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Abstract
False vacuum decay is the first-order phase transition of fundamental fields. Vacuum
instability plays a very important role in particle physics and cosmology. Theoretically,
any consistent theory beyond the Standard Model must have a lifetime of the electroweak
vacuum longer than the age of the Universe. Phenomenologically, first-order cosmological
phase transitions can be relevant for baryogenesis and gravitational wave production. In
this thesis, we give a detailed study on several aspects of false vacuum decay, including
correspondence between thermal and quantum transitions of vacuum in flat or curved
spacetime, radiative corrections to false vacuum decay and, the real-time formalism of
vacuum transitions.

Zusammenfassung
Falscher Vakuumzerfall ist ein Phasenübergang erster Ordnung fundamentaler Felder.
Vakuuminstabilität spielt in der Teilchenphysik und Kosmologie eine sehr wichtige Rolle.
Theoretisch muss für jede konsistente Theorie, die über das Standardmodell hinausgeht,
die Lebensdauer des elektroschwachen Vakuums länger sein als das Alter des Univer-
sums. Phänomenologisch können kosmologische Phasenübergänge erster Ordnung für die
Baryogenese und die Produktion von Gravitationswellen relevant sein. In dieser Arbeit
geben wir eine detaillierte Studie zu verschiedenen Aspekten des falschen Vakuumzer-
falls, einschließlich der Korrespondenz zwischen thermischen und Quantenübergängen des
Vakuums in flachen oder gekrümmten Raumzeiten, Strahlungskorrekturen zu falschem
Vakuumzerfall und den Formalismus realer Zeiten für Vakuumübergänge.
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Notations
• ZE [0] — Euclidean partition function without source

• Z[β] — thermal partition function at temperature 1/β

• µ, ν, ... — taking values 0, ..., 3 or 1, ..., 4 in the Minkowski case or the Euclidean
case, respectively.

• i, j, ... — taking values 1, 2, 3 denoting the spatial indices

• ∆(4), ∂2 — four-dimensional Laplacian, both are interchangeably used in this thesis

• ∇ — three-dimensional derivative operator

• B — mostly used as the bounce action, also as subscript for “bounce”

• Γ — decay rate

• Γ — effective action

• ε, 0+ — infinitesimal positive number as used in the Feynman iε-prescription

• Except for appendices A and D, we take ~ = c = kB = 1 throughout this thesis
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Chapter 1

Introduction

It is remarkable that the abundant world that we live in can be described and explained
at the very fundamental level by dozens of fundamental particles and four fundamental
interactions between them: gravity, electromagnetic, weak and strong interactions. All the
known particles that constitute the matter and interactions except for gravity can be very
well described by the standard model (SM) of particle physics [1]. Gravity is described by
general relativity (GR) [2]. It turns out that all the particles are excitations of some more
fundamental objects that we call quantum fields. False vacuum decay is the first-order
phase transition of such fundamental quantum fields. One surprising feature in the SM is
that the electromagnetic interaction and the weak interaction are unified and they appear
to be different aspects of this unified theory only after the electroweak symmetry breaking.
Such an electroweak sector in the SM provides a crucial phenomenological motivation for
the study of false vacuum decay.

In the SM, the Higgs doublet is responsible for all the masses of other particles via
the mechanism of spontaneous symmetry breaking (SSB) where the Higgs field obtains
a non-vanishing vacuum expectation value (VEV). The non-vanishing VEV of the Higgs
field generates masses for other particles through the Yukawa interactions. To illustrate
SSB, let us write down the Lagrangian for the Higgs doublet

LHiggs = ηµν(∂µφ)∂νφ− V (φ), (1.1)

where the Minkowski metric is ηµν = diag(1,−1,−1,−1) and

V (φ) = −µ2φ†φ+ λ(φ†φ)2. (1.2)

Here φ is the Higgs doublet, in components

φ =

(
φ1

φ2

)
. (1.3)

For λ > 0, µ2 > 0, the potential has an infinite set of degenerate minima satisfying

φ†φ =
µ2

2λ
≡ v2

2
.

The degeneracy of the minima reflects the global SU(2)L×U(1)Y symmetry1 of the theory.
The vacuum picks a particular point in the degenerate minima which we take as

〈0|φ|0〉 =
1√
2

(
0

v

)
. (1.4)

1It must be gauged in order to introduce the electroweak gauge fields.
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In this way, the Higgs doublet obtains a non-zero VEV and the SU(2)L×U(1)Y symmetry
of the electroweak theory is spontaneously broken by the vacuum state. It turns out that
v = 246 GeV and the corresponding minimum is called the electroweak vacuum which is
stable at the tree-level.

However, the Higgs potential suffers from quantum corrections. In particular, the
coupling constants must be running when the energy scale, or correspondingly the field
value, changes. The running of the coupling constants satisfies the renormalization group
equation (taking the coupling λ as an example)

µ
∂λ

∂µ
= β(µ), (1.5)

where µ is the running energy scale. The beta function β(µ) receives contributions from
all fields that couple with the Higgs. The dominant contributions come from the Higgs
itself and the top quark. With the matter content in the SM, especially with the 125
GeV Higgs boson [3, 4] and the 173 GeV top quark [5], the Higgs quartic coupling λ

turns to be negative at around 1011 GeV, developing a new minimum deeper than the
electroweak vacuum.2 Thus the electroweak vacuum in the SM is unstable. State-of-the-
art calculations suggest that the lifetime of the electroweak vacuum in the SM is much
longer than the age of our Universe, leading to the metastable scenario [6, 7, 8, 9, 10, 11].
The metastable scenario implies that the SM can be extrapolated up to the Planck scale
with no problem of consistency in principle.

The calculation of the electroweak vacuum lifetime is very important because it could
provide significant implications on new physics beyond the SM. For example, had the
calculations suggested a lifetime of the electroweak vacuum shorter than the age of the
Universe, there would have to be new heavy degrees of freedom that make an impor-
tant contribution to the beta function of the Higgs quartic coupling. The decay rate is
calculated from the running couplings with precision up to next-to-next-to-leading order
(NNLO) [7, 8]. However, in comparison to the running couplings, the radiative correc-
tions to the actual tunneling problem are known less accurately. In particular, in order
to describe the tunneling process, one must resort to an inhomogeneous background field
configuration which is called the bounce (see Chap. 2 for details). And the beta func-
tions for the running couplings do not account for the effects from the inhomogeneity of
the background. Actually, the previous calculations are based on the Coleman-Weinberg
potential [12] which only applies to homogeneous backgrounds. Thus a new method that
accounts for gradient effects from the inhomogeneous background as well as determines
systematically the radiative corrections to the bounce and the decay rate is needed. This
will be one of the topics in this thesis.

On the other hand, the metastable scenario could be challenged when gravity effects are
taken into account. In particular, black holes, as nucleation seeds, may affect the process
of vacuum decay. It was shown that the false vacuum decay catalyzed by microscopic black
holes could have a much larger decay rate [13, 14, 15, 16]. The bubble nucleation around a
Schwarzschild black hole is typically described by an O(3)×O(2)-bounce solution, the so-
called static bounce. The O(2)-symmetry is due to the periodic Euclidean Schwarzschild
time. It is debated in the literature that whether such static bounce solution describes

2Note that the running of the U(1)-coupling leads to λ > 0 again at super-Planckian energies.
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false vacuum decay at zero temperature or at finite temperature. Before the physical
meaning of the static bounce is clear, the enhancement of the decay rate is under suspicion.
For example, if the static bounce describes a false vacuum decay at finite temperature
while realistic black holes are in the vacuum, then in order to implement the catalyzation
one needs to surround a black hole with a thermal plasma. Hence, another topic in
this thesis is to investigate the interpretations for the static bounce in the Euclidean
Schwarzschild spacetime. As we will see, there is a correspondence that the static bounce
solution describes either a thermal transition of vacuum in the static region outside of
a Schwarzschild spacetime or a quantum transition in a maximally extended Kruskal-
Szekeres spacetime, corresponding to the viewpoints of the external static observers and
of the freely falling observers, respectively.

Besides the electroweak metastability that we have mentioned, false vacuum decay
has many other applications in phenomenological studies. One particularly important
application is the electroweak phase transition that happened during the cooling of the
Universe. Today, there exists overwhelming evidence suggesting the big bang picture of the
Universe [17, 18]. In this picture, the observable Universe originates from the expansion
of a much smaller and hotter universe at earlier times. During the expansion of the
Universe, the temperature decreases. Since at finite temperature, the Higgs potential can
receive a thermal mass along with other effects, the broken electroweak symmetry can
be restored at high temperature in the early Universe. During the cooling, the Universe
thus experienced a phase transition from the symmetric phase to the broken phase which
we call electroweak phase transition.3 While in the SM, the electroweak phase transition
is cross-over [19, 20], it can be of first order in a variety of beyond SM models [21, 22,
23, 24, 25, 26, 27, 28], leading to the nucleation of bubbles. The subsequent collisions
and mergers of the nucleated bubbles can produce gravitational waves [29, 30, 31, 32].
Moreover, these bubbles may turn out to be pivotal for generating the cosmic matter-
antimatter asymmetry [33, 34, 35, 36].

Underlying all the phenomenological studies, there is a standard description for the
vacuum transition, the Callan-Coleman formalism [37] which makes use of the Euclidean
path integral. In this formalism, one aims to calculate the energy for the unstable vacuum,
in particular, to extract an imaginary part therein and then relate the imaginary part
of the energy to the decay rate. This is very similar to solving a static Schördinger
equation via a variation method. However, the picture for the dynamical tunneling process
is not clear in the Euclidean formalism. In particular, in Callan-Coleman formalism,
the obtained decay rate is interpreted as for the transition from the false vacuum to a
classical critical bubble while this interpretation has never been rigorously justified. In
addition, there are some other conceptual ambiguities in the existing descriptions for false
vacuum decay. For instance, why quantum tunneling, as a dynamical process, can be
understood by solving a static Schördinger equation? How can the energy of an unstable
state possesses an imaginary part which seemingly is in contradiction with the Hermiticity
of the Hamiltonian? Can the tunneling process be understood in the real-time Minkowski
path integral instead of the Euclidean path integral? Are there any correspondences or
interpretations of the instantons that only appear in the Euclidean field theory? In the

3There are of course other possible phase transitions such as the QCD phase transition from the phase
of quark-gluon plasma to the hadron phase.
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last part of this thesis, we aim to answer these conceptual questions. We will provide a
real-time picture of quantum tunneling (and hence false vacuum decay) in the Minkowski
path integral. By applying the optical theorem to the unstable vacuum, we obtain the
decay rate from the imaginary part of the matrix M in S = 1 + iM where S is the
transition amplitude form the false vacuum to itself. We will discuss new insights from
this optical-theorem derivation of the vacuum decay rate.
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Chapter 2

False Vacuum Decay in Flat
Spacetime at Zero and Finite

Temperature

A theoretical description of phase transitions wes originally given in the context of statisti-
cal physics [38, 39], which was generalized to quantum phase transitions in Refs. [40, 41, 37]
(see also Ref. [42]). The seminal works [41, 37] were later extended to the case of false
vacuum decay at finite temperature by Affleck [43] and Linde [44, 45]. In this chapter,
we will first review the standard Callan-Coleman formalism in a simple particle tunneling
example which will be generalized to false vacuum decay subsequently. We will in par-
ticular build the picture of bubble nucleation and the subsequent bubble growth in the
thin-wall approximation. At last, we will extend the discussion of false vacuum decay at
zero temperature to that at finite temperature.

2.1 Quantum tunneling in quantum mechanics

x+x-

x

U(x)

p

Figure 2.1: A potential U(Φ) which has an unstable minimum. The dot marked by “p” is
the turning point.

Let us consider a particle tunneling problem in a potential with two non-degenerate min-
ima, as shown in Fig. 2.1. In the classical theory, the particle located at the local minimum
(with sufficiently small momentum) is stable. However, in quantum theory, it can transit
to the global minimum through quantum tunneling. The archetypal model studied by
Coleman and Callan [41, 37] is given by the following action

SM =

∫
dt LM =

∫
dt

[
1

2

(
dx

dt

)2

− U(x)

]
, (2.1)
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where

U(x) = −1

2
µ2x2 +

1

3!
gx3 +

1

4!
λx4 + U0. (2.2)

Here µ2, g and λ are all positive parameters. The potential U(x) has two non-degenerate
minima at x±. The constant U0 is introduced for convenience to ensure that the potential
vanishes at the higher minimum.

In order to obtain the tunneling rate, Callan and Coleman consider the following
Euclidean transition amplitude

ZE [0] = 〈x+|e−HT |x+〉 =

∫
DΦ e−SE , (2.3)

where SE is the classical Euclidean action. The Euclidean path integral follows completely
from the Euclidean transition amplitude by a standard derivation of the Feynman path
integral. Nevertheless, a quick way to arrive at the Euclidean path integral is the Wick
rotation, i.e., we can simply take t(≡ x0) → −iτ(≡ −ix4), T → −iT and SM → iSE in
the Minkowski path integral. Written explicitly,

SE =

∫
dτ

[
1

2

(
dx

dt

)2

+ U(x)

]
. (2.4)

Note in the Euclidean action, the sign in front of the potential is flipped and therefore we
have a potential −U(x). An immediate consequence is that, for the boundary conditions
indicated by the above Euclidean transition amplitude, the Euclidean action permits non-
trivial classical solutions. One of which turns out to be pivotal in describing the tunneling
process as we will show shortly.

If we insert in the partition function a complete set of energy eigenstates, i.e.

〈x+|e−HT |x+〉 =
∑
n

e−EnT 〈x+|n〉〈n|x+〉 , (2.5)

then for large T , only the lowest-lying energy eigenstate will survive. Therefore

lim
T →∞

〈x+|e−HT |x+〉 = e−E0T |〈x+|0〉|2, (2.6)

giving us the information of the lowest energy E0 and the corresponding wave function
|〈x+|0〉|2. The spirit of the Callan-Coleman method is to calculate the energy E0 of the
approximate ground state |0〉 near x+ via Eqs. (2.6) and (2.3) . Since this state is unstable,
we expect that its energy E0 possesses an imaginary part which can be further related
to the decay rate according to the evolution behavior: exp(−iE0t)|0〉 = exp(−i(ReE0)t) ·
exp((ImE0)t)|0〉. That is4

Γ = −2 ImE0 =
2

T
Im
(
lnZE [0]− ln |〈x+|0〉|2

)
=

2

T
Im (lnZE [0]) , (2.7)

where in the last equality we have used the fact that ln |〈x+|0〉|2 does not contribute to
the imaginary part.

4There is a sign ambiguity in extracting the imaginary part; the extraction should proceed in a way
such that Γ > 0.
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One can perform the calculation for the Euclidean path integral using the method of
steepest descent. The stationary points are obtained from the equation of motion (EoM)

−d2x(τ)

dτ2
+ U ′(x(τ)) = 0, (2.8)

where ′ denotes the derivative with respect to x. The boundary conditions are x|τ→±∞ =

x+. Eq. (2.8) is the EoM for a particle of unit mass moving in a potential minus U .
Therefore,

E =
1

2

(
dx

dτ

)2

− U(x) (2.9)

is a constant of motion.
In the limit T → ∞, we have three solutions: the trivial false vacuum solution xF (τ) ≡

x+, the bounce xB(τ) and a third one called the shot in Refs. [46, 47], xS(τ). The bounce
solution is responsible for the tunneling process as we will explain later. Pictorially, the
bounce solution corresponds to a particle initially at x+ rolling through the valley in
−U(x), reaching the turning point “p” and then rolling back to x+—hence the name
bounce, see Fig. 2.2. To understand the shot, recall that the particle can have a non-
vanishing velocity at x+ such that it is kicked off from x+ and moves to another potential
top at x− with asymptotically vanishing velocity and rolls back. The requirement of that
the particle stops exactly at x− instead of some point before it comes from the condition
T → ∞; otherwise, the motion will be finished too quickly.

x+x-

x

-U(x)

p

Figure 2.2: The bounce as a solution of the Euclidean EoM. Note that the potential in
the Euclidean spacetime is upside down compared with that in Minkowski spacetime.

We can expand the path integral in Eq. (2.3) around these stationary points. Expand-
ing x(τ) = xa(τ) + ∆xa(τ) where a = F,B, S, we have

〈x+|e−HT |x+〉

≈
∑
a

(
e−SE [xa]

∫
D∆xa e

−
∫ T /2
−T /2 dτ [ 1

2
∆xa(τ)(−∂2

τ+U ′′(xa(τ)))∆xa(τ)+ 1
3!

(g+λxa(τ))∆x3
a(τ)+ λ

4!
∆x4

a(τ)]
)

≡ ZFE [0] + ZBE [0] + ZSE [0]. (2.10)

In Ref. [37], only the expansions around xF and xB are considered in evaluating the above
Euclidean transition amplitude. The reasons, though subtle, are the following:
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(1). The expansion around the shot, ZSE [0], is dominant in Eq. (2.10) but gives the energy
for the global ground state rather than the one for the false ground state |0〉 near
x+. But we want to calculate the energy for |0〉.

(2). Since we want to study the tunneling process for the false ground state around x+,
we shall only consider the stationary points in which the particle has low initial
energy. Thus only xF and xB need to be considered.

ZFE [0] can be calculated in a standard way as a perturbative theory in a trivial back-
ground and we obtain up to one-loop order

ZFE [0] = N
[
det
(
−∂2

τ + U ′′(x+)
)]−1/2

, (2.11)

where the factor N on the RHS is a normalization factor to make the path integral
properly well-defined which shall be always fixed by a physical condition. Computing
ZBE [0] is less nontrivial. Because of the inhomogeneous background xB, we must look into
the eigenspectrum of the fluctuation operator evaluated at xB,(

−∂2
τ + U ′′(xB(τ))

)
fBn (τ) = λBn f

B
n (τ). (2.12)

In terms of the eigenfunctions, ∆xB(τ) can be written as

∆xB(τ) =
∑
n

cBn f
B
n (τ). (2.13)

Then the measure D∆xB can be defined as5

D∆xB =
∏
n

1√
2π

dcBn . (2.14)

It turns out that the fluctuation operator −∂2
τ + U ′′(xB) contains a negative eigenvalue

which we denote as λB0 .6 Therefore, a naive Gaussian functional integral around the
bounce gives a divergent result. This divergence is not a problem of our theory but only
comes from that we did not use the method of steepest descent correctly. The direction
associated with the negative eigenvalue is not the steepest descent direction but instead
a steepest ascent direction. To correctly make use of the method of steepest descent, one
needs to complexify the paths x(τ) and then perform the path integral on a deformed
middle-dimensional contour. Such a procedure can be very generically carried out with
the help of Picard-Lefschetz theory [48, 49] as we will describe in detail in Chap. 6.

For now, it is sufficient to take only care of the particular negative mode whose eigen-
value is λB0 . This means that we can focus on a one-dimensional subspace in the whole
function space that passes through the bounce xB along the direction associated with the
negative mode. Denote the functions in this one-dimensional subspace as x(τ ; ζ). It was
observed by Callan and Coleman that the stationary point xF is also in this subspace [37].

5The factor 1/
√
2π in the measure was chosen for convenience and is not important since the path

integral must be properly normalized anyway; the final physical quantities do not depend on the choice
of this factor.

6The notation that the subscript “0” denotes the negative mode instead of the zero modes was originally
used by Callan and Coleman [37] and we follow them in this thesis.
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It was further pointed out in Ref. [47] that the shot is in this subspace too. The rela-
tions between all these stationary points in this one-dimensional subspace are explained
in Fig. 2.3. The dependence of the Euclidean action on these paths is shown in Fig. 2.4.

τ

x+-x

xp

Figure 2.3: A family of symmetric paths from x+ to itself: x(τ ; ζ), parameterized by ζ.
Take the τ -axis—the trivial false vacuum solution—as the base point x(τ ; 0). The path
with its maximum xp, indicating the turning point, is the bounce x(τ ; b) ≡ xB(τ), for
some number b. The paths above the bounce x(τ ; ζ > 0) are the quantum paths with
escape point outer than the turning point p, containing the shot at some point ρ = s > b

which we did not plot explicitly.

b s
ζ

SE [ζ]

Figure 2.4: The dependence of the Euclidean action SE [x(τ ; ζ)] on the parameter ζ. The
stationary points in the plot are at ζ = 0, b, s corresponding to xF , xB and xS , respectively.

Since the bounce appears as a maximum of the Euclidean action in this subspace, it
was argued by Callan and Coleman that when integrating over ζ, one must analytically
continue ζ to the upper complex plane from the point ζ = b along the direction given
by Re ζ = b. Thus performing the Gaussian functional integral around the saddle point7

xB gives us an expected imaginary result as well as an unexpected factor 1/2 since we
integrate over only Imζ ∈ [0,∞).

The bounce has E = 0. Thus, the bounce action has relation

B ≡ S[xB] =

∫ ∞
−∞

dτ

(
dxB
dτ

)2

=

∫ xp

0
dx
√
U(x). (2.15)

7In this thesis, “stationary point” and “saddle point” are used exchangeably.
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Note that B is to be distinguished from the superscript or subscript for the bounce saddle
point.

Aside from the negative mode fB0 , the operator −∂2
τ + U ′′(xB) also has a zero mode.

To see this, we can act on the EoM (2.8) with the operator ∂τ . Then we have(
−∂2

τ + U ′′(xB)
)
∂τxB(τ) = 0. (2.16)

Thus we obtain a zero mode fB1 = B−1/2∂τxB where the normalization factor comes from
Eq. (2.15). This zero mode is the Goldstone mode from the SSB of the time-translation
symmetry. Actually, for a given bounce solution xB(τ), one can obtain another one by
shifting the bounce center to −τc, i.e.,

xB(τ)→ xB(τ + τc). (2.17)

Here τc appears as a free parameter. The integral over the zero mode can be traded for an
integral over the collective coordinate τc of the bounce [50]. To see this, consider a small
change ∆c1. Then we have

∆x = fB1 ∆c1. (2.18)

On the other hand, the change ∆x under a shift ∆τc of the bounce center is

∆x =
∂xB
∂τ

∆τc =
√
BfB1 ∆τc, (2.19)

where in the last equality we used the expression for the zero mode. Comparing Eqs. (2.18)
and (2.19), one obtains

dc1 =
√
Bdτc. (2.20)

Thus the integral over c1 has been traded for that over the collective coordinate τc which
gives us a factor

T
(
B

2π

)1/2

. (2.21)

Combing the analyses on the negative mode and the zero mode, one finally obtains

ZBE [0] =
1

2
NT

(
B

2π

)1/2 [
det′

(
−∂2

τ + U ′′(xB)
)]−1/2

e−B, (2.22)

where det′ implies that the zero eigenvalue of the operator −∂2
τ +U ′′(xB) is to be omitted

when computing the determinant.
Now we almost have arrived at the Callan-Coleman’s formula for the tunneling rate

but still miss one last point. In Eq. (2.10), we can consider all possible multi-bounce
configurations—which go back and forth from x+ N times, for arbitrary N—as approxi-
mate saddle points. And the expansions around all these approximate saddle points should
contribute to the full transition amplitude. Once we sum over all these expansions, the
multi-bounce configurations exponentiate and lead to the following decay rate formula

Γ =
2

T
ImZE [0], (2.23)
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where one shall consider only the one-bounce configuration in evaluating the partition
function and require a normalization condition ZFE [0] = 1.8 For details, see Ref. [37, 51].
We therefore obtain the decay rate at one-loop order

Γ =

(
B

2π

)1/2
∣∣∣∣∣det′

[
−∂2

τ + U ′′(xB)
]

det [−∂2
τ + U ′′(x+)]

∣∣∣∣∣
−1/2

e−B. (2.24)

In Appendix. A, we show how to evaluate the functional ratio in the above formula from
two different methods.

2.2 False vacuum decay at zero temperature

The discussion given in the last section can be immediately generalized to quantum field
theory without obstacles.

We consider the same model but simply replace the degree of freedom x by a field Φ:

SM [Φ] =

∫
d4xLM =

∫
d4x

[
1

2
ηµν(∂µΦ)∂νΦ− U(Φ)

]
, (2.25)

where µ, ν = 0, ..., 3 and

U(Φ) = −1

2
µ2Φ2 +

1

3!
gΦ3 +

1

4!
λΦ4 + U0. (2.26)

Again, the constant U0 is introduced to ensure that the potential vanishes at the metastable
minimum. The local and global minima are denoted as ϕ+ and ϕ−, respectively. ϕ+

and ϕ− are usually called the false vacuum and the true vacuum, respectively. This
terminology, though we sometimes follow, is however not quite correct since the false and
true vacua are not the field configuration eigenstates, but instead are (false or true) ground
states. Of course, false vacuum can not be a real ground state but should be understood
as a resonant state, thus can decay. Therefore, we will instead denote the false and true
vacuum by |FV〉 and |TV〉, respectively. It is easy to obtain ϕ± ≈ ± v+O(g/

√
λ), where

v =
√

6µ2/λ.
The decay of the false vacuum can be described as follows. A system initially in the false

vacuum can penetrate the potential barrier and materialize at an escape field configuration
ϕbubble at a time, say t = 0, after which it evolves classically. The Minkowski transition
amplitude describing this process is given as

〈ϕbubble|e−iHT |FV〉 ∼ 〈ϕbubble|e−iHT |ϕ+〉 =

∫
DΦ eiSM , (2.27)

where H is the Hamiltonian and T is the amount of time in this transition. Since there is
no classical solutions with the boundary conditions indicated in the above transition am-
plitude and with low initial energy, we do not have stationary points in the Minkowski path

8This normalization condition amounts to choose the effective potential such that it is zero when
evaluated at x+. Except for the argument of the exponentiation of the multi-instantons by Callan and
Coleman, there will be another motivation for this requirement that will be clear when we discuss the
real-time formalism of quantum tunneling.
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integral upon which we can do perturbative calculations. Therefore a direct calculation of
the Minkowski transition amplitude (2.27) is difficult. We will show in Chap. 6 that one
can complexify the paths in the path integral and deform the integral contour such that
it passes complex saddle points which enable us to perform a perturbative calculation.

For now, let us follow Callan and Coleman, considering instead the following Euclidean
transition amplitude

ZE [0] = 〈ϕ+|e−HT |ϕ+〉 =

∫
DΦ e−SE , (2.28)

where the classical Euclidean action SE [Φ] reads

SE =

∫
d4x

[
1

2
δµν(∂µΦ)∂νΦ + U(Φ)

]
. (2.29)

Here, δµν is the Kronecker symbol and we now use µ, ν to denote 1, ..., 4. The formula for
the decay rate is given by Eq. (2.23).

Along the lines of the last section, we have the following differences:

(1). The EoM for the bounce now is

− ∂2ϕ + U ′(ϕ) = 0, (2.30)

where ′ denotes the derivative with respect to the field ϕ. The boundary conditions
are ϕ|τ→±∞ = ϕ+ and ϕ̇|τ=0 = 0 where the dot denotes the derivative with respect
to τ . The latter condition is due to the turning of the “particle” at τ = 0 described
in Fig. 2.2. For the action to be finite, we also require ϕ|r→∞ = ϕ+ where r = |x|.

(2). The functional operator becomes −∆(4) +U ′′(ϕa) where ∆(4) is the four-dimensional
Laplacian.

(3). Besides the time-translation symmetry, we have space-translation symmetries in the
field theory. Therefore, we will have four zero modes associated with the SSB of
these symmetries. The integral over these zero modes gives

V T
(
B

2π

)2

, (2.31)

where we still use B to denote the classical bounce action in the field theory.

With the above differences properly handled, we obtain the false vacuum decay rate per
unit volume at one-loop order

Γ/V =

(
B

2π

)2
∣∣∣∣∣det′

[
−∆(4) + U ′′(ϕB)

]
det
[
−∆(4) + U ′′(ϕ+)

] ∣∣∣∣∣
−1/2

e−B. (2.32)

2.3 The bubble growth after the nucleation

We have derived the rate for false vacuum decay but have gained little on the picture of
the nucleated field configuration ϕbubble and its motion after the nucleation. For that, we
need to take a closer look at the bounce solution.
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Coleman proved that the O(4)-symmetric bounce solution gives the least Euclidean
action and hence dominants the tunneling process [41]. Considering such O(4)-symmetry,
one can work in four-dimensional hyperspherical coordinates, in which the equation for
the bounce takes the form

− d2ϕ

dρ2
− 3

ρ

dϕ

dρ
+ U ′(ϕ) = 0 , (2.33)

with ρ2 = τ2 + r2. The boundary conditions become ϕ|ρ→∞ = ϕ+. The solution must
be regular at the origin, and we therefore require that dϕ/dρ|ρ=0 = 0. The solution is a
four-dimensional soliton that interpolates between the local minimum ϕ+ and the turning
point closer to ϕ−. With a careful comparison with the Wentzel-Kramers-Brillouin (WKB)
analysis, Coleman showed that the bounce is actually the most probable escape path for
the tunneling process [41]. From the Minkowski point of view, the classical field makes a
quantum jump (at t = 0) to the state of

ϕbubble(t = 0, x) = ϕB(τ = 0, x), (2.34)
∂

∂t
ϕbubble(t = 0, x) = 0. (2.35)

Afterwards, it evolves according to the classical field EoM

−∂2
t ϕbubble(t,x) +∇2ϕbubble(t,x) = U ′(ϕbubble(t,x)). (2.36)

According to Eq. (2.34), ϕbubble(t = 0,x) describes a three-dimensional spherically sym-
metric soliton that interpolates between the local minimum ϕ+ and the turning point
closer to ϕ−.

In the thin-wall approximation [41] (see also Ref. [52]), applicable when the minima
are quasi-degenerate, i.e., when the cubic coupling g is very small, we may safely neglect
the damping term in Eq. (2.33), as well as the contribution from the cubic self-interaction
gϕ3. In this approximation, Eq. (2.33) has the well-known kink solution [53]

ϕB(ρ) ≡ v tanh[γ (ρ−R)] ≡ v u, (2.37)

where γ = µ/
√

2. Apparently, in this case, ϕbubble(t = 0,x) is a bubble with its wall
located at R and separating the false and true vacua. The slice ϕbubble(t = 0,x) is called
the critical bubble. The radius of the critical bubble R is obtained by extremizing the
bounce action

B =

∫
d4x

[
1

2

(
dϕB
dρ

)2

+ U(ϕB)

]
. (2.38)

This gives

R =
12γ

gv
(2.39)

and

B = 8π2R3γ3/λ. (2.40)
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The solution to Eq. (2.36) can be directly obtained by analytically continuing the
bounce solution:

ϕbubble(t,x) = ϕB(ρ =
√
−t2 + r2). (2.41)

The motion of the thin wall then follows the hyperboloid

−t2 + r2 = R2. (2.42)

We describe the thin-wall bounce and the motion of the bubble in Fig. 2.5.

r

τ

R

(a)

r

t

R

(b)

Figure 2.5: On the left panel is the bounce in the thin-wall approximation. The solid
circle represents the “bubble wall” in the Euclidean spacetime, separating the true vacuum
(inside) from the false vacuum (outside). On the right panel is the motion of the bubble
wall (solid half-hyperboloid) in the Minkowski spacetime after the nucleation (t ≥ 0); the
dashed line is the light cone.

