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1. INTRODUCTION

The transfer of the moment matching reduction concept
from linear to nonlinear systems has been pioneered over
the last years by Astolfi [2010a]. In this and further publi-
cations, the focus lies on the extension of input Krylov sub-
space-based moment matching to the nonlinear case. The
generalization is based on the steady-state interpretation
of moment matching and involves the difficult solution of
a nonlinear partial differential equation (PDE).
Moreover, the time-domain interpretation of output Krylov
subspace-based moment matching has been also investi-
gated for linear systems (Astolfi [2010b], Ionescu [2016])
using the dual Sylvester equation, and transferred to the
nonlinear case in Tonescu and Astolfi 2013, 2016].

The aim of this short contribution is (i) to comprehen-
sively explain the steady-state perception of output Krylov
moment matching given by Ionescu [2016]. Another goal
is (ii) to state our progress concerning a practicable, pro-
jective output Krylov subspace-based nonlinear moment
matching method, so that this and further topics can be
discussed at the conference.

2. LINEAR MOMENT MATCHING
Consider a large-scale, linear time-invariant (LTI), asymp-
totically stable, state-space model of the form
Ex(t)=Axz(t)+ Bu(t), y(t)=Cx(), (1)
where det(E) # 0 and z(t) € R", u(t) € R™, y(t) € R?
denote the state, inputs and outputs of the system. The

goal of model order reduction is to approximate the full
order model (FOM) (1) by a reduced order model (ROM)

E,@.(t) = Ar@:(t) + Bru(t), y,(t) =Cra:(t), (2)
of much lower dimension r <« n with E, = WTEV,
A, =WTAV, B, = W'B and C, = CV, such that
y(t)~y,(t). The main task in this projection-based setting
consists in finding suitable (orthogonal) reduction matrices
V, W € R™ " that span appropriate subspaces.

2.1 Frequency-domain perception of moment matching

The transfer function of (1) is G(s) = C(sE — A)"'B.

Definition 1. The moments m;(o) of G(s) at a complex
expansion point o € C are given by

mi(0) = (~1)'C((cE — A)"'E)'(cE — A)"'B € R?*™.

If W is chosen as basis of an output Krylov subspace
span{(ulEfA)’TCTll ..... (ME—A)*TCTl,.} C ran(W), (3)

then left tangential multipoint interpolation is achieved:
U G(ps) =17 Go(mi) & 1 mo(ps) =17 muo(pa). (4)
Hereby, the 0-th tangential output moments are defined as
my (i, 1;):=1 mo(pu;) =w] B withw]=1] C(u; E-A)~".
Suitable shifts j; € C\A(E~'A) and left tangential direc-
tions I; € CP should be chosen for a good approximation.

Any basis of an output Krylov subspace can be interpreted
as the solution W of the following Sylvester equation:

E'WS! —ATw=cC"L, (5)
where S, =diag(p1,...,4r) € C™*" and L=[l4,...,1,]
CP*" such that the pair (S, LT) is controllable.

2.2 Time-domain perception of moment matching

Theorem 1. Consider the signal generator
) (t) = Swal(t) - LT y(t), =(0) ==z,  (6a)
d(t) = z¥(t) — W' Ex(t). (6b)
Consider the interconnection between (1) and (6) as in
Fig. 1. Let W be the unique solution of (5) and V
such that det(WTEV) # 0. Furthermore, let x’y = 0.
Then, the steady-state response of d(t) and e(t) match,
i.e. dss(t) =ess(t) (see Fig. 1).
Lemma 1. For an asymptotically stable FOM, wu(t) = 0,
xo # 0 arbitrary and x;’; = 0, the steady-state response
(t — 00) of x¥(t) is given by z¥(t) = —eS“'W ' Ex,
where w] = 1] C(u;E — A)~'. Due to (6b) and x(t) =
B Aty T29°0, the steady-state of d(t) is des(t) = xl (1)

Further note that the interconnected system ((1) and (6))
is equivalent to the system (cf. Fig. 1)

d(t)=8,(z¥(t)~W'Ez(t)) —~W' Bu(t), d(0)=-W ' Ex,.

d(t) = S,d(t) — W' Bu(t)

lfi‘,‘n =0

t
AL Py S

d(t) = () - W Bx(r) |

' [Be() = A=) + Bul)
y(t) = Cx(t)

lincar signal generator

WTEV &.(t) = WTAV z,(t) + WTBu(t) & (t) = S, z(t) — LTy, (1)
y.(t) = CV (1) el e(t) =2 (1) — () ‘

linear signal generator

&(t) = S,e(t) — W' Bul(t)

Fig. 1. Time-domain interpretation of W-sided moment matching
for linear systems (“FOM/ROM drives the signal generator”).



