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Abstract

The Macroscopic Fundamental Diagram (MFD) describes the relation of average network flow, density and
speed in urban networks. It can be estimated based on empirical or simulation data, or approximated
analytically. Two main analytical approximation methods to derive the MFD for arterial roads and urban
networks exist at the moment. These are the method of cuts (MoC) and related approaches, as well as
the stochastic approximation (SA). This paper systematically evaluates these methods including their most
recent advancements for the case of an urban arterial MFD. Both approaches are evaluated based on a
traffic data set for a segment of an arterial in the city of Munich, Germany. This data set includes loop
detector and signal data for a typical working day. It is found that the deterministic MoC finds a more
accurate upper bound for the MFD for the studied case. The estimation error of the stochastic method is
about three times higher than the one of the deterministic method. However, the SA outperforms the MoC
in approximating the free-flow branch of the MFD. The analysis of the discrepancies between the empirical
and the analytical MFDs includes an investigation of the measurement bias and an in-depth sensitivity
study of signal control and public transport operation related input parameters. This study is conducted
as a Monte-Carlo-Simulation based on a Latin Hypercube sampling. Interestingly, it is found that applying
the MoC for a high number of feasible green-to-cycle ratios predicts the empirical MFD well. Overall, it is
concluded that the availability of signal data can improve the analytical approximation of the MFD even
for a highly inhomogeneous arterial.
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1. Introduction

Modeling urban traffic has been a major concern since the early days of traffic research. Urbanization
and the associated growth in demand increase the need for research on efficient models of urban traffic
on a network-wide scale. Early studies date back to the 1960s (Godfrey, 1969; Herman and Prigogine,
1979; Mahmassani et al., 1987) in which the idea of a macroscopic network-level relation of traffic flow
and accumulation was introduced. Later, Daganzo (2007) formulated a macroscopic relationship between
the network-wide outflow and the aggregated accumulation. This was verified in Geroliminis and Daganzo
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(2008) that investigated the existence of the macroscopic fundamental diagram (MFD) by linking the vehicle
accumulation to the space-mean flow in a network. They found a well-defined and low-scatter relationship
for homogeneous regions which is insensitive to small changes in demand for empirical data from Yokohama.
Such a property makes the MFD a promising tool for a wide range of applications in urban traffic control
and modeling. Studies analyzing such potential vary from gating (Keyvan-Ekbatani et al., 2012; Aboudolas
and Geroliminis, 2013; Girault et al., 2016; Yang et al., 2018), pricing (Zheng et al., 2016), perimeter control
(Geroliminis et al., 2012; Kouvelas et al., 2017; Zhong et al., 2018; Sirmatel and Geroliminis, 2018), routing
(Yildirimoglu et al., 2018; Amini et al., 2018), the investigation of the impact of a network’s topology on
its performance (Knoop et al., 2014b; Ortigosa et al., 2017), to the analysis of the effects of parking on
urban traffic dynamics (Cao and Menendez, 2015; Leclercq et al., 2017) and traffic control in a connected
environment (Yang et al., 2019).

Inspired by the findings of Geroliminis and Daganzo (2008) several studies investigated the existence of
a similar relationship in a number of cities around the world. This includes Yokohama, Japan (Geroliminis
and Daganzo, 2008), Toulouse, France (Buisson and Ladier, 2009), Brisbane, Australia (Tsubota et al.,
2014), Zurich, Switzerland (Ambühl et al., 2017), Lucerne, Switzerland and London in the United Kingdom
(Ambühl et al., 2018), and many other cities (Loder et al., 2019). The data sets for these MFDs came mostly
from loop detectors and probe vehicles. However, these data have to be treated with care as several biases
are included. Methods to reduce the impact of these biases are reported in the literature (Ambühl et al.,
2017; Du et al., 2016; Leclercq et al., 2014). Moreover, a heterogeneous density distribution might lead to
hysteresis in the MFD (Geroliminis and Sun, 2011; Gayah and Daganzo, 2011; Saberi and Mahmassani,
2013; Shim et al., 2019; Ambühl et al., 2018). New technologies and associated data, such as mobile phone
traces, can help to reduce the data measurement related biases.

Even though empirical observations are essential, they come with a number of limitations. First and
foremost, they do not allow a systematic analysis of the characteristics of the MFD and the influential factors
on its shape. Secondly, they require extensive data processing as real sensors are prone to failure, bias and
incomplete coverage of the network. Thirdly, many cities do not possess empirical data and, hence, are not
able to empirically derive the MFD. Thus, some simulation-based studies on MFD have been conducted.
Generally speaking, the results of these studies (e.g. Duruisseau and Leclercq, 2018; Gayah et al., 2014;
Knoop et al., 2014a; Ji et al., 2010) show that the MFD depends on link characteristics, the network topology,
traffic control, and route choice.

Despite the fact that simulation studies show promising results, the application of large-scale simulations
might be limited due to the burdensome calibration. Additionally, if the application of the MFD is aiming
towards real-time evaluation of traffic control measures, the high computational cost of simulation-based
methods might reduce their suitability. However, existing analytical methods rectify these drawbacks of
simulation-based and empirical estimation of the MFD. These methods are mainly based on the framework
of the variational theory (VT) (Daganzo, 2005a,b; Daganzo and Menendez, 2005). The corresponding
concept is described by Daganzo and Geroliminis (2008), who introduced the method of cuts (MoC) that
is able to find an upper bound for the arterial MFD. Leclercq and Geroliminis (2013) continued this line of
research, improved the MoC and showed the effects of route choice on a simple network. The concept was
further enhanced by Daganzo and Lehe (2016), who formulated the method as a linear program. Contrarily
to this deterministic approach, Laval and Castrillón (2015) developed a stochastic analytical method based
on the MoC and the renewal theory, called stochastic approximation (SA) hereafter. The method enables
to approximate the MFD for urban arterial roads as well as networks. The authors found the MFD mainly
to be influenced by the mean-block-length-to-green ratio and the mean-red-to-green ratio.

Analytical methods are particularly suitable to run extensive sensitivity analyses which provide insights
on the impact of certain parameters on the shape of the MFD. For example, Geroliminis and Boyacı (2012)
investigated the effects of different traffic signal offsets and link lengths on the MFD. Daganzo et al. (2018)
studied the impact of adaptive signal offsets on the MFD. Moreover, these methods allow the performance of
an ex-ante prediction of the MFD. Such a prediction is crucial for the applicability of MFD-based modeling
techniques. For instance, Ambühl et al. (2018) developed a method to derive a functional form with a
physical meaning for the MFD. They state that next to empirical data, also analytically derived MFDs can
deliver essential input to the estimation of the functional form. Moreover, Mariotte et al. (2017) analyzed
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different ways to derive the outflow from regions in which traffic dynamics are described based on an MFD.
This input MFD can be derived based on analytical approximations. Mariotte and Leclercq (2019) proposed
a new flow transfer scheme that considers multiple trip lengths in one region. Batista et al. (2019) developed
a methodology for adapting trip lengths for multi-regional MFD-based applications. The methodology of
both works requires MFDs as input which can be derived analytically.

These works confirm the importance of analytical approximation methods in MFD-based modeling of ur-
ban traffic. Naturally, this leads to the question of how well empirically derived MFDs can be approximated.
The original method of practical cuts (Daganzo and Geroliminis, 2008) and the SA (Laval and Castrillón,
2015) have both been validated with data from Yokohama, Japan. However, to the best knowledge of the
authors, no such verification has been reported for the MoC for inhomogeneous arterials, nor has the SA
been directly compared to the MoC for such an arterial. Additionally, many advances on empirical MFD
estimation methods have been achieved to date, which were not considered in these studies. Signal data is an
input for both analytical approximation methods. Yet, no information on detailed signal data is available for
the case of Yokohama. Therefore, it remains unclear to what extent the existence of such data can improve
the estimation accuracy of the analytical methods. Furthermore, extensions to consider the effects of public
transport operation exist for both methods (Xie et al., 2013; Castrillon and Laval, 2017). Nonetheless, no
reports about any evaluation of them based on comparison to empirical data are known.

