PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: August 16, 2018
REVISED: October 24, 2018
ACCEPTED: October 31, 2018
PUBLISHED: Nowvember 19, 2018

Anomalous dimension of subleading-power INV-jet
operators. Part |l

Martin Beneke, Mathias Garny, Robert Szafron and Jian Wang

Physik Department T81, Technische Universitat Minchen,
James-Franck-Strafle 1, D-85748 Garching, Germany

E-mail: mathias.garny@tum.de, robert.szafron@tum.de, j.wang@tum.de

ABSTRACT: We continue the investigation of the anomalous dimension of subleading-power
N-jet operators. In this paper, we focus on the operators with fermion number one in
each collinear direction, corresponding to quark (antiquark) initiated jets in QCD. We
investigate the renormalization effects induced by the soft loop and compute the one-loop
mixing of time-ordered products involving power-suppressed SCET Lagrangian insertions
into N-jet currents through soft loops. We discuss fermion number conservation in collinear
directions and provide explicit results for the collinear anomalous dimension matrix of the
currents. The Feynman rules for the power-suppressed SCET interactions in the position-
space formalism are collected in an appendix.

KeEyworbDs: Effective Field Theories, Perturbative QCD

ARX1v EPRINT: 1808.04742

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2018)112


mailto:mathias.garny@tum.de
mailto:robert.szafron@tum.de
mailto:j.wang@tum.de
https://arxiv.org/abs/1808.04742
https://doi.org/10.1007/JHEP11(2018)112

Contents

1 Introduction

2 Set-up of notation and conventions

2.1
2.2

Operator basis
Anomalous dimension matrix

3 Soft sector

3.1
3.2

3.3
3.4

Single insertion of £®)
Double insertion of £

3.2.1 Double insertion in a single collinear direction
3.2.2 Double insertion in different collinear directions

Single insertion of £
Soft-quark exchange

4 Collinear sector

4.1
4.2
4.3
4.4

4.5

O(X)

O()\?), overview

Mixing of B-type currents into B-type currents
Mixing of B-type currents into C-type currents
4.4.1 Mixing J33 (x) = JG%, (11, 92)

4.4.2  Mixing J§3 (x) = JZ2 (y1,92)

Mixing of C-type currents into C-type currents

5 Summary

A SCET Feynman rules

Al
A2
A3
A4

A5

A6

A7
A8

Preliminaries

Derivative operators and Wilson lines
Notation for Yang-Mills Feynman rules
Fermionic Feynman rules

A.4.1 Purely collinear or purely soft vertices
A.4.2 Soft-collinear interaction vertices
Three gluon vertices

A.5.1 Purely collinear or purely soft vertices
A.5.2 Soft-collinear interaction vertices
Four gluon vertices

A.6.1 Purely collinear or purely soft vertices
A.6.2 Soft-collinear interaction vertices
Ghost vertices

Collinear building blocks

11
13
13
14
20
25

26
26
27
28
30
31
36
39

41

43
43
45
46
47
48
48
50
50
o1
52
52
53
95
95



B Soft master integral 56

C Auxiliary functions entering the collinear anomalous dimension 57
C.1 B-to-B mixing 57
C.2 B-to-C mixing 58

C.2.1 Jfgx(x) — Jﬁix(yl,yg) 58
C22 JE (2) = I3 (1, 92) 62
D Anomalous dimension of hermitian conjugated operators 63

1 Introduction

The analysis of infrared (IR) divergences in QCD and gauge theories in general has always
been a fertile field for exposing the universal structure of high-energy scattering ampli-
tudes and performing all-order resummations of the perturbative expansion in the gauge
coupling. What is commonly called the soft anomalous dimension of an amplitude of N
widely separated energetic particles refers in the framework of soft-collinear effective the-
ory (SCET) to the simplest N-jet operator, where every jet is sourced by a single collinear
gauge-invariant quark or gluon field [1, 2]. The increasing sophistication of multi-loop cal-
culations and the corresponding advance in precision has also triggered recent interest in
subleading-power effects in the expansion in the scale 1/Q of the hard scattering [3-13]. In
a recent paper [14, 15] we began the systematic investigation of the one-loop anomalous di-
mension matrix of these subleading power operators. Previous relevant work on anomalous
dimensions of power-suppressed operators has been done in the context of heavy-quark de-
cay [16, 17] and for thrust [18, 19]. All-order resummations of subleading-power logarithms
can be found in refs. [16, 17, 20-22] covering cases with one or two collinear directions at the
leading logarithmic order (next-to-leading for heavy quark decay to one jet). The purpose
of our investigation is the complete analysis of one-loop infrared divergences of an arbitrary
subleading-power N-jet operator. This provides one of the ingredients in resumming or
generating at fixed order subleading-power next-to-leading order logarithms for amplitudes
with any number of collinear directions or jets.

In the present paper, which follows upon ref. [14], we extend the calculation of the one-
loop anomalous dimension matrix from the case |F'| = 2 to those with odd F', where F refers
to the fermion number of the product of collinear fields in a given collinear direction. This
contains as its simplest realizations the quark-antiquark initiated two-jet operators relevant
to the subleading-power resummation of thrust and other event shape variables in ete™
annihilation, and the threshold resummation of Drell-Yan type processes in hadron-hadron
collisions. In addition to the collinear renormalization kernels for the odd-fermion number
operators in a collinear sector, we discuss and calculate for the first time the subleading-
power soft contributions to the anomalous dimension matrix, which did not appear for
the |F| = 2 operators. This involves a new contribution, which is not of the eikonal



type, and arises instead from the mixing of power-suppressed soft-collinear interactions
in the SCET Lagrangian into power-suppressed N-jet operators with additional transverse
derivatives or collinear fields. The anomalous dimensions discussed here can be used to sum
subleading-power logarithms due to the evolution of the hard functions multiplying an N-jet
operator. Physical observables in general contain further logarithms from the evolution of
soft or jet functions already at the leading-logarithmic order (see the example of the thrust
distribution [22]). The soft and collinear kernels in the present paper contribute to the
next-to-leading logarithmic resummation, which yet has to be completed for an observable.

The outline of the paper is as follows. In section 2 we set up notation and conventions,
and discuss the form of the one-loop anomalous dimension matrix with respect to current
and time-ordered product operators, and its collinear and soft one-loop contributions. The
bulk of the paper is devoted to the calculation of the soft mixing contribution in section 3,
and the collinear kernels in section 4. We summarize in section 5. Translation rules from
positive to negative F', master integrals, and some auxiliary expressions for collinear kernels
are collected in appendices. We particularly note appendix A, which gives a complete list
of SCET Feynman rules in the position-space formalism [23, 24] up to the second order in
power-suppressed interactions and up to four-point vertices.

2 Set-up of notation and conventions

To make the paper self-contained we first review some notation from ref. [14] and then
discuss the structure of the N-jet operator basis and the anomalous dimension matrix
relevant to the present work.

2.1 Operator basis

We consider N copies of the collinear SCET Lagrangian £; [24], i« = 1,..., N, furnished
with corresponding collinear fields 1);, as well as one set of soft fields 1, that interact with
all collinear fields and with themselves according to the soft Lagrangian L, in total

N
Lscur = > Li(i,s) + La(s) . (2.1)

i=1
The collinear fields are characterized by N pairs of light-like reference vectors n;4+ with
ni— - Ny = 2, n;— - nj— = O(1), defining N widely separated directions. We are interested

in current operators of the form

N

J= /dt C({ta}) Js(0) [ Jiltis,tinr ), (2.2)

i=1
characterized by one soft and N collinear contributions with certain transformation prop-

erties under soft- and collinear gauge transformations [14]. The collinear contributions are
composed of n; collinear building blocks 1, ,

Tiltiystig, ) = [ ] i (tienis) (2.3)
k=1



that are offset along direction n;4 by an amount ¢;, from the origin, which is chosen to be at
the position of a hard interaction generating the N-jet current. Furthermore, dt = [, dt;,
and C'({t;, }) denotes a Wilson coefficient.

Up to O(A\?), the soft building block Js(0) = 1 is trivial, and soft fields do not enter
via J; as well [14, 15]. Therefore, the most general current basis contains only collinear
fields at this order. The complete operator basis can be constructed from the elementary
collinear building blocks y; = W;&, its conjugate x;, and A, = W; [iDY W], as well as
currents obtained by acting with one or several derivatives ¢0"; on the elementary building
blocks [14]. Here &; is the collinear quark field, and W; a collinear Wilson line. At the
leading power only a single building block in each direction contributes (i.e. n; = 1 for
i =1,...,N) and no extra derivatives appear. Each additional building block or extra
derivative supplies a relative power suppression of order .

Every collinear factor J; in the current operator J can be characterized by its fermion
number Fj, equal to the difference of the number of x; and ; building blocks." In the
present paper we consider the case of collinear directions with odd fermion number, which
implies |F;| = 1,3 at O()\?). In the following, we write down explicitly the basis of operators
for F; = 1. The leading power operator is J (t“) = Xia(ti;nit+), where we indicate the
open Dirac index a. At O(\) there are two operators,

Toie (tiy) = 10! Xia(timiv)
‘].A“x ( 117ti2) = Alii(thni-i-)xm(tizni—i-) . (2.4)
At O(\?) there are further possibilities,

Tpitgrya (tin) = 101 ji0 i xia(tiy i)
A (81,101 )10 Xia (tig iy ) 5
8@( Tiltinis)Xia(tisnis))
a(timis )AL (tisnit ) Xia (tignit )
Xia(tiy it ) Xig (tigMit ) X (ig it ) - (2.5)

‘]A“@an ( i1 Li

JA“A”X& (tllatlzatzg
C2
JXOLXBX’Y( 115 125

) =
)
Jau(AV (ua tis)
)
is)

The superscript denotes the number of building blocks (A, B,C for one, two and three,
respectively) and the power suppression relative to AOQ.

When expanding in powers of A, time-ordered products of currents J; with subleading-
power O(A") Lagrangian insertions EZ((;) need to be considered (n > 0). In contrast to the
current operators above, these insertions contain the soft field explicitly. For each collinear
sector we discriminate interactions involving only collinear quarks, both soft and collinear
quarks, or no quarks, denoted by V = &, &q, YM, respectively. Soft and collinear gluons
may be contained in all three contributions. The Lagrangians 553) are given in ref. [24] for
n = 1,2, see also appendix A. Consequently, for F; = 1 the basis needs to be complemented

by the time-ordered product operators
1
Tt =i [ e {50, £ @)} (2.6)

1As we will see, F; is conserved under operator mixing up to O()\Q) in the absence of a mass term for
the quark field.




at O(\), and

2
Tt =5 / dta [ atyT{100), £0@), L300} (27)

at O(\?), where V,W € {£,&q, YM}. The open Dirac and Lorentz indices of the currents
are left implicit here.

In momentum space associated with the collinear direction n;,, the basis operators
Ji depend on the total collinear momentum P; > 0 and n; momentum fractions z;, that
satisfy 1, x;, = 1. Therefore, JA", JB"(z;,) and J“™(z;,, x,) can be described by zero,
one and two independent momentum fractions, respectively. Similarly, the time-ordered
product J42 ay,v (tir, tiy) depends on one momentum fraction inherited from .J AX( irstip). In
the following we write a generic N-jet operator in collinear momentum space as

N
(z) =[] Ji=ir,---) (2.8)
i=1

where P collectively denotes the types of currents and/or time-ordered products in each
of the directions labeled by #,? including Lorentz, Dirac and colour indices, and z = {z,}
stands for the corresponding momentum fractions. At O(A) one collinear direction, say
7, may contain a current JiAl or JZ-Bl, or a time-ordered product JZ-T L while all other
directions j # i are described by leading-power operators JJAO. At O()\2), either two
collinear directions, say ¢ and j, contain a single power suppression, of the form JZ-X IJJY 1
with X,Y € {A, B,T}, or a single direction contains a O(A\?)-suppressed operator .J:X?
with X € {A,B,C,T}.

2.2 Anomalous dimension matrix

The anomalous dimension matrix in the MS scheme is defined by?

d d
T=- Z)2'=2—727" 2.
(dlnu > dlnp (29)

with Jp = ZQ ZpgJg, which implies

d
dlnp

Jp ==Y Troly (2.10)
Q

2Explicitly, for the leading power N-jet operators, P = (A0); ... (A0)x with the additional specification
whether (A0); refers to a quark, antiquark or gluon building block.

3We note a misprint in the corresponding eq. (32) in the published version of ref. [14]. The results for
the Z-factors and anomalous dimension are not affected by this misprint.



for the operators and

d
dlnp

Cp :ZFQPCQ (2.11)
Q

for their coefficient functions. Here we have omitted the dependence on the continuous
momentum fractions to emphasize the matrix multiplication structure. It is easy to restore
this dependence if we include in P, a continuous index and change the sum over this
index to an integration.

The renormalization matrix Z = 1 + 07 is determined, at the one-loop order, by the
condition

finite = (Jp(2)) L-o0p (2.12)

+3 [y [2eatw.) + 88— ) | 5 X626+ Y62, | | (To®hier

¢>€P geP

where 6(x —y) = [[, T1iis 0(zs, — vi,) and dy = T, HZIZZQ dy;, denotes integration over
momentum fractions, with n;(n}) being the number of collinear building blocks in direction
1 contained in J p(JQ).4 The sum over () includes the time-ordered product operators. We
used the constraint Zzni1 ¥, = 1 to eliminate one of the momentum fractions (arbitrarily
choosing the first one) and regard the appearing objects as functions of the remaining
momentum fractions. We employ the convention that empty products are equal to unity
to capture the case of A-type currents as well. Furthermore, 6Z,; and 6Z, are the usual
MS renormalization factors for all fields and couplings contributing to Jp, given by

OéSCF OzSCA

1 1
§5ZX and 552,4 + (5Z s — —

8me dre

(2.13)

for the collinear quark and gluon building blocks, respectively. The one-loop renormaliza-
tion matrix can be split according to

N
8Zpq(z,y) Z §(x —y)oZp 9 (y) + Z 61 (2 — y)&Zf;:z?(a:, Y) (2.14)
i,j=1,i#j i=1

where 52103’22 contains the divergent parts of collinear loops as well as field- and coupling
renormalization in direction i, and 623 )i o (y) the divergent parts of soft loops connecting
direction ¢ and j. The dependence on momentum fractions follows in each case from the
structure of the one-loop amplitude for soft and collinear loops, and will be discussed
in more detail below. We define the Dirac delta-function with respect to direction 7 by
60 (z —y) = [1}y 6(wi, — i), and with respect to all directions but i by 6ll(z —y) =
[T, 6U)(z — 5), such that we can decompose 6(z — y) = 6 (z — y)ol(z — y).

In order to extract the ultraviolet divergent part of loop amplitudes, we assume a
small off-shellness p?k for all external particles. The soft and collinear contributions to the

“We note that the definitions imply that Jdyd(x —y) # 1, if nj # n;. We shall come back to this
subtlety below.



anomalous dimension are then of the form [14]

‘ 2 o
3256 (x,y) = —dpgdt? Z T;, - T;, + ln( “2 >+5,k;k
=1 Py,
1 7
+ *’YpQ(ﬂf,y) ) (2.15)
Lz i
: 2 1
$Z5 =30y T [ 2,2, (ﬂ %%SM)]+”P3<”, 2.16)
k=1 1—1 € zkpjz €

where s;; = %(nl, -n;_)P;Pj, and ¢;, = 3/2 for fermionic and ¢;, = 0 for gluon building
blocks. The last term in both expressions captures operator mixing, and will be discussed
in detail in the following sections. The factors 1/2 included in the soft contribution account
for summation over both i < j and i > j in eq. (2.14).

When combining the soft and collinear Z-factor, the dependence on the off-shell reg-
ulators cancels, and the resulting anomalous dimension is given by

—8iiT4, T4
FPQ(xv y) = 5PQ5(1: - y) _IVCusp(as) Z Z Tzk : le In (W) +Z Z’Y@k (as)
7 k

1<j ki,
+225 z = yVpo(x,y) +2> 8z — y)1o), (2.17)
1<J
where
3a:Cr

Qg - (a)

Yeusp(@s) = —  and 7, (as) = Ar (2.18)
T
0 (g

for the collinear quark (q) and gluon (g) building block. This general structure covers both
currents and time-ordered products.

For the further discussion of the structure of the matrix we momentarily restrict the
indices P, () to the current operators, and label the time-ordered product operators that
descend from current operators P’, Q" with indices T'(P’), T(Q’). The generic structure of
the anomalous dimension can then be summarized as

r—( tre Terey \_ Tro 0 (2.19)
Cripyg Trepnyr@r Lripyg Ty

Due to the non-renormalization property of the SCET Lagrangian [23], the mixing of time-
ordered products into themselves is directly inherited from the corresponding currents that
appear inside of the time-ordered products, i.e. I'r(pryr(g) = I'prgr. Mixing of currents into
the time-ordered products is forbidden by locality, i.e. I pp(qy = 0. However, time-ordered
products can mix into currents, hence I'r(pryg # 0.



