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Zusammenfassung

Informationstheoretische Werkzeuge werden genutzt, um ein Kommunikationssystem mit
kodierter Modulation and Wahrscheinlichkeitsanpassung (PS) zu entwerfen, das nahe der
theoretischen Shannon Grenze operiert.

Das Prinzip der Amplituden-Wahrscheinlichkeitsanpassung (PAS) wird fir Kanéle mit
einer symmetrischen kapazitatserreichenden Verteilung eingefiihrt. Es werden erreichba-
re Raten fiir Dekodiermetriken auf Symbol- und Bitebene analysiert und innerhalb einer
geschichteteten Architektur bestehend aus einer Vorwartsfehlerkorrektur- und Wahrschein-
lichkeitsanpassungsschicht untersucht. Ferner wird eine Verteilungsanpassungskomponente
eingefiihrt.

Eine geometrische Anpassung des Modulationsformats (GS) wird diskutiert und es wird
ein Optimierungsalgorithmus auf der Basis von differentieller Evolution (differential evo-
lution) vorgeschlagen, um geometrisch optimierte Konstellationen zu erhalten. PS und GS
werden auf der Basis von erreichbaren Raten und Fehlerkurven mit kodierten Daten ver-
glichen. Hierbei dient der ATSC 3.0 Standard als reprasentative Fallstudie. Die Ergebnisse
lassen den Schluss zu, dass GS gegeniiber PS fiir gleich grofie Konstellationen generell
unterlegen ist, insbesondere wenn Dekodiermetriken auf Bitebene herangezogen werden.

Zudem werden PS Strategien fiir den Fall entwickelt, dass jedes Bitlevel unabhédngig von
den anderen in seiner Wahrscheinlichkeit angepasst wird. Dieser Ansatz wird als Produkt-
verteilungsanpassung bezeichnet und wird zum Beispiel im Falle von parallelen Kanélen
mit unterschiedlichen Modulationsformaten angewandt. Hierdurch kénnen die Verteilungs-
anpassungskomponenten fiir die niedrigeren Bitlevel geteilt werden, was die Komplexitét
verringert. FEin Verfahren zur Wahrscheinlichkeitsanpassung auf der Basis von Zeitauftei-
lung wird fir On-Off Keying gezeigt — hier kann PAS aufgrund der fehlenden Symmetrie
in der Eingangsverteilung nicht angewandt werden.

Zudem werden Ansitze zum Entwickeln von bindren und nicht-bindren Low-density
parity-check (LDPC) Codes hergeleitet, die es erlauben, optimierte Codes fiir verschiedens-
te Vorgaben und spektrale Effizienzen zu konstruieren. Die Zuordnung von Bitleveln zu den
Variablenknoten des LDPC Codes werden fiir Dekodiermetriken auf Bitebene und Modu-
lationen hoherer Ordnung optimiert. Um die Optimierung zu vereinfachen und bestehende
Anséatze zur Berechnung der Dekodierschwelle (z.B. EXIT oder P-EXIT) wiederverwenden
zu konnen, wird das Konzept von Ersatzkandlen eingefiihrt. Die erhaltenen Ergebnisse
werden durch Verteilungsdichteevolution (density evolution) und Simulationen verifiziert.
Fiir spektrale Effizienzen von 1.5 und 2.5 Bits/Kanalbenutzung werden konkrete Codes
entworfen. Es zeigt sich, dass jene Codes fiir die optimierten spektralen Effizienzen nahe
der theoretischen Grenzen operieren, jedoch ein suboptimales Ergebnis liefern, wenn sie bei
anderen Operationspunkten betrieben werden. Aus diesem Grund wird zusétzlich ein ,ro-
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buster Ansatz* entwickelt, durch den die Codes ein gutes Verhalten iiber eine grofie Breite
an spektralen Effizienzen zeigen. Es werden ebenso quantisierte LDPC Dekodieralgorith-
men untersucht und auf rdumlich gekoppelte LDPC Codes angewandt. Nicht binére LDPC
Codes werden mit Symbol- und Bitdekodiermetriken kombiniert und fiir kurze Blocklangen
simuliert. Hierbei zeigen sie einen klaren Vorteil gegeniiber bindren Codes.

Schliefllich werden Anwendungen von Wahrscheinlichkeitsanpassung im Bereich der opti-
schen Dateniibertragung diskutiert. Ein Erwartungs-Maximierungs-Algorithmus wird zum
blinden Schétzen der PAS Parameter vorgeschlagen, wodurch keine zusétzlichen Pilotsym-
bole und Kontrollinformationen mehr benotigt werden. Zudem wird PAS fiir Konstellatio-
nen in hoheren Dimensionen erweitert. Dieses neue Verfahren wird Quadrantenwahrschein-
lichkeitsanpassung genannt und stellt die Grundlage fiir ein neues Verfahren dar, das einen
Kompromiss zwischen der Komplexitat der Verteilungsanapassungskomponente sowie der
Komplexitéat der Soft-Informationsberechnung erlaubt.

Abstract

Information theoretic tools are used to design communication systems with coded mod-
ulation and probabilistic shaping (PS) that operate close to the Shannon limit.

Probabilistic amplitude shaping (PAS) is introduced for channels for which the capacity-
achieving distribution is symmetric. Achievable rates for symbol-metric decoding (SMD)
and bit-metric decoding (BMD) are analyzed in the context of a layered PS architecture
consisting of a forward error correction (FEC) and shaping layer. Distribution matching
is explained and shown to be a central building block for PAS.

Geometric shaping (GS) is discussed and an optimization algorithm based on differential
evolution is proposed to obtain optimized geometrically shaped constellations. PS and GS
are compared by means of achievable rates and finite blocklength coded results. The
ATSC 3.0 standard serves as a representative case study. It is concluded that GS is
generally inferior to PS for the same constellation size, especially if BMD is considered.
As extensions, PS strategies are developed where each bit level is shaped individually.
This approach is referred to as product distribution matching and is applied for instance
to parallel channels operated with different modulation formats. As a result, distribution
matchers for lower bit levels may be shared among all channels, which decreases complexity.
Further, achievable rates for hard-decision decoding and PAS are derived and compared to
in coded simulations by means of product codes. Shaping via time-sharing is demonstrated
for on-off keying, an example where PAS can not be applied because of the non-symmetric
input distribution.

Binary and non-binary low-density parity-check (LDPC) codes are designed considering
various constraints and target spectral efficiencies (SEs). Bit mapping optimization is
discussed for BMD and higher-order modulation. The concept of surrogate channels is
introduced to facilitate the code optimization and to reuse existing approaches such as
EXIT and P-EXIT analysis to determine decoding thresholds. The results are verified by
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density evolution and justified by finite length simulations. Specific code designs are given
for SEs of 1.5 and 2.5 bits/channel use. It is shown that these specifically designed codes
perform poorly when operated over a broad range of SEs for seamless rate adaptation.
Consequently, a tailored optimization approach for a robust code design is proposed as
well. Quantized LDPC decoding approaches are investigated and applied to spatially
coupled LDPC codes. Non-binary LDPC codes are combined with SMD and BMD and
simulated for short blocklength scenarios where they show superior performance compared
to binary codes.

Finally, applications of PS are discussed for optical communications. An expectation
maximization formulation is proposed for blindly estimating the PAS signaling parameters,
which avoids the need for additional pilots and control information. Further, PAS is
extended to higher dimensions by introducing the concept of quadrant shaping (QS). QS
is used to show case a shaping scheme that allows a trade-off between distribution matching
and demapping complexity.






Introduction

1.1. Motivation

Shannon’s seminal work [I] provided the blueprint for capacity achieving communications
and laid the theoretical foundation for all wired, wireless and optical communication sys-
tems that now constitute the backbone of our globalized world.

Although the underlying concept and proof technique are fairly easy to grasp, the non-
constructive proof by random coding arguments makes it difficult to implement the optimal
signaling strategy in practice. In general, communication at the Shannon limit requires two
components: First, we need good forward error correction (FEC]) codes and, second, the
channel inputs should have the optimal input distribution. As history shows, accomplishing
these two goals took major efforts over the years and the brightest minds in information
theory contributed to its solution over the course of the past seventy years.

Needless to say, resignation and doubts concerning further progress was a constant
trait of this endeavor. For example, the 1971 IEEE Communications Theory Workshop
in St. Petersburg, Florida, became famous as the “coding is dead” workshop, as many
participants could not foresee any further significant improvements in coding at the time [2]
pp. 243-245]. Following R. Lucky’s rhetorical question “Why are we technologists so bad at
predicting the future of technology?” [2l, p. 244], we now know that this sentiment was not
right and the coding gain was about to increase: The invention of the Viterbi algorithm [3]
emphasized the importance of soft decision inputs for the [FEC] decoder and the advent
of iterative decoding as used by Turbo codes [4] and low-density parity-check (LDPC)
codes [5] showed how the decoding of smaller component codes may result in an improved
performance with manageable complexity. Recently, the invention of polar codes [6] [7] has
given a constructive approach to design capacity achieving codes.

As pointed out before, a good code is only one prerequisite to operate at the
Shannon limit. The other one is optimized signaling adjusted to the respective channel
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and input constraints. For many practically relevant transmission systems, the underlying
channel is well modelled by additive white Gaussian noise (AWGN]). By Shannon’s channel
coding theorem, we know that the optimized input signal should be Gaussian distributed.
With the rise of voiceband modems facing bandwidth limited channels in the 1960s (see
Sec. , the need for adopting optimized signaling strategies became apparent. However,
the combination with [FEC] turned out to be challenging.

In 2014, a new approach to combine coding and optimized signaling, called probabilistic
amplitude shaping (PAS) was developed [8, 9] and was quickly adopted in practice as it
circumvents many of the previous difficulties. We refer to Sec. [3.2] for a detailed discussion.
This thesis focuses on this approach and investigates various aspects around [PAS In
particular, we provide a comprehensive picture of the interaction of optimized coding
and signaling using different [FEC] architectures. We focus on an information theoretic
treatment as well as practical finite length and simulation based validations.

Since its invention, has been investigated for various standards and applications.
For wireless communications, it was considered during 5G standardization [10]. For wired
access, it is investigated for new versions of digital subscriber line (DSL) standards, see,
e.g., [I1]. The most significant impact of is in coherent optical communications. After
experiments in [12, T3] that validated the theoretical gains for the AWGN] channel also for
fiber optical links, many other experiments and field trials followed — on dark fiber [14] and
even transatlantic [15] [16, [17] and transpacific distances [18]. Steve Grubb, global optical
architect at Facebook, considers probabilistic shaping (PS) “[...] as the best technique that
will closely approach the Shannon limit and achieve the highest capacities possible on a
submarine cable” [19].

While the increase of spectral efficiency (SEl) by is important for optical communi-
cation, the benefits of increased flexibility are of even greater practical importance. By
changing the signal distribution, the transmission rate can be finely adjusted to tune the
reach and data rate. Previous transceivers did not offer such flexibility and required many
different modulation and code implementations.

Nowadays, several major optical equipment manufacturers offer products that implement
in their digital signal processors: In March 2018, Nokia presented the Photonics Service
Engine 3 (PSE?))EL claiming 65% increased capacity, while the power usage per bit is
reduced by 60% and any reach from 10 km to 10000 km is supported. Acacia implements a
variant of [PS] by fractional quadrature amplitude modulation constellation&ﬂ and
Ciena offers [PSl in their WaveLogic 5 DSP chipf} see also [20].

The demand for increased data rates will continue and even though we may hit the
Shannon limit for point-to-point links, much is still to be gained and explored for multi-user
and multi-antenna setups and their equivalents for optical communications (e.g., multi-core
fiber). To quote [2] again: “Fundamental studies in math should be supported. Do not be
shortsighted; they will pay off in the long run.”

"https://www.nokia.com/networks/technologies/photonic-service-engine/
2https://acacia-inc.com/product/ac1200/
3https://www.ciena.com/wavelogic/wavelogic—5
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The remaining parts of the thesis are structured as follows:

> Chapter[2] provides the information theoretic foundations for the subsequent chapters.
We start with a brief summary of results from probability theory and use these to
derive the channel coding theorem, introduce the concept of achievable rates and
explain the basic building blocks of a communication system. To put our simulation
results into perspective, we also introduce finite length coding bounds. Further, we
give a short introduction into graphs and the sum-product algorithm for inference
on graphical models.

> Chapter [3]introduces the concept of layered [PSland explains the difficulty of combin-
ing [FEC] with optimized signaling. We discuss as one implementation of layered
PS and compare it to geometric shaping which places the constellation points non-
uniformly over the real axis. We then extend the principle of [PAS|to parallel channels
and show why product distribution matching is beneficial for multi-carrier systems.
We also discuss gains of [Pl for hard decision decoding. Finally, we consider signaling
with on-off keying which has a non-symmetric capacity achieving distribution and
prevents the application of Instead, we resort to a time sharing based scheme.

> Chapter [4] deals with the design of [LDPC] codes for with bit-metric decoding.
We review basic tools to design binary [LDPC codes (density evolution, extrinsic
information transfer charts) and discuss their application for the bit mapping opti-
mization of off-the-shelf codes and for the joint code and bit mapping design of new
codes. In addition, we discuss quantized [LDPC] decoding and introduce binary mes-
sage passing, ternary messsage passing and quaternary message passing. All three
approaches exploit channel soft information but pass only one or two bit messages
during the iterative decoding schedule.

> Chapter [5| discusses decoding for [PAS with non-binary low-density parity-check
(NB-LDPC)) codes. We investigate symbol-metric and bit-metric decoding, derive
expressions for the decoder soft information and perform numerical comparisons.

> Chapter [0 presents applications of the previous topics to optical communications. We
show how signaling parameters (e.g., the employed distribution, signal-to-noise ratio)
may be estimated in a blind fashion from the received noisy signals and apply the
approach to measured simulation data. Finally, we extend to higher dimensions
and introduce the concept of quadrant shaping. Transmission experiments validate
the theoretical findings.
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1.2. Contributions
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Preliminaries

2.1. Notation

We refer to the set of natural numbers as IN; if zero is included, the set is denoted as INy.
The set of all integers is Z. The set of real numbers is R, the set of positive real numbers
is R* and the set of non-negative real numbers is Rg. The set of complex numbers is C
and j is the imaginary unit. General sets are denoted by calligraphic letters such as .A.

Depending on the context, we use different notations for vectors. In general, vectors are
written in bold font and are assumed to be row vectors, i.e., ® = (x1,2,...,x,). If the
dimension is important, it is denoted as a superscript, i.e., x = 2. We use the notation
[®]; = z; to index the i-th component of . A matrix is written in uppercase with bold
font, e.g., X. As for a vector, the notation [X|;; = x;; refers to the component in the i-th
row and j-th column of X.

The discrete, linear convolution of two vectors a = (ay, as, ..., ax) and b = (by, b, ..., b;)
is denoted by ¢ = a * b. The i-th entry of the k + [ — 1 dimensional vector ¢ is

ci:Zaibi,j, VZG{l,,k—l—l—l}
J

The notation a*® denotes a b-fold convolution of a with itself, i.e.,

at=ax*.. . *a.
—_————

b times

Random variables are denoted in uppercase letters; the corresponding realizations have
lowercase. The probability mass function (PME) of the random variable (RV]) X is referred
to as Py, while the probability density function (PDEF]) is written as px. The function 1 (+)
is the indicator function and returns one if its argument is true and zero otherwise.
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2.2. Probability Theory

2.2.1. Probability Space

A probability space is defined by the triple (Q, F,Pr). The set Q = {w;,ws,...} is the
sample space and the set of all possible outcomes of a random experiment. These outcomes
are also called elementary events. Sometimes, one is interested not only in the occurrence
of a certain elementary event, but rather a general event that may consist of several
elementary events {w;} C €. The set F is a o-algebra, fulfilling the properties:

Qe F (2.1)
Ac F= A°e F
Al,.AQ,...EJT":> UAZGI" (23)
=1

The probability measure Pr: F — [0, 1] is a function that assigns to each element in F
a number in the interval [0, 1] and fulfills the following properties for any A € F:

Pr(A) >0 (2.4)
Pr(Q) = 1 (2.5

2.2.2. Conditional Probability and Stochastic Independence

The events A;,7 = 1,...,n, are stochastically independent if
Pr(AiNnA;N---NA,) =[] Pr(A4). (2.7)
i=1

The probability of the event B conditioned on the occurrence of event A with Pr(A) > 0
is

Pr(AnNB)
_Ans) 2.
pesA) - AT 23)
If the events A and B are independent, then and give
Pr(B|.A) = Pr(B). (2.9)

Let the events B;,i = 1,...,n, partition Q, ie., Ul B; = Q and B;NB; = 0, Vi # j.
The law of total probability states that for any A C F we have

Pr(A) = 3" Pr(A|B,) Pr(B,). (2.10)

i=1
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Further, we can upper bound the union of events as

Py <U1 Ai> < iPr(Ai). (2.11)

This bound is called a union bound and holds with equality if the events A;, i =1,...,n,
are disjoint.

2.2.3. Random Variables

For a given probability space (2, F,Pr), we can define a [RVl X as a mapping from the
sample space €2 to another measurable space §, i.e., X : 2 — §. In the following, we
consider sets S which have an order relation. Depending on the further properties of S we
can distinguish two important types of RVk. If S = R, X is called a real or continuous
[RV], which is defined via its cumulative distribution function (CDH) Fx(z) as

Fx(z) =Pr({w e Q: X(w) < z}). (2.12)
If the [CDE] is differentiable (except for a finite number of points) and continuous, we
further define the [PDE] of RVl X as

 dx

If S = X is a finite set, then the RVl X : Q — X is said to be a discrete [RV] and is
defined as

px(7) : (2.13)

Px(z) =Pr({w € Q: X(w) = x}). (2.14)

We refer to (2.14) as the [PME] of the [RV] X. Similarly to the continuous case, a discrete
also has a distribution function

Fx(x)= ¥ Px(a). (2.15)

a€X:a<z
From and , we have
px(a) >0 Px(a) >0 (2.16)
/ px(z)dz =1 > Px(z) =1. (2.17)
—oo zeX

Note that the requirement for the set S to have an order relation is important, e.g.,
for discrete [RVE defined on finite fields (Sec. [2.3.F]). Here, no ordering exists such that no
can be defined.

The definitions for joint and conditional density and mass functions for [RVEk follow in
the same spirit.
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The support of a [PMF] Py is defined as

supp(Px) = {z € X : Px(x) > 0}. (2.18)

2.2.4. Moments of Random Variables

The expectation of a transformation f(X) of a discrete RV] X with f : X — R is given by

E[f(X)] = Z;(ﬂx)PX(:c). (2.19)
For a real valued we have
E[f(X)) = [ f@px(@)dr. (2:20)

The k-th moment (k € IN) of a defined on X C R is the expected value of the k-th
power of the X, and we have

E [Xk} = > 2"Px(z) and E [Xk} = /]Ra:kpx(m) dz. (2.21)

zeX
The variance of X can be related to the first and second moment of X as
Var[X] = E[(X - E[X])?] =E [X?] - E[X]*. (2.22)
For a complex valued [RV] the variance is defined as
Var [X] = E[|X - E[X]]’] = E[|X["] - [E[X]]*. (2.23)

If higher moments of a real valued [RV]should be calculated, moment generating functions
are helpful. The moment generating function of the X is

Mx(r) =E[eX], reR. (2.24)
The k-th moment of X is given as

dkMx(T)

2.25
i (2.25)

E[X* =

r=0

The equality ([2.25)) can be proven by using the series expansion of the exponential function.

2.2.5. Functions of Random Variables

We often have to deal with functions of [RVk and are interested in the resulting [PDFk.
Consider Y = g¢(X), where X is a real valued and ¢ : R — R is a monotonic,
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differentiable function. We have

Fy(y) =Pr(Y <y) =Pr(g(X) <y)

) Pr(X < g7 () = Fx(g7'(y)), g is monotonically increasing (2.26)
| Pr(X > g (y) =1—Fx(g*(y)), g is monotonically decreasing. '
Therefore, the PDE of Y is
dFy (y) . |dg‘1(y)‘ . 1 |
_ _ . — ox(g7 (W) - 2.27

where ¢'(z) is the first derivative of g(x). If the function g is not monotonic (i.e., there is
no inverse function on R), then we determine intervals on which ¢ is monotonic and treat
them separately. For this, we calculate all zeros of g(x;) —y =0,i=1,..., N, and get

N
1
py\Yy) = 2 _px\Zi) - : 2.28
v (y) ; x () e (2.28)
2.2.6. Important Inequalities
The Markov inequality states that for a non-negative X, we have
Pr(X >a)= / px(z)dr < / gpx(x) dz
a 00 ElX
§/ fpx(:t)dx—f—/ Epx(ac) dz = X] (2.29)
0 a a a
A generalized version of (2.29) is
E[f(X
Pr(X >a) < El/() (2.30)

f(a)

for any monotonically increasing, non-negative function f. The proof of (2.30) follows the
same steps as the previous derivation.

Using the Markov inequality (2.29)), we can state Tchebycheff’s inequality

E[(X —E[X])*] _ Var[X]

2

Pr(|X — E[X]| > a) = Pr(|X — E[X]* > a?) < (2.31)

a a

which relates the probability of the deviation of an [RV] from its mean to its variance. Ob-
viously, the Markov inequality can be applied here as the |X — E[X]| is non-negative.
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2.2.7. Weak Law of Large Numbers

Let Xi, Xs, ..., X, be independent and identically distributed (iidl) real-valued [RVk. The
sample mean S, is

Sy = zan (2.32)

(2

=1
We have E[S,] = E[X] and Var [S,,] = Var [X] /n. Using Tchebycheff’s inequality (2.31)),

we have

S|

< Var [S,,] _ Var [X]

Pr(|S, — E[X]| > ¢) = Pr(|S, — E[X]|* > £?) (2.33)

g2 ne?

for any € > 0. The weak law of large numbers (WLLN]) states that the sample mean S,
converges to the true mean in probability for an increasing number of samples, i.e.,

Pr(|S, —E[X]| >¢) - 0 for n — oo. (2.34)

2.3. Information Theory

2.3.1. Information Theoretic Quantities and Their Properties

We will first consider discrete RVE. The self-information of a realization of a discrete [RV]
X with [PME| Py is defined as —logy(Px(x)). As Py is a ([2.16)), it follows that
—log,(Px(z)) is always non-negative. We define the entropy of the discrete RV] X as the
average self-information

H(X) =E[-logy(Px(X))] == > Px(v)logy(Px(x)). (2.35)

z€supp(Px)

We can bound the entropy by
0 < H(X) < logy(|X]) (2.36)

where the left hand side follows from the non-negativity of the self-information and the
right hand side follows from

B [logQ (W)] Hlog, (|X]) < ('S“pﬁgf)f)' - 1) 10g1(2> Flog(|X])  (2.37)

where we used the inequality log,(x) < (x —1)/log(2). We have equality on the left-hand
side of (2.36)) by a degenerate distribution Px and equality on the right hand side by a
uniform distribution over X.

For a binary X with [PMF Px(0) = p, Px(1) =1 —pand 0 < p < 1, we introduce
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the binary entropy function Hy(p) as

Hy(p) = —plogy(p) — (1 — p)logy(1 — p). (2.38)

We write Ho(0) = Ho(1) = 0. Ha(p) is invertible on the interval [0,0.5] and we denote its
inverse by Hy .

The cross entropy X(Px || Py) between Px and Py with supp(Px) C supp(Py) is
defined as

z€supp(Px)

The conditional entropy of the BVl X|{Y = y} is

H(X[Y =y) = > — Py (zly) log,(Px )y (z]y)) = E [ log,(Pxy(X|y)|
z€supp(Px |y (-[y))
(2.40)
Averaging (22.40]) over Py yields the conditional entropy H(X|Y), i.e.,
H(X[Y) = Pr(y) H(X]Y =y) = E [~ logy(Pxy (X]V))] . (2.41)

yey

We have that H(X|Y) < H(X) and equality is achieved if X and Y are stochastically
independent.

The Kullback-Leibler divergence D(Px || Py) for two distributions Px and Py with
supp(Px) C supp(Py) is defined as

D(Px || Py)= PX(x)log2<1]z);éz)>>:Ellog2<?;é))§§>]. (2.42)

zesupp(Px)

The definition shows that the Kullback-Leibler divergence is not symmetric in its argu-
ments. As before, we can use the inequality log,(z) < (x — 1)/log(2) to show that the
divergence is non-negative:

—D(Px || Py) = H(X) = X(Px || Fy) (2.43)
Py (z)
= Px(x)log, (2.44)
xesué):(Px) § <PX (x)>
1 Py(.f(]) .
w0 (R0 ) e
1

= Z Py(z)—1<0. (2.46)
log(2) zesupp(Px)
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From the previous result we see that the solution to optimization problems of the form

min  X(Py || P) (2.47)
Y

is given by Py = Px.
The mutual information [M1) is defined as

I(X;Y)=H(X)—-H(X|Y)=H®Y) - HY|X) (2.48)
i [ (Prx(VIX)Y] _
=E ll €2 ( Pr(Y) )] D(Pxy || PxPy) (2.49)

The reformulation in the last step as a divergence shows that the [MIl is non-negative and
zero if and only if X and Y are stochastically dependent. Further, from ([2.36]) and (2.48)),
we can establish the following bounds for the

0 <I(X;Y) <min(H(X),H(Y)). (2.50)
The term inside the expectation in ([2.49) is often referred to as information density

Py x (yl|) )
Yaex Pyix(yla)Px(a) )

i(2:y) = log, ( (251)

For a continuous [RVY], the concept of entropies does not exist. However, we can define
the differential entropy h(X) as

MX)=E[-logy px (XD == [ px(@)logylpx(@)de.  (252)

zEsupp(px)

In contrast to the entropy of a discrete RVl no bounds on (2.52)) can be given. In particular,
the differential entropy can be negative, e.g., for a uniformly distributed [RV] between [0, A]
with A < 1. Most concepts introduced above can also be formulated in terms of the
differential entropy.

In practice, calculating the expectations of , and may not be feasible
if the involved [RVEk are high dimensional. However, if sampling from the respective dis-
tributions is possible, we can approximate them by employing the [WLLN| , ie., we
obtain for n — oo

H(X) ~ _i ilogz(PX(xi)) (2.53)
and
I(X;Y) ~ —Tll ilogQ (W) (2.54)
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where the samples z;,7 = 1,...,n and sample pairs (z;,9;),7 = 1,...,n are distributed as
Px and Py|x Py, respectively. Alternatively, numerical quadrature rules such as Gauss-
Hermite quadratures can be used (see Appendix |A.3)).

2.3.2. Channel Coding Theorem

In this section, we briefly review the steps of the noisy channel coding theorem as stated
by Gallager |21, Ch. 5]. We also discuss mismatched decoding metrics that were treated
by Gallager in exercise 5.227 of [21]. Mismatched decoding metrics were also discussed by
Kaplan and Shamai [22].

Problem Setting

Following James L. Massey’s “Basic Information-Theoretic Model of a Digital Communi-
cation System” [23], a system model for the following investigation is shown in Fig. [2.1]

w v (w) " (w)

[ Encoder ]—/—{ Modulator H

]
H Decoder }—[Demodulator}

Figure 2.1.: Adaption of Massey’s “Basic Information-Theoretic Model of a Digital Com-
munication System”.

n

Y

We are interested in transmitting one of 2" messages w € W = {1,...,2"%} We
associate each message w € W with a codeword of the codebook C with cardinality |C| =
2" The codeword for the message w reads v™ (w) € C with the codeword symbols v;(w),
1=1,...,n¢, taken from a set V. The modulator takes the codeword as input and returns
the modulated codeword x™(w) which is a string of length n with entries taken from a set
X. The modulated codeword z"(w) is transmitted over a channel pynx» and the receiver
obtains a noisy estimate y” of the original message. The decoder has the task to estimate
the transmitted codeword z" from which the estimate of the original message w can be
obtained. The noisy channel coding theorem characterizes the probability Pr(W #+ W).

1“A discrete memoryless channel has the transition probabilities P(j|k). Unfortunately, the decoder
for the channel is a maximum likelihood decoder designed under the mistaken impression that the
transition probabilities are P’(j|k).”
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Decoding Metrics

To determine the transmitted codeword from the observation y", the decoder uses a de-
coding metric, i.e., a function ¢ : X™ x Y" — R that assigns a score to each modulated
codeword z™(w). The decoder chooses its estimate by selecting the message/codeword
which gets the highest score, i.e.,

W = argmax q(z"(w),y"). (2.55)
wew
For implementation reasons, most practical decoding metrics are memoryless, i.e., with a
slight abuse of notation, we have

W= argg\;&x f[l q(z;(w),y;) where x;(w) = [z"(w)];. (2.56)

There are different types of decoding metrics. In this thesis, we distinguish between:

> Decoding metrics based on symbol-metric decoding (SMD): operates directly
on the modulation symbols x € X. Hence, they can be employed with non-binary
(NB) codes, where the cardinality V| of the codeword alphabet is the same as the
cardinality |X| of the modulation set?]

> Decoding metrics based on bit-metric decoding (BMD): is commonly used
when binary [FEC] codes are combined with higher-order modulation formats, i.e.,
|X| > 2. To calculate a metric for each codeword bit, a marginalization step over
all possibly transmitted modulation symbols is needed. is used for instance in

bit-interleaved coded modulation (BICM)]) [24].

Both approaches can be further classified into hard decision (HD)) and soft decision (SDI)
based metrics. We characterize based decoding metrics as those that use a Hamming
distance and do not exploit reliability information, see Sec. 3.8 Instead, metrics use
reliability information and generally outperform based schemes.

An important instance of an SMDI decoding metric is q(a™,y") = pynx»(y"|z").
It represents a maximum likelihood (ML) decoder that was analyzed by Gallager in [21].
In [22], Kaplan and Shamai use Gallager’s derivation of a mismatched decoder [21], Exercise
5.22] and formalize the setting. In this mismatched setting, the decoder does not know (or
does not use) pynx»(y"|x") because it has no access to it or only knows it approximately,
e.g., because it does not have instantaneous channel state information (CSII), but only a
time-average one. Another reason not to use pynx»(y"|z") is because the calculations may
be too complex [25, §4]. Most practical decoding metrics are mismatched.

2More generally, the cardinality of the codeword alphabet may also be a power of the cardinality of the
modulation set for SMD] also see Sec.
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Derivation of the Decoding Error Probability via Random Coding

Calculating the probability Pr(W # W) for a given code and decoding metric is very
difficult in general, and it may require exhaustive Monte Carlo (MC]) simulations. Instead,
Shannon had the idea to resort to a random coding argument to investigate the average
decoding error probability of an ensemble of codes. Instead of looking at a single code C,
we investigate a large set of codes, the so called code ensemble, and try to determine its
properties. Given the average decoding error performance, we know that there must exist
a code that is at least as good as the ensemble average. We will follow this line of thought
in the following.

Without loss of generality we assume a setup where the codeword and modulation symbol
set coincide, i.e., V = X. The random coding experiment to construct the codebook C has
the following form: For each of the 2"% messages in W, choose a codeword z™ at random
by sampling it from Pyx». All codewords are [iidl The [RV] X" is defined on X", i.e., the
n-fold Cartesian product of X.

The law of total probability (2.10)) gives

Pr(W #£ W)= Y Pr(W #£ w|W = w)Py(w). (2.57)
weW

Consider a particular W = wq to examine the probability Pr(W # wo|W = wp). As the
decision for W is based on maximizing the decoding metric, we decide erroneously for w
if g(a™(w), y™) > q(xz™(wp),y™). We can write the corresponding error event as

o aXn(w), Ym)
E(w) = {q(X”(wo),Y”) > 1}. (2.58)

We have

Pr(W # wo|W = wy)
= 3 Pxo(a™(wo)) Pr(W # wolW = wp, X™ = 2™ (wy))

™ (wp)EX™

- 5 e Y e

" (wo)EX™ w#wWo

W = wy, X" = x”(wo))

= Y an(x”(wo))/Rnpyn‘xn(y”\x"(wo))

™ (wp)EX™

o(X"(5).7) RSN W
x Pr (I@QJO{CI(W(WO)W”)ZlHW_ 0, X (wo), Y y)dy

(2.59)

where we first average over all possible codewords that may have been chosen for message
wo, and then we average over all possible noisy channel observations y™ given z"(wp) was
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chosen. Let us further examine the inner term in (2.59)), for which we get:

Pr (wguﬂ {Zgﬁzg;;zz; > 1} W = wo, X" = 2"(wp), Y" = y”) (2.60)
gm;voPrqm21}'W:wO,X":x”(wo),Y”:y"> (2.61)
< w;g (Pr ({W > 1}‘ W = wp, X" = 2™(wy), Y™ = y"))p (2.62)
. (; E [g(X" (), y”>8|qu(;(z;oo,;<; - o (wg), Y" = yn])” (2.63)
- (5 Patien) o

= ((an — 1)W>p (2.65)

q(z"(wo), y")?

The step in (2.61) applies the union bound (2.11)) and step (2.62)) introduces a parameter
p with 0 < p < 1, see [21, Ch. 5.6]. In (2.63)) we applied the generalized version of the

Markov inequality (2.30) with s > 0 and (2.65]) follows because E [¢(X"(w),y™)] is the
same for all @ # wy.

We now restrict attention to a memoryless channel pynx»(y"|z") = [TiL; pyix (vilz:),
a memoryless decoding metric q(z",y") = ITi~, ¢(x;,y;) and Px(z"™) = [T, Px(x;). The
inner part of (2.65) simplifies as

Elg(X™,y")°*]  Xanean Pxn(a™)q(a™,y")*  Yanexn [limg Px(ai)q(a,y;)*

q(z™(wo), ym)* q(z™(wo), ym)* [T q(zi(wo), yi)?®

= H?:l ZGEX PX(CL)C] a yz - ( acX PX( )Q(aayl)s> 2.66
[Ty q(zi(wo), yi)* 1;[ q(z;(wo), y;)* : (2.66)
We use to rewrite as
P (A
Pr(W # WIW = w) < 2" H/ > pyix (yil@) Px () (ZGEX x(@)a(a,y,) )
rzeX 'T yz
__ onR, Zae){ PX(
=2 (/ ;{pwx y|z)Px (z )< ERE ) )

_ 2an2—nEo(q Px,p,s) _ 2—71(E0(Q,PX,P75)_RP) (
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where we introduced the shorthand notation

Bla Pe.p.9) = ~ows ([, 5 il (o) (Ee DHOHEIT g, ) o

reX Q(x7y)s

The expression ([2.67) appears in the solution manua]ﬂ for the exercises of [2I] and is
discussed in further detail in [22]. The error exponent for a decoding metric ¢ and rate R
is

E(q, R) = max maxmax (Foy(q, Px,p,s) — Rp). (2.69)

0<p<l s>0 Px

Gallager’s Error Exponent We can obtain Gallager’s random coding exponent of [21]
from (2.67)) by instantiating it with ¢(z,y) = py|x (y|2):

PI'(W §£ U}O’W = ’LU())

cx Px(a)py|x Ja)*)” !
=" /ZPX pY|X(Z/|5C)<za (P >> dy)

rex pyix (Yilwi(wo))*

—2 ([ 5 Peamstole) (S Pe@mctuiar) @) @)

zeX acX
1+p n
= 2" / (Z Px (z)py|x (y|) ””) dy (2.71)
zeX
— onRpg—nEy Gal(Px,p) — 2*”(*RP+E0,Ga1(Px,P)) (2.72)

where we set s = 1/(1 4 p) from (2.70) to (2.71) and we defined
1+p
Eoca(Px, p) = —log, (/ (Z Px (x)pyx (y|z) 1+p> dy) : (2.73)
zeX

The above specific choice for s is also the optimal one for this setting. In general, one
must optimize over s. Using the expression for the information density (2.51]), we see that

(2.73]) can be written as
Eocal(Px, p) = —log, E {GXP <—Z‘1ip(X; Y))} : (2.74)

The form (2.74) is useful for a numerical implementation by means of Gauss Hermite
quadrature rules, see Appendix [A.3] We define Gallager’s coding exponent as

Ega(R) = max max (Epca(Px,p) — pR). (2.75)

0<p<1 Py

3The solution manual discusses the case for a discrete memoryless channel, but the structure is the same.
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Error Exponent for BMD and a Product Input Distribution We now investigate a
mismatched case with the bitwise decoding metric (see Sec. for the employed notation)

k=1
The random coding experiment samples from Py, which factors as

Py(x) = Pa(x(z)) = [] Ps, (bs).

k=1

Now ([2.68) gives:

EgMP(Px, p,5)

= —log, (Z ﬁ PBk([X(w)]k)/]RpY|X(y’$)

zeX k=1

Sacx Px(a) Iy py i, (wllx(@)]k)* |
( [T72 py s, (vl De(2)]i)* ) dy)

Y aex Ity pyis, (Wlix(a)le)* Po, ([x(a)]k) \*
( ITits py (s, (wlx(2)]k)* > dy)

=~ 1ot (X TT Pl [, mvistolo)

— _1lo x :L " . O Zbe{o,l}leBk(y|b>8PBk(b) P
= —log, (gﬂ};{lPBk([X( )]k)/]RleX(y’ )<k1;[1 pY|Bk(yHX(l')]k)s ) dy) :

(2.77)
We define the random coding exponent for [BMDI| with a product input distribution as

EPMP(R) = max max max (E(?MD(PX,/), s) — pR) : (2.78)

0<p<1 20  Px

2.3.3. Information Rates

We want to define error free transmission by requiring that the average probability of error
approaches zero as n — oo. Any rate R for which the random coding error exponent is
non-negative is an achievable rate. As shown in Appendix [A.T] an achievable rate is

_ dEO(Qv PX7 P S)

R 5

(2.79)

p=0

To calculate the derivative, we write (2.68|) as

p
Zan PX(Q)Q(Q, Y)S
q(X,Y)*
Z
= —log, (E [2°=(#]) (2.80)

= —log, (E[Z2"])

EO(vaXHO:S) :_logQ E
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and apply the differentiation laws of the moment generating function (2.25). We obtain

— _Ellog,(2)] = E llogg (Zaexqq((f:;()):PX (a)ﬂ (2.81)

dEO(q7 PX7 P, S)
dp

p=0

and define the generalized mutual information (GMI) [22]

Row=ngs B |l (20| 25

Instantiating with ¢(z,y) = py|x (y|z), we get

pyix (Y]X ))]
R=1(X:Y)=FE |log ( . 2.83
Similarly, for BMDI as shown in ([2.76)), we have

k=1

which is known as the “{BICM] capacity” [26]. Subsequent works [27, 28, 29] extended the

framework and notion of the [GMIl For both (2.83) and (2.84), the optimization over s
results in s = 1. This can be seen by noting that after inserting the respective metrics,
the resulting expressions can be understood as an instance of ([2.47)).