Thus, the solution for u(t) =0 is given by d(t) =e“»*d(0) =
—eSwtWTE x, which corresponds to the solution before.
Moreover, for w(t)=0 and z*(t)=W ' Ex(t) it follows
d(t =0.

( ) mg“:WTEm,u:O (7)
The rxn Sylvester equation can be derived as follows. First
insert the linear approximation ansatz @, (t) =W 'E x(t)
with a, () é:u;“(t) in (6a). Then, the linear system (1) for
u(t)=0 and arbitrary xo#0 is plugged in, yielding

0= (Sw WIE-W'A-L" C) z(t). (8
3. NONLINEAR MOMENT MATCHING

Consider now a large-scale, nonlinear time-invariant, in
T.q=0 exponentially stable, state-space model of the form

Ei(t) = f(x(t),u(t)),

B (9)
y(t) = h(z(t)),
with smooth mappings f(x,u) : R® x R™ — R"™ and
h(z) : R® — RP. The reduction is performed by a
nonlinear Petrov-Galerkin projection using the mappings
z(t) ~ v(x,(t)) and w(x(t)), together with their co-
rresponding Jacobians V(z,) = dv(x,)/0z,, W (z)"T =

(0w (x)/0T)| 3y (,)- This yields the nonlinear ROM

E,&.(t) = w f(z(t),u(t))

Y:(t) = h(v(z:(1))),
with E, = W(z)"E V(ccr) and the initial condition
z,(0) =argmin ||v(z, o) —xol|3 (cf. Lsqnonlin in Marras).
Tr,0

x(0) = xy,

e(t)=v(z.(t))  (10)

3.1 Time-domain perception of W-sided moment matching

Theorem 2. Consider the interconnection of the nonlinear
system (9) with the nonlinear signal generator
2 (t) = sw (@ (t),y(1), =(0) ==, (11a)
d(t) = Q(z}’(t), (1)), (11b)
where s, (:cf’,y) :R"xRP — R" and Q(ac:;”, :c) R"XR™ —
R"™ are smooth mappings such that s,,(0,0)=0, £2(0,0)=
0 and (0(z¥,x)/0z?) |(0 0) I full rank. Further assume
that there exists a smooth mapping w(x) : R* — R"
such that Q(w(x), ) =0, i.e. d restricted to the manifold
x¥ =w(x) is zero. Then, the steady-state response of d(t)
and e(t) match (see Fig. 2), where the mapping Q(z, )
is the unique solution of the following PDE
oN(x?, x) oz, x)
——f(@,0) = - ————su(z, h(z)
oz oz ol ) o (@)

3.2 Nonlinear input-affine case

Consider now a large-scale, nonlinear time-invariant sys-
tem (9) with f(x, u) = f(x) + G(x)u, where f(z): R" —
R™ and G(x) : R" — R™*™ are smooth mappings.

Theorem 3. Consider the interconnection of a nonlinear
(input-affine) system with the input-affine generator
s (2 (1), y(1))

B (1) = B (@ (1) — L2l (1) y(t), 2 (0) =L, (123)
d(t) = 22 (1) - w(=(1)), (12b)
—_—

(1), 2(1))

lﬁo%o lz"{‘u:O
x(t)
u(t)=0 | Ea(t) = f(z(t),ut)) &(t) = sw (e (1), y(1)) | dit) o
w(t) = h(z () v®) d(t) = Q(x(t), x(1)) 70
FOM nonlinear signal generator
Jro 79 E
Bt = 50| o)) 222 &0 = su(el 0, 4,0) | 0
Ui (8) = h{v(a, (1) W =x(ern, =)

nonlinear signal generator

ROM

Fig. 2. Time-domain interpretation of W-sided moment matching
for nonlinear systems (adapted from Ionescu [2016]).

where §,(z¥) : R" — R", L(z¥) : R" — R™P and
w(x) : R™ — R". Then, the steady-state of d(t) and ()
match, where w(x) is the unique solution of the PDE

Ow(x)

13

Ox zV=w(x) ( )

The Sylvester-like PDE (13) can be derived as follows.

