify that if the denominator is zero, then we found an estimator with zero variance and
thus the choice m = 0 seems reasonable. However, this violates the existence of a linear
unbiased estimator with bias o # 0. This fact even holds if the denominator is not zero,
which we show in a continuation of Example [5.5]

Example 5.15 (C not invertible). Let us assume that L := 2, w; := wy := 1, WPudset .=
8 ‘1)) With §' = {1}, 52 := {2} and
S3 :={1,2} the cost function and bias constraint is

JB) =181 + 182l + 118%lls = 571 + 21851,

= ()= () () (3)

The minimizer is clearly 8] = 57 = 1 and zero for all other values. We compute the
number of samples with ([5.23)

1, a := (1,1)" and the covariance matrix C' := (

mle, m2:1, m3=0.

However, since U, = {1,2} # Uz = {2} there exists no linear unbiased estimator with
this sample allocation. o

We are able to circumvent the problems of the previous example if we require a single
evaluation of the model group U,. This step can be postponed after computing the
optimal coefficients #. We further have to ceil the number of samples in to obtain
a reasonable approximation of the SAOB. In this sense, we removed both the need for
adding the additional matrix d/ as well as the assumption that C' is positive definite.

Sparsity of used model groups. @ We provide a proof of the existence of a sparse
solution /8 that satisfies |Ug| < L. This is a consequence of the sum of norms property,
since we may view .J as £;-norm over the different coefficients 8* in the following sense

J(B) = 1Bl = leﬂkl\k

We keep the notation of || - ||z even though this function may only be a semi-norm if C'
is not positive definite. We never implicitly rely on its norm properties. The proof of the
sparsity result is in spirit similar to the proof of Theorem [5.11

Theorem 5.16 (Sparse solution). Let 3 be a feasible point of (5.22)) with |Us| > L. Then
there exists a feasible point 8’ of (5.22) with |Ug| < L and J(5') < J(B). In particular,
there exists a minimizer §* of ((5.22)) with |Ug-| < L.

Proof. We construct a direction along which the bias remains unchanged and the variance
does not increase. For a feasible point 8 with |Ug| > L we w.l.o.g. assume !,..., gL £
0. Then by a dimension counting argument applied to P/3* € R” there exists a linear
combination v € RE*1\ {0} such that

L+1

ZU{PKBZ =0.

(=1
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For notational purposes we now view v as element of v € RX, where we extend this vector
by zeros vy = 0 for k € {L + 2,..., K}. The bias does not change along this direction
since for arbitrary s € R

L+1
Q_ZPW > (1 + su) PRBR + Z (1+ s0)P*pF = Zpk (14 svg) 8.
k=1 k=L+2

We write down the value of the cost function

J((1+ sv)BY, ..., (14 svg) %) = ZH 1+ svp,) 8% = Z! + sug) [[15° 1k

L+1
= ZI (1 + svo) (15l + Z 1555
k=L+2
Only the first sum depends on s and we now show that there exists an index ¢ € {1,..., L+

1} such that we are able to choose s = —1/vy, which removes the /~th model group. We
view J as function of s and compute the derivative for s close to zero

L+1

D5 J(s) == 8, ((1 + sv1) 8", ..., (1 + svg)B5) = anﬁﬁne (5.24)

This expression is valid only for small s such that 1+swv, > 0 for all ¢ since the modulus |- |
is not differentiable at zero. The key idea is to recognize that J as function of s is locally
linear near 0 and globally continuous, which allows to compute its exact value using only
the first derivative. We then choose s such that 14 sv, > 0 with equality for at least one
model group. We distinguish between three cases.

e 0,J < 0: We choose s as maximum
Smax ‘= max{s > 0|1+ sv, >0, forallle{l,...,L+1}}.

From ((5.24)) together with dsJ < 0 we conclude that there exists £ € {1,..., L+ 1}
with v, < 0 and thus s, < 400 is well defined. Since 0,J < 0, J is locally linear
and Spy.x > 0 we conclude that

J((1+ smaxvl)ﬁl, o1+ smaxvK)ﬁK) < J(ﬁl, . ,BK)

Moreover, by definition of sy, and with 8" such that 8% := (1 + spaxvi)3"* for
all k € {1,..., K} we conclude |Ug| < |Ug|, since at least one less model group
¢e{l,...,L+ 1} is used. In this case, we have v, # 0, 1 + Syaxty = 0 and thus
Smax — —1/’Ug.

e 0,J > 0: The proof is analogous to d;J > 0. Here we have to choose s,;, as minimal
s such that 14 sv, > 0 for all £ € {1,..., L+ 1}. Then we have 0 > sy, > —00
and the result follows.

e J,J = 0: In this case the variance is constant and we may choose Syaxmin €ither
as maximum or minimum s such that 1 4 sv, > 0 for all £ € {1,...,L + 1} with
equality for at least one model group. Once again from v # 0 we are able to conclude
—00 < Smax,min < +00 and thus

J((l + Smax,minvl)ﬂla ceey (1 + Smax,mian)ﬁK) = J(517 cee 75[{)-

The definition of 8’ is similar to before.
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We started from coefficients 5 with |Uz| > L and constructed other coefficients §’ such
that

J(B') < J(B),

K K

Zpkﬁ/,k _ Zpkﬁk — o,

k=1 k=1
|Ug'| < |Ugl.

We now inductively continue the procedure outlined in this proof until we obtain the
coefficients that satisfy the statement of the theorem. O]

We now return to Example and verify that we are actually in the case 0,J = 0.

Example 5.17 (Non—uniqueness of SAOB). The MC estimator and the MFMC estimator

have the same variance if po; = /1/2, w; = (\/§ —1)? and wy = 1. We assume

0? = 02 = 1. The coefficients for the MC estimator are 3> = 1 and zero otherwise. We

compute the respective value of the norm

18%]2 = V/(B2)TC2B2W2 = \Jw, = 1.

We now compute the respective coefficients of the MFMC estimator. This estimator reads
1 1 R
~MFMC i i i
= — Ly — Z] — —— Z
H M 4 Z — P21 Z My + Mg Z 1
1 <& my,  [mi+my[ 1 1 s ML
- Zz _ - Zz o Zz
mgz 2 p271m1—|—m3< my ms My +ms Z:: L' m Z !

We insert the optimal number of samples (3.27) (where the m} denotes the total number
of samples) to conclude

1/2 1/2
03,1_P%,0 / . 93,2_1’%,1 /
myq w1 w2

3 1
/81 = —/8 = —p271— = —p271
mq + ms <P%’1P§,0>1/2

=—(V2-1)=—Vur.
For the MFMC estimator we thus have 3% = (—,/wy,1)T and ! = /w;. We compute

the respective norms
||51||1: (BHTCI W = VWiW = Wi,
16lls = v/ (BITCTW — y(wr — 2npas + Diwr +1) =23 -2 =1 - wy.

We furthermore compute the linear combination v such that

= ;:WPW = <\/8‘Tl) + vy (2) + vg <_\{w_1)

= —poa(1—w,"?)
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which is satisfied for v; = v3 = 1 and v = —1. Now observe that the expression for the
derivative of J w.r.t. the scaling s in ([5.24) is

0,J(s) =Y vellBlle = (wr) = (1) + (1 — wy) = 0.

We thus conclude that for all A € [0, 1] the following values of § lead to optimal J under
the bias constraint

Bl =0+ AVwr,
P=1-)
p ’ (5.25)
3 _ VW1
B7 =0+ A( 1 )
where A = 0 is the MC estimator and A = 1 the MFMC estimator. For A € (0,1) we have
a convex combination of these two estimators. o
Lower variance bound. Let us derive the lower variance from the perspective of
(5.15)) and (5.16). We assume that the high fidelity model is in the model group S! and
we decrease the cost of Z1,..., Z;_1 to zero wy, ..., wr_1 — 0 to conclude

my, — +00 forall k € {2,..., K},
m1—>1,

I p—

Wbudget

(ﬁl)Tclﬁle — (ﬂl)Tclﬁl,

where we have used WPudeet — 4, . The lower variance bound for the SAOB and thus for
any linear unbiased estimator is

Vmin [//J\J%AOB] — g’lln\l{[,} — Vmin — mﬁin (ﬁl)Tclﬁl,

where we have to satisfy the bias constraint in the last minimization problem
K
e, = = Z P*gk.
k=1

This is exactly the bound from Corollary [4.18|

5.4 Characterisation of the set of minimizers

Example [5.17] shows that the set of optimizers can be described as the convex hull of
finitely many estimators with at most L active model groups. We verify that this is
always the case if C' is positive definite. Let us define the set

{P*B* |k € Ug}. (5.26)
This section proceeds with the following three steps:

1. Every minimizer is a convex combination of minimizers where the vectors (5.26)) are
linear independent.
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2. If the vectors ([5.26]) are linear independent for a minimizer g, then there is no other
minimizer 4’ such that Ug = Ug . In this sense [ is unique.

3. Therefore, every minimizer is a convex combination of finitely many minimizers
where the vectors (5.26)) are linearly independent and thus necessarily uses at most
L model groups.

We start with the first claim.

Lemma 5.18 (Convex combination of minimizers). The minimizer 3 of (5.22) is a convex
combination of minimizers g, ..., gV of (5.22)

N N
B=Y N7 forsome Ar,... Ay €[0,1] with > A =1,
7j=1

j=1
where the vectors (5.26]) are linear independent for each BU1.
Proof. Let B be a minimizer for which ({5.26|) is not linear independent such that

Vg = UGRK|kaPkﬁk:O, v =0 for k € Up
kEUﬁ

has dimension dg := dim(V3) > 0. We show that § is a convex combination of two
other minimizers § and B with dy < dg and dz < dg. We then repeat this argument
for both 3 and B until we obtain the minimizers A, ... 8™ for which dgy) = 0 and
thus the vectors are linearly independent. Since a convex combination of a convex
combination is again a convex combination, the minimizer 5 must be a convex combination
of U, ..., ™ and thus the statement of the theorem holds. Therefore, we only have to
verify that /3 is a convex combination of minimizers # and 3 with dz < dg and dg < dg.
In the proof of Theorem |5.16, whose notation we follow, there exists a vector v such that
for all s moving along the direction

(14 sv)B, ..., (14 svg)B%

does not change the bias. Since § is a minimizer, we are in the setting ds.J(s) = 0 of
Theorem [5.16], since otherwise we are able to find a feasible point with smaller value of
J. Then there exists both s« > 0 and s,,;, < 0 and two distinct minimizers

6 = ((1 + Smaxvl)ﬂlv ey (1 + SmaxvK)ﬁK>T7
B = ((1 + Sminvl)ﬁl, ceey (1 -+ SminUK)ﬁK)T.

Each of these uses at least one less model group compared to 3, hence dﬁ < dgand dz < dg.

The minimizer 5 is a convex combination of E and f3, since for A = —Spmin/(Smax — Smin) €
[0,1]
~k —k Smin k Smax k k
AT (1= N)B = == (1t spat) 8+ 22— (L spiay) 8 = 85 O

We continue with the second statement and the uniqueness of a minimizer w.r.t. its used
model groups.
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Lemma 5.19 (Uniqueness of the minimizer). Let C' be positive definite and 5 be a
minimizer of (5.22)) such that the vectors (5.26]) are linearly independent. Then f is
the unique minimizer in the sense that there exists no other minimizer g of (5.22) with
Uz = Us.

B B

Proof. We verify that the function J has positive definite Hessian at the minimizer S if we
restrict the directions v to be small, Ugy, = Ug and that the bias constraint is satisfied.
Then J is a convex function that is strictly convex at a minimizer which must be unique.
We have [|3*||;. # 0 for k € Ug since || - ||z is a norm for positive definite C' and thus J is
twice differentiable

Ogrsr I (B) = g1V 1k = O n (87T CEWHk) 2

ck (T CHBRY (T O )
— Wk J Wk 2 J
I T

Notice that J as the sum of norms of ¥ has a block-diagonal Hessian, thus all other
second derivatives are zero. Hence, we only have to verify that the matrices

AR 1= WECH| B2 — (W) 6) ()T

are positive definite along the directions where the bias constraint is satisfied. Since J
is convex, we conclude that AF is positive semi-definite. Now let v* € RIS*l such that
0 = (vF)T A*v*. We denote the scalar product corresponding to the norm || - ||, with (-, )
and apply the Cauchy—-Schwarz inequality

0= ()" A%" = WM RIIB* IR = (0%, 8% = o™ IRIBEIE = (o™ [kl 8%1)* = 0.

The Cauchy-Schwarz inequality holds with equality if and only if v* is a scalar multiple
of B*
vt = s 6",

where s; € R is arbitrary. We now demand that the directions v* for k € Up satisfy the
bias constraint

o = Zpk(ﬁ’f+vk): ZP’“B’“%— ZkakZOH— Zskpkﬁk

keUpg keUg keUg keUpg

and thus we require the s to satisfy

k‘GUB

Since the vectors P*3* for k € Us are linearly independent by the assumption of the
theorem, the above expression is valid only if s, = 0. We conclude that v* = 0 and thus
the Hessian of J is positive definite restricted to the linear subspace defined by the bias
constraint and the constraint of only using model groups in Ug. O]

The previous lemma crucially requires that the covariance matrix is positive definite, since
otherwise this result does not hold. A simple counter example is C' = 0 such that every
coefficient [ that satisfies the bias constraint is a an optimal solution and thus it is trivial
to find a second minimizer 8’ with Ug = Up. Let us derive the final result of this section.
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Theorem 5.20 (Set of minimizers). Let C' be positive definite. Then there exists mini-
mizers U, ..., IV of such that the derived vectors are linearly independent
for every BI", n € {1,..., N}. Furthermore, the set of minimizers of is the convex
hull of g, ..., gV,

Proof. Lemma shows that there exists at most a single minimizer 3 for each Up if the
set ([5.26) is linear independent. Hence we have at most finitely many different minimizers
with these two properties. Since Lemma [5.18| shows that every minimizer § is a convex
combination of those minimizers, the result follows. O

Uniqueness under small perturbations. The previous theorem shows that the
set of optimizers is up to convex combinations a discrete set and Example [5.17| shows
that we have to choose the cost and covariance of the models exactly right to obtain
multiple SAOBs. In this example these are the MC and MFMC estimator or any convex
combination thereof. For our numerical experiments we only obtained a single unique
SAOB and we now show that small perturbations of the cost or covariance lead to a
unique solution. The perturbed optimization problem is given by

K
. ~ 1/2
min - J(8) = Y [(BY O+ )]
N h= (5.27)
such that Z PEgE =
where &, ...,k are perturbations in the cost, e.g. obtained from estimating the cost

of computing the model group. Results for perturbations in the covariance, e.g. from
estimation, are more challenging to examine. In any case, perturbations in the cost and
covariance lead to similar results, since we may redefine the covariance of every model
group to C*(W* + &) and the cost to be equal to one without changing the minimizer
or minimum of . We start with a result showing that the used model groups of the
optimizers stay fixed under small perturbations in the cost.

Lemma 5.21. Let C' be positive definite, U C {1,..., K} and § an optimizer of the
unperturbed problem (5.22) restricted to U, that is we fix 3% = 0 for k ¢ U. Furthermore,
assume that Uz = U and that the vectors in (5.26|) are linearly independent. Then for all

e > 0 small enough with i.i.d. perturbations &,..., x ~ U(—¢,¢) the optimizer E for
the perturbed problem ([5.27)) restricted to U satisfies Uz = U = Up and the vectors in

(5.26)) are linearly independent with 8* replaced by Ek

Proof. We w.l.o.g. assume (', ..., 8% are not equal to zero and |Ug| = L. We write
down the optimality conditions of (5.22)) restricted to U = {1,...,L} and denote the
Lagrange multiplier with A\ € RF

WECkgE — [(B4)TCr W] 2Pk A = forall k € {1,...,L},
L
Zpkﬁk = a.
k=1

The optimality conditions depend continuously on Wk and thus the optimal 3%,...,B%
also depend continuously on Wt, ..., W¥%. Now let 8 be the optimizer for the perturbed
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~1 ~L
problem restricted to Us. Then the vectors P! ..., PL3 " are again linearly independent
since the determinant is a continuous function and

det(P'BY...|PLB%) #£ 0.

due to linear independent vectors in ((5.26[). This also shows that the set of used models
does not change under small perturbations of the costs. O

In terms of Example[5.17 Lemma [5.21| means that the MEMC estimator does not decay to
a MC estimator that only uses either the model group {1,2} or {1} if we slightly perturb
the costs.

We now assume that Ug = {1,..., L} for the optimizer 3 of such that ¥(m) is
positive definite if C'is positive definite. Then the optimality conditions in the formulation

of the samples m (5.9)) are

U(m) P PHCH T RF Y (m) ra = WRAY forall ke {1,...,L}, (5.28)
L
D m W = whndeet, (5.29)
k=1

Multiplying (5.28) by m;, summing up over k = 1,..., L together with (5.29) and the
definition of W(m) shows that the Lagrange—multiplier satisfies

_ aUm) e ()
o Wbudget - Wbudget '

(5.30)

Since we only compare estimators with the same budget we examine how changes in
W1 ..., WL changes the value of AV, which we do using the implicit function theorem.
We write the optimality conditions ((5.28)) and (5.29)) as single equation

FOWVY, o Wk wbedeet o omp, AW) = 0. (5.31)

This equation is satisfied at the unperturbed optimizer. The implicit function theorem
requires us to compute some derivatives, which we do now.

Lemma 5.22 (Derivatives of F'). Let C be positive definite and W1, ... WL, yybudset
ma,...,mp, AV satisfy (5.31) with m;, > 0 for k € {1,...,L}. Then with W :=
(W ..., WHE)T there holds

w
aka = -\ (&3 +mk€L+1,
av\\]budgetF = _€L+1,

A W
aml ..... mL,)\WF = (WT 0 ), A= (Ak,j)é,jzl € RLXL7
Agy = =270 (m) " PHCF) TR (m) T P(C7) T RIW (m) e
_ 1
6€+1(3m1 ..... mL,/\WF) e W(—ml, .,y —QAW).

Proof. The proof for the derivatives is straightforward. The matrix —A is symmetric
positive definite, which can be verified from

v (= A = 27U (m) " () (m) W (v)T(m) (5.32)
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using that U(m)~! is positive definite and ¥(m) and¥(v) symmetric. Hence A is invertible
and thus

(0 Py (AT AW (WTAZTW)TWT AL AW (WTA-LW)~!
my,...mrp AW - _(WTAflw)fleAfl (WTA71W>71 .
(5.33)
We have (my,...,mp)T = —2AWAW since
L
—A(my, .. = (Z mal U (m) "L PF(CH) T RF Y (m) TP (C’j)le\I/(m)loz>
j=1
- 2(aqu(m)*l\p(m)\p(m)*1Pf(cj)*1m(m)*1a)j:1
= 2(a”U(m) " PI(C) T RIB(m) ) .

Now use the optimality condition ([5.28])
— A(my,...,mp)T =2W A" = 227w (5.34)
We use that W (my,...,m;)T = WP from the cost constraint (5.29) to conclude

—2\W
Wbudget '
(5.35)
This now shows that the inverse in is well defined, since is a Well defined
negative number. We now conclude the lemma with a calculatlon using and -

(WEATTW) ™ = 22X (W (=2A7ATW)) 7 = —2A7 (W (my, .. omy)T) ™ =

eF 1 Oy F) ™ = (—(WTATW) WA, <WTA*1W>* )
1

- Wbudget
1

- Wbudget (_ml’ T T

AV AT, 22"
my, —2A"). O

We now derive the Taylor expansion for the optimal objective value at a minimizer w.r.t.
the costs of the model groups.

Lemma 5.23 (Taylor expansion). Let C' be positive definite and W, ... Wl yybudset
my,...,myp, \V satisfy with m;, > 0 for k € {1,...,L}. Let 8 be the respective
coefficients and 5 the coefficients of the perturbed problem with Us = Uz with i.i.d.
perturbations &i,...,8x ~ U(—¢,¢) and ¢ > 0 sufficiently small. Then the objective
function value at the minimizer satisfies the Taylor expansion

TB) = () + kS mye + ol €] (5.36)
k=1

Proof. We use the implicit function theorem to achieve
0=FW"'+&,..., Whag, Whudset o mp AY) = F(W + & WPudset g(W + ¢))

in a small neighbourhood around (W1, ... W yybudeet)I' ¢ RLF1 Here g : REFL — REFL
is a smooth function and we are only interested in the last component since (5.30)) shows

I (:)

€r+19 = - Wybudget *
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The implicit function theorem and Lemma now shows that

akaW = awk€€+1g = —€€+1(aml 77777 mb}\WF)_laka
1 W - AW (5.37)
= Gzt (my,...,mp, 2\ )(—)\ er + mkeLH) = —Wbudgetmk.

We now use a Taylor expansion, (5.37)) and (5.30)) to obtain the result (5.36))

J(ﬁ) — Wbudget)\W(W + 5)
= Whudee \W(117) o Whudeet (9u XY (W), ... O e AV (W) (&1, ..., €0)T + o(||€]])

— J(B) + X W)S " mas + o([€]).
k=1

Here AW(W + £) denotes the optimal Lagrange-multiplier of the perturbed and AW (W)
of the unperturbed problem. O

The Taylor expansion shows that a perturbation which increases the cost of a single
model group leads to an increase in the variance proportional to the number of samples
of this model group (ignoring higher order terms). The scaling factor J(/3)/Wbudset = \W
is the variance per cost ratio of the estimator at the minimizer which is multiplied by the
cost change keeping the old number of samples to obtain the (linear) variance change.
The result in Lemma [5.23|is thus not surprising.

We now derive the main uniqueness result.

Theorem 5.24 (Almost sure uniqueness under perturbations of W*). Let C be positive
definite, ¢ > 0 sufficiently small and &;,...,&x ~ U(—¢,¢) i.i.d. uniformly distributed.
Then problem ([5.27) has P-almost surely a unique solution.

Proof. We write down the Taylor expansion for minimizers restricted to a general Ug,
which is a straightforward generalization of ((5.36)

T3) = J(8) + g 3™ mati + o). (5.39)

kEUB

Now assume that two minimizers S} and S with Uz # Ugp satisty J(8M) = J(5%)
and denote the respective number of samples with m[ and m!2. Then we use (5.38)) to
conclude that

= ~1]

(1]
73") = gy 4 20

S Do M G+ oll€])

kEUB[l]

J(B2 o~
=6 + 2 Y e+ olll) - T3

kEUB[g]

)

happens P-almost never since we have a non—zero i.i.d. contribution of a random variable
my&, not appearing on both sides as Uy # Uga. Hence, if J(BU) = J(812)) for the

~[1] ~[2
unperturbed problem we almost surely have that either . or 3 2 has a smaller objective
function value than the other. We apply this idea for the minimizers gV, ..., BN with
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Ust, - .., Ugvy in Theorem of the unperturbed problem. This means that we P—
almost surely obtain a unique minimizer if we restrict the problem to the model groups
given as union of Ugpy, ..., Ugn.

All that remains is to verify that there are no other solutions. Let U be such that
restricted to U has the solution 8 with J(3) > J™" where J™" denotes the unrestricted
minimum. Now we verify that for sufficiently small & we still have J(8) > J™® for
the perturbed problem, where B is the respective minimizer and Jmn the unrestricted
minimum of the perturbed problem. We use the continuity of J, that &, ...,k are small
and that S minimizes J to verify that

Z[ Tokﬁ wh e > - 5)2[(516)T0k5 W 1/

1 k=1

0)J(B) = (1 - 6)J(5)

K 1/2
k=

(1-—

holds for some ¢ > 0 that can be made arbitrarily small if we make e sufficiently small.
The result J™" > (1 — §)J™" follows similarly. We thus conclude

)
Jmin

Jmin Z (1 _ 5) J(ﬁ) Jmm

J(B) > (1= 0)J(5) =1~ o

Now use J(8)/J™" > 1 and that § is sufficiently small to obtain J(5) > J™®. O

The previous result shows that small random perturbations in W* lead to unique solutions.
For Example where we had to choose the cost and correlation exactly right, this
means that either the MC or the MFMC estimator has a smaller variance after the
random perturbation.

Let us now recall the original definition of the cost per model group

= w, forallke{l,... K}, (5.39)
LeSk

where w, denotes the cost for one evaluation of Z,. It is straightforward to derive results

for perturbations &;,...,&. in wy, ..., wy, instead of W*. The perturbed problem is then
K 1/2
. YT ok gk
min C wy +
] =) [(BYTCHBE Y (w + &)
k=1 LesSk
K
such that Z P*pF = o
k=1

We use the chain rule and (5.37)) to compute the derivative of AW w.r.t. wy

A (1) 0

Du A" (W) = (O Vhudget

WL)‘ (W))((‘?WW) (my,...,myp)

.....