This paper aims to address the mentioned research gaps by comparing the MoC and the SA including
the most recent extension to consider public transport operation to an empirically derived arterial MFD.
Even though the SA applies to networks, the MoC was originally developed for arterials. Thus, we choose
an arterial for this study. The empirical data at hand consists of loop detector data (LDD) and signal
data. The LDD come from an inhomogeneous road segment in Munich, Germany, with multi-modal traffic,
active actuated signal control, and transit signal priority. The occurring modes include private cars and
buses, trams on physically separated tracks and bicycle traffic on bike lanes. This allows investigating the
effects of infrastructure complexity on differences between empirically and analytically derived MFDs. The
three dimensional passenger MFD (e.g. Geroliminis et al. 2014; Loder et al. 2017) extends the idea of the
MFD to multi-modal systems. It relates the passenger production to the network bus and car accumulation.
However, such an analysis requires additional data and lies beyond the scope of this paper. Thus, we
focus on the 2D-MFD approximated by the MoC and the SA including their public transport extensions.
Thereby, we compare the according results to empirical data from the arterial in Munich. The results of
this comparison are thoroughly analyzed. We set the focus on the measurement bias inevitably included
in LDD, the signal data and the impact of public transport operation. No comparison of the analytical
methods including the public transport extension has been conducted so far. Also, no investigation of the
role and benefit of a rich signal data set to accurately estimate the MFD has been reported. Lastly, to
the best knowledge of the authors, no attempts to quantify the effects of these elements on the difference
between empirical and analytically approximated MFDs have been presented. Interestingly, the results of
this paper indicate that applying the MoC for a wide range of signal data leads to an aggregated traffic
pattern close to the empirical MFD. This is the main contribution of this paper. As an overall result, this
study sheds light on the performance of the studied analytical approximation methods, as well as on the
importance of corresponding assumptions and simplifications.

The remainder of the paper is structured as follows. Section 2 describes the underlying theory of the MoC
and the SA. Moreover, the current state of research regarding the empirical MFD estimation is presented.
Section 3 specifies the general methodology of the paper including a case study, the applied methods, the
investigation of the measurement bias and the sensitivity analysis of input parameters related to signal
control and public transport operation. The results of the case study and their discussion are presented in
Section 4. Furthermore, the section includes the results of the investigation of the measurement bias based
on a microscopic simulation in SUMO (Lopez et al., 2018), and of the sensitivity analysis of the analytical
approximations. Finally, Section 5 draws closing conclusions, highlights limitations and outlines possible
future research. To increase the readability of the paper, we provide a list of abbreviations used throughout
the paper in alphabetical order in Table 1.
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Table 1: List of abbreviations

Abbreviation Term
BVP Boundary value problem
CDF Cumulative distribution function
ELDD Empirical loop detector data
FCD Floating car data
FD Fundamental diagram
IVP Initial value problem
KWT Kinematic wave theory
LDD Loop detector data
LOESS Locally estimated scatter plot smoothing
MFD Macroscopic fundamental diagram
MoC Method of cuts
OD Origin-Destination
RMSE Root Mean Square Error
SA Stochastic approximation
VFCD Virtual floating car data
VLDD Virtual loop detector data
VT Variational theory

2. MFD estimation

This section describes analytical approximation and empirical estimation methods to derive the MFD.
More specifically, the frameworks of the MoC and the SA are introduced as main representatives of analytical
approximations. Besides, important aspects and related research of empirical MFD estimation are presented.
This section as well as the following one include many variables. For the sake of clarity, a nomenclature
including these variables is provided in Table 2.

Table 2: Nomenclature

Fundamental diagram

u [km/h] Free flow speed
w [km/h] Backward wave speed
kj [veh/km] Jam density
qcap [veh/h] Capacity

Variational theory

x [km] Spatial dimension
t [h] Temporal dimension
P (x, t) [-] Generic point at (x, t)
N(P ) [veh] Cumulative vehicle count at P (x, t)
BP [-] Boundary data in the domain of dependence of P
∆BP [veh] Maximum number of vehicles that can pass a moving observer which travels

from B to P

Method of cuts

q [veh/h] Flow
k [veh/km] Density
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Table 2: Nomenclature (continued)

Q(k) [veh/h] MFD
j [-] Index of cut C
Cj [-] Cut
vj [km/h] Mean speed of cut Cj

R(vj) [veh/h] Costs of cut Cj

vb [km/h] Average speed of buses

Stochastic approximation

vO [km/h] Speed of moving observer
q [veh/h] Flow
k [veh/km] Density
k′ [-] Dimensionless density
µg [s] Mean green time
µr [s] Mean red time
ρ [-] Long-run red to green ratio
µl [m] Mean block lengths
λ [-] Mean dimensionless block length
δ [-] Average coefficient of variation
Fq(k′)(q) [veh/h] CDF of the MFD
s0 [-] Strategy related to vO = 0
Ω = {s1, s2} [-] Strategies related to vO = [u,w]
B [-] Number of intersections
ps [-] Probability that bus stops within a link
ub [km/h] Average bus free flow speed
td [s] Average dwell times of buses

Sensitivity analysis

n [-] Number of sample variations for Monte-Carlo-Simulation
qmin [veh/h] Minimum of n results for Q(k)
qmean [veh/h] Mean of n results for Q(k)
qmax [veh/h] Maximum of n results for Q(k)

2.1. Analytical approximation methods

In general, the herein described analytical approximations of the MFD are based on the VT. The VT
enables to calculate the exact solutions of an initial or boundary value problem (IVP or BVP, respectively)
according to the kinematic wave theory (KWT) (Lighthill and Whitham, 1955; Richards, 1956). The VT
states that a kinematic wave problem can be solved as shortest path problem in the time-space plane. The
corresponding costs are related the boundary data and the maximum number of vehicles that can pass a
moving observer traveling along a given path. The mathematical formulation is:

N(P ) = inf
B∈BP

{N(B) + ∆BP } (1)

where N(P ) is the cumulative count of vehicles at the generic point P (x, t), BP is the boundary data in
the domain of dependence of P, ∆BP is the maximum number of vehicles that can pass a moving observer
which travels from the point B on the boundary to P . For more details, please refer to Daganzo (2005a,b)
and Daganzo and Menendez (2005).
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2.1.1. Method of cuts
Daganzo and Geroliminis (2008) introduced a methodology to analytically approximate the MFD for

homogeneous arterials with identical block lengths and signal control parameters. This methodology was
further extended by Leclercq and Geroliminis (2013) to be applicable to heterogeneous topologies.

In order to set up an IVP several input parameters need to be specified. These include the number of links
in the arterial, the number of lanes on and the length of each link, signal parameters and the fundamental
diagram (FD). This defines the solution space and consequently the shortest path problem. The solution
space in the (t, x)-plane consists of horizontal edges representing intersections including both green and red
phases. Note that green times and cycle lengths are not allowed to vary within a specific intersection. In
other words, only fixed time signal control can be modeled. Additionally, slanted edges with extremal slopes
(free flow speed u or backward wave speed w) starting at bottleneck termini connect the horizontal edges
related to different intersections. Whenever such a slanted edge hits a red phase, it is terminated. Based
on the slope of these edges, costs for each edge can be defined. The corresponding values are derived based
on the VT and relate to the maximum passing rate a moving observer would observe traveling along such
an edge. This procedure leads to a numerical representation of a kinematic wave problem which is called
global variational graph (Leclercq and Geroliminis, 2013).

Depending on the initial density, the flow at a certain point approaches a location-dependent limit
for the case of a steady state. Daganzo and Geroliminis (2008) describe this flow based on Eq. (1) as
q = N(P )/t, t = t0 → ∞. Thus, an upper bound of the flow q can be derived for each k by evaluating Eq.
(2) based on the global variational graph as follows:

q = inf
vj

{kvj +R(vj)} (2)

with q = Q(k) as the MFD, k as the density, vj as the average speed of a moving observer j and
R(vj) = ∆BP /t, t = t0 →∞ as the related maximum passing rate.

Evaluating Eq. (2) for several k and a specific moving observer with average speed vj leads to a constraint
of the flow q along with the evaluated range k. Repeating this procedure for several different average moving
observer speeds vj results in a family of cuts. The lower envelope of all cuts is the MFD Q(k).

The original method (Daganzo and Geroliminis, 2008) is only applicable on homogeneous arterials which
herein means that block lengths, green times and cycle lengths do not differ between intersections. Even
though no signal data were available, the results of the analytical approximation fit an empirical MFD for
the city of Yokohama. The authors stated that differences in the predicted and the measured MFD were
due to inhomogeneity in the network and errors in the data. However, as Daganzo and Lehe (2016) pointed
out, this method does not necessarily lead to a tight bound for stationary cuts, which relate to an average
moving observer speed of vj = 0. The authors rectified this drawback and formulated the overall method
as a linear program. Nevertheless, their approach to estimating a tight bound for stationary observers is
transferable to the MoC.