First, the nonlinear approximation ansatz x,(t) =w(x(t))

with @, (¢) ;af;”(t) is substituted in (12a). Afterwards, the

nonlinear system Ex(t)= f(z(t),u(t)), y(t)=h(x(t)) for
u(t) =0 is plugged in, yielding the r x 1 equation (13).

4. PRACTICABLE W-SIDED MODEL REDUCTION
BY NONLINEAR MOMENT MATCHING

The first step towards a practical method consists in a-
pplying a linear projection ¥ (t) = w(x(t)) = W' E x(t).
(cf. Cruz Varona et al. [2019]).

Nonlinear signal generator In this case, the PDE (13)
becomes the following nonlinear system of equations

W' f(z(t),0) = 3,(W Ez(t))-L(W"Ez(t)) h(:c(tl)z,

f(®,0) = 5, (2;") — L(x,")h(x)

r

where the triple (8,,, L, xq) is user-defined. Note that the
underdetermined system consists of r equations for r - n
unknowns in W' € R™™" and a row-wise consideration
for each w] € R1*" i =1,... 7 does not help any further.

Linear signal generator  Interconnecting the nonlinear
system (9) with the linear signal generator (6), where

S, (x¥(t)=8, x¥(t) and L(x®(t))=L", yields
W' f(z(t),0) =S, WTEx(t)— LT h(z(t)),

which is a linear system of equations.

(15)

Zero signal generator  This special (linear) signal gene-
rator, where 8, (2% (t))=0 and L(z®(t))=L", yields
W' f(z(t),0) = —L" h(z(t)),
which is again a linear system of equations.
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Linear time-invariant systems

Consider a large-scale (n > 10°), linear time-invariant (LTI),
asymptotically stable, MIMO state-space model of the form:

Linear systems

Projective Model Order Reduction

The goal of model order reduction is to find a reduced order
model (ROM) of much lower dimension » < n:

ning for linear systems. Then, based on [lonescu and Astolfi 2016], t
Inear systems Is given. Finally, some simplifications to approximate t
s a practical, numerical algorithm for nonlinear model order reduction.

ALS
ne
ALS

Frequency-domain Output Moment Matching
If W Is chosen as basis of an output Krylov subspace

span {(ME —A)'Cc'ly,.... (uE — A)_TCTlT} Cran(W),

Ei(t)=Ax(t)+ Bu(t), x(0)=wx, W'EVi, () =W'AVz,.(t)+ W Bu(t), z.(0) =z,
y(t) = Cx(?), Y. (t) = CVa.(1),
with non-singular descriptor matrix, i.e. det(E) # 0. with z.(0) = (WTEV)"'WTE z(0), such that y(t) =~ y.(t).

The input-output behavior of LTI systems Is characterized in
the frequency-domain by the transfer function matrix

o —1 m
G(s)=C(sE—-A)" BecC™. implicit moment matching by rati

Steady-state of interconnected system

In this Petrov-Galerkin projection setting, the main task is to
find suitable reduction matrices V, W . One numerically
efficient linear reduction technique relies on the concept of

then the ROM fulfills the left tangential multipoint conditions
[ Gui) =1 Ge(w) < 1 mo(pi) =1 maeo(u)-
Hereby, the Oth tangential output moments are defined as
mg (i, i) =1 mo(w) =w! B,  w/=1l] C(u,E—A)"
W can be also interpreted as solution of the Sylvester

onal Krylov subspaces. equation E'WS! —ATw=cC"L.

Time-domain Output Moment Matching

. . zo 7 0 Tro =0 .
Consider the signal generator l 0 l The Oth tangential output moments at {u;,1;} are related to
£’ (t) = S, x”(t) — L' y(t), z=“(0)==x" ut) =0 | Ba()= Ax(t) + Bu(t) [— 0| &)= S,a() - LTy | dw)_ the (well-defined) steady-state of d(t) from Fig. 1:
' 1" L e y(t) = Ca(t) 0 d(t) = 2(t) ~ W' Ba(t ity T B
d(t) =z¥(t) — W' Ex(t), — L0
r FOM linear signal generator mg(m li) —w' B & dss(t) :_eL‘S’n{,UtVVTE.w0 _
with S, =diag(p1,..., 1) € C™*" and L=]l,,...,1,] € CP*". lmw%o l;c;;fo_o etrlw! Exg |
The steady-state of the interconnected system from Fig. 1 is | WiBVa 0 - WAV« W Bty 20) [ aun)— 5020 - L] <) where W s the unique solution of the Sylvester equation.
acw(t):/t St LTO B ATy qr 4 eSutpy y,(t) = CVa,(t) Y0 | e(t) = 2V (t) — a:(t) Thus, output moment matching in time-domain corresponds
' 0 0 o 0 ROM linear signal generator to the interpolation of the steady-state of d(t) and (#):

