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Abstract

Grating-based X-ray interferometry is a novel imaging technique that offers great potential for
the visualization of materials and tissues that are not easily depicted using conventional X-ray
imaging methods. Tomographic reconstruction based on interferometric data provides not only
access to the distribution of an object’s attenuation but also to its refraction and ultra-small-
angle scattering power. These images provide valuable additional information that could well
expand the diagnostic capabilities of a clinical computer tomography (CT) scanner.

One of the main reasons why this technique has not yet been implemented in a modern CT
scanner is that the improved functionality comes at the cost of longer measurement times. Ex-
isting projection-based processing algorithms require not a single measurement per projection
angle but several measurements with precise grating movements in between. A further reason
is that these signal estimation algorithms are also very sensitive to changes in the system align-
ment due to mechanical vibrations or thermal drifts, which are abound in a clinical high-power
CT using a continuously rotating gantry.

Several solutions for these problems have been proposed but all suffer from major drawbacks.
In this thesis first two simple improvements to existing signal estimation methods are pre-
sented and then a novel direct reconstruction method is introduced. A fast algorithm for
reconstructions using this method is developed, the technique is tested at scans using just a
single measurement per angular position and further enhancements that make the reconstruc-
tions robust to vibrations and drifts are implemented and tested.

The results in this thesis demonstrate that it is possible to successfully reconstruct the attenu-
ation, refraction, and ultra-small-angle scattering of an object using only a single measurement
per projection angle on a system influenced by significant vibrations and drifts.

This is a milestone for the future implementation of a grating interferometer onto a continuously

rotating clinical CT scanner.
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Zusammenfassung

Rontgen-Interferometrie mit Gittern ist eine neue Bildgebungstechnik die grofles Potential in der
Darstellung von Materialien und Geweben hat, die sich mit der konventionellem Rontgenbild-
gebung nicht zufriedenstellend abbilden lassen. Die tomographische Rekonstruktion basierend
auf den Daten von Interferometermessungen erlaubt es nicht nur die Verteilung des Absorptions-
koeffizienten fiir Rontgenstrahlen darzustellen, sondern man erhalt auch eine genaue Karte
des Brechungsindexes und der Kleinwinkelstreukraft des Materials. Bei diesen zusatzlichen
Bildern handelt es sich um wertvolle Informationen, die die diagnostischen Moglichkeiten eines
Computertomographen stark verbessern kénnten.

Einer der Hauptgriinde warum diese Technik noch nicht in moderne CT Scanner eingebaut
wurde ist, dass die erhohte Funktionalitat bis jetzt mit einer langeren Messzeit erkauft werden
musste. Konventionelle Algorithmen zur Signalverarbeitung von Gitterinterferometrie-Daten-
satzen benotigen namlich nicht nur eine einzelne Messung pro Winkel, sondern mehrere Mes-
sungen pro Winkel und zwischen diesen Messungen miissen die Gitter noch zusatzlich prazise
positioniert werden. FEin weiterer Grund ist, dass diese Algorithmen sehr anfillig fiir klein-
ste Anderungen der Gitterpositionen durch Vibrationen und Erwirmung des Systems sind.
Bei einem leistungsstarken CT Scanner mit einer kontinuierlich rotierenden Gantry kommt es
zwangslaufig zu starken Vibrationen und thermischen Drifts.

In der Literatur wurden bereits mehrere Losungen fiir diese Probleme vorgeschlagen aber alle
diese Losungen haben spezifische Nachteile. In dieser Arbeit werden zunéchst zwei einfache
Verbesserungen fiir bereits existierende Signalverarbeitungsalgorithmen entwickelt und dann
wird eine neue direkte Rekonstruktionstechnik vorgestellt. Im Folgenden wird ein schneller Al-
gorithmus zur Verwendung dieser neuen Rekonstruktionstechnik entwickelt, die Technik wird
an Messungen mit nur einer Messung pro Winkelschritt getestet und es werden Erweiterungen
der Technik implementiert und getestet, die die Rekonstruktion robust gegen Vibrationen und
Drifts machen.

Die Ergebnisse dieser Arbeit zeigen, dass es moglich ist die Absorption, Brechung und die
Kleinwinkelstreukraft eines Objekts mit nur einer einzelnen Messung pro Winkelschritt, auch
auf einem System, dass von Vibrationen beeintrachtigt wird, zu rekonstruieren.

Diese Erkenntnisse stellen einen bedeutenden Schritt fiir die zukiinftige Verwendung eines Git-

terinterferometers auf einem klinischen CT mit kontinuierlich rotierender Gantry dar.
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Chapter 1

Introduction

Wilhelm Conrad Rontgen was one of the first persons in the world that experienced the imaging
power of X-rays when he discovered that radiation emitting from a discharge tube was able to
penetrate through a seemingly opaque matter and bring a fluorescence screen to glow. Shortly
after this observation he used a fine-grained photographic plate to take the first radiography
of a human body part, the hand of his wife Anna Bertha [1]. From this moment on there
was a strong interest in research on all applications of X-ray radiation and imaging methods
utilizing the penetration power of X-rays. These methods quickly became, and still are today,
the most important tools in medical diagnostic imaging. X-rays not only proved their merit
in medical applications, but they also became one of the most important tools in industrial
non-destructive testing.

A shortcoming of X-ray radiography is its two-dimensional nature. An X-ray radiograph col-
lapses the three-dimensional structure of an object onto a two-dimensional image, which makes
it impossible to guess the distance between multiple parts behind each other and can cause
different objects to show identical radiographs. A more suited depiction of the structure of
a three-dimensional object would be a three-dimensional image. This task has been solved
by the invention of computed tomography (CT) by Godfrey N. Hounsfield and Allan M. Cor-
mack in 1973 [2]. Using a series of two-dimensional projections images from different directions

they were able to reconstruct the three-dimensional distribution of the X-ray attenuation of
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the scanned object. CT images have proven to be far more powerful for the diagnostics of
various medical conditions than X-ray radiographs and have found extremely wide usage in an
uncountable number of medical diagnosis tasks.

For decades the reconstruction of C'T images was performed by using algorithms based on a
direct analytic solution to a simplified form of the CT reconstruction problem. A major change
in the development of CT reconstruction algorithms has been a move away from direct, one-
step reconstruction algorithms towards iterative reconstruction algorithms. These algorithms
are more computationally expensive but allow to accurately model the real physics behind the
X-ray imaging system and to correctly consider the statistical nature of the measurements by
employing models of the noise specific to the imaging process. These iterative reconstruction
methods allowed for a significant reduction of the necessary X-ray dose applied to patients for
a specific exam [3].

A much more fundamental issue inherent to all widely used X-ray imaging techniques is that
the contrast of X-ray imaging is solely based on the difference in attenuation of X-ray pho-
tons by different materials: bones or metals strongly attenuate X-rays, whereas soft tissue like
muscle or organs are more transparent to X-rays. This makes a differentiation between dif-
ferent soft tissues using X-rays a challenging task. Especially X-ray microscopy of biological
samples, like autopsies, is severely hindered by this weak contrast. A solution to this problem
has been proposed by using not only the attenuation of X-ray photons for imaging, but also
utilizing other optical phenomena, like refraction and scattering. Several techniques provid-
ing additional contrasts based on these phenomena have been demonstrated successfully under
laboratory conditions of varying rigidity [4], i.e. some requiring synchrotron X-ray sources. A
promising technique than can exploit these effects for imaging and that has been demonstrated
in various laboratory experiments is called grating-based X-ray imaging (GBI). Apart from the
conventional attenuation contrast, it gives access to differential phase-contrast, which depends
on differences in the refractive index of the specimen, and to the so-called dark-field contrast,
which is based on small-angle scattering in the specimen.

Various studies have demonstrated phase-contrast and dark-field X-ray radiography and com-

puter tomography (GBCT) using grating-based X-ray imaging setups but few of these works



have used iterative reconstruction during the CT reconstruction [5, 6, 7, 8, 9, 10, 11, 12].

The scope of this work is to develop novel algorithms for GBI signal extraction and GBCT
reconstruction and verify their utility compared to the use of existing signal extraction and
reconstruction algorithms.

In Chapter 2 an introduction to the necessary theories needed to understand the physical work-
ing principles and the image formation process of GBI will be given. Then known analytic and
tomographic reconstruction algorithms for attenuation, differential phase and dark-field CT
will be explained and a general method for the development of novel reconstruction algorithms
will be presented.

Chapter 3 will review existing techniques for signal estimation from GBI measurements and
propose new methods with reduced estimation bias.

Problematic use scenarios of the sliding window interpolation technique, and possible ways to
ease the problems with them, will be discussed in Chapter 4.

Chapter 5 is the largest chapter of this thesis and introduces a novel iterative model-based re-
construction method for GBCT. The derivation of efficient algorithms to calculate the solution
of this method and the application of the algorithm for the reconstruction of previously hard
reconstruction scenarios will be shown. This chapter is concluded with a further expansion
of the reconstruction model that allows to reduce the effects of vibrations and various system
drifts on the reconstruction.

The thesis is concluded by a final chapter that contains a general discussion of the results and

gives an outlook into further areas that would benefit from additional future work.



Chapter 2

Background

In this chapter a brief summary of some of the key concepts necessary to understand the work
presented in this thesis will be given. First the principles of X-ray imaging are reviewed, then the
fundamentals of GBI are introduced and the formation of the measured signal using a grating
interferometer is explained. The third subsection introduces the most widely used analytic
CT reconstruction algorithm and explains the working principles of model-based statistical
iterative reconstruction. The chapter is concluded by the introduction of a general optimization
framework based on optimization of surrogate functions that can be used for the derivation of

CT reconstruction algorithms.

2.1 Principles of X-ray imaging

2.1.1 Complex index of refraction

The simplest way to describe X-ray wave propagation in vacuum and matter is by using the
projection approximation. This means an incident plane X-ray wave is following a ray path
and that a scatterer, if present, is so weak that he does not perturb the ray path. This way
any amplitude and phase shifts the X-ray wave experiences while traversing from one point

to another can be simply treated as a sum of these shifts along the wave path. The material

4



2.1. Principles of X-ray imaging 5
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Figure 2.1: Angle of refraction  between two parallel X-ray beams separated by distance Ay
after transversing a wedge-shaped medium with real index of refraction greater than unity.

property that contains information about the change in amplitude and phase a material causes,
while a wave transverses it, is called the complex refractive index n. The complex refractive

index is often written as

n=1 +i (2.1)

where is called the refractive index decrement and is the imaginary part of the refractive
index. In vacuum the refractive index is unity, resulting in a and equal to zero, but in
matter and are different from zero. Usually is negative and is positive but in the X-ray
regime is positive for energies well away from an objects electron binding energies (e.g. for
polymethylmethacrylate (PMMA): puma (30keV) = 2:9 10 7 and puma = 1:18 10 10).
Using the refractive index a plane wave ¢ with wave number k = 2-, where is the wave
length of the X-rays, traveling in direction E through a homogeneous medium with refractive

index N from a starting point ro = 0 to a point r can be described using the following equation:
(I‘) — Oeinkr _ Oei(1 )kre kr : (2.2)

It is obvious from this equation that passing through this medium has two separate effects on
the wave. The first exponential describes a phase shift of the incident wave ¢ depending on
the real part of the refractive index, whereas the second exponential describes a reduction of
the incoming waves amplitude, depending on the imaginary part of the refractive index.

The change of amplitude can be characterized by the ratio of the incident waves intensity and
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the exit waves intensity, which is called the transmission T

i i (2.3)

In the last line we rewrote the product of E and r with the distance d the X-ray traveled through
the medium. If we rewrite the last line using the linear attenuation coefficient = 2k and
replace the distance d with the integral along the beam path | and allow for a spatially varying
index of refraction, we arrive at the famous Lambert-Beer law governing X-ray transmission

through an attenuating medium:

R
T=e Od: (2.4)

In an analogue fashion, the change of the X-ray waves phase, while traversing along the beam

path |, is given by the following equation

y
AdD= (1 () kd: (2.5)

Of further interest, especially in the context of grating-based X-ray imaging, is the comparison
of the phase change between two X-rays separated only by a small distance Ay. As one can see
in Fig. 2.1, two neighboring X-ray waves are not in phase anymore, compared in the original
direction, after passing through a medium. By applying Huygens principle one can treat the
exit points of both waves as new point sources of X-rays, and in the far-field these new X-rays
will again form a plane wave (meaning neighboring rays are in-phase) propagating in a new

direction, which has an angle to the old propagation direction. For small refractive angles
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and looking at infinitesimal small distances Ay, is given as

tan = ;
_ 7
o y
- =t (2.6)
@ 1 @1 R .
@R
= @y (Xy)dx

2.2 Grating-based X-ray imaging

Grating-based X-ray imaging (GBI) is one of the most promising phase-sensitive X-ray imaging
techniques [13] because it can be used with conventional X-ray tubes and achieves a high
sensitivity of the signal to phase effects. The main working principle is based on the Talbot
effect, which is a near-field refraction effect that produces a reference intensity pattern. This
reference pattern is locally sensitive to attenuation, phase-shifts, and small-angle scattering
from objects in the beam path. In the following the Talbot effect will be briefly introduced and
the functional principle of a grating interferometer as well as the signal formation in GBI will

be discussed.

2.2.1 Talbot effect

Henry Fox Talbot discovered [14], that a periodic structure that is illuminated by a coherent
light wave produces a self-similar intensity pattern at certain propagation distances after the

periodic structure. These distances are called the Talbot distances zt and are given as

2a2

Zr = —G— (2.7)
1 1 a2z for a

for an absorbing periodic structure with grating period a illuminated by light of wavelength

[15]. Interestingly, the Talbot effect is not only found for attenuating gratings but also for
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Figure 2.2: The X-ray intensity reaching the detector pixels depends on the position of the
analyzer grating G, and on the alignment of the interference pattern, which depends on the
position of the interference grating G;.

pure phase gratings. Here the appearance of the self-images does not simply follow the formula
given above, but the self-images appear at so-called fractional Talbot distances, which are, as
the name implies, specific fractions of the original Talbot distances. A through study of possible

fractional Talbot distances can be found in [16].

2.2.2 Grating interferometer

The simplest X-ray grating interferometer would consist of just a single attenuating or phase-
shifting periodic grating illuminated by a coherent X-ray beam. As explained by the Talbot
effect, there would be self-images of the grating at the Talbot distances down the beam path.
But, if one looks at Eq. 2.7 and plugs in realistic numbers for an X-ray imaging setup powered
by a conventional X-ray tube, one sees that a single grating interferometer would hardly work:
To maintain a high enough flux from a conventional X-ray source and to be able to fit the
setup in conventional laboratory spaces, it is unrealistic to work with Talbot distances larger

than two meters. Combined with a necessary X-ray energy for medical purposes of at very
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- , >
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Figure 2.3: The intensity recorded in a single detector pixel changes periodically, with a peri-
odicity of the grating pitch py, as function of the analyzer grating position.

least 40keV, the necessary grating pitch and thus the resulting interference pattern pitch at
the first Talbot distance is around 5:5um. To be able to measure the exact location of the
interference pattern it would be necessary to sample the pattern with a resolution at least three
times smaller than the interference pattern pitch. As a conventional medical X-ray detector has
a pixel size of several hundreds of micrometers directly resolving the interference pattern is not
possible with a conventional medical X-ray detector. Similar setups have been demonstrated
but require highly specialized laboratory equipment [17, 18, 19].