Xie et al. (2013) further extended the MoC to approximate the effects of public transport vehicles on
the capacity of an arterial. The additional input parameters consist of the average bus speed vb and the
headways. The effects of buses are modeled based on the numerical representation of moving bottlenecks.
A moving bottleneck is approximated by reducing the capacity of a certain link. That is, the costs of the
corresponding green phase edges at the upstream and downstream intersection are adjusted. Thus, the
effects of public transport can be included in the variational graph and the remaining procedure to derive
cuts does not need to be adjusted.

2.1.2. Stochastic approximation
A different approach is presented by Laval and Castrillón (2015). They introduced the SA of the MFD for

urban arterials and networks. Again, the core of the method is based on the VT and the MoC. Three types
of cuts are evaluated. They are associated with different strategies which are explained in the following.
Strategy s0 is related to a stationary observer with a mean moving observer speed vO = 0. Strategy s1
relates to moving observers traveling with speed vO = [u,w] which stop when they cross a red phase. There
they travel horizontally to the beginning of the current red phase. From there they resume the speed of
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vO = [u,w] until the next red phase is hit. Strategy s2 is similar except for the fact that moving observers
stop at every intersection independently if they cross a green or red phase. The fundamental difference of
this method compared to the MoC is that the duration of green phases and cycle lengths do not have to be
regular for its application. Thus, not only fixed time control settings can be analyzed but also networks or
arterials where adaptive or actuated signal control is active.

An additional element of this framework is the transformation of the FD from the (q, k)-plane to a
(q, k′)-plane, where k′ is the normalized density. This procedure leads to a symmetric and normalized FD.
Thus, the related parameters are only required for the transformation back to the (q, k)-plane but not for
the general application of the method. The only necessary input parameters are the mean green µg and
mean red µr times, the mean block length µl and the related coefficients of variation δ which are assumed
to be equal for simplicity. Based on these input parameters and the renewal reward theory, a framework is
built to estimate the mean and coefficient of variation for cuts related to the described strategies. Assuming
a normal distribution for the cuts, this framework enables to calculate a cumulative distribution function
(CDF) for each cut and eventually for the MFD. Thus, it allows specifying certain percentiles of the MFD
at (q, k)-pairs and therefore to derive its stochastic representation. Mathematically, the CDF of the MFD
is expressed as shown in Eq.(3).

Fq(k′)(q) = 1− (1− Fs0(q))B
∏
s∈Ω

(1− Fs,k′(q)) (3)

where Fq(k′)(q) denotes the CDF of the MFD, q the flow, k′ the normalized density, s0 and Ω = {s1, s2}
the different strategies and B the number of intersections. More details on the mathematical framework can
be found in Laval and Castrillón (2015).

Major arterials in urban networks are often frequented by public transport vehicles. Possible impacts
of multimodal traffic on the stochastic representation of the MFD for homogeneous arterials were reported
in Castrillon and Laval (2017). In this case, homogeneity refers to equal signal parameters and block
lengths amongst the modeled intersections. The authors modified the SA to analytically approximate these
impacts and introduce three new parameters, the average bus free flow speed ub, the stop probability ps and
the average bus dwell time td. Castrillon (2015) presented an extension of this method for heterogeneous
arterials. This is done by adjusting model parameters to account for the stationary bottleneck effect of buses
as well as for their role as moving bottleneck.

2.2. Empirical estimation methods

Next to analytical approaches, the MFD can be estimated based on data from fixed sensors or probe
vehicles. This section presents related estimation techniques, and which drawbacks come with associated
data sources. However, potential ways of dealing with such drawbacks are not listed here. Instead, we
refer to the corresponding studies. Eventually, we discuss the assumption of homogeneously distributed
congestion as it has substantial effects on the shape of the MFD.

2.2.1. Data types
Loop detectors measure vehicle counts and the duration they are occupied. The data are often aggregated

to 3- or 5-minute intervals. Thus, average flows during these intervals, as well as occupancy values in percent
can be derived. LDD might be faulty since malfunctions might occur during operation. Data recording
systems apply basic algorithms which help to exclude the majority of technology-induced measurement
errors. The first MFD based on LDD was shown in Geroliminis and Daganzo (2008). It was derived by
averaging the link-weighted network density and flow. Even though a well-defined MFD was found for that
case, empirical MFDs have to be treated with care as several biases were identified associated with LDD
in the literature. For example, Wu et al. (2011) showed that high scatter in the MFD for an arterial road
can result from the fact that loop detectors also capture transient states. Ambühl et al. (2017) described
the loop detector placement bias. It refers to the fact that loop detectors only measure traffic states at a
specific position, which is then often regarded as representative for the entire link. In addition, Courbon
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and Leclercq (2011) argued that loop detector positions need to be distributed uniformly across the links of
the network to represent average traffic states on a global level. Zockaie et al. (2018) found that not only
the position of loop detectors is crucial, but also the link selection plays an important role for the estimation
of the MFD. This is because the measured traffic on selected links is related to Origin-Destination (OD)
pairs. For a valid MFD estimation, these ODs have to represent the overall OD distribution in the network.
Another bias associated with the link selection was described in Ambühl et al. (2017). The authors argued
that loop detectors are usually installed on links more prone to congestion. Thus, this might result in an
overestimation of network-wide congestion. Despite these biases, LDD are a commonly utilized data type
for the MFD estimation due to their high availability compared to other data types.

As mentioned before, probe vehicles can be an alternative data source to estimate the MFD (e.g. Geroli-
minis and Daganzo, 2008). These data come either from GPS devices, mobile phones or are the result of
processed Bluetooth data (e.g. Tsubota et al., 2014) and are often referred to as floating car data (FCD).
They are considered to represent a better spatial coverage of traffic states in the network (Nagle and Gayah,
2014). Leclercq et al. (2014) showed that the MFD estimation based on probe vehicle data is more accurate
than based on loop detectors. However, a crucial element is the penetration rate. It describes the relative
number of probe vehicles in the total flow which is difficult to estimate for empirical data but essential for
the MFD estimation. A potential way to cope with this drawback was shown by Nagle and Gayah (2014)
who fused FCD with limited LDD for MFD estimation. However, they assumed that probe vehicles are
uniformly distributed throughout the network. This might not be true since these data often come from
certain vehicle types (e.g. taxi data) which might drive only on specific routes and thus biases might be
introduced. Consequently, this leads to a heterogeneous distribution of trajectories. Du et al. (2016) inves-
tigated the effects of such heterogeneously distributed FCD on the MFD including data from probe vehicles
with varying trip lengths. More analyses of the fusion of LDD and FCD for MFD estimation is reported in
Zockaie et al. (2018) and Ambühl and Menendez (2016). Furthermore, Dakic and Menendez (2018) showed
that data from automated vehicle location devices installed in public transport vehicles can contribute to
the empirical MFD estimation.

Another kind of situation occurs for the case of microscopic simulation data. Under these circumstances,
all vehicle trajectories are known and can be extracted. This enables to calculate the average flow, density and
speed based on Edie’s definition (Edie, 1963), which was referred to as Edie method in Leclercq et al. (2014).
In such a case, no measurement biases are included in the data. Saberi et al. (2014) showed the existence
of the MFD for a microscopic simulation of Chicago, Illinois, and Salt Lake City, Utah. They concluded
that even without any measurement biases, the MFD still shows a range of flows for a given density. More
specifically, they presented a hysteresis pattern in the MFD which occurs due to inhomogeneous congestion
in the network.