154(5) (5.40)

Wbudget Z M
(k| Sk}
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where 1g;(¢) is equal to one if £ € S7 and zero otherwise. Thus we are now proportional
to the total number of evaluations of Z, instead of the number of samples of a model
group. No other results change. The Taylor expansion is comparable to ([5.38) and reads

L

T3 =03+ a3 )t ollel)

(=1 \{k|teSk}

The linear change in the variance of two estimators is thus P-almost surely the same if
the number of evaluations of each model Z; is the same since we otherwise have differently
scaled i.i.d. combinations of the random noise similar to the proof of Theorem [5.24, We
thus obtain the following corollary, which can be proven similarly to Theorem [5.24]

Corollary 5.25 (Almost sure uniqueness under perturbations of wy). Let C' be positive
definite, ¢ > 0 sufficiently small and &,...,&, ~ U(—¢,¢) i.i.d. uniformly distributed.
Furthermore, assume that the unperturbed problem has minimizers g, ..., gV
from Theorem with respective number of samples m!!, ... m¥. Furthermore, as-
sume that the total number of evaluations for at least one model is pairwise different,
that is for all 4,5 € {1,..., N}

Z mZ] + Z mgf] for at least one ¢ € {1,...,L}. (5.41)
(k| LSk} {k|teSk}
Then problem ([5.40)) has P-almost surely a unique solution. o

In the setting of Example this corollary ensures that we have almost sure uniqueness
under perturbations of wy, since the MC estimator does not use the coarse model Z;
whereas the MFMC estimator does. This also means that if we restrict the optimization
to a set of model groups U such that the linear system of equations

Z my =0 forall ¢ € {1,...,L}
{keU | LeSk}
has the unique solution m;, = 0 for all £ € U, then (5.41) is always satisfied. As an
example, assume that we optimize only over the model groups of the MLMC estimator

St={1},5%={1,2},5*=1{2,3},..., 8t ={L —1,L}.

Now let m[ be a minimizer and we look for a second minimizer m!? such that (5.41)) is
not satisfied, that is

Z mf] = Z mg} for all ¢ € {1,...,L}.

{ke{l,...,L}| tcS*k} {ke{1,...,L} | £cSk}

For L this condition is

and for L — 1 we have
m[ ] + m[2} [1] + m[ll

and thus also m[Lz] L= m[L \- A further recursion then shows m2 = m[t and thus (5.41)

is always satisfied and we P-almost surely obtain a unique solution.

As of the writing of the thesis it is not clear whether Corollary [5.25| can be improved
by removing the assumption on the optimizer M, ..., BNV of the unperturbed
problem. However, it is clear from Example that we require at least three models,
that is L > 3 which complicates finding a counterexample.
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Chapter 6
Asymptotics of the SAOB

In this chapter we analyse the asymptotic behaviour of the SAOB for the convergence
of the models to the true Qol Z;, — Z for L. — +oo. The goal is to construct an
estimator that is cheap in the sense that the cost does not increase too fast. Ideally, we
want to recover the optimal MSE of ¢2 with costs of order €72 that is achieved with the
standard MC estimator by sampling directly from Z, which is often not possible. We
mainly analyse hierarchical models that exhibit high smoothness properties, which we
exploit using Richardson Eztrapolation (RE). This chapter is divided into the following
sections:

Section is concerned with the asymptotic analysis of general linear unbiased
estimators. Here we obtain a specific complexity theorem for the estimator as well
as an upper bound on the number of samples. This result is a generalization of the
complexity theorem of the MC and MLMC estimator, however, this result relies on
the knowledge of the coefficients 5* and is thus not suitable to study the SAOB. We
then proceed to derive that the SAOB is the linear unbiased estimator that has the
smallest asymptotic cost. Thus the goal of the following sections is to find a good
estimator to compare to.

We introduce the RE estimators in Section [6.2] which first consists of a general
repetition of RE, which we then apply for estimation. The RE estimators are
constructed as a generalization of the MLMC estimator and improve the asymptotic
complexity compared to the latter. In particular, we decouple the bias vector a
from the variance reduction with the help of a weighted RE estimator. We finish
this section with the remark that if the Qol has an analytic error expansion, then
the cost for the estimation can always be reduced to the optimal £72.

We derive asymptotic lower bounds on the complexity of any linear unbiased esti-
mator in Section [6.3] Clearly, if the asymptotic cost is upper bounded by 2, then
this bound is sharp. For the case of dominating costs on the fine level we show that
an asymptotic expression for the lower variance bound V™® can be used to derive a
lower bound on the complexity. In particular, this allows us to derive a lower bound
on the complexity for every linear unbiased estimator.

In Section we study some interesting academic numerical examples. We verify
that the coefficients of the SAOB converge to the coefficients of the RE estimator in
a particular setting. We then proceed to show that this is not always the case. In
particular, the SAOB may be a strict improvement over the RE estimator in terms
of variance reduction.

In Section we compare the estimators presented in this thesis for a smooth PDE
example and numerically verify some results of this chapter. In particular, we show
that under certain circumstances the SAOB and RE estimators improve over the
MC estimator. We further give a possible explanation why the CV and MFMC
estimators do not improve asymptotically over the MLMC estimator, even though
they couple more models.
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This chapter contains results from [126] and [125].

6.1 Asymptotic analysis for linear unbiased estimators

General linear unbiased estimators. We start by analysing the asymptotic com-
plexity of a general linear unbiased estimator fi,. The goal is to obtain a small MSE of
order €2 > 0, which is the squared bias plus the variance

MSE[fi,] = Bias[fi,]* + V[fi,] = (o 1 — E[Z])* + V[F,].
We achieve the desired accuracy if both the bias and the variance is sufficiently small

(o' —E[Z])* < €%/2, (6.1)
V(a,] < &2/2. (6.2)

We satisfy (6.1]) by choosing o = ey, and the level L large enough. The variance constraint
(6.2)) is achieved if we compute the cost of the linear unbiased estimator from (5.16)) with
J(m) =¢e*/2

K 2
W(a,) = 2¢7 (Z(mkﬁckﬁwk)”) . (6.3)
k=1
Here the coefficients 8% have to satisfy the bias constraint
K
o= Z Pkgk.
k=1

Importantly, the finest level L and thus the bias a and the variance depends on the
MSE e2. Therefore, we view the estimator 7i, as a sequence of estimators (7, )72, with
different biases (a)°,. Then clearly, also the number of model groups K, the model
groups S* and the coefficients 3* depend on L. It is sensible to require that o € R* and
that we only use the first L models, thus p € RE. We often do not mention the extra
dependence on L explicitly to keep the notation simple.

The cost in does not include the cost for ceiling the number of samples which effects
the asymptotic complexity compared to e.g. MLMC in Theorem [3.49 It is therefore
desirable to decrease the rounding costs as much as possible and we achieve a useful
bound if we only use L model groups S',..., ST such that m;,; = -+ = mg = 0.
This requirement can always be achieved according to Theorem by changing the
coefficients without increasing the variance of the estimator. Then, the ceiling costs affect
at most L model groups, which yields a tractable bound. We combine this with upper
bounds for the expressions (3%)TCkB*W* in to obtain an explicit expression for the
asymptotic cost for a wide range of linear unbiased estimators.

Theorem 6.1 (Asymptotic complexity for linear unbiased estimators). Assume that the
biases satisfy

(™)' — E[Z]| < 27"k for all L € N. (6.4)
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Moreover, assume that for all L the coefficients 5% of 1. satisfy

B =0 for all k € {L+1,...,K}, (6.5)
L
ok — Zpkﬁk’ (6.6)
k=1
(BT CFpr < vk for all k € {1,...,L}, (6.7)
Wk < 2otk forall k€ {1,...,L}.

Then for all € € (0,1/¢] there exists L € N such that MSE[_,] < €* with costs

5727 if YVar > YCost»
Wiii,e] < ce7rees/miee 4 o8 e log(e)?, if Yvar = Yeosts (6.9)
_9_JCost™Var .
€ TBias if Yar < VYCost-

Proof. The proof is a straightforward generalization of the proof of Theorem [3.31] and
[31, Theorem 1], where we replace V[Z, — Z;_1] for the MLMC estimator with the more
general (B%)TC*p*. For completeness, we repeat the main arguments. We choose L in

(6.4)) such that (6.1]) is satisfied

B log,(¢)
“YBias

L>

+c. (6.10)

We apply Theorem and compute the cost according to (6.3 to obtain (/6.2) such that
the estimator has a MSE of 2. We use the variance reduction (6.7) and geometric cost
increase for the L active model groups due to ([6.5))

L 2

2 L
W[i,] = 272 (Z«ﬂk)Tckﬁkwk)l/Z) < e ? (Z 2§(Vcost—’war)) '
k=1

k=1

For brevity we now only verify the case Yya, > Ycost- Here the geometric sum with negative
exponent is bounded independently of L and thus of e. Hence the cost excluding rounding
is

Wi < ce™.

Finally, the cost for ceiling is upper bounded by a single evaluation of the model group
W since we assumed a geometrical cost increase . This adds costs of order

W[ZL] S WL S CQ’YCOStL S Cg_'YCost/'YBias

and shows for YVar = YCost- The other cases YVar = 7Cost and Yar < YCost follow
similarly. O]

We derive an asymptotic upper bound for the number of samples on every level. This
result is interesting for practical considerations, since we often have to compute the sample
covariance matrix. If the number of high fidelity models tends to infinity and the cost
increase is geometric, then this allows us to use more and more pilot samples for the
sample covariance matrix without effecting the total cost of the SAOB too much.
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Corollary 6.2 (Asymptotic upper bound on the number of samples).
Let the assumptions of Theorem be true and additionally assume that the model
group cost is lower bounded

Wk > ¢k forall ke {1,...,L}. (6.11)

Then for all ¢ € (0,1/e] the number of samples on level £ € {1,...,L} to achieve
MSE[fi,.] < € is upper bounded by

. 1, if YVar = YCosts
_2+ME .
my S 1+ce PBias L | 1Og<5)|7 if YVar = Cost; (612)
_ JYCost ~¥Var .
£ 2YBias ; lf '}/Var < fyCost-

Proof. We use (5.15]), (5.16]) and parts of the proof of Theorem [6.1] to conclude

my =e 2 [i((ﬁj)’fojﬁjwj)lm] ((ﬁk’);/ﬂy/z

Jj=1

ENT vk gk N\ 1/2
< (e t)

where ¢(g) is the asymptotic cost in with the costs for rounding excluded

]-7 lf “YVar > “YCost
¢(5) = 572 10g<8)2a if YVar = 7YCost;
__ JCost —“¥Var .

€ TBias if Yvar < YCost-

We use (6.7), (6.11)) and insert the expression for L in (6.10]) to obtain

1/2
(/Bk)TCk/Bk / _ IVartYCost k _ IVartYCost LE IVartCost k
T < 2 2 = 2 2 L < ce PBias L,

We combine the results of this proof and ceil the number of samples to conclude (6.12)). [

Upper bounds for SAOB. It is straightforward to verify that for a’ = e, and coef-
ficients 3% of the MC or MLMC estimator from Section we obtain the corresponding
asymptotic results Theorem and Theorem [3.49] It is however not straightforward to
analyse the SAOB, since the coefficients 3* are chosen implicitly by solving , where
even uniqueness of the coefficients is not guaranteed. Therefore, Theorem cannot be
used to analyse the SAOB. For the same reason, this theorem cannot be used to analyse
the ACV and MFMC estimators. However, since the SAOB achieves the smallest variance
its costs are not larger than any of the other estimators.

Theorem 6.3 (Asymptotic optimality of SAOB). Let fi, be a linear unbiased estimator
that uses my, i.i.d. samples of S* for all k € {1,..., K}, where the samples are also
independent across model groups. Furthermore, assume that

MSE[i,] < &*  with W[i,] < é(e).
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Then the SAOB achieves the same accuracy with the smaller or equal costs
MSE[SA°P] < &?  with W[z "] < ¢(e). (6.13)

In particular, if every estimator of the sequence (i, )72, satisfies the assumptions of this

theorem, then the asymptotic cost of the sequence (757:°%)32, is never larger compared

to the cost of (11,.)7% ;.

Proof. We use a stralghtforward bias-variance decomposition. The SAOB 5498 has by
definition the same bias as i, thus the only difference is their variances. Since the SAOB
has equal or smaller variance by Theorem , the statement ([6.13]) holds. O

It is straightforward to generalize the previous theorem to other kinds of estimators where
some model groups S* are not used or only a fixed amount of time. We write this down
for the special case of the SAOB k.

Corollary 6.4 (Asymptotic optimality of SAOB k). Let [z, be a linear unbiased estimator
that uses my, i.i.d. samples of S* for all k € {1,..., K} with m, = 0 if |S*| > &, where
the samples are also independent across model groups. Furthermore, assume that

MSE[fi,] < &*  with W[z, ] < ¢(¢).
Then the SAOB k achieves the same accuracy with the smaller or equal costs
MSE[EA9B"] <& with W[ 9B"] < ¢(e).

In particular, if every estimator of the sequence (i, )72, satisfies the assumptions of this

theorem, then the asymptotic cost of the sequence (HS’QOB”‘) 72, 1s never worse compared

0 (Iye)Tis- ©
We informally summarize Theorem [6.3 and Corollary [6.4]
e The SAOB is asymptotically optimal in the class of linear unbiased estimators.

e The SAOB &k is asymptotically optimal in the class of linear unbiased estimators
that couple at most x models.

Here the phrase “in the class of linear unbiased estimators” means that we have indepen-

dent evaluations for samples in a model group and across different model groups. This
shows that the SAOBs have decreasing asymptotic cost with increasing coupling k.

Corollary 6.5 (Cost ordering for SAOB and SAOB k). Assume that the SAOB & achieves
MSE[SA9B"] <& with W[ 9B"] < ¢(e).
Then for all &' > &

MSE[GSA0B~] < 2 with W[ SAOBN] < 6(e). (6.14)

In particular, we can replace @528 with SACP in (6.14). o
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We now use Theorem for upper complexity bounds of the SAOB: Find a sequence of
comparison estimators (7. )72, where the asymptotic complexity ¢(e) is explicitly known
and use this as bound for SAOB. Similarly, for the SAOB & we apply Corollary [6.4] where
we additionally have to ensure that the comparison estimator couples at most x models.
Furthermore, this allows us to choose the biases (a?)$°_; from the comparison estimator.
This is important, since up until now we assumed that the bias for the SAOB is given a
priori.

The question is now of course, how to construct the comparison estimators such that the
cost bound ¢(¢) is as small as possible. Observe that the coefficients of the SAOB solve
the cost minimization problem

min J () = ((BF)TCkBrwk)Y?

1

(6.15)
such that ol = Z Prgk,

Therefore we use the key Theorem and the following strategy to obtain a sequence of
comparison estimators and thus an upper bound on the complexity of the SAOB:

e Suitably choose the sequence of biases ()%, such that the bias convergence rate
YBias 0 (6.4)) is large.

e Choose explicitly known coefficients 3% such that the variance (8*)TC*3* in (6.7))
is asymptotically small and v, is explicitly known. Additionally, ensure that the
bias constraint as well as the geometric cost increase with known gt 18
satisfied. Theoremensures that is satisfied. Then also J in (6.15]) is small,
which is the cost of the estimator i, with coefficients 5% and optimal (fractional)
sample allocation.

e We use Theorem |6 - to obtain the explicit asymptotic bound ¢(g) in . for the
sequence of estimators (7. )72,

e Apply Theorem (6.3 to show that the SAOB has costs smaller or equal to (ji_.)7% ;.
Hence the explicit bound ¢(e) also holds for the SAOB.

The above approach can be generalized for the SAOB & by using model groups S* with
coupling x and thus 8% = 0 if |S*| > k. We now apply the outlined procedure for both
the MC and the MLMC estimators.

Example 6.6 (MC estimator). We define o := ey, and ' := 1 with S := {L} and zero
for all other coefficients. Then we assume that is satisfied for some rate yg;.s > 0 and
that is satisfied for some yooss > 0. Finally, if the lower bound V[Z;] > ¢ > 0 holds
independently of L, then the only sensible choice is to use Yy = 0 in (6.7). Therefore
War < YCost 1IN holds and the cost to achieve a MSE of €2 is

_9_ YCost™YVar

WIAAP] < WEPOP] < WIRYE] < e — et

The result for the MC estimator coincides with the well-known asymptotic complexity
Theorem It is straightforward to extend this result to the MC estimator that uses
a different bias by redefining the Qol

e - 137, L5
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where the bias is now (o) y with a potentially improved rate Vias- o

Corollary 6.7 (MC complexity bound for SAOB and SAOB k). Assume that the rates
YBias aNd Ycost are positive and that for all L € N

(") = E[Z]| < ca7mest,

wy, S C2’7C}ostL.

Then for all ¢ € (0,1/¢] the SAOB and SAOB k with x € N achieve a MSE of & with
costs bounded by
W[ﬁiﬁOB] S W[ﬁiﬁOB ’Q] S 68727'YCost/'YBias' O

The previous corollary gives a weak and often non—tight bound for the cost of the SAOB.
However, we have no assumption on the variance reduction rate yy.,. Under additional
assumptions the MLMC estimator achieves a better asymptotic complexity which implies
a better complexity bound for the SAOB.

Example 6.8 (MLMC estimator). Similarly to the MC estimator we choose oy := e,
and the standard setting for MLMC

St= {1}, pt=1,
S? = {1,2}, g2 = (=117,
St={L-1,L}, pglt=(-1,1)".

This is a linear unbiased estimator for . Crucially, the only difference compared to the
MC estimator is that

(BYTC B = V2 — Zy1] < 27"
has often a variance reduction rate vy, > 0. Therefore, we conclude for the MLMC
estimator

572, if YVar = YCosts

WSA0P] < WAAOP] < WFINC] < cemrem/ e g of = log(ef, i var = cum
YCost —YVar

5727 c W]tgi“sv y if YVar < YCost -

We require that k > 2 for SAOB k since the MLMC estimator couples two models. The

bound can also directly be obtained from Theorem |3.49 o

Corollary 6.9 (MLMC complexity bound for SAOB and SAOB k). Let the rates vgias,
Yvar and Yoost be non—negative and such that for all L € N
| — E[Z]| < c27minst,
V[Z — Zp_1) < 27 ek
wr, S CQ’YCOSCL.
Then for all € € (0,1/¢] the SAOB and SAOB k with x € {2,3,...} achieve a MSE of &2
with costs bounded by

_9 .
€7, if YVar = YCosts

~ ~ _ ) _9 9 .
W([aAOP] < W[A0PF] < ceeon/mmis of e log(e)’, i var = Yeost,  ©
_9_JCost ™IVar f
€ TBias 1I Yvar < YCost-
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We now improve the two previous examples by increasing the bias and the variance
reduction rate using RE.

6.2 Richardson Extrapolation Estimator

Standard RE. Indeed, under stronger assumptions on the models we are able to use
RE named after Richardson [I17]. RE is a well-known technique to improve the accuracy
of numerical approximations [22]. It is used for quadrature [120], for ordinary differential
equations [23] and for stochastic ordinary differential equations [104} [133]. The technique
was also applied to PDEs in [5, [IT], TT3]. This technique was already used in the original
MLMC paper [56] to improve the bias. The authors of [89, O7] also considered RE to
obtain an even smaller bias. Therefore, the results derived in this section concerning the
mean and the bias rate yg;.s are known or only slight variations of these results. However,
we expand RE to also achieve an improved variance reduction rate yy,, and we construct a
weighted RE estimators such that we are able to choose both vp;,s and vy, independently.
We achieve this by separately applying RE for the mean and pathwise for the variance.
We now write down the two basic model assumptions. The first assumption concerns the
mean, which we will later use improve the bias. The second assumption concerns the
realizations and will be used to improve the variance reduction rate.

Assumption 6.10 (Mean expansion). There exists gmean € N and 0 =y < -+ < Yg0n
such that for all / € N

Qmean_l

E(Z)=E[Z)+ ) 270"+ 02 amemnt), (6.16)
j=2
where O(27Yamean?) is meant in the sense of £ — +oo. o

Assumption 6.11 (Pathwise expansion). There exists gpatn € Nand 0 =1 < -+ <7 .,
such that for all £ € N and P-almost surely

Qpath_l
Zyw) = Z(w)+ Y ¢j(w)275" + 02 e, (6.17)

Jj=2

where O(2 %an’) is meant in the L2-sense for £ — +oo

qpathfl 2
E (Ze — 7 — Z cj27je> < 27 Pmen’  for all £ € N.
j=2

The random variables ¢y, ..., ¢, .1 as well as the random remainder have finite second
moments. ©

It is obvious that Assumption implies Assumption With ¢mean > @path by taking
the mean and using that ¢y, ..., ¢y, —1 and the remainder have finite second moments.
However, the converse is not true.
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Example 6.12 (Assumption # Assumption [6.11)). Let Z, satisfy (6.17) with a

remainder that is not of the form 27

Gpath—1 2—%%“],12
Zy(w) = Z(w) + ]; ¢j(W)27 + cq (w)w

For fixed § > 0 observe that
2_’quath71£
log(¢)

and thus Assumption holds with at most 7, ., —1. On the other hand, if E[c, . ] =0,
then Assumption holds with a zero remainder in (6.16]). Thus any ¢mean > Gpatn 1S a

valid choice and in particular strict inequality is possible. o

> 2" Maan=119¢ for ¢ sufficiently large

The intuitive explanation of the previous example is that a non-smooth contribution is
averaged out to a smooth result. In this case, the mean E acts as smoothing of the
expansion, which allows us to use more terms. RE linearly combines models to achieve a
higher order of approximation. We define the RE vectors for ¢ < L and k € {1,...,L}

0, if k=0,
ka._ ) €D k=1 Cge 6.18
’ (chDUk—Lq _ ,Uk?—l,q)/(Q’Yk — 1)7 it 1 <k <gq, . ( . )

Doyk—14 if £k >q.

Here the matrix D shifts a vector in the following sense

0 0 LxL
D = e R¥*%.
(IL—I,L—I 0)

We remark that vf’q = 0 if £ > k and thus we view v*¢ € RL for some L sufficiently large.
The specific linear combination (6.18)) removes the terms of order 27 from (6.16]).

Lemma 6.13 (Mean RE linear combination). Let Assumption be true. Then the
linear combination Zlgzl vf’quHO with & € N and starting level ¢, € N satisfies

k qmeanfl
E ZU?(JZK‘MO = E[Z] + Z C?Q_'YJ'KO + (9(2_’queanéo)7 (619)
(=1 j=k+1

where c;? are suitable constants. Importantly, if £+ 1 > g¢upean — 1 then the sum disappears

and only E[Z] + O(27Yamean0) remains.

Proof. The proof is a well-known result for RE. The basic idea is to use the such
that the terms of lower order cancel. We use induction over k to prove the desired
statement. For k = 1 we have v''? = ¢; and thus trivially holds from (6.16|) of
Assumption . Now let 1 < k < ¢, use the properties of the shift matrix and v’,:_ =0
to conclude

k k - k—1
27’<(ka 1,q) _ ke
k, ¢
E ;UZ qZZ—i-Zo = ; 2 _ 1 L E[Zg+go]
k—1 k—1
WAL o1 1 1
T om 1 Zvé ElZestor1] = 2 — 1 ZW E[Ze14,)-



148 Chapter 6 Asymptotics of the SAOB

We use the induction hypothesis with & — 1, £y + 1 for the first and ¢, for the second
summand

k
E ka7
Uy L+
=1

qmeanil
AL (E[Z]+ Z C?—IQ—Wj(Eo-H)+O(2—7qmean(éo+1))>

T o1
j=k

1 Gmean—1
N 27}@ — 1 (E[Z] + Z 6?71277'720 + O(zwqmean£0>>

J=k

1

qmean 1
_ 2% hloytetl) HF1g;to
=E[Z] + ; (2%_13 27 e

+ O(Zf'ylhnean EU )

Gmean—1 e

QW — 1 o, ) Z

e WC]- 27 0+O(2 Yamean 0)'
]:

We introduce the constants c? = ¢; and

QWY — 1,
G = "om 1 G

Crucially, we have that ¢} = 0 and thus the order 277 disappears from the expansion
showing (6.19)). Finally, for & > ¢ the RE vector is constructed from the shift matrix

k k k—1
k, k— )
E Z U Doy, | = Z NeZoye,| =E Z v qu+e0+1] -
=1 = =1
Hence, the result also follows from induction with £ — 1 = ¢. n

We now also state essentially the same result for the case of the pathwise expansion. The
proof is identical, except that instead of deterministic coefficients we have realizations of
random variables.