2.3.4. Important Channel Models and Their Capacities
Symmetric Channels

A discrete input, discrete output channel Py |x is said to be symmetric if the columns of
the corresponding channel transition probability matrix are permutations of each otherﬁ
As a result, we have H(Y'|X) = H(Y|X = z) and the conditional entropy does not depend
on the distribution Px of the channel input X.

For channels with a continuous output alphabet y € R, we define symmetry by

pyix(y|z) = pyix(—y| — ). (2.85)

Binary Erasure Channel (BEC)

The binary erasure channel (BEC) has a ternary output alphabet ) = {0,1, E} and its
model is shown in Fig. 2.2a] The transmitted symbols are either correctly received or
completely unknown, which is denoted by the erasure symbol E. The channel transition

4This assumes that the channel transition probability matrix is defined such that the probabilities
Py x(-|z) are arranged as columns.
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(a) BEC (b) BSC (¢) BEEC

Figure 2.2.: Channel models for important binary input channels.

probabilities are

Py|X(0|0) = Py‘X(1|1) =1-—¢

Pyix(E|0) = Pyix(E1) = €. (2.86)

As the channel is symmetric, a uniform input distribution is capacity achieving and we
calculate
CBEC =1-—c¢. (287)

Binary Symmetric Channel (BSC)

The binary symmetric channel has a binary output alphabet } = {—1,+1} and
its model is shown in Fig. [2.2b] The transmitted symbols are received either correctly or
incorrectly. The channel transition probability is

Pyx(0]0) = Pyix(1]1) =1—-14

Pyix(1]0) = Pyx(0[1) = 6. (2.88)

As for the BEC|, the is symmetric and a uniform input distribution is capacity achiev-
ing. We have
Cpso = 1 — Hy(6). (2.89)

Binary Error and Erasure Channel (BEEC)
The binary error and erasure channel (BEEC) is a combination of the BEC|and BSC] such

that the channel output is ternary ) = {0, 1, E} and both errors and erasures may occur.
The channel transition probability is

Pyx(0]0) = Pyix(1|1) =1—-6 —¢

Prix(110) = Py (0]1) = 8 290,
Pyix(E|0) = Pyix(E[1) =¢



2.3. Information Theory 23

The channel defined by (2.90)) is again symmetric and we obtain

CmEC:(1—gy<1—}b<lig>). (2.91)

Additive White Gaussian Noise Channel (AWGNC)

In contrast to the previously considered channels, the AWGNI channel has a continuous
input and output, i.e., X =) = R. The model is

Y =X +N. (2.92)

The RV] N is Gaussian distributed with zero mean and variance o2, i.e., N ~ N(0,0?).
The channel is characterized by the [PDE]

e 22 . (2.93)
We obtain the
I(X;Y)=h()—-h(Y|X)=h(Y)—h(N)=h) — ;log2(27rea2). (2.94)

To find the capacity of the[AWGN]| channel with an average power constraint on the channel
input, i.e., E [X?] < P, we maximize (2.94]) over px. This implies we have to solve

max h(Y) subject to E [Xﬂ <P (2.95)
The average power constraint on X implies an average power constraint on Y such that
(assuming the channel input X and the noise N to be stochastically independent) E [Y?] =
E[X? + E[N?] < P+ 0% For an average power constraint, the differential entropy
is maximized by a Gaussian distribution [30, Sec. 2.5.3] which implies that ¥ must be
Gaussian with zero mean and variance P + o2. If X is Gaussian, Y is Gaussian as well]
Therefore, we achieve capacity by choosing X ~ N(0, P) and the capacity is

1 1 1
Caweny = h(Y) — 5 log, (2mec?) = ) log, (2me(P + 0?)) — 3 log, (2meo?)
1 P
The capacity Cawgn is the central quantity that we want to approach in this thesis. It

serves as the fundamental benchmark to assess our coding schemes. The ratio P/o? is
called the signal-to-noise ratio (SNRJ). The capacity (2.96) is strictly increasing in the

5The [PDFEl of a sum of independent [RVE is given by the convolution of the PDFEL of the summands. The
convolution of two Gaussian [PDEk is again Gaussian.
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so that an inverse exists. We denote this inverse by Cywey in the following.
We now investigate the impact of a non-optimal, i.e., non Gaussian, distribution on the
channel input. Let X denote the zero mean [RV] X with E [X 2} = P for the suboptimal

channel input and let Y be the respective channel output. The MII(X;Y) is
I(X, Y/) = CAWGN — D(pf/ || py). (297)

Hence, the “penalty” from not using the optimal distribution is characterized by the Kull-
back Leibler divergence of the respective channel output [PDFs

pr(®) = [ prixGlopc@)dr  and  py(y) = [ prix@lopx(@)dr. (298)

This follows from the property that

Dy l1w) = [ oo toms (222} du =~ bioy) = [ oy ) omslov )y (299)

_ _n() 4+ ; log,(2me(P + 02)) = — h(V) + h(Y). (2.100)

The result (2.97)) has a practical implication as we will see in subsequent sections: Even
though a system uses a non-optimal input distribution, it may still operate close to capacity
if the Kullback-Leibler distance between the implied output distributions is small.

2.3.5. Finite Fields and Linear Block Codes
Finite Fields

To impose structure on codes, the concepts of groups and finite fields are beneficial [31],
Ch. 2]. A group is an algebraic structure (G, +) with a set of elements G and an operation
+ such that the following four properties hold:

> Closure: For any a,b € G, it must hold that a + b € G.

> Associativity: It must hold that a + (b+¢) = (a+b) + ¢, Va,b,c € G.
> Neutral element: 30 € G:a+0=a, Va € G.

> Inverse element: 3(—a) € G:a+ (—a) =0, Vae G.

If commutativity holds, i.e., a + b = b+ a € G, then the tuple (G, +) is called an Abelian
group.

Ezample 1. The set Iy = {0, 1} with operation 4+ which is defined via mod 2 addition
is an Abelian group. The addition table is
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= O+
—= OO
O

The neutral element is 0 and the elements of IFy are self inverse.

A field is an algebraic structure (G, +, -) with the set G and two operations + and - such
that

> (G,+) is an Abelian group with respect to + and neutral element 0. (G, +) is also
referred to as the additive group of G.

> (G \ {0},-) is an Abelian group with respect to -. (G \ {0}, ) is referred to as the
multiplicative group of G.

> The distributive law a - (b4 ¢) = a-b+ a- ¢ holds for any a,b,c € G.

For coding applications, finite fields, i.e., fields where the respective set contains a finite
number of elements are of major importance. To construct finite fields, we resort to a
construction based on polynomials. The set of all polynomials with coefficients in G (with
|G| = p and p being a prime number) is denoted as G[z]. Let f(z) = 39, fiz' be a
polynomial over G of degree o, i.e., deg(f(x)) = o. The polynomial f(x) is called a prime
polynomial, if f, =1 and if f(z) is irreducible, meaning that f(x) can not be decomposed
into a product of two or more polynomials over G[z] with both degrees larger or equal
than one. The polynomials

F, = G[z] mod f(z) (2.101)

then form a finite field with ¢ = p° elements.

Example 2. We want to construct a finite field with 8 elements over G = 5. According
to the previous definition, we need a prime polynomial of degree o = 3. We find that
two such polynomials exist and choose f(x) = 1 + x + 2 as prime polynomial (The
other one is f(z) = 1+ 22 + 23.). The finite field is Fg = {0,1,z, 2%, 1 + z,1 + 2,z +
3,1+ z + 22}

While the construction of the addition table is straightforward, the construction of the
multiplication table turns out to be tedious. We exploit the fact that the multiplicative
group I, \ {0} is cyclic, i.e., each element can be written as a power of the primitive
element o € Fpo \ {0}, ice., Fpo = {0,ao,a1, . ,apo_2} where o - of = q(i17) mod (P°~1),
To establish the addition table based on the primitive element, we need the notion of a
minimal and primitive polynomial: The minimal polynomial of an element 3 € IFpo is
the monic polynomial in F,[x] of smallest degree that has § as its root. The primitive
polynomial is the minimal polynomial of the primitive element «.



26 Chapter 2. Preliminaries

Linear Block Codes

A (ne, k) linear block code C over a finite field I, is a k. dimensional subspace of ;. We
define its rate R. as

_logo(lel) _ loga(a") _key 2102

Ne Ne Ne

R

A linear block code can be defined in two ways. First, the code C may be specified by
its generator matrix G € ]F’;Cmc as

C={velFy: v=uGucF| (2.103)

where the generator matrix consists of k. linearly independent row vectors g;,i =1, ..., ke,
that form the basis of the code C. Therefore, the code consists of all vectors v that can be
represented as a linear combination of the basis vectors.

Alternatively, the code is specified by its full rank parity-check matrix H € '™ with
me = ne — ke via
C={velFy:vH"=0}. (2.104)

The dual code of C is denoted as C* and is defined as
ct={zeclr a’ =0, Wwec}. (2.105)

Combining (2.103)) and ([2.104)), it follows that H is a generator matrix of C*+ and G is a
parity-check matrix of C*t. Consequently, the dimension of the dual code C* is (n. — k).

For practical purposes, systematic encoding is beneficial, where the generator matrix is
decomposed into an identity matrix of dimension k. X k. and a parity-forming matrix P
of size k. x (n. — k.), i.e.,

G=(I P). (2.106)

After encoding the information vector w, it appears as the first part of the codeword v
again since

v=uG=u(l P)=(u uP).

Any generator matrix G can be brought into systematic form by Gaussian elimination}
To define a linear code, we specify its generator matrix G or parity-check matrix H.

The Hamming weight wy(v) of a binary vector v = (v, ..., v,,) is defined as
wa(v) => 1 (v; #£0). (2.107)
i=1

6Sometimes, additional column permutations are necessary to obtain the form in (2.106].
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We use (2.107)) to define the minimum distance of a linear code C as

dmin: i - - i 2.1
i (2109
V1 F£V2

where the last step exploits that the sum of two codewords is again a codeword. Hence,
the codeword with the lowest Hamming weight determines the minimum distance of the
code. For many classical algebraic codes, the minimum distance is directly related to their
(guaranteed) error correction capability t as

t= V‘“Q_lJ . (2.109)

We evaluate the performance of a blockcode by its frame error rate (FERI) or bit error
rate (BERI), which is given as

FER = Pr(W # W) = Pr(U # U), (2.110)
BER = ;ipr(m £ U;). (2.111)

The information sequence associated with the message W is denoted by the RVI U =
(U1, Usy ..., Uy,). The RMIU = (U, Us, ..., Uy,) is the decision for U at the receiver after
[FEC] decoding. These metrics are usually evaluated by means of [MCl simulations.

Cyclic and Quasi-Cyclic Codes

A cyclic code C [3I, Ch. 5] has the property that each cyclic rotation of a codeword is
again a codeword. A cyclic shift of the codeword v = (v1,vs,...,v,,) € C to the right by
one position is defined as the operation

(V1,09 ..., Un,) = (Uny U1y« ooy Up—1)- (2.112)

Each cyclic code is also a linear code. Compared to linear codes, cyclic codes impose
further structural properties on the codewords which can be exploited for encoding and
decoding with lower complexity.

The codewords of a quasi-cylic (QC]) code C are sectioned into ¢ parts of length @), i.e.,
we have
v = (v1,V2,...,0n.) = (V1,V2,...,0) (2.113)

where v; = (VG-1)Q41, - - -, Vig). If all sections v;, ¢ = 1,.. ., are shifted by the same offset,
the resulting vector is again a codeword. All codes in Chapters [4] and [f] are based on
constructions, as they have a smaller description complexity than random [LDPC| codes
and emerge naturally by building a code from a protograph ensemble.
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Bose-Chaudhuri-Hocquenghem Codes

Bose-Chaudhuri-Hocquenghem (BCHI) codes [31, Ch. 6] are cyclic codes and binary sub-
codes of Reed Solomon codes with a guaranteed error correction capability of ¢t. For a
code with blocklength n. = 2° — 1 and error correction capability ¢, the generator
polynomial is defined as

g(x) =lem (D, (), Ppz(x), ..., Poze(z)) (2.114)

where ®,;(z) is the minimal polynomial of the element o € Fs. The resulting code
dimension is k. = 2° — 1 — deg(g(x)). BCHI codes have a minimum distance of dp;, >
dmina = 2t + 1 and are usually decoded by the Berlekamp-Massey algorithm [32].

Product Codes

Product codes [31, Ch. 4.7] can be understood as two dimensional blockcodes, where the
codeword is a two dimensional matrix with its rows and columns being formed by the
constraints of two linear blockcodes as component codes. Assuming a row code with
parameters (n., k%) and a column code with parameters (ng, k<), the product code has the
parameters (n’ - ng, kS - k%). Further, it can be shown that its minimum distance is given
by the product of the minimum distances of the respective component codes.

Product codes can be decoded iteratively in a or manner. For the former, two
dimensional product codes can be understood as generalized LDPCl codes (see Sec. [4)) with
degree two variable nodes (VNk) and are decoded by the sum-product algorithm (SPA).
For decoding, the component codes are commonly decoded via syndrome decoding

(for high rate component codes) or by the Berlekamp Massey algorithm [32].

Ezample 3. We consider a (9,4) product code with a (3,2) single-parity check (SPC)
code for the row and column component codes. The codeword array V is

v1 V2 |vl 4+ w2
V — v3 v4  |vz + vg
v1 + v2
v1 + v3jv2 +va|  +
v3 + vq

Here, vy, v9, v3,v4 denote the bits of the systematic information part and all other bits
(shaded in dark gray) are calculated as the modulo 2 sum of the rows and columns,
respectively. The bit in the lower east corner is a “check on a check”.

For the case, the component codes are often codes. We use product codes in
Sec. to evaluate the performance of a shaped coded modulation setup with
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2.3.6. Modulation Formats and Labeling

After [FEC encoding, the bits are mapped to constellation symbols. An M-ary constel-
lation is a set X of M points that are used for the pulse shaping. Common constella-
tions are M-amplitude shift keying (ASK]), M M-phase-shift keying (PSKI) and M-
amplitude phase-shift keying (APSK]). M-ASK is also known as bipolar pulse-amplitude
modulation (PAM]). The number M of points is usually chosen as a power of two, i.e.,
M = 2™ m € IN. We distinguish between coherent and non-coherent modulation formats,
where the latter do not convey information in the phase of a constellation point, i.e., only
the amplitude carries information. Examples for non-coherent modulation formats include
on-off keying ([OOK]) or unipolar [PAM| formats used with direct detection (DD)/intensity
modulation (IM]) transceivers. An overview of different coherent modulation formats is
shown in Fig. 2.3

In this thesis, [ASKland modulation formats are used in most cases. We define the
normalized M{ASK] signaling set as Xasx = {£1,+£3,...,+(M — 1)}, where M is even.
The extension to a two-dimensional M?{QAM] constellation is straightforward: take the
Cartesian product of two real-valued [ASK] constellations, i.e., Xganm = Xask X Xask-

For optical communications, higher dimensional modulations formats are of interest. For
instance, a four-dimensional dual polarized [QAM| (DP-QAM) constellation is the Cartesian
product of two constellations, or equivalently, the Cartesian product of four [ASK]
constellations.

To use binary [FEC] codes, we introduce a binary interface for the transmitted constella-
tion points. We define the binary labeling function x: & — {0, 1}™

X(x) =b=0bby...by (2.115)

that assigns an m-bit binary label b to each constellation point. A binary reflected Gray
code (BRGQ) [33] usually works well in practice. It is depicted in Fig. [2.3]

2.3.7. Finite Length Coding Bounds

To evaluate the performance in the finite blocklength regime and to guide the design of
practical communication systems, finite length coding bounds are an important tool. Their
significance has increased with the advent of ultra-reliable low-latency communication
(URLLC) in 5G. The low latency aspect refers mainly to low processing latency, and
hence, small blocklengths. While results on finite blocklength information theory date
back to works by Feinstein [34], Shannon [35], Strassen [36], Gallager [37] and others,
broad interest was sparked by Polyanskiy’s seminal work [38] and many subsequent papers
that provided additional details on how to compute the presented bounds in a numerically
and computationally feasible manner.

In the following, we review some of these finite length bounds in detail. They will
serve as benchmark curves in the following chapters on tailored code designs. First, we
introduce Shannon’s sphere packing bound (SPBI) of 1959. It provides a lower bound on
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Figure 2.3.: Overview of typical coherent modulation formats. A binary reflected Gray
code is used for the label of each signal point.

the [FERI of any spherical code, i.e., a code whose codewords lie on a spherical shell. We
then describe Gallager’s random coding bound (RCB]) that was derived in Sec. as
part of the channel coding theorem. A tighter version of the is the so called random
coding union bound (RCUB]) of [38, Sec. ITI-B]. The latter two bounds provide achievability
results. Finally, we present a bound based on the normal approximation (NAI).

Sphere Packing Bound

The SPBlappears in [39] and assumes a spherical codebook, i.e., C = {& € R" : ||z||* = P}
with |C| = 2", The bound owes its name to the steps used in its derivation. With each
codeword «x;, we associate a Voronoi region, defined as the convex set of points that are
closer to x; than to any of the other 2% — 1 codewords of C. Each Voronoi cell is formed
by at most 2" — 1 hyperplanes that go through the origin, as all codewords have the same
distance from the origin. Hence, each Voronoi cell is a polyhedric cone, the cells subdivide
the space R", and the sum of their solid angles €;,7 = 1,...,2"% equals the surface area
of the n-dimensional spherical shell.

An[MI]decoder identifies for a given receive sequence y the Voronoi region from which it
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originated. An error occurs if the received sequence falls outside the Voronoi region which
corresponds to the transmitted signal point. To lower bound this probability, Shannon
introduces the sphere packing argument, saying that a randomly picked Voronoi cell does
not exhibit a better probability of error than a circular cone of the same solid angle. This
claim is based on propositions stating that among the cones of a given solid angle, the
circular one provides the lowest probability of error and it is best to share the total solid
angle evenly between all Voronoi cells. The corresponding solid angle 6 is therefore given
as

Q) =27 F (2.116)

where Q(#) is the solid angle of a spherical cap in n dimensions with half-angle 6

1 n—11
Q(0) = o Lsin?(6) <2 ,2> (2.117)

and the function I,(a,b) is the regularized, incomplete beta function

A Jot (L —t)bdt
el —t)bdt

I.(a,b) (2.118)

For numerical evaluations and determining 6, rewriting (2.116)) as done in [40, Sec. II] is
beneficial. Having the half angle 6, the probability can be lower bounded as

Z +/P/o?

Pr(W # W) > Pr
( ) ( V/(n—1)

<vn-— 1cot(9)) (2.119)

where Z is a Gaussian normal distributed [RV] and V' is a x?* distributed [RY] with (n — 1)
degrees of freedom. Further, the [RV] V' is stochastically independent of Z. The [CDF is
implemented in many numerical librariesﬂ.

We note that the KPB| as presented here does not take modulation constraints into
account. Refined versions of the [SPBl can be found in [40] 41].

Random Coding Bound

The[RCBJ can be obtained from the channel coding theorem of Sec.[2.3.2] It gives an upper
bound on the [FER] as X
Pr(W # W) < 27 "B (2.120)

where F(R) denotes the respective error exponent, e.g., (2.69)) or (2.75).

"The resulting [RV] has a non-central ¢ distribution. For instance, in Matlab, the [CDElis implemented by
the function nctcdf.
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Random Coding Union Bound

As the name suggests, the [RCUB| is based on the same random coding arguments as
Gallager’s matched or mismatched [RCBI (see Sec. [2.3.2)). For a general decoding metric
q: X" x R" — R*, this bound is [38, Theorem 16]°

min (1,Pr (C"(Xn(w)’yn) > 1’X",Y”>)1 : (2.121)

Pr(W £ W) <E V)

The derivation starts from ([2.60)), applies the union bound (without introducing the tight-
ening parameter p as in (2.62))) and uses the generalized Markov inequality. As the resulting
expression represents a probability, we know that it is upper bounded by one, so that we

have
C ) 0 N | I
o (wguo {Q(x”(wo)7y") - 1} —eod (o), V" =y ) (2.122)
: nr oy Elg(X"(@),y")%]
< min (1, (2 1) S (wo), ) ) : (2.123)

The improved tightening of the follows from the trivial upper bound 1. Unfor-
tunately, this modification couples all n channel uses and the integrals for the averaging
over py|x(yilx), i = 1,...,n, can not be calculated separately. We use the saddlepoint
approximation of [42] to obtain an approximation to the tail probability of the respective

[RVE.

Normal Approximation

The starting point for the derivation of the is (2.121)) and (2.123)). Additionally, we
assume a memoryless decoding metric and set s = 1. It is

el q(X; (wp),Y;)
ni Zi_110g2<z PX(a)q(a,Yi)>

Pr(W # W) <E |min | 1,2 aex (2.124)
<2 pr(2MfAn <o) 41 Pr (20 > 27m) (2.125)
<2 14+Pr(nR—2,>2") (2.126)
<24 Pr(Z, <nR-27") (2.127)

8We present a generalized version for the expression in Polyanskiy’s paper for an arbitrary decoding
metric q.
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where we introduced 6 > 0, the

i os: (zf?i???n)

and used the bound

E[U}:Lgau-pU(u)du+Azau-pU(u)duSa-Pr(USa)+1~Pr(UZa)

for an[RV]U with supp(py) = [0, 1]. To continue, we assume that Z,, is Gaussian distributed
(normal approzimation) which holds for n — oo by the central limit theorem. By choosing
d appropriately (0 has to decrease slower than 1/n and faster than 1/y/n), we get

Pr(W # W)~ Q (W) . (2.128)

For instance, if we consider [SMDI and have ¢(z,y) = py|x(y|z), the mean and variance of
Z,, becomes

E[Z]: E[i(X; Y)]_nI(X Y) (2.129)
Var [Z,) = n (E[i(X;Y)?] = E[i(X;Y)]P). (2.130)

The latter term is called dispersion. The bound (2.128) can be tightened as shown in
129, 38].

Numerical Evaluations of the Finite Length Bounds

In Fig. [2.4] we show results of the numerical evaluation of the finite length coding bounds
for 8-ASK, an [SE] of 1.5bpcu and n € {64, 128,256} channel uses. For all plots, the
decoding metric q(x,y) = py|x(y|x) is considered. We observe that the provides
the tightest achievability bound for all considered blocklengths — it also outperforms the
for low [FERE.

In Fig. 2.5 we depict the same scenario as before for n = 21600 channel uses. As
expected from theory, the converse and achievability bounds become tighter. The realized
shaping gains according to the is what the asymptotic information rate analysis
predicts.

In Fig. 2.6, we compare Gallager’s for 4 and 8-ASK and an of 1.5bpcu. We
consider with ¢(z,y) = pyix(y|z) and BMD with ¢(z,y) = [Ti21 pvis, (W|[X(2)]k)-
For the latter, a [BRGC label is employed. We see that the loss due to for 8-ASK
is reflected for both short (n = 64) and long blocks (n = 21600). The asymptotic
loss is 0.43dB for 8-ASK and negligible for 4-ASK. The latter is because the target
of 1.5bpcu is close to the saturation region of 4-ASK (i.e., its high SNR regime). This
is the regime where and become similar in their performance, see Fig. [3.1]
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Figure 2.4.: Comparison of finite length bounds for 8-ASK with [SMDI| R, = 1.5bpcu and
different numbers of channel uses. Note that the z-axis ranges reduce as n
increases.

This suggests that the operation points of transceivers must be chosen carefully for
optimal performance. We further added the [NAl for 8-ASK for and BMDl While we
observe significant differences for the and the for a small number of channel uses,
both become more similar for large n. The relative differences between and
are also revealed for the

2.4. Graph Theory

2.4.1. Undirected and Bipartite Graphs

Many mathematical concepts and relations can be stated as graphs. An undirected graph
G is a tuple (U, E) consisting of a set U = {uy,uy,...,u;} of nodes (or vertices) and a set
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Figure 2.5.: Comparison of finite length bounds for 8-ASK with [SMDI| R, = 1.5bpcu and
n = 21 600 channel uses.
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Figure 2.6.: Comparison of the[ RCBland the [NA] for SMDI and [BMDI for 4-ASK and 8-ASK
with R = 1.5 bpcu.

E = {e;;} of edges. The set £ contains e;; if there is a connection between node u; and
node u;. As the graph is undirected, the order of the indices i,j € {1,2,...,k} does not
matter. Further, each pairing of i, j is distinct and the requirement ¢ # j prevents loops.

A length ¢ walk is a sequence of £ nodes u;,us,, s, ..., u;,,, such that the edges
€iyig» Cigigs Cigias - -- are in €. A path is a walk where each node u;,,...,u;, appears at
most once. A length ¢ cycle is a path where the starting and ending nodes coincide, i.e.,
u;, = u;,,,. The length of the shortest cycle in a graph determines its girth.

Bipartite graphs belong to a special class of graphs, whose set U of nodes is split into
two disjoint subsets V and C such that 4 =V UC and VN C = ), and edges are allowed

to connect nodes from different node sets only, i.e., if e;; € £ then v; € V and ¢; € C,
i=1,...,ICl,j=1,...,|V|. Werefer toV and C as the sets of[VNk and factor nodes (FNk),
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respectively. The set N'(v;) (N (c;)) denotes the neighbors of VN v; (ENl ¢,), i.e.,

N(Vj) = {Ci eC: €ij S 5}, (2131)
N(CZ) = {Vj eV €5 € 5} (2132)

The girth of a bipartite graph is always an even number.

2.4.2. The Sum-Product Algorithm on Factor Graphs

Factor graphs are a special class of bipartite graphs that describe how a “global” function
of many variables decouples into the product of many “local” functions [43]. For instance,
the global function

f(Ul, V2, U3, Uy, U5) = fl(Ul, U2>f2(7)2, U3>f3(1)3, U4)f4(U3, ’05) (2133)

is described by the factor graph of Fig. 2.7 The[ENk ¢4, co, c3, ¢4 are denoted by rectangu-

Figure 2.7.: Factor graph for the global function of (2.133)).

lar boxes and represent the local functions (factors) fi, fo, ..., fs. The NNk vy, va, ..., V5
have circular boxes and represent the arguments of the local functions. In all our examples,
the values of the [VNk come from a finite set IF.

Suppose that we want to solve the marginalization problem

Flo) = "0 > > 0> flonve,.oy) =D flon,ve,. ., y)  (2.134)

v EFF v;_1€F ’Ui+1€]F U‘V‘E]F ~U;

where the notation ~wv; is short hand for the summation over the values of all except
for the i-th one. Naively, this implies summing over 2VI=! values if the alphabet F of
each [VNlis binary. By exploiting the factorization , the complexity can be reduced
significantly by applying the distributive law. More precisely, we use the Cartesian product
distributive law [44].

The sum-product algorithm (SPA) formalizes the application of the distributive law and
uses the following building blocks at the and For the [VN| update (Fig. [2.8a) we
have

mVj_)Ci<Uj) = H Me—v; (Uj) (2135>
ceN(v;)\{ei}
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Me;, —v; (Uj) My, —c; (U]é)
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&)
(a) VNl to [EN] (b) [ENI to VNI

Figure 2.8.: Update rules of the [SPAI

while the [FN update is given by (Fig. [2.8b))

Mo, (V) = 2 fiN(e)) I mvse (v)). (2.136)

~Yj veN(ci)\{v;}

Ezample 4. We want to calculate f(v;) for the factor graph in Fig. and use the
update rules of (2.135)) and (2.136)) to obtain:

mC3~>vg<U3) = Z f3(U3, U4) *Myy—cs (U4)
v4€F

Mecy—vs (’03) = Z f4('U3, U5) *Myg—cq (1}5)
vs€F

Mys—cqy <U3) = Mecy—vg (U3) *Mey—va (U3)

Mecy—svy (UQ) = Z fg(Uz, U3) " Myz—cy (U3)
vz €lF

mvg—)cl (UQ) — mc2—>V2 (UZ)

My (V1) = D fov1,02) - My, (v2).
v €IF

Overall, we get

f("Ul) = Mey—vn (Ul) = Z f2(017v2)va—>c1(U2)

v €F

= Z f2(017U2) (Z fQ(Uz,Us) (Z fg(U37U4)mx;4—>C3(U4)> :

vo €lF vzl va€F

(Z f4(U37U5)mV5—)C3<U5))) .

vsE€F







Probabilistic Shaping

3.1. Introduction and Historic Overview
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(a) Overview
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Figure 3.1.: Information rates of uniform signaling with 4-ASK, 8-ASK and 16-ASK and
their comparison to the AWGN capacity. The solid curves are [SMDI rates, the
dashed ones are rates.

In what follows, the[AWGN]|channel with discrete inputs and an average power constraint
is of central interest. Its information theoretic model for n channel uses is described by

Yi=AX;+N, E[AX)? <P i=1...n (3.1)
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where X; € X is the discrete channel input, A € R" is the constellation scaling and Nj is
zero mean Gaussian noise with variance ¢ and [PDF given in (2.93]). We define the SNRI
as E[X?] /o? and drop the time index 7 whenever possible.

The model has been studied in detail in the literature, as it can be used to model
various practical communication scenarios. To achieve the capacity of the [AWGN chan-
nel, a codebook with Gaussian distributed signal points is necessary, see Sec. 2.3.4 For
practical implementations, such a codebook is not feasible because of its complexity re-
garding storage and analog-to-digital converter (ADC]) /digital-to-analog converter (DAC])
requirements. While this was not much of an issue in the early days of digital commu-
nications, where channels were mostly power-limited and had a large bandwidth, things
changed when applications were facing band-limited channels and demanded higher [SEk.
One of the first examples were voice band modems for telephone channels [45], which had
only 300 Hz to 3000 Hz of usable spectrum, but offered of up to 28 dB. While [PSK]
constellations were used mostly in the early 60s, formats started to emerge in 1971,
where the Codex 9600 C used 16{QAM]in the V.29 standard to transmit 4 bpcu uncoded.
Hereby, each constellation point was used with the same probability.

From the very beginning, researchers were well aware that this kind of signaling was not
optimal and incurred a loss compared to the capacity of the channel because of the non-
Gaussian signaling. This is illustrated in Fig. 3.1, where the achievable rates of 4-ASK,
8-ASK and 16-ASK are shown and compared to the Shannon limit C'awan . For high
and for M — oo, the loss between signaling with discrete equi-spaced and uniformly
distributed constellation points and a Gaussian codebook amounts to 1.53dB [45].

To mitigate this problem, researchers developed approaches, that use constellation
points with different probability. However, these approaches were not considered practical.
For instance, in [45], the authors suggest to use a prefix-free code (e.g., inverse Huffmann
coding) to parse the data bits into chunks and map those to respective constellation points,
but point out that the variable length of the outputs may lead to error propagation,
overflow and delay. It is further important to mention that shaping was not considered
as crucial at this point, as much larger gains could be obtained through improved coding
schemes.

One of those was Gottfried Ungerbock’s trellis coded modulation (TCM]). In his seminal
work “Channel Coding with Multilevel/Phase Signals” [46], Ungerbéck showed that the
efficiency of practical transceivers can be improved substantially if the [FEC] is designed
jointly with the modulation scheme. This allowed to achieve coding gains for higher-
order modulation that were comparable to those obtained previously for the power-limited
case [47]. built on the notion that [FEC] needs to consider the Euclidean distance of
signal points and should enlarge it. This led to the notion of “coding by set partitioning”,
where the coded bits selected a partition of the constellation and the uncoded bits selected
the points within this partition.

To operate at the ultimate limit, and [EEC] should be combined. However, as many
works showed, the combination of [PS]and [FEC] was perceived as difficult — especially when
modern [FEC codes (e.g., LDPC) should be considered.
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3.2. Probabilistic Shaping with Forward Error Correction

Predominantly, two approaches have been considered in the literature to combine [FEC]
and [PSl They are depicted in Fig. [3.2] and Fig. [3.3] and will be discussed in the following

two subsections.

3.2.1. Shaping as an Inner Code

[ Source ]—>[ Encoder }»[ Shaper ]*{ Modulator]—l

&

[ Sink ]‘—[ Decoder ]4-{ Deshaper ]F{Demodulator]

Figure 3.2.: Shaping as an inner code.

The optimal distribution must be realized at the channel input where the power con-
straint applies. Therefore, a natural choice is to place the shaping as an inner code (i.e.,
after [FEC encoding) as shown in Fig. [3.2] However, this approach has an important draw-
back: The “inverse” shaping operation must be performed before (or jointly with) the [FEC]
decoder. This may lead to severe error propagation and large complexity.

A practical approach was proposed by Gallager in |21, Sec. 6.2] and is now commonly
referred to as many-to-one-mapping. The idea is to use a deterministic mapping function to
assign several binary sequences of length m bits (after FECl encoding) to one channel input
symbol. A comprehensive summary is given in [48]. While this solves the problem at
the transmitter side, the receiver now has to deal with both the decoding and deshaping.
Gallager notes that “Unfortunately, the problem of finding decoding algorithms is not
so simple” [2I, Sec. 6.2]. Still, many recent works [49, B0, 51, 52, B3] picked up this
scheme and employ iterative demapping, i.e., iterations between the demapper and
[SDI [FEC] decoder to resolve the ambiguities. Another disadvantage is that this scheme
is inflexible in terms of the realized output distribution and therefore transmission rate,
as only distributions of the form Px(x) o< 1/2™ can be realized and additional steps are
needed to match Px(z) to the capacity achieving distribution [54]. Additionally, the need
for joint demapping/decoding comes at the price of reduced flexibility and complicated
rate adaptation. Last but not least, shaping as an inner code generally requires a lower
[FEC code rate, which is undesired for high data rates — the throughput that needs to be
supported by the digital signal processing (DSP]) chip must be significantly larger in this
case.

Another type of shaping is Trellis shaping [55], [56, Sec. IV]. This method overcomes
the problem of error propagation and solves the decoding issues raised by Gallager. For
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this, a dedicated shaping code uses energy minimizing sequences only. The sequences are
found via a modified Viterbi algorithm in the shaping code trellis. A simple four state
convolutional shaping code may achieve shaping gains of up to 1dB. Trellis shaping was
also considered in the context of the V.34 modem standard, but was perceived as too
complex compared to shell mapping (SM]) [56, Ch. 4], [57].

3.2.2. Shaping as an Outer Code

An alternative strategy is pursued in Fig. Here, the shaping is performed as an outer
code (i.e., before the[FEC|encoding) in such a way that the desired properties of the shaping
are not destroyed. Schemes of this kind are said to employ reverse concatenation and
originate from requirements in magnetic and optical data storage where certain sequences
are forbidden [58, 59l [60, 61]. In [62], the authors built on this principle and introduce

&

[ Sink ]4—{ Deshaper ]k{ Decoder j‘—[Demodulator]

[ Source }—»[ Shaping ]—{ Encoder HModulator

Figure 3.3.: Shaping as an outer code.

the concept of sparse-dense transmission. The term “sparse-dense” hereby reflects the
composition of a codeword with sparse (ones and zeros are not equally distributed)
and dense parts (zeros and ones are approximately equally distributed). The sparse part
is realized with appropriate mapping techniques (e.g., look-up tables) and maintained in
the [FEC] codeword by systematic encoding. In general, any communication scheme using
this approach operates in a time sharing (ITS) fashion as only a fraction of the codeword
symbols are shaped.

3.3. Layered Probabilistic Shaping

In the classical random coding setup of Sec. the [FEC] codebook was created at
random using the distribution Px so that all transmitted codewords have the optimal dis-
tribution for the considered channel. Practical codes, e.g., linear block codes as introduced
in Sec. , however, have code symbols that are (approximately) uniformly distributed.
To achieve a shaping gain, we should transmit codewords from a subset of the code, which
is chosen such that the code symbols of these codewords have the desired distribution.
The problem of reliably transmitting information over a noisy channel in a power efficient
manner is thereby decomposed into layers which can be tackled independently from each
other.
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First, the shaping layer has the task to encode into a subset of the [FEC| code. The [FEQ
layer has the task to recover the transmitted sequence from the noisy channel observations.
For this, the decoder uses a decoding metric that evaluates all codewords in the codebook
and exploits the knowledge about the prior of the possibly transmitted codeword symbol.

For the analysis of achievable rates for a layered scheme, we first consider both layers
as being independent of each other.

3.3.1. Forward Error Correction Layer

To analyze the [FEC] layer, we consider the following random coding experiment [63, Ap-
pendix B]: We create a codebook C with 2nmlte codewords and 0 < R. < 1. Each entry of
a codeword is chosen at random and uniformly from the set X, i.e., Px(x) = 1/|X|, with
|X| =2m™.

The decoder uses the decoding metric ¢ : X x R — R™ to determine a decision for the
transmitted sequence. We follow similar steps as in Sec. 2.3.2] to obtain an upper bound
on Pr(W # W|W = wy, X" = 2™, Y™ = y"), that is

N E Xn n
Pr(W £ WIW = wp, X" = o™, Y7 = ) < 2 24X 7)) (3.2)
q(z",y")
_ 2nmR0210g2(%) (3.3)
_ gy o (i) (3.4)
For a memoryless metric, the probability (3.4) goes to zero if
1 & q(zi, ys) > 1 & q(zi, ys)
R. < —) log < =— > log . 3.5
mn 2% Bl 1) = n 22\ S ato ) & (35)

For n — oo the right hand side of (3.5]) converges to

e

U(q)

1
—E
m

(3.6)

by the (2-34). We refer to the underbraced term as the uncertainty U(q) and note
that it takes the form of a cross entropy . We can now instantiate for and
[BMDI In contrast to before, we explicitly include the knowledge about the distribution
that is used for the shaping layer in the decoding metric. The metric is

QSMD<37> Z/) = PX|Y($’ZJ) X pY|X(y‘37)PX<$) (3-7)
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and we have
¢BMD (T, Y) H PBk\Y kly) o< prlBk ylbx) Pp, (br) (3.8)
k=1 k=1
for BMDI] where

Py, v (b,y) _ erx}g pY|X(y|$)PX(93)

Prv (tly) = py(y) py(y)

(3.9)

and XY = {z € X : [x(2)]r = b}. The resulting mismatched uncertainty expressions are

V) = b (5 )| = =
—El-1o [Tie1 P,y (bely) >] _ S
U(gemp) E[ 1g2(ZanHZL1PBk|Y([X(a)]k|y) ;H(Bkm. (3.11)

In (3.10), the mismatched uncertainty becomes a matched uncertainty, i.e., a conditional
entropy.

