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Abstract—1In this work, we propose a compositional ap-
proach for the construction of approximations for intercon-
nected systems evolving on Riemannian manifolds. This allows
for larger classes of systems than the ones considered in existing
works defined only over Euclidean spaces. In the proposed
framework, the approximation, itself a control system (possibly
with a lower dimension), can be used as a substitute of the
original system in the controller design process. We employ
a notion of so-called simulation function, constructed using a
(pseudo) Riemannian metric defined over the tangent bundle
of the state space, to quantify the error between concrete
interconnected control systems and their approximations. We
provide a small-gain type condition that enables the construc-
tion of an abstraction for the interconnected control system
compositionally.

I. INTRODUCTION

Controller synthesis for large-scale interconnected systems
to achieve some complex specifications in a reliable and
cost effective way is a formidable task. One line of research
which has been explored to surmount this challenge is to
use a simpler (e.g. lower dimension) (in)finite approximation
(referred to as abstraction) of the given system as a substitute
in the controller design process. Instead of synthesizing a
controller to enforce the complex specifications over the
output of the original system directly, one can synthesize
a controller to enforce that specification on the output of the
abstraction, and then refine that controller to the one for the
original system. The original complex system and abstraction
are related such that the error between their output behaviors
can be quantified.

Instead of constructing abstractions of the complex sys-
tem as a whole (monolithic approach), one can leverage
the fact that many large-scale complex systems can be
regarded as interconnected systems consisting of smaller
control subsystems. This motivates a compositional approach
for the construction of the abstractions in which abstractions
of the original interconnected systems can be provided by
constructing abstractions of the subsystems and their inter-
connections. Recently, there have been several results on
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the compositional construction of (in)finite abstractions of
deterministic control systems including [1], [2], [3], and of
a class of stochastic hybrid systems [4], [5].

All the aformentioned results in the context of (in)finite
abstractions consider systems evolving over the Euclidean
spaces. The state-space of many systems are Riemannian
manifolds [6], and therefore, their analysis requires tools
from differential geometry [7]. In this work, we propose tech-
niques for compositional construction of infinite abstractions
for interconnected control systems evolving over smooth
Riemannian manifolds. We introduce a notion of so-called
simulation functions constructed from (pseudo) Riemannian
metric defined over the Cartesian product of the tangent
bundle of the interconnected control system and that of its
abstraction. Given a network of control subsystems and the
simulation functions between them and their abstractions,
we derive sufficient conditions based on small-gain type
reasoning [8], guaranteeing that a network of abstractions
quantitatively approximates the original network of concrete
subsystems.

II. CONTROL SYSTEMS
A. Notation

The sets of non-negative integer and real numbers are
denoted by N and R, respectively. Those symbols are sub-
scripted to restrict them in the usual way, e.g. R denotes
the positive real numbers. The symbol R™*" denotes the
vector space of real matrices with n rows and m columns.
For a,b € R with a < b, the closed interval in R is
denoted by [a,b]. For a,b € N and a < b, we use [a;b] to
denote the corresponding interval in N. Given N € N>,
vectors z; € R™ n; € N>y and ¢ € [1;N], we use
x = [x1;...; 2] to denote the concatenated vector in R”
with n = Zi\; n;. Given a vector x € R", we denote by
||| the Euclidean norm of x. Given matrices My, ..., M,,
the notation diag(My, ..., M,,) represents a block diagonal
matrix with diagonal matrix entries M, ..., M,. Given a
function f : R>o — R", the (essential) supremum of f is
denoted by || f|co = (ess)sup{||f(¢)||, t > 0}. A continuous
function v : R>g — R, is said to belong to class K if it
is strictly increasing and v(0) = 0; v is said to belong to
Koo if v € K and y(r) — oo as 7 — oo. A continuous
function 8 : R>g x R>¢g — R>q is said to belong to class
KL if, for each fixed ¢, the map [3(r,t) belongs to class
K with respect to r, and for each fixed non zero r, the
map S(r,t) is decreasing with respect to ¢t and 3(r,t) — 0
as t — o0o. An (n-dimensional) manifold M, is a pair
(M,,, AT) where M,, is a set and AT is a maximal atlas



