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Abstract

Thermoacoustics deals with interactions between thermodynamics and acoustics. One of the
environments where such interactions occur is inside combustion systems. Feedback loops,
in which acoustics and heat release fluctuations amplify each other, can quickly lead to unac-
ceptably high amplitudes of pressure oscillations, potentially interfering with the combustion
process and challenging the structural integrity of combustor components.
It has proven hard to predict and avoid all possible thermoacoustic interactions in the design
stage of combustion systems. Design changes, for example to accommodate emission reduction
technologies, can unexpectedly introduce new thermoacoustic instabilities, also referred to as
combustion dynamics. Even though it is possible to attenuate the high-amplitude oscillations
effectively using active control, it is preferred to avoid instabilities and apply passive stabiliza-
tion measures if required.
The stationary gas turbine industry is prognosticated to play an important role in the energy
transition, flexibly filling the supply shortage when renewable production falls short of the
electricity demand. Increased flexible operation of gas turbines comes with extended opera-
tional windows in which thermoacoustic instability may occur.

Stability margin measures, or precursors, are a tool to detect oncoming thermoacoustic insta-
bilities based on real-time measurements in order to avoid high amplitude pressure oscillations.
A precursor should provide a quantitative measure of the distance to instability, leaving time
to take action and prevent high amplitude limit cycle oscillations. Depending on the type of
thermoacoustic interactions and the geometry of the combustion chamber, precursors can be
defined using appropriate measurements.
This work focuses on azimuthal thermoacoustic modes in gas turbines. Azimuthal modes are
special due to the dynamical freedom these modes possess, posing challenges that have not yet
been addressed with regard to the real-time identification of stability margins.
A stability margin is proposed on the basis of a linear decay rate, obtained by the identifica-
tion of a state space representation that describes the azimuthal thermoacoustic dynamics. The
low order model description is explored in detail to understand the preference of spinning and
standing modes. The thermoacoustic system is shown to be defective (i.e. feature a pair of iden-
tical eigenvectors) under specific conditions, resulting in nonnormal growth and a significant
influence on the amplitude distribution anywhere near this defective point.
The precursor is demonstrated on surrogate and experimental data from a laboratory scale com-
bustor in which it is shown that splitting of the degenerate azimuthal modes is identified well.
Ultimately, the method was successfully implemented on a pair of industrial gas turbines, pro-
tecting them from an azimuthal thermoacoustic instability during extended part-load operation.
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Chapter 1

Introduction

1.1 Thermoacoustic interaction

Thermoacoustics was first observed by the generation of sound in systems with an acoustic
resonator and heat gradients. This phenomenon is believed to be observed in ancient history,
but Rijke and Rayleigh are among the first authors describing thermoacoustics in modern
history. In a note dated 1859, Rijke describes the sound production of a heated wire mesh in
an open pipe [37], a setup which is now referred to as the Rijke tube. In the publication it was
reasoned that the sound must be produced by the subsequent expansion and rarefaction of the
air that passes the wire mesh through natural convection. In 1878 Lord Rayleigh described the
coupling between acoustics and heat release more precisely [35]:

“If heat be given to the air at the moment of greatest condensation, or taken from it at the
moment of greatest rarefaction, the vibration is encouraged. On the other hand, if heat be given
at the moment of greatest rarefaction, the vibration is discouraged.”

This explanation, expressed in the form of a thermodynamic equation, now goes under the
name Rayleigh criterion. When the vibration is encouraged enough to overcome damping
mechanisms, a state of thermoacoustic instability is obtained. In this state, a limit cycle
oscillation develops with a certain frequency and amplitude.

1.2 Instabilities in combustion systems

Understanding and predicting thermoacoustic coupling mechanisms has become increasingly
important, particularly regarding industrial applications where heat is released in compact
enclosures. Research was originally driven in particular by instabilities in propulsion systems
[7, 8], due to the high power density in such systems. The transfer of a small fraction of the
released thermal power into the acoustic field of the enclosure can readily cause catastrophic
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Introduction

failure of components. As land-based gas turbines were scaled up in power output and
efficiency, thermoacoustic interaction and instability became an increasingly important issue,
because of the high economical impact of gas turbine down-time in these power plants.

Increasingly strict regulations on air pollution emissions have aggravated the problem of
thermoacoustic instability. Lean premixed combustion systems form a crucial technology
to minimize the formation of NOx, but the premixed flames are more sensitive to acoustic
perturbations and the combustion chambers tend to have less acoustic absorption through
the reduction of dilution holes. Another factor of the modern power generation market is the
demand for flexibility in order to complement and stabilize the electricity supply, of which a
growing contribution is provided by renewable sources. Flexible, unsteady operation means that
a broad range of operating conditions are in use, yielding constantly changing thermoacoustic
interactions and thus increased likelihood to encounter thermoacoustic instabilities.

The two elements that predominantly define the thermoacoustics in a gas turbine are the com-
bustion chamber geometry and the burner design. The geometry determines the acoustic bound-
ary conditions that influence the thermoacoustic coupling. Whether a gas turbine makes use of
multiple cans around the main shaft or uses a single annular combustion chamber, affects the
possibilities for thermoacoustic interaction. The burner design determines the flame character-
istics and the heat release response to acoustic perturbations.

1.3 Mitigation of combustion dynamics

With the help of dedicated design tools and experiments, major problems with thermoacoustic
instabilities have been mitigated in the design stage of combustion systems. Nevertheless,
problems with thermoacoustic stability are encountered in the field on a regular basis. Thermo-
acoustic interactions have proven to be very sensitive to the state of the system, the operating
conditions, boundary conditions and the environment it is operated in and therefore hard to
eliminate in general.

Active control of the oscillations is an effective solution, in which the acoustic fluctuations are
counteracted by modulation of the fuel flow in a real-time feedback loop. However, if possible
passive control is preferred. Examples include increasing the attenuation of acoustics through
dampers and modification of the flame response through burner modifications.

In the case that the problems due to thermoacoustic oscillations are not that severe because they
occur in a limited, uncritical operating range, operation in said range may simply be avoided.
When the limit cycle oscillation amplitudes are moderate, a short term encounter of instability
can be allowed. In this case amplitude monitoring is adequate; In a matter of seconds the operat-
ing parameters can be changed to a stable operating regime. However, in the case the limit cycle
amplitudes are unacceptably high, either the combustion system must be operated far from the
potential thermoacoustic hazard, or the margin to the instability needs to be identified on basis
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1.4 Scope of the work

of real-time measurements.

1.4 Scope of the work

This dissertation originated as a part of the Marie Curie Initial Training Network TANGO:
Thermo and Aeroacoustic Nonlinearities in Green Combustors with Orifice Structures. The
scope of this project (funded by the European Commission) is to gain combustion-related aero-
and thermoacoustic knowledge in order to develop tools and methods to abate acoustic problems
in combustion systems.

The task within the TANGO project addressed in this dissertation is the development of an
instability warning system. A quantitative evaluation of the thermoacoustic stability is sought,
based on real-time measurements. The host beneficiary of the task is IfTA GmbH, an established
SME in the field of monitoring and control of thermoacoustics in combustion systems. Based
on the competence of the host and input from industry, heavy duty land-based gas turbines with
annular geometry are addressed in particular.

3
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Chapter 2

Thermoacoustics

This chapter gives a brief physical basis of established theory in thermoacoustics.

In order to understand and predict thermoacoustics, model descriptions are required that match
observations in controlled thermoacoustic experiments. A system that includes interaction
between acoustics and fluctuating heat release can be modeled at different levels of complexity.

Studying the complex multiphysics problem taking place in a combustion system as a whole
involves extensive experiments on the combustor of interest and/or detailed numerical sim-
ulations that solve the full Navier-Stokes equations. This allows all coupling mechanisms
between acoustics, heat release, the unsteady flow field and other potential dynamics at play,
such as structural interaction, to be obtained. The drawback of such a global approach is that
the obtained dynamics is very specific to the combustion setup under investigation and the
knowledge gained that can be transferred to a different setup is limited.

In a more fundamental approach, the multiphysics problem is divided into its components
and analytical descriptions are found for them independently. Coupling these building blocks
together to resemble a certain setup can then yield an approximation of the expected behavior
of the full system.

The following three examples list the possibilities to model a thermoacoustic system. From
top to bottom, model descriptions range from detailed and expensive (millions of degrees of
freedom) to low-order and analytic (few degrees of freedom).

• Full numeric solver (DNS or LES), including chemistry for combustion

• Euler solver coupled with a reduced order model for the flame (e.g. FTF or FDF)

• Network/analytic acoustic model coupled with low-order heat release model (e.g. n-τ)

The focus in this work is on the last category, describing low-order behavior of generic
systems. Building blocks in this case are plane acoustic propagation (with or without mean
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flow) and fundamental heat release response characteristics. Low-order models are widely
applicable to different combustion setups and the limited degrees of freedom vastly increase
the feasibility to develop real-time model-based monitoring implementations. To ensure that
the low-order description of the thermoacoustic system contains the desired key features of the
physical solution, a cross-validation with experiments and/or more complex models is essential.

Not all topics in the field of thermoacoustics are covered in the scope of this work. For
example, the interaction of thermoacoustics with unsteady flow fields and entropy waves is not
considered.

2.1 Governing equations

Disregarding viscous effects and heat conduction, the Navier-Stokes equations can be reduced
to the Euler equations. The PDE (partial differential equation) in non-conservation form [36]
can be condidered as a good starting point:

Dρ

Dt
+ρ∇·u = 0 (2.1)

ρ
Du

Dt
=−∇p (2.2)

De

Dt
+p

Dv

Dt
= vQ̇ (2.3)

Note that the volumetric heat release is contained, whereas heat conduction is neglected. This
is justifiable in a combustion system in which the vast majority of the released heat leaves the
combustion chamber through convection.

2.2 Acoustics

Acoustics describes wave propagation in a medium. The waves consist of small disturbances
of the thermodynamic state variables with respect to their undisturbed magnitude, allowing lin-
earization of the Euler equations.
Besides the flame region, all fluid domains within a combustion system are isentropic and there-
fore unaffected by the energy equation (Eq. 2.3). Writing the variables in the mass (Eq. 2.1) and
momentum (Eq. 2.2) conservation equations in terms of mean and fluctuating quantities and
neglecting contributions of squared fluctuations, yields:

Dρ′

Dt
+ρ0∇·u′ = 0 (2.4)

ρ0
Du′

Dt
=−∇p ′ (2.5)
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2.2 Acoustics

Assuming a quiescent state of the gas, a combination of the time derivative of 2.4 and the
divergence of 2.5 eliminates u′.

∂2ρ′

∂t 2
−∇2p ′ = 0 (2.6)

A convenient equation of state for isentropic flow quantifies the change of pressure with respect
to the density at constant entropy. (

∂p

∂ρ

)
S
= c2 (2.7)

Insertion in equation 2.6 yields the wave equation.

∂2p ′

∂t 2
= c2∇2p ′ (2.8)

As it turns out, the constant c is the propagation speed of acoustic fluctuations, i.e. the speed of
sound.

In a first approximation, a combustion chamber can be described by a volume filled with a
quiescent perfect gas at a prescribed temperature. The geometry and inlet/outlet impedances of
the combustion chamber define the boundary conditions that are imposed on the wave equation,
such that solutions of the acoustic field can be found.

2.2.1 Example: eigenmodes in a combustor can

A low order model for a combustor can would only consider axial fluctuations and neglect the
convection velocity with respect to the speed of sound (i.e. a low Mach number). The gen-
eral solution consists of two arbitrary functions f and g that travel upstream and downstream
respectively and meet the boundary conditions at the end of the domain.

p ′ = f (x − ct )+ g (x + ct ) (2.9)

u′
x = 1

ρ0c

(
f (x − ct )− g (x + ct )

)
(2.10)

An infinite set of complex harmonic functions is used to describe f and g and enforce the posed
boundary conditions. For example, closed ends (u′

x = 0) at the boundaries at x = 0 and x = L
yields

p ′(x, t ) = 1

2
e iωt−i kx + 1

2
e iωt+i kx = cos(kx)e iωt (2.11)

u′
x(x, t ) = k

2ρ0ω

(
e iωt−i kx −e iωt+i kx

)
= −i k

ρ0ω
sin(kx)e iωt . (2.12)

With wave numbers k = π j /L, where j = 1,2,3, ... assuring that the boundary conditions are
fulfilled.
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Thermoacoustics

2.3 Heat release: an acoustic source

To establish the coupling between heat release and the acoustic field through the energy equa-
tion 2.3, the considered gas is assumed to behave as a calorically perfect gas around the mean
thermodynamic state,

c2∂ρ
′

∂t
= ∂p ′

∂t
− (γ−1)Q̇ ′. (2.13)

This yields the inhomogeneous wave equation with a heat release term on the right-hand side.

∂2p ′

∂t 2
− c2∇2p ′ = (γ−1)

∂Q̇ ′

∂t
(2.14)

It must be noted that the ratio of specific heats γ and in particular the speed of sound c need not
be constant, as a large increase in temperature is present over the flame surface.
Integrating equation 2.14 over time yields

∂p ′

∂t
+ρ0c2∇u′ = (γ−1)Q̇ ′. (2.15)

Multiplying with p ′/ρ0c2 and rewriting the with help of the momentum equation, the balance
equation for the acoustic energy is obtained.

∂

∂t

(
1

2ρ0c2
p ′2 + ρ0

2
u′2

)
+∇· (p ′u′) = γ−1

ρ0c2
p ′Q̇ ′ (2.16)

The rate of change of compression and kinetic energy in an infinitesimal volume plus the en-
ergy leaving the boundaries is equal to the acoustic energy gained through the volumetric heat
release. The acoustic energy is indeed increasing if the heat release fluctuations Q̇ ′ are released
when the acoustic pressure p ′ is positive as Lord Rayleigh described [35].

2.4 Heat release description

In general, heat release fluctuations are present in combustors with turbulent flow. For example,
heat is released both as a function of time and location as eddies interact with the flame front,
giving rise to acoustic perturbations. Another heat release mechanism involves fluctuations in
the equivalence ratio of the fuel mixture caused by turbulence in the premixing process. Turbu-
lence causes a broadband noise spectrum that is typically uncorrelated to acoustic eigenmodes.
As E [p ′Q̇ ′] = 0, the acoustic energy will not grow without bounds. Higher acoustic energy can
be found at the eigenfrequencies because the energy decays relatively slowly at these resonance
points.

The thermoacoustics becomes particularly interesting when the heat release is simultaneously
modulated by the acoustic field. This results in a correlation between heat release and acoustics
and constructs a closed feedback loop. Acoustic particle velocity can modulate the heat release
via several mechanisms, such as vortex shedding at the burner or periodically changing of the
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2.5 Thermoacoustic stability

fuel equivalence ratio.

A low-order model describing this effect relates the heat release to the particle velocity at a
certain location with a response strength and a time lag. This could be a velocity modulation of
the fuel at the injection point, causing unsteady heat release after the fuel has been convectively
transported from the injector point to the flame front[6]. This model structure has also been used
to model the Rijke Tube [18].

Ñ
Vh

Q̇ ′(x, t )dV = nu′(xr , t −τ) ·vr (2.17)

Here, the heat release concentrated in the volume Vh is sensitive to velocity fluctuations at
reference location xr in the unit direction vr . More sophisticated models describe a frequency
dependent transfer function between acoustic perturbations at a sensitive location and the heat
release. This so-called Flame Transfer Function (FTF) can be described by a model or obtained
through experiments. Ñ

Vh

Q̇ ′(x,ω, t )dV = F T F (ω)u′(xr ,ω, t ) ·vr (2.18)

When the heat release is also a function of the acoustic amplitude A, the method is referred to as
a Flame Describing Function (FDF). This allows to find limit cycle behavior through amplitude
saturation. Ñ

Vh

Q̇ ′(x,ω, t )dV = F DF (ω, A)u′(xr ,ω, t ) ·vr (2.19)

2.5 Thermoacoustic stability

Integrating the acoustic energy balance equation 2.16 over the volume of the system and using
the divergence theorem leads to the balance of total acoustic energy Wa in the system.

Rate of change︷ ︸︸ ︷
dWa

dt
+

Outward flux︷ ︸︸ ︷Ó
S(V )

p ′u′ ·ndS =

Rayleigh source term︷ ︸︸ ︷Ñ
V

γ−1

ρ0c2
p ′Q̇ ′ dVh (2.20)

Where Wa =Ð
V

(
1

2ρ0c2 p ′2 + ρ0
2 u′2

)
dV is the total acoustic energy within the system bounds.

With the heat release being (among other things) a function of acoustic perturbations in the same
domain, a feedback loop is obtained. For a linear heat release description, it can be quantitatively
stated that a thermoacoustic eigenmode averaged over an acoustic cycle behaves as follows:

dA

dt
= (β−α)A (2.21)

Where α reflects the natural decay of the eigenmode (mainly) due to the flux of acoustic energy
leaving the acoustic domain and β is the growth rate resulting from the Rayleigh source term
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(see equation 2.20).

A(t ) = A(0)e(β−α)t (2.22)

The complex proportionality constant β depends on the acoustic field, the reference and heat
release location(s) and the (phase) delay between the reference velocity and heat release. With
ℜ(β) > 0 the heat release adds energy to the thermoacoustic field. Conversely for ℜ(β) < 0 the
heat release dampens out the eigenmode. The imaginary part of β is the oscillatory part of the
solution, yielding the eigenfrequency of the thermoacoustic system: e iℑ(β)t = e iωt .

Typically the type of thermoacoustic instability studied is dominated by a standing wave acous-
tic field. In such case the outward flux is very small, i.e. the waves dominantly reflect at or
outside of the volume boundary. This results in an acoustic sub-domain with α¿ω, in which
a relatively small positive feedback of the heat release is sufficient to cause exponential ther-
moacoustic growth. The focus in this work is on this type of instabilities, where the combined
thermoacoustic system is a perturbation from the acoustic solution. It must be noted that this
need not be the case, briefly discussed in the next subsection.

2.5.1 Alternative synchronized feedback loops

Significant thermoacoustic feedback may take place under purely active acoustics (no reflec-
tions), where all generated acoustic energy leaving the control volume (enclosing xr and xh) is
lost. Such intrinsic thermoacoustic feedback can be strong enough to become unstable [10, 20].

In an alternative scenario, the acoustic fluctuations u′(xr , t ) are not caused by the heat release
itself, but are an indirect feature of the heat release: convected vorticity and/or entropy waves
[45] interact with (non-quiescent) flow regions, such as the strong contraction towards the first
stage of a turbine [13, 22]. If one wants to focus on such effects, these interactions can be
described/modeled additionally by relaxing the presented assumptions.

In this dissertation, intrinsic feedback and indirect sound sources are not considered, because
thermoacoustic instabilities in industrial gas turbines are typically caused by an acoustic eigen-
mode with direct feedback from the heat release of the perturbed flame(s).

2.6 Nonlinearities

When ℜ(β) >α the thermoacoustic eigenmode would exponentially grow in the linearized case
stipulated above. This would then quickly violate one of the instances where small fluctuations
were assumed, invalidating the solution. The acoustic propagation remains valid for quite high
amplitude (as long as p ′ ¿ p0, ρ′ ¿ ρ0 and |u′| ¿ c). The heat release response on the other
hand might be prone to nonlinearities as soon as |u′| ≈ u0, where u0 is some local mean flow
velocity near the reference location[19]. Alternatively, the heat release fluctuations are limited
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Figure 2.1: supercritical bifurcation
Ȧ = A(λ− A2 −0.1A4)

Bifurcation parameter λ
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A

Figure 2.2: subcritical bifurcation
Ȧ = A(λ+ A2 −0.1A4)

by the total available heat power Q̇ ′ ≤ Q̇0 entering the system. Furthermore, acoustic impedances
of perforated structures may change, affecting α. Sooner or later, the losses will balance the
growth rate, resulting in a finite limit cycle amplitude.

2.6.1 Bifurcation

When the solution of a thermoacoustic system crosses the imaginary axis (from the negative
real to positive real) and nonlinear balancing terms force the amplitude to a limit cycle solution,
this is known as a Hopf bifurcation. Starting with the ODE for the pressure 2.21, nonlinear
restoring forces can be introduced by any even function of the amplitude A.

Ȧ = A
(
λ+a1 A2 +a2 A4) , (2.23)

where λ= (β−α).

Two examples with solutions of Ȧ = 0 are shown in figure 2.1 and 2.2. The fourth order co-
efficient is used to limit the amplitude by setting a2 = −0.1. The quadratic order term a1 is
set positive and negative unity, respectively, to demonstrate a subcritical and a supercritical bi-
furcation as main transitions classes between the fixed point solution and the limit cycle. The
amplitude is counteracted by the quadratic term in the supercritical case, yielding a continu-
ous relationship between the bifurcation parameter and the amplitude. In case of a subcritical
bifurcation the driving source is (initially) increasing with amplitude. This causes both a dis-
continuity of the amplitude and hysteresis, as multiple solutions for the amplitude are present
for certain values of the bifurcation parameter.
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2.7 Eigenvalue solution

Solutions of linear dynamic systems with arbitrary degree of freedom are obtained by solving
the eigenvalue problem. Let the change of the state vector q be described by the matrix A.

dq

dt
= Aq (2.24)

The evolution of the system released with initial state q(0) is given by

q(t ) = q(0)e tA. (2.25)

which can be readily evaluated for particular initial conditions q(0), but does not reveal any
general information about the behavior of the system. For example, it may be hard to deduce
whether the system is bounded (i.e. stable) by inspection of the transient dynamic evolution
from some arbitrarily chosen initial condition.

Solutions of the form Av =λv with scalar λ are of interest, because the rate of change is collinear
with the current state and the relative rate of change will remain constant. In other words, these
are invariant solutions of the system.

(A−λI)v = 0 (2.26)

The scalar values λ are eigenvalues and the corresponding bases v are the eigenvectors of
the eigenvalue solution. For nonzero eigenvector v, solutions for λ are found by solving the
characteristic polynomial given by det(A−λI) = 0.

For complex λ, the real and imaginary part represent the growth rate and oscillatory frequency
of the eigensolution, equivalent to (β−α) in section 2.5. Any initial state of the dynamic system
might be written with the eigenvectors as basis. The solution is readily obtained by the sum of
all analytic eigensolutions.

2.8 Nonnormal growth

A linearized dynamic system with all complex eigenvalues located in the left-half plane
is stable. It is often assumed that the energy in the system decays with the least negative
eigenvalue or faster, for all possible initial conditions. This is, however, only true for systems
that commute with themselves, i.e. in which all eigenvectors are orthogonal to each other.
Figures 2.3 and 2.4 show a textbook example of transient growth of a linear system. Two
eigenvectors in 2d space have a relative angle of 150◦, i.e. are strongly nonnormal. Consider
the evolution of the system with both vectors initially unity and eigenvalues of λ1 = 1s−1 and
λ2 = 10s−1. The effective amplitude of v1 +v2 is smaller than either of the contributions as the
nonorthogonality allows amplitudes to cancel. When one of the two solutions quickly decays
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v1

v2

150◦

v = v1 +v2

Figure 2.3: Two non-orthogonal
eigenvectors, with can-
celling initial conditions

e−t

e−10t

v(t )

Figure 2.4: Evolution of the system,
showing how the decay
along v2 causes an in-
crease in amplitude.

the canceling is reduced and the solution climbs up the slower decaying vector, yielding a
transient growth in energy.

Linearized systems of equations describing thermoacoustics are usually not normal. Consid-
ering the acoustic energy, it is not surprising that transient growth can occur, as the flame acts
as an acoustic source. Initial acoustic conditions can be chosen to have energy localized at
the reference location to which the flame response is sensitive, activating the acoustic source
and amplifying the acoustic energy. The strength of transient growth is strongly related to the
energy norm chosen. The transient growth can be strongly reduced or eliminated by including
sources of acoustic energy in the energy norm of the system [4].

Nonnormal transient growth was brought to attention in relation to nonlinear effects described in
2.6. It was postulated that transient growth from certain low energy initial conditions can trigger
a subcritical thermoacoustic bifurcation, causing an amplitude jump from the fixed point stable
solution to the limit cycle solution. Using low order modeling and experiments, it has been
asserted that this can indeed occur[1, 27]. Triggering in thermoacoustics is analogous to bypass
transition to turbulence[21] but carries less significance as the transition to a thermoacoustic
limit cycle is typically assisted by linear instability.

2.9 Stability margin approaches

Current research on thermoacoustic monitoring focuses on real-time prediction of instability,
rather than quantifying whether the current level of oscillations is permissible. When high
oscillation levels can be avoided, reduction of component life does not have to be accounted
for. In case of a subcritical bifurcation (refer to figure 2.2) the increase of amplitude can be
very sudden and the hysteresis may make it hard to stabilize the dynamics again. Conversely,
predictive tools can allow operators to approach the stability limit more closely, extending the
operating window of the combustion system.

In industrial applications it is unusual to have an option to excite the thermoacoustic system.
As a result, stability margins are based on output-only quantification, relying on the reading
of installed dynamic sensors. Output-only identification of stability margin measures can be
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categorized in two main branches; fitting the data to a linear model and nonlinear data analysis.

2.9.1 Linear decay rate

In the stability analysis of linear systems, it is common practice to solve the eigenvalue problem
of the dynamic system. The real part of the eigenvalues ℜ(λ) constitutes the growth rates of the
eigensolutions. As the name suggests a positive growth rate gives rise to exponentially growing
solution, which is referred to as an unstable solution.

A(t ) = A(0)eλt (2.27)

A negative growth rate implies that any perturbation of the modal vector will exponentially
decay back to zero. The special case of ℜ(λ) = 0 is marginally stable; There is neither
amplification nor decay and a perturbation will be conserved. Where the eigenvalue contains an
imaginary part, it describes the additional oscillating frequency of the solution. In the absence
of energy sources, a dynamic system is characterized by dissipation and growth rates that are
never positive. This encourages the usage of the equivalent terms damping rate and/or decay
rate −ℜ(λ).

The decay rate is a natural measure for stability. It is readily obtained from linear models and
yields a qualitative measure for the stability of the system. The point at which the system
changes from stable to unstable is well defined: at the marginally stable point Re(λ) = 0.
An estimate of the linear decay rate from measurements can be obtained with several
different approaches [24, 28, 32, 44]. Estimating the decay rate without perturbation input
(output only) and calculating the estimate in real-time reduces the number of available methods.

Output only identification methods of the linear decay rate rely on the condition that the
eigenmode of interest is excited by a broadband process. In case of turbulent combustion such
excitation is provided. In general the frequency spectrum of the excitation is smooth enough to
locally consider it to be white noise.

In a further step, the decay rate can be projected on the governing operating parameters. For
example, the distance to instability could be expressed in terms of MW load increase, holding
all other parameters equal. To achieve this, an online sensitivity analysis would be required, in
which the change in stability is monitored while perturbing the operating parameter of interest.

Modeling the dynamics in more detail introduces additional uncertainties due to the model
assumptions. It also requires a significantly longer identification time for output-only iden-
tification due to the increasing number of system parameters to be estimated. For industrial
combustion systems, it is currently considered infeasible to identify how each change to the
system affects the stability estimation.
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2.9.2 Nonlinear data analysis

An argument against stability margins derived from linear theory is that combustion pro-
cesses inherently contain nonlinear dynamics. For one, the combustion is continuously
perturbed by upstream turbulence, a deterministic nonlinear phenomenon. Furthermore,
when the amplitude rises, effects emerge that cause saturation as discussed in section 2.6. In
fact, there may be many other nonlinear processes that influence the observed dynamics and
might deteriorate attempts to fit a linear model to the data, depending on the application at hand.

In nonlinear data analysis, a measured signal is considered to come from a multidimensional
nonlinear dynamic system. The states that such a system may assume can be represented
geometrically by an attractor in a phase space that possesses at least as many dimensions as the
system variables. Following Takens theorem [46], a single signal from a nonlinear system can
be used to build a phase space by considering delayed versions of the signal as independent
signals. Subsequently, properties of the obtained multidimensional attractor can be used to
define stability measures.

A simplified nonlinear system representing cellular (Rayleigh-Bénard) convection, formed
the basis of the Lorenz attractor [26]. This three-dimensional system of equations is used to
demonstrate the chaotic behavior of a strange attractor. The attractor in 3d phase space is shown
in its physical variables in Figure 2.5. All points on the attractor correspond to a unique state
of the system, i.e. there are no crossing trajectories in 3d space. However, the evolution of two
arbitrarily close points will eventually diverge and follow very different trajectories; popularly
referred to as the butterfly effect.