2.2.2. Network homogeneity
The previous paragraphs describe the existing data sources for the estimation of the empirical MFD, as

well as associated biases. Early works exploring the effects of heterogeneity in urban and freeway traffic
networks on the MFD are Buisson and Ladier (2009); Mazloumian et al. (2010); Geroliminis and Sun (2011);
Knoop et al. (2015) and Saberi and Mahmassani (2013). Even for the case of simulated and thus bias-free
data, scatter in the MFD might still occur (Saberi et al., 2014). Based on empirical data, Ambühl et al.
(2018) suggest several reasons for this. First, the heterogeneous spatial distribution of traffic density is
supposedly a main factor. The MFD in its original definition is merely found for homogeneously congested
networks. In reality, however, this is rarely observed. Flows measured during inhomogeneously distributed
densities are lower than in the homogeneous case (e.g. Daganzo et al., 2011; Mühlich et al., 2014; Knoop
et al., 2015). It was found that the partitioning of large-scale networks into regional sub-networks can
substantially decrease the heterogeneity of congestion in these smaller networks. Clustering methods for
this partitioning are discussed in Saeedmanesh and Geroliminis (2016); Lopez et al. (2017); Saeedmanesh
and Geroliminis (2017); Ambühl et al. (2019). Secondly, the MFD is merely well-defined for steady states.
However, changes in traffic states do not propagate instantaneously throughout the network. These dynamics
can lead to multiple flows for specific density measurements (Mariotte et al., 2017). Lastly, public transport
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operation might have different impacts on traffic flow throughout the day (e.g. Arnet et al., 2015; Castrillon
and Laval, 2017).

3. Methodology

This paper aims to perform an up-to-date evaluation of the existing methods to analytically approximate
the MFD. A preliminary analysis for a data set of one working day of a road segment of Munich showed that
the occurring differences cannot be explained by a simple scenario-specific evaluation (Tilg et al., 2019).
Thus, a more sophisticated approach is proposed in this paper. The framework for the general methodology
is shown in Figure 1.

Empirical MFD estimation

Analytical MFD approximation

• Method of cuts

• Stochastic approximation

Case study

Calibrate microscopic simulation

• Based on virtual and empirical LDD

Estimate measurement induced biases

• Virtual FCD (full trajectory data)

• Edie’s method

Investigation of measurement bias

Method of cuts

• Signal parameters: g/c and o

• Public transport parameter: vb

Sensitivity analysis of input parameters

Stochastic approximation

• Signal parameters: g/c

• Public transport parameters: ub and td

Figure 1: General methodological framework.

First, a case study based on a segment of the urban arterial Leopoldstraße located in the city of Munich,
Germany, is conducted. The choice of an arterial road seems to be appropriate for this study since the
MoC was originally developed for arterials. Thus, we minimize possible error sources by focusing on such an
arterial. The analytical approximation (MoC and SA) and empirical estimation methods are applied based
on data recorded on this road. The purpose of this case study is to investigate the fit of the analytical MFD
approximations to the empirical MFD. Furthermore, it is the starting point for a systematic study of the
appearing differences between the resulting MFDs.

As mentioned before LDD include a measurement bias that can affect the empirical derived MFD and
thus also influence the difference to analytical approximated MFDs. Thus, a second step is to investigate this
measurement bias. This is done by the means of microscopic simulation. The calibration of the simulation
is carried out based on empirical and virtual LDD. To estimate the bias-free MFD, virtual trajectory data
are used to calculate average flow and density according to Edie’s method as shown in Leclercq et al. (2014).
Based on the resulting bias-free MFD, the nature of the measurement bias can be analyzed.

Lastly, the role of signal data and public transport operation on the approximated MFD shape is inves-
tigated. The analytical methods and related input parameters imply certain simplifications of reality. The
explicit studied parameters are explained below. The study is conducted as a sensitivity analysis based on
a Monte-Carlo-Simulation for both analytical approximation methods. This study allows investigating the
role of input parameters and analyzing the corresponding results in comparison to the empirical MFD.

The remaining section describes the layout of the case study, applied analytical approximation methods
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as well as the empirical MFD estimation, the investigation of the measurement bias, and the structure of
the sensitivity analysis.

3.1. Case study

The Leopoldstraße leads from the center to the very north of Munich and serves as a critical corridor
that connects the city center to the city’s ring road. The empirical data containing raw LDD and signal data
were collected from a segment of the northbound Leopoldstraße on a typical working day in October 2017.
Comparable results for the time series of occupancies are found for other weekdays at the Leopoldstraße.
Additionally, the distribution of green times and cycle lengths in a second available data set do not substan-
tially differ to the one shown in the paper. Thus, we assume that analyzing the data presented in the paper
is representative for the given road segment. Figure 2 shows the layout of the studied road segment with a
total length of 1.1 km. It includes five signalized intersections, labeled from one to five in the figure. The
studied segment mostly consists of two lanes except for some of the intersections where a dedicated turning
lane exists for right or left turning vehicles. The loop detectors on the turning lanes are stop-line detectors,
which cannot be directly used to derive the MFD, and therefore, are not considered in this study. As it can
be seen in Figure 2, there are some minor unsignalized intersections along the arterial from which no data,
i.e. number of turning and incoming vehicles, were available. For the sake of simplicity, the impact of these
intersections is neglected.

1

2

3

4

5

Figure 2: The urban arterial Leopoldstraße in Munich, Germany. The numbers 1-5 refer to the examined intersections and
increase in direction of travel.

Each of the five intersections is controlled by actuated traffic signals i.e. adaptive green time and cycle
lengths as well as prioritized public transit vehicles. Right at the north-east corner of intersection 3 an
important mobility hub, called Münchner Freiheit, i.e. a transfer point for public transport users between
bus, tram, metro and car-sharing vehicles, is located. Moreover, another on-street bus stop is located
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between intersection 1 and 2. Two bus lines operate on the arterial, each with a 10-minute headway during
most times of the day. Additionally, a tram line operates from intersection 3 to 5. However, the tram tracks
are physically separated from the other lanes and thus do not impact traffic flow on the neighbouring lanes.

3.2. MFD estimation

The MoC and the SA are applied on the described road segment of the Leopoldstraße. Furthermore, an
empirical MFD is estimated as described below. The quantitative comparison is made based on the root
mean squared error (RMSE), which was successfully applied in the terms of MFD-related research (e.g.
Ambühl et al. 2018).

3.2.1. Empirical estimation
The estimation of the empirical MFD for the case study is based on data recorded from loop detectors.

Upstream of each intersection a loop detector is installed on each lane. In total, that sums up to 10 loop
detectors for the northbound travel direction. All considered loop detectors are installed approximately 35
meters upstream of the stop-line. The average length of a loop detector is 1.5 m. Each observation consists
of a time-stamp and an occupancy duration. A set of plausibility tests such as searching for duplicate
detections, negative headways, and extreme occupancy values is performed. Subsequently, the data are
aggregated in 5-minute intervals. The result is a vehicle count and an occupancy value for each detector
for each interval. In order to reduce the noise and errors due to aggregation, as well as to exclude outliers,
we smooth the data using time series analysis as suggested in Ambühl et al. (2018). Then, the obtained
occupancies are used to calculate densities assuming an average vehicle length of 5 meters. The density is
calculated based on the sum of the mean vehicle and detector length (see Ambühl et al. 2018).

Another data type available is signal data. This includes the time-stamp for each phase change, as
well as the phase type (green, amber or red) for all intersections. Since the traffic signals are not pre-
time controlled, the cycle lengths, green times and red times are strongly skewed. Figure 3 shows boxplots
for green times and cycle lengths of the northbound leg at each intersection for the measurement day. The
ordinate shows the duration of the corresponding parameter in seconds. The intersection labels are displayed
on the abscissa. As it is shown in the plots, substantial variance of both parameters can be observed. The
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Figure 3: Green times and cycle lengths for the studied intersections at Leopoldstraße (October, 2017).

reasons for this variance are the actuated traffic signal control, the transit signal priority, and the fact
that the green times and cycle lengths of the entire day and thus different signal plans are included in
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the illustration. Additionally, it can be observed that the scatter is higher for longer green times. This is
possibly due to the required minimum green times at the studied intersection legs. On the contrary, the
distribution of cycle lengths seems to be symmetric. Moreover, the majority of green times of intersection 3
and 5 are substantially lower than the ones at the other intersections. Regarding intersection 3, this could
be explained by the fact that it is located next to the Münchner Freiheit mobility hub, where many bus
and tram lines stop. Thus, the effect of transit signal priority is very strong. Possible reasons for a lower
mean green time at intersection 5 are the that a tram line crosses the intersection, and a bus line is running
between the east- and southbound leg of the intersection. Both are having priority and thus green times are
reduced for private vehicles.

Furthermore, limited historical FCD are available. The data are too scarce to benefit from merging it
with LDD for the empirical MFD estimation. However, it can be used to estimate the free flow speed u as
explained below.

3.2.2. Method of cuts
The first analytical approximation for the MFD which is evaluated is the MoC. As described in Section

2, a global variational graph needs to be constructed to apply this method. For this purpose, the link FD,
the arterial topology, the signal timings and the average bus speed vb need to be defined.