Lemma 6.14 (Pathvmse RE linear combination). Let Assumption[6.11]be true. Then the
linear combination Ze 1 Uz 1Z14, with k € N and starting level ¢, € Ny satisfies

k qpath_l
S iy = 24 3 2 O ) (620
=1 j=k+1
where c;? are suitable random variables with finite second moment. The remainder also

has finite second moment. Importantly, if & +1 > gpaen — 1 then the sum disappears and
only Z + O(2 %) remains.

Proof. The proof is identical to Lemma [6.13] We write down how the random variables

c? are defined

MO 1
C. .= —Ck_1’
J 2'Yk _ 1 J

with the start of the recursion c? := ¢;. These random variables and the remainder

have finite second moments as linear combinations of random variables with finite second
moments. O
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Before we continue we want to derive an explicit expression for v9~ %4, which can then be
used to derive all other RE vectors.

Lemma 6.15 (Explicit expressions for RE vectors). For all ¢ € {2,3,4,...} the RE
vector satisfies

(—1)
(=1)at Zggilgq—l 27
) (—1)22 22§i1<i2§q—1 20
[Ty —1)

pi~h = € RIL, (6.21)
Z 2%1 HYig iy g
2<i1 <ia < <ig—3<q—1
_ Z 2%1+’y¢2+---+’yz‘q_2
2<iy <@ < <ig—2<g—1
2%1 +’Yi2+'“+’Yiq_1

Z2§i1 <l < <ig—1<q—1

Now we view v? 17 € RE with suitable zero extension. Then v%? = v&¢+! for all ¢ €
{1,...,q— 1} and v%? = D 9tlyt=Ya for £ € {q,..., L}.

Proof. We use induction over gq. For ¢ = 2 we have v"? = ¢, by its definition (6.18). For
q > 2 we again use the definition ((6.18)), vf{]; 2 -2} = 1929~ and the induction hypothesis

pi~ba — > 11 : (2%,71qu—241 _ vq—2,q)
q—1 —
0
2'Yq71(_1)q_1
21 (= 1)1 3 i <2 2
1 20a-1(—1)973 22§i1<i2§q—2 27

-2 )
(27 = 1) J[75 (27 — 1)
=2
! 9Vq—1 Z . . i1 HYigtHYig_y
2<i <<+ <ig—q<q—2 N et
—DVq—-1 Yip TYig T T Yig 3
27 22§i1<i2<~~<iq_3§q—22 ¢
2%'1+’Yz‘2+~~~+%'q,2

271 22§i1<i2<~~-<iq72§q—2
(=1
(—1)a2 D ocii<q2 2
(=1)77° Y acis cipzg2 27170
. )

_ q—2 . Yip TVig Tt Yig g
(2701 —1) szz (25 — 1) Z2§z’1<i2<~~-<z‘q73§q—2 2 !
27¢1+’y¢2+---+%q_3

- Z2§i1<i2<'"<iq72Sq—2
271'1 +712 +"'+7iq_2

22§i1<12<---<’iq—1§4*2

0

The denominator has the correct value and we further conclude that all entries of v9~14
have the correct sign. We now show that the absolute value of the vector also has the
correct value, i.e. for v " we have to show

Z Qi HiptYa-1 4 Z Yir T Ty — Z iy HYig HYiz
2<11<i2<q—2 2<11<12<13<q—2 2<11<i2<i3<q—1

This is however, a combinatorial argument. All subsets of {2,...,¢— 1} of size n can be
written as union of sets

{]U{q—1}|]g{2,,q—2},|]|=n—1}U{Ig{2,,q—2}||]|=n}
— {12 q— 1} |1 =n}
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The result (6.21)) then follows. The remaining statement of this lemma is straightforward
to verify from definition (|6.18]). [

Let us give some brief examples for the expression (6.21)).

Example 6.16 (RE vectors). We use the recursion ([6.18)).

’Ul’z = €1,
03 1 0o -1y 1 -1
U T om T \2e —0) T oam o1 \2n)

3,4 1 (0 ) —(=1) 1 ( 1 )
VT = 273 (—1 — 272 — — (273 272 ,
(22 =1)2% = 1)\ 5w’ _g (202 —1)(25 — 1) st

0 —1(1)
VS = ! 2 —(= (2" +272))
(212 —1)(2n = 1)(2n — 1) | 27 (—(27 +272)) —(273%72)
274973 +72 -0
-1
- 1 274 4 278 4 272
T2 —1)(28 —1)(21 — 1) | — (208 4 202 4 2052
9vat+r3t+72
These expressions coincide with (6.21)). o

RE estimator. We use the same idea underlying MLMC to obtain an estimator with
improved variance reduction. The difference of two consecutive RE linear combinations
improves the asymptotic rate.

Definition 6.17 (RE estimator). We define the RE estimator with coupling ¢ as:

mye

L
A ZZ oy T;ZZJM_ (6.22)

i=1
<

At first glance it looks like ,L/Z?LE Juses all models on every level, however this is not true
since some entries of the difference v? — v*~14 are zero. More precisely, the RE estimator

with coupling ¢ uses the following model groups
Sti={max{l — ¢+ 1,1}, max{¢ —q+2,1},...,¢} forle{l,...,L} (6.23)

and thus couples at most ¢ models. It is straightforward to verify that ﬁngE Jis actually
a linear unbiased estimator for v since this estimator is constructed from a telescoping
sum similar to MLMC. Furthermore, we write down the coefficients of the RE estimator
in the form of this thesis

Bl =it —v M forallje S Ce{l,..., L} (6.24)

For all other model groups the coefficient is equal to zero. We further remark that for
q = 2 the RE and the MLMC estimator coincide.
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Example 6.18 (RE 2 and MLMC are equal). First, both the RE 2 and the MLMC
estimator use the same model groups, which can be deduced by comparing (6.23)) with

(4.38]). We write down the bias and coefficients of the RE estimator

vP? = Dol b2 = ... = DI le, = ¢,

02 _ 12 g ey

where we define ¢y := 0. Therefore the coefficients as well as the bias of the RE 2 and the
MLMC estimator are equal. In particular, the linear combination of the former satisfies

L 1 my 1 my
bqg l=1g\ ~ W - il il
Z(Uj v )me Z Z; = - Z(ZZ Zy4)
j=1 =1 =1
showing that both estimators are in fact equal. o

We verify that the bias and coeflicients of the RE estimator lead to an improved bias and
variance reduction rates if Assumption [6.10] or Assumption [6.11] are satisfied.

Lemma 6.19 (Properties of RE estimator coefficients). Let Assumption be satisfied.
Then the RE vector has the bias rate YBias = Ygmean

|('UL7Qmean>TM J— E[Z” S CQ_PYQmeanL‘ (625)

Now, let Assumption be true. Then the difference of RE vectors has the variance
reduction rate Yar = 27,

(vh®ath — gt~ Lparh )T O (ybpach _ )t~ Ldpatn) < 2 Dwan®  for all £ € {1,...,L}. (6.26)

Furthermore, if the cost increase per level is geometrically bounded w, < ¢27¢st¢ for all
¢e{l,..., L}, then so are the costs of the model groups

Wt < et forall £ € {1,...,L}. (6.27)

Proof. The proof of (6.25)) follows from (6.19) in Lemma by subtracting the mean
E[Z] from both sides

Gmean—1
((/Uqu“\ean)TH _ E[Z]) — Z C§2_7j£0 _I_ 0(2_"/Qmean£0)‘
j=L+1

For L > Gmean — 1 the sum is zero. Since the first non-zero entry of v%mean is the starting
level o = L — Gmean + 1 we conclude

’(Uqumean)TM _ E[Z]| S 02_'7(]mean (L_Qmean"!‘l) S 02_’\/111neanL.

The statement ((6.25)) also holds for L < gmean — 1 if the constant c is large enough. We
now prove (6.26). We use (6.20)) in Lemma to remove Z

(/vaql)ath _ ,Ué_laqpath)TO(ng)Qpath _ /UE_Lanth)

[ ¢ /—1
—V Z /Ufaprath Zj_i,-fo . Z vj*l,‘]path Zj-}-fo
Lj=1 Jj=1
—qpathfl qpathfl
=V| > ot N ety O(z—wpmh%)] .
L j=¢+1 =L
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For ¢ > gpan — 1 the two sums disappear and using fy = ¢ — gpatn + 1 then shows .
Once again, for £ < gyan — 1 the constant has to be chosen sufficiently large. Finally,
verifying is straightforward due the geometric cost increase and the model groups
defined in ([6.23]). ]

We are now in the position to write down the complexity of the RE estimator.

Theorem 6.20 (Complexity of RE estimator). Let both Assumption and Assump-
tion be true with ¢ = @mean = gpath- Furthermore, assume a geometric cost increase
of the models

wy < 27t forall £ € {1,...,L}.

Then for all ¢ € (0,1/e] there exists L and my,...,my such that the RE estimator
achieves MSE[,EURLE 7 < &2 with costs bounded by

£72, if 279, > Ycost,
A [ﬁfﬁq] < ceTMeo/Ne ed 7% log(e)?, if 29, = Yeost, (6.28)
YCost —27
e T q, if 27, < Ycost-

Proof. We have to verify the assumptions of Theorem [6.1] These however, follow either
from the definition of the RE estimator in case of (6.5) and (6.6), or from Lemma in

case of (6.4)), and (6.8)). The result (6.28) is then (6.9). ]

For completeness we write down the corresponding upper cost bound for the SAOB.

Corollary 6.21 (RE complexity bound for the SAOB and SAOB k).

Let Assumption and Assumption be true with ¢ = ¢mean = Gpatn. Then for all
e € (0,1/e] the SAOB and SAOB k with k > ¢ achieve a MSE of 2 with the cost bound
in (6.23).

Weighted RE estimator.  The bias and variance reduction capabilities of the RE
estimator are coupled together in the sense that ﬁff L typically has equal rates ¢mean =
gpath- This is reasonable, however, we have already seen in Example that necessarily
Gmean = Qpath POssibly with strict inequality. We combine this with Ygias = Ygumean and

YWar = 2Ygpa from Lemma to obtain
27Bias Z YVar

with possibly strict inequality. Hence it is beneficial to apply RE more often for the
mean than pathwise. Furthermore, we are interested in analysing the complexity of the
5408 and 5“7 which have a small bias e, = v%? but may have a large variance
reduction rate comparable to ﬁURLE Jfor ¢ > 2. We thus want to decouple the mean RE
from the pathwise RE. To accommodate this change, we first observe that the difference

of consecutive RE vectors form a basis of R

Span(,vlquath _ ,Uo»qpath7 L ’ULyqpath _ ,ULflvqpath> — RL
This follows from (6.18)) observing that these vectors are linearly independent since

v £ 0 forall £ € {1,...,L},

Vi =0 forall je {0+1,...,L}, fe{l,....L}.
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Hence, there exists weights a := (ay,...,ar)’ € RY such that for arbitrary a € RF

L
o= ap(vhPan — gt~ 1dparn), (6.29)
=1

This allows us to define an RE estimator with arbitrary bias a.

Definition 6.22 (Weighted RE estimator). For o € R* we define the weighted RE esti-

mator as .
. 1 o
R I N A DI )
— j=1 i=1

where ay, ..., ar satisfy (6.29) with ¢ = gpath- o

We verify that 729 is an unbiased estimator for oy using the definition of a in (6.29)

L L
AREq Z ay Z _ K l,q ﬂ] _ Z CL@(’UE’q _ Uéfl,q)Tlu _ OdTﬂ.
=1 j=1 =1
We verify that for a = v the weighted RE estimator (6.30) is equal to the standard RE
estimator ((6.22)). We use the telescoping sum idea with a; = --- = a;, = 1 and v%? = 0 to
conclude ([6.29)
L L
=1 =1

The variance reduction properties of the weighted RE estimator compared to the standard
RE estimator only differ in the additional weights aq,...,ar. We verify that these are
bounded. In particular, we want to replace o with the RE vector v™4mean in ((6.29)) to
potentially achieve a better bias rate.

Lemma 6.23 (Bounded weights). For v = vl:@mean the weights ay, . .., ar, satisfying (6.29)
are bounded
|ag| < cf|pmean—bimean || < ¢ forall £ € {1,..., L}, (6.31)

where the constant ¢ is independent of the finest level L. Now let Assumption be
true. Then for all £ € {1,..., L} the variance is bounded

(aé(vﬂqpach _ Ue_la‘Jpath))TC(GZ(U&LIpath _ UE_LQpath)) < ca%T”anth[. (6.32)

Proof. The expression ([6.32)) follows from Lemma|6.19, We now show ((6.31). Computing
a in (6.29)) means solving a linear system where the RE difference vectors

A’UK = ,Ulvqpath _ fUqul:)ath

are columns of a matrix

(Avt| ... |Avh)a

= (Av'| ... |Av®en| DAvtan|  DXAyfesn| | DE e Ayt ) g = gfdmean,
Here we assume that L is sufficiently large. This matrix is upper triangular with non—

zero diagonal and since the lower right part is independent of L, the values a, for all
¢ € {L — quean + 1,..., L} are bounded independently of L

|a£| S CH/UL7qmean — CHDqumean+1/quean*17Qmean|| — CH/queanflqueanH'
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Now let £ € {gpath + 1,..., L — Gmean}- We have that veL’q‘“ea“ = 0 and since the first
L — @patn entries of Av® = D% are zero due to the shift D, we obtain a, by a backward
substitution with zero right-hand side

Qpath_l
Gdpath _ Gpath .
Avgrap = Z Avqpam—jafﬂ'
J=1

Therefore the following recursive relationship is valid

Qe 1 dpath T Qp+1 Ae+1
_A Ipath (Av(q ’Lth_17"'71)) 0
: — Yapath pe : = Q :
: F 0 : :
gpath—1,dpath —1
a’g"rqpath_l path i a/é‘i‘qlnath a£+Qpath
Here we use the notation that Av/**" = (AvP*™ . AvP*™)T and suitably
(qpathfl’“wl) dpath 1 ’ 1

defined (). We use this recursion to obtain an explicit term

aL*Qpath‘i’l
¢ = €T Qi

ary,

We now show that Q = UXU ! is diagonalizable with diagonal matrix ¥ with eigenvalues

A1, ..., Az smaller or equal to one. Then ||SL=¢"%antl| < 1 and thus
aL_Qva'r"F]-
|a£| S ”e]-H”QL_Z_anth"F]-H S CHUEL_Z_Qpath'i‘]-U_lHH,UQmean_ly‘ImeanH
; (6.33)
L

< cffosmensmen | 7 [ £t < e amen |

Clearly 0 is an eigenvalue of (). We verify that the remaining gp.in — 1 distinct eigenpairs
of ) are
(A\j,2?) == (277, (Q_Vj(anth_”H))q‘mh) for all j € {1,..., ¢path — 1}

n=1

We compute the application of @)

_ 1 (A’quath )T O Z_qupath
j Jpath 1,1
Qx] — Avqpath (anth ) :
[(Ipathflvqlaathfl O 2_'Yj
_ 1 Gdpath T .7
Avqpath( ((Ipathfln--,l)) x(l,...,qpathfl)
9path
2_’7jqpath
= 2—7i(@path—1)
272

Clearly, the equation Q27 = 27% 27 is true if the first row satisfies

o dpath T J _ A qpath2_’Yj2_'YjQpath
( (qpathflz"'vl)) :E(L"”qpathil) quath ’
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We divide both sides by 2727, rearrange the terms and thus we have to show that 277 is
a root of the polynomial

dpath
> Auprramnm < g, (6.34)
n=1

We compute the RE difference Avdpath = Dypath~Ldpath _ g)dpath~Ldpath with the help of the
explicit form (6.21)), where a calculation and rewriting as multiplication shows

dpath dpath
Z (qupathflvqpath)ngfw(nfl) = Z szf'ih_l’qwth 9—7(n=1)
n=1 n=2
1 Qpath_l
= — (1 — 2%2—%‘)
[Ty (2m = 1) H
Gdpath Qpath_l
Z ,U;ILPath_LqpathQ—’Yj(n—l) — 2—’Yj Z fUQpath_lv(Ipathn2_'7jn
n=1 n=1
2,7]. Qpath_1
= —— - H (1 —2m27%),
Hn:Z (2 "= 1) n=2
The condition (6.34)) is thus equivalent to
Gpath—1 Gpath—1
[T a-2r2)y =27 ] @—2m27).
n=2 n=2

Equality now trivially holds for j = 2,..., gpatn — 1 since then the j—th factor is equal to
zero. For j = 1 we have 71 = 0 by definition and thus 27 = 1 showing equality. We
conclude (6.33)) and summarize the result so far

|ag| < cfjptmesn=Lamean|| for all ¢ € {qpath +1,..., L},
where the constant c is independent of L. Finally, the weights a;, ..., a,,,,, depend linearly
On Ay 41, - - -, A2q,,,,, and the matrix describing this dependence is independent of L. We
conclude (6.31)) and thus the lemma. O

Let us formulate a corollary for the boundedness of the weights for arbitrary o € RE.
This allows us to use an arbitrary bias vector, even if the bias vector is not an RE vector.

Corollary 6.24 (Bounded weights). For o € R and ay,...,a; satisfying (6.29) the
bound holds

lag| < cl|a||p forall £ €{1,... L},

where the constant c¢ is independent of L. In particular, if a sequence of bias vectors
(aF)3°_, is constructed from a down shift ol := DL~9a% for some a? and some fixed q,
i.e. the RE vector v, then

lag| < ¢ forall ¢ e€{l,...,L} and all L € N.
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Proof. We express the bias in the basis of unit vectors, which are RE vectors

L L
a=> biej=> b (6.35)
j=1 j=1

The idea of the proof is now a component—by—component application of Lemma [6.23]
Define weights o’ that satisfy (6.29)

L
v = Zag(v&qp“h — ot baan)  for all j € {1,...,L}.
=1

Setting ag = 0 since vé’z = 0 for ¢ > j shows
v = aj(vhsn — f~htean) - for all § € {1,...,L}. (6.36)
=1
This system has a solution according to (6.31]) in Lemma with bounded components
|a| < cllv??]| = cllejl] = c. (6.37)

We use ([6.35]) together with (6.36))

L L

L L /L
— . j,2 — . -] qu ath __ 5—1,11 ath | — . -7 Zuq ath __ e_lyq ath
a= g bjv* = g b; g a)(vo® vt etk ) — g ( bja£>(v P vt dpath )
j=1 j=1

j=1 (=1 (=1

hence a comparison of coefficients shows that the weights satisty a, = Zle b;al. We
combine the bound ([6.37) with (6.35]) to conclude the corollary

L
)
E :bjaz
=1

Lemma [6.23] allows us to write down the complexity of the weighted RE estimator.

|ae| =

L L
<D Ibillagl < e [bl = ellalla. O
j=1 j=1

Theorem 6.25 (Complexity of weighted RE estimator). Let Assumption and As-
sumption be true. Furthermore, assume a geometric cost increase of the models

wy < 27t forall £ € {1,...,L}.

Then for all € € (0, 1/e] there exists L and m, ..., my, such that MSE[ﬁ?Efn‘;:;ﬁ] < g2 with
costs bounded by

_9 .
g7, 1f 27qpath > YCost s
~RE gpa _ —2 2 : —
W[uvL,fje;ﬂ < ce 0ot Yamean 4 ¢ €77 log(e)*, i 294,00 = YCost (6.38)
o YCost _2’quath
8 Ygmean 5 lf 27Qpath < ’YCOSt‘

Proof. The proof is to combine Lemma [6.19 and Lemma to verify Theorem [6.1] [

We write down the corollary for the SAOBs.
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Corollary 6.26 (Weighted RE complexity bound for SAOB and SAOB k).
Let Assumption and Assumption be true. Then for all € € (0, 1/¢] the estimators

aopOB | and P20BE with k > gparn achieve a MSE of £2 with the cost bound in (6.38).

Analytic complexity.  Both Assumption and Assumption have a finite
Index @¢mean OT Gpath Tespectively, where the series expansion ends with a remainder. It is
now straightforward to verify that a RE estimator with sufficiently high order achieves
optimal complexity. For simplicity, we only state the result with the stronger pathwise
assumption.

Theorem 6.27 (Analytic complexity of RE estimator). Let (7,)22, be a sequence with
0= <7 <...and v, = +oo for n — 400 such that P-almost surely

Ziw) = 2@) + 3 (@)2,

Jj=2

where ¢, c3, ... have finite second moments uniformly bounded by some constant ¢. Fur-
thermore, assume that the models satisfy the geometric cost bound

wyp < 2705t for all ¢ € N.

Then for all € € (0, 1/¢] there exists ¢, L and m, ..., my such that MSE[ﬁSLEf] < ¢? with
costs bounded by

W[ﬁngEf] <ece 2

Proof. We apply Theorem [6.20| with sufficiently large ¢. Since =, — 400 we choose ¢
large enough such that both the rounding costs and the variance costs are smaller or equal
to e72. This is achieved if we ensure that

_’yCost/ﬁ)/q Z _27
27(1 > YCost

which is satisfied if the second condition is true 27, > Ycost- O

The SAOB is then also asymptotically optimal with costs of order 2.

Corollary 6.28 (Analytic RE complexity bound for SAOB and SAOB k). Let the as-
sumptions of Theorem be true. Then for all € € (0,1/e] there exist L, q such that
the estimators 5298 and 529B* with k > ¢ achieve a MSE of £? with costs bounded by

ce 2.

6.3 Lower bounds on the complexity

The goal of this section is to derive lower bounds on the complexity of the SAOB. First
of all, if the complexity of the RE estimator has already the optimal costs of order £=2
of any sampling based estimator, then this is clearly also a lower bound of SAOB. The
other interesting case is when the costs on the finest level dominate. Unsurprisingly, if
the costs on the fine grid dominates, then we may assume low fidelity samples are for free
without increasing the asymptotic complexity. The basic idea in this section is thus to
use the lower variance bound V™® from Definition to obtain a lower bound on the
complexity for the SAOB.
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Lemma 6.29 (Lower bound for costs). Let the bias ay, # 0 and the covariance matrix C'
be positive definite. Then the cost of every linear unbiased estimator to reach a variance
of €2 is lower bounded by

Wi, ] > ce2ai W[Z V™, (6.39)

Proof. For fixed coefficients 8% the cost to reach a variance of €2 is (6.3

K 2
Wi, ] = ce 2 (Z((Bk)Tokﬁka) 1/2) .
k=1
This expression does not include ceiling the number of samples, which we neglect since we
look for a lower bound. We minimize the inner expression if we introduce more degrees
of freedom by replacing 8% € RIS*l with g* € RE, CF € RIS*XIS*l with ¢ € RE*E and
setting wy, = 0 for £ = 1,...,L — 1. We further assume now % = 0 if L ¢ S* and we
further relax the bias constraint to only be enforced on the finest level

K 2 5
(Z<<6k>T0’f6kW’“)w> >ur| Y ((89TCsn)
= (k| LeSk}

ayp = Z ﬁé

{k|Lesk}

We view this now as minimization problem, remark that every summand contains the
same value and appears equally in the equality constraint and hence we w.l.o.g. assume
(B¥)TCB* # 0. We minimize over the convex inner expression to obtain the KKT condi-
tions for some Lagrange-multiplier A € R

Cp* | )
(FCa 2 Aer for all k with L € S*,
oy = Z Bé
{k| Lest}

From the first condition we conclude

p* i o 4
((BF)TC k)2 - ((BHTCBI)'/? for all k,j with L € S"n 7.

We are now able to choose these ¥ = 3 # 0 independently of k such that (8*)TCp* =
BTCAB. The bias constraint can also be satisfied if

ar= 3 BE=I|{k|LeSHB.

