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Motivation TUTI

Nonlinear Moment Matching for the Simulation-Free Reduction of Structural Systems

Why nonlinear? Why simulation-free? Why reduction?

Geometric nonlinearities Avoid expensive training simulations Efficient numerical analysis, computer-aided design,
(large deformations) -> simulation-free / system-theoretic uncertainty quantification, predictive maintenance
Material nonlinearities Simulation-Free Model Order Reduction ~ Why structural systems?

for Nonlinear Second-Order Systems o o
2nd-order systems arise in many applications:

flexible structures, MEMS, vibroacoustics,

without biomechanics,...
MOR

Nonlinear boundary
conditions

A online

with
MOR

numerical cost

offline

v

number of solve calls 5



Projective Model Order Reduction

Second-order nonlinear full order model (FOM)

Mq(t) +|Dq(t) + f(q(t)) = |BF(t) q(0) = qq. 4(0) = gy,
y(t) =|Cq(t)
Linear (Petrov-)Galerkin projection MOR q(t) =~ Vq(t), VeR"™" r<n
Reduced order model (ROM)
Mrgr(t) + qur(t) + WTf(VQr(f)) = BFF(f) {(Ir(o)v qr(o)} = (WTV)_IWT {(IO: (‘I(J}v
Y, (t) = Ciq,(t)
with
{M,,D,} =WT"{M,D}V, f.(@=WTf(Vag,)  Hyper reduction!
B, = WTB,
C.—CV. In this talk: Dimensional reduction

How to choose V' ?



Nonlinear dimensional reduction methods — Overview TUTI

First-order (state-space) nonlinear models Second-order (mechanical) nonlinear models
Simulation-based Simulation-based

+ POD, Reduced Basis + POD, Reduced Basis

« TPWL, Empirical Gramians « TPWL, Empirical Gramians

* Hyper reduction: DEIM » Hyper reduction: ECSW
Simulation-free / System-theoretic Simulation-free / System-theoretic

* Reduction of polynomial systems (bilinear, quadratic-bil.)
using Volterra series theory (balancing and Krylov)

* Nonlinear Normal Modes (Rosenberg '62)

« Basis augmentation with Modal Derivatives (MDs)

* Nonlinear Balanced Truncation (Scherpen '93)

* Nonlinear Moment Matching (Astolfi 10, Cruz et al. ’19) « Extension to 2nd-order systems!!



Moment Matching for Linear Second-Order Systems  TLTI

Second-order linear system
Mi(t) + Dq(t) + Kq(t) = BF(t),
y(t) = Cq(1).
Moments of the transfer function

The moments m;(o) at o are the coefficients of the
Taylor series of the transfer function.

Frequency-domain interpretation of Moment Matching

(Tangential) input Krylov subspace for proportional damping:

Transfer function matrix

G(s)=C(sM +sD+K) 'B

my(0)=G(o)=CK,'B D,=D +20M
my(0)=G'(c)=-CK,;'D,K,'B

Example [KUZKJFJDJFUzM}

Equivalence of Krylov and Sylvester equation

(O’,?M‘FG’@D‘FK)Ui:BTi —

Span{KgllBrl,...,K;T_IBTT} C ran(V) ¢

leads to (tangential) multipoint moment matching:

[ G(oi)ri =G (o)r; < mgo(o;)ri =m.o(0;)T; ]

> | MVS?+DVS,+KV=BR |

Reduction parameters:

. Shifts: S, =diag(o1....,0,)

 Tang. directions: R =[ry,...,r,]



Linear systems — Steady-state response Tum

Notion of signal generators
Interconnecting a system with the following linear signal generator

q,(t)=8.q7(t), q'(0)=ql, qi(t) =S qly, S, =diag(o1,...,0.)
0= S0l al0)=dly ¢ = @0 =Sueary, R=[ri.....r.]
F(t)=Rq; (1), F(t)= ReSelqr, = Z; 1Tie? ‘Jf‘u,i:

corresponds to exciting the system with a sum of (growing) exponentials.