The link FD plays an important role for the MoC. To define it, three out of the four related parameters,
the free flow speed u, the capacity qcap, the backward wave speed w and the jam density kj have to be
specified. It has a crucial impact on the approximation of the MFD. The free flow speed u is chosen
according to FCD which were available for the entire analyzed segment of the Leopoldstraße. The found
value for the free flow speed equals u = 45 km/h. The jam density is assumed to be kj = 150 veh/km.
This is based on visual inspection of a number of queues captured by high-resolution aerial pictures. The
backward wave speed is assumed to be w = 15 km/h. Leclercq (2005) report similar values for urban roads
in Toulouse, France. In this study, however, the jam density is found to be substantially higher. Thus,
we choose a slightly larger value for w to calculate realistic values for the capacity qcap. Given these three
parameters and assuming a triangular FD, the capacity is calculated as about qcap = 1690 veh/h.

The block lengths are measured from OpenStreetMap® (OpenStreetMap contributors, 2019) and are
defined as the segment length between two consecutive signalized intersections. The effects of the minor
intersection along the arterial are neglected for this study. This is due to the fact that the analytical approx-
imation methods are not capable of considering the impact of such intersections. Also, the corresponding
streets are of a minor level and partly only one-lane streets. Furthermore, no flow or occupancy data from
these streets are available. As shown in Figure 3, the green times and the cycle lengths are strongly skewed
for all intersections. However, the MoC allows only for one value per intersection. In other words, only fixed
time signal control can be modelled. Thus, we choose the average for both green times and cycle lengths for
the case study. For the sensitivity study, a different approach is chosen as described below.

The last family of input parameters regards to public transport operation. The multimodal extension
of the MoC (Xie et al., 2013) only needs an exogenous average bus speed as input parameter. As a first
assumption, we choose 75 % of the car free flow speed which equals to vb = 34 km/h since no more accurate
data is available. This value is based on a study of free flow speeds of different vehicle classes for Great
Britain (Department for Transport, 2015). The ratio of car and bus free flow speeds in urban areas with
a speed limit of about 50 km/h is 90 %. Taking into account that there exists one on-street bus stop on
the studied arterial, and assuming a dwell time of 30 s, a bus speed vb of 75 % of the car free flow speed u
seems to be appropriate. However, the impact of this assumption is investigated as part of the sensitivity
study. The dwell time of 30 s on average are chosen according to limited data from other bus lines which
were recorded with GPS trackers.

Based on these input parameters a variational graph can be constructed. It allows deriving cuts Cj

with speed vj and costs R(vj) to estimate an upper bound for the arterial MFD. Since the Leopoldstraße
represents a highly inhomogeneous arterial, an appropriate calculation time window is chosen to generate a
sufficiently large solution space. Next, all possible moving observers are taken into account. For cuts with
the same speeds, the ones with the lowest costs are chosen. The large size of the calculation time window
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ensures that all possible paths are found. Finally, taking the lower envelope of all cuts leads to an estimate
of the upper bound for the MFD on the given arterial.

3.2.3. Stochastic Approximation
The SA is the second method being evaluated. Again, the input parameters are derived based on the

road topology, signal data and available public transport data.
The FD is not necessarily required to apply the SA. However, in order to compare the resulting MFD

to the empirical and the MoC-based one, an FD is needed. The same values for the free flow speed u, the
backward wave speed w, the jam density kj and consequently the capacity qcap are applied.

Furthermore, the block length is an input for the SA as well. The specific input parameter is the
mean dimensionless block length λ = 6.8. The number of blocks in the studied road segment is B = 5.
Theoretically, the SA allows to consider distributed green times and cycle lengths. The related input
parameters are the average green time µg = 42 s, and the long-run red to green ratio ρ = 1.2. Averaging the
coefficient of variation of the green times, the red times and the block length results in an overall average
coefficient of variation equals δ = 0.21. No offset parameter is necessary as input for the SA.

The public transport extension of the SA requires additional input parameters. In the contrary to the
MoC, the bus free flow speed is not assumed to account for potential stops. They are modelled explicitly
via the stop probability ps. Since there is a on-street bus stop only on one of the five segments, we choose
ps = 1/5. The average free flow bus speed ub is chosen as 90 % of the car free flow speed, see the explanation
in Section 3.2.2. Again, the average dwell time is td = 30 s.

Based on these parameters the mean and coefficient of variation for the cuts related to three different
strategies can be calculated (see Section 2). Assuming normally distributed cuts, the CDF for each cut is
defined. This enables to compute the CDF and thus the percentiles of interest for the MFD for the herein
studied arterial road.

3.3. Investigation of the measurement bias

A measurement bias inevitably exists in LDD, as the data are recorded at fixed positions. There are
certain procedures to minimize this bias, as described in Section 2.2. For example, measurements from
several fixed sensors on different positions could be projected to a virtual link. These projected and then
accordingly weighted measurements could lead to a reduced bias in the data. However, this is infeasible for
the case studied in this paper since all loop detectors are positioned at nearly the same distance from the
stop-line. Another way to exclude measurement induced biases is to gain complete knowledge about the
traffic situation, i.e. all trajectories. Since this is not possible for the empirical data of the Leopoldstraße,
a microscopic simulation environment is built in SUMO. The layout of the simulation assembles the real
arterial. In total, 129 OD pairs are defined and the route choice is designed based on recorded turning rates
at each intersection. Additionally, two public transport bus lines each with a headway of ten minutes are
represented in the simulation. The estimation of OD pairs and input demand curves for each pair is based
on the measured travel times. More details regarding that are described in Grigoropoulos et al. (2018).

In order to investigate the measurement bias, a calibrated microscopic simulation is needed. This is
achieved by adapting the Krauss car-following model (Krauß, 1998) parameters with the objective of mini-
mizing the difference between the two MFDs from real loop detectors and virtual detectors from the simula-
tion. For this purpose, flow and density measurements are recorded at positions that correspond to the loop
detector positions at the real Leopoldstraße. Based on these virtual LDD measurements a locally estimated
scatter plot smoothing (LOESS) regression (Cleveland, 1979) is applied. Additionally, a LOESS regression is
applied to the empirical data. The comparison of both curves is the base for the calibration procedure which
is based on RMSE minimization. This would not be possible without using regression techniques. Secondly,
the calibrated simulation is further used to estimate the MFD based on full trajectory data following Edie’s
definitions. By doing so, the impact of measurement induced biases on the shape of the MFD for the present
case of the Leopoldstraße can be inspected.
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3.4. Sensitivity analysis of signal and public transport parameters

The sensitivity analysis is conducted to study the impact of important input parameters of the analytical
approximations on the resulting MFDs. The MoC does not allow for implementing varying green phases and
cycle lengths within an intersection. The SA assumes green phases and cycle lengths which are independent
and identically distributed. Both assumptions are violated by using the signal data at hand. Furthermore,
the Leopoldstraße is frequented by buses of the public transport operator. To estimate the impacts of
multimodal flows on the MFD by applying the approximation methods, additional data on public transport
operation are required. However, no reliable data for the specific input parameters are currently available.
Consequently, realistic assumptions are made.

We conduct a Monte-Carlo-Simulation to study the violation of assumptions concerning the signal related
input parameters, as well as to analyze the assumption regarding public transport related input parameters.
In order to replicate the real-world scenarios in the solution space, all possible input parameter combinations
have to be considered. However, this is infeasible due to the high computational effort. To overcome this
challenge, we apply a Latin Hypercube sampling to generate a representative range of values for each input
parameter. Several scenarios are studied. In each scenario a different number and type of input parameter
are varied. The studied input parameters are related to signal control and public transport operation.
The signal related input parameters are drawn from the distribution of measured values. For the MoC,
this includes the green time and cycle length ratio g/c, as well as the offset o. For the SA, the parameters
considered for sampling are the average green time µg, the long-run red to green ratio ρ and the corresponding
standard deviations. In order to derive according mean and standard deviation values, small samples of five
consecutive cycles are considered. The sample size of five is chosen as a trade-off between having a large
enough number of mean and standard deviation values for the Monte-Carlo-Simulation and avoiding extreme
values for each mean and standard deviation. For the sake of simplicity, these parameters are also labeled
g/c further on in the paper as they essentially refer to green times and cycle lengths. The public transport
related input parameters consist of the bus frequency, the average speed vb of buses for the MoC, and the
average bus free flow speed ub and dwell times td for the SA. However, no reliable data for these specific
input parameters are available. Thus, the bus frequency is assumed to follow the schedule and is therefore
not further investigated within the sensitivity study. Moreover, vb and ub are varied between 50 % and 100 %
of the car free flow speed u. In addition, td is varied between 10 s and 60 s. The interval for td is chosen
based on a limited number of on-site measurements.

