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Abstract— We address the problem of provably-safe coopera-
tive driving for a group of vehicles that operate in mixed traffic
scenarios, where both autonomous and human-driven vehicles
are present. Our method is based on Invariably Safe Sets (ISSs),
which are sets of states that let each of the cooperative vehicles
remain safe for an infinite time horizon. The potential conflicts
between the ISSs of a group of cooperative vehicles are resolved
by examining and negotiating their Safe Maneuver Corridors.
As a result, each vehicle obtains its negotiated ISS, which
is used as target sets for motion planning. We demonstrate
the applicability and benefits of our method on various traffic
scenarios from the CommonRoad benchmark suite.

I. INTRODUCTION

Cooperative motion planning of autonomous vehicles of-
fers a great potential to maximize road safety and passenger
comfort. As cooperative planners generate trajectories for
multiple vehicles, they can more easily find feasible and bet-
ter solutions for the group, while considering the individual
goals of each vehicle. Cooperative planning is particularly
challenging in mixed traffic since all motions need to be
collision-free with respect to the unknown future motion of
other non-cooperative traffic participants.

Invariably Safe Sets (ISSs) [1] are sets of states which
ensure that autonomous vehicles can remain safe for an
infinite time horizon. If the ISS of a vehicle is used as its
target set for motion planning, one can always find motions
that do not cause collisions for an infinite time horizon. The
application of ISSs to cooperative planning is an auspicious
method to provide strict safety guarantees; however, there is
no existing method for negotiating ISSs between cooperative
vehicles.

A. Related Work

We review existing work on cooperative motion planning
and safety verification techniques.

a) Cooperative planning: Cooperative planning meth-
ods that are most relevant to our work fall into the
reservation-based category [2]. Reservation-based methods
ensure that each cooperative vehicle reserves free-space in
the environment to plan trajectories. For instance, an intersec-
tion manager is presented in [3], [4], which represents lanes
as a set of disjunct tiles. These tiles are allocated to vehicles
by a first-come-first-serve protocol, and no tile is allocated
to more than one vehicle at a time. The reservation-based
method was extended in [5] for better performance in mixed
traffic. Since first-come-first-serve allocation protocols may
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be inefficient in traffic scenarios with multiple vehicles, the
allocation process has also been carried out using auctions
[6]–[9], in which vehicles bid for certain tiles. This bidding
process lets one to distribute tiles for maximized usage of
the road. However, modeling the environment through tiles
often emanates to a large overhead, since usually, only a
small percentage of the tiles raise conflicts. Some methods
identify possible conflicting points or regions, and allocate
these to vehicles if any conflict is detected [10]–[13].

Instead of tiles, some works allocate moving space-time
corridors with a predefined behavior, e.g., lane following or
lane changing; vehicles that receive these corridors must
adopt their behaviors accordingly [14], [15]. As a result,
vehicles plan different maneuvers depending on possible
future conflicts. In [16], [17], the authors devised an efficient
and explicit space-time reservation protocol for cooperative
maneuver planning, with which the vehicles broadcast re-
quests on demand.

Despite the mentioned promising results, they cannot en-
sure safety in arbitrary traffic situations. Yet, this requirement
is vital to enable cooperative driving with a high degree of
autonomy.

b) Formal verification: Logical reasoning is a means to
verify whether a given trajectory fulfills certain safety prop-
erties, which are often specified using higher-order logic. For
instance, the safety of lane change maneuvers of autonomous
vehicles is verified in [18], [19]. Moreover, safely following
a preceding vehicle is verified in [20]. Although logical
reasoning methods can ensure properties such as safety, the
specified logical formulas are often complicated and user-
defined. Also, they usually have to be adjusted as new traffic
situations arise.

Reachability analysis [21] can be used to verify the safety
of trajectories in arbitrary traffic situations. A reachable set is
a set of states that a traffic participant can reach over time by
starting from an initial set of states and considering all pos-
sible control inputs. Planned trajectories of the autonomous
vehicle are safe if they do not intersect with predicted unsafe
states [22]–[24]. Even though the reachability analysis lets
one to consider the set of all possible trajectories of other
traffic participants [25] for collision detection, no alternative
safe trajectory is returned if a trajectory under examination
is regarded as unsafe.