2.4 False vacuum decay at finite temperature

Once we obtain the description of vacuum transition at zero temperature, it is natural to
generalize it to the case of finite temperature. Vacuum transitions at finite temperature
are perhaps more relevant for cosmological phase transitions, that may occur at finite
temperature.

At finite temperature, one instead considers the following partition function (assuming
we are considering a canonical ensemble)

Z[β] = Tr
[
e−βH

]
, (2.43)

where 1/β is the temperature. The partition function can be rewritten as

Z[β] = Tr
[
e−βH

]
=

∫
Dφ 〈φ|e−βH |φ〉

=

∫
Dφ
∫ Φ(β,x)=φ

Φ(0,x)=φ
DΦ e−

∫ β
0 dτ

∫
d3x LE , (2.44)
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where LE is the Lagrangian in Euclidean space (SE ≡
∫

d4x LE). The integral over φ can
be simply eliminated by imposing a periodic condition for the quantum field Φ. That is

Z[β] =

∫
Φ(0,x)=Φ(β,x)

DΦ e−
∫ β
0 dτ

∫
d3x LE . (2.45)

Thus the thermal field theory is equivalent to a Euclidean quantum field theory periodic (or
anti-periodic if we consider fermionic fields) in the Euclidean time. For more on thermal
field theory, see Ref. [54].

To understand false vacuum decay at finite temperature, one has two different strate-
gies: top-down or bottom-up.

2.4.1 Top-down

By “top-down”, we mean that we will study vacuum transition at finite temperature mostly
by observations and directly construct the decay rate therefrom.

It was observed by Linde that one can understand the vacuum transition at finite
temperature by studying the bounce solution periodic in the Euclidean time. For clarifi-
cation, we will only look at the τ − x1 plane. The bounce solution at zero temperature
is depicted in Fig. 2.6(a). As the temperature increases, the periodicity of the Euclidean
time becomes narrower. At temperature 1/β . R−1, the repeated bounces become to be
closer with each other and finally overlap when 1/β & R−1, see Fig. 2.6(b). When the
temperature 1/β is much larger than R−1, then the bounce solution becomes essentially a
cylinder. At this high-temperature limit, the bounce is independent of the Euclidean time
and becomes an O(3)-symmetric field configuration.

x1

τ

R

(a)

x1

τ

R

(b)

x1

τ

R

(c)

Figure 2.6: Bounce solution at different values of temperature. (a) 1/β = 0; (b) 1/β .
R−1; (c) 1/β � R−1. For simplicity, we have shown bubbles in the thin-wall regime. The
vertical interval between two dashed lines represents a full periodicity in the Euclidean
time.

The case of Fig. 2.6(b) might be termed as thermally assisted quantum tunneling [55]
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since it still corresponds to a tunneling process from the false vacuum to the bubble state
but with assistance of the thermal effects.

Fig. 2.6(c) describes a three-dimensional field configuration reduced from a four-
dimensional τ -independent bounce solution. We will use ϕb to denote the bounce solutions
satisfying the static condition, in comparison with the O(4) bounces denoted by ϕB. When
ϕb appears in a three-dimensional integral, it should be understood as a slice configuration
at an arbitrary time τ . One may think that ϕb is the stationary point of the following
energy functional

E[ϕ] ≡ S3[ϕ] =

∫
d3x

[
1

2
(∇ϕ)2 + U(ϕ)

]
. (2.46)

We will discuss below how this energy functional should be modified. For now, let us
continue with Eq. (2.46). One can see that the “particle” is thermally excited all the way
to the top of the barrier (the stationary point of Eq. (2.46)) and no transition under the
barrier. We will call the transition described by Fig. 2.6(c) as thermal transition. Thermal
transitions are of most interest for us since cosmological phase transitions often belong
to them. In Chap. 3, we will show that there is a correspondence between quantum and
thermal transitions around horizons.

The integral over τ in SE [ϕb] is simply reduced to multiplication by β, i.e., SE [ϕb] =

βS3[ϕb]. Since ϕb has no dependence on τ , it does not break the τ -translation symmetry
and therefore we only have three zero modes. By comparing with Eq. (2.32), one may
write the decay rate at high temperature as

Γtherm/V =
1

β

(
S3[ϕb]

2π

)2
∣∣∣∣∣det′

[
−∇2 + U ′′(ϕb)

]
det [−∇2 + U ′′(ϕ+)]

∣∣∣∣∣ e−βS3[ϕb]. (2.47)

Equation (2.47) is, however, oversimplified since it has not taken the thermal effects on
the potential into account.

In order to introduce the finite temperature effective potential, we consider the parti-
tion function with source

Z[β; J ] ≡ e−W [J ] =

∫
Φ(0,x)=Φ(β,x)

DΦ e−
∫ β
0 dτ

∫
d3x (LE−J(x)Φ(x)). (2.48)

One can obtain the one-point function with source J via

ϕ = 〈Ω|Φ|Ω〉J =
δ lnZ[J ]

δJ
. (2.49)

We define the effective action via a Legendre transform of W [J ]

Γ[ϕ] = W [J ] +

∫ β

0
dτ

∫
d3x J(x)ϕ(x). (2.50)

It can be easily shown that

δΓ[ϕ]

δϕ
= J, (2.51)
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which is called the quantum EoM or Schwinger-Dyson equation, here for the case of one-
point function. The stationary points of Z[β] should really satisfy the Schwinger-Dyson
equation without source

δΓ[ϕ]

δϕ
= 0. (2.52)

The effective action provides a quantum version of the principle of least action. Compared
with the classical action, it automatically includes all the quantum and thermal correc-
tions. For constant background field configurations, ϕ = constant, we can further define
the effective potential

Ueff(ϕ, β) =
1

V β
Γ[ϕ], (2.53)

where we have written out the temperature dependence in the effective potential explicitly.
Similarly, the effective potential contains quantum and thermal corrections compared with
the classical potential.

Though the effective potential is obtained for constant fields, one may still apply it to
Eq. (2.46) and define the energy functional at finite temperature as

E[ϕ, β] ≡ S3[ϕ, β] =

∫
d3x

[
1

2
(∇ϕ)2 + Ueff(ϕ, β)

]
. (2.54)

With this definition, Linde proposed the decay rate at one-loop [44, 45]

Γtherm/V =
1

β

(
S3[ϕb, β]

2π

)2
∣∣∣∣∣det′

[
−∇2 + U ′′eff(ϕb, β)

]
det
[
−∇2 + U ′′eff(ϕ+, β)

]∣∣∣∣∣ e−βS3[ϕb,β], (2.55)

where ϕb is a solution to

−d2ϕ

dr2
− 2

r

dϕ

dr
+ U ′eff(ϕ, β) = 0, (2.56)

subjected to the boundary conditions ϕ|r→∞ = ϕ+ and dϕ/dr|r=0 = 0. It should be
emphasized that this formula is obtained by analogy with the decay rate at zero temper-
ature and thus still need to be justified. We will see below that Eq. (2.55) suffers from
modifications.

2.4.2 Bottom-up

By “bottom-up”, we mean that we will first provide a proper definition of the decay rate
at finite temperature and then derive the one-loop result from first principles.

Comparing with Eq. (2.7), it is natural to define the decay rate at finite temperature
as

Γtherm =
2

β
Im lnZ[β] = −2 ImF (2.57)

where F = −(lnZ[β])β is the free energy. Affleck showed that formula (2.57) may be
modified slightly to [43]

Γtherm = −
β
√
|λb0|
π

ImF (2.58)
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because of the classical thermodynamic fluctuations. Here λb0 is the negative mode when

we expand the path integral around the stationary point ϕb. Multiplying
√
|λb0| will then

cancel the same factor from ImF in the decay rate. However, we will insist on using
Eq. (2.57) as the definition of the vacuum decay rate at finite temperature for several
reasons. First, the main reason that leads Affleck to propose the modified formula is
the classical decay rate at high temperature. This classical decay rate is derived from
the classical partition function while we are studying the transition of a quantum field,
although at finite temperature. Second, the general derivation in Ref. [43] seems to rely
on the leading WKB formulas for the transmission. Therefore the resulted formula may
differ from Eq. (2.57) by a factor related to the negative mode which may only appear
beyond the semiclassical WKB approximations. Third, as we will show in the next chap-
ter, formula (2.57) will correctly lead to the correspondence [56] between thermal and
quantum transitions of vacuum which is consistent with Unruh effect [57] and black hole
complementary principle [58].

Once we have the definition (2.57), we can simply evaluate the path function Z[β]. By
a similar argument, the logarithm in Eq. (2.57) can be removed because the multi-bounce
configurations exponentiate. Thus we are led to

Γtherm =
2

β
Im Z[β], (2.59)

where one shall only consider the one-bounce stationary point. We may expand the
partition function around the trivial false vacuum and the O(3) bounce ϕb,9

Z[β] = ZF [β] + Zb[β]. (2.60)

Since ϕa (with a = F, b) are the stationary points without source, one can set J = 0

in Eq. (2.50). Thus one has

Za[β] = e−Γ[ϕa]. (2.61)

If one normalizes the partition function properly to set ZF [β] = 1, then we finally arrive
at

Γtherm =
2

β
Im e−Γ[ϕb]. (2.62)

Now we can discuss why Linde’s formula (2.55) suffers from modifications. First the
bounce ϕb should be a solution to (2.52) subjecting to the static condition ∂ϕb/∂τ = 0

and the boundary conditions ϕb|r→∞ = ϕ+, dϕ/dr|r=0 = 0.10 Apparently, the EoM (2.52)
is different from Eq. (2.56). In particular, the latter does not capture the effects from the
inhomogeneity of the background field. Although such effects are not important in the
thin-wall limit and at zero temperature [59, 60], it is not clear whether they are important
or not at finite temperature. This will be investigated in the future. Second, there is
a double-counting problem in Linde’s formula. While the finite temperature effective

9Again, there could be a shot stationary point but it is irrelevant for the vacuum transition.
10Here we note that the asymptotic value may be shifted from ϕ+ to some new value ϕF which is the

thermal and quantum corrected trivial false vacuum stationary point.
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potential comes from integrating out the thermal and quantum fluctuations at the loop
order of interest (here we take the one-loop order), there is again the one-loop functional
determinant for the fluctuation operators in Linde’s formula. In order to avoid such
double-counting, the finite temperature effective potential Ueff should be replaced by one
which is obtained by integrating out only the Matsubara modes 11 but leave the spatial
fluctuations intact. We will derive such kind of effective potential in a future work.

Here we emphasize that formulae (2.59) and (2.62) should be taken as more fundamen-
tal than Linde’s formula. If the finite temperature effective potential does not significantly
differ from the classical potential, one can still use the classical bounce solution as the sta-
tionary point and do the expansion. If the finite temperature effective potential does
significantly differ from the classical potential, then the quantum and thermal corrected
bounce can be non-perturbatively far away from the classical bounce. In this case, one
must use the quantum and thermal corrected bounce in the expansion. In particular, it is
well known that there may be symmetry restoration at sufficiently high temperature and
in this case, there is no vacuum instability. This symmetry restoration can be viewed as
an inverse Coleman-Weinberg (CW) mechanism [12] where SSB is induced by radiative
effects. That is, for the classical potential with only one stable vacuum there could be
another deeper vacuum generated by the quantum fluctuations, leading to vacuum insta-
bility radiatively. False vacuum decay triggered by SSB via the CW mechanism has been
studied in Ref. [61].

11Matsubara modes are circular harmonic modes along the direction of the periodic Euclidean time
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Chapter 3

Correspondence between Quantum
and Thermal Vacuum Transitions

Quantum and thermal transitions of vacuum share very similar characteristics. Both kinds
of transitions are described by bounce solutions whose actions provide the semi-classical
result of the decay rate. The higher order corrections are obtained by fluctuations about
the bounce solutions. The only difference is that the bounce solution for false vacuum
decay at zero temperature is an O(4)-symmetric field configuration while the bounce for
thermal transition is a static O(3)-symmetric field configuration. The static condition
of the bounce solution for thermal transitions can be viewed as an additional symmetry.
Actually, the bounce in thermal transition can be made identical to that in the quantum
transition when we work in a 1 + 1-dimensional spacetime. There the O(2)-symmetric
bounce in the quantum transition can be viewed as static in the angular direction. This
suggests a correspondence for the thermal and quantum transitions of vacuum in 1 + 1-
dimensional flat spacetime. This correspondence has realistic applications when we study
bubble nucleation around black holes.

Bubble nucleation around black holes has attracted comparable interests in recent
years because it represents one typical situation where the gravity effects may play an
important role in electroweak metastability [13, 14, 15, 16, 62, 63, 64, 65, 66]. Without
gravity, the lifetime of the electroweak vacuum in the SM is much longer than the age of
the Universe. However, it was shown that the lifetime of the electroweak vacuum can be
dramatically reduced for bubble nucleation around black holes and for some parameter
space of the coefficients of higher dimensional operators in the Higgs potential that are
likely induced by quantum gravity effects [14, 15, 16]. Since such microscopic black holes
can be generated via the evaporation of primordial black holes and since our Universe
in the electroweak vacuum has enjoyed a very long safe time, the recent results imply
that either the Higgs parameters are out of the relevant range or there must be very
severe constraints on primordial black holes. Because such primordial black holes can be
produced at the post-inflationary matter dominated stage, the absence of them puts severe
constraints on inflation [63].

The corresponding false vacuum decay is described by a static bounce solution in the
Euclidean Schwarzschild spacetime [13, 15] (see Sec. 3.3). Since the Euclidean Schwarzschild
time has a natural periodicity, it is suggested in Refs. [63, 65] that the static bounce should
describe a thermal transition of vacuum. It is then suggested that in order to interprete
the enchancement of the decay rate induced by black holes, one need to put the black hole
in a universe filled with a thermal plasma [63].

In this chapter, we shall show that this doubt is not necessary since these two pictures,
quantum tunneling, and thermal transition, are dual with each other for bubble nucleations
around horizons. Although we will work in a perturbative regime where the spacetime
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background is fixed, the correspondence is sufficient to reveal the following general aspects:
the periodicity of the Euclidean Schwarzschild time appears because of the thermal nature
of the state observed by the external static observers; and there is no necessity to fill the
universe with extra plasma aside from the existing Hawking radiation in order to interpret
the static bounce solution. In particular, the probability calculated from the static bounce
solution in Refs. [13, 14, 15, 16] gives exactly the thermal transition probability that
measured by the external static observers. On the contrary, if one interprets the bounce
solution as describing a quantum tunneling, one must extend the Schwarzschild spacetime
to the Kruskal-Szekeres spacetime. This point leads to a new theoretical paradox related
to black holes as we will discuss in Sec. 3.4. It is clear that the near-horizon spacetime of
a black hole is approximately a Rindler spacetime and can be most conveniently modeled
in a 1 + 1-dimensional setting. We, therefore, firstly demonstrate this correspondence
for the false vacuum decay in the 1 + 1-dimensional flat spacetime and then move to
the Schwarzschild spacetime. The thermal transition is described by the imaginary-time
formalism of thermal field theory which is only valid for equilibrium states. Hence, as long
as the nonequilibrium effects do not cause a big deviation at the very late evaporation
stage when the enhancement on the vacuum transition probability becomes significant,
the calculations in Refs. [13, 14, 15, 16] should be taken as reliable.

3.1 Unruh effect and Hawking radiation

It was first discovered by Parker [67, 68, 69] and Fulling [70] that particles can be generated
by expanding universes. In the meantime, Zel’dovich [71] found that the rotating black
holes have spontaneous radiation of energy and angular momentum. Based on these
results, in 1974 Hawking found that even static black holes can emit particles [72]. The
spectrum of the emitted particles appears to be thermal. Together with the four laws
of the black hole mechanics [73], the discovery of Hawking radiation finally brought the
identification of a black hole with a thermodynamical system.

It was later pointed out by Unruh [57] that the Hawking radiation can be understood
by looking into the near-horizon spacetime. The spacetime outside of but near the event
horizon can be modeled as a Rindler spacetime as shown in Fig. 3.1. It was shown by Unruh
that a vacuum state viewed from an inertial observer in a flat Minkowski spacetime appears
to be a thermal state to a uniformly accelerated observer (Rindler observer) [57, 74]. Thus
the static observers in the Rindler spacetime can feel a thermal bath. This is called Unruh
effect. This effect is due to the non-uniqueness of the concept of particles in quantum field
theory. Very like the static observers outside of a black hole, the Rindler observers are
associated with a local causal horizon called Rindler horizon. Now the Hawking radiation
can be understood as required by the Unruh effect and the equivalence principle. By
the equivalence principle, the freely falling observers in curved spacetime are locally in
flat spacetime, corresponding to the inertial observers and should be in a vacuum state.
While the static observers outside of the black hole are locally in a Rindler spacetime,
corresponding to uniformly accelerated observers and should see a thermal bath according
to the Unruh effect.
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X

T

Figure 3.1: The triangle region as a Rindler spacetime. A static observer in the Rindler
spacetime corresponds to a uniformly accelerating observer in the Minkowski spacetime,
as represented by the solid hyperboloid. The dashed lines are spatial slices of different
Rindler times. All the static observers have a past horizon and a future horizon.

The discovery of Hawking radiation and Unruh effect have clearly demonstrated that
there are very deep relations between quantum theory and thermodynamics. It is now
well known that there can be very different but complementary descriptions on the same
physical processes near a horizon [57, 74, 58]. For example, a possible virtual baryon-
number-violating process of a falling proton viewed from the comoving falling observers
can be a real thermally assisted process viewed from the external static observers. When
applied to black hole event horizons, the complementary descriptions have in particular
been incorporated into the axioms of black hole complementarity (BHC) [58].

While various local processes have been examined to satisfy BHC via thought experi-
ments [75], non-local processes such as bubble nucleation around the whole event horizon
have been overlooked. Imagine there is bubble nucleation around a black hole induced
by a quantum vacuum transition observed by the freely falling observers. How would
this process be described by the static observers? According to BHC, the external static
observers should see a thermal transition because they are in a thermal state. In this chap-
ter, we shall show that this is true up to an unexpected point; in order for the external
static observers and the freely falling observers to have the same transition probability,
the tunneling interpretation must be given in the extended Kruskal-Szekeres spacetime.
Moreover, we will show that there is always a correspondence between thermal and quan-
tum vacuum transitions for bubble nucleations around any horizon, including the Rindler
horizon and the de Sitter horizon. From this point of view, the thermal derivation in
Ref. [76] of the Coleman-De Luccia tunneling rate [77] is a natural consequence of this
correspondence.

3.2 Vacuum transition in 1 + 1-dimensional spacetime

In this section, we build the correspondence between thermal and quantum vacuum transi-
tions in 1+1-dimensional flat spacetime. We begin by presenting the main elements of the
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Callan-Coleman description of quantum transitions in 1 + 1-dimensional flat spacetime,
for the purpose of setting up the notations. We emphasize that this picture of quantum
tunneling should be taken by the inertial observers. The same result of the decay rate can
be obtained from a thermal description when a Rindler frame is employed. If the spatial
dimension is higher than one, the spacetime cannot be foliated in a way such that we
have Rindler wedges while still respect the symmetry of the bubble. Only in the 1 + 1-
dimensional case, this trouble disappears. But the 1 + 1-dimensional Rindler spacetime
captures the crucial characters of the t − r-space outside of a black hole, giving the first
support on the correspondence for bubble nucleation around event horizons.

3.2.1 Quantum transitions in 1 + 1-dimensional spacetime for inertial
observers

We consider a scalar field theory in 1 + 1-dimensional flat spacetime

SM [Φ] =

∫
d2x
√
−η
[

1

2
ηµν(∂µΦ)∂νΦ− U(Φ)

]
, (3.1)

where η is the determinant of ηµν . In order to distinguish the inertial coordinates from
the Rindler coordinates, we use {T,X} to denote the coordinates {x0, x1} in the inertial
frame where the Minkowski metric is ηµν = diag(1,−1) . We leave t to denote the time
coordinate in the Rindler frame. U(Φ) is an arbitrary potential that possesses two non-
degenerate minima whose details will not enter into the analysis. As we have discussed
in Chap. 2, in order to describe such a tunneling process, one can consider the following
Euclidean partition function

ZE [0] = lim
T→∞

〈ϕ+|e−HT|ϕ+〉 =

∫
DΦ e−SE [Φ], (3.2)

where T is the amount of the Euclidean time during the transition and

SE [Φ] =

∫
dT dX

[
1

2
(∂T Φ)2 +

1

2
(∂XΦ)2 + U(Φ)

]
. (3.3)

Here we have used T to denote the Euclidean time in the inertial frame and leave τ to
denote the Euclidean Rindler time. The decay rate is given as

Γtunn =
2

T
Im ZE [0]. (3.4)

where it is understood that only the one-bounce configuration (and the trivial false vac-
uum) need to be considered in evaluating the partition function.

Evaluating Eq. (3.4) within the first quantum corrections gives the tunneling rate per
unit volume

Γtunn/V =

(
B

2π

) ∣∣∣∣∣det′[−∆(2) + V ′′(ϕB)]

det[−∆(2) + V ′′(ϕ+)]

∣∣∣∣∣
−1/2

e−B, (3.5)

where ∆(2) is the two-dimensional Laplacian. Note the difference in the power of B/2π
because we now only have two zero modes. The bounce solution ϕB has an O(2) symmetry
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and satisfies the EoM

−d2ϕ

dr2
− 1

r

dϕ

dr
+ U ′(ϕ) = 0, (3.6)

where r =
√
X2 + T 2.

In the Callan-Coleman formalism, the bounce describes the dominant path for the
transition from ϕ+ at far past to ϕ+ at far future in the Euclidean space. The intermediate
configurations at Ti are given by ϕB(Ti, X) which are apparently time-dependent, as shown
by the dashed lines in Fig. 3.2. The Euclidean time T is open and the bubble nucleation
corresponds to a quantum tunneling process from ϕ+ to ϕB(T = 0, X) ≡ ϕbubble(t =

0, X). It is, however, possible to do the foliation in another way as shown in Fig 3.3.
In this foliation, the spatial slices are the rays while the Euclidean time is given by the
angular coordinate which is compact. Apparently, now the intermediate configurations at
constant angular values are time-independent. This reminds us of the thermal transition
at finite temperature. The observers in the Euclidean spacetime are represented by the
circles which can be parameterized as X = r cos(τ), T = r sin(τ). If one performs an
inverse Wick rotation τ → it, the circles are mapped to the hyperboloids, corresponding
to uniformly accelerated observers in the Minkowski spacetime.

X



Figure 3.2: The bounce in the thin-wall regime and a foliation of the Euclidean spacetime;
the dashed lines represent the space and the field configurations of constant T .
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(a)

X

T

(b)

Figure 3.3: On the left panel is a different way to do the foliation of the Euclidean
spacetime; the solid circle can represent a typical worldline of an observer in this foliation;
the dashed lines (the rays) represent the intermediate spatial slices. On the right panel is
the corresponding foliation in the Minkowski spacetime.

Since the Euclidean time τ has a natural periodicity of 2π, the Euclidean field theory
using τ as the Euclidean time can be identified as describing a thermal state. This thermal
state is the well-known Unruh effect [57] felt by a uniformly accelerated observer. It
should be emphasized that this thermal field theory describes only the right Rinder wedge
(X > 0,−X < T < X; R-wedge in short) (see Fig. 3.3(b)) or the left Rindler wedge
(X < 0, X < T < −X; L-wedge in short) but not both. Such kind of identification is due
to thermofield dynamics [78]. Thermofield dynamics describes a thermal field system by
augmenting the physical Fock space by a fictitious, dual Fock space. In so doing, one can
define a pure state in the doubled Fock space with the expectation value of any physical
operator agreeing its statistical average in the thermal ensemble. Put in another way,
the thermal state in the R-wedge (L-wedge) can be obtained by tracing out the L-wedge
(R-wedge) in the pure state of the combined system. The R-wedge (or the L-wedge) is
quite similar to the static region outside of a Schwarzschild black hole. We call such kind
of a static region a static patch.

In conclusion, we identify two different, complementary interpretations of the Eu-
clidean field theory in the 1 + 1-dimensional flat spacetime, depending on the frame we
employed.

(I) In the inertial frame: it is a quantum field theory analytically continued from the
Minkowski quantum field theory via the Wick rotation T → −iT .

(II) In the Rindler frame: it is a thermal field theory12 for the R-wedge (or another)
analytically continued from the Minkowski quantum field theory (formulated also in
the Rindler frame) via the Wick rotation t→ −iτ .

In the next subsection, we will derive the decay rate using interpretation (II).
12Of course, by “thermal field theory” we actually mean thermal quantum field theory. With a slight

ambiguity of the terminology, it is nevertheless clear for the differences in the two field theories interpreted
in the inertial frame and the Rindler frame.
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3.2.2 Thermal transition in 1+1-dimensional spacetime for Rindler ob-
servers

From the relation T = r sinh t, X = r cosh t (hence we choose the R-wedge as our physical
thermal system), one has the metric in the coordinates {t, r} as

ds2 = r2dt2 − dr2. (3.7)

The action (3.1) is then expressed as

SM [Φ] =

∫
dt

∫ ∞
0

dr r

[
1

2r2
(∂tΦ)2 − 1

2
(∂rΦ)2 − U(Φ)

]
. (3.8)

The EoM becomes

1

r2

∂2ϕ

∂t2
− ∂2ϕ

∂r2
− 1

r

∂ϕ

∂r
+ U ′(ϕ) = 0. (3.9)

By a canonical transformation, we can immediately obtain the Hamiltonian in the Rindler
coordinates

H =

∫ ∞
0

dr r

[
1

2r2
(∂tΦ)2 +

1

2
(∂rΦ)2 + U(Φ)

]
. (3.10)

Taking the Wick rotation t→ −iτ and iSM → −SE , we get

SE [Φ] =

∫ β=2π

0
dτ

∫ ∞
0

dr r

[
1

2r2
(∂τΦ)2 +

1

2
(∂rΦ)2 + U(Φ)

]
, (3.11)

where we have identified the periodicity of τ . For convenience, we use the global Rindler
temperature TR = 1/2π rather than the proper temperature TP = 1/(2πr) measured by
the local observers.

The partition function is given as (see Eq. (2.45))

Z[β] = Tr[e−βH ]

=

∫
Φ(0,r)=Φ(β,r)

DΦ e
−
∫ β
0 dτ

∫∞
0 dr r

[
1

2r2
(∂τΦ)2+ 1

2
(∂rΦ)2+U(Φ)

]
. (3.12)

As explained in the last subsection, we identify Eq. (3.12) as the thermal field theory for
Rindler observers in the R-wedge. Once we have a thermal system, we can study thermal
transitions whose decay rate formula is given by Eq. (2.59).

As we have discussed in the last chapter, the thermal transition can be described
by a time-independent configuration ϕb in the Euclidean spacetime which is simply the
solution to Eq. (3.9) subject to the static condition ∂ϕ/∂t = 0 and the boundary conditions
ϕ|r→∞ = ϕ+, dϕ/dr|r=0 = 0. Note that the EoM for this time-independent configuration
ϕb is exactly the one for the bounce (see Eq. (3.6)). This is not surprising since the EoMs
are related by a coordinate transformation and the static condition is equivalent to the
O(2) symmetry of the bounce. Thus we have ϕb(r) = ϕB(r) in the polar coordinates for
ϕB. The semiclassical result will give us the same exponential suppression exp(−SE [ϕb]) =
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exp(−SE [ϕB]) ≡ exp(−B). To take the quadratic fluctuations into account, we rewrite
the action (3.11) as

SE [Φ] =

∫ β=2π

0
dτ

∫ ∞
0

dr

[
−Φ

(
1

2r
∂2
τ

)
Φ− Φ

(
r

2
∂2
r +

1

2
∂r

)
Φ + U(Φ)

]
, (3.13)

where the integration by parts has been used. The quadratic fluctuations at a stationary
point ϕ then give us the following eigenvalue problem[

− ∂2

∂r2
− 1

r

∂

∂r
− 1

r2

∂2

∂τ2
+ U ′′(ϕ)

]
Φ̂λ(τ, r) = λΦ̂λ(τ, r). (3.14)

One can separate the Matsubara modes as

Φ̂λ(τ, r) =

n=∞∑
n=−∞

φλ,n(r)eiωnτ . (3.15)

Then we get [
− ∂2

∂r2
− 1

r

∂

∂r
+
ω2
n

r2
+ U ′′(ϕ)

]
φλ,n(r) = λφλ,n(r). (3.16)

The periodic τ (recall τ = τ + 2π) constrains ωn to be integers. One can recognize
Eq. (3.16) as the radial eigenequation of the operator −∆(2)+V ′′(ϕ) appearing in Eq. (3.5)
and view Eq. (3.15) as the circular harmonic decomposition. Therefore the full fluctuation
spectrum in the thermal field theory Z[β] is identical to the one in the quantum field
theory ZE [0] (cf. Eq. (3.2)). It shall be straightforward to show that doing the Gaussian
functional integral in Z[β] will give us the identical result as in the quantum tunneling
case.

The only thing is how to correctly get the factor B/2π induced by the zero modes
which is not so obvious now. In order to obtain the zero modes, we define the following
two independent operators

PX = cos τ
∂

∂r
− 1

r
sin τ

∂

∂τ
; (3.17a)

PT = sin τ
∂

∂r
+

1

r
cos τ

∂

∂τ
. (3.17b)

Acting on the EoM for ϕb with these operators, one has[
− ∂2

∂r2
− 1

r

∂

∂r
+

1

r2
+ U ′′(ϕ)

]
(PX,T ϕb) = 0. (3.18)

Thus we have two zero modes B−1/2PX,T ϕb with ω2
n = 1 where we have included the

normalization factor. These zero modes can be traded for the collective coordinates,
giving (

B

2π

)∫
dX

∫
dT =

(
B

2π

)∫
dτ

∫
dr r =

(
B

2π

)
βṼ , (3.19)

where we have defined the effective volume Ṽ for the Rindler observers when we use the
dimensionless time τ .
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Combining all the above analyses, we readily conclude that

Γtunn/V = Γtherm/Ṽ . (3.20)

Dividing Γtherm by Ṽ is related to the fact that the Rindler horizon is not globally unique.
One can have an infinite number of Rindler horizons with the light cone apex translated
in the X- and T -directions. Mathematically, the result (3.20) is quite natural since the
partition function Z[β] is related to ZE [0] simply by a coordinate transformation. Con-
ceptually, this is nontrivial. On the LHS we describe quantum tunneling observed by the
inertial observers in the full flat 1 + 1-dimensional spacetime while on the RHS we study
thermal transition for Rindler observers in a Rindler wedge. For the former case, the
nucleated bubble wall is represented by the paired half-hyperboloids. While for the latter
case, the bubble wall is only the half-hyperboloid in the R-wedge; the other one in the
L-wedge is completely fictitious. Now we have understood that in the correspondence, the
Matsubara modes in the thermal field theory are just the circular harmonic modes in the
quantum field theory. And only when we sum over all the Matsubara modes can we have
agreement on the exact results on both sides.