We now recall that the current operators do not contain soft fields, hence it is sufficient
to consider matrix elements without external soft fields for the calculation of the anomalous
dimension. Since the power-suppressed Lagrangian interactions Egg) always involve at least
one soft field, soft fields must therefore be contracted to an internal soft line, which exists

only for soft loops. It follows that I'r(pr)q arises entirely from soft loops, and is described by

Lripng = 225($ — y)v;?(p/)Q(y) . (2.20)

i<j

Furthermore, the soft contribution 'ng(y) in eq. (2.17) vanishes for current-current mix-
ing [14], so the above is the only soft mixing contribution. The collinear (7°) and soft

operator mixing (7%) terms in the anomalous dimension matrix (2.17) therefore take the

. (o O ’ 0 0
"}/Z _ < I(J]Q ,.Yi . > , ,-YU — (fyij( . 0 . (221)
PQ (P’

The soft, time-ordered product mixing matrix v* vanishes for operators with fermion num-
ber F; = £2 or F; = 42 [14], but, as will be seen below, this is not the case for F; = +1 or
F; = +1. This type of mixing therefore represents a qualitatively new feature compared

block forms

to ref. [14], discussed in detail in the following section.

Let us point out a subtlety concerning the dependence on collinear momentum frac-
tions. The collinear one-loop renormalization matrix 5Zf322(x, y) is in general off-diagonal
with respect to momentum fractions in direction ¢, and diagonal with respect to all other
directions. Correspondingly, we extracted the factor 6(z — ) in eq. (2.14). The soft
part (5Z;;’g(y), on the other hand, is diagonal in momentum fractions for current-current
mixing. For the mixing of time-ordered products into currents, this is strictly true only if

the number of building blocks in Jrp) and Jg is equal, i.e. nj = n; and n; = n;. As we
I
L=
also possible, in which case the number of collinear building blocks in @) is larger than in

will see below (see, e.g., figure 4) the cases n, = n; +1 = 2 and/or n nj+1 =2 are
T(P’). Then 5Z153’g(y) depends in addition on y;, and/or y;,, which are not contained in
d(z — y) in this case, and are integrated over in (2.12). The first concrete example of this
feature will appear in eq. (3.33) below.

3 Soft sector

In this section we discuss the contribution to the anomalous dimension from soft loops. Its
general structure at the one-loop order is described by the renormalization matrix § Z}Z’g (y)
defined in eqs. (2.14) and (2.16). The first term on the right-hand side of eq. (2.16)
captures the contribution from soft loops for which all interaction vertices are derived
from the leading-power SCET Lagrangian, and was discussed in ref. [14]. An example is
diagram Sgg shown in figure 1. In this case the power suppression arises from the currents
themselves. Employing colour space operator notation allows us to write the anomalous
dimension for arbitrary combinations of quark and gluon building blocks in a unified way,
see eq. (2.17).



Figure 1. Sample diagrams for a soft gluon connecting two fermionic building blocks in collinear
direction ¢ and j, respectively. The numbered vertices indicate insertions of vertices derived from
the subleading power SCET Lagrangian £ with n = 1,2.

We will therefore focus on soft one-loop diagrams that contain at least one power-
suppressed interaction vertex derived from £ with n = 1,2. Some examples are Sig,
S11 and Sog shown in figure 1. Such loops may feature divergences proportional to current
operators, which describe the mixing of time-ordered products into currents, captured by
the second term on the right-hand side of eq. (2.16), i.e. by 4% of eq. (2.21).

Before we systematically investigate the anomalous dimension in the soft sector, we
present an explicit example with a non-zero result. We do so to illustrate an unfamiliar
feature of the power-suppressed SCET interactions in the position space formalism — the
momentum-space Feynman rules contain derivatives of momentum conserving Dirac delta-
functions. In our example, diagram Si; shown in figure 1, we demonstrate how to treat
this objects in practical computations. The two insertions of Eél) lead to O(A\?) power
suppression. Therefore, we can take the collinear building blocks to be leading-power
fermionic operators o< x;X;. Diagram S11 describes the possible mixing of (Jg é)z (Jg é

into A-type currents. We consider a matrix element with two outgoing antiquarks,
(7j(92)@i(a1) [XiaX3810) 1100p, 511

o
- —Mi+q1—5— . 7/i‘
= :“26/ #ngtaXﬁin?—(_lpgw + lvgpu)%vi(ch)
L1 3

a3 +ie
. . Lt
—igh —injy o= o it
X m WngtaXJ_jnj—(lp’gl/u’ - lu’gp’u/)7vj(Q2) ) (3.1)
B

where v;(g) denotes the i-collinear antiquark spinor satisfying 7, v;(¢) = 0, and we use the

dily,  di
/zl,zQ,...E/ (QW)ld (Qﬁ)ld-.. (3.2)

for the loop integration measure in dimensional regularization with d = 4 —2e. The power-

shorthand notation

suppressed vertices arise from the interaction

s = / ' i) (o i 9o (i) o i), (33)



with z;— = (nj+x) n;* , and the corresponding term for the direction j. Due to the explicit

appearance of the space-time point x* in the interaction, the momentum-space vertex
contains the derivative of the momentum-conserving delta functions,

X, = ? 2m) %D (G — g1 — (ni—l)niy /2),
G114
0 -
Xij=——02m)%D (G — g + (nj_l)n;1/2) . (3.4)
0qa1;

Momentum conservation at the vertex can be imposed only after evaluation the derivative
with respect to the momenta ¢; and ¢, of the fermion lines attached to the i- and j-collinear
building blocks of the current, respectively. Note that, according to the SCET Feynman
rules, only the n;_I projection of the loop momentum [ enters in the delta function derived
from Efé , and analogously for direction j. The reason is that the soft field is multipole
expanded around z;— in £; as can be seen in eq. (3.3). After partial integration the
derivatives can be eliminated. Using the collinear projection property of the external
spinors we obtain

(75(92)@i(q1)|XiaX;8]0)1-100p, S11

~ v —Zg ’ ’ ’ol v
_ e /l (Afpe (i + g0 ) 2 ((lgly =i g A55), (35)

where

a 0 nigaq
ipa ¢ . G + ie
CRER] §1=Q1+%(mJ)nz‘+

gstavia(QI) ,

Ao 0 njige
Jr'B P ~o' 52 + je
0y 5 92

gst"vig(q2) - (3.6)

Go=q2—%(nj—Umn;

The integrand has the structure [¥1” /F(ni_l, n;—1,1?) with some scalar function F. There
is no explicit dependence on [, since after the derivative with respect to (jf 1L ((jg i j) is
carried out G7 (g3) is set to ¢& + n;_Ini+q1 (¢3 — nj_Inj+qo). Therefore the integral can
v’ v v

, i =T
and ¢”¥ . By making an ansatz of a linear combination of these tensors,

be decomposed, after integration, into terms proportional to the tensors n;_n

v v v v
ny_nf_, ni_ny,

and contracting with them, one finds that one can replace inside of the integrand

ZVZV/ o 1 12 _ 2n¢_lnj_l gW, . 1 l2 _ dni_lnj_l nzl‘j_n;-/_ + TL;»/_TLJ’{_
d—2 Ng—Mj— ng_Mj— ni—nj—

WA ; 1 \? :
+ < e > ny_ng_ + < i > ni_ni_. (3.7)
n;—-nj— ni—nj—

The terms o [? vanish, since the gluon propagator 1/(I? + ic) is cancelled, resulting in

an infrared finite and quadratically ultraviolet divergent scaleless transverse momentum
integral, which does not contribute to the anomalous dimension. Furthermore, since v



is contracted with either a L vector in the 7 direction or with n;_, terms oc n}_ vanish.

Similarly, terms o< n}’L vanish. Inserting this decomposition in eq. (3.5) yields

(7(92)7i(q1)1Xia X80} 1-100p, S11

994 —d (q11i9215)(ni—nj—) — (Ni—q215)(Nj—q11:)
- 2 ~2¢ J J J J a,. a,,.
= —digsi™ o . (t Uza(Ql)) (t vjﬁ(QQ))

/ N+ qin—1 1 njyqan;_1
1 (@ —nirqni—l +ie)? 2 +ie (g3 + njrqan;_l + ic)?

1 % (QM_z'QQJ_j)(ni_le_) — (ni_Q2J—j)(nj—Q1J_i) a,,. a,, . 0
€ T ni+¢11nj+Q2(ni_nj_)2 (t Uza(Ql)) (t ’U]ﬁ(QQ)) + O(e )7
(3.8)

where we used the master integral from appendix B in the last step. Note the explicit
factor 4 — d = 2¢ in the first line, which cancels the double pole from the integral. The
remaining 1/e divergence can be absorbed by a counterterm proportional to the current
(Jg“lx)i (J ng)j = [0, xi][:0Y ;X;), resulting in the non-vanishing entry

205

(J;g)i(Jgg)j,(Jg;X)i(Jg;X)j oty

1y 0

of the anomalous dimension matrix, where

e TS (5.10)
=\ T ) (un PR ‘

Here we omitted the building blocks belonging to the N — 2 collinear directions different

from ¢ and j, which remain unchanged, as well as Dirac indices, since the above anoma-
lous dimension is diagonal in them in each collinear direction. This computation also
implies that
ij _
y =0, (3.11)
(JTl)i(JTl)f(JAQ )i(J;?O)

a3 X,€ OH OV x j

and analogously for J42 < JA4% The computation above was done in Feynman gauge.
Independence on the gauge-fixing parameter in general covariant gauge is easily seen from
eq. (3.1), since replacing gt — e /1? produces zero upon contracting I* with the vertex
factor. The reason for this is that the soft-gluon vertex in L'g) comes from the field strength
tensor. We also note that with our conventions off-diagonal elements of the anomalous
dimension matrix need not be dimensionless as is apparent from the result (3.10). In this
way we avoid putting explicit factors of the hard scale into the generic operator basis. For
the special case of back-to-back directions, nj_ = n;,, and, since u, v are contracted with
transverse vectors, Gj;" simplifies to ¢'"/ (2Q?), where Q* = P;P; is the invariant mass
squared of the particles in the back-to-back directions, resulting in a simple expression for
the soft mixing anomalous dimension (3.9).

In order to determine the mixing into B- and C-type currents, as well as of different
types of time-ordered products, we need to consider matrix elements with one or two
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Figure 2. Generic soft one-loop diagram featuring a single insertion of Eél) or E%z,[ along collinear
direction 7, a leading-power interaction along direction j, and a soft gluon exchanged between them.
Solid lines without arrow can be either collinear quarks or gluons. Dotted lines illustrate possible
additional collinear emissions (additional emissions directly off the current are not shown). The
relevant diagrams are obtained by choosing one emission out of the dashed lines, or none for the
case without extra emission.

additional collinear emissions in direction ¢ or j. To simplify this computation, we consider
the general structure of soft loops, depending on the number and type of insertions of
power-suppressed interactions. We first consider the case of a single LW insertion, then
a double £ insertion, and finally a single £2) insertion, for the case F; = F; = +1.
The results for fermion number (Fj, F;) = (4+1,+1) can be generalized straightforwardly
to operators with x instead of x building blocks, i.e. (Fj, Fj) = (—1,-1),(1,-1),(-1,1),
see appendix D.

3.1 Single insertion of £

In ref. [14] it has been shown that soft loops with a single insertion of £() vanish for the case
F; = £2. We now generalize this result to currents with arbitrary fermion number (such
as in diagram Sig in figure 1). We consider an operator containing a single time-ordered
product involving an insertion of £() along direction i. This operator can potentially
mix into current operators containing, instead of the time-ordered product, either an extra
transverse derivative or an extra collinear building block along one of the N collinear
directions. To determine this mixing it is therefore sufficient to consider a soft loop diagram
with a soft line connecting direction 7 with any other direction j, and with up to one extra
collinear emission. The vertex to which the soft line is attached along direction j is a
leading-power interaction. Since soft quarks do not interact with collinear particles at
leading power, only the case of a soft gluon line needs to be considered. This implies in
turn that the power-suppressed interaction along direction ¢ has to contain a soft gluon as
well, i.e. we need to consider only Eél) or E%Q Operators containing a single time-ordered

(1)

product involving Es;
A generic soft loop diagram of the type described above is shown in figure 2. Here

cannot mix into currents.

dotted lines illustrate possible attachments of an extra collinear emission. As stated in the
previous paragraph, only one extra emission needs to be considered. This emission can be
attached to either direction 4 or j. In addition, it can be either off an internal or external
propagator, or off one of the vertices involving the soft gluon. Extra emission directly off
the current is also possible, but not shown for brevity.
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It turns out that the loop amplitudes for all relevant diagrams can be written in a
generic form. Let us assume that the soft gluon line carries momentum [. The leading-
power interaction is proportional to né‘l_ for all vertices involving a soft gluon, since soft
gluons enter only via the projection n_ D of the covariant derivative into the leading-power
collinear Lagrangian. The power suppressed interaction vertices derived from both 521) or

E%,IR,I contribute the factor

ni-Lglly =i 19, = (ni_g% = ni_gT)l, (3.12)
where the index p is contracted either with a derivative with respect to a 1. momentum or,
for the 4-gluon vertex, with the 1 component of some collinear momentum. The reason
is that at O()) the soft field enters the collinear SCET Lagrangian only via the soft field
strength tensor projected in the — and L directions, n” I, . Restricting for the moment
to the time-ordered product with a leading-power current, the loop amplitude in Feynman
gauge can be written in the form

(P 3510) g 201 erion = 7 [ (A (25 =t 201 ) 524 (3.

(3.13)
where the term in the first (second) bracket on the right hand side denotes the contribution
from the upper (lower) line in figure 2. Specifically, Aj, and Afjg denote the pieces of the
amplitude involving propagators and vertices along direction ¢ and j, respectively, and a
refers to the colour index of the soft gluon. Furthermore, (f| € {(g;Gl, (39, (T;3:gil}
stands for states with either two outgoing antiquarks, or with an extra collinear gluon in
direction ¢ or j, as indicated by the dotted lines in figure 2. For example, for the particular

case without additional collinear emission A7, is given by eq. (3.6) and

a nj+4q2 a
- = t"v; . 3.14
B no extra emission q% — nj+q2nj_l + 7;698 Jﬁ(QQ) ( )

Note that, also in the general case, Afpa depends on the loop momentum only via n;_I,
and A;'LB only via n;_[, due to the multipole expansion.

The loop integrand has the structure [¥ F'(n;_l,n;_I, 12), such that by analogous reason-
ing as for the example above, the integral can be decomposed in contributions proportional
to ny_ and n]V_. Inside the loop integrand one may replace

n;_l i1
v R L (3.15)
nj_ni— nj—Tj—
The former term on the right-hand side vanishes since n?_ = 0 and ¢/’ n;—, = 0. The

latter vanishes since (n?_g/" — nl" gil;)nj,ynj,u = 0. Therefore, operators containing a
single time-ordered product involving an £() insertion do not mix into local currents. This
generalizes the argument of ref. [14] to operators with F; = F; = +1, and implies at O(\)

d =77 =0, 3.16
YITL),(500) L (80), (700), = VIT) (509) (78D),(4) (3.16)
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for Ve {{,YM,&q}. Adding transverse derivatives or collinear building blocks to the
operator does not affect the general form of the soft loop integral, since after the transverse
momentum derivatives from the vertices have been done, the denominator of the integrand
depends only on the n;_l and n;_l components of the loop momentum, and since at most
one factor of [ can appear in the numerator. Therefore, we conclude that at O(\?)
] _ A _ AW _ AU _
V0032,),(90),0105 = V(B2 ), (00 o0ty = (my) (o) oty = o), () iy O
(3.17)
where J{J; is a product of arbitrary local currents in directions ¢ and j. Once again,
gauge invariance is a trivial consequence of the structure of the SCET power-suppressed
soft-gluon vertices.

We also note that the loop amplitude has the same structure for operators containing
gluon building blocks. Thus eq. (3.17) remains true, when x in J*', J72 and/or J)‘?O is
replaced by A — the single insertions with £(!) never contribute to the one-loop anomalous
dimension matrix to O(\?).

3.2 Double insertion of £(1)

There are two types of operators containing a double insertion of £(!). Either both inser-
tions belong to the same collinear direction (involving Jg; %/W), or the two insertions belong
to different directions (involving J; %/Jg /). We consider the two cases in turn.

3.2.1 Double insertion in a single collinear direction

Diagrams containing a double time-ordered product along a single collinear direction, say
7, can potentially mix into local currents at the one-loop order by connecting the two
insertions with a soft line. This leads to loop integrals of the form

/lulV...H 1 (3.18)
 P+ie Y p2 —niipeni 1+ ie’ ’

a

where p, are linear combinations of collinear momenta in direction i, and p2 # 0 due to the
off-shell regularization. The momentum derivatives contained in the SCET Feynman rules
do not change this general structure. If some of the p, are identical, higher powers of the
propagator occur, which can be related to an integral with a single power, differentiated
with respect to pZ.

We now show that the above integrals always vanish. Note that the integrand has
only a single pole at n;l = —(13, + ig)/n;_l, but closing the contour in the half plane
that does not contain this pole, does not allow us to conclude that the integral is zero,
since the integral over the half-circle at infinity is not convergent. On the other hand,
inspection of the diagrams shows that an additional factor of [* is accompanied by an
additional denominator containing n;_[ such that the n;_l integral over the infinite circle
is always zero. Hence, when n;l > 0 we pick up the residues in the upper n;_{ half plane
at n;_l = p2/ni1pa +ic (ni1p is positive), while the integral vanishes for n; I < 0, when
all poles lie in the positive half plane. This converts the loop integral into a sum of terms
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of the form

% ALY L O
/ dnigl / di21; (i 1) 0yl (3.19)
0

nigl 9 2 :
nisps Pa t11; tie

with non-negative b. Performing the dimensionally regulated transverse momentum inte-
gral results in n;. [ integrals of the form

/ dnipl (nis))’=¢, 5>0 (3.20)
0

with some other non-negative b and neglecting any [ independent prefactors. These scaleless
integrals are IR finite and develop power-like divergences in the UV region. Even though
the integral over /| may generate a % pole, the result is zero due to the vanishing scaleless
ni,l integral as was to be shown.” Hence, soft one-loop diagrams within a single collinear
direction do not contribute to the anomalous dimension at any power of A. In particular,

i =0 3.21
V(IT0),(400), 1 (3.21)

for VW € {{,YM, q}, and by the same argument

ij _
Trpe® 0y = 0 (3.22)

for i,5,k =1,..., N and arbitrary local N-jet operators P, Q.