To solve the problem of a too low detector resolution, a second grating with a grating pitch
close to the interference pattern pitch is introduced into the beam path. This grating is called
the analyzer grating and, if it is placed parallel to the intensity pattern produced by the
interference grating, it will block different parts of the interference pattern, see Fig. 2.2. If
the grating is shifted perpendicular to the grating bars, the intensity reaching the detector
will change periodically, see Fig. 2.3. Measuring the shape of this so-called stepping curve for
each pixel is the aim of most GBI experiments, as it contains averaged information about the
interference patterns in front of each detector pixel.

A second restriction has to be considered when designing an X-ray grating interferometer: To be
able to witness interference effects sufficient beam coherence is necessary. But, as the grating
interferometer is only relying on interference effects in one spatial direction, it is enough to

have sufficient transverse coherence in this direction. One way to quantify this necessity is to
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Figure 2.4: The incoherent X-ray source is turned into a series of small slit sources by the source
grating Gg. These slit sources show sufficient coherence to produce an interference pattern after
the interference grating Gj.

consider the X-ray source to be made up of numerous small slit sources [20]. Each of these
slit sources will produce an interference pattern at a distance d from the interference grating
and L from the slit source. If the next slit is placed at a distance to the first one it will also
cause the same interference pattern at the distance d but shifted by a distance ﬁ. If this
distance is exactly half the pitch of the interference pattern, the signals will cancel each other
out. From this rough estimation we can infer that the distance between neighboring slit sources
should be much smaller than 972 to avoid a loss of intensity of the interference pattern. One
way to construct such a multi-slit source is to place an absorption grating Go with a period po

satisfying
1

in front of the conventional X-ray source.
A schematic of such a three-grating Talbot-Lau interferometer is given in Fig. 2.4 and was first

proposed in [21].
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2.2.3 Moiré pattern

(a) (b) (c)

Figure 2.5: An overlay of two periodic structures with matching pitches (a) and two Moiré
pattern caused by slight mismatch of the pitches (b) and rotation of the patterns against each
other (c).

In an ideal world the pitch and positioning of the interference pattern and the analyzer grat-
ing could perfectly match, resulting in identical stepping curves for all pixels of an extended
detector. But in real measurements, the periods will always be slightly mismatched, and if two
fine pitched periodic structures with similar pitches are placed on top of each other a larger
pitched periodic structure can be observed. This is called the Moiré effect and is illustrated
in Figure 2.5 for three different alignments of a periodic illumination with a periodic absorp-
tion grating, each resulting in a different pattern of transmitted intensity. If the periods of
the patterns match perfectly and are aligned in the same direction no pattern is visible, see
Fig. 2.5A. But if the pitch of the patterns is slightly mismatched, see Fig. 2.5B, large periodic
structures in the direction of the periodic structures appear. The periodicity of these larger
structures becomes faster and faster with increasing mismatch between the periods of the fine
pitched structures. In grating interferometry this effect is observable if the periodicity of the
Talbot carpet (which is given by the periodicity of the interference grating and a possible op-
tical magnification) does not exactly match the periodicity of the analyzer grating and can be
easily created by moving the analyzer grating slightly out of the Talbot distance. Large peri-
odic structures in the direction perpendicular to the periodic structures are created if the fine

pitched structures are slightly rotated against each other (Fig. 2.5C), which causes a periodic
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matching and mismatching of the structures. This effect is also readily observed at a grating
interferometer if the gratings are slightly rotated with respect to each other. If these patterns
are measured with a resolution much larger than the fine structures, only the larger pitched
structures will be visible in the resulting image. In addition to the regular patterns with a
constant pitch often patterns with a spatially varying periodicity can be observed, see Fig. 2.6.
This can be caused by a multitude of effects: Slight bending of the gratings in the direction of
the beam, slight twisting of the grating structures due to fixation on a grating holder or simply

due to manufacturing errors resulting in a not perfect periodicity of the gratings.

Figure 2.6: A typical Moiré fringe pattern as observed at a grating interferometer.

2.2.4 Signal formation

Introducing a sample into the beam path changes the intensity, shape, and location of the
interference pattern depending on the structure of the sample, see Fig. 2.7. As mentioned
in the last section it is usually not possible to directly resolve the interference pattern on a
conventional detector, but the analyzer grating G, is placed in front of the detector to raster
over the interference pattern. Near the Talbot distances, shifting the analyzer grating by one

period causes the readout of the detector pixels to change in a nearly sinusoidal pattern [20].



2.2. Grating-based X-ray imaging 13

@ —_ .

& —
5 — 2
(@) 2
o 3 i
> £
[an] )
- —_— L=
< |

Gy G,

Figure 2.7: The shape of the interference pattern is influenced by the object in the beam path.
The red object is a purely attenuating object, which causes a decrease in the mean value of
the interference pattern. The blue object is a purely phase-shifting object, which causes a shift
of the interference pattern and the green object is a purely scattering object, which causes a
decrease in the relative amplitude of the interference pattern.

Alternatively, shifting the source grating or interference grating causes the same effect (in this
case the interference pattern is moved over the stationary analyzer grating instead of vice-
versa). This process of shifting the analyzer grating multiple times and performing subsequent
measurements of points on the sinusoidal curve is called phase-stepping because each step
causes a change of the phase of the sinusoidal curve. The thus acquired phase-stepping curve
contains information about three mean quantities of the interference pattern in front of each
pixel: The mean intensity ap, the mean amplitude a; and the mean phase 1 (at a specific
grating position). These quantities can be compared between a scan with a sample in the
beam path (denoted by superscript S) and a reference scan without a sample in the beam path
(denoted by superscript ) to gain information about the optical properties of the sample, see
Fig. 2.8.

The relative change in the mean intensity % directly relates to the X-ray transmission T through

the sample, which is governed by Lambert-Beers law, and connects directly to the line integral
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Figure 2.8: The shape of the stepping curve is changed in three different ways by an object
present in the beam path: The mean intensity ag is reduced, the amplitude a; is reduced, and
the phase 1 of the curve is changed relative to a reference scan without an object in the beam
path.

over the linear attenuation coefficient of the sample:

Z
do
T=—=exp () d (2.9)
ap |
The change of the stepping curves phase,
A= (2.10)

is directly proportional to the mean lateral shift of the interference pattern

A
S = 2—192 ; (2.11)

which in turn can be expressed as the angle between the propagation direction of the X-ray

after the sample to the X-ray propagation direction before the sample:

S_21
d 2

H
o|Q

; (2.12)

where d is the distance between sample and detector. This refraction angle was already

introduced in Eq. 2.6 and directly connects the phase shift of the phase stepping curves A ;
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with the real part of the refractive index and the differential phase shift of the wave fronts

phase ® in the direction y, which is perpendicular to the grating bars:

z
@
@y

dx:&
2

a|Q

_@ .
- &y (2.13)

S
ar

The relative change of the amplitude a of the phase stepping curve is called the dark-field
contrast. The main cause for the change of the amplitude of the stepping curve is a change
in the mean amplitude of the interference pattern caused by small-angle X-ray scattering from
randomly distributed unresolved structures in the sample [22]. But, also locally unresolved
edges or structures that cause a non-constant, but possibly zero-sum, shift of the interference
pattern can result in a local extinction of the interference pattern, which results in a lowered
mean amplitude of the interference pattern [23].
For the scope of this work, the origin of the dark-field contrast will be modeled by a single simple
material coefficient, analogous to the attenuation coefficient, the linear diffusion coefficient
[20]. A single sharp X-ray beam traversing a thin slice of a coherently scattering material
will not be sharp anymore after exiting the material but will be transformed into an angular

distribution of intensity Aj( ). If this distribution is assumed to be Gaussian shaped, one can

write
1 55
Al( ) = —p?e 21 ; (214)
1

where 1 is the width of the scattering distribution.

If another slice of a scattering material is added directly behind the first slice, the scattering
distribution A;( ) will be further broadened, which is mathematically expressed as a convolution
of A1( ) with the scattering distribution Ay( ) caused by the second slice. More general one

can write for N slices of materials behind each other

A()=A1() Ax() = An(): (2.15)

If all these distributions are Gaussian shaped, the resulting angular beam profile A( ) again
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takes Gaussian shape

A()= —p?e 27 (2.16)
with
X
2= 2 (2.17)
i
for discrete scattering materials or
z , Z
2= x) dx = dx (2.18)

for a series of infinitesimal small scattering structures with extent Ax along the beam path in
X-direction. On a detector in distance d behind the scattering object, this will smear out an

interference pattern | "(x) as follows

15(y) =17(y) A(y); (2.19)

with the scattering distribution A( ) propagated onto the detector (assuming small ) as

y2

Aly) = Fézz e 70 (2.20)

For a sinusoidal interference pattern |"(y) with period % this smearing will result in a new

sinusoidal pattern with the same mean value and phase but with its amplitude reduced by
D=c # =—e¢ » . (2.21)

which can be identified with the dark-field contrast.

2.3 CT reconstruction

X-ray radiography was a breakthrough in medical diagnosis when it was discovered but it

was still hampered in its efficiency by its lack of depth information. A shortcoming, which
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was solved by an invention of the engineers Godfrey N. Hounsfield and Allan M. Cormack
in 1973 [2], and for which they were awarded the Nobel prize for physiology or medicine in
1979. They called their invention computerized tomography (CT). This technique consists
of two main steps: Signal acquisition and CT image reconstruction. During the acquisition
multiple two-dimensional projections of an object are acquired from a number of different
angular positions and in the subsequent image reconstruction an algorithm is used to estimate
the three dimensional spatial distribution of the attenuation coefficients of the scanned sample.
Since its invention, CT has become one of the most important medical examinations worldwide,
e.g. 143 CT exams per 1000 inhabitants were performed in Germany in 2015 [24]. This
number shows the importance of CT exams for medical diagnosis today, but it does not come
without a drawback: Medical applications account for 98% of the public exposure to ionizing
radiation from non-natural sources [25], and of these CT examinations are the largest single
contributor [25].

These two sides of the same coin have also been the major drivers for research and development
in the field of CT imaging: Improving the image quality allows for more precise diagnosis and
allows to use CT imaging to diagnose ever more pathologies but at the same time the necessary
level of patient irradiation to achieve images with a predefined quality has to be reduced.
Next to hardware improvements that encompassed nearly all components of a CT scanner,
a major contributor to increasing CT imaging power are improvements of the reconstruction
algorithms.

As this thesis is mainly concerned with developing novel CT reconstruction algorithms for data
acquired using GBI, the following section will present the necessary previous works and theories
to understand the most recent techniques for reconstruction of conventional attenuation CT.
In addition a short overview of previous approaches for the reconstruction of the differential
phase-contrast signal for phase-contrast CT (PCCT) and of the dark-field signal for dark-field
CT (DFCT) will be given.
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2.3.1 Analytic reconstruction

Decades before Hounsfield and Cormack performed and reconstructed the first CT scan, the
Austrian mathematician Johann Radon laid the theoretical foundation for an analytic recon-
struction algorithm in his work “Uber die Bestimmung von Funktionen durch ihre Integralw-
erte lings gewisser Mannigfaltigkeiten” [26]. Johann Radon introduces what is known today
as Radon transform, proves that it, and its inverse, are uniquely defined, and gives a solution
on how to calculate the inverse Radon transform.

The Radon transform describes the transformation of a given two-dimensional function f (X;y)
into the space spanned by the line integrals p(s) over f (X;y) along straight lines s. For a single

straight line S; we can write

Z
p(si)= f(xy)d: (2.22)

Si
If we identify f (X;y) with the spatially varying linear attenuation coefficient (X;y) and the
straight lines S with the straight lines from an X-ray source to an X-ray detector and solve
Lambert-Beers law, Eq. 2.45, for the line integral over we arrive at
Z
I

logl—_i) = (x;y) dl : (2.23)

This equation shows that, for an ideal noiseless CT scan, the detector pixel measurements (after
normalization and log-transform) are points in the Radon transformed space of the scanned
object. Consequently, CT reconstruction can now simply be seen as the process of performing
an inverse Radon transformation!

To find such an inversion to the Radon transform we will define a coordinate system in which
the function f is a function of the coordinates X and y and the lines S can be describes by the
coordinates and r, where is the angle of the normal with respect to the line which crosses
the origin and r is the distance of the line to the origin. Using this notation we can define all

line integrals under a certain angle as follows

p(r)= f(xy):dl (2.24)
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This set of line integrals for all relevant r at a given is called a parallel projection. Using
a parallel illumination, or by scanning a finite illumination collimated to a pencil beam shape
over the sample, allows to measure such a parallel projection. In conventional medical X-ray
systems fan- or cone-beam geometries are more common, but to keep this chapter concise it will
be limited to the case of a parallel beam as the more general geometries become increasingly
complex and do not add much value in the understanding of analytic CT reconstruction. More

information on this topic can be found in [27].