xyi () = e (g

— l;rC(/,LlE—A)_lE CEQ) + lIC(ﬂZE—A)_IMZIJO

S'WTE x,.

t— 00

=% —etitw]! E xg

and dSS(t) — w;fss(t) — =

dss i (t) = —e“’*"'tw,iTE Ty = —e”itl;rCr(u,,;Er —A)'E, Ty 0="Egsi(t),

Fig. 1. Time-domain interpretation of output moment matching for
linear systems: “System drives the signal generator”.

where V is arbitrary but such that det(W'EV) # 0.

Nonlinear systems

Nonlinear time-invariant systems

Consider now a large-scale, nonlinear time-invariant (NLTI), in ., =0 exponentially stable,
MIMO state-space model of the form:

Ei(t) = f(z(t), u(t)).
y(t) = h(z(1)),
with mappings f(z,u) : R"xR™ —R" and h(x): R" —RP.

consider the input-affine case later on, where

f(z,u)=f(x) + G(z)u=f

x(0) = xq,

For the sake of simplicity, we

+Zgg

Steady-state of interconnected system
Consider the nonlinear, input-affine signal generator
.’ (t) = 8w (2, (t)) — Lz (1)y(t), = (0)==),
d(t) = z;’(t) — w(z(t)), my (3o (2} (1)), L(z(t)), o) &

x”(t)) : R"=R", L(z¥(t)) : R"—R"P.

with user-defined 5., (

Output Nonlinear Moments

The Oth output nonlinear moments at (3,,(z’
are related to the (well-defined) steady- state of d( )

where w(x) IS the unique solution of the Sylvester-like PDE

Nonlinear Petrov-Galerkin projection

One way to reduce NLTI systems is to apply a nonlinear Petrov-Galerkin projection using
the mappings = ~ v(x,) and w(x)

Ow(z(t))
ox(t)

y,(t) = h(v(z:(1))),
with E, =W (z)" E V(z.) and :(0)=argmin ||v(z, ) — aoll3 .

rO

is to find suitable nonlinear reduction mappings v(x:),

~ —

Vi(z,)=0v(x,)/0x., W(x)' = (0w

E, &, (t) =

f(z(t), u(t)) ,
() =v (@2 (1)

x,(0) = x, 0,

In this setting, the main task
w(x) and their Jacobians

(2)/0%)| -y (a,) -

Output Nonlinear Moment Matching

The PDE can be derived as follows:
1.) Insert the ansatz =’ (t)=w(x(t)) in the signal generator.
2.) Substitute the nonlinear system with w(¢) = 0.

L(2(t)), zo)
t

()Em0)7

dss(t) = Sy ( o

Output nonlinear moment matching can be interpreted in
time-domain as the interpolation of the steady-state of d(t)

The steady-state of the interconnected system (cf. Fig. 1) is f)‘fw(ﬂ?)ﬂa3 0) = 5, (") — L(x®)h(x) and e(t) (cf. Fig. 1):
T, ()—wrh() () ox r=w(@) d(t) = 3 _8w(w)Ew = e ()
0 This PDE represents the nonlinear counterpart of 55 v Ox 0 ) = =ssit)

6’wa:
e e

) and  dgy(t) = (1)

ot
a5

WTAz(t)

=S, W'Exz(t)— L'C z(t).

Note that the PDE has the dimension r x 1, and not r x n.

where w(x) is the unique solution of the Sylvester-like PDE
—~T ~
and v(z;) is arbitrary but such that det(W EV)#0.

Practicable W-sided Model Reduction by Approximated Nonlinear Moment Matching

Since the PDE is difficult to solve, we propose here some simplifications to approximate its
solution and achieve a practical method for output nonlinear moment matching.

The first simplification step consists in applying a linear projection =% (t)=w(x(t))=W'E z(t)
Instead of the nonlinear reduction mapping w(x(¢)). In the following, we distinguish three
different signal generator cases.