For BMD) one often prefers a representation in the logarithmic domain and defines the
value

Pp, v (0ly) eln(1=0)
I, =log | =———— h that Pg, v (bly) = ——. 3.12
o (PBkIY(”y) such that - Py (bly) = T (3.12)
Using this, we can rewrite (3.11]) as
U(gpmp) Z l log, (HeLkﬂ Z E [bgz ( Li(1— BQ)]
Z [log, (1 4 e b+ (1=250) | (3.13)

3.3.2. Shaping Layer

The task of the shaping layer is to encode into a shaping set S which contains all sequences
with the desired properties, i.e., for the channel, the shaping set may contain
sequences with the lowest energy. For the [FEC] encoded codeword v, we have to ensure
that v € SN C. As outlined in detail in [63, Sec. IV-AJl] successful shaping set encoding
is possible if

Ry < log(ISD) _ m(1 — R.) ' (3.14)

n

!The paper introduces additional rates, namely the shaping rate Rps with 0 < R, < 1 and the [FEC]
code rate R which corresponds to R in this thesis. We have Ry = mRpsRyec.
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where [-|T = max(0,-). For a constant-composition shaping set S (see Sec. [3.4.2]) we have

7}1—?010 h)g27i|8|) = H(X) (3.15)
and becomes
Ru < [H(X) = m(1 = R)]" = [mR. — D(Px | Py)]" (3.16)

where Py is the discrete, uniform distribution on X, i.e., Py(u) = 1/|X|,Vu € X. Using

and in , we have

Ry < [H(X) = U(g)]* (3.17)
For SMD| we instantiate with and obtain

Rix < Reup = 1(X;Y). (3.18)

For BMDI we instantiate (3.17) with (3.11)) and obtain

m +
Rtx < Rpyvp = H(X) — Z H(BMY) . (319)
k=1

The expression (3.19) was first stated in [8] and was derived by a random coding argument
and a typicality decoder. We denote the inverses of and by Rsyip and Rgyp,
respectively. For many scenarios, a practically feasible implementation of the shaping layer
constitutes the difficult part for a shaping scheme based on reverse concatenation.

3.3.3. Optimum Input Distribution

To find the optimal [PMFE] Py, we solve the following optimization problem:

Réypsvp = max Rsyp/vp — subject to E [(AX)Q} <P (3.20)
X

For practical implementations, a parametric description of Py is desirable. In [64], the
authors introduced the family of Maxwell-Boltzmann (MBI distributions of the form

exp(—vz?)

Pr(@iv) = Yacx exp(—va?)

(3.21)

where v € R. For v = 0, the [MBI distribution degrades to the uniform distribution on X
and converges to a distribution with a support of two points for v — oc.
The [MBl distribution arises naturally for power-efficient Communicationﬂ as it is the

2This can be seen if ([3.20) is considered for Rgyp = I(X;Y) for high [SNRE, when H(XY') vanishes.
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Figure 3.4.: Optimized information rates for the AWGN channel and [SMDI and [BMDI met-
rics. R&p and Riyp basically lie on top of each other.
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solution of the optimization problem

max H(X) subject to E [Xﬂ <P. (3.22)
X
Therefore, the distribution maximizes the entropy of the channel input subject to an
average power constraint. In a dual formulation, one can show that the solution of (3.22])
is the same as for

min E [XQ} subject to  H(X) > R. (3.23)

X

That is, the[MBldistribution minimizes the average energy subject to an entropy constraint.
If we optimize over the family of [MB| distributions only, we have

Rg/[l\l/?g/BMD = I{/laAX RSMD/BMD subject to E [(AX)2:| S P. (324)

The result of the optimization is shown in Fig.|3.4] First, we see that the optimized
information rates are virtually the same as the capacity (dashed, black curve).
Surprisingly, there is no obvious gap between and [SMD]| whereas we could observe
significant losses for in the uniform case, see Fig. [3.1

Another perspective on these results is shown in Fig. [3.5] where the gap to the AWGN]|
capacity is shown. The gap is defined as

ASNR = R sup (Cawaen (SNR)) — SNR. (3.25)

For[PS and [SMD], we observe in Fig. [3.5b|that the gap to capacity is vanishingly small. For

0.1

—— 4-ASK SMD
--- 4-ASK BMD
—— 8 ASK SMD 5-1072 |
---8ASK BMD ||
16-ASK SMD
16-ASK BMD

| | | |
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SNR [dB] SNR [dB]

(a) Uniform (b) PS

Figure 3.5.: Gap to [AWGN] capacity for SMDI and [BMDL

ASNR [dB]
|
ASNR [dB]

15 20

BMDI it is smaller than 0.05dB for meaningful operating regimes. In contrast, Fig. |3.5a
shows the same scenario for uniform signaling. Here, the results for BMD| are particularly
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Figure 3.6.: 8-ASK constellation with a [BRG( labeling. Bit-level one (blue) represents
sign bits (distinguishing between the negative and positive side), whereas bit

levels two and three (red) denote the bits representing the amplitude values
1,3,5and 7.

interesting as they indicate clear operating regions for each constellation size. The
points where a switch to the next higher constellation size should be performed are indi-
cated with a dot. We see that 8-ASK should be used for higher than about 9dB and
16-ASK for higher than 15.4dB. For [SMD] we see that increasing the constellation
order generally decreases the gap to capacity for a given [SNRl However, this requires to
use a lower rate [FEC] code to operate at the same [SE], which is often not desired.

3.4. Implementation of Layered PS: Probabilistic
Amplitude Shaping

3.4.1. Foundations of Probabilistic Amplitude Shaping

is a practically relevant instance of a layered scheme suited for the average power
constrained [AWGN] channel. It exploits the symmetry property of the optimal input
distribution such that the suboptimality of sparse-dense transmission is circumvented, see
Sec. relies on the following three requirements and principles:

1. The capacity achieving distribution P% is symmetric, i.e., it allows a factorization as
X = A-S, where the A and S denote the amplitude and sign parts, respectively,
and we have

Px(x) = Pa(|z|) - Ps(sign(z)) (3.26)

where the alphabet of X is X = AxS with A={1,3,...,M—1}and § = {—1,+1}.

This property is fulfilled for the [AWGN] channel with an average power constraint
(see [65), Proposition 2.3]). The[PME] P4 is non-uniform on A, whereas Ps is uniform
on its binary support S.

2. A systematic generator matrix G = (I P) is used for encoding,.

3. A distribution matcher [66] generates a sequence of symbols with a specified
distribution.
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The transmitter component side of [PAS| is illustrated in Fig. and is summarized as
follows: A number kq,,, of uniformly distributed source bits are converted by a one-to-one,

kdm n

Figure 3.7.: Encoding procedure for PAS.

fixed-to-fixed length [DM] of rate kqu/n to a sequence of n shaped amplitude values. A bit
mapping function

xa A — {01} (3.27)

maps each amplitude a; of the amplitude sequence a” = (ay,as,...,a,) to its binary
representation. For example, in Fig.|3.6, we have ya(3) = (1, 1). The binary representation
of a™ has length n(m — 1) and is encoded by a systematic generator matrix of a code with
rate R. = (m — 1)/m such that n parity bits are generated. The distribution in the
systematic part is left unchanged, whereas the n parity bits are approximately uniformly
distributed (as a modulo-2 sum of many bits). We refer to this as the uniform check bit
assumption [9, Fig. 2]. Consequently, the parity bits can be used as sign bits using the
inverse of the sign mapping function

xs: {—1,+1} — {1,0}. (3.28)

The final transmit sequence z" is obtained after a componentwise multiplication of the
amplitude sequence with the sign sequence.

A generalization of the scheme for code rates R. > (m—1)/m is indicated by the dashed
line in Fig. 3.7 If the code rate is higher than (m — 1)/m, the encoding produces less
than n parity (sign) bits. To compensate, we can use some of the systematically encoded
information bits as additional signs bits. This procedure is referred to as extended PAS.

The transmission rate of the extended scheme is

_kdm+kc—(m—1)n_kdm+RCnC—(m—1)n
n n T on n

Rtx

_ Kam +1—(1—R.)-m [bits/channel use (bpcu)]. (3.29)
n

In the last step we assumed n. = n -m. The term

y=1-(1-R)-m (3.30)
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denotes the fraction of sign bits (i.e., those of bit level one) that are used as additional
information bits in the extended scheme.

3.4.2. Distribution Matcher Algorithms
Blackbox Description

A fixed-to-fixed length [DM]is a function fan, : {0, 1}*am — Cgqp € A" that takes an input
sequence of kq,, bits and maps those in a one-to-one fashionE] to a length n output sequence.
For [PAS] the shaping set S (see Sec. is

S = Caym x {—1,+1}" (3.31)

with cardinality |S| = 2kdm . 27 = 2kam+n The symbols of the output sequence are taken
from a set A. Let n,,(a"),i =1,...,|A| denote the number of occurrences of the symbol
a; € A in the sequence a”. The symbols in the set Cq,, have the empirical distribution

Pj(a;) = ! My (@)

= 3.32
Canl w22 (3:32)

Depending on the concrete implementation, the output distribution is a parameter of the

DM.
secore—{ a F—wcniar

Figure 3.8.: Blackbox description of a [DM]

The rate is given by
Kdm
Rip = —. (3.33)

For small and moderate blocklengths, an important performance metric of a[DM]is its rate
loss

Rloss - H(PA) - Rdm' (334)

Constant Composition Distribution Matching

Constant composition distribution matching (CCDM) was introduced in [66] and imple-
ments a interface based on types, i.e., all output sequences a" have the same number
of occurrences n,, (a"),i = 1,...,|A|. We refer to a type configuration for a given output

3The function fq,, is injective.
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alphabet A and output length n via the type vector
th = (n4,(@"), ng,(a"), . .., ng , (@")). (3.35)
The set of all sequences of type t7) is
T = {a" € A" |ng,(a™) = [t%);, i=1,...,]A]} (3.36)
and its cardinality can be calculated by the multinomial

o (3.37)

T
| T2 [tns!

The maximum number kg, of bits that can be encoded with the codebook cha C Tt is

ccdm
Fam = |log, (|T74]) |- (3.38)

[CCDM]realizes an n-type distribution on the output sequence a™ such that (3.32)) becomes

Pji(a;) = n“iffn)- (3.39)

For a given distribution Py, its n-type approximation Pj; (with the Kullback-Leibler diver-
gence as underlying similarity metric) can be calculated with the approach shown in [67].

A can be implemented by arithmetic coding, where the arithmetic decoder serves
as a [DM] encoding device and the arithmetic encoder implements the [DM] decoding. For
binary output alphabets, an efficient approach is given in [68]. Further, the rate
loss vanishes for long output blocklengths [69], i.e., we have

k m n—oo N . n—00
2dm R0 H(A) o, equivalently, Riss ~—2% 0. (3.40)
n

Shell Mapping for Distribution Matching

Shell mapping for distribution matching (SMDM) is based on the algorithm [57] that
was used in the V.34 modem standard [70]. The [SMlalgorithm allows an efficient indexing
of the lowest weight sequences for a given alphabet A and output length n. Traditionally,
the indexing builds on a divide and conquer approach. Recently, approaches based on
enumerative coding [71] [72] have emerged [73].

depends on the weight function W" : A" — Ny which assigns a weight to each
sequence a” € A", where we commonly have W™(a™) = > W(a;) with a slight abuse
of notation. For instance, W™ (a™) may represent the “power cost” for the transmission
of a". orders the sequences a" € A™ according to the sequence weights W"(a™). As
permutations of @™ have the same weight, they are assigned the same cost. creates
one of these ordered lists, e.g., by lexicographical ordering. Overall, the codebook
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CV".. is the solution to the problem

n
min W"(a™) = min Wia;). 3.41
e CA ,LZWn (@) e can nzwn ; () (3:41)
C:X]Zm :2kdm smdm

It was shown in [74] that [SMl implements the optimum block-to-block distribution
matcher for the divergence metric D(Pj. || P4), where Pj. is the realized output dis-
tribution on the sequences in Cgnam and P} is the desired distribution. However, because
of its implementation complexity, only moderate output lengths are practically feasible.
For a software implementation, big integer libraries (e.g., GNU Multiple Precision Arith-
metic Library, GMPH or libNTIED are required to address input sequences with kg, > 64
bits.

For our particular problem of power efficient signaling, we typically choose W (a) = a?.
In this case, the SMDM] codebook contains sequences of minimum energy. The empirical
symbol output distribution P; is calculated as in [75].

3.4.3. Optimal Code Rate and Constellation Size

0.85 |- 8
0.8} 8
R. =3/4
0.75 [ra==q=eg=ft— YA A —
0.7 8
E:o

0651 ——4-ASK SMD | |
ROy . --- 4-ASK BMD

0.6 Re=5/8 | _8 ASK SMD |

055 --- 8ASK BMD | |
16-ASK SMD

0.5 16-ASK BMD | |

| | |

| | | | | | |
2 4 6 8 10 12 14 16 18 20
SNR [dB]

Figure 3.9.: Optimal R, for 4-ASK, 8-ASK and 16-ASK and [BMDI and [SMDIL

As seen from (3.29), a desired transmission rate can be obtained by with different
code rates R. by adjusting the rate accordingly. This is in contrast to uniform sig-
naling, where R, = R, -m such that for a given constellation cardinality of 2™ points the
transmission rate is determined only by the code rate.

“https://gmplib.org/
Shttps://www.shoup.net/ntl/


https://gmplib.org/
https://www.shoup.net/ntl/

3.4. Implementation of Layered PS: Probabilistic Amplitude Shaping 53

This motivates to revisit the question for the optimal [FEC| code rate with PAS. In
Sec. [3.3.1] the condition for error-free decoding is derived. Asymptotically, the optimal
[FEC] code rate R* is therefore given by

R;=1—;Jx@ (3.42)

when the decoder uses the decoding metric ¢q. For SMD| we have

1 1
RR=1——10U =1-—HX|Y 3.43
c m (QSMD) m ( ’ ) ( )
and for BMDI
1 1M
Rf=1——1U =1-— H(B.|Y). 3.44
c m (QBMD) m}; ( k| ) ( )

We show the respective optimal [FEC] rates for different [SNRE in Fig. 3.9, The numerical
computation uses an distribution. We see that the optimal [FEC] code rate R for
is almost constant over a wide range for all three modulation formats. This suggests to
operate PAS for BMD]with the close-to-optimal code rates shown in Table[3.1} The pairing
reflects code rates which are also commonly available for off-the-shelf codes in standards.

M-ASK R,
4 5/8
8 3/4
16 13/16

Table 3.1.: Close-to-optimal [FEC] code rates for [PAS| with [BMDI and a given M-ASK con-
stellation.

In Fig. B.10] we show the gap to the [AWGNI capacity for a given rate using the [FEC]
rates of Table [3.1] We also add the [SMD)/BMDI curves for 16-ASK from Fig. [3.5] for the
optimal [FEC] code rate to have an insight for the incurred suboptimality. The observed
gaps are smaller than 0.05dB for the entire operating region. Interestingly, the loss due to
a non-optimal [FEC] is even negligible for (compare the solid gray and green curve).

3.4.4. Error Exponents for Probabilistic Amplitude Shaping

In [76], the error exponent for [PAS] was derived for a memoryless decoding metric. It is
given as

Epas(Pa,q) = max  (Eopas(p, Pa,q) — pmR.) (3.45)

0<p<1
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Figure 3.10.: Gap to [AWGN] capacity for [PAS] signaling with [SMD] and [BMD! using the
close-to-optimal [FEC] code rates of Table

where

Eopas(p, Pa,q) =

— Y Pu(a)log, (/yeR > pyix(ylsa)Ps(s) (Z”CEX a(z, ) lX') dy) (3.46)

acA se{£1} q(sa,y)

Instantiating (3.46|) with the metric (3.7) for SMDI and (3.8]) for BMDI we obtain
B0, P) =

— Y Pu(a)log, (/R > pyix(y|sa)Ps(s) < py(y) |X|(3a)> dy) (3.47)

a€A se{£1} py|x(y|sa) Px

py (y)" | X] g
— Y Pa(a)log, (/}R > pyix(ylsa)Ps(s) <H?:1PY|Bk(y!bk)PBk(bk)> dy) (3.48)

acA se{x1}

where by = xs(s) and by = [xa(a)ly—1 for & = 2,...,m in (3.48). We refer to the cor-
responding error exponents of and as ESAP(Py) and EBMP(P4). In |71,
the author derived error exponents using the framework of joint source and channel
coding.

In Fig. .11} we compare the RCBk based on the error exponents for and
decoding for 8-ASK and an of 1.5bpcu. We observe that entails almost
no loss, while uniform signaling with had a loss of 0.44dB in Fig. 2.6 For the
computation of the [PAS[RCB| we take the constraint into account, i.e., we use a
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21 600-type distribution and use the same distribution for each evaluated SNRI Instead,
the distribution for Gallager’s RCB is optimized for each [SNRI

107!

1073

FER

107°

— PAS RCB SMD
-o- PAS RCB BMD
— RCB SMD

|

| | I
8.4 8.5 8.6 8.7 8.8
SNR [dB]

10—7 [

Figure 3.11.: Comparison of the [PAS [RCBI for SMD and BMDI for 8-ASK with Ry =
1.5 bpcu.

3.5. Geometric Constellation Shaping

As an alternative to [PS] geometric shaping (GS]) can be employed to mimic a “Gaussian-
like” shape of the input distribution. While [PSlimposes a non-uniform distribution on a set
of equidistant constellation points, employs a uniform distribution on non-equidistant
constellation points. The authors of [78] show that this approach achieves the capacity
of the channel for if the number of constellation points goes to infinity. In
[79], the achievable rate of [GS is investigated when both and are employed on
one-dimensional constellations. Numerical results indicate that both optimization criteria
lead to different constellations. Recently, constellations were included in the DVB-
NGH [80, 8I] and ATSC 3.0 standards [82], 83], where they are referred to as non-uniform
constellations (NUCk). Besides, constellations are also considered for optical commu-
nications [84], 85 86]. Most of these works use tailored optimization procedures that take
potential non-linearities of the optical channel into account.

In the following, we compare[PSand[GSlin terms of their information theoretic achievable
rates for and BMDl To this end, we propose a differential evolution [87] based
optimization approach to optimize constellations for the AWGN] channel. The results
show that has a gap to capacity of about 0.4dB when is used. In contrast,
with virtually achieves capacity. Further, we compare a selection of ATSC 3.0
modcods to a system operating with a single modcod. [FEC] simulations show that
the information theoretic gains predict the coded performance improvements accurately.
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3.5.1. Optimized Constellations

A optimized constellation depends on the [SNR] and the employed decoding metric.
In the following, we investigate the design of optimized constellations for two kinds of
signaling with inphase and quadrature components: First, we construct constellations that
can be constructed as the Cartesian product of two one-dimensional optimized con-
stellations. Obviously, this results in less degrees of freedom, but facilitates optimization.
As an additional benefit, the inphase and quadrature components of the constellation can
be demapped independently of each other. Second, we design two-dimensional con-
stellations where the full design space is exploited. Usually, this results in inphase and
quadrature components that are correlated such that a two dimensional demapping is
necessary for optimal performance. In this case, we have the system model

Y=X+N, E[XxP|<P (3.49)

where the discrete input X comes from a complex-valued constellation X and N is a
circularly symmetric Gaussian [RV] with [PDF
(n) = e st (3.50)
n)=—e . :
PN 2
The SNR] is defined as E QX\Q} /o?. For simplicity, we consider E “Xﬂ = 1. The
optimization problem can be formulated as

X* = argmax R{BMD/SMD}' (351)
X:E[|X[?]<1
|X|=M

For both metrics, the optimization problem in X' is non-convex. The works 79, &§)]
employed “constrained non-linear optimization algorithms” without providing details on
the employed optimization procedure. In [89], simulated annealing is used to optimize
[APSK] constellations. Initial investigations by using standard, black box interior point al-
gorithms like Matlab’s fmincon showed that the optimization depends on the initialization,
which suggests that only locally optimal solutions are found.

We propose an optimization based on differential evolution [87], which is a genetic
algorithm that appears to find the global optimum, i.e., differential evolution recovered
previously reported results from any valid starting point.

The differential evolution approach is summarized in Algorithm [I] It starts with an
initial population {./'\?Ifo) }5-, of candidate constellations (see line |1 of Algorithm . In each
generation, a population member experiences a mutation. For this, differential evolution
randomly selects three distinct population members and combines them as shown in line [0]
(mutation). The result of this operation may violate the feasible set and the function
map(-) implements a bounce back strategy. Eventually, the new candidate constellation is
generated by replacing each component of ?Ep(g’l) with probability p. by the corresponding
entry of T (crossing). If the metric for the new candidate T has improved we keep
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Algorithm 1 Genetic algorithm to find the best constellation for a given SNR.

INPUT: SNR, constellation size M, candidate set size P, number of generations G, crossover probability
pe, amplification factor F.

1: Choose feasible initial population set {/'?p(o) 5:1 at random.
2: Evaluate Rygyp,smpy for each population member.
3: forg=1,...,Gdo

4: forp=1,...,Pdo

5: Choose r; # 19 # r3 randomly from {1,..., P}.
6: T =map(X9 ™V + F. (XY™ — 2Dy

T T = mutate(T, )E';Sg_l),pc)

8: Evaluate metric of new candidate T .

9: Set ;?,Eg) =T, if metric has improved.

10: end for

11: if all population members have the same metric then
12: Stop.

13: end if

14: end for

it, otherwise we set .)Ep(g) = .)Ep(g*l) (selection). We stop after G generations or once all
population members have the same objective function value.

As discussed before, we distinguish between one-dimensional (1D-GS) and two-
dimensional (2D-GS) and exploit symmetry to decrease the number of optimization
parameters.

For 1D-GS and an M-ary 1D constellation (1D-GS 1D-NUC), each of the M/2 com-
ponents of /'?p is constrained to the non-negative real axis and the augmented, final con-
stellation &), with the negative part must fulfill the power constraint. A two-dimensional
1D-GS M-ary constellation (1D-GS 2D-NUC) can be obtained by the Cartesian product
of two copies of 1D-GS v/ M-ary 1DI{NUCk.

For 2D-GS, the population members are restricted to the first quadrant of the complex
plane and (M/4) - 2 real variables must be optimized (M /4 for the real and M /4 for
the imaginary parts). This introduces additional degrees of freedom and leads to larger
achievable rates.

To remain in the feasible set, i.e., the real non-negative axis for 1D-GS and the first
quadrant for 2D-GS, the map function (see line @ of Algorithm [1)) replaces any negative
real or imaginary part by its absolute value and rescales it to meet the power constraint.

We used an amplification factor F' = 0.5 and a crossover probability p. = 0.88. The
number of generations is set to G = 10000 and the population size was chosen depending
on the number of degree of freedoms (DOFk) as P = 5 - DOF. Choosing this parameter
accurately turned out to be crucial in our experiments: Setting it too small, the optimum
may not be found and setting it too large, the number of generations would not suffice.
Usually 100 to 1000 generations are enough to observe convergence at low and medium
SNR.

If the optimization metric targets rates, the bit labeling must be taken into account
as well. For 1D-GS, we randomly assign each component of )Ep(o) a logy(M) — 1 bit label.
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The labels for the augmented constellation &), are then obtained by first replicating and
then prefixing each half with a zero and one, respectively. For 2D-GS, the same approach
applies, however, each quadrant in the augmented constellation is prefixed by one of the
four two-bit labels 00, 10, 11 and 01 in an ordered manner, which is consistent with
ATSC 3.0.

3.5.2. Achievable Rate Comparison of PS and GS

In the following, we compare the [BMD]| and [SMD] achievable rates for both and
constellations. As a performance metric we employ the SNR gap to capacity of (3.25)).

1.6

T T T T T ] T T T ,: T T T T T T T T _ 4_ASK 1111i
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Figure 3.12.: Gap to capacity for 1D-GS {4, 8,16, 32}-ASK constellations and [PAS|

Fig. shows the gap to capacity for optimized one-dimensional {4, 8,16,32}-ASK
constellations with SMDI As a reference, we also plot the gaps for uniform, equidistant
constellations. As derived in [7§], the shaping gain of constellations increases with the
constellation size.

Fig. provides the same evaluation for [BMDI Here, the gap to capacity does not
exhibit a monotonic behavior and is larger in the low to medium regime, as there is
an additional penalty. is better than over the whole range of constellations
and values. In particular, the gap to capacity remains almost constant at about
10~2dB, which improves upon by more than 0.4 dB and vanishes for SMDI

In Fig. we show the gap to capacity for 1D-GS {16, 64 }-ary 2D{NUCk and 2D-GS
{16, 32, 64}-ary constellations. The benefits of the additional degrees of freedom are clearly
visible.

Summarizing, both approaches improve the of a communication system compared to
uniform, equidistant signaling. is better than for the considered constellation sizes
for both and[SMDl Hence, the statement of [79], claiming that “any gain in capacity
which can be found via probabilistic shaping can also be achieved or exceeded solely
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Figure 3.13.: IBMD| gap to capacity for 2D-GS constellations.

through geometric shaping” should be considered with caution, as it implicitly assumes a
very large constellation size for We illustrate this with two examples for [SMDI

Ezample 5. In [78], the authors provide a signal set construction where the constellation
points are chosen as the centroids of equiprobable quantiles of the Gaussian distribution
and show that it is capacity-achieving for M — oco. An equidistant 8-ASK constellation
with optimized distribution using the procedure of Sec. for 10dB yields Rsnp =
1.726 bpcu. To achieve the same rate, M = 50 constellation points must be used for
this [GS] approach.

Ezample 6. In [90], the author describes a practical scheme to construct capacity-
approaching [APSK] constellations with n rings having n constellation points each.
We consider the same case as in Example The rate gap Cawan — Rsvp for an
equidistant 8-ASK constellation and optimized distribution at 10dB is 0.0037 bits per
real dimension. According to [90, Fig. 2b], this requires an [APSK] constellation with
more than 35% = 1225 points and two-dimensional demapping.

Similar observations can be found in [91], where the authors investigate the impact of
constellation cardinality on the effect of approaching the [AWGN] channel capacity. They
show that the convergence speed of methods like [78] is only O(1/M?) (and thus require
large constellation sizes), whereas using Gauss quadratures that involves both geometrical
and probabilistic shaping approaches capacity exponentially fast in the constellation size.
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3.5.3. Case Study: ATSC 3.0

We now compare the coded performance of and [GSl The constellations of the
recent ATSC 3.0 standard serve as reference designs.

For [GS] the combination with [FEC is straightforward and does not require any modifi-
cations. However, note that 2D-GS 2D{NUCE require two-dimensional demapping, so that
the soft information calculation has increased complexity compared to constellations
where each component can be be demapped independently.

ATSC 3.0 defines 6 constellations (QPSK, {16, 64, 256, 1024, 4096 }{NUCk), The smaller
ones (16, 64,256) are 2D-GS 2DINUCE, whereas the larger ones (1024,4096) are 1D-GS
2D-NUCs. The standard also defines[LDPCl codes with blocklengths 16 200 and 64 800 bits
for code rates from 2/15 to 13/15 [92], giving rise to 46 modcods for the long blocklengths
and 29 modcods for the short blocklengths [93].

For each modcod, the standard provides a constellation that has been designed to per-
form well with the associated code. In Fig. [3.14] we depict the operating points of all
mandatory ATSC 3.0 modcods [82, Table 6.12] involving the {16, 64, 256 }-ary 2D-GS 2D-
[NUCk by considering their gap to capacity. For each modcod, we calculate the required
SNR to operate at an [SH of Ry, = logy(M) - R, bpcu, i.e., SNR = Rpyp(Riy). For
we consider a 256-QAM constellation that is constructed by the Cartesian product of two
equidistant 16-ASK constellations and operated with a 5/6 rate code. We emphasize that
only one modcod is necessary for PAS to operate within the targeted [SEl range of 1.0 bpcu
to 5.33 bpcu within 0.06 dB.

ATSC
0.7+ PAS o
0.6 - il
m 0.5 il
=,
e 04} / 3
= &
2]
< 0.3 o

0.39 dB 0.4dB

0.2 0.32dB 1
e
-

O | | | | | | |

Rix [bpey]

Figure 3.14.: SNR gap to capacity for ATSC 3.0 operating points comprising 2D-GS
{16, 64,256} 2DINUCk and allowed code rates compared to a single [PAS]
modcod of 256-QAM and a 5/6 code.

In the following, we compare the coded performance of a selection of modcods which are
summarized in Table 3.2l The comparison shows that the asymptotic gains of Fig.
translate into practice.
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Ryix [bpeu]  Modcod Rpyip(Rix) [dB]  ASNR [dB]
213 PAS 256-QAM, 5/6 5.34 0.043
' ATSC 16 2D-GS, 8/15 5.66 0.37
5,90 PAS 256-QAM, 5/6 9.17 0.038
' ATSC 64 2D-GS, 8/15 9.56 0.43
533 PAS 256-QAM, 5/6 15.99 0.040
’ ATSC 256 2D-GS, 10/15 16.38 0.44

Table 3.2.: Considered modcods for [SEk of 2.13, 3.2 and 5.33 bpcu.

The rate 8/15 and 10/15 [LDPC] codes for the ATSC 3.0 constellations are irregular re-
peat accumulate (IRA]) [LDPC codes [94] with blocklength 64 800. For each constellation,
a different interleaving and bit-mapping is used according to the standard [82), Table 6.8].
is operated with one single off-the-shelf 5/6 [RAl LDPC code from the DVB-S2 stan-
dard of the same blocklength with an optimized bit-mapper of [9, Sec. VII-B|. In both
cases, we used 50 belief propagation (BP)) iterations with full sum-product update rule
at the check nodes. Fig. shows that the predicted asymptotic performance gains are
reflected in the coded results. For [SEk of 3.2bpcu and 5.33 bpcu, the gains even exceed
the predicted ones (0.59dB vs. 0.39dB and 0.54dB vs. 0.4dB).
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PAS using a single modcod.
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3.6. Product Distribution Matching

In many practical settings, the data link is well modeled by a set of non-interacting par-
allel channels. Examples include multi-carrier transmission such as orthogonal frequency
division multiplexing (OFDM]), discrete multitone (DMT]), and multi-antenna transceivers
when the singular value decomposition (SVDI) of the channel matrix is used to orthogo-
nalize the system. Employing current [DM] algorithms in such scenarios is challenging, as
techniques like bit-loading partition the transmitted sequence in several short segments,
each with an individual constellation size and distribution, which potentially causes a
significant rate loss.

For such applications, a tailored, hierarchical [DM] scheme is beneficial. Therefore, this
section proposes product distribution matching (PDM]), which internally uses a collection
of parallel with smaller output alphabets to synthesize the desired distribution as
a product distribution. A preferable implementation uses binary output alphabets for
the individual [DMk. This approach both facilitates high-throughput applications by par-
allelization and reduces the rate loss for short output lengths, which makes the [PDM]
particularly amenable for large constellations and high-throughput. A similar approach
was developed independently in [95] and further investigated in [96].

3.6.1. Principles of Product Distribution Matching

The architecture for is shown in Fig. [3.16] A number kg, of binary data bits are
demultiplexed into m — 1 parallel blocks of lengths k4qm, to kdm,,. Note that we start
counting by two as bit level one is the sign bit and has a uniform distribution. No binary
matcher is required for this level. The m — 1 parallel binary output m — 1 shaped
binary sequences of length n. We introduce the labeling function y& : A — {0,1}™ 1.
Its inverse recombines the m — 1 [DM] output bits into an amplitude sequence of length n.

kdm? n  —

DM,
dm,~1|a" € A"

: XA
kdmm n

TS

Figure 3.16.: The PDM architecture.

- J

We further define the labeling function x¥™(z) = (ys(sign(z)), xa™(|z])) = b¥™. For
[PDM], we require that the distribution Py factors for each bit level, i.e.,

Px(x) = ﬁ Pogn (™ (@)]k)- (3.52)
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At this point, it is not clear how y®™ should be chosen. However, from the shaping layer
considerations in Sec. [3.3.2, we have

m

D(Py || B) = [Z H(Bfim)] ~logy (X)) (353)

when Px has the form (3.52)). Analog to (3.15), the first term in (3.53) refers to the
asymptotic shaping set size. Therefore, an achievable rate is

+

m + m m
Riup = | > H(B™) — U(QBMD)] = [Z H(B™) — Z (BEelY)| (3.54)
k=1 k=1 k=1

Note that already takes into account that the mapping Y™ for constructing the
amplitude sequence may be different from Y™ used for modulation and demapping, i.e.,
the one that is used to calculate the bit metric. In general, the bit levels of B¢ are
stochastically dependent, while those of BY™ are not.

3.6.2. Optimal Input PMF

To find the optimum input distribution for [PDM| we solve the following optimization
problem:

max Rpyp  subject to  E {(AX)Q} <P (3.55)

Px, A, xdm yfec

Numerical simulations for the average power constrained additive white Gaussian noise
channel (AWGNC) suggest to use the natural based binary code (NBBC) for x™ (see
Table and the BRGC for x™ — for smaller constellation sizes, an exhaustive search
over all labeling functions is possible.

Similar to (3.23)), a good heuristic for the optimal Px of (3.55]) for the average power
constrained [AWGNC] is the solution of the following optimization problem:

min E {X 2}
P
subject to Z B,fm Ram (3.56)

B = y"(X).

Remark 1. In [97], the authors considered the case when B™ = B in which case (3.54))
becomes

Rpiom = > LB Y) (3.57)

k=1
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-t -5 -3 -1 1 3 ) 7

BRGC 000 001 011 010 110 111 101 100
NBBC 000 001 010 011 111 110 101 100

Table 3.3.: Two labels for 8-ASK. The amplitude label of NBBC is NBC and the amplitude
label of BRGC is also BRGC.

— Cawan
Rpwvp
m
Rpvp
— Rpiom
— Rpicm (uniform)

o
ot

Achievable rate [bpcu]
B

3.5

SNR [dB]

Figure 3.17.: Achievable rates for 64-ASK and different bit-metric decoding schemes.

which is the “BICM capacity” and derived earlier in (2.84)). The rate expression of (3.19))
is more general and allows to capture the effect of different labeling strategies at the
transmitter and receiver (B vs. Bf).

In Fig. [3.17] we display the achievable rates for 64-ASK and different shaping schemes.
Note that the input distribution has been optimized for the shaped cases of Rgyp and
RE\p for each We observe that the product constraint (3.52) in combination with
the adjusted labeling at the transmitter (BY™) and receiver (B*°) leads to a performance
loss of only 0.16 dB compared to Rgmp with a 32-ary at an of 4bpcu. At the same
time, the energy efficiency is improved by 1.8 dB over Rpjcy with a uniform distribution.

3.6.3. Numerical Simulation Results

We numerically assess the different implementations by using 64-ASK, a[DMlamplitude
distribution with Rg,, = 4.1 bits and R, = 9/10. This scenario therefore targets an of
R = 4.5bpcu with v = 0.4. We employ a 32-ary as a reference. The performance
of this system is compared to a[PDMlsetup with 1 (B™), 2 (B$™ B™), 3 (B™, B§™ B{m),
4 (Bdm Bgm pdm Bdm) and 5 (B™ Bm, Bim Bdm Bdm) individually shaped bit levels
and corresponding binary [CCDMk.
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DM configuration

Required SNR [dB]

Gap to capacity [dB]

32-ary DM

PDM 1 Bit shaped
PDM 2 Bits shaped
PDM 3 Bits shaped
PDM 4 Bits shaped
PDM 5 Bits shaped

27.13
28.29
27.48
27.35
27.32
27.31

0.05
1.21
0.40
0.27
0.24
0.23

Table 3.4.: Required SNRs for different configurations and a target of 4.5bpcu
(Crawan(4.5) = 27.08dB).

SNRjoss [AB]

102

103
n

—&— 32-ary DM
—o— PDM: 1 bit
—— PDM: 2 bits
- | —e— PDM: 3 bits
—a— PDM: 4 bits
—e— PDM: 5 bits

Figure 3.18.: SNR loss comparison for 64-ASK and H(A) = 4.1 bits.

The capacity analysis of Table provides insights into the asymptotic performance of
the considered schemes: While the gap to capacity to achieve an [SEl of 4.5bpcu is very
similar for 3, 4 and 5 shaped bit levels, larger gaps can be observed when only 1 or 2 bit
levels are shaped. In all cases, the channel input distributions were chosen according to

(3-22) and (3.56)) for Rgy = 4.1Dbits. For PDM, a uniform distribution is imposed on the

unshaped bit levels.

However, the capacity analysis does not take the finite length implementation penalty of
the[DME into account. To assess this influence, we consider the rate loss of the[PDM]scheme
similar to (3.34). The rate and the output distribution of the k-th DM, &k = 2,...,m, is
Edm, /n and PBgm, respectively. If the PDM is realized by parallel, binary CCDMs then

kdm, can be computed analogously to ((3.38) via

kdmk = \‘10g2 <

)| "
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The rate of PDM is
kdm o kdmz + -+ kdmm

3.59
. " (3.59)
and the total rate loss of PDM is the sum of the individual rate losses, i.e.,
. dm kdmk
Rioss = Z H(B™) — —* 1. (3.60)
k=2 n

We evaluate (3.60) for output blocklengths ranging from 100 to 10800 symbols in
Fig. To allow an easier comparison, the rate loss is converted to an “SNR loss”

e Rinp (Rix + Rioss
SNRyess = 1010gy, ( BM%;A; (Rtx)l )> (3.61)
As a rule of thumb, the following expression is useful as a rough estimate:
92(Rix+Rioss) _ |
SNRioss,awen = 101ogy ( e 1 )
~ Rioss - 201og( 2 =~ Rjoss - 6 dB. (3.62)

We observe that the [PDMk have an aggregated rate loss that is significantly lower than
the rate loss of the 32-ary [DML

For the case of factorizable amplitude distributions, a simple combinatoric argument
shows that symbol-wise DMk have a larger rate loss than [PDMk.

Example 7. Consider the output distribution [%, %, %, é], which is a product distri-
bution of [2, 1] and [2,%]. The CCDM creates a codebook with 3780 entries, con-

373 373
sisting of all permutations of [1,1,1,1,2,2,3,3,4]. The PDM with binary CCDMs

creates a codebook with all permutations of [1,1,1,1,1,1,4,4,4], [1,1,1,1,1,2,3,4,4],
1,1,1,1,2,2,3,3,4] and [1,1, 1,2, 2,2, 3, 3, 3] which corresponds to 84, 1512, 3780 and
1680 possible sequences. The number of potential sequences has increased nearly by
a factor of 2. According to (3.33]) and (3.59)), this leads to matcher rates of 131 and %
for CCDM and PDM), respectively.

To investigate both finite and asymptotic effects, we consider a coded scenario with a
rate 9/10[LDPC block code from the DVB-S2 standard [98] of block length 64 800 bits and
a corresponding output length of 10800 symbols. One hundred iterations are used for
the decoding.