2.3.2 Filtered backprojection

The most widely used analytic reconstruction algorithm is called filtered backprojection (FBP)
because it relies on two operations, a filter operation applied to all projections p and the
backprojection operation. The backprojection operation means that the values of all projec-
tions are simply smeared out along their respective lines and added up. Mathematically this

backprojection g(X;y) of p can be written as

Z

ax;y) = . p(r)d: (2.25)

The rigorous derivation of the algorithm is elaborate, see [27], but is quickly summarized in the
following.
We can write the function f (X;y) as a function of its two-dimensional Fourier transform F (u; V)

and perform a change of the coordinate system of the Fourier space to polar coordinates (; )

Z 1 Z 1
f(x;y) = F (u;v) e U4 qu dv (2.26)
1 1
z z,
f(xy) = i F( cos(); sin()) e?(xcosOrysin()) q ¢ (2.27)

withu= cos( )andv= sin( ): (2.28)



20 Chapter 2. Background

Employing the symmetries of the equation above [27], one arrives at the following form

z Z,

fxy) = o F( cos(); sin())jje? " xeosQrysn() q q . (2.29)

Now one can utilize the Fourier slice theorem [27], which states that the values along one line
through the origin of F (u;Vv) under angle is equal to the one dimensional Fourier transform

of the parallel projection of f (X;y) along r under the angle |,

F( cos(); sin(?:P() (2.30)
F( cos( ); sin( ))=F(uv)= f(x;y)e 210U qx dy

P()= p(rye 2™ dt:

Inserting Eq. 2.30 into Eq. 2.29 to substitute F( cos( ); sin( )) yields

z z,

f(xy)= . P ()jje?! xeosOrysin() q ¢ ; (2.31)

which can be understood as a filter operation in Fourier space on the projections,

Z,

p(r)= . P()jjie®' d; (2.32)

and a subsequent backprojection of the filtered projections,

Z

f(xy) = i P (Xcos( )+ysin( ))d : (2.33)

2.3.3 Sampling

The previous derivation of the filtered backprojection algorithm assumed the full continuous
projection space p(r; ) to be known, which, of course, is unrealistic for a real reconstruction
problem: During a scan, the Radon space is only sampled at discrete positions. Now a funda-

mental question is: How many measurements are necessary to achieve a certain image quality
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Figure 2.9: Sampling points for a CT scan in parallel beam geometry with equidistantly dis-
tributed angular positions over 180 deg in Radon space with coordinates ( ,r) on a Cartesian
and a spherical grid.

and how should these be distributed in the sampling space? To answer this question it is helpful
to visualize the sampling space. Two different visualization of the Radon space are commonly
used: One using Cartesian coordinates ( ,r), which is called the sinogram and is often used to
visualize the projection data acquired during a CT scan, and one using the coordinates ( ,r) in
a polar coordinate system, see Fig. 2.9. For parallel beam illumination the measurements fall
on regular points inside of a rectangle in the Cartesian grid and on straight lines through the
origin in the spherical grid. The Cartesian grid is ideally suited for visualization of measured
parallel-beam data as pixels without requiring interpolation. Scans acquired using equiangular
and equidistant Fan-beam geometries are situated on curved lines through the origin in the
spherical coordinate system, see [28] for further information. For sampling considerations the
visualization using the spherical coordinate is quite helpful because, if one recalls the Fourier
slice theorem employed in the derivation of the FBP algorithm, see Eq. 2.30. One can realize
that the visualization of Radon space sampling is equivalent to visualizing points sampled on

the 2D Fourier transform of our object.
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The first consideration about sampling can be derived from the Nyquist-Shannon sampling
theorem [29], which states that a band-limited function with a maximum frequency of fmax
can only be exactly recovered if it is sampled with a frequency fsamping of at least two times
fmax . This is not directly applicable to the ideal sampling situation, as real objects and their
projections may have sharp edges and thus their frequency representation is not necessarily
band limited, but it is applicable to the real case where we have a pixelated detector with a
certain pixel size B and our measurements are actually a convolution of the ideal signal with
the rectangular window function of the detector, which is causing a low-pass filtering that limits
the resolvable bandwidth of our signal. It can be calculated [28] that the low-pass filter through
convolution with a box of size B limits the maximum frequency of the signal to f max = %. Thus,
we should sample the projections at least twice on the length of a detector pixel. An easy way
to achieve this is by constructing the CT scanner with a quarter detector offset [28], which
means that the central pixel on the detector is offset by one quarter of the detector spacing
from the optical axis. This results in a sampling pattern that after rotation of the setup by
180 is again sampling under the same angle but at sampling points shifted by a distance of
1.

The second consideration [28] about sampling can be derived directly from the Fourier slice
theorem: The Fourier transforms of two adjacent projections measured with an angular dis-
tance of = Noo™ and with Ngamp sampling points each correspond to the same number of
measurements along two lines through the origin of the two-dimensional Fourier transform of
the scanned slice of our sample, see Fig. 2.10. As the arrangement of sampling points does
not change between projections the highest frequency fmax measured in each radial line of
the Fourier space is the same for each projection, thus the highest frequencies measured in all
projections lie on a circle around the origin with a radius of f s in the Fourier space of the
measured object. For small the distance between two measurements with frequency fmax is
Aang = T max and the distance between two measurements on the radial lines is Ajyg = %
If we want to achieve a consistent estimate of both the features with highest angular and ra-

dial resolution, we should sample the Fourier space in angular direction at least as well as in

radial direction (which is given by the density of sampling points per projection as in the first
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Figure 2.10: Sampling points on the two-dimensional Fourier space of a scanned object slice
acquired by one dimensional Fourier transforms of two projections with an angular distance
and ]ﬁ sampling points per projection (adapted from [28]).

consideration), so the following relation should be fulfilled:

Aang 5 Arad

maxNN

samp

< 2
N proj Nsamp

N proj

> 2.34
Nsamp ~ 2 ( )

2.3.4 Statistical iterative reconstruction

A more sophisticated approach to CT reconstruction is to treat the reconstruction as a statistical
signal estimation from a series of measurements that are generated from stochastic processes.
Following this school of thought allows to take into account the probability distributions of the
measurements and results in reconstructions with reduced noise.

The most common statistical estimation approach for CT reconstruction is derived from the
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maximum a posteriori probability (MAP) principle based on Bayesian statistics.

2.3.4.1 Maximum a posteriori probability

Assuming a CT scan with measurements y is the result of a stochastic process which depends
on the (non-stochastic) spatial distribution of the attenuation coefficient  one can write the
probability p of recording a measurement y given the distribution of  as follows: p(yj ). This
way of writing p should emphasize that p is the probability for measuring the specific realization
of a stochastic process y, given that is the true value of the attenuation coefficients that
governs the shape of the probability distributions of our measurements [30].

Using Bayes’ theorem [30], one can rewrite this equation:

).
p(yi ) =n( J.Y)p( : (2.35)

~—

The first term on the right side seems much more suitable for the goal of statistical estimation
of  because it describes the probability that a certain  is the true value of  given an
observed measurement y. The terms p(y) and p( ) are called prior probabilities because they
are the probability, based on prior knowledge of the world, of witnessing the measurement y
regardless of the object present, and of the measured object having the shape , regardless of
the performed measurement.

The MAP estimator " is now simply the value of  that maximizes the probability p( jy):

" =argmaxp( Jy): (2.36)

Using Eq. 2.35 this becomes

(

o
~—

" = argmaxp(yj ) (2.37)

—~
~—

Py
which can be simplified to

" =argmaxp(yj ) p( ) (2.38)
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as p(y) does not depend on . Often finding the maximum of the product of two functions is
harder than finding the maximum of the sum of two functions. Fortunately, the logarithm of
a function still has the same optima as the original function, which one can use to rewrite the

problem:

" =argmaxIn[p(yj )p( )]
= argmaxIn [p(yj )] +In[p( )] (2.39)

—argminL(yj] )+ R( ):

As most optimization literature is written in the view of minimizing objective functions, a
cosmetic change from maximization to minimization was performed in the last equation. To be
able to numerically solve this optimization problem one first needs to find suitable expressions
for the data fidelity term L, which is the negative logarithm of the likelihood term p(yj ),
and for the regularizer term R, which is the negative logarithm of the prior probability p( ).
It should be noted that the MAP estimator is identical to the maximum likelihood estimator
if the prior knowledge R is constant for all possible | which means that no prior knowledge

about the object, that allows us to prioritize any specific  is known at all.

2.3.4.2 Likelihood terms

The statistical distribution of the measurements is quite complex if analyzed in-depth [27], but
can in many cases be approximated very well by independent Poisson or Gaussian distribu-

tions [31].

2.3.4.2.1 Poisson distributed noise In the case of Poisson distributed measurements y,
the probability of measuring a certain number of photons Yy; at one measurement i given the
expected number of Photons of this measurement y; is given by the following probability
. yroo
Pp (VijVi) = ﬁe yi: (2.40)
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The probability for a specific scan with n independent measurements follows as:

|y v ﬂe yi:

P (Yiy) = ol (2.41)

Taking the negative logarithm of this probability gives us the data fidelity term for Poisson

distributed measurements

xXn
Le(yiy) = lnpe(yiy)= ¥ VYilny; (2.42)
i=0

after dropping constant terms.

2.3.4.2.2 (Gaussian distributed noise For Gaussian distributed noise there are two pa-
rameters that describe the shape of the probability distribution for a measurement y;: The

2

expected (or mean) measurement ¥; and the measurement’s variance ¢. The corresponding

probability distribution reads

pe(Yiyi; {) = > P (2.43)

|
MTH
@
IN)

If the measurements are independently distributed, the joint negative log-likelihood without

constant factors is given as

Le(yiy: 3= lps(yiy; 3= (i ¥)’—+ In 2: (2.44)

2.3.4.3 Forward model

The data fidelity terms for both Poisson and Gaussian distributed measurements are dependent
on the expected measurements y, which in their turn are dependent on the expected distribution
of the attenuation coefficient  of the scanned object. The connection between and ¥y (as well
as —, if applicable) is called the forward model of the reconstruction task. For the attenuation

of the intensity of a monochromatic electromagnetic wave passing through matter this forward
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model is simply the Lambert-Beer law, see Eq. 2.4:

i=1"e 9 (2.45)

where I is the expected intensity of a reference scan without any object present and  d
represents an integration along a ray pointing from the X-ray source to the detector pixel i.
For ideal detectors, the expected intensities I are equal to the expected measurements y and
one can directly use this equation, with ¥ = I as the forward model. But for realistic, non-ideal
detectors, there are many detector specific effects [27] (offsets, detector blur, non-linearities,
afterglow and many more) that must be corrected before the measured data is quantitative. So
many CT systems only give access to the measurement data after corrections for these effects
are applied, the measurements are normalized with respect to the reference scan intensity, and
after taking the negative logarithm. The mean value of this data should than be proportional

to the expected line integrals 1

Ii = In = = d‘i (246)

It should be noted that the noise of these line integrals is not Poisson distributed even if the
intensity measured by the detector was Poisson distributed before the transformation because
of the non-linearity of the logarithm (and of any other non-linear correction steps before).

The forward model for the variance, if using a Gaussian noise model, is extremely dependent
on the detector used. In the case of an ideal detector and a monochromatic X-ray source
with sufficient flux and the expected variance would be directly proportional to the expected

measured intensity,

2= (2.47)

For a realistic energy integrating detector this noise model will not be enough and the noise
model will have to incorporate a sensitivity S; and detector readout noise with variance 2 for

each individual detector element, which would lead to the following noise model,

2§l 52 (2.48)
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Depending on the detector utilized and on whether non-linear correction steps are performed on
the data prior to reconstruction different combinations of noise model and forward model will
constitute the most accurate data fidelity term L. For example combing uncorrected intensity
measurements, see Fq. 2.45, with an ideal detector with Gaussian noise approximation, see

Eq. 2.47, would result in the following likelihood term

X R 2 1 Z
L )= Lo1fe 9 R dl; (2.49)

It should be noted that including a forward model of the measurements variances into the data
fidelity term makes the term much more complicated to optimize. The most common solution
to this problem is to estimate the expected variances from the actual measurements prior to
reconstruction. In the case of Poisson noise an unbiased and efficient estimator of the variance
is the mean value of the measurements, or in the case of one measurement simply the value of

this measurement

2=y (2.50)
Using this, the data fidelity term from Eq. 2.51 becomes much simpler,

X Ry, 21,

L) )= i 1T e (2.51)

a.z'
|

-2

If the estimate for is almost converged, the estimate for ~{ can be updated periodically

according to Eq. 2.47 for higher accuracy [31].

2.3.4.4 Regularizer term

Formulating a function that describes the prior probability for the reconstruction estimate
to exist is much less straight forward than devising a physical and statistical model for the
measurements, as was outlined in the last subsection. Although this can be achieved by using
probabilistic approaches [27, 32], this procedure is not particularly intuitive, nor does it seem to
be strongly motivated towards a specific solution but mostly seems to be an ex post justification

of a successful regularization term.
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Figure 2.11: Estimation of a step function from measurements corrupted by Gaussian dis-
tributed noise. The estimation is regularized by penalizing nearest neighbor differences using
different potential functions. The regularization strength is chosen to give the same mean
variance in the constant area.

It is more intuitive to see the regularization term as a counterweight to an over-fitting of the
estimated quantity to the noise in the measurements: Near the minimum of L (Ij ) there are
a vast number of different possible estimates of  that all reduce L to a comparable level.
One (or possibly more) of these estimates actually minimizes L (Ij ) and is thus the maximum
likelihood estimate,

“mL =argminL(Ij ) ; (2.52)

for this scan. But for a second identical scan of the same object there would be a different
“mL from the pool of possible estimates simply because the noise of the second scan realized
differently. Much more desirable than letting chance decide which estimate the algorithm favors
would be designing a criterion which lets the user decide which estimate he favors and thus
reducing the effect of chance on the estimate.

A vast number of different criterions based on different assumptions and motivations have

been designed by various authors, see [32]. The most widely used criterion is that we assume
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our image to be locally smooth. The simplest way to enforce this criterion is to penalize the

differences in neighboring voxel values:

R(x) = Wi (X Xk) ; (2.53)
i k2N
where Nj is a small neighborhood of j and wjx are distance dependent weights to make the
small neighborhood more isotropic [33]. The potential function (r) penalizes large values and
can take many different forms. The simplest choice for the potential function is the quadratic
function

La(r) =r%: (2.54)

This is a choice which is easy for optimization as the function is convex and quadratic, but it is
also problematic as it blurs out sharp edges over several pixels, as dividing the sharp edge into
several small step drastically reduces the sum of the squared differences. A potential function

that does not suffer from this problem is the absolute value function,
La(r) =Jrj: (2.55)

It preserves edges quite well but suffers from two drawbacks: First it produces a piece-wise
constant noise pattern that can look quite unnatural, see Fig. 2.11, and it is not differentiable at
each point which can cause problems for minimization. Fortunately, there is a group of functions
which combines the advantages of regularizers using the quadratic function and of regularizers
using the absolute value function. These functions behave like the quadratic function for small
arguments and like the absolute value function for large arguments. One of them is the Huber

potential function

8
2 2r2 if jrj <
5 ; (2.56)

NI

) else

(irj

where is a shape parameter defining the turning point from quadratic to linear behavior.

Convex potential functions behaving like the absolute value function for large differences and
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like the quadratic function are the most often used potential functions in CT reconstruction,
e.g. in [34, 35, 36, 11, 12, 37, 32|, because they are easy to optimize, work well for diverse

objects, and their behavior during the reconstruction is easy to understand.

2.3.5 Reconstruction for dark-field

In first approximation, reconstructions from the dark-field signal D can be treated completely
analogous to the reconstruction of the linear attenuation coefficient from the transmission signal.
Under some assumptions [38, 39], the small angle scattering power in a volume element of the
sample can be quantified by the linear diffusion coefficient

For this quantity the forward model connecting D and is given as, see Sec. 2.2.4,
Di=e » 4 (2.57)

which can be further transformed to a function of the line integrals over

Z 2

d‘i == 1n(DI)2—2dZ .

(2.58)
In this form the linear diffusion coefficient can be reconstructed using any reconstruction algo-
rithm suitable for transmission CT, e.g. FBP or SIR.

It should be noted that the approximations in the introduction of the linear diffusion coeffi-
cient are not viable for all materials and setup combinations. Various publications have been
published investigating the scattering distribution beyond the Gaussian approximation [40, 41]
as well as the directionality of dark-field signal caused by non-isotropic scattering in sam-
ples [42, 43], and its connection to the well-established fields of small angle X-ray scattering
(SAXS) and ultra-small angle X-ray scattering (USAXS) [44].
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2.3.6 Reconstruction for di erential phase contrast

The reconstruction of the refractive index from the di erential phase contrast (DPC) signal
@@, has to be treated di erently to the reconstruction from the attenuation or dark- eld signal,

because of the di erential nature of the measured signal.