Imagine the Lorenz system is describing some dynamic system and the only parameter we can
measure is the third variable Lz . This chaotic signal becomes structured again in a 3d phase
space after two other variables are defined as time delayed versions of the measured variable,
see Figure 2.6. When the time delay is chosen well, it is observed that there are indeed no
trajectory crossings.

The stability margin methods that use nonlinear data analysis quantify the predictability or con-
versely the unpredictability (chaos) of the data. Turbulence and noise show high-dimensional
behavior which is related to a stable system, whereas the self-organized dynamics of a limit
cycle can be embedded in a low-dimensional phase space. Several stability margins have been
proposed based on nonlinear data analysis. Most methods focus on close neighbors (points that
are close to each other in phase space) using recurrence quantification analysis. A very chaotic
system would show merging and diverging of trajectories on a short time scale. The divergence
of trajectories in phase space is directly related to the Lyapunov exponents, i.e. the linear rate
of separation of nonlinear trajectories that are near to each other.

Measures also exist that do not rely on phase space embedding, but use the multifractal or
chaotic property of turbulence in conjunction with the nonfractal, orderly behavior of limit
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Lx

Ly

Lz

Figure 2.5: Lorenz attractor, original vari-
ables in 3d phase space

Lz(t )

Lz(t +τ)

Lz(t +2τ)

Figure 2.6: Lorenz attractor, embedded
phase space of Lz

cycle oscillations. A list of existing stability margin methods is included in section 3.3 where
the individual methods are discussed in more detail.
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Chapter 3

Combustion stability monitoring and
control

During development of combustion systems it is possible to analyze the dynamic behavior
in detail and relate it to expectations from experience and/or modeling of thermoacoustics.
Flame transfer functions (FTFs) or flame describing functions (FDFs) are determined, dynamic
pressure fluctuations are measured and heat release indicators are obtained optically.

Once a gas turbine is commissioned and running within its operability window, it is no longer
subject to detailed tests and instrumentation is kept to a bare minimum for monitoring purposes.

3.1 Monitoring in the field

Historically, combustion systems have a specified operating range where they can be safely op-
erated for a certain amount of running hours and/or starts. The operating range can be restricted
as necessary such that high amplitude combustion dynamics that could limit the operability are
excluded.

In recent years, pollution emissions (NOx in particular) have been reduced significantly with
the introduction of lean premixed combustion in gas-fired power plants. At the same time, this
approach has increased the susceptibility of the system to combustion dynamics, negatively
affecting gas turbine reliability and availability [25]. As a result, monitoring combustion
dynamics online on heavy duty land-based gas turbines has become common practice.

The standard method for monitoring is to acquire the acoustic amplitude in the combustor for a
discrete set of frequency bands. Operating conditions with high amplitude can be mapped and
avoided or reduced in future instances. This can be sufficient when the limit cycle amplitude
can be sustained for longer periods without damage. Such a strategy could be included in an
automatic tuning system [25] where the operating parameters are automatically optimized on a
constant basis. In cases where thermoacoustic instability issues affect the operability range or
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maintenance interval significantly, other measures need to be considered. This includes passive
control, active instability control and online stability margin measures.

3.1.1 Instrumentation

Typically, the instrumentation on gas turbines is limited to the sensors required to ensure spec-
ified fluctuation levels are not exceeded. Of the fluctuating quantities in thermoacoustic os-
cillations, the dynamic pressure is overall the most viable choice for monitoring; the sensors
are relatively robust, inexpensive and easy to install and the pressure fluctuations are of direct
relevance for fatigue of combustor components. Depending on gas turbine geometry and sen-
sor specifications, the sensors are usually installed in a location that represents the acoustic
fluctuations in the combustion chamber. A mount slightly upstream of the burners yields good
proximity under the limitations of thermal management.
Installing more instrumentation to monitor combustion dynamics on an entire fleet of a gas
turbine type is currently not considered economically viable. Taking in consideration that the
instrumentation needs to be highly robust and long-lived, many sensors used in a test environ-
ment are not suitable for industrial application. For instance optical access to the hot gas path
(e.g. flow visualization, surface temperature measurements or heat release determination) would
require major hardware modifications and periodic cleaning of optical elements.

3.1.2 Real-time capability

Besides the sparse instrumentation on industrial combustion systems, the need for real-time
processing of the data is a constraint for more advanced monitoring algorithms. With real-time,
it is meant that the average calculation time per incoming data point does not exceed the
sampling period, in order to ensure that the processing can keep up with the data acquisition.
When the output of an algorithm returns a parameter estimate of the system with a constant
delay (for example because averaging is required), this is still regarded to be real-time.

Dynamic measurements of thermoacoustics involves a data rate of roughly 10 kHz per sensor.
It is important to extract the relevant information from the data stream quickly and efficiently
in order to perform the intended processing without overloading the digital signal processor
(DSP) of the data acquisition hardware. With the current clock speed of DSP’s, many types
of analysis can be performed in real-time. More problematic are iterative methods, such as
root-finding algorithms of high-dimensional dynamic systems, as the number of required
arithmetic operations is not fixed/known.

Typical averaging and filtering methods for real-time applications include recursive methods,
such as exponential moving average (EMA) and infinite impulse response (IIR) filters respec-
tively. These recursive methods require significantly less data points in memory and less arith-
metic operations to achieve a similar outcome to the more conventional counterparts simple
moving average (SMA) and finite impulse response (FIR) filters.
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3.2 Instability control

Severe instability issues due to thermoacoustic oscillations require a better solution than to stay
well clear of the hazardous operating range and monitor the amplitude as a back-up net. With an
appropriate understanding of the physical system it is possible to solve the instability problem
through passive or active control without a total redesign of the combustion system.

3.2.1 Passive control

Passive control aims to control the instability issues by making targeted hardware or process
adaptations. The aim is to stabilize a specific instability without the need to redesign the sys-
tem. A typical solution is the installation of acoustic dampers that attenuate acoustic energy at
the frequency of the instability [5]. The damper results in an additional outward flux of acous-
tic energy in equation 2.20 that negates the Rayleigh source term and therewith stabilizes the
system. Alternative approaches change the dynamics of the flame, for example by modification
of the burner outlets [3]. Another possibility is open loop control, in which the flame dynamics
changes through continuous excitation of the air upstream of the burner [15]. Passive control
stabilizes a specific mode by purposely changing the dynamics of the system. It is possible that
these changes inadvertently affect other modes as well.

3.2.2 Active control

A more drastic approach makes use of active instability control (AIC) [43]. An actuator and
control loop is required to actively dampen the oscillations, such that stable operation is possible
under otherwise unstable operating conditions. For favorable control authority, the heat release
fluctuations are controlled at the frequency of the impending instability by modulation of the
fuel injection. The phase delay between the acoustics and the heat release modulation is critical,
as it determines whether the added contribution to the Rayleigh source term (equation 2.20) is
positive or negative. An AIC system can stabilize instabilities at different frequencies, making
it a flexible and robust solution. Nevertheless the use of active control is avoided in industrial
power plants partly due to the complexity and additional moving parts.

3.3 Existing stability margins

A stability margin for online monitoring of thermoacoustics in industrial applications is limited
by the following considerations:

• Availability of only a few pressure transducer sensors, typically one per can or a few
around the circumference of an annular combustor.

• No means to perturb or control the combustion process, i.e. output-only determination of
the stability margin.
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• Computational complexity to be kept low to allow continuous real-time evaluation.

• Robustness: repeatable results required on time scales from 1 second to multiple years.

3.3.1 Linear system fitting

Fitting measured dynamic data to a low order linear model of the physical system is an estab-
lished method. System identification is applied to obtain an estimate of the parameters of the
low order model, which allows calculation of the system damping rate(s).

3.3.1.1 Autocorrelation fitting

Lieuwen proposed to fit the autocorrelation function of a time series to estimate the decay rate
[24]. For a single underdamped harmonic oscillator excited by stochastic forcing of the tur-
bulence in the system, this approach stands out by its simplicity. Nevertheless, filtering other
dynamic content out of the time series and choosing the autocorrelation interval used for fit-
ting are not trivial. There have been attempts to optimize the fitting process of the exponential
decay by replacing the least square fitting by a more sophisticated approach [44]. Fitting the
autocorrelation causes some bias towards a stable estimate as the system gets closer to marginal
stability, since the autocorrelation always decays; when the time series is separated into multiple
smaller segments to update the stability prediction, segments with a net growth will erroneously
be interpreted as a decay and contribute accordingly.

3.3.1.2 Spectral fitting

The Q-factor and power spectrum fitting [28] are alternatives to the autocorrelation fitting. The
results have a dependency on the specific Fourier transform settings, such as window size and
window function. As the autocorrelation is the inverse Fourier transform of the power spectrum,
these methods are essentially equivalent to Lieuwen’s method.

3.3.1.3 Other

The thermoacoustic decay rate may also be deduced from the dynamics of the envelope of the
oscillating signal. Noiray has employed the conditional probability of the envelope evolution
to fit the parameters of the Focker-Planck equations [32], where the linear contribution of the
convection coefficient is an estimate of the growth rate.

3.3.2 Nonlinear stability margins

As introduced in section 2.9.2 stability margins have been proposed that do not use the as-
sumption of linear behavior of the thermoacoustic system. These methods use the geometry of
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the attractors in a phase space embedding, or a measure of the chaos or predictability of the
measured time series.

3.3.2.1 Phase space methods

An example of a phase space method is the translation error proposed by Gotoda et al.[16], de-
scribing the divergence rate of close neighbors after a certain evolution time. When the neigh-
bors quickly separate from each other the dynamics is rather chaotic, indicating dominant turbu-
lent forcing. An impeding instability on the other hand results in more predictable path through
the phase space with neighbors staying close together.

The recurrence plot is a tool that builds upon the near neighbors in a state space, showing
whether every pair of two measurements are close neighbors in a 2d plot. The shapes in such a
plot reveal whether the dynamics is chaotic, is in a limit cycle or shows signs of intermittency.
Multiple measures can be constructed from the recurrence plot to serve as a stability margin, as
proposed by Nair et al.[31].

Choosing the embedding dimension for the phase space methods is not a trivial task. Following
a vast amount of neighbors through a high-dimensional phase space is a rather costly compu-
tational task which is not feasible in real-time. When the dimensionality of the phase space is
reduced, false neighbors may be selected as they are near only because of the projection on a
too low dimension.

3.3.2.2 Entropy (information theory) methods

Measures also exist that assume a nonlinear underlying dynamical system, but do not rely on
phase space embedding. These methods use the multifractal or chaotic property of turbulence
and the nonfractal property of limit cycle oscillations. Bypassing the computationally costly
phase space reconstruction makes real-time application of nonlinear data analysis methods more
feasible.

Nair et al. proposed to use a test developed by Gottwald and Melbourne to distinguish between
regular (periodic / quasi-periodic) and chaotic dynamics [17, 30] in time-domain. Even though
it was designed as a binary test, the region between stable and unstable thermoacoustics is
characterized by a smooth transition.

A similar method introduced by the same research group uses the Hurst exponent as a stability
margin [29]. This method also differentiates between chaotic dynamics and regular dynamics,
by quantifying the multifractality. The Hurst exponent is a scaling factor for the variability of
the time signal as a function of the time scale. When the time signal becomes periodic, the Hurst
exponent approaches zero.
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3.4 Annular combustion systems

Gas turbine combustion chambers are located around the main shaft between the axial com-
pressor and turbine. In most cases, a discrete number of combustion chambers (cans or silos) is
utilized, where acoustic interaction between the combustion chambers is impossible. Annular
combustion systems on the other hand only utilize a single combustion chamber; an annulus
around the shaft. From a thermoacoustic perspective, these gas turbines are fundamentally dif-
ferent, because acoustic waves can propagate azimuthally. Can-annular designs and can-type
gas turbines with cross-firing tubes find themselves in between annular and can-type gas tur-
bines, with constrained azimuthal propagation of acoustics.

None of the stability margin methods mentioned before specifically address azimuthal ther-
moacoustic modes. In fact, the majority of existing stability margin measures (implicitly or
explicitly) assume that a measurement is performed statically with respect to the thermoacous-
tic mode shape. In annular combustion systems, however, azimuthal modes are not spatially
fixed due to the circular (or rotational) symmetry of the annulus. The low frequency azimuthal
thermoacoustic eigenmodes in annular systems are therefore particularly prone to instability
[23]. For a perfectly symmetric system, a certain standing wave solution rotated around the
circumference by any angle would be a valid solution too. A combination of such rotated
solutions is also a possible solution by itself, rendering the mode shapes indeterminate: it
can form standing waves with the nodes at any circumferential location, but also traveling
(spinning) waves in clockwise and anticlockwise direction and any combination thereof.

Annular gas turbines are designed to be (very close to) rotationally symmetric, therefore the
azimuthal mode shapes are not fixed [12, 48]. This poses a challenge in defining an appropriate
stability margin for annular gas turbines that has not been addressed before.

3.4.1 Rotational symmetry

Annular combustion chambers typically have a discrete set of burners distributed equidistant
around the circumference. Therefore, the geometry of an annulus with N burners corresponds
to an N -fold rotational symmetry. Nevertheless, circular symmetry can usually be assumed
without affecting the modeling results for low azimuthal mode order m (the amount of
wavelengths around the circumference of the annulus). For N ≥ 2m a discrete set of identical
burners does not cause any eigenvalue splitting for the modal solution with mode order m,
provided the system is linear. Consequently, the heat release can be considered to take place
on a continuous line through the annular combustion chamber. Replacing the burner-based
network model description by a continuous analytic description of the physics is therefore
justifiable [11]. For non-linear limit-cycle behavior, the eigenvalues do split for N ≥ 2m
through an amplitude dependent heat release response, allowing solutions of either the standing
or the traveling kind [14].
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Figure 3.1: Three-dimensional exam-
ple of the acoustic field
in an annulus, reproduced
from [39]

Figure 3.2: Propagation of the az-
imuthal waves F and G ,
reproduced from [40]

3.4.2 Degeneracy

Adopting the low-order modeling strategy outlined in chapter 2, the acoustic solution in
an annular geometry is described by clockwise and anticlockwise waves. A generic full 3-
dimensional acoustic solution of the Helmholtz equation (i.e. the wave equation 2.8 in frequency
domain) can be written as follows:

p ′(x, t ) =Ψ(x,r )Φ(θ)e iωt (3.1)

In whichΨ(x,r ) describes the axial and radial dependency of the acoustic field, fully defined by
their respective boundary conditions for the frequency ω. An example of a three-dimensional
acoustic solution in an annular geometry is shown in figure 3.1. The azimuthal dependency
contains the two waves traveling around the circumference which can take any complex value
as initial conditions.

Φ(θ) = Fe−i mθ+Ge i mθ (3.2)

Propagation of these azimuthal components of the acoustic field in the annular combustor is
sketched in figure 3.2. As these acoustic waves pass the burners, they affect the heat release
and close the feedback loop. If the combustion system possesses mirror symmetry in addition
to the rotational symmetry the heat release response to F and G must be identical. This can be
violated by burners with co-rotating swirlers. It is established that the dominant coupling is
caused by an induced axial flow at the burner at the moment a transverse rarefaction wave has
passed [42]. This implies that the heat release response to both waves is identical at the first
approximation, even in case of co-rotating swirlers.
When the acoustic amplitudes F and G in equation 3.2 decay with the same rate and generate
an identical heat release response, the thermoacoustic system is 2-fold degenerate [47].
Eigensolutions of the azimuthal modes result in repeated eigenvalue pairs.
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3.4.3 Symmetry breaking

Even though gas turbines are predominantly designed symmetrically, there are several processes
that can cause this symmetry to break. Some possible causes are given in the following non-
extensive list.

• Assembly margins, causing a θ-dependency for acoustic propagation

• Struts, baffles or heat sinks around the circumference

• Co-rotating swirlers in the burners

• Azimuthal bulk flow

• Varying flame response for the burners

• Azimuthal varying distribution of wear and fouling

In general these effects do not split the eigenvalues enough to observe two distinct peaks in the
power spectrum of a measurement of the system. However, a very small split in the growth rate
may well be significant since the (thermo)acoustic oscillations of interest are typically strongly
underdamped: ζ¿ 1, i.e. α−ℜ(β) ¿ω.

3.4.4 Consequences for stability margins

Fitting a double-oscillator system for azimuthal modes with a model for a single oscillator will
inevitably introduce errors in the damping estimate when eigenvalue splitting occurs. Consider a
stochastically forced degenerate orthogonal pair of azimuthal waves of mode order m = 1 and an
azimuthal bulk flow motion that gently rotates the acoustic field. When measuring the acoustic
field at a fixed azimuthal position, a frequency split will be observed as a result of the Doppler
effect: ω= (1±M)ω0. Determination of the damping α by fitting a single oscillator model will
fail for ζ≈ M as the time scale of the frequency split is equal to the time scale of the exponential
decay. With M =O (10−2) [48], this will be the case for very under-damped oscillations, where
the need for an accurate stability margin measure is critical. Estimating the damping from the
Q-factor will yield an overestimation of the damping as the two superimposed resonance peaks
are wider than a single resonance peak. Fitting the envelope of the autocorrelation function will
fail as a result of the beating phenomena.
Without eigenvalue splitting we have

R(τ) = cos(ωt )e−2αt (3.3)

which can be fitted to obtain α by application of the Hilbert transform [24], see figure 3.3. With
frequency splitting through azimuthal bulk flow the autocorrelation takes a different form.

R(τ) = cos(ωt )cos(Mωt )e−2αt (3.4)

The beating adds a slow modulation to the autocorrelation such that the decay of the envelope
cannot be fitted by a decaying exponential. Refer to figure 3.4 to see the beating phenomenon
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Figure 3.4: Decay of beating damped
harmonic oscillators with
ζ= 0.002 and M = 0.01

in the autocorrelation, caused by a frequency split as a result of an azimuthal bulk flow of
M = 0.01. A split in the decay rates affects the autocorrelation too, rendering autocorrelation
fitting unsuitable for decay rate estimations of azimuthal modes.

Similarly, methods based on nonlinear data analysis are prone to a bias towards higher damping
as soon as the symmetry of the system is broken. The superposition of two similar but distinct
oscillators reduces the predictability of a time series, when compared to a single oscillator or
degenerate pair of oscillators. Moreover, note that many wave number combinations (including
mode order m) coexist in combustion systems. The more modes coexist, the higher the stability
margin will be. For linear methods, these modes can generally be separated in frequency domain
and fitted independently. Applying a linear filter in nonlinear analysis on the other hand may
strongly affect the stability margin measure as the geometry of the manifold is deformed.
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Chapter 4

Summary and Discussion of Achievements

In this chapter, the relevant publications for this dissertation are successively summarized. The
author contributions are specified and the publication details are included.

The publications have contributed to subjects centered around the research objective: Develop-
ment of a thermoacoustic stability margin measure for annular combustion systems. They cover
stability margins in general, modeling of azimuthal thermoacoustics and output-only stability
identification. The developed methodology was used to demonstrate eigenvalue splitting in a
laboratory setup and was successfully implemented in an industrial application.

The first publication contains an exploration of existing stability margin methods that are pro-
posed for thermoacoustic stability. These methods have been validated on separate data sets and
test rigs, which do not allow for a comparison based on a literature review. A central question
the work addresses is whether techniques from nonlinear data analysis (see section 2.9.2) can
provide a significant contribution in early recognition of thermoacoustic instability. It is con-
cluded that the capability of these methods to provide a stability margin is not primarily related
to nonlinear behavior in the dynamics. The absence of a rigorous linear approach for azimuthal
thermoacoustic modes steered this research in the direction of linear decay rate estimation in
annular gas turbines.

The second publication proposes a method to identify the linear decay rate of an azimuthal
thermoacoustic mode, based on multiple pressure sensors around the circumference of the com-
bustion system. The method follows from low-order modeling of azimuthal modes, similar to
previous publications including Noiray et al. [33] and Bauerheim et al. [2]. The resulting gen-
eralized state space representation of the dynamics is suitable for system identification and
determination of the decay rate using available techniques. The low dimensional description
allows for real-time application and is shown capable to follow slowly changing system param-
eters through recursive averaging techniques. The method is capable of identifying the decay
rate of an azimuthal mode when symmetry breaking occurs, without prior knowledge of the
resulting modal type (ie. standing and traveling) and orientation (angle and direction). Other
available stability margin methods can not handle such modes, as the state of the system is not
observable with a single time series.
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The underlying dynamics of the low-order model of the proposed stability margin is further
investigated in the third publication. In particular the work focuses on the interaction between
an azimuthal mean flow and a non uniform burner response. A bifurcation point in the dy-
namic system, which was previously addressed in Bauerheim et al. [2], marks the boundary
between standing and traveling solutions. It is found that the bifurcation point is characterized
by collinear eigenvectors. As a result, the system shows strong nonnormal behavior (section
2.8) near this bifurcation point. When close to marginal stability, this can lead to nonnormal
growth and have a significant affect on the magnitude and amplitude distribution of the acoustic
fluctuations. These insights are essential to understand different behavior of stability margins
that are based on decay rate and nonlinear data analysis.

The fourth publication reports about the successful industrial application of the stability margin
in a pair of heavy duty stationary gas turbines. At extended part-load operation, a first order
azimuthal mode comes close to the point of linear instability. The stability margin protects the
machines for instability through a set of stability thresholds. Additionally, the method identifies
the standing wave orientation, from which the locations of highest oscillation energy can be
deduced.

In the last publication, the developed stability margin method is tested on a laboratory scale
annular combustor. The experimental data of Dawson and Worth has previously been studied
in detail in several publications [49, 50], mainly with regard to the limit cycle behavior. The
stability margin yields a clear trend of decreasing stability while approaching the unstable oper-
ating conditions. Pronounced eigenvalue splitting is observed in the symmetric laboratory setup
when the co-rotating swirl flames interact. This is a clear indication that eigenvalue splitting
(symmetry breaking) is likely to occur in industrial applications.

A summary of the publications and a discussion in relation to relevant existing literature is listed
in the following sections.
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4.1 On the Performance of Stability Margin Measures for Thermoacoustic Instabilities in
Turbulent Combustion Systems

4.1 On the Performance of Stability Margin Measures for
Thermoacoustic Instabilities in Turbulent Combustion
Systems

D. Rouwenhorst, J. Hermann, R. Müller and W. Polifke, 21st International Congress on Sound
and Vibration (ICSV21), Beijing, China, 13-17 July 2014. ISBN 978-616-551-682-2. Not peer
reviewed, Scopus-Listed.
Reproduced on page 42.

Summary

This introductory work compares a selection of different existing stability margin measures on
experimental data. Acoustic pressure time series of an axial instability (standing wave) were
considered from an in-house laboratory burner. All methods were able to distinguish stable and
unstable thermoacoustic state and added damping had a discernible effect in all cases. A test was
performed to establish whether nearest neighbor methods provide particular benefits in defining
stability margin measures that justify their increased computational cost.

Discussion

One of main the findings is that the hypothesis that the combustion data comes from a linear
process is not easily rejected. This means that nonlinear data analysis, for the instability in the
specific burner considered, will not significantly benefit from the nonlinear processes involved
in the dynamic system. Although it must be acknowledged that nonlinear interactions are likely
to occur between acoustics and hydrodynamics, it cannot be uniquely incorporated in a quan-
titative stability measure without a description that relates the nonlinearity with the stability of
the system. This explains the variety of proposed precursors based on the nonlinear framework
[16, 29, 31]. Nonlinearities related to saturation of the limit cycle amplitude after the bifurcation
2.6 are disregarded as the stability is already linearly unstable in this regime.

Contribution

The acquisition of experimental data for this work and the section in the manuscript regarding
the experimental setup was performed in collaboration with Roel Müller. I implemented the
presented analysis methods, lead the process of writing the manuscript and presented the work
at the conference. Jakob Hermann and Wolfgang Polifke assisted by guiding the direction of
the research and proofreading the manuscript. This publication was not subject to a peer review
process.
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4.2 Online Monitoring of Thermoacoustic Eigenmodes in
Annular Combustion Systems Based on a State-Space
Model

D. Rouwenhorst, J. Hermann and W. Polifke, Journal of Engineering for Gas Turbines and
Power, vol. 139(2): pp. 021502, Febr. 2017. DOI:10.1115/1.4034260. Peer reviewed, Scopus-
Listed.
Reproduced on page 50.

Summary

The thermoacoustic dynamics in annular combustors is modeled compactly in the form of a
complex two-dimensional state-space system. When the state-space system is observable and
stochastically perturbed, output-only identification can be carried out in order to obtain the
pair of decay rates of the thermoacoustic eigenmodes. Different methods have been tested on
artificially generated time series with dynamically changing system parameters. It is found that
least square fitting of the system matrix and stochastic subspace identification yield a good
trade-off between an accurate decay rate prediction while still showing a quick response to a
change of the system parameters. To the knowledge of the authors, this is the first stability
identification proposed for azimuthal modes in annular combustion systems.

Discussion

Inspired by the work of Noiray et al.[33], this work investigates the stability of azimuthal modes
using a low-order model. Without loss of generality, traveling waves were taken as the basis
of the pressure fluctuations instead of standing waves. The model was validated against the
work of Bauerheim et al. [2], which used a network model[34] considering a discrete number of
burners, yielding the same results as the mode order is small compared to the number of burners
as explained in section 3.4.1. It is recognized that the state space representation of the dynamic
model is suitable for identification of the linear stability, provided the system is observable,
i.e. multiple sensors are installed around the circumference of the annulus. Although the (near-
)degenerate nature of annular systems has been acknowledged by several previous authors[2,
33, 50], it hasn’t been previously accounted for to identify the stability of such systems.

Contribution

As lead author, I developed the thermoacoustic state-space model and performed the validation
and the system identification tests. Jakob Hermann was mainly involved in the formulation of
the work and Wolfgang Polifke contributed significantly through discussion of the content and
assistance during the review process.
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Based on a State-Space Model

Comment

A first (peer reviewed, Scopus-Listed) version of the manuscript was published in the Proceed-
ings of the ASME Turbo Expo 2016[38].
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Summary and Discussion of Achievements

4.3 Bifurcation Study of Azimuthal Bulk Flow in Annular
Combustion Systems with Cylindrical Symmetry Break-
ing

D. Rouwenhorst, J. Hermann and W. Polifke, International Journal of Spray and Combustion
Dynamics, vol. 9(4): pp. 438-451. DOI: 10.1177/1756827717715858. Peer reviewed, Scopus-
Listed.
Reproduced on page 58.

Summary

This work focuses on a bifurcation in the solution of the dynamic system that was introduced
in the previous publication[40]. The bifurcation lies on the transition of solutions governed by
a broken cylindrical symmetry and solutions governed by a mean azimuthal flow field. Near the
bifurcation point, the eigenvectors of the system are far from orthogonal, giving rise to transient
growth for specific initial conditions, even though all eigenvalues are fixed point stable. It is
found that the acoustic field is strongly influenced by the non-normality of the system when
stochastic forcing is applied. The eigenvalues are more sensitive to the system parameters. The
work shows a very insightful case of the transient growth, in which a mean flow rotates the
acoustic field temporarily into an unstable orientation.

Discussion

Nonnormality has been a topic of interest with regard to nonlinear tripping of an instability
in case of a subcritical bifurcation[1]. However, the probability for the initial perturbation for
maximum amplification to occur is typically low and the maximum amplification is rather de-
pendent on the chosen energy norm[4]. Yet, for azimuthal modes and in the light of stability
margins, nonnormality is shown to have a relatively large potential impact. At the bifurcation
point of an azimuthal mode, the average amplitude can be several times higher compared to
the normal counterpart with equal eigenvalues. The stochastic distribution of the amplitude of
the process moves from a χ4 towards χ2 for strong non-normality close to instability. This cor-
responds to increased predictability and thus typically a reduced stability margin for nonlinear
data analysis methods, see section 2.9.2.