into R™, such that the topology induced by A" is Hausdorff
and second countable. We denote the tangent space of M,
at x € M,, by T, M,, and the tangent bundle of M, by
TM, = UxEMn{x} X TzM,. A curve on the manifold
is a mapping v : I € R — M,,. A distance (or metric)
d: M, x M, — R>¢ on a manifold M,, is a continuous
positive function that satisfies d(z,y) = 0 if and only if
x =y for each =,y € M, and d(z, z) < d(z,y) + d(y, 2)
for each z,y, z € M,,. A (pseudo) Riemannian metric [9] on
a smooth manifold M,, is a smoothly varying inner product
on the tangent bundle 7 M,, of manifold M,,. Given M,,,
and a matrix valued map G : M,, — R™*™ such that G(x)
is a positive (semi) definite matrix for each x € M,,, the
(pseudo) Riemannian metric corresponding to the (pseudo)
Riemannian structure G is given by 627 G(x)dy for each z €
My, 6z € T, M, and 6y € T, M,,. Given two points x,y €
M.,,, a smooth curve v : [0,1] — M,, such that y(0) = =z,
and v(1) = y, and a (pseudo) Riemannian structure G
defined on M,,, we define the (pseudo) Riemannian energy

T
functional as Fg(y) = 01 % (s)G(v(s))%(s)ds. For two
points z1, 29 € M, I'(21, 22) denotes the set of piecewise
continuous curves connecting z; and zo: I'(21,22) = {7 :
[0,1] — M,,|v is piecewise continuous ,y(0) = z1,v(1) =
29}. Given two points z,y € M,, a Riemannian structure
T
G defined on M, ag(mh; fol \/% (5)G(~(s)) 5L (s)ds is
vel(z,y
called a geodesic curve between x and y with respect to G.

B. Control Systems

Now, we define the class of control systems investigated
in this paper.
Definition 2.1: The class of control systems studied in this
paper is a tuple ¥ = (M,,,R™ RP. U, W, f,R? h), where
e M, is an n-dimensional state manifold containing
the origin, while R™ RP, and RY, are the external
input, internal input, and output (Euclidean) spaces of
dimension m, p, and ¢q respectively;
e U and WV are subsets of sets of all measurable functions
of time taking values in R™ and RP, respectively;
o f : M, xRP x R™ — M, is the continuously
differentiable state evolution map. We assume that
f (07 0, O) =0;
e h: M, — R is the continuously differentiable output
map;
A control system 3 satisfies

5. {é(t) = J(£(0),0(1),w (1)),
C(t) = hl&(®)).

for any v € U and any w € W, where a locally absolutely
continuous curve £ : R>g — M, is called a state trajectory
of 3, ¢ : R>g — R? is called an output trajectory of . We
also write £,,.,(t) to denote the value of the state trajectory
at time ¢ € R>¢ under the input trajectories v and w from
initial condition 4,,(0) = a, where a € M,,. We denote
by (.u. the output trajectories corresponding to the state
trajectory g -

(IL1)

Definition 2.2: Given any
¥ =My, R RPUW, fLRE L),
the variational control system of X is given by the tuple
0¥ = (TMu,R™ RP U W, f, R 5h),

where for every [z;0x] € TM,,u € R™, du € R™ w €
RP, and dw € RP:

of of
%(a:,u,w)&ﬂ + %(x,u,w)éu

0
L of

Sf(z,0x,u, du, w, dw) :=
0 (z,u, w)dw
oh
Oh(z,dz) = 8—(96)596
Remark 2.3: If the controlzsystem 3. does not have inter-

nal inputs, the definition of the control system in Definition
2.1 reduces to the tuple

Y= (M713Rmau7 f7 Rqa h)

Correspondingly, the equation (II.1) describing the state and
output trajectories reduces to:

5. {é(t) = F(&(), (),

¢(t) = h(&(1))-
We use the notion of control system in (II.2) later to refer
to an overall interconnected control system. The variational

control system of 3 can be defined similar to Definition 2.2.
Definition 2.4: Let

Z = (Mn7RTrL7Rp7u7 W7 f7 Rq7 h)7

(IL2)

and A ) o .