Again one can directly infer the forward model connecting the refractive index decrement
with the DPC signal %y, respectively with the shift of the phase stepping curve , from

Sec. 2.2.4: 7

_@ d‘.:_i%
@y 2 d

To transform the DPC signal into measurement points of the Radon space ofan integration

@
-— 2.59
@y (2:59)
along the y-direction, which is perpendicular to the grating bars, is necessary. Any numerical
integration algorithm is suitable for this task. However, the constant of integration has to ensure
that the phase-contrast signal is zero in regions outside of the sample. For the phase-contrast
signal we can write ~
di= (2.60)
which is easily reconstructable using any reconstruction algorithm.
If the reconstruction is performed using the FBP algorithm there is a particularly fast and
convenient choice of integration algorithm: Integration in Fourier space.

The Fourier transform of the derivative of a functionf (y) can be written as

ety) _, . .
y @y =2 i F ( ) ) (261)

whereF () is the Fourier transform of f (y), is the spatial frequency iny-direction. Conse-

quently, the integral over a functionf (y) can also be expressed in Fourier space:

Z
Fy f(y)dy = ? +c () (2.62)

where (u) is the delta-distribution and c is an arbitrary constant of integration.

Applying this to the case of DPC data one can write the Fourier transform of the integrated
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PC projection under angle as follows

z
P()=Fy [(y;)]=Fy %}y;)dy=Fy %;y;)%“"(): (2.63)

Now if this equation is inserted into the equation used for the derivation of the FBP, see
Eg. 2.31, and c set equal to zero, one arrives at the following equation

z z,

f(x;y) — 1 Fy %)Sy’ ) Zilj J e2 i (xcos()+ysin()) d d
2 7Y b san() (2.64)
= F —(y; \ e2 i (xcos()+ysin()) d d :
o 1 @)gy ) 21

where sgn() is the sign-function that simply returns the sign of its argument. Now the FBP

algorithm for di erential data looks very similar to the FBP algorithm for conventional pro-

jection data: the Fourier transform of the data is multiplied by 29, the so-called Hilbert

Iter [45], instead of j |, and subsequently backprojected.

2.4 Optimization transfer principle

Almost any general purpose optimization algorithm that requires only the value and gradient of
the cost function, can be used to minimize the cost functions of the various statistical iterative
CT reconstruction problems, e.g. gradient descent, L-BFGS, (non-linear) conjugate gradient,
and many more. Thorough information about these algorithms can be found in all textbooks
on numerical optimization [46].

Various algorithms have been speci cally designed for the use in CT reconstruction and of these
the family of so-called separable quadratic (or paraboloid) surrogate (SQS / SPS) algorithms
have found widespread usage. They are all designed using the optimization transfer principle,
which will be explained in the following for the case of CT reconstruction.

The optimization transfer principle is a very general framework for the design of optimization
algorithms. It tries to solve a seemingly hard optimization problem by repeatably solving eas-

ier optimization problems. Many existing optimization algorithms can be explained using the
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optimization transfer principle and it is also a very helpful tool in creating custom algorithms
speci cally designed for a speci ¢ optimization problem.

It was rst introduced into medical image reconstruction by De Pierro [47] and Lange [48]
and subsequently made extremely popular for CT image reconstruction by various work by
Fessler et al. [48, 49, 35].

A general treatment of the framework (under the name "majorization minimization" algo-
rithms) is given by Lange in [50]. A theoretical treatment of convergence is provided by Jacob-

sen in [51].

2.4.1 General principle

As the name majorization minimization implies, the algorithm consists of two steps. The rst
step is the majorization step, where a suitable surrogate functio™ (xjx() of the objective
function L(x) at the current iteration step n and variable estimatex(™ is found. Q™ implies
that even the general shape of the surrogate function can change between iterations, not just
its constants as implied byjx(™. Such a function must ful Il two conditions: The tangency
condition

QM (xMjxM) = L(xM) (2.65)

and the domination condition

QM (xjx™) > L (x) for all x : (2.66)

These two conditions guarantee that minimizing the surrogate function in the second step (the

minimization step) causes the original objective function to decrease:

L") QM) QO(xMjx(M) = L(x(™) : (2.67)

It would be su cientto ndan x™*Y with a lower function value thanx(™ but for most useful
algorithms the surrogate function is something easy to minimize or even directly solvable.

The hard part in designing majorization-minimization algorithms is nding suitable surrogate
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functions that ful | the tangency and domination conditions, are easy to minimize, and stay as

close as possible to the original function.

2.4.2 Quadratic surrogates

Often the simplest valid surrogate for a more complex functioh(x) is a quadratic function. All
continuous functions can be approximated by a second-order Taylor expansion of the objective

at the current estimate,

@Ix) 1@h(x)
= (n) = 7 (n) T ="\""7
h(x) = h(x'™) + @x .o x x4+ 2 @3 .

x™M 24 O(x3) (2.68)
If % is bounded for all viablex than there is a quadratic surrogateg(xjx(") for h(x) at x(™

that looks very similar to the second order Taylor series [50],

q(xjx™) = h(x™) + o) x x™M + %c‘“) x xm?, (2.69)

X

with a positive curvature ™. By construction this quadratic function ful Is the tangency

condition at x(™

g(x™Mjx™) = h(x™) (2.70)
and

@Ix) _ @)

@x o T @x " (2.71)

as well as the domination condition for a large enough curvatug®”) . Minimizing this surrogate

function is directly achieved by a Newton step

() = m 1 @) (2.72)
M @X
From this equation it can be seen that a small curvature™ of the surrogate function causes
a large update step, thus one would want to choosec” that is as low as possible to achieve

a fast convergence of the algorithm, see [52] for an in depth discussion on the optimal choice
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of ¢M,
Optimization problems in imaging are typically multivariate so we can apply the same procedure

to create a multivariate quadratic surrogate functionQ(x) to our objective function H (x),

Q(xjx™)y= H(X™M)+ r H(x)" x xM +% x xmTcm x xm . (2.73)

x(n)

Here the matrix C(" has to be chosen carefully to ensure that the domination condition is
ful lled for all x. This is the case for a choice o that ensures a positive de nite matrix C

Hu (x), WwhereH () is the Hessian matrix oH for all possiblex. Although this might not be the
sharpest quadratic surrogate, nding a general way of constructing sharp multivariate quadratic
surrogates for (not necessarily convex) functions is still an open problem [52]. Choosing the
optimal C is not as straight forward for this case as it was for the one-dimensional case, but
choosing a viableC with low diagonal values will generally lead to a faster convergence of the
Newton iteration

x(MD = xM 4 c Y y(x) : (2.74)

x (n)

2.4.3 Separable quadratic surrogates

Minimizing a quadratic surrogate can still be quite challenging if the problem at hand is large
and the non-diagonal entries oC are non-zero, because then we need to calculate the inverse
of C to minimize our surrogate function.
Fortunately for many problems in imaging, e.g. CT reconstruction, the cost function can be
written in the following way
H(x) = X hi(li(x)) ; (2.75)

. P
with |; = RS
This form allows to construct a surrogate function that separates the variables from each

other [53]. First, one chooses quadratic surrogate functiomp (as in the last subsection) for

each original potential functionh;, which results in a quadratic surrogate functiorQqs for the
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whole objective function,
iy () X i1(n)
H(x) Qos(xjx™) = q(li(x)jli") : (2.76)

Then one rewritesl;(x) using the helper variables ; with O (j =0onlyfor a =0)
P

and i =1:
X
|i = ai,- Xj
j
X
= ayxp ™+ gy x®
j
X n X n
= a0g ™M+ ayx®
= aj (x  x™) + 1 '
j
X ) X
a
= (XM j 11
j ! j
| {z-}
=1
X

a{..

= i (506 x ™)+ ™)
j

With this the quadratic surrogate function can be rewritten as

. X -1(n)
Qos(xix™) = q(h()jl{™)

! |
= 9 i ™ O
. 1)

and, after applying Jensen's inequality [50], one ends up with a new surrogate function,
L () X X ajj (n) (n);1(n)
Qsos(Xjx™) = i G(—0 X ) + LTV 5 (2.79)
i I

that dominates the quadratic surrogate function.
Looking at this functions value and gradient atx(™ reveals that it does ful| the tangency

conditions by construction and looking at its Hessian matrix reveals that all variables are
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separated:

X )
Qsos(xMjxM) = i G(— ij(n) X] (n); +1;MjI"M)
]

=0
X X
= | i P(I(n) (n)g _ L(X(n)) (280)
1=z =na)
@ Qs (xjx™) _X _ @™ Xk XM+ |i(n)j|i(n))
@x o Ox
(2.81)
= ( |(n)g @I-( )
FL @x (M)
—m(l("))
P n .
@Qsos(x"jx) :5 k=1 o
@X@X x(n) B ) .

0 else

This means the separable quadratic surrogate function can be written as

Qsos(Xjx™)= H(xM)+ r H(x)" x xM +% x x™Tcm x xmM . (283)
x (n)

with the diagonal curvature C(W. For CT reconstruction ; are commonly [54] chosen as

=pa__. (2.84)
joaij 0

with which the entries of the diagonal curvatureC™ follow as

(n) X (n)X
Ci = &G a0 (2.85)

i j 0

Performing an update using the Newton iteration, see Eq. 2.74, is now trivial.
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2.4.4 SQS for CT reconstruction

As written in Sec. 2.3.4, the various possible SIR problems can generally be written as an

optimization problem of the following form
AzargminL( jy)+ R( ): (2.86)

One can design separable quadratic surrogate functions of the cost functiGn= L + R by
independently nding separable quadratic surrogate functions for the likelihood term> and

the regularizer termR. The curvature C of the cost function is simply the sum ofZ, and Crg.

2.4.4.1 SQS for the data term

For CT reconstruction problems the data delity term L can be written as

L( jy)= i(liyi) ; (2.87)

wherel; = i ; & j is the forward projection of the current estimate of to a certain detector
element at a speci ¢ angular position andy; is the measurement during a scan at that detector
element and angular position.

Depending on the noise model for the measurements di erent potential functions are suited
for the estimation of , see Sec. 2.3.4.2.

One of the simplest forms ;(l;jy;) can take is
: 1 5
i(lijyi) = E(li Yi) Wi ; (2.88)

which is the statistically correct term for the maximume-likelihood estimation from measure-

ments y; with Gaussian distributed noise with variance ? = 1, see Eq. 2.44. Finding a

w; !

guadratic surrogateq for this case is trivial as ; is already quadratic, thus no surrogate is
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necessary. But for instructional purposes one can employ Eq. 2.69 to constract
SO N (M2 (n) )y, 1 (M2 .
g(hijli™) = E(Ii 1) 2w + (7 ywi(l 177) + E(li i) (2.89)
The curvature ¢ has to be chosen such, thag ful lls the domination condition for all |;

g™ i)
W) HOE w)+ U E w) 0 (2.90)

(i 1M2™ w) o:

(n)
G

Obviously, any c™  w; ful lls this equation and is thus a viable curvature, but the sharpest
curvature is achieved for

M=g=w: (2.91)

Using this, the separable quadratic surrogate functiohsqs( jy) for L( jy) is given as

. . . 1 T
Lsos( § ™M)= L( Mjy)+r L( jy)' . ™+ (m *ct ™ (2.92)
with
8
3 P P .
iai'kWi i a;,— if k=1
Cu= . (293)

2
-0 else

2.4.4.2 SQS for the regularizer term

The same procedure as for the likelihood term has to be performed for the regularizer term,

1 X X
R( )= >
j k2N ;

Wi () (2.94)
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depends on two variables but to construct a separable quadratic update ais needed that

depends only on a single variable. This can be achieved using Jensen's inequality,

1X X
R( )= 5 Wi ( k)
j kZNj ) h )
1 X X 1 | !
SO R T CNE NE L PR
NI i (2.95)
1 B SN ) BN ) NN m
4 Wik (2 i ) (2 « i k)
i k2N
= Rss( j ™)

Now one just needs to nd a quadratic surrogate °S(r) for (r) if (r) is not the quadratic
penalty. The usual shape for a quadratic function that ful lls the tangency condition looks like

this,

(n) (n) S : (n). (n)
(2 j k) ij(Zij,k)

S (n). (n) (n) (n) (n) (n) (n) (n) (n) (2.96)
= (n), n)y — n n n n n n n .
e ™M= (" ML M MG M2

(n)

Now a viable value forg,’ has to be found that ful lls the domination condition. The simplest

choice that ensures this is to take the maximum value of(r)

n) _

cfk = €= max °(r): (2.97)

Combining these two surrogates, one nally arrives at the separable quadratic surrogate func-

tion for the regularizer

| 1X X | . |
Rsos( j ™M)= Wik jﬁs( i j(n); (kn))+ gs( K ﬁn); (M)
j k2N
1X X s¢ (). ()
=5 wie (il ) (2.99)
i k2N |
1X X .
= = wie 25050 ™M)
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with a matrix of second derivativesCg

8
P .
2 kon; Wik qﬂf) if k=1
CRkI = . (299)

_g 0 else



Chapter 3

Advanced signal estimation for

grating-based imaging

The estimation of the transmissionT, dark- eld D, and di erential phase contrast images is
the main step of generating useful information from a set of interferograms acquired at di erent
grating positions. The rst publications on GBI used a signal estimation based on the Fourier
transformation [55, 56] but this method only works for equidistantly distributed grating po-
sitions and ignores the statistics of the measurement. An approach to calculafe D, and
motivated by the maximume-likelihood principle is the weighted least-squares tting of a sine-
wave to the measurements. This approach has been used regularly [57, 12] and also an estimate
of the variances ofT, D, and has been proposed [57, 12]. The bias of this maximum-likelihood
estimation was discussed at least in one study [58].

In the following, the full analytic solution to the maximum-likelihood estimate through lin-
earization will be presented and analytical expressions for the variance of the maximum-
likelihood estimate will be presented.

The expressions for the maximume-likelihood estimates have already been derived in a similar
fashion by Hahn et al. [12] but the proposed estimations of the variances are novel ndings
that generalize ndings and correct errors made in [12]. After this, the bias of the MLE will

be calculated and novel bias-corrected MLE as well as regularized bias-corrected MLE will be

43
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proposed. In the last section the variance and bias of all estimators will be compared using

numerical simulations.

3.1 Maximum likelihood estimator for GBI signal esti-

mation

As argued in Section 2.2.4, the possible intensity measurements of a detector pixel behind
an X-ray grating interferometer lie on a phase stepping curve. This means a single intensity
measurementl; depends on the characteristics of the stepping curve without an object in the
beam path at the moment the measurement was taken: the mean intensity of the cunvg its
relative amplitude (the visibility) V", and its phase | at the current grating positioning. But

it also depends on characteristics of the object in the beam path: the transmissidn which
reduces the mean intensity of the curve, the dark- eld signdD which reduces the visibility of
the curve, and the phase shift which shifts the phase position of the stepping curve. This

behavior is described in the following equation:
l =1T(1+V'Dcos( |+ )): (3.2)

During signal estimation, one is interested in estimating, D, and as accurate as possible
from a series of noisy measurements. It is obvious that even for completely noise-free mea-
surements, at least three measurements with di erent | (or possibly diering I and/or V")
are necessary to estimate the three object propertids D, and . This is usually performed by
changing ; between the measurements by a movement of the gratings. The log-likelihood for
a series oN measurements of the same object corrupted by independent Gaussian distributed

noise we can be written as

X
L(T;D; )= (UT@+V/Dcos([+ ) )’ w; (3.2)
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with weights w; = %, where 2 is the variance of the noise of the measurement.
The maximum-likelihood estimate of the transmissiorf M-, dark- eld signal BMt and di er-

ential phase signal™" is given by

TML. ML "ML = arg min L (3.3)
T:D;
This optimization problem is non-linear and does not have a direct solution. But instead of

trying to nd an estimate for T, D, and one can perform variable transformations as follows
M=T; C=TDcos(); S=TDsin( ) (3.4)

mi = 1{; ¢ =17V cos(i); si= I{Vsin( ) (3.5)
and estimate the transformed variable$, C, and S:

X
Mue; CuL; SuL = arg min (Mm;+ CGg+Ss  Vy)*w : (3.6)

M:;C;S i

This weighted-least-squares optimization problem can now be solved using weighted linear
regression, which provides the minimum variance unbiased estimator. The step-by-step solution
for the estimates, their variances, and covariances can be found in App. A.1.