For each input parameter, a sample with a size of n = 10000 is drawn. Based on a set of input parameters,
the MFDs can be approximated for each scenario. The effects of varying input parameters are studied for
both analytical methods, the MoC and the SA. To give an overview of the conducted scenarios, table 3
shows the investigated parameter combinations. As mentioned above, g/c represents the green phase and
cycle length parameters for both the MoC and the SA. The input parameters o and vb are only required for
the MoC. The average bus free flow speed ub and average dwell time td are only required for the SA.

Table 3: Input parameter configuration for the sensitivity study

Method of cuts Stochastic approximation
Scenario 1 2 3 4 5 6 7 8 9 10 11 12 13 14
g/c X X X X X X X X
o X X X X
vb X X X X
ub X X X X
td X X X X
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4. Results and discussion

This section shows and discusses the results for the case study, the investigation of the measurement
bias and the sensitivity analysis. Many results are presented as MFDs, such as in Figure 4a, and Figure 5a
- 8. If not stated otherwise, the abscissa shows the average density in veh/km/ln and the ordinate shows
the average flow in veh/h/ln.

4.1. Case study

The results for the case study include the empirical MFD, and the MFDs approximated by the MoC the
SA, respectively.

4.1.1. Empirical MFD
The empirical MFD is estimated based on the methods explained and the data described in the previous

section. The result is shown in Figure 4a. The abscissa shows the average dimensionless occupancy per
lane which ranges from 0 to 1. The figure shows a well-defined MFD with a clear shape. Especially, the
data related to free flow states are little scattered. Maximum flows are observed around 480 veh/h/ln.
These observations are similar to MFDs reported for other cities (e.g. Ambühl et al., 2017). The occupancy
reaches values up to 0.6. At occupancies between 0.2 to 0.4, a clockwise hysteresis loop can be observed. Its
investigation reveals that the upper part of the loop occurred during the loading period, while the lower part
occurred during the unloading period in the evening. These periods correspond to the onset and offset of
congestion. This pattern can be explained as follows. The direction of travel points towards the outer parts
of the city, including the city’s ring road. In other words, commuters are traveling along the Leopoldstraße
to leave the city. This explains the time of the onset and offset of congestion. Similar patterns were observed
in other studies (Saberi and Mahmassani, 2013; Buisson and Ladier, 2009). Reasons for this phenomenon
are presented in Section 2.
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Figure 4: Empirical results for the Leopoldstraße on October 17, 2017.

The capacity of the arterial could be reduced due to constraining effects on the supply side (such as
signals), but also due to demand-related matters. For example, if there were a strong favoring of one lane,
the other lane’s capacity might be underutilized and thus the MFD would not show the effective capacity
for the whole road segment. To investigate this issue, we plot the lane specific average of occupancies for the
analyzed road segment. The results are displayed in Figure 4b. The abscissa and the ordinate show the time
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of day and the dimensionless occupancy per lane, respectively. The corresponding values for the left lane
in direction of travel are shown as solid black curve, and as dashed black line for the right lane. The figure
demonstrates that there are only minor differences between the two lanes. In general, occupancy values for
the right lane are slightly higher than the ones for the left lane. Reasons for that might be the potentially
higher frequency of flow-disturbing elements such as buses leaving a bus bay, cars looking for parking spots,
and logistic vehicles while loading and unloading goods. However, the differences are minor and we thus
conclude that the capacity of both lanes is utilized. Another reason for low flows apart from bottlenecks
within the studied road segment can be constraining conditions upstream and downstream of the road
segment. We suppose there are no upstream constraining conditions since we observe a congested branch in
the empirical MFD. If there would be any constraining conditions upstream, the observed congested branch
would be very limited. This is not the case, as can be seen in Figure 4a. Additionally, traffic flow could be
constrained by spillbacks from downstream intersections. Unfortunately, the available data does not include
measurements from such locations. However, qualitative on-site evaluation from several days suggests that
spillbacks are rare and do not systematically impact the capacity of the most downstream intersection of
the studied road segment of the Leopoldstraße. Comparable results for the time series of occupancies are
found for other weekdays at the studied road segment. Additionally, the distribution of green times and
cycle lengths in a second available data set do not substantially differ to the one shown in the paper. Thus,
we assume that analyzing the data presented in the paper is representative for the given road segment. In
summary, we assume that the observed capacity in the MFD is due to bottlenecks within the investigated
system and not due to underutilized lanes or constraining impacts from up- or downstream.

4.1.2. Analytical approximation
The evaluation of the analytical approximations for a given set of input parameters leads to an estimate

for the upper bound of the MFD, shown in Figure 5. The curves show the MFDs estimated based on the
MoC and the SA. For comparison, the scatter plot is shown too, representing the empirically derived MFD
with occupancies converted to densities as described in Section 3. The general trapezoidal shape results
from the fact that the MoC and SA approximate the MFD based on different families of cuts, as explained
in Section 2.
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Figure 5: Comparison of analytical approximated and empirically derived MFDs.

A qualitative comparison of the analytical MFD based on the MoC (see Figure 5a) and the empirical
MFD leads to the following observations. The analytically derived free flow cut matches the data rather
well, even though the flows are in general underestimated for densities ranging up to 25 veh/km/ln. For
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densities greater than that, flows are overestimated by the MoC. Moreover, the maximum flow is reached
around 470 veh/h/ln in reality. The estimated capacity of the MoC is around 530 veh/h/ln. Therefore,
the MoC overestimates the capacity of the arterial by roughly 13 %. Possible reasons for such differences
between the empirically estimated and the analytically approximated MFD are the assumptions related to
the KWT such as instantaneous acceleration and stationary traffic flow. Short green times and cycle lengths
could lead to an enhancement of the effects of these assumptions. Furthermore, taking the average of green
times and cycle lengths as input to the MoC might decrease its accuracy. Moreover, the MoC does not
allow for consideration of signal actuation or transit signal priority, which are in operation in reality and
affect the traffic flow dynamics. Furthermore, the empirical MFD is based on LDD and thus includes a
measurement bias. This bias is analyzed within this paper too. The respective results are presented in the
next section. All these points potentially contribute to the observed discrepancies in the empirical estimated
and analytical approximated MFD.

Please note that the SA computes a CDF for the MFD, i.e. a distribution of flows q for each density
k. The results of the evaluation of the SA for the 10 %-, the 50 %- and the 90 %-percentile are shown in
Figure 5b. Additionally, the figure shows the empirical data for comparison. The dashed, solid and dotted
curves are the 10 %-, the 50 %- and the 90 %-percentile of the CDF of the MFD, respectively. Generally,
the free flow branch of the analytical approximations fit the empirical data well up to a flow of about
250 veh/h/ln. For higher flows, differences arise. The largest discrepancy occurs for the capacity which is
about 300 veh/h/ln, or about 63 % in relative terms. This discrepancy clearly exceeds the one observed
for the MoC. Moreover, the difference between the percentiles of the analytical approximations are minor
and cannot represent the scatter in the empirical data. The largest differences between them occur close
to capacity and for the backward waves. We suppose that there exist several possible reasons for the large
differences in the estimated and observed capacities. The actuated traffic signal control and transit signal
priority violate the assumption of an independent distribution of green and red times. Moreover, there exist
substantial differences in green-time-to-cycle-length ratios between intersections as can be concluded from
Figure 3. In other words, intersection no. 3 has the lowest g/c ratio and, thus, is determining the overall
capacity of the arterial. However, the SA derives the capacity cut based on an average of capacities related
to each intersection. In the present case of an arterial with substantial differences of capacities within the
intersections, this might lead to a wrong estimation of the overall capacity. Lastly, it is again noteworthy
to mention that the empirical data includes a measurement bias which impacts the general fit. All in all,
these aspects could lead to the fact that the capacity based on stationary cuts is overestimated.