Sets of safe states can be used to ensure that trajecto-
ries planned within them remain safe beyond the planning
horizon. For instance, trajectories are not allowed to contain
inevitable collision states [26], [27], which are states in
which the vehicles will eventually collide. In contrast to
inevitable collision states, a collision-free trajectory exists



for states in control invariant sets [28], [29].

B. Contributions

In this work, we propose the first cooperative planning
method for autonomous vehicles that incorporates ISSs. In
particular, our method

1) provides a mechanism to distribute ISSs to a group of
cooperative vehicles;

2) can integrate arbitrary planning algorithms to generate
individual trajectories;

3) ensures that all trajectories planned within the ISSs are
safe for an infinite time horizon; and

4) is computationally efficient and works in mixed traffic
situations.

The rest of this work is organized as follows: In Sec. II,
we introduce the necessary preliminaries. Subsequently, we
present our solution for cooperative motion planning of
autonomous vehicles using ISSs in Sec. III. Following that,
we demonstrate the benefits of our method in Sec. IV with
exemplary scenarios from the CommonRoad1 benchmark
suite [30]. Finally, we draw conclusions in Sec. V.

II. PRELIMINARIES

In this section, we introduce our system, reachable sets,
and invariably safe sets.

A. System Description

We represent the set of considered road lanes as L :=
{L1, L2, . . . , LM}, where each lane Lm possesses its curvi-
linear coordinate system that takes the centerline as the
reference path. Note that we perform all computations in
this work in these coordinate systems. The adoption of such
a coordinate system expedites the formulation of maneuvers
from the ego view of the vehicles, e.g., lane-following,
stopping at an intersection, and preventing driving backward.
Let Vn be the n-th vehicle in a cooperative group, V :=
{V1, V2, . . . , VN}, where n ∈ N := {1, 2, . . . , N}. We use
�n to denote a variable of Vn, and �m a computation
performed in Lm. Also, we introduce the notations � and �
to specify the minimal and the maximal possible value of a
variable. Furthermore, the notation [�n]N1 = [�1, . . . ,�N ]
compactly represents a list of variables �n of vehicles in V .
The system dynamics of Vn is

ẋn(t) = fn(xn(t), un(t)), (1)

where xn(t) ∈ Xn is a state in configuration space, un(t) ∈
Un is an input in input space, and t is the time. Given
an initial state xn(t0) at the initial time t0, and an input
trajectory un([t0, t]), the solution to (1) at time t is denoted
as χn(t;xn(t0), un([t0, t])). The state of vehicle Vn, in lane
Lm, is modeled as xn(t) = (sn, dn, vn) ∈ R3, where sn, dn,
and vn are the longitudinal position, lateral position, and the
velocity of Vn, respectively. Finally, the occupancies of a set
of static and dynamic obstacles E(t) at time t are represented
by OE(t) ⊂ R2.

1https://commonroad.in.tum.de/

B. Reachable Sets

Definition 1 (Reachable Set [31]):
The reachable set R of a system is defined as the set of all
states that can be reached at a given time t, starting from
an initial set of states X 0

n ⊆ Xn.

During the propagation of the reachable set of vehicle Vn,
we remove the set of states whose occupancy is overlapping
with OE(t). Let X CF

n (t) = Xn \ OE(t) be the maximal set
of states which are collision-free at time t, the collision-free
reachable set at time t starting from X 0

n is

Rn(X 0
n , t) :=

{
χn(t;xn(t0), un([t0, t]))

∣∣∣xn(t0) ∈ X 0
n ,

∀τ ∈ [t0, t] : un(τ) ∈ Un,

χn(τ ;xn(t0), un([t0, τ ])) ∈ X CF
n (τ)

}
.

Definition 2 (Drivable Area):
Given that the operator proj(·) returns the positions (s, d)
of a given state xn(t), the drivable area Dn(t) of vehicle Vn
at time t is defined as the projection of Rn(X 0

n , t), thus:

Dn(t) := proj(Rn(X 0
n , t))

=
{

proj(xn(t))
∣∣∣xn(t) ∈ Rn(X 0

n , t)
}
.

The occupancies OE(t) of obstacles E ∈ E(t) required
for the computation of reachable sets and ISSs are predicted
with the help of SPOT [25], which is a set-based occupancy
prediction tool that captures all possible future movements
of other traffic participants.