When the finite temperature effective potential differs from the classical potential
significantly, we cannot expand around the classical bounce ϕb = ϕB as we have done
above. The correspondence is, however, still valid. In order for the tunneling rate and
thermal decay rate to match, one must also expand around the quantum corrected bounce
in the partition function ZE [0]. The decay formula (2.62) is mapped to the formula (4.14)
that we will discuss in Chap. 4. Note in the formula (2.62), ϕb is understood to be the
corrected bounce at the order at which the effective action is evaluated.

3.3 False vacuum decay in Schwarzschild spacetime

Let us now study vacuum transition in Schwarzschild spacetime. We will only consider
the perturbative regime where the back-reactions to the spacetime background can be
ignored.13 If the background spacetime changes dramatically during the bubble nucleation,
the correspondence between thermal and quantum vacuum transitions has conceptual
difficulties. In such a case, the remnant black hole and the original black hole can have
different masses, and even worse there may not be a remnant black hole [13]. Therefore it
is not clear how to give the definition of the external static observers that simultaneously
works before and after the bubble nucleation. Such conceptual problems in the non-
perturbative regime, however, are not exclusive for our particular correspondence between
thermal and quantum vacuum transitions but are general for correspondences involved in
the BHC.

We consider the following action

SM =

∫
d4x
√
−g
[

1

2
gµν(∂µΦ)∂νΦ− U(Φ)

]
, (3.21)

where the metric gµν is given as

ds2 =

(
1− 2GM

r

)
dt2 −

(
1− 2GM

r

)−1

dr2 − r2dΩ2
2, (3.22)

13The application condition for this perturbative regime is given in Ref. [77].
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with dΩ2
2 ≡ dθ2 + sin2 θdφ2 being the metric for the unit two-sphere.

We will first consider the thermal description of vacuum transitions given by the ex-
ternal static observers. Denoting the spatial metric as hij = −gij and

f(r) ≡
(

1− 2GM

r

)
, (3.23)

we can rewrite the action as

SM =

∫
dt

∫
d3x
√
h

[
1

2
√
f(r)

(
dΦ

dt

)2

− 1

2

√
f(r)hij(∂iΦ)∂jΦ−

√
f(r)U(Φ)

]
, (3.24)

where h = det(hij).
To see that upon the Wick rotation t→ −iτ the Euclidean Schwarzschild time τ should

be periodic, one can move to the Kruskal-Szekeres coordinates through (r ≥ 2GM)

T =
( r

2GM
− 1
)1/2

er/4GM sinh

(
t

4GM

)
, (3.25a)

X =
( r

2GM
− 1
)1/2

er/4GM cosh

(
t

4GM

)
. (3.25b)

Note that X ≥ 0 (since r ≥ 2GM). The metric now reads

ds2 =
32G3M3

r
e−r/2GM (dT 2 − dX2)− r2dΩ2

2, (3.26)

where

T 2 −X2 =
(

1− r

2GM

)
er/2GM . (3.27)

The coordinate transformation (3.25) is analogous to the one from {t, r} to {T,X} in the
1 + 1-dimensional flat spacetime. One can see that, after the Wick rotation t→ −iτ , the
Euclidean time τ has a natural periodicity β = 8πGM .

Taking the Wick rotation t→ −iτ ; iSM → −SE and the identification τ = τ+8πGM ,
we have

SE =

∫ β=8πGM

0
dτ

∫
d3x
√
h

[
1

2
√
f(r)

(
dΦ

dτ

)2

+
1

2

√
f(r)hij(∂iΦ)∂jΦ +

√
f(r)U(Φ)

]
.

(3.28)

We can identify the part of the spatial integral as the Hamiltonian H with τ replaced by
t. The thermal field theory is given by the following partition function

Z[β] = Tr[e−βH ]. (3.29)

Because of the O(3) symmetry of the spacetime, we expect that the time-independent
configuration responsible for the thermal transition has no dependence on θ and φ. Then
the action (3.28) gives the EoM

−d2ϕ

dr2
− f ′(r)

f(r)

dΦ

dr
− 2

r

dϕ

dr
+
U ′(ϕ)

f(r)
= 0. (3.30)
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To prepare for the construction of the correspondence, we can define a coordinate
system {T , X} through the transformation

T =
( r

2GM
− 1
)1/2

er/4GM sin
( τ

4GM

)
, (3.31a)

X =
( r

2GM
− 1
)1/2

er/4GM cos
( τ

4GM

)
. (3.31b)

Note that, once we allow τ to take the whole region from 0 to 8πGM , we have extended
the X from X ≥ 0 to the whole real line. But we still view Eq. (3.29) as describing the
thermal ensemble on the original static patch outside of the black hole.14 This is of course
again due to the thermofield dynamics which doubles the Fock space of the thermal field
system. The Euclidean metric in the coordinates {T , X} is

ds2 =
32G3M3

r
e−r/2GM (dT 2 + dX2) + r2dΩ2

2. (3.32)

On the other hand, we can from the beginning work in the maximally extended
Kruskal-Szekeres spacetime with the same metric (3.26) and relation (3.27). In this ex-
tended spacetime, there is no particular constraint on X except for that r > 0. If one
ignores the unphysical white hole region, one can view this spacetime as describing two
black holes in two causally uncorrelated spatial regions connected by a wormhole (the
Einstein-Rosen bridge [79]); the wormhole is the shared interior of these two black holes,
see Fig. 3.4. Now one can study the quantum vacuum transition around the wormhole in
the Kruskal-Szekeres spacetime.

III

III

IV

r = 0

r = 0

Figure 3.4: Penrose diagram of the Kruskal-Szekeres spacetime which is obtained by a
conformal transformation of the metric (3.26). The left and right square regions are two
causally uncorrelated universes. The upper and lower triangle regions are the black hole
and white hole, respectively. The angular directions (θ and φ) are suppressed.

We shall emphasize that there is nothing singular near the wormhole event horizon and
in particular, the spacetime curvature can be very small for large black holes. Therefore,
the Callan and Coleman’s description on false vacuum decay should be still reliable. Now
we need to perform the Wick rotation T → −iT which gives us the metric (3.32). The

14An insignificant point: if the thermal field theory describes the static patch outside of the black hole,
i.e., r > 2GM , we shall subtract the point X = T = 0 in the Euclidean spacetime. But we can include
the horizon r = 2GM into the system to fill this hole.
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surprising thing is that after this rotation, the relation (3.27) becomes

T 2 +X2 =
( r

2GM
− 1
)
er/2GM ≡ ρ2 ≥ 0. (3.33)

That is, the Euclidean Kruskal-Szekeres spacetime has r ≥ 2GM and coincides completely
with the one where the thermal field theory lives.15 This point also makes the Euclidean
Kruskal-Szekeres spacetime be non-singular in the whole region −∞ < T < ∞;−∞ <

X < ∞ and motivates Hawking to propose the Euclidean Kruskal-Szekeres spacetime as
the simplest gravitational instanton [80].

Using the coordinates {T , X, θ, φ}, one can have a Euclidean field theory with an open
Euclidean time and the partition function

ZE [0] =

∫
DΦ e−SE,T , (3.34)

where we put a subscript T on SE to remind us of the Euclidean time we are using. Note
that the worldlines with constant {X, θ, φ} are not geodesics and hence cannot represent
the freely falling observers directly. But the Kruskal-Szekeres coordinates provide a very
useful global coordinate frame that nevertheless can describe the quantum transition be-
cause: (i) the Euclidean Kruskal-Szekeres time is open; (ii) the bounce action, or more
generally, the partition function (3.34) is invariant under coordinate transformations. The
bubble nucleation around the wormhole can be described by a bounce solution centered
at the origin (T = X = 0) in the Euclidean Kruskal-Szekeres spacetime. We would like
to emphasize that the coordinates {T , X} here are quite similar to the one in the 1 + 1-
dimensional Euclidean flat spacetime. In particular, the manifolds described by {T , X}
are both R2 and the metrics possess an O(2) symmetry. This is why the thermal properties
of the event horizon can be understood from the Rindler horizon in 1 + 1 flat spacetime.
Considering the additional O(3) symmetry, we expect that the bounce has an O(3)×O(2)

symmetry and thus only depends on the radial distance ρ (cf. Eq. (3.33)). Such kind of
bounce is called static and gives the minimal bounce action B [13]. Because there is no
dependence on θ and φ in the static bounce solution, our tunneling problem is analogous
to the one in the 1 + 1-dimensional flat spacetime. For instance, it is completely trivial
to check that the EoM for this O(3) × O(2) bounce is exactly the same as Eq. (3.30).
And we immediately get the agreement on the semiclassical suppressions in the thermal
interpretation and the tunneling interpretation. The “thin-wall” bounce is described in
Fig. 3.2 with the extra O(3) symmetry given by the θ- and φ-independences. There is one
difference compared with the case of 1 + 1-dimensional flat spacetime. In the Euclidean
Kruskal-Szekeres spacetime, we do not have T - and X-translation symmetries any more
since the event horizon is globally unique. Hence we shall consider the total quantum
transition probability instead of the transition rate. We have

Ptunn = 2 ImZE [0]. (3.35)

15Because of this, there is no difference between the Euclidean Kruskal-Szekeres spacetime and the
Euclidean Schwarzschild spacetime (with the Euclidean Schwarzschild time τ taking a full periodicity).
Thus these two terms are used interchangeably in this paper. Without the adjective “Euclidean”, these
two spacetimes are very different.
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Similarly we have the thermal transition probability

Ptherm = 2 ImZ[β]. (3.36)

As before, one can further perform the Gaussian functional integrals in the saddle-
point expansions. Since the action in the quantum field theory (Eq. (3.11)) is related to
the action in the thermal field theory (Eq. (3.28)) by a coordinate transformation, the
fluctuation spectra in both theories must match. The Matsubara modes in the thermal
field theory are mapped to the circular harmonic modes (from the O(2) in the O(3)×O(2))
in the quantum field theory. Therefore the thermal transition probability and the quantum
transition probability will have identical results: Ptunn = Ptherm.

One can easily extend this correspondence between thermal and quantum vacuum
transitions to other horizons, e.g., to the de Sitter horizon. The de Sitter spacetime has
two causally uncorrelated static patches which are separated by de Sitter horizons, see
Fig. 3.5. See also Ref. [81] for more details. Since the de Sitter spacetime is maximally
symmetric, one can always choose a Kruskal coordinate system such that the bubble is
nucleated around a de Sitter horizon. Viewed from the static observers in this particular
coordinate system, the bubble nucleation is thermal. By using a WKB approach, Brown
and Weinberg [76] showed the agreement on the semiclassical suppression in the transi-
tion rates from a thermal transition description and the Coleman-De Luccia tunneling
prescription [77]. However, by repeating the analysis we have given, one can show the
exact agreement in the transition rates beyond the semiclassical level.

Figure 3.5: Penrose diagram of the de Sitter space. The right triangle region is one of the
static patches.

3.4 A New Paradox from Black Holes?

Since the discovery of the black hole evaporation, many questions related to it remain to
be answered. For example, we still do not know what are the microscopic degrees of free-
dom that are responsible for the Bekenstein-Hawking entropy [82, 72]. In particular, by
theoretically studying black holes, the famous information paradox [83] was proposed and
remains to be one of the deepest mysteries in physics, see Ref. [84] for a pedagogical intro-
duction. The information paradox has been formulated in an extremely sharp version by
Almheiri, Marolf, Polchinski and Sully, named as the AMPS firewall paradox [85]. These
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paradoxes are intrinsically related to the curious thermal nature of the state observed by
the external static observers outside of a black hole.

Here we would like to study a consequence of the correspondence we have constructed
so far which may lead to a new paradox related to black holes. The paradox is based on
the following assumptions:

(i) The local field theory is valid near the black hole horizon. In particular, the state
outside of the horizon is thermal viewed from the external static observers as shown by
Hawking.

(ii) The equivalence principle. In particular, the freely falling observers are in a vacuum
state at zero temperature.

We consider the following thought experiment. Suppose we have a field system that
permits a mild vacuum transition such that the bubble nucleation around a black hole does
not change the background spacetime dramatically. We can in principle do experiments
to measure the probability of bubble nucleation around evaporating Schwarzschild black
holes. By assumption (i), the static observers are in a thermal ensemble and would
measure a result Ptherm for the thermal bubble nucleations. However, by assumption
(ii) the freely falling observers are in a vacuum state and thus see tunneling processes
of bubble nucleation. Since the experiments are performed outside of the horizon, the
static observers and freely falling observers can compare their results. The freely falling
observers must observe the same probability, Ptunn = Ptherm. But as we have shown,
if the freely falling observers calculate the quantum tunneling probability, they can get
a correct prediction only with assuming that they are in a Kruskal-Szekeres spacetime.
For the single black hole background, the Kruskal-Szekeres coordinate X needs to be
constrained as X ≥ 0, see Fig. 3.6. After the wick rotation T → −iT , we only have
half a Euclidean Kruskal-Szekeres spacetime. In this case, freely falling observers will
get a different prediction on the bounce action and the tunneling probability, leading a
contradiction between the experimental result and the theoretical prediction.

I

r = 0

r = 0

Figure 3.6: Representation of the Schwarzschild spacetime by half of the Kruskal-Szekeres
spacetime. The solid line with solid arrows represents a light beam propagating into the
black hole. For realistic black holes, the white hole and its event horizon need to be
replaced by the collapsing star.

For Rindler and de Sitter horizons, the “freely falling observers” really have another
physical static patch, although it cannot be seen by the “freely falling observers” from the
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patch that our thermal field theory describes. Realizing this, the “freely falling observers”
in the Rindler spacetime and the de Sitter spacetime can get a correct prediction for the
quantum transition. For black holes, it is very hard to imagine that any Schwarzschild
black hole is connected with another black hole as described by the Kruskal-Szekeres
metric. Note that in this paradox we do not assume an old black hole (after the Page
time [86]) as the information paradox usually does. As long as the event horizon has been
formed, we could have such a paradox.

This paradox can be summarized as the following query. The thermal nature that the
Rindler and de Sitter horizons present to the static observers on a static patch can be
explained by the entanglement between the static patch (say our R-wedge) with another
(say our L-wedge) and the tracing out of L-wedge. While the black hole horizon has a
similar local structure (such that the static observers outside of the black hole horizon are
locally equivalent to uniformly accelerated observers outside of the Rindler horizon) and
thus presents the same thermal nature to the external static observers according to the
Unruh effect, what is the origin of such thermal character globally?

This paradox may be related to the ER=EPR conjecture [87] proposed by Maldacena
and Susskind. The ER=EPR conjectures that any Einstein-Podolsky-Rosen [88] corre-
lated system is connected by some sort of Einstein-Rosen bridge. Thus somehow, the
maximally extended Kruskal-Szekeres spacetime may be indeed realized for any evaporat-
ing Schwarzschild black hole, perhaps in some exotic way.
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Chapter 4

Radiative Effects on False Vacuum
Decay I: Motivation and Formalism

4.1 Motivation

As we have mentioned in the introduction, electroweak metastability is among the most
important features of the Standard Model (SM) because it could point to its embedding
in the framework of more fundamental theories [89, 90, 91, 92, 93]. The beta function
had been computed to next-to-leading order (NLO) level before the Higgs boson was
discovered [94, 95, 6, 96, 97, 98, 99, 100, 101, 102]. The discovery of 125 GeV Higgs
boson [3, 4] has motivated much more precision calculations of the lifetime of the SM
electroweak vacuum [7, 8]. With the input from other experimental data, current studies
suggest that the Higgs potential turns to be negative at around 1011 GeV, leading to
an instability of the electroweak vacuum. But the lifetime of the electroweak vacuum is
suggested to be much longer than the age of our Universe, leading to the metastability
scenario [6, 9, 10, 11].

The conclusion on the lifetime of the electroweak vacuum has uncertainties both from
experimental measurements and the theoretical extensions. For the former, the dominant
source arises from the measurement of the top-quark mass [103, 104]. For the latter, the
lifetime of the electroweak vacuum can be very sensitive to higher-dimensional operators,
originating from new physics at around the Planck scale. In certain areas of parameter
space, this can dramatically reduce the lifetime of the electroweak vacuum, taking it
below the current age of the Universe, leading to strong constraints on physics beyond the
SM [105, 106, 107, 108, 109, 110].

Without any extensions of the SM, some aspects in the previous computations nonethe-
less have been overlooked. Though high precision couplings and renormalization group
equations were used in the precision calculations, comparable radiative effects on the tun-
neling process have not been accounted well. In particular, in false vacuum decay, the
bounce is an inhomogeneous background, and the beta functions for the coupling con-
stants do not account for the gradient effects from the inhomogeneous background. Al-
though the one-loop radiative corrections due to fluctuations about the classical bounce,
which account for the inhomogeneity of the background, have been calculated using the
Gel’fand-Yaglom theorem [111, 42, 112, 113], higher radiative corrections have not been
calculated. The Gel’fand-Yaglom method cannot handle the situations where the bounce
can only be determined at the quantum level. For instance, in (approximately) scale in-
variant theories such as the SM [10, 11, 114], the scale of the nucleated bubble depends
on radiative effects. Another example is that the true vacuum may emerge radiatively
in the first place through the CW mechanism [12, 119, 61]. Furthermore, evaluating the
functional determinant using the Gel’fand-Yaglom theorem does not lead to a systematic
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method of computing higher-order corrections.
In this chapter, we will introduce a systematic way of addressing these problems by

reformulating the vacuum decay rate in terms of the effective action. We will construct
Green’s functions in the solitonic background, which can then be used to evaluate effective
actions [116, 117] and to construct self-consistent equations of motion in perturbation
theory or resummed variants thereof [59]. Compared to calculations in homogeneous
backgrounds, the reduced symmetry makes it harder, however, to advance calculations
to high orders. Nevertheless, problems such as the perturbative improvement of bounce
solutions and decay rates [59, 118, 60], and finding bounces in radiatively generated [61] or
classically scale invariant potentials [114] can be addressed this way. Here, we will work in
a Higgs-Yukawa model in view of the pivotal role played by the top quark in electroweak
metastability.

In the next section, we will introduce the general formalism of calculating the radiative
effects on false vacuum decay by the use of a Green’s function method. As an application,
we consider the archetypal model originally analyzed by Coleman and Callan [41, 37] of
tunneling between quasi-degenerate vacua in scalar field theory and compute the leading
radiative corrections to the bounce, as well as the tunneling action. Referring to the
tunneling degree of freedom as the Higgs field, these corrections are induced by the self-
interactions of the Higgs boson, as well as its Yukawa couplings to Dirac fermions.

4.2 General formalism

The calculation of scalar-field loops in the case of vacuum decay in field theory, and based
on Green’s functions evaluated in the inhomogeneous background of the tunneling soliton,
has been introduced in Ref. [59] and carried out to two-loop order in the decay rate in
Ref. [118]. Here, we extend this methodology to consider the radiative corrections from
fermion loops, making a direct comparison with the corresponding effects from scalars. We
focus, in particular, on the amplitude for the vacuum transition, as well as the deformations
of the classical soliton, and present the main elements of the approach.

4.2.1 Prototypal Higgs-Yukawa model

We consider a Higgs-Yukawa model based on the Euclidean Lagrangian

LE = Ψ̄γµ∂µΨ + κΨ̄ΦΨ +
1

2
(∂µΦ)2 + U(Φ), (4.1)

where κ is the dimensionless Higgs-Yukawa coupling. Since we will work in the Euclidean
space throughout chapters 4, 5, we will supress the subscript “E” in these two chapters.
The Euclidean gamma matrices are obtained from their Minkowskian counterparts through
the replacement γk → iγk, for k = 1, 2, 3, and γ0 → γ4. For definiteness, we have chosen
the same potential as in the archetypal example of tunneling in field theory considered by
Coleman and Callan [41, 37], see Eq. (2.26). The leading-order bounce and tunneling rate
have been reviewed in Secs. 2.2 and 2.3. In the present work, we will be interested in the
thin-wall limit. For convenience, we recall the main results in this regime. We have the
classical bounce

ϕB(ρ) = v tanh[γ(ρ−R)] ≡ vu (4.2)
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where γ = µ/
√

2 and R = 12γ/(gv) with v =
√

6µ2/λ. The false vacuum ϕ+ = v and the
leading bounce action

B = 8π2R3γ3/λ. (4.3)

The formalism presented below, however, can be applied to general situations beyond the
thin-wall approximation.

The Euclidean amplitude for transitions from the false vacuum (at τ = −T /2) to the
false vacuum (at τ = +T /2) is given in terms of the partition function (cf. Eq. (4.7))

Z[0, 0, 0] = 〈ϕ+|e−HT |ϕ+〉

=

∫
DΦDΨDΨ̄ e−S[Φ,Ψ̄,Ψ], (4.4)

where H is the full Hamiltonian and S[Φ, Ψ̄,Ψ] is the Euclidean action. In terms of
Z[0, 0, 0], the decay rate is given by [37]

Γ = 2 |ImZ[0, 0, 0]|/T , (4.5)

where the partition function is to be evaluated by expanding around the bounce solution
and normalized such that ZF(E)[0, 0, 0] = 1.

4.2.2 Effective action

To account for the quantum corrections, we use the effective action [116, 117] as the main
tool. In this section, we present the use of the effective action to calculate the radiative
effects for false vacuum decay in Higgs-Yukawa theory. We will see that the effective action
can be used not only to derive the corrected bounce but also to obtain the corrected decay
rate.

For conciseness, we will now employ the DeWitt notation

JxΦx =

∫
d4xJ(x)Φ(x), (4.6)

in which repeated continuous indices are integrated over. For non-vanishing external
sources, the Euclidean partition function is given by

Z[J, η̄, η] =

∫
DΦDΨDΨ̄ exp

{
−
[
S[Φ, Ψ̄,Ψ]−

(
JxΦx + η̄xΨx + Ψ̄xηx

)]}
. (4.7)

It can be used to compute the one-point functions

ϕx = 〈Ω|Φx|Ω〉|J,η̄,η = +
δ lnZ[J, η̄, η]

δJx
, (4.8a)

ψ̄x = 〈Ω|Ψ̄x|Ω〉|J,η̄,η = −δ lnZ[J, η̄, η]

δηx
, (4.8b)

ψx = 〈Ω|Ψx|Ω〉|J,η̄,η = +
δ lnZ[J, η̄, η]

δη̄x
. (4.8c)

The effective action is defined as the Legendre transform

Γ[ϕ, ψ̄, ψ] = − lnZE [J, η̄, η] + Jxϕx + η̄xψx + ψ̄xηx. (4.9)
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It is easy to check that the one-point functions satisfy

δΓ[ϕ, ψ̄, ψ]

δϕx
= Jx, (4.10a)

δΓ[ϕ, ψ̄, ψ]

δψx
= −η̄x, (4.10b)

δΓ[φ, ψ̄, ψ]

δψ̄x
= ηx. (4.10c)

Note that we have used the following convention for the Leibniz law for the functional
derivative of a functional F ≡ F [η] with respect to a Grassmann variable η:

δF [η]

δψx
=
δηy
δψx

δF [η]

δηy
. (4.11)

From Eqs. (4.10a)–(4.10c), we see that the vacuum expectation values (VEVs) of fields,
i.e. the one-point functions in presence of vanishing sources, correspond to the minima of
the effective action. Since the VEVs of the fermion fields must vanish, the effective action
Γ[ϕ, ψ̄, ψ] is reduced to Γ[ϕ, ψ̄ = ψ = 0] ≡ Γ[ϕ]. We can use the effective action to obtain
the EoM for the quantum-corrected bounce via

δΓ(n)[ϕ]

δϕx
= 0, (4.12)

where the superscript “(n)” indicates that the effective action is calculated up to n-loop
order. The corresponding solution will be denoted as ϕ(n). We shall call ϕ(n) the quantum
bounce to compare with the classical bounce.

Moreover, when the fields are at the VEVs, one can substitute J = η̄ = η = 0 into
Eq. (4.9) and have

Γ[ϕ(n), ψ̄(n) = ψ(n) = 0] = − lnZBE [0, 0, 0]. (4.13)

The decay rate in Eq. (2.23) now can be expressed as

Γ/V = 2 |Im e−Γ(n)[ϕ(n)]|/(T V ), (4.14)

at the level of the n-th quantum corrections. In this thesis, we aim to calculate ϕ(1) and

Γ/V = 2 |Im e−Γ(1)[ϕ(1)]|/(T V ). (4.15)

We emphasize that, in the formula (4.15), it is the quantum bounce that enters the formula
of the decay rate directly rather than the classical bounce. This point is extremely relevant
in the case where a unstable vacuum is entirely induced radiatively via the CW mechanism
because the classical bounce ϕB does not exist there.

4.2.3 One-loop corrections to the action

In order to obtain the expression Γ(1)[ϕ] we proceed by expanding Φ(x) = ϕ(x) + Φ̂(x),
Ψ̄(x) = ψ̄(x) + ˆ̄Ψ(x) and Ψ(x) = ψ(x) + Ψ̂(x), such that the action S[Φ, Ψ̄,Ψ] is given to

40



quadratic order by

S[Φ, Ψ̄,Ψ] = S[ϕ, ψ̄, ψ] + JxΦ̂x + η̄xΨ̂x + ˆ̄Ψxηx +
1

2

∫
d4xd4y Φ̂(x)G−1(ϕ, ψ̄, ψ;x, y)Φ̂(y)

+
1

2

∫
d4xd4y ˆ̄Ψ(x)D−1(ϕ, ψ̄, ψ;x, y)Ψ̂(y), (4.16)

where the “two-point" operators are defined as

G−1(ϕ, ψ̄, ψ;x, y) ≡ δ2S[Φ, Ψ̄,Ψ]

δΦxδΦy

∣∣∣∣
Φ=ϕ,Ψ̄=ψ̄,Ψ=ψ

= δ4(x− y)
[
− ∂2

(x) + U ′′(ϕx)
]
, (4.17a)

D−1(ϕ, ψ̄, ψ;x, y) ≡ δ2S[Φ, Ψ̄,Ψ]

δΨxδΨ̄y

∣∣∣∣
Φ=ϕ,Ψ̄=ψ,Ψ=ψ

= δ4(x− y)
[
γµ∂µ + κϕx

]
, (4.17b)

with δ4(x − y) being the four-dimensional Dirac function. The linear terms in the above
expressions have been chosen so as to cancel those appearing in the exponent of the
partition function (4.7).16 Since the one-point functions ψ̄, ψ are necessarily vanishing,
we denote S[ϕ, ψ̄ = 0, ψ = 0] ≡ S[ϕ], G−1(ϕ, ψ̄ = 0, ψ = 0;x, y) ≡ G−1(ϕ;x, y) and,
D−1(ϕ, ψ̄ = 0, ψ = 0;x, y) ≡ D−1(ϕ;x, y). Equation (4.16) then defines the tree-level
inverse Green’s functions

G−1(ϕ;x, y) ≡ δ2S[Φ, Ψ̄,Ψ]

δΦxδΦy

∣∣∣∣
Φ=ϕ,Ψ̄=0,Ψ=0

= δ4(x− y)
[
− ∂2

(x) + U ′′(ϕx)
]
, (4.18a)

D−1(ϕ;x, y) ≡ δ2S[Φ, Ψ̄,Ψ]

δΨxδΨ̄y

∣∣∣∣
Φ=ϕ,Ψ̄=0,Ψ=0

= δ4(x− y)
[
γµ∂µ + κϕx

]
. (4.18b)

The Klein-Gordon and Dirac operators in the background of ϕ can then be obtained as

G−1(ϕ;x) ≡
∫

d4y G−1(ϕ;x, y), (4.19a)

D−1(ϕ;x) ≡
∫

d4y D−1(ϕ;x, y). (4.19b)

Substituting Eq. (4.16) into Eqs. (4.7), (4.9), one obtains the effective action

Γ(1)[ϕ] = S[ϕ] +
1

2
ln

detG−1(ϕ)

detG−1(v)
− ln

detD−1(ϕ)

detD−1(v)
, (4.20)

where we have substituted ϕ+ = v into the above formula. We now expand the above
equation around ϕB, writing ϕ = ϕB + δϕ. In this way, we obtain

Γ(1)[ϕ] =S[ϕ] +
iπ

2
+B

(1)
D +B

(2)
S +B

(2)
D +

1

2
ln

∣∣∣∣∣ λB0 det(5)G−1(ϕB)
1
4(V T )2( B

2π~)4 detG−1(v)

∣∣∣∣∣ , (4.21)

where

B
(1)
D = − ln

detD−1(ϕB)

detD−1(v)
, (4.22)

16Here the effective action is evaluated using a method with non-vanishing external sources, see
Ref. [119].
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and

B
(2)
S =

1

2

∫
d4x δϕ(x)

δ ln det(5)G−1(ϕ)

δϕ(x)

∣∣∣∣∣
ϕB

, (4.23a)

B
(2)
D = −

∫
d4x δϕ(x)

δ ln det D−1(ϕ)

δϕ(x)

∣∣∣∣
ϕB

. (4.23b)

The particular iπ/2 is due to the negative mode in the fluctuation spectrum. The determi-
nant of the Dirac operator is understood to be taken over both the coordinate and spinor
spaces. The superscript “(5)” indicates that the five lowest eigenvalues are to be omitted
when evaluating the functional determinant. We also explicitly extract the five lowest
eigenvalues 4γ2 from the determinant of G−1(v;x) that are not canceled when building
the quotient of the determinants [120]; namely,[

detG−1(v)
]− 1

2
= (2γ)−5

[
det(5)G−1(v)

]− 1
2
. (4.24)

We denote

B
(1)
S ≡

1

2
ln

det(5)G−1(ϕB)

det(5)G−1(v)
. (4.25)

The logarithms of these determinants (Eqs. (4.22), (4.25)) appear as additive corrections
to the classical action B and, within the present approximations, they can be interpreted
as the one-loop contribution to the effective action. Note that these expressions still need
to be renormalized which we will carry out in Sec. 5.2.

