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Motivation: Design optimization of a SCRAMJET

Provided by Sandia National Laboratories

 No rotating elements for compression
« Air compressed dynamically
« Supersonic mixture and combustion

Exhaust Nozzle

« (Some) challenges:
— Low throughput time
VS.
mixture and self-ignition
— Compressibility effects
— Stable combustion for constant thrust

Isolator / Combustor

Turbulence
Q-Criterion = 2E5 s

Flame
Iso-Surface Y¢o, = 0.15
1000K (Yellow) — 3200K (Red)

« [Javier Urzay, 2018]:

The challenge of enterprising supersonic Fuel Jets
Iso-Surface Yy, = 0.1

combustion in scramjet is [...] as difficult

as lighting a match in a hurricane.
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Robust optimization problem statement
« Find robust solution with respect to uncertainty

« Using measures of robustness #, e.g. E,V,CVaR. Ky, = R(X*,0) = y (min)<092f(x, o)
C(x,w)<

« E.g., weigh expected gain vs. confidence: maxE — AVz

'F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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Robust optimization problem statement

R = R(X*, @) = %C(Tig)@%f(x, )

F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
Friedrich Menhorn (TUM), et al. | menhorn@in. tum.de | Derivative-Free MF Design OUU of a Scramjet(-inspired Problem)


mailto:menhorn@in.tum.de

Scientific Computing
Department of Informatics

Technical University of Munich

SNOWPAC !

Robust optimization problem statement

R = R(X*, @) = %C(Tig)@%f(x, )

Features of SNOWPAC:

'F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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Robust optimization problem statement

R = R(X*, @) = %0(T$)<o%f(x’ )

Features of SNOWPAC:
0. Extension of NOWPAC: Derivative-free nonlinear constraint optimization method using

trust-regions (deterministic)

'F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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Derivative-free optimization using NOWPAC 2

Non-intrusive optimization framework

Trust region approach for nonlinearly-constrained DFO

Build fully linear surrogate models of objective and constraints

« Find improved designs by minimizing surrogate models

« New way of handling constraints using an inner

boundary path

— The inner boundary path is an additive convex
function to the constraints

« Global convergence to a first-order locally

optimal design

Inner Boundary Convexification

2F. Augustin, Y. Marzouk, NOWPAC: A path-augmented constraint handling approach for nonlinear derivative-free optimization.

2014
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Robust optimization problem statement

Ry =R (X*, 0) = %C(Tiar;)@%f(x, )

Features of SNOWPAC:
0. Extension of NOWPAC: Derivative-free nonlinear constraint optimization method using

trust-regions (deterministic)

1. Estimate robustness measures: Use sampling, e.g. Z/, = E[f,(x)] ~ R" = %Z,’L f(x,0;)+en

F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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SNOWPAC !

Robust optimization problem statement

Ry =R (X*, 0) = %C(Tiar;)@%f(x, )

Features of SNOWPAC:
0. Extension of NOWPAC: Derivative-free nonlinear constraint optimization method using

trust-regions (deterministic)
1. Estimate robustness measures: Use sampling, e.g. Z/, = E[f,(x)] ~ R" = %Z,’L f(x,0;)+en

NEW: Leverage multilevel estimators.

F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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Multilevel error estimator for SNOWPAC

Generic MLMC estimators:

e Mean:
sol~ G- ;( -a)

« Variance:

L
v[a] = Y E (@~ E[Q])® - (@1 ~E[Qr1])?| = ZE[P]—E[PM
/=0

~ Q2 2 _ p2 2 _ (N _ &
~ Sy _;)(Pg P2 ), where Pe_Ne—1,-;(Q£ Qg).