C. Invariably Safe Sets

Just being in the collision-free states X CF
n (t) does not

ensure the safety of the vehicle. Consider the case that
a vehicle is driving with a high velocity towards a static
obstacle in a near distance. Although it is collision-free at
the current time t, it may eventually collide with the obstacle
at time t + tε, tε > 0. To formally ensure its safety, we,
therefore, require the vehicle to be in an invariably safe state
[1]. An invariably safe state is defined recursively: a state is
deemed invariably safe if a collision-free trajectory ending
at another invariably safe state exists.

Definition 3 (Invariably Safe Sets):
The invariably safe set Sn(t) of Vn at time t is a set of
invariably safe states that allows Vn to be safe for an infinite
time horizon, and is defined as:

Sn(t) :=
{
xn(t) ∈ X CF

n (t)
∣∣∣∀τ > t,∃un([t, τ ]) :

χn(τ ;xn(t), un([t, τ ])) ∈ X CF
n (τ)

}
.

In most cases, determining the maximal ISS of Vn is a
computationally intensive task. Nonetheless, its tight under-
approximation can be efficiently derived using safe brak-
ing distances [32] and safe evasive distances [33]. These
distances ensure the safety of the ego vehicle even if the
preceding obstacles and the obstacles in the adjacent lanes
brake or accelerate with their maximal capability.
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Fig. 1: Overview of our method. (a) Safe maneuver corridors are derived
based on individual ISS, and the conflicts between them are examined. (b)
Possible allocation plans to resolve the conflict, and exemplary trajectories
of vehicles from the set of their permissible trajectories.

Proposition 1 (Under-Approximation of Sn(t)):
The union of the set Sbn(t) of states respecting safe braking
distances [32] and the set Sen(t) of states respecting safe
evasive distances [33] at time t is a tight under-approximation
of Sn(t), i.e., Sbn(t) ∪ Sen(t) ⊂ Sn(t). �

Proof: see [1, Sec. III-C]. �

III. METHODOLOGY

We strive to allocate ISSs to a group of cooperative
vehicles when conflicts between their individual ISS are
detected. It is ensured that safe motions exist when a vehicle
is within its ISS [1]. Specifically, the ISSs can be used as
target sets for motion planning in two different ways:

1) Solely used in the last time step of the planning cycle
to lift safety of the group to an infinite time horizon;

2) Used in every time step to guide motion planners into
states for which a vehicle can continue safe motions.

Fig. 1 shows an overview of our method, which can be
divided into three major steps:

1) Computation of ISSs for all cooperative vehicles in a
group: the computation of the ISS of a vehicle is in turn
based on its reachable set and the set-based occupancy
prediction of non-cooperative traffic participants [25].

2) Derivation of safe maneuver corridors: to detect the
potential conflicts between the ISSs of the vehicles,
we derive their safe braking corridors and safe evasive
maneuver corridors (hereafter collectively abbreviated
as corridors) based on their individual ISS. Here,
conflicting corridors indicate conflicts of ISSs.

3) Negotiation of conflicting corridors: a negotiation
mechanism is established to resolve the detected con-
flicts of corridors, such that in the end, every vehicle
receives a negotiated ISS.

We demand that for each replanning cycle with a replan-
ning duration of tr, all computations are carried out up to
a future time horizon th, where tr < th. While reaching tr,
the environmental information is updated, and a new round

Algorithm 1 Generation of Negotiated ISSs
Inputs: [Rn(k − 1)]N1 , En(k − 1), L
Output: [SNn]N1

1: OE ← OCCUPANCYPREDICTION(En(k − 1))
2: [Rn]N1 ← REACHABLESET([Rn(k − 1)]N1 , OE )
3: [Sn]N1 ← ISS([Rn]N1 , L, OE )
4: [CUn]N1 ← SAFEMANEUVERCORRIDOR([Sn]N1 )
5: CC ← CONFLICTINGCORRIDOR([CUn]N1 )
6: P ∗ ← OPTIMALALLOCATION([Sn]N1 , CC)
7: [SNn]N1 ← NEGOTIATEDISS([Sn]N1 , P ∗)
8: return [SNn]N1