{k|LeSk}

Therefore, we are allowed to choose 1, ..., 81 freely and only [ is fixed. We use the
last equation to conclude

S s | = (k1L e SHI(5TeB) ) = k| L e 89 PaTCs

{k|Lesk}

() e(2)=2(2) ()
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Since we minimize over 5 Lemma shows that the last expression is equal to the lower
variance bound scaled by o and thus

Wi, > ce 2wpal vmin, O

It is often possible to derive asymptotic bounds for a;, and W[Z;], e.g. using RE vectors to
achieve a certain bias rate and assuming a geometric cost increase due to the discretization
of Z. However, an asymptotic expression and lower bound for V™ is not obvious. We
first derive an upper bound for V™,

Lemma 6.30 (Asymptotic upper bound for V™), Let Assumption be true. Then
ymin < 272 apan (6.40)

Proof. We use the definition of V™1 as minimizer (4.30) and insert the (suboptimal)
difference of RE vectors, which we scale in the last component using

qupath Lilvqpath . qupath

We then use (6.26) to asymptotically bound the variance

L-1 L L-1 T L L-1
. v sdpath __ v ydpath C v sdpath __ v sdpath _
min V|2, + E BeZy| < ( 2 ( ) < 27 M apam
ﬁGRL_l = (UquPath)z

We give an example where the rate (6.40) is actually sharp.

Example 6.31 (Expansion with independent noise for V™). Define the Qol as follows

Qpath_l
Zow) = Z)+ Y ew)27 4 E(w)2 e,
j=2
We assume that Z,cs, ..., ¢q 1,61, --,& ~ N(0,1) are independent random variables

and hence Assumption [6.11]is satisfied. Then every linear combination of models satisfies

L L 2 Gpath—1 / L 2 L
S 62| = (Z@e) vz + Y (ZWW) Vi) + 3 gR2 P Vg,
=1 =1 =1

=2 =1
The first two summands are zero for the difference of RE coefficients that use RE suffi-
ciently often. We know (5, = 1 and thus we lower bound the last term

\%

L
A\ Z BZZE Z /8%2_2L’y‘1path — 2_2L’quath_
—1
We conclude V™0 > 27 2% and the sharpness of (6.40)). o

Now that we have shown the underlying statement for the variance we adapt this result
for the mean.
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Example 6.32 (Expansion with independent noise for bias). Define the Qol as follows

qpathfl
Zyw) = Z(w) + Y cj(w)270" + Ey(w)2 Tman,
=2
We assume that Z, ¢y, ..., ¢ n-1,&1,-- -, ~ N(c, 1) are independent random variables
such that each one has an unknown mean. We then take the mean to obtain
Qpathfl
E[Z) =E[Z]+ Y Ele]2 " +Elg]2 wm’,
=2

which satisfies Assumption With @mean = @path. We linearly combine them to obtain

L L gmean—1 L L
Z B[ Z,] — Z (7] = Z Elc;] Z a2 4 Z QE[£]2 menn .
=1 =1 Jj=2 =1 =1

Under the assumption Zle ay = 1 we obtain a standard bias expression and using RE
coefficients ensures that the first sum disappears. We have

L L
> E[Z] —E[Z] = ) aE[g]2 e,
=1 =

This result holds even if we do not know mean values of E[c;]. We however, do not
know E[£], which prevents us from removing the last sum. In the worst case, we may
have E[£,] = sign(ay), we use ZeLzl ay = 1 and we simplify by assuming known means
E[c;] = 0 to obtain the lower bound

L

Z ‘Oé€’2_'YQmeanZ

(=1

L
Z 2_'YLImeanL Z |O~’Z’ Z 2_L’quean .
/=1

> wE[Z] - E[Z]

This example shows that in general, the rate for the bias cannot be better than 2~ 7amean
o

We now state a main result concerning a lower bound of the asymptotic complexity. This
result relies on the crucial assumption that the bias rate is lower bounded in terms of
Assumption and the lower variance bound V™ in terms of Assumption m The
two previous examples showed that in general we cannot improve this result.

Theorem 6.33 (Lower complexity bound for SAOB). Let Assumption and be
true and C' be positive definite. Furthermore, assume that the bias bound, the lower
variance bound and the lower cost bound

|(vPtmean)Tyy — E[Z]| > 27 amean for all L € N, (6.41)
ymin > 0272 for all L € N, (6.42)
wy, > 25t for all L € N. (6.43)

Then for all € € (0,1/e] the cost to achieve MSE[i?208 | ] < &2 is lower bounded by

_92 .
€ if 27 0 = YCost
_27_ 'YCost_27qpath pth 7 (644)

W[A{Lgf‘:g}ian] > Cgi’yCOSt/'Ychan + C{
c o, i 29, < Ycost.
path oS

This bound is sharp for 2%gpam > Voost and 27, < Ycost-
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Proof. The first term in the bound is simply the cost for a single high fidelity
evaluation and thus cannot be lower bounded any further. This evaluation is required,
since vf’qm%" # 0. For 2% gpaen 2 YCost the bound of e72 is trivial. For the case 2Ygpaen < YCost
the bias-variance decomposition shows

E[(AS298,, — E[Z])?] = ((v%e=)"p — E[Z])® + V[S29B,.].

To achieve a bias of order €2 we have to choose L > —1085(€)/Vgmean + ¢ using ([6.41)).
Since we want a tight lower bound, we choose L = —1085(€) /Vgmean- We now combine this

with (6.39), the bound (6.42) and (6.43)
Wi, ] > ce2at W[Z ] V™in > ce 290 (V00st = Napamn) — =2~ (V00st = 2Vaparn )/ Yamean
This shows the claim ([6.44]). The sharpness of the bound follows from Corollary [6.26, [

The previous theorem shows that there is a strict lower limit on the asymptotic complexity
of any linear unbiased estimator. In particular, the smoothness of 71, Z5,... w.r.t. the
mean and pathwise can be used to offset the increased cost w.r.t. the level. However, this
only works up to a certain degree and thus the optimal asymptotic costs of ce~? cannot
be achieved in general for linear unbiased estimators.

Remark 6.34 (Equal costs on every level). The previous theorem does not include the
case of a sharp bound for equal costs on every level 27, .. = 7Ycost, in which the proof

idea of Lemma falls apart. We cannot reduce

K 2
k=1
to a single model group and we also cannot pull out the costs for only the high fidelity

model. Intuitively, this is not possible since each non—zero term should asymptotically be
of the same size. We thus expect

(Z((ﬁk)Tckﬁka)l/Z) > C(L(ﬁL)TOLBLWL)Iﬁ)Z _ cLZ(ﬁL)TC«LﬁLWL’ (6.45)

k=1

where S* is now the only model group that contains the high fidelity model. It is however,
not straightforward to verify this inequality. However, if holds, then it is straight-
forward to provide a sharp bound for 2v, .. = vYcost following the ideas outlined in this
section. The additional L? compared to ((6.39) adds the term log(¢)?. In any case, it is
straightforward to verify that under the assumption of Theorem for 279, . = Yoost

and using Corollary
Cgf'YCOSt/’YlImcan + 0572 S W[ﬁiégn]?ean} S CE*'YCost/'Ychan _|’ 0572 lOg(S)Q.
Therefore, the bound ((6.44)) is tight up to logarithmic factors. o

Remark 6.35 (C positive definite in Theorem [6.33)). Let us comment on the assumption
that C' in Theorem [6.33] is positive definite, which is not necessary. If C' has a zero
eigenvalue and corresponding eigenvector v with vy # 0 then

T
V™I = min b C b < iUTC’U =0,
s \1 1 v?
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which contradicts . Therefore, C' may only have zero eigenvalues with eigenvectors v
where vy, = 0. This means that linear combinations of low fidelity models may be linearly
dependent (ignoring the mean). However, since we assumed w, = 0 for £ € {1,..., L —1}
we cannot use this linear dependence to further reduce the variance. Thus, we may always
remove enough models of 7, ..., Z;_1 such that C' is positive definite without increasing
the variance. o

6.4 Numerical experiments with explicit expansions

Convergence of SAOB to RE. We demonstrate that for a specific example the SAOB
converges to the RE estimator. We define the Qol as

Zy(w) = Z(w) + Y ;270700 4 0. 1¢,0730H0) (6.46)

and assume that (Z, ¢, c3,¢4)7 ~ N(0,Q) with covariance matrix Q;; = exp(—|i — j|),
which is obtained from the exponential covariance function. We further assume that
& ~ N(0,1)i.i.d. and that the & are independent of Z, ¢5, ¢3, c4. The variable £y describes
the initial accuracy of the models. We compute the covariance matrix C' analytically and
fix artificial costs for every model ¢ € {1,..., L} with w, = 2272, We further choose the
computational budget WPudeet to be sufficiently large. This model fits Assumption m
with gpath = 4, 72 = 1, 73 = 2 and 4 = 3. We compare the SAOB & with the weighted
RE k estimator with x = 2, 3,4 with a bias of a := e;. We define the difference in the
coefficients as follows

K 1/2
dn(éo) — (Z Hﬁk,SAOBn(gO) . ﬁk,REn”2> ) (647)
k=1

The SAOB chooses the same model groups as the RE estimators for example (6.46)). We

further compare the relative difference of the variances

VA ()] - V[P ()]

) = T o

(6.48)

The variance of both estimators clearly depends on the covariance matrix C' = C({)
which itself depends on ¢,. However, the coefficients of the RE estimators S*R*E* do not
depend on ¢5. We plot the computed values d,, and v, in Figure for different values
of ly. The respective coefficients of the SAOB 2 and the MLMC (RE 2) estimator are
given in Figure [6.2] and for the SAOB 3 and RE 3 estimator in Figure [6.3] We conclude
that both the coefficients as well as the relative variance difference converges to zero.
This indicates that asymptotically, there is no difference between the SAOB k and RE &
estimator. We further conclude that the difference between the SAOB k and the RE &
estimator is larger if k is larger, both in terms of d, and v,. This is not surprising, since
the SAOB is able to optimize over more parameters achieving a larger variance reduction.

Remark 6.36 (Proof of convergence). A rigorous proof of convergence for the models
(6.46) is not straightforward as it might seem. An idea is to first verify that both es-
timators use the same model groups, i.e. for sufficiently large ¢, the SAOB & uses the
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= 10

Figure 6.1: The left image shows the convergence of the coefficients of the SAOB k to
the coefficients of the weighted RE k estimator w.r.t. (6.47). The right image shows the
convergence of the relative variance difference (6.48)).

Zy

Z3

7

Zy

SAOB 2, {y = 0 SAOB 2, {y = 1 SAOB 2, {y = 2 SAOB 2, {y = 3
1.00 Zy 1.00 Zy 1.00 7y 1.00
096 |-096 | 2% 098 |-098 | 2 099 | -099 | 2% 1.00 | -1.00
085 | -0.85 7 094 | -0.94 7y 097 | -097 7 0.99 | -0.99
058 | -0.58 7| 081 | -081 7| 091 | -0.01 7| 096 | -0.96
Sl 52 Sfi 54 51 SZ Sﬁi 54 Sl SZ 53 S-l Sl SZ 53 S-l
SAOB 2, £y = 4 SAOB 2, £, = 5 SAOB 2, £y = 6 MLMC
100 | % 100 | % 100 | z 1.00
1.00 | -1.00 | % 1.00 | -1.00 | % 1.00 [ -1.00 | % 1.00 [ -1.00
0.99 | -0.99 7 1.00 | -1.00 7 1.00 | -1.00 7y 1.00 | -1.00
0.98 | -0.98 z| 099 | -0.99 zi| 1.00 | -1.00 7| 1.00 | -1.00
5! 52 53 5t st 52 53 5t St 52 53 5t S5t 52 58 5t

Figure 6.2: Coefficients 8#3A9B2({;) of the SAOB 2 and S*MEMC of the MLMC estimator
for different initial accuracies £y. The latter do not depend on ¢, thus these coefficients
are only drawn once in the bottom right. The error in terms of (6.47)) is drawn in the left

plot of Figure in ds.
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SAOB 3, £, =0 SAOB 3, £y =1 SAOB 3, £y = 2 SAOB 3, {y = 3
Zy 1.00 Zy 1.00 Z4 1.00 Z4 1.00
Zs 140 | 140 | 7 146 | 146 | 7 148 | 148 | % 149 | -1.49
7 1.35 -1.76 0.41 Zy 1.57 -2.03 0.46 Zy 1.67 -2.15 0.48 Zy 1.71 -2.20 0.49
Z1} 0.52 -0.93 0.40 Z1} 0.78 -1.36 0.58 Z1§ 0.90 -1.57 0.67 Z1f 0.95 -1.67 0.71
Sl 52 Sii 54 51 SZ S:‘I S-’l Sl SQ 53 S-l Sl S2 S«% 54
SAOB 3, fy = 4 SAOB 3, 6y =5 SAOB 3, £y = 6 RE 3
Zy 1.00 Zy 1.00 Zy 1.00 7y 1.00
73 1.50 -1.50 Zs 1.50 -1.50 73 1.50 -1.50 73 1.50 -1.50
Zy 1.73 -2.23 0.50 Zy 1.74 -2.24 0.50 7y 1.75 -2.24 0.50 7y 1.75 -2.25 0.50
z| 098 |-171 | 073 zi| 099 |-173 | 074 z| 099 |-174 | 075 z} 100 |-1.75 | 075
Ch S? CH St St 52 CH 54 S! 52 3 54 St 5?2 3 54

Figure 6.3: Coefficients S¥SA9B3((y) of the SAOB 3 and p*RE3 RE 3 estimator for
different initial accuracies ¢y;. The latter do not depend on £, thus these coefficients are
only drawn once in the bottom right. The error in terms of (6.47)) is drawn in the left

plot of Figure in ds.

same model groups as the RE x estimator. Although this result seems reasonable due
to the geometric cost increase, it is far from obvious and clearly depends on the involved
constants. Once such a result is established, it should be straightforward to verify the
convergence of the coefficients. We outline this step for SAOB 4. First, the bias constraint
requires us to choose
Bi=1.

We now have three degrees of freedom left, namely 37, 33 and 3. This allows to remove
Z, cq, c3 from and thus we obtain a variance rate of 7y, = 2-3 = 6. This is the only
linear combination independent of ¢y to achieve this rate, all other linear combinations
achieve at most the rate 4. Since the resulting estimator is now biased, we have to correct
it using model groups with coarser models. We have to satisfy 6[3}) = —ﬁ[‘g] due to the
bias constraint and thus we now only have two degrees of freedom left. Therefore only
a single ¢y independent unique linear combination leads to the rate 4. This process is
now repeated for all model groups leading to unique coefficients, which are in fact the
coefficients of the RE 4 estimator. Stated differently, the cost of the SAOB 4 is

4 2 4 2
W[ﬁiAOBAL] _ (Z((ﬁk)TCkﬂka)l/2> ~ C( 2’Yk(k+€o)+k> 7
k=1 k=1

which is minimal only if the rates 75 are minimal. Thus, the SAOB 4 is forced to find
the smallest rates which for coefficients independent of ¢, is only achieved for the RE
vectors. Since we are in the preasymptotic regime, the coefficient 8! of the SAOB 4 of
the coarsest model group may differ in the order of 2772% = 2=% without worsening the
asymptotic variance behaviour. This together with the fact that SAOB aims to keep the
sum of the independent variables &, ..., & small explains the observed rate in the left
plot of Figure [6.1] o
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Improved bounds for SAOB. The RE estimator is used as upper bound for the SAOB,
however, we now give an example where a different estimator achieves a larger variance
reduction than the RE estimator. The basic idea to construct models such that the RE
estimator is not able to remove terms in the expansion if the order is not polynomial. Let
us illustrate this for the following Qol

Zi(w) = Z(w) + ca(w) (€ + 50)22—(24—60)/2 + 63(w)2—(€+€0) + &(w)2—3(£+£0)/2.

We assume that Z, ¢o, c3,&1,&2,- -+ ~ N(0, 1) are independent random variables. The RE
2 estimator is not able to remove the term ¢?27%2? and does not improve any further.
However, the SAOB is able to remove this term. To see why, we w.l.o.g. set {, = 0 and
write down the linear combination

. 4
Z BeZy = (Z 5@) Z + <Z Bel*2 WQ) co + (Z B2 )63 + Z Be& 2732,
=t =1

We want that the coefficients [, satisfy three conditions

'

4

ZBEZO’ ZﬁfQZ ZBE lg—=20 _

/=1 /=1

to remove the first three terms such that only the remainder with the higher order 2-3¢/2
remains. We further want to ensure that

Br=1

to not obtain $ = 0. This is now a 4 x 4 system that we are able solve. Therefore, if the
|3¢| are bounded by a constant independently of ¢, we obtain the improved rate of 273¢/2,
We call this specific coefficient 4““S and compare the variance of the linear combination

Z/BLGSZ
3,3

with the RE 2 and RE 3 difference vectors v*? — v32 respectively v*3 — 033 assuming
the (incorrect) rate v, = 1/2. We further compare it to the variance obtained using the
smallest eigenvector u™" of C' in the following sense

6LGS)T06LGS

4 min min\7T min
U u Cu
u z : umln (umln)z
=1 4 4

The division ensures that the coefficient in front of Z; is one, since u™ # 0 for this
experiment. In this case, we have V™" = Var min. We plot the resulting difference to the
eigenvalue and variance

eu(lo) = [|B“% (Lo) — u™ (Co) ui™ (o)
evar(lo) = (u™(€)) " C (bo)u™ (b) / (uf™ (€))* — (B (o))" C (£0) B (o)

in Figure where we now make the dependence on ¢y explicit. As predicted, the vector
LGS g able to improve the rate such that only the remainder with a rate vy, = 2-3/2 =3
remains. The RE vectors are not able to achieve this. We further conclude that the vector
BYGS converges to the scaled eigenvector u™™ corresponding to the smallest eigenvalue and
the respective variance of the linear combination converges to V™,

min
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Figure 6.4: The left plot shows the variance of certain linear combinations where we
replace 5 with the corresponding value. The right image shows the convergence of the
variance and the coefficients of VG5 to the scaled eigenvector u™® /" for the smallest
eigenvalue of C. Reference rates are drawn black.

Remark 6.37 (Generalized estimator). We try to generalize the estimator from above.
Assume that the Qol satisfies

q—1
Zy=7Z+ Y cipi(l) +r, (6.49)
j=2
where 7, is a remainder term decaying sufficiently fast. With ¢;(¢) := 1 we look for

coefficients  that satisfy

q—1
(0) =0 forallj=1,...,¢—1,
ezlﬁz%() orall j q (6.50)

B, =1.

Under the assumption that this linear system has a solution the variance is

Z BeZy Z 5@%] ;
=1 =1

that is only some linear combination of the remainder has to be estimated. Again, using
the properties of the shift we are able to define consecutive vectors

\Y =V

yb? .= Dyt~ for all £ > q.

All that remains is to define the vectors y%? for £ < ¢ using the conditions (6.50]), which
is left as an exercise for the reader. Clearly, if (6.50)) is satisfied, then we have a reduced
variance. It is straightforward to define an estimator similar to the RE estimator in

Definition [6.17

L L 1 my
5 J— zzq 6717(1 /L7e
Ao =30 " =, )EZZJ' :
=1 j=1 €
j i

In fact, if we have ¢;(¢) = 277" in (6.50]), then this estimator is precisely the RE estimator
except for the scaling of the last coefficient 5, = 1. For other biases we may introduce

weights aq, ..., ar similarly to (6.29)). o
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Figure 6.5: Biases, variances and costs for the Qol defined in (6.52)). Here Z, — Z, 4

corresponds to the difference (v%* — v*12)T(Z;)5_,.

While it is possible to generalize the RE estimator to other estimators with improved
variance reduction if an expansion of the form (6.49) is available and known a-priori, it
is more involved due the more general ;. We never apply this for a practically relevant
problem and thus we do not analyse this method any further.

6.5 Numerical experiments with an elliptic PDE

PDE example with true costs. We use the PDE example from Section such that
P-almost surely

—div(a(e,w)Vy(z,w) =1, 2 € (0,1)% 65
y(r,w) =0, x€d0,1)>. '
The diffusion coefficient is lognormal a := exp(b), where b is a mean zero Gaussian
random field on (0, 1)? with Whittle-Matérn covariance with smoothness v := 3/2, vari-
ance o2 := 1 and correlation length ¢ := 0.5. We integrate the weak solution y over
Dops = (3/4,7/8) x (7/8,1) to define the Qol
7= / (2)d (6.52)
= y(z)dz. :
|D0bs| Dobs

We discretize Z by discretizing y using linear finite elements with uniform mesh refinement
and compute the corresponding covariance matrix C' with 10° pilot samples. We exclude
the cost of the pilot samples from the subsequent analysis in this section. Notice that the
parameters in are smooth in the sense that the diffusion a as well as the constant
right-hand side 1 is smooth and we integrate over y in (6.52)). This gives a smooth
Qol such that Assumption [6.10| and Assumption [6.11]should be satisfied with coefficients
¢ = Qpath = Gmean = 3 and 71 = 0, 72 = 2 and 73 = 4. Since we solve the PDE in 2
dimensions, we expect a doubling of the cost with uniform mesh refinement and a rate of
Yeost = 2. We plot the biases, variances and the costs in Figure to verify these claims
numerically. This result shows that we are able to use RE to potentially obtain improved
variance reduction. The asymptotic costs of every estimator discussed in this thesis are
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Estimator | K | YBias 7Yvar | Complexity bound | HF evaluations Source
e 1| 2 0 el4e3 g2 Theorem [3.11
pYEME g 2 4 el4e? g0s Theorem [3.49
ayYEMe 2 4 el e g70s Theorem [3.31
apAOBT o 2 4 el4e? g=05 Corollary [6.26
[3A0B3 13 2 8 el e g0® Corollary [6.26
a3A%E L 2 8 el +e2 g5 Corollary [6.26
e 1] 4 0 e T g2 Example [6.6]
T 2 4 4 705 4 g2 g1 Theorem [6.25
Ty 3| 4 8 700 472 g=0-7 Theorem [6.20
pop9B? 12 4 4 g7 05 72 g~ 1% Corollary [6.26
poagBs 13| 4 8 g705 4 g2 g=0-7 Corollary [6.21
Tirn L| 4 8 705 4 g2 g=0-7 Corollary (6.26

Table 6.1: Different estimators with the respective coupling number x that denotes the
maximum number of models using the same event w, their bias and variance reduction
rate as well as an upper bound on their cost complexity for the true cost rate
Yoost = 2. The first term always corresponds to the ceiling cost £ Cost/TBias  whereas the
second value corresponds to the variance and second part of . The column “HF
evaluations” contains the upper bound on the number of high fidelity evaluations, which
can be derived from Corollary [6.2] The last column contains the references and proofs for
the upper complexity bound.

of the form ([6.9)
5_27 if YVar > YCost
WI:ZZL] S Cg_’YCost/’YBias + c 5_2 10g<€)2, lf ’}/Var — ’ycost,

_9_JCost™Var
I TBias

(6.53)

if Yvar < YCost

for different values of vgj.s and yya,. We write down the cost of the estimators in Table
and describe how we derived these values. First of all, for all estimators with o = e, the
bias rate Ypi.s = 2 and for estimators with a = v3 the rate g« = 4 holds. The
variance reduction rate should be . = 27, for an optimal variance reduction, where
k is the coupling number. This however, is in general not reached, since either the Qol
is not smooth enough, thus g,an < K or the coefficients of the estimator are chosen sub
optimally. Applying this logic, this means that the SAOB k with x = 2 respectively
k = 3 reaches Yv., = 4 respectively yya, = 8. This also holds for the RE estimators.
The SAOB with no coupling restriction x = L may reach a larger variance reduction
rate and thus v, = 8 is a lower bound. The MC estimator does not have any variance
reduction v, = 0. The previous explanations concerning the variance are valid for all
estimators except for the MFMC estimator, which couples all L models but achieves a
smaller variance reduction rate due to suboptimal coefficients. We later give a heuristic
reason for this. We compute the upper complexity bound with these values using .
For a rigorous proof, we refer to the statement in the last column of Table [6.1]

We plot the cost of every estimator to reach a MSE of 2 in Figure for both o = ¢y
and using RE once with o = v%3. We conclude that the upper bounds for the complexity
in Table [6.1| predict the correct values.

We now examine the number of high fidelity model evaluations, where the upper bounds
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Figure 6.6: Complexity of different estimators for different RMSE ¢ for the true cost

rate voost = 2. The left image shows estimators with bias e, and the right image with

v'3, i.e. for SAOB the left plot shows 749" and the right one shows 757",

for kK = L are given in Table The actual numbers used by the estimators are in
Figure and they match the predictions. For a = v%3 the number of high fidelity
evaluations does not decrease to zero, which allows us to use more and more pilot samples
for the sample covariance matrix without worsening the asymptotic complexity.