Y= (M’fu RT”7 Rpa Z/[, W7 fa RQ? h)a
be two control subsystems with the same internal input and
output space dimension. We define the augmented system

S = (Ma, R™ R U W, f,R, h),
where M; = My, x Mp, U=U XU, W =W x W, m =

m + 1, and for each x € M,,, & € M, u € R™, 4 € R™,
w € RP, and w € RP:

@, a,w) = {
h(E) =
where = [z;£], 4 = [u; 4], and @ = [w; W]. R
Definition 2.5: Let ¥ = (M,,,R™, U, f,R9,h) and ¥ =
(Mpu,R™ U, f,RY, h) be two control systems with the same
output space dimension. We define the augmented system
E = (;/\/lﬁﬂRﬁlau7 f7Rq7 h)a Where Mﬁ = Mn X M'fl» Z/[ -

UxU, m = m+m, and for each v € M,,, T € Mj;,
u € R™, and 4 € R™:

where & = [z;Z], and @ = [u; 4].



III. SIMULATION FUNCTIONS

In this section, we introduce a notion of so-called simu-
lation functions, which is used to quantify the closeness of
output trajectories of the concrete systems and the ones of
their abstractions.

Definition 3.1: Consider two control subsystems

= (M, R™, R U, W, f, R, h)

and . h o .
Y= Mau, R RPUW, fLRY h)
and the corresponding augmented system
= (Mﬁa Rma Rvadv Wv fv R?
as in Definition 2.4. Let

6% = (TMi, R™ R* . UW,5f,R?, 6h)

\.DQ
~

be the variational control system of S as defined in Definition
2.2. Suppose there exists some positive constants « and
A, a matrix valued function G : Mz — R™*% such that
G() is a positive (semi) definite matrix for all & € My,
functions Yext € Koo U {0}, ¥int € Koo U {0} and a
continuously differentiable function' k : Mj; x R™ x RP —
R™ which satisfies k£(0,0,0) = 0, such that the following
two conditions hold:?

e For any z € Mj:

T , .
oh oh
G(Z) = — |.
(@) za <8x> (65)
e For any [7;67] € TMz, & € R™, §u € R™,
w € RP jw € RP, if we choose u using the map
u = k(Z,u,w), then for all w € RP, jw € RP:

[ Of
T
0T <8x

+26@T% G(z)0z + 26u G(%)ox
w

< AéxTG( )(S.’K + d}lnt(”&w (SU)H) + ¢ext(||5u”)
(IIL.2)

(5u + 3 Ok =0,

(IIL1)

Tf

where, 6@ = [du;6d), ou = Loz +
W = [w; W], and dw = [dw; dw].
then

1
Vo@) = _int [ 6T ()ds,
7€r(z,0) Jo

is called a simulation function from 3 to ¥ with respect to
the (pseudo) Riemannian structure G. We call N (preferably
with 7 < n) an abstraction of Y if there exists a simulation
function from ¥ to .

The next theorem shows the usefulness of the existence
of a simulation function in quantifying the closeness of two
control subsystems.

'We refer to k as the interface map.
2Here, for brevity, we do not write the arguments of the partial derivatives
explicitly.

Theorem 3.2: Let ¥ = (M,,R™ R, U,W, f,R% h)
and ¥ = (M, R™ RP. U, W, f,R9, h) be two control sys-
tems. Suppose Vi, associated with the (pseudo) Riemannian
structure G and the interface map k, is a simulation function
from ¥ to X, then there exists 3 € KL, Yext € Koo U {0},
Yint € Koo U {0} such that for any = € R”, & € R?, velu
and & € W, if we choose v € U using k, then the following
inequality holds for any ¢ € R>¢ and any w € W:

[Cavw(t) = Goa (D] < B(Va(w, 2),1) + thext ([[0]]oo)
Proof: Consider two points & = [z;2] € My and
0 € My, and a geodesic x : [0,1] — R", with respect to
the (pseudo) Riemannian structure G, such that x(0) = 0,
and x(1) = Z. The energy functional corresponding to this
geodesic is given by

1
Vo) = Ea(#,0) = / X (8)TG(x(5)x' (5)ds.

Let fﬁ,@ = [fww;éﬁ,@] be the solution trajectory of »
for any initial condition £ € M, under the external input
trajectory 7 = [v; V], where v(t) = k(Ez50(t), D(t), (1)),
for all ¢ € Ry, for any 0 € U, and under internal input
trajectory @ = [w;&], where w € W, and & € W.