Nonlinear signal generator:
nonlinear system of equations

W' f(z(t),0) =5, (W' Ez(t))

In this case, the PDE becomes the following algebraic
—~ L(W'E=x(t)) h(z(t)),
where the triple (5., L, o) is user-defined. Note that the above system is underdetermined,
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consisting of = equations for r-n unknowns in W' e R"*" . A row-wise consideration for
each w; ¢ R'™*"™ i=1,...,r does — at first — not help any further.

Linear signal generator: Interconnecting the nonlinear system with a linear signal generator,
where 5, (z¥(t))=8,z%(t) and L(z“(t)=L", yields

WTf(ac(t), 0) =S, W'Exz(t)— L' h(x(t)).
This Is a linear system of equations, since the searched solution does not enter nonlinearly.

Zero signal generator: For this special case, where 5, (xz”(t))=0, L(z“(t))=L", it follows

W'f(z(t),0) = —-L" h(z(t)),
which is again a linear system of equations.
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Nonlinear systems (cont.)

Possible approach to achieve a practical algorithm

Nonlinear signal generator: The afore obtained nonlinear system is underdetermined
W'f(z(t),0) =3,(W'Ez(t)) - L(W'Ez(t)) h(z(t)),

consisting of r equations for 7-n unknownsin W' e R™" . A row-wise consideration for
each w; e R i=1,...,r might help, if n (relevant) initial states xo, € R", {=1,...,n
are taken, yielding well-determined systems of equations of the form:

wl {£(20,0)}_y = (8w (W] Bwoe)}, — {Il (w]Baos) h(wos)},

1=1,...,7.

Herein, z;(¢) = w] Exos € R, 3y, (z2(0) : R =R, I} (z¥;(¢)) : R — R is used instead of

xV(t) = W' Ez(t) € R", 5, (z)(t)) : R" - R", L(xy(t)) : R" — R"™?.

r r r

Simulation-free Output Nonlinear Moment Matching Algorithm

Based on the proposed simplifications — I.e. (i) linear projection, (ii) row-wise consideration
and (i) n initial states {xo,},_, — we are now ready to state our practical algorithm for
projective, output nonlinear moment matching:

Algorithm 1 Output Nonlinear Moment Matching (O-NLMM)

Input: E, f(x,u), 5., (-), 1] (-), initial states {xo,},_,, initial guesses wy

Output: orthogonal basis W

1: for i =1 : r do

2: for 1=1: n do

3: A=A, f(z0s,0)]

4: xril=Q(w) w’ *xExq,

5: swil=@(w) §,, (xril), yil=e(w) I (xril) h(zqy.)
6. 5T (w) = [§L<w>, swil}, yI (o) = [yl (W), yil]

7 end for

8 fun=0(w) A'xw — §,Gw) + y, W)
9.  Jfun=0(w) A' — 03, (w) /0w + dy,, (w) /Ow

10: w; = Newton(fun, wp ;, Jfun)

11: W(:,1) <« w;

12: W = gramSchmidt(w,;, W) © optional
13: end for

The inner for-loop is used to iteratively construct the (sparse) matrix A € R"*"™ , as well as

the row-vector functions 5! (w) € R'™™ and y) (w) € R™"™ which depend on w; Zw € R"*".

Computational Aspects

The above algorithm is given for the most general case of a nonlinear signal generator. In
this case, nonlinear systems of equations (NLSEs) of full order dimension n have to be
solved (cf. line 8-10). These NLSEs can be solved using either a self-programmed Newton-
Raphson scheme:

Algorithm 1 Newton-Raphson

Input: fun(x), x0, Jfun, Opts
Output: root x

1: tol = Opts.AbsTol

2: xcurr = x0, fcurr = fun(xcurr)
3: iter = 0

4: while norm(fcurr) > tol do

5: iter = iter + 1

6: if iter > Opts.MaxIter then
7 break

8: end if

9:

fcurr = fun(xcurr)

dxcurr = Jfun(xcurr) \ fcurr

Xcurr = xcurr - dxcurr

tol = Opts.RelTol*norm(fcurr) + Opts.AbsTol
: end while

14: x* = Xcurr

e e
R sl

or a built-in £solve routine (same holds for our proposed Input NLMM algorithm).