Contribution

The outline of this work was conceived after studying the properties of the state-space represen-
tation of the annular thermoacoustic system. I performed the analysis and led the writing and
review process. Wolfgang Polifke and Jakob Hermann helped shaping the work through sub-
stantive discussions and proofreading. A considerable contribution to the work was provided by
M. Meindl, numerically solving the Euler equations that showed how a radial flow gradient can
rotate the acoustic field as if a mean azimuthal flow were present.
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4.3 Bifurcation Study of Azimuthal Bulk Flow in Annular Combustion Systems with
Cylindrical Symmetry Breaking

Comment

A first version of the manuscript was published in the proceedings of the International Sympo-
sium: Thermoacoustic Instabilities in Gas Turbines and Rocket Engines[39].
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4.4 Part-Load Limit Reduction of a Frame 9E Using a Pre-
cursor for Combustion Dynamics

D. Rouwenhorst, R. Widhopf-Fenk, J. Hermann, M. Häringer, J. Becker, J. Gerhard and J.
Niedermeier, Proceedings of the ASME Turbo Expo 2018, Lillestrøm, Norway, 11 – 15 June
2018. Peer reviewed, Scopus-Listed.
Reproduced on page 72.

Summary

This conference publication describes the first industrial application of the developed stability
margin measure for azimuthal modes in gas turbines.The field case focuses on the first azimuthal
mode that becomes unstable at low load. Even though the gas turbine comprises separate in-
dividual combustor cans, cross-firing tubes enable communication around the circumference.
Online monitoring of thermoacoustic stability and CO-emissions allows a dynamic detection of
the part-load boundary yielding a significant extension of the load range of the gas turbines.

Discussion

Predictive stability margins have mainly been verified in the controlled environment of a lab-
oratory setup[16, 24, 29]. This work shows that the precursor proposed in previous work[40]
functions fruitfully in the field. The method is shown to robustly identify the proximity of the
azimuthal mode of interest before the amplitude of thermoacoustic oscillations significantly
rises. The linear approach of the method allows the bandwidth around the acoustic eigenmode
to be isolated from other dynamics in frequency domain, such as blade passing frequencies from
the compressor and turbine blades.

Contribution

As the lead author I wrote the manuscript and led the review process. The actual turn-down
experiments were performed by the on-site co-authors: J. Becker, J. Gerhard and J. Niedermeier.
Results of the Bachelor thesis of M. Häringer on the particular subject have been utilized for
the present work. Thanks to R. Widhopf-Fenk and J. Hermann, the stability margin algorithm
was implemented and installed on site.
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4.5 In Situ Identification Strategy of Thermoacoustic Stabil-
ity in Annular Combustors

D. Rouwenhorst, J. Hermann and W. Polifke, International Journal of Spray and Combustion
Dynamics, vol. 10(4): pp. 351-361. DOI: 10.1177/1756827718799043. Peer reviewed, Scopus-
Listed.
Reproduced on page 82.

Summary

In this publication the output-only identification method for the state-space model is tested on
a laboratory scale annular combustor, with varying flame-to-flame distance. In particular when
the flames are close together, strong eigenvalue splitting is identified, resulting in distinct decay
rates as well as frequencies. For this case, the decay rates of the system develop in a non-
monotonic way for increasing equivalence ratio. It is observed that identification parameters
have a considerable influence on the result for experimental data. In contrast, the difference
between the least square fitting and the subspace identification methods is rather small.

Discussion

The dynamics of the experimental setup has been investigated in detail [49, 50]. Using a baffle,
the symmetry can be broken forcing a standing wave solution and adding more baffles the
mode can be dampened [9]. Even the symmetric setup without baffles shows some symmetry
breaking, seen by the coupling of CW and ACW waves in limit cycle. This work shows that
eigenvalue splitting also occurs before instability, especially in case of small flame separation
distances. Eigenvalue splitting of a symmetric annular test-rig during stable operation has not
been demonstrated before.

Contribution

As lead author, I performed the analysis and wrote the manuscript. The experiments were car-
ried out by N. Worth and J. Dawson, who kindly shared the measurement results for the anal-
ysis. Jakob Hermann and Wolfgang Polifke were involved from the formulation of the work to
submission of the manuscript,

Comment

A first (peer reviewed) version of the manuscript was published in the proceeding of the 1st
Global Power and Propulsion Forum[41].
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Erratum

An error occurred in the scaling of the ordinate of Figure 7. The damping ratios need to be
divided by 200 π in order to agree with the damping ratios in the other figures.
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Recently, the search for a stability margin quantity has been extended to the field of nonlinear
time series analysis, yielding a set of measures showing a smooth transition between the sta-
ble and unstable regime of a turbulent combustion system. So far, the performance of these
measures to presage instability has been tested on a few laboratory setups, without mutual
comparison of the different approaches. In this work a variety of measures are tested on a
laboratory scale burner for validation and comparison. An atmospheric, partially premixed
methane-fueled bluff-body stabilized burner is operated at 20 kW, showing stable and limit
cycle oscillation operation for varying equivalence ratio. Focus is on an early and robust de-
tection of an impending instability, suitable for on-line monitoring. Two data sets of acoustic
pressure are considered, with different acoustic damping. Monotonicity and unambiguity of
the stability margins are investigated. Additionally a surrogate data analysis is conducted,
showing evidence of a nonlinear underlying dynamical system. However, these nonlinearities
are found to have no significant influence on the predictions by methods that are based on
nonlinear time series analysis.

1. Introduction

Gas combustion technology is changing significantly, mainly because of environmental con-
siderations and new market requirements. With lean combustion NOx emissions are reduced sub-
stantially [1]. Near the lean blow-off limit of a combustor, the heat release rate responds fiercer to
equivalence ratio fluctuations, increasing the flame response to acoustical perturbations [2]. More-
over, design considerations for lean combustors often lead to lower acoustic damping and enhanced
coupling conditions between the flame and the acoustic field.

Renewable energy sources contribute substantially to the energy supply. From the conventional
power generation plants, gas turbine installations are most capable of flexible operation, required to
compensate for the weather dependent power coverage of wind and solar power. Increased flexi-
bility entails increased excursions through the operating parameter space of the gas turbine, where
thermoacoustically unstable regions can be encountered.

Currently, an important role is reserved for the gas turbine operator, monitoring and steering the
combustion process. Besides the set operating parameters and resulting conditions, high frequently
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sampled pressure and acceleration signals are usually available as well. Changes in spectral distribu-
tion can be assessed to foretell an instability based on experience.

More sophisticated methods have been proposed to obtain a stability margin, of which the first
passive approach (i.e. without excitation) was proposed by Lieuwen in 2005 [3]. In his method an
effective damping coefficient ζ is determined for the acoustic eigenfrequencies, utilizing the com-
bustion noise as natural excitation of the system. The damping coefficient is obtained by fitting the
exponential decay rate of the autocorrelation function of a filtered signal acquired from the thermoa-
coustic system.

The inherent nonlinearity of turbulent combustion systems with (delayed) acoustic feedback,
led researcher to seek for measures that are able to respond to the nonlinear characteristics of com-
bustion signals. These methods quantify the amount of chaos in the time series. Stable combustion
is characterized by the chaotic signal of the turbulent flame. As the system approaches the stability
limit, deterministic acoustics start to dominate the signal, until a limit cycle emerges. The degree of
determinism in the signal is found to progressively increase towards limit cycle oscillation [4].

In 2011 Gotoda et al. [5] used a method to extract the determinism in a time series recorded from
a swirl combustor. In a later publication this measure, named ‘translation error’, is explicitly referred
to as a potential stability margin measure [6]. Simultaneously nonlinear methods have been explored
at the Department of Aerospace Engineering at the IITM in Chennai, India. Nair et al. [4] proposed
to use a chaos test developed by Gottwald et al. [7] for combustion characterization. Moreover, Nair
stressed that several other measures appear suitable as smooth stability margins, including measures
from the Recurrence Quantification Analysis (RQA) [8]. Most recently the multifractal signature in
combustion noise at the onset of instability is investigated [9].

Absence of mutual comparison and application of the measures on different combustion systems
makes it unclear which measure is most suitable to foretell thermoacoustic instabilities. The benefit
of applying nonlinear time series analysis has not been clearly demonstrated either.

In this work four proposed stability margin measures have been tested: Lieuwen’s damping
coefficient, translation error, Gottwald’s 0-1 test and RQA Determinism. The methods are mutually
compared. Moreover, the results have been compared to the publications in which the measures have
been proposed (not available for RQA Determinism). For details about the methods and their settings,
the reader is referred to the above references.
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Figure 1: Burner geometry and close up of the
bluff-body. Dimensions in mm. P:
Plenum, F: Flame, L: Liner, B: Fuel
injection holes, S: Pressure sensor,
D: Damping orifices (�=4)

Two slightly different acquired data sets have been
put to the test, distinguished by their acoustic damping.
Both sets show limit cycle oscillation and stable opera-
tion for a changing equivalence ratio. A surrogate data
analysis algorithm is applied to validate whether the re-
sults of the applied methods can actually be assigned to
the nonlinear features of the considered time series.

2. Experimental setup

Measurements were performed on a laboratory
burner, designed to be prone to thermoacoustic instability
[10]. The geometry is sketched in figure 1. Air enters the
combustor at the base of the plenum. Methane is injected
from small holes on the bottom sides of the prismatic tri-
angular bluff-body, into the air flow. The partially pre-
mixed flame is anchored on top of this bluff-body flame
holder. The combustion chamber is a long liner, with
poorly damped longitudinal acoustic eigenmodes.
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The pressure transducer is positioned in a water-cooled holder fixed in the liner, approximately
12 cm above the bluff-body location. This ensures the sensor collects the pressure to which the flame
is subjected up to high frequencies. Measurement holes with a diameter of 4 mm are located along
both sides of the burner. The holes 12 cm upstream of the flame holder have been opened to increase
the damping in the second case.

The methane flow is fixed by a valve, such that 20 kW (lower heating value) thermal power
is obtained in case of complete combustion. The airflow is controlled manually in order to vary
the air excess ratio λ. Data of the operating conditions are collected approximately once a second,
while pressure oscillations are sampled with 5120 Hz using a piezoelectric pressure transducer. The
instability manifested is the first longitudinal mode (quarter-lambda mode) with fd ≈ 100 Hz.

It has to be noted that the flame at the bluff-body was not anchored properly. Temperature
distributions suggest that at one side of the burner, the flame was located below the bluff-body. This
indicates an unintended recirculation and a three-dimensional flow field. For the current investigation
this complication of the simple thermodynamic system is not considered detrimental.

3. Nonlinear time series analysis

Turbulent combustion noise is an inherently nonlinear phenomenon, therefore it seems logical
to apply techniques that respond to nonlinear dynamics, in characterizing a thermoacoustic system
excited by a turbulent flame.

3.1 Phase space reconstruction

The first step consists of the reconstruction of a phase space. For a single measured time series
this is done on basis of Takens’ time delay embedding theorem [11]. It states that a phase space of
dimension D0 can be reconstructed for every dynamic system by generating the position vectors X by
time delayed values of signal x(t).

X(i,D0) = [x(ti), x(ti + τ), ..., x(ti + (D0 − 1)τ)] (1)

Two parameters, τ and D0 have to be fixed appropriately for the reconstruction.

3.1.1 Time delay

The time delay τ is chosen on basis of the average mutual information in this work [12]. The
first minimum in the mutual information is considered the optimal time delay. This way the delayed
vector locally shares minimal information with the original counterpart, while the time delay still falls
well within the dominant time scale of the dynamics. The mutual information for stable combustion
at λ = 2.8 yields an optimal time delay of τ = 2.54 ms. This corresponds to a phase shift of π/2
of the dominant longitudinal acoustic mode (±100Hz). Note that the exact choice of τ is not very
critical, and other determination methods yield approximately the same delay for the current data.

3.1.2 Embedding dimension

A False Nearest Neighbour method is applied to determine the dimension at which the embed-
ding can be truncated. Embedding a dynamical system in a too high dimension can be compared to
investigating a photograph from all sides, while looking at it from the front gives all the information
of interest. In practice, noise in the time series will cause the points to spread over infinite dimensions
in phase space, therefore a truncation criterion will have to be used.

The False Nearest Neighbour method of Cao [13] is adapted in this work, which makes use of
two parameters E1 and E2.

E1(D) =
E(D + 1)

E(D)
and E2(D) =

E∗(D + 1)
E∗(D)

(2)
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The first parameter is based on E, a measure related to false crossings of trajectories in phase
space. When trajectories cross in phase space, the intersection point has two possible dynamical
states and therefore the embedding dimension of that phase space was too low. E∗ is an error norm
of a simple nonlinear predictor. The predictor sets the future value of a point to the corresponding
value of the closest point in phase space. For a detailed description of the parameters the reader is
referred to the publication of Cao [13]. When the parameter E1 becomes independent of the embed-
ding dimension, there would be no benefit to increase the dimension and the minimum embedding
dimension D0 is found. When E2 is unity for all dimensions, the time series is a random distribution
rather than coming from a high-dimensional system.

The Cao parameters for stable operation (λ = 2.8) are presented in figure 2 for 3.2 seconds
of recorded data. The parameter E1 slowly converges to unity, not giving a clear attractor dimension
where the system could be truncated. Setting a threshold at for instance E1 = 0.95, it could be asserted
that most of the dynamics is captured in a 9-dimensional space.

3.2 Surrogate data analysis

Surrogate data analysis can be used to confirm or reject a hypothesis on the underlying dynam-
ics of a time series [14]. Nair et al. [4] rejected the hypothesis that combustion noise is random
uncorrelated noise, by creating randomly shuffled surrogate data sets. That there is some determinism
in combustion noise should actually be no surprise. The question we have to ask is whether nonlinear
behaviour can be demonstrated, in order to justify the use of a nonlinear framework. To this end the
Amplitude Adjusted Fourier Transform (AAFT) algorithm is applied [15]. The algorithm is suitable
to the null hypothesis that the data come from a linear Gaussian process, whether or not observed
through a nonlinear measurement function.

The above determination of the minimal embedding dimension did not return a satisfying result.
Ideally a dimension is found, clearly discriminating a dominant attractor from background dynamics
and noise. The slow convergence of E1 does not give this opportunity. As E1 is supposed to respond
to the attractor characteristics of the nonlinear time series, this parameter is an interesting candidate
to investigate with the AAFT Surrogate data method.

3.2.1 Amplitude Adjusted Fourier Transform algorithm

In the AAFT algorithm, the phases of the real data series are randomized in Fourier domain. In
general this will yield a data set with a different probability density function (pdf) of the amplitude in
time domain. By iteratively enforcing the amplitude distribution and power spectrum of the real data
set, the AAFT surrogate data is obtained after convergence. This algorithm ensures surrogate data sets
can be discriminated from the real data neither by its amplitude distribution nor by its power spectrum,
yet the dynamics have been randomized by scrambling the phase of the spectrum. The geometrical
structure of an attractor will be destroyed, yielding a dimension of the order of the amount of data
points considered.

When a chosen statistic of the real series falls outside of a certain confidence interval of the
surrogate values, the hypothesis of an underlying linear process can be rejected. The Cao parameters
are relevant candidates to affirm or negate the hypothesis since they are meant to quantify a nonlinear
characteristic of the time series [15].

The result of the surrogate data analysis has been added in figure 2. The mean of 25 surrogates
is shown, including 2σ deviations as an approximate 95% confidence interval. Both E1 and E2 fall
on top of the confidence band of their surrogates counterparts. Even though it is known that the
underlying physics are nonlinear, the hypothesis can not be rejected with these parameters. This
means that for all we know, the combustion noise might as well be driven by a linear Gaussian
process. It appears that a dimension found with the Cao method is not related to a specific shape of the
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reconstructed attractor, but is solely determined by the power spectrum and/or amplitude distribution
of the signal.

The Cao parameters are ratios for increasing dimension, which seems to obscure the absolute
difference between the real and surrogate data of the underlying parameters E and E∗. If the analysis
is applied on E∗ directly, the null hypothesis can be rejected with rather high confidence, see figure 3.
For every D ≥ 2 the real data even falls outside of a 4σ-band (> 99% confidence) around the surrogate
mean values. The minimum value of E∗ is found at D = 4, meaning that an embedding in 4D yields
best predictive power. This can be explained by the fact that a prediction from a higher dimension
uses an additional pressure sample further back in time, reducing the weight of the point closest (in
the time series) to the value to be predicted.

4. Results

The four stability margin measures are applied to dynamic pressure time series obtained from
the methane burner. Parameters for the phase space reconstruction are fixed on basis of the findings
in section 3.1 and 3.2. The time delay is set to 2.54 ms and the dimension to D0 = 5. Note that the
latter is chosen on basis of the nonlinear predictor E∗ rather than the Cao parameters. The criterion
for D0 is taken as the location of the minimum of E∗ in the intermittent region.

4.1 Data sets

Two data sets are recorded along the same operating line of the bifurcation parameter. In the
second run two access orifices in the plenum chamber were opened, resulting in increased damping
for the low acoustic frequencies of the burner. This added damping results in effective suppression of
thermoacoustic instabilities; when more orifices were opened, no limit cycle oscillation established
in the studied parameter space.

The burner was operated for several minutes at λ > 3, to warm up the system and reach a steady
combustion state. Subsequently data was acquired while the air flow was slowly reduced until the rich
combustion limit (λ ≈ 0.5) of the burner. Significant intermittency in the pressure signal is found for
λ < 1.6, and transition to limit cycle occurs at λ ≈ 1.1. At stoichiometric operation (λ = 1) the
combustion process is unstable. Lowering λ further causes a flame to become anchored on top of the
open end of the burner, resulting in an undesired (stable) combustion solution.

The limit cycle oscillations occur at slightly higher λ in the damped data set. Furthermore,
amplitudes are somewhat lower as a result of the increased damping. The biggest difference is found
in the intermittent region. Where the first data set shows constant humming with amplitude variation,
the damped data set is quite silent with short, high amplitude bursts.
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4.2 Response of the measures

The measures are applied to windows of 4096 data points, corresponding to 0.8 seconds with
the current sample rate. An overlap of the windows of 50% is used. In order for the measures to
extract useful information, enough points should be available in the windows to guarantee that the
underlying dynamics can be captured. On the other hand a quick characterization of the system is
required for on-line monitoring of the measures. A time delay of more than a second in a control loop
is considered to become a significant impediment for operating flexibility. The slope of the bifurcation
parameter is dλ/dt ≈ −0.01 s−1, such that the process can be assumed quasi-stationary.

Both the analysis of the original data series (O) and the damped series (D) are shown simulta-
neously in figure 4. A first overall impression of the results is that the measures clearly respond to a
change in the equivalence ratio, however, a lot of variation in values for the measures is encountered.
The damped data set generally results in higher values, as to be expected for more stable operation.

For both cases, the damping coefficient does not show a very clear trend throughout the inter-
mittent region, but only discriminates limit cycle oscillation clearly. Strikingly the path towards the
unstable region is not a monotonic decreasing function for the damped data set. The order of mag-
nitude of the damping coefficient and the general behaviour of this measure agree with the original
work by Lieuwen [3]. The fluctuations found in this work are much more pronounced, but the signal
length considered and amount of averages are not mentioned by Lieuwen.

The logarithm of the translation error is found to be predominantly linear with respect to λ for
the first data set. Transition from high amplitude intermittency to limit cycle oscillation is character-
ized by a further drop to a constant value. Tachibana et al. [6] found a more clear transition between
stable and unstable operation, comparing their translation error with a damping coefficient based on
the peak width of the considered frequency. This observation (made for a swirl combustor) is now
shown to hold for the bluff-body combustor in this work. In this statement it is assumed that damp-
ing coefficient estimates from peak width and autocorrelation decay rate yield qualitatively similar
results.

ICSV21, Beijing, China, July 13-17, 2014 6

.1 ICSV21 2014

47



21st International Congress on Sound and Vibration (ICSV21), Beijing, China, 13-17 July 2014

The Gottwald test and RQA Determinism show a relatively smooth, monotonic decay towards
instability. Comparing the results for the Gottwald test with the work of Nair shows that the sta-
bility characteristics of the combustors are quite different. In figure 4 it is found that the measures
change over the entire domain of allowable equivalence ratios. The combustor used by Nair yields
K = 1 (stable, chaotic signal) for most of the parameter space and drops only shortly before insta-
bility. A connoted threshold of 0.9 would not work on the burner in this investigation, since it would
unnecessarily exclude a large part of the operating window.

Due to the change in the characteristics of the intermittent region, the set with added damping
does not show a monotonic change in the translation error towards instability. The translation error
even strongly suggests that the system is getting away from instability just before the transition to
limit cycle oscillation. The Gottwald test has some large outliers that claim a chaotic and thus stable
system in the intermittent region. The RQA Determinism measure is least misled by the intermittent
behaviour in the damped data set.

This example with a subtle change in boundary conditions (added damping) shows that a mono-
tonic decrease towards instability is not always found. Therefore a specified threshold cannot guar-
antee a certain margin between the considered operating point and the onset of instability. Different
conditions lead to different behaviour in the intermittent region between stable and unstable operation
that is characterized by the measure.

All methods investigated in this work scarcely respond to scrambling of the data by the AAFT
algorithm. Differences found are of the same magnitude as those found for the linear damping coef-
ficient, and do not contribute to the performance of the methods.

5. Conclusion

Combustion noise has a very high – if not infinite – dimension, making an unequivocal choice
for an embedding dimension impossible. Surrogate data tests show that the improved False Nearest
Neighbour method developed by Cao does not give valuable results for combustion noise. The same
embedding dimension is suggested for any time series with equal power spectrum and amplitude
distribution, confuting the ability of this method to find a sufficient embedding dimension based on
the dynamics of the underlying nonlinear system.

Although the average value of a measure at a certain state results in a relatively smooth curve
from stable to unstable, large fluctuations are found between measurements at a fixed value of the
bifurcation parameter. These fluctuations result from the chaotic dynamics, having time scales that
are not sufficiently small with respect to the considered time window. The fluctuations can be reduced
by increasing the window length or smoothening the values afterwards. Inevitably this results in a
longer time lag in determining the corresponding value of the measure.

Compared to the damping coefficient proposed by Lieuwen, the methods based on nonlinear
time series analysis show a smoother decay towards instability. Determination of an unambiguous
effective acoustic damping based on combustion noise excitation appears to be difficult. Moreover in-
termittency complicates the determination of a proper damping coefficient. This lack of performance
is not the result of the linear theory which it is based on, since the same conclusions would be drawn
when all methods are applied to AAFT surrogate data sets. The introduction of nonlinear time series
analysis in the search for a stability margin is beneficial because it opens a new library of methods that
obviously can also be applied to predominantly linear systems. Attempting to quantify chaos simply
yields less relative spread in the results, in comparison to the quantification of acoustic damping.

By changing the acoustic boundary conditions it is shown that a small system modification can
have quite a large influence on the bifurcation behaviour of the dynamical system. The damped time
series shows different behaviour in the intermittent regime, which is characterized by the measures.
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A successful stability margin should be insensitive to different transitions to instability, otherwise no
quantitative critical value of the measure exists that should not be passed.

If a quantitative critical threshold value for the stability margin cannot be found, instability can
still occur “out of the blue”. Measures as those investigated in this work can therefore only serve as an
additional decision making tool for the operator. A stability margin measure that is applicable under
different conditions should be fundamentally based on knowledge about the transitional behaviour
and thus on the underlying complex dynamics of the specific thermoacoustic system.
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Online Monitoring of
Thermoacoustic Eigenmodes in
Annular Combustion Systems
Based on a State-Space Model
Thermoacoustic instabilities have the potential to restrict the operability window of annu-
lar combustion systems, primarily as a result of azimuthal modes. Azimuthal acoustic
modes are composed of counter-rotating wave pairs, which form traveling modes, stand-
ing modes, or combinations thereof. In this work, a monitoring strategy is proposed for
annular combustors, which accounts for azimuthal mode shapes. Output-only modal
identification has been adapted to retrieve azimuthal eigenmodes from surrogate data,
resembling acoustic measurements on an industrial gas turbine. Online monitoring of
decay rate estimates can serve as a thermoacoustic stability margin, while the recovered
mode shapes contain information that can be useful for control strategies. A low-order
thermoacoustic model is described, requiring multiple sensors around the circumference
of the combustor annulus to assess the dynamics. This model leads to a second-order
state-space representation with stochastic forcing, which is used as the model structure
for the identification process. Four different identification approaches are evaluated
under different assumptions, concerning noise characteristics and preprocessing of the
signals. Additionally, recursive algorithms for online parameter identification are tested.
[DOI: 10.1115/1.4034260]

Introduction

Thermoacoustic stability in combustion systems remains a
major concern in industrial applications. As industry moves
toward lean premixed combustion, the susceptibility of combus-
tion systems to the problem of combustion instability has
increased. Potential problems with thermoacoustic feedback often
cannot be ruled out in the design phase of a combustion system.
Common practice is to define a safe operational window upon
commissioning, in which combustion parameters can be changed
without risking thermoacoustic instability. However, increased
requirements for flexible power generation, efficiency, and emis-
sion reduction demand a wider operational window.

One promising strategy is to monitor the combustion system
continuously, by assessing the prevalent stability margin of the
thermoacoustic modes. The first such output-only identification
method, quantifying the decay rate of the autocorrelation function
of an acoustic time series, was proposed in 2005 by Lieuwen [1].
More recently, methods from the field of dynamical system theory
and chaos theory, suitable for nonlinear dynamics, have been
adapted [2–4]. Instead of representing a linear decay rate, precur-
sors quantify how structured (or chaotic) the dynamics is, on basis
of a representative time series.

In annular combustion systems, acoustic waves can travel
around the combustion chamber and plenum annulus without
experiencing severe obstructions. Although the azimuthal waves
propagate through an environment that is far from quiescent, the
attenuation of these waves is relatively low, making azimuthal
modes the major concern regarding thermoacoustic stability in
annular combustion systems, such as heavy-duty annular gas tur-
bines. As a result, annular combustion systems have been studied
quite extensively, from low-order mathematical descriptions to a

costly large eddy simulation, see Refs. [5–7] to name just a few.
In addition, active control strategies have been proposed, based on
a network model description of an annular combustor [8]. Annular
test rigs are quite rare, yet some valuable experimental results are
available [9]. Considering pure azimuthal acoustic modes, two
eigenmodes are associated with each (positive integer) azimuthal
mode order m. Fundamentally, the modes are degenerate, i.e.,
they have the same eigenvalue. For various reasons, including
azimuthal bulk flow and azimuthally distributed heat release char-
acteristics, the eigenvalues can become nondegenerate. When the
split strength of the eigenvalue pair is of the magnitude of their
decay rates, the nondegeneracy of the system cannot be neglected.

Measurable precursors that presage thermoacoustic instability
are generally developed and tested on axial laboratory combus-
tors, in which the acoustic field can be considered geometrically
fixed. Annular combustion systems do not have the convenience
of a priori knowledge on the azimuthal mode shapes. A dense dis-
tribution of sensors around the circumference would be required
to assess uniquely both the temporal and spatial dynamics of the
acoustic field in the annulus. Assuming azimuthal acoustics with a
constant speed of sound and exploiting the phase information of
measured signals, it can be shown that a minimum of two sensors
would be required to solve for the modal contributions. Previously
mentioned monitoring methods use a single input signal from the
thermoacoustic system and would therefore suffer a dependency
on measurement position. To illustrate this dependency, consider
a standing wave solution where a single sensor could be located in
one of the acoustic nodes, in which the modal fluctuations would
not be registered.

The objective of this work is to develop an online monitoring
strategy, specifically designed for annular combustion systems.
The monitoring algorithm, based on acoustic measurements,
should constantly be able to quantify the stability of the thermoa-
coustic modes. Such quantification would allow an operator or
operating system to maintain a safe margin from instability under
the prevailing conditions, including the machine state, ambient
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and operating conditions. By slowly changing the system parame-
ters under stable operating conditions, the influence on the system
stability can be inferred. Using this strategy would help to
optimize operation conditions with respect to required power out-
put, efficiency, and pollution emission, while limiting the risk of
entering into a state of thermoacoustic limit cycle. A model struc-
ture based on low-order modeling is proposed, which can be used
for online stability estimation and works by identification of the
decay rates and mode shapes of azimuthal eigenmodes.

A low-order model closely related to the models found in
Refs. [10,11] is described. The model captures the key dynamics
of the system in the form of a state-space model with two complex
state variables, which shows traveling, standing, and mixed acous-
tic field solutions. Assuming that the thermoacoustic coupling is
predominantly linear in the stable regime, a stochastically forced
state-space model structure can be used to estimate the decay
rates of the potentially split eigenvalues, belonging to a certain
order of azimuth. In the Low-Order Modeling of Annular Ther-
moacoustics section, the low-order thermoacoustic model is intro-
duced and evaluated. Subsequently, the identification methods are
tested on surrogate time series. Special focus is on robust online
monitoring of signals, including recursive implementations of the
methods on finite time windows for quasi-steady dynamics.