For a fixed ¢ € R, consider the straight line 7(s,t)
= sp(t) in s, where s € [0,1]. For any fixed t € Rx,
the curve A(-,t) : [0,1] — R™ is a geodesic, with respect
to the Euclidean metric, on R™ joining 7(0,¢) = 0 and
7(1,t) = ©(t). For a fixed ¢t € Rx(, consider the straight

s nm(snf)} [w(tq :

line 7y, (s,t) = | . =5 in s, where s € [0, 1].
s ) {nw@,t) o(t) (0-1

For any fixed ¢t € Rxq, the curve 7j,(-,t) : [0,1] — R?

is a geodesic, with respect to the Euclidean metric, on R?P

joining 7,,(0,¢) = 0 and 7,,(1,t) = [223]

For any s € |[0,1], let gi(s,') R>y — R
be the solution trajectory of X from initial condition
x(s) under the external input 7,(s,-), where 7,(s,t) =

A(s,t)

where 7, (s,t) = s [wgﬂ Vt € Rxq. Note that ¢(0,t) = 0,

and ¢(1, t) = fjf,g) (t) ~
For brevity, we denote %q&(&

} , and the internal input 7,, (s, -),

t) =: p(s,t). Note that

2 2
( t) = afasgﬁ(s,t) = 88 td)( t)
_ gf(g?)(s £), 77 (5, 8), flu (s, 1))
_0f 0 of 0 of 0
= 5550 Haa (.0 F 55 s 10 (=)
ok 5 N ok
; gfp )+ Jf S



Define
() = / 35,17 G(6(5,1))i(s, t)ds,

i.e. I(t) is the energy functional of the curve ¢(-,t), with
respect to G. We have

Dy / D s TG )5, )
<8f +Gaf ac:)
[ e

+2/0 Ei %

where, again, we dropped explicit arguments for clarity in
the last expression. From (III.2), one has:

G pds

’ﬂt>

Gpds,

1
G0 < =X [ 0T GG, (s, )

dt
[ e (P
0
‘|‘/0v ¢int (Hasnw(‘g)t) - aSﬁw(S7t)H) ds

1
<A / (s, 1)7 G35, £))p(s, t)ds

—w<t>||>/01ds

+ e (12O / ds
< =) + Yext ([17]]o0) + Yine([[w — @foo)-

+ Yint ([Jw(t)

It follows from the comparison lemma [10] that
—Xt 1 - 1 -
U(e) < e1(0) + S ena (17]00) + 3 (o = Dloc)-

Note that 1(0) = Va(Epvw(0),E00(0)) = Vg(Z). Now
using the fact that for any ¢ € R, I(t) is not neces-
sarily the minimum energy functional corresponding to a
geodesic because ¢(s,t) is not necessarily a geodesic, i.e.

Ve (Eovw (1), €256 (1)) < U(t), one has:

Ve (Eavw(t), Exoo () < € MV (Ernw(0), E466(0))
Jr%wext(HﬁHoo)+%¢int(“w*d)”oo)- (I11.4)

For every x € R™, % € R™, we use (IIL.1) and the Schwarz

inequality to obtain:

Oé”hl

<a / \/ X()T 2 ()N (5)ds
([ \/x’(S)TG(X(S))X’(S)dS)Q

< / X (6 TG(x(8) (5)ds = Va(®),
0

where & = [z;Z]. Combining (IIL5) with (IIL.4), one
can conclude that (IIL.3) is satisfied with S(r,s)

\/ge_%s, Yext (1) = \/m’ and P (r) =

ﬁwmt(r),vs, r € R>o. m

IV. INTERCONNECTED SYSTEMS

@) = ol @)

8h1 8h1

(I1L.5)

Here, we define the interconnection between the control
subsystems by defining the relationship between the outputs
and internal inputs. Consider N € N> control subsystems