From these maximum-likelihood estimates df1, C, and S, the maximum-likelihood estimates

for T, D, and can be calculated by the inverse variable transform:

C2 + &2 A
ML ML ’ /\ML = arctan ML (37)
I\ﬂML

fML = MML; IﬁML = &
ML

The ML-estimate for a linear estimation problem (as the estimation oM, C, and S under
Gaussian noise) is automatically unbiased and is also equal to the minimum variance unbiased
estimator (MVUE), meaning that no other unbiased estimator can have a lower variance. But,
for more general non-linear estimation problems (such as the estimation™f D, and under
Gaussian noise), the ML-estimator is not necessarily unbiased, it is only asymptotically unbi-

ased, meaning that it only becomes unbiased for a large number of measurements. It follows
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that the ML-estimator is not necessarily the MVUE for low numbers of measurements, but it
approaches the MVUE asymptotically for large numbers of measurements. This might seem
like a minor issue, but as medical X-ray imaging is always about achieving an imaging goal as

dose-e cient as possible, an arbitrarily large number of measurements is never available.

3.1.1 Bias of the maximum-likelihood estimator

It has been shown [58] that the ML-estimation of the dark- eld signal tends to be biased
towards larger values for high noise scenarios and also for the phase signal a break-down of
signal estimation has been observed [58] for high noise scenarios and attributed to bias in the
ML-estimation of . A bias in the estimation of a signal is a serious problem, especially if the
output of the signal estimation is displayed as an image with quantitatively meaningful values.
This is the case because a noisy image can always be Itered with a low-pass lter to reduce
the noise in the image (of course with an associated loss of ne detail) but there is no simple
Iter operation that can reduce the error in an image that is caused by a biased estimation.
The human visual perception itself is acting like a low-pass Iter: We can see large structures
even in a very noisy image, but if the signal is corrupted by bias our visual perception will not
be able to make this correction.

The biasb (") of an estimator " of a variable is de ned as

Z
bN=E"ly) 1= (y) )P(y; )dy: (3.8)

This can often not be explicitly solved, but the expression can be approximated by performing

a Taylor expansion of the estimator around the expected values of the measurements8]:

AN AN X @\ 1X @A
(y) (y)+ @Vy(yi yi) + 2 @?)@Vy

1]

i x)y; )+ O : (3.9)
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For a consistent estimator the following equation approximates the expected value of the esti-
mator:

@ 11X @ .
El"(y)] F{g); | @y F[(y' RO AN @@y Floi vty %)+ @10

H K (yiiyi)

with the measurement covariance matrixK . From this follows the approximate bias of the

estimator as

X N
PO=EW 3 oy

i)

K(yi;y) (3.11)

The calculations for the derivatives necessary for the approximate bias B, , Du., “w. can

be found in the Appendix.

3.2 Bias-corrected maximum likelihood estimator

Fortunately, it is possible to reduce the bias of the ML-estimator: Cox and Snell [59] published
a general formula to calculate the second-order bias-corrected maximum likelihood estimator
(BCMLE) and showed that it is the estimator with the lowest variance of all estimators with

the same bias as the BCMLE. The BCMLE for the estimated parameters is given by
Te=" W (3.12)

with
t\g) 2 rs Iy YKy +2J¢) (3.13)

rtu

wherel (! is the inverse of the Fisher information matrixl s,

@L

lis = E ;
@, @s

(3.14)
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and the tensorsJ;,, and K,y are given by

__ @L @L
T = E 5 @, e (3:19)
and
_ @L .
“s=F @ @.@ ° (3.16)

Now one can use estimators dfs, J.s, and K to calculate an estimated second-order bias
correction b?) to the MLE. Formulas for the calculation ofl s, J..st, and K,g are provided in

the Appendix.

3.2.1 Regularized BCMLE

Calculating the BCMLE requires the calculation ofl s, J.st, and K¢, which are for the case

of grating-based imaging signal estimation, not independent of the measurements. This means
that they are not exactly known, but only estimated from the measurements. The estimators
provided in the appendix are consistent, meaning they become more accurate with increasing
number of measurements, but for a low number of measurements they might be biased them-
selves. The probably most important term in the calculation, because it a ects it quadratically,

is the inverse Fisher matrixl !, which is strongly dependent on the estimate of the Fisher ma-

trix |,s. Especially, if diagonal elements of,s are close to zero, its inverse will be strongly

corrupted by inaccuracies. If one looks at the diagonal elements of the Fisher matrix,

N X
E GLOD; ) _ (m;+ Dcos() ¢+ Dsin( ) s)?w

@F .
. X
E % = (Tcos() ¢+ Tsin( ) s)*w (3.17)
. X
E % = ( TDsin( )c+ TDcos() s)?>w, ;

one can see that they all consist of sums over squared terms. From this, it is evident that the
diagonal values can only get small if the summands get small, which is only the case for low

values of T and D (and not at all for the second derivative relative to transmission). A simple
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way to reduce this problem is to replace low values in the diagonal elements of the Fisher matrix

with a given value:

8
c Eqr if r=sandl,, <cy
lz = X (3.18)

3
Tl else

This results in a smaller inverse Fisher matrix for measurements with low and D, i.e. high
noise scenarios. It should be noted that choosing cuto values of zero results in the unchanged
BCMLE. The result of a smaller inverse Fisher matrix is simply that the bias correction term
gets smaller for medium noise regions and approaches a relatively constant value (it still depends
on the estimates ofJ and K, which are of minor in uence) for high noise regions. It stays

unchanged from the BCMLE for regions with relatively high statistics.

3.3 Results

3.3.1 Dark-eld estimator

Simulation studies for two di erent situations are shown in Fig. 3.1 and Fig. 3.2. In both studies

2 10 consecutive phase steppings were performed and the dark- eld signal was estimated from
each phase stepping using several di erent estimators: The MLE, the BCMLE with varying
regularization strengths and the BCMLE with a clipping operation applied to estimates of D
below zero. For all estimators the bias, variance and mean squared error (MSE) was calculated
from the samples. In the rst study no object was present in the beam path but 45 di er-
ent numbers of incoming photons per phase stepping (evenly distributed per phase step) were
simulated, resulting in varying noise levels of the scans. In the second study a constant ux
of 1¢° photons per phase stepping was simulated and 45 di erent objects in the beam path
with varying dark- eld signal from 0:01 to 1 and constant transmissionT = 1) and di erential
phase contrast ( = 0) were simulated. For both studies, ve equidistant phase steps per step-

ping where performed and the reference scan phase was altered between ve values between
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Figure 3.1: The biasb, variance 2, and MSE for the estimation of the dark- eld signal for
di erent estimators and di erent numbers of incoming photons per complete phase stepping
was calculated from a total of 2e8 simulated phase steppings with ve stepping positions and
a true dark- eld signal of unity for each simulation. The variance and MSE are normalized
to the true Cramer-Rao lower bound (CRLB) for each scan to be able to better compare the
di erent scenarios. A + behind the name of an estimator means that clipping was performed
for this estimator. A (+) means that the curves of the clipped and unclipped estimators are
visually identical.

the phase steppings. The interferometer for both simulations had a visibility of.2.

The BCMLE generally reduces the bias of the estimation compared to the MLE for all
regularization values. The smallest bias is achieved for a regularizer value of zero, i.e. the un-
regularized BCMLE. Increasing the regularizer value generally reduces the bias reduction. The
bias reduction is especially getting smaller with increasing for high-noise situations, whereas
in low-noise regions the regularized estimators behave more like the unregularized estimator.
The clipping of negative estimates to zero reduces the bias reduction for the unregularized esti-

mator and for very low regularization values, for higher values clipping does not have any e ect.
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Figure 3.2: The biasb, variance 2, and MSE for the estimation of the dark- eld signal for
di erent estimators and di erent true dark- eld values was calculated. The variance and MSE
are normalized to the true Cramer-Rao lower bound (CRLB) for each scan to be able to better
compare the di erent scenarios. A + behind the name of an estimator means that clipping
was performed for this estimator. A (+) means that the curves of the clipped and unclipped
estimators are visually identical.

The variance of the unregularized and only slightly regularized BCMLE is generally above the
variance of the MLE. More precisely the variance is well above the MLE for high-noise scenarios
and approaching the variance of the MLE for high noise scenarios. For intermediate values of
r, the variance of the BCMLE is even lower than the variance of the MLE up to a certain
noise level and then approaches the variance of the MLE for low-noise scenarios. When the
regularization gets stronger the point where the variance of the BCMLE estimator surpasses
the variance of the MLE moves further into lower noise regions but the maximum variance
reduction of the BCMLE against the MLE reduces until the BCMLE approaches the MLE for

high regularization values. Clipping the negative values generally reduces the variance of the
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BCMLE estimator but has little e ect on the variance from a certain regularization strength on.
This combination of bias reduction and variance increase and decrease (depending on the noise
scenario) results in quite complicated behavior of the MSE, which can generally be calculated

from the variance and the bias by the following equation

MSE()= P( )+ ?(): (3.19)

Depending on the regularization strength, the BCMLE may have a decreased MSE for high-
noise scenarios and an increased MSE for low-noise scenarios. The noise-level where the MSE
of the BCMLE is equal to the MLE generally moves further in direction of low-noise scenarios
for increasing regularization strength until the MSE approaches the MSE of the MLE for all
scenarios for very high regularization strength. As the noise level of a measurement is most
often not known before imaging, as the object in the beam path is not known beforehand, and
the noise level of the measurement is never uniform across the eld of view, as the object is
never completely uniform, it is not a simple task to choose a suitable regularization parameter
r before the estimation of the signal. But from two observations a good rule of thumb can be
proposed. The rst observation is that generally an object in the beam path will increase the
noise level of the measurement, meaning that a known region without an object or a reference
scan without an object in the beam path will always have a lower noise level than the sample
scan. The second observation is that the MSE of the BCMLE has a noise level below which
the MSE of the BCMLE is lower than of the MLE and that this noise level increases with
increasingr. From these two observations one can conclude that there is a value fowhere
the MSE of the BCMLE crosses the MSE of the MLE at the noise level in background region of
the scan. The BCMLE with this regularization strength will decrease the MSE over the whole
projection and increase it in no region. If the bias-reduction of this estimator is not su cient
one can de ne another target function instead of the MSE in the shape bfr a 2 (with a< 1)
and apply the same routine.

If the choice of BCMLE or BCMLE+ makes a di erence one should keep in mind the following:

A dark- eld signal below zero has no plausible physical meaning and should thus be avoided as

a result but on the other hand cutting the range of possible estimates at zero guarantees that
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the estimator is biased for low values of D, e.g. if the true value of D is zero any estimate will
be either zero or larger than zero inevitably resulting in a mean estimate above zero and thus

a bias.

3.3.2 DPC estimator

Figure 3.3: The biasb, variance 2, and MSE for the estimation of the di erential phase signal
for di erent estimators and di erent numbers of incoming photons per complete phase stepping
was calculated.

The BCMLE correction term is extremely small for the estimation of the DPC signal and
thus there is no di erence in the variance and bias between the BCMLE and the MLE. But

calculating the bias of" from a sample of measurementg; according to

N x N
b =E"y) 1= ") (3.20)
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clearly shows a bias in the estimation of the DPC signal. To explain the discrepancy between
the theoretically expected value and the measured value of the bias one should reconsider if
the equations are really suited to calculate the bias in this case: The DPC signal is a circular
variable, as one is estimating the phase and thus only the direction of a vector with a length
given by the visibility and the dark- eld signal, and the estimated expectation value of a circular
variable is not simply the mean of the individual estimates but the mean of unit vectors with
this phase.

If one calculates the expected value of the DPC signal using the following formula

v !
= arg exp( i) ; (3.21)

wherej is the imaginary unit, the bias suddenly disappears.

This clearly demonstrates that one should keep in mind the nature of the signal one is working
with. For DPC imaging scenarios this implies that denoising by use of conventional low-pass
Iters does not provide good results (as conventional low-pass Iter does not treat the DPC
signal as a circular variable). A way to denoise images of circular variables would be to replace

each pixel with the value of the (weighted) circular mean or circular median of its neighbors.

3.4 Discussion

The chapter showed that the construction of expressions for the estimation of the dark- eld
signal superior to the MLE is possible. The unregularized BCMLE su ers from an extreme
increase in variance and is thus unsuitable for many imaging tasks. The proposed regularized
BCMLE allows to smoothly transition from the unregularized BCMLE to the MLE, which
results not only in an estimator with reduced bias compared to the MLE but also with a
reduced variance for certain noise scenarios. With careful calibration of the regularization
strength, the BCMLE can be strictly superior to the MLE in imaging scenarios a ected by
bias.

Further work is needed to examine the performance of the BCMLE in CT imaging. It should
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be noted that here special care must be taken when performing reconstructions using the FBP
algorithm, as the FBP algorithm is based on the negative logarithm of the dark- eld signal and
not on the dark- eld signal itself. Calculating the logarithm of the dark- eld signal is impossible

for estimated dark- eld signals below zero. For such a task it would be more suitable to design a
BCMLE directly for the estimation of the logarithm of D (which is, di ering from the MLE, not

the same as the estimator foD). Alternatively, iterative reconstruction has to be performed
using a SIR algorithm with a pre-log data model.

The perceived bias of the DPC signal in [58] does not seem to be a real manifestation of bias

but a failure to treat a random circular variable with methods of directional statistics.