To quantify the comparison of the MoC and the SA to the empirical MFD, the corresponding RMSE
are calculated. For the MoC an RMSE of 83.0, and for the SA an RMSE of 271.2 is calculated. These
values indicate that the overall approximation based on the MoC is superior to one based on the SA for
the input parameter configuration of the case study. As mentioned above, probable reasons are related to
the measurement bias included in empirical data, the representation of signal control and public transport
operation in the models, as well as assumptions inherited from the KWT. The results of a thorough analysis
of these aspects are investigated in the next subsections.

4.2. Investigation of the measurement bias

Since only limited empirical data are available, the associated measurement bias can only be estimated.
This is done based on a microscopic simulation, as described in Section 3. Figure 6 shows the results of
this investigation. Three different MFDs are presented. First, the MFD based on empirical LDD (ELDD)
as presented in Figure 4a is displayed again as grey scatter plot for comparison. Additionally, the curve
resulting from a LOESS regression based on this data is shown as black solid line. Secondly, the curve
resulting from a LOESS regression based on virtual loop detector measurements (VLDD) is shown as black
dotted line. The curve suggests flows q > 0 veh/h/ln for densities k = 0 veh/km/ln. Please note that this is
a result of the regression method, and physically impossible. Lastly, the LOESS regression curve based on
trajectories from the simulation, virtual floating car data (VFCD), is presented as black dashed line.

The regression results based on ELDD and VLDD were used for calibration. The RMSE of the LOESS
(ELDD) and LOESS (VLDD) is 22 veh/h/ln. Considering the impact of day-to-day variance in traffic flow,
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Figure 6: Illustration of the measurement bias estimation.

measurement errors and other factors we assume that this value is low enough for stating that the microscopic
simulation is calibrated well enough for our purposes.

Since the trajectories contain all information, the curve based on virtual trajectories represents an es-
timate for an MFD without the measurement bias. It can be seen that the free flow branch is slightly
shifted towards higher speeds and the capacity is increased by roughly 40 veh/h/ln. This means that the
measurement bias could lead to an underestimation of the actual measured capacity, and thus the error of
the analytical approximation could be smaller as observed by comparison with the empirical LDD based
MFD. Furthermore, the results indicate that the average free flow speed in the network is underestimated
by simply relying on the empirical data.

4.3. Sensitivity analysis of signal and public transport parameters

As discussed before based on the results from the case study, the representation of signal control schemes
and public transport operation in the analytical approximations are potential reasons for the differences
of the corresponding MFDs and the empirical MFD. In order to study the impact of the related input
parameters, a Monte-Carlo-Simulation with n = 10000 draws is conducted as described in Section 3. Thus,
for each density value a range of 10000 flow values is calculated. Based on these results, a corresponding
minimum qmin, mean qmean and maximum flow qmax can be derived. For the whole range of densities, these
flows can be plotted as curves. Each curve is compared to the empirical MFD and an RMSE is calculated.
The following subsections show and discuss the results for both investigated analytical approximations. The
data plotted in Figure 7 and Figure 8 show the empirical MFD as scatter plot, and qmin, qmean and qmax

as dashed, solid and dotted curve, respectively.

4.3.1. Method of cuts
Three input parameters of the MoC are related to signal control and public transport operation. This is

the green time and cycle length which is represented by g/c, the offsets o and the average bus speed vb. To
investigate all parameters and the possible combinations of them, seven scenarios are studied. Presenting
all plots within this paper is not expedient since the generally observed patterns can be explained with the
three diagrams shown in Figure 7.

As expected, varying the parameter g/c related to cycle length and green times has a large impact
on the shape of the resulting MFDs (see Figure 7a). The capacity ranges between roughly 200 veh/h/ln
and 800 veh/h/ln. Additionally, the free flow and congested branches of the MFD are varying strongly.
Interestingly, the mean flows qmean approximate the empirical MFD well. Figure 7b shows the results of
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Figure 7: Results of the sensitivity analysis of the MoC.

the sensitivity analysis of the input parameter related to the offset o. As expected, the impact on capacity
is negligible. However, the free flow and congested branches are highly impacted by this input parameter.
In general, the offset is challenging to specify, since it is adaptive in reality and this cannot be reproduced
by the MoC. Lastly, Figure 7c presents the results for the scenario related to the average bus speed vb. It
can be seen that the impact is minor. Thus, for the current representation of public transport in the MoC,
this parameter plays only a minor role for the given case. Thus, assuming a corresponding value instead of
measuring it is not crucial for the final result.

The figures for the other four scenarios (4 to 7) are not shown explicitly. Generally, visual inspection
shows that the parameter g/c has the major influence also when it is combined with the other studied input
parameters. The combination of o and vb reveals that their impact on the MFD is still minor in comparison
to g/c. Thus, the main shapes of the results are similar to the ones shown in Figure 7. For the sake of
comprehensiveness, the numerical results in the form of RMSE for all scenarios are presented in Table 4.

Table 4: RMSE results for the sensitivity study of the MoC

Scenario RMSE
qmin qmean qmax

1 138.1 59.2 224.8
2 88.1 104.3 123.8
3 106.5 111.2 117.7
4 141.1 59.3 228.6
5 138.8 58.5 225.0
6 83.7 104.8 127.7
7 140.8 58.7 230.1

The results for the RMSE reveal further insights. First, it can be seen that the calculated RMSE for
qmean are the smallest except for scenario 2 and 6. qmean for sceanrios 1, 4, 5 and 7 have a lower RMSE than
the one calculated for the MFD of the case study. Thus, using qmean would lead to an improved estimation
of the empirical MFD for these scenarios. Another interesting result is that the RMSE of qmean differ from
the one related to the case study. In the case study, the MoC was applied with the average of each input
parameter. Comparing the RMSE from resulting MFD from the case study to the RMSE of qmean resulting
from the sensitivity study reveals a difference. That is that the average input values do not lead to the
mean output values. This finding confirms the purposefulness of the sensitivity study. Moreover, the ranges
between the RMSE of qmin and qmax differ greatly. They are especially large when the parameter g/c is
varied, such as in scenario 1, 4, 5 and 7. This lets us conclude that the impact of g/c is the largest on
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the analytical approximation by the MoC. This is in line with what was concluded from Figure 7a. Lastly,
the low impact of the average bus speed vb is evident when the corresponding RMSE values are studied for
scenario 3. Additionally, the values for scenario 5 are similar to the ones of scenario 1, so the interactive
effect of vb with g/c is low. The same applies to scenarios 2 and 6, where the interactive effect of vb with o
is examined.

In summary, it can be observed that the approximated capacity is highly sensitive to g/c. This is an
expected result. However, averaging the flows for each density based on the computed MFD approximations
reveals a well-fitting curve to the empirical MFD. This is interesting, since possible g/c values can be
estimated based on signal control programs and thus an ex-ante prediction of the capacity of the arterial
is feasible. The high sensitivity to g/c is due to the direct relation of this parameter to the stationary cut
which affects the capacity for the present case. The choice of offsets o has a substantial impact on the free
flow and backward wave branch but no effect on the capacity of the resulting MFDs. Reasons for that
are varying offsets o do not affect the g/c ratio and thus not the capacity, as long as the stationary cuts
are constraining. However, different offsets change the variational graph in such a way that the impact on
shortest paths within the framework of the MoC leads to differing free flow and backward wave branches
in the resulting MFDs. The fit of these branches to empirical data or potentially bias-free data is limited.
However, this is not surprising since only fixed-time control can be implemented into the MoC, whereas in
reality traffic signal actuation and transit signal priority are in operation. Additionally, it is clearly shown
that the public transport operation as currently implemented in the methods has nearly no effect on the
resulting MFD. This can be due to the low impact on the variational graph for the given headway and
average bus speed.

4.3.2. Stochastic approximation
Similar to the MoC, three input parameters are related to signal control and public transport operation

for the SA. Similar to the MoC, g/c reflects the green time and cycle length, the dwell times of buses td and
the average bus free flow speed ub. Again, seven different scenarios are studied to investigate all parameters
and their possible combinations. Since the SA calculates a CDF of the MFD, a percentile has to be specified
to derive a single MFD for each run within the sensitivity analysis. We choose the 50 %-percentile as this
seems to be the most representative.

Visual inspection of all plots shows again that it is sufficient to present only the diagrams of the first
three scenarios in Figure 8. The main results can be explained through these figures.
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a) Scenario 8: Sensitivity to g/c.
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b) Scenario 9: Sensitivity to td.
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c) Scenario 10: Sensitivity to ub.

Figure 8: Results of the sensitivity analysis of the SA.