Low-Order Modeling of Annular Thermoacoustics

Modal dynamics of annular thermoacoustics often show pre-
dominant standing or traveling wave behavior. In limit cycles, this
can be observed clearly in both experiment and modeling even
though the process noise results in some spread in the observed
modal behavior [9,12]. Preferences for certain mode shapes are
also present in the stable regime, although strongly obscured by
process and measurement noise. To identify the stability and
mode shapes of a thermoacoustic system, a model structure that
captures the key dynamics with the least amount of parameters is
pursued. The objective, therefore, is to describe the different
azimuthal mode shapes using the simple model possible.

In the combustion chamber annulus, 1D plane wave propaga-
tion is modeled in the azimuthal direction and expanded in a Fou-
rier series. A mean azimuthal bulk flow and global damping are
included in the azimuthal acoustic description. Heat release is
modeled by an n� s model, relating heat release fluctuations to
the axial velocity fluctuations in premixing ducts which supply
fuel to the combustion chamber. Velocity fluctuations are driven
solely by the fluctuating pressure difference between the plenum
and the combustion chamber. This corresponds to a side branch in
an acoustic network (applied in Ref. [13] as an example), in which
the cross-sectional area of a branch is very small compared to the
cross-sectional area of the annulus. Heat release forms an acoustic
source according to the Rayleigh criterion, closing the thermoa-
coustic feedback mechanism. Heat release parameters can be pre-
scribed locally, as a function of the azimuth. The azimuthal mode
orders in the model (i.e., the azimuthal Fourier components that
form the acoustic field) are orthogonal and are individually con-
sidered as such.

Acoustics. One-dimensional acoustics are fully described by
two Riemann invariants F and G traveling with the speed of sound
in the positive and negative directions of the coordinate, respec-
tively. In the azimuthal coordinate system of an annulus, any
shape of the two invariants can be suitably expressed as a Fourier
series. The mth Fourier coefficient is the contribution to the acous-
tic variable of azimuthal mode order m. A modal contribution p̂m

to the acoustic pressure field p̂ is then given by a clockwise (F̂m)

and anticlockwise (Ĝm) traveling wave amplitude. Refer to the
sketch of an annular combustor in Fig. 1 for graphical support.
The hat on a variable denotes that it is a complex quantity

p̂mðh; tÞ ¼ F̂meimðx0t�hÞ þ Ĝmeimðx0tþhÞ (1)

The modal eigenfrequencies of the annulus are the azimuthal
mode order m times the fundamental frequency x0. The complex
amplitudes F̂m and Ĝm can change slowly over time as a result of
an azimuthal bulk flow velocity vh and a global acoustic attenua-
tion rate f, which can be considered as a simple description of
acoustic losses

1

F̂m

@F̂m

@t
¼ imvh � f

1

Ĝm

@Ĝm

@t
¼ �imvh � f

(2)

The azimuthal flow causes a direction-dependent wave propa-
gation velocity. Although vh is considered here as a bulk flow
velocity, other physical phenomena might also contribute to a
direction-dependent wave propagation velocity.

Premixing Ducts. Premixed fuel enters the annular combustion
chamber through premixing ducts, as shown in Fig. 2. The ducts,
which connect the combustion chamber with a plenum, are
assumed to be narrow and acoustically compact with respect to
the considered azimuthal wavelengths. According to the 1D
momentum equation, a pressure difference between the annuli
induces a plug flow in the fuel lines. In this work, the pressure
fluctuations in the plenum are set to zero as a boundary condition.
The (uniform) axial particle velocity ûx in the premixing duct
causes the heat release fluctuations in the next subsection

Fig. 1 Sketch of an annular combustor with 1D acoustic waves

F̂ m and Ĝm in the combustion chamber. Premixing ducts of the
burners connect the combustion chamber with the plenum.

Fig. 2 Section view showing the premixing duct with reference
velocity û x for the heat release model. The combustion zone is
subject to the pressure fluctuations in the combustion cham-
ber, but secluded for azimuthal particle velocity.

021502-2 / Vol. 139, FEBRUARY 2017 Transactions of the ASME

Downloaded From: https://gasturbinespower.asmedigitalcollection.asme.org/ on 09/23/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use

.2 Journal of Engineering for Gas Turbines and Power 2017

51



ûx h; tð Þ ¼ �1

qc

ð
dp̂m

dx
dt � i

mx0qc‘
p̂m h; tð Þ (3)

Newly introduced variables are the cold fuel density qc and pre-
mixing duct length ‘ and the low azimuthal Mach number
assumption Mh ¼ vh=x0 � 1 is applied to obtain the right-hand
side of Eq. (3). The expected order of magnitude for the burner
impedance Ẑm given in Eq. (4) is 0.1 for the first few mode
numbers

Ẑm ¼
p̂m

q0cûx
¼ �iqcm‘

q0R
(4)

In this equation, the speed of sound c is rewritten to the product
of the radius R and fundamental frequency x0 of the annulus.
Note the appearance of a density ratio between the supplied fuel
qc and the combustion gases q0 in the combustion chamber. The
acoustic response of a side branch to azimuthal waves for unity
and very low burner impedance can be found in Ref. [14]. The
axially induced particle velocity ûx is of interest here and follows
the azimuthal acoustic pressure passively. Note that coupling is
easily included by setting the impedance in Eq. (4) such that it
matches the coupled acoustic field, leading to a description with
coupled plenum, burner, and combustion chamber (PBC).

Heat Release Model. An n�s model has been adapted to
describe the heat release in the annular combustion chamber. The
heat release fluctuations in the combustion chamber are locally

prescribed by _Q / nûxðt� sÞ. Physically, it can be explained as
fuel split modulations in the premixing duct being convected to
the flame front, or to pulsating mass flow at the burners due to the
axial particle velocity. The interaction index n is scaled to a real
dimensionless amplification factor N using Eq. (3), yielding the

heat release based on pressure fluctuations: _Qm / Np̂mðt� sÞ.
Note that this amplification factor includes the effect of the burner
impedance. Choosing another acoustic boundary condition that
describes the coupling with the plenum simply yields another
(possibly complex) value for N

_Qm h; tð Þ ¼ 2ix0N hð Þ
c� 1ð Þm p̂m h; t� s hð Þ

� �
(5)

One strategy to control thermoacoustic stability is to install
burners with different characteristics, or feeding some burners
with a different fuel mixture. To mimic a so-called staging effect,
the flame response strength N is a function of the circumference,
written as a harmonic expansion with coefficients Nk and
corresponding angles hk

NðhÞ ¼ N0 þ 2
X1
k¼1

Nk cosðkh� khkÞ (6)

The time delay s can also be varied azimuthally. A continuous
description of the heat release characteristics around the combus-
tor circumference has been used, rather than modeling a discrete
set of individual burners. Note that breaking of the azimuthal uni-
formity does not have to result from a staging strategy. It can also
be present unintentionally, due to varying fuel line lengths con-
necting the main fuel supply to their respective premixing ducts,
for example, which affects their acoustic impedances.

Rayleigh Criterion. For a 1D annular geometry, the acoustic
equations with heat release source leads to a differential equation
for the total sound energy E

DE

Dt
¼ c� 1

cp0

AccR

þ
_Qp dh (7)

In order to keep the model simple, the heat release location is
kept fixed, despite the azimuthal particle velocity and bulk veloc-
ity in the combustion chamber.

System of Equations Assembly. Evaluating the change in
acoustic energy of the wave pair belonging to a mode order and
substituting Eqs. (1) and (2) into Eq. (7) yield a linear system of
ordinary differential equations. Coupling between the waves is
established through the heat release response

_q ¼Mq (8)

In the above equation, the state vector q ¼ ½ F̂m Ĝm �
T

con-
tains the acoustic variables, and the 2� 2 system matrix M
includes all system parameters. So that, only the slow amplitude
and phase modulations are described, and fast dynamics with time
scales corresponding to an acoustic period or smaller have been
eliminated from the system of equations by integrating over an
acoustic period. This averaging can be justified for jk1;2j � mx0,
where k1;2 are the two eigenvalues of the system matrix M. By
requiring that the amplitude modulations of F̂m and Ĝm are slow
compared to the corresponding eigenfrequency, this has been
assumed implicitly in the model description.

Uniform Time Delay. If the time delay s is uniform around the
circumference, the system matrix M is given by the following
equation, with -6 ¼ mðx0 6 vhÞ:

M ¼

ix0

m
N0e�i-þs þ imvh � f

ix0

m
N2me2imh2m�i-�s

ix0

m
N2me�2imh2m�i-þs ix0

m
N0e�i-�s � imvh � f

2
664

3
775

(9)

Averaging contributions around the circumference eliminates
all products of orthogonal harmonics, such that only N0 and N2m

of the flame response strength expansion in Eq. (6) remain. This
shows that burners do not have to be considered individually and
only their average and the effect on one spatial basis function
have to be accounted for. Simple analytic expressions for the
eigenvalue problem can be obtained, revealing a pair of eigenval-
ues that are typically nondegenerate

k1;2 ¼
ix0

m
N0 cos mvhsð Þ6N2m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g2

p� �
eimx0s � f (10)

g ¼ m2vh

ix0N2m
eimx0s � N0

N2m
sin mvhsð Þ (11)

The real part of the eigenvalues is the growth rate of the modes,
whereas the imaginary part contains the deviation from the aver-
age acoustic modal frequency mx0

a1;2 ¼ �<ðk1;2Þ
x1;2 ¼ mx0 þ =ðk1;2Þ

(12)

Eigenvectors of the system with two degrees-of-freedom, are

fully defined by the ratio t ¼ F̂=Ĝ

t1;2 ¼ ðig6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g2

p
Þe2imh2m�imvhs (13)

Nonuniform Time Delay. When the heat release time delay s is
also a function of the circumference, the integral over the circum-
ference cannot be evaluated in the general case

M ¼ Cþ0 þ imvh � f C�2
Cþ2 C�0 � imvh � f

� �
(14)
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For given distributions of N and s, the integrals C as defined in
Eq. (15) need to be evaluated

C6
k ¼

ix0

2pm

þ
N hð Þe7ikmh�i-6s hð Þ dh (15)

Model Validation. The low-order thermoacoustic model intro-
duced in this work is compared to ATACAMAC [11,15], an annu-
lar thermoacoustic network model. In ATACAMAC, the
combustor is modeled by burner ducts in which the combustion is
described by acoustic jump conditions, also based on an n� s for-
mulation. The burner ducts joint with annular duct sections, form-
ing the annular geometry. A plane wave solution describes the
transfer function across the ducts. An analytic estimation of the
eigenvalue problem is found by a Taylor expansion of the system
around the acoustic eigenfrequency of the annulus, yielding the
decay rate and thermoacoustic frequency of the considered mode
order.

Validation Case. The example system in Ref. [11] is consid-
ered, which is a combustor with four burners, two of which
share a variable delay s1 in the heat release model, ordered in the
pattern 1212. The first azimuthal mode order is considered as a
function of s1 and vh, fixing s2 ¼ 2:21 ms, f¼ 0, and all other
system parameters listed in Ref. [11] (Table 1).

The discrete set of burners can be described with the use of the
Dirac delta functions before evaluation of the integrals in
Eq. (14). For comparison between the two models, the acoustic
contribution of the burner duct length in ATACAMAC is elimi-
nated. Moreover, a correction factor matching the impedance ratio
between the hot and cold domain was required, because in
ATACAMAC the heat is released in the cold domain. Following
these adjustments, the model results are identical, apart from the
mixed regime (i.e., nonzero vh and s1 6¼ s2) where small discrep-
ancies are discerned. The frequency and decay rate versus s1 for
both models are shown in Fig. 3 for the (mixed) case with

vh=x0 ¼ Mh ¼ 0:01, according to Eq. (12) in this work and
Eq. (18) in Ref. [11]. The Taylor expansion of the ATACAMAC
model matrix around the acoustic eigenfrequency yields a discon-
tinuity in its roots, visible at mx0s1=2p ¼ 0:8. Close to the point
where the eigenfrequencies are equal, both roots result in a posi-
tive decay rate a, seen by two markers at this location.

It is concluded that the two models predict the exact same key
features as a result of variable heat release and azimuthal bulk
velocity. Both low-order models show that deviations from a uni-
form and quiescent annular thermoacoustic system cause split
eigenvalues for a given mode order. The present model starts with
continuous flame response distributions, such that the general
effect of system parameters can be evaluated, without specifying
the amount of burners and their characteristics. If desired, a dis-
crete set of burners could be represented by a corresponding con-
tinuous description as shown in this validation case. Moreover,
the model described here is more reliable in the mixed region,
since it returns continuous eigenvalue solutions.

From a monitoring perspective, it is key that the dynamics can
be described by a state-space representation in Eq. (8) with two
complex state variables, independent of system parameters and
the amount of burners.

Annular System Identification

Due to the complex coupling of physical phenomena, an accu-
rate prediction of the thermoacoustic stability of a combustor is
not straightforward, even when accurate descriptions of the geom-
etry and flame response measurements are available. Moreover,
the behavior can change with extend variables, such as weather
conditions, transient heating of the system, etc. Uncertainties in
model parameters can have a significant influence on the stability,
see, for example, Ref. [16]. For optimal operational flexibility, the
thermoacoustic state of the system is best evaluated online, i.e.,
during operation. For satisfactory identification, a model structure
is required, describing the relevant physics with a limited amount
of free parameters. Evaluating the decay rate of the autocorrela-
tion function of an acoustic sensor as in Ref. [1] proves to be
insufficient in case of eigenvalue splitting.

The simplest explanatory model structure in this case would
have two degrees-of-freedom, describing the evolution of two
complex acoustic amplitudes around the combustor circumfer-
ence, as found in the thermoacoustic model described in the first
part of this work. In this section, possibilities to identify matrix
M, or its characteristics, are evaluated. The model for the time
series s at the sensor locations follows a state-space representation
with stochastic input

Table 1 Parameters used for the simulation of the acoustic
time series, yielding a system in the mixed regime, i.e., pos-
sessing both standing and traveling wave characteristics

m x0 f mx0s N0x0 N2mx0 h2m vh

2 200p 100 2p=3 200 20 0 �3
— rad/s s�1 — rad/s rad/s rad rad/s

Fig. 3 Comparison of the current model with the analytic (linearized) ATACAMAC model. Eigenfrequencies and decay rates of
a system with burner pattern 1212 for variable time delay s1. Both solutions coincide very well after enforcing the same condi-
tions, noting the small deviations around mx0s1=2p 5 0:8.
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_q ¼Mqþ wq

s ¼ Cqþ ws

(16)

The matrix C is the output matrix relating the analytic sensor
output s to the two modal amplitudes in the state vector q. Heat
release fluctuations in the turbulent combustion process perturb
the system through wq, while ws denotes measurement noise on
the sensor channels.

System parameters listed in Table 1 that define M are chosen as
the order of magnitude that can be expected in a heavy-duty annu-
lar gas turbine. The time delay of the flame is set so that a positive
feedback between acoustics and heat release occurs. Subse-
quently, the response strength is chosen so that the system
approaches marginal stability. Moderate nonuniformity N2m and
bulk velocity vh are included to have a mixed system with nonde-
generate eigenvalues. The resulting thermoacoustic system fea-
tures two eigenvalues with decay rates a1;2 ¼ ½ 5:7 21:1 � s�1 and
respective eigenfrequencies f1;2 ¼ ½ 191 193 �Hz.

Time Series Generation. Identification methods have been
tested on surrogate time-series data, generated by the model descrip-
tion in Eq. (16). The stochastic differential equation for q is numeri-
cally integrated using the Euler–Maruyama scheme given in Eq.
(17), generating 100 min of data. Stochastic forcing eq and sensor
noise es are discrete time series of Gaussian processes

qjþ1 ¼ ðMDtþ IÞqj þ
ffiffiffiffiffi
Dt
p

eq
j

sj ¼ Cqj þ es
j

(17)

Relatively large time-steps of Dt ¼ 10�4 s are used for the
integration, which is possible as only slow amplitude changes
are described. Real-time signals are constructed for sensor
positions hs ¼ ½ 0 p=8 p=3 �T , with a sampling frequency of
fs ¼ ð4DtÞ�1 ¼ 2:5 kHz. The signals are divided into 100 segments
of 1 min, which are analyzed individually by the identification meth-
ods introduced in section Identification Results. The power spectral
densities of the clockwise and anticlockwise traveling waves are
shown in Fig. 4. Spectral analysis of a sensor output, which is some
linear combination of these two spectra, does not suggest that two
eigenmodes with different decay rates underlie the time series.

Identification Methods. A set of four different output-only
modal identification methods have been tested on the segments of
simulated time series. A brief description of the methods is given
below. As the slow dynamics are of interest, the spectrum of a
window was shifted toward the origin by mx0 as a precondition-
ing step. Only accounting for the (originally) positive frequencies
yields an analytic time signal relative to the expected frequency,
upon back transformation to the time domain.

Stochastic Subspace Identification. Stochastic subspace identi-
fication (SSI) is a time-domain method, identifying exactly a
state-space structure as Eq. (16). Both an observability matrix and
a controllability matrix are identified, which are the matrices M
and C, respectively, under some (nonsingular) linear transforma-
tion. A balanced stochastic realization algorithm based on LQ
decomposition is adapted [17], explained more thoroughly in
Ref. [18], including an implementation algorithm. In this specific
method, it is not possible to prescribe matrix C, which is known
for a given mode order and sensor locations.

Least Squares. When the sensor noise can be neglected, matrix
M can be determined simply by least-squares fitting (LSQ) of the
two equation lines in Eq. (17). First state vector q is determined
by the pseudoinverse of C, using the known (or determined) mode
order m. Subsequently, also ðMl=fs þ IÞ is estimated by least
squares, evaluating Q1!J�l=Q1þl!J over a window with length J,
where matrix Q is formed by horizontal concatenation of qj

Q1!J ¼ ½q1 q2 … qJ�1 qJ � (18)

Note that the latter least-squares fitting is based on a time-step
l=fs ¼ 4lDt, in which l is a free to choose integer identification
parameter. The eigenvalues of M are found by

eiv Mð Þ ¼ fs

l
log eiv Ml=fs þ Ið Þð Þ (19)

Eigenvector Ratio. Instead of identifying the entire system
matrix, just the eigenvector ratio (EVR) can be identified. The
(normalized) time derivative of the wave ratio _t=t can be written
as a quadratic equation in t using the differential system Eq. (16):
_t=t ¼ nX, where X ¼ ½ t 1 t�1 �T and n represents a vector
with the polynomial coefficients to be identified. Eigenvalues of
the system have the property _t ¼ 0 ; therefore, the roots of n pro-
vide the eigenvector ratios t1;2. The coefficient vector n is fitted
over time using a weighted least-squares approach. Weighing by
|FG| is applied to avert strong outliers caused by the singularities
at zero wave amplitudes. Once the eigenvectors are determined,
the signals can be projected on its eigenbasis, and the decay rate
and frequency can be estimated from the corresponding autocorre-
lation functions in the time domain.

Fourier Domain Decomposition. In Fourier domain decomposi-
tion (FDD), singular value decomposition is performed on the
power spectral density matrix of the signals at the modal fre-
quency. The singular vectors contain the (approximate) eigenvec-
tors of the system. For the details of the method, the interested
reader is referred to Ref. [19]. The frequency is picked by finding
the maximum of the power spectra, introducing some uncertainty,
especially for the least dominant eigenmode. Again, the decay
rate and frequency are found from the autocorrelations of the
projected modal dynamics.

Identification Results. The surrogate data were identified
under different assumptions, regarding the driving combustion
noise wq and measurement noise ws. Additionally, the consequen-
ces of applying a bandpass filter around the modal peak were eval-
uated. Results are presented for an academic and a practical case.
Elimination of the fast dynamics allows for larger time-steps in
the estimation of _q. This strategy is beneficial in case of limited
high-frequency excitation and/or the application of a bandpass fil-
ter that eliminates high frequencies. Methods are performed on
the 100 windows independently to get a statistical mean and var-
iance of the estimated parameters.

Academic Case. In the academic case, there is no measurement
noise es, nor any signal filtering applied. The state-space model is
numerically integrated with Gaussian white noise eq as driving
force, with unit variance. It is tried whether the methods are able

Fig. 4 Modal peak in the power spectral density of clockwise
and anticlockwise waves of the surrogate time-series data
generated by Eq. (17)
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to recover the correct system characteristics, especially the modal
decay rates, listed on the top of Table 2. Although the results are
rather close to the theoretical values overall, it is worth mention-
ing that the second mode identified by FDD (shaded cell) failed
the statistical test hypothesizing that the estimate is unbiased,
using a 95% confidence interval. All methods are accurate for the
first (least stable) eigenmode, and the uncertainties (standard devi-
ations) are similar.

Practical Case. Combustion noise features spatiotemporal
correlations, mainly due to the heat release response to
turbulent structures in the fuel flow. A second time series is gener-
ated to evaluate the identification under forcing by colored noise.
The power spectral density of eq is prescribed by Eq. (20), repre-
senting a noise spectrum with a power-law energy fall-off for
x� xc

E jeq xð Þj2
h i

/ 1

1þ x=xcð Þ3=2 þ x=xcð Þ�3=2
(20)

This serves as a generic function, since the actual noise power
spectrum will depend on multiple parameters related to geometry,
flow conditions, and the combustion process. Important is the
decrease of excitation power for high frequency. The characteris-
tic frequency is chosen xc ¼ 600p.

White noise is added to the sensor signals s, representing
measurement noise es. The standard deviation of this Gaussian
noise is set to 10% of the standard deviation of the signal. For the
identification of a modal peak, it might be necessary to filter out
dynamics dominating at other frequencies. A brick-wall bandpass
filter is applied on the signals from 150 to 250 Hz.

It is found that LSQ is affected most, by both the measurement
noise and the bandpass filter. In determining the change of q, the
time delay (l=fs) should be large enough when a bandpass filter is
applied; otherwise, the filter characteristics dominate the result.
This time delay is typically taken 12 ms in the identification algo-
rithms. The results for the practical case, found at the bottom of
Table 2, are clearly less accurate compared to the academic case.
The uncertainties, on the other hand, hardly changed.

Online Monitoring of Decay Rates. In this part, the capability
of the methods is tested, to monitor the stability of a system that
changes in time. To monitor a combustion process online, it is
important that the results become available directly with limited
calculation costs. Instead of waiting for sufficient data for parame-
ter estimation, recursive methods can be applied that constantly
update knowledge about the system on which the estimates are
based. With help of a forgetting factor, weight can be put on the
most recent measurements, allowing slow changes of the underly-
ing dynamics to be followed.

Windows of 1024 data points (�0:4 s) have been analyzed
by the methods, resulting in imprecise and biased parameter
estimation based on a single window. The recursive approach
is imperative to obtain an unbiased estimation over a longer
period.

Cycle Description. In the parameter space of the thermoacous-
tic model, a cycle is defined in a span of 10 min. The bulk velocity
and nonuniformity parameter have been varied slowly, leaving the
other settings as in Table 1. A time series with slowly changing
system parameters according to the parameterization in Eq. (21)
was generated. In the first 3 min, the bulk velocity vh linearly
changes from 0 to �60 rad/s. As vh reverted in the following
3 min, the geometrical nonuniformity coefficient N2m rose from 0
to 15 s�1. From 6 to 9 min, N2m vanished again to return to the
degenerate state found at the start of the cycle, with the remaining
minute spent at rest. In this cycle, the system crosses through trav-
eling, mixed, and standing mode behavior, respectively. This test
may also be useful to find identification problems under specific
system conditions

vhðtÞ ¼ �60þjt=3� 60j 0 < t < 360

N2mðtÞ ¼ 15�jt=12� 30j 180 < t < 540
(21)

Noise characteristics and bandpass filtering are applied accord-
ing to the practical case described in the subsection Identification
Results.

Table 2 Table with average estimated decay rates a1 and a2,
using the different identification methods based on 100 surrogate
data segments. Standard deviations are given in parenthesis.
Shaded cells failed the test for being an unbiased estimated.

Theorya SSI LSQ EVR FDD

Academic case
a1 5.54 5:57ð0:4Þ 5:54ð0:3Þ 5:60ð0:4Þ 5:52ð0:4Þ
a2 21.03 21:1ð0:8Þ 21:1ð0:7Þ 20:8ð1:2Þ 21:4ð0:8Þ

Practical case
a1 5.54 5:63ð0:3Þ 4:79ð0:3Þ 5:57ð0:4Þ 5:51ð0:4Þ
a2 21.03 21:1ð0:7Þ 17:9ð0:6Þ 19:9ð1:5Þ 21:3ð0:8Þ

aDeviation from Eq. (10) due to the discrete differentiation of _q.

Fig. 5 Online identified decay rates �a1;2 of the thermoacoustic system during slow parameter
variation. Theoretical decay rates a1;2 following from the prescribed parameters by Eq. (12) are
given in dashed lines.
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Monitoring Results. The stability monitoring results are shown
in Fig. 5, in which the estimated dynamic decay rates are com-
pared to the theoretical split decay rates (thick dashed lines). The
forgetting factor is set to 0.975, as a tradeoff between noise sup-
pression and the ability to follow the slowly changing dynamics.
All methods can be calculated in a fraction of the physical time,
about a few seconds for the 10 min of data. Therefore, regarding
computational costs, all methods are considered viable candidates
for online monitoring.

The main challenge for the parameter estimation is the passage
between 300 and 400 s, where the eigenmodes change from domi-
nantly traveling waves to standing wave solutions. The trajectory
through the mixed regime ends with a steep decrease of the decay
rate. As future data are unavailable, the past data are used for
smoothing, meaning that estimated parameters lag behind the
physical state.

SSI and LSQ have very similar estimates, with LSQ showing a
slight bias toward lower decay rates, observed also in the steady
practical case. When the splitting is strong, EVR has problems in
estimating the mode with high decay rate, although it may be
noted that this most stable mode is of limited interest for stability
monitoring. Potentially hazardous is the overestimating of the first
mode by FDD. The changing of the eigenfrequencies is expected
to cause the troubles in FDD, in which the power spectral density
matrix is updated recursively. Determination of the decay rate by
means of the autocorrelation function always yields a bias toward
stability for a decay rate approaching zero. SSI and LSQ do not
suffer this drawback and could in principle also identify negative
decay rates. In practice when the decay rate becomes negative, the
thermoacoustics would saturate quickly to limit cycle behavior,
from which point the linear stability of this new dynamic state is
determined.

Conclusions

A low-order model for azimuthal thermoacoustic modes in
annular combustion systems has been introduced, which shows
dynamics observed in practice, such as the possibility to have
dominant standing or traveling wave behavior. A continuous
description of the flame characteristics around the azimuth yields
analytic solutions, which can be useful to assess staging strategies
without going into the detail of individual burner positioning, for
example. It has been observed that splitting of eigenvalues can
influence the stability of the system significantly and should thus
be accounted for in monitoring strategies. Two complex wave
amplitudes are the lowest amount of state variables required (per
mode order) to describe the key features in the dynamics. To
monitoring a peak in the spectrum of an annular combustor, at
least two sensors around the azimuth must be adapted in order to
identify split eigenvalues. A state-space representation is proposed
as model structure in order to apply output-only modal identifica-
tion on annular combustors.

Online monitoring of the resulting decay rates serves as a physi-
cal and quantitative stability margin. Frequency and mode shape
information can help to find more robust combustor configurations
or operating conditions. Four different identification methods are
evaluated as candidates for online monitoring of the modal
decay rates. All four methods return a reasonable indication of the
system stability and considering computational costs found to be
utilizable online.

Stochastic subspace identification performed better than the
other methods, as it is suited to identify the exact model structure.
A drawback for this method is that not all system knowledge can
be exploited, since the mode order cannot be prescribed. This may
cause interference with dynamic behavior not accounted for in the
modeling, such as axial modes in the combustion chamber.
Although a bias should be expected under practical conditions,
least squares of the matrix coefficients (LSQ) functions robustly
when used for monitoring a slowly changing thermoacoustic sys-
tem. The volume of system data stored for recursive updating of

LSQ is slightly lower compared to SSI, as well as the amount of
computational operations per window. In contrast to SSI, the
mode order is prescribed for an investigated frequency range. For
these reasons, a least-squares implementation might be preferred
over SSI in monitoring industrial annular combustion systems.