3.2.2 Double insertion in different collinear directions

We next consider a double time-ordered product operator with one insertion of 41) in
(1)
J

can occur when both insertions are connected by a soft line. For the moment we focus

direction ¢ and one of £} in another direction j. One-loop mixing with a current operator
on the case of a soft gluon line and refer to section 3.4 for the case of soft quark mixing.
Therefore we consider insertions of Eél) or E%}K/[ The corresponding operators contain two

time-ordered products (J;}/)Z (J;‘(F%,V)] with V,W € {¢, YM}, which can mix into currents

with two additional L derivatives, or two additional building blocks, or one L derivative
together with one extra building block. Accordingly, we analyze diagrams with up to two
additional collinear emissions. Such diagrams are summarized in figure 3. No more than
two of the dashed lines should be replaced by one of the dotted subdiagrams shown in the
second line, such that the resulting diagram contains at most two dotted lines. Emissions
directly off the current are not shown for simplicity. The £() insertion in direction 4
contributes a factor of the form (3.12), and a corresponding factor arises for direction j
with opposite sign since the direction of the soft momentum is reversed. The amplitude

®An alternative derivation proceeds by performing the I, integral first. Since in eq. (3.18) only the soft
gluon propagator 1/(I% 4 i) carries a dependence on I, and n;4! in the denominator, this results in a 7,41
integral of the form [ dnil(—ni—In;+l —ie)?~°. The cut can be avoided by closing the contour in the
hemisphere opposite to the cut. The integral over the circle is now regulated dimensionally and therefore
can be set to zero.
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Figure 3. Generic soft one-loop diagram featuring a double insertion of E(l) or E(l) along collinear
directions i and j, respectively. Solid lines without arrow can be either colhnear quarks or gluons.
Dashed lines illustrate possible sub-diagrams with additional collinear emissions (additional emis-
sions directly off the current are not shown). In the second line, we show possible sub-diagrams.
Only diagrams that contain at most two dotted lines, i.e. two collinear emissions, need to be
considered.

for all relevant diagrams can therefore be written in the form

<f‘XiC¥Xjﬁ’O> double £(1) insertion

a G
:M /(Azpa( TL ng—i_n g )ll/> 12 —|—M;€ <( M—gLJ _n gLy )l A]p’ﬁ) (323)

where Af,, (A}, ;) contains collinear propagators and vertices in direction i (j). For the
case without extra collinear emission they are given by eq. (3.6), and we recover eq. (3.5).

The external states for up to two additional collinear emissions are
(Fle @@l (Ggial, (@aigil, (T95@i9i (T9595 @, (TTigigil (TG T @l (TGEGT | - (3.24)

The four-fermion states (§;¢;4:q;| and (g;q;qq;| could contribute only in conjunction with
soft fermion exchange diagrams and E(l) insertions, which will be discussed separately in

section 3.4. Since Af

o and A 3 depend on the loop momentum only via n;_[ and n;_I,

respectively, the loop mtegral can be decomposed using eq. (3.7) and we obtain

<f|XiOéXj/8|O> double £(1) insertion

4—d Ti— T4 ' n;_In;_l
2 ~2¢ =N Ap Np To 41—t q
= —ig5[t d 9 <g/\)\/ - ni_n;_ > 1gJ_] /Azpa 12 4+ e Jjp'B - (325)
For d — 4 the loop integral generically has a double 1/¢2 pole, but due to the prefactor
the complete amplitude has only a single pole. A large number of a priori possible mixings
can now be eliminated by two general considerations:

e The loop integral depends on two additional Lorentz indices p,; and p’L , projected
along the L directions with respect to ¢ and j. The possible L vectors entering A¢ o
are a) the external momenta of i-collinear particles, b) the polarization vectors of
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i-collinear gluons, or c) ’yii. Case a) implies mixing into an Al operator JiAl, b) a
B1 operator JZ-B 1 and the same is true for case c) for the following reason: inspecting
the Feynman rules egs. (A.27), (A.28) and (A.31), one finds that /], may enter in
A?pa only in connection to vertices involving extra collinear emissions in direction 1.
Analogous properties hold for direction j. Together with power counting in A, this
implies that the divergent part can be absorbed by a counterterm containing either
an extra derivative or an extra building block in both the ¢ as well as the j direction.

This means that only mixings of the form
(JIv), (J)?W)j — Jr! (3.26)

are possible, i.e. into a product of O(A) currents in both directions (with X, Y =
A, B), but not mixing into e.g. JZ-XQJJAO (X = A, B,C). This generalizes the result
obtained earlier in eq. (3.11).

(1)

e The insertion Ly}, can give non-zero matrix elements only if an additional collinear
gluon appears in the final state (see diagrams in figure 5 below). To renormalize
such a diagram by a current without gluon building block, such as [01,x;][01;x;]
would require a collinear emission from a Wilson line. There are two arguments
why this cannot happen: (i) in the light-cone gauge such diagrams do not exist. (ii)
suppose one would have to introduce a counterterm proportional to [01;x;][01;X;]
to renormalize a one-loop diagram containing (Jg %(M)Z(Jg Ly)j- Then one could
compute the corresponding diagram without extra emission. In this case the tree-
level diagram with the counterterm is non-zero, while the one-loop diagram with
(Jg %/M)Z(JT%,M) ; vanishes. This contradicts the property that, once the counterterm

X
is fixed, all possible matrix elements have to be finite. This argument implies also that

T n
(JXE(M)Z, Jj — [8ﬁ c. Bﬁl Xi] JJ, (3.27)
vanishes, where J;, J]’- can be arbitrary currents or time-ordered products. For exam-

ple, (Jg%(M)Z (J;%(M)j — [01x:)(Ax); mixing does not occur.

The only possible mixings of two time-ordered products into currents with F; = F; =1
are therefore

T1 T1 X1 7Y1
* (Jxﬁ)i (‘]xﬁé)j = J; Jj ’
T1 T1 Bl 171
. (JX7YM)i (ng)j — TP

. <J§§M)i () = TP,

J
with X, Y = A, B (in the middle line the case with i <> j is analogous). This reduces
the number of states (f| that need to be considered to compute the anomalous dimension

to the first four in eq. (3.24). The mixing (Jgé) <J§%) — JzAleAl has been treated
? l K J
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q1

q2

Figure 4. Relevant diagrams for the mixing (J;é)z (Jgé)ﬂ — JiBlJJ‘»“1 (left) and (Jgé)l (‘E(})j —
B1 7B1 (1
Ji7HJ7 (right).

X-§
matrix element with (f| = (g;Gigi|. To extract the operator mixing it is sufficient to let the

already, and the result is given in eq. (3.9). For (Jg%) (JTI) — JflJfl we consider the
£/, j

gluon have L polarization, and assume (q1)1; = ¢1; = 0. Then the only non-zero diagram
is shown in figure 4 (left). The diagram with gluon emission off the power-suppressed
vertex vanishes for | polarization, and with emission off the external quark line because
(¢1)1i = qu; = 0. In this case AJ 5 is given by eq. (3.6) and
0
T 95
G 14

» ( it + ¢liq1ﬂ> i g?tbtavz‘(fh)]

ni (L +4q)  nieq ) G +ie

nit (1 + q)

Aq p—
(q1 + q)% +ic

ipa

(3.28)

algi=q+3(ni_lniy

For ¢i1; = 0 a non-zero contribution arises when the derivative acts on ¢, ;. In collinear
momentum space, we obtain using eq. (3.25) and appendix B

(@it (I1e), (TELe) 10) = PP = mislar + ) P3(P; = nyae)
x MU seina@) (#1700 (1)) (a2)uss (055(a2)) , (3:29)

with

Av v

3 (nji—n;_ —nY nd Ak Koy L
MZ'Z; = gs2 (ni-n;-)g i . j ( VALV 4 ’M{%\M) 5ﬁ5+0(60). (3.30)
Y A2 njrqa(ni—n;-) ni+(q1 +q) Nitdl /oy

The tree-level matrix element of the (Ay);i0, jx; operator is
(aig?) (5, @) (T,) 10 mee = PRO(P: = nisa)d(GP; = nivar) Pd(Py = nyqs)
X gséabej_l;<q)vi7(q1) (_q12/>1_jvj5(q2) ) (331)

where y is the collinear momentum fraction carried by the first building block in direction
i (i.e. the gluon) and § = 1 — y. Comparing the two expressions, we find the operator
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mixing

1
1 T1 Qs b ij
(JXou )z (Jxmé)j - 7r€/0 dy T3 (T; - T;)GY,
A YL Bl Al
m i
T (W), (U8h), - (332)
oy
Here Gf\Jy is defined in eq. (3.10). It is understood that we take the (g;g;q;|(- - -)|0) matrix
element on both sides, and keep only the divergent part for d — 4. Furthermore, we
converted to colour operator notation which gives a minus sign. This yields the following
result for the anomalous dimension,
ij ®s mb v
Y (i) = —— T} (T Tj)Gij
(i, (75e) (75, ) Oy, ™

o
X ('mwﬁi + W) 555 (3.33)
Y oy
where y corresponds to y;, in the general notation.

We note that although soft mixing does not transfer momentum between the two
collinear directions i, j, the anomalous dimension above acquires a dependence on the
momentum fractions of the collinear building blocks in the B1 current. This happens
because in the left figure 4 the divergent part of the diagram depends on how the gluon
and quark with momentum n;;q = yP; and n;+q1 = yP;, respectively, share the total
momentum P;. For the case at hand, eq. (2.12) takes the form

1
fnite = (Tp (D) ioon + 3 [ dybla =) 0Z5g) Ualhhms- (334
Q

Since in direction 7, n; = 1 and n} = 2, the delta function is empty, and dy = dy;,. This is
consistent with the fact that after applying the constraint that momentum fractions in a
given collinear direction must sum to 1, there is no dependence on momentum fraction z
for n; = 1, while for the B1 operator contained in @), the single momentum fraction y = y;,
is integrated in the above equation.

In order to determine the mixing into two B-type currents, we consider the external
state (f| = (¢;9;Gigi|. Restricting to gluons with L polarization and momenta with van-
ishing | component, the only possible diagram is shown in figure 4 (right). We find that

all mixings of the type (J;{é) (Jgé) — JZXIJJY1 can be summarized as
b z b ‘7

T1 T1 205 ij
(J )Z (J ’5)]' - e GA"‘

a 7A1 e NV A Tadr brpa 7B1
¥4
X TiJaAXa_Z/O dy ’VLi’Vu"‘T TiTiJAZXW(y)
r 1 1 ’)/V ,’YH.
s, 3 [ (e B0R) s )|
I P2 ) Yy 86 v ;
(3.35)
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)

Similarly, for time-ordered products involving E%}M we find (see figure 5)

T1 T1 S ~ij
(JXavYM)i (Jxxa,i)j - Ge

e
ifbda 1 297_2\ N i 51
X5 /0 dy (y_'YJ_i'YJ_i T; (JAZXV(Z/)L
oy
a AL 1t / Kk U ’yijfyf-j ca 7B1 /
<\ Tidors =5 |y \ YLt ) TiTiTh(W)|
0 Y 85 j
(3.36)
2005 i
T1 T1 S ~ij
(‘]Xa,YM)i (‘]XmYM)j - = e G}\H
ifbda 1 297_2\ N 4 51
X5 /0 dy (y_'YJ_i'YJ_i T; (JAZXv(y)>Z-
oy
Z’fcea 1 QQJV_K
[y () m(E0), e
2 0 Yy 85 J
The corresponding anomalous dimension matrix entries read
ij
Y (3/i17yj1)
5 () (73, ) (2,
s mbme ij A @ ijL_iini K U ’VJV-J'VT-J'
= —T/T5(T; - Tj) Gy, ( ViV + —— VIVL T = ) (3.38)
2T Yiy Yi1 §
ij
Y (Yir)
(7 ), (72 5)j,<Jf,b£M) (%),
Qs b ij 297_2\ A KV
= . (T; x Ty) G AT Y 9" ops (3.39)
i1 ary
ij
v (i1 Y5
o, (72e) (73) (F8),
A [
o [ 297 Y1715
= =5 T5(Ti x Ty)" GY,, | == =71 <7LWL +—==) (3.40)
s Yiq oy Y1 85
ij
Y (yi17yj1)
(L), (Hne) - (72,) (728,
U 2gY"
s bd d g (2905 » 91;
= 5 [T G ( . nnL) ( ™ viﬂi]) : (3.41)
21 ay J1 Bé

Here we defined the colour operator cross product via (T;, x T;,)* =i fabCTi?1 Ty
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Figure 5. Relevant diagrams for the mixing (Jg%(M) . (J;é) — JfljjAl (left), (JE%KM) , (Jgé) —
7 ’ ] ? 7 ? ]

JPLIP (middle) and (Jg%(M)l (Jg%(M)J — JPLIPY (right).

Figure 6. As figure 2, but for an insertion of Eéz) or E%g/[ The relevant diagrams are obtained by
choosing up to two emissions. Dashed lines should be replaced with subdiagrams according to the
lower panel of figure 2. In addition, also emission directly off the current is possible.

3.3 Single insertion of £(?

In this section we consider the possible mixing of single insertions of O(A\?) SCET inter-
actions, that is, J; %,, into current operators. It is sufficient to take V = £, YM, because
at O(\?), the time-ordered product Jg %q cannot mix into currents. The reason is that for
diagrams with only collinear external lines, the soft quark field from Eg) would have to be
contracted with another subleading-power Lagrangian.

The class of one-loop diagrams to be considered is illustrated exemplarily in figure 6,
where the dashed lines represent again possible additional collinear emissions. To capture
all possible mixings into currents at O(A?) we need to consider up to two additional collinear
emissions.

We begin with the case of no extra collinear emission off the power-suppressed vertex
from the EéQ) insertion (in direction 7). The soft loop momentum [ carried by the soft

(2)

gluon propagator is assumed to flow outwards of the Eg -vertex, and the single external

collinear momentum in the ¢ direction is denoted by p. Furthermore, we assume that the

)

until derivatives are taken. The loop amplitude can then be written as

internal collinear line attached to the E? -vertex has momentum p — [, and we keep p # p

<f‘Xin‘O>single E?) insertion = :[)’26 /l <Spl/(_l7 _pvﬁ + l) A? (_Z,DgV/L + lugpll)>

_iguu/ ( ,u/ a)
X x (nl A
12 +ie 1=

J
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where SP¥ is given by eq. (A.32) and arises from the E?) insertion. As before, A7 (A7)
contains the part of the amplitude involving i-collinear (j-collinear) propagators, vertices,
polarization vectors and external spinors, and a denotes the colour index of the soft gluon.
We suppress Dirac indices for brevity. For the diagram without any extra emissions, ¢; = p,

(11:]5_17

—ini+q1 .
Al = T igit®ui(q), 3.43
* Ino extra emission q% + ni+q~1ni_l Is Z(Q1) ( )
and Af is given by eq. (3.14).
In general A and A;L contain several propagators involving various combinations of
external momenta, and vertex factors that may depend polynomially on n;_l and n;_I,
respectively. By partial fractioning the integrand A; can be brought into the generic form

a;
4= B Cpant) (o) (o M) (3.44)
prarh: p; + niypini-|
where p; are (linear combinations of) collinear momenta in direction ¢, including p and p.
We also use p; in the above equation to label the sum of terms that arises from the partial
fractioning. The coefficients C%(p;;a;, b;) may depend on the collinear momenta p;, but
not on . A? can be decomposed analogously. From the explicit form of S** together with
egs. (3.7) and (3.15) we obtain

(fIxiax;s]0)

single L(;) insertion

0 1 0 0 n;_l
. ~2€ a J a
= —1 — — — - —n;_1l | A] x ——A9. 3.45
. /l [<8ni+p d—20p,; OpL; > ]ﬁp 2 (3.45)

After inserting eq. (3.44), the loop integral takes the form of the master integral (B.3). A

peculiar property of this integral is that it factors into two terms, each of which depends
only on quantities related to a single collinear direction, here 7 and j. This property is
manifest in a frame where directions ¢ and j are back-to-back. In the back-to-back frame,
the [, integral can be performed first and the resulting expression is a product of two
integrals that depend only on n_[ or on n4l. Such a boost to the back-to-back frame can
always be performed. Hence, the soft loop diagram factorizes into

(fxix;10)

with F, given by eq. (B.2), and

= — a a
single L?) insertion Fe x Dif x D] (346)

’D?Z Z <D(ai,bi,€)88

;LD
piaib; i+P

D(aj,bi+1,¢) 0 9  p; > C“(pi; ai, bi) (3.47)
2—2¢  Opri Obrinitpi) (pF/niypi)si—biztre|s_ '
where the numerical coefficients D(a, b, €) are defined in eq. (B.4), and
o C*(pj; aj, bj)D(a;,bj + 1, ¢€)
Dy =- Z b;—2+€ (3.48)

(P3/mj1p)% ™
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Figure 7. Diagram with a single collinear emission in direction j. The insertions s; show possible
attachments of the soft line. The part of the diagram in direction ¢ is not shown.