Ei = (an',?Rmi?Rpi?ui?Wivfi?qua hi)7

1 € [1; N], with partitioned internal inputs and outputs

Wi = (Wi} .5 Wigi—1); Wii41)s - - - WiN],  wi; € RPY
Yi = [Wit; -5 Yin], ¥y € R (Iv.1)
and the output function
hi(zi) = [Pir(@i); - - - 5 hin (24)]- av.2)

We interpret the outputs y;; as external ones, whereas the
outputs y;; with ¢ # j are internal ones which are used to
define the interconnected control system. In particular, we
assume that the dimension of w;; is equal to the dimension
of y;; i.e. the following dimension constraints hold:

Vi,j € [, N],i # J.
If there is no connection from the control system 3; to
Y;, then we assume that the connecting output function is
identically zero for all arguments i.e. h;; = 0. Now we
provide the definition of the interconnected control system.
Definition 4.1: Consider N € N control subsystems

Y= (anRmi?RpiauivWivfi)qua hi)7

Dij = 4ji, (Iv.3)

i € [1; N], with the input-output configuration given by
(IV.1), (IV.2) and (IV.3). The interconnected control system
Z = (MTH R7n7u7 f7 qu h)a

denoted by Z(%4,...,2yN), follows by M, =

N Hg\Lle’
m = Z _,Mmi,q =) ; ;¢ and the functions

flz,u) = [f1($17ulyw1);~--;fN(iL’N,uN,wN)] )
h((E) = [hu(x); .. '§hNN(xN)L
where w = [u1;...;un], © = [21;...;2n], and the in-

terconnection variables constrained by w;; = y;;, for all
6,5 € [N i # .



V. COMPOSITIONALITY RESULT

In this section we provide sufficient conditions under
which an interconnection of abstractions of control systems,
is an abstraction of the original interconnected system. We
assume that we are given N € N control systems

Ei = (anRmivalauivwivfi)quy hi)7

where ¢ € [1; N]|, together with the corresponding abstrac-
tions

ii = (Mﬁi7Rmi7Rpi7ai7Wi7fi)qua ili)v

where ¢ € [1; N| and with simulation function Vi, associ-
ated with the (pseudo) Riemannian structure G;, from f)i to
3. We use oy, Ay Yiext, and ¥;ing to denote the correspond-
ing constants and functions appearing in Definition 3.1. We
require the following assumptions in order to provide the
compositionality result:

Assumption 1: For any i,j € [1; N], i # j, there exists a
positive constant ¢;; such that for any s € Rxq:

hji=0 = d;; =0 and

hji 20 = Yjing ((N -1) ;) < dyj8.
J
For notational simplicity we define the matrix A € RV*¥

with its components given by A;; = 0 for i € [1; N] and
A;; = 6 for i,j € [1;N], i # j. The next theorem
provides a compositionality approach on the construction of
abstractions of interconnected control systems and that of the
corresponding simulation functions.

Theorem 5.1: Consider the interconnected control system
¥ =7I(%4,...,2n), induced by N control subsystems ;.
Suppose each subsystem X; admits an abstraction 3, with
the corresponding simulation function Vg, with respect to
(pseudo) Riemannian metric G;. If Assumption 1 holds and
there exists a vector u = [u1;...;un], where p; > 1 Vi €
[1; N], such that the inequality

pr(=A+A) <0 (V.1)

is satisfied®, where A = diag{\1,...,An}, then

Vg(.’ﬁ) = inf
F€T'(Z,0)

/0 5(5)TG(3(5))7 (s)ds,

is a simulation function from the interconnected control
system X =Z(X,...,Xy) to X, where

w1G1 (1) 0 0
0 p2G2(%2) 0
0 0 ,uNGN(ch)
T = [i‘l;...;.ﬁ]\i], and T; = [l‘i;i‘i] € MnL X Mﬁb Vi €
[1; N].