Steady-state response of interconnected system ., i ¢ri(t)
: . t)=aq(t) + o;M+0, D+ K) 'Br; "' ¢},
a:(0) = 4t a(0) = a, a0 =l ;( ! e
at(0) = qt a(0) = — v :
v decaying growing
gy (t) =S, q/(t) Fit) Mé(t) + Dg(t) + Kq(t) = BF(t) y(t) homog. solution part. solution
q;(t) = 5, ¢,(t) > B —
y(t) = Cq(t)
F(t) = Rq](t)
. SO-LTI system For t —oo: qu(t)=q,(t) Z v gl
signal generator
Recall: mg(ﬂ'i)’ri=C(O'2-2M+UiD+K)_lBTi=C’UZ‘ ybb ZC J M+J?D+K) B’rif/]’-..:{“ZCVq:(t)

i=1



Linear Moment Matching by Interconnection TUm

Time-domain interpretation of Moment Matching
Theorem 1: Consider the interconnection of the linear second-order system with the signal generator

a,(t) =S, q/(t), a’(0)=gq;,#0,

q;(t) = Svq;(t), ¢/(0) =g, #0,

F(t) = Rq(1).
Let V be the solution of the Sylvester equation (M V S2+DV S, + KV=BR |,and W arbitrary such that det(WTV) #0.
Furthermore, let ¢, =V @, and ¢, =V ¢;, with ¢/, # 0, ¢;, # 0 arbitrary. Then, the ROM generated by projection with V'
exactly matches the output response of the FOM, i.e. [e(t) =y(t) —y,(t) = Cq(t) —CVq,(t) =0 Vt,]

4ro 70 q0 = Vg,
4ro 70 qo =V,
S, q'(t ot ,
ar i!i ax E,; F(t)y=Re%'qly | Mg(t) + Dg(t) + Kq(t) = BF(t) | »(t) __e(t)=0
i; TN i =cqt) [ QT
F(t) = Rq,(t) -
, - FOM
linear signal generator y“ Z C U 2T +o,D+ K)~ IB',"T qe ()
i=1
a0 =(W'V)'WTg, ]
. C(WTVI— W T i . )
4o = WVIW =) CioiM, +0:D: + Ko) 7' Beri g (1) = 4, (#)
M., (1) + Dug, (1) + K.q,(t) = B.F(t) | w(0) =t

y. (1) = Crq,(t)

ROM 7



Nonlinear systems — Nonlinear projection UM

Second-order nonlinear system
Mq(t) +|Dq(t) + f(q(t)| = |BF(t) q(0) = qo, 4(0) = qo,
y(t) =|Cq(t)

Nonlinear (Petrov-)Galerkin projection
Approximation ansatz q(t) ~ v(q.(t)) with the mapping v(q,):

[s 2 . 8
ovia,), . ovla),.  Ov) @.94q). Vig)= g(qr) J—

r

aqr QI‘? q aqr qr aq?
Inserting the ansatz and its derivatives yields an overdetermined system of equations with the residual ¢.

Premultiplying the equations with the Jacobian ﬁ?(q)T= a‘g—(q’) of another mapping w(q(¢)) and enforcing ﬁf(q)Ts =0,
yields the ROM 4 lg=v(q,)

Mg, + g + D.g, + W(q)"f(v(q,)) = B,F,
y, =Cvlq,),

S __ . o . 2
with {Mr,Dr}=W(q)T{M,D}V(qF), B.=W (q)"B, the convective term ‘g:W(q)TMag—(;gr) (g, ®4¢q,) and

T

. . . e qe e
the initial conditions qr(O)—aJsrg,?IIV(qr,o) Qolz , 4.(0)=(W,, Vg )7 Wy, 4y - How to choose #(q,)?



Nonlinear systems — Steady-state response

Nonlinear signal generator

X as” (qf (f)) v
q, (t) aq;,(t) © Sy (qr (t
F(t)=r(q;(t))
Steady-state response of interconnected system
q;(0) =4q;, q(0) =gq,
4:(0) =4 q(0) = qq

Q;(t) = 8y (Q;J(f))
oy O8,(ql(1)) ! F(t)
“O= 00w

M(t) + Dq(t) + f(q(t)) = BF(t)
y(t) = Cq(t)

F(t)=r(q;(t))

signal generator

SO-NLTI system

Second-order nonlinear Sylvester-like PDE

State vector g, (t) cannot be factored out, yielding
a state-dependent, second-order PDE

q;(0) = a7y #0, sv(a;)

). al(0)=gl, #0, r(q))

q(t) = qy(t) + \V(Qf(t))l

decaying
homog. sol.

growing
part. sol.

y(t)
For t — oo yu(t) = Cqy(t) = Cr(gi(t))

= mo(su(ql (1), m(gV (1), %)

A o)) 9s.(ar)

v(qy)
o(g)) + M :
oq; oqy MM o

s,(qy) @ s,(qy)

+D— = su(a) + f(v(a))) = Br(q))




Nonlinear Moment Matching by Interconnection TUm

Time-domain Second-Order Nonlinear Moment Matching
Theorem 2: Consider the interconnection of the nonlinear system with the nonlinear signal generator.