Chapter 4

Improved sliding window

Interpolation

4.1 Introduction

The signal estimation step, as presented in the last chapter, requires at least three measure-
ments per projection angle. For CT acquisition it would be highly bene cial to be able to
perform a signal estimation using only a single projection per projection angle. A suitable
high-quality method for this problem is proposed with the IBSIR-algorithm in Ch. 5 but the
IBSIR method is a slow iterative method and often a fast direct method would be desirable for
a quick overview and as a starting point for the high-quality method. One possible candidate
for a fast reconstruction method using only a single projection per angle is the sliding window
acquisition scheme combined with interpolation between neighboring projection angles [60, 61].
This method provides good results in an acquisition scenario where the di erence between
the line integrals of neighboring projections is only small. This is the case for dense angular
sampling and objects with low or slowly changing contrasts. In most realistic use scenarios of
single-shot GBCT it is evident that the angular sampling is limited by a multitude of factors.
To minimize detector readout noise, one generally wants to limit the number detector readouts

to the lowest possible number to achieve a sampling artifact free reconstruction, i.e. around the

56
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Nyquist sampling frequencyNy = 5N, where N, is the number of detector pixels, for FBP
reconstruction. Also for high- ux setups with high rotation speeds, i.e. clinical CT systems or
time-resolved CT applications, the construction of detectors systems with very high readout
speeds and the capability to transfer the measured data to a storage device is challenging. In
addition, the requirement for low or slowly changing contrasts is hard to satisfy, i.e. all imaging
applications require strong contrasts as for the detection of low contrast features long imaging
times are required (which is even more prohibitive in medical X-ray imaging). In the context of
medical imaging many structures, i.e. bones, have both sharp delineations and a high contrast
and are thus bound to create very strong artifacts if imaged using sliding window interpolation.
Interestingly, an interpolated phase stepping that contains information from both sides of a
sharp edge of one of the contrasts, i.e. the pixel in question was measuring air for four of
ve projections and a material that is only attenuating for one of the projections, will cause
artifacts not only in the estimation of the attenuation for this pixel but also in the dark- eld
and di erential phase estimation. A visualization of this e ect for three di erent objects can

be found in Figures 4.1, 4.2, and 4.3.

The gures show that the signal extraction process for the transmission, dark- eld and di er-
ential phase contrast by minimizing the least-squares distance to the measurements is not able
to handle this situation without producing strong artifacts in all three channels.

In the following methods to mitigate this e ect will be explored and evaluated in simulations.

4.2 Robust signal estimation

To extract the transmissionT, dark- eld D and di erential phase signal from a phase stepping
measurement usually a method that minimizes the (possibly weighted) sum of the squared

distance of the measurements to the simulated measurements is chosen:

X
T:0; "=zargmin 2w ; (4.1)
T;
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Figure 4.1: Signal estimation for four di erent situations during the sliding window scan of

a sample showing only attenuation. Crosses signify measurements without the sample in the
beam path and dots measurements with a sample in the beam path. The solid red lines are
the estimated attenuation signal, green lines the estimated dark- eld signal and blue lines the
di erential phase contrast signal. The dashed lines show the mean true signal. The blue dashed
line is at zero and the dashed green and red lines are at the same place as the solid lines.

with
r(T:D; )= T+ V'Dcos( [+ ) yi: (4.2)

Minimizing this least-squares problem is the maximum likelihood solution for the case of mea-
surements a ected by uncorrelated Gaussian noise with a known variance. In the case of sliding

window interpolation, measurement noise is often not the main contributor to errors in the es-
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Figure 4.2: Signal estimation for four di erent situations during the sliding window scan of a
sample showing only a dark- eld signal. Crosses signify measurements without the sample in
the beam path and dots measurements with a sample in the beam path. The solid red lines
are the estimated attenuation signal, green lines the estimated dark- eld signal and blue lines
the di erential phase contrast signal. The dashed lines show the mean true signal. The blue
dashed line is at zero and the dashed green and red lines are at the same place as the solid
lines.

timation of the signal. The problem is more profound because for the di erent measurements

the underlying true values ofT, D, and are not constant but di erent for each measurement.

As one cannot estimate a set of parameters for each measurement, one must make some as-
sumptions about the measurement. If one assumes that for each estimation most measurements

have very similar common true values of , D, and and only few of the measurements can
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Figure 4.3: Signal estimation for four di erent situations during the sliding window scan of

a sample showing only a di erential phase signal. Crosses signify measurements without the
sample in the beam path and dots measurements with a sample in the beam path. The solid
red lines are the estimated attenuation signal, green lines the estimated dark- eld signal and
blue lines the di erential phase contrast signal. The dashed lines show the mean true signal.
The blue dashed line is at zero and the dashed green and red lines are at the same place as the
solid lines.

not be explained using these three values, one can treat these measurements as outliers.

A common way to estimate a signal in the presence of outliers is to minimize a di erent function
of the absolute errors of the estimation than the squared errors. A suitable function that is
more robust to outliers is, for example, the minimization of the sum of absolute errors. This is

often called minimization of thel; norm of the error vector (as opposed to the minimization of
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the |, norm of the error vector in the least-squares problem),

:0; " = argmin X jirjw (4.3)
T;D; i
This approach is less susceptible to large errors because they are not squared and thus are not
as signi cant to the cost function as duringl,-norm minimization. However thisl, loss function
IS non-convex at zero and is not as e cient at estimation as thé&, loss function in the presence
of Gaussian noise. A loss function that combines the advantages of both theand the |, loss

function is the Huber loss function, it is equivalent to thel,-loss function for small errors and

equivalent to thel; loss function for large errors:

X
T:0; “=argmin  h(r)) w; ; (4.4)
T;D;

with

r2 if jrj <

NI

h(r) = (4.5)

w /W00

T (irj 3) else

The parameter provides a smooth variation between robustness and e ciency in the presence
of Gaussian noise. In addition the Huber function is convex.

For the minimization of the resulting cost function one should note that even though(r) is
convex with respect tor the cost function is not convex in respect to the variables of inter-
estT, D, and asr is not a convex function of these. Using a gradient based optimization
algorithm for this problem could be slow and is not guaranteed to converge to the global mini-
mum. Fortunately many optimization problems of this kind can be solved using the method of
iteratively re-weighted least-squares (IRLS). This method iteratively approaches the solution
of the optimization problem by solving continuously re-weighted least-squares problems. This
is extremely helpful for the problem as there exists a unique, analytic solution for the mini-
mization of the weighted least-squares estimation problem, see Sec. 3.1. Thus one can optimize

the non-convex cost function by repeatedly solving convex problems with unique solutions. For
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further information on the IRLS algorithm see [62].

Various other non-convex loss functions exist that are even better at rejecting outliers [63].
But these loss functions will generally have multiple minima and there is no guarantee to nd
the best solution during optimization. Especially if the optimization of these non-convex loss
functions is started at thel,-minimum it is even highly probable that the new minimum will
always be a minimum near thd,-minimum and not the globally optimal one.

A visualization of the e ectiveness of suppressing outliers in the same situations as in Fig-
ures 4.1, 4.2, and 4.3 can be found in Fig. 4.4. From these graphs a shortcoming of this
approach becomes evident: Even if the measurements inside the sample are treated as outliers
and almost ignored by the signal estimation, the estimated values are not correct. They ap-
proach the value of the signal in the region of which most measurements were taken, not a
weighted mean value of the values in these two regions. During a tomographic reconstruction
this will cause a blurring of the edge. On the other hand, the values of thg-optimization are
often not even between the values in both regions but far larger or smaller, resulting in sharp
artifacts in the reconstruction.

A further step should be employed to reduce the e ect of edge artifacts in the signal extrac-
tion: As the non-linear signal estimation is often causing very strong artifacts at the border
the use of a median Iter along the angular direction of the sinogram will greatly reduce these
artifacts without strongly compromising the resolution along this direction. The quality of the
signal estimation in each pixel is not equal, as some contain edges, and some do not. Various
goodness-of- t measures are available from the signal estimation process and this information
can be used during the Iter step. A possible way to do this is by using a weighted median
Iter [64, S. 111], instead of a plain median Iter, along the angular direction of the signal
sinograms. As weightsn9 for this Iter one can use the inverse of the mean of the absolute
values of the residuals of the t in each pixel. As one optimally wants to use a median lIter
that has a range smaller than the sliding window distance this would often result in a very
small number of values for each Iter process (usual numbers if stepping positions are between
three and ten) which make the use of a median Iter very unstable. To counteract this problem,

another weighting factorw, which decrease quickly with distance to the central pixel, is added.
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Figure 4.4: Signal estimation for two di erent situations during the sliding window scan of
three di erent samples showing only attenuation, dark- eld or di erential phase signal (top to
bottom).

Using this factor one can increase the reach of the lter in regions with low? while keeping

it very local in the case of relatively highw9. The result of the weighted median lter is the
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minimum of the following optimization problem,

X
N=argmin  jx;  jwhwe)) (4.6)
i i2N
with
wq(i;j)= sl I (4.7)

For information on the computation of the weighted median lIter see [64, S. 111].

4.3 Results

To evaluate the performance of the proposed improvements numerical simulations were per-
formed. As no general numerical phantoms consisting of the map of attenuation coe cient
refractive index decrement , and linear di usion coe cient are readily available, a suitable
numerical phantom was created. As the performance at a very specic situation was not of
interest but the performance for a general, diverse and challenging imaging task, an anthropo-
morphic shape of the phantom was not necessary. Nevertheless, the basic shape and contrast
ratios of the well-established FORBILD head phantom [65] were chosen, because this phantom
consists of several di erent sets of features: Many small, grouped, high contrast regions, which
are prone to undersampling artifacts and require a high resolution to properly reconstruct, and
several larger low contrast regions which require high sensitivity to properly reconstruct. The
shape and contrast ratios of this phantom were used for all three material properties. If all the
material properties are perfectly co-aligned it is hard to di erentiate which material property

Is responsible for causing a speci c artifact as the artifacts are all originating from the same
region. Although this is most often the case in real measurements, more insight about the origin
of artifacts can be gained from the simulations if the maps of the three material properties are
simply rotated with respect to each other. Of course, this destroys any anthropomorphology of
the phantom but now one has regions in the phantom which are only attenuating, refracting
or scattering and regions with an overlap of these e ects. The signal level in each channel was

chosen to result in a minimum transmission and dark- eld signal of 50% and a maximum di er-
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ential phase-contrast of L. The geometry of the imaging setup was simulated to be in parallel
beam. The simulations were performed on a 512x512x100 voxel grid and the image formation
process was assumed to follow the equations given in Ch. 2. We assumed a monochromatic
mean reference scan intensity per pixel of 1@hotons, resulting in virtually noise-free images,

a uniform setup visibility of 0:4 and a distribution of low frequency Moie fringes on the de-
tector with a period of 18 pixels in both detector dimensions. Measurements from 1205 angles
were taken from equidistant positions between 0 and 360 degrees and the grating period of
one grating was simulated to move b)é of a grating position per change of projection angle.
The transmission, di erential phase contrast, and dark- eld contrast were estimated from the
resulting interferograms using sliding window interpolation with a window size of ve projec-
tions. Once thel,-optimization objective, see Eq. 4.1, and once thig-optimization objective,
see Eqg. 4.3, was used. All estimations were than Itered using a median Iter with a range of
ve projections in the angular projection direction and afterwards with a Gaussian lter with

a width of =1 and a cuto after 2 projections. The resulting sinograms, respectively their
distance to the ground truth, can be seen in Fig. 4.5. Upon close inspection it is observable
that some of the estimation errors in the dark- eld and di erential phase-contrast image have

a slightly smaller local extent in thel, estimation than in the |, estimation, the black and
white pattern of the artifact has a small gray area between them. This is likely caused by
estimation being able to remove a not-consistent measurement from the estimation in these
pixels. A comparison of the ltered images reveals that these regions are ltered by the median
Iter more e ectively. A look at the MSE and the MAE indicates a strong error reduction forD

and for the choice of |;-estimation overl,-estimation if no ltering is applied. After Itering

this di erence in the characteristics is not as strongly pronounced anymore.

The transmission image on the other hand does not bene t froy estimation overl, estima-
tion, both show very comparable estimation errors that are about an order of magnitude lower
than the estimation error of the dark- eld signal (at equal signal power). This indicates that
the sliding window interpolation does not strongly harm the estimation of transmission images.
Filtering the attenuation sinograms worsens the estimation as it causes a loss of resolution.

Both ndings are supported by the calculated error statistics, which can be found in Tab. 4.1.
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Figure 4.5: Sinograms of the di erence to the ground truth for estimated attenuation, di er-
ential phase and dark- eld signal using,- or I;-optimization after and before Itering.

4.4 Discussion

The numerical simulation indicated that |, estimation of signals can signi cantly reduce the

estimation error of dark- eld and di erential phase projections acquired with sliding window

interpolation, this is probably caused by an increased robustness to attenuation edges. The

attenuation signal estimation is not as strongly a ected by SWI but does not bene t from

NMSE in % NMAE in %
T D T D
P 1.0 1.0 1.0 1.0 1.0 1.0
1 1.06 0.601 0.595 1.05 0.829 0.848
[,-F 1.24 0.251 0.185 0.969 0.567 0.470
l1-F 1.14 0.245 0.159 0.947 0.582 0.462

Table 4.1: Normalized mean squared error (NMSE) and mean average error(NMAE) for sino-
grams estimated usingd,- or |;-optimization before and after Itering.
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estimation in the example. It is recommended to utilize thé, estimation or the estimation of
the attenuation signal, that is readily available at the rst iteration of the |; estimation via
IRLS.

Filtering the attenuation and di erential phase-contrast projections in angular direction further
decreases the estimation error. Even a small Iter size causes a signi cant error reduction while
not strongly a ecting the signal resolution as it already compromised at edges by edge-artifacts
from the signal estimation.

While the ability to use only a single projection per projection angle is highly bene cial the
resolution acquired using SWI is signi cantly reduced even with the use of the advanced meth-
ods proposed in this chapter. | assume that further possible improvements of the estimation
are possible but will probably not allow a completely artifact-free signal estimation.

Taking into account that more e cient reconstruction algorithms for single-shot acquisition
schemes (including sliding window acquisition) have been developed in the scope of this the-
sis, see Ch. 5, a utilization of advanced signal estimation from sliding window interpolation is
probably most suited for the generation of starting images for the intensity-based statistical

iterative reconstruction introduced in the next chapter.
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Statistical iterative reconstruction for

grating-based CT

5.1 Introduction

In the previous sections improvements to the conventional work ow for image reconstruction
from GBCT scans were introduced. The conventional work ow consists mainly of the sig-
nal estimation step and the actual image reconstructions based on the estimated attenuation,
dark- eld, and di erential phase projections. In the following a reconstruction method that

is performing the image reconstruction in a single step by directly estimating the distribution
of material properties from the measured interferograms without any intermediate signal es-
timation in the projection domain will be introduced. The general idea of this method has
been proposed in [10] and recently been employed in several publications by the author and
others [66, 67, 68, 69]. It will be referred to as intensity-(or interferogram-)based statistical
iterative reconstruction (IBSIR) in the following.

Basing the reconstruction directly on the raw measured interferograms provides several strong
advantages over the conventional work ow of signal estimation in the projection domain and
subsequent reconstructions into image space: The statistical distribution of the measurements

is much clearer for the unprocessed detector output than for the estimated projections, lead-

68
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ing to superior image quality in the reconstructions. Furthermore, the process is very easy to
adapt to faulty data points or projections without corrupting larger parts of the signal estima-
tion process or rendering parts of the acquired data points unusable. But the most important
advantage of IBSIR over any other reconstruction technique proposed yet for GBCT is its abil-
ity to reconstruct images acquired with any scan pattern without employing interpolation or
restricting assumptions. It will be shown that this allows highest quality GBCT reconstructions
even from scans with only a single projection per projection angle.

In the following sections rst the model and optimization problem behind IBSIR is introduced.
Then an algorithm speci cally designed to e ciently solve this optimization problem is devel-
oped. After this the reconstruction from scans with a single projection per projection angle is
demonstrated and a loose sampling criterion for GBCT is proposed. Finally, expansions of the
algorithm allowing the estimation of various system drifts individually for each projection are
proposed and tested.