For an output length of 10 800 symbols (marked by an arrow in Fig.[3.18), the 32-ary DM
has a SNR loss of 0.1 dB, whereas the loss for the PDM implementations is smaller than
0.02dB. At the same time, the 32-ary DM gains asymptotically, so that both effects start
to outweigh each other. This can be seen in particular for PDM with 4 and 5 shaped bit
levels, which show similar performance as the 32-ary [DMl The large gap in the Shannon
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Figure 3.19.: Performance comparison of the proposed PDM for 64-ASK and a target
of 4.5bpcu and different numbers of shaped bits.
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Figure 3.20.: Illustration of PAS for L = > ", v; parallel channels. Note that the power
control can still be applied individually.

limit for only 1 or 2 shaped bits can also be observed in the plot. This notion allows a
trade-off in practice: If a certain performance degradation is tolerable, a certain number
of can be saved. For instance, if only 2 bit levels are shaped, then the loss in energy
efficiency is 0.4dB at a target [FER] of 1073.

3.7. Probabilistic Amplitude Shaping for Parallel Channels

In this section, we build upon the previous [PDM] scheme and apply it to a set of parallel
channels, which shares the component [DMs for lower bit levels among different sub-carriers.
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We consider L parallel AWGNI channels of the form
Y= heX,+ Ny, (=1.2,... L. (3.63)

The noise terms N, are zero mean Gaussian with unit variance. The coefficients h, model
the channel gains and we assume that both the receiver and transmitter have full channel
state information, i.e., they both know the channel gains h, and the noise variance.

3.7.1. Waterfilling Benchmark

The transmitter has an average power budget P, i.e., the inputs are subject to the sum
power constraint

1 & )
- ; E[x?] <P (3.64)
The average
L1

is achievable with the channel inputs X, being independent zero mean Gaussian with
variance Py. The average [SE| is maximized by waterfilling, i.e.,

P*—l i+ A-lfjp*—P (3.66)
S L A = :

Suppose that P, is positive. The SE allocated to channel ¢ is then C; = %logz(hi/)\) and
we have
1 & 1 &1 h?

Cwr(P) = Z;Oe =7 zz: logy N (3.67)
=1 1

The function Cywr(P) is the maximum achievable under the sum power constraint P
and it serves in the following as our benchmark. For discrete inputs, the power allocation
follows the mercury-waterfilling principle [99]. In the following, we develop a heuristic that
uses [PDM] and operates closely to Cyg(P).

3.7.2. Bit-Loading Strategy

Since the per-channel can differ by several bits, we need to support several constella-
tions in parallel. This is important for, e.g., systems where some good channels may
support up to 32 768-QAM [100], whereas the majority of channels needs to be operated
with smaller modulation formats. Next, we have to decide which constellation size is used
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for which channel, an approach known as bit-loading. We employ the following heuristic:
We calculate the waterfilling solution for the given channel coefficients and obtain the opti-
mal rate assignment Cy, ¢ = 1,..., L from (3.67). Then, we use Ungerbock’s rule-of-thumb
[46] to choose a constellation size M, = 2™ for channel ¢ such that m, ~ C; + 1. This
avoids a reduced because of too small constellation sizes. We assume the largest con-
stellation size is 2™, i.e., m = max, my. Further, the smallest constellation size is 22-ASK
for the ease of exposure. An extension to channels using binary phase shift keying (BPSKI)
is straightforward.

3.7.3. Product Distribution Matching for Parallel Channels

can be combined with parallel channels as illustrated in Fig. A [DMl device trans-
forms data bits into a sequence of amplitudes for each channel, which are then combined
with sign bits originating from a common encoding device. In its simplest form, this [DM]
device internally uses individual DMk, each with its output alphabet size matched to the
corresponding constellation size.

no bits
DM,

n3 bits
DM3

Figure 3.21.: Simultaneously generating two Gaussian-like amplitude distributions for 4-

ASK and 8-ASK by reusing the of bit level 2.

PDM allows to jointly generate a length L amplitude sequence with different constella-
tion sizes. For example, suppose we have L = vy + 3 possibly different channels where
vy channels use 4-ASK and v3 channels use 8-ASK. The PDM needs one binary [DM] for
4-ASK and two binary for 8-ASK. As illustrated in the top part of Fig. 3.21] the
idea is now to use for the first amplitude bit level B of 4-ASK and 8-ASK a single binary
[DM] with output length ny = v, + 13, and to generate the second amplitude bit level Bj
for 8-ASK by a second binary [DM] with output length ns = v3. This approach allows the
[DMk to operate over a longer blocklength, causing the [DM] rate to reach its asymptotic
limit faster. The illustration in the bottom part of Fig. shows this scheme.

We state how the system can be parameterized to operate at a given [SEl For the
considered case we assume v; channel uses of a 2°-ASK constellation for i = 2,...,m
within one FEC frame. The blocklength of the [FEC] code is
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Figure 3.22.: Achievable rates of the considered example.

where we have L = Y-, v; and the parameters n; denote the [DM] output lengths

L
ny=> Lmg>i) v, i=2,3,...,m. (3.69)
=1

The corresponding [DM] input lengths are ks, ks, ..., k. The average [SEl of the overall
system is now

_ 222 kz

m
i=2 Vi

Ry + 7. (3.70)

and converges to (37, H(BI™)n;) /(X v;) + for large L. The formula (3.30)) generalizes
to

m .
Eizz Vi1
m
i=2 Vi

y=1—(1-R.) (3.71)

3.7.4. Simulation Results

To evaluate the performance of parallel PASwith[PDM] we employ the following example of
three different constellation sizes which are used equally often. The coefficients are chosen
such that the channel quality varies significantly (over a range of 12dB) and requires three
different modulation formats. The waterfilling solution for a target of 3.0 bpcu
yields the following rate allocation

Vi =20 -X,+2, Ci=40
Yo=1.0-Xo+ Zo, Cy=3.0
V=05 X3+ Z5, Cy3=20
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Figure 3.23.: Coded performance comparison of PDM and uniform scheme for parallel
channels (LDPC code with block length 3600 bits).

which is achieved for an average sum-power of 17.94 dB. We select constellation sizes of

DM; vy n; PBdm(O) H(Bzdm)

2 300 900 0.1995  0.7208
3 300 900 0.3736  0.9534
4 300 600 0.4408  0.9898
5 300 300 0.4709  0.9976

Table 3.5.: PDM properties for the considered example.

2™ =32, 2™ = 16 and 2™3 = 8 points according to our bit-loading strategy of Sec.
The achievable rates are plotted against the average sum power in Fig.[3.22] Our proposed
heuristic scheme exhibits a gap of 0.2dB to the waterfilling benchmark of for the
target [SEl of 3.0bpcu. The uniform reference curve is shown in black and has a gap of
1.22dB to the waterfilling solution. The employed bit distributions are summarized in
Table and have been chosen as the solution of the following heuristic optimization
problem (see also (3.56))) for Rqy = 3.0 — v with v = 1/3:
3. 1.5
min Y S E {X?] subject to T > H(B{™)n; = Ram. (3.72)
=2

2
PBgm 77777 PBS{“ /=1 h[

In Fig. [3.23] we consider the same scenario with finite length [LDPC] codes from the 5G
standard [I01] (basegraph BG1). The uniform reference uses a R. = 3/4, while the shaped
case has a R, = 5/6 code (7 = 1/3). In both cases the number of transmitted bits is 3600.
The asymptotic gains are reflected in the coded results. We perform 100 [BP] iterations.
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3.8. Probabilistic Amplitude Shaping for Hard-Decision
Decoding

This section investigates achievable rates for with decoding metrics. While
decoding metrics are generally outperformed by their counterparts, they play an impor-
tant role for high throughput and low complexity optical receivers. There is no common
definition of metrics in the literature. In the following, we refer to a decoding
metric as one that obeys the following two principles:

1. The decoding metric does not exploit reliability information.

2. The decoding metric is based on the Hamming distance between the binary repre-
sentation of the received value and the transmitted constellation symbol.

We note that this definition is different from, e.g., [I02], Sec. III-C] where the authors derive
achievable rates for ‘‘lHDl coded modulation decoders”, but allow to exploit soft-information
associated with the probability of the individual channel transition probabilities.

3.8.1. Demapping Strategies

We consider a coherent receiver architecture. As a result, we have to determine the hard
estimate for a given receive symbol y € R first. We distinguish between symbol-metric
and bit-metric based approaches. A symbol-wise [HDI demapper obtains the estimate

&= QN (y) = argmlax Pxy(zly) = argrr;aXPY\x(ylx)Px(x) (3.73)
TE xe

whereas a bit-wise [HDI demapper obtains the estimate for the k-th bit as

b, = Qup " (y) = argmax Pp, )y (bly) = argmax py s, (y|br) Ps, (b). (3.74)
be{0,1} be{0,1}

Both expressions represent the maximum a posteriori (MAP]) estimate of the respective
symbol. Similarly, an [MI] estimate is possible when the respective prior (Px or Pp,) is
neglected. With a slight abuse of notation, the Voronoi regions are given as

R.={y € R: Qif(y) = =} (3.75)
and
Ri={yeR:Qm"(y) =b}. (3.76)

We exemplarily depict the respective Voronoi regions in Fig. for 8-ASK with and
an distribution with H(X') = 2.5 bits. The is 9 dB.

Further, we show the influence of the respective demapping strategy on the uncoded
[BERI for 8-ASK with uniform and shaped signaling and a label in Fig. [3:25] The
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Figure 3.24.: Voronoi regions for HD demapping.

case uses the same [MB] distribution as before. As seen from the plot, the chosen
demapping strategy has almost no influence numerically. Similar conclusions were drawn

in [103].
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Figure 3.25.: Uncoded [BER] of uniform and shaped 8-ASK with different demapping met-
rics for decoding.

3.8.2. Achievable Rate Derivation

To derive achievable rates for [HD|schemes, we first state the decoding metrics and then use
these to calculate the respective mismatched uncertainty expressions according to (3.6)).
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Following our definition for based metrics, we choose

G (2, y) = 1 (e # QW) (3.77)
¢ (zy) = [[ & @)k #Qup () — 2>y W@k # Qpp " (4) (3.78)
k=1

where ¢ € [0,1) is a constant. The mismatched uncertainty expressions are given by

HD . I SU(X#AQRE(Y))
U (ashp) = min B |~ log, s ot Q0) (3.79)
- aeX
HD ] Y (T £ QB (1)
U (qBMD) = mi E |—log, s e S (@ 22BN ) (3.80)
L ae

such that we obtain the achievable rates according to (3.14) as
+
RSMD = [H(X) - U (Qé{h]/?D)] (3.81)
_l’_
Riftio = [H(X) = U (ahiin)] (3.82)

The previous expressions can be simplified further and we can give an interpretation of
the optimization of (3.79)) and (3.80)). As shown in Appendix we have

RED = [H(X) — Hy(dsmp) — dsmp logy (M — 1)) (3.83)
Rinp = [H(X) — m Hy(6pmp)] (3.84
where
dsup = Pr(X # X) (3.85)
SpMD = ;ngr(Bk #+ By). (3.86)

Remark 2. For uniform bit levels, (3.84) becomes

Rpyp = m(1 — Hy(8Bmp)) (3.87)

which is an achievable rate for transmitting over m parallel [BSCl channels with error
probability dgyp.

The numerical evaluation of the achievable rates is shown in Fig. [3.26 for 4-ASK, 8-ASK
and 16-ASK. Note that the rates for are better than their counterparts for
both uniform and shaped signaling. This result was also observed in [I04] and is because
no reliability information associated with the individual transition probabilities may be
exploited.
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Figure 3.26.: Comparison of achievable rates for 4, 8 and 16{ASKI]
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Another perspective is provided in Fig. [3.27, where the gap to the [AWGN] capacity is
plotted. In contrast to the scenario of Fig. [3.5] we observe that each constellation size
should only be operated for a certain regime. Again, this is because the decoder can
not make use of any reliability information in the context. For shaped signaling the
gap to AWGN capacity can be reduced to about 1.8dB over the whole range with
the optimal signaling.

4

2-ASK
--- 4-ASK uni
3.5 - | —4-ASK PS
--- 8ASK uni
= —— 8-ASK PS
= 3¢ a 16-ASK uni
Dzi 16-ASK PS
4 25 8
2 - |
| | | | | |

0 5 10 15 20 25
SNR [dB]

Figure 3.27.: Comparison of BMDI gaps to [AWGNI capacity.

3.8.3. Optimal Code Rate and Constellation Size
As in Sec. [3.4.3] we investigate the optimal [FEC] rates Ry for BMDI We show the

numerical evaluations of ]
Rf=1——U(P
c m (QBMD>

in Fig. [3.28 where the optimal distribution is used for each SNR. For 8-ASK and 16-ASK,
we identify operating regimes with an almost constant mismatched uncertainty suggesting
that using a fixed [FEC] code rate is close-to-optimal here. We summarize those [FEC rates
in Table [3.6) and observe that those close-to-optimal, fixed [FEC] code rates are larger than
in the case of Table B.11

3.8.4. Coded Performance with Product Codes

In this section, we investigate how the predicted asymptotic gains translate into real gains
for a coded system. For [FEC] we resort to a product code (PC) with component
codes, see Sec.[2.3.5] The component codes are decoded iteratively by bounded distance de-
coding (BDD)). In our case, is implemented by the Berlekamp-Massey algorithm [32].
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Figure 3.28.: Optimal R} for [PAS with 4-ASK, 8-ASK and 16-ASK with and [BMDIL

M-ASK R,

4 0.75
8 0.85
16 0.90

Table 3.6.: Close-to-optimal, fixed [FEC] code rates for [HDIBMDI and a given constellation
order.

In Fig. , we depict a scenario for 8-ASK. The[BCH| code has parameters (255, 239, 2)E|
such that the [PC] has an overall rate of R, = (239/255)* = 0.8784, which is close to the
optimal one with 8-ASK (see Fig. for the desired operating range. The blocklength is
ne = 65025 bits. We perform 20 iterations between the row and column component codes.
The target [FERlis 10~3. We obtain the different operating points by varying the [DM] rate
between 0.3647 bits/symbol to 1.8647 bits/symbol (v = 0.6353). We also show results for
uniform scenarios (using the component codes BCH(255, 179) with R. = 0.4927, BCH(255,
207) with R. = 0.6590 and BCH(255, 231) with R, = 0.8206) and observe that the
operating points have a significantly reduced gap to the achievable rate over the whole
range of transmission rates. This is somewhat surprising as the uniform signaling modes
use codes of much lower code rate which also have a larger error correction capability.

6This code was also proposed as part of the G.975 standard for forward error correction for submarine
systems [105].
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Figure 3.29.: Comparison of REDp and coded performance of a[PC] with rate R, = 0.8784
and blocklength 65025 for 8-ASK. The target [FER]is 1073.

3.9. Performance Comparison of DM Algorithms for
Short Blocklengths

In Sec. different architectures and their properties were discussed. For short
blocklength scenarios, their rate loss must be taken into account, as any potential
gains from may vanish for short blocks. We illustrate the rate loss of and
SMDMlin Fig. [3-30] improves upon for short blocklengths and the insights

SMDM
0.2 |- —— CCDM |
— 0.15 |- =
i
i 0.1} .
S
5-1072 -
3.18-1072
0 | b

| | | |
50 100 150 200 250
n

Figure 3.30.: Performance comparison of [CCDM| and KMDMI for the considered setting.
The DMl rate is 1.25 bpcu, the output alphabet is 4-ary.

of this investigation allow a quick assessment of possible gains in a coded scenario. For
this, we will review two different short blocklength setups for n = 64 and n = 192 channel
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Algorithm 2 Ordered Statistics Decoding.

INPUT: Generator matrix G, soft information lgee = (l11l12 - - lim - - - lnm—1)lnm)-
1: Sort according to reliability: I3 = sort(|lgec|, descend’) — permutation 7

2: Reorder columns of G: G = G(:, 7).

3: if rank(G1(:,1: k.)) < k. then

4: Apply additional permutation 7ro such that Gs has full rank: Gy = G4(:, ).

5: lg = ll(Tl'Q).

6

7

8

. end if
: Determine information bits of most reliable basis: u = (I2(1 : k.) < 0).
: Build set of error patterns up to weight t:
& ={ec {01} s wn(e) <t}
9: Build list of possible codewords as:

L={ce{0,1}":c=(u+e)Gy, Vecé&}.

10: Determine (permuted) codeword estimate ¢, as:

¢y = argmax Z[lg]i (1 = 2¢).

ceL i=1

11: Codeword estimate is é(7r(72)) = Co.

uses. Finite blocklength bounds from Sec. will complement this investigation.

To focus on the properties and put aside the influence of the decoder, the
receiver for the case n = 64 employs ordered statistics decoding (OSDI). is a
decoding algorithm for any linear blockcode that was conceived by Dorsch in 1974 [106]
and later rediscovered by Fossorier and Lin [I07]. The algorithm aims at finding the most
reliable information basis and adds small weight error patterns up to Hamming weight ¢
to find the most likely codeword. If the order t is chosen large enough, [MI] decoding
performance can be achieved. The procedure is summarized in Algorithm [2]

In Fig. we present the results for a target of 1.5bpcu with 8-ASK. The pa-
rameters of the employed codes C; and Cy (derived from codes) are summarized in
Table[3.7a]and [3.7D] The best known linear codes for the chosen parameters have dp;, = 14
(C1)] and dimin = 28 (Co)f| respectively. In [I07], the authors derive a condition for the
binary-input additive white Gaussian noise (bIAWGN]) channel that relates the minimum
distance of the code to the required parameter ty, to obtain near performance

"http://codetables.markus-grassl.de/BKLC/BKLC.php?q=2&n=192&k=144
8http://codetables.markus-grassl.de/BKLC/BKLC.php?q=2&n=192&k=96
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Figure 3.31.: Performance of OSD for 8-ASK with R, = 1.5bpcu and n = 64. The
respective lower bounds are shown with dashed lines.

in the high [SNRI regime, which reads as

dmin

From numerical evaluations, we conjecture that this rule of thumb also holds for
Consequently, we choose t = 3 for C; and t = 5 for Cy such that the depicted results
correspond to the decoding performance of the respective codes.

For the shaped case, we compare two [DM] scenarios. The first employs a with
parameters summarized in Table [3.8a] whereas the second uses an [SMDM] with parameters
shown in Table [3.8bl

At an[FERl of 102 , [PAS with SMDM] performs within a gap of 0.3 dB to the [SPB], while
is 0.5 dB less power efficient due to its significant rate loss at this short blocklength.
We can already observe this from the rate loss analysis shown in Tables [3.8a] and [3.8b|
Using our rule of thumb of to convert the rate loss to an loss, we can expect
to be 0.69dB — 0.24dB ~ 0.45dB less power efficient, which is reflected in the
coded performance.

We further note that the [SPBI is only a converse for the setting, as the
shaping set of is indeed a spherical code, whereas uses points within the
n = 64 dimensional sphere. The impact of the rate loss is alleviated to some extent by
exploiting a type check ((I'C)) during the evaluation of the list candidates in £: If the
codeword with the highest score does not pass the type check imposed by the type t7, we
choose the candidate with the next highest score fulfilling the [TCl If there is no candidate
at all in £, we randomly return a [FEC| codeword, which fulfills the [TCl We see that the
[T is particularly helpful at low SNRE.
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Parameter Value Parameter Value
Ne 255 Ne 255
CBOC(JiI;I Fe 147 (]:30?113 he 99
dmin,d 29 dmin,d 47
Ne 192 Ne 192
C; ke 144 Co k. 96
R 3/4 R. 1/2
Amin 14 Aimin 23
(a) Parameters of code C; (b) Parameters of code Cy

Table 3.7.: Code parameters of the employed codes for [OSDL

Parameter Value Parameter Value
kdm 80 kdm 80
n 64 n 64
Rdm 1.25 Rdm 1.25
£ {37,21,5,1} W (a) a2
Py (0.578,0.328,0.078,0.016) Py (0.612,0.306,0.074, 0.008)
Rloss 0.1157 bits Rloss 0.0400 bits
(a) CCDM (b) SMDM

Table 3.8.: parameters for n = 64.

In Fig. |3.32 we again show a scenario for 8-ASK and an of 1.5bpcu, but with a
larger number of n = 192 channel uses and [LDPC] codes. In contrast to before, we only
compare and without a[TCl as the latter is not easily integrated in the [BP|
decoding process. The [DM] parameters are summarized for both cases in Tables and
3.90

The [LDPC codes are taken from the 5G standard [I01], see also Sec. [4.1.2] The codes
for have a rate of R. = 3/4 and are derived from basegraph 1. The code for the
uniform scenario has rate R. = 1/2 and is obtained from basegraph 2. 200 [BP iterations
are performed. At an FER of 1073, the performance gap between [SMDM] and [CCDM] is
less pronounced than before and about 0.2dB. Again, this is expected from the rate loss
analysis in Fig. and Table[3.9] which predicts an improvement of 0.19 dB. The
gain over uniform signaling is about 1dB.
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Figure 3.32.: Performance of 5G LDPC codes for 8-ASK with Ry, = 1.5 bpcu and n = 192.

Parameter Value Parameter Value
Edm 240 Kam 240
n 192 n 192
Ram 1.25 Ram 1.25
" {118, 58, 14,2} W(a) a?
Py (0.615,0.302,0.073,0.010) Py (0.622,0.301,0.070,0.007)
Rioss 0.0474 bits Rioss 0.0156 bits
(a) CCDM (b) SMDM

Table 3.9.: [DMl parameters for n = 192.

3.10. Channels with a Non-Symmetric, Capacity
Achieving Input Distribution

In this section, we examine a simple example where cannot synthesize the optimal
input distribution because it is not symmetric. We consider [DOK], a non-coherent modu-
lation scheme that is important for optical communications such as free space optical com-
munication (ESOl) communications where simple transceiver architectures are required.
with a uniform distribution has a significant energy loss compared to optimal
signaling. Therefore, many practical implementations resort to pulse position modulation
(PPM]). However, PPM] requires for good performance, i.e., the [FEC] decoder must
operate on the whole PPMlsymbol. If binary codes with are considered, a significant
performance loss is observed. This is illustrated in Fig. where a gap of 1.66dB
between with a capacity achieving input distribution and 8{PPM] with at a
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rate of 0.2 bpcu is visible.

3.10.1. System Model and Optimal Signaling for On-Off Keying

We consider the system model of (3.1) with the channel input X = {0, A}. The average
signal power is E [X?] = A?Px(A). An achievable rate is given by the MII(X;Y") and the
maximum achievable rate is the solution of the following optimization problem

Cook = max I(X;Y) subject to A*Px(A) < P. (3.89)
X

We refer to (3.89) as the “OOK capacity”, which is shown in Fig.[3.33al Note that average
power constraint is always active, so that the amplitude is A = /P/Px(A). If a uniform
distribution is chosen, i.e., Px(0) = Px(A) = 0.5, we observe a significant degradation
in power efficiency. In Fig. we show the optimal pulse probability Px(A) and

— Coox
—— OOK uniform 0.9
0.6 ——8-PPM (SMD)
U1~ s-pPM (BMD)
g _
=
= 04 < 0.8
E A8
=
o~

0.2

0 |
T | | | |

| |
-0 -8 6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4
SNR [dB] SNR [dB]

(a) (b)

Figure 3.33.: Achievable rates for OOK and PPM. The right figure shows the optimal
probability Px(0) and pulse position A to achieve the OOK capacity.

pulse amplitude A as a result of the optimization in (3.89). We observe that the optimal
distribution is heavily biased in the low and medium range, which gives an insight
why uniform signaling is particularly harmful here.

3.10.2. Probabilistic Shaping via Time Sharing

In the following, we employ the sparse-dense scheme of Sec. with a (nc, k) linear
blockcode. We distinguish between a modulated information symbol Xg and a modulated
parity symbol Xy. We use the signal set X5 = {0, Ag} for the information part, i.e., for a
number of k. = R.-n. channel uses. For the remaining (1 — R.) - n. channel uses involving
the parity bits, the signal set is Xy = {0, Ay }.
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A realizes the non-uniformly distributed symbols. It encodes kg, uniformly
distributed bits into a length k. shaped information bit sequence which is then [FEC] en-
coded. The [DM has rate Rgm = kqm/ke which approaches the entropy of the [DM] output
distribution (see Sec. for long k.. Therefore, we have R4y, = H(Xg) and the overall

transmission rate is
Ry = H(Xs) - R.. (3.90)

Thus, Ry is directly related to Px.(Ag) via

Py.(Ag) = H™! <I;ﬁ:> . (3.91)

An achievable rate of the [TS scheme is given by
Rrs = R 1(Xs; Y5) + (1 — Re) I(Xu; Yu). (3.92)

From (3.90)), reliable communication is guaranteed as long as Ry < Rrts. In the following,
we distinguish two cases.

Case 1: Same Pulse Amplitudes Consider the case where both pulse amplitudes are
the same, i.e., A = Ay = A. The average signal power is

1
E [chg + (1 - RC)X%} = (RCPXS(A) + (1 - RC)2> A? (3.93)
and the optimization problem for (3.92) is
1
Rig, = max Rrs  subject to <RCPXS (A)+ (1 — RC)2) A* < P (3.94)
Xg»

As for (3.89), the power constraint is always active. Thus, for a fixed Py,(A) we have
A=P/\/RPx (A)+(1—R.)/2.

Case 2: Individual Pulse Amplitudes We now permit different pulse amplitudes Ag and
Ay. The average signal power is

1
E[ReXE + (1 — Re)X?| = RePx(As)AZ + (1 - Ro)5 A (3.95)
Similar to the first case, we have

1
Rtg, = , nax Rrs  subject to  R.Px(As)AZ + (1 — RC)§A% <P (3.96)

xg,As,Au

Again, the average power constraint is always active.
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Figure 3.34.: Achievable rates for the schemes with different code rates R..

3.10.3. Comparison of Achievable Rates via Time Sharing

We plot the achievable rates for both [T\ schemes in Fig. for the code rates R. = 0.5
and R, = 0.75. The dashed curves show the transmission rates with the optimized
pulse probabilities Px (A) and Px,(As) according to and (3.96)), respectively. The
crossing of the Rtg and Ry, curves indicates the optimal operating points for the chosen
code rates. Comparing and , we observe that using a low code rate, e.g.,
R. = 0.5 in Fig. [3.34] increases the gap to Cook as the fraction of transmission symbols
with a uniform distribution also increases with lower R.. The gap to the capacity
is about 1.0dB for R. = 0.5, while it reduces to 0.3dB for a rate R. = 0.75 code at the
respective optimal transmission rates given by . These results motivate using a high
rate code, even for low transmission rates. This requires using a pulse probability different
from the optimal one from or . For example, consider the first scheme. In
order to operate at Ry, = 0.25bpcu as in Fig. [3.34] (a), instead of R. = 0.5 we may use
R, = 0.75 with Py, directly given by . We can also see that the gains of the
scheme 2 vanish for transmission rates larger than about 0.5 bpcu.

3.10.4. Signaling for Fixed Transmission and FEC Code Rates

As pointed out in Sec. for a target transmission rate Ry, and fixed code rate R,
the probability Px.(As) is given by . Thus, for the first scheme, the average
power constraint in determines A and there are no additional degrees of freedom
for the optimization in . The second scheme has an additional degree of freedom
by optimizing over either Ag or Ay. A practical communication scheme uses a family of
channel codes of different rates. For each target rate R;, we choose the code rate such that
the required SNR is minimized. We proceed as follows.
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Figure 3.35.: Achievable rates for TS schemes with fixed code rates from the set R..

1. Consider a set R, of code rates.

2. For a target Ry, determine the required SNR for all possible R. € R., such that
Ry = Rig, i € {1,2}. Since Ry is fixed, for a specified R, the pulse probabilities
Px (A) (for Rrs,) and Py (Ags) (for Rrs,) are obtained from ([3.91)).

3. Among all R. € R, use the code rate R} that requires the smallest SNR.

As an example, consider the set of code rates R. = {0.25,0.33,0.5,0.67,0.75,0.8,0.9}. For
different transmission rates in the range 0.2bpcu < Ry, < 0.85bpcu we determine the
required SNR for the code rates in R., and choose for each R the code rate R} with the
lowest SNR requirement. Table [3.10] gives an overview of the code rates R} for some Riy.
The gray colored curves in Fig. represent the corresponding achievable rates versus
SNR for the first and second [T schemes using code rates from Tab. [3.10] Observe from
the table that for the second scheme it is beneficial to use high code rates, even if low
transmission rates are targeted. In Sec. we optimize [LDP( codes for the proposed
schemes.

3.11. Overview over Decoding Metrics and Achievable
Rates

In Fig. 3.36) we summarize practically relevant [FEC| decoding metrics, corresponding
achievable rates, their estimators for [MCl based evaluations, and implementation exam-
ples by means of different code classes. The overview discusses all examples in the pre-
vious sections. Apart from and BMD] the class of multistage decoding metrics (in
combination with multilevel coding) [108] is also important in practice. For instance, for
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Ry R'TS; R:TS,

0.20 0.33 0.67
0.25  0.50 0.67
0.33 0.5 0.67
0.50  0.67 0.67
0.67  0.75 0.80
0.75  0.80 0.80
0.85  0.90 0.90

Table 3.10.: Code rates R for some Ry.

polar codes [6, [7] a multilevel coding/multistage decoding approach is natural for higher-
order modulation because of the successive cancelation decoding [109, 110]. Multilevel
coding/multistage decoding is possible for and decoding metrics.
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Code Design for Binary Low-Density
Parity-Check Codes

4.1. Introduction

Binary [LDPC codes are binary linear block codes defined by an m, X n. sparse parity-
check matrix H. The code dimension|is k. = n. — rank(H). An code can also be
described by its Tanner graph [ITI], which is a bipartite graph G = (V UC, E) having n.
Rk v; € V and m [ENk ¢; € C (see Sec. 2.4.1)). In the context of LDPC codes, the [FNk
are also referred to as check nodes (CNk). The set £ of edges contains the element e;; if
and only if the parity-check matrix element h;; (entry in the i-th row and j-th column of
H) is equal to 1. The degree of a v; is denoted by dy; and it is the cardinality of the
set N(v;). Similarly, the degree of a c; is denoted by d., and it is the cardinality of
the set A(c;). The Tanner graph of an exemplary [LDPCl is shown in Fig. [4.1]

To analyze the properties and characteristics of [LDPC| codes in an asymptotic setting,
Gallager introduced the notion of ensembles. In the following, we analyze two different
ensemble types.

4.1.1. Unstructured Ensembles

Unstructured [LDP{ code ensembles are characterized by their [VN] and degree distri-

butions. We distinguish two perspectives, namely the node and edge perspective. For the

!This definition is important for regular [LDPC] codes (see Sec. |4.1.1)), which are rank deficient by con-
struction, such that rank(H) < m..
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Figure 4.1.: Tllustration of a Tanner graph with six and four [CNk.

node perspective, we have the VNl and degree polynomials

dv,max dc,max

Az) = Z Az’ R(x) = ; Rix'. (4.1)

The coefficients A; and R; denote the fraction of YNk in V and in C that have degree
. Similarly, for the edge perspective, we have

dv,max dc,max

Az) = Z Nz p(x) = ; pir' Tt (4.2)

Here, the coefficients \; and p; denote the fraction of edges in £ connected to degree ¢
[VNk and [CNE, respectively. We note that the above descriptions are in their most general
form. For practical [LDPC] codes, more constraints have to be imposed to get meaningful
codes. For instance, we allow degree one above, but they have to be used with care.
In an unstructured ensemble, two degree one [VNk may be connected to the same degree
two [CN| giving rise to a code with minimum distance of two.

Example 8. For the Tanner graph in Fig. 4.1 we have

2 2 2 1 1 1 1
A(x) = BxQ + 6x3 + 6x4 R(z) = ng + 1x4 + 1565 F Z$6. (4.3)

The edge perspective degree distributions are

4 6, 8, 3, 4., 5, 6.
I i RS _ o2 2y 2 ay DS 44
Me) = 5%+ g% T 5% @)= o + g% + g% T 5” &4

Both descriptions can be transformed into each other. For example, we have
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The design rate R.q of an [LDPC code is given by

ra
R—1_ KW

’ _Rw)zl_

(4.6)

SlEal

where d, and d. denote the average [VN] and degree, respectively.

Decoding Complexity

To evaluate the decoding complexity of a given [LDPC] code, the internal decoder data flow
F' is an important metric. It is defined as the number of bits that are processed in each
[BP| iteration and can be calculated as

F=2" 1 _9.n.q-d, (4.7)
where ¢ is the number of bits used to represent a message sent on a given edge.

Role of Degree Two Variable Nodes

The number of degree two [VNk plays an important role for the design of good [LDPC]
codes. On the one hand, a certain fraction of degree two [VNk is necessary for capacity
approaching decoding thresholds [I12, [IT3]. On the other hand, a too large fraction is
harmful for practical codes:

> A large fraction of degree two [VNk may violate the stability condition, which is a
necessary condition for the convergence of the [BP] algorithm and ensures that the
minimum distance of the specified ensemble grows linearly with the blocklength [1T4]
for unstructured, irregular codes.

> Degree two [VNk which form a cycle constitute the support of a codeword. Hence, a
lot of degree two [VNk may lead to a small minimum distance if they are not placed
and connected judiciouslyﬂ For instance, a length 8 cycle between degree two
results in a codeword with d,;, = 4.

Any tailored code design needs to take these conflicting requirements into account.

4.1.2. Structured Ensembles and Protographs

For practical purposes, it is beneficial to impose more structure on an [LDPC code en-
semble. Examples of structured [LDPC] code ensembles are multi-edge type (MET]) [116]
and protograph based ensembles [117), 118]. Protograph based ensembles are defined via a
(typically small) basematrix B of dimension m,, x n, with elements b;; € [0,1, ..., byax|. A

20ne way to avoid cycles between degree two [VNk is to place them in the form of a double diagonal
in the parity-check matrix. Repeat-accumulate codes [I15] constitute an important [LDPC]| code class
which adopts this property. This structure is also beneficial for low complexity encoding.
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&) !‘@

Figure 4.2.: Tanner graph of a protograph.

basematrix may also be represented as a bipartite graph, called a protograph. An example
is shown in Fig. [£.2) for the basematrix

2 11
B_<O 2 1)'

Since the elements of the basematrix are not strictly binary, parallel edges are allowed and
their numbers correspond to the respective entries in the basematrix. The Tanner graph
of an [LDPC code can be obtained by lifting a protograph: through copy-and-permute
operations a number of copies of the protograph is generated and their edges are permuted
such that connectivity constraints imposed by the basematrix are maintained [I17]. A
protograph-based LDPC (P-LDPC)) code ensemble is defined by the set of all length-n,
[LDPC codes whose Tanner graph is obtained by lifting B by a factor of @ such that
ne = Q - np.

The copy-and-permute operation can also be interpreted as follows: Each entry b;; in the
basematrix is replaced by a sum of b;; distinct permutation matrices of size ) x ). This
approach allows a straightforward way to generate realizations of a protograph ensemble.
If cyclicly shifted identity matrices are used as permutation matrices, the resulting parity-
check matrices have a structure, see Sec. 2.3.5]

To distinguish the and in the protograph from those in the lifted parity-
check matrix, we introduce the protograph VNI set V, = {V;,V,,...,V, } and set
Cp = {C1,Cy,...,Cp, }. Every protograph VNI (CN)) identifies a [VN| (CN)) type. We use the
wording “a type Vi VNI" with & € {1,...,np} to identify a[VNlin the lifted Tanner graph
of type V. We also use the convention that a [VN| v; in the Tanner graph is of type Vj
if [7/Q] = k, i.e., consecutive blocks of @ are associated to a given type. The same
applies to [CNk.

[P-LDPC codes introduce structure for an [LDPC code ensemble and facilitate the design
of optimized [LDPC codes. For instance, the notion of a[VN] type can be used to designate
the association of a given bit level to a[VNlin the protograph.

In the following, we review three well known protograph families, which will serve as
reference designs.

Accumulate-Repeat-Jagged-4-Accumulate (AR4JA) [AR4TAlcodes [T19, Sec. 7.4] con-
stitute a class of protographs with code rates (k — 1)/k,k € {2,3,...} and protograph
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*

Protograph w

Bjraja-1/2 0.0144
Baraja—2/3 0.0058
Br4ja-3/a 0.0032
Baraja-4/5  0.0021
Baraia—ss6 0.0015

Table 4.1.: Relative minimum distance of different [AR4JAl codes.

dimensions of m, x n, = 3 x (k + 3), i.e., there is one punctured [VNI The basematrix of
the rate 1/2 code is

0010
BAR4JA—1/2 - 1 1 0 ]_ (48)
120 2

— W N

where the last column is punctured. The first two columns correspond to information bits,
the remaining ones are parity bits or punctured. Higher rate codes are obtained by adding
a pair of columns to the beginning of (4.8), e.g., for a rate 2/3 code, we have

0000T10 2
Barasazs= |3 1110 1 3. (4.9)
1312021

Realizations of this ensemble have a minimum distance that grows linearly with the block-
length. The relative minimum distance was computed with the algorithm of [120]. We
show the corresponding w* in Table [4.1]

Protograph Based Raptor Like (PBRL) [PBRI codes were introduced in [I21IJ] as one
approach for rate-compatible LDPCl codes that can be derived from a common basematrix.
Their common structure is

B o
B:<B J (4.10)
and can therefore be understood as a concatenation of an high rate code with basematrix
B"R and an low-density generator matrix (CDGM) code with basematrix (B I ) This
code class is inherently rate-adaptive by adding rows to the code and thereby
decreasing its overall rate. For its construction, usually a good high rate (e.g., 2/3, 3/4)
basematrix B is chosen and the rows of the part are selected in a greedy manner
one after the other such that the decoding threshold of the respective code is minimized.

3An earlier patent showing similar ideas has priority date January 24, 2007, see https://patents.
google.com/patent/US8578249.
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[PBRI codes have found their way into the 5G standard [122, [123] for enhanced mobile
broadband (eMBBI). This choice is motivated by the requirements for 5G, which involve
the support of a large range of code rates, a fine granularity in blocklengths, support for
hybrid automated repeat request (HARQ)), high throughput decoders and a simple code
description for a facilitated hardware implementation.

4.1.3. Sum-Product Algorithm for Single-Parity-Check Constraints

Finding the bit-MAP estimate can be interpreted as a special instance of an inference
problem, where the marginal Py|y (v;|y) should be calculated from Pyy(v|y). In the con-
text of factor graphs we can identify the global function f(vy,vs, ..., vy, ) with Pyy(vl|y).
Assuming this factor graph is cycle-free, we can use the to calculate the marginal
with low complexity.