Let v(gq?) be the solution of the second-order Sylvester-PDE

au(ql“) (()SU (q;) v aQV(qLU) UY o v (()V(q:f) v v _ v
[ M aq? aq}) Sy (qr) + M 8(??2 81-‘(Qr) @ Sy (Qr) + D cr)q;_‘. sU(Qr) + f(U(Qr )) - B T(Qr)

and w(q) arbitrary such that det(W' V) # 0. Furthermore, let gqo=v(q’,). qo=Var, @0 With ¢’y #0, 47, #0 arbitrary.
Then, the ROM generated by nonlinear projection using ~(g,) exactly matches the output response of the FOM, i.e.
(e() = y(t) — w,(t) = Ca(t) — Cw(a,() =0 Vi]

qg,u #0 qo = V(qzl,o)
gro#0 o = Vaz, 4o
g: (1) = s, (qv (1)
o 08, (ql(t)) ) F(t) Mi(t)+ Da(t) + f(q(t)) = BF(t) y(t) _e(t)=0
EO= gy %W u(t) = Ca(t) Q
P() =r(a}(0)) p—" Yuolt) = C qu(t) = mo(su(a2 (1), m(al (1) at)
nonlinear signal generator " N v
%0 = Argmin [1(d;0) — goll3 = Cu(g,(t)) == m.o(s.(g; (1), (a7 (1), ar )
(II',D = (quvqr,u)_lﬁ/q: “ID = yr,ﬁﬁ(t)
|| Mt + G+ Dot + W(a) f(vian) = BoF | %:(t)
Yr = Gu(qr)

ROM 10



Nonlinear Moment Matching — Simplifications TUT

Nonlinear (state-dependent), second-order PDE is difficult to solve!
dv(qy)

Ly(q;) sy (q;) v a?v(q[n) VY o v v vy v
aq? aq}) Sy (qr) +M 8(]?2 31.'(Qr ) ) 8y (qr) + Di(r)q}' Sy (ql ) + f (]}(qr )) = Br (qr)

Simplifications towards a practicable, simulation-free second-order nonlinear Moment Matching

A. Linear projection: q(t)=v(q;(t))=V q;(t)

95, (g2 (1))
dq; (1)

B. Column-wise consideration: above equation is underdetermined - consider it column-wise for each v; € R", i=1,...,r

8511-,‘. (qga (t))
M Ufw

- PDE becomes an algebraic equation: MV sy(ql(t)) + DV s,(gl(t)) + f(Val(t)) —Br(q’(t)) =0

Sv; (Q’rLe(t)) + Dw; sy, (q;:(f)) + f(’v?: qrbl(t)) —Br, (qrvz(t)) =0

C. Time discretization with collocation points: {t;}, q;(t;). k=1,....K

- Equation becomes state-independent:

8 U4 fc t, * v * v * v *
[vak%ﬁ(zf)) Suy; (QFz(tk)) +D Vik Sv, (QI‘?(tk)) + f(,u?:k‘- qrz(tk)) - B r, (Qrz(tk)) =0 }

11



Second-Order Nonlinear Moment Matching TUm

Algorithm 1 Second-order NLMM (SO-NLMM) Approximated nonlinear moments
Input: M, D, f(q), B, Jf(‘l)e[q;),i(t;t)e éf,i(f?;)z qrba(ﬁt) ”‘";(Qf,i(t;)):J . . .
initial guesses v 1, deflated order 7gen Due to the simplications, we are approxi-
Output: orthogonal basis V mately matching nonlinear moments!
1: for i=1: r do > e.g. 7 different shifts o;
2 for k=1 : K do r©e.g K samples in each shift Yo (t) = Cr(ql(t)) := mo(31,(q1[’(t))?r(q;’(t)):q"r-’!n)
5 [ fun=0(v) Mvi(t;) + Dvdli(t;) + f(var) —Br,(a ) |
4 Jfun=0(v) M Gy, (ty) + D qri(te) + J5(varix) @i
5: V(:, (i-1)*K+k)= Newton(fun, vo ik ,Jfun)
6 V = gramSchmidt ((i-1)*K+k, V) > optional
7 end for Yo i (1) = Croaal, (17)
8: end for ’ L e " VY g
9: V = svd(V, rgen) > deflation is optional =mo ('S”i(q“i( )T (ql"ﬂ'( k))’qF=0=i’ "’)