Functionally differentiating Eq. (4.20) with respect to ϕ, one can obtain the quantum
EoM in the Higgs-Yukawa model

−∂2ϕ(x) + U ′eff(ϕ;x) = 0, (4.26)

where

U ′eff(ϕ;x) ≡ U ′(ϕ;x) + ΠS(ϕB;x)ϕB(x) + ΠD(ϕB;x)ϕB(x), (4.27)

with ΠS and ΠD being the tadpole contributions from the scalar and Dirac fields, respec-
tively. From Eq. (4.20), we have

ΠS(ϕB;x)ϕB(x) =
δB

(1)
S [ϕ]

δϕ(x)

∣∣∣∣∣
ϕB

=
λ

2
G(ϕB;x, x)ϕB(x), (4.28)

where G(ϕB;x, y) is the Green’s function of the operator G−1(ϕB;x). The fermionic
contribution ΠD is

ΠD(ϕB;x)ϕB(x) =
δB

(1)
D [ϕ]

δϕ(x)

∣∣∣∣∣
ϕB

= −κ trsD(ϕB;x, x), (4.29)

where trs indicates the trace over the spinor indices andD(ϕB;x, y) is the Green’s function
of the operator D−1(ϕB;x).
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Eq. (4.26) gives us the quantum corrected bounce ϕ(1). Substituting ϕ(1) = ϕB + δϕ

into Eq. (4.26), one can find

δϕ(x) = −
∫

d4y G(ϕB;x, y) ΠS(ϕB; y)ϕB(y)−
∫

d4y G(ϕB;x, y) ΠD(ϕB; y)ϕB(y)

≡ −
∫

d4y G(ϕB;x, y) Π(ϕB; y)ϕB(y), (4.30)

where we have used Eq. (2.30).
When substituting the quantum corrected bounce into the action S[ϕ(1)], there appear

extra contributions at two-loop order. Expanding first the action S[ϕ(1)] about ϕB, we
have

S[ϕ(1)] = B + δS +O(~3), (4.31)

where

δS =
1

2

∫
d4x δϕ(x)G−1(ϕB;x) δϕ(x) = −1

2

∫
d4x δϕ(x) Π(ϕB;x)ϕB(x), (4.32)

and where, for the first identity, we have used the fact that the classical bounce ϕB is
the stationary point of the classical action and, for the second identity, we have used
Eq. (4.30). Comparing Eq. (4.32) with Eqs. (4.23), (4.28) and (4.29), we see that the total
correction to the expansion in δϕ is [59]

B(2) ≡ δS + δB
(1)
S + δB

(1)
D = −δS =

1

2

(
δB

(1)
S + δB

(1)
D

)
. (4.33)

Diagrammatically, the contributions to B(2) correspond to (one-particle reducible)
dumbbell graphs, cf. Fig. 5.2 (b) for the fermion contributions. They therefore constitute
a subset of the two-loop corrections. However, this subset can be the dominant two-loop
contribution for theories with a large number of degrees of freedom propagating in the
loop [59]. For the numerical examples in Sec. 5.3, we consider such a setup with a large
number of fermion and scalar fields coupling to the Higgs degree of freedom Φ.

4.2.4 Radiatively corrected decay rate

We can now summarize all the contributions that we include in the approximation of the
tunneling rate per unit volume as

Γ/V =

(
B

2π

)2

(2γ)5 |λ0|−
1
2 exp

[
−
(
B +B

(1)
S +B

(1)
D +B(2)

)]
, (4.34)

where B, B(1)
S and B(1)

D are evaluated at the classical bounce.
In summary, given the leading-order approximation ϕB to the bounce and B for the

action we apply the following procedure in order to calculate the radiative corrections to
the bounce and to the decay rate:

• We first invert Eqs. (4.18a) and (4.18b) to find the Green’s functions G(ϕB;x, y)

and D(ϕB;x, y).
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• The Green’s functions are used in order to calculate B(1)
S and B

(1)
D according to

Eqs. (4.22) and (4.25) and the discussion in Sec. 5.2.3.

• The Green’s functions are also used to obtain the tadpole functions (4.28) and (4.29),
which, in turn, yield the corrections to the bounce (4.30).

• When substituted into the tree and one-loop actions, the radiative corrections to
the bounce yield the quadratic correction B(2) in Eq. (4.33) by means of Eq. (4.32),
corresponding to dumbbell graphs. We account for these contributions in the calcu-
lation of the decay rate because they can be relevant when a large number of fields
is running in the loops.

• Finally, the pieces B, B(1)
S,D and B(2) can be put together to obtain the decay rate

per unit volume (4.34).
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Chapter 5

Radiative Effects on False Vacuum
Decay II: Planar-Wall Limit

In this chapter, we apply the general formalism presented above to the case of the planar-
wall limit. In the approximation of a planar wall, it is calculationally simpler to obtain the
fermionic functional determinant as well as the tadpole ΠD from the Green’s functions of
the corresponding Klein-Gordon-like operators, obtained from “squaring” the Dirac opera-
tor, as we discuss below. We, therefore, calculate the Green’s functions of all these Klein-
Gordon and Klein-Gordon-like operators in the background of the planar-wall bounce. A
method of calculating the Green’s function of the Dirac operator in a hyperspherically
symmetric background is worked out in Appendix B.

5.1 Green’s functions, functional determinants and bounce
correction in the planar-wall approximation

5.1.1 Green’s function and functional determinants in the planar-wall
limit

The scalar Green’s function satisfies

(−∂2 + U ′′(ϕB;x))G(ϕB;x, x′) = δ4(x− x′). (5.1)

In a hyperspherically symmetric background, this equation can be solved by separating
the angular part using a partial-wave decomposition. This reduces the problem to one of
finding the hyperradial function Gj(ϕB; r, r′), where j is the quantum number of angular
momentum, see, e.g., Ref. [59]. However, to make things simple, we will restrict to the
planar-wall approximation as described below. When the radius of the bubble wall R is
very large compared to µ−1, i.e. when g �

√
λµ, we can essentially view the bubble wall

as planar. The bounce then is a function of only the perpendicular coordinate z⊥ and
has no dependence on the parallel coordinates z‖ on the three-dimensional hypersurface
as explained in Fig. 5.1. In the remainder of this chapter, we will employ this planar-wall
approximation.
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R

z⊥z‖

Figure 5.1: Planar-wall approximation to the bounce. Dotted: lines of constant values of
the bounce ϕ, where the middle line indicates the center of the bounce ϕ = 0. We choose
the coordinates z⊥ ≡ z perpendicular and z‖ parallel to the three-dimensional planar
hypersurface tangential to the bubble wall.

Without loss of generality, we take z⊥ ≡ z = x4 − R and z‖ = x, i.e., we take
the perpendicular direction as that of x4 (or τ). Then the effective squared mass term
in Eq. (5.1) is independent of x. One can Fourier-transform the Green’s function with
respect to the coordinates x,

G(ϕB;x, x′) =

∫
d3k

(2π)3
eik·(x−x

′)G(ϕB; z, z′,k). (5.2)

The three-momentum-dependent Green’s functionG(ϕB; z, z′,k) satisfies the one-dimensional
inhomogeneous Klein-Gordon equation

(−∂2
z + k2 + U ′′(ϕB; z) G(ϕB; z, z′,k) = δ(z − z′). (5.3)

We refer to G(ϕB; z, z′,k) as the three-plus-one representation. Equation (5.3) can be
solved analytically or numerically. The analytical result is given in Refs. [59, 114].

Starting from the representation of the Green’s function as a spectral sum, one can
show [121, 122, 123, 124] that it can be used to calculate the functional determinant
directly. We review this method in Appendix A. Specifically, the functional determinant
can be evaluated as

B
(1)
S = − 1

2

∞∫
−∞

dz

∫
d3x

∞∫
0

ds

Λ∫
0

k2 d|k|
2π2

×
[
G
(
ϕB; z, z,

√
k2 + s

)
−G

(
ϕ+; z, z,

√
k2 + s

)]
, (5.4)

where Λ is a three-momentum cutoff. Here we have written the coincident Green’s function
G(ϕB; z, z, |k|) ≡ G(ϕB; z, z,k) because of the isotropy parallel to the bubble wall. Note
that, in these integrals, the negative and zero modes correspond to |k| = 0 and therefore
lead to a vanishing contribution.

In analogy with the scalar case, the Green’s function for the Dirac operator in a
hyperspherically symmetric background can be solved by a separation ansatz. The angular
solutions in this approach are spin hyperspherical harmonics of definite total angular
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momentum, as is explained in detail in Appendix B. Considerable simplifications are,
however, possible in the planar-wall approximation.

Since ϕB depends on z (or x4) only in the planar-wall approximation, one defines the
local Dirac mass mD(z) ≡ κϕB(z). It turns out that one can generalize the well-known
method of “squaring” in evaluating the determinant of the Dirac operator to the situation
where the mass varies in one direction of spacetime. Noticing that the determinant

I = ln detD−1(ϕB;x) = ln det
(
γµ∂µ +mD(z)

)
(5.5)

is invariant under chiral conjugation, we multiply by γ5 from the left and right of the
inhomogeneous Dirac operator. This yields

det
(
γµ∂µ +mD(z)

)
= det

[
γ5

(
γµ∂µ +mD(z)

)
γ5

]
= det

(
− γµ∂µ +mD(z)

)
, (5.6)

where we have used the anticommutation relations between γ5 and γµ and the multiplica-
tivity property of the determinant. We can thus express

I =
1

2

[
ln det

(
γµ∂µ +mD(z)

)
+ ln det

(
− γµ∂µ +mD(z)

)]
=

1

2
ln det

[
− ∂2 +m2

D(z) + γ4

(
∂4mD(z)

)]
. (5.7)

Now, after employing the representation of gamma matrices

γ4 =

[
0 1

1 0

]
, γi =

[
0 iσi
−iσi 0

]
, (5.8)

where σi are the Pauli matrices, we obtain

I =
1

2
ln

∥∥∥∥(− ∂2 +m2
D(z)

)
· I2

(
∂4mD(z)

)
· I2(

∂4mD(z)
)
· I2

(
− ∂2 +m2

D(z)
)
· I2

∥∥∥∥ . (5.9)

This is a determinant in block form, and we can make use of the relation

det

[
A B

B A

]
= det(A−B) det(A+B), (5.10)

which applies even when A and B do not commute with each other, provided A and B
are square matrices of the same dimensions. We are led to

I =
1

2
ln
{

det
[(
− ∂2 +m2

D(z)− ∂zmD(z)
)
· I2
]

det
[(
− ∂2 +m2

D(z) + ∂zmD(z)
)
· I2
]}

= ln det
[
− ∂2 +m2

D(z)− ∂zmD(z)
]

+ ln det
[
− ∂2 +m2

D(z) + ∂zmD(z)
]
, (5.11)

where, in the second step, the determinant over the remaining 2 × 2 block has been
performed. When mD is constant, this reduces to the well-known result for the fermion
determinant. The result of this computation can be substituted into Eq. (4.34) for the
decay rate.

With the above results, we can now rewrite the fermion radiative correction (4.22) to
the tunneling action as

B
(1)
D = B

(1)
D+ + B

(1)
D−, (5.12)
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where

B
(1)
D± = − ln

det D−1
± (ϕB)

det D−1
± (v)

, (5.13a)

D−1
± (ϕB ;x) = − ∂2 + κ2ϕ2

B(z) ± κ ∂zϕB(z). (5.13b)

The problem has thus been reduced to one of evaluating the determinants of scalar fluc-
tuation operators. This can be accomplished by first calculating the Green’s functions
D±(ϕB;x), as well as their Fourier transforms with respect to the coordinates parallel
to the bubble wall, as in Eq. (5.2). From these, the quantities B(1)

D± can be obtained in
analogy with the determinant for the scalar field in Eq. (5.4), i.e.

B
(1)
D± =

∞∫
−∞

dz

∫
d3x

∞∫
0

ds

Λ∫
0

k2 d|k|
2π2

×
[
D±
(
ϕB; z, z,

√
k2 + s

)
− D±

(
v; z, z,

√
k2 + s

)]
. (5.14)

The fermionic tadpole is now most straightforwardly obtained by functionally differ-
entiating the one-loop determinant as in Eq. (4.29):

ΠD(ϕB;x)ϕB(x) =
δB

(1)
D+[ϕ]

δϕ(x)

∣∣∣∣∣
ϕB

+
δB

(1)
D−[ϕ]

δϕ(x)

∣∣∣∣∣
ϕB

. (5.15)

We emphasize that δ/δϕ denotes the functional derivative and, after making use of the
Jacobi formula, we obtain from Eq. (5.13) that

δB
(1)
D±[ϕ]

δϕ(x)

∣∣∣∣∣
ϕB

= − 2κ2D±(ϕB;x)ϕB ± κ ∂zD±(ϕB;x). (5.16)

These expressions can be substituted into Eqs. (4.30) and (4.29) in order to obtain the
fermion contribution to the one-loop correction δϕ to the bounce. We also note from
Eqs. (4.29), (5.15) and (5.16) that there follows the identity for the spinor trace:

trsD(ϕB;x, x) =
∑
±

(
2κD±(ϕB;x)ϕB ∓ ∂zD±(ϕB;x)

)
. (5.17)

In the homogeneous limit ϕB = const., D+ and D− coincide, and we quickly recover the
familiar result for the one-loop fermion determinant — including the factor of 4 from the
spinor trace — after summing over ±.

It is also possible to compute D(ϕB;x, x′) and all of its spinor components directly
by solving the equations derived in Appendix B which can be applied to more general
situations. While this is calculationally more cumbersome, we have checked the analytical
and numerical results for the fermion loop effects reported on below using both methods.

5.1.2 One-loop correction to the bounce in the planar-wall limit

Acting on Eq. (4.30) with the tree-level Klein-Gordon operator, we obtain the EoM for
the one-loop corrections to the bounce[

d2

dz2
+ µ2 − λ

2
ϕ2
B

]
δϕ = Π(ϕB;x)ϕB. (5.18)
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The operator in front of δϕ is simply G−1(ϕB; z, z′,k) for k = 0 (see Eq. (5.3)) whose
Green’s function has an analytic expression [59]:

G(ϕB; z, z′,k) ≡ G(u, u′, ν) =
1

2γ ν

[
θ(u− u′)

(
1− u
1 + u

) ν
2
(

1 + u′

1− u′

) ν
2

×
(

1− 3
(1− u)(1 + ν + u)

(1 + ν)(2 + ν)

)
×
(

1− 3
(1− u′)(1− ν + u′)

(1− ν)(2− ν)

)
+ (u↔ u′)

]
, (5.19)

where ν = 2
√

1 + k2/(4γ2) and u is defined in Eq. (4.2). Convoluting Eq. (5.18) with the
above Green’s function, we obtain

δϕ(u) = − v

γ

∫ 1

−1
du′

u′G(u, u′, 2) Π(ϕB;u′)

1− u′2
. (5.20)

As can be seen from Eq. (5.19), G(u, u′, ν) is singular as ν → 2, i.e. |k| → 0. However,
since Π(u′) is an even function, the part of the integrand multiplied by G(u, u′, 2) is an
odd function in u′. The integral remains finite because the singularity of G(u, u′, 2) turns
out to reside in the even part. We can therefore replace G(u, u′, 2) in Eq. (5.20) with the
odd part of the Green’s function [59]

Godd(u, u′) ≡ 1

2

(
G(u, u′, 2) − G(u,−u′, 2)

)
, (5.21)

which can be expressed as [59]

Godd(u, u′) = ϑ(u− u′) 1

32γ

1− u2

1− u′2

[
2u′(5− 3u′2) + 3(1− u′2)2 ln

1 + u′

1− u′

]
+ (u↔ u′)

(5.22)

in the domain 0 ≤ u, u′ ≤ 1. For given Π(u), we can thus compute the first correction to
the bounce.

5.2 Renormalization

It is well known that the loop calculations bring ultraviolet divergences and need renor-
malization. We therefore add the following counterterms to the Lagrangian in Eq. (4.1):

L → L+
1

2
δZ(∂µϕ)2 +

1

2
δµ2ϕ2 +

1

4!
δλϕ4. (5.23)

The absence of a counterterm corresponding to the Yukawa interaction is due to the fact
that the fermionic fields Ψ and Ψ̄ cannot possess non-vanishing background field values.
The ultraviolet divergences come from the scalar and fermion loops due to the quartic
scalar and Yukawa interactions. They appear when we perform the loop integrals in
momentum space in, e.g., Eqs. (5.2) and (5.4). Since we use the mixed three-plus-one
representation of momentum space parallel to the three-dimensional hypersurface and
position space in the perpendicular direction, we introduce a three-momentum cutoff Λ.
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We must specify the counterterms with certain renormalization conditions, such that
the physical results are independent of the cutoff Λ. For the problem of false vacuum
decay, it is very convenient to impose these conditions on the derivatives of the effective
action evaluated at the false vacuum. The effective action is given by Eq. (4.20) in the
one-loop approximation. When ignoring derivative operators, the effective action in the
false vacuum coincides with the Coleman-Weinberg (CW) potential [12]. We therefore use
the derivatives of the latter to define the renormalization conditions for µ2 and λ, and
these are worked out in Sec. 5.2.1.

The radiative effects also lead to corrections to the wave-function normalization which
are logarithmically divergent for the fermion loops and finite for the scalar loops. In
Sec. 5.2.2, we extract these terms analytically by a gradient expansion of the Green’s
functions. The gradient expansion of the Green’s functions then gives the leading gradi-
ent corrections to the CW potential which can then be identified with the wave-function
normalization. We impose the standard unit residue at the single-particle pole as a wave-
function renormalization condition. Combining the counterterms with the one-loop de-
terminants and tadpole functions, we then summarize these results in Sec. 5.2.3. In this
way, renormalized results for B(1), B(2) and the tadpole function are obtained, which lead
directly to the renormalized decay rate and the correction δϕ to the bounce.

5.2.1 Renormalization of the mass and the quartic coupling constant
using the Coleman-Weinberg potential

The CW potential is obtained by evaluating the effective action (4.20) for configurations
ϕ that are constant throughout spacetime. It is given by

ΓCW[ϕ] = S[ϕ] +
1

2

∫
d4x

∫
d4k

(2π)4
ln
k2 + U ′′(ϕ)

k2 + U ′′(v)

− 2

∫
d4x

∫
d4k

(2π)4
ln
k2 + κ2ϕ2

k2 + κ2v2
. (5.24)

It can be directly read from the above expression that

B
(1)hom
S [ϕ] =

1

2

∫
d4x

∫
d4k

(2π)4
ln
k2 + U ′′(ϕ)

k2 + U ′′(v)
, (5.25a)

B
(1)hom
D [ϕ] = −2

∫
d4x

∫
d4k

(2π)4
ln
k2 + κ2ϕ2

k2 + κ2v2
, (5.25b)

where the superscript “hom” means that the quantities are obtained assuming the back-
ground field ϕ is constant. These quantities can also be calculated from the Green’s
functions in the three-plus-one representation for the limit of a constant background field,
using Eqs. (5.4) and (5.14) (cf. Eqs. (5.44) and (5.48) later). Factoring out the integral
over the spacetime four-volume, one gets the CW potential

UCW(ϕ) = U(ϕ) +
1

2

∫
d4k

(2π)4
ln
k2 + U ′′(ϕ)

k2 + U ′′(v)
− 2

∫
d4k

(2π)4
ln
k2 + κ2ϕ2

k2 + κ2v2
. (5.26)

Considering the planar-wall approximation and the corresponding three-plus-one rep-
resentation that we have employed, we make a three-plus-one decomposition of momentum
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space in the four-dimensional momentum integral. Carrying out the integral over k0, we
obtain

UCW(ϕ) = U(ϕ) +
1

2

∫
d3k

(2π)3

(√
k2 + U ′′(ϕ)−

√
k2 + U ′′(v)

)
− 2

∫
d3k

(2π)3

(√
k2 + κ2ϕ2 −

√
k2 + κ2v2

)
. (5.27)

Evaluating the remaining integral up to a cutoff Λ, this yields

UCW(ϕ) = U(ϕ) +

{[
Λ2

16π2

(
− µ2 +

λ

2
ϕ2

)
+

1

64π2

(
− µ2 +

λ

2
ϕ2

)2(
ln
−µ2 + λ

2ϕ
2

4Λ2
+

1

2

)
− Λ2κ2ϕ2

4π2
− κ4ϕ4

16π2

(
ln
κ2ϕ2

4Λ2
+

1

2

)]
− (ϕ→ v)

}
. (5.28)

The renormalized CW potential is obtained when adding the counterterms δµ2 and δλ
in accordance with Eq. (5.23) as

UCW → UCW + δµ2(ϕ2 − v2)/2 + δλ(ϕ4 − v4)/4!, (5.29)

where δµ2 and δλ are specified by the following renormalization conditions:

∂2UCW(ϕ)

∂ϕ2

∣∣∣
ϕ=v

= −µ2 +
λ

2
v2 = 2µ2, (5.30a)

∂4UCW(ϕ)

∂ϕ4

∣∣∣
ϕ=v

= λ. (5.30b)

These counterterms are given explicitly in Eq. (5.51) below, along with the remaining one
for the wave-function renormalization.

5.2.2 Wave-function renormalization through adiabatic expansion of
the Green’s functions

While the counterterms for the coupling constants can be obtained conveniently from the
effective potential, the latter does not lead to conditions on the renormalization of the
derivative operator, i.e. the wave-function normalization. Our objective is to express this
additional counterterm in an analytic form. This can be achieved by performing a gradient
expansion of the Green’s functions around a constant background field configuration. We
refer this calculation as an adiabatic or WKB expansion.

We first construct the adiabatic expansion of the scalar Green’s function, which satisfies(
− ∂2

z +M2(z)
)
G(ϕB; z, z′,k) = δ(z − z′), (5.31)

with

M2(z) = k2 + U ′′(ϕB(z)). (5.32)

This can be solved by the ansatz

G(ϕB; z, z′,k) = θ(z − z′)A>(z′)f>(z) + θ(z′ − z)A<(z′)f<(z), (5.33)
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where (
− ∂2

z +M2(z)
)
f≷(z) = 0 (5.34)

and where we impose

f>(z)→ 0, for z → +∞, (5.35a)

f<(z)→ 0, for z → −∞. (5.35b)

The latter enforce the boundary condition that the Green’s function vanishes at infinity.
In order to isolate the leading gradient effects, we make the WKB ansatz

f≷(z) =
1√

2W (z)
e∓
∫ z dz′W (z′). (5.36)

When substituted into Eq. (5.34), this leads to

W 2 = M2 − 3

4

W ′2

W 2
+

1

2

W ′′

W
, (5.37)

where the prime ′ used in this subsection denotes a derivative with respect to z. In
the gradient expansion, the zeroth-order approximation to W is given by W (0)2

= M2.
Substituting this back into Eq. (5.37), one obtains

W (1)2
= −3

4

W (0)′2

W (0)2 +
1

2

W (0)′′

W (0)
. (5.38)

Demanding continuity and the correct jump in the first derivative to reproduce the
delta function in Eq. (5.31) at the coincident point z = z′, we obtain the matching condi-
tions

A>(z)f>(z) = A<(z)f<(z), (5.39a)

A>(z)f>
′
(z)−A<(z)f<

′
(z) = −1, (5.39b)

such that

G(ϕB; z, z,k) =
f>(z)f<(z)

W [f>(z), f<(z)]
, (5.40)

where

W [f>(z), f<(z)] = f>(z)f<
′
(z)− f>′(z)f<(z) (5.41)

is the Wronskian. Putting these results together, we find that the Green’s function is
approximated to second order in gradients by

G(ϕB; z, z,k) ≈ 1

2

1

M(z)
+

3

16

M ′2(z)

M5(z)
− 1

8

M ′′(z)

M4(z)
. (5.42)

In terms of the local squared mass m2
S(z) = U ′′(ϕB(z)), this reads

G(ϕB; z, z,k) ≈ 1

2

1√
k2 +m2

S(z)
+

5

16

m2
S(z) ·m′2S (z)

(k2 +m2
S(z))

7
2

− 1

8

mS(z) ·m′′S(z) +m′2S (z)

(k2 +m2
S(z))

5
2

.

(5.43)
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The first term on the RHS can be identified with the Green’s function in the three-plus-one
representation and for a homogeneous background. We explicitly define this as

Ghom(ϕB; z, z′,k) =
1

2

1√
k2 +m2

S(z)

(
ϑ(z − z′)e

√
k2+m2

S(z)(z′−z)

+ ϑ(z′ − z)e
√

k2+m2
S(z)(z−z′)

)
, (5.44)

where we show the general expression that also holds away from the coincident points in
order to highlight the exponentially decaying behavior of the Green’s functions for large
separations. Ghom can be used to compute the loop contributions without gradient effects
which then can be compared with those that include gradient corrections.

The last two terms in Eq. (5.43) are the leading gradient corrections. These correc-
tions are ∼ 1/|k|5 and therefore the three-momentum integral leads to a finite correction
to the derivative operators of the field Φ, i.e. the wave-function normalization, in the ef-
fective action. It is most straightforward to determine this correction by substituting the
result (5.43) into Eq. (5.4):

B
(1)
S ⊃

∞∫
−∞

dz

∫
d3x

1

384π2

λ2ϕ2ϕ′2

−µ2 + λ
2ϕ

2
, (5.45)

where we recall that B(1)
S is related to the functional determinants through the defini-

tions (4.25) and to the effective action through Eq. (4.20). While this result is finite,
i.e. independent of the momentum cutoff, the corresponding contribution B

(1)
D from the

Dirac field is not, as we will see below.
The fermionic contributions to the wave-function normalization can be computed anal-

ogously. The propagators D±(ϕB; z, z′,k) satisfy the same equation as G(ϕB; z, z′,k),
i.e. Eq. (5.31), but with

M2(z) = k2 + κ2ϕ2
B(z)± κ∂zϕB(z). (5.46)

Solving that equation in the WKB approximation, we find

D+(ϕB; z, z,k) +D−(ϕ(0); z, z,k) ≈ 1√
k2 +m2

D(z)

+
5

8

m2
D(z)m′2D(z)

(k2 +m2
D(z))

7
2

+
1

8

m′2D(z)− 2mD(z)m′′D(z)

(k2 +m2
D(z))

5
2

. (5.47)

Again, in order to isolate the gradient effects in Sec. 5.3, we define the contributions that
arise in homogeneous backgrounds without gradients as

Dhom
± (ϕB; z, z,k) =

1

2
√

k2 +m2
D(z)

. (5.48)

We note that, while the three-momentum integrals over the derivative terms in Eq. (5.47)
are finite, the trace of the coincident Dirac propagator (5.17), and therefore the tadpole
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correction, cf. Eqs. (4.29), (5.15) and (5.16), contains an extra derivative with respect to
z. This generates a logarithmically divergent contribution that can be identified with the
divergent part of the wave-function renormalization. Computing the corrections to the
derivative operators in the effective action using Eq. (5.14), we find

B
(1)
D ⊃

∞∫
−∞

dz

∫
d3x

κ2ϕ′2

8π2

(
− ln

κ2ϕ2

Λ2
+ 2 ln 2− 8

3

)
. (5.49)

We use this result along with Eq. (5.45) in order to specify the renormalization condition

∂2

∂(∂νϕ)2

[
L+

1

384π2

λ2ϕ2(∂µϕ)2

−µ2 + λ
2ϕ

2
+

κ2

8π2
(∂µϕ)2

(
− ln

κ2ϕ2

Λ2
+ 2 ln 2− 8

3

)]
ϕ= v

= 1,

(5.50)

where the Lagrangian is implied to contain the counterterms as per the definition (5.23).
This relation fixes the counterterm δZ.

5.2.3 Renormalized bounce, effective action and decay rate

We can now summarize the one-loop counterterms as

δZ =
κ2

8π2

(
ln
κ2v2

Λ2
− 2 ln 2 +

8

3

)
− λ

64π2
, (5.51a)

δµ2 = − λµ2

32π2

(
2Λ2

µ2
− ln

µ2

2Λ2
− 31

)
+

Λ2κ2

2π2

(
− 27κ2µ2

λΛ2
+ 1

)
, (5.51b)

δλ = − 3λ2

32π2

(
ln

µ2

2Λ2
+ 5

)
+

3κ4

2π2

(
ln

3κ2µ2

2λΛ2
+

14

3

)
. (5.51c)

The renormalized tadpole correction can then be defined as

Πren ϕB = ΠϕB + δµ2 ϕB +
δλ

3!
ϕ3
B − δZ ∂2

zϕB, (5.52)

which should replace ΠϕB in the equation of motion (4.26) for the bounce. Finally, to
the one-loop contributions to the effective action [i.e. to the exponent of Eq. (2.7)], we
consistently add

δB(1) =

∫
d4x

[
1

2
δµ2 (ϕ2

B − v2) +
1

4!
δλ (ϕ4

B − v4) +
1

2
δZ (∂zϕB)2

]
, (5.53)

and the renormalized result for B(2) is obtained when replacing Π with Πren in Eq. (4.33).

5.3 Numerical studies

In this section, we apply the methods elaborated above in a specific numerical study.
We will focus on, in particular, the comparison between the quantum corrections with
and without the gradient effects from the background inhomogeneity. We also isolate the
contributions from the scalar and the fermion loops in presenting the results.
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To enhance the corrections to the bounce and decay rate compared to the other quan-
tum effects that appear at second order in perturbation theory, we will extend the fermion
field Ψ to NΨ copies. The fermions may be referred to as spectators since their vacuum
expectation values do not change through the bubble wall, in contrast to the Higgs field Φ.
In order to directly compare effects from fermion and scalar loops, we introduce additional
scalar spectator fields χi with i = 1, . . . , Nχ that also couple to the Higgs field. In this
setup, the Lagrangian without counterterms is

L =

NΨ∑
i= 1

{
Ψ̄iγµ∂µΨi + κ Ψ̄iΦΨi

}
+

1

2
(∂µΦ)2 + U(Φ)

+

Nχ∑
i= 1

{
1

2
(∂µχi)

2 +
1

2
m2
χiχ

2
i +

α

4
Φ2χ2

i

}
. (5.54)

For simplicity and in order to have the scalar and fermionic spectators have similar prop-
erties, we take mχi = 0. The developments for the effective action and the tadpole
corrections of the previous sections generalize straightforwardly to loops of the fields χi,
yielding one-loop corrections B(1)

χ to the action and tadpole functions Πχ.
When enhanced by NΨ copies of the fermion fields, the term B

(2)
D then contains the

dominant two-loop contributions from fermions to the effective action. To illustrate this,
we present a diagrammatic representation of the fermionic corrections to the bounce action
in Fig. 5.2. Diagram (a) is the one-loop term B

(1)
D of order (κ4/λ2)NΨ. Note that the

dependence on λ comes from the background bounce ϕB ∼ 1/
√
λ appearing in the Dirac

operator. Diagram (b) is the main contribution to B(2)
D , which is of order (κ6/λ2)N2

Ψ,
cf. Eqs. (4.33) and (5.20). In addition to diagram (b), there is also a contribution of
order (κ6/λ2)NΨ represented by diagram (c), which we do not calculate. Diagram (c) is
therefore suppressed by a relative factor of 1/NΨ compared to diagram (b) and hence may
be neglected, cf. also Ref. [59].