« Standard deviation:

VVI[Q & /sy
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Multilevel error estimator for SNOWPAC

Generic MLMC estimators:

e Mean:
sol~ G- ;( -a)

« Variance:

L
v[a] = Y E (@~ E[Q])® - (@1 ~E[Qr1])?| = ZE[PE]—E[PE N
/=0

; A\ 2
S :;E)(PE—PE_1), where  Pf = ;(Qé')—@) ,
= =

« Standard deviation:
VV[Q]~\/s3,

— Multilevel estimators for E, V and V/V.
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Multilevel error estimator for SNOWPAC

Generic MLMC error estimators:

« Mean @L:
L

A 1
ViQl] =)+

VY]

« Variance s, :
L — —_— ~
V(siul = Y V[P?]+V[P2 ] —2Cov(P?, P2 ,)
{=0

1
Ny

2

where V[P?] = Ne(Np—1)

(M4 —V[QJ?) + VIQJ?

. . 2 .
- Standard deviation 4/ sy, :
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Multilevel error estimator for SNOWPAC

Generic MLMC error estimators:

« Mean @L:
L

A 1
ViQl] =)+

vIZ)= (3 )

i 2 .
« Variance sy, :

L — —_— —_~ 8
Visiul = Y. VIP?I+VIPE ] —2Cov(P2, P2 ) = ()
(=0
21 — . 2 2
where V[P?] = N, (Mar— V[Q/] )+—Ng(Ng—1)V[Q£]

. . 2 .
- Standard deviation 4/ sy, :

1 EN
SE(siy) ~ Vsl = >

= Multilevel error estimators for £, V and \/V
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Robust optimization problem statement

Ry =R (X*, 0) = %C(Tiar;)@%f(x, )

Features of SNOWPAC:
0. Extension of NOWPAC: Derivative-free nonlinear constraint optimization method using

trust-regions (deterministic)
1. Estimate robustness measures: Use sampling, e.g. Z/, = E[f,(x)] ~ R" = %Z,’L f(x,0;)+en
2. Implement new trust region management: Account for noise €y in objective/constraint

evaluations = Ak 1 > VAEN

F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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Robust optimization problem statement

Ry =R (X*, 0) = %C(Tiar;)@%f(x, )

Features of SNOWPAC:
0. Extension of NOWPAC: Derivative-free nonlinear constraint optimization method using

trust-regions (deterministic)
1. Estimate robustness measures: Use sampling, e.g. Z/, = E[f,(x)] ~ R" = %Z,’L f(x,0;)+en
2. Implement new trust region management: Account for noise €y in objective/constraint
evaluations = Ay 1 > VAN

3. Introduce Gaussian process surrogates: Mitigate effect of noise ¢y

F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
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SNOWPAC — Gaussian process surrogate

Build Gaussian process surrogate ‘ Gaussian Process

=== f exact

® training data (70)

« Use black box evaluations to build global Gaussian || gp mean

gp 2std

process surrogates

05

05

I
-15 - - 15
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SNOWPAC — Gaussian process surrogate

Build Gaussian process surrogate

« Use black box evaluations to build global Gaussian

process surrogates

05

« Replace noisy black box evaluations by GP mean:

~

R=a-uep+(1— ) Ro

05

Gaussian Process
T T T

== f exact
® training data (70)

m— D Mean

gp 2std
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SNOWPAC — Gaussian process surrogate

Build Gaussian process surrogate ‘ Gaussian Process

=== f exact

® training data (70)

« Use black box evaluations to build global Gaussian | |/=—gp mean

gp 2std

process surrogates

05

« Replace noisy black box evaluations by GP mean:

~

R=a-uep+(1— ) Ro

05

I
‘15 B K 15

« Replace noise estimate by:

_ 2
b) Heuristic: € = a-20gp(X) + (1 — a) - &n, Where a = e oGp(%)

with
— GP mean: ugp(x) = kex[Kxx + 621 'R
— GP variance: 6p(X) = kxx — Kxx[Kxx + 621] ' kxx
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SNOWPAC — Gaussian process surrogate

Build Gaussian process surrogate ‘ Gaussian Process

== f exact
® training data (70)

« Use black box evaluations to build global Gaussian | |/=—gp mean

gp 2std

process surrogates

« Replace noisy black box evaluations by GP mean:

~

R=a-uep+(1— ) Ro

« Replace noise estimate by:
NEW a) Analytic: & =2 min RMSE(R), where o = arg min RMSE(R)NEW

_ 2
b) Heuristic: € = o - 20gp(Xx) + (1 — @) - ey, Where x = e Gp(X)
with
: _ 2111
— GP mean: ,LLGP(X) = kxX[KXX + Op, |] R
— GP variance: 6p(X) = kxx — Kxx[Kxx + 621] ' kxx
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SNOWPAC — Gaussian Process Noise Correction
MSE:

MSE,, = BIAS(R)? + V[R]
= [a(uap[#] — %)) + 0 V[ugp] + (1 — a)*V[R] + a(1 — a)2covucp, A]
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SNOWPAC — Gaussian Process Noise Correction

MSE:
MSE,, = BIAS(R)? + V[R]
= [a(uap[#] — %)) + 0 V[ugp] + (1 — a)*V[R] + a(1 — a)2covucp, A]
Optimal «:
o — V[R] —cov[uge, A

(UGp[Z] — Zw)? + V]uap] + V[R] — 2cov[ugp, A]
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SNOWPAC — Gaussian Process Noise Correction

MSE:
MSE,, = BIAS(R)? + V[R]
= [a(uap[#] — %)) + 0 V[ugp] + (1 — a)*V[R] + a(1 — a)2covucp, A]
Optimal «:
o — V[R] —cov[uge, A

(UGp[Z] — Zw)? + V]uap] + V[R] — 2cov[ugp, A]
Optimal estimator:
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SNOWPAC — Gaussian Process Noise Correction

MSE:
MSE,, = BIAS(R)? + V[R]
= [a(uap[#] — %)) + 0 V[ugp] + (1 — a)*V[R] + a(1 — a)2covucp, A]
Optimal «:
o — V[R] —cov[uge, A

(UGp[Z] — Zw)? + V]uap] + V[R] — 2cov[ugp, A]
Optimal estimator:

Approximations:

- VIA] = ()
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SNOWPAC — Gaussian Process Noise Correction

MSE:
MSE,, = BIAS(R)? + V[R]
= [a(uap[#] — %)) + 0 V[ugp] + (1 — a)*V[R] + a(1 — a)2covucp, A]
Optimal «:
o — V[R] —cov[uge, A

(UGp[Z] — Zw)? + V]uap] + V[R] — 2cov[ugp, A]
Optimal estimator:

Approximations:
- VIR] = (%)

e Viuge] = kxx[Kxx + 631] 71 ()2
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SNOWPAC — Gaussian Process Noise Correction

MSE:
MSE,, = BIAS(R)? + V[R]
= [a(keplZ) — o) + aV[ugp] + (1 — @)?V[R] + (1 — a)2cov[uge, Al
Optimal «:
. V[R] - covluge, Al
@ = 5
(UaplZ) — Zw)? + Vuap] + V[R] — 2cov(uge, Al
Optimal estimator:
R=oa" ugp+(1—a*)-Re
€ =2-1/MSE4(R)
Approximations:
- VIRl = (F)? + cov[uge, Al = (L)2EN Ky, (Kxy + Sn02)

e Viuge] = kxx[Kxx + 631] 71 ()2
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SNOWPAC — Gaussian Process Noise Correction

MSE:
MSE,, = BIAS(R)? + V[R]
= [a(uap[#] — %)) + 0 V[ugp] + (1 — a)*V[R] + a(1 — a)2covucp, A]
Optimal «:
o — V[R] —cov[uge, A

(UGp[Z] — Zw)? + V]uap] + V[R] — 2cov[ugp, A]
Optimal estimator:

Approximations:

» VIRl = (%)? » cov[ugp, Rl = (B2 L1 ke, (Kxxy + Oive?) ™!
- V[par] = kx[Kxx + ol] ' (8)? + uapl#| — %o = Elucp] — Zo ~ Elucp[Rl] — uaplR

Friedrich Menhorn (TUM), et al. | menhorn@in. tum.de | Derivative-Free MF Design OUU of a Scramjet(-inspired Problem) 11


mailto:menhorn@in.tum.de

Scientific Computing
Department of Informatics

Technical University of Munich

SNOWPAC !