The results in this chapter are a major part of the novel ndings presented in this thesis. Huge
parts of it have already been published in previous works by the author [68, 69, 70, 71] and are

presented in a merged and amended version in the following.

5.2 Formulation

The reconstruction method is formulated as an optimization problem, which requires the min-
imization of a cost function by iterative adaptation of the values of the spatial distribution
of the linear attenuation coe cient , the refractive index decrement , and the linear di u-
sion coe cient . The cost function C is derived from the principle of maximum-a-posteriori
probability (MAP), see Sec. 2.3.4.1: It consists of two terms, the likelihood term, which is a
measure of the probability that the measurements originates from the estimated reconstruction,

and the regularization termR that incorporates prior knowledge about the image

C(;:;)=L(;;;)+*R(; ;5 ): (5.1)
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Now the solution of our reconstruction method®, ", and ~ are the vectors , , and , that
minimize this cost function

AN A=argmin C : (5.2)

5.2.1 Data term

The likelihood term L is the negative log-likelihood of the reconstruction given the measure-
ments y and thus depends on the underlying statistical distribution of the measurements.
Without limitation of generality, we will assume that the measured intensityy; at each data
point i is Gaussian distributed around its mean valué; with variance 2. After normalizing

for pre-factors, this provides the following log-likelihood terni

: X 1 - 2.
LiyiD= =i 5 5 ) ¥ (5.3)
i i
wherel; is the mean intensity of data pointi as predicted by a forward model of the imaging
system.
The forward model forl contains the in uence of the variables , , and on the measurements
and it is a direct combination of the model underlying signal extraction using the weighted least

squares approach, see Sec. 3.1, and the iterative reconstruction algorithms for transmission,

dark- eld and phase-contrast computed tomography, see Sec. 2.3:
(s 5 )=1PT() 1+ VDi()cos(i( )+ 7) (5.4)

The additional parameters!®, V° © are not dependent on the variables to be estimated
and represent the mean intensities, visibilities, and phase positions of the stepping curves of a
hypothetical scan without any sample present in the beam path. They are normally estimated
from a reference scan shortly before or after the scan. The transmissibndark- eld D, and

di erential phase contrast on the other hand are directly related to the object estimation.

Following Lambert-Beers-Law, see Eq. 2.4, the transmission in one pixel is given by the negative
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exponential of the line integral over the attenuation coe cient

Z
T, = exp dx ; (5.5)

R
where | dx represents the line integral from the X-ray source to a speci ¢ detector pixel at a
speci ¢ angular position.

The dark- eld signal can be modeled in the same way as the attenuation signal, see Eq. 2.21:

z
D; =exp cp dx (5.6)

with a setup geometry dependent constant, for quantitatively comparable results [38].
The di erential phase contrast is dependent on the distribution of the refractive index decrement
as follows, see Eq. 2.13:

i=Cc @, dx ; (5.7)

where @, is the partial derivative perpendicular to the direction of the grating bars and the
direction of the line integrall; and ¢ is a setup geometry speci c constant.
For brevity, the explicit dependence off, T, D, and on , ,and will be dropped in the

following.

5.2.2 Regularizer

The regularizer termR of the cost function represents prior knowledge about the characteristics
of the sample. Various di erent choices for this term are possible, see Sec. 2.3.4.4. To cut down
the number of choices only regularizer terms that are separate for each material property will
be used in this thesis:

R= R : (5.8)
2t 5, g

It is immediately clear that this choice of regularizer is not optimal for the reconstruction
problem at hand, as it is not possible to include a very simple fact about all real objects:

The spatial distributions of the attenuation and refractive index are not independent of each
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other. But the choice is necessary, as the design of suitable multi-channel regularizers for
CT reconstruction is still an open research eld and was not part of the work for this thesis.
Also, the range of single channel regularizers is already quite diverse and a huge amount of
di erent regularizers have been employed for iterative reconstruction of attenuation CT [32].

The simplest regularizers penalize di erences in the value of neighboring voxels:

X X

)
I

We (W (5.9)
i k2N;j

NI =

whereN; is the neighborhood of voxels around vox¢l wy is a weighting function dependent

on the distance between voxelg and k, and ( ; k) is a potential function penalizing value

di erences between the voxel$ and k.

The advantages of the Huber potential function were discussed in Sec. 2.3.4.4 and as it (and very
similar potential functions) is an extremely common choice of regularizer for CT reconstruction
problems [32]. It was used (with a neighborhood of 26 voxels and weighting dependent on the

inverse distance between the voxels) for all following reconstructions.

5.3 Algorithms

General purpose optimization algorithms can be utilized to minimize the IBSIR optimization
problem [10, 71, 70]. But a specialized solver designed speci cally for this problem is necessary
to address the speci ¢ challenges inherent to this non-linear, non-convex optimization problem.
The problem size of CT reconstruction generally prohibits the application of conventional New-
ton methods that require storage and computation of complete second order information about
the optimization problem. But the IBSIR optimization problem is not only large-scale but also
non-linear, meaning that a step in the Newton direction (inverse of the Hessian multiplied with
the gradient) could not guarantee to monotonically decrease of the cost function but would
require the additional application of a line search algorithm along the direction of the step
to ensure monotonic decrease of the cost function. Applying a line search at every iteration

is extremely expensive as just for the evaluation of the cost function a forward projection of
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each volume is necessary. From this follows that a suitable algorithm should ensure monotonic
decrease of the cost function without line searches while still maintaining a fast convergence
speed comparable to Newton methods.

Another necessary requirement for the fast convergence of an optimization algorithm is that
the algorithm makes sure that the optimization problem is well conditioned to guarantee that
that all parts of the optimization problem converge at a similar speed. As all CT reconstruc-
tion problems, the IBSIR problem is quite badly conditioned in various aspects: First of all,
between voxels, meaning that a small change in one speci c voxel generally carries a dier-
ent in uence on the cost function as the same change in another voxel. Another important
conditioning problem can be found in the response of the cost function to changes of di erent
spatial frequencies [72, 73]: In the attenuation and dark- eld channel this means that the con-
vergence of low frequencies is much faster than the convergence of small details contained in
the high frequencies, because large structures have a much higher impact on the cost function
than small details. In refractive index channel the dependency is the other way around: The
di erential operation after the forward projection of the refractive index decrement results in
the frequency response of a very strong high-pass lter. This results in the e ect that low
frequency components of the refractive index reconstruction have almost no e ect on the cost
function, resulting in extremely slow convergence of low image frequencies.

But the IBSIR problem is not only badly conditioned in the spatial and the frequency domain
but also across the dierent channels: A small change in the attenuation of one voxel will
always carry a larger in uence on the cost function than a small change in the refractive index
decrement or linear di usion coe cient of this voxel.

In the following an optimization algorithm speci cally build for IBSIR that addresses all these

challenges will be proposed.

5.3.1 Separable paraboloid surrogate for IBSIR

The majorization-minimization principle has been applied to create the widely used separable

paraboloid surrogate (SPS) algorithm for attenuation CT [49, 35, 37, 54]. This algorithm has
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a spatially even convergence rate and produces update steps that are ensured to monotonically
decrease the cost function. Applying this principle to the IBSIR optimization problem will be
the topic of this section.

As explained for attenuation CT in Sec. 2.4, it is necessary to construct a voxel-wise separable
paraboloid surrogate function for the IBSIR log-likelihood term,

X "o

P P X '
L(:: )= yi 1% ¥ 1+V% ® idicos(P+c )  w; (5.10)

wherea; are the elements of a system matrix describing the forward projection araﬁ’ are the
elements of a system matrix describing thdi erential forward projection.

To construct a voxel-wise separable surrogate function L has to be written as a function of the
line integrals| and| and the di erential line integrals | °.

X X 5 X
L= & j, i=c &, i = ¢ & (5.11)

2
L( ;0= yi 1% 1+Vielicos(%+1°) “wi: (5.12)

Using this notation, the cost function can be written as a sum of pixel-wise (but not material-

wise) separate function$;(l;)
X
LA D)= ) ; (5.13)

wherel; is a vector containing the relevant line integrals for pixel. Using a suited quadratic

surrogate functiong a convex paraboloid surrogate functiofQps.; can be constructed:

X
Qrsa(l; 1™y = q(l;;1"M) (5.14)
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with

a(i; 1My = (™)

X @) <k
' . @ |ik=|ik(")(|i ) (5.15)
X

LT gmmge oy oy
k m

wherek andm sum over , ,and P. The curvaturec 2 R®3 needs to be positive de nite and
it has to ensure thatg (l;; Ii(”)) hi(l;) is valid for all I;. Possible choices fot; will be discussed
later but rst a voxel-wise separable paraboloid surrogate functio@Qsps will be constructed
on basis of the convex paraboloid surrogate functioQps:;.

Finding a separable surrogate is usually achieved by invoking Jensen's inequality, see Sec. 2.4,

X X
f(_ i) | iFCh) (5.16)

for a convex functionf and positive weights ; with i = 1. This equation is valid for

j
scalar and vector valued ;. It is possible to identify f with g and with a vector containing

, , and . Unfortunately ; cannot be directly identi ed with a; because the sum over
a; is only connecting and with their line integral but is connected to itsdi erential
line integrals by a sum overaﬁ. To be able to invoke Jensen's inequality a surrogate function
Qps:2 Will be constructed based orQps.;, Which does not use any di erential projections but
only conventional projections. The rst step for this e ort is to rewrite the di erential forward

projection AP x as the di erentiated conventional forward projectionDA x, where D is a suitable

matrix that di erentiates the projections in direction perpendicular to the grating bars:

|" =AP =DA =DI : (5.17)
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Expanding the terms ofQps 1,

X n
Qesa(li1™)= " g k1,51, 1,1, %)
= % hi(n)
XI X X D o b (n)
GO S (R P R - (PR ) K - (R

! ‘ X ! : (5.18)
S T U R (U RO R B G (U Y

D p (n)

X
(A

R, PP U AR RS

X X
. ¢ D(n)(Ii ! (n))(|iD IiD(n))+ c D(n)(Ii |i(n))(|iD |iD(n)

)
and recalling that the surrogate function should have the same value fbr 1(™ and the same
gradient atl = 11 allows to see that there is no need to change the construction of the constant

and linear part in I. So only the sums which are quadratic ih need attention (and here only
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the ones withl, ® contributions). For the term containing l; ° squared one can write

X D D D o(n) 2
G I I
! 0 1
2
X X
= CiD ° @ diiOI 0 |ID(n)A
i i0
0 " . 1,
X X I
=7 6% @ dile dyolo™ + dol o 1A
i i0
0 ) 1,
X X X
=7 6°°@ dolle L™+ dpel™ 1P VA
i 0 0
0 ) 1, : (5.19)
X X I
- “P@ (e 1.") A
i i0
0 1,
X )
= co@ W E0, 1) A
i 0 i ©
X X d.
ClD ’ i "Z(Iio I,O(n))
i 0 ii
p
X o .X X doa
G i% i “ J ( j j(n))
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If this term is di erentiated two times one will be left with

)
@ @% oo X deds )
@ @ | o Lo J

@X X _ oo d;o a0y (n)
= — 2 d..o .0 K

@k i o G i 08 % ;0 iok(k k )
_ XX oo doah

i 0 i %

2 P

:X X 2_‘”ﬂﬁx jd. o

i o Jdiiol ;00 !

X X a2
- 26" ° 2%d. of

i i% (5.20)
:X 2¢° ° :_La1'2+1k+1-a1'2 1

2 ik 2 i 1«

D D 2 X D D 2
=" an"Fe T A
i ik i ik
X D D. X . . X D D. X . .
= G+ Jai] Jaj] + G 1 Jai] Jagj )
i j i j
_ x . . D D D D x . .
= jakj(Gyy + G 1) 18 |
i j
X D D. x . .
2c jaw]  jaj:
i j

This means that the curvaturec; ° ® derived for a surrogate problem with a conventional pro-

jection of

instead of the di erential projection needs to be multiplied by two to get a suitable

curvature for the original problem with the di erential projection. The terms containing the

o -diagonal elementsc, ° and C ° are majorized by terms containing the absolute value of the

respective entry ofc, and the conventional line integrals of .
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These two results lead to the new surrogate functio®ps::

X
D p(n)
Qrs2(1™y = gl 5l ™ ™7
B
|

X ) X ) X SIS b (n)
+ | he (I 1i7)+ | he (I 1Y)+ | he (I; l

X ' X ! (5.21)
T U R (U RO R B (I D (U

n n n X
N 2CiD o ( )(Ii li( ))(Ii li( ))+ c (n)(|i |i (n))(|i |i(n))

)

X o). n n X b (n). n n
T o T L TR PR R T (N AL (R R

Now the separation trick (multiplying by —: and evoking Jensen's inequality to get the sum over
j and one j to the front) can nally be performed to get the following voxel-wise separable

function.

X
Qsps( ; ™M)= hi(n)

X X X D
o oh (e M)+ b ™) e

X X a
- (J

D p (n)

i)

X X (5.22)
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As in Sec. 2.4 j is chosen as
-p& . (5.23)
joaij 0

j
Taking the second derivative towards two di erent voxelsk and | (and arbitrary material

properties and °) reveals that this surrogate function is indeed voxel-wise separated:

%Qsps(, ™)

= @@?Xi hi ay

; @@?,Xi o " M | .

' @@?’Xi ¢ " M L -
X X

+@@f’.q()( ) A

=0:

But taking the second derivative towards a single voxdd reveals that it is not separated material

property-wise:

@ X o, X (5.25)

This quadratic surrogate function can be exactly minimized by a Newton step, which leads to

the following image update:

Xns1 = Xn C r Q; (5.26)
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where C is the Hessian matrix 0Qsps.

To calculate the inverse ofC one can use the fact that the inverse of a block diagonal matrix is
simply the block matrix consisting of the inverted blocks of the original matrix. As the curvature
matrix C is a block matrix consisting ofn, where n is the number of voxels, 3x3 blocks one
now simply needs to invertn 3x3 matrices and, for each voxgl, multiply the corresponding

inverted 3x3 matrix C; onto the gradient vector in this voxel,

0
i i @)

i i @

5.3.2 Choice of curvature

Figure 5.1: The blue lines show three dierent realizations oh; or h;. In green optimal
guadratic surrogates are given and in orange surrogates with curvatures equal to the second
derivatives are given.

To utilize the update step derived in the last section, it is necessary to choose a viable curvature
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for the surrogate functions. As there is no general way of constructing a sharp curvature for a
multivariate quadratic surrogate function of a non-convex function [52], two pseudo-curvatures
will be proposed in the following: One based on the sharp curvature calculatable under the
assumption that updates to , , do not directly in uence each other in one step and the
other based on the Hessian matrix in each voxel. In addition, a pre-computed curvature based

on the curvature derived from the Hessian matrix will be presented.

5.3.2.1 Optimal diagonal curvature

Figure 5.2: The blue lines show three di erent realizations df; . In green the optimal quadratic
surrogates are given and in orange surrogates with curvatures equal to the second derivatives
are given.