(a) (b)

(c)

Figure 5.2: Diagrammatic representation of the fermionic contributions to the effective
action: (a) is the one-loop term B

(1)
D , of order O[(κ4/λ2)NΨ], (b) is the O[(κ6/λ2)N2

Ψ]

contribution to B(2)
D and (c) is the term of O[(κ6/λ2)NΨ]. Solid lines denote the Dirac

propagator D(ϕB;x, x′); dashed lines denote the scalar propagator G(ϕB;x, x′).
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We decompose the tadpole function and the one-loop corrections to the action as

Π = ΠS + ΠD + Πspec , (5.55)

B(1) = B
(1)
S + B

(1)
D + B(1)

spec (5.56)

in order to compare the loop contributions from the various species. Here the subscript
S, D and “spec” indicate the Higgs scalar field Φ, the Dirac fermion spectators Ψi and the
scalar spectator fields χi, respectively. It shall be understood that all results presented in
this section for the tadpole corrections Π, as well as the corrections to the effective action
B(1,2), are renormalized, i.e. include contributions from counterterms.

The Green’s functionsG(ϕB;x, x) andD(ϕB;x, x) are to be replaced byGhom(ϕB;x, x)

and Dhom(ϕB;x, x) in Eqs. (5.4) and (5.14) to compute the one-loop action terms in the
homogeneous background. Including the corresponding spectator corrections, we thus
have

B(1)hom = B
(1)hom
S + B

(1)hom
D + B(1)hom

spec . (5.57)

Accordingly, substituting the homogeneous Green’s functions in Eqs. (4.28), (4.29) (and
analogously for the scalar spectators), we also obtain

Πhom = Πhom
S + Πhom

D + Πhom
spec . (5.58)

5.3.1 Tadpoles and corrections to the bounce

Before we present the numerical results, we choose the parameters

µ = 1 , λ = 2 , κ = 0.5,

α = 0.5 , NΨ = Nχ = 10, (5.59)

as a benchmark point in the following. The above parameters have been chosen such
that there is a substantial amount of accidental cancellation between the fermion and
scalar loop contributions as can be seen from the plot of the total tadpole correction Π

in Fig. 5.3. In such a situation, the relative impact of the gradient corrections can be of
order one. All tadpole corrections Π are even functions about the center of the bubble
wall, as expected. We note that it is the combination ϕBΠ(ϕB; y) that acts as a source for
the radiative correction to the bounce as can be seen from Eq. (4.30). While the tadpole
functions are largest around the point u = 0, the classical bounce ϕB, which is an odd
function, takes zero value at u = 0. We therefore expect that the relative impact on the
radiative correction δϕ to the bounce is suppressed.

Due to a transition to the tachyonic region in the classical potential, which causes a
divergence in the derivative of ΠS , there are bumps around u = ± 0.4 in the graph of
ΠS without gradient contributions. While in the graph of the full one-loop result for ΠS ,
which accounts for gradient corrections, these bumps are absent because the field gradients
counteract the tachyonic instability. There is of course still a particular negative mode
that represents the vacuum instability even for the inhomogeneous bounce background.
But it has no impact on the full one-loop result for ΠS since the negative mode corresponds
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to k = 0 and makes no contribution as commented below Eq. (5.4).17 For the fermionic
and scalar spectator fields, there are no tachyonic regions across the bubble wall.

-1.0 -0.5 0.0 0.5 1.0

0.12

0.14

0.16

0.18

0.20

u

Π
S

-1.0 -0.5 0.0 0.5 1.0

0.07

0.08

0.09

0.10

u

Π
s
p
e
c

-1.0 -0.5 0.0 0.5 1.0

-0.40

-0.35

-0.30

-0.25

u

Π
D

-1.0 -0.5 0.0 0.5 1.0
-0.13

-0.12

-0.11

-0.10

-0.09

-0.08

-0.07

-0.06

u

Π

Figure 5.3: The renormalized tadpole contributions Π as a function of u. The tadpole
Π is the total result, ΠS is the contribution from the scalar field Φ, Πspec is from scalar
spectator fields χi and ΠD is from Dirac spectator fields Ψi. Graphs with solid lines show
the tadpole corrections Π that include gradient effects; dotted graphs show the corrections
Πhom, where these effects are ignored.

We focus in particular on the comparison between the full one-loop results with the
tadpole functions without gradient corrections. The latter are calculated by assuming a
constant background ϕ = ϕB(u) for each value of u. For the field Φ, the squared mass may
become negative for a certain range of u such that the resulting tadpole function acquires
an imaginary part that we do not show in the diagrams. This imaginary part arises if
we assume a constant field configuration, because there is a continuum of negative modes
contributing to the Gaussian integrals in the tachyonic region where −µ2 + (λ/2)ϕ2 < 0.
The imaginary part is an artifact because constant configurations do not correspond to
extremal points (or stationary points) of the effective action away from the minima of the
potential at ± v. As explained in Ref. [59], imaginary parts, except for the one associated
with the negative mode, do not appear when calculating the loop diagrams for fluctuations
around the full bounce solutions that account for gradients, i.e. when expressing the loops
in terms of the Green’s function solutions in the bounce background.

We can see from Fig. 5.3 that the gradient effects suppress the tadpole corrections when
compared with the corrections without gradients for the fermionic and scalar spectator
fields. While for the Higgs field, the tadpole correction appears to be enhanced compared
to the real part of the loop correction without gradients. This enhancement shall not be

17The fact that the negative mode contribute an imaginary part in the effective action has been taken
into account by the iπ/2 in Eq. (4.21).
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directly compared with corrections from the spectator fields because the tachyonic modes
and the imaginary part in the CW potential arising from the Higgs field have no direct
physical interpretation.

We compare the radiative corrections to the bounce with and without gradient effects
in Figs. 5.4 and 5.5. They are calculated by substituting ΠS,D,spec and Πhom

S,D,spec into
Eq. (5.20). We find that the turning points in the functions δϕD,spec are softened relative
to those in δϕhom

D,spec, see Fig. 5.5. That means for the Dirac spectator fields Ψi (subscript
“D”) and the scalar spectators χi (subscript “spec”), the gradient effects tend to smooth
the field profile. While for the correction δϕS from Higgs loops, there appears to be an
opposite effect. However, since we have dropped the imaginary parts from Πhom

S , this
opposite effect is not directly comparable with the one from the spectator fields. We note
that the correction from the Dirac spectators is larger than that from the scalar spectators
by roughly a factor of minus four. This factor is accounted for by the number of Dirac
spinor degrees of freedom and the opposite sign of the fermion loop. [The squared mass
of the Dirac spectator fields across the wall is κ2ϕ2(z), for the scalar spectators it is
αϕ2(z)/2. For the values of α and κ chosen in Eq. (5.59), these are therefore coincident,
such that the relative factor of minus four is actually exact when ignoring gradients.] The
relative impact of the gradient corrections on δϕ from the Dirac spectators turns out to
be about twice as that from the scalar spectators.
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Figure 5.4: The correction δϕ to the bounce as a function of γ(r − R) with (δϕ, solid)
and without (δϕhom, dotted) gradients in separate panels for the contributions δϕS from
the Higgs field, δϕspec from the scalar spectators, δϕD from the Dirac spectators and for
the total correction δϕ.
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Figure 5.5: Same as Fig. 5.4, showing the detail around the point where the radiative
correction to the bounce is maximal.

5.3.2 Corrections to the action

In this subsection, we investigate the gradient effects on the action and the tunneling rate.
Since in the action there is an integral over the four-dimensional space which gives an
infinite value, we therefore define the contributions to the action per unit area of bubble
surface

B̄ =
B

2π2R3
, B̄(1,2) =

B(1,2)

2π2R3
, (5.60)

and accordingly for the individual contributions from the Higgs, Dirac and scalar spectator
fields, as well as for the loop corrections B̄(1,2)hom derived from the Green’s functions in
the homogeneous background.

For the benchmark parameters (5.59), the results for the various corrections to the
action are compared in Table 5.1. With or without gradient effects, we see that the
corrections B(1) for the scalar loops are negative (leading to an enhanced decay rate)
and for fermion loops, these are positive (leading to a suppressed decay rate). Since our
renormalization conditions fix λ at the false vacuum, fermion loops lead to a running
toward smaller |λ| and scalar loops toward larger |λ| around the center of the bounce,
where ϕ = 0. From the tree-level action (4.3), we see that larger (smaller) λ lead to a
faster (slower) decay rate, which qualitatively explains this numerical observation. As for
the relative contributions from field gradients to B(1) shown in Table 5.1, we note that
for Dirac spectators, these are larger by a factor of about four in comparison with the
contribution from scalar spectators.
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(i) no gradients (ii) gradients [(ii)-(i)]/(i)

B̄
(1)
S − 0.583 − 0.585 0.34%

B̄
(1)
spec − 0.320 − 0.324 1.25%

B̄
(1)
D 1.278 1.345 5.24%

B̄(1) 0.375 0.436 16.3%

B̄(2) 5.085× 10−4 − 5.719× 10−3

Table 5.1: Comparison of B̄(1) and B̄(2) (i) without gradients (i.e. based on the Green’s
functions in homogeneous backgrounds) and (ii) with gradients (i.e. based on the Green’s
function in the background of the tree-level soliton). These quantities are computed for
the benchmark point (5.59). We draw attention to the fact that the values of B̄(2) differ
in sign for cases (i) and (ii), leading to a relative increase in the tunneling rate when the
gradients are included. For completeness, the value of B̄ — which does not differ between
cases (i) and (ii) — is approximately 2.828.

To avoid accidental conclusions specific to our benchmark parameters, in Figs. 5.6, 5.7
and 5.8, we show the results of varying the dimensionless couplings λ, κ and α separately
about the benchmark point given in Eq. (5.59).

Since a change in the self-coupling λ of the Higgs field changes the shape of the bounce,
λ-dependence is expected to exist for all three types of one-loop corrections: B̄(1)

S , B̄(1)
D ,

and B̄
(1)
spec. From Fig. 5.6, we see, however, that B̄(1)

S is insensitive to the value of λ.
This is because, in our perturbation expansion, one loop corresponds to one power in
λ, such that B̄(1)

S is one order higher in λ compared to B̄, which itself scales as 1/λ,
cf. Eq. (4.3). In principle, there are further logarithmic dependencies on λ [cf., e.g., the
effective potential (5.28)] but these turn out to cancel when performing the integral over
dz, as is shown analytically in Refs. [120, 59, 118].

Only the Dirac spectator correction B̄(1)
D depends on κ and only the scalar spectator

correction B̄(1)
spec depends on α and the corresponding dependences are presented in Figs. 5.7

and 5.8. When comparing the Dirac and scalar spectator contributions in Figs. 5.7 and 5.8,
one should bear in mind that the squared masses depend on the couplings as κ2ϕ2(z)

and αϕ2(z)/2, respectively. This explains the stronger curvature in the plot for Dirac
spectators, that is, the stronger dependence on κ.
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Figure 5.6: Dependence of the one-loop corrections to the bounce action on λ. Solid: B̄(1)

(i.e. with gradients). Dotted: B̄(1)hom (i.e. without gradients). The remaining parameters
besides λ are given in Eq. (5.59).
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Figure 5.7: Dependence of the one-loop corrections to the bounce action on κ. Solid: B̄(1)
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Figure 5.8: Dependence of the one-loop corrections to the bounce action on α. Solid: B̄(1)
spec

(i.e. with gradients). Dotted: B̄(1)hom
spec (i.e. without gradients). The remaining parameters

besides α are given in Eq. (5.59).

In accordance with the above remarks on the effect of fermion and scalar loops on the
decay rate, we can understand the dependence of B̄(1)

D on κ and of B̄(1)
spec on α in Figs. 5.7

and 5.8. As κ increases, B̄(1)
D increases and therefore the decay rate decreases. This is due

to a higher barrier from fermion fluctuations in the effective potential for larger Yukawa
couplings. Similarly, as α increases, B̄(1)

spec decreases and therefore the decay rate increases.
This implies that there is a lower barrier in the effective potential for larger couplings α.
To illustrate this point, the dependence of the barrier in the CW potential (5.28) on κ

and α is shown in Fig 5.9. We emphasize, however, that, while the CW potential can be
used in order to interpret the leading effects from radiative corrections, it does not include
the subleading gradient effects on the particles running in the loops. In Fig. 5.10, we
explicitly isolate the gradient effects by plotting δB̄(1) = B̄(1) − B̄(1)hom for the one-loop
contributions from the particular species.

In Fig. 5.11, we compare the dependence of B(2) on the various coupling constants with
and without gradient effects. The relative difference between the cases with and without
gradient effects is of order one. When recalling the dependence of B(2) on the tadpole
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functions given in Eq. (4.33), we see that this sizable difference is because of the large
relative impact of gradient effects on Π due to the cancellation from fermion and scalar
loop effects, cf. Fig. 5.3. We reiterate, however, that this cancellation is coincidental due
to the parameter choices in Eq. (5.59).
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Figure 5.9: The left plot shows the shape of the barrier in the CW potential UCW for
κ = 0.5 (solid), κ = 0.51 (dotted) and κ = 0.52 (dashed), while the right is for α = 0.5

(solid), α = 0.55 (dotted) and α = 0.6 (dashed). In both cases, the remaining parameters
not being varied are chosen as in Eq. (5.59).
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Chapter 6

Real-time Picture of Quantum
Tunneling I: Optical Theorem

It is believed that there occurs the nucleation of classical critical bubbles during false
vacuum decay, which could play an important role in a number of cosmological processes.
The picture of nucleation of a classical critical bubble, however, has never been rigorously
justified. For quantum tunneling of a particle, one shall expect a non-vanishing wave
function outside of the barrier after the tunneling instead of position eigenstate at the exit
point. To understand the situation in quantum field theory, we need to obtain a real-time
picture of quantum tunneling that can be generalized to false vacuum decay.

So far, the standard description of false vacuum decay is the Callan-Coleman method
that makes use of the Euclidean path integral, see Sec. 2.1. In this chapter, we base
our discussion on a simple particle tunneling problem which however also captures the
essential features of false vacuum decay. In the Callan-Coleman formalism, one considers
the following Euclidean transition amplitude

ZE [T ] ≡ 〈xf |e−HT |xi〉 =

∫
Dx e−SE [x]. (6.1)

In the case of quantum tunneling, xi and xf are chosen to be the metastable minimum.
As we described in Chap. 2, one can evaluate Eq. (6.1) through the method of steepest
descent by first finding out all the stationary points. One particular stationary point is
the bounce. The fluctuation operator (the generalization of the Hessian matrix) evaluated
at the bounce contains a negative eigenvalue. It is argued in Ref. [37] that performing the
Gaussian functional integral around the bounce gives an imaginary part in the Euclidean
transition amplitude which is further related to the decay rate. However Eq. (6.1) is
apparently real. If one takes the method of steepest descent seriously, one will find that
the imaginary result obtained from the fluctuations about the bounce will be canceled
by an imaginary contribution from the fluctuations about the shot [47], see Sec. 6.1.
The extraction of the particular imaginary part given in Ref. [37] relies upon the so-called
potential deformation which leaves open questions since it is not defined clearly. Normally,
the analytic continuation is taken over, e.g., Mandelstam variables which are parameters
describing the physical process we study. It is strange that one needs to analytically
continue the parameters of a theory in order to describe a process described by this theory
rather than to compare this theory with another, for instance, to study the dualities
between different theories.

Apart from the above issues, the Euclidean path integral does not provide a clear pic-
ture of how the tunneling proceeds in a real-time path-integral formulation. In particular,
the Euclidean instantons generally do not have correspondences in real configurations in
Minkowski spacetime. One way to justify that instantons do describe quantum tunneling
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is comparing the results obtained from instanton techniques with those from the WKB ex-
pansion in solving the static Schrödinger Equation. But this again tells us little about the
real-time picutre of tunneling. One may therefore wish to compute directly the Minkowski
transition amplitude

ZM [T ] ≡ 〈xf |e−iHT |xi〉 =

∫
Dx eiSM [x]. (6.2)

Since in Minkowski spacetime, we generally have no real classical solutions that would
correspond to the quantum tunneling process, we do not have real stationary points which
give the dominant contribution to tunneling in the Minkowski path integral. It is even
not clear how to perform perturbative calculations for quantum tunneling in the real-
time Feynman path integral. Recently, however, it has been understood that one can
analytically continue the path integral over real paths to one over complex paths and
evaluate the original path integral via Picard-Lefschetz theory [125, 126, 48, 49]. Therefore
we may aim to find in a deformed but equivalent integral contour complex stationary
points which can be identified as correspondences of the Euclidean instantons. Then the
expansion of the Minkowski path integral around these complex saddle points18 will give
the dominated contributions in the Minkowski transition amplitude and could generate
the same results as those obtained from the expansion around instantons in the Euclidean
path integral. Based on these new developments, some attempts to understand quantum
tunneling in the real-time formalism have been pursued in Refs. [127, 128].

Complex saddle points now have become a very useful concept in the study of pertur-
bative series around the perturbative vacuum [129]. Even when the complex saddles are
not located on the integration contour, they could still encode very important information
on physical observables as a consequence of resurgence [130, 131, 132]. The resurgence
theory states that the perturbative expansion around the perturbative vacuum encodes
the information of all non-perturbative saddles. In this chapter, we shall discuss complex
saddles which lie on the (deformed) integration contour and directly describe the non-
perturbative quantum tunneling phenomenon. The idea that such complex saddles may
recover the results obtained from the instanton techniques was suggested in Ref. [127] for
the double-well model. We work it out in a very detailed and concrete way for the general
case. In particular, we transfer the original problem of solving the gradient equations to
one of solving ordinary eigenequations and therefore we successfully carry out the path
integral on the Lefschetz thimble which passes through the complex saddle point of rele-
vance. We shall show that, under plausible assumptions, the particle tunneling rate and
the false vacuum decay rate can be derived from the unitarity of the evolution operator.

6.1 Euclidean path integral revisited: Picard-Lefschetz the-
ory

In Sec. 2.1, we have mentioned that the direction associated with the negative mode is not
the steepest descent direction but a steepest ascent direction. To correctly make use of
the method of steepest descent, one needs to complexify the paths x(τ) to z(τ) and then

18When the paths are complexified, all the stationary points are saddle points due to the complex
structure.
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perform the path integral on a middle-dimensional contour. The general way to do this for
the multiple-dimensional integral and even the generalization to Feynman path integrals
is given by Picard-Lefschetz theory that we will now review (see e.g., Refs. [48, 49]).

To provide the discussion in a general context, we denote the holomorphic function
appearing in the exponential of the integrand as −SE [z] ≡ I[z] and we define h[z] =

Re(I[z]) which is called Morse function. The saddle points are given by the equation of
motion δI[z] = 0 subject to the boundary conditions of interest. For a saddle point zσ of
I[z], one can find a downward flow (the steepest descent path) according to the gradient
flow equation [48]

∂z(τ ;u)

∂u
= −

(
δI[z(τ ;u)]

δz(τ ;u)

)
,
∂z(τ ;u)

∂u
= −δI[z(τ ;u)]

δz(τ ;u)
, (6.3)

where u ∈ R and the boundary condition is z(τ ;u = −∞) = zσ. One can easily check
that

∂h

∂u
=

1

2

(
δI
δz
· ∂z
∂u

+
δI
δz
· ∂z
∂u

)
= −

∣∣∣∣∂z(τ ;u)

∂u

∣∣∣∣2 ≤ 0. (6.4)

That is, the real part of I[z] is always decreasing when we move away from the saddle
point along the contour given by z(τ ;u). Further, one can show that ∂ImI[z(τ ;u)]/∂u = 0,
meaning that the phase is constant on that contour.

Substituting the Euclidean action into Eq. (6.3), we have

∂z(τ ;u)

∂u
= −∂

2z(τ ;u)

∂τ2
+ U ′(z(τ ;u)). (6.5)

Expanding z(τ ;u) around the saddle point z(τ ;u) = zσ(τ) + ∆zσ(τ ;u), one obtains

∂∆zσ(τ ;u)

∂u
=

(
− ∂2

∂τ2
+ U ′′(zσ(τ))

)
∆zσ(τ ;u), (6.6)

subject to the boundary condition ∆zσ(τ ;u = −∞) = 0. The downward flows generate
from every saddle point a middle-dimensional manifold with a stationary phase called
Lefschetz thimble [48]. In our case, we denote the Lefschetz thimble associated with xF ,
xB, and xS as JF , JB, and JS . Generically, the deformed contour C can be expressed as

C =
∑
σ∈Σ

nσ Jσ (6.7)

where Σ is the moduli space of all the Lefschetz thimbles. The intersection numbers nσ
can be either zero or positive integer numbers. If the saddle points are not connected by
the flows, the thimbles end at convergent regions for the integration at infinity. One has
an independent perturbation series

ZσE = eI[zσ ]

∫
D∆zσe

1
2

∫
dτ1dτ2 ∆zσ(τ1)· δ2I[z]

δz(τ1)δz(τ2)

∣∣∣∣
zσ

·∆zσ(τ2)+...

. (6.8)

In this case, one may view every Lefschetz thimble that contributes to the contour C as
a single perturbative theory. Those saddle points then generate the vacua of the theory.
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Two saddle points zσ1 , zσ2 may be connected with each other by the flows when ImI[zσ1 ] =

ImI[zσ2 ], as will happen in our quantum tunneling problem. In that case, the expansion
around one saddle point may not be independent of another and one of the saddle points
could describe the non-perturbative phenomena relating to different vacua.

The contour C is not unique. Suppose we consider a general integral
∫

Ωn
dω where

Ωn is a n-dimensional contour in a 2n-dimensional manifold and dω is a holomorphic
differential n-form. Then any two contours Ω1

n, Ω2
n that differ by an exact manifold Ω3

n,
i.e., Ω3

n = ∂Ωn+1 for some n + 1−dimensional manifold Ωn+1 with ∂ here denoting the
boundary operator, give identical integration result because of the Cauchy theorem. This
defines an equivalence relation. To ensure convergence, the integration contour is either
compact or its infinite ends lie in the “convergent regions” where h[z] is sufficiently small
such that the integral is convergent. In this sense, we say that all the contours that ensure
a convergent integration are closed and are called integration cycles. Together with their
equivalent relations, all the integration cycles give a relative homology group. In our
situation, we are just looking for a contour that is homologous to the original one.

Determining all the saddle points and the integers nσ is generally difficult. Fortu-
nately, it is not necessary to do such a complicated analysis in our tunneling problem. In
the original expansion, all the directions except for the one associated with the negative
eigenvalue λB0 at the bounce generate correctly the steepest descent paths. Along with this
special direction, the three saddle points are actually related to each other as explained in
Fig. 2.3. It was first pointed out in Ref. [47] that, it is exactly the shot that is essential to
understand how an imaginary part can emerge from a purely real Euclidean path integral,
as we will see below.

It is easy to find the missed steepest descent direction. We simply let the variable ζ
(cf. Fig (2.3)) be complex and deform the contour as follows. We let ζ start from minus
infinity and flow on the real axis towards to the point ζ = b where it turns upward19 to the
imaginary axis and ends at +i∞. That is, we have the first path J ζFB : −∞→ b→ b+i∞.
After that, the contour will flow on the imaginary axis from b + i∞ to the point ζ = b

again and rushes on the real axis to the shot ζ = s, ending finally at positive infinity on
the real axis. That is, we have a second path J ζSB : b+ i∞→ b→∞. In so doing, we are
still using the previous three real saddle points but with the one-dimensional subset path
slightly deformed from the real line to Cζ ≡ J ζFB +J ζSB. Compared with the original one,
Cζ contains, in addition, a compact line: b → b + i∞ → b and is therefore equivalent to
the original one.

From the above analysis, we see, however, the trivial false vacuum solution xF (τ) is
connected with the bounce by the flow J ζFB and the shot is connected with the bounce
by the flow J ζSB. Therefore we expect that the bounce does not give a single perturbative
sector but rather describes the non-perturbative phenomena between the false vacuum
and the shot (which actually corresponds to the true vacuum). The integral from the
one-dimensional contour Cζ is

ZζE = Z
FB(ζ)
E + Z

SB(ζ)
E ≡

∫
J ζFB

dζ eI[ζ] +

∫
J ζSB

dζ eI[ζ]. (6.9)

19The path can turn either upward or downward. We take the “upward direction" in order to have a
positive imaginary part in the false vacuum energy.
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Both ZFB(ζ)
E and ZSB(ζ)

E contain an imaginary part but with opposite sign, leading a purely
real and also finite result as expected. We will denote JF +JB but with a one-dimensional
contour deformed to J ρFB as described above as JFB. Similarly we define JSB. Note that,
though with a bit amuse of notations here, JFB or JSB shall not be understood as one
thimble. They are combinations of two thimbles with a slight deformation. We denote
the path integral on JFB as ZFBE ; accordingly we define ZSBE .

In Ref. [37], only ZFBE is picked in the Euclidean transition amplitude 〈x+|e−HT |x+〉,
leading the authors to claim an imaginary energy for the false vacuum. Our explanation
for this is the following. The energy, as eigenvalues of the Hermitian Hamiltonian, must
be real. Indeed, the dominant real part in the full 〈x+|e−HT |x+〉, residing in ZSBE , gives
the truly lowest energy and the corresponding wave function. A complex energy can only
emerge if we look at a subsystem. In this sense, we may think of ZFBE and ZSBE as the
theories describing the subsystems or sectors—the false vacuum and the true vacuum—
isolatedly. The imaginary parts from both ZFBE and ZSBE indicate that both the false
vacuum and the true vacuum are open systems.20 Since the whole system is closed, the
imaginary parts from ZFBE and ZSBE must cancel with each other. In this understanding,
there is no so-called potential deformation. Note that the factor 1/2 comes naturally when
we only study the subsystem represented by JFB. In the next section, we will explain
from another point of view why we need to exclude the perturbative expansion from the
shot. There, we will show that what we actually aim to study is the Minkowski false
vacuum to false vacuum transition amplitude which describes the false vacuum decay via
an optical theorem. And the perturbative expansion around the shot contributes instead
to the true vacuum to true vacuum transition amplitude.

Now, ZFBE can readily be evaluated directly since only the modification on the one-
dimensional contour Cζ needs to be taken into account, as we have analyzed in Chap. 2.
However, we shall give a general analysis of how to evaluate ZFBE from the point of view of
the flow equation. This can be done by solving the linearized flow equation (6.6) around
the relevant saddle points xa(τ). We make the separation ∆za,n(τ ;u) = gan(u)χan(τ) where
gan(u) ∈ R and the subscript “n” denotes a specific direction. Eq. (6.6) becomes

(−∂2
τ + U ′′(xa(τ)))χan(τ)gan(u) = χan(τ)

dgan(u)

du
. (6.10)

Eq. (6.10) leads to

(−∂2
τ + U ′′(xa(τ)))χan(τ)/χan(τ) = κan =

1

gan(u)

dgan(u)

du
, (6.11)

where κan ∈ R. The first equation gives us

(−∂2
τ + U ′′(xa(τ)))χan(τ) = κanχ

a
n(τ) (6.12)

with Dirichlet boundary conditions χan(τ = ±T /2) = 0. We refer to Eq. (6.12) as the
flow eigenequation to distinguish it from the ordinary eigenequation and κan, χan(τ) as

20In the context of quantum mechanics, “open system" is easy to be understood since the false vacuum
or true vacuum is defined only in a subregion in space—the left well or the right well. In quantum field
theory, “subsystem" should be understood in the sense of field space.
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the flow eigenvalue and flow eigenfunction, respectively. Further, the normalized flow
eigenfunctions have the following relations∫ T /2

−T /2
dτ χam(τ)χan(τ) = δmn. (6.13)

One important property of Eq. (6.12) is that κan is always paired with −κan, which is
associated with the flow eigenfunction iχan(τ), as can be checked easily. Another equation
derived from Eq. (6.10) gives us gan(u) = aan exp(κanu) where aan ∈ R. Recalling the
boundary condition gan(u = −∞) = 0, we have κan > 0.21

The complex conjugate of Eq. (6.12) gives us(
−∂2

τ + U ′′(xa(τ))
)
χan(τ) = κanχ

a
n(τ). (6.14)

Since xa(τ) is real, χan(τ) is the flow eigenfunction associated with the same flow eigenvalue.
Thus one has χan(τ) = ±χan(τ), assuming there is no degeneracy for the non-zero modes
as it is the case in general. Therefore, Eq. (6.12) has purely real or purely imaginary flow
eigenfunctions and it can be reduced to the ordinary eigenequation

(−∂2
τ + U ′′(xa(τ)))fan(τ) = λanf

a
n(τ). (6.15)

For λan > 0, we simply have χan(τ) = fan(τ) and κan = λan. For the negative mode fB0 (τ),
we have χB0 (τ) = ifB0 (τ) in order to have positive αB0 .

Now let us look at the integrand exp(I[z]) in the path integral by substituting z(τ ;u) =

za(τ) +
∑

n g
a
n(u)χan(τ) into I[z]. One has up to O(∆z2)

I[z] = I[za]−
1

2

∫
Dτ ∆za(τ ;u) (−∂2

τ + U ′′(xa(τ))) ∆za(τ ;u)

= I[za]−
1

2

∑
n

κan (gan(u))2, (6.16)

where in the second equality, we have used the complex conjugate of Eq. (6.12) and the
orthogonal normalization relations Eq. (6.13). Since gan(u) are real and κan are real and
positive, the last line in Eq. (6.16) tells us that the path integral on the Lefschetz thimble
Ja is a Wiener integration at the Gaussian level, hence it is convergent.

From ∆za(τ ;u) =
∑

n g
a
n(u)χan(τ), we define the path integral measure as

D∆za = Ja
∏
n

1√
2π

dgan, (6.17)

where Ja is the Jacobian due to the transformation from the original real basis to the new
basis {χan(τ)}. At the Gaussian level, we have (again, the zero mode will be considered
separately)

Ja
∏
n

∫
dgan

1√
2π

e−
1
2

∑
n κ

a
ng
a
n

2
= Ja

∏
n

1√
κan

= Ja| det(−∂2
τ + U ′′(xa))|−1/2. (6.18)

21It is possible to have a zero mode in the limit T → ∞ which has to be handled separately.
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Without the the deformation of the contour, the path integral measure is defined from
the decomposition of ∆za(τ ;u) into the real eigenfunctions of −∂2

τ +U ′′(xa), ∆za(τ ;u) =∑
n c

a
nf

a
n(τ), as

D∆za =
∏
n

1√
2π

dcan. (6.19)

Since for the saddle point xF , the basis {χFn (τ)} is the same as {fFn (τ)}, we have JF = 1.
For the bounce, since χB0 (τ) = ifB0 (τ), we have dcB0 = idgB0 as can be seen from ∆zB,0 =

gB0 χ
B
0 (τ) = cB0 f

B
0 (τ). Since for the other modes, χBn6=0 are the same as fBn6=0, we finally

arrive at JB = i. Thus the Jacobian can be identified as the exponential of minus half of
the phase of the determinant of −∂2

τ + U ′′(xa). This claim as well as the second equility
of Eq. (6.18) are actually quite general and we will give the proof in the next chapter.