Robust optimization problem statement

X = F'(X*, 0) = %C(Tiar)\)@%f(x, )

Features of SNOWPAC:
0. Extension of NOWPAC: Derivative-free nonlinear constraint optimization method using

trust-regions (deterministic)
1. Estimate robustness measures: Use sampling, e.g. Z/, = E[fo(X)] ~ R = LYV . f(x,6)) + &n
2. Implement new trust region management: Account for noise &y in objective/constraint
evaluations = Ax 1 > VAN

3. Introduce Gaussian process surrogates: Mitigate effect of noise ¢y
4. Only feasible trial points, i.e. Z¢(xx+1) < 0, should be accepted

= Feasibility restoration mode: min Y (m{(x)?+Agm; (X))
mi(X)<t je.s
X=Xk [[ <Ak

F. Augustin, Y. Marzouk, A trust-region method for derivative-free nonlinear constrained stochastic optimization. 2017
Friedrich Menhorn (TUM), et al. | menhorn@in. tum.de | Derivative-Free MF Design OUU of a Scramjet(-inspired Problem) 12
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SNOWPAC — Example

: : o1 1 1
minE[sin(x — 1 +91)+sm(§y—1 +91)2]+§(X+§)2—y

st E[-4x°(1+6)—1003] <25—10y,0;~ % (6] —1,1),i=1,..4
E[—2y2(1+ 64) — 10(64 + 65)] < 20x — 15,x(®) = (x(0) (0 = (4,3).

number of black box evaluations: 1 -50

| \w"/ |

« Locally smoothed black box functions within the trust region

« Optimal design (red cross), exact constraints (red dotted lines)
« Objective (blue lines), constraints (black lines)

« Current design and trust region (green dot and circle)

« GP points ( ), scaling factor y (gray shade)

Friedrich Menhorn (TUM), et al. | menhorn@in. tum.de | Derivative-Free MF Design OUU of a Scramjet(-inspired Problem)
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SNOWPAC — Example

number of black box evaluations: 1 -50

16

14

—

2

—

0

o
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SNOWPAC — Example

number of black box evaluations: 20 - 50
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SNOWPAC
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number of black box evaluations: 40 - 50
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SNOWPAC — Example

number of black box evaluations: 100 - 50

16

14

12

10
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SNOWPAC — Benchmark setup

« Benchmark comparison of performance of SNOWPAC

to COBYLA, NOMAD, SPSA and KWSA

« Use 8 CUTEst benchmark problems with added noise

min RN[f(X) + 601]

s.t. An[ci(x) + ap ] <O,

and approximate robustness measures with N € {200,1000,2000} samples of
1, Wp,j ~ U [—1,1]
« Limit max number of black box evaluations to 1000N

« Comparison of results from 100 repeated optimization runs

« Use data profile [Moré/Wild2009] to compare performance ds(o) = 24% ‘ {p S nfff1 < oc}‘

— Based on |#?| =8-100 -3 = 2400 optimization runs

Friedrich Menhorn (TUM), et al. | menhorn@in. tum.de | Derivative-Free MF Design OUU of a Scramjet(-inspired Problem) 14
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SNOWPAC — Benchmark results

€= 0.01 and ¢ =0.01
1 ‘ °.

|
SPSA
= = KWSA
== COBYLA
===:NOMAD
== (S)INOWPAC heur ||

100 150 200 250
o
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mailto:menhorn@in.tum.de

Scientific Computing
Department of Informatics

Technical University of Munich

SNOWPAC — Benchmark results

Friedrich Menhorn (TUM), et al. | menhorn@in. tum
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|
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== COBYLA
===:NOMAD
== (S)INOWPAC heur ||
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o
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SNOWPAC — Benchmark results