3We interpret the inequality component-wise i.e. for z € RN we have
z < 0 iff every entry z; < 0,4 € {1,...,N}

Proof: For any x; € M,,,, and &; € My,, i € [1; N],
define

hl(i’l) hl(l’l) — ill(ii’l)
B(i) = = ,
[ (Zn) hy(zn) — hy(@n)
where T = [Z1;...;Zn], and T; = [z;;&;], Vi € [1; N]. One
has:
'22; (1)
Oh | O 55 (72)
x> : ’
L 0 0 Z(iy)
and

~\NT -
NEARD
—\ oz oz

- T - ~ T -~
- ohy\ ohy ohn ) Ohn
=M N 95, ) o7 N\ 9z ) 0Ea

,Lthl(iffl) O 0
0 1oGal@n) 0
< e . ~ G(#),
0 0 unGn(Zy)

where @ = min{ay, ..., ay}. Thus, the condition (IIL.1) is
satisfied with &« = a. Now we prove inequality (II.2). For
all i € [1; N], consider any Z; = [z;;%;] € My, x Ma,,
ox; = [5.’1?“5.’1%] S ELMM X EiM'FLi’ u; € ani’, and
any 6t; € R™i. Under the map u; = k;(;, U;,0;), (I1.2)
is satisfied for each pair of subsystems >; and Y, with

the internal inputs given by w;; = y;; = hji(z;), and
Wij = ji = h;i(Z;). The corresponding differential internal
— 9hji

inputs are given (511}1']' = 5yjz = Bz, 51’j, and 5’11}” = (5:&]1 =
Ohj;
oz,
S(7,67) = 63T G(7)0 along the solution trajectory and
employ the conditions (V.1) which results in the chain of
inequalities (V.2), where we use the triangle inequality and
the following inequality [11]

6:i:j. We consider the time derivative of the function

N-1
Yiint (11 + -+ -+ 7v21) < Z Yiint (N — 1)73).
i=1

We define the vector 64 = [dii;. .. ;diy], and the function

N
max Z':l :U/iwiext (Sz)
wext(s) = §20 '
st.  ||§]| =s.

where 5= [s1;...;5n] € RV, eyt € Koo U{0}. Therefore,

one has:
S < —A62" G(8)0F + e ([ 62])),
where ) is the minimum element of the vector

_ILLT(_A + A)7



i o
P ;5@TG2(@)55€Z < ;/in (-

Ni0Z] Gi(%3)0%; + iext ([|04]|) + Viine (||6w; — 51b5]]))

N N
< [asT G S w( )6 miju) +3 et (1601
i=1 j=1,j#1i i=1
N N
= wi | —NdE] Gi(#:)5% + Z w( — 1)|1dy;i — &@jin) + > pithiese ([100:]))
i=1 j=1,j#t i=1
Y ah oh a
— . T i} abs s
= Z 223 Ai 6-T G (.731 5xz =+ Z q/}zmt( 5 8A 5 > =+ Z Uﬂ[}zext(”(suz”)
i=1 j=1,j#t i=1
N 6;1 N
= Z Hi *)\ (51’TG (llfz 5551 + Z q/}71111:( 85cj 5-%] > + Z uﬂ/}vext(”5ﬁ7|‘)
i=1 j=1,j#t i=1
N N 1 N
< Z pi | —Ni0E] Gy(:)0%F; + Z Yiint ((N —1)4/02] G, (fj)(si’j) + Z Hitiext (1|044))
i=1 G=1,ji e i=1
N N N
< i [ —N0E Gi(E)0E + Y 6508 Gi(E)0F; | + > pritbrexs (1|08]))
i=1 G=1,ji i=1

T(—A + A) 07T G(31)071; . ..

;0ENG(EN)EN] + Z tiiext (1|07 )

N
(V.2)

i=1

which satisfies inequality (II1.2) with 1,y = 0. Hence we
conclude that

inf

V(z,2) =
(@.8) F€T(%,0)

/O 5(5)TG(3(s))7 (3)ds,

is a simulation function from 3 to .

VI. CONCLUSION

In this work, using tools from differential geometry,
we derived sufficient conditions based on small-gain type
reasoning under which abstractions of interconnected sys-
tems evolving on smooth Riemannian manifolds can be
constructed compositionally. In future work, we will look
at deriving constructive conditions which facilitate the con-
struction of abstractions for various classes of nonlinear
systems evolving on smooth Riemannian manifolds together
with the corresponding simulation functions and interface
maps, hence, generalizing the results in [12], which is only
applicable to linear systems over Euclidean spaces.
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