The diagrams with extra emission off the subleading-power vertex can be treated anal-
ogously, and lead to an integral of similar form, proportional to the same factor DS. Simi-

larly, diagrams involving an insertion of E%?K/I in the ¢ direction can be shown to factorize
into a product involving the same Dj. This is a consequence of the fact that the j-direction
involves only leading-power soft interactions, which are of eikonal type, and hence identical
for quarks and gluons except for the colour factor. From the following discussion it will
become clear that this is the relevant property.

No extra emissions in direction j. In this case the amplitude A is given by eq. (3.14).
There is only a single collinear propagator with p; = g2, a; =1, b; = 0, C*(pj;; a;,b;) = gst®
(where a is the colour index of the soft gluon), D(1,1,¢) = —1, which gives

2 1—e

q

(D?)anfcoll- em. = gst"p° (nfqg) . (3.49)
J

Hence, the factor D}l vanishes when the off-shell infrared regulator is removed, q% — 0. Due
to integral factorization D; cannot depend on the j-collinear momentum ¢o, and therefore
the complete diagram vanishes in this limit. Together with the factorization property, this
finding also proves that all diagrams with extra collinear emissions in direction %, but no
emissions in direction j, vanish, because they are all proportional to (D?)no j—coll. emn. -
Single extra emission in direction j. The factorization property (3.46) extends to the
sum of all diagrams with soft attachments to a given collinear splitting pattern in direction
J. This can be captured by the expression D} from eq. (3.48) by including in the sum on
the right-hand side the sum over all soft attachments. In the following, it turns out to be
sufficient to consider only the j-collinear direction, which contains the leading-power soft
interactions.

To be specific, consider a collinear quark in direction j with external momentum g,
and an emission of a collinear gluon off the quark line (momentum ¢, colour b, polarization
tensor €), as shown in figure 7. The part of the diagram along direction 7, which involves the
[,éz) insertion, is not shown, because it is irrelevant for the computation of D;»l due to the
factorization property. The insertions s; mark attachments of the soft gluon (momentum
[, colour a) to either the internal quark propagator (si), the external quark (s2) or the
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gluon (s3). The corresponding amplitudes are given by

A‘}(Sl) _ —inj+q 049 —ny+q . O
As2) - T _mjtq ig tbC'—_ijrq2 igst®vi(qa) ,
! @2 —njpqni-l " g3 —njrgeng 1 (@)
A = P g4C50i(0) (— 9o M njag) — (3.50)
! G —njrgni-1 77 R
where ¢ = g2 + ¢, and
Bty ft,
Cj — J.]%J_j + ]gQJ_]. (351)

njvq Mg
We have used that the three-gluon vertex involving two collinear and one soft gluon is
diagonal in the Lorentz indices of the collinear fields. The factor né-‘_ that is contained in
the soft leading-power vertex is not part of the above amplitudes, since it was taken out
in the defining eq. (3.42). The sum of the three amplitudes can be expanded using partial
fractioning as (we omit the label for a; = 1,b; = 0 on the C coefficients common to all

terms for brevity in the following equation)

3 .
ZA?(Sk) :CQ(Q)%—FCCL((D)&‘FCG(Q)# (3.52)
k=1

¢*—njdn;-1 4 —njyqan;_l ?=njiqn;-1’

with coefficients
ni g
C@) = g2 (15T 8 4 11D ) Gy,

Cq2) = g2t"t" Ngq, Civi(q2)

C’a(q) = ggifabctCAquj’Uj<QQ), (3.53)
and .
2 2 \"
q p
Ay = — =—-A,, . 3.54
” <”j+q ”j+p> m ( )

Using eq. (3.48) with a; =1, b; = 0, this gives

~ 1—e 1—e 1—e
(D;‘l)singlej—coll. em. — Ca(d) < q2 A> + Ca(QQ) ( q% > + CG(Q) < Q2 >
nj+q nj+42 nj+q
~9 —€ ~9 1—e 2 1—e
— gzﬂe tatb < q A) —l—tbtaAqu < q A> o < a2 >
nj+9q nj+9q nj+q2
~9 1—e 2 1—e
. q q
+ZfabctcA 5 <A> — ( > Ciui(go
qq nj+q nj+q J ]( )

~9 —€
_ 2 Jiasb  bya - pabeye q . 2 2
= g2 {tutd — dhe —ipetere ) (w) Cyus(a2) + O(a?, )
=0(¢%43), (3.55)
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Figure 8. Diagrams with double collinear emission in direction j. The insertions s; show possible
attachments of the soft line. The part of the diagram in direction 4 is not shown. Also the crossed
diagram corresponding to the first one with momenta ¢ and ¢’ interchanged in not shown.

where in the last two lines we have expanded in the small off-shell regulators g3 and g2 of the
external quark and gluon, respectively. Therefore, in the on-shell limit ¢2,¢? — 0 when the
regulators are removed, also all contributions with a single emission in direction j vanish.
This result is not unexpected: it is well known that in the eikonal limit the coupling
of a soft gluon to a pair of partons from collinear splitting is equal to the coupling to the
parent parton. The above considerations proves that this holds true when the amplitude is
first regulated by a small off-shellness, which is then removed. In the SCET framework the
standard eikonal cancellation in the absence of the off-shell regulator is reflected in the de-
coupling transformation [25], which removes soft-gluon interactions from the leading-power
Lagrangian. In the on-shell limit, the soft interaction is then described by a soft Wilson
line evaluated at the position of the current (which we choose to be x = 0). This gives

5 )
* —iniiq .
Ap =3 A = —ff 1 q§+ 195C;505(g2)
k=1 I

which is the product of the Wilson line (eikonal) factor and the collinear splitting ampli-
tude. Together with the explicit factor n;_I in the numerator in eq. (3.45) this implies
that the loop integral does not depend on the n;_ direction, and therefore vanishes. The
above shows that in the present case the naive argument based on unregulated on-shell
amplitudes remains valid as the limiting case of an off-shell regulated amplitude.

Double extra emission in direction j. The diagrams in figure 8 show collinear split-
tings in the j direction involving two extra emissions, and possible positions s, for at-

(%) for all

tachment of the soft line in each case. One needs to sum up the amplitudes A;L
sg. For each of the four classes of diagrams that are indicated in the figure, we find that,
following the same steps as above, the D part of the soft loop amplitude vanishes when
the off-shell regulators are removed. Once again, this is a consequence of the SCET version

of the leading-power eikonal-type couplings of soft gluons to collinear lines. Thus,

(D}l)doublejfcoll. em. — O(qg, q27 q/2) (356)

Altogether, this implies that the time-ordered products J; %/ do not mix into current op-

erators, i.e.
4 =0 3.57
T T (3:57)
where 7,5,k =1,..., N and P, are N-jet current operators with fermion number one.
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Figure 9. Example for a soft fermion exchange one-loop diagram.

3.4 Soft-quark exchange

For the mixed cases (Fj, Fj) = (+1,—1) and (Fj, Fj) = (—1,+1), an additional class of
diagrams with soft-quark exchange from two Eg) insertions exists. An example is shown in
figure 9. We show that these diagrams vanish, if the mass of the soft quark can be neglected.

Even for an arbitrary number of collinear emissions attached to any internal or external
propagator, or vertex, the soft loop momentum [ enters the integral only via n;_I and n;_I,
except for the soft (massless) quark propagator //I2. This gives a loop integral of the form

9 d?l
Teq = —ifi? / ) [F(ni-l,n;_l, %) = Cip,_ + Cﬁbj, ) (3.58)

)

with some function F' and coefficients C}%. The vertex from E;}
propagator indices with collinear quarks. Therefore we may insert a collinear projector

contracts the soft quark

with respect to ¢ and j to the left and to the right, respectively. This results in

Pigthio . hi-thie _ Pyt ity
7T, Y S e L ) ) ‘ J—7+ ) )
1 Lem 1 (Gt + Copty ) === =0 (3.59)
Therefore, generally, there is no one-loop soft-quark exchange mixing
T1 7T1
Jpeqtireq =0, (3.60)

(1)

for ¢,v¢’ = x, x,.A. Since operators involving only a single Lg p insertion vanish trivially
(the soft quark cannot be connected to different collinear directions at leading power), this
generalizes to

T1 7X1
Jpeqd” —0, (3.61)
where JX! can be an arbitrary O()) current or time-ordered product. This can be sum-
marized by
1 =" =0, 3.62
Trpe )@ T reell c0).@ (3:62)
for 4,5, k,1 = 1,..., N and arbitrary current operators P,(). The absence of diagrams

with a soft quark line implies that fermion number is conserved in each collinear sector
separately up to one-loop and O (/\2), which allows us to classify the next-to-leading power
anomalous dimension according to collinear sectors with definite fermion number.
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The vanishing of mixing from soft-quark exchange holds only for massless fermions as
assumed throughout this paper. As an aside, we note that when the fermion mass m is
parametrically of order of the soft scale, / — [ 4+ m in eq. (3.58), which adds a term Czm
to the right-hand side of this equation. This term is not projected to zero in eq. (3.59). An
explicit example of the relevance of soft-fermion exchange can be found in ref. [26], where
it contributes to the leading logarithm of a power-enhanced electromagnetic effect in the
rare B-meson decay By, — £t¢~. Technically, the basis of O(\?) suppressed operators
must be extended by mass-suppressed operators JiA2 = mJZ-AO, and the non-zero mixing is
of the form

T1 T1 A0 TAO

(2]

4 Collinear sector

In the collinear sector it is sufficient to consider a single collinear direction, say i, since
collinear fields corresponding to different directions do not interact with each other. We
categorize different cases by their fermion number F; and power suppression A". Results
for F; = —1 can be obtained from F; = +1 by hermitian conjugation (see appendix D for
details). The case F; = 2 was treated in ref. [14]. Note that |F;| < n+1 since each additional
fermionic building block costs a power of A relative to the leading power. In the following
we consider the cases F; = 1 and F; = 3. Since the time-ordered product operators inherit
their collinear anomalous dimension from the current operators, see eq. (2.21), we give only
the current-current part of the anomalous dimension matrix fy}'gQ.

41 OO

At O(X) F; = 3 is not possible. For F; = 1 we find for the collinear anomalous dimension
'nyQ in eq. (2.17),
A B
T B
Yeg = Joa| 0| 0 (4.1)

Bl i
‘]Ax 0 ’YZ4X7AX

where the non-zero entry is given in appendix C of ref. [14]. The A-type operator Jg‘;
has matrix elements identical to the leading power operator J;‘O, up to overall factors of
external momenta due to the total derivative. This implies 7’4, ;51 = 0. The diagonal
anomalous dimension of ngxl is already accounted for by the first line of eq. (2.17), and
therefore also 73 Algar = 0. To show ’7331 Ja1L = 0 we compute the matrix element of J fi
for an external state with a single fermion, and find that it vanishes.
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4.2 O(N?), overview
At O(\?), we find for F; =1

T | TR Thing | T o
Jho | 0] 00 0 0
o = Jigx 0 [(4.7) (4.8) [(4.22) (4.30) 42)
Tl 0] 0 (49| 0 0
JGy| 0] 0 0 |(4.32) (4.33)
JZ 0|0 0 [(4.35) (4.34)

The first row vanishes, which follows from an argument analogous to the O()) case. The
non-zero entries of 7ij point to the equation numbers of the corresponding results given
below. They can be divided into three cases: first, mixing of B-type currents into B-type
currents (middle block); second, mixing of B-type currents into C-type currents (last two
columns of second row); and third, mixing of C-type currents into C-type currents (lower
right block). In the following we discuss these three cases in turn, see sections 4.3 to 4.5.

Let us briefly comment on the remaining zero entries. For the first column, second
row, we compute a matrix element of .J «%X with a single fermion of momentum p and
find that the result is proportional to the off-shell regulator p?. This implies that the
corresponding anomalous dimension vanishes in the on-shell limit.5 The renormalization
of Janélx) is identical to J E; at O(\) due to the total derivative, which implies the zero
entries in the third row. Finally, as will be discussed in section 4.5, at the one-loop order
considered here, the renormalization of C-type currents can be related to the one of B-type
currents at O(\). From eq. (4.1) together with corresponding results found in ref. [14] this
implies the zero entries in the last two rows.

For F; = 3 only the single operator J>g<2x exists at O(A?). The corresponding anomalous
dimension is given in section 4.5, see eq. (4.36).

Before turning to the explicit computation, we comment on the mixing into operators
with gluon building blocks, which requires the calculation of matrix element with external
gluons. We implement the transversality condition € - g = 0 of the polarization vector of a
gluon with momentum ¢ by eliminating n;_e through the identity

M eni—q+2€15 - qu
Ti+4

This is consistent with the fact that we do not consider operators containing the building

(4.3)

n,—€ =

block n;_.A, which can be eliminated by an equation-of-motion identity [14].” In practice,

SHowever, a related one-particle reducible diagram with a collinear emission off the external fermion
contributes to the B-to-B mixing, see section 4.3 and diagram (d) in figure 10.

"Note that if we first included n_.A explicitly and then eliminated it using the equation of motion at the
 and J%?X. Here
we prefer not to use the building block n_ .4 and its equation of motion explicitly. Instead, the contribution

operator level, this would also give a contribution to the mixing into C-type operators Jf&

to mixing into C-type operators that would arise from first introducing and then eliminating n_.A is, in
our computation, included in the 1PR diagrams contributing to B-to-C' mixing.

—97 —



(b, ii1) (¢,1) (c,i7) (d)

Figure 10. Diagrams contributing to the mixing of B-type currents into B-type currents in the
collinear sector with fermion number F; = 1.

the above equation can be simplified. Knowing that n;y A appears only within collinear
Wilson lines, it is never necessary to consider diagrams with external n;+ A gluons, hence

we can replace
2€1 - qu

ni+q
Whenever the operator under consideration does not contain transverse derivatives, the

ni— - € — (4.4)

external transverse momentum ¢q,; may be set to zero, in which case the calculation can
be performed from the beginning assuming n;4 - € = 0.

4.3 Mixing of B-type currents into B-type currents

We start with the second row of eq. (4.2), i.e. the entry for Jfgx(x) — Jﬁgx(y) and
the mixing J ng(x) — ‘]g(i\x) (y). B-type currents depend only on a single independent
collinear momentum fraction, which we denote by =z = z;, (y = y;, for the operator
mixed into.) The momentum fraction carried by the second (in the present case, fermion)
building block is =1 — =z and §y = 1 — y, respectively. In order to extract the anomalous
dimension, we consider a matrix element of .J ng with an outgoing antiquark and a gluon.
The corresponding collinear one-loop diagrams are shown in figure 10. In our convention,
F; = +1 corresponds to fermion flow directed towards the current, as indicated by the
arrows. As discussed above, we assume that the polarization vector for the external gluon

satisfies n; e = 0, and replace n;_e according to eq. (4.4).%

80ne may wonder what is the simplest possible choice for the polarization vector that allows one to
uniquely extract the anomalous dimension. In many cases a polarization vector for which n;,+e = 0 is
sufficient. However, employing a polarization vector with non-zero n;_e projection turns out to be necessary
for the present calculation. In particular, in order to be able to extract the anomalous dimension, it is
necessary to choose a matrix element such that the tree-level matrix elements of the operators Jﬁgaag and
J(fl,?gQ( Arg) are non-zero and linearly independent for all possible values of p and o. This is only the case if
we allow for a non-zero value of n;_e.
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The diagrams can be classified as in ref. [14]. Loops involving only internal lines
attached to a single collinear building block ((a,?) and (a, i) in figure 10) are responsible
for the contributions to 6216322(3:,?;) with £ = [ in eq. (2.15), that encompass a double
pole 1/¢% and are diagonal with respect to collinear momentum fractions = and y. They
do not contribute to the part 7}5@ that is off-diagonal with respect to the momentum
fractions, and proportional to a single power of 1/e. For completeness we report the result
for the sum of diagrams (a,7) and (a, ii), added to the tree-level result, and adding also the
contributions from the right-hand side of the renormalization condition (2.12) that involves
field renormalization factors. We denote this particular sum of terms by the subscript (a),

(@(p)g(@)| T 55, (2)10) (a) = J4(0°) T4 (q?) / dyd(z — y){aP)g( )T 55, W)|0)ree . (4.5)

where

LCrl[2 2 2 3
Jop?) =1+ F[2+ln<”2>+]+0(6°),

47 € € — 2¢
2 gy wCaf2 2 (p® 0
Jo(q®) =1+ . LQ + ; In (—q2 + O(€”) (4.6)

coincide with the leading-power collinear contributions from a single fermionic or gluonic
building block? [2, 27]. We also introduced an integration over y in order to stress that
contributions from (a,1), (a,ii) and field renormalization are diagonal with respect to the
momentum fractions.

Loops involving internal lines that are attached to the two different building blocks
may change momentum fractions and therefore contribute to ’y};Q. In addition, (b,7) and
(b,i7) in figure 10 also yield diagonal contributions proportional to §(x —y) that provide the
terms with k # [ in (2.15). At O(\?), as considered here, the one-particle reducible (1PR)
diagram (d) needs to be taken into account. The loop itself is proportional to the sum of
all external momenta squared, which cancels the 1PR propagator, and yields a non-zero
contribution.