Classical LDPC coded use SPC codes as constraints at the [CNk. Consider a[CNl ¢; with
degree d., neighbors N'(c;) = {v;,,vj,,...,v;, } and the local function

fi(vjlavjm""vjdc) =1 (Ujl +Uj2 + ... +Ujdc = 0) . (411)

We first assume the exchanged messages to be in the probability domain. In this particular

case, the update ([2.136]) for k£ € {1,...,d.} has a closed form expression [3]

Me;—sv;, () = > filvi, vy, .y, .. sV, ) 11 Mey—se, (V)

~Uj vEN (ei)\{vj, }
=Y t(v vt HvtFu, =00 T (o)
~Ujp veN (ei)\{v;, }
1 1
b + (—1)”5 (1 -2 -my_, (1)) (4.12)
veN (ei)\{vj, }

If the alphabet is binary, i.e., v; € Iy, we prefer a representation of the messages
which avoids a renormalization of probabilities and calculating products. Therefore, we
reformulate the [SPAlin the log-domain and consider the messages

v e (0 o v (0
L, —e; = log <w> le;sv; = log (777,_)]()) ) (4.13)

mVj—>Ci(1) mq—)Vj(l)

Using the [VN] update rule of (2.135)), we get

ly e, = log (HCEN(Vj)\{Ci} Me—v, (O)> o Z log (mcﬁvj (O)> . Z I
\'Zi c; - - C—V,*
’ HceN(v]‘)\{Ci} Me—v; (1) ceN )\ {ei} Me—v, (1) ceN(v)\{ei} ’
(4.14)

4¢Classical” in the sense of [LDPC] codes as introduced by Gallager [5]. Generalized [LDP codes [111]
replace the [SPCl code by a general blockcode, e.g., a Hamming code.
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Similarly, for the update rule of (2.136]), we get

mww(o)) = log (5 + 5 Mveweoniv (1 — zchi(l))> . (4.15)
M, v 1) % - %Hve/\/(ci)\{vj'}(l - 2mV—>Ci(1))

lci%vj' = log (

To simplify the previous expression, we need two intermediate results. First, from (4.13]),
we have
1

- 4.16
1+ eli—e ( )

mVj —C; (1)
such that

lv. >e.
evize — 1 ly. e
1—2my, 4,(1) = —— =tanh | — | .
My e, (1) U an ( 5 >

Second, we note that the inverse of the tanh(-), atanh(-), can be expressed as atanh(x) =

0.5-In((1 —)/(1 + 2)). Hence, (4.15) becomes

Ly—se,
lc, v, = 2atanh 11 tanh( = ) : (4.17)
\fv;} 2

veN (c;)

As the exchanged messages in the current formulation of the [SPAlare beliefs (i.e., prob-
ability of a coded bit taking a certain value), the formulation is also known as belief
propagation.

4.1.4. Decoding of LDPC Codes

Practical [LDPC] codes usually do not have a cycle-free factor graphP| such that we can
only hope for an approximated value of the a posteriori distribution. Therefore we apply
the iteratively and hope for convergence. In the following, we apply the previously
developed log-domain version of the for the decoding of binary [LDPC] codes.

In contrast to Sec. [4.1.3] the exchanged messages on the Tanner graph have superscripts
(denoted by (¢)) that indicate the iteration number. The overall procedure is summarized
in Algorithm [8] We initialize the algorithm by

Pyy (v; = 0ly)
19, = lgec; =10 ( VY . 4.18
e = el T8\ Py oy = 1]y) 418)

5While a cycle-free graph is desirable from the perspective of getting exact results for the marginalization,
this property is harmful from a minimum distance perspective [124] in the sense that any cycle-free
Tanner graph with constraints and R, > 1/2 has dpyin < 2. For general constraints see
comments in [124] Sec. V-C].
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Algorithm 3 Sum-Product Decoding of LDPC codes.

INPUT: l‘(,?)_,ci = ldec,jsVj = 1,...,nc,c; € N(v;); max. iterations fmax
1: /=1
2: while ¢ < /.« do

3: // CN update
4 fori=1,...,m.do
5 for v; € N(c;) do
6: 15, = 2atanh Mol
: cilsv; = 2atan Hve/\/(ci)\{v,v} tanh 5
7 end for
8: end for
9: // VN update
10: for j=1,...,n. do
11: for ¢; € N(v;) do
12: l‘(’f)_“:t = ZCGN(Vj)\{Cq‘,} l‘(:e_)wj + ldec,j
13: end for
14: end for
15: =041
16: end while
17: // Final codeword bit estimate
18: for j=1,...,n. do
19: lappJ‘ = ZcEN(vi) lggn\?;);) + ldec,j
20: ﬁj = % — %sign (ZApp,j)
21: end for
In a practical implementation of Algorithm two important simplifications can be
employed:

1. The update is calculated based on the Jacobian logarithm, i.e.,

In(e” + e¥) = max(z,y) +log (1+ ¢~ ™).
For a degree d. = 3[CNl ¢; with neighbors N(¢;) = {v,,v,,v;,}, (£.17) becomes

lci—ij - fCN(le1—>C7;7 le2—>Ci>

= Sign(lel—)Cm lez—)Ci) : mln ( lel—)Ci ) le2—>Ci )
1 + e_ lv]-I —>ci+lvj-2—>ci
I | (4.19)
1 + e_ Zle *}Ci_lv]?*)ci

For with degree d. > 3, we apply (4.19) recursively:
lci_}"jdc = fCN(leI—}Ci? fCN<le2_>Ci’ fCN(' e 7ledC_1_>Ci)>)' (420)

Additionally, to reduce the complexity of the operation, the trellis representation
of an code [125] avoids the re-calculation of interim expressions. The imple-
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mentation of the update has a significant influence on the error floor [126]. If
not stated otherwise, all simulation results in this thesis use a non-saturating [VN|
and implementation.

2. The naive formulation of the update in Algorithm [3| calculates the sum of incom-
ing messages many times. Instead, a practical implementation calculates a temporary
value first

0 _ ‘
ltmp,j - Z lglw + ldec,j
CGN(VJ')

and then subtracts the corresponding incoming message to get the right extrinsic
value "

o O 0

le—}Ci - ltmp,j lci—>v]~'

3. The message schedule, i.e., the order of how messages are computed and used for the
calculation of other messages, can be modified to achieve faster convergence speeds.
One prominent approach is the so called layered schedule [127], which commonly
saves half the number of iterations compared to the flooding schedule of Algorithm 3]
We will use the usual flooding schedule in all simulations.

4. Algorithm [3| can be extended by an early stopping criterion. For this, we calculate
the [MD] estimate © after each iteration and check whether the syndrome 9 H" is zero.

Variants of the sum-product algorithm are the min-sum algorithm [128], which neglects
the second summand in or the offset min-sum algorithm, which replaces the second
summand by a constant value that needs to be optimized for each code and current iteration
number. The scaled offset min-sum algorithm additionally scales the result of the minimum

operator in (4.19) by a scalar.

4.2. Asymptotic Decoding Threshold Analysis

4.2.1. Density Evolution

As shown in [I129] the asymptotic analysis of [LDPCl codes via density evolution (DEJ) is
based on the concentration theorem stating that the decoding performance for an individual
member of the ensemble will concentrate asymptotically around its average performance
and that the average performance will concentrate around the performance of a cycle-free
graph for a large blocklength. To facilitate analysis, the symmetry condition allows to
constrain the [DEl to the all-zero codeword only.

Let Ly_c, Le—y, Laec be the [RVE associated with the messages (4.14), (4.17) and (4.18)),

respectively. The symmetry condition requires that

PLosev (110) = pr,ov (—1[1) (4.21)
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Pre v (0) = pr.,v(={[1) (4.22)
pLdec|V<l|0) = pLdeclv(_”]‘)’ (423)

As analysis reveals, the requirements (4.21)), (4.22) hold for the [BP algorithm as pre-
sented in Sec. 4.1.4L Whether (4.23) is fulfilled or not depends on the channel pyx, the
modulation/demapping and binary labeling.

Ezample 9. For the BAWGNC with [BPSK] signaling, i.e., X = {—1,+1}, x(+1) =
0, x(=1) = 1, the channel law py|x is given by (2.93) and (4.18)) becomes

~(y=1)2/(20?) 9
_ . _ 4y/(202)) _
oz =l <e—<y+l>/<2>> = log (/07) = Z5u. (4.24)

The above statement can be interpreted as a transformation of the RVlY. Conditioning
on X =—1(ie,, V=1)and X =1 (i.e.,, V =0), we have

(LdeCHV = O}) ~ N(2/U27 4/02) (Lde0|{v = 1}) ~ N(_2/027 4/02)' (4'25>

(4.23)) is fulfilled for this channel and modulation setting. Note that the density
PLae|v((]0) exhibits an interesting property, namely the consistency condition f(x) =
f(=x)e*. A Gaussian distribution is consistent, if its mean p and variance o
are related as 02 = 2u. A consistent Gaussian distribution is therefore characterized
by a single parameter.

Density evolution tracks the densities pr,_, v (0), pr._,jv(1|0) and pr, v (1]0) over the
course of iterations. To simplify notation, we drop the conditioning on V' = 0 and use the
all-zero codeword assumption. We declare successful decoding when

0
/ 280 ([)dl - 0 for £ — oc. (4.26)

We now consider channels that are characterized by a single parameter ¢ (e.g., € for the
BEC, § for the [BSC, o for the AWGNC]). The set of channel parameters for which we
observe convergence ([4.26]) defines the convergence region

0
T:{g: /pL;Qp(l;g)dleO for€—>oo}. (4.27)

Here, p, o (I;€) denotes the [PDI of the a posteriori information, when the [BP iterations
were initialized by l4ec having a channel law with parameter £&. The decoding threshold &y
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is defined to be the Supremumﬁ of all values in T:

En = Sup T. (4.28)

Density Evolution for Unstructured, Regular Ensembles

We first analyze (dy,d.) unstructured, regular ensembles. Following (4.14)), the outgoing
message l,_,. of a[VNl update, is given as the summation of independent [RVk. Hence, its
[PDE] is given by a convolution of the incoming [PDEk:

Y4 ¢ *(dy—1)
P () = pra (D)« (P22, () (4.29)
Similarly, we have
¢ ¢ *dy
Py () = pro (1) * (P2 (D) (4.30)

The update is more involved. The update rule (4.17) is a transformation of the [RV]
Ly, see Sec. Unfortunately, no closed form expression can be given such that we
simply denote this transformation by the function fen(+, ), which takes the [PDE of the

incoming message pgv)_)c and the degree d. as arguments:

P(ch)ﬁv(l) = fCN(p(LZ‘LC(l% d) (4.31)

We explain an approximate method in Sec. [£.2.2]to circumvent this problem. Alternatively,
Chung developed an alternative in his PhD thesis [130] that approximates pr. . () by a
Gaussian distribution, whose mean and variance are derived from L) _and the degree

v—C
de.

Ezample 10. We derive the [DE] equations for a (dy,d.) regular [LDPC| code for the
BEC with erasure probability . We have

00, y=20
FY|X(3/|0)>
lgec =log | =————= | =140, =F 4.32
¢ g<PY|X(y|1) B z_l ( )

The density pr,.(I) degrades to a [PMFE] with two mass points, one being at 0 with
probability € and the other at +oo with probability 1 —e. Therefore, [DE for the [BEC]
is characterized by tracking the evolution of the a posteriori erasure probability 52%)}).
We obtain:

6This assumes that the degradation of the channel becomes more significant with a larger value of &.
This is the case for the BSC| BEC| and [AWGNC| If a transformation of the channel parameter is
considered, e.g., the SNRlin case of the AWGNC], this definition must be adjusted.
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dy—1
e =e (e&ﬁv) (4.33)
do—1
dy
egp)p =c- (egﬁv) : (4.35)

Density Evolution for Protograph Based Ensembles

For protograph based ensembles, we have to take each VNI (V;,j7 = 1,...,n,) and
(Ci,i = 1,...,my;) type into account. Let Lgec, represent the [RV] describing the decoder
soft information at the j-th V;. Correspondingly, we get

{4 4 *(bj ;i —1(i'=1
Prn e () = Proe, () @ py) L, ()G (4.36)
cyeNy) v
[ ¢ w(bis
P () = pra, () ® i, (1)) (4.37)
C;EN (V) v

For the update, assuming that C; has neighbors N'(C;) = {V;,,Vj,,...,V;, } we
have

() _ () O () ()
P (0= fox [ ) o @sevespl) o Dsenpl)  Oropl), (O] (439)
bij, —1(j=71) times bijg, —1(j=ja.) times

where the function fex(+) represents the transformation of the incoming [PDFk. Again,
we refer to Sec. for the discussion of a practical implementation of this transformation.

We extend the notion of a convergence region for protographs. Let & = (£1,&,...,&n,)
denote the parameter vector which defines the (potentially) n, different channels associ-
ated with each protograph [VNl type. We declare convergence for the protograph [DE] and
parameter vector & if

/pL@) (16)dl =0 for £ =00, Vj=1,... np (4.39)
app;J
Correspondingly, we have the convergence region

{ /pL (136)dl >0 for £ — oo, v]':1,...,np}. (4.40)
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Ezample 11. As before, we instantiate (4.36), (4.37) and (4.38) for the BECL Let ¢;
denote the erasure probability at the j-th V;, i.e., the j-th is connected to a

[BEC] with erasure probability ;. We obtain

0 (byr;—1(i=i"))
EVj*)CZ‘ = gj : H (6((:3—>Vj> ’ (441)
C, eN(V5)
(b =1(=3"))
EC»L*)VJ' = 1 - H (1 - 8\(/?/—>C2) ’ (442)
v EN(C;)
¢ big
R | G (4.43)
C,eN(V;)

4.2.2. Discretized Density Evolution

Discretized density evolution (DDE) approximates the real [DEl expressions -
by discretizing the [PDE] of the involved [BP| messages. It was used to design capacity
approaching [LDP{ codes in [I12] and quantizes the decoder soft-information ([4.18)) with
a b bit (b € IN) quantization function, which first clips its input to B € R* or —B via

B, 1> +B
clip(l) =<1, —-B<l<+B (4.44)
B, I<-B

and maps the result to ¢ = 2° — 1 quantization levels. We define the quantization function

as Q(-) : R — Q, where @ ={—(¢—1)/2,...,0,...,(¢—1)/2}, A=(2B)/(¢— 1), and

cip(l)/A+1L], 1>%
Q) = { |clip()/A =3, <=2 (4.45)
0, otherwise.

We use this type of quantization to represent I = 0 without quantization error. This is
important for punctured [VNk. In the following, we describe [DDE] for protographs.

Using channel adapters [131] the [PDFk of the m bit channels are symmetrized
such that the all-zero codeword assumption can be used. We quantize the symmetrized
[RV] Lgec,; of the decoder soft information (4.18) at the j-th [VN| by and represent
the [PME] of the discrete [RV] by the vector lqec ; of length ¢, where the entries lgec jk, k € Q
correspond to

(k+1)A
laeejte = /k o P, (DdL (4.46)
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We define the [DDEIVN| update rule as

#(by—1(i=i")
le—>Ci =T (ldec,j * ® lci<,_>vj )) . (447)

CreN(V5)

The truncation operator T(-) shrinks the dimensions of the vectors resulting from the
convolution. For a length 2¢ — 1 vector ¢ = (c_(4-1), ..., ¢4-1), We have

—(g-1)/2 (¢-1)
T(c) = >k Co(ge1) 21y - Clg1) 21, DL Ok - (4.48)
k=—(q—1) k=(¢g—1)/2

For punctured [VNk, we have lgec jx = 0,Vk € Q \ {0} and lgec jo = 1.

For the operation, we first consider a degree three [CN| with two incoming messages
a and b. The outgoing message c is given as ¢ = R(a, b), where each entry ¢, of ¢ is given
by

= 2 gy D (4.49)
(k1,k2)€QxQ: LUT (k1,k2)=k

The two-dimensional data structure LUT(-,-) : @ x Q@ — Q is a look-up table (LUT]) of
the quantized operation for the [SPA] (4.17)), i.e., for a,b € Q, we have

LUT(a,b) = Q(2atanh(tanh(a/2) - tanh(b/2)). (4.50)

The update rule can be stated as the nested application of the pairwise operator R(-, -)

lci_w'j — R (lvj,_xji, R( ey )) (451)
to the set of messages
——

(b7 —1(j'=5)) times
The a posteriori message is
*b,/
lapp,j =T (ldec,j * ® lc.,ivj) : (453)

C EN(V)) ‘

We summarize [DDE] in Algorithm
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Algorithm 4 Algorithmic description of [DDE]

INPUT: l\(,?LCi =ldec,j, Vj = 1,...,np,C; € N(V;), MIN_BER, max. iterations (H0F
1: converged < 0, £ + 1
2: while ¢ < ¢PPE do

max

3: fori=1,...,m, do
4: for j=1,...,n, do
5 if bij 7£ 0 then
6: Calculate léf)_,vj according to (4.51)).
T end if
8 end for
9: end for
10: for j=1,...,n, do
11: fori=1,...,m, do
12: if bij 7£ 0 then
13: Calculate l‘(,fLCi according to (4.47).
14: end if
15: end for
16: end for
17: for j=1,...,n, do
18: Calculate lffgp) ; according to
19: end for
20:  if 2 M/2 ) o <MIN_BER,Vj =1,...,n, then
21: converged + 1
22: Break.
23: end if

24: L+ /141
25: end while

4.2.3. EXIT and P-EXIT Analysis

The previously discussed approaches for calculating the decoding thresholds of LDPClcodes
involve a significant computational burden, as the VN and [CN| operations have to deal with
[PDT% or, in the discretized case, with PMEk. As any optimization of [LDP(] codes for a
particular setting involves evaluating the decoding threshold of different ensembles many
times, we need to come up with an efficient method. One approach to accomplish this is
by introducing a parameterized model of the decoding process so that a single parameter
(instead of an entire PDE] or [PMEF]) is tracked over the course of iterations. In [I32], it was
shown empirically that the [MIlis one choice that yields accurate results. This gave rise to
extrinsic information transfer (EXTT) charts.

EXIT Analysis for Unstructured, Regular Ensembles

We first consider the case of unstructured, (d, d.) regular ensembles again. Instead of the

[PDFk (4.21)—(4.23)), we now consider the [M]l expressions

Lisye = 1(V; Ly_se) (4.54)
Loy =1V Le_yy) (4.55)
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Idec = I<V; Ldec)- (456)

[EXTT] analysis requires to find functions fexir—cn and fexir—vn that return the extrinsic
I, . (I._,) given the respective input [MIl values, i.e.,

Iv%c = fEXIT*VN([C%V7 [dec) (457)
Ic—)v = fEXIT—CN([V—N:)- (458)

In many cases, no closed form expressions can be given, e.g., for turbo codes when the
parallel concatenated convolutional codes are decoded by component BCJR decoders. Here
we need to perform [MCl simulations first to come up with interpolations for and
([£.58). For the[BECIand component codes based on codes and repetition codes (RCk),
the derivation is straightforward and is even equivalent to [DEl The reason is that the
extrinsic channels are also [BECk so that one parameter fully characterizes the setup.

Example 12. Starting from Example [10] and using ([2.87), we find the [EXTT] formulas
for the BECE

dy—1
IO = faxrr-vNTes, Taee) = Tdee - (1 — I(SQV) (4.59)
do—1
I(EQV = fexir—on(Lvoe) = <I\E’Z—)>c) (4.60)
dv
I, = Taee (1-I,,)" . (4.61)

Another important channel is the binary-input additive white Gaussian noise channel

(LIAWGNC). Unfortunately, finding the closed form expressions for (4.57) and (4.58) is

not possible. Instead, we aim for approximations based on the following observations:

> In [129], the authors showed that the preserves the symmetry of the message
distributions and that the consistency condition holds (see Example[J). Now consider
a degree d, VNI with neighbors N (v;) = {c;,...,cs, }. If we assume that the
incoming and iid. messages L, ... ’ch‘dv are Gaussian distributed with variance

o? then L,_,. is also Gaussian distributed with variance
Leyo

Var [Lv—n:i] = Var Z Lci/—w + Ldec

cir eN(W)\{ei}

= (dy — 1)oj_, +o07,. (4.62)

and its mean follows by the consistency condition as 2 Var [L,_,.,]. For convenience,
we introduce the function

1 (zfa%/2)2
7 logy (14+e77)d (4.63)
5 (§] z

(X;L)=J(op) =1- 7

=e
2roz

which denotes the [MI] of a bIAWGNC] that fulfills the consistency condition, i.e., of
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L =X+ N where X € {—07/2,+0%/2} and N ~ N(0,0%). Numerical approxima-
tions for (4.63]) were given in [I33] and [I34]. The latter is more accurate, but also
more complicated to compute efficiently. The [VNI[EXTT] function is therefore given
by

Lo = fexir—vNLeosv, laee) = J (\/(dv — 1) T (L) + J_l(]dec>2) . (4.64)

> For the [CNE, we exploit the duality property of [EXIT functions on the BECL Let
f(x) be the [EXTT] function for a given code on the BECI It is shown in [I35] that
the [EXTT] function for the dual code is given by 1 — f(1—x). As[RCk and [SPCl codes
are dual to each other and we have the [EXTT] function for the [VNk (4.64), we can
hope that this property also yields accurate results for the biAWGNC. The duality
of the and [VN] operations has been noted before [130].

FEzample 13. Using the previous derivations, we can now formulate the [EXTT] analysis
for a (dy,d.) regular [LDPC| code ensemble for transmission over the bIAWGNC] with
parameter o2. We have

Iv%c = fEXIT*VN(IC%Va [dec) =J <\/<dv - 1) : J_1<[c~>v)2 + U%) (465)
T = foxir-on(lyne) =1 = T (yf(de = 1) - T (1 = I20)) (4.66)
o = 7 (e T I + 01 (4.67)

where 02 = 4/0? according to (4.25)).

P-EXIT Analysis for Protograph Based Ensembles

The previous [EXTT] analysis was adopted for protograph based ensembles in [136] and will
be referred to as P-EXIT in the following. It will serve as our primary tool in the subsequent
code design approaches. The main difference compared to the previous description is that
we need to track the [MIl of each edge individually.

In the following, we denote by I\(,i) ¢, the between the message sent at iteration ¢ by
the j-th VNl to the i-th and the corresponding codeword bit. Similarly, I((:?_Wj denotes
the [MI] between the message sent at iteration ¢ by the i-th to the j-th and the
corresponding codeword bit. We further express the [MIl between the j-th channel output
and input as Ijec ;. The evolution of the [M]l can be tracked by applying the recursion

4 l 4 l—
I\(/j)—ﬂ:i = fP-EXIT-V]‘*Ci (Ié—)>Vj7 Idec,j) Iél‘)—ﬂlj = fP-EXIT-Cl’*Vj (I\§—>Cll)> (468)
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with
¢ l 4 4 /4 Y4 J4 l
Ié—)>Vj = (Iél)—>Vj7 Iég)—)V]'7 ey Ié")Lp—)V]') I\S—)>Cl = <I\(/1)—>Ci7 I‘(IQ)—>C7;7 R I\(/n)p —>Ci) (469)

where we set I\(,? e, = I((,?_wj =0if ¢; ¢ N(V;). In (4.68) we introduced the [VN| and
P-EXIT functions fp.gxitv,—c, and fp.exitc,—v;, Which depend on the underlying channel

model and usually can not be given in closed form. We moreover denote by Iggp,j the [MIl

between the logarithmic a posteriori ratio message computed at the j-th [VNl in the ¢-th
iteration, and the corresponding codeword bit. Note that 19 s a function of Iéi)vi and

app,J
Liec,;- We define the protograph convergence region TEXIT as the set of channel vectors
Loy = (Tacet, Lace2s - - Lacen,, ) for which IS, - converges to 1, i..,

TEXIT _ { I,

0 »
Iapp’j—>1,Vj:1,...,np,€—>oo}.

Example 14. Adopting Example [10] for protograph ensembles, we obtain the following
P-EXIT equations when the j-th protograph [VNlis connected to a [BEC| with erasure
probability €;, j = 1,...,npy:

l /— by —1(i'=1)
e =1-¢ I (1- Igi,ii,j) 7 (4.70)
C, EN(V))
14 V4 b,y —1(j=3")
Vi eN(C;)
4 — bij
CieN(V;)

Example 15. Adopting Example [13| for protograph ensembles, we obtain the following
P-EXIT equations when the j-th protograph is connected to a BIAWGNC with
variance 0%, j = 1,...,np:

L 2
10 e = S by =1 =) T (IED) +02/4 (4.73)
CiIGN(V]')

. . 2
0 =1 J > g 10#) I (-1, (4.74)
Vj/EN(Ci)
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2
Iég?pj =J Z bij - J (I((:?—wj) +o3/4]. (4.75)
C,eN(V5)

4.3. Optimizing LDPC Codes for Higher-Order
Modulation

4.3.1. Bit Level Uncertainties for Bit Metric Decoding

To operate [LDP( codes with higher order modulation, usually is employed, where
the demapper calculates a bit-wise soft information for each of the m = log,(M) bits
indexing a constellation symbol’] As numerical investigations show, the associated bit
channels have a different “reliability”. In the following, this reliability is expressed in
terms of the bit uncertainty H(By|Y), k mﬁ From (3.11]), we recall that the sum
of all m bit uncertainties determines the mlsmatched uncertainty U(ggyp) for BMDI and
layered [PS. We depict the bit uncertainties for uniform and shaped signaling in Fig.
for {4, 8,16}4{ASK| and a labeling.

For uniform signaling, the H(B|Y") curves are monotonous and decrease for increasing
[SNRI Further, the bit levels are ordered in the sense that H(B|Y) < H(By1|Y), k =
1,...,m — 1. For [PAS| the picture changes for the bit levels representing the amplitude,
i.e., Bg, ..., B,,. While the uncertainty of bit level one still shows a monotonous behavior
(bit level one is uniform), the uncertainties for bit levels two and higher first increase
and then decrease again for higher SNRk. This behavior is related to the optimal input
distribution being different for each [SNR] For low [SNRE, Px is shaped significantly, while
it becomes more and more uniform for higher [SNRk. This observation is crucial for the
design of optimized [LDPC] codes with an irregular degree profile, as the mapping of the
bit channels to with different degrees (for general unstructured irregular ensembles)
or to different [VN] types (for protographs) matters.

4.3.2. Review of Existing Approaches

Various optimization techniques have been proposed to improve [LDPC| codes for higher
order modulation with [BMDI Two approaches can be distinguished in the literature and
are summarized in Fig. [£.4] The red frames indicate the parts which are subject to opti-
mization.

7 Alternatively, multilevel coding with multistage decoding is possible as well (see also Sec. . However,
this requires the design of individual codes for each bit level and the blocklength of each code is smaller
for a given number of channel uses. As the performance of [LDPC] codes improves significantly with
their blocklength, with one code for all bit levels is generally preferred.

8In the uniform case, the mutual information I(By; Y) can be used, too, as [(Bg; V) = H(By)—H(B|Y) =
1 — H(By|Y) which is then only an affine transformation of the uncertainty.
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Figure 4.3.: H(By|Y) for {4,8,16}-ASK with uniform and distributions optimized for
each SNR. A [BRGC] code is used for the constellation labeling x(-).
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Bit Mapping Optimization for Off-the-Shelf Codes

The first approach (Fig. considers the bit mapping optimization for an off-the-shelf
[LDPC code. In [137], the authors introduce the concept of variable degree matched map-
ping (VDMM]) to optimize the association of the [AR4JAIVN] types (see Sec. to the
two distinct bit channels of 16{QAM] Two schemes are investigated numerically: A wa-
terfilling scheme assigns the bit channels of highest mutual information I(By;Y') to high
degree [VNE, whereas a reverse waterfilling scheme assigns the bit channels of lowest mutual
information I(By;Y") to low-degree VNk. A gain of 0.15dB is observed between the two
schemes, but a random assignment is shown to perform at least as well as the waterfilling
scheme. We revisit this example later in Sec. [1.4.2] In [138, 139], the authors use
descriptions to optimize extended irregular repeat-accumulate (eIRAl) codes for 84PSK|and

16{QAM] using [EXTT] analysis and [DDE]

The authors of [140] build upon the previous work of [I137] and use P-EXIT to find opti-
mized bit mappings by trying out all possible permutations (4! = 24 for four transmitted
types in a rate 1/2[AR4JAl protograph) and deriving rules to find equivalent ones. In
[141], the authors discuss the inflexibility of the previous approaches, as they require that
the number of transmitted [VNk types is an integer multiple of the number of bit levels
m. To circumvent this, they first lift the protograph by a factor of m such that it can
be combined with any modulation format. Still, only plain waterfilling mapping
is used. The authors of [142] then introduce generalized variable degree matched map-
ping (GVDMM]), which uses the lifting technique of [141], and they perform an exhaustive
search over all possible permutations for various [APSK] and constellations and the
[AR4TJAl codes. Improved decoding thresholds over the waterfilling principle are reported.

In [143], the authors aim to improve the bit mapping for DVB-S2 [LDPC] codes for 64-
and 256-APSK constellations. They introduce an assignment matrix that defines what
fraction of a certain bit level is assigned to each [VN| degree and optimize its entries by
a multigrid search algorithm. The subsequent works [144) 145] adopt the notion of an
assignment matrix to establish a relation of the fraction of the bit levels assigned to a [VNI
type for structured codes.

Joint LDPC Code Design and Bit Mapping Optimization

The second approach (Fig. designs the code and the bit mapping jointly to exploit
additional degrees of freedom. The first attempt in this regard was [146], where the authors
used ensembles and modified the EXIT analysis to design optimized [LDPC codes
for higher order modulations using linear programming. In [147] [148], we find optimized
protograph ensembles for uniform and shaped signaling. The approach builds heavily on
the surrogate channel approach which is outlined in the following.
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(a) Off-the-shelf code optimization
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(b) Joint LDPC code design and bit mapping optimization

Figure 4.4.: Strategies for optimizing the bit mapping for LDPC codes and [BMDI

4.3.3. Surrogate Based LDPC Code Design for Protographs

Previous work [149] 150} 151] has shown that [LDPC] codes tend to exhibit a universal
behavior. Universality refers to the fact that decoding performance is similar over various
channels for a common metric, e.g., the [MIl In [149], this property was explicitly used for
code design, i.e., a code is designed specifically for one channel, but operated on another.
Such an approach is called surrogate channel based design. It is of great practical interest,
as the optimization for a specific channel model might not be feasible or is computationally
too cumbersome. A surrogate channel based design consists of two steps:

1. Choose the surrogate channel (e.g., BEC] biIAWGNC]).

2. Establish equivalence between the real and the surrogate channel.

The choice of the surrogate channel determines the complexity of the threshold analysis
and the accuracy of the obtained result. Further, we still have to find out how the actual
channel and the surrogate one should be matched, i.e., in what metric equivalence should
be established.

In the following, we investigate two surrogate channels, namely the BEC| and the
LIAWGNC and use the conditional entropy H(B|Y') to establish equivalence. The validity
of the proposed techniques is verified by [DDEL
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The BEC as Surrogate Channel

The code design uses BECk for the m bit channels. The [BECk have the input X, and
channel output Yj. The erasure probability (2.86) - ) for the k-th surrogate channel is é;. As
H(X,,|Y) = &, we have

& =H(BJY), k=1,....,m. (4.76)

The biAWGNC as Surrogate Channel

The code design uses BLIAWGNI channels of the form Yj, = X, + N, where X, € {-1,41}
and Ny ~ N (0,5%). Unfortunately, no closed form expression can be given, such that the
surrogate channel parameters &7 must be determined numerically:

H(B,|Y) = H(B|Y), k=1,...,m. (4.77)

Comparison of the Surrogate Thresholds with Discretized Density Evolution

In Table (a) and (b), we compare the thresholds obtained via P-EXIT using biAWGN
and BEC surrogate channels to the results obtained by [DDEl We consider uniform and
shaped signaling for [SEk of 1.5bpcu and 2.5 bpcu.

SNR;PE  SNREXT (hiAWGN)  SNREXT (BEC)

4-ASK uni, reg. LDPC (d, = 3, R, = 3/4) 10.04 10.03 9.98
8-ASK uni, reg. LDPC (dy = 3, R, = 1/2) 10.81 10.85 10.84
8-ASK PAS, reg. LDPC (d, 3, =3/4) 9.37 9.36 9.30
8-ASK PAS, opt. protograph 8.80 8.77 9.00

[¢]

(a) Decoding thresholds in dB for R, = 1.5bpcu.

SNRP®  SNRGXT (hiAWGN)  SNREXT (BEC)

16-ASK uni,reg. LDPC (d, = 3, R, = 5/8) 17.41 17.39 17.43
16-ASK PAS,reg. LDPC (d, = 3, R, = 13/16)  15.74 15.78 15.68

(b) Decoding thresholds in dB for Ry = 2.5 bpcu.

Table 4.2.: Comparison of decoding thresholds obtained via P-EXIT (biAWGNC] and [BECI
surrogates) and [DDE]

We observe that the P-EXIT thresholds based on the biAWGN] surrogate channels pro-
vide close approximations of the real [DDE] thresholds, while the [BEC] surrogates exhibit
larger discrepancies, especially for the optimized protograph code with an irregular degree
profile, where a gap of 0.2 dB in the respective decoding thresholds is visible. Therefore
we will resort to [biz N] surrogate channels in all subsequent sections.

These results are vahdated in the finite length simulations of Figs. [4.5] and [4.6] - for 200
and 20 [BPliterations, respectively. The curves were obtained as follows: For each [SNR] we
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derived the surrogate parameters of the m = 2 or m = 3 bit channels by and .
We then simulate the transmission of a [FEC| codeword over the actual channel with
and the parallel biIAWGNGCk and [BECk with respective channel parameters. We see that
the biAWGNC surrogates capture the finite length scaling accurately (for both 20 and 200
iterations), while the surrogates show larger discrepancies and are usually off by
0.1dB to 0.3dB. The beginning of the waterfall regions in Fig. is well reflected by the
decoding thresholds of Table [£.2]

4.4. Optimizing Off-the-Shelf Protograph Based LDPC
Codes

None of the previously suggested optimization approaches is tailored to the code defined in
IEEE 802.3ca and also other standards (e.g., IEEE 802.11, G.hn). Some methods assume
unstructured LDPC codes (e.g., [139) 143]) and others are prohibitively complex to work
with the protograph sizes in standards. For example, the authors of [144] use differential
evolution to optimize the bit mapping for protograph based spatially coupled codes
with window decoding and exploit the periodicity imposed by window decoding to limit
the optimization space. Furthermore, sampling from the high-dimensional polytope to
generate populations for differential evolution becomes rather time consuming.

In this work, we propose an algorithm that optimizes the bit mapping of [P=LDP(]
codes one level after the other. We use the surrogate approach of Sec. and P-EXIT
analysis to determine the decoding threshold for a given mapping and use the patternsearch
algorithm [I52] to find the best bit mapping. We validate this approach by comparing the
predicted P-EXIT thresholds with [DDE]

In the following, we use the ideas of [143], [144] to formulate an optimization procedure
that optimizes the assignment of the m bit channels to the n,; transmitted types of a
given protograph basematrix. This bit mapping can be expressed as a non-negative matrix
A =lay,...,ay,,] of dimension m X n,, where the entry ay; = [A]; denotes the fraction
of bit level k that is assigned to the j-th transmitted [VN] type. The matrix A needs to
fulfill the constraints

Say =] > (4.78)
Api—— = —, Qi — 1, 4.78
j=1 Tnpe M k=1 ’

for all k € {1,2,...,m} and j € {1,2,...,n,:}. We denote the set of matrices A which
fulfill the above constraints as A. For PAS, we further impose the constraints

ap; = 1, ag; =0, J€ {2: ce ,m}, J € Vgar (4'79)

where VP* C V), is the set of transmitted parity in the protograph, as the parity VN
have to be mapped to bit level one. The set A is adjusted accordingly in this case.
Let the decoding threshold for a given basematrix B, bit mapping A and signaling
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Figure 4.5.: Finite length decoding performance of various surrogate approaches with for

1.5bpcu and 200 [BP iterations.
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mode Px be SNRy,(A; B, Px). The optimization problem is

min SNRn(A; B, Px) subject to A € A. (4.80)

The obvious choice for calculating the decoding threshold is [DDElL However, [DDFE] takes
a couple of seconds for the considered protograph sizes. Its use as part of an optimization
algorithm which evaluates the objective many times is therefore limited. Instead, we use
the surrogate approach of Sec. and P-EXIT. We find the biAWGN] surrogate with
parameter &7 for the j-th VN type as

52 H(X|Y;) = Zak] (BelY), G=1,...,nps (4.81)

4.4.1. Successive Bit Mapping Optimization

Performing the optimization jointly over all bit levels is a complicated task, as it
involves a large number of optimization variables for large constellation sizes and proto-
graph dimensions. Instead, we propose a successive method that optimizes each bit level
one at a time while leaving the mappings of the other bit levels fixed. As a consequence,
we do not optimize over the whole bit mapping matrix A, but only over one row of A,
where the ordering is chosen as a parameter. All other bit levels are assigned uniformly.
The algorithm for uniform signaling is summarized in Algorithm [5} For PAS, the function
MAKE__A is modified accordingly to account for the additional constraints . For the
optimization in line 3, we use patternsearch [152], a derivative free optimization approach
that starts from a feasible initial point @ (i.e., one that fulfills the constraints) and then
performs a search with a set of vectors to find a direction in which the objective value
improves. For our setting, we use a so-called 2N basis which consists of the 2N canonical
unit vectors e;,i = 1,..., N of R and their negative counterparts, where N is the number
of independent optimization variables. The algorithm then polls all possible new points
x + s - e; after an appropriate scaling (s € R™) of the basis vectors and selects the one
with the best objective value as the starting point for the next iteration.

4.4.2. Case Study: AR4JA

In this case study, we revisit the scenario of [I37], which optimizes the bit mapping for
the rate 1/2 [AR4JAl basematrix for 4/ASK] and uniform signaling. Fig. shows
the simulation results of various mappings, as well as our optimized mapping based on the
approach in Sec. [£.4] The optimized assignment matrix is

0 011
Aopt - (1 1 0 O) (482)
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Algorithm 5 Algorithmic description of the successive bit mapping optimization.
INPUT: Protograph B, Distribution Px, Ordering O, Set of fixed row indices Z
s Arp < [, T+ ]
2: for 5 € O do
3: Qopt = argming SNR*(MAKE A(a, j, A, Z); B, Px) subject to 0 < a; <1—sum(Ag(:,1),1)),Vi €
{1, e ,np,t}
Ap )
Ap a , I+ TU {j}

opt

—_

4
5: end for

6: Ao, = MAKE A({},{}, Ar,T)

7: function MAKE_A(a,j, Ar,T)

8: A(j,:) < a

9: A(Z,:) « Ar

10: A(1:m)\Z,:))=(1/(m—1Z])) - (1 — sum(Ap, 1))
11: return A

12: end function

which obtains a decoding threshold of SNR?hDE = 5.77dB. Obviously, this does not corre-
spond to the waterfilling solution, which corresponds to

0101
AWF:<1 01 0) (4.83)

and has a decoding threshold of SNROP® = 5.93dB. The random mapping corresponds
to A;pq = 0.5 - I with SNR?hDE = 5.88dB. The parity-check matrix has dimensions
me X ne = 6144 x 10240 and is taken from [IT19]. Because of the puncturing, the number
of transmitted bits is n.; = 8192. 200 iterations are performed.