For a 3D function, like hi(l;), it is hard to design an optimal curvature, once because there is
no general way to do it and once because even deciding what optimal means is not even clearly
de ned. But if the coupling between the dimensions is not too strong it might be viable to
reduce the 3D problem into three separate 1D problems where for each dimension the smallest

possible curvature is clearly the best choice.
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To design optimal curvatures for the separate 1D problems, it helps to rewrite the function

hi(l;;1:;1.°) into three simpli ed functions h, (I, ), h;(l;), and h, (I,)
hy =(exp( ;) )? W, (5.28)
hi =(exp( 1) ¥i)?w, (5.29)
h =(os( P+1,7) y)?w (5.30)
with
Yo =y =(12 @+ VPexp( 1)) cos( P+ 1,°)) (5.31)
w = w (17 (1+ V2exp( 1)) cos( P+ 1;7))? (5.32)
o =(yi 1Pexp( I)=(1Pexp( I;) Vocos( P+1,)) (5.33)
w = w (I7exp( 1) Vi°cos( P+ ;7)) (5.34)
v =(yi 1Pexp( )=(1exp( ;) Vi%exp( 1)) (5.35)
w=w (17exp( 1) Vi%exp( 1))?: (5.36)

The shape ofh; and h; is now equivalent to the per pixel cost function of the non-linearized
CT reconstruction problem. The optimal curvature for this problem withl, 0, respectively
I, 0, has been published in [35]:

8 h :
|
S o @ hd)rhe ()1, 10
] i
al)=_n i ’ (5.37)
- K (0) otherwise.

It uses the knowledge that; and|; are bound to be positive and the second derivative of is
bounded on the interval [ 1 ] and monotonically decreasing whil#; 0. Several examples of
the shape oh; or h; and the paraboloid surrogate function resulting from the optimal curvature
for di erent values of y; , w, , and |, respectivelyy;, w;, and |, are given in Fig. 5.1.

Finding the optimal curvature for h; is much harder as the space of viable values bf’ IS

not limited and the second derivative is non-monotonic. If one cannot nd an analytic way to
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calculate the optimal curvature, it is always possible to calculate the optimal curvature by brute
force: Simply start with ¢ = 0, numerically check if g (I, ”) h, (I, ”) for all viable values of

D
|

i and increasec, by a small amount until the domination condition is not violated anymore.

Of course, this process is computationally expensive and this cost prohibits calculating the
optimal curvature individually for each pixel during reconstruction. Butc, can be treated as

a function of y, and ? and subsequently be approximated by interpolating between values
previously calculated and saved into a lookup table before the reconstruction. Calculating such
a lookup table is simple at a rst glance but asy, and ? can both take all values from 1

to 1 it would require careful consideration where the points evaluated for the lookup table

should be placed. Fortunately, the functiorc, (y;; ?)is 2 -periodicin ? (ash; is 2 -periodic

in 9), thus only input values between and must be considered. Through careful analysis

of di erent possible input value ranges an analytic formula fofy;j 4 can be found:

8 O _cos Psin 7 ifl, 4~ 960
y 1 ifl, 4% 9=0
(v cos( ?3)Sin( Dif ! AN Q 0
clli)=_ vy 1 if |, An 0= (5.38)
(v cos( ?)gsin( D if ! 4n 0 o
yo 1 ifl,  4n 0=
“a(l) else.

These analytic solutions remove the need to calculate lookup table values for data points with
Iyij 4. With these two restrictions on the range of the lookup table it is only necessary to
calculate and store points in the rangey, 2 [ 4;4]and 22 [ ; ]. A visual inspection of
the values ofc calculated by brute force, see Fig. 5.3, reveals that the function is smoothly
varying with y, and ? and thus an approximation with interpolation between points saved in

a lookup table is a viable approximation.
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Figure 5.3: Visualization of the lookup table for the optimal curvature oh; calculated in the
value range not accessible with the presented analytic solutions.

5.3.2.2 Hessian curvature

Another starting point in designing a curvature is to look at the Hessian matrix of the problem at
hand. For a quadratic problem the Hessian would be constant and equal to the ideal curvature
and would consider dependencies between updates of the di erent variables. In the case of non-
guadratic problems using the Hessian as curvature will not result in a proper surrogate function,
as there is no guarantee that the surrogate function will lie on top of the original cost function
for all estimates, see Fig. 5.1 and Fig. 5.2. But if the current estimate of the reconstruction is
already near the minimum and if the original cost function is nearly quadratic near its minimum
the use of the Hessian as curvature should result in a quick optimization (but without any
convergence guarantee) [74]. The equations necessary to calculate the Hessian matrix for the
IBSIR problem can be found in App. B.1. Unfortunately, calculating and inverting the full
Hessian in each voxel at every iteration is quite computationally expensive (six backprojections
are necessary to calculate the entries of the hessian matrix and for each voxel a 3x3 matrix has

to be inverted). It would be very bene cial if we could nd a curvature that does not need
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recalculation at every iteration but could be precalculated once before the reconstruction.

5.3.2.3 Precalculated Hessian curvature

If one takes a look at the second derivatives &f, see App. B.1, two ways of simpli cation may
come to mind: If the reconstruction is su ciently near to the minimum of the cost function

the residual at each pixel becomes small and the mean of the residuals approaches zero, as
in convergence the residuals are Gaussian distributed around zero. This means the backpro-
jection (which acts as a strong low-pass lIter) of terms containing the residual of the pixels
Is approximately zero for all voxels. Another simpli cation we can use is that the phasg

is approximately equally distributed across all projections and pixels. Actually, this is a nec-
essary condition for an artifact free reconstruction of a GBCT dataset, see Sec. 5.4.1. This
means the backprojection (which acts as a low-pass lIter) of terms containing spj, cos(o;)

or sin(p)) cos()) is zero and terms containing sif(p;) or cog(p;) become equal to 6. This
leads to very simple approximations of the entries, which can be found in App. B.1. Here only

| A needs to be estimated in some way: If the rst estimate of and is good the value ofl A
before the rst iteration is a good estimate or, if no good estimate of and is available,| °V?°

will be a viable estimate, which will result in a looser curvature.

This curvature does not require recalculation in every iteration and using it could result in a
speed-up compared to the curvature based on the Hessian if the optimization is already near

its minimum.

5.3.3 Ordered subsets

Calculating the gradient is one of the most expensive parts in the reconstruction algorithm and
any possibility to speed up this part of the algorithm will greatly increase the overall speed
of the optimization. One method to achieve this has been proposed: The ordered subsets
method. This method has been used extensively in CT reconstruction in conjunction with the

SPS algorithm under the name OS-SPS [35].
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Taking subsets increases the speed of calculating the gradient of the likelihood functioh

by not calculating the gradient using the full available information from all projections but by
using only the information of aMi-fraction of all projections. The gradient calculated from this
sub-sampled dataset L, will still approximate the gradient of the full dataset quite well (after
scaling with the factor M) but is roughly M -times faster to calculate than the full gradient.

For the best performance the subsets should be ordered, meaning that #i#h subset contains

the projectionsk, k+ M, k+2M, and so on, and each subsequent sub-iteration should use a
subset that is as orthogonal as possible to the previous subset.

This principle can be used for the IBSIR optimization problem in the same way as it has been
used for attenuation CT, except that care should be taken in selecting a viable nhumber of
subsets that still ensures a good sampling of the enhanced Radon space in each subset. If, for
example, a sliding window phase stepping scan with ve di erent equidistant grating positions

is sub-sampled into ve subsets, each subset will only contain projections of the same grating
position, resulting in an extremely uneven sampling of the enhanced Radon space in each subset
and possibly resulting in very uneven and unstable image updates.

It should be noted that the approximation

rL=Mr Lp (5.39)

becomes less viable with increasing convergence because the overall structure of the object
becomes more and more xed and only subtle details remain to be reconstructed and the
information about these details is not evenly distributed across all projections. It is thus
recommended to use a large number of subsets for a strong initial acceleration and decrease the

number of subsets in subsequent iterations.

5.3.4 Fourier space preconditioning

As discussed in the beginning of this section, the optimization problem at hand is not only
badly conditioned in the image-domain and across the channels, which are both addressed by

the choice of curvature, but also in the frequency domain. This can be well observed by look-
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Figure 5.4: Intermediate results of the reconstruction of using IBSIR with a gradient descent
solver after 16 (A), 128 (B), and 1000 (C) iterations. The ground truth is shown in (D). The
color windows are [-0.0003,0.0003] (A), [-0.01,0.01] (B), and [-0.01,0.05] (C and D).

ing at intermediate results of a reconstruction of the refractive index using gradient descent,
see Fig. 5.4. In the rst iteration only high frequency features are visible and it takes even
a considerable time for mid- frequency features to appear. Low frequency features like in the
central area of the phantom are even not visible after many hundreds of iterations. For the
other channels the frequency convergence is comparable to the frequency behavior observed for
simple attenuation CT reconstruction algorithms [72]: Low frequency image components are
favored over high frequency features.

A possible way to address this challenge is to calculate the PSF caused by the forward- and
backward projection in the reconstruction algorithm and use its inverse as a Fourier space lter
on the image updates. A rough spatially invariant approximation of the PSF can be calculated
by simply forward and backward projecting a -peak function placed in the center of the image
space [72]. The image updates generated by Itering the gradient with this Iter may reduce
the cost function slightly slower than using the un ltered image update, but the low frequency

components will improve much faster leading to a far faster convergence of the image impression.

5.3.5 Momentum acceleration

Momentum techniques have been widely used in CT reconstruction to speed up the convergence
of rst-order optimization algorithms, like the OS-SPS algorithm [54, 37], and there is no reason

not to use them in the case of the IBSIR cost function. Momentum techniques use information
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about previous descent directions to increase the speed of convergence. It was shown [75]
that such an accelerated gradient method has a rate of convergence of the or@€i=n?) as
compared to conventional gradient methods with a rate of convergence@{1=n). A possible
choice of momentum acceleration is based on the work of Y. Nesterov [75] and an algorithm

for use in CT reconstruction based on this choice has been proposed [54]:

q —
t0*) = (1+  1+4tm%H=2
M) = (m™ D I C) (5.40)
tm 1
(n+1) —  (n+1) (n+1) (n)
m n — n + t(n—+l)( n n )

with m@ = © andt©® =1,
If the initial step size is small, it will take the momentum term several iterations to approach
its optimal value. This slow initial acceleration is well suited for combination with the ordered

subset acceleration that provides a strong acceleration during the rst iterations.

5.3.6 Simulations

The choice of the proposed acceleration techniques has a tremendous e ect on the convergence
of the reconstruction algorithm. The e ect of the di erent options was compared by performing
various reconstructions of the simulated axial scan of a phantom. The scan consisted of 1203
equidistantly spaced projections taken in parallel beam geometry. The simulated detector is
a photon-counting detector with perfect quantum e ciency consisting of 16 lines with 256
pixels in each line. The simulated interferometer has a visibility of:@ and 10 monochromatic
photons per pixel were emitted from the X-ray source. The Moie fringes visible on the detector
were simulated to have a period of 10 pixels in both detector dimensions. After acquiring

a projection the grating position was moved byﬁ18 of the grating pitch. The attenuation
and linear di usion coe cients of the phantom were chosen such that the lowest transmission
and dark- eld signal was around ®. The refractive index was chosen such that the highest

di erential phase contrast was about 6. All reconstructions were started from an empty initial

guess and Huber regularization with a low regularization strength was used for each channel.
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5.3.6.1 Choice of curvature

Figure 5.5: Change of the cost function value and the normalized mean absolute error (NMAE)
in each image channel with the number of iterations for three di erent choices of curvature for
the surrogate function. No momentum acceleration, subset acceleration, or frequency space
preconditioning was used.

First a reconstruction without any acceleration was performed and the three di erent proposed
methods to calculate a step size are compared. The pre-computed curvature based on the
HessianCP™¢ was only calculated once at the beginning of the reconstruction and the 1D
optimal curvature C°! as well as the curvature based on the Hessi#®'*s® were recomputed
after each iteration.

As C° is always larger than the corresponding entry o€, it is to be expected that the
initial convergence of the reconstruction is slower using°" than using C"ss, In Fig. 5.5 one
can see that this is true in the simulation as the normalized mean absolute error (NMAE) in
all three channels and the value of the cost function initially decreases quicker f6f°sS but
after several hundreds of iterations the distance becomes marginal. The reconstruction using

the pre-computedCP™° is decreasing the NMAE in the attenuation channel as quick ag"ess

per iteration but does not work as well as the other choices for the reconstruction ofind
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Designing a pre-computed curvature that works well for the reconstruction ofand would be
highly bene cial because an image update using a pre-computed curvature requires only half
as many forward- and backprojections and thus has the potential to double the reconstruction
speed.

A quick solution to ease the problem of calculating the curvature newly in each iteration is
to update the curvature only every few iterations. This will result in a slightly non-optimal
curvature at most iterations but greatly reduces the computational cost. This results only
in a minor decrease in convergence per iteration but decreases the number of forward- and
backprojections by a factor of12+—n”, wheren is the number of iterations after which the curvature

is recalculated.

5.3.6.2 Fourier space preconditioning of

Figure 5.6: Change of the cost function value and the normalized mean absolute error (NMAE)
in each image channel with the number of iterations for reconstructions using di erent combi-
nations of the Nesterov momentum acceleration and/or the frequency space preconditioning of
the refractive index channel. A single subset was used for all reconstructions.

As could be seen in the convergence of the un-accelerated reconstructions in Fig. 5.5, the con-
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vergence of the MAE of the refraction index channel is extremely slow, regardless of the choice
of curvature, albeit the value of the cost function is readily decreasing. This is caused by the
fact that only the highest frequencies of are correctly reconstructed, these frequencies are
important for the cost function, but the overall image of the refractive index reconstruction
does not converge in a reasonable time. It can be seen in Fig. 5.6 that ltering the update
of with the inverse of the Fourier transform of the PSF caused by di erential forward- and
backprojection greatly reduces this focus of the optimization on the high frequencies and pro-
vides a consistently decreasing NMAE of. The convergence of the other channels is largely

unchanged by this change to the updates of.

5.3.6.3 Momentum acceleration

As expected, the momentum acceleration provides a signi cant overall boost in convergence
speed. The cost function and the NMAE in each channel drop much quicker than for the un-
accelerated reconstruction. Only for the refractive index channel the momentum factor needs
many iterations to pick up speed and accelerate the reconstruction. But the acceleration in
this channel seems to show a ringing behavior and the MAE increases again. This is caused
by the fact that, if no Fourier preconditioning is used on , still only the very high frequencies
are reconstructed and even the momentum acceleration cannot e ciently converge the low
frequencies. By far the best results are obtained when Fourier space preconditioning and

momentum acceleration are combined, even quickly converging the refractive index channel.

5.3.6.4 Subset acceleration

Last but not least, the e ect of subset acceleration on the convergence of the preconditioned and
momentum accelerated reconstruction algorithm was studied. In Fig. 5.7 it can be seen that
the reconstructions using di erent numbers of subsets show very similar convergence speed per
iteration as a reconstruction using only a single subset. Only for large numbers of subsets the
convergence speed per iteration starts to slightly decrease and for even higher numbers of subsets

the reconstructions diverge. The results are not shown here, but without any acceleration the