Algorithm 2 Computation of ISS

1: function ISS([Rn]N1 , L, OE )
2: for n← 1 to N do
3: Dn ← PROJECTION(Rn)
4: LR

n ← REACHABLELANES(Dn , L)
5: Sbn ← SAFEBRAKINGSET(Dn , LR

n , OE )
6: Sen ← SAFEEVASIVESET(Dn , LR

n , OE )
7: Sn ← Sbn ∪ Sen
8: end for
9: return [Sn]N1

10: end function

of negotiation within the group is carried out. Violation of
such time constraints does not result in unsafe behavior of the
vehicles, as their individual fail-safe trajectories [34] are also
computed. We perform all computations at discrete time steps
k ≥ 0, which correspond to points in time tk = k∆t, where
∆t ≥ 0 is a predefined time duration. Subsequently, we
assume that all computations are performed for the last time
step k of a planning cycle. Alg. 1 describes the procedure
of the generation of negotiated ISSs for vehicles. We give a
detailed explanation of the algorithm below.

A. Computation of Reachable Sets (Alg. 1, line 2)

The dynamics of vehicle Vn are modeled as two double
integrators with limited velocities and accelerations in the sn
and dn directions:

s̈n(t) = an,s(t), d̈n(t) = an,d(t), (2a)
vn,s ≤ vn,s(t) ≤ vn,s, vn,d ≤ vn,d(t) ≤ vn,d, (2b)

|an,s(t)| ≤ an,s, |an,d(t)| ≤ an,d. (2c)

Since model (2) captures the real vehicle behavior, we
can use this simple model to efficiently prove safety. The
reachable set of Vn, denoted by Rn, is computed as in [31].

B. Computation of ISSs (Alg. 1, line 3)

The computation of individual ISSs of cooperative vehi-
cles are based on their own reachable sets, which is explained
as follows (see Alg. 2).

1) Projection: The drivable area of vehicle Vn is Dn :=
proj(Rn) (cf. Def. 2).

2) Reachable Lanes: Dn only overlaps with a subset of
L, which we refer to as the reachable lanes of Vn, given by:

LRn :=
{
L ∈ L

∣∣Dn ∩ L 6= ∅}.



3) ISSs: The ISS Sn is computed for every vehicle Vn
considering LRn. Each of the lanes LR

n,m ∈ LRn can be split
into smaller segments Gi,jn,m which are delimited by different
pairs of consecutive obstacles Ei, Ej ∈ E located in the
lane. We shrink these segments in the driving direction by
the half-length of Vn, denoted by ln/2, to accommodate for
the occupancy of Vn (see Fig. 2). For simplicity, we omit
the superscripts i and j in the following computations, and
assume that the occupancies of the obstacles are all within
LR
n,m. We obtain the drivable area Dn,m that overlaps with

the segment Gn,m, and its minimal and maximal values along
the longitudinal and lateral directions as shown in Fig. 2:

Dn,m :=Dn ∩ Gn,m,
[sn,m, sn,m] = lon(Dn,m),

[dn,m, dn,m] = lat(Dn,m).

where the operators lon(·) and lat(·) return the longitudinal
and lateral positions [s, s] and [d, d] of the given element,
respectively.

In the following, we use q ∈ {b, e} as the super-
script for the sets related to braking and evasive maneu-
vers. Let ∆b

s(v,Ej) be the safe braking distance [32], and
∆e
s(v, d, Ej) the safe evasive distance [33], both for a preced-

ing obstacle Ej . We also require the safe braking and evasive
distances for a following obstacle Ei, which we denote by
∆b
s(v,Ei) and ∆e

s(v, d, Ei), respectively. The sets Sbn,m and
Sen,m (recall Prop. 1) of vehicle Vn in segment Gn,m are
obtained as presented in [1, Alg. 1]:

Sbn,m :=
{

(s, d, v)
∣∣∣s ∈ [sn,m, sn,m], (3)

d ∈ [dn,m, dn,m], v ∈ [vn,s, vn,s],

∀(si, di) ∈ OEi
: s ≥ si + ∆b

s(v,Ei),

∀(sj , dj) ∈ OEj : s ≤ sj −∆b
s(v,Ej)