PDE example with artificial costs. All estimators, except for standard MC, achieve
the optimal complexity of e~2 with the true cost rate vycoss = 2. Therefore, we artificially
increase this rate to Yot = 6 by setting w, = 1076 - 26, Similarly to before, we derive
Table containing the updated complexity bound and the bound on the number of high
fidelity evaluations. We again plot the computational complexity in Figure and the
number of high fidelity evaluations in Figure We conclude that changing the bias
from e, to v is necessary to reduce the complexity of the estimation, since otherwise we
have at least costs of 72 due to the ceiling of the number of samples. This ceiling cost has
to be reduced by increasing the bias rate from 2 to 4 by using RE. It is also apparent that
the number of high fidelity evaluations tends to zero if we use more than two models for
a = ey, i.e. the RE 3 or SAOB 3 estimator. This is typically not desirable and indicates
that the bias vector can and should be chosen differently to reduce the overall complexity.
The bias vector a = v%3 yields the best possible complexity of £~2 for estimators that
couple at least three models except for MFMC, i.e. the SAOB x and the weighted RE &

estimator for k > 3.

Coefficients for ACV estimators and the MFMC estimator. We comment on
the ACV estimators, which we did not include up until now. This is deliberate, since
the asymptotic cost of the ACV estimators is not known to date. For the same Qol
from with artificial cost rate ycost = 6 we plot the cost of these estimators in
Figure [6.10, The ACV estimators have the same asymptotic complexity as the MLMC
estimator and do not reach the improved asymptotics of the RE estimators, even if we
exclude ceiling the number of samples. This also holds for the MFMC estimator and is
somewhat surprising, since these estimators couple more models than MLMC. We provide
a possible explanation in terms of their respective coefficients. As we have already seen in
Section [4.5| and which can be verified quite easily, the coefficients of all ACV estimators
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Figure 6.7: Number of high fidelity evaluations for different RMSE ¢ for the true cost

rate Yoost = 2. The left image shows estimators with bias o = e, and the right image

shows the bias v%?, i.e. for SAOB the left plot shows [3A9% and the right one shows
~SAOB

e,3
Estimator | £ | YBias 7Yvar | Complexity bound | HF eval bound Source

e 11 2 0 e3 L g g2 Theorem [3.11
pMLMC | o | o 4 g3 473 gl Theorem [3.49
pMEMC o 4 g3 4¢3 gl Theorem |3.31
pA0BZ 2 2 4 g3 473 gl Corollary [6.26
ASAOB3 | 3| 9 ] g3 p g2 g0s Corollary [6.26
aAos L2 8 g3 472 g0® Corollary [6.26

R4 o e 15 1 ¢35 £ Example [6.6]

[iRE2 2| 4 4 e15 4 o2 et Theorem [6.25

ARE3 3| 4 8 e 15 4 o2 g=0-25 Theorem [6.20
9B 121 4 4 e 10 4725 et Corollary [6.26
ASAOB3 | 3| 4 8 em15 4 o2 g~0-25 Corollary [6.21
//Iquﬁ?B Ll 4 ] em15 4 o2 g—0:25 Corollary 6.26

Table 6.2: Different estimators with the respective coupling number s that denotes the
maximum number of models using the same event w, their bias and variance reduction
rate as well as an upper bound on their cost complexity for the artificial cost rate
Yeost = 6. The first term always corresponds to the ceiling cost e~ 70ost/7Bias  whereas the
second value corresponds to the variance and second part of . The column “HF eval
bound” contains the upper bound on the number of high fidelity evaluations, which can
be derived from Corollary [6.2] The last column contains the references and proofs for the
upper complexity bound.
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Figure 6.9: Number of high fidelity evaluations for different RMSE ¢ for the artificial
cost rate ycost = 6. The left image shows estimators with bias e, and the right image

shows the bias v%?, i.e. for SAOB the left plot shows 3498 and the right one shows

~SAOB
Hoes -



172 Chapter 6 Asymptotics of the SAOB

108 : ; : 108
108 ¢ 108 ¢
;Jf 104 _,ﬁ 104
= =1
g 3
8 o2 8 o2
g g "
7 7
Q Q
O 10° O 10°
102 1072
10'4 1 1 1 10—4 1 1 1
10 10 1074 103 1072 10 10°® 1074 103 102
Root Mean Square Error Root Mean Square Error e

Figure 6.10: Complexity of different estimators for different RMSE ¢ for the artificial
cost rate yoest = 6. The left image shows the complexity of the estimators without ceiling
and the right image with ceiling. Both images show estimators with a bias of a = e,. In
particular, the RE 4 estimator is 7534,

satisfy the sign condition
sign(BL) = — sign(37) for all k € {1,...,L — 1} with ¢ € S*. (6.54)

This simply means that the sign of the coefficients can be deduced from the sign of the
coefficients of the model group that uses all models {1,..., L}. Similarly, the coefficients
of the MFMC estimator also satisfy a sign condition

sign(By) = — sign(BF) forall k € {¢+1,..., L} with £ € S¥, (6.55)

thus the sign is given in terms of the diagonal element. However, looking at the difference
of two consecutive RE vectors (6.21)) with L > ¢ shows that

0
(—1)
(1)t Z2§i1§q71 2%
1 (—1)r2 Z2§i1<i2§q—1 PACREE

IT5=2(2v — 1)

Av? = Dp? b — pa—ba —

Z 2Yix tYigt+Vig_g
2<i1 << <ig—3<g—1
2’72'1 +722 +"'+’Y‘iq,2

- z:29‘1 Lig < <ig_a<q—1
2’”1 +’712 +"'+’Yiq,1

22§i1<i2<-~~<iq_1§q—1
(=1)

(1)t Zzgz‘lgq—l 27
(=17 Eocircingg 1 270770

- - ) € RY.
qg—1 . Yiq TYig T Vi, g
szz(% —1) 22§i1<z‘2<~--<iq,3gq—1 2 a
o Z 27i1+%2+---+7iq_2
2<i1 <ig<-<ig—2<q—1
2'7¢1+'y¢2+-~-+'y¢q_1

ZQSil <ig<-+<ig-1<q—1

0
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Figure 6.11: Coefficients for different estimator for a RMSE e = 31076 for the artificial
cost rate Yoot = 6. Here the coefficients of the ACV-MF and ACV-KL estimator are
the same. The RE estimator exhibits a checkerboard pattern, whereas the SAOB 4 also
shows this pattern except for a small deviation for S® and Z;.

Taking a look at the sign of these vectors shows that both Dv?=1 and —v9~%4 have entries
with equal signs. We use that v; > 0 for j € {1,...,¢ — 1} to conclude

sign((Av?),) = sign(v! ) = (=1)7*  forall £ € {2,...,q}
and the special case of sign((Av?);) = (—1)4"1. Then
sign((Av?),) = (-1)77* forall £ € {1,...,q}.
A further computation in the same spirit shows that the same is true independently of ¢
sign((Av?),) = (=1)77*  forall £ € {1,...,5} forallje{1,...,L}. (6.56)

Hence the coefficients of the RE estimators form a checkerboard pattern w.r.t. the sign of
the linear combination. This however, cannot be achieved by either of the ACV or MFMC
estimators due to (6.54)) or . We verify these claims by plotting the coefficients of
the ACV estimators along with the coefficients of the MFMC estimator, the SAOB 4 and
the RE 4 estimator in Figure for the smallest RMSE of ¢ = 3-107%. We conclude
that the conditions , (6.55) and hold for this example. In general, if the
coefficients of the RE estimators are mostly unique and often the only sensible choice
to achieve a smaller variance, then this means that the ACV and MFMC estimators are
not able to reach a higher variance reduction than MLMC due to the sign restriction.
Therefore, even though these estimators couple more models than the MLMC estimator,
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they do not improve due to their design, which restricts the number of possible linear
combinations.

Remark 6.38 (Other models). Assumption and Assumption might not be true
for other model hierarchies and thus an improved variance reduction might be obtained
even if condition for ACV and condition for MFMC holds. In any case, it is in
general feasible to obtain complexity expression for the MLMC and the RE estimator since
their coefficients 3* are fixed and known, which is not the case for both MFMC and ACV.
This makes it difficult to derive statements about their complexity. The coefficients /3*
of the SAOB and SAOB & are also given implicitly, however for these estimators we have
the principle that they are optimal in the class of linear unbiased estimators Theorem [6.3]
which allows us to at least derive some upper bounds. o
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Chapter 7

A multilevel approach for the risk neutral
optimal control problem

In this chapter we examine the risk neutral optimal control problem. The goal is to steer
the result of a system to a prescribed desired state. The system, described by an elliptic
PDE, contains random functions and is controlled by a deterministic distributed control
without control constraints. We account for the randomness by ensuring that the ex-
pected value of the distance to the desired state is small. The use and analysis of the MC
method to solve this problem is more or less straightforward, however, the resulting costs
to compute an accurate approximation are large. A straightforward application of MLMC
to reduce the asymptotic complexity often leads to an ill-posed minimization problem.
We overcome this difficulty by proposing a strategy where we apply the MLMC estima-
tor to the deterministic control as opposed to the cost function where the expectation
appears. The result is an estimator that has the improved complexity of MLMC without
the drawbacks of being ill-posed. We divide this chapter into the following sections:

e In Section we introduce the risk neutral optimal control problem. In essence,
this is an infinite dimensional quadratic optimization problem with a linear PDE
constraint. The cost function contains randomness, which we eliminate by taking
the mean. We show existence and uniqueness of a solution, we derive the optimality
conditions, give a short literature review and derive convergence results for the
spatial discretization with finite elements. These results are standard and the focus
of this chapter is the discretization of the mean, which we focus on in the remaining
sections of this chapter.

e We continue with the standard MC approach in Section [7.2] which we use as a
reference. This approach allows us to discuss the basic concepts needed for the
MLMC approach. We show that the MC discretization leads to a well-posed prob-
lem and derive an asymptotic complexity result. The resulting costs of this method
are typically quite large.

e We improve the MC approach with an MLMC approach in Section [7.3] We call the
method Multilevel Monte Carlo for the control (MLC). The idea is to compute the
difference of the optimal controls on two consecutive levels, which itself is a solution
of an optimal control problem. This approach achieves an MLMC complexity result
similar to Theorem In particular, the MLC improves the standard MC method
and is well posed in contrast to directly applying the MLMC telescoping sum idea
to the cost function.

e We conduct numerical experiments in Section to verify the complexity results
for MC and MLC. We verify that we have substantial gains compared to the MC
estimator in the order of two magnitudes.
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7.1 The risk neutral optimal control problem

Introduction. We are interested in the risk neutral optimal control problem

‘ «
runel(r]l J(u) == E[H@/(U) - deQZ} + EHUHZU

such that P-a. s. y(u,w) = S(w)u.

N | —

(7.1)

This is a quadratic optimization problem with linear equality constraint. We call y the
random state such that y(w) € Y, u € U the deterministic control and y, € Z the desired
state. We assume for simplicity that the desired state is deterministic, however, similar
results can be obtained for random desired states. The state and control are coupled by
the state equation such that P-almost surely

y(u,w) = S(w)u.

We assume that the spaces Z, Y, U are Hilbert spaces with scalar product (-,-) and
induced norm || - ||. We drop the subscript in the norm and scalar product, since this
will be clear from the surrounding context. We also demand that Y C Z such that the
image of S(w) may strictly be smaller than Z. The goal is to approximate the optimal
u that minimizes . In particular, the state y should be close to the desired state
yq on average in terms of the realizations of the linear solution operator S(w) : U — Y.
We furthermore use a Tikhonov regularization parameter v > 0 since is in general
ill-posed for infinite dimensional problems or for finite dimensional problems if .S has zero
eigenvalues since multiple optimizers may exist. The case of not using a regularization
term o = 0 can be handled by control constraints, for example a < u < b for real-valued
a,b € R with a < b. This however, increases the technical difficulty of the analysis and
the numerical experiments contrasting the goal of this chapter to introduce a variance
reduction method for optimal control problems. We provide the example we use latter
for the numerical experiments.

Example 7.1 (An optimal control problem). We give the standard example also seen in
[73, Section 1.5.3.1] without control constraints and with a random state equation. We
have Z := U := L*(D) and Y := HJ}(D). The linear solution operator S(w) : L?*(D) —
H{ (D) maps the distributed control u to the state y using the weak elliptic PDE with zero
Dirichlet boundary conditions (2.9). We demand that P-almost surely for all v € Hg(D)

(a(w)Vy(w), Vu)r2py = (u,v) 2(p)- (7.2)

The randomness in the diffusion coefficient a carries over to the solution operator S. We
abbreviate condition (7.2 in short operator form as y(u,w) = S(w)u. The stochastic
state then satisfies y € L?(Q,Y), see Theorem [2.34] o

There is a lot of literature on optimization with deterministic PDE constraints [14, 15
39, 73, [136]. The authors of [16] discuss how to introduce uncertainty for optimal control
problems. More difficult PDE constraints with randomness compared to the elliptic case
that we study was also done in [I6] for a non-linear reaction—diffusion model and in [65]
for the Navier—Stokes system. Shape optimization problems with random right hand side
are discussed in [36].

The stochastic pathwise optimal control solves without the mean. The optimal
control is then stochastic. This was examined in [16] and implemented in [121] with
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stochastic collocation and the stochastic Galerkin method. A method to compute the
mean of the stochastic control with MLMC was done in [4]. However, if the randomness
is crucial for the system, then the resulting optimal control does not approximate the
solution of . Nevertheless, this is approach can be used to obtain an insight on how
the randomness effects the solution of (7.1).

The stochastic collocation method is used to approximate the mean operator E in [135].
The authors of [I7] combine this method with a multigrid method and apply it to a
non-linear parabolic optimal control problem. Another method [I8] is to obtain pathwise
optimal controls that are used to compute a proper orthogonal decomposition. This
decomposition is used to obtain a low dimensional but accurate approximation of U and
thus the infinite dimensional is replaced by a low dimensional problem. A similar
approach using a reduced basis method is analysed in [27]. The collocation method was
also used as part of a trust region algorithm, a general optimization procedure, in [83] [84].
A stochastic gradient method with approximate line search was analysed in [93] for the
standard MC discretization of the gradient. A multilevel version with detailed analysis
was performed in [94]. The authors of [138] use the MLMC estimator to improve the
numerical complexity to compute an approximation of the gradient. Under the additional
assumption that the norm of the gradient converges linearly to zero, the authors show
that the optimal asymptotic complexity of £72 to reach a gradient norm of ¢ is achieved.
The same authors in [139] also apply the MG/OPT framework, which is a multilevel
technique for optimization [91), 100]. Additional to the variance reduction the idea is to
use a coarse grid for the search direction along which we optimize. This framework is
combined with stochastic collocation in [82]. Another approach using stochastic gradient
descent with MC, where the descent algorithm is coupled with the mesh size, can be
found in [53]. Another well-known stochastic optimization method is SAGA [41], which
was applied in [95] for the risk neutral optimal control problem. A variance reduction
method for optimization that reuses information from previous iterations was studied in
[32, 101].

Other approaches include a full discretization of both the probability space and the finite
element space [75], use quasi-Monte Carlo [66] or a polynomial chaos expansion with low
rank tensors [52]. Our approach for the optimal control problem is different from stochastic
optimization methods. We apply a variant of MLMC for the optimality conditions of
avoiding some of the pitfalls of classical MLMC. In particular, applying MLMC for the
expectation in or directly for the optimality conditions leads to a potentially ill-
posed and non—convex optimization problem. We push the telescoping sum idea to the
deterministic control u € U to circumvent this problem while retaining the benefits of
improved asymptotic complexity of MLMC.

Other risk measures, which we do not discuss in this chapter, are studied theoretically
in [81]. The authors of [3] and [138] consider adding a variance term such that solutions
with smaller variance are preferred thus ideally decreasing the probability for outliers.
Other, more advanced risk measures like the conditional value at risk are studied in [85].
The authors of [86] study a MLMC approach for functions and include minimization
problems. This approach is able to achieve the optimal complexity (up to logarithmic
factors). However, the authors study problems where the parameter we want to minimize
is in a compact, real-valued interval. Their approach requires the discretization of the cost
function on the entire parameter interval, which is not feasible in the high dimensional
setting and this is acknowledged by the authors. In particular, a naive application of this
method requires the full approximation of the cost function, i.e. if the control is a finite
element function on a grid with 1000 degrees of freedom then we have to evaluate the entire



178 Chapter 7 A multilevel approach for the risk neutral optimal control problem

function on a 1000 dimensional space. In our opinion, this approach for minimization
seems suboptimal, since we discretize the cost function far away from the minimum thus
adding additional and probably unnecessary costs.

The problem uses the mean squared deviation from the desired state, which is a risk
neutral risk measure since we do not penalize large deviations from the mean of the state

Y.

Existence, uniqueness and optimality conditions. We want to derive that (7.1
has a unique solution for a > 0. This requires certain regularity for the solution operator
S which should be bounded by a constant whose moments are also bounded.

Assumption 7.2 (S is regular). The solution operator S and its adjoint S* are pathwise
bounded, that is P-almost surely

|S(w)u|| < q(w)||ul for all u € U,
15" (w)yll < q(w)|lyl|  forally €Y.

The scalar valued random variable ¢ has bounded fourth moment. S and S* are random
variables. ©

We derive the necessary optimality conditions of (7.1). The directional derivative 9, of
the direction v € U is

2 2
— 2

av||u||2 — hm Hu + th HUH — hm (hv7 u + h?)) — 2<U,U),

h—0 h h—0 h

. E[||S(u+ hv) = yall*] = E[||Su — yal?]
J— 2 —

OE[[|y(u) = yal|*] = lim h
_ lim E[(Shv, 2(Su — yq) + sv)]

h—0 h
= 2E[(Sv, Su — yq)| = 2(v, E[S*Su — S*y4)).

A necessary condition for optimality is 9,J = 0 for all v € U and thus
au + E[S*SJu = E[S™]ya.

We rewrite this as operator equation to obtain the first order necessary optimality condi-
tions,

(el +Qu=f,
where we abbreviate @ := E[S*S] and f := E[S*]ys. We further define B := ol + @ to
arrive at

Bu = f. (7.3)

We now formally state the existence and uniqueness results of the optimal solution u of
(7.1]) which is the solution of . Hence this first order necessary optimality condition is
also sufficient. This result is available in [27], 66, [75] and follows from standard arguments,
e.g. in 73] Section 1.5.1].

Theorem 7.3 (Existence and uniqueness). Let a > 0 and Assumption [7.2] be true. Then
there exists a unique minimizer u € U of (|7.1)) satisfying (7.3]) and

[[ull < cllyall (7.4)
Furthermore, the operator B is bounded, self-adjoint and invertible with bounded inverse

1B <e (7.5)
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Proof. We verify that (7.3) has a unique solution using the Lax—Milgram Lemma [50),
Section 6.2.1] for the bilinear form

a(u,v) = (Bu,v).
We verify that a is bounded w.r.t. both arguments with Assumption

|a(u, v)| < [ou +E[S*SJullljo]] < (allull + E[|[S"Sul])]]
(aflull + ElglSul])[lv] < (allull + E[g"][ul)]v]
(

<
<
< (a+E[g"Dllullllv] < cllullllv].

We use o > 0 to show that a is coercive

a(u,u) = allul® + (E[S*SJu, u) = alul® + E[(S"Su, u)]
= af|ull® + E[(Su, Su)] = allul* + E[[|Sul*] > aflu]*.

The boundedness of the right-hand side is straightforward to verify. Hence there exists a
unique solution u € U of ([7.3)), (7.5)) holds and the use of Assumption shows

_ 1 . 1 . Elq]
Jul| = | B~ f]| < ~IES yall < ~ElllS"all] < = =lyall < cllyall-

B is also clearly self-adjoint. A formal derivation for the existence and uniqueness of
a minimizer of follows from [73| Theorem 1.43]. The optimality conditions
follow from [73, Theorem 1.46] showing that J in (7.1)) is Gateaux differentiable ([73]
Definition 1.29]), that is directionally differentiable in all directions and the derivative is
bounded. We have already shown the directionally differentiability and the boundedness
is straightforward, since for all v € U

|0v (u)| = [(Bu — f,0)] < c([lull + Dfv]. 0

For the rest of this chapter we simplify the notation by denoting the solution of ([7.3) with
u if not mentioned otherwise.

Remark 7.4. The optimality conditions are often written down with the help of the
adjoint equation, see [73, Section 1.6]. The equivalent formulation of ([7.3)) is

y(w) = S(w)u P-almost surely, (7.6)
p(w) = S*(w)(y(w) — ya) P-almost surely, (7.7)
au+E[p] =0. (7.8)

Here ([7.6)) is called the state equation, ([7.7) the adjoint equation and p the adjoint. The
last equation ([7.8)) expresses that the gradient of .J to be equal to zero. This formulation is
often used in practice since ([7.6[)—(7.8)) offers a convenient way to compute the gradient. ©

Spatial discretization. The discretization of ([7.3|) requires the approximation of the
mean [E, the solution operator S and the adjoint operator S*. We first write down a
well-known perturbation result for errors in the operator or right—hand side.
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Lemma 7.5 (Perturbation error). Let (X, - ||x) and (B, || - ||5) be Banach spaces. Let
A : X — B be a linear, bounded, invertible operator whose inverse is bounded. Assume
that © € X and b € B are such that

Ax =0b.

Furthermore, assume that we have perturbations AA : X — B linear, Az € X and
Ab € B such that
(A+ AA)(x + Az) = b+ Ab.

Let A+ AA: X — B be a linear, bounded, invertible operator whose inverse is bounded.
Then the perturbation error in the solution is bounded as follows

1Azl 2 < [[(A+ AA) Hlop(|AAz|5 + [|AD]|5), (7.9)
where || - [|op denotes the operator norm.
Proof. We rewrite the perturbed system and use Az = b
(A+AA)Az = —(A+ AA)z+ b+ Ab= (—Az +b) — AAx + Ab = —AAx + Ab.
Now use that the inverse of A + AA exists and is bounded. O

We spatially discretize S and its adjoint S*. We assume that these operators are pathwise
bounded and their approximation error decays geometrically.

Assumption 7.6 (S, is regular). Let £ € N. The operator S, and its adjoint S; are
P-almost surely bounded

[Se(w)ull < q(w)lull for all u € U,
157 (W)yll < q(w)]ly]] for all y € Y.

Furthermore, there exists the rate v > 0 such that the following error estimates are
P-almost surely true

1(S(w) = Se(w))ul| < q(w)27"|u] for all u € U,
1(S*(w) = S7 (W)l < q(w)27"ly]] for all y € Y.

The scalar valued random variable ¢ has bounded fourth moment. S, and S; are random
variables. o

The previous assumption is often satisfied for an elliptic PDE with uniform mesh re-
finement, since a version of Theorem [2.39 and Theorem holds. We write down the
discretized version of the optimality conditions (7.3 such that for all £ € {1,..., L}

(o + E[S; Se))ue = E[S{]ya,
where we again use abbreviations @, := E[S; S| and f, := E[S}]ya
(al + Qe)ur = f.
We further abbreviate the operator B, := ol + (),
By = f,. (7.10)

We derive the optimal control problem that has the optimality conditions ((7.10)).
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Remark 7.7 (Spatially discretized optimal control problem). We discretize the solution
operator S to arive at the spatially discretized version of ([7.1]). For all £ € {1,..., L} this
problem reads

uelU
such that P-a.s. ye(u, w) = Sy(w)u.

min  J(u) = %E[Hye(w — yall*] + %”“”2 (7.11)

In particular, we do not discretize the control u or the space U, which is the approach
taken in [72]. We only replaced S with Sy, thus we have to do the same for the optimality

conditions in (|7.3) to arrive at ((7.10)). o

We now verify that (7.10) and thus (7.11]) have the unique solution u,. We further derive
an error estimate.

Theorem 7.8 (Existence, uniqueness and error). Let o > 0, Assumption and As-
sumption be true. Then B, is bounded, self-adjoint and invertible with bounded

mverse
IB < e (7.12)

Furthermore, for all £ € {1, ..., L} there exists a unique solution u, of ([7.10)) that satisfies

[Juel| < ellyall, (7.13)
[l = ull < 27 lyall. (7.14)

Proof. The existence of the inverse B, and ([7.12) follows from the LaxMilgram Lemma
similarly to the proof of Theorem [7.3] The bound (7.13) and also the self-adjointness
follows similarly. For the error estimate (|7.14]) we use Lemma [7.5( with

A:Oé[—i—Q, AA:QZ_Qu
b:fa Ab:ff_fv
T = u, Ar=u; —u

such that (7.9)) reads

lue — ull < ll@f + Qo) 1(11(Q: — @)ull + [1fe — £1)
< e(|(E[S; 1) — E[S*S))ull + I(ELS;] - EIS)yal)
— (D) + (7).