Adding all contributions, we find for J fgx —J ffgx (all results for collinear contribu-
tions vpg refer to collinear direction i; we omit the label ¢ of the corresponding light-cone
basis vectors and L projections for brevity here and below)

i — P VoaSTil'Tiz Oz — 1 0y — 1
Vavorx. ooy () = 910917 —— — 0(z —y) pra—y ++ (y — ) y—zl,

T+7Y T+ 2
—0(x —y) wy—G@—x) Qy}

2y
aSTil : T’i2 aS(CF + T’il : T’LQ)
MHvPo _ NHv:po
asCg T 2y
+ 5(29? —2viY) (’Vﬁ'yi + ygi"> , (4.7)

9Note the different normalization of the gluon building block A" . compared to ref. [27] which explains
the different coefficient of the 1/e term in J,.
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where, in colour operator notation, Cp = §(1—3(T;, +D;,)-Ty,), see ref. [14].1° The terms
in curly brackets arise from diagrams (b,7) and (b, i), while (b,4ii) gives no contribution.
The parts obtained from diagrams (¢, i) and (c,i7) are lengthy expressions encapsulated in
the coefficients MH#"P7 (z,y) and N*"P?(x,y), respectively, see appendix C. The last line
arises from the 1PR diagram (d). The anomalous dimension also features a non-trivial
Dirac structure, with spinor indices (...)qs corresponding to 'ny 0 X APO x5 left implicit.
Products of four transverse Dirac matrices could be reduced to expressions with at most
two Dirac matrices up to O(e) terms that correspond to a finite mixing into evanescent
operators. However, we will not perform such simplifications of the anomalous dimension
matrix and do not make use of identities valid only in four dimensions here and below.

For the operator mixing J fgx — J 8384)() we find

asT; - Ty, 0(y—x)

Voanowx e (o) () = g1 g7 == )
OésTil -T7;2 ~ as(CF+Tz‘1 'Tig) ~
W B N Hvspo
a;Cp

+

o v 2
T | 2297y A+ (29" —ar AT (’Vi’vﬁ—ygf)]- (4.8)

Here diagram (c,ii) yields a contribution that has a pole o« 1/(Z — y), which cancels
when combining with the part of diagram (b, i) that is proportional to Cg + T, - T;,.
The result is collected in the coefficient N Hv:po (2, y) given in appendix C, together with
M#p7 (1) obtained from diagram (¢, 7). The last line contains the remaining contribution
from diagram (b, iii), as well as the contribution from diagram (d).

Let us now turn to the third row of eq. (4.2), related to the renormalization of .J. aB(ilx)'
Due to the total derivative, all matrix elements of this operator are identical to those con-
taining J f& up to an overall factor containing the sum of external momenta. This property
holds both at tree and loop level. Therefore, as mentioned above, the corresponding anoma-
lous dimensions are related. From eq. (4.1) we find that the only non-zero contribution is

given by
’Ylav(AuX),aa(ApX) (z,y) = QIU’Y,ZMX,APX(Q% y). (4.9)

4.4 Mixing of B-type currents into C-type currents

As discussed before, only the B-type current J ng can mix into C-type currents with three
collinear building blocks. We first discuss mixing into Jﬁix, then into J)g—?x. The B-type
current Jfgx can be described by the single collinear momentum fraction z = x;, of the
gluon building block, with # = 1 — x = x;, for the fermion then being fixed. The C-type
currents are parameterized by two independent momentum fractions, denoted by y1 = v,
and y2 = y;,- The momentum fraction of the last building block is y3 = 1 — y1 — .
According to the renormalization condition eq. (2.12), the anomalous dimension is then a

function of z,y; and ys.

9The colour operator D®|a) = d**°|c) involves the symmetric d**° symbol related to the anticommutator
of SU(3) Gell-Mann matrices {t*,t"} = £56°° 4+ d**“¢°.
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4.4.1 Mixing JE2 () — JG2, (y1,v2)

We consider the matrix element of J «%x with one outgoing antiquark and two gluons. It is
sufficient to consider external momenta with vanishing L component (up to a subtlety for
1PR diagrams, that we will discuss below). As mentioned above, and in contrast to the
mixing into B-type operators, the anomalous dimension can be extracted uniquely when
using gluon polarization vectors with n;1e = 0. This is the simplest choice that leads to a
non-zero overlap with Jf&x. Then the tree-level matrix element of J ng vanishes, because
for each diagram the | derivative contained in the current leads to terms involving some
linear combination of external transverse momenta, which are set to zero here. A similar
argument implies that we do not have to consider diagrams containing counterterms other
than the one we are interested in. In addition, all loops attached to a single collinear
building block (called type-(a) in our notation) vanish,

(9(q1)9(q2)q(p)1 145,10 (@) = 0, (4.10)

because all propagators that belong to the loop are attached to a single building block.
The derivative contained in the current is then again turned into a linear combination of
erternal momenta, and therefore i0; — 0.

The remaining diagrams can be classified as follows: one-particle irreducible (1PI)
diagrams are derived from the diagrams of type (b) and (c¢) in figure 10 with an additional
gluon emitted off either an internal fermion (quark) line (subscript F'), an internal boson
(gluon) line (B), a vertex (V'), or directly from the operator (J). In addition, there are
1PR diagrams (called type (d) loops), that we will discuss further below. The relevant 1PI
diagrams are shown in figure 11. Diagrams that differ only by permutation of the gluon lines
are not included. In addition, when generating the diagrams according to the procedure
described above, it is possible to obtain the same diagram several times. Accordingly, we
omitted equivalent diagrams. For example a potential contribution (b, i7) s, for which the
gluon with momentum ¢o is attached to the operator, is already taken into account by
(b,7)y when permuting the gluon lines. In addition, diagrams for which one of the external
gluon lines is attached directly to the Wilson line contained within the fermionic building
block x are not shown, because they vanish for external L polarization.

Several of the displayed diagrams are zero due to our choice of external momenta and

polarization vectors:

e In diagram (b,7)s at least one of the external gluons is attached to a Wilson line, and
it therefore vanishes.

e In diagram (b, i)y, since the external gluon line with momentum ¢; has L polarization,
the internal gluon line picks up a factor ny from the Feynman rule for the gluon
building block. When multiplying with the vertex (A.28), one obtains zero.

e Similarly, in diagram (b,ii); both internal gluons come with factors of ny. The
three-gluon vertex (A.42) contracted as nf, n} @ rr€;9 = 0 vanishes.
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(b,ii)B (b, ii)y (b,ii) s (b, iii)p

(b, ZZZ)B (b, ZZZ)V (C,i)F (C7 i)B

(c,i)v (c,ii)Fp (¢ i)y

Figure 11. 1PI diagrams contributing to the mixing Jfgx — Jgi of a B- into a C-type current

in the collinear sector with fermion number F; = 1.

X

e In diagram (b, i)y the internal gluon attached to the fermionic building block involves
a factor n, and the one to the gluonic building block either ny or |, such that there
are two possible contractions of the four-gluon vertex (A.52), nini‘LQpAmeﬁe;i =0,

*O kK

nigi)‘QpAmeueu = 0 that both vanish.

e Diagram (b,iii)y involves a vertex with two collinear quarks and three collinear
gluons. From the collinear SCET Lagrangian (A.1) one sees that at most two gluon
fields can be transverse, hence in the above vertex at least one gluon comes from a
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(d,v) (d, vi) (d,vit) (d, viii)

Figure 12. 1PR diagrams contributing to the mixing J Er%x — Jgix of a B- into a C-type current
in the collinear sector with fermion number F; = 1.

Wilson line and therefore picks up a factor n4. This has to be the internal line, since
the two external line have | polarization. Then the n, multiplied with the Feynman

rule for the gluon building block vanishes.

The left-over diagrams are (b,i)p/p, (b,4i)p, (b,iii)F/p, (¢,i/ii)pyyv, (¢,i)p. In the
limit € — 0 they yield a single 1/e pole and are non-diagonal in momentum fractions and
therefore contribute to the anomalous dimension. Some of them feature a simple pole
singularity in collinear momentum fractions for particular configurations. We checked that
these poles either cancel when adding up all diagrams, or lie outside of the support of
Heaviside functions multiplying them. For example, (c,i)r has a single pole for z — ya,
that cancels with the corresponding pole of a diagram related to (b, i) by interchanging
the external gluon lines. Further, (c,ii)p has single poles for  — yo and z — y3. The
singularity oc 1/(y3 —x) cancels with (b, ii7) , and the singularity oc 1/(Z —y2) with (¢, i)y .
Diagram (c,#i)y has a further singularity o< 1/(Z — y1) that cancels with the contribution
analogous to (c, 1) p with interchanged external gluon lines. Note that the diagram (c, i)y
remains unchanged when interchanging external gluons, and therefore one should not add
a diagram with permuted external lines in this case.

In addition, as in the previous section, 1PR diagrams for which the 1PR propagator
is cancelled have to be included. The corresponding diagrams are shown in figure 12.
Diagrams where external gluons are radiated off the external fermion line vanish for external
momenta without 1 component and pure | polarization, due to the structure of the SCET
vertex (A.27). The only non-zero contributions involving a 1PR fermion propagator are
the last two.
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All diagrams except the last one involve a three-gluon vertex. For these diagrams it
is possible to first compute the corresponding diagram without the gluon splitting, and a
single external gluon (using a polarization vector ¢** and adjoint colour index a), which we
denote by M ,,e*?. We keep all possible polarizations for ¢*, including also the longitudinal
component (i.e. €* - ¢ # 0). The diagram with gluon splitting is then obtained by the
replacement

_ig * % *p _* *p _x
q;fdea ((q2 —q1)Pe} - €5 — 265 €] - qo + 26, €5 - ql) , (4.11)

Mpa€f = My
where d(e) are the adjoint gluon colour indices for the two external gluons with momenta
¢1(¢2) and polarization vectors €] (e5), and we used €' - ¢; = 0. Furthermore, ¢ = ¢1 + ¢
denotes the momentum of the 1PR propagator, and p the momentum of the external
outgoing antiquark.

The contribution of the 1PR diagrams to B-to-C mixing corresponds to the divergent
part which is not already accounted for by the time-ordered product of the 1PI subdiagram
in on-shell kinematics with the three-gluon interaction. Consistency requires that this con-
tribution must be local, that is, the 1/¢? from the 1PR gluon propagator must be cancelled.
To extract this contribution, we have to temporarily restore 1 components for the external
momenta g;, such that ¢ is independent from the small regulating offshellnesses ¢? — 0,
p?> — 0.'' This allows us to independently take the on-shell limit qi2 ,p?> — 0 at finite ¢?
and then ¢?> — 0. In this limit the relevant contribution from the 1PR diagrams becomes
independent of the transverse momenta by power counting due to the homogeneous A scal-
ing of all expressions. It is therefore possible and convenient to perform the calculation
for the special configuration ¢; | = —g9 such that ¢ = ¢; + g2 has no L component. The
divergent contribution from the time-ordered product of the 1PI subdiagram in on-shell
kinematics with the three-gluon interaction vanishes in this case. The reason is that the 1PI
subdiagram in on-shell kinematics must be a B2 operator, i.e. is proportional to a linear
combination of ¢, or p;. Therefore, it vanishes for the kinematic configuration considered
here, analogously to eq. (4.10). This reduces our task to evaluating the 1PR diagrams in
figure 12. The matrix element M, = M ,(q, p) can be decomposed as

Mpa = Mgn_,+ Mfn, + Mg, (4.12)

With g, = %mr qn—, + %n_ qny, for g1 =0, we can always re-express the matrix element
in the form

Mpzz = Mng + M(—]’,_n+p + M;JJ_a ) (413)
where
2
S+ oaqt -_ 4
Mg =M, - M, g (4.14)

" Otherwise one could express ¢> = nyqn_(q1 +q2) = nyq (¢ /n+q1 + ¢3 /n+q2) in terms of ¢7, such that
the limit ¢ — 0 could not be taken while keeping ¢ finite.
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Then, using that ¢; = ¢;; are assumed to be polarized in the L direction, gives for the
gluon splitting

% —Zg ~ * %
Mpa€™? — Tgsfdea ((Mé(qg — @)+ MIni(eg—q) + Mg (g2 — QI)J_> € e
* 1 % * 1 %
— 26 - Mge g1 + 261 - Mges - (hL) : (4.15)

For M, we find that the divergent part of the loop amplitude can be expanded for small
¢? and p? in the form
M = MFPp2 L M2 (4.16)

At this point we can take the on-shell limit q?,p2 — 0 with ¢ finite, such that the first
term in the bracket on the right-hand side of eq. (4.15) vanishes, and M ®) in the previous
equation can be dropped. After that, we can safely perform the limit ¢;; — 0, such that
we finally arrive at the following rule,

(n70)?

The 1/¢? factor is manifestly cancelled in this expression, which therefore contributes to

M — figsfdea <M:(q) - ) ni(q2 — q1)e] - €5. (4.17)

the mixing into a C-type operator.

In summary, we need to compute the matrix elements Mff for quark-gluon final states,
for external momenta with vanishing 1 components, and gluon polarization in the + di-
rections. This is different from the quark/gluon matrix elements computed in section 4.3,
and therefore we recomputed these diagrams for the required configuration of momenta
and polarization vectors.

We find that the diagrams (d, i) and (d, ii) are proportional to p?/q? (i.e. only M:(p) is
non-zero), and therefore vanish for p?> — 0. For (d, 4ii) only M:(Q) is non-zero, i.e. it gives
a contribution to the anomalous dimension. Diagram (d,iv) gives M,,  (p + ¢)* which

can be brought in the form (4.16) using (p + ¢)> =n (p+¢)n_(p+q) = ‘Z—z + yllfyz' For

diagrams (d, v) and (d, vi) both M and M (@ yield non-zero contributions. A singularity

o vy /(ys — x) cancels in the sum of (d,vi) and (d,v).

For diagram (d,vii) only My is non-zero. Still, the loop gives an additional factor
(p + ¢)?, that however cancels with the 1PR fermion propagator. Therefore this diagram
also contributes. Finally, the diagram (d,viii) is special because it does not contain a
three-gluon vertex. A direct computation shows that the 1PR fermion propagator cancels
with a factor (p + ¢)? obtained from the loop integral, similar as for (d, vis).

As discussed before, counterterm diagrams involving A- and B-type operators neces-
sarily involve some powers of external | momenta, and therefore vanish. The only non-zero
counterterm diagram is therefore the one involving Jﬁf Avys

<gd(Q1)ge(q2)Q(p)‘JgEbAl’cx‘O>tree = gzei(til n+q1+ti2n+q2+ti3n+p) €>{’u‘egyébdécevc

+ (QI>d7 GT g2, €, 6;) 5 (418)
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where we made explicit the (adjoint) colour indices for external gluons and gluon building
blocks. After Fourier transformation with respect to the t;; (with y3 =1 —1y1 —32),

(9a(01)9¢(42)7(P)|T G gver (U1, 42)10) tree
= P}g26(Piy1 — nyq1)0(Piya — nyq2)8(Piys — nyp)e’ 5" Spadeeve
+ (q1,d, €] <> q2,¢€,€5)
= Pig26(y1 — §1)8(y2 — §2)6 (P — ny(q1 + g2 + p))ei"€5” Spadeeve
+ (q1,d, €] ¢ @2, €, €3). (4.19)

Here we defined the momentum fractions §;(2) = n4qi(2)/n+(p + q1 + g2) via the external
momenta.

On the other hand, the divergent part of the one-loop matrix element of J E,%a gve can
be written in the form

(9a(q1)9e(a2)a(P)|J Ky 10) oo

4
9s / dz'e it '+t m)n+(q1+q2+p)lgge¢7)\(

S *0 kA
= 167% J, 91, 92) €1 €5 v (4.20)

which defines the function I'7 )‘(x’ .91, 92). After Fourier transformation,

(94(q1)9e(a2)a(P)|J G, (2)10) o0

=F 169;26 /0 da'd(Piw — a'ns (@1 + g2 + p))O(PT — Z'ni (1 + g2 + p))

UVON/ |~ A *G kA
X Iade (x 7y17y2)61 62 Ve

=h 16982 P —ny(q1 + q2 +p))I5de (2,31, o)1 €5 ve

1-y1
= 1602 62/ dy1/ dya I (@, y1, y2) (9a(a1)ge(a2)@(p NI grer, (U1592)[0)tree
(4.21)

where in the last step we used that Ifcll’eo (x,y1,y2) = Ia”ed (z,y2,y1) due to symmetry

under exchange of the two external gluon lines, leading to the additional factor 1/2. From
the last relation we can read off the anomalous dimension,

; A
734;1,(1,81/6”140'11“4)\66(1.? 3/17 y2) = _877_‘_ ‘[55; ( ’ yl’ yQ) . (422)

From the explicit one-loop results one can read off 1 f; de

(m, y1,Yy2). The results are provided
in appendix C.2.1.

4.4.2 Mixing J%X(a:) — Jg?x(yl,yz)

For this case we consider the matrix element of the current with three fermions, two
outgoing antiquarks and one outgoing quark, all with external momenta that have vanishing
1 components. For simplicity we assume that the third fermionic building block has a
different flavour from the first two, and comment on the generalization below.
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(4) (5) (6)

Figure 13. 1PI diagrams contributing to the mixing Jfgx — J)%sz of a B- into a C-type current
in the collinear sector with fermion number F; = 1.