Decay rate estimation based on the autocorrelation yields
biased estimates when marginal stability is approached, forming
the main disadvantage for methods such as EVR and FDD.
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Nomenclature

Acc ¼ cross-sectional area of the annular combustion chamber
C ¼ state-space output matrix

E½�� ¼ expected value

F̂ ¼ acoustic wave amplitude traveling along h-coordinate
fs ¼ sampling frequency
Ĝ ¼ acoustic wave amplitude traveling against h-coordinate

i ¼ imaginary unit
ffiffiffiffiffiffiffi
�1
p

I ¼ identity matrix
m ¼ azimuthal mode number
M ¼ thermoacoustic system matrix
n ¼ heat release interaction index
N ¼ heat release response strength
p̂ ¼ acoustic pressure in the annulus
q ¼ state-space vector
_Q ¼ heat release rate per cubic meter
r ¼ radial coordinate
R ¼ radius of the annular combustion chamber
s ¼ acoustic sensor output
t ¼ time

vh ¼ azimuthal bulk velocity, rad/s
x ¼ axial coordinate
a ¼ decay rate
c ¼ ratio of specific heats

Dt ¼ discrete time-step
e ¼ discrete Gaussian noise
f ¼ acoustic attenuation
h ¼ azimuthal coordinate
k ¼ system eigenvalue
s ¼ heat release time delay
t ¼ eigenvector ratio
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Abstract

In annular combustion systems, azimuthal thermoacoustic modes manifest themselves predominantly as travelling or

standing waves. Several phenomena can influence the modal behaviour of annular thermoacoustics. To monitor the

stability of azimuthal thermoacoustics in industrial installations, a better understanding of the dynamics is required to

correctly interpret online measurements. In this work, thermoacoustic eigensolutions of annular combustion systems are

investigated, using a low-order analytic model. Heat release fluctuations are considered as a weak source term for a given

acoustic eigenmode. The fluctuating heat release is modelled as a linear feedback to the local acoustics, in which the

feedback response is a function of the azimuthal coordinate, causing cylindrical symmetry breaking. A bifurcation map is

generated as a function of azimuthal mean flow velocity around the annulus. It is shown that a pitchfork bifurcation exists,

separating standing wave and travelling wave solutions. Due to the interaction with non-uniform thermoacoustic feed-

back, an azimuthal flow with a low Mach number can significantly influence the system stability. Close to the bifurcation

point, the non-normal nature of the dynamic system can induce a considerable gain of acoustic energy and yield more

predictable time traces. These findings address the influence of non-normality, when applying a linear damping rate,

acoustic amplitude or entropy-based quantity with the intent to monitor combustion dynamics in an annular combustion

system.
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1 Introduction

The risk of encountering a thermoacoustic instability in
combustion systems increases under lean combustion
conditions and a progressively variable power
demand, as more renewable resources supply to the
grid. A thorough understanding of the thermoacoustic
feedback loop and the resulting measured dynamic sig-
nals is required for efficient control or monitoring
strategies. In particular, the complex dynamics in annu-
lar gas turbines has not yet been fully understood.
Complex conjugate wave pairs exist in the annulus as
a result of the rotational symmetry, allowing for
standing waves, travelling waves and combinations
thereof. Fundamentally, the two azimuthal waves cor-
responding to an azimuthal mode number have
repeated eigenvalues and form an eigenspace in linear
stability analysis. Breaking of the cylindrical symmetry,
either geometric or in the flame response, will typically

lead to split eigenvalues. An example is a structural
element in the annulus, causing reflections of azimuthal
waves, leading to standing wave behaviour. Another
example is single damaged burner with deviant feed-
back characteristics, which causes the standing wave
in its orientation to have a different decay rate than
the wave in orthogonal orientation. Considering the
acoustics from the fixed coordinate system, an azi-
muthal flow also splits the eigenvalues, as the convec-
tion of the acoustic field causes a Doppler shift in the
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frequency. Similar physics involving degenerate eigen-
value pairs are found in structural dynamics, such as
eigenmodes in bladed disc assemblies. A study of Ewins
shows the splitting of eigenmodes due to cylindrical
symmetry breaking as a result of the mistuning of
rotor blades.1

In this work, the interaction between azimuthal flow
and cylindrical symmetry breaking is analysed analyt-
ically. The latter promotes standing wave behaviour as
depicted before in the provided examples, whereas the
former counteracts the formation of standing wave
solutions by rotating the acoustic field with respect to
the gas turbine. Upon commissioning of a gas turbine
cylindrical symmetry cannot be guaranteed, because
manufacturing margins and installation will for exam-
ple cause some deviations in acoustic impedance from
burner to burner. Wear, fouling and replacement of
parts will add to the symmetry breaking. Regarding
the azimuthal flow, no restriction is present in this
direction. Azimuthal flow has been demonstrated
both experimentally and numerically and is generally
attributed to a co-swirling burner configuration. Wolf
et al.2 for example reports a bulk velocity exceeding an
azimuthal Mach number of 1%, based on an extensive
LES-simulation. Referring to the monitoring of
combustion dynamics, it is of interest how the wave
structures, amplitudes, decay rates and frequencies
behave, when symmetry breaking and azimuthal flow
are present simultaneously. The solution regimes
(regarding standing and travelling wave structures)
resulting from these effects have been recognized in
Bauerheim et al.;3 however, the interaction has not
been investigated in detail. In the work of Noiray
et al.,4 the effect of nonlinear and non-uniform heat
release response strength is investigated. The Fourier
component C2n of the non-uniformity was found to
be responsible for the eigenvalue splitting. The effect
of an azimuthal bulk flow was not considered.

The objective of the work is to investigate the tran-
sitional region between predominantly standing and
travelling waves, in the parameter space spanned by
symmetry breaking and azimuthal flow velocity.
This is achieved by considering linear coupling between
those phenomena in a low order description of the
physical problem. The transition regime is character-
ized by a bifurcation, as a function of the relative
strength of the two phenomena. The effect of non-
normality of the linear system close to the bifurcation
point is highlighted, as it turns out to have a significant
influence on the statistical properties of the thermoa-
coustic amplitude under stochastic forcing. A small
supplementary investigation is carried out to better
understand the frequency split between clockwise
(CW) and anticlockwise (ACW) acoustic waves.
This phenomenon is often attributed to a mean flow

around the annulus, that establishes when co-rotating
swirl burners are used, but the details of this process are
still unresolved.

The article consists of five sections, starting with this
introduction. The next section treats the azimuthal flow
and symmetry breaking in more detail, including the
introduction of an effective source of azimuthal flow.
The third section describes the modelling approach for
the thermoacoustics, before the results are presented in
‘Results: Feedback based on axial velocity’ section. The
final section concludes the work to be followed by ref-
erences and three appendices with detailed derivations
of used equations and the nomenclature.

2 Azimuthal flow and cylindrical
symmetry breaking

In this section, the way the two phenomena, azimuthal
flow and cylindrical symmetry breaking, can arise in
annular combustion systems is explored. It is expected
that effects causing symmetry breaking, including a
non-uniform geometry and heat release response,
cause split eigenvalues with standing wave eigenvectors.
Azimuthal flow results in split eigenfrequencies for tra-
velling wave eigenvectors, where it should be noted that
the acoustic field is still degenerate in a coordinate
system rotating with the mean flow.

A supplementary numerical investigation is carried
out to understand the influence of a two-dimensional
transverse velocity field. It demonstrates that a split in
frequency of CW and ACW waves is not only related to
a mean azimuthal velocity, but also to the gradient of
azimuthal velocity with respect to the radial coordinate.

2.1 Azimuthal flow

In most annular combustion systems, flow around the
annulus is not restricted in either the combustion cham-
ber, or the plenum. In the axial direction, there is a
constant flow of fresh and burnt gases that can reach
high velocities at certain positions. It is to be expected
that (depending on the operating conditions) some net
momentum transfer in azimuthal direction occurs, for
example, at the compressor exit in the plenum of the
combustion chamber of a gas turbine or at the swirl
burner in the combustion chamber. Experimental evi-
dence of different acoustic propagation velocities in the
opposing azimuthal directions can be found in Worth
and Dawson5 for varying burner separation distances.
This has been wrongly attributed to a mean azimuthal
flow alone,2,5 as more than one phenomenon can be
responsible for this split in frequencies.

The frequency splitting occurs when co-rotating
swirl burners are used, however, co-rotating swirlers
are expected to cause a velocity gradient, rather than
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a mean velocity. Therefore, it is investigated in this
work whether a velocity gradient can also cause a
split in the effective propagation speed between CW
and ACW travelling waves. It is posed that a gradient
of azimuthal velocity with respect to the radial coord-
inate, which refracts the acoustic waves as shown in
Figure 1. A shear flow in an annulus refracts waves in
one azimuthal direction towards the centre of the annu-
lus. The wave in the other direction is constantly
refracted towards the outer wall. A radially distributed
azimuthal velocity field can be expected in annular
combustion systems when co-rotating swirlers are
used, refer to Bourgouin et al.6 for a cold flow velocity
field downstream of a swirl burner. Acoustic refraction
can also be expected as a result of temperature gradi-
ents; however, this would affect the two waves in
opposite direction identically, causing no split between
the frequencies.

To demonstrate eigenvalue splitting as a result of a
gradient of azimuthal velocity in the radial direction
(refer to Figure 2), a 2D annular geometry with a
ratio between the outer and inner radius of ro=ri ¼ 1:5
is considered. Over the width of the annulus azimuthal
velocity profiles are prescribed, without bulk flow con-
tribution, as it would just add a known frequency split.
A linear and harmonic profile with a peak to peak azi-
muthal Mach number of Mp2p ¼ 0:1 is used.
Additionally, a linear profile with a peak to peak of

Mp2p ¼ 0:4 has been tested. The velocity in the latter
case is too high to be expected in practice, but this case
is used for analytical validation as the refraction radius
is equal to the radius of the annulus. Acoustic solutions
are obtained by solving the linear Euler equations
numerically. COMSOL FEM software was used to
obtain a solution in time domain, in which streamline
diffusion was applied for stabilization. A quarter of
the mesh is shown in Figure 2, together with the three
prescribed velocity profiles. It must be noted that the
velocity profiles include a small offset, in order to
force the mean flow (integrated over the radial coord-
inate) to be zero.

The influence of the velocity profiles on the eigenfre-
quencies of azimuthal orders m¼ 1 and m¼ 2 are given
in Table 1. The eigenfrequencies !cw and !acw

correspond to a CW and an ACW travelling wave,
respectively. It is concluded that waves that
are refracted towards the centre of the annulus (which
are CW waves for the used profiles in Figure 2), experi-
ence a decreased frequency. This can be explained by a
loss of the radial wave number. When the refraction
radius is equal to the radius of the annulus, plane
wave propagation is obtained (in polar coordinates),
with the lowest possible frequency, as the radial wave
number is zero. The waves refracted away from the
centre have an increased frequency. The lower fre-
quency of the 0.20 linear velocity profile corresponds
to the plane wave propagation in the polar coordinate
frame, which is used for validation of the results. The
theoretical frequency for this plane wave, normalized
by the analytical solution without flow (quiescent solu-
tion, available in terms of Bessel functions), yields
!cw=!a � 1 ¼ �19:7 � 10�3. Table 1 shows that the the-
oretically and numerically found results deviate with
1% and 6%, for mode order 1 and 2, respectively.
As this investigation is merely meant to demonstrate
the existence and the order of magnitude of this phe-
nomenon, such deviations are considered acceptable.

Table 1. Increment of the eigenfrequencies as a result of

azimuthal velocity gradients, with respect to frequency in the

quiescent case !a. The first two mode orders m are given.

Velocity profile m !cw=!a � 1 !acw=!a � 1

No velocity 1 0 0

0.05 Sine 1 �7:3 � 10�3 10:7 � 10�3

0.05 Linear 1 �8:6 � 10�3 11:0 � 10�3

0.20 Linear 1 �19:9 � 10�3 57:8 � 10�3

No velocity 2 0 0

0.05 Sine 2 �6:7 � 10�3 10:0 � 10�3

0.05 Linear 2 �8:0 � 10�3 10:2 � 10�3

0.20 Linear 2 �18:5 � 10�3 53:9 � 10�3

Figure 2. Tested azimuthal velocity profiles as a function of the

radius. A quarter of the mesh used for the computation is shown

on the right side.

Figure 1. Refraction of acoustic waves in a velocity gradient.

The direction of refraction depends on the direction of acoustic

propagation and the refraction radius depends on the ratio of the

velocity gradient and the speed of sound.
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For m¼ 1 and a peak to peak azimuthal Mach
number of Mp2p ¼ 0:1, a difference in frequency of
almost 0:02!1 is observed, which can be translated to
an ‘effective azimuthal Mach number’ of M� � 0:01.
This investigation shows that a velocity gradient in
the azimuthal flow can cause a significant split in
wave propagation speed between the two directions.
Despite this result, all possible effects that cause an
apparent azimuthal bulk flow are represented by the
angular bulk flow velocity v� in the remaining sections
of this work, i.e. bulk flow is used as a paradigm for a
split in the acoustic propagation velocity of opposing
waves.

2.2 Cylindrical symmetry breaking

For fixed wavenumbers in the spatial directions, includ-
ing a nonzero azimuthal mode order m, the acoustic
field in an annulus is described by two complex
amplitudes. A one-dimensional representation of
azimuthal acoustics can be described by characteristic
waves F̂ and Ĝ for the ACW and CW acoustic propa-
gation, respectively.

p̂ð�, tÞ ¼ F̂ei!at�im� þ Ĝei!atþim� ð1Þ

When the pure travelling waves F̂ and Ĝ have iden-
tical amplitudes, they form a standing wave around the
circumference. In case of cylindrical symmetry (where
geometry and parameters are invariant under angular
rotation), the system manifests a pair of degenerate
eigenvalues. Through non-uniformities in azimuthal dir-
ection the eigenvalues can split, i.e. lose the degeneracy.
When the acoustic waves partially reflect at a certain
angular location, the opposing waves couple and tend
to form standing wave solutions. One could think of a
slight constriction in azimuthal direction, caused by a
structural element. The eigenvalues will be different for
the standing waves with the structural element in the
pressure node and the orthogonal wave with the element
in the pressure antinode. A constriction mainly splits the
eigenfrequencies,7 but can also split the decay rate.

Similarly, acoustic sources (or sinks) varying with
the azimuth can cause eigenvalue splitting. In particu-
lar, heat release fluctuations in response to acoustic
perturbations form such an acoustic source. Examples
of eigenvalue splitting through a non-uniform heat
release response include retrofitting of burner parts at
some location(s), designed to reduce the heat release
response strength. When instability still occurs, it is
most likely to develop perpendicular to the retrofitted
burner(s). The alternating use of two burner types
could be applied in an annular combustor (see the
patent of Joos and Polifke8), in such a way that a
smoother overall flame response that is less prone to

instabilities, is obtained. In such case, the chosen
burner pattern influences the splitting strength and
therefore the stability of the system, as pointed out by
Berenbrink and Hoffman.9

Unintended azimuthal non-uniformities are likely to
be present in industrial applications, for example,
clogged fuel injection holes, deviations in acoustic
impedance of the fuel injections and acoustic reflections
from supporting structures. In this work, it is implied
that the eigenvalue splitting is caused by a non-uniform
flame response, but it might as well be of acoustic
nature.

3 Modelling approach

The acoustics is described by a three-dimensional solu-
tion, satisfying the Helmholtz equation in an annulus,
with two azimuthal wave amplitudes as free variables.
The acoustic solution is convected passively with an
azimuthal bulk flow. Axial flow is not considered, as
it does not seem to influence the dynamic solution.10 As
in the work of Noiray et al.,4 heat release fluctuations
are continuously modelled over the azimuth of the
annulus, rather than considering discrete burner loca-
tions. Local acoustic fluctuations result in heat release
fluctuations at the corresponding angular location,
through a linear flame response description. The heat
release acts as a source to the acoustic pressure fluctu-
ations, described on a Fourier basis over the azimuth.

A linear heat release response to acoustics perturb-
ations is used, since the dynamic behaviour in the stable
regime is sought, i.e. before exponential growth and
saturation to a limit cycle occurs. It is assumed here
that the magnitude of combustion noise does not
cause a significant nonlinear response. Although satur-
ation and limit cycle behaviour fall outside the scope of
this work, initial growth rate and transient growth
effects can still be studied in the unstable regime.
Also, it is assumed that instantaneous growth rates
and the angular bulk velocity are small compared to
the considered eigenfrequency under all circumstances,
such that time scales of amplitude modulations can be
separated from the time scale of an acoustic cycle. This
allows to average the equations over the acoustic cycles,
resulting in compact analytic expressions. In this sec-
tion, it will be shown that the resulting system of equa-
tions is a state space model with two complex degrees of
freedom per degenerate acoustic eigensolution. The
dynamic behaviour of this system is well suited for ana-
lytical evaluation.

3.1 Acoustic field

Thermoacoustics can be described by a sum of inde-
pendent eigenmodes, based on solutions of the acoustic
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field. Assuming that one modal solution of the 3D
acoustic pressure field p̂ with frequency !a is separable
in the following way,

p̂ð~x, tÞ ¼  ðx, rÞ�ð ~�Þei!at ð2Þ

The spatial function  ðx, rÞ is assumed to be known,
fulfilling the wave equation for given longitudinal and
radial boundary conditions in the annular combustion
chamber. An example pressure field described by equa-
tion (2) is shown in Figure 3 for a generic annular
geometry. Azimuthal dependency �ð ~�Þ is not fully deter-
mined, as the periodic boundary condition merely
enforces a continuous solution around the
circumference.

�ð ~�Þ ¼ F̂e�im
~� þ Ĝeim

~� ¼ bTz ð3Þ

In equation (3), the vector z ¼ ½F̂ Ĝ�
T
contains the

two Riemann invariants as free acoustic parameters,
while b ¼ ½e�im

~� eim
~��
T

contains their respective
azimuthal basis functions. These basis functions satisfy
the periodic boundary condition for a domain with
uniform acoustic properties in the azimuthal direction
for a positive definite azimuthal mode number m. The
azimuthal coordinate ~� is defined relative to the angular
rotation v�t, since the acoustics are passively convected
by the flow field. In the fixed coordinate system of the
combustor, the acoustics is obtained by substitution of
~� ¼ � � v�t.

Equation (2) is the fundamental solution of a 3D
acoustic field in a cylindrically symmetric geometry
with azimuthal bulk flow. Choosing the amplitudes F̂
and Ĝ, standing, travelling and mixed solutions can be
constructed. The two amplitudes and complex angles

give four free variables, explaining the variety of
possible wave structures.

The slow evolution of the acoustic amplitudes F̂ and
Ĝ, as a result of global acoustic damping � and thermo-
acoustic feedback, is governed by equations (4).

d

dt
F̂ ¼ ��!aF̂ þ �

I
_QðF̂, ĜÞF̂d�

d

dt
Ĝ ¼ ��!aĜþ �

I
_QðF̂, ĜÞĜd�

ð4Þ

The damping ratio is assumed to be small (� � 1),
such that the time scale of natural decay is long com-
pared to the eigenfrequency. For brevity, the global
damping � is ignored in this work, because it only
superimposes on the eigenvalues of the thermoacoustic
system. Heat release fluctuations _Q are excited by the
acoustics and form a source term in the acoustic
equations, which is discussed in the following subsec-
tion. The proportionality constant � is related to the
volume of the acoustic domain and the ratio of specific
heats.

3.2 Thermoacoustic feedback

Weak thermoacoustic feedback is added to the
acoustic mode to find the combined dynamics. The
thermoacoustic feedback is considered as small linear
perturbations to the acoustic field, which justifies the
performed separation in equation (2) of the acoustic
time scale and the time scale with which the azimuthal
acoustic field (�ð ~�Þ) changes. Dynamics dominated by
the time scale of the combustion, such as intrinsic ther-
moacoustic instability,11 are not considered.

The Rayleigh criterion states that acoustic energy is
generated when heat release fluctuations _Q are in phase
with the pressure fluctuations. The growth of the acous-
tic mode in consideration is obtained by integrating
over the volume in which the heat is released. Using ?
to denote the complex conjugate, the following equa-
tion can be derived (see Appendix 1).

dz

dt
¼ �

I
b? _Qd� � v� b? � z �

db

d ~�

� �
ð5Þ

This equation describes the time derivative of the
two acoustic amplitudes in z, resulting from the fluctu-
ating heat release and an angular velocity. Prevailing
methods for the modelling of heat release fluctuations
assume a linear response to the acoustics at the burners,
for low perturbation amplitudes. Examples are the
flame transfer function and the sensitive time lag
model.12 Considering the response at the acoustic
eigenfrequency !a only, these methods are in essence

Figure 3. Example of an acoustic field of first azimuthal mode

order, which could be described by equation (2).
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identical. A general linear heat release response to the
two acoustic waves can be written as

� _Qð�Þ ¼ bT ĈFð�Þ ĈGð�Þ
� �T

�z
� �

ð6Þ

in which the complex-valued coefficients ĈF and ĈG

represent the amplitude and phase of the heat release
response to the respective waves in z. These response
coefficients are a function of the azimuth in case of non-
uniform heat release, causing cylindrical symmetry
breaking. Apart from the heat release, the coefficients
can also include acoustic effects, such as attenuation
and reflections. Combining the linear heat release
response in equation (6) with the acoustic modal
growth equation (5) yields a thermoacoustic system of
ordinary differential equations.

dz

dt
¼

I
ĈF þ imv� ĈGe2im�

ĈFe�2im� ĈG � imv�

" #
d�z ð7Þ

From the integration of the system matrix over the
azimuthal coordinate, it can be directly deduced that
the diagonal only depends on the average of ĈF and
ĈG. On the other hand, the antidiagonal is only sen-
sitive to coefficient 2m of the azimuthal Fourier
decomposition of ĈF and ĈG. This can be verified
by recognizing that an integral of the formH
expðik�Þd� is zero for any nonzero integer k,

because of the orthogonality of harmonic functions
with different amounts of integer periods.
Describing the coupling coefficients Ĉ as Fourier
series over the azimuth allows the integration to be
performed directly, by inserting the Fourier compo-
nent that eliminates the harmonic dependency with
respect to the azimuthal coordinate.

Ĉð�Þ ¼
X1

k¼�1

ĉke
ik�

ð8Þ

The coefficient ĉ0 corresponds to the mean thermo-
acoustic feedback strength that influences the overall
thermoacoustic stability. Equal to the C2n coefficient
in the work of Noiray et al.,4 ĉ2m causes the eigenvalue
pair of azimuthal mode order m to split. In this work,
the coefficient is merely scaled differently, and it is com-
plex, to cover heat release non-uniformities in both
strength and phase. Physically, this means that standing
wave eigenvalue splitting of a mode with azimuthal
order m is only expected when the broken cylindrical
symmetry has a non-zero Fourier component 2m
around the circumference.

The azimuthal description of the thermoacoustic
dynamics reduces to a complex second-order system
of ODE’s per azimuthal mode order. In Bauerheim
et al.,3 this solution structure was also found, modelling
the heat release with an n� � model.

dz

dt
¼

ĉF0 þ imv� ĉG�2m
ĉF2m ĉG0 � imv�

" #
z ð9Þ

The coupling coefficients ĉk can be a function of the
frequency to be solved for, for example in the case of an
n� � model, where the phase linearly decreases with
frequency.

_z ¼Mð!Þz ð10Þ

The system matrix M describes the coupling between
the two (complex) acoustic degrees of freedom, includ-
ing thermoacoustic interaction. Under additional
flame response assumptions, the coupling coefficients
can be specified in more detail, as demonstrated in
Rouwenhorst et al.13 for an n� � flame model.

3.3 Solution strategy

The eigenvalues�1,2 ofMprescribe the temporal evolution
of the amplitude of the eigensolutions with multiplier
expð�1,2tÞ. The real part of the eigenvalues describes the
growth rate, of which the sign determines the stability of
themode.The imaginarypart causes a frequencydeviation
with respect to the acoustic eigenfrequency !a.

In order to come to an analytic eigensolution of the
system in equation (10), the system matrix must be
independent of the frequency. When this is not the
case, the characteristic equation of Mð!Þ is a transcend-
ent equation for the eigenvalues (or complex frequency)
that must be solved numerically. For small frequency
dependency, however, using constant coupling values
belonging to the frequency !a will yield accurate
solutions.

The imaginary part of an eigenvalue of the system
matrix M represents the frequency deviation �! from
the acoustic eigenfrequency !a. When the coefficients
Ĉð!Þ are smooth and hardly change on the interval
½!a ��!5!5!a þ�!�, the frequency dependency
can be neglected.

�!

Ĉ

dĈ

d!
j!a

�����
������ 1 ð11Þ

As �! is of the order of jĈj, it can be stated that the
derivative of the coupling parameters with respect to
the frequency should be much smaller than one.
Hence, the condition dĈ=d!� 1 should be fulfilled at
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the acoustic eigenfrequency in order to study the ana-
lytical solutions.

4 Results: Feedback based on axial velocity

In this section, further simplifications and assumptions
are made in order to come to compact analytical expres-
sions that enable to present the interaction between sym-
metry breaking and azimuthal bulk flow. Heat release
fluctuations, due to vortical structures and equivalence
ratio modulations, are usually attributed to the axial
particle velocity (see Paschereit et al.,14 for example).
When axial particle velocity is held responsible for the
fluctuating heat release, the thermoacoustic system is a
function of the pressure fluctuations and independent of
the azimuthal particle velocity. Assuming also that the
coupling constants are (locally) independent of the fre-
quency (dĈ=d! ¼ 0), the coupling parameters are iden-
tical (ĈF ¼ ĈG ¼ Ĉ). These assumptions are made only
to obtain a compact analytic eigensolution.

dz

dt
¼

ĉ0 þ imv� ĉ�2m

ĉ2m ĉ0 � imv�

	 

z ð12Þ

This system of differential equations, a function of
mv� and the Fourier components of Ĉð�Þ, is used as the
starting point of the analytic parameter study
performed in this work. The eigensolution found is:

�1,2 ¼ ĉ0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĉ2mĉ�2m �m2v2�

q
ð13Þ

In equation (13), it is visible how azimuthally vary-
ing heat release characteristics and azimuthal velocity
split the eigenvalues �1,2 of the thermoacoustic system.
The ratios of F̂ and Ĝ corresponding to the eigenvec-
tors, named �1,2, are also readily obtained.

�1,2 ¼
imv�
ĉ2m
�

1

ĉ2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĉ2mĉ�2m �m2v2�

q
ð14Þ

The influence of the model parameters on the
acoustic eigensolution and their interaction will now
be explained in detail. From the eigensolution, it can
be seen that the interacting parameter groups are mv�,
i.e. azimuthal velocity with respect to the azimuthal
wave length, and the cylindrical symmetry breaking
strength S. As the azimuthal velocity with respect to
the wave length, mv� is a good parameter for azimuthal
velocity, equations (13) and (14) suggest that

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĉ2mĉ�2m

p
ð15Þ

is a proper candidate to define as the symmetry
breaking strength.

4.1 Uniform feedback ĉ0 only (mv� ¼ S ¼ 0)

This case corresponds to a setup with perfect cylindrical
symmetry under quiescent conditions, i.e. no azimuthal
flow. Without azimuthal non-uniformity of the
thermoacoustic feedback response and no bulk vel-
ocity, the eigenvalues of the system are simply given
by the constant feedback strength ĉ0 on the diagonal
of the system matrix. With repeated eigenvalues, the
system is degenerate (i.e. solutions are defined by the
eigenspace spanned by F̂ and Ĝ). This means that any
linear combination of the two waves is an eigensolu-
tion, covering standing, travelling and mixed modes.
The growth rate and frequency difference as a function
of arg ðĉ0Þ are the cosine and sine function, respectively.

4.2 Azimuthal flow mv�, with S¼ 0

This case corresponds to the theoretical setup with per-
fect cylindrical symmetry but now with an azimuthal
flow through the annulus. Considering only azimuthal
bulk flow, the same degenerate solution is found, now
rotating with the mean flow. The rotation is visible in
the imaginary split eigenvalues by �imv� for F̂ and Ĝ,
respectively, in equation (13).