Recall that the bounce is connected with the false vacuum via the flow generated by
the negative flow eigenmode χB0 (τ), leading the integral over gB0 cut by half in ZFBE . We
account this fact by introducing a modified path integral measure around the bounce

D∆zB → D̃∆zB =
JB
2

∏
n

1√
2π

dgBn . (6.20)

We finally have

ZFBE = ZFE + Z̃BE , (6.21)

where

Z̃BE = e−B
∫
D̃∆zB e

−
∫ T /2
−T /2 dτ

[
∆zB

(
− 1

2
d2

dτ2 + 1
2
U ′′(xB)

)
∆zB+ 1

3!
(g+λxB(τ))∆z3

B+ λ
4!

∆z4
B

]
. (6.22)

With additional care about the zero mode and evaluating the partition function with
proper normalization, one can finally get

Z̃BE
ZFE

=
iT
2

√
B

2π

∣∣∣∣(det′[−∂2
τ + U ′′(xB)]

det[−∂2
τ + U ′′(x+)]

)∣∣∣∣−1/2

e−B, (6.23)

which can then be related to the decay rate as discussed in Chap. 2.

6.2 Optical theorem for unstable vacuum

We have argued in the last section why the false ground state, or false vacuum in field
theory, can possess a complex energy and how the imaginary part emerges from the purely
real Euclidean path integral. This analysis, however, does not tell us much about the dy-
namical process in the Minkowski spacetime. We therefore aim to study particle tunneling
and false vacuum decay in the Minkowski path integral. We shall obtain the tunneling
rate or the decay rate from the unitarity of the S matrix. In the following, we use “false
vacuum” to generally denote the “false ground state” either in quantum mechanics or in
field theory.
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To prepare for the derivation, we first recall the optical theorem. For the S-matrix,
we have the unitarity S†S = 1. Inserting S = 1 + iM22 to S†S = 1, we have

−i(M −M †) = M †M. (6.24)

We can take the matrix element of this equation between particle states, say |p1p2〉 and
|k1k2〉 for a 2-to-2 scattering for simplicity. To evaluate the RHS, insert a complete set of
intermediate states:

〈p1p2|M †M |k1k2〉 =
∑
n

〈p1p2|M †|{qn}〉〈{qn}|M |k1k2〉, (6.25)

where {qn} is an arbitrary complete set of intermediate states normalized properly. Thus
Eq. (6.24) gives us

−i
[
〈p1p2|M |k1k2〉 − 〈p1p2|M †|k1k2〉

]
=
∑
n

〈p1p2|M †|{qn}〉〈{qn}|M |k1k2〉. (6.26)

Further, letting the initial and final states be the same, i.e., taking pi = ki, we obtain

−i
[
〈k1k2|M |k1k2〉 − 〈k1k2|M †|k1k2〉

]
=
∑
n

〈k1k2|M †|{qn}〉〈{qn}|M |k1k2〉. (6.27)

Therefore the imaginary part of the M -matrix corresponds to the decay probability from
the initial state to the intermediate states.

The crucial ingredient to the above construction is the unitarity of the S-matrix.
Since in our case we need to keep T finite (but still large microscopically) to study the
exponential decay law, we cannot use the normal S-matrix defined at the limit of T =∞.
But the optical theorem does not rely on the condition T = ∞, and therefore we can
define a time-dependent S-matrix

〈F|S(T )|I〉 = out〈F|I〉in, (6.28)

where |I〉in, |F〉out are the in and out states respectively. Note that we use the Heisenberg
picture where states are time-independent while the name of a state depends on the
eigenvalues or expectation values of time-dependent operators. Apparently, such a time-
dependent S−matrix is still unitary and the above argument for the optical theorem still
applies.

Now let us construct an optical theorem for false vacuum decay. We consider the
following element of S(T ):

out〈FV|FV〉in = 〈FV|S(T )|FV〉, (6.29)

where “FV” denotes the false vacuum state. Or in common reference time,

〈FV|S(T )|FV〉 = 〈FV|e−iHT |FV〉. (6.30)

Obviously, the false vacuum state should be taken as a resonant state. It is not the
unique time-translation-invariant vacuum state (the true vacuum); otherwise, it would

22To avoid a mixed-use of notations, we use M instead of T to denote the so-called “T -matrix" because
we reserve T as the Minkowski time period.
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never decay. For this reason, we do not have the simple normalization out〈FV|FV〉in = 1

(see later). Inserting S(T ) = 1+iM(T ) into S(T )†S(T ) = 1 for the above matrix element,
we have

−i
[
〈FV|M(T )|FV〉 − 〈FV|M(T )†|FV〉

]
=
∑
n

〈FV|M(T )†|{qn}〉〈{qn}|M(T )|FV〉,

(6.31)

where we choose the complete set {qn} to be position eigenstates in the case of particle
tunneling, or the field configuration eigenstates in the case of vacuum decay. Eq. (6.31)
gives

2 Im〈FV|M(T )|FV〉 =
∑
n

〈FV|M(T )†|{qn}〉〈{qn}|M(T )|FV〉. (6.32)

We are close to achieving our purpose if we can find out the imaginary part in
Eq. (6.32). Since we cannot solve the system exactly, we do not know what exactly
the false vacuum is. But we know that the false vacuum state should be approximately
a Gaussian centered at x+. For the moment, let us pretend that |FV〉 is globally stable.
Then we can get |FV〉 through the usual trick:

e−iHT |x+〉 = e−iE0T |FV〉〈FV|x+〉+
∑
n6=0

e−iEnT |n〉〈n|x+〉, (6.33)

and

|FV〉 = lim
T→∞(1−iε)

(e−iE0T 〈FV|x+〉)−1 e−iHT |x+〉 ≡ N lim
T→∞(1−iε)

e−iHT |x+〉, (6.34)

where ε = 0+ is a positive infinitesimal number. That is, the position eigenstate |x+〉 is
projected onto the vacuum state through the iε-prescription and large T . Now we have

〈FV|e−iHT |FV〉 = N 2〈x+|e−iHT (1−iε)|x+〉 for large T. (6.35)

The normalization factor N will be fixed later. Since the false vacuum is not the global
ground state, Eq. (6.35) cannot be true. However, if we consider only small oscillations
around x+, Eq. (6.35) is correct since the false vacuum appears to be the locally lowest-
energy state. But if we consider large oscillations around x+, the RHS actually contributes
to

〈TV|e−iHT |TV〉 (6.36)

where |TV〉 represents the true vacuum state; the large oscillations detect the global lowest-
energy state rather than the false vacuum in Eq. (6.34). To exclude this contribution, we
need to constrain the paths that are to be integrated. This is perhaps the deep reason
why we discard ZSBE in the Euclidean path integral.

These physical intuitions can be made more precise via Picard-Lefschetz theory. Small
oscillations and large oscillations simply correspond to different Lefschetz thimbles. Thus,
we have

〈FV|e−iHT |FV〉 = N 2〈x+|e−iHT (1−iε)|x+〉 for large T

and on constrained Lefschetz thimbles. (6.37)

We will specify the particular constraint on the Lefschetz thimbles later.
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6.3 Minkowski path integral and complex bounce

Now we need to find out the relevant saddle points and the corresponding Lefschetz thim-
bles in the Minkowski path integral. We begin with a more general transition amplitude

Uθ(x+, T/2;x+,−T/2) ≡ 〈x+|e−iHTe
iθ |x+〉 =

∫
Dx(t) eiS

θ
M [x(t)] ≡ ZM,θ[T ], (6.38)

where

SθM [x] = e−iθ
∫ T/2

−T/2
dt

[
1

2

(
dx

dt

)2

· e+2iθ − U(x)

]
. (6.39)

Here θ ∈ [ε, 2π]. We obtain the Euclidean and Minkowski transition amplitudes and path
integrals for θ = π/2 and θ = ε, respectively. All the paths in the path integral in Eq. (6.38)
are understood to have the boundary conditions x(−T/2) = xi and x(T/2) = xf .

The saddle points are given by the solutions to the EoM

e+2iθ · d2x(t)

dt2
+ U ′(x(t)) = 0 (6.40)

subject to the Dirichlet boundary conditions x(−T/2) = x(T/2) = x+. If we work in the
real paths and take the limit θ → 0+ and T →∞, one can deduce from the potential that
we may have two solutions; the first one is the trivial false vacuum solution xF (t) and
the second one is similar to the shot in the Euclidean case but the particle arrives instead
at x = 0 at t = 0. The second solution, however, only describes a classical solution
with sufficient initial energy for the particle. The expansion around it cannot describe
quantum tunneling. To extract the dominant contribution in the Minkowski path integral
to quantum tunneling, one needs to complexify x(t) to z(t).

In the limit T →∞, we can quickly obtain the complex solutions to Eq. (6.40) in the
following way. Comparing Eq. (6.40) with Eq. (2.8), one has solutions from substituting
τ → ie−iθt into the Euclidean saddle points and have

x̃θa(t) = xa(τ → ie−iθt). (6.41)

Although we keep the general values θ, the quantities in the following shall be understood
to be of ultimate interest for θ = ε. Apparently, when applying Eq. (6.41) to the trivial
false vacuum solution xF (τ), we still obtain a trivial false vacuum solution x̃θF (t) ≡ x+. For
other Euclidean saddles, if x̃θa(t) is a holomorphic function at infinity with ε ≤ θ ≤ π/2,
then it will still converge to x+ as t → ±∞, satisfying the boundary conditions. This
is indeed the case for the kink solution [127]. The bounce solution in field theory, as
an instanton, actually takes the form of the kink solution in the thin-wall limit when the
vacua become quasi-degenerate (see Sec. 2.3). In the quantum mechanics case, the bounce
can be viewed as an antikink-kink pair in the “thin-wall” limit. We, therefore, expect that
when applying Eq. (6.41) to the bounce, we obtain a complex saddle point x̃θB(t) which
we refer to as the complex bounce.

The parameter θ in x̃θa(t) can be visualised as a continuous deformation starting from
the original Euclidean saddle points xa(τ). Similarly, we shall have a continuous deforma-
tion of the original Lefschetz thimbles, giving J̃ θFB and J̃ θSB. Though this looks plausible,
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we do not have a rigorous proof. We assume this is true. We shall show that the above
assumption can give the same NLO result as the one obtained from the Euclidean path
integral. From Eq. (6.37), we propose

〈FV|e−iHT |FV〉 = N 2

∫
J̃ εFB
Dz eiSεM [z] ≡ N 2ZFBM,ε. (6.42)

That is, we specify J̃ εFB as the constrained Lefschetz thimbles.
It is remarkable that the complex bounce gives us the same exponential suppression

as in the Euclidean formalism, first observed for the kink instanton in Ref. [127]. To see
this, we write the action SθM as

SθM [z] = e−iθ
∫ T/2

−T/2
dt

(
1

2

[(
dz

dt

)
e+iθ ± i

√
2U(z)

]2

∓ i
(

dz

dt
eiθ
√

2U(z)

))
. (6.43)

The complex bounce x̃θB is simply the solution to(
dz

dt

)
e+iθ + i

√
2U(z) = 0, for− T/2 ≤ t ≤ 0, (6.44a)(

dz

dt

)
e+iθ − i

√
2U(z) = 0, for 0 ≤ t ≤ T/2. (6.44b)

For θ = π/2, Eq. (6.44) is the EoM of the Euclidean bounce. Substituting Eq. (6.44) into
Eq. (6.43), we have

I[x̃θB] ≡ iSθM [x̃θB] = −ie−iθ
∫ T/2

−T/2
dt 2U(x̃θB(t)). (6.45)

The potential U is polynomial at tree level and hence holomorphic. Also, x̃θB(t) should
be analytic because it is the analytic continuation of the Euclidean bounce xB(τ). Then
starting from the expression of iSθM above and rotating the integration contour t→ −ieiθτ ,
one gets minus the Euclidean bounce action, −SE [xB]. Note here, since at the infinity
boundary of interest, the complex bounce will always converge to x+, where the potential
is zero, the integral (6.45) at the infinity boundary does not contribute when we deform
the contour from t to −ieiθτ .
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Chapter 7

Real-time Picture of Quantum
Tunneling II: Flow Equations

The complex bounce that we have identified as a complex saddle point already gives
correctly the semiclassical suppression in the decay rate. In order to verify the one-loop
result of the decay rate, we need further to perform the path integral on the Lefschetz
thimbles J̃ εFB. This forces us to solve the flow equations.

7.1 Flow equations and flow eigenequations

For I[z] = iSθM [z], the flow equation is

∂z(t;u)

∂u
= e+i(θ−π/2)

(
∂2z(t;u)

∂t2
· e−2iθ + U ′(z(t;u))

)
. (7.1)

Expanding z(t;u) = x̃θa(t) + ∆za(t;u) with a = F,B, one obtains the linearized flow
equation

∂∆za(t;u)

∂u
= e+i(θ−π/2)

(
e−2iθ · ∂

2

∂t2
+ U ′′(x̃θa(t))

)
∆za(t;u). (7.2)

The expansion of the path integral around the saddle point is

ZaM,θ = eI[x̃
θ
a]

×
∫
D∆za e

ie−iθ
∫ T/2
−T/2 dt

[
− 1

2
∆za(t)

(
e+2iθ· d2

dt2
+U ′′(x̃θa(t))

)
∆za(t)− 1

3!
(g+λx̃θa(t))∆z3

a(t)− 1
4!
λ∆z4

a(t)
]
.

(7.3)

To obtain ∆za(t), we write ∆za,n =
√
−ieiθ/2g̃an(u)χ̃an(t) with g̃an(u) ∈ R. Substituting

the separation ansatz into Eq. (7.2), one has(
e−2iθ · ∂

2

∂t2
+ U ′′(x̃θa(t))

)
χ̃an(t) = κ̃anχ̃

a
n(t) (7.4)

and

κ̃ang̃
a
n(u) =

dg̃an(u)

du
(7.5)

with χ̃an(t) having the orthogonal normalization relations∫ T/2

−T/2
dtχ̃am(t)χ̃an(t) = δmn. (7.6)
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Repeating the analysis in Sec. 6.1, one has g̃an(u) = ãan exp(κ̃anu) with ãan ∈ R and κ̃an ∈ R+.
This is the ansatz used in Ref. [128]. Using the above orthogonal normalization relations
and Eq. (7.4), one can check that the quadratic term in the exponential of the integrand
of the path integral becomes negative definite (except for the zero mode), giving again
a Wiener integration. From ∆za =

∑
n

√
−ieiθ/2g̃anχ̃an(t), we define the path integral

measure as

D∆za = J̃a
∏
n

√
−ieiθ/2√

2π
dg̃an. (7.7)

At the Gaussian level, the path integral gives

J̃a
∏
n

√
−ieiθ/2 1√

κ̃an
. (7.8)

One might hope to obtain the solutions to Eq. (7.4) and κ̃an from the analytic contin-
uation τ → ie−iθt, T → ie−iθT of the Euclidean flow eigenequation (6.12). But this is
impossible due to the complex conjugates appearing in the flow eigenequations. We leave
the problem of solving the flow eigenequations to the next section.

7.2 Mapping flow eigenequations to ordinary eigenequations

In this section, we discuss how to relate the flow eigenequations to the ordinary eigenequa-
tions and derive the Jacobian induced by the basis transformation when the path integral
is performed on the Lefschetz thimbles. Although we work with the path integral (7.3) in
the following, the discussion is general for Picard-Lefschetz theory.

Consider a general flow equation

∂∆za(t;u)

∂u
= L̂∗a ∆za(t;u), (7.9)

where

L̂a = −
∫

dt′
δ2I[z]

δz(t′)δz(t)

∣∣∣∣
za

≡ − δ
2I
δz2

∣∣∣∣
za(t)

. (7.10)

Following the analysis in Sec. 6.1, one can make the ansatz [128] ∆za(t;u) =
∑

n e
iψãan exp(κ̃anu)χ̃an(t)

≡
∑

n e
iψ g̃an(u)χ̃an where ãan ∈ R, κ̃an ∈ R+ and ψ = θ/2− π/4. As it is understood, when

there is a zero mode, it needs to be handled separately. In the following, the discussion is
only about the non-zero modes. We therefore have

e−2iψL̂∗a χ̃
a
n(t) = κ̃anχ̃

a
n(t) (7.11)

with Dirichlet boundary conditions χ̃an(t = ±T/2) = 0. The orthogonal normalization
relations are ∫ T/2

−T/2
dt χ̃am(t)χ̃an(t) = δmn. (7.12)
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To distinguish, we use {f̃an(t)} to denote the ordinary eigenfunctions with corresponding
eigenvalues λ̃an satifying the following eigenequation

e2iψL̂a f̃
a
n(t) = λ̃anf̃

a
n(t). (7.13)

From ∆za(t;u) =
∑

n e
iψ g̃an(u)χ̃an(t), we define the path integral measure as

D∆za = J̃a
∏
n

eiψ√
2π

dg̃an, (7.14)

where J̃a is the Jacobian. At the Gaussian level, we have

J̃a
∏
n

∫
dg̃an

eiψ√
2π

e−
1
2

∑
n κ̃

a
n(g̃an)2

= J̃a
∏
n

eiψ√
κ̃an
. (7.15)

To relate the infinite product of the flow-eigenvalues to the determinant of L̂a, we
consider the complex conjugate of Eq. (7.11) and write the combined equation in an
ordinary eigenequation form:(

0 e−2iψL̂∗a
e2iψL̂a 0

)(
χ̃an(t)

χ̃an(t)

)
= κ̃an

(
χ̃an(t)

χ̃an(t)

)
. (7.16)

This equation is associated with another equation(
0 e−2iψL̂∗a

e2iψL̂a 0

)(
iχ̃an(t)

−iχ̃an(t)

)
= −κ̃an

(
iχ̃an(t)

−iχ̃an(t)

)
. (7.17)

Now κ̃an and −κ̃an are true eigenvalues for the extended operator on the LHS of Eq. (7.16).
Then we have ∏

n

[
−(κ̃an)2

]
= det

(
0 e−2iψL̂∗a

e2iψL̂a 0

)
(7.18)

which gives
∏
n (κ̃an)2 = |det(L̂∗aL̂a)| for the particular block structure. We therefore arrive

at ∏
n

κ̃an = | det(L̂a)| =

∣∣∣∣∣∏
n

λ̃an

∣∣∣∣∣ , (7.19)

where we recall κ̃an > 0.
We still need to work out the Jacobian J̃a. This Jacobian appears because of the

relative phase between the original real contour and the rotated Lefschetz thimble. To
find its explicit form, we pick an arbitrary orthonormal real basis {ϕn(t)} such that∫

dt ϕm(t)ϕn(t) = δmn. (7.20)

In this basis, we have

∆za(t) =
∑
n

∆za,nϕn(t), (7.21)
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where

∆za,n =

∫
dt ϕn(t)∆za(t) =

∑
m

∫
dt ϕn(t)eiψχ̃am(t)g̃am ≡

∑
m

Rnm(eiψ g̃am). (7.22)

Thus

d∆za,n =
∑
m

Rnme
iψdg̃am. (7.23)

With the real basis, the path integral is given as

Za =

∫
J̃a

d∆za,1√
2π

d∆za,2√
2π
· · · eI[z]. (7.24)

Making use of the relation (7.23), one immediately obtain

Za =

∫
J̃a

eiψdg̃1√
2π

eiψdg̃2√
2π
· · · detR eI[z] (7.25)

Comparing the above equation with Eq. (7.14), we obtain J̃a = detR.
As a function, χ̃an(t) can also be expanded in the ϕ-basis such that we have

χ̃an(t) =
∑
m

Qnmϕm(t). (7.26)

Substituting the above expression into the definition of R-matrix, one obtains

Rnm =

∫
dt ϕn(t)

(∑
i

Qmi ϕi(t)

)
= Qmn. (7.27)

Therefore detR = detQ. Now, we multiply the conjugate of Eq. (7.11) by χ̃am(t) on both
sides and performing the integral over t and obtain∫

dt χ̃am(t)(e2iψL̂a)χ̃
a
n(t) = κ̃anδmn (n is not summed), (7.28)

where we have used Eq. (7.12). Using Eq. (7.26), one thus has∫
dt Qmi(ϕi(t)e

2iψL̂aϕj(t))Qnjϕj(t) = κ̃anδmn (n is not summed). (7.29)

This is simply the matrix relation

Qmi(e
2iψL̂a,ij)Q

T
jn = κ̃anδmn (n is not summed). (7.30)

Taking the determinant, one obtains

(detQ)2 det(e2iψL̂a) =
∏
n

κ̃an = |det L̂a| = | det(e2iψL̂a)|. (7.31)

Therefore one has

J̃a = detR = detQ =

√
|detMθ

a|
detMθ

a

, (7.32)
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where we have defined the operatorMθ
a = e2iψL̂a. We therefore conclude that the Jaco-

bian is the exponential of minus half of the phase of detMθ
a.

The relation (7.19) is particularly useful because we can relate the original flow eigenequa-
tion (7.11) to the ordinary eigenequation (7.13). In our tunneling problem in the Minkowski
spacetime, we only need to solve

Mθ
af̃

a
n(t, T ) ≡

(
e+2iθ · ∂

2

∂t2
+ U ′′(x̃θa(t))

)
f̃an(t, T ) = λ̃an(T )f̃an(t, T ). (7.33)

And this equation can readily be analytically continued from the Euclidean ordinary
eigenequation as we will show in the next section.

7.3 Analytic continuation of functional determinants

We want to carry out analytic continuation from Eq. (6.15) to Eq. (7.33). For convenience
we copy these eigenequations here:

(−∂2
τ + U ′′(xa(τ)))fan(τ, T ) = λan(T )fan(τ, T ), (7.34a)(

e+2iθ · ∂
2

∂t2
+ U ′′(x̃θa(t))

)
f̃an(t, T ) = λ̃an(T )f̃an(t, T ), (7.34b)

where fan(−T /2) = fan(T /2) = 0 and f̃an(−T/2) = f̃an(T/2) = 0. Here, we note that, due
to the Dirichlet boundary conditions, the eigenfunctions and eigenvalues in general have
T - or T -dependence.

7.3.1 Finite T and T

To get some intuition on Eq. (7.34), we first look at the trivial false vacuum saddle point
xF (τ) = x+. Denoting U ′′(x+) ≡ m2, Eq. (7.34a) becomes(

−∂2
τ +m2

)
fFn (τ, T ) = λFn (T )qFn (τ, T ). (7.35)

The normalized solutions satisfying the boundary conditions are

fFn (τ, T ) = sin

(
2nπτ

T

)
/
√
T /2, or

= cos

(
(2n+ 1)πτ

T

)
/
√
T /2, (7.36)

with the eigenvalues

λFn (T ) =

(
2nπ

T

)2

+m2, or

(
(2n+ 1)π

T

)2

+m2. (7.37)

In this example, we see explicitly how the eigenfunctions and eigenvalues can depend on
the time interval due to the Dirichlet boundary conditions.
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The functional determinant that will appear in the Euclidean path integral is

det(−∂2
τ +m2) =

∞∏
n=1

[(nπ
T

)
+m2

]

=

( ∞∏
n=1

(nπ
T

)2
) ∞∏

p=1

[
1 +

(
Tm
pπ

)2
]

=

( ∞∏
n=1

(nπ
T

)2
)

sinh(mT )

mT
. (7.38)

The remaining infinite product should be canceled when we consider the functional de-
terminant ratio. The functional determinant has an analytical expression in terms of
T .

By inspection, the normalized solutions to Eq. (7.34b) satisfying the boundary condi-
tions are

f̃Fn (t) = sin

(
2nπt

T

)
/
√
T/2, or

= cos

(
(2n+ 1)πt

T

)
/
√
T/2. (7.39)

Hence we have the eigenvalues

λ̃Fn (T ) = −e+2iθ

(
2nπ

T

)2

+m2 =

(
2nπ

ie−iθT

)2

+m2, or

=

(
(2n+ 1)π

ie−iθT

)2

+m2 (7.40)

The functional determinant that will appear in the Minkowski path integral is

det(e2iθ∂2
t +m2) =

∞∏
n=1

[( nπ

ie−iθT

)2
+m2

]

=

( ∞∏
n=1

( nπ

ie−iθT

)2
) ∞∏

p=1

[
1 +

(
ie−iθTm

pπ

)2
]

=

( ∞∏
n=1

( nπ

ie−iθT

)2
)

sinh(ie−iθmT )

ie−iθmT
. (7.41)

The Minkowski functional determinant can be obtained from the Euclidean one by the
replacement T → ie−iθT .

Actually, we do not need to solve the Minkowski eigenequations. Recalling x̃a(t) =

xa(τ → ie−iθt) and comparing Eq. (7.34b) with Eq. (7.34a), one can obtain f̃an(t, T )

and λ̃an(T ) from fan(τ, T ) and λan(T ) through the analytic continuations: τ → ie−iθt,
T → ie−iθT . Thus we immediately know that the continuation T → ie−iθT in the
determinant works also for the bounce.
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7.3.2 Taking the limit T ,T→∞

What will happen if we take the limit T → ∞ before carrying out the analytic continua-
tion? We discuss this one by one, for the false vacuum and the bounce.

7.3.2.1 a=F

When taking T → ∞, it is sufficient to take only the sine functions or cosine functions in
order to analyze the continuum spectrum. In the continuum case, the eigenvalues (taking
the sine functions for the sake of clarity)

λFn =

(
2nπ

T

)2

+m2 → ω2 +m2, (7.42)

where we identify the correspondence

2nπ

T
↔ ω (7.43)

between discrete and continuum cases.
Now let us ask whether the argument of the previous section still applies in the con-

tinuum case. First, it seems that, the functions sin(ωτ) and eigenvalues λFω have no
dependence on T . But this is not true, because ω is implicitly a function of T . Whenever
we go back to the finite time interval, we will have the quantization condition (7.43) and
the T -dependence shows up explicitly in ω. To calculate the functional determinant, we
consider instead log det which enjoys the identity log det = Tr log. Thus

log det(−∂2
τ +m2) =

∑
ω

log(ω2 +m2)

= T
∫ ∞
−∞

dω

2π
log(ω2 +m2). (7.44)

where we have used ∑
n

2π

T
↔
∫

dω. (7.45)

Now let us consider the continuation to the Minkowski formalism. The eigenequation
is

(e2iθ∂2
t +m2)f̃Fω̃ (t) = λ̃Fω̃ f̃

F
ω̃ (t). (7.46)

The eigenfunctions are f̃Fω̃ (t) = sin(ω̃t) (or cosine functions) with eigenvalues λ̃Fω̃ =

−e2iθω̃2 + m2. These can be obtained by directly substituting τ → ie−iθt, T → ie−iθT

into the Euclidean eigenfunctions and eigenvalues. One shall remember that the original
ω is implicitly a function of T , and thus under the continuation, takes

ω → −ieiθω̃. (7.47)

Note that both ω and ω̃ are real as for the usual Wick rotation.
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The Minkowski functional determinant is

log det(e2iθ∂2
t +m2) =

∑
ω̃

(−e2iθω̃2 +m2)

= T

∫ ∞
−∞

dω̃

2π
log(−e2iθω̃2 +m2)

= (ie−iθT )

∫ ∞
−∞

dω

2π
log(ω2 +m2). (7.48)

Thus we see how, in the continuum case, the Minkowski functional determinant can be
obtained directly by continuation T → ie−iθT from the Euclidean one, in agreement with
the argument given in the last section.

Actually, the continuation of the parameter in Eq. (7.47) can be understood without
reference to the quantization condition. The parameter ω in the eigenfunctions sin(ωτ)

must be real because we need sin(ωτ) to be normalizable in the improper sense. When the
functions sin(ωτ) are analytically continued via τ → ie−iθt, the parameter ω must be also
rotated accordingly as in Eq. (7.47) to ensure the normalization in the improper sense.

7.3.2.2 a=B

Now, let us consider a nontrivial background. We will only consider the kink instanton as
the saddle point, mimicking the bounce. For a general argument for saddle point solutions,
see Appendix. C.

The kink solution is (cf. Eq. (2.37))

x̄(τ) = v tanh[γ(τ − τ0)] ≡ vu, (7.49)

where v =
√

6µ2/λ, γ = µ/
√

2. This kink solution has boundary conditions x̄(−∞) =

−v, x̄(∞) = v and therefore is not the bounce xB(τ) in the quantum mechanical tunneling
problem. The bounce xB(τ), in the limit g → 0, should be an antikink-kink pair which
has the correct boundary condition xB(τ = ±∞) = v. Since we only want to see how
the analytic continuation from Eq. (7.34a) to Eq. (7.34b) works for a nontrivial saddle
point, we therefore use the kink as an example. The analysis for the quantum mechanical
bounce xB(τ) should be straightforward. (The argument in Appendix. C shows this in
generality.) Without loss of generality, we set τ0 = 0.

Using the variable u, we have

du

dτ
= γ(1− u2), (7.50)

thus

d

dτ
= γ(1− u2)

d

du
. (7.51)

The Euclidean eigenequation takes the form[
−γ2(1− u2)

d

du

(
(1− u2)

d

du

)
− µ2 +

λ

2
v2u2

]
fK$ (u) = λK$f

K
$ (u), (7.52)
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where the superscript “K” indicates that the saddle point is the kink instanton. Since
−µ2 + λ

2v
2u2 = µ2(3u2 − 1), we have[

d

du
(1− u2)

d

du
− $2

1− u2
+ 6

]
fK$ (u) = 0, (7.53)

where

$2 = 4− λK$/γ2. (7.54)

This is the associated Legendre differential equation and the solutions are the associated
Legendre functions of degree 2 and order $, P$2 (u). The explicit expression for P$2 (u) is

P$2 (u) =
1

cos($π/2)

(
u+ 1

u− 1

)$
2

(3−$)$ P
(−$,+$)
2 (u), (7.55)

where (z)$ is the Pochhammer symbol, defined as

(z)$ =
Γ(z +$)

Γ(z)
(7.56)

and P (−$,+$)
2 is the Jacobi polynomial with the following explicit expression

P
(−$,+$)
2 =

1

2

[
(1−$)(2−$)− 3(2−$)(1− u) + 3(1− u)2

]
. (7.57)

To understand what the eigenvalues λK$ , or equivalently, the $ are, we can consider the
asymptotic behaviour of P$2 (u) at u→ ±1. We have

P$2 (u)→ (−1)
$
2 eγ$τ

1

cos($π/2)
(3−$)$

(1−$)(2−$)

2
, as u→ 1; (7.58a)

P$2 (u)→ (−1)
$
2 eγ$τ

1

cos($π/2)
(3−$)$

(1 +$)(2 +$)

2
, as u→ −1; (7.58b)

Now as commented in the previous section, the continuous modes P$2 (u) must be nor-
malized in the improper sense which requires $ to be imaginary such that the solutions
become oscillating functions for large τ instead of exponential explosions.