Computational aspects
a) Different strategies and degrees of freedom: signal generators and collocation points {sv.i,n, v 0.5 t};}
b) Computational effort: solution of nonlinear systems of equations (NLSE) with Newton

c) Other aspects:
— initial guesses for Newton scheme

— orthogonalization process and deflation
12



Numerical Examples — Cantilever beam TUm

2D model of a cantilever hbeam

=
™
p (=
3m observed mde/?IF
y
- 246 triangular Tri6 elements; 1224 dofs Training phase of SO-NLMM and POD:
- linear St. Venant-Kirchhoff material (steel) = single signal generator with K =10 or K =20
- geometric nonlinear behaviour = signal generator: g;(t)=sin(10t), ¢7(t), G (t)
- loading force at the tip in negative y-direction = training input:  F(t)=r(q’ (1)) =10° - ¢* (1)

- simulation conducted with open-source AMfe-code
Test phase of FOM and ROMs:

» testinput: F(t)=10%-sin(31¢)

- numerical integration using implicit generalized-a scheme

- comparison of SO-NLMM with POD and basis augmentation

13



Numerical Examples — Cantilever beam UM

r=10:

= FOM —— Phi —- Vaug ---- POD —— NLMM — Phi  —- Vaug ---- POD  —— KLMM|
3 1071
5 10-2 -
_ 107 i
E 14 B, ';' :
E & R B
5 o0 £ w0 Jpeae il
7 19 v T £ il i
00020 " \ 107 $+ :
7 '/ Reduction times (offline):
-0.000+00 = 0.0 02 04 06 08 10 1:_. Ic'u:u 02 04 06 0 10
'POD required = 37s (sim. + SVD) time (5)
Method r = 20
NLMM needed ~ 2.6s (K =10) or ~6s (K = 20)
Phi —FOM 4 i Vaug  ---- POD NLMM — Ph Vaug  ---- POD Lhm
3
Video :
E 1 g
POD § g
y 0 H
-2 4
3 | | | |
0.0 02 0.4 06 08 10

time (s) . time (s)



Analysis, Discussion and Limitations Tum

1. Adequate selection of the projection ansatz
q~Vaq, > ~ Z VR g 2y D) L y@ (g @q)+ - > q~v(q,)

2. Appropriate choice of the signal generator

Signal generator determines: Z S q) S\Va; + S (q) © qf) +-
. , . o k=1

«  Ansatz for the dynamics q’(t), ¢ (t), G- (t)
R('ﬂ)q'lt_x(k) — R(l)q'f + R® (@C@q")+-,

I
T ]

«  Exciting input of the system Firaini(t)) =7, (7 (t}))

3. Obtaining a state-independent matrix equation: factorization of the state vector g;(¢) to obtain a constant matrix equation!
- depends on both (1) the projection ansatz and (2) the signal generator (problem-dependent!)

4. Limitations of the column-wise consideration: q;;(t) € R, s, (q};(t)), 7.(¢:(t)) instead of gq{(t) € R", s,(ql(t)). r(ql(t))
- couplingsin Vg (t), Vs,(g;(t)) and »(q/(t)) are not being considered.

5. Poisson stability of the signal generator

15



Summary & Outlook TUTI

Summary:

Aim: simulation-free approaches for nonlinear structural systems
Time-domain / Steady-state interpretation of linear moment matching with signal generators

Astolfi‘s extension of Moment Matching to the nonlinear second-order case
» Nonlinear projection ansatz yields a difficult second-order, state-dependent Sylvester-like PDE

Simplifications proposed to achieve a practicable numerical algorithm for nonlinear MOR
» Linear projection, column-wise consideration, time discretization yield nonlinear systems of equations (NLSE)

Numerical examples & Discussion of different strategies, numerical aspects and choice of degrees of freedom

Ongoing / Future Work:

Second-order NLMM for non-proportionally damped systems?

Output Krylov subspace-based Nonlinear Moment Matching (duality!)

Hyper-Reduction

Thank you for your attention!

16



Backup
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Nonlinear dimensional reduction methods TUm

Simulation-based approaches (e.g. POD)

Take snapshots of the simulated trajectory for typical (training) input force and perform SVD

Q =[q(t1), q(t2), -, q(tn,)] Reduction basis: V = M, ¢ R™*"
(r,ns)
Q SLD M 3 NT ~ Mr Zr NrT Q( ~V qr Z V; qr, t

(n.n) (n,ng) (ns,ng) (n,r) (ryns) (ng,n5)

Simulation-free / System-theoretic methods

« Basis augmentation: Enrichment of a linear basis with nonlinear information

: Easy projection
SV 745 ~
Vaug = [V v ] 4(6) ~ Vaug @ ans (1) — : Higher reduced order

* Nonlinear projection (e.g. Quadratic Manifold)