4.3 Cylindrical symmetry breaking S, with mv� ¼ 0

This case corresponds to a setup with quiescent flow
conditions, but with a broken cylindrical symmetry
that causes S to be non-zero. The symmetry breaking
can be caused either by reflections (e.g. structural elem-
ent) or a non-homogeniety in heat release response (e.g.
clogged gas orifice in a burner). A pair of standing
waves evolves as a result of the symmetry breaking,
with eigenvalues that are split by S, as defined in equa-
tion (15). When S has a real contribution, a saddle
point is formed by two orthogonal standing waves,
one with positive and one with negative feedback. It
can be understood that the azimuthal order 2m of
Ĉð�Þ causes this splitting, as it excites the 2m anti-
nodes of these standing waves, respectively. In
Figure 4, the growth rate and frequency are shown as
a function of argðSÞ, which is the phase between the
acoustic pressure and heat release rate. This phase is
directly related to the phase of a flame transfer func-
tion, which is often used to describe the heat release
response to acoustic excitation.

4.4 Interaction between mv� and S

This case corresponds to the general situation in prac-
tical systems, where azimuthal velocity and symmetry
breaking are expected to coexist. As both mv� and S
appear in the root in the eigensolution equations (13)
and (14), some interaction takes place, shaping the
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modal solutions. What the eigenmodes look like is not
directly clear from the analytic expressions. The inter-
action in this intermediate regime can be understood
qualitatively as follows; the azimuthal feedback
non-uniformity tries to develop a standing wave
solution, but the bulk velocity constantly rotates the
acoustic field away from its standing wave angle. Two
new equilibria will therefore evolve, given by the full
eigensolution. The interaction is most pronounced
when the two effects are of similar magnitude;
jSj � jmv�j. In the regime where jmv�=Sj � 1, solutions
are predominantly standing waves, whereas
jmv�=Sj � 1 is better characterized as travelling waves.

The velocity term can cancel out the eigenvalue split-
ting as a result of the symmetry breaking strength. An
important observation is that only limited azimuthal
velocity is required for noticeable changes in the stabil-
ity analysis. Instability is most likely to occur in
strongly underdamped (thermo)acoustic eigenmodes,
say with a damping ratio of the order � ¼ Oð10�2Þ.
Azimuthal velocity can potentially change the stability
with strength mv�, therefore azimuthal Mach numbers
of the same order M� ¼ Oð10

�2Þ are already relevant in
the presence of cylindrical symmetry breaking.

4.5 Bifurcation point

The case where ĉ2m ¼ ĉ?�2m is of most interest, because
the feedback contributes optimally to the real part of
the eigenvalues and thus to the system stability.
Physically, this occurs when the non-uniform part of
the feedback response Ĉð�Þ is real, i.e. the non-uniform
heat release response acts in phase with acoustic pres-
sure oscillations. The symmetry breaking S is real and
the feedback phase is constant around the azimuth. The
bifurcation diagram with mv� as the bifurcation param-
eter forms a unit circle and unit parabola for the growth

rate and frequency difference, respectively, when nor-
malized by jSj (see Figure 5). Without azimuthal vel-
ocity, two standing wave solutions in orthogonal
orientations are found, with pure positive and negative
feedback. In a phase portrait, this solution is repre-
sented by a saddle point (shown in Figure 6(a)). As a
mean flow is introduced, the splitting of the growth rate
decreases and simultaneously the eigenvectors lose their
mutual orthogonality. A bifurcation point at jmv�j ¼ S
emerges as the discriminant in the root of the dynam-
ical solutions crosses zero. At this point, the two eigen-
vectors coincide, as Figure 6(e) suggests. In other
words, the eigenvectors are linearly dependent and the
system matrix is defective. For comparison, a case with
complex S is shown in Figure 5 (thin gray lines)
that does not cross the bifurcation point. In that case,
the feedback partially acts on the frequency, preventing
the discriminant in the eigensolution (equations (13)
and (14)) to become zero.

The bifurcation point as shown in Figure 5 can be
dangerous during the operation of an annular combus-
tion system. As the bifurcation parameter varies a little,
the stability can abruptly change near the bifurcation
point.

4.6 Non-normal growth

In the case of non-normality, especially, coinciding
eigenvectors, perturbations to the system can experi-
ence transient amplification. When the system has a
nonlinear response to the amplitude, an instability
can be triggered even though the system is fixed point
stable at zero amplitude. Non-normal growth has been
studied in thermoacoustic systems, based on model-
ling15 as well as experiments.16 In this section, non-
normal growth in annular combustion systems is
demonstrated in the bifurcation point of the model

Figure 4. Effect of the phase of the non-uniform feedback

argðSÞ on the eigenvalues of the thermoacoustic system, without

angular bulk velocity v�. Normalization by the cylindrical asym-

metry strength jSj.

Figure 5. Normalized effect of the interaction between mv�
and cylindrical symmetry breaking S on the eigenvalues of the

thermoacoustic system, with argðSÞ ¼ 0. In gray thin lines, the

result for argðSÞ ¼ 	=6.
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system. Due to the annular geometry, the amplitude
amplification can occur at a single mode order revealing
an insightful physical mechanism behind the transient
growth.

The dynamic solution of the defective system matrix
takes the form

zðtÞ ¼ 2S Ateĉ0t þ Beĉ0t
� 

vþ Aeĉ0tw ð16Þ

where v is the (repeated) eigenvector, while w is chosen
as the standing wave orthogonal to v. Amplitudes A
and B follow from initial conditions.

The term Ateĉ0t causes the transient behaviour
before the exponential decay sets in. Transient growth
can occur only when the system would have been
unstable in one orientation (saddle point), if there
were no azimuthal bulk flow. From the solution in

equation (16), the maximum transient growth can be
obtained analytically (see Appendix 2). For
<ðĉ0Þ

2
� S2, the time after which the maximum ampli-

fication occurs is approximately tmax ¼ �1=<ðĉ0Þ. At
this point, a maximum possible amplification ratio is
reached of about

jzðtÞj

jz0j
¼
�2S

<ðĉ0Þe
ð17Þ

The transient growth is demonstrated for
S ¼ mv� ¼ 10s�1 and a thermoacoustic decay of
<ðĉ0Þ ¼ �2s

�1. The phase portrait of the dynamic
system is shown in the top of Figure 7. The two thick
lines represent the solutions that experience the max-
imum possible transient growth, starting on the unit
circle. In the plot below this transient growth of the

(a) (c) (d)

(b) (e) (f)

Figure 6. Phase portraits of the thermoacoustic system for real azimuthal symmetry breaking S, in the vector space of two

orthogonal standing waves. Vectors show the tangents of possible dynamic trajectories, of which a few options are plotted by curved

arrows. Eigenvectors are shown as dashed lines passing through the origin. The acoustic amplitude jzðtÞj is represented by the radial

distance to the origin and the angular orientation m� of the standing wave can be read from the angle in the phase portrait. (a) A real

azimuthal asymmetry S results in a saddle point, with an unstable standing wave with orientation m� ¼ 0 and a stable standing wave at

m� ¼ 	=2. (c,d) Increasingly adding azimuthal velocity – a centre node shown in (b) – brings the eigenvectors together. In the

bifurcation point (e), a neutrally stable improper node is found, with coinciding eigenvectors. (f) For higher velocities, the standing

wave solutions are convected by the flow, rather than being kept in place by the cylindrical symmetry breaking. A contribution of ĉ0

could be included by superposing a star node, influencing the overall stability.
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amplitude is shown as a function of time. A maximum
amplitude amplification of 3.7 is reached as estimated
by equation (17). This is equivalent to an amplification
factor of over 13 for the acoustic energy.

Alternatively, the maximum amplification and the
corresponding initial conditions can be found compu-
tationally (see for example Nagaraja et al.17). Using this
approach, the same results have been found (not
shown). For this specific low-order model, the amplifi-
cation can be computed analytically at the bifurcation
point. In this way, it has been found theoretically that
infinite transient growth can be obtained for nonzero
splitting strength and vanishing stability (refer to case
jmv�=Sj ¼ 1 in Figure 6(e), where a perturbation away
from the eigenvector pair linearly grows to infinity,
even though the system is marginally stable).

With help of the phase portrait representations,
the transient behaviour of this system can be easily
understood physically. A perturbation in an
unstable orientation of the symmetry breaking will
initialize exponential growth. In the phase portrait
of Figure 7, these orientations are located in
quadrant 1 (positive–positive) and quadrant 3 (nega-
tive–negative). The azimuthal flow then convects the
growing amplitude around the circumference towards
the stable orientation of the saddle node. The growth
will eventually come to a halt and the perturbation
will converge to the least stable eigenmode and decay
accordingly.

4.7 Amplitude statistics under stochastic excitation

The maximum transient amplification shows what
amplitude can be reached for an optimized initial con-
dition. More interesting is what effect the non-normal-
ity of the system has on the characteristics under
constant stochastic forcing. To investigate this, the
system of equations (equation (12)) has been integrated
numerically with white noise excitation, using the
Euler–Mayurama scheme. The system is compared to
the uncoupled, degenerate case (uniform heat release
response) with the same set of eigenvalues
<ð�1,2Þ ¼ <ðĉ0Þ ¼ �2s

�1. Part of the two time series
that were subjected to the same excitation noise are
shown in Figure 8. The average amplitude (RMS) of
the non-normal system is found to be 5 times higher (25
times for the acoustic energy) than the degenerate
system, which is higher than the maximum possible
non-normal growth ratio. This result suggests it is
more interesting to look at the integral of the amplitude
over time for all initial conditions, rather than looking
at the maximum possible amplification.

The probability density function of the Euclidean
norm of four independent, normal distributed variables
(two complex amplitudes) is given by the 
4 distribu-
tion. The histogram of the bottom time series in
Figure 8 shows that the 
4 distribution accurately
describes the probability of the amplitudes found
for the uncoupled thermoacoustic system. For the

Figure 7. Transient growth of the acoustic amplitude in the bifurcation point of the system, with S ¼ mv� ¼ 10s�1 and

� ¼ <ðĉ0Þ ¼ �2s�1, starting from the initial conditions that lead to the maximum transient growth. Above, the evolution in the

phase portrait (eigenvector aligned with the x-axis) shows the rotation of the acoustic field. Below, the growth is plotted as a function

of time, compared to the case of normal decay (dashed line). The maximum growth amplification is accurately approximated by

equation (17).
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non-normal system matrix, however, the amplitude dis-
tribution is much better described by the 
2 distribu-
tion, i.e. a process with only two independent variables.
This result can be explained by the strong coupling of
the waves (caused by the anti-diagonal in the system
matrix, equation (12)), predominantly yielding standing
waves under a preferred angular orientation. The latter
distribution has a higher kurtosis than the former,
which means that the observed peaks in the time
series are relatively high with respect to the mean
amplitude.

When monitoring a stochastically forced oscillating
signal, the exponential decay of the autocorrelation
function can normally be used to estimate the damping
of the system.18 Underlying assumption is that the
oscillation comes from a dynamic system that can be
described by a single damped harmonic oscillator. In
the annular geometry, the dynamics is described by two
coupled harmonic oscillators, which is why the damp-
ing cannot be obtained from the autocorrelation decay.
Especially in this example with a strong non-normal
system matrix, the autocorrelation function does not
show a clear behaviour of exponential decay and the
decay is much slower than expected from the eigenvalue
pair. Moreover, this example shows that monitoring
strategies that are meant to warn for unstable combus-
tion dynamics, respond differently to the non-normal
nature of the system, depending on the monitored
quantity. Stability criteria based on acoustic amplitude
and the entropy of the signal (see for example Sarkar
et al.19) would indicate a significantly reduced stability
margin for the non-normal system, compared to the
normal system with identical damping rate.

5 Conclusions

An annular thermoacoustic system with both azimuthal
bulk flow and non-uniform response can show highly
interesting dynamics, even under linear assumptions.
As the damping ratio is typically much smaller than
one, it is found that small azimuthal Mach numbers
can be relevant for the thermoacoustic stability through
the interaction with azimuthal non-uniformities.
Similar to the C2n criterion in Noiray et al.,4 specific
Fourier components of the non-uniform heat release in
the annulus are found to contribute to eigenvalue
splitting, resulting in two orthogonal standing wave
solutions. A concurrent split in the acoustic propaga-
tion velocity between CW and ACW waves, however,
impairs the formation of standing wave solutions.

Solving the acoustic field numerically, it is demon-
strated that a velocity gradient in the azimuthal flow,
induced by co-rotating swirlers, cause a frequency split
through the refraction of acoustic waves. This implies
that a slowly rotating acoustic field does not prove the
presence of an azimuthal bulk flow in the annulus.
The split in frequency between ACW and AC waves is,
against this new knowledge, conveniently expressed in
terms of an effective azimuthal flow. The azimuthal flow
can stabilize standing wave solutions that would other-
wise be unstable as a result of a broken geometrical sym-
metry or non-homogeneous flame response. In reverse, a
loss of azimuthal flow can cause a sudden decrease of
thermoacoustic stability. As the effective azimuthal flow
follows from operating conditions in a non-trivial way,
instability can occur unexpectedly. Therefore, the cou-
pling between the acoustic field and the azimuthal flow

Figure 8. Time series of stochastically forced systems, with eigenvalues �1,2 ¼ �2s�1. Above: bifurcation point; below: degenerate

case (uncoupled). The RMS value of the non-normal system is 5 times higher compared to the degenerate case, both under unit

forcing strength. Note the difference in amplitude histograms (based on 14 min) on the right, compared to 
2 and 
4 distributions

(solid lines), respectively.

Rouwenhorst et al. 11

Reprints of Original Publications

68



field could be an important nonlinear phenomenon in
thermoacoustics of annular gas turbines.

The type of eigenmode solution depends on the ratio
between the azimuthal flow velocity per wavelength and
the cylindrical asymmetry. When their strengths are of
the same order of magnitude, both phenomena must be
regarded in the stability analysis of annular thermoa-
coustic systems. When the ratio is close to one, the
system can behave in a strongly non-normal manner.
A bifurcation point exists where the system matrix is
defective. It is shown analytically that the maximum
transient growth in this point is infinite for vanishing
system stability. This prove of transient growth for azi-
muthal modes, considering just a single mode order,
comes with a comprehensible physical explanation; an
azimuthal velocity rotates an acoustic field past angular
orientations with varying instantaneous growth rates,
modulating the amplitude transiently.

A non-normal system can yield significantly higher
amplitudes when stochastic forcing is applied, com-
pared to the degenerate counterpart with equal eigen-
values. This effective amplification under random
excitation is considered more relevant than the max-
imum possible transient amplification ratio. The statis-
tical moments of the acoustic amplitude also change as
a result of the linear coupling between the waves. The
increased peakedness of the amplitude should not be
mistaken with intermittency due to nonlinearities. For
the monitoring of combustion dynamics (such as amp-
litude, decay rate and instability precursors), it is valu-
able to know that azimuthal eigenmode pairs can
behave non-normal and how typical monitoring quan-
tities respond to this. It is shown that for constant
damping rate (i.e. thermoacoustic stability), the acous-
tic amplitude and predictability of the time series can
rise remarkably for increased non-normality.
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Appendix 1

Derivation of equation (5): The Rayleigh criterion can
be written as

1

� � 1

D

Dt
ðp̂?p̂Þ ¼ _Qp̂? þ _Q?p̂ ð18Þ

Regarding the slow azimuthal dynamics

1

� � 1

D

Dt
ð�?�Þ ¼ _Q�? þ _Q?� ð19Þ

Seeking the complex growth of � as a function of the
heat release _Q, we can keep the following part

�?
D�

Dt
¼ ð� � 1Þ _Q�? ð20Þ

The equation has to hold for both amplitudes in z

independently as the basis functions are orthogonal, so
we can write

Db � z

Dt
¼ ð� � 1Þ _Q ð21Þ

writing out the total derivative

b �
dz

dt
þ v� z �

db

d ~�

� �
¼ ð� � 1Þ _Q ð22Þ

to retrieve the effect on z

dz

dt
¼ ð� � 1Þb? _Q� v� b? � z �

db

d ~�

� �
ð23Þ

The average effect over the volume V can be
written as

dz

dt
¼ ð� � 1ÞV

I
b? _Qd� � v� b? � z �

db

d ~�

� �
ð24Þ

because the right-most term is not a function of �. The
volume and ratio of specific heats are combined in a
single proportionality constant: � ¼ ð� � 1ÞV

dz

dt
¼ �

I
b? _Qd� � v� b? � z �

db

d ~�

� �
ð25Þ

Appendix 2

Derivation of equation (17): We have the solution in
terms of two standing waves (equation (16))

zðtÞ ¼ 2S Ateĉ0t þ Beĉ0t
� 

vþ Aeĉ0tw ð26Þ

A solution that starts on a unit circle and reaches the
maximum will start tangential to the unit circle and
then grow. This means the first derivative of the acous-
tic energy is zero (and the second positive). The acous-
tic energy is

jz2ðtÞj ¼ 4S2ðAtþ BÞðA?tþ B?Þ þ AA?
� 

e2<ðĉ0Þt ð27Þ

We know that travelling waves decay with �<�
without growing transiently (on a time scale longer
than a cycle). Therefore, any travelling energy content
would reduce the transient growth. For this reason, we
reduce our search to real values for A and B. Derivative
at t¼ 0, starting on the unit circle: A2 þ 4S2B2 ¼ 1

jz2j0t¼0 ¼ 4ABS2 þ <ðĉ0Þ ¼ 0 ð28Þ

Solutions for A and B are

A ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�
<ðĉ0Þ

2

S

svuut
ð29Þ

B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� A2
p

2S
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

8S2
	

1

8S2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�
<ðĉ0Þ

2

S2

svuut
ð30Þ

One of the (positive and negative) solution pairs are
the initial condition for maximum growth, whereas the
other pair points to the conditions where the maximum
amplitude is located. This can be deduced by looking at
the second derivative of the acoustic energy. Inserting
the found initial amplitudes in the derivative of acoustic
energy, the time to the maximum amplitude can be
solved for

1

2
jz2ðtÞj0e�2<ðĉ0Þt

¼ 4S2ðA2tð<ðĉ0Þtþ 1Þ þ ABð2<ðĉ0Þtþ 1ÞÞ þ <ðĉ0Þ

ð31Þ
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Solving the polynomial for the time t, the time tmax is
found at which the maximum amplitude is reached

tmax ¼
�1

<ðĉ0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�
<ðĉ0Þ

2

S2

s
ð32Þ

Backsubstitution of tmax and amplitudes A and B in
equation (27) yield the maximum amplitude growth,
given by

j
z

z0
jmax ¼

�<ðĉ0Þ

S

e
�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�
<ðĉ0 Þ

2

S2

q

1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� <ðĉ0Þ

2

S2

q ð33Þ

Clearly for S2 ¼ ĉ2mĉ�2m � <ðĉ0Þ
2, this can be sim-

plified to

j
z

z0
jmax ¼

�<ðĉ0Þ

eS

1
<ðĉ0Þ

2

2S2

¼
�2S

<ðĉ0Þe
ð34Þ

Appendix 3

Nomenclature

A, B Acoustic amplitudes of the defective
system

b Vector with acoustic amplitudes F̂ and Ĝ

ĉk Fourier components of Ĉð�Þ
Ĉð�Þ Azimuthal feedback strength distribution

F̂ Anticlockwise travelling acoustic wave
Ĝ Clockwise travelling acoustic wave
m Azimuthal mode order
M Thermoacoustic system matrix
M Mach number

_Qð�Þ Fluctuating heat release
S Cylindrical symmetry breaking strength
v� Angular velocity

v,w Standing wave vectors for the defective
system

z Vector with azimuthal basis functions

z Natural acoustic damping
~� Moving azimuthal coordinate (� � v�t)
k Feedback proportionality constant
� Eigenvalue of the thermoacoustic system
n Eigenvector of the thermoacoustic system

�ð�Þ Acoustic field along the azimuthal
coordinate

 ðx, rÞ Acoustic field along the axial and radial
coordinates
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ABSTRACT
In a test campaign to lower the minimum part-load of a com-

bined cycle plant, a series of turndown tests on two GE Frame 9E
gas turbines with DLN1 combustor technology were carried out
under premix operation by Stadtwerke München (SWM). It has
been found that the load can be reduced significantly compared
to the conventional turndown ratio, before either CO emissions
or combustion dynamics form the limiting factor of the turndown
test. To exploit this potential safely and operate the gas turbines
close to these physical limits, emissions and combustion dynam-
ics must be monitored online. The azimuthal thermoacoustic
mode that is observed in the can-annular machines is monitored
with the IfTA PreCursor, based on the online determination of
the modal decay rate. For this method, the acoustic pressure is
measured at the cans around the gas turbine circumference to
observe the azimuthal acoustic propagation that is enabled by
the cross-firing tubes between the cans. Using this strategy to
monitor CO emissions and thermoacoustic stability in real-time,
a reduction of the minimal part-load limit by approximately 20%
is achieved for the considered gas turbines. In must-run situ-
ations without demand for electricity generation, the operating
costs can be directly reduced by the fuel savings. As an addi-
tional benefit, SWM can offer a broader power reserve for grid
stabilization on the energy market. This monitoring strategy has
been fully implemented in the control system and first experiences
of the extended part-load limit are currently being gathered.

∗Address all correspondence to this author.

NOMENCLATURE
C Output matrix
M System matrix
q Acoustic amplitude vector
q̇ Time derivative of q
s Analytic sensor output
w Stochastic realization

INTRODUCTION
Changing demands and low electricity prices in the Euro-

pean energy market require increased energy supply flexibility
from gas turbine operators. Therefore, power plants that are able
to adapt power generation to the electricity demand quickly over
a broad load range, become increasingly competitive. Although
load flexibility is an important design requirement nowadays, the
main focus during prior gas turbine development was to achieve
maximum efficiency at rated power. For existing gas turbine
power plants, load flexibility can be achieved by extending the
operating range under low-NOx operation. The manufacturers
provide upgrades for their fleets to increase operational flexi-
bility, such as extending the range for the inlet guide vanes of
Siemens G-class gas turbines [1] and upgrading the fuel staging
for the GE Frame 9E gas turbines [2]. Upgrades by the original
manufacturer generally come with a warranty. However, when
operators try to enhance the flexibility of their gas turbines on
their own behalf, this does not apply.

1 Copyright c© 2018 by ASME
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During the operation of two Frame 9E gas turbines by SWM,
confidence grew that the machines might have more turndown
potential than that which is guaranteed by GE and programmed
in the control logic. Through careful exploration of off-design
operating conditions outside of the regular operating window, an
extension of the gas turbine flexibility, without the need to pur-
chase upgrades or change gas turbine hardware, is sought. Poten-
tial issues related to the combustion process were expected, in-
cluding a changed thermal load in the combustion chamber, ther-
moacoustic instabilities, lean blow-off, flashback and increased
pollutant emissions. Turndown tests have shown that the lower
boundary of the load of these particular gas turbines is limited
either by CO-emissions or increasing amplitudes of combustion
dynamics. Although short-term exceedance of CO-emissions
can be compensated, unstable combustion dynamics should gen-
erally be avoided as this can cause structural damage. Prediction
of operating conditions with unstable combustion dynamics is a
promising strategy to avoid high amplitudes which would jeop-
ardize reliable operation at reduced turndown ratios.

In this work, the combustion dynamic activity that emerges
in the turndown tests below the conventional turndown ratio is
shown. The monitoring strategy has been developed to extend
the turndown ratio with the help of a precursor for thermoacous-
tic instabilities. Thermoacoustic precursors are tools to predict
future high combustion dynamic amplitudes based on real-time
measurements. These tools can be based on pattern recognition,
in which a measure for the predictability of the time series is
quantified [3–5] or based on an exponential decay rate of ther-
moacoustic eigenmodes [6, 7].

The successful implementation of a thermoacoustic precur-
sor enables real-time monitoring of all relevant phenomena that
limit the part-load ratio, which in turn allows safe gas turbine
operation below the conventional turndown limit. Data from the
commissioning of the gas turbines verifies the functioning of this
monitoring strategy and shows that for these specific machines a
reduction of the part-load limit of more than 20% is achievable.

COMBUSTION DYNAMICS
The interaction between the combustion process and the gas

dynamics in the gas turbine is referred to as combustion dynam-
ics or thermoacoustics. The flame causes acoustic disturbances
through heat release fluctuations and the acoustic fluctuations in
turn can modulate the flame. Turbulent combustion in the cans
ensure a constant presence of pressure and velocity fluctuations,
especially visible at resonance frequencies of the combustion
chamber geometry. When the flame(s) and an acoustic mode
in the gas turbine feature a positive feedback loop, the natural
damping can be overcome, yielding a linearly unstable system in
which the amplitudes quickly rise and saturate to establish limit
cycle oscillations.

Monitoring Methods
The most common method to monitor combustion dynam-

ics, is to look at the amplitude level of the oscillations directly.
An amplitude threshold is specified, above which the gas turbine
in not supposed to run. This method works well as long as the
amplitude varies smoothly with the changing operating parame-
ters and conditions. The latter is not true for a dynamic system
containing a bifurcation (transition from stable operation to limit
cycle oscillations), as the amplitude effectively jumps or rapidly
increases to an elevated level. The amplitudes can be well be-
low the threshold, however, a tiny change in load can cause a
fierce violation of the threshold that requires immediate action.
Because of hysteresis it might be the case that a reversal of the
change that led to instability, does not result in stabilization. For
these reasons, an unscheduled power down might have to be ini-
tiated.

More sophisticated monitoring methods attempt to quantify
the margin to unstable operating conditions, as a prediction tool
for future high amplitudes. They can be grouped in methods
that quantify the degree of chaos or predictability and methods
that identify a linear decay rate exponent based on a low order
model of the oscillations. In this work the IfTA PreCursor is
used, specifically designed to monitor azimuthal instabilities that
occur in the gas turbines under consideration. In contrast to other
available methods, this method uses several sensors around the
circumference, required to properly capture the dynamics of az-
imuthal modes. Because the orientation of the mode shape is not
known in advance and can rotate freely, at least two sensors must
be installed to observe the amplitude and phase of the azimuthal
mode shape (shown in Fig. 4). In this case it would have quite an
influence for the degree of chaos/predictability whether a sensor
is installed at can 5 or 8. Furthermore it is uncertain how methods
that rely on the degree of chaos/predictability, respond to other
sound sources in a real gas turbine, such as the sound emitted
by the compressor blades. In methods like the IfTA PreCursor
that use the identified decay rate of a specific mode as the sta-
bility margin, a bandpass filter is used to isolate the dynamics of
that mode only, mitigating the influence of other (non-stochastic)
sound sources.

IfTA PreCursor
The IfTA PreCursor for azimuthal combustion dynamics,

is based on the identification of the decay rate of a thermoa-
coustic mode with known mode order. This mode order, the
amount of wavelengths around the circumference, can be esti-
mated from the frequency or inferred from synchronous mea-
surements around the circumference. In this investigation, the
instability is of the first mode order, as seen in the instantaneous
pressure fluctuations in multiple cans during one oscillation cycle
(refer to Fig. 4). The acoustic fluctuations with said wavelength
propagate in clockwise and anticlockwise directions through the

2 Copyright c© 2018 by ASME
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cross-firing tubes around the circumference of the gas turbine.
While these acoustic waves pass the burners, they influence the
heat release, resulting in an acoustic source of the same wave-
length that, in turn, feeds back to the acoustic waves. Together
with acoustic losses, this feedback loop results in a growth or
decay of the two waves, possibly as a function of their relative
azimuthal positioning. Disregarding nonlinear interactions, such
as a nonlinear flame response, these dynamics can be described
mathematically by the state space representation in Eq. 1.

q̇ = Mq+wq
s = Cq+ws

(1)

The first line describes how the two acoustic amplitudes in vector
q grow or decay as a result of their own presence, through the lin-
ear system matrix M. On the second line, the output of acoustic
sensors s is given by linear combinations of the two waves. An
output matrix C with size N×2 relates the output of N sensors to
the acoustic waves q, depending on the respective azimuthal sen-
sor locations. The stochastic forcing of the thermoacoustic sys-
tem wq comes from the heat release fluctuations, caused by the
turbulent combustion process. Acoustic fluctuations that don’t fit
to the prescribed mode order and sensor noise are contained in
the output noise vector ws. The dynamics in the system matrix
M, including the feedback response of the flames, is unknown. It
is merely assumed that the dynamic system is linear and consists
of two azimuthal waves. It must be noted that all variables in
Eq. 1 are complex, i.e. convey phase information by means of an
imaginary contribution. Therefore, s is the analytic representa-
tion of the actual sensor output.