For the Minkowski case, we have the saddle point

˜̄x(t) = v tanh(ie−iθγt) ≡ vũ(t). (7.59)

We have

dũ

dt
= ie−iθγ(1− ũ2) (7.60)

and thus

d

dt
= ie−iθγ(1− u2)

d

du
. (7.61)
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One can find that the Minkowski eigenequation becomes identical in form with the Eu-
clidean eigenequation [

d

dũ
(1− ũ2)

d

dũ
− $2

1− ũ2
+ 6

]
f̃K$ (ũ) = 0. (7.62)

One can immedaitely obtain the solutions to Eq. (7.62) which are P$2 (ũ). Now the re-
quirement of that P$2 (ũ) must be normalized in the improper sense enforces the rotation
of the parameter $:

$ → −ieiθ$̃, (7.63)

with $̃ being imaginary, as can be seen from the asymptotic behaviour (7.58).
As in the case for a = F , when we compute the determinants we will have a con-

tribution from the continuum of eigenvalues associated with the improperly normalized
functions. This will be an integral over $ or $̃. The rotation (7.63), together with the
rotation Eq. (7.47), gives us the continuation T → ie−iθT between Euclidean result and
Minkowski result.

As we know, for the bounce saddle point, we have an additional discrete negative
mode. But discrete modes in Euclidean case and Minkowski case should, however, match
independently of the rotation. In Euclidean space, the discrete modes are normalizable
in the proper sense, and they decay exponentially for large |τ |, going as exp(−cτ), with
c > 0 for τ > 0, and negative for τ < 0. After continuation to τ → ie−iθt, the analytically
continued solutions for large t are proportional to e−ct sin θe−ict cos θ. Therefore the real
and imaginary parts still decay exponentially due to the first factor, as long as θ > 0.
Therefore for the discrete modes, one does not need to complexify other parameters of the
Euclidean solutions, meaning that the discrete eigenvalues are preserved under rotations
of the time contour, see Appendix C for details.

7.4 The decay rate

As we have shown in Sec. 7.2, the infinite product of the flow eigenvalues can be expressed
as ∏

n

κ̃an =

∣∣∣∣det

(
e+2iθ · ∂

2

∂t2
+ U ′′(x̃θa(t))

)∣∣∣∣ , (7.64)

and the Jacobian J̃a is the minus half of the phase of the above determinant. Through this,
one transfers the problem of solving the flow eigenequations to that of solving the ordi-
nary eigenequations. Together with the analytic continuation between the Euclidean and
Minkowski functional determinants that we have proved in the last section, we therefore
have

J̃a
∏
n

√
−ieiθ/2 1√

κ̃an
=
[(

det(−∂2
τ + U ′′(xa))|

)
T →ie−iθT

]−1/2∏
n

√
−ieiθ/2. (7.65)

The particular zero mode around the complex bounce is

f̃B1 (t) =
1

√
−ieiθ/2

√
B

dxB(τ)

dτ

∣∣∣∣
τ→ie−iθt

= −ie+iθ 1
√
−ieiθ/2

√
B

dx̃θB(t)

dt
. (7.66)
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Using Eqs. (6.44), (6.45), one can check that∫ T/2

−T/2
dt f̃B1 (t)f̃B1 (t) = 1. (7.67)

Therefore we have
√
−ieiθ/2f̃B1 (t) dc̃B1 = d∆zB =

dx̃B
dt

dt =
√
−ieiθ/2

√
Bf̃B1 (t)(ie−iθdt). (7.68)

Hence, the integral measure over the zero mode has the following replacement
√
−ieiθ/2√

2π
dc̃B1 →

√
−ieiθ/2

√
B

2π
(ie−iθdt). (7.69)

Upon integration, the zero mode gives us

√
−ieiθ/2

√
B

2π
(ie−iθT ). (7.70)

Since the factor
√
−ieiθ/2 appears in every mode of the integral measures (including the

measure for the trivial false vacuum saddle point), it is a total phase and can be discarded.
Together with the result (7.65), we see that the Minkowski result is related to the Euclidean
result by the analytic continuation T → ie−iθT .

We expect that the false vacuum saddle point is connected with the complex saddle
point since ImI[x̃θF ] = ImI[x̃θB] = 0.23 Thus we multiply the integral measure in the
expansion around the complex bounce by 1/2 and define the modified measure as

D̃∆zB =
1

2

∏
n

1√
2π

dg̃Bn , (7.71)

where dg̃B1 = dc̃B1 . We denote the modified ZMB as Z̃MB , giving us

〈FV|e−iHT |FV〉 = N 2ZM,ε
F +N 2Z̃M,ε

B . (7.72)

Now let us fix the normalization factor N in Eq. (7.72). We impose the normalization
condition:

N 2 ZM,ε
F = 1. (7.73)

This means that under small fluctuations, the false vacuum will always evolve into itself.
Then we have

〈FV|e−iHT |FV〉 = 〈FV|1 + iM(T )|FV〉 = 1 +
Z̃M,ε
B

ZM,ε
F

. (7.74)

We can recognize that

〈FV|M(T )|FV〉 = −i
Z̃M,ε
B

ZM,ε
F

. (7.75)

23Had we not fixed V (x+) = 0, we would have iSθM [x̃F ] 6= 0. But then iSθM [x̃B ] will be shifted by the
same quantity, leading no physical consequences after normalization.
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Therefore,

Im〈FV|M(T )|FV〉 = −Re

(
Z̃M,ε
B

ZM,ε
F

)
. (7.76)

As we have shown in the last section, at NLO, the result can be obtained simply from
the Euclidean one by the replacement T → iT (the regulator ε is not important here).
We finally obtain

Z̃M,ε
B

ZM,ε
F

= −T
2

√
B

2π

∣∣∣∣(det′[−∂2
τ + U ′′(xB)]

det[−∂2
τ + U ′′(x+)]

)∣∣∣∣−1/2

e−B. (7.77)

Note that this is a real result as exactly the optical theorem requires, see Eq. (7.76). The
imaginary unit i has been canceled by the i in iT obtained from the inverse Wick rotation
T → iT . Substituting the above result into Eq. (7.76), one arrives at

Im〈FV|M(T )|FV〉 =
T

2

√
B

2π

∣∣∣∣det′[−∂2
τ + U ′′(xB)]

det[−∂2
τ + U ′′(x+)]

∣∣∣∣−1/2

e−B. (7.78)

Note the nontrivial cancellation of the minus sign in Eq. (7.76) by the one in Eq. (7.77),
implying the validity of the optical theorem. Looking back into Eq. (6.32), we have

p(false vacuum decay)one single complex bounce = T Γ

≡ T
√
B

2π

∣∣∣∣det′[−∂2
τ + U ′′(xB)]

det[−∂2
τ + U ′′(x+)]

∣∣∣∣−1/2

e−B, (7.79)

identical to the result obtained in the Euclidean path integral. Note that, had we not
introduced the complex bounce, we would have no way to prove this result. And this may
explain why the instanton techniques can be used to describe real-time Minkowski process
such as tunneling.

We can obtain the exponential decay law in a similar way as in the multiple-instanton
argument for the Euclidean path integral given by Callan and Coleman [37]. The intuitive
picture is the following. The particle, initially trapped in the false vacuum, can penetrate
into the barrier region between the turning point p and x+ due to its quantum nature.
Every single complex bounce describes a collision of the particle on the outer wall in
the barrier region. And the probability in Eq. (7.79) is the escape probability for the
particle to penetrate outside of the barrier for one single collision. Namely, the surviving
probability is 1− p which is the first order expansion of e−p. During the history, collisions
happen again and again which leads to an exponential surviving probability e−Γ T . The
mathematical derivation of this statement can be carried out by completely repeating the
argument in Ref. [37] which will be omitted here.

The derivation and argument can be straightforwardly generalized to quantum field
theory and one obtains Eq. (2.32)

7.5 The physical meaning of the negative eigenvalue λB0
From both the Euclidean formalism and the Minkowski formalism, we see that the imagi-
nary part of the false vacuum energy or the M matrix is intrinsically related the existence
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of the negative eigenvalue λB0 of the fluctuation operator −∂2
τ +U ′′(xB). In the Euclidean

formalism, the negative mode corresponds to deformations of the bounce.24 The field
configurations generated by these deformations are x̂(τ ; ζ) discussed in Secs. 6.1 and 2.1.
In the neighborhood of the bounce, these configurations can be expressed linearly as
x̂(τ ; ζ) = xB(τ) + ζ fB0 (τ) for ζ ∈ R. The existence of these configurations makes us
analytically continue ζ to imaginary values.

In the Minkowski formalism, we shall expect that the negative mode also corresponds
to deformations of the complex bounce. In the neighborhood of the complex bounce, the
generated configurations can be expressed as ˆ̃x(t; ζ) = x̃θB(t) + ζ f̃B0 (t) obtained from the
Euclidean ones via the map τ → ie−iθt. Amusingly, though ˆ̃x(t; ζ) is a complex function,
ˆ̃x(t = 0; ζ) is real and ˆ̃x(t = 0; ζ) = x̂(τ = 0; ζ). Since it is essentially these deformed
configurations that are responsible for the imaginary part in the M matrix, according to
the optical theorem (6.32) one can deduce that∫

dg̃B0 in Minkowski path integral ∼
∫

dζ P (FV→ xexit(ζ) ≡ ˆ̃x(t = 0; ζ)). (7.80)

Here P (FV→ xexit(ζ)) is the probability for a particle to transit from the false vacuum to
xexit(ζ). Indeed, xexit(ζ) are the intermediate states {qn} in Eq. (6.32). We do not need
to worry about the seeming energy violation for a particle exiting at a point away from the
classical turning point p since the false vacuum is an approximate energy eigenstate while
a particle escaping at a particular point is a position eigenstate at t = 0. This “energy
violation” is allowed by the uncertainty principle. We emphasize that, after tunneling, the
particle is in a superposition of the position eigenstates and the energy expectation value
of this superposition of states is equal to the one before tunneling.

In this interpretation, we have a physical picture why there is a particular factor 1/2

in the path integral measure for dg̃B0 . According to the correspondence (7.80), associating
a factor 1/2 to dg̃0 amounts to constraining the final states after tunneling to be ˆ̃x(t =

0; ζ > b). These states are simply the position eigenstates outside of the turning point. The
reason for this constraint was explained in Refs. [46, 47]. Roughly speaking, the physical
decay rate is defined in a timescale for which the escape wave function Ψ(x; t = 0) has no
support in the inner region with respect to the turning point p. That is, the false vacuum
decays exponentially for intermediate times between the short time scale of the sloshing
stage inside the metastable well and the long time scale in which the wave function begins
to flow back into the metastable minimum. In Gamow’s language, this physical definition
corresponds to a pure outgoing boundary condition. In Appendix. D, we give a derivation
of the decay rate from the WKB method, closely following Ref. [42].

Since the integral dg̃B0 is weighted by an Gaussian exp(−|λB0 ||g̃B0 |2/2), the probability
distribution function (PDF) after tunneling is expected to be

|Ψ(x, t = 0)|2 ∼ e−
1
2
|λB0 | ζ2 ∼ e

− 1
2

|λB0 |
(fB0 (0))2

(xexit−xp)2

, (7.81)

where we have used

xexit = ˆ̃x(0; ζ) = x̂(0; ζ) = xB(0) + ζ fB0 (0) (7.82)

24In the thin-wall limit, these deformations are dilations.

89



and xB(0) = xp with xp being the coordinate of the classical turning point p. Eq. (7.81)
is a Gaussian distribution around the classical turning point. Considering the fact that
there is no support inside the turning point for the wave function in the exponential decay
regime, our construction of the optical theorem implies a half-Gaussian distribution after
tunneling. The half width at half minimum is

LHWHM =

√
(2 ln 2) (fB0 (0))2

|λB0 |
. (7.83)

The negative eigenvalue λB0 gets a physical meaning! Of course, one can anticipate that
this clean formula is an ideal case where the true vacuum has a much wider region than
the false vacuum. In any realistic situation, this formula receives modifications.

In the context of quantum field theory, x(τ) is simply replaced by Φ(τ,x) in the
Lagrangian. And every exit point is replaced by a bubble configuration ϕ(r ≡ |x|; τ = 0).
After the false vacuum decay, we generally have a superposition state of all the quantum
bubbles with radius the same as or bigger than the critical one. Let us denote the bounce
solution in field theory as ϕB(ρ) (recall ρ =

√
τ2 + r2). Similar to x̂(τ ; ζ), we have the

linearized relation

ϕ̂(ρ; ζ) = ϕB(ρ; ζ) + ζ φB0 (ρ) (7.84)

where φB0 (ρ) is the negative mode. The field configurations at τ = 0 are

ϕ̂(r; ζ) = ϕB(r) + ζ φB0 (r). (7.85)

The radii of the bubbles can be effectively defined as the peak of the derivative of the field
configurations with respect to r:25

∂2ϕ̂(r; ζ)

∂r2

∣∣∣∣
r=R

= 0; (7.86)

∂2ϕB(r)

∂r2

∣∣∣∣
r=Rc

= 0. (7.87)

Here we have changed the notations; we use Rc to denote the radius of the critical bubble
and leave R to denote the radius of a general nucleated bubble. From Eq. (7.85), we have

ζ = −
∂2ϕB(r)
∂r2

∣∣∣
R

∂2φB0 (r)

∂r2

∣∣∣
R

≡ ζ(R). (7.88)

If R = Rc, then ζ = 0 as expected.
We should have a PDF in terms of the radius of the quantum bubbles

Ψ(R) ∼ e−
1
2
|λB0 | ζ(R)2

. (7.89)

25We restrict our discussion to the thin-wall cases, otherwise the concepts of the bubble wall and its
position become unclear.

90



Here λB0 denotes the negative eigenvalue of the operator −∆(4) +U ′′(ϕB). In the thin-wall
approximation, one can even obtain a closed form for ζ(R) and Ψ(R). ϕB(r) takes the
form (cf. Eq (2.37))

ϕB(r) = v tanh[γ(r −Rc)], (7.90)

where Rc = 12γ/(gv). The negative-mode eigenfunction is

φB0 (r) = −SE [ϕB]−1/2 ∂rϕB. (7.91)

The negative eigenvalue is λB0 = −3/R2
c . A direct calculation gives

ζ(R) =
SE [ϕB]1/2 tanh[γ(R−Rc)]
γ
(
1− 3 tanh2[γ(R−Rc)]

) . (7.92)

ζ(Rc) = 0 as it should be. Note that, since the linearized relation (7.84) is valid only in
the neighborhood of the bounce, Eq. (7.92) is also valid only in the neighborhood of Rc.
Thus the pole in Eq. (7.92) can be understood as a signal that we go into the non-linear
region.

The state Eq. (7.89) looks like a spherically symmetric wave. It is anticipated that
decoherence will collapse the superposition state to classical bubbles. The possible phe-
nomenological consequences of the half-Gaussian PDF for the nucleated bubbles will be
pursued elsewhere.
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Chapter 8

Conclusion and Perspectives

In the SM, current experimental data and theoretical calculations suggest that the elec-
troweak vacuum is unstable but with a lifetime much longer than the Universe, leading
to the metastable scenario. This motivates an extremely intriguing picture that the SM
could be extrapolated up to the Planck scale without any new heavy degrees of freedom
in principle. Since there is a variety of phenomena that cannot be explained by the SM
such as dark matter and the matter-antimatter asymmetry, the metastable scenario may
imply that all these phenomena might be explained by feebly coupled “hidden particles”
with masses below the electroweak scale. This possibility implies that the best strategy to
find these particles does not lie in the construction of more powerful colliders to probe the
energy frontier but in experiments at the intensity frontier that are sensitive to very small
coupling constants. Because of this, the computations on the electroweak lifetime in the
SM are very important. Previous studies have been focused on the precision calculations of
the couplings but paid less attention to the tunneling process itself. In particular, though
the couplings have been calculated at two-loop order, the radiative effects on the vacuum
transition have not been investigated with a matched precision. Radiative effects may
be important because, in the false vacuum decay, there is an inhomogeneous background
while the precision couplings do not account for the particular effects from the inhomo-
geneity of the background. With these motivations, in this thesis we have, based on the
works [59, 60], developed a systematic method to handle the radiative effects on false
vacuum decay in the Higgs-Yukawa theory. We have given both an elaborated theoretical
study on deriving the formalism using the effective action and a detailed numerical study.
In particular, we have derived the Green’s functions for the Euclidean Dirac operator with
an O(4)-symmetric mass term. Both the general formalism and the Green’s functions we
have derived can be applied to more realistic calculations in the SM which will be pursued
in a future project.

In addition to the problem of electroweak metastability in flat spacetime, this ques-
tion has also been studied in curved spacetimes. One typical example is that the bubble
nucleation may be catalyzed by a black hole. Indeed, recent studies suggest that micro-
scopic black holes could dramatically reduce the lifetime of the electroweak vacuum in
some parameter space of the Higgs potential with possible higher dimensional operators
induced by new physics or gravity effects. Since such microscopic black holes could be
generated via evaporation by primordial black holes, the constraint that the electroweak
vacuum has a lifetime longer than the Universe puts important constraints on inflation
during or after which primordial black holes can be produced. However, one particularly
important issue in the studies of bubble nucleation around black holes is the ambigu-
ity of the interpretation of the bounce solution. On the one hand, one may begin with
a pure Schwarzschild spacetime and study the vacuum decay using the Callan-Coleman
formalism, thus expecting it to describe a quantum transition. On the other hand, the
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Euclidean Schwarzschild spacetime, obtained by Wick rotation of the Schwarzschild time
from the Minkowski Schwarzschild metric, has a natural periodicity in time and therefore
one expects a thermal interpretation. In this thesis, we have clarified the physical mean-
ing of an O(3)×O(2) bounce solution in the Euclidean Schwarzschild spacetime [56]. We
have proposed a correspondence between two different interpretations for such bounce. It
can be either interpreted as a thermal transition of vacuum in the static region outside
of a Schwarzschild black hole or a quantum tunneling in a maximally extended Kruskal-
Szekeres spacetime. The thermal and quantum interpretations are given by the static
observers or the freely falling observers, respectively. In particular, we found that the
Matsubara modes in the thermal interpretation can be mapped to the circular harmonic
modes from the O(2) symmetry (from the O(3) × O(2)) in the tunneling interpretation.
The transition probabilities in these two interpretations are shown to agree with each
other. We also showed that this correspondence is general and can be applied to the
Rindler horizon and the de Sitter horizon.

The correspondence between these two interpretations is due to thermofield dynamics
which relates a thermal state to a pure quantum state by doubling the Fock space. Thus
the thermal field theory in the static region outside of a Schwarzschild black hole and
the (Euclidean version of the) quantum field theory in the maximally extended Kruskal-
Szekeres spacetime turn out to live in the same Euclidean spacetime. This correspondence,
however, brings a new paradox related to black holes. That is, for freely falling observers,
if they calculate the tunneling probability in a Schwarzschild spacetime background, they
would not get the agreement with the thermal transition probability obtained by the
external static observers. This paradox is originated from the curious fact that while
the black hole horizon shares a similar local structure with other horizons, it is very
different in the global structure. This paradox might imply that the Hawking radiation
for a Schwarzschild black hole cannot be purely thermal such that a thermal field theory
cannot be employed to describe the physical processes observed by the external static
observers, including the vacuum transition. This will be investigated in the future.

The correspondence again could provide a guiding principle in studying thermal phase
transitions. The decay rate of vacuum decay at finite temperature has so far no rigorous
derivation from first principles. We, therefore, have suggested a formula for the thermal
decay rate that can be consistent with the Unruh effect and the black hole complementarity
principle. Further, we have also formalized the decay formula in a way that it can be
used to systematically account for the higher order quantum and thermal corrections that
will be investigated elsewhere. We leave a detailed comparison between our formula and
Linde’s or Affleck’s formula to a future project.

Although false vacuum decay has been applied in a plenty of phenomenological studies,
it has not been presented in a real-time description before. In the last part of this thesis, we
have provided a real-time formalism for quantum tunneling. We have found that the false
vacuum decay rate can be derived from the unitarity of the evolution operator. Specifically,
the decay rate can be given by the imaginary part of the M -matrix in the S-matrix with
S = 1+iM , where S is the transition amplitude from the false vacuum to itself. In this way,
we have constructed an optical theorem for the unstable vacuum. The real-time formalism
forces us to directly deal with the Minkowski transition amplitude instead of a Euclidean
one as Callan and Coleman originally did. However, for the potentials of interest, there
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are no nontrivial classical solutions with the correct boundary conditions for false vacuum
decay. Thus, one finds no way to apply the method of steepest descent in order to perform
the Minkowski path integral. In our work, we have applied Picard-Lefschetz theory to the
path integral, within which we complexify the paths and deform the integration contour
such that it passes through complex saddle points. This is allowed as long as the deformed
contour gives the same integration result. We have identified a particular complex saddle
point that corresponds to the bounce solution in the Euclidean field theory, which we refer
to as the complex bounce. Then the integration on the Lefschetz thimble that is generated
by the steepest flows from the complex bounce is shown to give a one-loop result identical
with one obtained by Callan and Coleman.

Our derivation of the decay rate in real time has important consequences. According to
the optical theorem, the decay rate obtained is responsible for the transitions from the false
vacuum to all the intermediate states, including the most typical one for the critical bubble.
In this way, our theory predicts a probability distribution for the nucleated bubbles. We
will investigate the possible phenomenological consequences of this observation in the
future.
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Appendix A

Functional Determinant

In this appendix, we will introduce two different ways, the Gel’fand-Yaglom method,
and the Green’s function method, of evaluating the functional determinants of ordinary
differential operators and compare them. We will take the seminal model of particle
tunneling (cf. Sec. 2.1) as an application. These methods can also be applied to false
vacuum decay because the O(4)-symmetry of the background allows the decomposition of a
four-dimensional partial differential operator into a hyperradial operator and the Laplace-
Beltrami operator. The angular spectrum can be exactly solved. Thus, the evaluation
of the determinant of a four-dimensional hyperspherically symmetric partial differential
operator can be essentially reduced to evaluating the determinant of a hyperradial ordinary
differential operator.

A.1 Gel’fand-Yaglom Method

The Gel’fand-Yaglom method is based on the following powerful theorem. In this section,
we closely follow Ref. [42].

A.1.1 Gel’fand-Yaglom theorem

Consider the equation

(−∂2
τ +W (τ))ψ(τ) = λψ(τ), (A.1)

where W (τ) is some bounded function of τ ∈ [−T /2, T /2]. Let us define ψλ(τ) as the
solution of this equation obeying the following boundary conditions:

ψλ(−T /2) = 0, ∂τψλ(τ)|τ=−T /2 = 1. (A.2)

The determinant of the operator −∂2
τ +W (τ) is defined as

det(−∂2
τ +W (τ)) =

∏
n

λn, (A.3)

where the λn satisfy

(−∂2
τ +W (τ))ψλn(τ) = λn ψλn(τ), (A.4)

with boundary conditions ψλn(−T /2) = ψλn(T /2) = 0.
The Gel’fand-Yaglom theorem states that

det[−∂2
τ +W (1)(τ)− λ]

det[−∂2
τ +W (2)(τ)− λ]

=
ψ

(1)
λ (T /2)

ψ
(2)
λ (T /2)

. (A.5)

Applying the above formula to the case λ = 0 and taking the limit T → ∞, we obtain the
ratio that we have in our decay rate formula.
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A.1.2 Evaluating the ratio of the functional determinants

The functional determinant ratio in the tunneling rate now can be readily evaluated. We
first consider the case W (1)(τ) = U ′′(x+) ≡ m2. The solution to Eq. (A.1) with the
boundary conditions (A.2) is

ψ
(1)
0 (τ) =

1

m
sinh[m(τ + T /2)]. (A.6)

Thus ψ(1)
0 (T /2) = emT /2m for large T .

Next, let us consider the case W (2)(τ) = U ′′(xB(τ)). We have to evaluate the primed
determinant. Following Coleman, we can do this by evaluating the full determinant on a
finite interval [−T /2, T /2], dividing it by its smallest finite eigenvalue near zero, λ0 (to
be distinguished from the negative eigenvalue λB0 ), and finally letting T go to infinity.
ψ

(2)
0 (τ) can be constructed from an arbitrary basis of solutions. Actually, it is sufficient

to know its asymptotic behavior at ±T /2 in order to apply formula (A.5). Consider the
equation

(−∂2
τ + U ′′(xB(τ)))ψ(τ) = 0. (A.7)

One solution in the basis can be

x1(τ) = B−1/2 dxB(τ)

dτ
→ ± A√

m
e−m|τ |, as τ → ±∞, (A.8)

where A is determined by the asymptotic behaviour of x1(τ) (cf. Eq. (A.11)). Note that
ψ

(2)
0 (τ) cannot be x1(τ) because x1(τ) does not satisfy the particular boundary conditions

given below Eq. (A.4). For the classical bounce, we have

1

2

(
dxB(τ)

dτ

)2

− U(xB(τ)) = 0. (A.9)

Therefore dxB(τ)/dτ =
√

2U(xB(τ)) which leads to

τ =

∫ x

xp

dx
1√

2U(x)
. (A.10)

Using the asymptotic behaviour Eq. (A.8), one has

mτ ≡ m
∫ x

xp

dx
1√

2U(x)
= − ln

[
B−1/2m3/2A−1 (x+ − x)

]
+O(x+ − x). (A.11)

Denote another independent solution to Eq. (A.7) as x2(τ). One can choose the nor-
malization for x2(τ) such that

x1 ∂τx2 − x2 ∂τx1 = 2A2. (A.12)

Therefore, we can deduce its asymptotic behaviour

x2(τ)→ A√
m
em|τ |, as τ → ±∞. (A.13)
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According to the boundary conditions (A.2), one can construct ψ(2)
0 (τ) as

ψ
(2)
0 (τ) = − 1

2
√
mA

(
emT /2 x1(τ) + e−mT /2 x2(τ)

)
(A.14)

leading to ψ(2)
0 (T /2) = −1/m.

Now let us subtract the smallest positive eigenvalue λ0. Since λ0 is small, we can
expand ψλ0(τ) = ψ

(2)
0 (τ) + δψλ0(τ) in the eigenequation. Hence, one has

(−∂2
τ + U ′′(xB(τ))) δψλ0(τ) = λ0 ψ

(2)
0 (τ). (A.15)

The solution can be constructed directly as

ψλ0(τ) = ψ
(2)
0 (τ)− λ0

2A2

∫ τ

−T /2
dτ ′ [x2(τ)x1(τ ′)− x1(τ)x2(τ ′)]ψ

(2)
0 (τ ′) (A.16)

and

ψλ0(T /2) = − 1

m
+

λ0

4mA2

∫ T /2
−T /2

dτ ′ [emT x2
1(τ ′)− e−mT x2

2(τ ′)]. (A.17)

Since x1(τ) is normalized, we arrive at

ψλ0(T /2) ≈ − 1

m
+

λ0

4mA2
emT . (A.18)

By requiring the boundary condition ψλ0(T /2) = 0, we obtain λ0 = 4A2/emT . In total,
we have

det′[−∂2
τ + U ′′(xB)]

det[−∂2
τ + U ′′(x+)]

=
ψ

(2)
0 (T /2)

λ0 ψ
(1)
0 (T /2)

= − 1

2A2
. (A.19)

Note that this is a negative number, indicating the existence of a negative eigenvalue in
the eigen spectrum of operator −∂2

τ + U ′′(xB(τ)). Had we used a kink solution x̄(τ) (see
Appendix A.3) instead of the bounce xB(τ), the asymptotic behaviour in Eq. (A.8) will
be different and leads a positive result in Eq. (A.19) [42]. Substituting the above result
into Eq. (2.24), we have

Γ =

√
B

π~
e−B/~A, (A.20)

where we have kept ~ explicitly since we will compare with the WKB method in Ap-
pendix D.

A.2 Green’s function method

Now we will introduce the Green’s function method for calculating the fluctuation deter-
minant due to Baacke and Junker [121, 122, 123, 124] (see also Ref. [61]).

Suppose we have the following eigenequations

G−1
1 ψ(1)

n (τ) ≡ [−∂2
τ +W (1)(τ)]ψ(1)

n (τ) = λ(1)
n ψ(1)

n (τ), (A.21)

G−1
2 ψ(1)

n (τ) ≡ [−∂2
τ +W (2)(τ)]ψ(2)

n (τ) = λ(2)
n ψ(2)

n (τ), (A.22)
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Then

Q ≡ ln
det[−∂2

τ +W (1)(τ)]

det[−∂2
τ +W (2)(τ)]

=
∑
n

ln
λ

(1)
n

λ
(2)
n

. (A.23)

In order to obtain an expression for the fluctuation determinant in terms of the Green’s
functions, we consider the operator

G−1
i (s) = G−1

i + s, (A.24)

where i = 1, 2 and s ∈ R is an auxiliary parameter. The Green’s functions can be written
as

Gi(τ, τ
′, s) =

∑
n

ψ
(i)∗
n (τ)ψ

(i)
n (τ ′)

λ
(i)
n + s

. (A.25)

Integrating Gi(τ, τ, s) over τ , we obtain∫
dτ Gi(τ, τ, s) =

∑
n

1

λ
(i)
n + s

(A.26)

by virtue of the orthonormality of the eigenfunctions.
Further, we integrate over s up to some UV cut-off Λ, giving∫ Λ2

0
ds

∫
dτ Gi(τ, τ, s) = −

∑
n

ln
λ

(i)
n

λ
(i)
n + Λ

. (A.27)

Comparing this with Eq. (A.23), we get

ln
det[−∂2

τ +W (1)(τ)]

det[−∂2
τ +W (2)(τ)]

= lim
Λ→∞

−
∫ Λ

0
ds

∫
dτ
(
G1(τ, τ, s)−G2(τ, τ, s)

)
. (A.28)

A.3 Gel’fand-Yaglom method vs. Green’s function method

Let us compare the Gel’fand-Yaglom method with the Green’s function method for the
kink instanton:

x̄(τ) = v tanh

(
µ√
2
τ

)
(A.29)

which gives B ≡ SE [x̄] = 4
√

2µ3/λ. Note that the kink solution is not the bounce
solution in the degenerate limit, that is, the double-well model, because the kink solution
approaches different vacua at τ → ±∞. But we still use B to denote the kink action.