Here we used that the inverse of al + @, = By is bounded. We simplify (I) with the help
of Assumption [7.6/ and (|7.4)) to bound ||ul|

(1) < E[[|(575¢ = 5*S)ull] < E[[|57(Se = S)ull] + E[[[(S7 — 5%)Sul]
< Elgll(Se = S)ull] + E[q27|Sull] < 2E[¢*]27lull
< 27" lyall-

Similarly, we bound (/) using Assumption
(1) < E[I(S; = S™)yalll < Efa2™lyall] < 2™ llyall.

We thus conclude ([7.14)) and the theorem. O
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Similarly to before, from now throughout the remainder of this chapter we denote the

solution of ([7.10]) with wu,.
Remark 7.9 (Constant ¢). The constant ¢ in ([7.12)), (7.13]) and (7.14]) contains the factor

a~ ! and thus requires o > 0. We do not mention the dependence on « for norm and
error estimates of u or approximations thereof in the future. This constant also contains
moments of ¢. o

7.2 Monte Carlo discretization

We continue with the discretization of E in (7.10) with standard MC. The fully discrete
optimality conditions for ¢ € {1,..., L} read

(a[ - % Zl sg(wi)sm)) aylc = % Zl S (wi)ya,
where we abbreviate the operator and right—hand side to arrive at
(a[ + @)@\40 = fu.
We further abbreviate the left operator Eg =al + @g such that
B = f,. (7.15)

We remark that we use the same i.i.d. samples for the discretization of the operator Eg
and the right-hand side f,. We write down the corresponding optimal control problem.

Remark 7.10 (MC optimal control problem). The optimality conditions ([7.15)) corre-
spond to the optimal control problem (7.1)) where we discretize both the expectation E
and the solution operator S with S, for £ € {1,..., L}

11 &
min )= g 3 et ) — gl Gl

(7.16)
such that Yo(u, w;) = Sp(w;)u foralli e {1,...,m}.

This is again a quadratic optimization problem with m linear equality constraints. o

We derive existence and uniqueness of a solution of similar to Theorem and
Theorem [7.8 This result is not surprising, since the MC discretization of the expectation
in ((7.16)) is a norm on the product space Y™ and the m equality constraints can be grouped
together to a single equation with a block diagonal solution operator. We conclude that
is a standard deterministic optimal control problem with quadratic cost function
and linear constraint, hence the standard theory applies.

Theorem 7.11 (MC existence, uniqueness and error). Let @ > 0 and Assumption
be true. Then for all ¢ € {1,..., L} the operator By is self-adjoint and invertible with
bounded inverse

1Bl <= <e. (7.17)

LI~
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Furthermore, for all £ € {1,..., L} there exists a unique solution u}'¢ of (7.15) that has
bounded second moment and satisfies the estimates

E[lla@"I%) < ellyal®, (7.18)
~ 1
B[ — uell”] < e—lyal*. (7.19)

Proof. The invertibility of By, (7.17) and that B is self-adjoint follows similarly to the
proof of Theorem . We use ((7.17) and Assumption to calculate

I < .
Il < 1B I < o £ 3 i@
=1
1fns < et S glw)lud
— (w;) c— w; )
m - ¢ Ya m o 161 Yd

We square this expression, apply the expectation operator and the Cauchy-Schwarz in-
equality

E[|2")F) < B (% qu)) ol = clgalP =z > Bla(eater)
< el 3 Bla@?] "B o] = el B[]

The result ((7.18) then follows from Assumption using that ¢ has a bounded second
moment. We now analyse the error introduced from sampling. We use Lemma with

A=al +Q, AA=Q,—Qy,
b= fi, Ab= f, — fo,
T = Uy, Ar = uyc Uyp.

We insert these values into (7.9), square it, bound the inverse of Eg =al + @g and use
Young’s inequality

R R R 2
1@ = wl® <Nl + Q) I12(1 Qe — QeJuell + 117 - fel

< (@ — Qopuel® + 1 - full?)
= c[(1) + (ID)]

We take the expectation, use the definition of the variance (2.2)), the MC variance estimate,
Assumption [7.6] bound the fourth moment of ¢ and use (7.13) to bound [|u||?

1 S * * 1 - *
E((D]=E|ll— ; St (wi)Se(wi)ue = B[S Seluel® | = V| — ; Si (wz)SZ(wz‘)W]
* * 2 4 2
_ VISiSeu]  ElISeSeuel7]  Elgllue]l” e lluall?.
m m m m
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We use exactly the same steps to estimate (/1) from which (7.19) follows

E[(11 ||_ZS£ wi)ya — E[S71yall?| = %ZSZ(wi)yd]
_ V[Sfyd] < [HSfde ] < [ ]Hyd”z Hy ||2 []

Remark 7.12 (Bias of MC). It is crucial to remark that 7)€ is in general not an unbiased
estimator for u, since

E[3] = E [(a[ + @g>_1ﬁ1 £E [(a[ + @) _llE[ﬁ]
- (04] +E[@e])lE[ﬁ} = (al +Qu) " fr = up

This holds, since @g is correlated with ng as both use the same samples. Furthermore,
we cannot interchange the mean and the inverse. However, (7.19) shows that the bias

decreases sufficiently fast with order at least m~'/2. In fact, the actual order is m ",

which we now verify. For a fixed v € U we use E [ﬁ} = f; to obtain

(E[@YC] — up,v) = E [(é;lﬁ ~ B 'f, v)} - E[(B[l(ég — B)B; ', v)} .

Now crucially, we insert the mean zero term B[I(EZ — Bg)B[lfg and use that B[l(gg —
By) is self-adjoint to conclude

(E[@'] = ur,v) = B[ (B (Be = B)(B; o — B fo),v)|
=K (E;lfg — B fe, Bfl(ge - Be)v)]

— E|(@C — wp, B, (B — Bg)u)} .

Finally, we use the Cauchy-Schwarz inequality, the error estimate (7.19), we bound the
right expression with a standard MC variance estimate and bound B, ™' to arrive at

e 1,5 R 1/2 A 1/2
E| (@ ~ ur, B (B ))]!<E[H MO — w2 B[ I1B 7 (Be - Bowl?]

1
= le/z lyall 7 Il = e—Ilyallllv]]-
Now set v = E[@)'°] — uy € U to conclude

B[] — well® < c—||yd||||E[AMC} — ),

which shows that the bias of the MC estimator @)'¢ is at least of order m ™. o

In practice we have to solve the system ([7.15). For PDE constraints the operator S, and
thus @g corresponds to a matrix that is often dense. Therefore, it is not practical to
compute the operator B, = al 4+ (), or its inverse. However, some iterative methods only
require the application of the matrix By to a vector. In this case, the MC method requires
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a state solve applying S, and an adjoint solve applying S; for every realization. The
convergence rate of such iterative methods is often linear and we derive results specifically
for the conjugate gradient (CG) algorithm. The CG-algorithm we use is standard and
given in [103, Algorithm 5.2]. This is a Krylov subspace method originally from the
authors of [7T1] and well known in mathematical literature, see [I31 Chapter 4], [78,
Chapter 2] and [98, Chapter 2]. We denote the CG—approximation of y1¢ with ﬂyC’CG

starting the iteration with a zero vector.

Lemma 7.13 (Number of CG-iterations). Let o > 0 and Assumption be true. For
e {l,...,L} let ﬂyC’CG be the CG-approximation of #}!°. Then the convergence is
linear such that after n iterations the error satisfies

m 1/2
o+ % >ie1 ¢ (wi)

a

7%~ @) < ¢ 2cen @ (7.20)

where the random rate y¢q is lower bounded

1/2
[0
Yog > —logy | 1 — — > 0. 7.21

2 <a+ i q?(w») T2

Furthermore, for all € € (0,1/¢] the expected number of steps E[n] to achieve the error
[y 9% — GMC|| < ¢ is logarithmic in e

Eln] < e|logy(e)| + E[@YC)%] ) < | log,(e)]. (7.22)

Proof. We use the definition of the A-norm for a symmetric positive definite matrix A,
which satisfies the well-known inequalities for all z € R"

2l = =" Az, lzl7 < AT =05 H=05 < IAl=I7

We further use the estimate [103, Equation 5.36], where we use the starting point to be
zero. According to this equation, after n steps the CG-approximation % of z, where x
solves Ax = b, satisfies

||£L’CG . :L,HA < 9 V HAHHAilH -1 ||x||A
VIA[ATH +1

We use this and define the condition number & := ||By|| ||§[1|| to obtain

2n
SMC,CG S_1)[AMC, G ~ S (VE=1\T
a0 — &2 < 1B} —u%cr\gs4|rBﬁH(—ﬁ+) @),
A further computation then shows

2n
1B (1) e
N\ Vr+1 ¢ 1B,

IN

. . 1 2n R
BB (1 -2 ) e

A (7.23)
—n(1-22 ) 1@
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1 N
k< — sup [[(al + Q)|
a fo|=1

1 1 &
—|a+ sup||— > S;(wi)Se(wi)v
a( whlm;;‘

We now upper bound the condition number using ||§Z 'l € 1/a and Assumption
<Y + o Dy 40 (wi)

)

We insert this into ([7.23]) to obtain ([7.20]), since the linear convergence rate satisfies

IN

1
277Cce < 1 — 2\/E+ :
<1-29 ol /2
R T SV ) LR
<1-29 il

(@t & T P@) P+ (ot £ 3 @)

We take the negative logarithm to conclude ([7.21)). For a fixed ¢ € (0,1/e] we achieve
[Ty ¢ — @) < e using (7.20) if we choose

1/2
e Oé“!‘% Zm:1 Z(wi)
oy (e) + o) +log2<[—f; we) )

el

n—==«c

Here we implicitly assume that ||@I¢]| > 0, since we otherwise have to iterate at most once
n = 1 for realizations with ||@)“|| = 0. We use that ycq is positive and the elementary
inequality log,(z) < 2z for # > 0 to conclude

«

ot 23 2]
~logy(e) + B + [m—}

n<c
Yca

Now take the mean and use the Cauchy—Schwarz inequality for the last two terms

1 1/2
E{—} |
Yca

We use Assumption E E[1/vcc] < IEl[l/’y%G]l/2 and € € (0,1/e] to conclude

m 1/2
a+ % > i q2(wi)

«

1 R 1/2
Efn] < d log2<e>|E{%—G] (e + e

E[f] < (] loga(e)] + B[] 1/2)113[%} " (7.24)

Since the norm of @) is bounded due to ((7.18)) of Lemma [7.13] it remains to show that
the right-most term in ([7.24]) is bounded. The elementary inequality

—log(l—z) >z forallze€0,1) (7.25)
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holds, which can easily be checked since equality holds for x = 0 and the derivative of the
left side is larger than the derivative of the right side

1—:1:21 for all z € [0,1).

Using that both sides of ([7.25]) are non-negative we obtain
log(l—x)? <22 forallz€l0,1).

This inequality also holds for the logarithm with base 2 if we add an appropriate constant.
We combine this with ([7.21]) and Assumption [7.6] to finally bound

o+ % 221 q2(wz‘)]
<ec

Q

12\ 2
Q@
E[l/yéG} =E|log,|1— <a+izm qQ(w-)> < cE
m 2i=1 i

]

The previous theorem allows us to write down the complexity of the MC estimator ob-
tained from the CG-method.

Theorem 7.14 (Complexity of MC). Let o > 0, Assumption and Assumption be
true. Let the cost increase for both an application of S, and its adjoint S; be at most
geometric

W([S,] + W[S;] < 22t forall £ € {1,...,L}. (7.26)

Then for all ¢ € (0,1/¢] there exists L and m such that E[HAMC ca uHQ} < ¢? with
expected costs bounded by

W[alz/[c,CG] S C| log(g)lg_Q_PYCost/Fy' (727)

Proof. The proof is an adaptation of the MC complexity Theorem |3.11| which includes
the iteration error. We split up the error into three terms with the triangle inequality and
Cauchy—Schwarz inequality with (1,1,1)7 € R?

2
B[ — ] < | (1% - 81 + 17~ wall + e — ) |

( )E (106 — @C)2] + B[I@C - url?) + llu — ul?)
< 3((1) + (I1) + (I11)).

We require that the iteration error (1), the variance (/) and the bias error (I11) are all
smaller than £2/9. For (I11) < ce? the use of the error estimate (7.14)) shows that we
have to choose

—1
L 2loel) (7.28)
g
We have (I7) < ce? using the error estimate (7.19) with the number of samples

m > ce 2 (7.29)
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Finally (7.22)) shows that the expected iteration count is logarithmic w.r.t. €
E[n] < c|logy(e)]. (7.30)

We multiply the number of iterations (7.30) with the number of samples ([7.29)) and the
cost on level L in ((7.28). We then use the geometric cost increase ([7.26]) to obtain ([7.27))

W (@ 6] = Elnm(WIS] + WS;])] < =220 | logy(e) | < e/ logy(£)]. O

The additional logarithmic factor in 7) compared to the result in Theorem is
purely a consequence of requiring a logarlthrnlc number of iterations for the CG— algorrthm
If the system Bg can explicitly be formed and ([7.15]) can be solved with costs independently
of L, then the logarithmic term dlsappears Importantly, the optimal cost rate with
Yoost = 0 leads to the optimal (up to logarithmic factors) complexity |log,(g)|e ™2, which
is not achieved by MC.

Remark 7.15 (Removing the logarithmic factor). We outline a method for removing the
logarithmic factor |log,(¢)| in the asymptotic complexity (7.27). The idea is to use fewer
samples at the start of the CG-iteration and geometrically increase their number. For
simplicity and to avoid complications, assume that m = 4" for some N € N and every
CG-iteration reduces the error by half. We then start with n = 1 and 4" samples denoting
the corresponding estimator with arz/rqr and its CG-approximation with aGC We
apply four iterations of the CG-method starting at zero and assuming ||u; C’lH < 4 to

conclude
~MC,CG,1 AMC 1
HUL

~MC,1 ~MC,
[ug H<—H <

l\:JI)—l

We continue with n = 2 and 4" samples to similarly define uMC 2 and the corresponding

CG-approximation with uMC CG2 We apply four iterations of the CG—method starting
AMC [eleh!
with @ instead of a zero Vector to conclude
~MC,CG,2  ~MC,2 4 ~MC,CC,1  ~MC,2
a7, =y 7| <2 x0.5%uy, |
L mccan _ e
< gl

~MC,1 ~MC,2
I+ 3 H —uy
I . I ~ ~
_||UE/[C,CG,1 MC1||+ ” MC,1 UL||+_|| MC,2 ULH

Repeating this procedure sequentially with n € {1,..., N} shows the recursion

GMCCGn_gMCn L Mo,cen-1 ~MCn—1 ~MCn—1_
2y, | < <llug —y, |y,

||+ | ||+—||AMC” cll- (7.31)

Now we make the assumption of HuMC ™ — | < 27", which is justified since we expect a
RMSE of order 27" given 4" samples. We then use mductron over n to show HuMC OGm _

Uy " < 27" since (7-31)) directly shows

~ n A n 1 —n —n —n —n
[T ||§§(2 gt Loy <97

~MC,CG,N __ ~MC,CG ~MC,N : . .
We use that u; =u; 7 and uy, = uM°, which shows that the iteration error

is of the same order as the RMSE HAMC — gl <27 since

Jay ¢ =@l < 27 (7.32)
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We assume that the cost of applying one solution and adjoint operator is equal to one.
Then the overall evaluation costs to achieve (|7.32)) is bounded by

42 [S] 4+ W[SE])4™ < 4 x 4N+ < 4V,

This cost however, is proportional to a single CG-iteration using all 4" samples of 7)“.
Therefore, without making this argument rigorous, we believe that the logarithmic factor
|log,(g)| can be removed from the asymptotic complexity by modifying the CG—method.

o

7.3 Multilevel Monte Carlo for the control

We highlight why applying standard MLMC for the risk neutral optimal control problem
(7.1) may lead to an ill-posed problem.

Remark 7.16 (Naive MLMC is ill-posed). We discretize the the expectation with the
standard MLMC estimator

uelU

«
min - J(u Z Z lye(ws wie) = yall* = llye (w wie) = yall®) + Fllul’

such that  y,(u,w; ) = Sg(wz‘j) foralli e {1,...,m,}, 0 €{1,...,L}.

(7.33)
Here we defined yy := y4. The cost function does not ensure J > 0, although this is
the case for the original problem , the problem where only the solution operator
S is discretized and for the MC discretized version (|7.16)). Even worse, since we
subtract a convex function from a convex function, it is not guaranteed that the resulting
function is convex. We obtain such an example if we assume that L := 2, m; = my, := 1,
Si(wr1) = Sy(wia) = 0 and Sy(wy2) := I. We further assume that y; := 0. The cost
function is then

E

1 a
I(w) = 5 (lall® = llw = all® + Nyall?) + 5l = 5

which is strictly concave if & < 1 and in this case does not have a minimizer. Hence, the
problem ([7.33)) is ill-posed. We write down the first order necessary optimality conditions

of ([33)

v

L my
1 * * ~
(O‘] +> - > " [Si (wie) Se(wie) — Sel(wi,é)se—l(wi,z)]> ay e
(=1 =1

L 1 my
=D oo D[S = St @i
(=1 i=1

Here the operator on the left may not be invertible since even in the finite dimensional
case the difference of two positive definite matrices is not necessarily positive definite. For
the example in this remark, we have to solve

(o — 1)ay™C = o,

which does not have a unique solution for « = 1 and for @ < 1 we compute the maximizer
instead of the minimizer. Therefore, the naive application of MLMC is difficult to analyse
since with positive probability we obtain an ill-posed minimization problem. o
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The basic idea of MLC is to apply the MLMC telescoping sum idea to the control. We

rewrite uy, as follows
L L
ur, = ZU@ — Up—1 = Zd@, (734)
=1 =1

where we define uy := 0. We use the system ((7.10) for ¢ and ¢ — 1 to show that the
increments 0y := uy — uy_q satisfy

By = (al + Qo)ug — (al + Q)ug—
= fr— (o + Qe1)ug—1 + (Qr—1 — Qr)up—
= fo— foo1 — (Qe — Qu—1)ue—1.

We use the difference notation Af, := f, — fr_1 and AQ, := Qp — Q1 to arrive at
Bgég == Afg - AQgU,g_l. (735)

Here we tacitly defined Sy := 0 and Sj := 0 and thus fy := 0 and () := 0. We approximate
(7.35)) using MC in a recursive fashion

1 &
(a[ +— Z St (wie Se(wM))(Se — — > (57 (wie) — Si_1 (wie))ya

¢ =1

1 & R
- (m— > (S (wie) Se(wi) — SZI(Wi,Z>SZ—1(wi,€))> Uy
Lt
We abbreviate this as follows
E\gs\g = Aﬁ AQKUMLC. (736)

The controls )™ are defined as MC approximation of ([7.34)) with the help of 5\4

aye Z 0;. (7.37)

Importantly, we assume that samples are independent across levels in the sense that
AQq, Af, are independent of AQ;, Af; if £ # j. However, the increments ¢, are not
independent w.r.t. each other, since they depend on wyLC and thus in on dy_,.
This is a key difference compared to the standard MLMC estimator and makes the error
analysis more complicated.

We outline the advantages of the MLC approach. First of all, the system is always
invertible and in fact, uses the same operator E@ as MC in . Secondly, we have a
variance reduction for both terms in the right—hand side of since the differences
are of order 277, For a sampling based method the error ;5\4 — &, is then of order 277 /m,
for all ¢ € {1,..., L} and thus we need fewer samples on fine grids. We write down the
corresponding optimal control problem to further explain the main idea.

Remark 7.17 (MLC optimal control problem). We rewrite the optimality conditions
(7.35]) to redefine the desired state

Bg(Sg = E[S; [(I — (S})*IS;,I)yd — (SZ)il (S;Sg — SZ,ng_l)ug_lﬂ = E[S;yd,g], (738)
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where the updated desired state y,, is defined accordingly
yae = (I = (S7)7"S; 1) ya — (S7) 71 (87 Se — Si_ySe—1) e

This expression is well defined if (S;)~S;_; is well defined, which may or may not be
true. It is straightforward to verify that (7.38)) are the necessary and sufficient optimality
conditions of
1 o
i 0) :==-E 0) — 2+ =62
min () = 5B [lu(®) — vad?) + 515
such that P-a.s.  y,(d,w) = Sy(w)d,

(7.39)

where the desired state is now random and depends on the optimal control on the previous
levels. We thus have to solve L consecutive convex optimal control problems starting with
the coarsest level. We now discretize the expectation in with MC and replace u,_4
with @)™=€ which leads to the following optimal control problem for the (~th level

~ 11 &, - o
i J() = =— 0 i — 7, i 2 —||o 2
min (9) QWZ;HW( swie) = Yaelwio) "+ Sllo]

(7.40)
such that Z/e(g, Wig) = Sg((.di,g>g for all i € {1,...,m,},
where the desired state is defined as
Jae(w) = (I = S;(w) 7' Si_1(w))ya — Si(w) ! (S7(w)Se(w) — Si_y (w) Se—r (w)) T,
As it turns out, the optimality conditions of are exactly . Importantly, the
optimal control problem remains convex. o

We now outline why this approach leads to a variance reduction. Thus assume for a
moment that the random bound ¢ € L* in Assumption and that the same bounds
hold for the inverse (S;)~!, which we also assume exists. Previous error estimates in this
chapter often include the factor ||yg||> and the same bounds also holds for (7.39) if we
replace ||yq||? with ||ya.||? since ¢ € L. Then a computation using Young’s inequality,

Assumption and shows
Elyacl®] < B[ (1650 (S: = Si-a)va = (5iSe = Si-Ser)uenl)’]

< cE[I1(S7 = Si_1)wall® + 1(S5Se — Si_y Se—1) e ||]
< 27 |yq*.

We further replace @wc with ;5\@, up with 0, and assume that E%Llc = uy_1 to obtain an
improved bound from ((7.19)

E |16 = 0] < e——Ellyael®] <
My my

—2+4 )
yall”

This is the same error rate as for the standard MLMC estimator in itV[Z,— Z,1] <
272, We therefore expect that u}!“C has similar complexity than the standard MLMC
estimator. Notice that these results only hold if an exact approximation of u,_; is available
but the approximation error of this quantity is also reduced using the same idea on a
coarser level. These results also require stronger assumptions on the solution operator,
its adjoint and the inverse of it, which we will not require in the remaining section.

The error analysis for the MLC estimator is more challenging than for the MLMC estima-
tor since the increments o, are not independent of each other. We first provide a technical
lemma which estimates some terms required for the error analysis.



192 Chapter 7 A multilevel approach for the risk neutral optimal control problem

Lemma 7.18 (Error estimates). Let @ > 0 and Assumption be true. Then for all
te{l,...,L}

N - —2+4
E|IAf = Afl?] < eIyl (7.41)
i my
E[IAQ@™SC — ue) ] < 2P B35 —wea?),  (742)
~ PR 7 1 R
E[IB;" - B @ — we)IP] < e B[RS~ ueal?), (7.43)
- - —2+4
E 1A — AQuue ] < e~ —lual’” (7.44)
E[1(0e — 00del?] < 1yl 4
[(Qe — Qe)oe]|”| < ¢ yall” (7.45)
| my

Proof. (7.41)): We use a standard MC error estimate and Assumption

E[lIaf - A% = VI(Si = Siya) _ E(NSE = St avall] _ Ela2=lyall®

my my my

(7.42): We use the triangle inequality and Assumption to conclude that for all v € U
1057 Se = Si_1Se—1)vll < 155(Se = Se—a)oll + [1(S7 = Si_)Secavll < 2¢*277 vl (7.46)

We remark that Sj(w;)Se(wie) — Si_1(wie)Se—1(wie) is independent of TyLC — wu,_; and
thus we estimate

A 1 S * * ~
IAQ(W™” — ug—1)|| < — > |55 (wie) Se(wie) — Sp_y (wie) Se—1(wie) | ) @5 — wes) |
my
=1
1 &
< e D P win)2 TN — |
=1

1 &
=c| — Y q’(wie) |27E5C = ue .
Me 3
~MLC

We square this expression, take the expectation, use the independence of u,";~ and ¢, the
Cauchy—Schwarz inequality and Assumption [7.6

2
1 i ~ .
E <g Zqz(wz‘,é)> 27w — wea || < 27 R E[ap — wea ]
ti=1
< 27E[[[i — wea|)?).