With data from acoustic sensors at different circumferential
positions, the system is observable, i.e. can be identified. Solving
the eigenvalue problem of the system matrix M yields two de-
cay rates and eigenfrequencies, with their corresponding eigen-
vectors. The IfTA PreCursor is proportional to the least stable
eigenvalue, i.e. the smaller of the two identified decay rates. The
eigenvector states the contribution of the two waves and therefore
determines whether the decay rates correspond predominantly to
standing or traveling waves. A more detailed description of the
low-order thermoacoustic model and the identification methods
can be found in Rouwenhorst et al. [7].

GAS TURBINE OPERATION
The gas turbines considered in this work are located in a

power plant in the south of Munich operated by Stadtwerke
München (SWM). A description of the power plant, gas turbines
and their operating conditions are presented to put the investiga-
tion into perspective.

Power Plant
Electric power has been generated since 1899 at this plant

site alongside the Isar river in Munich. These days, the plant
consists of two combined cycles in 2x1 configuration, including
supplementary firing possibilities. An important task of the plant
is the cogeneration of district heat for a substantial part of the 800
km long piping system under the city streets. In the near future,
a heat storage system will be installed and geothermal heat will
be exploited to feed the continuously growing district heating
network with a sustainable heat source. With a total installed
electric power of 698 MW alongside a thermal power of 814 MW
for district heating, this is one of the two major power plants in
Munich.

Gas Turbines
In 2004, this power plant was expanded with a second com-

bined cycle, consisting of two General Electric gas turbines and a
Siemens steam turbine, all on independent axes. Both Frame 9E
gas turbines, model PG9171E, are designed to generate a base
load of 124MW electric under standard conditions. Combus-
tion takes place in 14 annularly arranged combustor cans, con-
nected to the turbine inlet by transition pieces. For ignition of the
primary combustion zone, the cans are interconnected by cross-
firing tubes. The combustors are equipped with Dry Low NOx
combustion systems (DLN1) [8], as a best available technology
(BAT) for NOx emission reduction, and are controlled by a Mark
V control system [9]. The DLN combustion system achieves a
low combustion temperature by premixing the combustion gases
to meet stringent emission regulations, significantly lowering the
formation of NOx compared to non-premixed combustion sys-
tems. Premixed combustion is enabled in the regular operating
range, whereas non-premixed combustion covers other operating
conditions, e.g. during the start-up sequence, where increased
NOx emissions are tolerated temporarily, to ensure stable com-
bustion.

Operational Considerations
The market price for power generation in Europe has shown

a slight downward trend since the commissioning of the gas tur-
bines. As natural gas is a relatively expensive fuel compared to
coal, it is often not economically viable to operate gas turbines in
base load. However, for grid stabilization, gas fired power plants
are among the most suitable energy sources. With high ramp
rates, power can be adjusted quickly to apply primary and sec-
ondary reserve control, provided the gas turbines are running and
have the appropriate reserves at their disposal. The gas turbines
are also used to protect the municipal 110kV grid, for example, to
avoid stressing the coupling between the municipal grid and the
high-voltage lines of transmission system operator TenneT, by
compensating a drop-out of another plant. Together with the de-
mand for district heating, these considerations lead to increased

3 Copyright c© 2018 by ASME
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FIGURE 1. PICTURE OF THE FRAME 9E GT61 SHOWING THE
COMBUSTOR CANS. MULTIPLE FUEL LINES ARE CONNECTED
TO ENABLE A VARIETY OF DLN1 COMBUSTION MODES. A
CROSS-FIRING TUBE IS HIGHLIGHTED, CONNECTING NEIGH-
BORING CANS

part-load operation hours in must-run situations. Under these
circumstances, a low turndown rate is particularly lucrative, with
lower fuel costs and an increased available power reserve.

Gas Turbine Control and Part-Load Restrictions
The Mark V control system is programmed to change the

operation of the gas turbines according to the requested load.
The main controls are the gas valves and the inlet guide vane
(IGV) angle to change the air mass flow through the compressor.
While controlling the load, the control system has to comply to
various operating restrictions, for example the maximum allow-
able temperature in the combustion chamber to which the first
turbine stage is exposed. There is also a restriction on the mini-
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FIGURE 2. EXHAUST TEMPERATURE AS A FUNCTION OF
THE COMPRESSOR PRESSURE RATIO ON FRAME 9E, AS A RE-
SULT OF CONTROL CURVES AND PHYSICAL LIMITATIONS.
REPRODUCTION OF FIGURE 7 IN ROMOSER ET AL. [2]

mum combustion chamber temperature in which the gas turbines
can be operated in premixed mode. When the temperature falls
below this threshold, the combustion is automatically switched
to non-premixed mode to ensure stable combustion. The lat-
ter restricts the turn-down rate, as the combustion becomes pro-
gressively leaner with decreasing load and thus the firing tem-
perature decreases also. In non-premixed combustion modes,
the NOx emission restriction cannot be met, so a decision is re-
quired to either raise the load again and switch back to premixed
combustion or turn off the gas turbine. The emission legisla-
tion in Germany prescribes a maximum NOx emission level of
50mg/m3

N averaged over the day [10]. Half-hour averages may
reach the twofold of this value, such that a short term outlier can
be compensated within a reasonable time frame. The switch-
ing to non-premixed mode at low firing temperatures causes a
minimal achievable load in premixed mode of about 50% base
load [8] depending mainly on atmospheric conditions. The con-
trol temperature is not measured in the combustion chamber, but
is a calculated reference temperature based on the exhaust gas
temperature and compressor discharge pressure.

Physical Part-Load Restriction
The load of gas turbines in premixed mode is limited by the

rather inflexible combustion process; the combustion itself must
be stable and the resulting exhaust gas temperature and pollution
levels are restricted. The inlet guide vanes (IGV’s), in combina-
tion with inlet bleed heat system, allows a decrease in air mass
flow, while the revolutions per minute remain constant at grid
frequency. Figure 2 shows the turndown path of a frame 9E, in
terms of exhaust temperature and compressor pressure ratio. In
base load, the IGV’s are open for a high air flow rate to the com-
bustion chambers. Fuel is mixed with the air flow to achieve the
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maximum allowable temperature at the first turbine stage, max-
imizing the efficiency of the gas turbine cycle. The IGV angle
is controlled on the basis of the combustion chamber reference
temperature, derived from the exhaust gas temperature and com-
pressor pressure. At reduced load, the IGV’s close accordingly to
keep the equivalence ratio constant and temperature in the com-
bustion chamber at its maximum. Because the compression ratio
decreases for reduced loads, the Brayton cycle efficiency also
decreases and the exhaust gas temperature increases to maintain
constant firing temperature. At a certain part-load reduction level
the control logic is based on the exhaust temperature limit rather
than the combustion chamber reference temperature. From this
point on, the IGV closes slower while reducing the load, so that
the combustion becomes progressively leaner and the firing tem-
perature reduces. After a further load reduction, the combus-
tion chamber reference temperature drops below the threshold
where the control system would reignite the primary combus-
tion zone to leave the premixed combustion mode. This thresh-
old is set, because flame stability and CO-emission compliance
can’t be guaranteed for all gas turbines under all possible condi-
tions. When the load is reduced even further, the IGV reaches
the most restricting angle setting and further air flow reduction
is not possible. From this point on (around 35% part-load under
standard conditions) the combustion process becomes progres-
sively leaner, such that the gas turbine can only be operated with
diffusion flames. The stretch between roughly 35% and 50%
part-load is a region where premixed combustion is theoretically
possible but not supported by the manufacturer, as phenomena
such as combustion dynamics and formation of CO can inhibit
continuous operation in this operating regime. The limit for CO
emissions is 100 mg per normalized cubic meter exhaust gas, av-
eraged over a production day. Within a half-hour time window, it
is allowed to emit the double amount; 200 mg/m3

N . This specific
cogeneration plant has an additional local government restriction
on the CO-emissions at a lower daily average of 90 mg/m3

N .

LOAD REDUCTION TESTS
Load reduction tests were carried out on the pair of Frame

9E gas turbines to get an insight in the actual physical limit-
ing phenomena and obtain an indication whether it is possible
to safely reduce the prescribed part-load limit. This project was
carried out by SWM, supported by IfTA GmbH with regard to
the challenges presented by combustion dynamics. In addition
to the existing gas turbine instrumentation, high-temperature dy-
namic pressure transducers were installed on the cans to measure
the acoustic fluctuations in the combustion chambers.

Test Description
In an extensive test campaign, load reductions in premixed

combustion mode were carried out on the GT61 and GT62 ma-

TABLE 1. ACHIEVED TURNDOWN RATIOS AND LIMITING
PHENOMENA CO (CO-EMISSION LIMIT) AND CD (COMBUS-
TION DYNAMICS) OF THE PRESENTED TURNDOWN TESTS.
TEST TD2C WAS PERFORMED DURING RECOMMISSIONING
OF THE GAS TURBINES AFTER FULL IMPLEMENTATION OF
THE MONITORING BASED TURN-DOWN EXTENSION

Turndown test TD11 TD12 TD21 TD2C

Gas turbine GT61 GT61 GT62 GT62

Original turndown* 50% 50% 50% 50%

Achieved turndown 37% 37% 42% 36%

Limited by CO/CD CO/CD CO CO/CD
* approximately, under standard atmospheric conditions.

chines independently. The reference temperature threshold at
which the control system switches off the premixed combustion
mode was set to a lower temperature. At first, the turndown
range between 35% and 50% has been explored cautiously with
small load reduction steps. Subsequently, the part of this range
in which the combustion turned out to be stable was tested dy-
namically, with the standard load ramp rates.

Normally, the fuel split between the different injection
points is optimized to yield minimal NOx emissions at base load.
This fuel split is not necessarily optimum for part-load condi-
tions, therefore the load reductions were performed several times
with varying fuel split settings. The fuel split tuning itself is
not considered in this work, however, a selection of the tests is
presented to show the setting of the precursor threshold and to
validate its functionality. The test cases referred to are listed in
Table 1.

Test Results
Figure 3 shows case TD11, with the load reduction of GT61

and the resulting acoustic amplitude in the combustor cans. At
the start of the plot, the load is already reduced to 38% of the base
load. At this point, the CO-emissions still comply to the reg-
ulations, although they have increased substantially. The com-
bustion dynamics take place at lower frequencies in compari-
son to the combustion dynamics observed in base load, while
the overall amplitude is low. Two further load reduction steps
(less than one percentage point of load ratio reduction at a time),
caused rapidly increasing pressure fluctuations at a specific fre-
quency. Although amplitude and frequency are obfuscated in
Fig. 3, it can be stated that prolonged operation with elevated os-
cillation amplitudes should be strictly avoided, due to possible
hardware degradation. In this test, the CO-emissions crossed the
90mg/m3

N at the time period where high amplitude combustion
dynamics occurred. In most cases, the thermoacoustic instability
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Dynamic Pressure Spectrogram

GT61 Load Ratio

Dynamic Pressure Amplitude

FIGURE 3. ACOUSTIC AMPLITUDE IN THE CANS DURING
TURNDOWN TEST TD11. AXIS HAVE BEEN OBFUSCATED. THE
TOP GRAPH SHOWS THE LOAD RATIO AND THE AMPLITUDE
IN THE FREQUENCY BAND OF THE UNSTABLE THERMOA-
COUSTIC MODE. THE SPECTROGRAM IN THE LOWER GRAPH
SHOWS THAT THE AMPLITUDE EMERGES AT A SPECIFIC FRE-
QUENCY
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FIGURE 4. INSTANTANEOUS DYNAMIC PRESSURE AMPLI-
TUDE AT EVERY SECOND CAN, SHOWING THE PHASE EVOLU-
TION OF A SINGLE CYCLE OF THE THERMOACOUSTIC EIGEN-
MODE DURING COMBUSTION INSTABILITY DURING TURN-
DOWN TEST TD11

FIGURE 5. SKETCH OF THE ACOUSTIC PROPAGATION
AROUND THE GAS TURBINE CIRCUMFERENCE, ENHANCED
BY COMMUNICATION THROUGH THE CROSS FIRING TUBES

and the CO-limit were reached simultaneously, within the reso-
lution of the performed load steps. Because a temporary breach
of the daily emission limit can be compensated for, the priority is
lower in comparison to the combustion dynamic instability. Un-
stable combustion dynamics form a real threat for the machine
and therefore more attention to lowering the turndown ratio in
regular operation is required. Because the combustion instability
can occur earlier or later, depending on many factors, including
atmospheric conditions, machine aging, assembly tolerances and
fuel split, a significantly lower turndown ratio cannot be based
on a single set of turndown tests.

Influence of Fuel Split The fuel split of the DLN com-
bustor distributes the fuel over injectors in the first and second
combustion zone, mainly influencing the flame shape and the
quality of the premixing of the fuel. It has been established (ev-
idence not included in this work) that the fuel split influences
whether the combustion dynamics or the CO-emissions form the
limiting factor for the minimum turndown. On GT61, the stan-
dard fuel split setting (minimizing NOx at base load) causes both
operating limits to occur almost simultaneously, forming the op-
timal fuel split for extended turndown as well.

Comparison of the GT’s Although the GT61 and
GT62 are identically engineered, the turndown tests were per-
formed on both machines. With the experience from the GT61,
the GT62 was tested with a reduced selection of sensors in case
TD21. Qualitatively, the GT62 showed similar results, with both
CO-emissions and combustion dynamics forming a restriction
for the part load limit. A remarkable difference between two
gas turbines is that the GT62 could achieve a minimal emission-
conform load ratio of about 42%, whereas the GT61 could be
operated down to around 37%. This shows that even identically
constructed machines can behave significantly different during
operation, which indicates that large safety margins must be
taken into account when defining a fixed turndown ratio for a
fleet of gas turbines, even of the same model. One hypothesis
for the difference between the machines is that the combustion
chamber reference temperature is no longer an accurate repre-
sentation of the firing temperature, meaning that the GT62 is
controlled to run leaner than supposed. This observed difference
suggests individually set turndown ratios for the two gas turbines
should be applied, ideally with constant monitoring to account
for changes to stability limits.

Observed Combustion Dynamics
The unstable combustion dynamic mode observed in Fig. 3

has such low frequency that the corresponding wave length is too
large to correspond to an acoustic mode in the individual com-
bustor cans. The explanation is found by analyzing the phase-
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FIGURE 6. PRECURSOR AND ACOUSTIC AMPLITUDE AS
A FUNCTION OF THE COMBUSTION CHAMBER REFERENCE
TEMPERATURE IN TEST TD11. DURING A LOAD REDUCTION
THE REFERENCE TEMPERATURE EVENTUALLY DECREASES.
NEAR THE OPERATIONAL LIMIT, A SUDDEN INCREASE IN
AMPLITUDE IS OBSERVED. THE PRECURSOR DEPENDS RELA-
TIVELY LINEAR ON THE REFERENCE TEMPERATURE, WHICH
MAKES IT SUITABLE FOR CONTROL PURPOSES. THE JUMP IN
THE STABILITY IS CAUSED BY A CHANGE IN FUEL SPLIT.
THE PRECURSOR THRESHOLD WAS DETERMINED ON BASIS
OF THIS FIGURE

synchronization of the measured oscillations between multiple
cans. Figure 4 shows the instantaneous dynamic pressure at ev-
ery second combustor can during the period of elevated oscil-
lation amplitudes. The four graphs, taken from a single cycle,
show that the oscillations in the cans are synchronized and form
an azimuthal mode shape, approaching the behavior of a stand-
ing wave of the first azimuthal mode order. Figure 5 shows an
impression of the acoustic field around the gas turbine circum-
ference, requiring communication between the cans. The cross-
firing tubes, one of which is highlighted in Fig. 1, enable this
azimuthal acoustic wave propagation. Additionally, some acous-
tic communication between cans may take place directly behind
the compressor outlet and in front of the first turbine stage.

Precursor Threshold
The precursor was tested on the turndown data presented in

Fig. 3 and 4 (TD11) based on a set of dynamic pressure trans-
ducers around the circumference of GT61. Figure 6 shows the
result, as a function of the calculated combustion chamber ref-
erence temperature. Although the amplitude shows a sudden
increase at low firing temperatures, the precursor decreases ap-
proximately linearly. Moreover, the value can be interpreted as
a quantitative prediction of the stability margin, since marginal-
stability will occur when the precursor reaches zero. The stabil-

ity margin for combustion dynamics is determined by precursor
threshold, which has been defined on the basis of Fig. 6 (i.e. case
TD11).

That the stability of the combustion dynamics is not just a
function of the firing temperature can be seen from the jump
in the precursor at constant combustion chamber temperature.
Here the fuel split was changed with constant IGV and load and
thus also a constant firing temperature. This shows that the fuel
split affects the stability of the combustion dynamics and can
be observed by application of the precursor, whereas no obvious
change could be observed on basis of the acoustic amplitude.
The observed resolution for the stability margin confirms it is
viable to operate the gas turbines at the boundary of stable oper-
ation under all conditions during a load reduction, by performing
adequate online monitoring of the combustion dynamics.

Monitoring of Stable Combustion

After setting the threshold for combustion dynamics, the
precursor was tested on data of turndown test TD12, to validate
the functioning of the strategy. TD12 differs from TD11 by a rel-
atively small change in fuel split. The result is shown in Fig. 7,
in which the precursor is shown below the operating conditions
and the spectrogram of the pressure fluctuations in the combus-
tor cans. The precursor starts well above the threshold. Synchro-
nized with the load reduction steps, the precursor approaches the
threshold, which warns for the combustion instability. When the
first warning is given, no sign of instability is seen in the acous-
tic spectrum. When the precursor crosses the threshold again and
more severely, it is associated with a short spike in the acoustic
energy. When the warning is ignored and a further load reduc-
tion is undertaken to ascertain that an instability is pending, self-
sustained limit cycle oscillations indeed develop.

For the calculation of the precursor, configuration settings
are required to optimize the decay rate identification. These set-
tings correspond to the definition of the band-pass filter that iso-
lates the mode of interest and the degree of averaging that is ap-
plied in the identification process. The averaging in the identifi-
cation (i.e. smoothing) of the precursor is a trade-off between the
accuracy of the stability margin identification and its response
time to a change in stability. Since the precursor is based on
previously measured data, a small time lag is inevitable. A suffi-
ciently high threshold for the precursor can intercept both a low
identification accuracy and an identification time lag. The pre-
cursor settings used in Fig. 7 result in a relatively smooth line,
that is able to adapt promptly to the changing stability as a result
of the load reduction. The warning for combustion instability
comes before an increase in acoustic energy is even observed,
providing additional time to take stabilizing measures, such as
employing a small increase of the gas turbine load.
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FIGURE 7. VALIDATION OF THE SET THRESHOLD ON THE PRECURSOR VALUE ON TURNDOWN TEST TD12. THE FIRST WARNING
IS GIVEN BEFORE ANY INCREASE OF AMPLITUDE CAN BE OBSERVED. CONTINUING FURTHER WITH THE LOAD REDUCTION
CAUSES A SPIKE IN THE AMPLITUDE AND EVENTUALLY A SHORT PERIOD OF LIMIT CYCLE OSCILLATIONS WITH INCREASED
AMPLITUDE

IMPLEMENTATION AND COMMISSIONING

For long-term online monitoring of combustion dynamics,
an IfTA ArgusOMDS system is used by SWM, which syn-
chronously records the high-temperature pressure transducer sig-
nals around the circumference and the gas turbine parameters.
The calculation of the precursor is performed on the digital sig-
nal processor (DSP) directly for every newly available chunk of
measured data, to ensure quick identification of the stability mar-
gin.

The Mark V control system is adapted so that the transfer to
a non-premixed combustion mode at preset combustion chamber
reference temperature is shifted to a lower value, allowing the ex-
ploitation of the extended part-load range. Additional boundaries
for part-load operation are determined by CO-measurements in
the exhaust gas and the precursor for the relevant combustion dy-
namic instability. In the background, the amplitude of combus-
tion dynamics is monitored, to forestall harmful amplitudes at
other frequencies and in case the precursor malfunctions. Fig-
ure 8 shows data from the commissioning of the monitoring-
based turndown extension of GT62, test case TD2C. Starting
around the conventional turndown limit, the load is reduced be-
low 40%. As a response, the precursor value significantly drops
and the CO-emissions increase. Note that a time delay is in-
volved in the determination of the emissions in the down-stream
exhaust gases. Further lowering of the load is performed with
caution, as the precursor approaches the threshold and simulta-
neously, the CO-emissions approach the regulation limit. That

both limiting factors restrict the part-load simultaneously means
that the fuel split is optimal for the turndown limit.

When one of the limits is crossed, the load can be automati-
cally increased slightly, to ensure continued operation. By using
the precursor as guide in this commissioning test, it is possible
to approach the limit of combustion stability, without crossing
the point of linear instability. Therefore the amplitude can rise
in a controlled way, without the typical jump accompanied by an
instability. During this commissioning run, a turndown ratio of
36% was achieved on GT62, on the edge of allowed emissions,
acoustic amplitudes and thermoacoustic stability.

Note that the achieved load reduction is lower in compar-
ison to turndown test TD21, where 42% was the minimal load
ratio reached. This can be explained by a scheduled maintenance
performed on the gas turbines between the turndown tests and
the commissioning of the turndown extension. It is a direct ex-
ample of the influence that assembly tolerances, fouling and/or
aging of gas turbines can have on their operability range, which
illuminates the benefit of real-time monitoring over setting preset
operation limits.

CONCLUSION
At load ratios significantly below the conventional operat-

ing limit, a low frequency humming emerges in the combustion
chambers of the two GE Frame 9E gas turbines. This is caused
by combustion dynamics, propagating from can to can through
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FIGURE 8. DATA FROM THE COMMISSIONING OF THE MONITORING BASED TURNDOWN EXTENSION (TD2C), WITH LOW TEM-
PORAL RESOLUTION. AMPLITUDE AND PRECURSOR ARE NORMALIZED, TO START AT 25 AND 50 RESPECTIVELY. A LOAD RATIO
OF 36% IS ACHIEVED ON GT62, FULFILLING THE EMISSION RESTRICTIONS AND WITHOUT HIGH AMPLITUDE COMBUSTION DY-
NAMICS. THE PRECURSOR AND THE CO-EMISSIONS REACH THE BOUNDING LIMITS AT APPROXIMATELY THE SAME LOAD. THE
ACOUSTIC ENERGY INCREASES, BUT INSTABILITY COULD BE AVOIDED BY RESPECTING THE PRECURSOR THRESHOLD

the cross-firing tubes. Either CO-emissions or these thermoa-
coustic oscillations mark the turndown limit under low-NOx pre-
mixed operation, depending on the fuel split among other things.
The time from warning to instability can be controlled by the
height of the precursor threshold and the load reduction rate of
the gas turbine. In this deployment on an industrial gas turbine,
the IfTA PreCursor adequately responds to a stability reduction
of combustion dynamics by the identification of the linear decay
rate. The precursor responds approximately linear to a decrease
in firing temperature, caused by a load reduction. The effect of a
change in fuel split is also registered clearly. It has been demon-
strated that it is possible to safely extend the turndown ratio of
General Electric Frame 9E gas turbines, by careful online mon-
itoring of emissions and the stability margin of the combustion
dynamic mode that manifests under these conditions. Depend-
ing on the specific machine state and atmospheric conditions, a
turndown ratio below 40% can be reached, compared to the con-
ventional turndown limit at about 50%. This 20% reduction of
the part-load limit results in significant fuel savings in case of
must-run situations without explicit electricity demand. This is
particularly profitable in a market where gas turbines are increas-
ingly fired for power reserves, because the marketable load range
is increased at the same time. This increased flexibility enables
this power plant to better meet the requirements to generate dis-

trict heat and electricity for the local grid.
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In situ identification strategy of
thermoacoustic stability in annular
combustors
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Abstract

In annular combustion systems, thermoacoustic eigenmodes can manifest as standing waves, traveling waves or some

form in between. Which dynamic solution appears in a combustor depends on details, regarding the flow field and

(unintentional) breaking of the cylindrical symmetry of the annular combustion system. When these details are unknown,

the specific behavior cannot be predicted from the characteristics of a single burner. Due to the (nearly) degenerate

nature of the acoustic solution, annular eigenmodes come in pairs with practically the same eigenfrequency. In order to

identify the thermoacoustic modes, conventional analysis of a spectral peak from a measurement does not suffice,

because the peak is a superposition of the two eigenmodes. A method has been proposed to identify the two eigen-

modes of given azimuthal mode order from multiple simultaneous measurements around the circumference of the

combustion system. Using output-only identification on the acoustic signals, it is possible to estimate the individual

mode shapes, frequencies and growth rates of the co-existing eigenmode pair. In this work, the strategy is applied to

experimental data from an annular combustor. A split in the growth rate pair is observed during stable operation,

depending on the equivalence ratio and flame-to-flame distance. It shows that in situ identification of annular thermo-

acoustics can reveal subtle dynamic effects, which is useful for testing and online monitoring of annular combustors. The

moment when instability occurs can be foreseen under prevailing conditions, with simultaneous identification of the

azimuthal mode structure.
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Annular combustor, azimuthal modes, combustion dynamics, monitoring, stability analysis
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1. Introduction

In combustion systems with an annular combustion
chamber, the low frequency azimuthal modes are a
major concern regarding thermoacoustic stability.
These modes, in which the flames of individual burners
couple with acoustic waves traveling around the com-
bustion chamber circumference, can reach such high
amplitudes that a limited operability window must be
accepted or structural damage might occur.

Compared to axial thermoacoustic modes, azi-
muthal modes are more complex. Due to the cylindrical
symmetry of the geometry, acoustic solutions consist of
pairs with the same wavelength. These degenerate pairs
cannot be isolated in frequency domain because their
eigenfrequencies are identical. Existing methods to
identify modal damping are not suited for the (nearly)

degenerate thermoacoustic mode pairs found in annu-
lar combustors.

Another complication is that the flames are excited
by transverse acoustics leading to several sources of
heat release fluctuations. Following the review paper
of O’Connor et al.1 concerning transverse flame excita-
tion, heat release fluctuations are predominantly gener-
ated by axial fluctuations, caused by ‘injector coupling’.
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Nevertheless, transverse fluctuations with respect to
the flame do influence the heat release directly, for
example investigated by Saurabh and Paschereit.2

These minor contributions to the heat release response
can be decisive on the modal behaviour in both the
stable and limit cycle regime. With a model including
a nonlinear dependency on azimuthal particle velocity,
Ghirardo and Juniper3 were able to obtain standing
thermoacoustic limit cycle solutions. A classical stabil-
ity analysis approach in which axial flame transfer func-
tions (FTFs) are joined to an annular acoustic network
is not able to account for a direct transverse flame
response.

Several publications on the dynamic behaviour of
azimuthal modes in limit cycle have been published,
including Worth and Dawson,4 Noiray and
Schuermans5 and Prieur et al.6 to name a few.
However, limited attention is paid for the fixed-point
stable regime. Knowledge about stable operation can
be important for optimization and online monitoring of
annular combustors in their actual operational state.
Rouwenhorst et al.7 published a strategy to identify
the azimuthal eigenmode pairs and obtain their decay
rates from real-time measurements. The identification
strategy was demonstrated on surrogate data only. The
aim of this work is to apply the output-only identifica-
tion on experimental data from an annular combustor,
as a validation of the proposed strategy for practical
time series.

The modal amplitudes are a nonlinear or even a dis-
continuous function of the modal stability, resulting in
the step-like amplitude characteristic observed in
Figure 2. When the effective damping becomes nega-
tive, the amplitude instantaneously rises to dangerous
levels in limit cycle. An increase in amplitude before
instability is often hard to recognise and a certain amp-
litude level is not monotonically related to the stability
margin. Monitoring of the damping can predict a
sudden increase of the amplitude, as it signifies the sta-
bility margin. Moreover, the resolution in the stable
regime is higher, in comparison to the amplitude of
thermoacoustic oscillations.

Several methods are available for the identification
of the damping rate of thermoacoustic modes. Noiray8

proposes to estimate damping or growth rate by the
dynamics of the amplitude envelope. In the work of
Mejia et al.,9 four methods are tested on data from a
laminar slot burner. However, none of these methods
are suited for azimuthal eigenmodes. In general, the
methods assume a single mode with no other modes
with a nearby eigenfrequency, for example, the fitting
of the probability density function. Otherwise, it is
assumed the specific eigenmode of interest can be
excited, such that the damped oscillating impulse
response can be fitted. Azimuthal modes come in

eigenvalue pairs with (nearly) equal eigenfrequencies
and decay rates. Moreover, in industrial annular gas
turbines, excitation is usually not feasible and it is
unknown what azimuthal mode structure will develop.
Therefore, the dedicated output-only identification
method introduced in Rouwenhorst et al.7 is proposed
for the in situ identification of azimuthal thermoacous-
tic modes.