The relevant 1PI diagrams are shown in figure 13. Diagram (3) vanishes, because the
gluon line attached to the fermionic building block (label t;,) picks up a factor ny from
the Wilson line, and this gives zero when multiplied with the two-fermion vertex. Diagram
(1) would become singular for z — §3 = y1 + y2, but one can check that the Heaviside
functions obtained from the collinear loop vanish in the domain of the pole for 0 < y; < 1.
Furthermore, a potential singularity for x — y; cancels in the sum of (4) and (6), and for
x — yo in the sum of (5) and (6).

The relevant 1PR diagrams are similar to the 1PR diagrams shown in figure 12 for the
qgg final state. They can be obtained by replacing the three-gluon vertex attached to 1PR
gluon propagator by a fermion-fermion-gluon vertex for diagram (d, i) to (d,vii). Diagram
(d,viii) does not exist for the ggq final state. As before, we can infer the contribution
from the matrix element M ,,e*” of quark-gluon final states obtained by cutting the 1PR
gluon propagator. For vanishing external | momenta, taking the ¢ — ¢q splitting into
account amounts to (assuming the same-flavour antiquark and quark attached to the 1IPR
propagator have momenta p; and po, respectively)

. P P
—t_ , 7L 7L 4
Mpa€™? — Mpa—5c(p2)igst” n” + Va1 + P — nim ivc(pl) ,
q n4P2 n4p1 nypinips | 2

(4.23)
where now ¢ = p; + p2 is the momentum through the 1PR propagator. In order to be
able to take the limit p? — 0 and p3 — 0 with ¢> = (p1 + p2)? finite, we introduce
again for a moment a non-zero 1 momentum such that p;; = —ps,. Then, as before,
the matrix element M,, = M,4(q,p3) is independent of the | momenta. Using the
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decomposition (4.13) we get

—1 3 .
Mpae*p — ?UC(pQ)ngta

1 1
x (2/\?1&* + Py Ma + Maby, + ML (p% + )) 7jbivc(pl) (4.24)
N4 P2

nyp2 nip1 nip1

At this point we can take the limit pf — 0, and afterwards let the | momenta go to zero
again, obtaining

2
* s 2) 2 — q — a
M e — 7 (M;@ )@ — M, (n+q)2> te(p2)t*7h, ve(p1) (4.25)

where we used eqs. (4.14) and (4.16) with p — p3. As for the ggg case, the IPR momentum
q? cancels and we obtain a finite result. The result for all 1PR diagrams (d,4) to (d, vii)
can therefore be obtained from the corresponding qgg final state by replacing

) 1_
i gy — )€l - € ey

p, Tep2)th ve(p) (4.26)

The tree-level contribution from the C-type operator is (displaying colour and Dirac
indices and accounting for signs from anticommutations)

(2(01)2(P2)A(P3) [Ty o5 Ohiree = (1)l tare P Htiatie 2 iat sy L () (po) vy () -
’ (4.27)
The loop amplitude for the sum of the 1PI and 1PR diagrams can be written as (we extract
a factor 1/P; of total collinear momentum for later convenience, for dimensional reasons,

and ¢; = nyp;/ny(p1 + p2 + p3))

<(7(P1)Q( 4(p3)|J g ex 10) Boop

! 0
167 ep / dy! ity @'+t T )n+(p1+p2+ps)lzl;alm (@', 41, 92)v cg(pl) (pQ)’Ugl(pg),

(4.28)

which defines the kernel C’fz J klﬁ 7 (z,91,72). After Fourier transformation,

<(.7(p1)Q(p2 p3 |JA““8V§“( )‘O>(1ili/oop

1=
vaf3 = - C2
= 167T B / dyl/ dys I (-’L‘ayl,w)<Q(p1)Q(pz)q(p3)!J§fgz§?(yl,yz)\0>tree-

(4.29)
From this relation, the anomalous dimension can be read off,
; o | 0
734““6”)(0‘ XEXWX5< y Y1, yQ) 8789313 I(ljwzlﬁ’y (.’E, Y1, y2) . (430)
J

The factor g2 is due to our convention for the normalization of the collinear building blocks,
and the factor 1 / P; of the total collinear momentum arises for dimensional reasons. The

results for I Z(Zlﬂ (2, y1,12) are collected in appendix C.2.2.
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If all fermion building blocks are of the same flavour, the expression on the right-
hand side needs to be anti-symmetrized with respect to interchanging the first and the last
building block, i.e.

s 1 s s
Igz‘l;%lﬁ’y ($7y17y2) — 5 [IZZC]:;[[;’Y (‘,r)y17y2) - Igﬁ:jﬂfﬁ(fﬂ,yg,m)] 5 (431)

where, as before, y3 =1 — y1 — yo.

4.5 Mixing of C-type currents into C-type currents

As discussed in ref. [14], at the one-loop order, this mixing arises from diagrams for which
only two out of the three building blocks of the C-type current are attached to lines
belonging to the loop. Therefore, the anomalous dimension can be obtained from the one
of the corresponding B-type currents at O(\). We denote the independent momentum
fractions of the first and second collinear building block by z; = z;;, and z2 = z;,, and
set x3 = 1 — x1 — xo for the third one. For example, for J«(‘{?‘lx x3 denotes the fraction of
collinear momentum carried by the fermion. For the anomalous dimension that corresponds
to Jgjx(xl,m) — Jgix(yl,yg) the momentum fractions y; 2,3 of the second operator are
defined analogously, and we find

’Yf4u,4uXa JAPAT X (z1,72,Y1,92) = -,

VoL 1 Y1
d(z2—y2) 9 VA Xa,APX g <1_3327 1—y2>

1 ; x2 Y2
—0 - HP~Y v o 5
+ 1_y1 (xl yl)gj_ YA Xa A%Xx3 (1—$1 1_y1

1 ~ Ty
———06(r3—Y3)0a8YanAv Ar A ;
L (23 =Y3)0apVarav 40 4 (1—3:3 1_y3>]

(4.32)

Here the square bracket refers to symmetrization with respect to (y1,p,b1) < (y2,0,b2)
where by (b2) denotes the adjoint colour index carried by the gluon building block A” (A7).
These indices are left implicit in the equation above, including a Kronecker symbol for the
colour indices of the two gluon building blocks not contained in ’Yi\“xa, Apys OF ’Yf4”><a AT
in the first and second line, respectively. A similar statement refers to the quark fields in
the third line and the equations below in this section. Symmetrization refers here to the
average over the expression given in the square bracket, and the corresponding expression
obtained when replacing (y1,p,b1) = (y2,0,b2), i.e. includes a normalization factor 1/2.
The anomalous dimension 7f4# Av A Will be provided in a future work dedicated to the
case of fermion number F; = 0.
XXX
latter operator carry a different flavour quantum number. If the fermions yy are of the

The mixing Jf&x (x1,29) = JC2 (y1,%2) vanishes if we assume that all fermions in the

same flavour, and the fermion in the last building block has a different flavour, we find

; 1 ; x] Y2
VAR AV xa x5 % x5 (BT T2, Y1, Y2) = —1_7%5(363 = Y3)0as Var v x5 (1 ek

(4.33)
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Note the minus sign due to the interchange of fermion indices. For ’yiw A xoxs WE also
refer to future work on the F; = 0 case. If all fermions are of the same flavour, the
anomalous dimension can be obtained by antisymmetrizing eq. (4.33) with respect to
(y1,8,c1) < (ys3,9,c3), where ¢ denote the fundamental colour indices of the first and
third fermion building block, respectively. As before, antisymmetrization is understood to
include a normalization factor 1/2.

For the contribution corresponding to J¢2 (x1,29) — JC2 (y1,42), we find for the case

XXX XXX
where the first and last building blocks carry distinct flavour,

; 1 ; T
’Y;(a)’(ﬁxa,,xa/xﬁ/xvx (z1,72,91,y2) = 1—ys (5(1’2 _y2)555’7;<ax7,xa1xwf <

l1—zo’ 1—yo
1 i L2 Y2
+ 1—71/15(:“_yl)éaa/%‘ﬁx%ia’xv’ <1—x1’ 1—y1>
1 ; T2 Y2
e S(ma—ya) bt o 7z :
+ 1—vs (r3—Y3)d44 VXXX 5/ Xo! <1$3’ 1y3)
(4.34)

Note that the last line requires two fermion permutations leading to the positive sign, and
that even for the case of different flavour quantum numbers three distinct loop contributions
exist that lead to the three terms on the right-hand side. For %icaxwxa/xy

ref. [14], and for ’Y;J;(BXav)Zﬁ/Xa/ to future work on the F; = 0 case. If the flavour of the

we refer to

fermions in the first and last building block are identical, one needs to antisymmetrize the
right-hand side with respect to (y1, 5, c1) <> (y3, 9, c3) as before.

For Jf%x(xl,xg) — Jgix(yl,yQ) we first provide the result obtained if all fermions
have identical flavour,

1

i _ i T2 Y
FVXa)_(ﬁXwA”AVX(S (.Tl,xg,yl,yz) = 1_y3 5(371 _y3)5a5ﬂy}‘<ﬁX%AM~Av <1—$1 ; 1_?/3)

1 ) o Y1
T = . (435
17?/3 (xg yg) 'yé’yXBXa,A”A <]_1,‘3’ 1y3) ( )

If the first fermion y, has a different flavour from the other two, only the first line con-
tributes on the right-hand side. If, on the other hand, the third fermion y, has a dif-
ferent flavour, only the second line contributes. In this case we do not need to explicitly
symmetrize with respect to interchanging the gluonic building blocks, because this sym-
metrization is already taken care of in the anomalous dimension '7;'2(1%7 A AV

Finally, we discuss the case F; = 3, where the only the mixing JC2 (z1,22) —

XXX

Jg?x(yl, y2) is possible. For three fermions with mutually distinct flavour quantum num-

bers, the result has the expected form

) 1 ; T Y1
V;QXBX%XQ,XB,XW, (131,3327y17y2) = 1_y25($2—y2)6ﬁ,8”7;ax%xa,x,y, <1_$2’ 1_y2
1 i T2 Y2
+ 1*73/16(3:1_yl)éaalryxf’x”f’xﬁ’xw’ <1331 111
1 ; 1 Y1
——0(x3—Y3)0 V" — .
+ 1—vs (23—Y3)044 VxaX8:Xal Xp! (1—:c3’ 1—ys

(4.36)
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If, for example, the first and last fermion have identical flavour the right-hand side needs
to be antisymmetrized with respect to the interchange of the corresponding momentum
fractions and Dirac as well as colour indices (y1,/,¢1) > (y3,7,¢3). If all three fermions
have identical flavour, the right-hand side needs to be fully antisymmetrized with respect
to all possible 3! permutations, including a normalization factor 1/6 and a minus sign for
odd permutations, due to fermion anticommutation.

5 Summary

In this work we extended the computation of the one-loop anomalous dimension matrix
of subleading-power N-jet operators started in ref. [14]. The operator basis can be char-
acterized by the number and type of collinear building blocks for each of the N collinear
directions. In addition, homogeneous power counting in A of the anomalous dimension
requires to take into account time-ordered products of N-jet currents with insertions of
the power-suppressed terms £ of the SCET Lagrangian. The general structure of the
anomalous dimension matrix (2.17) encompasses universal contributions that are diagonal
with respect to collinear momentum and the type of operators, as well as off-diagonal con-
tributions. The latter can be divided into a contribution ~* that describes current-current
mixing and arises from collinear loops along the i direction, and v% that captures mixing
of time-ordered products into currents. It originates from soft loops connecting directions
i and j, and represents a qualitatively new feature compared to ref. [14]. In this work we
provide complete results for 4* for currents with fermion number |F;| = 1,3 in direction i,
and for % for |F;| = |F;| = 1.1? In addition, we find several general properties of 7%/

e Time-ordered products containing a single insertion of £(!) or £2), or double inser-
tions along a single collinear direction, do not mix into currents. This implies in
particular that 4% vanishes at order \.

e Time-ordered products involving power-suppressed interactions of massless soft
. 1) o .

quarks, given by Lg ¢ also do not mix into currents. As a consequence, fermion
number is conserved separately for every collinear direction in the massless theory.

e For |F;| = |Fj| = 1, operators containing a product of two time-ordered products
JTLJTL in directions 4 and j can only mix into a product of two O()\) currents
JX1JY1 with X,Y = A, B, but not into JX2J49 with X = A, B, C.. Thus we observe

that the level of power suppression is also “conserved” along each collinear direction.

Altogether, non-zero contributions to ¥% can arise only from time-ordered products con-

taining an insertion of Lél) or £$12/[ along direction ¢, and another one along direction j.

12Ref. [14] covers the case |F;| = 2 for 4%, while 4" vanishes for |F;| > 1 or |Fj| > 1.
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For the case F; = F; = 1 the structure of 74 is therefore given by

S R e e L A
JUEJIE ] (39) (333) (333) (338) | 0 0
TeoxymJye | 0 (339 0 (340) | 0 0
T1 7T1
,ng _ Soe Iy ym 0 0 (3.39) (3.40) 0 0 )
Tevm Joyum| 0 0 0 (3.41) 0 0
JT2 jAo 0 0 0 0 0 0
JTri gyl 0 0 0 0 0 0
T1 T1
Ixéa 0 0 0 0 0 0

where X = A,B,C and Y = A, B. The non-zero entries refer to the equation numbers
in which the result is given or to which it is related up to interchanging 7 <> j. For
F; = —1 or F; = —1 the anomalous dimension is obtained by hermitian conjugation (see
appendix D for details). For F; = —F}; mixing into operators with F; = F; = 0 via soft
quark exchange vanishes due to the conservation of fermion number along each collinear
direction as observed above.

Apart from the soft contributions to the anomalous dimension, we provide results for
the collinear part v*. For this part we find that it is sufficient to consider current-current
mixing. Mixing of time-ordered products into currents vanishes in the collinear sector,
while mixing of time-ordered products into themselves is identical to the corresponding
current-current mixing. Furthermore, collinear loops involve only a single collinear direc-
tion, denoted by i. The operator basis for F; = 1 contains two operators at O(\) (one A-
and one B-type), and five at O(A?) (one A-, two B- and two C-type). The corresponding
2 x 2 and 5 x 5 matrices 'y}‘;Q are given in eq. (4.1) and in eq. (4.2), respectively. The latter
contains non-zero mixings of the form J52 — J52 J¢% and J¢% — J¢2. Operators with
fermion number F; = 3 start at O(\?), see eq. (4.36).

To complete the one-loop renormalization programme of O(A\?) SCET N-jet operators,
the calculation of the anomalous dimension in the F' = 0 sector is required. This includes
the case of gluon jets at leading power and the mixing of two-gluon into quark-antiquark
Bl-type operators at the power-suppressed level. Work on this is in progress. It should
then be feasible to consider next-to-leading logarithmic resummation of power corrections
to jet processes of the SCET] type.

Acknowledgments

We thank A. Broggio and S. Jaskiewicz for useful discussions. This work has been supported
by the Bundesministerium fiir Bildung und Forschung (BMBF) grant nos. 05 HI5WOCAA
and 05H18WOCAL.

— 492 —



A SCET Feynman rules

A.1 Preliminaries

In this appendix we give explicit expressions for the Feynman rules in the position-space
formulation of SCET [23] up to O(A\?), derived from the multipole-expanded Lagrangian
given in ref. [24]. The field content consists of collinear quarks (£) with scaling § ~ A,
collinear gluons (A.) with scaling (ny A, Acy,n_A.) ~ (1, \2), soft quarks (¢ ~ A\?) and
soft gluons (As ~ A?).!3 The Lagrangian can be split into a purely bosonic part Lyy and
a part involving fermions (denoted by £). Each part can be expanded in powers of A\ [24]

L= f(inD + ilp¢ lDJ_> Vlff + qilDyq + E(I) + £(2) + £(1) + Eéq) ,
1 1
Lo = —gtr (F27F) = g (FIEL) + L0 + £33 (A1)

where gsF!" = i [D*, D"], gsFi" =i [D5, D¥] and

o
DF =9t —ig AF(x) — igsans(xf)% )
DF = 9" — g AP (z). (A.2)

The subleading-power interactions at order A" are contained in £ which can be split
into interactions involving collinear quarks (Eén)) collinear and soft quarks (E(n)) and soft

and collinear gluons only (E( ) a1)- For completeness we reprint the power-suppressed SCET
Lagrangian up to O(A\?) from ref. [24]:

cM=¢ (w K WegsFo, Wi ) e (A.3)
[,éz) %f((n_x) n’frni WegsEF, WT+33Lprn W.[D s,gstl,] WCT) d;f
+§ (i p o Wea FR W+t Wean B WL s iy ) e, (A
Lo =qwiip ¢- mmch, (A5)
Eéq) —qw! (z’n_D+il,7)J_ (in+D)7lil,'/)J_> L §+ q%“ZZIJ_HWT VIRS
§_7¢2 <’L7’L_$+7:EJ_ <m+§> 2]%_) cq— {zDLWCxLMDg‘q. (A.6)
( nEC, Wi [m fn? FS, WD W, ]} Wj) (nﬂLF’“’lW n’ F3,. WT>

(A7)

13The soft fields here were called ultrasoft in ref. [24].
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1
Egﬁdzitr( WEL, We z[n 1E7’L+7’L_F;0+$§_$Lwni[D;J,FSU]7WJ{iDVLWC}i|WJ>

_ltr(nwpu Weilah B, , Wiin_ DW,—in_Dy|W[)

2 PVJ_’
Ftr (F“U’LW i [azp F2, ,Wi[iD,, Wc]} wi )
1
+ 5 e (nin B, Wenfn? 3, Wl ) =t (Fes wers,, W)
—tr (nngw Wen”z1,[DZ,F5, Wi ) . (A.8)

These Lagrangians are exact, i.e. its coefficients are not modified by radiative corrections,
neither do radiative corrections induce new operators [23]. We note that interactions among
collinear fields, without a soft field, exist only at leading power, while all subleading-power
interactions always contain at least one soft field. The leading-power soft Lagrangian
(second terms in £ and Ly, respectively) coincides with the standard QCD Lagrangian
for the soft fields. The leading-power collinear Lagrangian (first terms in £ and Ly,
respectively) contains the soft field n_Ag(x_), evaluated at position

m
t = n+x% , (A.9)

only via the n_ projection n_D of the covariant derivative. Soft fields that enter in
L™ are also understood to be evaluated at z_. The soft field entering in the leading-
power collinear Lagrangian via F:" or n_D is evaluated at x_ before taking derivatives,
such that e.g. 9] As(x_) = ny0As(x—) = 0 vanishes identically. In momentum space this
corresponds to setting k; = nyk = 0 for the soft field. On the contrary, due to the multipole
expansion, soft fields entering in £(™ should be evaluated at z_ after taking derivatives, e.g.
Fi"(x_) = (0" AY)(z-) — (0¥ A§)(x—) +... or (Dsq)(z-) = (0q)(z—) +.... In momentum
space this means that derivatives acting on soft fields yield a factor proportional to the full
soft momentum k* including the | and + components. Evaluating the soft expressions
at x_ then implies that £, and nyk should be set to zero only inside of the momentum-
conserving Dirac delta-function at the interaction vertex.