€= 0.001 and €. = 0.001

1 ‘ | ‘
SPSA
== KWSA
0.9 = COBYLA r
===:NOMAD
08l == (S)NOWPAC heur | |
. === (SINOWPAC altyc
0.7 - |
0.6 |
=z
~n 0.5 |
gl
0.4 - |
0.3~ ! R |
02 M — 1 1
) —
0.1~ |
0 | - - %
0 50 100 150 200 250

(07
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SU2 Optimization — Problem formulations

it ItE

hb

Deterministic (NOWPAC)

mxi N Ploss (X)

s.t. 0.51 < Teau(X)

Pressure

Meshes: Fine: ~18000, Medium: ~5000, Coarse: ~2500 elements

Robust OUU MC and MLMC (SNOWPAC)

mxin E[pross(X, )]

s.t. 0.51 < E[Teav(X, 0)] — 30| Tcav(X, ®)]

Constraints on design and distributions on uncertain parameters:

- 05<hb<25
e 75<It<115
«25<tp<4.5
e 17.5< /b <205
. 79.5< xb <855

e Po.in~ % (1.332€6,1.628€6)
e Ton~ % (1.395€3,1.705€3)
e Min ~ % (2.259€0,2.761€0)
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SU2 Optimization — Results

Objective Objective Objective
0.515 ‘ Evaluations 0.521 Evaluations 0.54+ Evaluations
=== QOptimization Path = Optimization Path 0531 = Optimization Path
0.510 % 0.514 8
0 o 2 0.52
8 g g
o 0505 2 050 2 0.511
2 o o
§ 0.500 % 049 & 0.501
& g 8 0.49-
0.495 = =
. 0.48 0.481
0.490 0.47 1 0.47 1
Constraint Constraint Constraint
20.70+ 2
0.675 _\_, s 5 0.70
o o
[ [
» 0:650 2 .65 g
2 2 = 0.651
© 0.625 = . = .
o ; o Evaluations o Evaluations
g 0.600 Evaluations g 0.60{ === Constraint Path g == Constraint Path
2 — traint Path ] ] X ] 1 .
© EgerrrZ?un;— 05 = Constraint Mean - 0-60 Constraint Mean
g 0.575 o g = Lower bound = 0.51 g = |ower bound = 0.51
£ 20.551 >
o 0.550 n o 0.551
" . W "
0.525 s =~ c MM-G\M
0.50 1
0.500 g g 0.50
0 20 40 60 0 25 50 75 100 125 150 175 0 25 50 75 100 125 150 175
Optimization step Optimization step Optimization step
Deterministic OuuU MC OuUU MLMC
x x * . . H
Problem X Pioss c Cost: Eval ~Cost: Time

(C, M, F)

(5s, 10s, 5m)

DET

0.4902

0.6732

6 h

[1.46,11.25,2.51,17.62,79.50]

0,0, 73)

OuuU MC

[2.06,8.63,3.84,20.5,79.5]

0.4807 | 0.5355

(0, 0, 9396) 800 h

OuuU MLMC

[2.37,10.63,3.52,20.5,79.75]

0.4840 | 0.5138

(34626, 4350, 870) 150 h
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Cantilever Optimization — Problem formulations

 -— L= ——
v/,
Z
/.
Rectangle
min  wt
48 (&)2+(&)2
st Dp= MV E W _1<0
Do
6L 6L
D, +>2%D
Op = 27V ' wlt 1<0

For Multilevel:
e Level 1
e Cost =1
« Ny =25
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I’

}.' yA YA
y O, gl
- N
Ellipse
min  wt
DxL \2 DyL 3
\/(3/5#) (357{?)
s.t. Dg = 5 —-1<0
aL /Dy | D%
5\ =t 2 2t w
nab 'V a2 b2
= 1<0,a=—,b=—
OF R ’ T’ 2
e Level O
e Cost :=0.01
o« Ng =550+25
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Cantilever Optimization — Problem formulations

| — =100 ———

Y/,
Z

Deterministic
(NOWPAC)

min wt
s.t. Dpr<0
orp < 0

t

Y

X
-l —

YA yA

: N
G \70,Aaz

Robust OUU MC and MLMC
(SNOWPAC)

min wt

s.t. E[D(w, )] +3V2[D(w, )] <0

Elo(w,t)] —|—3V%[G(W, 1] <0
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Cantilever Optimization — Problem formulations