(7.43): This expression is the difference of two solutions of a linear system with the same
right-hand side. We apply Lemma [7.5 with

A=al +Qy, AA:@Z_Qéa
b=y — oy, Ab =0,

z =B (@ —ue), Az =[B;" = B (@M — ue).
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The perturbation result ((7.9) reads

~

1B = Be (@5 — ue-)|| < 1B 11(Qe — Q) Be™ (@1 — ue) |

< ¢||(Qe — Q) By (@M — ug_y)].

Here we used the bound ||§[ I < 1/a < c¢. We square this and take the conditional
expectation noting that @ is independent of T)™C to obtain

[0 — Q0B @ — u ) P = V[QuB @8 — e @]

We use the standard MC variance estimate, Assumption [7.6{and the bound ||B, || < ¢

} VIS S B ()™ — upa)|[up™C]
my
E[[S7SeBe ™ (U™ — ue—y)|*|ap™C]
my
Elg*]l| By (@™ — uey)||?

my

V| QeB M@ — w5

||AMLC

— uga
my .
Now use the law of total expectation E[] = E[E[- |ﬂ%/ﬂicﬂ to conclude ([7.43)).

[7.44): We use the standard MC variance estimate, with v = w1 € U and
Assumption [7.0]

\Y [(SZS@ — Sz_ng_l)uz_l}
my

E|(AQr = AQoue 2] = V[(AQ: — AQours]| =
E[[|(S;Se — Si_1Se—1)ue |)?]

my
Elg"]272"Jug_y|)?
my

—2+4
<c [y
my

We then use ((7.13) to bound wu,_; in the previous equation

lue—1]* < ellyall®

(7.45): We use a MC variance estimate and Assumption

VIS Sedd] < [||5e5e5e||]

my my

E[I@: - Qoal] = v[Gw] = B
The result then follows since ¢ has bounded fourth moment and the error estimate ([7.14)
shows

18]l = llue = we ]l < flue = wll + fluer = ull < 27|yal. O

The next step is again a technical lemma that derives an expression for a mixed term.
This estimate is needed later to ensure that the MSE decays fast enough.
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Lemma 7.19 (Mixed estimate). Let o« > 0 and Assumption be true. Then for all

L} the estimate holds
p™C —ue||?]. (7.47)

-0 )] | < 2_278 || H2 ! 2_72 [H
,U Up— ~C +c + Elllu
6 %o~ 1 -l my Ya my -1

ced{l,...,

E |G

Proof. We use the definition of &, and &, in (7.35) and (7.36)) to obtain
00— 8¢ = By (Afo = Qiip™C) = B (Afe — AQuug-)

= B (A = AQuug-) + B (A fr — AQrur)

= BN (Ao = Afo) = By HAQa™C — AQuur-)

B (7.48)

B Y (Af — AQuup—1)

— (B -1_
= B Y(Afo— Afe) = BN AQ™E — AQuuy 1)
— BN (AQuugr — AQuug—1) — (Be ™ = By V) (A fe — AQuug—y)

=)+ UI)+ III)+(IV).
Let us now estimate the term (7). We use that u}LC is independent of f, to insert the

mean zero expression B[l(Aﬁ — Afy) into the scalar product
E[(B7(Af = Af0) B —ue)| = BB = B7N(AF — Afe), @5 — )

We use that adjoints satisfy (A + B)* = A* + B*, (A™))* = (A*)! and that both B;"

and B, ! are self-adjoint. We combine this with the Cauchy-Schwarz inequality

BN AR — Af), @5 - w)]

E[(B;" -
= [E[(Af, = Afe (B = B @0 = wea)||
<E[Iaf - anl?] BB - BI@E — o))
We now use and to conclude
- AMLC g, |12, (7.49)

UM = ue)]| < CEHdeE[HW 1

E[((7), @
Let us now estimate (/I). We use the bound HE[ ' € ¢ and the Cauchy-Schwarz in-
equality
E[(D, B = ue-)]| = [E[ (B AQ@™EC = we-), B — o)
e 1/2
(174 — 7]

< E[|AQ: @™ — )]

We combine this with (7.42)) to conclude
G = )] < 27 B35 - wea ).

[E[((11), 1,
“(AQuus—1 — AQuuy_,) has mean

Let us continue with the term (/I7). We use that By
zero and is independent of T)'™“ to conclude

B (AQeury — AQuue), T — g )|
B (AQe — AQe)ug—y, )™ — Ug_l)].

(7.50)

E[((IIT), %€ — uy_y)] = E[(—
=E[(B -
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Similarly to the calculation of (I), we use the properties of the adjoints and inverses.
Then we apply the Cauchy-Schwarz inequality

E[([Be = B NAQe - AQe)ue1, T — ue-a)]
— [E[((AQ¢ — AQe)ur-1,[B " = By J@C = ue)) |
< (1A - AQuue ] E[IB - B@C — weIP]

We use ([7.43)) and ([7.44]) to bound this term

3 . /2
2t BN — ]
IE[((I11), 0" — up_y)]| < ¢ [l
[ o II< e ()2 (7.51)
27 ~MLC 271/2
= c—|lwal E[[|e2 — uen[?]
my

We now derive an expression for (V). A calculation and B, *(Af; — AQuy_1) = ; from

(7.35)) shows

(V)= [Ez_l — B (Afe — AQeu—1) = B "By — BB, (A fo — AQuug-r)

~

=B, Q¢ — Q0)d.

We use that Bg_l(Qg Qg)ég has mean zero and is independent of u?“ic, which allows us

to subtract it
E[((1V), @™ ~ 1)) = B[ (B Qe — Q0o @ = ur1)|
=E[(B;' = B (@ — Q0 T — e ).
Similarly to before, use the properties of adjoints and the Cauchy—Schwarz inequality
BB = B(Qr — Qoo TEE — wey)]|
= [E[((Qe = Q). [B;" = B (@M — uea) ||

. 1/2 ~ R 1/2
<E[IQe — Qo] "E[IB - BI@NC — ue)?)
We use ([7.43)) and ([7.45)) to bound this
27 ~MLC 211/2
E[((IV), @ —ue)]| < CEH?MHE[HW = eI (7.52)

We combine ([7.48) with ([7.49), (7.50), (7.51)) and (7.52)) to obtain

B | (B — 6 @ = we ) || < B[((D, B = )] + [E[((ID), B = up )]

B[, @™ — )] + [E[(IV), 8 — upy)]|

277 R 1/2 _ R
< c—uyduE[nu%%C wea 2] + 2B [JaC — up |-
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The result ([7.47) now follows from Young’s inequality

N 1/2
27 1/2 27 E[HUNHJC - WleQ]
EMNGMLC _ o, |12 _ -1
ey lyal B350 = wea ] Hyd”(me)l/z my
2=t E[uC — w2
< el 2 ENOE vl .
my my

Before we continue, we verify that the increment 6, has bounded second moment and
satisfies an error estimate.

Lemma 7.20 (Bound and error estimate for gg) Let o > 0 and Assumption be true.

Then for all ¢ € {1,..., L} the increments 6, have bounded second moment and satisfy
the error estimate

E[18017] < e2 " (llyall® + E[3%C — wes]7]), (7.53)
~ 1 R
B[ - 6] < 2 (-l + B — wenal?]). (7.54)

Proof. We first show ([7.54]). We use the perturbation result ((7.9) with

A=al+Qq, AA:@E_Q&
b=Af, — AQuuy_1, Ab=AJ, — AQY™C — Afy + AQuup_y,
T = 0y, A$:8\g—(5g.

We combine this with the triangle inequality and the bound ||§[ I<e

I8¢ — dell < 1B HI(1(Qe — Qo)ell + | AFe — Afel| + |AQE™NE — AQeup—]))
< c((Qc — Q)ocll + |1 Afe — Afoll + [AQu@™E — wey)[| + I(AQe — AQe)ug—1])).

We square this, apply the Cauchy—Schwarz inequality with (1,1,1,1)7 € R* and take the
expectation to conclude

E[ I3 — aell?] < 4e(®[1(Q — Quarll?] +E[lIAf - Afol?]
FE|AQU@T — ue) ] +E[|(AQ — AQe)ui )

These expressions are estimated in Lemma from which we directly deduce ((7.54). The
bound ([7.53)) follows using the triangle inequality and the Cauchy—Schwarz inequality

E|1l17] < 113 — 6ell2] + cB18112] = cB[113% — 6el12] + ellue = ] + eljue-s — w
Now use the result (7.54)), m, > 1 and the error estimate ([7.14]) to obtain ([7.53]). O

Lemma allows us to derive an error estimate for the MLC estimator a)™¢

a bound for the second moment of it.

as well as
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Theorem 7.21 (Bound and error estimate for u)'C). Let o > 0 and Assumption [7.6| be
true. Then for all L € N the bound and error estimate hold

E[||ayC)?] < c<1+z 2;:4 f[ [1+c(i+2 W 2T W)D lyall®, (7.55)

/=1 ¢ j=0+1
[HAMLC ur || (Z {1—1-0(——1—2 W49 2"/])})”%”2' (7.56)
j=0+1

In particular, if the number of samples satisfy

> 1. (7.57)

—2+L

with a constant ¢ independent of L, then it holds

E[|[@" 7] < elyall® (7.58)
L _
~MLC 2 < 2 Z'YZ 2 759
B[ — sl < el 35— | vl (7.59)
=1

Proof. We use the recursive definitions u; = 6, + ur_; and uMLC = SL + ﬂlz/[flc together
with the properties of the scalar product to obtain

E[IZ"C — ur|2) = E|[5; - 82| + 2B (Bp, = 8, @ = wp )| + E[IBEE - up 1))
<E[115, - 82|+ 21E | (G - 01, B — )| |+ BIEEC - w7,
We now use Lemma [7.19 and Lemma, [T.20] to obtain the recursion

—2~L 1
B — uul?) < ool + |14 o o+ 2%+ 2720 ) | B[RS - uol)
L L

(7.60)
We explicitly use the constant ¢j instead of ¢ to verify that this constant does not depend
on L. We apply induction over L to verify

~MLC 2t = 1 vj 2v7 2
E[|a}™C — ur|?] < co I |1+ —+2 +2° lyall®. (7.61)

m
¢ J=l+1

Notice that E[||a§™¢ — uon] = 0 by definition and thus the recursion (7.60) for L =1 is
valid. We use the induction hypothesis assuming that (7.61)) is valid for L — 1

MLC 2 2- or 2
E[[lay —ur®] < co — llual
. L=l 5oy Lol 1 A ‘
+ {Hco(— +277F 4+ 2‘“)] m( 11 {1 +¢o (— +277 + 2‘2”)D lyall®
mrp, my ’n’LJ
(=1 j=0(+1
272714 L— 1 —2~¢ L
— o gl + co T [1+a(Gr 2 v2)] )bl
mr = T

—2¢

(Z H [rralg e ZW)DHde%

1
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Here we used that the empty product is equal to one for the last equation. This shows the
result - for all L. The infinite product converges to a finite value if the corresponding
sequence is summable, that is for a sequence of summable, non—negative numbers (a,,)5°
we have

o) N N
log (1_[1(1 + an)> = log (Nl_lgrloo 1_[1(1 + an)) = Nl_lgrloo Zl log(1 + an)
= Zlog(l +a,) < Zan < +o00.
n=1 n=1

We thus have to ensure that

n=1

L
3 () s
my

(=1

independently of L. This is satisfied if the additional assumption ((7.57)) is true and using
7 > 0 from Assumption [7.6] This shows (7.59). The remaining bounds (7.55) and (7.58)
can be proved similarly to ((7.53) in Lemma by bounding wu, using (|7.13)). O

We remark that is equal to the bound of the variance of the MLMC estimator in
by estimating V[Z, — Z,_1] < c2727||y,4||?. The Assumption (7.57)) is not required
to obtain an error estimate. A simple and straightforward calculation using the triangle
and Cauchy—Schwarz inequality with (1,...,1)7 € R shows

E[J[a;™ — uc?] (i 150 — &;)2 g(éﬁ)]ﬁ:
3 [l -]

We are then able to bound these differences similarly to the proof of Lemma and
obtain

[HAMLC ur H <cL Z 27" ﬁ 1+c27 2w ”yd||2<CL iQQV@ ||yd||2
—_— me .

J=0+1 /=1

L —~
> lloe - 5@“1
/=1

(7.62)

| /\

This error is asymptotically larger due to the additional factor L and worsens the final
complexity by a logarithmic factor, however, a close inspection of the proof of Theo-
rem and especially Lemma shows that using this weaker bound simplifies the
analysis. This might be of interest if the function J in is more complicated or the
solution operator S is non—linear.

Similar to the MC estimator we use the CG-method to 1terat1vely solve (|7.36)) sequentially
for ¢ € {1,..., L}. Therefore we define the CG-approximation of 5, as 5CG and the overall
solution on level L as

AMLC G . Z hes

We now derive the main complexity result of this chapter showing improved complexity
of MLC similarly to the MLMC complexity Theorem [3.49|
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Theorem 7.22 (Complexity of MLC). Let o > 0, Assumption and Assumption
be true. Let the cost increase for both an application of S, and its adjoint S} be at most
geometric

WIS+ W[S;] < e27e® forall €€ {1,...,L}. (7.63)

Then for all € € (0, 1/e] there exists L and my, ..., m , such that E [HﬁIZILC’CG - u||2] < g?
with expected costs bounded by

672’ if 2’7 > YCosts
W[ﬂiﬂc’“} < c|log(e)[4 e % log(e)?,  if 27 = Yoost, (7.64)
727%}03’:72“/’ if 27 < YCost-

Proof. The proof is very similar to the proof of Theorem We decompose the error
E[[[ay 0% — wl?] < 3B [y - @C)2) + BB - ugl|] + 3w, - ull®.

The bias like term is smaller than €2/9 if we choose L as in the proof of Theorem

—1
L Zloele) (7.65)
v
We now choose the number of samples m, on level £ € {1,..., L} as follows
5727 if 27 > Ycost;
(2 + ost) .
mei= ()27 X ge) == e logle)l, i 29 = ot (7.66)
YCost =2Y
£ ;i 29 < Yoost -

We are able to apply Theorem [7.21] since the additional sample assumption (7.57)) is
satisfied. To show this, we use the properties of the geometric sum and ([7.65))

YCos .
L L (27"’70051;) (L+1) 81 2 ’ Y lf 27 > ’yCOSt7
]_ ]. 2"/+'YCost E 2 1 .
> my d(e) 22 () = Qs ey e S e
=1 =1 1, if 29 < Ycoost-

We then use ((7.59)) such that the variance like term satisfies

2—276

[HAMLC L ”2] < CXL: — %XL: 24 2 ICostp ﬁincm YCost=27 < e
¢ =

(=1 {=1
(7.67)
The last inequality is a calculation very similar to the proof of Theorem for all three
cases. Finally, we take care of the iteration error, where we use the Cauchy—Schwarz

inequality with (1,...,1)T € R to conclude
L ~, —~
s (xor) (i - )|
=1

(7.68)

L

1Y 05 = )| <

/=1

E[HQE/ILC,CG _ ali/ILCHZ] _E

~

= LY |57 - &)1,

(=1
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Notice that Lemma also holds for &, instead of aMC, since (7.15)) and ((7.36)) have the

same left-hand side operator. We thus conclude that to reach ||05¢ — gg” < ce/L and
thus E |[Jay % — a)C|?| < e

bounded from (|7.22))

2/9 the expected number of iterations n, on level ¢ is

~q1/2
Eln] < c(|logy(e/L)| + E[13]2] ). (7.69)
We use ([7.53)), (7.59) with L—1, a calculation similarly to (7.67) and e € (0, 1/e] to bound
the increment

L-1

—~ B R ats
E1517] < 27" (lyal® + BB - up 7)) < e2” 2”‘(1 + )

= M
< 2" 2W<1+Z2W> <2 (1+&%) <e

m
=1 ¢

Now use ([7.69), that L grows logarithmically w.r.t. e in (7.65)) and again € € (0,1/e]

E[ng] < c(]logy(e)] + [logy(L)] + ¢) < (|1og,y(e)] + [logy(| logy(e)[)] + ¢) < cflogy(e)]-

This bound is independent of ¢ and thus the total costs are upper bounded using the

geometric cost increase and -

W [AMLC CG} _

L

Zneme [Se] —i—W[SZ])] < Z]E[ng]mﬂ”%b‘tz

(=1

L

(YCost—27)

< cllogy(e)lp(e) Y 2 "
/=1

A straightforward calculation similar to the proof of Theorem then shows the com-
plexity result . As a final remark we note that rounding never increases the asymp-
totic complexity, since the additional cost of rounding is of order at most | log,(¢)|e~7cost/7,
This is not surprising, since the rounding costs never dominate for 2vgj.s = Yvar i
and we have 27 = 29gjas = Yvar- O

We conclude this section by remarking that MLC achieves the optimal complexity (up to
logarithmic factors) of | log,(¢)|e ™2 if the variance reduction is larger than the cost increase
27y > 7Yoost- This is in contrast to the standard MC estimator, which only achieves this
complexity for the exact sampling case ycost = 0.

Remark 7.23 (Removing the logarithmic factor). Similar to Remark [7.15| with the same
basic idea applied to (5CG for all ¢ € {1,..., L}, we believe that we are able to remove

the logarithmic factor ]logQ( )| Therefore instead of requiring the expected number of
iterations to be equal to ((7.69), we w.l.o.g. may assume that

Eln] < ef|loga(1/D)] + E[I517] ) < e(1 + [loga(L)]) < el logy(| o ),

where we used that L is logarithmic w.r.t. ¢ in . We thus have replaced the
logarithmic factor |log,(¢)| with the much smaller | log, (| log,(¢)|)|. This additional factor
is a consequence of , where we applied the Cauchy—Schwarz inequality. We believe
that this leads to an estimate that is not sharp and thus to an additional factor L similarly
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to . The latter is itself is not sharp compared to the improved but technically more
challenging without the extra L. If a similar improvement can be derived for ,
then the additional factor |log,(|logy(e)|)| can entirely be removed. For most practical
purposes the factor |log,(|log,(€)|)| grows so slowly that it may be viewed as a constant
not worth the additional effort to remove it. o

7.4 Numerical experiments

We numerically verify some of the results stated in this chapter. As constraint we use the
elliptic boundary value problem from Section
—div(a(w, z)Vy(w, z)) = u(x), if v € (0,1)%
y(x) =0, if z € 0(0,1),

where the diffusion coefficient a := exp(k) is lognormal. Here x ~ N(0,C), where C is the
covariance operator with the Whittle-Matérn kernel with smoothness v := 3/2, variance
0% := 1 and correlation length ¢ := 0.5. We furthermore use the Tikhonov regularization
parameter a := 1. We uniformly refine the finite element mesh starting at 9 nodes up to
level L := 8 with 16641 nodes. We compute reference solutions u?*f on level £ =1,...,7
with a sufficiently large number of samples using the standard MC method. We define
and approximate the bias as follows

Bias(ug) := |Jug — ul| = [uf® —u¥f|| forall ¢ € {1,...,6}

and extrapolate it for level ¢ = 7,8 such that Bias(us) := Bias(u,—1)/4. The sample
allocation for both the MC and MLC estimator is not straightforward to determine.
However, a computation using ((7.10) and o = 1 shows

u = E[S™(ya — Su)]. (7.70)

Here the control appears on the left and right—hand side. We eliminate the appearance
on the right—-hand side to obtain the approximation

up = E[S} (yq — Seu)]. (7.71)

The MC estimator of this quantity with a single sample assuming a fixed u then gives the
covariance for ¢,j € {1,..., L}

Cyj = E[(Sg(yd — Spu) — E[S] (ya — Seu)], Sj(yd — Sju) — E[S;(yd — Sju)] )Lz].
(7.72)
We use this as ad hoc definition for the covariance matrix which was computed using
N := 10? pilot samples. Formally, for any orthonormal basis (1, ),en of L?(D) we collapse
the covariance between two random fields into a single value

Coj =Y Cov[S;(ya— Seu), S} (ya — Sju)] (¥, ).

n=1

We also use the pilot samples to verify the cost assumption

we = WI[Sy| + W[S;] < 27! forall £ € {1,...,L}. (7.73)
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We plot the bias, the variance Cy g, the variance difference
V(@' — '] ~ Cre+ Crorom1 — 2Ci 14 (7.74)

as well as the costs in Figure [7.I] We see that the assumption of yc.s = 2 is satisfied,
whereas the bias rate is close to v = 2 and the variance difference rate is slightly smaller
than 2y = 4. Hence it is safe to assume that ycest < 27 and that the best complexity case
of e72 (ignoring logarithmic factors) holds for the MLC estimator. We conclude that the

—e— Bias
—=— Variance
Variance difference

10-10 T T T L 1 1

1 2 3 4 5
Level ¢

Figure 7.1: Ad hoc defined bias, variance Cy, variance difference ([7.74]) of the right—
hand side in ([7.71) and costs W[S,] + W[S;] for all levels ¢ € {1,...,L}. The reference
rates are drawn black.

cost assumption as well as Assumption is satisfied. This is not surprising, since
both Assumption and Assumption [7.6] are satisfied for the elliptic PDE constraint due
to Theorem respectively Theorem [2.39] and Theorem [2.40

We define the idealized MSE to match the form of the standard MLMC estimator as
follows

L
)2 4 Z Coo+Cor-1— 20@,#1‘

IMSE(uy) := Bias(uy
my

(=1

Here the nominator of the fractions approximate V[@/IC — @/ﬂcﬂ due to (7.74). We now
require the variance part to be equal to the square of the bias on level ¢, that is

L
Coo+ Cro10-1 —2C1 01

= Bias(ur)*.
my

=1

The standard MLMC sample allocation, see Theorem [3.46} is then used to compute
my, ..., my to minimize the cost. The sample allocation for the MC estimator is computed

similarly with Cp /mj as variance part. The allocations are listed in Table [7.1] Here



Chapter 7 A multilevel approach for the risk neutral optimal control problem 203

we remark that the sample allocation algorithm showed that MLC only reduces the costs
if the level is greater or equal to 4, otherwise the standard MC estimator is cheaper.
Note that we do not account for the iteration costs of solving linear systems. Instead, we
apply the CG-method until the residual has the norm 107, which exceeds the range of
the MSE that we care about. This removes the logarithmic factor in the MC complexity
Theorem [7.14] and MLC complexity Theorem [7.22] In practice, we observed that we
require three iterations of the CG—method to reach this accuracy, which is fast and a
result of the rather large @ = 1. We thus have approximately four state and adjoint
solves, one for the right-hand side and three for the solution of the linear system. This
allows us to simply multiply the cost by a factor of four. The computed costs are then
defined as

427713 [Se] + W[S;)).

We plot the computed costs versus the idealized MSE for both MC and MLC in Figure[7.2
The idealized MSE underestimates the true MSE, since we did not account for the bias
that is obtained by sampling

E [ag/[C] 75 Uy.
and thus have

E [l — uel”] # V[@"™].

Remark shows that the bias decays faster than the variance. A similar result should
also hold for the ML.C estimator and thus the idealized MSE should be a reasonable metric
that can be used for the sample allocation.

We account for this by plotting the computed costs versus the actual MSE in the left
image of Figure [7.3] We compute the MSE with the help of the reference solution on level
L = 7 using 100 independent runs for both the MC and MLC estimator

100

MSE (1) IOOZHA’ uker||2. (7.75)

The reference solution on level 7 allows us to obtain numerical results only up to level 6.
This is rather unsatisfactory, however, computing a reference solution on level L = 8 with
MC is prohibitively expensive. In fact, the costs to compute the MC estimator on level 8 is
approximately two years, whereas the MLC estimator can be computed in less than three
days. Therefore, we run another experiment using a level 8 reference solution obtained
from the MLC estimator, which we call uff. This additional reference solution allows us
to compute the MSE on level 7 for the MLC estimator. The right plot of Figure shows
these values. We conclude that the MLC estimator is a significant improvement over the
standard MC estimator. In particular, the cost of the MC estimator follows the predicted
costs of £73 in Theorem to reach a MSE of 72, whereas the MLC estimator seems
to have the optimal cost rate of =2 in Theorem [7.22] Once again, we iterate the CG—
algorithm a fixed number of times and thus we do not measure the logarithmic factors.

We believe that this rate is visible rather late, since the constant in ((7.56]) is
= 1

11 [1 + c(— +277 4 2—271)] .