In addition to the Lagrangian presented in ref. [24] we specify the gauge-fixing La-
grangian

2
Lof = ——tr (;(nJra)(n_Ac) + %(n_DS)(n+AC) + (%_Aé‘) — itr (0A5)%*,  (A.10)

Q¢ Qs

with DEAY = OHAY — igs[AS (x_), A¥]. Using soft background field gauge for the collinear
field in this form ensures that the gauge-fixing term for the collinear gauge symmetry
preserves the soft gauge symmetry A. — Us (;r_)ACUST (x_). One may use different gauge-
fixing parameters ag and «, for the soft and collinear gauge symmetry, respectively. We
present Feynman rules for this general choice, but use a. = as = 1 in our computations.
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The corresponding ghost sector reads
Lpp = 2tr [¢s (—0,Df (2)) ¢
#2006 (= 5(110)(n-D) = 4 (n-Du(e))(n D) ~ 0, D% )
=t (—0P0 — go fOAY(w) ) ¢
wet(( = 0200 g0l (n Al )(n10)]

-SRI A ) D) ) (A1)

By construction, the gauge-fixing term contributes only at leading power, and this property
is inherited by the ghost interactions.

At subleading power, the multipole expansion produces terms in the Lagrangian pro-
portional to powers of x*, which leads to derivatives in momentum space. We explicitly
include the momentum-conservation Dirac delta-functions for z-dependent vertices, using
the notation

XH = o# {(277)45(4) (Z Din — Zpout>] )
XHXY = 9P [(27r)46(4) <Z Pin — Zpout)] , (A12)

where the derivative 0 = 0/0pin acts on one (arbitrarily chosen) incoming momentum in the
argument of the delta-function, or equivalently on one outgoing momentum, 0 = —39/9pout-
Note that a factor x’i in the interaction term gives a factor i.X ﬁ in the Feynman rule, where
a projection on the perpendicular component is taken. Following the discussion above, for
soft fields that are evaluated at position x_ in the Lagrangian, the momentum components
nyk and k; must be set to zero inside the momentum-conservation delta-function after
the derivatives are taken. Spatial derivatives in the Lagrangian translate as 9, — —ip,, for
incoming momentum, and d, — ip, for outgoing momentum, as usual.

The gluon propagators take the standard form of general covariant gauge, —i(gu, —
(1 — a)kuky/k?))/(k* + ig), with a = . (as) for collinear (soft) gluons, the soft quark
propagator is also standard, if/(k? + ic), and the collinear quark propagator is

in+k: ﬂ;
k244 2

(A.13)

A.2 Derivative operators and Wilson lines

To derive Feynman rules, one can use the following expansion of the inverse collinear
derivative operator

1 1
iny D iny 0+ gsni A,
1 1 1 1 1 1
= - — Ac—— 4+ —— A—— Ac——— ... A.14
imﬁ in+agsn+ cim.@ + in+8gsn+ Cin+8gsn+ Cin+8 ( )
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Inverse collinear derivative operators are always understood with a in d — iny0 + ic
prescription, such that in momentum space

1 1
= — . (A.15)
nyp  Ngp+ie

To expand the collinear Wilson lines we use the identities

0
L) = (i) / ds ¢z + sn.)

in+3 — 00

0 0
1 1 o(x) = (—i)? % P/—ood81 /_OOdSQ d(x 4+ s1n4)o(x + sany), (A.16)

()

in+8 m+6

where P denotes path ordering with respect to the s;. This gives the following expansion
of the collinear Wilson line, which we use to derive Feynman rules

0

—00

We(x) = Pexp [igs/ ds nyAc(z + 8n+)}

1 1 1
:1_ S AC . S Ac, S AC T oee ey A17
[in+89 " } * [m+8g " m+8g e ] ( )

1 1 1

Wi)=1+ |— A — A Al +...,
C(x) + |:in+8gsn+ C:| + |:’L7’L+8 |:in+8gsn+ C:| gsT+ C:| +

where we used eq. (A.16) for the second-order term. Derivative operators act only inside

square brackets. After inserting these expansions into the SCET Lagrangian, the Feynman

rules can be read off in the standard way. For example, for one (two) incoming collinear

gluon line(s) with momentum k (q), Lorentz index u(v) and colour a (b),

gStan'i“u 1
—W one gluon
We= 9 : o Nply, [tith  thte (A.18)
gWa(k, q) =g < > two gluons
Wik, ) "ni(k+q) \niq  nik
and .
% one gluon
Wi — nik (A.19)

QEWﬁB(k,Q) = ggwﬁﬁ(k,q) two gluons

A.3 Notation for Yang-Mills Feynman rules

A single collinear gluon with incoming momentum k, Lorentz index p and colour index a
produces the following terms in the Feynman rules when attached to the operators shown
on the left,

i(na) p P =t f74 (k) |
i(ng)p(no)u FE — £ £ (k).
(FPLVE 5 0 OV (k) (A.20)
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with the definitions

[ (k) = n'Lg" (kxGuo — Gunko) = (nak)o, — ny kY,
f;_(k) = nin? (kxguo — gurks) = (nyk)n_, — (n_k)ny
FEE (k) = g7 g4 (kguo — Gunkio) = K01, — kidi#. (A.21)

The three expressions can be written in a compact form by introducing the “projectors”

Pj =Ny By =0y, Pj‘L = 5iu = gi”gw on the light-cone basis. Using the notation

FAB = PAPBF! as well as
AB _ pApB/ikso oSk
[ 7 (k) =PI Py (K6, — k76,,) (A.22)
for A, B € {+,—, A1}, the rules from above can be summarized as
iFAB = 1o fAB (k). (A.23)

Similarly, defining iD4 = Plf‘iD” ,
1
i DAW, St ——— AR . A.24

To lower L indices we use the convention fjh = fFrig,, Jopins = 0" 9opGrn-

Two collinear gluons with incoming momenta, labeled by kua and gub, respectively,
Lagrangian terms map into Feynman rules as follows:

iFMP — gt 1) 07

v H
[iDAW,] — ¢2 <P;‘(k: +q) Wbk, q) — pagbsA N _ tbtaé,‘j‘n’L> ,

Fnig ni+q
i[D¥, FAB) = go[t®, ¢"1((k + @) fZ + 05 £28 (q) — 65 £25 (k) (A.25)
where
f;gB = prf((s;;ag — 0567). (A.26)

A.4 Fermionic Feynman rules

Note: for vertices not containing a momentum-derivative, the standard momentum con-
serving delta-function (27)%6) (3. pin — 3 pout) is not written explicitly. Otherwise we
write X*# as defined above.

47 —



A.4.1 Purely collinear or purely soft vertices

¢ M
v Culp.p) =5 ON)
Apa 1G5t < O\ (A.27)
p O(X\?)
£
3 P A
ey
P Cb(p',p, k. q) = 5 O)
. ig:4 0 O(\) (A.28)
q
0 O(\?)
P
3 AP
where
?J_ pJ_ pJ_ pj_
CH(p',p) =n" + + 7Y — ——nl} ;
( ) "U - nyp nyp' + nyp
ol pokg) = V%i@*rm+rwwiﬁ*rm
Y.,p,k,q upTu@+®up ) )
TH(p) = ~A* —p—L B A2
(p) 7L n+pn+ ( 9)
q
I k T O(X%)
SO an i9st" 4 0 O(N) (A.30)
0 O(A\?)
p
q

We recall that there are no sub-leading power vertices of this type to any order in the A

expansion.

A.4.2 Soft-collinear interaction vertices

3 h
5 I in_“ o)
A= ig.t A31
Az 108 DEXOnY (Ko — kugp) O (4.31)
p , Ty
¢ SPY (k,p,p')—- 5 (k'pguu kugpn) O(N?)
where
sz/ /N 1 P v P v P pJ_ I)J_
(k,p,p’) = 3 (n_X)n_an + (kX)X n” + XTI p’fu + 1 o . (A.32)
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After the derivative in X/ is taken, p/, can be set to p;. (n4p’ = nyp may be set from

the start.)

§ k
P v
p

§

§ k
P v
p

§

q
p/

—k

p

£

3
p/

—k

p

q

q k
P
p

§

a
Al

a
Al

(0 O(\%)
i -
%Xﬁn— (9puJov — GpvGou) o)
. a 4b o Vi
iga[t, "]  S” (k+q,p,p/)7+(gpugw — G Gou) (A.33)
17 -
+§7+X£X1_ni [gPIJ«(QGg/\V - Q)\gcn/)
L _gpl/(kag)\u - k)\gou)} O()\Q)
(0 O(\0)
% o n v
%Xj)_n— (k,oga,u - kagpu) + [ta, tb} O()‘)
ntq
. 2 o o
195 1 14 ( / Y1 bya 71 a b>
—XP (T, () —E— P+ — T (p)t%t
L g
g n 14 a 7%'
+877 (k, p,p/) —2[t ,tb]] E(kpGop — kagop) O(X?)
n4+q 2
(A.34)
0 O\
igst® L'yu(p) y nes 714 o)
L H 7+ / 2
e T X )T,0) OWY)
(A.35)
0 oY)
o) Tu) O\
O 2 ny, (p')?
"+ B 1 © X T / 2
5 | T ke + (pX )W) O(N)
(A.36)
0 O\
ig2 d Wik, 9)p, + Dji(k.q) o)
a Vi Tra a
Ve, p.k, 61)7+ - (X1) [Wuf(k, Qp, + D% (k.q)| O\

(A.37)
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Iy
b
=

Q

Tk / 0 O(\%)
¥ g2 | VLW 0) = DI (k) o
p N mV“b(p pk.q) + (0X 1) |p, Win(k, @) — Dy (k,q)| O(N%)
q AP
(A.38)

where the second-order contributions Wﬁﬁ(k, q) and W/‘}fj(k, q) from the Wilson lines were
defined in eq. (A.18) and eq. (A.19), respectively, and

Deb (k, q) = t“t”+ 07
g q ka v 7 M

Ny, Ny, p? At N+
VW, p.kq) =t | — —L LT —LC,(—k
¥ p,k,q) = mpnaknap  nik v(p) + ok (—k,p)

+ (kzua < qub)

2
Ny Mty ' Yiv  ny
Veb(pl . p, kyq) =47 | —L 2 — 4+ T, (p)) —2 — —2Cu(p, q)
| Mg p nyq  n4q

+ (kpa < qub). (A.39)
q o A 0
12 8 g(;\ )
ig? . () (A.40)
N g thee — T b X T (p) O(N2)
D nyq 2
3 AP
£ o A 0
12 8 g(;\ )
ig? e (M) (A.41)
N g —pof T b, ()X, O(A2)
D nyq 2
q Azb

A.5 Three gluon vertices

A.5.1 Purely collinear or purely soft vertices

We use the abbreviation

Q" (k,q,p) = g"" (k=) + 9" (¢ —p)" + 9" (p — k)", (A.42)
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for the structure of the standard QCD vertex. The leading-power SCET vertices involving
three collinear gluons or three soft gluons, respectively, are identical to the QCD vertex:

Aub
Tl ( Quup(k, 0,p) O\
?ﬁw gsf"< 0 O(N) (A.43)
‘ 0 O(\2)
o
) g Quup(k’q’p) O()‘O)
?ﬁw 95" 0 O(\) (A.44)
’ 0 O(\2)
v

C
A

A.5.2 Soft-collinear interaction vertices

Avb
ol 1 Vip(kap)  ON)
oo ame 590" Visb(k,a,p) o) (A.45)
2),i
g 2?21 V/L(llz) (k7q7p) O()‘2)
Ape T P
where
1
Vu(gg,(k, q,p) = [—2gyp(n+p) + <1 - ac) (M4, Pp — Nt pGu) | M - (A.46)
At O(X) we find
Vi (k,q,p) = V) (a,0) Fo (F) (A.47)
with
1 1
(AL = ftoo + =~ Y\ x Mgt
vp (qap) fV (q)fpal (p) n4q nip 1 + vp (Qap)
q.p
— 2 <(”+P)9Lup + N4y qLp = Nt pPLy — n+y”+pni;> X3, (A.48)
and
n n
Hi = fHAL B D CHv o ov0io — Gooliy "X A.49
vyt (a,p) = £ (q) nep [+ (p) ned 1% (Gov9rp = Gop9rv)g'T (A.49)

The two terms on the right-hand side of the first line of eq. (A.48) correspond to the two
terms of 5%2/1 in eq. (A.7). The last line has been obtained using nyp = —nyq, while
p1 = —q. has been used only for the term that does not involve X (which can then be

shown to vanish). At O(A?) we find six vertex factors that correspond to the six terms in
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VD 0,p) = Vi a.p) (—n- XS () + RXLX Y (B))
V.22 (k,q,p) = VD23 (4, p) X T fun, o, (R)
VO k q.p) = VO ) T (R),
VS (k,q,p) = V2P 7 (q,p) funso, (K)
V.S (k,q,p) = VDM (g, pkX LS, (R), (A.50)

where

1 1 1
(2),1 = _froL(g) £t —
Vup (q’p) = 2f1’ (Q) PIL (p) <n+q n+p>

= (N4P)gLvp + Ny qLp — Mg P Ly — ”+u”+pq:f;
Vy(f?),2+3,u (¢,p) = (¢ —p))gup + %(n+96j\-V + ”+u5ip) — a4, + Pu5ip
_ qipl,mrp + 1 g,
n4p ’
Vi Ha.p) = ;% n-(p+4q),
Vy(g),G,M (g,p) = _%(]H q)i ‘ sl

n4p

Except for the first line we used ny (p+¢q) = 0 and, for terms without any X, (p+¢q),. = 0.
Note that in eq. (A.50), one should use the expression for Vl,(g)’l(q,p) from the first line
above in the contribution involving n_X.

A.6 Four gluon vertices
A.6.1 Purely collinear or purely soft vertices

The standard QCD four-gluon vertex is proportional to

le)/% = feabf%d(gupgué - g,u5gup) + feacfEbd(guugpé - guagpu)

+ feadfebc(g,uugép - g,upgdu) . (A.52)
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The leading-power SCET vertices involving four collinear gluons or four soft gluons are
identical to the QCD vertex.

A% Ape

abed 0
{‘5 ) Q,uypé O()‘ )
—ig?{0  OW) (A.53)
N g 0 O(N?)
Va
A Py
Agd Aém abed 0
—i2{0 oW (A.54)
N g 0 O(3?)
VA
A P Avb

A.6.2 Soft-collinear interaction vertices

The two collinear-two soft gluon vertex reads

( 1 ea €C eac fre
Add {k Aba 7 1 n T (1 — > <f bpecd 4 peacy bd) O\
v 1 -
g2 5 I, V,)M(q D)o o)
g )
ead pebc (2),2,abed 2
At ’ Avb 2 ;T Z Wﬂ5 (k,a,0,0) + AV, wops Ky ¢,p,1) O(X%)
(A.55)
where
2
Vu(u)pd (k.q,p,l) = V,/(z)’l(q,p){ n_Xft 5 +XJ_)\((]€+Z)XJ_J£H

XLy M D= X sl ()]
ViR g0, ) = VIR (g, p) X L1

urpod VPl
2),4 _ - Ing,ny _ _
VS kq,p,0) = Vi (q.0) £ +5 n+pﬂ (n_ ff = (W) —n_sf; (),
2),5 _ 5 o
Ve (kap ) =VER | (ap)
Vi a.p, D) = VR (a,0) (R DX L 4 X1 M ()= Xusfi M (R)) - (A56)

with V®)(q,p) on the right-hand side defined already for the three-gluon vertices in

eq. (A.51). The extra term AV (%2 arises from attaching a soft gluon to Win_DW,—n_D,

in the second term in Eg,& in eq. (A.8),

ny

(2),2,abcd _ 1 4+ K 4
AV s (ks q,p,1) = 4< v L(Q)meﬂﬁ(k)nfrp”f&

D)X LS (1 )”+vn_”) fFeabpecd o (kpa - 16d) . (A.57)

n+q
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As before, one should use the expression for V,,(g)’l(q, p) from the first line of eq. (A.51) in
the contribution involving n_ X, before the collinear momentum conservation is imposed.
The three collinear-one soft gluon vertex reads

n_
A A ng glff,;iaTu O\
\ / N 1,a0C .
— ig? 2 Vu(i)p’é’ d(k,q,p,1) +5 permutations O(\)  (A.58)
X

Z V(2)717ab0d(k7 q, D, l) +5 permutations O()\Q)

S pvpd
Ape p Avb
In the subleading power vertices one needs to add the terms that are obtained from per-

mutations of the three collinear gluons. The auxiliary functions are defined by

Vs "k, a,p,1) = Hips™ (a0, DX 1 fy ™ (R)

uvpd vpd
1),2,abcd __ grabed,+)\ -
VLR g p,1) = B (g, D) o (K). (A.59)

at O()\), and at O(\?)