In Fig. we depict the same scenario, but only 20 [BPl iterations are performed. In-
terestingly, the optimized bit mapping from before is not optimal any more, but is about
0.2dB worse than the the waterfilling one. If we repeat the optimization from above, but
only allow /EXIT — 90 iterations for P-EXIT, we obtain the mapping

0.16 0.95 0 0.88
AOPt_<0.84 0.05 1 o.12> (4.84)

which essentially represents the waterfilling one of (4.83). We also observe that its finite
length performance closely matches the waterfilling one. These results indicate that the
number of iterations must be taken into account when the bit mapping is optimized.

4.4.3. Case Study: IEEE 802.3ca

Recently, the standardization consortium for next generation passive optical network (PON))
finalized the IEEE 802.3ca standard [153], which uses an [LDPC code for [FECL The pro-
posed code has a basematrix with dimensions my, X n, = 12 x 69 and an irregular degree
profile of degree three, six, eleven and twelve [VNk. The circulant size is Q = 256, re-
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Figure 4.7.: Performance of different bit mappings for an[AR4JAlrate 1/2[LDPCl code with
4-ASK and uniform signaling. 200 [BP iterations are performed. The [SE] is
Ry = 1.0 bpcu.

sulting in a final parity-check matrix size of m. = 3072 and n. = 17664. The final
graph has a girth of 6. The degree 11 and 12 [VNk of the protograph are punctured.
While writing this manuscript, the exact shortening pattern for the last information [VN]
is still being discussed. In the following, we assume this [VN| to be shortened completely.
The number of transmitted bits is therefore n.; = 16896 with the overall code rate of
R. = 14336/16896 == 0.8485.

We focus on a scenario with an [SE| of R, = 2.545bpcu. Uniform signaling uses 8-ASK,
whereas PAS uses 16-ASK with an appropriately chosen [MB| input distribution. The
different constellation sizes are chosen such that the best performance for both signaling
modes is ensured. The DMl rate is Ryqm = 2.152 bits.

We validate the P-EXIT thresholds by [DDEland use a 8-bit quantization (¢ = 255) with
B = 15. These values are motivated by numerical observations (e.g. in Fig. , which
show that a decoder with these parameters operates with almost no loss as compared to
a full resolution, floating point implementation. The obtained decoding thresholds are
summarized in Table As a reference we choose a bit mapping A, which assigns each
bit level uniformly to each type, i.e., Ay = 1/m -1, where 1 is the all-ones matrix of
size m x np,. For PAS, A, is additionally adjusted to meet the constraints of .

We observe that the P-EXIT and [DDEI values are in good agreement with a maximum
difference of 0.12dB, which is caused by the surrogate analysis and the mixing of the
bit channels. For uniform signaling the gain is 0.23dB, and for PAS the gain is 0.37dB
based on the [DDE] thresholds. In both cases, the optimization yields a bit mapping Ayt
which favors the assignment of the most reliable bit-channel (i.e., the one with the smallest
H(B|Y)) to the degree six [VNk in the protograph. For uniform signaling, this means bit
level one is mapped to the degree 6 VNl types, whereas for PAS bit level two (which has the
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Figure 4.8.: Performance of different bit mappings for an [AR4JA] rate 1/2 [LDPCl code
with 4-ASK and uniform signaling. 20 [BP| iterations are performed. The
is Ry, = 1.0 bpcu.

Signaling Bit mapping SNREM™T [dB]  SNRQPF [dB]

reference 16.00 16.12
PAS optimized 15.67 15.75
aniform reference 17.12 17.21
optimized 16.90 16.98

Table 4.3.: Comparison of decoding thresholds with P-EXIT and [DDF] for PAS and uni-

form signaling.

largest prior log(Pp, (0)/Pg,(1))) is the most reliable one, see Fig. 4.3l Empirical studies
show that the ordering O (cf. the input of Algorithm [5)) plays an important role and
that the best decoding threshold is achieved by starting with the bit channel having the
smallest uncertainty. This result is intuitive as the first bit channel has the largest degree
of freedom for the bit mapping optimization. We validate the asymptotic results by finite
length simulations in Fig. [4.9) with 100 [BP] iterations.

4.4.4. Case Study: DVB-S2

We now focus on the [LDPC codes from the DVB-S2 standard, which defines codes of
various rates from 1/4 to 9/10 and blocklength n. = 64 800 bits. Although it is not directly
visible from the parity-check matrix, these codes have a protograph representation from
which the final code is derived after lifting by () = 360. In the following, we describe the
optimization for two signaling modes targeting Ry, = 1.5bpcu with 8-ASK (using a rate
3/4 code) and Ry, = 2.5 bpcu with 16-ASK (using the rate 5/6 code). The parameters
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Figure 4.9.: Comparison of uniform and PAS signaling for the 802.3ca [LDP{ code for a
target [SE| of 2.545 bpcu.

are summarized in Table [£.4] The considered codes have the [VNk degree profile shown in

Parameter Ry = 1.5bpcu Rix = 2.5bpcu

| Al 4 8

kam 27000 35100

n 21600 16 200

Ram 1.25 2.167

th (13590, 6423, 1435,152)  (5776,4680, 3072, 1635, 705, 246, 70, 16)

Table 4.4.: [CCDMI| parameters for the target signaling modes.

Table [4.5]

Using the approach of Sec. 1.4.1] we obtain bit mappings with decoding thresholds
of SNRtEhXIT = 8.82dB and SNR?hXIT = 15.15dB. For space reasons, we show only the
assignment of each bit level to the respective degree, i.e., each table entry denotes

> aju, je{1,2,...,m}

1€V, dy

where V, 4, € V,, denotes the subset of protograph with degree d,. Table shows
the results for the Ry, = 1.5 bpcu case, while Table highlights the Ry, = 2.5 bpcu case.
In both cases, bit level one is completely assigned to the degree one and degree two [VNk
because of [PASl For the R, = 1.5bpcu case, bit level three (which is the least reliable one
according to Fig. is completely assigned to the degree 12 [VNk. A similar observation
can also be observed in Ry, = 2.5bpcu case, where bit level four (again, the least reliable
one) is assigned to the degree 13 [VNk.
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[VN] degrees
RC A13 A12 Ag A2 Al
3/4 5400 43200 16199 1
5/6 5400 48600 10799 1

Table 4.5.: Number of [VNk with the respective degrees for the considered DVB-S2 [LDPC

codes.
V, V V
Vp712 Vp,3 Vp,1,2 p,13 p,3 p,1,2
B 0 0033 0.25 gl 8.0119 8(2)24 8.1667
By 0 0.333 0 2 '
By 0083 0.25 0 Bs 0.0357 0.2143 O

B, 0.0357 02143 0
(b) Re = 5/6

(a) R = 3/4

Table 4.6.: Optimized assignment of bit levels to different [VN| degrees for two DVB-S2
codes.

To verify the asymptotic findings, Fig. shows the finite length simulations. As a
reference scheme, we use a consecutive bit mapping. We observe that the optimized bit
mapping improves the decoding performance by 0.21dB and 0.24dB at an [FER] of 1074,
respectively.

4.5. Protograph Based LDPC Code Design Examples

4.5.1. General Principles

In this section, we design optimized [P-LDPC] codes for different [SEE using the previously
introduced tool chain. The design of tailored [LDPC| codes can usually be decomposed into
two steps:

1. Find a protograph ensemble with a good decoding threshold.

2. Construct a realization of the protograph ensemble (i.e., the parity-check matrix) by
using girth optimization tools.

To accomplish step one, we use differential evolution, a genetic algorithm. Its general
principle follows the one outlined in Algorithm [I] for the optimization of constellations,
however the combination and selection steps are modified (see Appendix to take the
discrete search space (entries of the basematrix) into account. For the optimization we
impose restrictions that facilitate the finite length code construction in step two. For
instance, we limit the maximum number of parallel edges in the basematrix to upper
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Figure 4.10.: Performance of different bit mappings for DVB-S2 codes.

bound the maximum [VN]degree or limit the number of degree two[VNk to ensure minimum
distance growth properties.

For step two, we first lift the protograph randomly by a factor of )1 > by to remove
all parallel edges and then use an adapted version of the progressive edge-growth (PEGI)
algorithm [I54] to lift the binary basematrix in a series of liftings with lifting factors
Q2,Qs,...,Qr,.. to the final parity-check matrix of blocklength n. = n,Q with @ =
Q1-Q2-...QL,.., while a desired target girth is ensured. The lifting is performed in several
steps as all code designs in this section are codes and lifting the binary basematrix
directly to its final size would result in a poor minimum distance and a large multiplicity
of potentially harmful structures. Numerical evaluations have shown that two additional
liftings, i.e., Lyax = 3 result in good codes for the considered setup.

4.5.2. Example Designs

We concentrate on of 1.5 bpcu and 2.5 bpcu and consider shaped and uniform scenarios
with a blocklength of n. = 64800 bits. The [DM| parameters for R;, = 1.5 bpcu with a rate
3/4 code are given in Table . The parameters for Ry, = 2.5bpcu and a rate 13/16 code
are given in Table [4.7]

Parameter Ry = 2.5bpcu

| Al 8

kdm 36 450

n 16 200

Rdm 2.25

tn (5457, 4528, 3118, 1782, 845, 332, 109, 29)

Table 4.7.: [CCDM] parameters for Ry, = 2.5 bpcu and a rate 13/16 code.
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To limit the design spaceﬂ we impose further restrictions on the set of valid basematrices.
These restrictions help to avoid harmful structures. The considered designs constraints are
summarized in Tables .8 and [£.9] The general design guidelines were as follows:

> The selected basematrix dimensions are chosen as a trade-off to provide sufficient
degrees of freedom and maintain a manageable search space. Besides, the number
n, of VINk must be an integer multiple of the number of bit levels m.

> The maximum [VN] degree is limited to 12 which limits the decoding complexity of
the final code, see the discussion of decoder data flow (4.7)).

> The number of degree two VN5 is limited to m, —1. This constitutes a necessary con-
dition for the protograph ensemble to have a linear minimum distance growth [155].
Further, if more than one degree 2[VNlis allowed, we impose the constraint that they
are placed in a staircase fashion, i.e.,

oSO O~
OO == O
O = = OO
_ -0 O O

As a result, we avoid cycles among degree 2[VNk already by construction and numer-
ical evaluations show that these designs behave favorably compared to others from
an error floor perspective. Further, if no constraints regarding the degree 2
were imposed, we usually observe that those are placed on the most unreliable bit
level, i.e., the one having the largest H(Bx|Y'), k = 1,...,m. Constructing realiza-
tions of these codes and simulating them resulted in high error floors. Instead, we
intentionally place them on bit level one. This usually implies a minor penalty for
the decoding threshold (in the order of 0.05dB to 0.1dB), but the codes show steep
waterfall behavior and error floors are not visible down to at least 107% in [FERL

For differential evolution, we choose G = 5000 generations and P = 500 population mem-
bers per generation, see Appendix[A.5] The basematrices can be found in Appendix

The numerical results are shown in Fig. The blue, green and red colors of the
curves refer to the three different signaling modes: 8-ASK with PAS and a rate 3/4 code,
4-ASK uniform with a rate 3/4 code and 8-ASK uniform with a rate 1/2 code. All modes
have have an of 1.5bpcu. We show the results of regular [LDPCl codes with degree 3
[VNk in dashed lines as references. At an [FER] of 1073, the optimized code gains 0.53 dB
over the regular one and operates 0.37dB from the PAS [RCB] for It also becomes
apparent that 4-ASK with a higher rate [FEC| code is better than using 8-ASK with a lower

9Theoretically, if an exhaustive search over all basematrices was performed, the decoding threshold
of up to bmEx® basematrices would need to be calculated. For a rate 3/4 basematrix of dimension
mpx = np = 3 X 12 and a maximum number of by.x = 3 parallel edges, this amounts to more than
336 ~ 1.5 x 10'7 possibilities.
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Parameter BS—PAS—3/4—A2:2 BS—PAS—3/4—A2:0 B4—uni—3/4 B8—uni—1/2
R. 3/4 3/4 3/4 1/2

mp X Ny 3 x 12 3 x 12 2x8 6 x 12
Dimax 1 4 6 1

dy max 12 12 12 6

Ay 2 0 1 5

SNREX [dB]  8.77 8.88 9.70 9.88
SNRLPE [dB]  8.82 8.88 9.71 9.97
ASNR [dB]  0.34 0.40 0.40 0.54

w* 4.58 x 107* 3.97 x 1073 1.01 x 1073 1.48 x 1073

Table 4.8.: Overview of optimized [P-LDPC] ensembles for an [SE] of 1.5 bpcu.

rate [FEC] code. For the case, we also show an optimized code Bgpas3/4a,—0 that
does not have any degree 2 [VNk. It loses 0.1 dB.

For an of 2.5bpcu we optimize two codes for [PAS Tts parameters are shown in
Table [4.9 and the simulation results are depicted in Fig. [4.12]

All protograph ensembles have a minimum distance that grows linearly with the block-
length. Comparing w* for Bg.pag.3/4-n,—2 and Bg pas.3/4-4,—0 We notice the huge impact of
degree 2[VNk. We further note that this property is only given for informative reasons and
generally does not apply to our constructed finite length codes as they have a design
— the concept and derivation of the relative minimum distance assumes a random design,
i.e., a lifting by means of arbitrary permutation matrices.

4.6. Robust LDPC Codes for Flexible Rate Adaptation

4.6.1. Need for Flexible Rate Adaptation

Practical communication systems need to adapt the[SE|to the channel quality. For instance,
in optical systems a transceiver that operates on a short network segment with high
should achieve a high spectral efficiency to maximize the net data rate over this segment.
Similarly, a transceiver operating on a long network segment (e.g., an intercontinental
route) with low SNR should use a lower order modulation format and/or a [FEC] code
with low code rate to ensure reliable transmission. For wireless systems, rate adaptation is
important because the channel quality changes rapidly with the user’s mobility or fading
conditions.

As pointed out before, many existing transceivers implement rate adaptation by sup-
porting several modcods, i.e., combinations of modulation formats and coding rates. For
instance, LTE chooses from a set of 29 different modcods [156, Table 7.1.7.1-1] and DVB-
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Parameter Bi6.pas-13/16-A0=0 B16-PAS-13/16-A0=2
R, 13/16 13/16
mp X Ny, 3 %X 16 3 %X 16
bimax 3 4
y max 6 12
Ay 0 2
SNRGX™ [dB]  15.36 15.26
SNRLPF [dB]  15.37 15.29
ASNR [dB]  0.43 0.35
w* 1.19 x 1073 3.07 x 10~

Table 4.9.: Overview of optimized [P=LDPCl ensembles for an [SE| of 2.5 bpcu.
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Figure 4.11.: Performance of optimized LDPC Codes for R, = 1.5bpcu and n, = 64 800
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Figure 4.12.: Performance of optimized LDPC Codes for R, = 2.5bpcu and n. = 64 800.

S2X [157] defines 116 modcods [I57), Table 1], which extend the 40 modcods of DVB-S2 [98].
Here, flexibility comes at the price of increased complexity and implementation overhead.
In [9], seamless rate adaptation from 2 to 10 bits per [QAM] symbol was demonstrated by
with only five modcods. Its practical applicability was shown in optical experiments
in 12, 13].

We have seen in the previous sections that the performance of [LDPC] codes for higher or-
der modulation with depends significantly on the bit mapping. The codes in Sec.
are optimized for one particular [SE] and their applicability to rate adaptive transceivers
is limited. We illustrate this by operating the optimized codes for Ry, = 1.5bpcu and
Riy = 2.5bpcu over different [SEk in Fig.

Instead, in this section, we design robust [LDPC| codes for rate adaptive transceivers.
We exemplarily design a rate 13/16 [P-LDPC] code for a 16-ASK constellation to operate
over the channel with any [SElin the range from 0.7 bpcu to 2.7 bpcu.

In order to find the protograph ensemble with the best decoding threshold, we resort to
differential evolution, see Appendix The asymptotic decoding threshold is used as a

metric to select new population members, but we modify the previous evaluation step of
Algorithm [I0] such that

BZ(;") = argmin nax SNRI (B, Riy) — Rgap(Rix), p=1,...,P (4.85)
Be{B{ﬂ*”,B} e

where R C [0.7;2.7] is the set of all considered operating points for which the code should
be optimized and SNR;™ (B, Ryy) denotes the decoding threshold (obtained via P-EXIT
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Figure 4.13.: Illustration of the gap to capacity of the decoding thresholds for different
operating modes and optimized basematrices.

and a bIAWGNC surrogate) of the protograph B with signaling adjusted for a target
of Rtx-

4.6.2. Simulation Results

We design a rate 13/16 code which allows up to four different [VNl degrees per bit level such
that the resulting base matrices have dimensions m, x n, = 3 x 16. The number of parallel
edges is limited to 3, which results in a maximum [VN] degree of 9. The number of degree
2 [VNk is limited to one column and all other nodes must have a degree of at least 3 to
ensure a linear growth of the minimum distance [I58]. We optimize basematrices for five
scenarios. The first four target specific of 0.7bpcu, 1.1bpcu, 2.1 bpcu and 2.7 bpcu,
respectively. The last protograph B,., represents the robust approach that targets all
rates in the interval [0.7;2.7] jointly and is given as

3
3
3

Brob -

O N =
O N =
= O N
O N =
(el \VRN \V]
O NN
SN =
— N O
N O

11
11
3 3

W w w

1 11
2 1 2]. (4.86)
000

For optimization, we chose R = {0.7,1.1,2.1,2.7}. Including further rates did not im-
prove the asymptotic decoding thresholds considerably — using less or other operating
points resulted in inferior performance. We observed good results by including the bound-
aries of the desired operating region and pursuing the following heuristic approach: For
each target [SE] Ry, consider the entropies H(B;|Y), k = 1,...,m, e.g., in Fig. 4.3f. For
different [SEE, the entropies may change their ordering. If this happens, the respective rate
should be added to R. In the considered example, the ordering of H(B;|Y') and H(B,|Y)
changes around Ry, ~ 1.1bpcu, and again the ordering of H(B;|Y) and H(B3|Y) changes
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at around Ry, ~ 2.1bpcu. For small protograph sizes and limited degrees of freedom, it
may suffice to consider the boundary operating points only.

Fig. [£.14] depicts the SNR gap of the decoding thresholds to [AWGN capacity, i.e.,
SNREMT(B, Ryy) — (22 — 1), for the considered range of BEk. Protographs which are
optimized for one particular [SE| tend to perform poorly if operated at other [SEk. This
is especially the case for the codes optimized for high [SEk, where the gap increases up
to 1.3dB when operated at lower SNR. The robust protograph design exhibits the de-
sired feature of minimizing the maximum gap for each operating point in R and therefore
achieves a balanced behavior.
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Figure 4.14.: Gap in dB to Cawen(SNR) of the asymptotic protograph[BPldecoding thresh-
olds over the range of considered [SEE.

For the finite length comparison in Fig. the protographs have first been lifted by a
factor of three to remove parallel edges and then by a factor of 338 to yield parity-check
matrices of size 2705 x 16224. As a baseline for performance comparison, we choose the
rate 5/6 DVB-S2 code for short frame sizes, which has a blocklength of n = 16200 [98].
For the bit mapping bit levels two to four are assigned consecutively to the first 12150
[VNE, whereas bit level one is assigned to the remaining ones. As the information part
of the parity-check matrix has mostly degree three [VNk and only a small number of 360
degree 13[VNE, optimizing the bit-mapper did not improve performance. In addition to the
DVB-S2 reference, we also plot the PAS RCB, see Sec. [3.4.4] In all cases, 100 BPliterations
with a full sum-product update rule are performed. We observe that the predictions of the
asymptotic decoding thresholds are well reflected in the finite-length performance as well.
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Figure 4.15.: Gap in dB to Cawan(SNR) for different protograph designs over the range
of considered at a target [FER] of 1073.

4.7. Clipping Optimization for Quantized LDPC Decoders

Practical [LDPC] decoders quantize the exchanged messages with a finite number of bits.
This is particularly important for optical communication with its high throughput require-
ments [159, Sec. III]. Previous works [160, 161] noted that the performance of quantized
decoders depends on the clipping of messages and found the optimal clipping by time
consuming finite length simulations.

Instead, we optimize the clipping of a quantized sum-product [LDPCldecoder exemplarily
for three and four bits resolution with [DDEl We use the decoding threshold of an ensemble
as the objective and show that [DDE] accurately predicts the finite length performance,
making it an important tool to facilitate the design process. We use a quantized [LDPC]
decoder as shown in [I62, Sec. VI].

First we investigate the influence of the number of quantization levels ¢ and the clipping
B. As noted in [I61], clipping the soft information can greatly influence the performance
of the decoder and depends on the considered code ensemble.

We examine two scenarios with b = 3 and b = 4 bits resolution and investigate different
approaches to find the best B. The first approach considers the mismatched uncertainty
expression in . We evaluate the metric by generating soft information values accord-
ing to , quantizing them and approximating the expectation by its empirical
mean in a [MC| manner. The second approach uses [DDEl of Sec. [£.2.2] and determines
the decoding threshold of the [LDPC] code ensemble given the selected quantization and
clipping parameters.

We depict the results of this analysis in Fig. for the setting of Sec. [£.4.3] The
optimized clipping is given by B = 6 for three bits and by B =~ 8 for four bits. The
lines without markers represent the [DDE] thresholds, whereas the lines with markers are
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Figure 4.16.: Optimal value of B based on the uncertainty, DDFE] decoding thresholds and
finite length simulation results. The target rate is Ry, = 2.545 bpcu and we
depict the required SNR to achieve this [SE for and uniform signaling.
The black curves are based on the uncertainty. The curves without markers
denote the [DDE] decoding thresholds for uniform and PAS signaling. The
curves with markers are the corresponding finite length simulation results for
a frame error rate of 1073, In all cases, an optimized bit mapping is used.

finite length simulation results and denote the required [SNRI to obtain a target FER of
1073, Observe that the simulation results closely follow the [DDEl thresholds. Observe also
that the mismatched uncertainty provides a good indication for the optimal clipping
value, but does not reflect the overall qualitative behavior.

In Fig. [£.17] we show the simulation results for the quantized decoders discussed in this
section. We see that the loss due to quantization is about 0.25dB for 4 bits and 1.50 dB
for 3 bits compared to the unquantized case. A quantized decoder with B = 15 and ¢ = 8
operates with almost no loss as compared to a floating point implementation with full
double resolution.

4.8. Quantized Message Passing Decoders

Optical coherent transceivers with data rates of 400 Gbps are about to be installed in the
field [163] and research already considers 1 Thps. These data rates require sophisticated
optical components, improved digital signal processing algorithms, and [FEC| solutions
that can cope with the high speed. While decoders are superior in terms of the net
coding gain (NCQ), decoders are appealing when low power consumption and high
throughputs are of paramount importance. for optical communications is usually
based on product-like codes with Reed-Solomon (RS) or component codes of high
rate, which can be efficiently decoded via (e.g., based on the syndrome). Spatially
coupled [HDUFEC constructions, such as staircase codes [159] or braided codes [164] achieve
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Figure 4.17.: Decoding performance of the 802.3ca [LDPC code with 3, 4 and 8 bits quan-
tization.

additional gains.

Recently, hybrid approaches based on concatenating an inner and an outer
[FEC| have received attention [165] [166]. These ideas have found their way into standards:
the optical internet working forum established the 400G ZR standard, a specification to
transmit at 400 Gbps over data center interconnect links up to 100 km, and agreed on an
[FEC solution consisting of an inner Hamming code and an outer staircase code, where the
inner code decoder is and the outer code decoder is[HDI] with a total of 14.8% overhead
and a [NCGl of 10.8dB.

To exploit the soft-information from the channel, while still only exchanging binary
messages during the iterations of [BDD] the authors of [167] weight the output of the
component decoders and recombine it with the soft-information from the channel, after
which another is made. Similar approaches were also considered in [168), [169], where
soft information from the channel is used to exploit particularly reliable and unreliable
bits to improve the miscorrection-detection capability of the decoder.

In [I70], the authors present a one-bit binary message passing (BMP)) algorithm for
[LDPJ codes. In particular, the processor combines the soft channel message with
scaled binary messages from the [CNE, followed by a step. The idea of passing binary
messages dates back to the seminal work of Gallager [5], where he presented algorithms
that are now called Gallager A and Gallager B.

Thus, a decoder (¢ = 1) allows to reduce the data flow F by a factor of ¢
compared to a decoder using ¢ bits to represent messages.

The work in [I71] extends the BMP] algorithm to ternary messages. The third message
is an erasure that denotes complete uncertainty about the respective bit value. The al-
gorithm, dubbed ternary message passing (TMP)) decoding, closely resembles algorithm E
from [129], except that it exploits soft-information at the [VN.
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4.8.1. Protograph Based Spatially Coupled LDPC Codes

Consider a spatially coupled [LDPC| (SC-LDPC) code with a right-unterminated parity-
check matrix [172]

H=|H.,0) = H(2) . (4.87)

In (4.87), 1 denotes the syndrome former memory of the code. The index in
brackets denotes the spatial position. If the matrices H;(s),i € {0,...,u}, are the same
for all spatial positions s € {0,...,5 —1}, the code is called time-invariant and
the index s can be dropped. The dimension of the matrices H;(s) is m3¢ x n5C.

Because of the diagonal structure of H, a is connected to at most (u + 1)nS°
[VNk. This allows using a window decoding approach [I73] that reduces latency, increases
throughput, and makes codes particularly interesting for optical communica-
tions [172].

codes are known to exhibit a phenomenon known as threshold saturation [174]
that allows to approach the bit-wise MAP| decoding threshold of the underlying block code
with (unquantized) decoding.

SC-LDPCl codes can be constructed from protographs and have the structure

By
B, B
. B, By
B=|B. @ B . (4.88)
B, i
B,

The protograph in is then lifted by a factor of () to obtain the final parity-check
matrix H.

For practical operation, the code is commonly terminated after a number of
S spatial positions. Due to this termination, a rate loss occurs that vanishes for large S.
The resulting code rate is

A+ Smy© ( u) my©
R.=1—-"—— =1-(1+= 4.89
S n3c + S/ n3¢ ( )
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SC

where the base matrices By, ..., B, have dimensions m

X ngc. The overall size of the
matrix B is my x ny = (u+ S)m5° x n3¢ - S.

4.8.2. Decoding Algorithms for One And Two Bit Message Passing

In this section, we first review the BMP]and decoding algorithms introduced in [I70]
and [I71], Sec. . In Sec. , we then present a new decoding algorithm that takes
full advantage of 2-bit messages, which we dub quaternary message passing (QMP]).

For the described algorithms, we denote by m{®),  the message sent from c to its
neighboring v at the (-th iteration. Similarly, m!{?,_ is the message sent from [VN| v to
c. The soft information at the input of the decoder for the j-th coded bit is denoted
by lqec,; and calculated according to .

4.8.3. Binary and Ternary Message Passing

For BMP| the exchanged messages are binary, i.e., m,_ m® € Mpyp = {-1,+1}.
For [TMP] the exchanged messages are ternary and we have m{),_ m € Mmpp 2
{=1,0,+1}. A message value of zero indicates complete uncertainty about the respective
bit.

In every decoding iteration, each and computes extrinsic messages that are
forwarded to the neighboring nodes. Specifically, the message from [VN| v to [CN] ¢ is
obtained by combining the channel soft-information l4.. with a weighted version of all
other incoming messages. Finally, a quantization function ¥: R — M is applied
to turn the result into binary and ternary messages for [BMP] and [TMP] respectively.
The weighting factors wg) are real valued and depend on the current iteration number.
They can be obtained from the [DE] analysis of the respective decoding algorithm. The
quantization function is

+1, >0
U(z) = 4.90
(@) {—1, o (190)
for BMP] and
+1, z>T
U(x)=<0, -T<z<T (4.91)
-1, x<-T

for The equality signs in and are chosen such that ties are broken.
Note that the threshold parameter T € RJ in depends on the and needs to
be chosen for each signaling mode and iteration individually to minimize the decoding
threshold. However, numerical studies reveal that a single value that is kept constant over
the iterations entails almost no loss in performance. Therefore, we resort to this setting in
the following.

For the to update, a sends the product of incoming messages from the other
neighboring [VNk. In the last iteration ¢.., the a-posteriori estimate of each codeword
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Algorithm 6 BMP and TMP decoding.

Set m‘(,?)_mi = U(lgec,;),Vj =1,...,n¢,Yc; € N(v;).
=0
while ¢ < £, do

// CN update

fori=1,...,m. do
for v; € N(c;) do
m'® _ miD
Ci—V; — Vj/*)Ci
vy €N(ei)\{vj}
end for
end for

// VN update
for j=1,...,n. do
for ¢, € N(v,) do

e — 0 (z oy wgf;mgf,avj>
¢ €N(vi)\{ei}
end for

end for

f=0+1
end while
// Final codeword bit estimate
for j=1,...,n. do

A . ‘ernax Zrnax
G =1 —Lsign [laee;+ 2 wimImlnsy)
ci €N (vy)
end for

bit is calculated by making a hard decision on the combined soft-information from all
neighbors and the channel. The algorithmic procedure for and decoding is
summarized in Algorithm |6l The weighting factors wi(f) have been derived as part of the
[DEIl for BMP and TMP in [171].

4.8.4. Quaternary Message Passing

The algorithm of Sec. requires two bits per exchanged message. We now intro-
duce a QMP decoding algorithm that requires the same number of bits per exchanged mes-
sage, but allows a more granular quantization of the associated reliability soft-information.

The key idea of QMP is to distinguish between low and high reliability messages. The
VN to CN and CN to VN messages, m{".,_ and m{®, , respectively, take values in the

quaternary alphabet Mqmp £ {—H,—L,+L,+H} and L and H correspond to messages with
low and high reliability, respectively. The quantization function is

—H, z<-T
L T

V() =1 <w<l (4.92)
+L, 0<ax<T

+H, x>T.
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Algorithm 7 QMP decoding.

1: Set m‘(,?)_mi = U(ldec,;),Vj =1,...,n¢,Yc; € N(v;).
2: £=0

3: while ¢ < /.« do

4 // CN update

5: fort=1,...,m. do
6.
7

for v; € N(c;) do

O i
Mg sy, = min |m

(=1 .
Vj/ —>C;

vy EN(ei)\ (v}

[T sien(m2)
vir €N (ei)\{v;}
8: end for
9: end for
10: // VN update
11: for j=1,...,n. do

12: for ¢; € N(v,) do
13: l“g{’) = Z Sign(mgf/)aw)w(o (£)
e €N (v)\{ci} 55 me ;v
14: mst)C = (ldegj + lé‘;)
15: end for
16: end for

17: =/0+1
18: end while
19: // Final codeword bit estimate
20: for j=1,...,n. do
21: lin=>_ sign(mgf\’,‘?)w@m“&)
i €EN(v;5) T g me |
22: éj = % — %sign (ldec,j + lin)
23: end for

The decoding algorithm is summarized in Algorithm [7} At the [CNk, a min-sum
decoding rule is employed. At the[VNk, the incoming messages are weighted and combined
with the channel soft-information. In contrast to [BMP] and TMP] two sets of weighting
factors are needed for depending on the magnitude of the received message. The
weights wl(f)L are used for messages with low reliability (i.e., m., € {—L,+L}), whereas

)

w.:

iin are used for messages with high reliability (i.e., mc, € {—H, +H}).

4.8.5. Initialization of Density Evolution for Different Bit Channels

We associate each [VNl type with a bit level. Let ¢(j) be the bit level on which the [VNk
of type V; are mapped and let Vék) be the subset of protograph [VNk that are mapped to
the k-th bit level. We assume that the number n, of YNk in the protograph is an integer
multiple of m, such that each bit level is assigned to the same number of [VNk.

Let p¥) (i, j) be the probability that the message sent from V; to C; at the ¢-th iteration
on one of the b;; edges connecting V; to C; is equal to m € {—H, —L,+L}. To initialize [DE]
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we calculate the initial message probabilities as

0

PG = [ b, (10 (4.93)
0

p(ﬁ (4, 7) / me)\Bm)( |0)di (4.94)
0

pig (4.7) / pL«b(aJ\Bd»(a)(”O) (4.95)

The integrals in - do not allow a closed form solution, but can be calculated
by means of Monte Carlo simulations or transformations of [RVk. Note that the above
calculations need to be performed only once.

In Fig. we show the [CDFk Pr(L;, < 1) for 8{ASKl (k = 1,...,3) with uniform and
PS signaling obtained via Monte Carlo simulations. The [CDEFs can be used to calculate

p(_Og( ,j) = Pr{Lay < -T} (4.96)
P, 5) = Pr{Lag) < 0} — Pr{Lag) < ~T} (4.97)
p{(i, j) = Pr{Lagy < T} — Pr{La() < 0}. (4.98)
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Figure 4.18.: Comparison of [CDF plots for 8- ASK with uniform and [PS] signaling. Both
scenarios are for SNR = 9dB. [P signaling uses an IME distribution with
entropy H(X) = 2.25bits. The dashed lines in the insets denote the CDFs
obtained via the surrogate approach.
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4.8.6. Surrogate Channels for the Initialization of Density Evolution

As an alternative to Monte Carlo simulations, we can use a surrogate channel approach [149,
150}, I51] to approximate the required input probabilities f. For this, the bit-
channels p;, 5, are replaced by “equivalent” [AWGN] channels with uniform binary inputs
for which the derivation of the is easier. We establish their “equivalence’m by re-
quiring that the channel and its surrogate have the same channel uncertainty. Let the
surrogate be Y, = X; 4+ Nj, with X, € {~1,+1} and Ny, ~ N(0,57) for k=1,...,m. For
each [SNR], we calculate the set of equivalent channel parameters

52 H(BYY) = H(BY), k=1,...,m. (4.99)

For |[QMP| we obtain the expressions

.. T+ Heh,b(j
P 5) =Q (‘“”) (4.100)
Och,¢(5)
.. Hech, (5 T + Heh,p(5
%3, 5) =Q (“”) - Q (“3)) (4.101)
Och,¢(j) Och,o(5)
. —T+ Hech,p(j Hch, (5
p9G.5) =Q (‘z’“)) -Q (‘“” (4.102)
Teh,a(j) Ten ()

where picn i = 2/03, 04,5, = 4/0%, and Q(+) is the standard normal Gaussian tail probability,
ie.,

Qz) = Lw(1/V%) exp(—72/2) dr. (4.103)

In Fig. .18 we show the approximations of the true [CDFk by the surrogate approach
(dashed lines). A close match of the true [CDEk and their approximations is observed.

4.8.7. Density Evolution for Window Decoding

We follow the approach of [I75] to determine the decoding threshold of protograph-based
SC-LDP( code ensembles for window decoding. For this, we apply the [DEl analysis of
[I71l, 176] for the respective decoding algorithm on a protograph matrix By.w,1.w) that has

been derived from (4.88]) for a given decoding window size of W with u+1 < W < L. The
notation Bj.w,1.w] denotes the block matrix of size W x W that is formed from the first

10The term “equivalence” is not meant to have a strict information theoretic meaning in this context.
Rather, this term refers to the observation that both types of threshold evaluations yield similar
results numerically.
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Mode Rix [bpcu]  Rgyp(Rix) [dB]

4U-0.50 1.0 5.2803
4U-0.75 1.5 9.3084
8PS-0.67 1.5 8.5334
8PS-0.83 1.5 8.5606

Table 4.10.: Operating modes and their capacities for = 1.5 bpcu.

W block rows and W block columns of B. For instance, for y = 2 and W = 4 we have

B, 0 0 O
B, B, 0 0
B, B, B, 0
0 B, B, B

B4 = (4.104)

Convergence of the window decoder is declared when the probability of decoding error
for the [VNk in the first block column is (approximately) zero. The respective decoding
threshold is referred to SNREMP for BMP, SNRIMP for [TMP] and SNRFM™ for

respectively.

4.8.8. Numerical Results

We investigate the following signaling modes. The first one operates at 1.0 bpcu, whereas
the others operate at a of 1.5bpcu:

1. 4U-0.50: 4-ASK uniform with R, = 0.50
2. 4U-0.75: 4-ASK uniform with R. = 0.75
3. 8PS-0.67: 8-ASK PAS with R. = 0.67
4. 8PS-0.83: 8-ASK PAS with R. = 0.83.
The required [SNRk to operate at this [SEl are summarized in Table [£.10]
As[FEC codes, we consider (asymptotically) regular, protograph-based codes

with [VNl degrees d, = 4 and d, = 6, and design rates R. € {2/3,3/4,5/6}.
The submatrices B; in (4.88)) are given by

B;=(1 1 ... 1), i=0,...,p4 (4.105)

dc

where 4 = d, — 1. The corresponding right-unterminated ensembles are referred to via
their base matrices as B%d.



140 Chapter 4. Code Design for Binary LDPC Codes

B SNRE" SNREMP  SNRIMP  SNRIMF
B*8 536 7.75 6.50 6.26

Table 4.11.: Decoding thresholds in dB for 4-ASK uniform and an of 1.0 bpcu.

B SNRMT SNREMP SNRIMP SNRGMP

B*16 941 10.89 10.11 10.00
B%2* 934 10.72 10.0 9.88

Table 4.12.: Decoding thresholds in dB for 4-ASK uniform and an of 1.5bpcu.

Asymptotic Decoding Thresholds

The decoding thresholds in Tables [4.11], [£.12] and [£.13] were obtained for window decoding
and a window size of W = 15 spatial positions, using the procedure presented in Sec.
We use T' = 1.3 as a threshold parameter for [BMP] [TMP| and in all numerical
evaluations. A maximum number of 1000 iterations per window are performed. These
parameters were chosen to depict the absolute performance limits. Increasing the window
size did not further affect the numerical results. We conclude that the performance of a

block-based decoder is similar. For uniform signaling, we use a consecutive bit mapping
of the BMDI bit channel to each protograph [VN], i.e., for 2"{ASK] we have

VY = {V1, Vi, Vigzm, -y Vip—(me1) } (4.106)

VI = {Vyn, Vo, Vi, - -, Vi, ) (4.107)

For PAS, we must take into account that bit level one (representing the sign of the con-
stellation points [9]) is mainly formed by parity bits and has to be placed accordingly. We
choose

Ve = (Vo pm-m=1)+1, Vg m)o(m=1)2: - - - Vi } (4.108)
VI()Q) = {Vh Vins Vo1, - - - >V(np/m—l)~(m—1)+1} (4109>
VI = {1, Vagm—1), Vam—1)s - - - Vi fim)-(m—1) }- (4.110)

These mappings are repeated for each spatial position.