}
,

Sen,m :=
{

(s, d, v)
∣∣∣s ∈ [sn,m, sn,m], (4)

d ∈ [dn,m, dn,m], v ∈ [vn,s, vn,s],

∀(si, di) ∈ OEi : s ≥ si + ∆e
s(v, d, Ei),

∀(sj , dj) ∈ OEj : s ≤ sj −∆e
s(v, d, Ej),

∀τ ∈ [0,∆e
t ],∃d′ : (s+ vτ, d′, v) ∈ Sbn,m′(

⌈
τ

∆t

⌉
)
}
,

where m′ denotes the index of an adjacent lane of LR
n,m

into which the vehicle evades while performing the evasive
maneuver, and ∆e

t the evasive time required to fully enter
the adjacent lane Lm′ . The velocity constraints [vn,s, vn,s]
are extracted from the reachable set Rn. Refer to [1, Alg. 1]
for the derivation of these sets. The ISS of Vn on lanes LRn
is defined as:

Sn :=
⋃
m,q

Sqn,m. (5)
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v
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Fig. 2: Relation of various components for ISS computation. The result is
shown for a vehicle with n = 1, in lane m = 1. Lane IDs are labeled at
the beginning of the lanes.

C. Computation of Safe Maneuver Corridors (Alg. 1, line 4)

We incorporate the set-based occupancy prediction with
respect to non-cooperative traffic participants. The potential
future collisions between the cooperative vehicles can be
detected by examining the future space and time required
by the cooperative vehicles to perform safe braking or safe
evasive maneuvers, starting from their current ISSs, which
we refer to as their Safe Maneuver Corridors.

Definition 4 (Safe Maneuver Corridors):
The safe maneuver corridors of vehicle Vn are segments of
lanes that Vn requires to perform either a safe braking or a
safe evasive maneuver, starting from a state in its ISS.

A corridor derived from an invariably safe state (s, d, v) ∈
Sqn,m in lane Lm is represented by a three-element tuple
(s, s, kh), which indicates the required position interval [s, s]
in a lane and the time horizon kh.

For the braking maneuvers, ∆b
t (v) and ∆b

s(v) are the time
required for the vehicle to fully brake, and the distance trav-
eled while braking, respectively; for the evasive maneuvers,
we analogously use ∆e

t (d) and ∆e
s(v). These are given by:

∆b
t (v) = δb + v

an,s
, ∆b

s(v) = δbv + v2

2an,s
, (6a)

∆e
t (d) = δe +

√
2de

m′ (d)

an,d
, ∆e

s(v) = ∆e
tv, (6b)

where δb and δe denote the reaction times for braking and
evading, respectively, and dem′(d) the distance to fully enter
an adjacent lane Lm′ of the lane Lm. For brevity, we omit
the road curvature; however, one can easily integrate it as in
[1, Alg. 1]. We denote the braking and the evasive corridors
of Vn for its ISS Sqn,m in lane Lm by Cbn,m and Cen,m,
respectively, given by:

Cbn,m :=
{

(s, s, kh)
∣∣∣(s, d, v) ∈ Sbn,m, (7)

s =s− ln/2, s = s+ ∆b
s(v) + ln/2, kh =

⌈
∆b

t(v)
∆t

⌉}
,

Cen,m :=
{

(s, s, kh)
∣∣∣(s, d, v) ∈ Sen,m ∪ Sen,m′ , (8)

s =s− ln/2, s = s+ ∆e
s(v) + ln/2, kh =

⌈
∆e

t(d)
∆t

⌉}
.

To simplify the identification of the conflicting corridors
in the next step, we formulate tuples Cq,Bn,m, which has the
extremums over each component of (s, s, kh) in Cqn,m as its
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Fig. 3: Illustration of the (conflicting) safe maneuver corridors. The two
vehicles have non-conflicting ISSs in lanes 1 and 3, respectively; however,
their corridors intersect in lane 2.

elements (see Fig. 3):

Cq,Bn,m :=(s′, s′, k′h), (9)

s′ = min{s|(s, s, kh) ∈ Cqn,m},
s′ = max{s|(s, s, kh) ∈ Cqn,m},
k′h = max{kh|(s, s, kh) ∈ Cqn,m}.