2. Methodology

Simultaneously measured acoustic signals recorded
around the annular combustion chamber circumference
are used to identify the dynamics of azimuthal thermo-
acoustic modes. The parameters of a low-order model
are fitted to the data, such that the key dynamics is
captured well. Modal behaviour, growth rates and
frequencies can be determined from the model param-
eters. The objective is to identify the system in the
low-amplitude stable regime, which justifies a linear
description of the dynamics.

2.1. Model

The slow dynamics of the characteristic waves around
the annulus is treated as a pair of coupled harmonic
oscillators. The two wave amplitudes F and G are the
anticlockwise (ACW) and clockwise (CW) acoustic
waves, respectively, with angular resonance frequency
!a. In combination with corresponding complex har-
monic basis functions, they describe the acoustics in
the combustion chamber of fixed mode order m:

pðt, �Þ ¼ <ðFei!at�im� þ Gei!atþim�Þ ð1Þ

It is assumed that the growth rate and frequency
modifications that are caused by thermoacoustic feed-
back are very small compared to the acoustic resonance
frequency. This allows linearization around the acous-
tic solution, decoupling the slow dynamics (amplitude
modulations) and the fast dynamics (acoustic oscilla-
tions). A system of ordinary differential equations
(ODEs) can describe the coupling between the two
slowly varying harmonic oscillator amplitudes, includ-
ing thermoacoustic feedback.

dF

dt
¼ aFF F þ aFGG

dG

dt
¼ aGF F þ aGGG

ð2Þ

Equation (2) governs the azimuthal dynamics of
acoustic amplitude similar to the equations used by
Noiray et al.,10 limited to the general linearized form.
It describes the rate of change of the amplitudes,
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resulting from their own presence, as well as the presence
of the wave travelling in the opposite direction. The coef-
ficient aFF comprises the linear heat release response HF

_QF �ð Þe
�im� ¼ HF �,!að ÞFe�im� ð3Þ

Through a normalized Rayleigh integral that relates
the acoustic growth to the product of the heat release
and acoustic pressure distribution in equation (4), the
thermoacoustic feedback coefficient aFF (from F to _F ) is
complete

RFF ¼
1

_QF

dF

dt
/

1

_QF

Z
_Q�Fe

im�Fe�im�d� ð4Þ

The * denotes the complex conjugate. Note that the
heat release response is evaluated at the acoustic reson-
ance frequency !a. By definition of RFF, the feedback
coefficient is given by aFF ¼ HFRFF, which can be ver-
ified by combining equations (1) to (3). Including a
(real-positive) natural acoustic damping coefficient �F,
we have

aFF ¼ HFRFF � �F ð5Þ

Equal definitions for the coefficient aFG read

_QGð�,!aÞe
im� ¼ HG �,!að ÞGeim� ð6Þ

RFG ¼
1

_QG

dF

dt
/

1

_QG

Z
_Q�Ge
�im�Fe�im�d� ð7Þ

aFG ¼ HGRFG ð8Þ

Fundamentally, the cross-coefficient aFG is zero, as the
Rayleigh integral vanishes because the acoustic wave and
the heat release fluctuations travel in opposite direction,
i.e.

R
e�2im� d� ¼ 0. However, when HG is not constant,

but has an azimuthal dependency in the form of
Hþ C2me

2m�, then thermoacoustic coupling between F
and G is established, as first identified by Noiray et al.10

The two coefficients for the evolution of G are
defined in an identical manner.

The dynamic system in equation (2) is subjected to
stochastic noise from the turbulent combustion and is
measured at several positions around the circumfer-
ence. In matrix notation, a state-space representation
is obtained.

_x ¼Mxþ wx ð9Þ

y ¼ Cxþ wy ð10Þ

The vector x ¼ F,G½ �
T contains the complex pair of

oscillator amplitudes. The complex 2� 2 system matrix

M characterizes the system dynamics with the four
coefficients aXX, forced by the stochastic process wx

which originates from the turbulent combustion. The
output vector y contains the N analytic pressure sensor
output signals around the combustor circumference,
possibly containing measurement noise wy. The N� 2
output matrix C contains information about the angu-
lar sensor positions and the monitored mode order. A
nomenclature is attached at the end of this paper.

The system matrix M describes the evolution of the
thermoacoustics. Amplitudes remain constant for pure
acoustics (undamped and without thermal source
term), in which case the system matrix is a null
matrix. Damping rates of the two oscillators are real
negative values on the diagonal. The anti-diagonal of
the matrix establishes linear coupling of the oscillators.
The two eigenvalues � of M yield the thermoacoustic
damping rates and frequency deviations from the
acoustic resonance frequency !a.

�t ¼ �<ð�Þ ð11Þ

!t ¼ !a þ = �ð Þ ð12Þ

The corresponding eigenvectors provide the mode
structures, i.e. whether the observed modes are predom-
inantly standing or traveling waves.

Since the heat release HF=G responds to the waves
with their effective thermoacoustic frequency !t,
rather than the pure acoustic resonance frequency
!a, the presented model is a linearization of a tran-
scendent eigenvalue problem. In practice, the non-
linear behaviour related to a non-constant FTF can
lead to a discontinuous solution for continuous par-
ameter changes, as demonstrated in Parmentier et al.11

A relatively smooth FTF with moderate gain prevents
the latter.

In equations (5) and (8), only thermoacoustic feed-
back and acoustic damping were considered. However,
other phenomena could also contribute or influence the
matrix coefficients, such as fluid dynamic coupling with
the acoustics and an azimuthal flow that convects the
acoustic field. In Rouwenhorst et al.,12 more modelling
details can be found. In this work, the system matrix M

is considered as a black box to be identified, ignoring
the underlying physical processes.

2.2. System identification

The thermoacoustics as modelled in equation (9) can be
identified in several ways, which was shown in
Rouwenhorst et al.7 Such in situ identification yields
the coupled thermoacoustic dynamics under the pre-
vailing conditions. The pair of eigenvalues of the
system matrix M yield the eigenfrequency deviations
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and damping rates (i.e. stability margin) corresponding
to the monitored azimuthal mode order.

In this work, two methods are applied to analyse the
experimental data, based on subspace identification and
least squares fitting, respectively. Main motivation to
apply two methods is cross-validation, because no
expected values or analytical predictions for the ther-
moacoustic system are available.

2.2.1. Preprocessing of the data. In both methods, a band-
width of the Fourier spectrum is selected, isolating the
spectral peak of interest, which is the first azimuthal
mode order in this work. Only the positive frequencies
in the bandwidth are transferred back to time domain,
such that an analytic, filtered signal is obtained. The
rectangular filter corresponds to a sinc filter in time
domain. This filtering is required to keep oscillating
dynamics that is not related to the azimuthal mode
pair in question (such as other acoustic modes or
blade passing frequencies), out of the analysis. Such
dynamics, which is not accounted for in the low-order
model description, is a source of structured noise for
the identification method. Such noise affects the out-
come of the identification significantly more than the
(relatively white) noise floor of the measurement,
including the quantization error of the pressure data
digitization.

Discrete pre-processed data points are available to
identify the state-space representation, requiring a dis-
crete formulation of equations (9) and (10) as presented
in equations (13) and (14).

xðiþ kÞ ¼ AxðiÞ þ vxðiÞ ð13Þ

yðiÞ ¼ CxðiÞ þ vyðiÞ ð14Þ

In the discrete state-space representation, k is the
sample offset between two system states replacing the
time derivative in the continuous description. Matrix A

is the discrete version of system matrix M and the noise
vectors v replace their continuous model parameters w.
The eigensolution of the continuous matrix M is
uniquely related to the eigensolution of A.

2.2.2. Stochastic subspace identification. A stochastic sub-
space identification (SSI) algorithm has been applied
following Tanaka and Katayama,13 in which the
entire structure of the discrete state-space representa-
tion in equations (13) and (14) is identified. An
algorithm, including a weighted singular value decom-
position of a matrix with time-delayed data sets, esti-
mates the dominant dynamics for the chosen degrees of
freedom. As the mathematics goes beyond the scope of
this work, we refer the interested reader to the book of
Katayama on this subject.14

It is important to note that the mode shape cannot
be prescribed in this method, such that it is not possible
to enforce a harmonic basis around circumference and
exploit knowledge concerning the relation between
sensor positions and azimuthal mode order.

Per sensor, three delayed time series were considered
with mutual delay intervals of approximately two ther-
moacoustic cycles. Physically, this means that the
dynamics is identified on basis of the evolution of
all observed states, during a period of about four
cycles each.

2.2.3. Least squares fitting. In the least squares fitting
method, we first fit the characteristic waves F and G
on basis of the pre-processed sensor outputs, applying
the pseudoinverse on equation (14). Subsequently, the
discrete system matrix is fitted to the temporal develop-
ment of a set of these states, by inverting equation (13).
Since the state vector is rank two, the two sets of equa-
tions in the state space representation can be inverted
analytically.

This straightforward fitting strategy is referred to as
LSQ. We choose the basis of ACW and CW traveling
waves (F and G) to span the eigenspace of acoustic
solutions, as used in the model description. For given
mode order and at least three measurement locations,
the wave amplitudes can now be fitted by taking the
Moore–Penrose pseudoinverse of the overdetermined
problem in equation (14).

x ¼ ðCTCÞ�1CTy ð15Þ

When the system states x are obtained for several con-
secutive time instances, A is estimated by inverting
equation (13). The concatenation of a set of state vec-
tors x is denoted by X, yielding the following expression
for the pseudoinverse of equation (13).

A ¼ XiþkX
T
i ðXiX

T
i Þ
�1

ð16Þ

By using a recursive algorithm to update the estimate
of matrix A, the amount of states taken per fit has no
influence on the resulting estimate. This allows the real-
time tracking of the system’s state. Nevertheless, the esti-
mate must be based on data from the past, to average
out the forcing noise and measurement noise. Moreover,
it must be noted that this two-step identification
approach does not yield a bias-free estimate in the pres-
ence of measurement noise vy.

Similarly to SSI, this method identifies the state-
space based on a time delay �t, which is equally set
to the span of about four thermoacoustic cycles. A par-
ameter study on the influence of this time delay param-
eter has shown that it should be picked carefully; after
long time delays, the correlation between the two states
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vanishes and too short time delays also result in poor
results. The latter is thought to be related to the sinc
filter used to isolate the frequency peak and/or the tem-
poral correlation of the combustion noise.

3. Experimental data

Data from a laboratory scale annular combustor,
kindly provided by Dawson and Worth,15 have been
used to validate the identification strategy on experi-
mental data. The combustor rig, shown in Figure 1
was designed to investigate the azimuthal instabilities,
including the effect of burner spacing. Fuel lines trans-
port the perfectly premixed ethylene/air mixture
towards the combustion chamber, where swirlers
anchor the flames with co-rotating swirl, which is
often used in industrial applications. The atmospheric
rig is prone to instabilities of the first azimuthal mode
order, producing high amplitude limit cycle oscillations
with a frequency of around 1700Hz. The burner spa-
cing was varied by changing the number of fuel lines
and swirl burners between the plenum and the annular
enclosure, i.e. by replacing the middle section of the
combustor in Figure 1.

For equal flame conditions, the Reynolds number at
the swirl burners was kept constant in all cases. As a
result, the total heat release increases with the number
of burners and increasing equivalence ratio, therewith
resulting in an increased speed of sound and natural
frequencies.

A more extensive description of the experimental
setup and measurement methods can be found in the
excellent publications of Worth and Dawson.4,15

3.1. Measurements

Dynamic pressure was measured in three fuel lines,
with 120� intervals equally distributed around the
combustor circumference. The fuel lines were
equipped with two pressure transducers, of which we
used the ones closer to the combustion chamber for
this work.

Three different burner separation distances were
tried, adding up to a respective total of 12, 15 and 18
equally spaced burners around the combustor annulus,
to investigate the effect of flame separation distance.
For these three cases, a discrete set of 17 equivalence
ratios was tested ranging between � ¼ 0:6 and � ¼ 1
with steps of 0.025. Measurements were performed
under steady operation with a sampling rate of
30 kHz for a period of 4.36 seconds.

The combined root mean square of the three pres-
sure transducers for the three burner separation cases is
shown in Figure 2. For every burner spacing, the acous-
tic amplitude is low for equivalence ratios � � 0:8 and
high for equivalence ratios � � 0:85, marking the tran-
sition from stable operation to limit cycle operation.
The amplitude of the acoustics roughly increases an
order of magnitude, corresponding to a factor 100 for
the acoustic energy.

With the increasing equivalence ratio, the flame
response will change. In first instance, the phase and
gain are likely to be altered by the different fuel mix-
ture. In addition, the temperature increase in the com-
bustion chamber should be addressed, which can
significantly change the burner impedance, depending
on the acoustic characteristics of the plenum and fuel
lines.

Figure 1. Photo and schematic of the laboratory-scale annular test rig, reproduced from Worth and Dawson15 with permission.
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4. Identification results

In this work, the aim is to identify the stability of the
system as a whole, rather than discriminating
between the phenomena that lead to the instability.
The two identification methods are briefly described
in Section 2. Methodology is applied to the data to
obtain the global characteristics of the system, such as
the damping rates and dynamic structure, which are
contained in the eigensolution.

A bandwidth �f ¼ 470Hz is used for identification,
separating the first azimuthal mode from other spectral
content, which moves with the resonance frequency for
increasing the equivalence ratio. A waterfall plot with
the power spectral density in this bandwidth is shown in
Figure 3 for the case of 18 burners. The resonance fre-
quency is located between 1550 and 1800Hz under all
operating conditions. A good isolation of the peaks is
required such that other spectral content does not influ-
ence the identification process.

Since the operating conditions are kept constant per
data set, the entire time series are analysed at once in
this work. It must be noted that the same results are
obtained using a recursive updating algorithm, generat-
ing intermediate identification results after every, for
example, 1024th time stamp. Because the entire time
series were required to obtain satisfactory stochastic
convergence for some cases, intermediate results are
not shown and uncertainties could not be evaluated.

A sample delay interval of k ¼ 1 is used, such that
the time delay is kept small and the correlation between
two subsequent states is still clear.

4.1. Damping ratio

The growth rate that is recovered by the real part of the
eigenvalue of the system matrix is rewritten to a damp-
ing ratio of a harmonic oscillator. To this end, the
negated growth rate is divided by the identified

frequency (in radians), which is given by the imaginary
part of the eigenvalue.

�i ¼ �i=!t ¼ �<ð�iÞ=!t ð17Þ

Figures 4 to 6 show the identified damping ratios for
the case with 12, 15 and 18 installed burners, respect-
ively. The results show that the system has a pair of
damping ratios at low equivalence ratios, that vanishes
between � ¼ 0:8 and � ¼ 0:85. The damping ratio does
not become negative because the system quickly satur-
ates to a limit cycle, rather than showing continuous
exponential growth.

The pair of damping ratios is for many operating
conditions clearly distinct, indicating split eigenvalues
and a dynamic system that is not (exactly) degenerate.
Especially for the case with 18 burners, the stability
margins show an interesting behaviour with pro-
nounced splitting of the growth rate.

Even though the effect of eigenvalue splitting is very
small in comparison to the resonance frequency,

Figure 4. Pair of identified damping ratios as a function of

equivalence ratio, for the first azimuthal mode order for the case

with 12 burners.

Figure 2. Root mean square of the acoustic amplitude as a

function of equivalence ratio and burner spacing, previously

published in Worth and Dawson.4

Figure 3. Power spectral density (PSD) as a function of

equivalence ratio in the analysed bandwidth for the case with 18

burners.
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it cannot be neglected with respect to the stability
margin. This is directly related to the damping ratio,
which is typically strongly underdamped (� 	 1) for
thermoacoustic eigenmodes.

The near-degenerate pair of fixed-point stable eigen-
modes always coexists, being excited by the combustion
noise. This stands in contrast to limit cycle oscillations,
in which an attractor often has a unique location in the
phase space, see for example Noiray et al.10 Therefore,
in limit cycle operation, only one solution is observed
(possibly depending on initial conditions), unless the
stochastic forcing is quite large with respect to the
limit cycle amplitude or the limit cycle itself has a
small stability margin. The identification results
during limit cycle operation are included in the figures
(� � 0:85) and are related to the stability of the limit
cycle oscillations. The interpretation and validity of the
results for limit cycle oscillations are rather involved
and fall outside the scope of this work.

The two methods return remarkably similar results
for the identified damping ratios, giving confidence in
the implementation of the methods. However, when
changing the bandwidth of the identification, or the
involved time delays, quite large deviations might
occur, especially for the higher damping ratios, that
are naturally less pronounced in the data. In Figure 7,
the influence of model parameters is visualized for the
LSQ method, showing cases with a doubled analysis
bandwidth and a doubled time delay. Deviations
for the SSI method show a similar trend in the devi-
ations resulting from parameter settings. These devi-
ations can be explained by foreign dynamics in the
bandwidth and a loss of correlation between time
stamps, respectively. This means that in industrial
applications, where the parameters are not tailored
for specific operating conditions, the quantitative
damping ratio cannot be determined with high accur-
acy with these methods; nevertheless, a clear qualitative
behaviour is revealed.

4.2. Eigenvectors

At all distinct operation points, two eigenvalues are
obtained by solving the eigenvalue problem of the iden-
tified system matrix. The eigenvalues become the sub-
scripts 1 or 2, based on the similarity of the mode
structure at adjacent equivalence ratios. So the damp-
ing and frequency are ordered, based on the highest
resemblance between the eigenvectors, which is given
by the maximum of their inner products. This way
the connected lines in the plots in Figures 4 to 9 are
established, yielding relatively continuous descriptions
for the damping ratios and eigenfrequencies as a func-
tion of the equivalence ratio.

In Table 1, some eigenvector pairs for the case of 12
and 18 burners are presented in the form of the spin
ratio SR and the phase difference Ang between F and G.

Figure 6. Pair of identified damping ratios as a function of

equivalence ratio, for the first azimuthal mode order for the case

with 18 burners.

Figure 7. Influence of identification parameters on the identi-

fied damping ratios. Longer time delay and wider analysis

bandwidth.

Figure 5. Pair of identified damping ratios as a function of

equivalence ratio, for the first azimuthal mode order for the case

with 15 burners.
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The spin ratio, introduced by Bourgouin et al.,16 is
defined as follows

SR ¼
Fj j � Gj j

jFj þ jGj
ð18Þ

The amplitudes jF j and jGj correspond to the eigen-
vector contributions of the two waves traveling around
the circumference in opposite direction. When they
have a similar magnitude (SR 
 0), the mode is a stand-
ing wave. In that case, the phase difference between the
waves (Ang) is of interest, as it determines the angular
standing wave orientation. Spin ratios of 1 and �1 refer
to pure ACW and CW waves, respectively.

The mode structures (i.e. eigenvectors) are not very
coherent, which is attributed to the near-degenerate
state of the system and the relatively short measure-
ment duration. Nevertheless, a weak tendency is
observed from undefined or predominantly standing
wave solutions ðSR5 0:5Þ for the case with 12 burners,
to predominantly traveling waves ðSR4 0:5Þ in the case
of 18 burners. Data of more stable operation points are

not shown, because the eigenvectors are even less coher-
ent from point to point.

4.3. Eigenfrequencies

In Figure 8, the average of the identified eigen-frequen-
cies (with !a added) is shown for the case of 18 burners.
With the increasing equivalence ratio, the eigenfre-
quency rises significantly. This can be expected to
play an important role in the stability of the thermo-
acoustic system.

The splitting of the eigenvalues that caused the dis-
tinct damping ratios also causes splitting in the eigen-
frequencies, as shown in Figure 9. To the knowledge of
the authors, this is the first time a split in azimuthal
eigenfrequencies has been discerned from experimental
data. The maximum relative deviation �f=f 
 0:01 is of
the same order of magnitude as the maximum split in
damping ratio.

Based on the eigenvalues splitting at � ¼ 0:825 in the
case of 18 burners, it can be substantiated that fitting of
the probability density function would yield an errone-
ous damping estimation. The frequency split of 18Hz
at very low damping yields a significant thicker peak in
the power spectral density. A detailed inspection of the
corresponding line of the waterfall plot in Figure 3 (The
line near the middle with intermediate amplitude),
appears to be composed by two superimposed modal
peaks. With higher damping and lower frequency,
mode one forms a shoulder on the left side of the
peak of mode two. It would yield a significant overesti-
mation of the decay rate, when the peak is designated to
a single eigenmode.

The frequency estimates of the two identification
methods show a nearly perfect coincidence, such that
the SSI-method obscures the marks of the LSQ-
method.

Table 1. Identified eigenvectors for equivalence ratios shortly

before instability, for the distant (12) and close (18) burner

separation using LSQ.

Case � SR1 Ang1 SR2 Ang2

12 0.75 0.29 0.49 �0.54 2.02

0.775 0.01 0.27 �0.78 1.38

0.8 0.10 �0.29 �0.10 1.83

0.825 �0.42 �0.35 0.09 1.94

18 0.75 0.81 �1.03 �0.62 �0.33

0.775 0.78 �1.58 �0.39 �1.77

0.8 0.82 �0.14 �0.61 �1.88

0.825 0.70 1.69 �0.47 �1.63

Note: One eigenvector is represented by the spin ratio (SR) and the angle

(Ang) between jFj and jGj.

Figure 8. Mean of the identified thermoacoustic eigenfre-

quency pair as a function of equivalence ratio for 18 burners.

Figure 9. Difference in eigenfrequency of the mode pair as a

function of equivalence ratio for 18 burners.
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4.4. Flame-to-flame distance

The amount of burners has a pronounced effect on the
stability, in a non-trivial manner. In the case with the
closest flame spacing (18 burners), the damping of one
of the eigensolutions varies non-monotonically as a
function of the equivalence ratio. On basis of the
results, the behaviour cannot be explained in detail,
but we will hypothesize a reason for the qualitative
behaviour observed.

In the case of 12 burners, the flames barely interact
directly. The swirlers cause individual vortices with lim-
ited influence of the global flow field. Due to unavoid-
able minor imperfections in the experimental setup, the
cylindrical symmetry is broken, splitting the eigen-
modes in two (predominantly) standing wave solutions.

For close burner spacing (18 burners), the flames are
merging. This happens in a directional manner, because
the swirlers are co-rotating. To get an insight into the
complex heat release pattern in this case, please refer to
the publication of Worth and Dawson15 on this topic.
One can imagine this can cause an increased flame
response to azimuthal particle velocity. Additionally,
a global mean flow field develops around the circum-
ference because the vortices on top of the swirlers start
to merge, which can lead to eigenfrequency splitting of
the acoustic subsystem. These effects can promote tra-
veling wave solutions for the (fixed point stable) azi-
muthal thermoacoustics.

The case with 15 burners seems to behave in an inter-
mediate state between the system with individual bur-
ners and the system with flame–flame interaction.

5. Monitoring strategy

The results show that the proposed identification
method can be applied to annular combustors that
are prone to azimuthal instabilities. The advantage of
the method is that the stability of the mode pair can be
identified without prior knowledge about the mode
structure. Splitting of the eigenvalues is even detected
on a rotationally symmetric laboratory rig in this work.
In practice, this can serve as a stability margin that can
enhance flexible operation of industrial machines by
constant monitoring of potentially hazardous azi-
muthal eigenmodes.

In particular, the LSQ method is very suited for on-
line determination of the damping, because of the low
computational cost of linear regression. For the eigen-
values of the 2� 2 system matrix, just a quadratic for-
mula needs to be solved. An updated stability margin is
obtained in a fraction of a second after the data were
measured, which allows for monitoring, protection and
control purposes. The chuck-wise FFT calculation of
the raw data is the most computationally expensive step
of this method and is usually routinely carried out

already. The SSI method is also feasible to perform in
real-time, but does require significantly more DSP pro-
cessing power.

Such in situ stability determination is beneficial com-
pared to a stability map, in that it reflects the current
state of the machine and operation conditions. Effects
due to azimuthal velocity and flame-flame interaction
are hard to predict, without performing measurements
on a full annular setup. Such details are not easily
included in a low-order stability analysis, but its effect
on the stability can directly be identified, using the in
situ state-space representation of the dynamics.

6. Discussion

A very accurate estimation of the decay rate does not
necessarily mean it makes an impeccable stability
margin. As the case with 18 burners shows, there is
no guarantee that the damping decreases monotonic-
ally decreases with the control variables at hand. This
behaviour needs to be assessed for the specific azi-
muthal mode for the gas turbine in question, such
that a suitable control strategy can be implemented
based on the identified damping rate.

In addition, it must be noted that the stability
margin (damping ratio) is not necessarily continuous,
for continuously changing system parameters, in case
that the FTFs change considerably as a function of
frequency. In that case, the system matrix depends on
its own eigensolution, i.e. the eigensolution is of tran-
scendent nature. Furthermore, triggering can occur due
to a nonlinear response of the heat release to the finite
acoustic amplitudes. For these reasons, instability
might occur before the identified damping reaches
zero, which addresses the need for a certain safety
margin in practical applications.

7. Conclusions

In previous work,7 it was shown that azimuthal ther-
moacoustic dynamics found in annular combustors are
effectively described using a complex two-dimensional
state-space representation (representing a four-dimen-
sional system). In addition, it was shown that a quan-
titatively accurate identification of the dynamics can be
carried out for surrogate data which is generated on
basis of this model description. Assertion that the iden-
tification strategy also works successfully on experi-
mental data had not yet been delivered, which is now
provided in this work.

The output-only identification strategy has been per-
formed on experimental data of a laboratory scale
annular combustor. Qualitatively, the results are pro-
mising; consistent damping ratios and modal frequen-
cies are obtained for the rather short experimental data
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sets and the pair of damping ratios decrease towards
zero before instability occurs and high amplitude limit
cycle oscillations are found. The eigenvalue pairs are
mostly very similar, yet some structured deviations
from a degenerate system are found, which was
expected for an experimental setup.

Two different identification methods have been used
to obtain the system characteristics of the thermoacous-
tic dynamics. The results of the two methods are very
similar, which gives confidence in the obtained results.
However, unlike the artificially generated data, the
results depend significantly on model settings, such as
analysis bandwidth and the delay parameter. As the
actual damping ratios are unknown for these data, it
cannot be validated whether the presented damping
ratios are quantitatively accurate.

The case with close burner spacing (18 burners)
shows predominantly traveling wave solutions, with
pronounced splitting of the eigenvalues. Although the
physics cannot be explained on basis of the results, the
effect it has on both the stability and eigenfrequency
splitting is captured in detail. We hypothesize that the
flame response to azimuthal acoustic excitation and the
mean flow field in the annulus contribute to the eigen-
value splitting.

It is observed that eigenvalue splitting can become
relevant for vanishing system stability, even though the
magnitude is negligible with respect to the acoustic res-
onance frequency. This observation stresses the neces-
sity to decompose the signals on a two-dimensional
basis, allowing for the typical azimuthal solutions as a
mix of traveling and standing waves. In less controlled
environments of industrial applications, eigenvalue
splitting is expected to be more pronounced.

In the first place, the identification can serve as a
stability margin measure to monitor annular combus-
tion systems during operation. When the stability
margin falls below a predefined threshold, a signal
would be sent to the control system to freeze the current
operating conditions, or even to retreat to operating
conditions that were further away from the instability.

When the dependency on model parameters is
understood better and a validation strategy is devel-
oped, identification results can be compared in a quan-
titative way. In gas turbine testing, the methods can
enable quantitative comparison of the thermoacoustic
behaviour, when changes or upgrades are made to the
machine.
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Appendix

Notation

a coefficient of matrix M
A discrete system matrix

Ang angle between waves F and G

C output matrix
f frequency
F ACW acoustic wave
G CW acoustic wave
H Heat release response
m mode order
M system matrix
R Rayleigh integral

SR Spin ratio
v discrete noise vector
w noise vector
x state vector
X matrix of concatenated state vectors
y output vector

a decay rate
z damping ratio
� eigenvalue
� equivalence ratio
!a acoustic resonance frequency
!t thermoacoustic eigenfrequency
=ð:Þ imaginary part
<ð:Þ real part
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