The decoding threshold for full BP decoding is obtained via discretized [DE] [112] with
8-bit quantization and a dynamic range of the soft-information of [—16,+16]. Increasing
the resolution had no further effect. The [DMrate for the modes was chosen according
to (3.29) and the output symbols have an [MBldistribution [64] with corresponding entropy.

As expected from [I74], we see in Tables that the regular ensembles under
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B SNRul SNRBMP gNRIMP  SNRIMP

B%12 865 10.81 9.68 9.50
B** 8,67 10.06 9.33 9.23
B%8 857 10.62 9.55 9.37
B%36 859 9.88 9.21 9.10

Table 4.13.: Decoding thresholds in dB for 8-ASK PS and an [SE] of 1.5 bpcu.

B SNREMP SNRIMP  SNRIMP

B*1% 10.89 10.11 10.0
B*'2 10.81 9.68 9.50

Table 4.14.: Decoding thresholds in dB via surrogates of selected ensembles of Table III
and Table TV.

full BPl decoding come close (within a few hundred of a dB) to the theoretic limits for the
specific signaling modes. In previous works [I70, [I71], the authors observed that quantized
message passing decoders have a smaller gap to the achievable rate limit for high rate codes,
even when codes are specifically designed for low code rates. This is also reflected in the
following results.

While BMP], [TMP}, and have gaps of 2.39dB, 1.14dB, and 0.9dB to the unquan-
tized BP threshold for 4U-0.50 (i.e., for R. = 1/2), the gaps are only 1.48dB, 0.70 dB, and
0.59dB for 4U-0.75 (i.e., for R. = 3/4). The gain of [TMP] over BMP] i.e., using two bits
instead of one, is significant and ranges from 0.7dB to 1.25dB depending on the signaling
mode and code ensemble. The gain of over [TMPl is particularly pronounced for low
code rates (0.24 dB for 4U-0.50) and decreases for higher code rates to about 0.1dB. We
note that these gains can be obtained at no increase in data flow. This observation has
a particular implication for [PAS] where the same transmission rate can be obtained with
different [FEC] code rates by adjusting the signaling distribution: Going from a rate 2/3
to a rate 5/6 code (B*'? vs. B*?**) decreases the decoding threshold by 0.75dB (BMP),
0.35dB (TMP) and 0.27dB (QMP). This is in contrast to full BPl where the decoding
threshold even slightly deteriorates. Uniform signaling does not allow this flexibility, as
the constellation order and [FEC] code rate directly determine the transmission rate.

In Table we show the thresholds for the B%!6 (uniform) and B*! (PS) ensembles
obtained via the surrogate approach of Sec.[4.8.5] We observe that the decoding thresholds
numerically coincide.

Finite Length Simulations

We validate our asymptotic findings by finite length simulations with a block-based decoder
for the 4U-0.75 and 8PS-0.83 signaling modes in Fig. We use terminated SC-LDPC
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codes with S = 50 spatial positions and an overall blocklength of n. = 60000 bits. The
resulting code rates are 0.735 (B*!%) and 0.8233 (B*?!) according to with lifting
factors of () = 300 and @ = 200, respectively. We used cyclic liftings and girth optimization
techniques to ensure a minimum girth of eight. Because of the termination, the effective
is 1.47bpcu. The weighting factors were chosen as calculated by the [DE] analysis at
the respective decoding threshold.

For both cases, gains about 0.8 dB compared to BMPl As predicted by [DEL the
performance of improves over [TMP] in the order of about 0.1dB. The gap of QMP
to full [BP] decoding is about 0.75dB at a [FER] of 107%.
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(a) Uniform: 4U-0.75 (b) PAS: 8PS-0.83

Figure 4.19.: FER simulation results for uniform (a) and PAS (b) signaling and an [SE] of
1.5 bpcu.

4.9. Protograph Based LDPC Code Design for On-Off
Keying
We now discuss the design of [P-=LDPC] codes for the two [TS schemes of Sec. As in

the previous sections, the [PDE of the decoder soft information is not symmetric for [QOK]
Instantiating (4.18]) for [OOK] we have

A oA Py(A)
lioe = 2y — 2241 . 4111
d 029 252 0og (PX(O) ( )
prior

To find optimized protograph ensembles for the schemes, we resort to the surrogate
approach of Sec. 4.3.3l We determine the parameters of the surrogate channels for the
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shaped and uniform parts as

53 - H(Xs|Vs) = H(Xs[Y5), (4.112)
52 H(Xy[Yy) = H(Xy|Yo). (4.113)

The RV XS, Xy and )U/s, Yy denote the input and output of the surrogate channels for
the shaped and uniform part, respectively. Equation (4.112) must be solved numerically,
and we obtain &3 = (40%)/A%.

For the optimization with differential evolution and P-EXIT, we assume that the first
(n, —my,) protograph [VNk are associated with a bIAWGN] channel with variance &3, while
the remaining m, nodes are connected to LIAWGN] channel with variance &3.

As constraints, we allow for a maximum number of m, — 1 of degree 2 and set
the maximum number of parallel edges to four. We design three optimized base matri-
ces, where two target an of 0.25bpcu with schemes TS1 (Book—_0.25-7s1) and TS2
(Book_o0.25-Ts2) and the third targets an [SEl of 0.67 bpcu with TS1 (Book_0.67—1s1).- The
signaling parameters are summarized in Table and the thresholds of the obtained
basematrices are shown in Table [£.16] The basematrices can be found in Appendix
As before, we observe that the thresholds obtained via the surrogate approach are close to

the ones obtained by [DDEL

Parameters Ry, = 0.25bpcu R = 0.67bpcu

Ry, [dB]  —1.1591 4.6588

TSI  Ram 0.5 0.89
A 1.8107 1.6790
Py, (A) 0.11 0.3063
Ryg, [dB]  —1.8094 -
Ram 0.3750 -

52 Ag 3.4264 -
Ay 1.6118 -

Px,(As)  0.0724 -

Table 4.15.: OOK signaling parameters for the considered protograph optimization.

To verify our asymptotic findings, we construct finite length codes from the ensembles
given by Book_0.25-Ts1, Book_0.25—Ts2 and Book_o.67—Ts1 and compare to state-of-the-art
off-the-shelf codes. Fig. [4.20| shows the scenario for an of 0.25bpcu. The blocklength
is n = 64800. For R. = 0.5 we consider scheme one while for R. = 0.67 we use
scheme two. For comparison, the performance of an off-the-shelf DVB-S2 code [98] with
uniform signaling with R. = 0.25 is shown. Also, the performance of two off-the-shelf
DVB-S2 codes with shaping (i.e., for R. = 0.5 and R, = 0.67) is shown. We observe that
in the waterfall region shaping gains 0.1dB for case 1 and 0.35dB for case 2, using codes
from the DVB-S2 standard. However, the DVB-S2 [LDP(] codes show visible error floors.
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Parameter Book-025-1s1  Book-0.25-Ts2  Book-o0.67-Ts1
R. 1/2 2/3 3/4

mp X Ny 4 x7 3x9 3 x 12

bimax 4 4 4

dy e 12 12 12

SNREXT [dB]  —0.70 —1.43 4.98

SNRPF [dB]  —0.68 —1.42 4.99

ASNR [dB] 047 0.39 0.33

Table 4.16.: Overview of optimized [P=LDPC] ensembles for [OOK] with TS1 and TS2.

Our designs gain 0.35dB for case 1 and 1.06 dB for case 2, respectively.
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Figure 4.20.: Performance comparison of uniform and shaped modulation formats using
for an of Rix = 0.25bpcu.

Fig. depicts the scenario for Ry, = 0.67bpcu and scheme one. Here we did
not consider scheme two, since the achievable rate curves in Fig. [3.35] suggest only
small gains. Let n = 64800 and R. = 0.75 for C3. With shaping, the DVB-S2 code of
R. = 0.75 gains 0.8 dB with respect to a DVB-S2 code of R. = 0.67 with uniform signaling.
A dedicated [P=LDPC code shows gains 0.92 dB with respect to the uniform case.
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Figure 4.21.: Performance comparison of uniform and shaped modulation formats using
for an [SEl of R, = 0.67 bpcu.






Code Design for Non-Binary
Low-Density Parity-Check Codes

5.1. Introduction

5.1.1. Non-Binary Low-Density Parity-Check Codes

Non-binary LDPC (NB-LDPC) codes are block codes defined by an m. x n. sparse parity-
check matrix H, where the non-zero entries of H are taken from the finite field I, with
q > 2. In this chapter, we consider only codes over binary extension fields with
q =2°0 € IN. As for binary [LDP{ codes, the parity-check matrix H can be represented
by a bipartite graph and each codeword symbol v; € s is represented by one of the n,
vj, 7 =1,...,n, in the graph. The m, linear constraints are represented by ci,
it =1,...,me. If the edge label h;; € T30 is non-zero, then there is an edge between v; and
c;. Note that for binary codes, the edge labels h;; were allowed to take values in
[F5 only.

We concentrate on a special class of [NB-LDPC] codes, namely ultra-sparse regular LDPC
codes, which have a constant degree of d, = 2 and a constant degree d.. In graph
theory, ultra-sparse are also known as cycle codes [I77]. Their design rate is
Req =1-2/d..

Previous works have shown that the ultra-sparse structure facilitates the design of graphs
with a large girth [I78] even for small blocklength{!] As a result, they clearly outperform
the binary counterparts for short blocklengths. All discussed codes in this section further

have a structure. It was shown in [I79, Corollary 2.1] that ultra-sparse NB-LDPC

IThe choice for ultra-sparse codes with d, = 2 is also motivated by [DEl results for [NB-LDPC] codes
over large field orders, e.g., IFg4 and above. Here, an optimization of the degree distributions shows a
dominating fraction of degree two [VNk.
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codes always have a girth of the form g =4 4,7 € IN.

While the girth properties of ultra-sparse NB-LDPC] codes are beneficial, their minimum
distance scales only logarithmically with the blocklength [I80, Sec. IV-E] so that a careful
design and selection of the non-zero coefficients h;; in the parity-check matrix is needed.
We discuss this aspect in Sec. [5.1.3]

5.1.2. Decoding of Non-Binary Low-Density Parity-Check Codes

[NB-LDPC codes are decoded by an version of the of Sec. to calculate
an approximation of the symbol-MAP probability Pyy(vjly), 7 € 1,...,n., where y =
(y1,Y2, - - -, Yn) is the vector of channel observations. The variable a denotes the primitive
element of Fy in the following, see Sec. [2.3.5

We define the VN to message vector for the (-th iteration as

l 0
mVj —C; (OK )

m\(lt;)—}cl (aq72)

We discuss the initialization of (5.1)) for £ = 0 and the derivation of the decoder soft
information in greater detail in Sec.[5.2] and Sec. 5.3
The to VNl vector for the ¢-th iteration is

L, (0)

(©) 0
me o (Y
m. = Cﬁ_ﬂ( ) . (5.2)

Ci—Vj

Ci—Vj

We now derive the expressions for the respective and updates. The [CNk im-
plement an [NB|[SP code, i.e., for the i-th with degree d. and neighbors N (c;) =
{vji,...,vj, } the incoming messages must fulfill

de
Z hij,vj, = 0. (5.3)
1=1

Hence, we have for 5 € Fqo

mci_w]_ (5) =Pr (hijl Mvjl_ﬂ;i + ...+ hljﬁ + ... hijdc ]\4dec —c; — O) (54)

where M, _,., denotes the RV of the message from the j-th[VNlto the i-th[CNl Their PME]
is given by (5.1). Regarding (5.3), we introduce the short hand notation v§ = h;v;. The
dependence of v7 on the i-th is assumed from the context. Now, ([5.3)) can be written
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as

dc

doup =0 (5.5)

=1

and the [PMFEk of the [RV] Mv;—m are obtained by cyclicly shifting the entries of the [PME]
vector (5.1)) except for the first one, i.e., for h;; = o', we have

Py, (0") = Py, (@), k=0,...,2°—2. (5.6)
j v
For instance, we get
m\(ll;)—)cz (aq_Q)
m‘(,?%ci = : for hyj = o' (5.7)
m% (Oﬂ‘;‘)
mVj —C; (aq )
and
m\(/’j)—)ci<aq_ )
m‘(,?_mi = : for h;j = o (5.8)
i
Vj—C; (aq )
Correspondingly, we have
mci_wj (6) =Pr (Mv;'r1_>ci + ...+ hzyﬂ + ... MV;rd —c; — 0> . (59)

Unfortunately, no closed form expression can be given for (5.9)) as it was possible for the
binary case, see (4.12]). Instead, the probability is determined by a convolution which has
complexity O(d?), i.e.,

Me;—v; = @ My ;- (5.10)
Vj/EN(Ci)\{Vj} J

However, for codes over binary extension fields computational savings are possible
by implementing the convolution as a componentwise multiplication by the Hadamard
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transform (HT)) [I81]. As a result (5.10) can be written as

M, 0, = H O H(m ) (5.11)
V‘j/GN(Ci)\{Vj}

where the operator H(-) denotes the self-inverse [HT] given by

H(a) :\}5 (ﬁ j) a. (5.12)

Efficient [HT]implementations reduce the complexity of calculating (5.10]) to O(d. log(d.)).
The [VNk implement an [RCl such that

My e, = ( @ mcf,%w) O] Myec,; (513)
cir €N(vi)\{ei}

where myec,; is the decoder soft information and mex ., denotes the[PME after the reverse
cyclic shift when going from the to the [VNE, i.e., for h;; = o, we have
Py, (0") = Py, _, (a**). (5.14)
J 1

c. —V
7
For instance, we get

m®._ (0)

ci—c;j
m{), (@)
mg?%vj = : for hij = a (5.15)
m{) ., (%)

mf)., (@)

and

ml = : for h;; = o (5.16)

™ .
Ci —)VJ

If a certain number of iterations has been performed or if a stopping criteria has been
reached, then the a posteriori probability vector of the j-th [VINI is

Meapp,j = ( @ mcwﬁvj> deec,j~ (517)

CEN(V]')
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Algorithm 8 Sum-Product Decoding of NB-LDPC codes in the Probability Domain.
1: Given: m\(,?)_m,i = Mdec,j, Vi =1,...,nc,i € N(v;).

2: =0

3: while ¢ < /.« do

4: // CN update

5: for:=1,...,m. do

6: for j € N(c;) do

7 mil,, = ® e mi
iV v €N (ei)\{v;} Ve

8: end for '

9: end for

10: // VN update
11: for j=1,...,n.do

12: for i € N(v;) do
¢ ¢
13: m‘(,j)_,ci = (Qcﬂe/\/(vj-)\{ci} mggﬁvj) O Myec,j
14: Normalize m&fgc
15: end for
16: end for

17: (=041

18: end while

19: // Final codeword symbol estimate
20: for 5=1,...,n. do

¢
21: Mapp,; = QiIEN(Vj) m£7l)*>v‘}> © Mgec,;
22: b; = argmax,cp, Mapp,j(v)
23: end for

The decoding algorithm in the probability domain is summarized in Algorithm [§]

5.1.3. Optimization of the Non-Zero Parity-Check Matrix Entries

In contrast to binary codes, codes offer an additional degree of freedom
in their design by choosing the non-zero coefficients in the parity-check matrix. Even in
early works [I82] it was noted that a deliberate choice may yield a better performance
(both in terms of the error floor and waterfall behavior) compared to a purely random
selection. In [I80] the authors propose several strategies to mitigate these issues.

We illustrate the problem by means of a (d, = 2,d. = 8) code with n. = 192 for 8-ASK
and an of 1.5bpcu in Fig. [5.I] A random choice of the non-zero coefficients yields a
high error floor which is due to low weight [NB] codewords with d,;, = 4. We also plot the
undetected error rate and see that it coincides with the [FER], which suggest that all frame
errors are caused by wrong codewords.

To circumvent this, we choose the coefficients such that the minimum distance of the
code formed by the binary image of the non-zero coefficients in a row is maximized [I80)].
For a NB-LDP(] code over Fy with a degree of d., the code of the binary image of
a row has parameters (d. - 0,(d. — 1) - 0). The best set of coefficients can be found by
exhaustive search for moderate field sizes and degrees. For a degree d. and a field
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Figure 5.1.: Influence of the choice of the non-zero coefficients in the parity-check matrix
of a (d, = 2,d. = 8) NB-LDPU code over g4 on the decoding performance.

size of 2°, we have to evaluate the minimum distance of (2° — 1)% different binary codes.
As these codes usually have a high rate, this computation should be performed in the
dual domain by means of the MacWilliams identity [I83]. Recently, approximate methods
for large field sizes and large d. were considered as well [I84]. For the considered code
parameters of Fig. [5.1] we find the best choice of coefficients as

(QO ab a3 a2l 28 36 M a54) (5.18)

where the underlying primitive polynomial is 1 4+ = + 2% For the optimized code we use
permutations of for each row. The code of the binary image associated with
has dyi, = 3 with a multiplicity of 276. In contrast, the binary codes associated with the
random choice of coefficients in Fig. had all d,;, = 2 with multiplicities ranging from
6 to 25.

5.1.4. Non-Binary Codes and Probabilistic Amplitude Shaping

The combination of and [NB] codes was suggested in [I85]. Herein, the authors show
that the parity symbols after encoding are distributed uniformly asymptotically, even
if the information symbols follow a non-uniform distribution. This property enables a
straightforward application of [PAS as it extends the uniform check bit assumption [9
Fig. 2] to higher order fields. Further, the authors propose a new design for circular
constellations that can be used with [NBl codes over prime fields of order larger than two.

In what follows, we propose a different strategy and consider only codes over the
extension field IF, with ¢ = 2°. This specific choice enables low complexity decoding
by using the [HT] at the while benefitting from the excellent performance for short
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blocklengths. Two approaches are discussed in Sec. and Sec. [5.3] respectively. The first
approach employs and requires that the field and constellation order are matched.
The second approach uses and allows any combination of field and constellation
order. At the same time, the loss of is limited to a small value because of shaping.

5.2. Symbol-Metric Decoding of Non-Binary LDPC Codes

kdm n
Source (/i/ @ i @—> " =a" @ s"
i nim—1)/o Me Meo + "
{0+ P {5t 060
Bs ()

Figure 5.2.: Transmitter system model for PAS with and NB F, codes and ¢ = 2°.

The system model for [NBl codes is depicted in Fig.[5.2] and is a natural extension of
the binary case shown in Fig. 3.7 Again, we exploit the symmetry property of the optimal
input distribution Px to factorize it into independent [RVE referring to the amplitude and
sign (3.26). We consider a 2"{ASK] constellation. The sign distribution Ps is uniform on
S = {—1,+1}, while P4 is non-uniform on the amplitude set A = {1,3,...,2™ — 1}.

We first use R, = (m — 1)/m codes. In Fig. [5.2] this corresponds to the absence of the
dashed lines. The maps k4, data bits to n amplitudes. The encoder generates
redundancy, which is mapped to the n signs. FEC encoding is systematic to preserve the
amplitude distribution imposed by the DM. The combination of an amplitude and a sign
results in one channel input symbol. The n channel input symbols can be represented by
m - n bits, which requires an NB code with blocklength n. = (nm)/o. Each amplitude
requires (m — 1) bits for its representation and we require o = A(m — 1) when 2™-ASK
is combined with NB codes over Foo. The variable A € IN defines the number of amplitudes
in A which are mapped to one IFyo symbol. We denote this mapping as

Ba i AN — Fao. (5.19)

The amplitude part has a size of k. = n/X symbols and is collected in the vector u € k.
Systematic encoding with G = (I P) yields the parity part p = uP of (1—R.)n. symbols
that are approximately uniformly distributed [I85, Theorem I]. The decoder assumes that
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the signs are uniformly distributed. Using the inverse of the mapping
Ps :{0,1}° — Faqo (5.20)

we relate each parity symbol to a sign sequence.
For the decoder input we calculate the vectors

Pyiy (0ly)

Py (aly
Moo = viv(e®ly) Ci=1,...n. (5.21)

Py (2%?|y)

The expression Py |y (v|y;) denotes the probability that the j-th codeword symbolis v € Fao
when y; was received.

We distinguish two cases for the decoder soft information vectors mge.; depending on
whether the codeword symbol v refers to an amplitude or sign mapping (5.20)). Let

y? = (yj1, - - -, y;») be the vector of all received symbols that resulted from the transmission
of the amplitudes associated with the j-th codeword symbol. Similarly, the vector yjS =
(Yj1s - - -, Yjo) refers to the received symbols that resulted from the transmission of the signs

associated with the j-th codeword symbol.

Amplitude Mappings Forj=1,...,k.anda = (ai,...,ay) = 85 (v), assuming uniform
signs, the demapper calculates the metric

Py (v|y?) o< Puy (v,95) = Pay (8" (v), y7)

= 11 Pav(ai, y31)
=11 > Pxv(a-sy)

=11 ;PA(GZ) > pyix(yla-s). (5.22)

=1 se{x1}

Sign Mappings For the parity part j = k. + 1,...,n. and s = (31, . .,so) = B5*(v),
assuming uniform signs, the demapper calculates the metric

Py (v]y?) o Poy (v,45) = Psy (85 (v), 3)

= I1 Psv (s, yn)

=1

:ﬁ Y. Pxv(w,yu)

=1 zci:
sign(z)=s;
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- ﬁ ; > Prix(yjla - s1)Pa(a). (5.23)
=1~ acA

Ezample 16. We illustrate the setting for 8{ASK] i.e., m = 3, and a rate R. = 2/3
code over IF15 (o = 4) with blocklength n. = 3. Using these parameters, we have
n = (ne - 0)/m = 4 channel uses. Each of the two symbols in the information part
(v1,v9) represents A = o/(m — 1) = 4/(3 — 1) = 2 amplitudes. The last codeword
symbol forms the parity part and is mapped to four sign bits.

u p
’ vy ‘ Uy ‘ v3 ‘
ai, as az, as s1, 82, 83, 54
! ! |
v = (y1,92) Yo = (y3,94) Y5 = (y1,%2, Y3, Ya)

As for the binary case, can also be operated with codes of rates larger than
(m — 1)/m. In this case, (yn)/o information symbols are used as signs, see (3.30). This
means must be applied only for the first n/\ variables nodes (nodes associated with
amplitude mappings) and the remaining n/o variable nodes (nodes associated with sign

mappings) are initialized with (5.23)).

Example 17. We illustrate this setting for m = 3 and a rate R. = 5/6 code over
Fi6 (0o = 4) with blocklength n. = 6. Using these parameters, we have a number of
n = (n.-o0)/m = 8 channel uses. Four of the five codeword symbols in the information
part (v, vq, v3,v4) represent amplitudes. The last information symbol (vs) as well as
the parity symbol (vg) originate from sign mappings.

u b
I T T S T T
a1, a2 as, a4 as, ag ar, asg $1, 52,53, 54 S5, 56, 57, S8

l | | ! | i

yf = (yhy2) YJSZ (yg,y4) y?f‘: (y57y6) yf = (y7,y8) (ylay27937y4> (957?]6,97,?/8)

v v

5.3. Bit-Metric Decoding of Non-Binary LDPC Codes

5.3.1. Bit-Metric Decoding for Uniform Constellations

We now describe how a[NB-LLDPC|code can be operated with and uniform signaling.
The blockwise application of (5.20) maps a length k. - o vector of uniformly distributed
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bits to k. symbols of [Fo. This sequence is encoded into a length n. symbols codeword
v with binary representation vpim = (Vbin1, Ubin2, - - - s Ubinne-o)- WE assume n. - 0 = m - n
for simplicity in the following. Eventually, the modulator maps blocks of m bits to one
2™-ASK symbol

-1 .
T =X (Ubin,(i—l)-m—i-la o Ubingem)s 0= 1,...,m.

At the receiver side, the received sequence is demodulated by calculating the entries of
the soft information vector lgec = (ldec,15 ldec,2; - - - 5 ldec,m-n) Where

PBkly(O’yi)>
Pgy (1y:)

fori=1,...,nand k =1,...,m. The distribution Pg,|y was derived in (3.9). The input
(5-21)) to the NB-LDPC decoder is calculated for mgecj = (Mdecj(0), .. ., Maeej(@?7?)) as

ldec,(i—l)m+k - log < (524)

P;(c) - > =
Maecj(¢) = —L~—— with Pi(c) =[] Py,c€F (5.25)
’ Y ceF, Pi(d) ! l:l_{ ! !
forj=1,....,ncand [ =1,..., 0, where
exp(ldec,(j—1)-0+1) if [B—l(c)] -0
p‘l _ ) 1Hexp(laec,(j—1)-0+1)’ Fy ! ’ (526)
" — , i [Bp, (Ol = 1.
1+exp(ldec,(j71)<o+l) q

Of course, an interleaver can be included in the setup above, e.g., for fading channels.

5.3.2. Bit-Metric Decoding for PAS

The same principle as shown in Sec. can also be applied to and is shown in
Fig. 5.3l A number kg, of uniformly distributed information bits are matched to n am-
plitudes following a specified distribution. Using the amplitude mapping xa the
amplitudes are mapped to a length n - (m — 1) bit string, mapped to oo symbols and
encoded into the codeword v. A modulator then maps the binary image of v to channel
inputs € X via a consecutive application of !, while taking the position of amplitude
and sign bits into account.

At the receiver side, the demapper calculates a soft information vector as shown in

(5.24)), (5.25)) and (5.26]) for the uniform scenario.

Ezample 18. Consider a length n. = 3, rate R. = 2/3 code over F33 (0 = 5), while
using an 8-ASK constellation (m = 3) such that the channel is used n = (n.-0)/m =5
times with constellation symbols x, z9, x3, x4, z5. The length m binary label of the
i-th channel symbol is referred to as b;;...b;,,. That is, for the given scenario, we
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kdm n n(m —1) n("ffl) Ne n = el
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(a) Transmitter component
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(b) Receiver component

Figure 5.3.: Operating a rate R. = k./n.[NB-LDPC|code with PAS and BMDI The dashed
lines are needed for code rates R. > (m — 1)/m. The functions xa(-) and 5()
are applied to each amplitude in the vector a and chunks of o consecutive bits

in ay;,, respectively.

have x(x;) = b;1b;2b; 3. Conventional [PAS] with [NBl codes and [SMD (see Sec. is
not possible for these parameters, as o = 5 is not an integer multiple of m — 1 = 2.
After encoding, the binary image of the codeword v = (vy, vg, v3) is

Ubin = (b1,2b1,3b2,262,3b3,27 b3,3b4,2b4,3b5,2b5,37 bl,162,1b3,1b4,1b5,1)-

B3 1) B3 *(v2) B35 " (vs)

The binary image of the parity symbol vs € Fas, i.e., B35 (v3), provides the signs for
the five channel uses and the soft information vector reads

liec = (11,251,3l2,2l2,3l3,2l3,3l4,254,3l5,215,3l1,112,113,114,115,1) 5 (5.27)

Eventually, the vector lge. is combined as shown in (5.25) and (5.26) to form the

decoder a-priori soft-information.
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8-ASK 16-ASK
SE = 1.5bpcu SE = 3bpcu

R, 1/2  3/4 3/4 5/6
Mode uni. PAS uni. PAS
Rpvip [dB] 9.44 8.48 19.25 18.11
Royip [dB] 9.00 8.46 19.17  18.10

Fes, BMD [dB]  9.93 8.90 - -
Fes, SMD [dB] 953 8.92 - -

Fas6, BMD [dB] 9.91 8.93 19.79 18.54
Fass, SMD [dB] - 8.93 19.85 -

Table 5.1.: [MCDE] thresholds and required asymptotic SNR values in dB.

5.4. Asymptotic Decoding Thresholds

We investigate the asymptotic decoding thresholds for and with NB-LDPC|
codes. As shown in [I86], [DEl for NB-LDPC] codes can exploit symmetry of the involved
messages as well as the all-zero codeword assumption. Despite these properties, [DE] still
turns out to be challenging for NB-LDPC] codes, as it requires to track a density for each
field element. To circumvent this difficulty, we resort to Monte Carlo Density Evolution
(MCDE) which is explained in detail in Appendix [A.6]

The results of the [MCDF] analysis are shown in Table [5.1] For the Ry = 1.5bpcu case,
we observe a gap of 0.4 dB between uniform signaling with and [BMD| while there is
no significant loss for the shaped case. Further, we note that going from Fg4 to Fas¢ does
not give significant performance gains with respect to the decoding threshold.

For Ri, = 3.0bpcu, the gap between and in the uniform case decreases to
0.06 dB as predicted by the achievable rate analysis. The gain of about 1.1dB for shaped
signaling is well reflected in the decoding thresholds as well.

5.5. Finite Length Simulation Results

In this section, we compare both approaches by means of finite length simulations for
8-ASK with Ry = 1.5bpcu (n = 192) and 16-ASK with Ry, = 3.0bpcu (n = 288). The
[DM] parameters for the 8-ASK scenario and n = 192 are the same as in Table [3.9] For the
16-ASK case, we summarize the parameters in Table [5.2]

The codes were constructed from protographs of the form

2 2 ... 2

de/2

via cyclic liftings and a [PEGHike algorithm [I54]. All constructed matrices have girth 8.
The coefficients were optimized according to the approach of Sec. We performed a
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maximum of 200 [BPiterations for decoding.

Parameter Value

kdam 768

n 288

Ram 2.667

t’ {64,60, 51,41, 30,21, 13,8}

Py (0.2222,0.2083,0.1771,0.1424,0.1042,0.0729, 0.0451, 0.0278)
Rioss 0.0903 bits
(a) CCDM
Parameter Value
Kdm 768
n 288
Ram 2.667
W(a) a?
Py (0.2413,0.2205,0.1841,0.1403,0.0976, 0.0618, 0.0357, 0.0187)
Rioss 0.011 bits

(b) SMDM

Table 5.2.: parameters for the 16-ASK, R, = 3.0 bpcu setup.

In Fig.[5.4] we show the performance for 8-ASK and a target[SElof 1.5 bpcu. We consider
codes over IFgy and Foss. The setting uses a rate R. = 3/4 code (d, = 2,d. = 8),
while uniform signaling employs a rate R. = 1/2 code (d, = 2,d. = 4) As suggested from
the decoding thresholds in Table the codes over both fields perform very similar to
each other. For uniform signaling, we see a significant gain of 0.47dB of over [BMDI
We note that the plot does not include any results for the Fy56 code and uniform
signaling, as such an operation is not possible (m = 3 is not an integer multiple of 0 = 8),
see Sec. .2l The results use and achieve a gain of 0.72dB over uniform
signaling with Further, and practically coincide in the shaped case as
could be expected from Table We complement the results with the binary ones
from Fig. [3.32 in which the 5G [LDPCl codes are used. We see that the codes clearly
outperform the binary codes for low [FERk. Further, to put the results into perspective,
we also include the and [RCUDB] from Sec. [2.3.7], where the latter is evaluated for
and the distribution realized by SMDM] (see Table [3.9). At an [FER] of 107%, we operate
0.93dB from the and 0.3dB from the

In Fig. |5.5] we show the average number of iterations until convergence (i.e., until the
syndrome is zero) for all of the considered signaling options of Fig. [5.4, For high [SNRE,
codes usually require only two to three iterations. We also observe that the shaped
modes require less iterations for the same [FERI
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Figure 5.4.: Coded performance of NB-LDPC codes for an [SE| of 1.5bpcu and n = 192.

In Fig. [5.6] we show the performance for 16-ASK and a target of 3.0bpcu. The
setting uses with a rate R. = 5/6 code (d, = 2,d. = 12) over Fos. with the
setup of Sec. is not possible here, as the extension order (8) is not an integer multiple
of the number of amplitude bits (3). Uniform signaling employs a rate R. = 3/4 code
(dy, = 2,d. = 8) over Fas6, while both and is used.

We observe a significant performance gain of 0.53dB of over [CCDM], which
matches the one predicted by comparing the respective rate loss values ((0.0903 — 0.011) -
6 dB ~ 0.48 dB) of Table Having the results of Table[3.9/in mind (which even considers
a smaller output blocklength of n = 192 channel uses, but only predicts an improvement
by 0.19dB) this may look surprising, but it is due to the larger 8-ary output alphabet of
the [DMk. The rate loss also depends on the cardinality of the output alphabet.

The gain over uniform signaling is 1.25dB at an [FER] of 10~* Further, we see that the
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Figure 5.5.: Comparison of the number of required decoding iterations for the setup of

Fig.

performance of the uniform setup is very similar for SMD] and BMDL At an [FER] of 1074,
the gap to the [SPBlis 0.91 dB and 0.4 dB to the RCUBL As before, we evaluate the latter
with the SMDM] output distribution of Table
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Applications to Optical Communications

To fully characterize the performance of optical transceivers, one must conduct trans-
mission experiments. In the following, we consider the (e.g., sampling, chromatic
dispersion compensation, equalization, phase noise compensation) and the optical channel
as a black box which provides the discrete time receive samples.

For a given experimental setup (e.g., input power, transmission distance, and mod-
ulation setting), we transmit a test sequence x™ and measure a noisy observation y". The n
entries z ...z, correspond to n real-valued [ASK] symbols. In case of 2D modulation, two
successive entries of 2" correspond to the in-phase and quadrature components of a [QAM]
symbol; if in addition polarization division multiplexing is applied, four successive entries
of 2™ correspond to the in-phase and quadrature components of the two polarizations.

6.1. Blind Estimation of Shaping Parameters

gained much interest in the field of optical communications to increase the [SE and
flexibility of transceivers. Several metrics have been suggested to characterize the perfor-
mance limits of a coded modulation system, e.g., [187], normalized generalized mutual
information (NGMI|) [I88, 189] and cross entropy based (mismatched) uncertainty [63], see
also Sec. [3.3] The essential component of these metrics is a simple and tractable model of
the optical communication channel as seen by the FEC decoder.

A pragmatic and empirically accurate model to describe the accumulated noise at the
receiver after transmission over a long, dispersion-uncompensated fiber is an [AWGNI chan-
nel [190, 191]. As usual, its parameters (e.g., noise variance, gain) must be estimated
at the receiver. For [PS the receiver also needs to know the distribution of the transmit
symbols to achieve the best performance [192]. Usually, these parameters are either known
or obtained by data-aided (DA estimation using both the transmitted and received
data [I3 Sec. III-BJ. In general, the latter approach should be used with caution, as it
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may overestimate the achievable rates.

In this section, we propose an unsupervised learning approach based on expectation
maximization (EM]) that estimates all model parameters for a decoding metric suitable for
PAS and schemes in a blind fashion. The solution uses only the channel outputs
and learns all relevant parameters on the fly. This is particularly important for which
is inherently rate flexible and a separate signaling of the modulation parameters is undesir-
able. We validate the approach by using recorded data from transmission experiments [I3]
and compare to [DAl estimation.

6.1.1. Maximum-Likelihood Estimation

We first consider [MI] estimation to find the parameters @ € R"™ of a model that “explains”
the observationdl] y;,i = 1,..., N. The model is commonly given by a [PDEl py~(-;8) or
[PME Py~ (+; 0). We assume a memoryless model for the observations 3"V such that

N
pyv(y";0) = [1pvi(v:: 0). (6.1)
i=1
The [MIl problem is
. N N
0= argrgnax [ »v.(vi;6) = argznax > In(py;(y:;9)) - (6.2)
i=1 i=1
L(6)

We refer to the factors in as likelthoods, and the summands as log-likelihoods. The
function L(80) is called a log-likelihood function and it follows by introducing the logarithm.
Taking logarithms is useful when dealing with exponential models [I93] that often appear
in practice.

We assume that the transmitter sends a sequence of N pilot symbols z;, + = 1,..., N,
that the receiver knows, and the [AWGN] model becomes

where the N; are independent and identically distributed as A/(0, 0?). We collect the model
parameters §; = A and 0y = 02 into the vector 8 = (0y,6,) and use (6.2)) (recognizing that
Y; ~ N(Az;,0?%)) to obtain

(yi — 012;)*

20, (6.4)

N N
N 1
6 = argmax » _ In (py,(y;;0)) = argmax » | —5 In(276,) —
0

i=1 i=1

L(8)

n the context of supervised /unsupervised learning, the model observations are also called labels.
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Taking derivatives and equating to zero, we have

ZN (yi—OMmL,126)xs

i=1 OML,2
VL(Ow) = =0 (6.5)
ZN (yi—Omr,12:)? N
=1 2912vIL,2 20M,2
so that
N
) A i=1 Yili
Oy = A = Xz:l:_Nzny (6.6)
) 2 1 7\7 N \2

=1

These are the [ML estimates because the problem is convex, as can be checked via the
Hessian. The receiver uses these parameter estimates for detection and decoding, e.g., for
calculating soft information for the [FEC| decoder (4.18)).

6.1.2. Expectation Maximization
Introduction

We recall the definition of the Kullback-Leibler divergence and use the log-sum
identity [30, Sec. 1.9.1]. Consider positive a; and non-negative b, for k = 1,..., K, and
suppose that at least one of the by is positive. Let S, = Zszl a and S, = Zszl by, and
define Pa(k) = a/S, and Pg(k) = by/S, for k =1,..., K. We have

K
S axlog (%) — 5, log (S> + S, D(Pa||Py). (6.8)
k=1 by St

Now suppose that we wish to perform the same task as before but without sending pilots.
Instead, we know only that the X; are taken from a discrete and finite set X and have

the respective distributions Px,, « = 1,...,N. The receiver has access only to the labels
vi,t = 1,..., N and the ML rule is

A

N N
0 = argmax Y _In (py,(y;;0)) = argmax » _ In (Z pyix, (Yi, T 0)) . (6.9)
0

i=1 0 i=1 TEX

L(9)

Compared to , solving for the stationary points of is challenging and no closed
form solution can be given for most cases because of the marginalizing over the latent or
hidden variables X;. If we knew the latent variables X;, we could group the observations
based on the originally transmitted constellation point, and apply [MI] estimation with the
pilots. To simplify the problem and come up with a solution of , the idea of [EM] is
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the following: Break the [ML] estimation in two parts, namely:
1. First, calculate a “soft” assignment to the latent variables.
2. Second, perform the desired parameter optimization.

The [EM] algorithm was described by Dempster, Laird and Rubin [194] in 1977.