Figure 8a shows that the parameter g/c related to cycle length and green times has again a large impact
on the shape of the resulting MFDs. The capacity ranges roughly between 600 veh/h/ln and 900 veh/h/ln.
Contrarily to the results of the MoC, the free flow and congested branch of the MFD are barely affected.
Figure 8b shows the results for varying the bus dwell times. It becomes clear that this input parameter has a
negligible influence on the MFD for the investigated case. Thus, it seems that the choice of this parameter is
not important for applying the SA for the case of the Leopoldstraße. Lastly, Figure 8c presents the results for
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the scenario related to the average bus free flow speed ub. The parameter has a substantial influence on the
shape of the MFD. More specifically, it can be seen that the capacity ranges between 650 and 750 veh/h/ln.
For all figures, it is observed that the free flow and backward wave regions are substantially less impacted
by varying the input parameters compared to the MoC. Since the free flow cut matches the empirical data
well, this is an advantage of the SA.

Again, the figures for the other four scenarios (10 to 14) are not shown explicitly. Visual inspection reveals
that no unexpected interaction effects between the studied input parameters exist. The consideration of
multiple variable input parameters results in adding their impacts. For example, td has still very limited
effects when it is combined with g/c or ub. The main shapes of the results are similar to the ones shown in
Figure 8. For the sake of comprehensiveness, the numerical results in the form of RMSE for all scenarios
are presented in Table 5.

Table 5: RMSE results for the sensitivity study of the SA

Scenario RMSE
qmin qmean qmax

8 267.5 271.2 274.8
9 187.2 275.7 367.5
10 221.6 256.8 280.2
11 204.3 256.6 293.7
12 148.9 261.0 369.7
13 174.6 275.5 372.0
14 133.7 260.9 369.7

The results for the RMSE reveal further insights. First, it can be seen that the calculated RMSE for
qmin are always the smallest. Additionally, all qmin have a lower RMSE than the one calculated for the
MFD of the case study. Thus, using qmin would lead to an improved estimation of the empirical MFD for
all scenarios. Another interesting result is that the RMSE of qmean differ from the one related to the case
study. Similarly to the results for the MoC, the mean input to the SA does not lead to the mean output.
Moreover, the ranges between the RMSE of qmin and qmax differ greatly. They are especially large when
the parameter g/c is varied, such as in scenario 8, 11, 12 and 14. This lets us conclude that the impact of
g/c is the largest on the analytical approximation by the SA. This is in line with what was concluded from
Figure 8a and with similar results for the MoC. Lastly, the low impact of the bus dwell times td is evident
when the corresponding RMSE values are studied for scenario 10. Additionally, the values for scenario 12
are similar to the ones of scenario 10, so the interactive effect of ub with g/c is low. The same applies to
scenarios 10 and 13, where the interactive effect of ub with td is examined.

Generally, the SA shows a good and robust fit to the free flow branch. However, the capacity is clearly
overestimated, even by taking the minimum of all computed MFDs in the corresponding scenarios. Reasons
for such an overestimation are discussed in Section 4.1.2. Nevertheless, the method seems to capture public
transport operation more effectively, since the related parameters have a substantial impact on the resulting
MFDs. This could be due to the endogenous consideration of effective bus speeds in the model (Castrillon
and Laval, 2017). Extending the SA to account for single intersections which dominate the overall capacity
might be an interesting line of research. Such an extension could lead to a better fit to empirical data for
cases similar to the Leopoldstraße, i.e. arterials with a comparably low number of intersections and high
variability in signal timings.

This study aimed to investigate the differences between the empirically estimated and analytically approx-
imated MFDs. The results shed light on possible reasons, such as the measurement bias, model assumptions
and simplified consideration of signal control and public transport operation. Remaining unexplored reasons
for discrepancies are likely the assumptions of the KWT, and the hysteresis phenomenon. For example, the
role of infinite acceleration and deceleration implied by KWT could be investigated. First analyses con-
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ducted by the authors showed that more effort is necessary to understand the effect of these parameters
on the MFD. Setting the acceleration and deceleration to extremely high values in the car-following model
of the microscopic simulation does not produce the expected results. Under such conditions, some vehicles
are not able to perform lane changes to reach their desired destination. As a result, they remain stopped
at intersections. This causes unnecessary congestion, reduces the capacity of the arterial, and increases the
differences between the simulation-based and analytical MFDs. Since a more detailed investigation of this
phenomenon is beyond the scope of this paper, we suggest future research to study the role of infinite accel-
eration assumption of KWT. The hysteresis phenomenon can be considered with MFD-based modeling as
shown in Mariotte et al. (2017). However, both the MoC and SA are methods to derive accumulation-based
MFDs and thus such an investigation lies beyond the scope of this paper. Overall, the conducted analysis
helps to gain a better understanding of several potential error sources.

5. Conclusion

This paper compares two different methods which analytically approximate the arterial MFD. The first
method is the MoC which is based on the KWT. It is deterministic and approximates the MFD based on the
link FD, road topology, signal settings and public transport operation parameters. The second method is
the SA. It considers the stochasticity of input parameters and estimates a CDF for the MFD. Within a case
study, both methods are evaluated by comparing the resulted MFDs against the MFD derived from empirical
data collected at five intersections of an urban arterial, namely the Leopoldstraße in Munich, Germany. The
empirical data set consists mainly of LDD and time-stamps for signal phase changes. The case study reveals
differences between the empirical and analytical MFDs. Subsequently, the paper investigates potential
reasons for the occurring discrepancies between the empirical estimation of the MFD and corresponding
analytical approximations. This includes the analysis of the measurement bias which is induced by LDD. The
results suggest that the actual capacity could be larger as the empirical MFD proposes for the studied case.
Moreover, the free flow branch of the estimated MFD appears to be steeper without the bias. Eventually,
an in-depth investigation of the input parameters regarding signal control and public transport operation
for both methods and their impacts on the resulting MFD approximation is conducted. The analysis is
performed as Monte-Carlo-Simulation based on a Latin Hypercube sampling. The results indicate that the
capacity predicted by both methods is highly sensitive to the green-to-cycle ratio related input parameters.
Interestingly, the mean flow resulting from calculating a large sample of MFDs based on the MoC by
varying the green-to-cycle ratio fits the empirical data very well. Moreover, the offsets have a strong
impact on the free flow branch of MFDs predicted by the MoC, which is generally underestimated by this
method. Contrarily, the SA overestimates the capacity for all cases. However, this method predicts the free
flow branch accurately. Input parameters related to public transport operation have a comparably minor
impact. Overall, the MoC seems to be more promising for the case studied within this paper as indicated
by the corresponding RMSE results. By knowing possible green-to-cycle ratios, a general shape of the MFD
seems to be predictable for highly inhomogeneous urban arterials. This opens the door to model-predictive
traffic control based on the MFD.

The contributions of this paper include an in-depth analysis of the role of signal data for analytical MFD
estimation methods. Moreover, we compare the performance of two prominent analytical MFD estimation
methods to empirical data from an arterial in Munich, Germany. The results indicate that the MoC can be
applied to estimate the capacity for highly inhomogeneous arterials, whereas the SA delivers a good fit for
the free-flow branch.

Future research regards to investigate more urban arterials to generalize the findings for the MoC and the
SA. Furthermore, extending the MoC to be applicable to road networks and arterials with traffic actuated
signal control would be an interesting task. This could lead to a fast and efficient way to analyze the
capacity of an arterial with actuated signal control. Thus, it could be used to study different signal control
strategies regarding maximum arterial capacity. However, it is unclear if the mathematical framework
holds for hyperlinks which represent varying signal timings between intersections and at each intersection
to represent more complex signal control schemes. Thus, completely new approaches might be necessary.
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Nevertheless, more accurate implementation of public transport can be incorporated. This might already
improve the accuracy of the methods. Moreover, only the SA applies to networks. No deterministic method
such as the MoC is available to analytically estimate the MFD for networks in general. The MoC was only
applied to simplified networks, which can be approximated by a single arterial. Therefore, corresponding
developments could open the door to network-wide deterministic ex-ante MFD prediction.
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Loder, A., Ambühl, L., Menendez, M., Axhausen, K.W., 2017. Empirics of multi-modal traffic networks – using the 3d
macroscopic fundamental diagram. Transportation Research Part C: Emerging Technologies 82, 88–101. doi:10.1016/j.
trc.2017.06.009.
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