The union of the maneuver corridors of Vn in its reachable
lanes LRn over the braking and the evasive maneuvers are:

CUn :=
⋃
m,q

{Cq,Bn,m}. (10)

D. Identification of Conflicting Corridors (Alg. 1, line 5)

Since conflicting corridors occur between at least two
cooperative vehicles, we denote the set of all conflicting
subsets of vehicles V by I≥2(N ), which is the power set
of N with a minimum cardinality of two. Each element of
I≥2(N ) is referred to as a coalition, and we denote the i-th
coalition in I≥2(N ) as ψi. The conflicting corridors CC(ψi)
of vehicles within a coalition ψi (see Fig. 3), and the tuple of
all conflicting corridors CC within all coalitions are obtained
from

CC(ψi) :=
{

(s′, s′, k′h)|l, l′ ∈ ψi, l 6= l′, (11)
(s1, s1, kh,1) ∈ CUl , (s2, s2, kh,2) ∈ CUl′ ,
[s′, s′] = [s1, s1] ∩ [s2, s2], k′h = min(kh,1, kh,2)

}
,

CC :=(c1, . . . , cj), c1, . . . , cj ∈ CC(ψi), ψi ∈ I≥2(N ).
(12)

E. Negotiation of Conflicting Corridors (Alg. 1, lines 6–7)

The process of finding the optimal allocation plan P ∗ for
the conflicting maneuver corridors is presented in Alg. 3. We
explain the main functions as follows:

1) Generation of All Possible Allocation Plans (Alg. 3,
line 4): We indicate the j-th element in CC, which has
a conflict within coalition ψi, as cj(ψ

(j)
i ). A possible al-

location of the conflicting corridors is referred to as an
allocation plan P , which is a tuple (P (1), . . . , P (j)), with
P (j) representing the index of the winning vehicle of corridor
cj(ψ

(j)
i ). The set P of all possible allocation plans P

of the conflicting corridors is composed of the Cartesian
product of their coalitions ψ(j)

i . As an example, for CC ={
c1(ψ

(1)
1 ), c2(ψ

(2)
3 )
}

, where ψ1 = {1, 2} and ψ3 = {1, 3},
P = ψ1 × ψ3 = {(1, 1), (1, 3), (2, 1), (2, 3)} (see Fig. 4).

Algorithm 3 Finding Optimal Allocation Plan P ∗

1: function OPTIMALALLOCATION([Sn]N1 , CC)
2: P ∗ ← ∅, J∗ ←∞ . initialization of optimal plan and cost
3: if CC 6= ∅ then
4: P ← ALLPOSSIBLEPLANS(CC)
5: for P ∈ P do
6: Z(P )← ∅
7: for n ∈ N do
8: SP

n(P )← ISSWITHPLAN(Sn , P )
9: Z(P )← Z(P )

⋃
vol(SP

n(P ))
10: end for
11: J(P )← COST(Z(P ), [SP

n(P )]N1 ) . see (15)
12: if J(P ) < J∗ then
13: P ∗ ← P , J∗ ← J(P )
14: end if
15: end for
16: end if
17: return P ∗

18: end function

c1(ψ
(1)
1 )

1
2
3

V1

V2

c2(ψ
(2)
3 ) ψ1 = {1, 2}

ψ3 = {1, 3}
V3

{(1, 1), (1, 3), (2, 1), (2, 3)}P = ψ1 × ψ3 =

Fig. 4: Illustration of all possible allocation plans.

2) ISSs with respect to plan P (Alg. 3, line 8): We
construct a set of corridors that are not allocated to vehicle
Vn according to plan P by:

CLn(P ) :=
{

(s, s, kh)|ψ(j)
i ∩ n 6= ∅, (13)

n 6= P (j), (s, s, kh) ∈ CC(ψ(j)
i )
}
.

Some of the states in the previously-computed ISS of Vn
should be removed as their maneuver corridors intersect with
CLn(P ). The maximal subset of the ISS SPn(P ) ⊆ Sn that is
still safe with respect to plan P is obtained through:

cor(SPn(P )) = cor(Sn) \ CLn(P ),

with the operator cor(·) returning the set of corridors CUn (cf.
(7)–(10)) of a given input ISS.