Evidence Lower Bound (ELBO)
Consider the log-likelihood function from ([6.9):

Zln (Z pyv.x, (i, T; 0)) (6.10)

zeX

where py,x,(y,2;0) = Px,(2;0)py|x(y|z;0) and where we abuse notation by writing
Dyix;(-;0) as a density. We artificially augment L(6) by N auxiliary probability distri-
butions Qx,y,(-|vi), ¢ = 1,..., N and exploit that Y, Qx,y,(z|y;) = 1:

5 el ) 1 [ =ex PYix (Y, 3 6)
e = Z <Z QXi‘n( |yZ)> 1 ( Dwex QX|Y(x|yz) )

i=1 \zekX

:z[zczw el (W)]+D(@Xim<-|y,~>||Pxim<-|yz-;e>) (6.11)

i=1 Leex Qx, v (i)
where we have applied the log-sum identity with
az = Qx,v;(z|y;) and by = py;x, (i, 7; 6) (6.12)
so that S, =1 and S, = py(y;;0). We thus have
L(0) > B(8) = 3" 3 Qs (aly) n [ P 20:2:6) (6.13)
i=1xzeX QX7.|Yz(x|yZ)

where F(0) is referred to as the evidence lower bound (ELBO). Moreover, equality holds

in (6.13)) if and only if

The ELBO is the fundamental building block of the [EMl algorithm summarized in Al-
gorithm [9]
We make several remarks.

> Various approaches can be used to check convergence. For instance, the algorithm
can be stopped after a certain number of iterations if the value [|@® — 8¢V is
small, or if L(O®) — L(%~Y) is small.
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Algorithm 9 Expectation Maximization
1:t=1

2: Initialize 8 with a good starting value.

3: while convergence criteria is not met do

4: E-step: Compute

QW (@lys) = Py, (alyi:00), v eX, Wi=1,.. N

5: M-step: Compute

o+ — argimax Z > QX v, (@lya) In (py:x, (i, 2 6))

=1 zeX

6: t=t+1
7: end while

> Initializing the algorithm with different starting values @) and choosing the
outcome with the highest objective function value may improve performance.

> The name FE-step (for “expectation step”) is not self-explanatory in the above for-
mulation. The terminology comes from [194] where the E-step is written as

Q(8,6Y) ZE ) ln(pyx(y,,X 0))] (6.15)

X\Y
where Qg?lm(ﬂyl) = Pxjy(z]y; 09), and the M-step as

0"+ = argmax Q(0,0Y). (6.16)
6

We prefer the presentatlon in Algorithm 9] as the required computational steps, i.e.,
computing the QY X, ‘Y( ly;) and the maxima, are specified separately.

6.1.3. K-Means

An algorithm closely related to the algorithm is K-Means, a name coined by Mac-
Queen [195] in 1967, though the concept was originally formulated by Steinhaus [196] in
1957. While at Bell Labs, Llyod also formulated K-Means to find an optimal quantizer for
pulse code modulation (PCM), but the approach was not published until 1982?].

We begin with the K-means problem formulation and then relate it to our approach in
the previous section. As a clustering algorithm, K-Means aims at solving the following
problem: Given a set of N points y; € R", ¢« = 1,..., N, we want to find K centers
x; € R",j=1,..., K and corresponding assignments d;; € {0,1} such that the distance

Zhttps://en.wikipedia.org/wiki/K-means_clustering#History
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of each point to its (representative) center is minimized. We have

N K
2
LB 2Dl (6.17)

J i —1 5—
6]27.7 17 7K7’L 7 7N =1 ‘7_1

Because of the discrete nature of the assignment variables §;;, solving (6.17)) directly with
convex optimization techniques is not possible. However, we can pursue a two step ap-
proach that first finds the optimal centers and then updates the assignment:

1. (E-step replaced by Decision-step) Given the cluster centers x;,7 = 1,..., K, the
optimal assignment d,+; for the i-th point y; is found via

j* = argmin |z; — yil*. (6.18)
je{1,2,..K}

2. (M-step) Given an assignment d;;, we can find the optimal centers by solving for a
stationary point x; as

a N K ) N
Z Z dji|lzj — duyil|” = 22%5]'@' —205;4; = 0
] i=1 j=1 i=1
such that N s
>ie195iY;
Tp= "y 6.19
TSNS, (6:19)

6.1.4. Numerical Results

We consider the model with circularly symmetric, complex Gaussian noise with zero
mean and variance o?. We use the developed [EM algorithm to estimate the signaling
parameters for an optical transmission experiment with [PASl The model parameters are
specified by the parameter vector 8 = (A, 02, p) for a general Px or by 8 = (A, 0%, v) for
an [MB] distribution Px , respectively. The entries of the vector p = (p1,p2, ..., Pum)
are p; = Py (z;).

The stationary points of the optimization in the M-step of Algorithm [9] are given as

AEM _ Zi]il DceXx Qgg (z)R(yix™)

opt — n (620)
' L e QL (@) 2]
zp]éc:M — AT Z Z Q(t) Optx’ (621)
i=1xeX
pJOPt - ZQX ;) (6.22)

where pph = (PPN - - - Pitopt) - If we assume an [MBl distribution on X, the value for vy
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is the solution of the non-linear equation

N
EZEXN o [X?] = By_pron [X7]. (6.23)

n;3

Remark 3. The [EM] estimation can be considered in the framework of decoding metrics
as follows: First, note that blind estimation calculates the model parameters from the
observation y", i.e., A(y"), o*(y™), Px(y"). Second, note that once the parameters are
estimated, a memoryless metric is used. Together, we have

n

a(z”,y") = [ alzi, yi; AW™), *(y"), Px(y™)) (6.24)

=1

that is, blind parameter estimation is included in the general framework of decoding metrics
q(z",y™). In particular, the derivations of Secs. [3.3.1 and |3.3.2| hold and no potential rate
overestimation as in the case of [DAl estimation can occur.

We evaluate the [DA] and EM approaches by comparing their achievable rate estimates.
For this, we use the obtained parameters and calculate the decoder soft information (4.18])
l;. for all z' = 1 , N samples and £ = 1,...,m bit levels to evaluate empirically
(see also and ([2-54)). The achievable rate estimate is

R 1 N m
Rpnvp = NZ

+
log, (1 +e (- Qb““)l““)] : (6.25)
1=1k=1

As shown in [194], [EMl does not necessarily converge to the globally optimal solution of
, but usually only to a local optimum. To guarantee convergence to good parameter
values, the EM algorithm needs to be initialized carefully. For this, we choose the initial
parameter 8(*) by a modified version of K-Means [197], which uses only the channel outputs
and includes a constraint on the equi-spaced constellation points. The number of initial
clusters for K-Means is an important parameter, as not all of the M constellation points
might have been transmitted. We circumvent this problem by initializing K-Means with
a smaller number of clusters. For instance, for 64-QAM, we run the EM algorithm with
initializations obtained from K-Means with the number of clusters set to {4, 16, 36,64} and
choose the parameter set that yields the largest }A%BMD. This corresponds to the common
practice of initializing EM with different random starting points and using the set of
parameters maximizing the objective .

To assess the performance of both schemes, we use the recorded sequences of one of
our previous transmission experiments [I3], in which four shaping modes with different
entropies were investigated. The [PMEk are depicted in Fig. [6.1] The length of each
sequence was N &~ 20000 QAM symbols. Mode 4 effectively corresponds to a 36-QAM
constellation. The results are shown in Fig. [6.2] We observe that both the [DAl and EM
approaches achieve the same achievable rates, showing that EM can accurately estimate
the parameters for all considered modes. EM converged in less than 30 iterations.
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Figure 6.1.: Employed distributions for evaluation of the EM approach.

6.2. Extension of Probabilistic Amplitude Shaping to
Higher Dimensions

In the previous chapters was used only for one and two dimensional constellations.
For optical communications, higher dimensional constellations are of interest, too, as polar-
ization division multiplexing allows to modulate the inphase and quadrature components
of both polarizations with, e.g., one four dimensional (4D) symbol. The combination of
4D shaping with forward error correction (FEC) is discussed in [I198]. The main conclusion
of [198] is that when is used, conventional modulations perform better than
4D shaping. This is partially attributed to the absence of good binary labels for shaped
4D constellations. In this section, we discuss the concept of quadrant shaping (QS) [199]
which extends to higher dimensions. We also show that finding good binary labels is
possible with the proposed approach as a [BRG( is used overall.

6.2.1. Quadrant Shaping
We consider the model
Y =AX + N (6.26)

where the channel inputs X € X C R* are taken from the 4-fold Cartesian product
of an M-ASK constellation. The signaling set thus has cardinality |X| = M%. As a
binary labeling, we use the [BRGC| for M-ASK in each dimension, i.e., we assign a length
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Figure 6.2.: Achievable rates obtained via [DAland blind (EM) parameter estimation. The
sequences are taken from the transmission experiment in [13]. One loop cor-
responds to 240 km.

m = 4log, (M) binary label for each x € X via x : X — {0,1}™ and x(x) = b1by...b,, = b.
The noise IN is a multivariate Gaussian [RV] with stochastically independent entries that

have variance o2. The [PDH is given in (A.19). The channel output is as Y € R*.

To generate the desired distribution on the constellation symbols, [PAS] uses a [DM] to
create non-uniformly distributed amplitudes and it uses the approximately uniformly dis-
tributed parity bits of a FEC code to generate the corresponding signs. This idea can be
extended to four (and higher) dimensions. The 1D amplitudes of the original PAS become
4D constellation points in the positive quadrant Q = {x € X|x; > 0,i = 1,2, 3,4} with
|Q| = 2m~%. Four sign bits choose the 4D symbol’s quadrant.

Ezxample 19. We show an example for in two dimensions in the figure below. The

[DM] can be implemented as a LUT with eight entries.
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6.2.2. Experimental Investigation

A key enabler for is the DM] and most work so far considered (see Sec.[3.4.2),
which has excellent performance but introduces additional complexity because of the arith-
metic coding. For low-complexity applications, we may also use a simple [LUT] as and
select low power sequences from a (4D) hypercube consisting of the 4-fold Cartesian prod-
uct of M-ary[ASKlconstellations. The combination with [FEC]is then realized via quadrant
shaping.

We show experimentally that rate adaptation with steps of 0.5 bits/QAM symbol (bpQs)
can be achieved with the scheme of the previous section and a simple [LUT] Further, we
compare this method to conventional PAS with and uniform constellations.

System Setup

We distinguish three signaling and receiver schemes. PAS-nD-1D is the conventional set-
ting using a n-dimensional (nD) and 1D demapping. PAS-4D-4D uses a 4D [DM
and also demaps in 4D. A variant of the latter is PAS-4D-2D, where a sub-optimal
and less complex demapping in 2D is used. The PAS-4D schemes employ 4D signaling
with an M-ASK constellation in each dimension. For the binary labeling of the con-
stellation points, we use an m = log,(M*) bit BRGCl Following the principle of
mq = m — 4 bits determine a point in a quadrant and mg = 4 bits represent the 4
sign bits. A rate adaptation can be realized by a based on a [LUT] with at most
2ma entries, that selects a subset of 2¥m low-energy points from the 2@ points in a
quadrant. The corresponding [DM] rate is Rgy = kqum bits/4D-symbol. We refer to the
resulting constellation as X'. The SEl is Ry = Rgm + 4 - v bits/4D-symbol, where ~ is
the fraction of sign bits per dimension that carry additional information bits. For the
[FEC] code rate R. we have v = 1 — (1 — R,) - logy(M). By choosing k, a rate adap-
tation with a granularity of 1 bit/4D-symbol, i.e., 0.5bpQs is possible so that any
within the set {0.5,1.0,1.5,...,2log,(M) — 2} + 2 -~ bpQs can be realized with the same
FEC overhead (OHJ). If the scheme is extended to N-dimensions (ND), a granularity of
1/(N/2) bpQs is possible. The exemplary transmission modes of this work target of
3bpQs, 4bpQs and 5bpQs and are summarized in Table [6.1] We assume a single FEC
code with OH = 23% (R. = 13/16).

The calculated achievable rates for and the linear channel are shown in
Fig. [6.3 We observe that the PAS-4D modes are superior to their uniform {16, 64, 256}-
QAM counterparts for all three target [SEk. The loss in power efficiency due to 2D demap-
ping is at most 0.2dB for BMDL The PAS-nD-1D modes virtually achieve Gaussian ca-
pacity.

We experimentally investigate the 4D signaling scheme for a short-reach scenario and
unrepeated transmission for 100 km, 140 km and 180 km, where the four dimensions are
transmitted as two complex dimensions in two subsequent time slots. The for PAS-
nD-1D operates in n = 6000 dimensions and the input distributions are taken from the
family. The setup is shown in Fig. [6.4. The data symbols are interleaved with quadrature
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Signaling mode Rix[bpQs] |X|  Ram[bpQs] OH

PAS-4D-4D-4.5 5.0 8182 4.5 23%
PAS-4D-4D-3.5 4.0 2048 3.5 23%
PAS-4D-4D-2.5 3.0 512 2.5 23%
PAS-nD-1D-4.5 5.0 256 4.5 23%
PAS-nD-1D-3.5 4.0 256 3.5 23%
PAS-nD-1D-2.5 3.0 256 2.5 23%
16-QAM uniform 3.0 16 - 33%
64-QAM uniform 4.0 64 - 50%
256-QAM uniform 5.0 256 - 60%

Table 6.1.: Investigated signaling modes for the experiment.

256-QAM uniform 16-QAM uniform — PAS-4D-4D CawanN
64-QAM uniform PAS-nD-1D ----- PAS-2D-4D
4.2 5.2
4.1 5.1
4 5
3.9 4.9
3.8 | 4.8
SNR [dB] SNR [dB] SNR [dB]
(a) Rix = 3bpQs (b) Rix = 4bpQs (¢) Rix = 5bpQs

Figure 6.3.: Simulated achievable rates of several signaling strategies for the linear AWGN
channel.

phase-shift keying (QPSK) pilots at a pilot rate of 10%. A frame alignment sequence is
added at the beginning of the sequence and square root raised cosine (RRC) pulse shaping
with a roll-off factor of 0.1 is applied [200]. We employ a wave-division multiplexing
(WDM) setup with 5 external cavity lasers (ECLs, 10kHz linewidth) on a 25 GHz grid.
An arbitrary waveform generator (AWG, 20 GHz) drives the two 1QQ modulators. The
four interferers (IQ mod 1) are combined with the central channel (IQ mod 2), a delay-
and-add polarization emulator generates a dual-polarization signal and the channels are
individually decorrelated. The transmission link consists of an erbium doped fiber amplifier
(EDFA) followed by a variable optical attenuator (VOA) that sets the total power launched
into the standard single-mode fiber (SSMF) of lengths 100 km, 140 km and 180 km. After
transmission, the central channel is demodulated using a standard preamplified coherent
receiver followed by a digital storage oscilloscope (DSO, 80 GSa/s and 33 GHz analog
bandwidth). The receiver DSP is performed offline [200].



174 Chapter 6. Applications to Optical Communications

[ro— e ey S =
| Offline processing ! Transmitter \i Un-repeated :} Receiver i:Ofane processing
1 i

1 p— —

I Transmission t "
I‘ )

)
)

Signal generation
Pulse shaping
90 Hybrid
offset corraction

CMA Equalization

Add pilot symbols & Frame
alignment seq.

1
:: 4 interferers |
;: channel

i
1y
' || EDFA SSMF || EDFA OBPF
I ECL E i I
i i — .
I ==
i i ]
! i I
1" I I‘
[ i i
1y
]
1
1
|\ ECL

]
i
I Decorrelation : I
1
| Central
____________________________________________________________________________________

CD compensation
Frame alignment & frequency

[ Achievable rate esttimation ]

___________________________

Figure 6.4.: Experimental setup of the optical experiment.

In back-to-back experiments, we validated that all modulation formats exhibit the same
implementation penalty in the operating regime of interest to ensure a fair comparison. The
achievable rates for the transmission experiments for link lengths of 100 km, 140 km and
180 km are shown in Fig. . To operate efficiently for all three distances (corresponding
to optimal launch powers of 9dBm, 12dBm and 15dBm) at the desired (dashed gray
line), the three different uniform constellations (16-, 64- and 256-QAM) would need to
be operated with three different FEC codes (see Table [6.1). The PAS modes allow a
flexible operation with a single FEC. For increased transmission lengths, and therefore
launch powers P,,, we observe that the PAS-nD-1D modes are penalized due to their
increased higher order moments and their severe impact on the non-linear interference
noise (NLIN)) [201, 200]. At the respective optimal launch powers, the shaping gain of
PAS-nD-1D is 0.2bpQs, 0.15bpQs, and 0.04 bpQs as compared to PAS-4D-4D. However,
the PAS-4D [DMl is a simple [LUT] with at most 2¥m = 29 = 512 entries. Moreover, 2D
demapping (PAS-4D-2D) loses at most 0.1 bpQs for a target [SE| of 4 bpQs.

256-QAM uniform 16-QAM uniform PAS-4D-4D
64-QAM uniform PAS-nD-1D ----- PAS-2D-4D
x x x x x x
*
2 i |
= 4.2 .
g 4.411 |
= .
y 3.9 |
= 58 .
3.7 -
3.6
P, [dBm] Py, [dBm] P, [dBm]
(a) 100 km (b) 140 km (c) 180 km

Figure 6.5.: Achievable rates of the considered signaling strategies for the transmission
experiment.

The results show that 4D signal shaping and rate adaptation with a simple [LUT] based
DM allows a good trade-off between shaping gain and [DM complexity. The suggested
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schemes are promising for transmission links where full fledged PAS is too complex or
penalized because of NLIN. Future work should investigate the trade-off between higher
dimensional constellations with N > 4, rate flexibility, and demapping complexity.






Conclusions and Outlook

In this thesis we investigated for higher-order modulation and developed tailored code
constructions for binary and non-binary LDPClcodes. The results were presented by means
of information theoretic quantities (achievable rates and finite length bounds) as well as
simulations using various [FEC] codes and decoders, which validated the developed theory
and stressed its importance for system design. As an outlook, this thesis gives rise to
questions of theoretical and practical relevance that deserve attention and require further
study.

For we considered as one example where the capacity achieving input distribu-
tion is not symmetric and can not be applied. The class of channels and modulation
constraints that require such an asymmetric constellation also comprises the case of unipo-
lar PAM] constellations, which play an important role for transceivers based on[IMland [DD]
e.g., for low cost data center applications. While shaping via shows significant gains
over uniform signaling, there is still a non-negligible gap motivating a new scheme that
closes this gap. For polar codes, the scheme by Honda and Yamamoto [202] provides such
a solution. In addition, studying peak-power constraints originating, e.g., from limited
extinction ratios of Mach-Zehnder modulators, is interesting from an information theo-
retic perspective. Further, was found to be beneficial for multi user information theory
scenarios such as dirty paper coding [203] and investigating related setups for wiretap
channels is likely to yield new insights.

In the [LDPC code design part, we used the decoding threshold as our primary design
target. However, the decoding threshold is a quantity that is defined asymptotically, while
we aim at designing good practical finite length codes. This raises the question whether
codes can be designed specifically for the desired target blocklength. Machine learning
approaches [204] or genetic algorithm formulations [205, 206] may provide good frameworks
for this task. Similarly, [DE] assumes an infinite number of iterations, while practical
decoders often perform only 5 to 10 iterations or even less, e.g., for window decoding [172].
Recent work [207] has shown that simply adjusting the number of [DE] iterations may not
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yield accurate results. Another interesting aspect is the investigation of error floors for
different bit mappings for the same parity-check matrix. Numerical evidence suggests that
certain mappings yield a higher undetected error rate than others. Further, the code design
in Sec. did not take the need for efficient encoding into consideration. It is interesting
to integrate this requirement as well.

For high throughput decoding applications, quantized [LDPC decoders will become in-
creasingly important. Our studies concentrated on their performance and investigated
losses compared to the unquantized case. Future work should take the effects of a limited
number of iterations and error floors into account.

For codes, the design of codes over intermediate field sizes, e.g., IF39, is inter-
esting to find a trade-off between improved performance at short block lengths (compared
to binary [LDPCl codes) and decoding complexity. As for the binary case, one needs to find
a good optimization metric for finite length code design that is sufficiently easy to evalu-
ate. We remark that our numerical investigations showed significant deviations between
the real decoding thresholds and those obtained by existing P-EXIT approaches [208] for
[NB-LDPC codes.



Appendix

A.1. Derivation of Achievable Rates

In Sec. we define the achievable rate for a certain random coding experiment as a
rate R for which the random coding exponent E(R) is positive. Hence, we need to analyze

the function
E(R) = max (Ey(p) — pR)

0<p<1

This is an optimization problem with affine inequality constraints, for which we can use the
Karush-Kuhn-Tucker (KKTI) conditions [209] to obtain insights. The Lagrangian function
is

L(p, p, A) = Eo(p) — pR+ pp + M1 = p).

Primal feasibility (PF):

Dual feasibility (DF):
> Ey(p) —R+pu—A=0
> pu >0

>A>0
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Complementary slackness (CS):
> pp =0
> A1—p)=0

Depending on the Lagrangian variables and the CS constraints we can analyze different
cases:

1. Case 1: pu#0,\ #0.

This assumption leads to a contradiction. p # 0 implies p = 0, but at the same time
A # 0 = p =1, which is not possible.

2. Case 2: 4 # 0,A=0. u # 01implies p = 0 and E((0) — R+ p = 0, i.e., for R > E{(0).
3. Case 3: p=0,\# 0. A # 0implies p =1 and E{(1)—R—X =0, i.e., for R < E|(1).
4. Case 4: 4 =0,A\=0. We have 0 < p < 1 and E{(p) — R = 0.

From the four cases above, we can draw the following conclusions:
> For 0 < R < Ej(1) : p=1and E(R) = Ey(1) — R is linear with slope —1.
> For Ej(1) < R< E((0):0<p<1.
> For R > E((0): p=0, E(R) = Ey(0) =0.

The value of E{(1) is commonly referred to as critical rate R.i. Correspondingly, an
achievable rate is given by

_ OE(p)
R=30 (A1)

p=0

A.2. Derivation of Achievable Rates for Hard-Decision
Decoding

In (3.79) and (3.80|) we derived the mismatched uncertainty expressions
i s1(X #QEN(Y))
HD \ _ . B €
U (quD> = TZ%lE log, ( . L1 (a2 QRN ()

252 TGOk # QR ()
5-2;::1 ﬂ([x(a)}k #Qg\g'k(y)) .

s>0

U (qgﬁD> =minE | —log, (
I 2

acx €
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Starting with the [SMDI case, we have

SLXAQRR (M)
—1
089 > 85.1@7&@%\3(}/))

eXx

E

(2 # Q88 W)
= — x)Px(x)lo
/Rgvpyp((m )Px(z)log, aexgsm(a;éQ%Vﬁ/(y)) Y

s L@ #2)
=— 3" 3 Py x(ifa)Px(x) log, ( > (A.2)

1 &
oy ont Zan € (a# &)

where we introduced

PX\X(f]x) = /yeRA pyix(ylz)dy, &€ X. (A.3)

Let us now investigate the term within the logarithm of (A.2)) for which we have

68'1(3:753?) { (M—i;ss-l-l’ x # i'7

ZaEX es-ﬂ(a#i) ma

(A4)

T = ZI.

Therefore, we may write (A.2)) as

s

1 €
— Py (2Z|x)P 1 — Py (Z|x)P 1
3, Prxelaryta s (i1 T Poxtiipsta (=
(A.5)
Introducing
Osup = D Py x (#|2) Px(x) (A.6)
T#x
1 — dsmp = Z Py x(&]z) Px (2) (A7)
we can reformulate (A.5)) as
1 o
—aﬂmmm&QM_Uﬁ+J—%mm&QM_nﬁ+J (A5)

S

= = dsotons (i) - O D om, (=) (9

and we recognize its representation as a cross entropy ([2.39)). This expression is minimized

)
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over s if we choose

dsMp e°

M—-1 (M—-1)e+1

according to (2.47)). Finally, we get

e ()

and

U (qé{l\]/?D) = Hy(dsmp) + dsmp logy (M — 1). (A.10)

The derivation for BMDI follows similar steps:

Szk (IO #Qpp (V)
—1
0gs Sex o5 (@)l # QR ()
e i (@ # Q™ )
T x)P lo |
/z;XpYX yl ) X( ) 8o ZaexgsZk 1 ( ki@g\gk(y)) Y

I e 1@k # Q" ()
= W) | Y

E

o5 1([x(@))k # Qpp " (v

= —/ > pyix(ylz) Px (z) log, (

:EGX Z(ZGX H?:l

Hzil gs'l(bk # Q}BIYDV’]C(Z/))
— BW.k dy
I, Zbe{o N 6s-IL(b;«'éQHD )

éj5-]1 (bk # Qﬁ\g’k(y))
_ b) Py( 1 d
/ > pyis(ylb)Ps( Z 08y s1(b#Qpp " () Y

be{0,1}m Zbe{o,l} €
o5 1(be# Qup " (v)) )
dy
) BW k
be{0,1} e’ 1o Qo W)

E_:s-IL(bk ;él;k) )

= —/ Z py|B(y|b) P(b) log, (

be{0,1}m

- —Z/ >~ pyvis(Ylbx) Pa, (br) log, (

bre{0,1}

s1(b#by)

== f: > Ppyy, (blbr) Py (be) logy (

k=1p, b.e{0,1} be{0,1} €

In the last step, we introduced

P, 5, (BIb) = /R,; pyi5, (y|0) dy. (A.11)
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Again, we investigate the inner term of the logarithm for which we have
s1(b#b) 1 p= i)
c _ T A (A.12)
2befo,1} er1(t70) e 0FD
The setting in (A.11]) is an instance of a general problem where
STE[f(Xk) (A.13)
k=1

should be calculated with f: R — R and where the [RVk X} have possibly different [PMFk

but share the same support X. It is straightforward to show that
Y_E[f(Xp)] =mE[f(Z)]
k=1

where the [PME] of the [RV] Z is given as

1 m
= E P
m = Xk (CL)

(A.14)

(A.15)

The normalization with 1/m is required to obtain a valid [PME]l Exploiting this insight,

we choose

and rewrite (A.11]) as

gsl(a #a)
es'1(b#a)

-m Z PAA(ava)lOg2<

a,ae{0,1}

Zbe{o,l}

= —m > Pjisa,a)log, ( ) + > Piua,a)log, (

a,ae{0,1}: 1 4e a,ae{0,1}:
a=a a#a
Substituting
dpup = >, Piula,a)
a,a€{0,1}:
a#a
we have

1 i
-m <(1 — dpmp) log, <1+€s) + Onup log, <1+€3)>

s

€

1+4¢8

)

(A.16)
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which is minimized over s by

5 _
BMD = 7

according to (2.47) such that

s=1lo 75BMD
S \1- dsMmp )

We obtain

A.3. Gauss-Hermite Quadrature Rule

The K-th order Gauss-Hermite quadrature approximate integrals of the form

/ () de m Y wif(6) (A.18)

by a weighted sum [210], §3.5(v)]. The samples points &;,i = 1,..., K are the roots of the
Hermite polynomial Hy (x) [210, §18.3] and the weights w;,i = 1,..., K are given by

K-LK N /7
Wy = — 5"
K2Hg1(&)?

Gauss-Hermite quadratures are useful when a differential entropy or mutual information
should be calculated and the channel law is Gaussian. For many scenarios, however, we
encounter expressions that have a slightly different form than . In this case, we use
integration by substitution. In the following, we illustrate the procedure by calculating the
mutual information I(X; Y') when the channel law py | x (y|z) is a N-dimensional Gaussian
RVl i.e.,

1 Yy—x 2
pyix(ylz) = Wexp (-HQUZH> : (A.19)

We have

< pY\X(y|a) ) dy
Ybex PY|X (y|b) Px (b)
f(y,a)

(X;Y) = [ 3 pyix(yla) Px(a) log,

]RN acX

=3 Px(a) [ pyix(yla)f(y.a)dy
RN

acX
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= ¥ Px(a) [ Ae"F f(y,a)dy

ackX
— AVB > Px(a) / e—HZI|2f(\/§z +a,a)dz
ackX N
‘ K K
= A\/E Z Px<a) (Z PN Z Wiy = vv v wz‘Nf(\/E(fmfig, e ,fiN)T + a,a))
acX i1=1 in=1

where we introduced the abbreviations A = 1/(2r¢%)V/? and B = 202. Gauss-Hermite
quadratures can also be used to calculate integrals involving circularly symmetric Gaussian

PDE: (3.50).

A.4. Collection of Optimized Basematrices

A.4.1. Optimized Protographs for Higher-Order Modulation

10042222000 4

Bepassjin2=|1 12311202223 (A.20)
0114001111714
014422240000

Bepassjin0=]2 044010411711 (A.21)
143314342222
61161111

B4-uni-3/4_<6 2996 92 1 9 2) (A.22)
100000001110
110000001110
0110011101T1]1
Bswiz=|o 01100001110 (A.23)

0001111101711
0000111101711
3221323202120222

Bisrasisono=|1 003 212230303000 (A.24)
01121312312131°1]1
10400001 44401111

Bigrasisonye=|1 11221 1244322222 (A.25)
00141422244410000

For all protographs in this section, the optimal bit mapping assignment is

®(j) = ((j ~1) mod (np)) F1, j=1,....mp. (A.26)

m
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For instance, for Bg pag 3/4-a,=2, we have m = 3 (8-ASK), n, = 12 such that the first four
[VNE need to be mapped to bit level one, the next four to bit level two and and the last
four to bit level three.

A.4.2. Optimized Protographs for On-Off Keying

In the following, we provide the optimized base matrices for with shaping via
as introduced in Sec. . For Book—o.25-1s1 the first column is punctured. The first &,
[VNk of each basematrix are associated with the shaped part, the remaining ones with the
unshaped part.

3001200
B ([t o20012
OOK-0.25—-TS1 — 3 O 1 2 2 1 1
2100000
10102000 3
Book-—oos-ts2 =14 2 3 2 4 2 1 1 3
314111211
401403002000
Book—oer—ts2=10 1 2 3 1 112 21 3 2
321412212111

A.5. Differential Evolution for the Optimization of
Basematrices

In the following, we describe the optimization approach based on differential evolution [87]
to design basematrices for a desired operating mode.

In line (1} the initial candidates are obtained by uniformly sampling integers in [0, byax],
where by, € INg indicates the maximum allowed number of parallel edges and is specified in
the design constraints. If the resulting basematrix does not fulfill the design constrains, it is
rejected and we start over. The function combine and mutate() in line|[7]is implemented
as shown in Algorithm [I1I] Its main task is to ensure that the obtained basematrix has
only non-negative integer entries after the recombination with other population members.
In particular, we round each entry to the next integer in line [3|

The inner loop of Algorithm [10] is easily parallelizable, which can be used to speed-up
the optimization if multiple CPUs are available.
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Algorithm 10 Genetic algorithm to find the best basematrix for a given signaling mode.

INPUT: Protograph dimensions my, X np, design constraints, candidate set size P, number of generations
G, crossover probability p., amplification factor F'.

P
1: Choose feasible initial population set {B,(,O)} at random.
p=1

2: Evaluate SNREX™T for each population member.
3:forg=1,...,G do
4: forp=1,...,P do

5: repeat

6: Choose 11 # 19 # r3 randomly from {1,..., P}.
7 B = combine_and_ mutate <B,(7g_1), {B,(,g_l)}P LT3, F, pc>.

p=

8: until B fulfills design constraints

9: Evaluate SNR{'™" of new candidate B.
10: Set B,(,g )= B , if decoding threshold has improved.
11: end for

12: if all population members have the same metric then
13: Stop.
14: end if
15: end for

A.6. Monte-Carlo Density Evolution

was introduced in [211] and is based on assumptions that also underly the [SPAL
the incoming messages of a [VN| or are assumed to be stochastically independent. In
the following, we describe the [MCDE] algorithm for protographs and [NB-LDPC| codes
using [PMFk as messages. Its application to binary codes is straightforward. As usual for
protographs, we track each edge of the underlying Tanner graph separately and it turns
out beneficial to consider an “edge centered” perspective in the following. We illustrate

this principle with the protograph
2 1 1
B=(5 5 )

of the introductory example in Fig.[1.2] We first enumerate each edge as shown in Fig.
and introduce the sets &(7) (Ec(7)) of edges that connect to the same as the i-th

Figure A.1.: Tanner graph of a protograph with enumerated edges.

edge. For instance, we have &/(3) = {4,5} and &(2) = {1, 3,6}. Further, we need to keep
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Algorithm 11 Implementation of the combine_and mutate() function to obtain a new
protograph basematrix based on the current population.

P
1: function COMBINE_AND_ MUTATE(B~Y, {Bzgg%)}p:l, 1, T2, T3, F, pe)

2 B=BYV+F.(BYD-BEY)

3: B = round(B)

4: // find entries of B which are not within the allowed set
5: idx = B(:) <0 | B > byax

6: // and replace them by choosing the respective entry at random
7: B(idx) = randi([0, bmax], sum(idx))

8: for i = 1 : numel(B) do

9: if rand() < p. then

10: continue

11: else

12: B(i) = B(i)4~V

13: end if

14: end for

15: return B
16: end function

track from which [VNl each edge i originates. We denote this [VNl as V(7).

The decoding threshold is found by performing a bisection search over a given start
interval (SNRj,SNRy,) and testing whether the [SPA] converges for the SNR value in the
center of this interval (lines [4] - [48]). To test for convergence of the [SPA] we imitate the
decoding algorithm for NB-LDP{] codes (Algorithm [§)) and use S samples per edge in
protograph. A sample is defined as one PME vector representing the belief about a certain
codeword symbol. To obtain accurate results, we choose S = 10%. In each iteration a new
length ¢ decoder soft information vector mg.. is generated for each of the S edge samples
(line [7) in an iid. fashion. For instance, this is done according to ([5.22)), (5.23) or (5.25).
For the permutation of the message vectors (line , we randomly choose an element from
F, and use the same element for the de-permutation (line 20). If a certain construction
allows only coefficients from a restricted set (see Sec. [5.1.3), this can be reflected here as
well. After /., iterations we calculate the number of occurred symbol errors in lines
—[B9 An error is declared if the zero element is not the most likely one (line [35]). If no
error is observed, we declare convergence for the SNR under consideration and adjust the
bounds of the new interval.
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Algorithm 12 [MCDE] for INB-LLDPC] codes.

INPUT: Basematrix B, Number of samples per edge S, field size g, SNR range (SNRj, SNRy,) in which

©

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

21:

22:
23:
24:
25:
26:
27:

28:

29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:

the decoding threshold is expected, desired accuracy SNRcc, max maximum number of iterations
E =sum(B(:))
my ¢ = zeros(E, S, q)
mo_y = zeros(F, S, q)
while (SNRy;, — SNR;) > SNR,.. do
converged = 0, £ =0
SNR,, = SNR; + (SNR;, — SNR;)/2
Generate decoder soft information mgec(, ,:),7 € {1,...,E},j € {1,...,S} for SNR = SNR,,.
while ¢ < /.« do
// CN operation
fori=1,...,F do
for j=1,...,5do
Perform random permutation of my _,¢(4, j,:) to obtain m{,_, ~(i,7,:), see (5.7).
meov (i, ;1) = @ke&(i) my_c(k,j,:)
end for
end for
// VN operation
Generate new iid. mgec
fori=1,...,F do
for j=1,...,5 do
Perform de-permutation of mc_v (1, j,:) to obtain mg_,, (4, j, :), see (5.15).

mV—>C(iaj> :) = mdcc(iaja :) © (@ke&,(i) m7Cr'—>V(k7jv ))
end for
end for
end while
// APP operation
fori=1,...,F do
for j=1,...,5do

Mapp (i) = Macelis :5) © (Opepiy mev (k,5:2))
end for
end for
err_ctr =0
fori=1,...,F do
for j=1,...,5 do
[~,idx max] = max(mapp (i, j,:))
if idx__max # 0 then
err _ctr +=1
end if
end for
end for
if err__ctr == 0 then
converged = 1
end if
if converged then
SNR; = SNR,,
else
SNR; = SNR,
end if
end while
return SNR,,







Acronyms

ADC analog-to-digital converter

APSK amplitude phase-shift keying

AR4JA accumulate-repeat-jagged-4-accumulate
ASK amplitude shift keying

AWGN additive white Gaussian noise

AWGNC additive white Gaussian noise channel
BCH Bose-Chaudhuri-Hocquenghem

BDD bounded distance decoding

BEC binary erasure channel

BEEC binary error and erasure channel

BER bit error rate

biAWGN binary-input additive white Gaussian noise

biAWGNC binary-input additive white Gaussian noise channel

BICM bit-interleaved coded modulation
BMD bit-metric decoding

BMP binary message passing
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BP belief propagation

BPSK binary phase shift keying
BRGC binary reflected Gray code
BSC binary symmetric channel
CCDM constant composition distribution matching
CDF cumulative distribution function
CN check node

CSI channel state information

DA data-aided

DAC digital-to-analog converter

DD direct detection

DDE discretized density evolution
DE density evolution

DM distribution matcher

DMT discrete multitone

DOF degree of freedom

DSL digital subscriber line

DSP digital signal processing

elRA extended irregular repeat-accumulate
EM expectation maximization
eMBB enhanced mobile broadband
EXIT extrinsic information transfer
FEC forward error correction

FER frame error rate

FN factor node

FSO free space optical communication
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GMI generalized mutual information

GS geometric shaping

GVDMM generalized variable degree matched mapping
HARQ hybrid automated repeat request
HD hard decision

HT Hadamard transform

iid independent and identically distributed
IM intensity modulation

IRA irregular repeat accumulate

KKT Karush-Kuhn-Tucker

LDGM low-density generator matrix
LDPC low-density parity-check

LUT look-up table

MAP maximum a posteriori

MB Maxwell-Boltzmann

MC Monte Carlo

MCDE Monte Carlo Density Evolution
MET multi-edge type

MI mutual information

ML maximum likelihood

NA normal approximation

NB-LDPC non-binary low-density parity-check
NB non-binary

NBBC natural based binary code

NCG net coding gain

NGMI normalized generalized mutual information
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NLIN non-linear interference noise
NUC non-uniform constellation
OFDM orthogonal frequency division multiplexing
OH overhead

OOK on-off keying

OSD ordered statistics decoding
P-LDPC protograph-based LDPC
PAM pulse-amplitude modulation
PAS probabilistic amplitude shaping
PBRL protograph-based Rapter-Like
PC product code

PDF probability density function
PDM product distribution matching
PEG progressive edge-growth

PMF probability mass function
PON passive optical network

PPM pulse position modulation

PS probabilistic shaping

PSK phase-shift keying

QAM quadrature amplitude modulation
QC quasi-cylic

QMP quaternary message passing
QS quadrant shaping

RC repetition code

RCB random coding bound

RCUB random coding union bound
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RS Reed-Solomon

RV random variable

SC-LDPC spatially coupled low-density parity-check code
SD soft decision

SE spectral efficiency

SM shell mapping

SMD symbol-metric decoding

SMDM shell mapping as distribution matcher
SNR signal-to-noise ratio

SPA sum-product algorithm

SPB sphere packing bound

SPC single-parity check

SVD singular value decomposition

TC type check

TCM trellis coded modulation

TMP ternary message passing

TS time sharing

URLLC ultra-reliable low-latency communication
VDMM variable degree matched mapping

VN variable node

WLLN weak law of large numbers
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