}.' yA yA
 — L= ——— _
7 X o c \ >
| |ea— N =
/ "
Deterministic Robust OUU MC and MLMC
(NOWPAC) (SNOWPAC)
min wit min wit
st.Dp<0 st. E[D(w, 1)] +3V2[D(w, 1)] < 0
<
or <0 E[o(w, )] + 3V3[o(w, 1)] <0

Constraints on design and distributions on uncertain parameters:

«1.0<w<10 « R~ .4 (40000,2000?)
«1.0<t<10 « E~ ¥ (2.9€7,1.45€62)
« L=100[in] « Dy~ .#(500,1002)

D =2.2535[in] « D, ~.#(1000,1002)
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Design distribution over 100 runs
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\ \\ \ DET
\ \ \ e MC
\

MLMC

9.43

[9.38, 9.32]

9.42
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Design distribution over 100 runs 9.43 Area objective distribution over 100 runs
\ .

\ 3
\ \\ \ DET E MLMC
\\ \ . e MC 1751 mmm MC

4.2

4.0

15.01

12.51

[9.38, 9.32] 10.01
7.51

5.01

2.5

9.42 0.0-
9.32 9.34 9.36 9.38 9.40 9.42
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4.2

Design distribution over 100 runs

DET
e MC
® MLMC
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9.43

[9.38, 9.32]

9.42

60 1

50

401

301

20

101

Stress constraint distribution over 100 runs

I MLMC
B MC

0 f T ' = ' T
—0.004-0.003-0.002-0.0010.000 0.001 0.002 0.003 0.004
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Design distribution over 100 runs

4.2

DET
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® MLMC
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9.43

[9.38, 9.32]

9.42

40 A

351

301

251

20+

154

101

Displacement constraint distribution over 100 runs

H MLMC
B MC

0_
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Design distribution over 100 runs

Displacement constraint distribution over 100 runs

4.2 9.43
DET 401 Em MLMC
e MC 35 | mm MC
L@ MmMC
301
\
\\ 25 1
“\ [9.38, 9.32] 204
\
o\\ \\ 151
\\ 10
\
\ 5
\ N
S 9.42 0-
28 3.0 -0.125-0.100—0.075-0.050—0.025 0.000 0.025 0.050
Problem W tx] | w*-t* c] C5 Cost: Eval | Costratio
(R, E)
DET [2.35,3.32] | 7.82 | —1.60e—2 | —7.52e—7 (56, 0) 2.24e-3
OUUMC |[2.48,3.80] | 9.40 | 7.60e—6 | —2.19e—2]| (25000, 0) 1
OUU MLMC | [2.43,3.85] | 9.36 | —9.02e—4 | —8.47e—2| (6250, 137500) | 0.3075

Friedrich Menhorn (TUM), et al. | menhorn@in. tum.de | Derivative-Free MF Design OUU of a Scramjet(-inspired Problem)

20


mailto:menhorn@in.tum.de

Scientific Computing
Department of Informatics

Technical University of Munich

Summary:

« NOWPAC — Derivative-free trust region methods for constrained nonlinear optimization

« SNOWPAC - Stochastic derivative-free optimization using Gaussian process surrogates
= New analytic approach for noise reduction

« DAKOTA — Design Analysis Kit for Optimization and Terascale Applications

= New standard error estimates for MLMC used in SNOWPAC.

Future work and open questions:
« Alternatives for surrogate model (e.g. RBF surrogates)
« Integrate new developments for Gaussian process surrogates (e.g. non-stationary kernels)

« Investigate MLMC and MC behavior for benchmark problem

Links:
« SNOWPAC: bitbucket.org/fmaugust/nowpac

 Dakota: dakota.sandia.gov
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