3) Cost Function (Alg. 3, lines 6–14): We aim for a
fair allocation of the conflicting corridors. To this end, we
compute the variance of the volumes of SPn(P ), which are
returned by the operator vol(·), of vehicles V for each plan.
Let Z(P ) := {Z1, Z2, . . . , ZN} be the set of volumes Zn of
SPn(P ), the variance of Z(P ), which is returned by var(·),
is computed by:

Z̃ =

∑N
1 Zn
N

, var(Z(P )) :=

∑N
1 (Zn − Z̃)2

N
. (14)

In the best case var(Z(P )) = 0, implying that all of the
cooperative vehicles receive equally large ISS.



In addition, we reward allocation plans that promote higher
overall traffic efficiency, which is reflected by summing the
length of the longest maneuver corridors in the longitudinal
direction of all cooperative vehicles. The proposed cost
function for a plan P has the form of

J(P ) = var(Z(P ))−

w

N∑
1

max
{

len(c)|c ∈ cor(SPn(P ))
}
, (15)

where w is an user-tunable parameter, and the len(·) operator
returns the length |s−s| of the given corridor. Alternatively,
one can also include other terms into the cost function.
The plan with the minimal cost is regarded as the optimal
allocation plan P ∗, and the ISSs of vehicles with respect to
P ∗ is referred to as their Negotiated ISSs SNn:= SPn(P ∗).

F. Incorporating Negotiated ISSs into Every Time Step

To incorporate the negotiated ISSs into every time step
of the current planning cycle (cf. Sec. III), for a vehicle Vn
that has a non-empty CLn(P ∗, k) at time step k, we stipulate
that it respects the negotiation result by not entering the
corridors c ∈ CLn(P ∗, k), up to its persisting time step k+kh.
This is achieved by removing the occupancies of c in the
computation of the reachable set of Vn in subsequent time
steps (cf. Def. 1). Additionally, we require that Vn respects
safe distances with regards to c, with their velocity profiles
extracted from the winning vehicles at longitudinal positions
lon(c), to ensure safety within the planning cycle. To this
end, we formulate a set of phantom obstacles EFn(k), which
has CLn(P ∗, k) and the persisting corridors c from previous
time steps as its elements:

EFn(k) := CLn(P ∗, k) ∪
{
c ∈ EFn(k − 1)

∣∣k ≤ per(c)
}
,

with the operator per(·) returning the persisting time step of
the given corridor.

G. Computational Complexity

Assuming that the set-based occupancy prediction of ob-
stacles and the reachable sets of cooperative vehicles are
readily available (see [25], [31] for their respective complex-
ity analysis), the computational complexity of the proposed
method for each time step k can be split into three parts:

1) Computation of ISSs: for a vehicle Vn, the complexity
of computing its ISS Sn is O(N), where N denotes
the number of considered obstacles in lanes LRn.

2) Derivation of Safe Maneuver Corridors: the complexity
of computing the safe maneuver corridors of Vn is
again O(N).

3) Negotiation of Conflicting Corridors: for a group of N
vehicles that collectively access M reachable lanes, in
the worst case, they could have conflicts of corridors
on all reachable lanes, thus raising a complexity of
O(NM ). Nevertheless, the computational tractability
can still be ensured, since

TABLE I: PARAMETERS FOR NUMERICAL EXPERIMENTS.

Parameters Scenario Identifiers

symbol unit I II III

∆t s 0.1 0.1 0.1
th s 2.5 2.0 2.0
vn,s m/s 30.0 30.0 30.0
vn,s m/s 0.0 0.0 0.0
vn,d m/s 3.0 3.0 4.0
vn,d m/s -3.0 -3.0 -4.0
an,s m/s2 8.0 8.0 8.0
an,d m/s2 3.0 3.0 4.0
δb s 0.3 0.3 0.3
δe s 0.3 0.3 0.3

a) the upper bounds of both N and M can be con-
trolled by forming smaller cooperative groups,
e.g. using methods as in [35]; and

b) the proposed method can be applied in anytime
fashion, i.e., the negotiated ISSs with respect to
the best plan evaluated up to the time of request
is returned.

Alternatively, one can adopt auction-based methods, as
in [6], to obtain a sub-optimal allocation of conflicting
corridors with polynomial complexity with regard to
M .