For the Newton-Raphson scheme, it is highly recommended to supply the analytical
Jacobian Jfun (w) of the residual fun(w), in order to achieve a faster computation and avoid
the approximation via finite differences. Moreover, good initial guesses wg,; can conside-
rably speed-up the convergence of the Newton method.

In line 10, a direct solver (e.g. “\" in MATLAB) or an iterative solver (e.g. pcg) can be used.
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Linear signal generator: With the proposed approach, the underdetermined linear system
WTf(:c(t), 0) =S, W'Exz(t)— L' h(x(t))

becomes N
w] {mExos— f(x0s,0)}, , = {l;r h(xo,) }3_1 , =100
which consists of n equations for n unknowns in w, , foreach i=1,...,7.

Zero signal generator: The underdetermined linear system from before becomes

w; {—f(®0,e,0)}, , = {l;;r h(wo,ﬁ)}n !

=1
which is also well-determined (n equations for n unknowns).

1=1,...,r

Output Nonlinear Moment Matching for linear/zero signal generator

As seen above, the proposed simplifications yield linear systems of equations (LSES) in
case of a linear or zero signal generator. Therefore, the O-NLMM algorithm can be
simplified as follows:

Algorithm 1 O-NLMM for linear/zero signal generator

Input: E, f(x,u), shifts u;, tangential directions I, , initial states {xoe},_,
Output: orthogonal basis W

1: for i =1 : r do

2: for 1=1: n do

3: Auq; — [Auq;a /.L@E Lol — f(wo,fao)}

4: yv(0) =1, h(zo,)

5: yL = [ys, v (0)]

6: end for

7: Solve w] A,, =y or Aléwi:yw: w, =y, /A, & w@-:A;\yw
8: W(:,1) +— w;

9: W = gramSchmidt(w;, W) © optional
10: end for

Due to the linearity of 5., ,(w;) = w, 1, E zo,e and Y p(w;) = l@-T h(xo ) w.r.t. the unknown
w; , the (sparse, possibly complex) “shifted” matrix A,, € C"*" (cf. line 3) as well as the
constant row-vector yL c C'*™ (cf. line 5) can be constructed, yielding the well-known
LSEs AL’wz‘ —1v.,,. These LSEs can be solved using a direct ("\" in MATLAB) or an iterative
solver (e.g. pcg). Remarkably, no Newton-Raphson scheme is required at all in this case.

Analysis, Discussion and Limitations

At this point, we want to briefly discuss the proposed simplifications, as well as the degrees
of freedom and limitations of the presented O-NLMM algorithm.

Adequate selection of the projection ansatz. The simple choice of a linear projection
z¥(t)=w(x(t)) =W 'Ex(t) is motivated by its easy and frequent use in comparison to
nonlinear projections. Nevertheless, a more sophisticated projection, like e.g. a polynomial
series expansion ansatz, might be superior and even indispensable in certain cases.

w w

Appropriate choice of the signal generator. The signal generator (8, (zy(t)), L(zy(t)))
determines (1) the ansatz for the dynamics «’(¢t) and (2) the "weighting” of the output. In
case of a linear signal generator, 5,(z%(t)) =8, z*(t) and L(z¥(t))=L" holds, meaning that
complex exponentials e*i* and left tangential directions I, are being employed. Regardless
of their (questionable) suitability, an expansion-based generator ansatz can be also used.

Obtaining a state-independent matrix equation. In the Sylvester-like PDE from above,
the state vector z(t) cannot be factored out so easily like in the linear case. In fact, the key
to obtain a state-independent matrix equation of dimension r x n lies on both the choice of
an adequate projection ansatz and signal generator, customized for the nonlinear system.

Limitations of the row-wise consideration. If a linear projection is applied and the
factorization of x(¢) does not succeed, then the underdetermined system from above is
obtained. The proposed row-wise consideration, together with the initial states {mo,e}ﬁzl ,
has the limitation that the underdetermined equation is generally not fulfilled, since the
(nonlinear) couplings in W' f(x(t),0), 3,(W'Ez(t)), L(W'E z(t)) are not being considered.

Approximating output nonlinear moments. What moments are being matched, when we
apply the O-NLMM algorithm? Since the PDE is not being solved, the “true” output

T w w

nonlinear moments my (5., (z(t)), L(xy(t)), o) are not exactly matched. Instead, we are
approximately matching these moments at the chosen data (5., (z;’;(¢)), l;-r(a:;‘fj,,;(ﬁ)), To.0).
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