OB ) = LHBE ) [ X+ XX )]

uvpd vps
VRRee kg, p, >= HE A (g, p, D)X fun o, ().

Vios " (kyq.p.1) = —Hﬁ,’iéd Mg, DX funoas (R),

Vb (g, g, p,1) = —stzg“ (. p. D (k).

V20 (ke g, p, 1) = HE M (g, p,0) fun,n, (K)

VRS e, g, p,1) = HIS A (q,p, DRX L fy | (K) (A.60)

together with

aoc n + a C
Hyp 45 (g, p,1) = fVAB(Q)”{ (PC +P{(p+ ) p) tr[t?[te, tet9]]

n4l n4q
+C +C
1
+ fp (p) <feaCfebd + tr[tb[ta,tdtcm> } feaCfebdf f ( ) 7
n4yp nyp
bed, AL L bed, AN
Hyy 5 (g, p, 1) = Hy g™ 7 (g,p, )93
R e R f
Habcd,AB I = B AB t ebc read 7 Vp
(A.61)
The traces can be evaluated using
1
tr[tatbtc] _ Z(,ifabc + dabc)7
1
tI‘[tb [ta’ tctd“ — Z(feabfecd + ,ifeacdebd + ifeaddebc) ’ (A62)

and (D.3). The additional factor 1/2 in the terms involving f4Z and f,f}DB accounts for
an overcounting that would occur when adding the terms where the collinear gluons are
permuted.
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A.7 Ghost vertices

VY (-2, O\
OO 4 £ Q0 O
< 0 0OW)
P
e
.'\.pl _p’// O()‘O)
CTOOON 4 910 O
’ ’ 2
R [0 on)
&
e
VY ~(nyp)n-, O(\)
OO0 v 9sf7] 0 O(\)
% 0 O(»3?)
P
&
s A%
p/ SN—5N+,, O<)\O)
. _iggfadefebc 0 O()\)
3 0 ON?)
<,
e ALY

We recall that the ghost Lagrangian contains only leading-power interactions.

A.8 Collinear building blocks

(A.63)

(A.64)

(A.65)

(A.66)

In addition to the Feynman rules derived from the SCET Lagrangian, we also give Feynman

rules for insertions of the collinear building blocks A%"t? = (W iD! W] and x5 =

1 kp7’L+
09— fioL (k) = g0 | 07, — ——F
g n+l<:f“ (k)=g <M ik )

n(k 4+ g)nikniq nik

dap

gstan"r‘u,
n+k

Sas
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T <n+u”+u(”+k’ﬂ —neqdl) | ng0h, a0,
S

255-

(A.67)

) (A.68)

(A.69)

(A.70)



(A.71)

b
Al

17ab :
Wi (k, q) has been defined in eq. (A.19).

B Soft master integral

The integral repeatedly referred to in section 3 is given by

P s /ddl 1 1 1
N (27T)d 12 4+ e Ay + Binj_l +ic Ay + Bong_l + ic
eVETl(e) m 2 B1Ba(ny_ng ) \©
1672 sin(mwe) B1Ba(ni_ng_) \ 2(A1 + ie)(Ag + ie)
1 1
X 1—e s \e X 1—e : \e
By (A1 +ie)¢ By ‘(A +ie)

_—

1 2 11 L? 2
=— L+ 4+ T B.1
1672 By Ba(n1_na_) <62 LEP R +O(6)> ’ (B-1)

with

9 €TET(e) 7 <n1,n2,>*1+6
1672 sin(me) 2 ’

_ B1By(n-ny- )y
L= <2(A1 +i0)(4s + ie)) ' (B-2)

Fe=p

The general version is

c~4—d b b
—ifi a1 (n-0)™ (no-1)™
I bi1,bo) = d®l
(aha% b 2) (27r)d / 12+ie (A1+B1n1_l+i8)a1 (A2+B2n2_l+i8)a2
1 1
= Rp—— N as—by—1 b2 D(al,bl,e)D(GQ,bQ,e)XI
(A1+ie) Bi' (Ag+ic) B,
— _Fox D(al,b1,€) % D(ag,bg,e) (B 3)
N ¢ (Al +i€)a1—b1—1+ele)1+1_€ (A2+Z'E~)a2—b2—1+eBg2+1—€ ’ '
where
min(b,a—1)
s (O\T(a—k+e—1)
D(a,b,¢) = —1)0*
@ho= 3D (1) i
I'(a — -1
_ (apllezbre-l) (B.4)

I'(a)'(e — b)
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C Auxiliary functions entering the collinear anomalous dimension

C.1 B-to-B mixing

Here we provide results for the coefficient functions entering the collinear anomalous dimen-
sions ’Vfawavx ooy (T,y) and fyiwa,,x 97 (APy) (x,y) discussed in section 4.3. The coefficients
that are obtained from diagram (¢, ) in figure 11 are given by

MM (3, y) = M (2, ) — MM (2, y)
M7 (z,y) = MY (2, y) + MM (2,y) (C.1)
where M, and M, arise from contributions proportional to the L component of the po-

larization vector € of the external gluon, while M_ captures the contributions obtained
from n_e.

2x 2xy
MY (z,y) = 2a(z, y) [wgﬁggﬁ” = 2007700 + I+ eI

2 , 2 . .
+ §gﬁp i - 591” YT | + 2e(x,y)zg17 ¢
20 -1 . 4z
+ 2a(z,y)? [4:6 g1 g" - - (97 g +9174'7)
—2(g7 A+ g A + P
2y v
+— (g7 + g7+ ¢ ] 7 (C.2)

T uo vp

.~ 27 b4 2~y
Mﬁ P2z, y) = 2a(x,y) [wgiggﬁ + ?gL g+ (a:)

A,

+ g - 2gipviﬂ] — 2d(z,y)291%9}"

j v j: v y v
+ 2¢(z,y) < - ;gi"gi — ;gﬁagf + = (A + A+ g A

2x
1 o
=5 (9L + 9L +g7) A+ gi"Qﬁ”) : (C.3)
4z y+ 2z ly—2z
M (o) = Lty (LR U ) (€4

where we define

a(a,y) = 50 —9) + 5 0y 1),
5:2 (T —x
(e y) = 0z —y) + 2 = Doty — ).
d(,y) = 2 0(z —y) + ;9@ )
e(z,y) = —y29(x —y)+ %H(y —x). (C.5)
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The coefficients that are obtained from diagram (c, i) and part of (b,4ii) in figure 11
(see main text for details) are given by

NMV’IJU(xa y) = Nﬁy’pg(xv y) - Nﬁlﬁpg($7 y) 5
NH#PO (3 4) = NHP7 (2, y) + NP7 (2, y) (C.6)

with contributions from €; and n_e analogous to above,
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ry
z(1+

Ty Y)
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C.2 B-to-C mixing

Here we report the explicit results for the contributions to the anomalous dimensions
discussed in section 4.4.

C.2.1 Jﬁgx(a:) — Jﬁx(yh Y2)

We list the non-zero results for the kernels Iggg A that enter in the anomalous dimen-
sion (4.22) from the various diagrams shown in figure 11 and figure 12 (plus the ones
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with interchanged external gluon lines, if applicable). Notation y = y1 + y2, g = 1 — v,

y1 + yo + y3 = 1. We leave the Dirac indices implicit.
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c.2.2 JEZ (z) = JC2 (y1,v2)

We list the non-zero results for the kernels I 5@’;2‘? (2,91, 12) that enter in the anomalous
dimension (4.30) from the various diagrams shown in figure 13 and for the 1PR diagrams
corresponding to all but the last diagrams in figure 12, with the three-gluon vertex replaced
by a fermion-fermion-gluon vertex, as discussed in the main text. We assume that the
fermion attached to the last building block has a different flavour from the first two, i.e.

we do not add diagrams with permutated external legs here. Notation g = 1 — yy,
y1+y2+ys=1
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D Anomalous dimension of hermitian conjugated operators
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(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

In this appendix we collect rules for translating the anomalous dimensions given in the
main text to operators for which all fermion building blocks x;, = W;ﬁi(tilnH) are re-
placed by x;, = giWi(tilnH), and vice versa, for 1 < [ < n; and all collinear direc-
tions 1 < ¢ < N. We comment later on the case when only building blocks belong-
ing to a single collinear direction are flipped. For a general N-jet operator Jp(x) (in
collinear momentum space) we denote the corresponding operator transformed in this way

by Jp(x). Note that gluon building blocks A); and the sign of partial derivatives i0,;



are not changed. We also leave the ordering of (fermionic) operators the same. For exam-
ple, for an operator Jp = J Efaxl(a:) X x2 X [ 2 A; with gluonic leading-power operators

in directions j = 3,4,..., N, a fermionic leading power building block in direction 2,
and the A\2-suppressed operator Jffaxl(ﬂs) = A, (2)i0% x1,(Z) in direction 1, one has

Jp = ‘]«12128921@) X X2 X [[;59Aj, where Jffail(az) =AY, (2)id} X1, (). For the moment

we consider both Jp and Jg to be current operators, and comment on operators containing
time-ordered products further below.

The renormalization factor §Zpq(7,y) is obtained from 0Zpg(z,y) by the operations
summarized below. The same rules apply to the corresponding anomalous dimensions
Lpg(r,y) and T'pg(z,y). These relations can be obtained by interpreting eq. (2.12) as
an operator-valued equation, and applying a hermitian conjugation with respect to the
Dirac and colour indices of the fermionic building blocks (i.e. the colour indices referring to
the 3 and 3 representations of SU(3).). For the spin structure, one needs to multiply the
resulting equation with 4° for each open Dirac index and use v°(7#)14? = 4#. In addition,
one needs to take into account the sign factors and ordering of fermionic field operators
in the relation between Jp and JIT_—,, and analogously for J5, which leads to the factors of
(—1) appearing below.

Spin and space-time structure.

e Reverse ordering within strings of v matrices acting on the same fermionic collinear
building block (for any m > 2 and i =1,...,N),

U MR i S AV AR A P (D.1)

Note that when leaving Dirac indices implicit in the anomalous dimension, the prod-
ucts of v matrices are understood to act from the left on ;, and from the right on
Xi,» as usual. As mentioned above, the case m > 2 could be reduced to linear com-
binations of terms with m < 2. However, in our results, we find it more convenient
to keep also terms with m > 2.

e Factor of (—1)%*9e  where dp denotes the number of partial derivatives i0 | con-
tained in Jp (for j = 1,...,N), and dg in Jg. This factor arises because of our
convention for the operator basis, and because e.g. i0,;Yi, = —(10.1;Xi,) 0

e Additional factor of (—1)*P*?Q where ap denotes the number of fermion anticom-
mutations required to bring the fermionic building blocks in J]TD into the same order
as in Jp (we use an operator basis in which building blocks appear in ascending order
with respect to the collinear directions ¢ = 1,..., N, and with respect to the building
block labels i1, 49, ... in each direction).

For example, for the collinear contributions 7}3@ to the anomalous dimension for F; = 1
at order A\? (see eq. (4.2)), one has dp = 1,ap = 0,dg = 0,ag = 0 for B-to-C mixing
vifith P = A} i xi, _and Q = A} AY xi;, contributing a factor of (1) to 73'5@, where
P = A} id7;Xi, and Q = A;, Aj,Xi;- For the same P but @ = xi, Xi, Xis one has dp = 1,
ap =0,dg =0, ag = 3, such that the factors of (—1) due to the derivative and the fermion
reordering compensate each other (note that Q = X, X4, Xis)- For all other contributions

in eq. (4.2), both dp + dg and ap + ag are even.
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Colour structure. The colour structure can be expressed either in terms of the usual
SU(3). generators t* = 1A* with Gell-Mann 3 x 3 matrices A? (acting on the colour index
of fermionic building blocks), as well as factors of i f®°, or alternatively using colour space
operators. In the first case:

e Reverse ordering of generators acting on the same fermionic collinear building block
(for any m > 2),
R L I L (D.2)

As for Dirac indices, the corresponding 3 x 3 matrices are understood to act from the
left on x; and from the right on ;.

e Sign flip ifbc — —jfabe,

Products of generators can equivalently be reduced to a linear combination of the ¢¢ and
the 3 x 3 unit matrix using (iteratively) the relation

1
tatb _ Z»fabctc + g5ab + dabctc ) (D3)

In this case the replacement rules are i f*¢ — —if®¢ and de¢ — dobc.

Colour operator notation for the collinear building block [ in direction ¢ can be obtained
by using t*x;, = —T§ xi,, Xit* = T7 Xqy, —i f“bC.A’fil = TZA‘EI. When several generators
act on the same fermionic building block, using the second relation iteratively reverses the
order. For example, X;, toth = T?l T5 Xi,- This compensates the change in the ordering due
to hermitian conjugation. Therefore, in colour operator notation, the ordering of colour
operators in 0Zpg(z,y) and 0Zpg(z,y) is identical. However, the definition of the colour
operator contains a different sign for x;, and x;,, respectively. When 67 pQ(x, y) is expressed
in colour operator notation, this leads to a sign flip for every colour space operator acting
on fermionic fields. In addition, for the (hermitian) gluonic building block, the sign flip
if®e — —jfebc obtained from hermitian conjugation is inherited by the corresponding
result expressed in terms of colour space operators T7. Finally, the colour operator D
acts only on gluonic building blocks, and is defined by d“bcA’ﬁ-l = DZ .A’f;l [14]. Inspection
of eq. (D.3) shows that, when translating to colour operator space notation, also this
operator is odd. Therefore, the rules from above translate to colour operator notation in
the following way:

e No change in ordering of colour operators.

e Sign flip T{ — —T7 for all colour space operators acting on both fermionic and
gluonic building blocks.

e Sign change of the symbol (T;, x T;,)* = if“bCTflT‘Z?2 — — (T, x T;,)® introduced
in ref. [14].
a

e Sign change for the colour operator D, — —D{ .

e Sign flip ifo%°¢ — —ifo%¢ for remaining factors of if%¢ that have not been expressed

in terms of colour space operators.
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The rules given above can be used in order to translate the collinear contributions ¢ for
operators with F; = 1,2,3 to those with F; = —1, -2, —3. Note that, since ’y};Q does not
depend on collinear directions j # 4, the rules from above can also be used to obtain 'yPQ
from 7PQ for the case in which P(Q) is related to P(Q) by flipping the fermion number
in direction i only, while leaving the contributions to the N-jet operator from all other
directions untouched.

For the soft contributions ng we need to consider operators Jp involving time-ordered
products with insertions of the power-suppressed Lagrangian :£(!) and i£). We define the
operator Jp analogously as above, i.e. by replacing all fermionic building blocks x;, — Xy,
but no changes otherwise. Due to the time-ordered product Jp cannot be related to JITD
up to sign factors, since hermltlan conjugation would turn time- into anti-time- ordering.
Nevertheless, we find that 715@ can be obtained from 'yPQ using the identical set of rules
as for the current-current mixing given above.

For the soft contributions 'ng for F; = F; = 1 summarized in eq. (5.1), the rules
from above can therefore be used to obtain the anomalous dimension for F; = F; = —1.

For example, all entries of 'yng with P = (Jg %) (J; é) can be obtained by applying the
9 ,L b ]

replacement rules to eq. (3.35), giving the operator mixing

205 5
()i (TEhe) = =2 G

a 7A1 1 A Viﬂﬁi brpa 1B1
x |'T; J(‘)Axa D) dy (YL + 7 T;'T; JAva(y)
Yo

%

/ 5 ’YT-]"YJV-J' crpa
dy ’YJ_] 17 + — T T J CX(S( )
Yy 58

X T“J “Xs

N)Mi

J
(D.4)

Recall that in our convention Ja* = +i8L->2a. Compared to eq. (3.35), the order of
gamma matrices is reversed, and the Dirac indices are flipped, while all factors of (—1)
cancel out.

For the case F; = 1, F; = —1 we find that the anomalous dimension ~% can be extracted
from eqgs. (3.35) to (3.37) in a straightforward way by applying the rules from above to the
contributions to the loop amplitude related to direction j only, given by the last lines in
each of these equations, respectively. This can be traced back to the “factorization” of soft
loops into contributions from directions 7 and j, respectively, as discussed in the main text.
However, we note that the cusp part of I'pg(x,y) in the first line of eq. (2.17) is not part
of the 4% above, and the first line of eq. (2.17) applies to all N-jet operators, involving
arbitrary combinations of building blocks containing both y and x as well as gluonic fields.

This can be understood when using an alternative description of operator mixing, based on the “in-
teraction picture” for which also the power-suppressed contributions to the Lagrangian are kept in the
time-evolution operator. This is not our preferred option because it allows current operators to mix into
currents with a higher level of power suppression.
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