IV. EVALUATION

We demonstrate the applicability of our method on three
distinct scenarios. A list of selected parameters for all the
cooperative vehicles can be found in Tab. I. We use an
optimization-based motion planner [34] to generate trajec-
tories within SNn(k).

A. Scenario I: Highway

Our first scenario illustrates a highway with two commu-
nicating vehicles V1 and V2 in the presence of two leading
other traffic participants (see Fig. 5). V1 and V2 face a conflict
of maneuver corridors at the very first time step k = 1.
Our algorithm allocates the conflicting corridor to V1. As the
reachable sets of V1 progresses to lane 2 at time step k = 10,
another conflicting corridor arises, which is then allocated
to V2. The negotiated ISSs demand that V2 keeps driving
straight while allowing V1 to choose freely from keeping its
lane or swerving into the center lane. Fig. 6 visualizes the
negotiated ISSs and the states of the planned trajectories; as
can be seen, the states are all within the negotiated ISSs,
thus safety is ensured. Alternatively, one can only use the
negotiated ISSs in the last time step, if the safety within the
planning cycle is already ensured by the motion planners.

B. Scenario II: Merging

In our second scenario, V1 and V2 approach a merging
point at a roundabout. Note that for complex road geometries,
the maneuver corridors of vehicles are projected onto the
intersecting lanes to compute the conflicts (see Fig. 7). V1

gets the conflicting corridor allocated at time step k = 6,
and hence, is entitled to keep driving along its lane in the



Planned Trajectory

k = 1

k = 2

k = 10

k = 11

V1

V2 conflicting corridor

allocated corridor
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Fig. 5: Scenario I: Highway. The driving direction is from left to right. In
the subplots for time step k = 1, and the planned trajectory, we show the
initial positions of vehicles; in other cases the drivable area. Based on the
negotiation result, vehicle V1 is let to keep or change its lane.

(a) SNn(k) of V1 on lane 1, keep lane. (b) SNn(k) of V2 on lane 3, keep lane.

Fig. 6: The negotiated ISSs SNn(k) (with d ≈ 0 shown) of vehicles for time
steps k = 0 to 25 with a step size of 5. The red dots indicate the state of
the vehicles at each time step.

subsequent time steps. On the other hand, the ISS of V2 is
constrained to remain right in front of the merging point
before V1 passes.

C. Scenario III: Safety-Critical

Our last scenario demonstrates a safety-critical situation
(see Fig. 8): a truck driving in the rightmost lane had an
accident, causing it to block the two rightmost lanes. V1

is already too close to the truck to perform a safe braking
maneuver. The only way that V1 can remain safe is to
perform an evasive maneuver with the help of vehicle V2.
Even in such a critical situation, our method can determine
the correct coordination of V1 and V2 to ensure safety.
Similar situations can arise due to the presence of unexpected
pedestrians, construction sites on roads, etc.

V. CONCLUSIONS

In this work, by incorporating ISSs, we propose a novel
cooperative planning method that ensures the safety of a
group of cooperative vehicles for an infinite time horizon.
Our method computes ISS for each cooperative vehicle and
derives the negotiated ISSs by resolving conflicts between
their safe maneuver corridors. These conflicting corridors
are allocated to the vehicles, and they serve as constraints

k = 20 Planned Trajectory

k = 6k = 1
V1

V2

conflicting
corridor

allocated
corridor

Fig. 7: Scenario II: Merging. The driving direction is indicated by the
white arrows on the lanes. In the subplots for time step k = 1, and the
planned trajectory, we show the initial positions of vehicles; in other cases
the drivable area. Based on the negotiation result, vehicle V1 is prioritized.

k = 1

k = 12

k = 20

Planned Trajectory

V1V2 conflicting corridor

allocated corridor

OE

Fig. 8: Scenario III: Safety-Critical. The driving direction is from left to
right. In the subplots for time step k = 1, and the planned trajectory, we
show the initial positions of vehicles; in other cases the drivable area. Based
on the negotiation result, both vehicles change lane to ensure the safety.

for the propagation of subsequent reachable sets. In various
scenarios with mixed-traffic, we demonstrate that our method
ensures the overall safety of the cooperative group while
not overly restricting the set of possible trajectories for the
vehicles.
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