) m;

j=f+1 J

The increase of this constant compared to a previous level is rather large for small levels
L since my, ..., my, are typically small and 277% is comparatively large.
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Level | @M€ @iC aMc gie aMe aMLe
2 2 _ : : : ;
3 _ 27 : 401 _ 4,749
4 . - 395 33 - 381
5 _ - : ; 4,495 80
Cost | 0.0048s  0.08s 285 1.6s 84s 21s
Level| @© @ oo U0 aC Ao
3 190,364 = 3,151,628 51,381,086
4 ~ 15,289 - 252,453 ~ 4,115,744
5 ~ 3211 ~ 53,018 ~ 864,354
6 | 173,982 499 - 8,238 T 134,290
7 . ~ | 2,795,608 1,130 _ 18,411
8 : : : _ | 44,777,906 2,667
Cost 36h  0.25h 264h 4.2h 729d 2.9d

Table 7.1: Sample allocation for the MC and MLC estimator on different levels. The
entries correspond to the number of samples the estimator uses on the respective level.
The costs correspond to the computed costs of the estimator, that is all samples of all
levels assuming three iterations of the CG-algorithm plus the computation of the right—
hand side. The costs are given in seconds (s), hours (h) or days (d). The estimator a}1°
only requires a single sample and costs approximately 0.0021 seconds. The estimators
uY™C and 3™ have larger variance than the corresponding MC estimators and are thus
not listed.

104 F

102 F

Computed Cost

100

102 F

farm|

1072 10710 108 106 10 1072
Idealized Mean Squared Error

Figure 7.2: Computed costs versus the idealized MSE of both the MC and MLC es-
timator on all levels. The idealized MSE does not account for any bias obtained from
sampling and thus has to understood as a lower bound for the true MSE.
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|1 2 3 4|5 6 7
MC [054 093 115 125|119 224 -
MLC| - - - 107|117 216 218

Table 7.2: Quotient of the true MSE divided by the idealized MSE for the MC and MLC
estimator on different levels.

Finally, we plot the true costs of our implementation w.r.t. the MSE in Figure [7.4 We
used a computer with four equally fast processors and thus the cost is cut by roughly a
quarter, i.e. 0.98 hours actual time used for a sample of uMLC versus the computed costs
of approximately 4.2 hours. This observation seems to be valid for datapoints on fine
levels but not for coarse levels. We believe that this is a result of our implementation
which is not very efficient for a small number of samples. In particular, we think that
we have sample independent fix costs of at least two seconds due to the parallelization

every time we solve a linear system. This affects the performance of the coarse estimators

M, ..., a}'° such that they have almost the same costs. The @}1¢ is in fact cheaper than
~MLC

u, ™ contrary to the computed costs. The latter estimator uses two levels and thus has
to solve two linear systems, which means we pay the fix costs twice. The relative overhead
gets smaller as we increase the number of samples and thus the estimated costs closely
match the true costs on fine levels.

We compare how well the idealized MSE, which we use to compute the sample allocation,
approximates the true MSE. The quotient of the true MSE divided by the idealized MSE
is given in Table and is roughly in the correct range. We believe that the larger values
> 2 are a consequence of an inaccurate value of the bias on level 6, which can be seen
by the kink from level 5 to 6 in Figure Here the bias is smaller by a factor of 6.1
compared to the previous level instead of the expected value of slightly smaller than 4.
The bias on level 7 is then extrapolated by dividing the bias on level 6 by 4. Hence,
it seems reasonable that the idealized MSE assumes a bias that is too small and thus
underestimates the true MSE on level 6 and 7.
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104 L

102 ¢

o
5

Computed Cost
2
2

Computed Cost

o
N
o
S

10 -4 L L L L L 10 -4 L L L
108 107 10°® 10 107 1078 1072 10710 1078 106 1074 102
Mean Square Error Mean Square Error

Figure 7.3: The computed cost over 100 runs is plotted with thick markers for both
the MC and MLC estimator w.r.t. the MSE ([7.75). The left and right lines with white
marker are the bounds of the region such that the error of 90 percent of the samples are
within this region. The left plot uses the MC reference solution on level 7 and the right

plot uses the MLC reference solution on level 8. Both images use the computed costs
listed in Table

True Cost

10710 1078 1076 107 1072
Mean Square Error

Figure 7.4: True cost versus the MSE of both the MC estimator on level 1,...,6 and
MLC estimator on level 4, ..., 7. Each one of the 100 datapoints represents the error and
cost of one independently computed estimator. The lines show the average costs versus the
MSE, reference rates are drawn black. The MSE was computed using the MLC estimator

as reference and the true costs are in seconds for an actual implementation using four
Processors.
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Chapter 8

Conclusion and outlook

Conclusion.  We briefly summarize the main results of the thesis. We reformulated
the estimation of the mean of an output quantity of interest as linear regression problem
and used well-known methods to derive the normal equations and the variance minimal
BLUE. Afterwards, we introduced a cost constraint and optimized the sample allocation
to obtain the SAOB. This estimator has the smallest variance in the class of linear unbi-
ased estimators with a fixed budget. We furthermore derived slightly stronger results by
first optimizing the sample allocation and then choosing the coefficients of the respective
BLUE. The resulting estimator exists but is not necessarily unique. We showed that there
exists a sparse version of it in the sense that at most L model groups are used. We proved
that the SAOB achieves optimal asymptotically complexity in the class of linear unbiased
estimators. However, an exact expression for its complexity is very difficult to derive,
since the number of samples or the coefficients of the linear combination are given implic-
itly as a solution of an optimization problem. Nevertheless, we introduced the Richardson
extrapolation estimators to obtain upper bounds on the costs of the SAOB. We further
verified that the asymptotic cost of the SAOB is optimal for linear unbiased estimation.

Finally, we showed that variance reduction techniques can indirectly be applied to the
risk neutral optimal control problem. We pushed the MLMC discretization onto the
deterministic control which leads to a sequence of convex optimal control problems. We
verified that the resulting formulation is well posed and reduces the variance compared
to MC. A challenge of this approach was the analysis since the resulting estimators are
not unbiased.

The numerical experiments in this thesis verified our results. We showed that the Richard-
son extrapolation estimators, the SAOB and the MLC estimator are effective variance
reduction methods in the context of uncertainty quantification with PDEs.

We now give a short list of open questions, encountered problems and future research
directions in the context of this thesis.

Covariance matrix. It is unrealistic to assume that the model covariance matrix C
in is known but the mean is not. We believe that this is the biggest drawback of
the BLUE and thus also of the SAOB. There are several possible approaches to obtain
an approximation of the covariance matrix, however, it is not clear how large the error of
such an estimator is.

The simplest solution is to use pilot samples to compute the sample covariance. These
pilot samples are then not used for the estimator. This approach clearly increases the cost,
however, we believe that in some scenarios this does not effect the asymptotic complexity.
Assume that the complexity of a single evaluation of all models satisfies

E_WCOst/'YBias S 6_2+6

for some § > 0, i.e. the evaluation of a sample of (71, ..., Z) is slightly cheaper than the
optimal complexity e~2. Then we are able to spend an increasing amount of the budget
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of order £~ without worsening the asymptotic cost, that is

—VCos ias -2 ~—VCos ias -2
Cost = g 70/ 7Bies 4 E - + Npjjore 1o/ Mins < g2,

Cost for rounding  Cost for the estimator

~~
Cost for pilot samples

where Npjor = €7 is the number of pilot samples. This means that asymptotically the
number of pilot samples may be increased to infinity without worsening the asymptotic
complexity. Furthermore, if we choose Npior = €792 then the cost for the pilot samples
compared to the cost for the estimator is negligible. Therefore, if we are able to ap-
proximate the covariance matrix with V¢ samples sufficiently well, then the computed
SAOB with this matrix converges to the true SAOB. However, it is not straightforward to
verify that Npijor = £ is sufficient to show that the sample covariance matrix converges
to the true covariance for ¢ — 0, since the covariance matrix changes if ¢ decreases due
to additional fine grid models. An error analysis for the SAOB with approximated co-
variance matrix also has to be conducted to make the above statements mathematically
sound. In particular, an error analysis of the problem in ([5.22) w.r.t. perturbations in
the covariance matrix C* and costs W should be carried out.

The authors of [9] and [112] construct efficient multilevel estimators to compute the vari-
ance of a Qol. These approaches may be adapted to compute an even cheaper approxi-
mation of the covariance matrix compared to the sample covariance. However, similar to
the naive MLMC estimator in Chapter [7], a straightforward MLMC approximation of the
entries of the covariance matrix does not ensure that this approximation is positive semi—
definite. Hence, the corresponding optimization problem for the SAOB may be ill-posed.
Maybe similar methods to the one outlined in Chapter [7] can be used to push the MLMC
estimator to the coefficients 8 of the BLUE instead of the covariance matrix.

Aside from the asymptotic cost increase of the estimator, it is not clear how big the
constants in front of the costs for the pilot samples are. In particular, if few samples are
used, then the estimator may be overconfident, and we might assume that the correlation
is much higher than it truly is. This then leads to a bad estimator. It is of course
possible to avoid pilot samples or to reuse the pilot samples for the estimation, however,
this introduces a bias. Whether this bias is actually significant and has to be avoided or
can be fully ignored is not clear as of the writing of the thesis. This may also depend
on the particular estimation problem. We also did not conduct any conclusive numerical
experiments. If an unbiased estimator is desired, then clearly we are able to use the
estimator . .

Mo := ﬁ;/z[C ]+ ﬁi/z[c -
Here the estimator [} /2[62] is the SAOB that uses the sample covariance matrix o8
obtained from the samples of 2 /2 to compute its coefficients $ and vice versa. This
approach ensures that the resulting estimator is unbiased, however it is not clear if and
by how much the variance increases.

Condition number of the covariance matrix. The condition of the covariance
matrix C' is typically large. If the quantities Z; converge to the exact model Z, then
the covariance matrix C' has, at least asymptotically, almost constant entries with values
approximately equal to V[Z]. Hence, there is an eigenvalue close to LV|[Z] with eigenvector
consisting of entries that are all close to one. On the other hand, a variance reduction
can often be achieved by obtaining a small value of

L
Z BeZy
=1

grep=v

~ /\min
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with ||B]] = 1 and Ay, denoting the smallest eigenvalue. Therefore, the larger the
achievable variance reduction, the smaller the smallest eigenvalue. Since the value of
V[Zy — Zy_1] converges to zero, A\, does so as well. Hence, the condition of C' diverges
to +00. Consequently, the better the variance reduction, the worse the condition of C'.
We thus believe that the algorithms that depend on C~! or some (C*)~! may be unstable
or yield inaccurate results. This undesirable property also occurs for some Richardson
extrapolation methods. We verified that the coefficients of the SAOB converge to the
coefficients of the RE estimator in specific circumstances and thus we expect the SAOB
may suffer from the same inaccuracies. The significance of this problem can be reduced if
we fix the coupling number x to a small value or we carefully choose a small subset of all
2L — 1 model groups. However, this results in a potentially decreased variance reduction
which may or may not be significant.

Hybrid estimators. The SAOB does not use any structural assumptions about the
Qol. In particular, the SAOB only requires the covariance matrix and model costs to
achieve a variance reduction. However, this generality comes at the cost of requiring an
estimate of the covariance matrix. The numerical experiments in Chapter [6] have shown
that the improvement of the SAOB over the MLMC and RE estimators is small if we are
in the asymptotic regime. In contrast, far away from this regime the SAOB, or in general
any BLUE, is able to provide significant improvements. Therefore, it may make sense to
construct a hybrid estimator as follows

L 1 my
~MLMC + SAOB .__ E E il 1,0 ~SAOB
’LLL T (ZE - ZZ—l) + MLcoarse'
my <
{=Lcoarse+1 i=1

The SAOB here only estimates pr,,,... and thus only needs the covariance of the coarse
models 71, ..., Z1,..... Which is in general cheap to obtain. At the same time, we use the
MLMC estimator for the high fidelity models, which does not require the full covariance
matrix. We thus use the SAOB in the regime of coarse models where it has the biggest
advantage over other methods. An open question is of course, that it is not clear how
to choose Lcoarse O how to increase Leoase if we want to increase the accuracy of the
estimator.

Regularization. Another approach would be to include some prior information for the
coefficients. As an example, we might add a regularization term to (5.22)) in form of the
MLMC estimator

K L
i 1/2 1/2
mﬁmz (B9 CHBEWH] ™ + e Z (8% — BMEMCRYT Ok (g _ GMLMC.kypy7k)]
k=1 k=1
K
such that Z Pk = .
k=1
Here aueq is a regularization parameter, SM™MEF the coefficients and S?, ..., S* the model

groups of the MLMC estimator. Depending on the size of a,.; we may be close to a MLMC
estimator or far away from it. In particular, the parameter a,.s is allowed to contain some
information about the accuracy of the estimate for the covariance matrix. Ideally, if we do
not know much about the covariance matrix, which may be derived from error estimates,
the value oy should be large and conversely, if the estimate of the covariance is very
accurate, the value of a,e should be small or zero. This approach ensures that the
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potentially inaccurate covariance matrix computed from only a few samples does not lead
to an inaccurate estimator.

Efficient algorithm to solve the sample allocation problem. The sample allo-
cation problem in Section to compute m, or the equivalent problem to compute [
in Section are both convex optimization problems. However, the number of variables
depends exponentially on the number of levels L if we do not restrict the coupling of
the models, that is kK = +00. Therefore, it is not clear whether there is a polynomial
time algorithm (polynomial in L) that solves this problem. Nevertheless, the optimiza-
tion problem exhibits some interesting local behaviour. Let us assume that some
iterative algorithm returns a suboptimal allocation that uses the model groups S*, ..., S*
and we want to check whether it makes sense to use the model group S**!. Then if for
all L+ the minimization problem

L
/Bll,nlIéLJ Z W@ 6[ Tofﬁ€)1/2
= (8.1)

such that Z plpt = pltigh+t

has a minimum smaller than (WL“(BL“)TC’LHBL“)UQ the SAOB does not use the
model group S¥*!. This can be proven by contradiction, thus assume that the SAOB
does and write down this estimator as follows

myr 41
[SAOB _ oy L+1 zL+1
fig"" =+ > Y Bty (8.2)
ML+1 35 gim

where i is a suitable estimator. Now, the second part of this estimator is an unbiased
estimator for (PXH1BL+H)T ) however, the function J in is the variance of another
SAOB with, by assumption, smaller variance then the estimator using only S“*!. Due to
the independence structure, we can replace the right estimator of with the SAOB
obtained from leading to a smaller variance and thus a contradiction. The scale
invariance now implies that the statement we made so far is equivalent to show that the
max-min problem

L
max min J(3 (Wt(BHTCtp! V2 _ (gLt gL\ T b+l gLt1)1/2
185+ =1 1. 0 ; (B CB) T = (W) 55
L (8.3)
such that Z pP'gt = pttigl+t
=1

has a maximizer strictly smaller than 0. As an example why this result might be useful,
assume that the MLMC estimator for p;, has a smaller variance than the MC estimator
for puy using the same budget. Then, the SAOB never uses the model group that only
contains Zy. A possible research direction is to use this local property to exclude some
model groups that are not useful to reduce the variance. Then the optimization problem
may have a smaller number of variables instead of exponentially many.

Flat optimization surface. @ The numerical experiments in Section for the true
costs showed that the variance of the compared estimators (except for MC) are all very
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similar. This is not surprising, since the variance reduction ensures that most of the costs
are on the coarse grids allowing a different number of fine grid evaluations, or use of
different model groups without worsening the overall costs too much. More specifically,
using the RE coefficients or coefficients close to it, the variance corresponding to the
model group S* with the high fidelity model is

(/BL)TCL/BLWL ~ 627(7Var7’7005t)[/. (84)

This is asymptotically for L — 400 very small if ycost < Yvar compared to the value of
the model group S which only consists of the coarsest model

(Bl)Tolﬂlwl ~ c.

For hierarchical models, the cost of the discretization increases geometrically, thus adding
or removing the models 1,...,L/2 from the model group S*, which contains the high
fidelity model, is not going to significantly change W*. Furthermore, adding or remov-
ing these models does not change the overall variance that much since contributes
asymptotically nothing and the variance reduction rate v, is often achieved with only
a few fine grid levels. Now observe that there are a total of 2%/ possible combinations if
we keep the fine models Z; j541,..., 2 in ST and add or remove the models Z1, .. ., Zr)2-
The result is thus that there are exponentially many directions that lead to an almost
identical function value. However, this means that the function J we optimize over in
is flat at the minimum. This often poses difficulties for standard numerical opti-
mization methods since the gradient becomes small and the Hessian ill-conditioned. This
can be mitigated by choosing to optimize only over a subset of all 2 — 1 model groups
and thus removing some flat direction. If a minimizer is found, then suitably adding or
removing some model groups could be used to obtain the global minimizer.

Extension to non—linear estimators. The author of [I05] used the MFMC estimator
with a low fidelity model that is adaptively improved to reduce the variance. A similar
approach might also be viable for the BLUE. The MFMC estimator requires models that
are cheap and correlate well with the high fidelity model. Let us assume that V[Z] :=
V[Z,(0)] := 1 where Z,(0) is the low fidelity model and 6 some model parameter. Then
we want to choose 6 to minimize

1—p?=1—Cov[Z Z,(0)) = (1 — Cov[Z, Zy(0)))(1 + Cov[Z, Z,()))
< 2(Cov[Z, Z — Zy(0)] < 2(V[Z — Z(0)]) 2.

It is now straightforward to generalize this idea for the SAOB with multiple low fidelity
models. The optimization problem ([5.22]) then reads

K
mip (B @8 E) "
< (8.5)
such that Z Pk = ¢,
k=1

Here the costs as well as the covariance matrix now depend on 6

Cp;(8) = Cov]Zy(0), Z;(0)].



212 Chapter 8 Conclusion and outlook

The quantities 7y, ..., 2 are potentially combined in a non-linear way since the cost

function is
1/2
W’f(&)) .

The pilot samples, which we use to compute the sample covariance matrix, can now be
used to change the low fidelity models to reduce the variance. Let us assume that has
a well-defined minimizer (5*,60*). Then the SAOB with parameters (5*,0*) achieves the
smallest variance in the class of unbiased estimators for u;, that have equal or smaller cost,
depend linearly on 8 and non-linearly on 6 and only use the Qols Z;(0), ..., Z.(0). In this
sense, the SAOB is still variance minimal and thus a sensible choice even if non—linearities
arise. Furthermore, similar to the standard SAOB, once the models Z1(0%), ..., Z.(6%)
are fixed we require at most L model groups. A disadvantage may be that solving
is difficult and impractical. Nevertheless, such an approach includes non—linear surrogate
models like Gaussian processes, support vector machines or neural networks.

Z BlyZe(0)

LeSk

P(CORAOMEUINEDY (V

k=1 k=1

Variance reduction for root-finding algorithms. The variance reduction technique
for the optimal control problem in Chapter[7]can be generalized to root-finding algorithms.
Assume that we want to find a deterministic # € © such that for a parametric random
variable Z : © x @ — X

E[Z(0)] = 0.

The discretized condition with Z1,..., Z, then reads
E[Z:(0,)] =0 for all ¢ € {1,...,L}.
We define 6, := 0, — 0,_1 and we linearise the left—hand side of the equation
E[Zo(00)] = E[Ze(Be-1 + 60)] = E[Ze(6e-1)] + E[Vo Ze(0e-1)]" 6 + o([|6c]])-

A single step of the Newton method, that is ignoring o(||d¢||), and assuming that 6,_; is
known, solves for the Newton step s; with the starting iterate 6,

E[Vng(@g_l)]Ts% = —E[Z)(0,-1)] =0 —=E[Zy(0s-1)] = E[Zs-1(00-1) — Z¢(0,-1)]. (8.6)
The next iteration of the Newton method then has to solve
E[Vng(eg_l + Sé)}TSE = E[Zg_l(gg_l) - Zg(gg_l + S%)} .

A MC discretization method of the last equation now has a small variance if Z,_1(0,_1) —
Zi(0—1 + s%) and 5% is small. This follows, since is a linear system similarly to the
system in Chapter . However, we have to potentially use multiple Newton steps,
since the expression o(]|d¢||) might be large on coarse grids. This clearly complicates the
analysis.

This root-finding algorithm can obviously be used for the optimization problem

min E[Z(6)],

where we apply Newton’s method to the first order optimality conditions

E[V2Z(0)]s = —E[V,Z(0)].
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Here V2Z denotes the Hessian of Z w.r.t. the parameter 6 and s the Newton step. The
proposed method for stochastic optimization is a second order method and thus differs
from the well-known first order stochastic gradient descent methods, where multilevel
variance reduction was already incorporated [43] [51], 94] 05 [13§].

Conditional value at risk and risk averse optimization problem. The conditional
value-at-risk (CVaR) (or average value-at-risk) describes the tail expectation of a random
variable and is a coherent risk measure, see [127, Chapter 6] or [I10, Chapter 2] for more
information on risk measures. The authors of [I19] show that computing the CVaR can
be formulated as non—smooth minimization problem

CVaR(Z) := min ¢ + E[(Z —t)4], (8.7)

-7
where 7 € (0,1) is the risk level and (z); := max{z,0}. The optimal t* is called the
value-at-risk, whereas the minimum is the CVaR. The authors of [86] developed a method
to compute the cumulative distribution function using the MLMC estimator. An approx-
imation to the CVaR is then computed using a post processing step. Giles et al. [5]
used a multilevel estimator for a nested expectation involving probabilities and then use
a root-finding algorithm to obtain the value-at-risk and the CVaR. A future research di-
rection would be to compute the minimum in (8.7)) with a similar approach we outlined
in Chapter , which of course has to be adapted to deal with the non—linearity of (-),.
We write down the optimality conditions of for t7,...,t] as follows

P(Zg S tZ) =T.
Now linearise the left-hand side to introduce an update 6, = ¢t — t;_, such that
P(Ze <t7) =P(Ze < ti_y +60) = P(Zy < t5_1) + pelty_1)0e + 0(60),

where py is the probability density function of Z,. The condition for the Newton step s;
then reads

pelty_y)sg =7 —P(Ze < tp_1) = P(Zea < t70) —P(Ze < 17y).
If 9, is not small enough, we use another Newton step
pe(ty_y + 5})35 =P(Z1 <t4) —P(Z < t5, + 3})

We discretize the left and right—hand side using an MC estimator for the quantile and
density independently of t;_,, which we assume was already estimated. This then gives

Doty )8 =P(Zpy <)) —P(Z <T_y).

If the estimator for the density and the difference of the quantile estimators is sufficiently
small, then this should yield a variance reduction comparable to the standard MLMC
estimator.

The goal is of course to apply this method to a risk averse optimal control problem, which
is given as follows

. (0%
min J(u) = CVaR([ly(u) = yall) + 3 [[ul’

u

such that P-a.s. y(u,w) = S(w)u.
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This problem without variance reduction was studied in [85].

Risk neutral optimal control problem with control constraints. The optimal
control problem in Chapter [7| does not have control constraints. With control constraints
this problem is given as follows

min () = 5B ly(e) — yal?) + 5 Jul?
such that P-a.s. y(u,w) = S(w)u, (8.8)
a<u<hb,

where a < b are two real-valued numbers or functions in L?(D). Now assume that the
solution u,_1, that is if we discretize S by Sy_1, is known. Then for §, := uy — us_1 the
corresponding optimal control problem is

. 1 «
min - J(d) = SELye(ue +00) = yall*] + S llues + ol

such that P-a.s. yg(Ug_l + 5g, w) = Sg(u))(Ug_l + 5@),
a < up_q1+ 0, <b.

We now rewrite this to obtain

. 1 ~ o
min - J(8) = SE9e(0) = Gall*] + S llwes + el
such that P-a.s. (07, w) = Se(w)dy,

a—upr1 <9 <b—upy,

(8.9)

where 93 := ye(up_1) —yq. The difference compared to the original is that the control
constraints depend on the previous level, y; is now random and the regularization term
includes uy_,. Crucially, if S, = Sy_1, then the unique solution of is 0, = 0. Hence
for Sy ~ Sy_; the norm of the increment is small and it is reasonable to expect that
the variance of the MC estimator for the mean in J in is also small. The result is
that we should need few samples for a good approximation of §,. An approach similar to
Chapter [7| could be used to solve this problem. For example, if a version of [73] Theorem
3.5] holds in our setting when replacing u with §, h? with the MC error, squaring and
changing the norm then gives

—2~0

~ 1
E[l16: = 8] < e=—(E[llye(60)l] + 18:]®) < ¢
my

It is not clear whether such a bound holds, however, if it does then we have a variance
reduction similar to the standard MLMC estimator.
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