V(l) e RPXT ! 5
a(t) = VWq,(t) + VP (q.(t) ® q,(1)) : Smaller reduced order

2
Ve e g - — : Difficult projection
Reduced coordinates: q.(t) = [gr,1(t), -, qrr(t)]
19



Nonlinear MOR methods — Overview

Nonlinear systems

Reduction of nonlinear (parametric) systems
Ex = f(x,u) Ei = f(x)+g(x)u
y = h(x) y=c'x

&  Simulation-based:

POD, TPWL
Reduced Basis, Empirical Gramians

» Simulation-free / System-theoretic:

Nonlinear Normal Modes (Rosenberg 1962)
Nonlinear Balanced Truncation (Scherpen 1993)
Nonlinear Moment Matching (Astolfi 2010)

20



Proper Orthogonal Decomposition

Starting point: Ex = f(x,u)

y = h(z)
1. Choose suitable training input signals w, (t), ua(t), . .., u(t) v
2. Take snapshots from simulated full order state trajectories
X = [ (t2), e @t (b)), e (1), ]
3. Perform singular value decomposition (SVD) of snapshot matrix
X =M ¥ N' =~ M, % N/

(nyn) (nyns) (ns,ns) (n,7) (rns) (ng,ne)
4. Reduced order basis: V = M, € R"*"
Advantages: Disadvantages:
~ Straightforward data-driven method Simulation of full order model for different
=~ Choice of reduced order from singular input signals required

values / error bound for approx. error SVD of large snapshot matrix required
& Optimal in least squares sense: Training input dependency
min || X — X,||2
rank(X,)=r

21



Linear Systems — Sylvester equation

Equivalence of Krylov subspaces and Sylvester equations

span{(alE—A)’lBrl, s (JTE—A)’lBrT} C ran(V) — [ EVS,-AV =BR ]

Reduction parameters: ¢ Shifts: S, =diag(o1,...,0.) * Tang. directions: R = [rq,...,7,]

Column-wise computation via Arnoldi process

—Alvy,....,v. ] =B [r,...,7]

V=[vy,...,v,] o
[(JiE—A)vi—Bri] () E[vl,...,vr]{

Linear Sylvester equation s
[(EVS,U — AV —BR)-z!(t)=0, for x(t)=e ‘”ta:fjo}

Properties and interpretation:

= Constant (state-independent) linear Sylvester equation or linear systems of equations (LSE)
= We apply
— alinear projection and
— excite the system with a sum of growing exponentials (shifts & tang. directions user-defined)

22



Linear Second-Order Systems — Sylvester equation ~ TUTI

Equivalence of Krylov subspaces and Sylvester equations

span{(a%M—&—JlD—&—K)*le,...,(JEM+0'.,.D+K)*IBT.,.}Qran(V) S [MVS?)—FDVSU-{—KVBR]

Reduction parameters: ¢ Shifts: S, =diag(o1,...,0.) * Tang. directions: R = [rq,...,7,]

Column-wise computation via Arnoldi process

[(U@QMJFU:;DJFK)W:BT@] S M [vy,...,v,]

V:['vl,...,'vr] |:O'%

Linear Second-Order Sylvester equation 9 St
[(MVS.U +DV S, + KV — BR) -q/(t) =0, for gq;(t)=e “tq;!o ]

Properties and interpretation:
= Constant (state-independent) linear Sylvester equation or linear systems of equations (LSE)
= We apply

— alinear projection and

— excite the system with a sum of growing exponentials (shifts & tang. directions user-defined)

23



Approximated Nonlinear Moments

Linear Moments

mo (o, 1) = mo(o;) {oi,7ri}
Yuol) = Zym(i) =C Z(O’fM +0;D+K) 'Brie”'ql, = Z my(os,73) gty = CVai(t)
=1 =1 i=1

Nonlinear Moments

mo (su(ay (1)), 7(a; (1)), ar0) {su(a; (), (g (1), ar 0}

Ys(t) = Cv(g/ (1))
= (s0(qy (1), m(ar (). ato)

Approximated Nonlinear Moments
1o ($0 (023 (80)), 7 (s (6)): ¢ 0.0 1) {sv:(ars (i) (i () drlo,is th )}

=y (Sw (q:],i(t;))ﬂ‘n; (qi’@(t?;)), gl?,o,ia tZ)

24



Numerical Examples — S-shape

r=20:
m— FOM  —— Phi —- Vi vee POD == NLMM — Phi —- Vi vees POD == NLMM
FOM Displacement Magnitude ' aug EF' ' aug
1

0.00e+00 0.471 0.942 11413  1.88e+00 4 4
T 3]

= 21 =

£ 5

2 14 h

L E

g 11 g

T E
-3 4
—4 4

1 2 3 2 5
time (s) time (s}

Video

Method

Phi  Vaug POD NL
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