Now x1(τ) has the following asymptotic behavior

x1(τ) = B−1/2 dx̄(τ)

dτ
→ A√

m
e−m|τ |, as τ → ±∞, (A.30)

where A = 2
√

3µ, m =
√

2µ. The normalization condition (A.12) gives us

x2(τ)→ ± A√
m
em|τ |. (A.31)
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These asymptotic behaviors introduce an additional minus sign in ψ
(2)
0 (τ) and hence in

the formula (A.19). Finally, we have

det′(−∂2
τ + U ′′(x̄))

det(−∂2
τ + U ′′(x+))

=
1

24µ2
. (A.32)

On the other hand, the functional determinant ratio can be calculated via the Green’s
function method,

ln
det(−∂2

τ + U ′′(x̄))

det(−∂2
τ + U ′′(x+))

= −
∫ ∞
−∞

dτ

∫ ∞
0

ds
(
G(x̄; τ, τ, s)−G(x+; τ, τ, s)

)
. (A.33)

We first solve the Green’s functions for the kink background. Defining u ≡ tanh(µτ/
√

2),
we have(

d

du
(1− u2)

d

du
− $2

1− u2
+ 6

)
G(x̄;u, u′, s) = −

(√
2

µ

)
δ(u− u′), (A.34)

where $2 = 4 + 2s/µ2. The Green’s function to the above equation has been analytically
solved in Ref. [114]. The Green’s function can be decomposed into two parts of contribu-
tions from the discrete and continuum spectrum, respectively. The contribution from the
discrete spectrum is

Gd(x̄;u, u′, s) =

√
2

µ

(
−3

2

uu′

1−$2

√
1− u2

√
1− u′2 − 3

4

1

4−$2
(1− u2)(1− u′2)

)
,

(A.35)

where the second term is for the time-translational zero mode that needs to be subtracted.
The contribution from the continuum spectrum is

Gc(x̄;u, u′, s) =

√
2

µ

{
3

2

uu′

1−$2

√
1− u2

√
1− u′2 +

3

4

1

4−$2
(1− u2)(1− u′2)

+

(
1

2$
θ(u− u′)

(
1− u
1 + u

)$
2
(

1 + u′

1− u′

)$
2 3u2 + 3u$ +$2 − 1

(1 +$)(2 +$)

3u′2 − 3u′$ +$2 − 1

(1−$)(2−$)

+ (u↔ u′)

)}
. (A.36)

Taking the coincident limit, we obtain

G(x̄;u, u, s) ≡ Gd(x̄;u, u, s) +Gc(x̄;u, u, s)

=

√
2

µ

(
1

2$
+

3

2
(1− u2)

2∑
n=1

(−1)n
n− 1− u2

$($2 − n2)

)
. (A.37)

Since $ → 2 when s → 0, one might think that the n = 2 term will bring a trouble
because of the infrared divergence when doing the integral over s. However, this infrared
divergence is exactly due to the time-translational zero mode and should be subtracted.
We introduce an infrared regulator δ as well as an ultraviolet regulator Λ. Doing the
integral, we get

−
∫ ∞
−∞

dτ

∫ ∞
0

ds G(x̄; τ, τ, s) = −(
√

Λ−
√

2µ)

∫ ∞
−∞

dτ − ln(24µ2) + ln δ, (A.38)
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where the first term is proportional to T and will be canceled when we consider the
functional determinant ratio; the last term comes from the zero mode and should be
subtracted in order to obtain the primed determinant.

A similar calculation gives the functional determinant evaluated at the false vacuum,

−
∫ ∞
−∞

dτ

∫ ∞
0

ds G(x+; τ, τ, s) = −(
√

Λ−
√

2µ)

∫ ∞
−∞

dτ. (A.39)

Therefore, we finally arrive at the same result as in Eq. (A.32).
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Appendix B

Fermionic Green’s Function

In this appendix, we describe in detail the derivation of the hyperspherically symmetric,
fermionic Green’s function in the presence of an inhomogeneous mass m(ρ) ≡ κϕB(ρ).

B.1 Angular-momentum recoupling

We will first give a review about the recoupling of spin and orbital angular momenta
in four dimensions (see, e.g., Refs. [133, 134, 135]) which closely follows Ref. [134]. See
Ref. [136] for a comparable discussion in the context of the fermion determinant.

The generators of the rotations on R4 are

Mµν = − i
(
xµ

∂

∂ν
− xν

∂

∂µ

)
, (B.1)

of them only six are independent because of the antisymmetry under interchange of the
indices µ and ν, i.e. Mµν = −Mνµ. They are

N1 ≡M23 , N2 ≡M31 , N3 ≡ M12, (B.2a)

N ′1 ≡M41 , N ′2 ≡M42 , N ′3 ≡M43. (B.2b)

These form a basis {Ni, N
′
i} of the Lie algebra o(4):[

Ni, Nj

]
= iεijkNk, (B.3a)[

Ni, N
′
j

]
= iεijkN

′
k, (B.3b)[

N ′i , N
′
j

]
= iεijkNk, (B.3c)

where εijk is the Levi-Civita tensor.
It is convenient to introduce another basis {Ai, A′i}:

Ai ≡
1

2

(
Ni +N ′i

)
, A′i ≡

1

2

(
Ni −N ′i

)
, (B.4)

satisfying [
Ai, Aj

]
= iεijkAk, (B.5a)[

Ai, A
′
j

]
= 0, (B.5b)[

A′i, A
′
j

]
= iεijkA

′
k. (B.5c)

The two sets of operators A ≡ {Ai} and A′ ≡ {A′i} form two commuting o(3) algebras,
reflecting the fact that the o(4) algebra is equal to the direct sum of two o(3) algebras,
i.e. o(4) = o(3)⊕o′(3). Correspondingly the O(4) group is locally isomorphic to the direct
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product of two O(3) groups, i.e. O(4) ' O(3) ⊗ O′(3). The states in the basis {Ni, N
′
i}

and {Ai, A′i} will be indexed by the labels (p, q) and {j, j′}, respectively. These labels are
related via

p = j + j′ , q = j − j′. (B.6)

Eigenstates of A2 and A′2 have eigenvalues j(j+1) and j′(j′+1), respectively. Eigenstates
of the total orbital angular momentum operator

1

2
M ·M ≡ 1

2
MµνMµν = N2 + N′2 = 2

(
A2 + A′2

)
(B.7)

have eigenvalues p(p + 2) + q2 = 2[j(j + 1) + j′(j′ + 1)] and transform as {j/2, j′/2}
representations with partition numbers ( j+j

′

2 , j−j
′

2 ).
Under spatial reflection: xi → −xi, x4 → x4, we have Ni → Ni, N ′i → −N ′i and

Ai ↔ A′i. The spatial reflection symmetry of O(4) therefore forces j = j′ for the total
angular momentum eigenstates. Thus, the total orbital angular momentum eigenstates
transform as {j/2, j/2} representations of O(4) with partition numbers (j, 0), and 1

2 M ·M
has eigenvalues 4j(j + 1).

In the case of the spin group Spin(4) ' SUL(2)⊗ SUR(2), we have the generators

Σµν = − i

4

[
γµ, γν

]
, (B.8)

with the six independent operators

S1 ≡ Σ23 , S2 ≡ Σ31 , S3 ≡ Σ12, (B.9a)

S′1 ≡ Σ41 , S′2 ≡ Σ42 , S′3 ≡ Σ43, (B.9b)

forming a basis of the Lie algebra so(4):[
Si, Sj

]
= iεijkSk, (B.10a)[

Si, S
′
j

]
= iεijkS

′
k, (B.10b)[

S′i, S
′
j

]
= iεijkSk. (B.10c)

As before, we can introduce another basis {SLi , SRj }:

SLi ≡
1

2

(
Si + S′i

)
, SRi ≡

1

2

(
Si − S′i

)
, (B.11)

satisfying [
SLi , S

L
j

]
= iεijkS

L
k , (B.12a)[

SLi , S
R
j

]
= 0, (B.12b)[

SRi , S
R
j

]
= iεijkS

R
k . (B.12c)

Analogous to Ai and A′i, the sets of operators SL ≡ {SLi } and SR ≡ {SRi } form two
commuting su(2) algebras, reflecting the fact that the so(4) algebra is equal to the direct
sum of two su(2) algebras, i.e. so(4) = suL(2) ⊕ suR(2). Correspondingly, the SO(4)

group is locally isomorphic to the direct product of two SU(2) groups, i.e. SO(4) '
SUL(2) ⊗ SUR(2). The operators SL act on the subspace generated by the projector

108



PL = 1
2(I4 − γ5), and the operators SR act on the subspace generated by the projector

PR = 1
2(I4 + γ5). We call spinors that transform in these two subspaces left and right

handed, respectively. Left-handed spinors transform as {1/2, 0} representations and are
labeled by the partition numbers (1/2,+1/2); right-handed spinors transform as {0, 1/2}
representations and are labeled by the partition numbers (1/2,−1/2).

In terms of the above generators, we can write the Dirac operator in the form

γ · ∂(x) + m(ρ) = γ · x̂
[
x̂ · ∂(x) −

M · Σ
ρ

+ γ · x̂m(ρ)

]
≡ γ · x̂D̃−1, (B.13)

where x̂µ ≡ xµ/|x| ≡ xµ/ρ. If we can find the Green’s function D̃ of the operator D̃−1,
the Green’s function of the complete Dirac operator will be given by D = γ · x̂D̃. We then
aim to find the eigenstates of M · Σ, i.e. the simultaneous eigenstates of 1

2M
2, 1

2Σ2 and
the total angular momentum K2 ≡ 1

2(M + Σ)2.
First we consider the eigenstates of 1

2M
2. A basis of them is spanned by

|(j, 0), `,m`〉 =
∑
mj ,m′j

(
j/2,mj , j/2,m

′
j

∣∣`,m`

)
× |j/2,mj〉 ⊗ |j/2,m′j〉 , (B.14)

where
(
j/2,mj , j/2,m

′
j

∣∣`,m`

)
are the Clebsch-Gordan coefficients for the branchingO(3) ⊃

O(2). The quantum number ` labels the irreducible representations of O(3) and m` those
of O(2).

Second, the basis of eigenstates of 1
2Σ2 can be chosen as

|(s,±s), s,ms〉 =
∑

mLs ,m
R
s

(
sL,mL

s , s
R,mR

s

∣∣s,ms

)
× |sL,mL

s 〉 ⊗ |sR,mR
s 〉 , (B.15)

with s = 1/2. Since either sL = mL
s = 0 or sR = mR

s = 0, the Clebsch-Gordan coefficients
simplify, and we have

|(s,+s), s,ms〉 = |s,ms〉 ⊗ |0, 0〉 , (B.16a)

|(s,−s), s,ms〉 = |0, 0〉 ⊗ |s,ms〉 . (B.16b)

In order to find the eigenstates of M · Σ, we need to consider the coupling between
the representation of O(4) and that of Spin(4). We first couple the states transforming
under O(3) with those under SUL(2), leading to the quantum numbers J and mJ , and
then proceed similarly for O′(3) and SUR(2), leading to the quantum numbers J ′ and m′J .
Finally, we couple the two resulting states, replacing the quantum numbers mJ , m′J by L,
M . There is a unitary transformation relating these two couplings [133]:

|(j, 0), (s,±s); {J, J ′}, L,M〉

=
∑

`,m`,ms

(−i)`
[
(2J + 1)(2J ′ + 1)(2`+ 1)(2s+ 1)]1/2

×


j/2 (s± s)/2 J

j/2 (s∓ s)/2 J ′

` s L

(`,m`, s,ms|L,M
)

× |(j, 0); `,m`〉 ⊗ |(s,±s); s,ms〉 , (B.17)
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where the summations run over ` = j, j − 1, . . . , 0, m` = `, ` − 1, . . . ,−` and ms = ±s.
The expression within curly braces is the Wigner 9j-symbol. We have also introduced a
phase (−i)` that depends on the explicit representation of the individual product states.
The various quantum numbers take values

J = j/2 + (s± s)/2, |j/2− (s± s)/2|, (B.18a)

J ′ = j/2 + (s∓ s)/2, |j/2− (s∓ s)/2|, (B.18b)

L = J + J ′, J + J ′ − 1, . . . , |J − J ′|, (B.18c)

M = L,L− 1, . . . ,−L, (B.18d)

and, correspondingly, the partition numbers take values

P ≡ J + J ′ = j + s, |j − s|, (B.19a)

Q ≡ J − J ′ = ± s,∓ s. (B.19b)

The states have the following eigenvalues of the total angular momentum:

K2 → P (P + 2) +Q2 = 2[J(J + 1) + J ′(J ′ + 1)]

=


j2 + 3j + 3/2 , P = j + s , j > 0 ,

j2 + j − 1/2 , P = j − s , j > 0,

3/2 , P = s , j = 0.

(B.20)

It follows then that

M · Σ = K2 − 1

2
M2 − 1

2
Σ2

→ J ≡ P (P + 2) + Q2 − j(j + 2) − 2s(s+ 1)

=


j , P = j + s , j > 0,

− (j + 2) , P = j − s , j > 0,

0 , P = s , j = 0.

(B.21)

In the coordinate representation, the orbital angular momentum states are given by
the four-dimensional hyperspherical harmonics

Yj`m`(ex) = 〈ex|(j, 0), `,m`〉 , (B.22)

where the four-dimensional unit vector is

ex = (cosχ, sinχ cos θ, sinχ sin θ sinϕ, sinχ sin θ cosϕ). (B.23)

In terms of these coordinates, the hyperspherical harmonics in four dimensions are given
by [137]

Yj`m`(ex) = 2` Γ(`+ 1)

(
2(j + 1)(j − `)!
π(j + `+ 1)!

) 1
2

× sin`(χ)C`+1
j−` (cosχ)Y`m`(θ, ϕ), (B.24)

110



where Y`m` are the usual three-dimensional spherical harmonics. The spin states can be
written

ξ±,ms =
1

2
(I∓ γ5)

(
ξms
ξms

)
= 〈ξ|(s,±s), s,ms〉 , (B.25)

where we have defined ξ+s = (1 0)T, ξ−s = (0 1)T. We can then introduce the spin
hyperspherical harmonic

Y j,±
JJ ′LM (ex) = 〈ξ; ex|(j, 0), (s,±s); {J, J ′}, L,M〉

=
∑

`,m`,ms

(−i)`
[
(2J + 1)(2J ′ + 1)(2`+ 1)(2s+ 1)]1/2

×


j/2 (s± s)/2 J

j/2 (s∓ s)/2 J ′

` s L

(`,m`, s,ms|L,M
)

× ξ±,msYj`m`(ex). (B.26)

B.2 Green’s function: hyperspherical problem

After reviewing the recoupling of spin and orbital angular momenta, we now can derive
the fermionic Green’s function for a radially varying mass m(ρ). The Dirac equation in
Euclidean space takes the form[

γ · ∂(x) + m(ρ)
]
D(x, x′) = δ4(x− x′). (B.27)

One can make the following ansatz for the solution:

D(x, x′) =
∑
λ

[
aλ(ρ, ρ′) + bλ(ρ, ρ′) γ · x

]
D̃λ(ex, e

′
x), (B.28)

where λ = {j,±, J, J ′, L,M} is a multi-index and

D̃λ(ex, e
′
x) = [Y j,±

JJ ′LM (e′x)]∗Y j,±
JJ ′LM (ex). (B.29)

Given the completeness of the eigenstates in Eq. (B.17), this leads to the equation

γ · x
[
x · ∂(x) − J

ρ2
aλ(ρ, ρ′) + m(ρ)bλ(ρ, ρ′)

]
D̃λ(ex, e

′
x)

+

[
m(ρ)aλ(ρ, ρ′) +

(
∂

∂ρ
+
J + 3

ρ

)
ρ bλ(ρ, ρ′)

]
D̃λ(ex, e

′
x)

=
δ(ρ− ρ′)

ρ3
D̃λ(ex, e

′
x), (B.30)

where we have used Eq. (B.13) and the relation

γ · x̂M · Σ γ · x̂ = −M · Σ − 3. (B.31)

The radial equation only depends on the orbital angular momentum quantum number
j and the partition number P . The two linearly independent components of Eq. (B.30)
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allow us to eliminate bλ such that we obtain a second-order equation. Substituting for the
allowed values for J from Eq. (B.21) leads to[

− d2

dρ2
− 3

ρ

d

dρ
+

j(j + 2)

ρ2
+ m2(ρ)

+
d lnm(ρ)

dρ

(
d

dρ
− J
ρ

)]
aλ(ρ, ρ′) =

m(ρ)δ(ρ− ρ′)
ρ′3

. (B.32)

Note that, for a constant mass, this coincides with the spherical Klein-Gordon equation,
as one would expect.

We are ultimately interested in the coincident limit of the fermionic Green’s function.
It is therefore useful to evaluate the dyadic product of the eigenstates in Eq. (B.17) and
to trace over all but P and j. This can be simplified dramatically, since we may take the
angle χ = 0 without loss of generality. Doing so, ` = 0 in all non-vanishing contributions,
and we find the result ∑

Q,L,M,±
| 〈ex|(j, 0), (s,±s); (P,Q), L,M〉 |2

=
1

4π2
(j + 1)K I4, (B.33)

where

K =


j + 2 , P = j + s , j > 0,

j , P = j − s , j > 0,

2 , P = s , j = 0.

(B.34)

Note that summing over the allowed values for P , we recover the corresponding result
from Ref. [59], appearing in the coincident Green’s function of the scalar field. Putting
everything together, we arrive at the following expression for the coincident fermionic
Green’s function:

D(x, x) =
1

4π2

∑
P,j

(j + 1)K
[
I4 +

J − x · ∂(x)

mρ
γ · x̂

]
aj(ρ), (B.35)

where aj(ρ) ≡ aλ(ρ, ρ).

B.3 Green’s function: planar problem

In the thin-wall limit, we may apply the planar-wall approximation, neglecting the damp-
ing term and replacing j/R by the continuous variable |k| (the three-momentum in the
hyperplane of the bubble wall). In addition, we consistently replace δ(ρ − ρ′)/ρ′3 by
δ(ρ − ρ′)/R3 on the right-hand side of the radial equation (B.30). Equation (B.32) then
becomes [

−∂2
z + k2 +m2(z) +

d lnm(z)

dz
(∂z − h |k|)

]
ah(k; z, z′)

=
m(z) δ(z − z′)

R3
, (B.36)
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where we have replaced ρ by the variable z and h = ±, coming from the partition number
P in Eq. (B.21). Defining ãh(k; z, z′) ≡ R3 ah(k; z, z′), we arrive at the final form[

−∂2
z + k2 +m2(z) +

d lnm(z)

dz
(∂z − h |k|)

]
ãh(k; z, z′)

= m(z) δ(z − z′). (B.37)

Substituting Eq. (B.35) into Eq. (4.29) with aλ(ρ, ρ′) replaced by ah(k; z, z′) and em-
ploying the representations of the gamma matrices in Eq. (5.8), the fermion tadpole can
be written as

ΠD(ϕB;x)ϕB(x) = −κ trSD(ϕB;x, x)

= − κ

π2

∑
h=±

∫
d|k|k2 ãh(k; z, z′) . (B.38)

The numerical results from the main part of this work have been checked by simultaneously
solving Eq. (B.37) and using the expression for the fermion tadpole in Eq. (B.38) to
compute the radiative effects.
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Appendix C

General Argument for the Analytic
Continuation between Euclidean and
Minkowski Functional Determinants

In this appendix, we aim to give a general argument on the analytic continuation T →
ie−iθT between the Euclidean functional determinant to that with a general θ value.

C.1 Analytic continuation of eigenfunctions and eigenvalues

To be general, we consider a fluctuation determinant around a background field φ̄ in a
scalar field theory. φ̄ is a (real or complex) saddle point in the expansion of the path
integral which interpolates between two vacuum configurations. The asymptotic vacua
are not necessarily the same. For a time contour analytically continued by a rotation of
an angle −θ in the clockwise direction in the complex plane, the eigenvalue problem of
the fluctuation operator is given by

Mθ∆φ
λ
θ (t,x) ≡

[
e2iθ d2

dt2
−∇2 + U ′′(φ̄(t,x))

]
∆φλθ (t,x) = λ∆φλθ (t,x), (C.1)

where the background φ̄ satisfies[
e2iθ d2

dt2
−∇2 + U ′(φ̄(t,x))

]
φ̄ = 0. (C.2)

For θ = ε one recovers the Minkowski result, while for θ = π/2 one obtains the Euclidean
one.

As we have seen in the Chap. 7, the analytic continuation between the eigenfunctions
and the parameters wherein can be analyzed by the normalization properties of the eigen-
functions. The normalization properties can be determined by the asymptotic behaviors
of the eigenfunctions as we will now show.

The field configuration φ̄ has the following asymptotic behavior

φ̄(t,x)→ φ±, as t→ ±∞, (C.3)

where φ± are the vacuum configurations. The potential near the vacua can be approxi-
mated by harmonic potentials

U±(φ) =
m2
±

2
(φ− φ±)2, (C.4)
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where m2
± ≡ U ′′(φ±) are the effective masses in the vacua. Inserting this into Eq. (C.2),

one can see that the solution φ̄ approaches the vacua φ± exponentially fast, as long as
θ ≥ 0+:

φ̄(t)→ φ± + Ce∓(i cos θ+sin θ)
√
m2
±+k2

±t for t→ ±∞. (C.5)

Thus for large |t| the background φ̄ will then sit at the vacua up to exponentially suppressed
corrections. Hence U ′′(φ̄)→ m2

± and we get asymptotic equations of the form[
e2iθ d2

dt2
−∇2 +m2

±

]
∆φλθ (t,x) = λ∆φλθ (t,x). (C.6)

From the above equation, one immediately obtains the asymptotic behaviors of the eigen-
functions

∆φλθ (t,x) ∼ exp

[
e−iθ

√
λ− k2

± −m2
± t

]
eik±·x, t→ ±∞, (C.7)

or

∆φλθ (t,x) ∼ exp

[
−e−iθ

√
λ− k2

± −m2
± t

]
eik±·x, t→ ±∞. (C.8)

We can consider real or imaginary k so that we may capture both oscillating sine, cosine as
well as real exponentials (we restrict to purely real or purely imaginary because a Hermitian
∇2 requires real eigenvalues k2). Despite the complex notation for the exponentials,
it will be understood that in the Euclidean spacetime the norm involves no complex
conjugation, as it is always possible to construct a basis of real eigenfunctions, or of
complex eigenfunctions paired in reciprocal pairs with real scalar products. The absence
of complex conjugation in the scalar products will be important for showing analytic
continuation of detMθ from detMπ/2 ≡ detME .

Of the values of λ, k in the asymptotic solutions above, some will correspond to
normalizable full solutions, either in the proper or improper sense. Solutions that are
normalizable in the improper way will have an oscillating asymptotic behavior, either in
the temporal or spatial direction. In the spatial directions, this happens for real k±, while
in the temporal direction this happens for values of λ such that e−iθ

√
λ+ k2

± +m2
± is

purely imaginary.
Properly normalizable solutions correspond to functions that decay at infinity in the

time and spatial directions. This happens for purely imaginary k and for that when
e−iθ

√
λ+ k2

± +m2
± contains a real part that gives the decaying behavior. Acoording to

the node theorem, the spectrum of properly normalizable solutions is discrete.
No matter whether they are part of the continuum or discrete spectrum, we can classify

the eigenfunctions as “temporally oscillating” or “temporally decaying” according to their
asymptotic behavior in the time direction. The associated eigenvalues λ are of the form:

Temporally oscillating: e−iθ
√
λosc − k2

± −m2
± = iκθ,±, κθ,± ∈ R, continuous λosc

(C.9a)

Temporally decaying:
√
λdec − k2

± −m2
± = βθ,± ∈ R+. (C.9b)
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We will explain the phase chosen in Eq. (C.9b) later.
Given solutions to the eigenequations (not necessarily normalizable) for a given value

of θ, one can obtain solutions for another value of θ by analytic continuation in the time
variable. This is because that both the background and fluctuation equations for arbitrary
θ can be obtained by analytic continuation from Euclidean time. Thus we may construct
all our solutions by rotating from Euclidean time: τ → ie−iθt. A key concern is that
solutions that are (im)properly normalizable for one value of θ are not necessarily so
for another value. However, one can construct (im)properly normalizable solutions for
arbitrary θ by supplementing the analytic continuation of the time variable with complex
rotations of the parameters in the solutions. We analyze this problem for the temporally
decaying and temporally oscillating solutions respectively.

A temporally decaying Euclidean solution goes as

∆φλE(τ,x) ∝ exp (∓βE,±τ) , τ → ±∞, βE,± ∈ R+. (C.10)

The analytic continuation to arbitrary θ, obtained by substituting τ → ie−iθt gives

∆φλθ (τ,x) ∝ exp
(
∓ie−iθβE,±t

)
= exp(∓ sin θβE,±t) exp(∓i cos θβE,±t), t→ ±∞, βE,± > 0.

(C.11)

As long as θ ≥ 0+, the rotated solution will still be temporally decaying. Therefore its
normalizability properties will be identical to the Euclidean case and the straightforward
rotation of Euclidean temporally decaying solutions gives acceptable eigenfunctions for a
rotated time contour. This means that the eigenvalues are not changed: βE,± → βθ,±.
This explains the phase in Eq. (C.9b) is indeed chosen such as to maintain the parameter
βθ,± real for all values θ ∈ (0, 2π].

A temporally oscillating Euclidean solution has the asymptotic behavior

∆φλE(τ,x) ∝ exp (iκE,±τ) , τ → ±∞, (C.12)

where κE,± ∈ R depend on the free parameters that define the Euclidean solutions. The
analytic continuation in time gives

∆φλθ (τ,x) ∝ exp
(
−e−iθκE,±t

)
, t→ ±∞. (C.13)

It will blow up in one of the time directions and hence is not an acceptable eigenfunction.
However, one can complexify the free parameters of the original Euclidean solution, doing
κE,± → −ieiθκθ,±(note both κE,± and κθ,± are real) and arrive at a new solution that is
normalizable in the improper sense. This means that the eigenvalues for general θ corre-
sponding to temporally oscillating solutions are obtained from the Euclidean eigenvalues
by appropriate complex rotations. In the Euclidean case, one would have e.g.

λE = κ2
E,± + k2

± +m2
±, κE,±,k± ∈ R (C.14)

while after the κ rotation, the corresponding eigenvalue for arbitrary θ will be

λθ = −e2iθκ2
θ,± + k2

± +m2
±, κθ,±,k± ∈ R. (C.15)

Note that the eigenvalues for a rotated time contour can be complex because the fluctua-
tion operator is only Hermitian for θ = 0, π/2.
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C.2 Orthonormal property and the completeness of the an-
alytically continued eigenfunctions

Before we move onto the calculation of the functional determinant of the fluctuation
operator, we must check the orthonormal property and the completeness of the continued
eigenfunctions. In the following, parameterize the Euclidean eigenfunctions in terms of
the constants defining their asymptotic behavior at either end, e.g., at τ = +∞. And we
will supress the subscript “+” for clarity.

We first check the orthonormal property. As we emphasized earlier, the scalar prod-
uct is defined without complex conjugation. And the continued eigenfunctions remain
orthogonal with respect to such a product because they are obtained by analytic rota-
tions of Euclidean ones, which are themselves orthogonal.26 What we really need to do
is fixing the normalization factor. For discrete eigenfunctions, we thus write ∆φθ(t,x) =√
N∆φE(ie−iθt,x) where N is a normalization factor. The scalar product for them is:∫

dtd3x ∆φλθ (t,x)∆φλ
′
θ (t,x) = N

∫
dtd3x ∆φλE(ie−iθt,x)∆φλ

′
E (ie−iθt,x). (C.16)

Since the Euclidean eigenfunctions are analytic in time, using the Cauchy theorem the
integration contour can be rotated without changing the value of the integral (note that
the discrete eigenfunctions vanish for large values of complex time along the arcs that join
the rotated axes). One can rotate the integral (C.16) via t→ −ieiθτ , giving∫

dtd3x ∆φλθ (t,x)∆φλ
′
θ (t,x) = −ieiθN

∫
dτd3x ∆φλE(τ,x)∆φλ

′
E (τ,x) = −ieiθNδλλ′ ,

(C.17)

where we used the Euclidean orthogonality condition. Thus we have N = ie−iθ.
For a possible continuum spectrum with temporally decaying solutions, we can use a

similar argument and obtain the same normalization constant. In this case, we expect
that the norm only diverges when integrating over spatial directions. Then the Euclidean
scalar products will go as∫

dτd3x ∆φ
(βE ,k)
E,− (τ,x)∆φ

(βE ,k
′)

E,+ (τ,x) = δ3(k− k′), (C.18)

where +,− denote elements of a pair of reciprocal eigenfunctions. For the eigenfunc-
tions with arbitrary θ (recall βE → βθ in the analytic continuation), ∆φ

(βθ,k)
θ (t,x) =√

N∆φ
(βθ,k)
E (ie−iθt,x) we will have∫

dtd3x ∆φ
(βθ,k)
E,− (t,x)∆φ

(β′θ,k
′)

E,+ (t,x) = −ieiθN
∫

dτd3x ∆φ
(βθ,k)
E,− (τ,x)∆φ

(β′θ,k
′)

E,+ (τ,x)

= −ieiθNδβθ,β′θδ
3(k− k′). (C.19)

Again, N = ie−iθ gives the appropriate normalization. In the case of temporally oscillating
solutions one has to consider the effect of the analytic continuation of the κ parameter.

26We assume that the parameters {κE ,k} or {βE ,k} can indeed parameterize a complete orthonormal
basis in the space of all the eigenfunctions. This should be taken, however, with caution. If this is not true,
then our analysis will still applies to the planar-wall case where k becomes a conserved quantity [138].
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In this case, the Euclidean scalar products take∫
dτd3x ∆φ

(κE ,k)
E,− (τ,x)∆φ

(κ′E ,k
′)

E,+ (τ,x) = δ(κE − κ′E)δ3(k− k′). (C.20)

For a rotated time contour, the corresponding eigenfunctions are obtained by analytic
continuation of τ and κE :

∆φ
(κθ,k)
θ (t,x) =

√
N ′∆φ

(−ieiθκθ,k)
E (ie−iθt,x). (C.21)

Thus one has∫
dtd3x ∆φ

(κθ,k)
θ,− (t,x)∆φ

(κ′θ,k
′)

θ,+ (t,x) = −ieiθN ′
∫

dτd3x ∆φ
(−ieiθκθ,k)
E,− (τ,x)∆φ

(−ieiθκ′θ,k
′)

E,+ (τ,x)

= −ieiθN ′δ(−ieiθ(κθ − κ′θ))δ3(k− k′) = N ′δ(κθ − κ′θ)δ3(k− k′). (C.22a)

This fixes the normalization N ′ = 1. Note that when rotating the integration contour
after applying the Cauchy theorem, the contributions from the integration along the arcs
at infinite complex time are also expected to vanish in this case, because of the oscillating
nature of the solution—as opposed to the exponential decay of the previous eigenfunctions.

Now we check the completeness of the continued eigenfunctions. Consider the sum
over projection operators

Iθ =
∑

dec,disc

∆φλθ (x)∆φλθ (x′) +
∑∫

dec,cont

d3k∆φ
(βθ,k)
θ,− (x)∆φ

(βθ,k)
θ,+ (x′)

+

∫
osc

dκθd
3k∆φ

(κθ,k)
θ,− (x)∆φ

(κθ,k)
θ,+ (x′). (C.23)

where “dec,disc/cont” refer to temporally decaying eigenfunctions belonging to the dis-
crete/continous spectrum, and “osc” refers to the temporally oscillating solutions in the
continuum spectrum. Using the relation to the Euclidean eigenfunctions with the appro-
priate normalization obtained above, we have:

∆φλθ (t,x) =
√
ie−iθ∆φλE(ie−iθτ,x) decaying, discrete,

∆φ
(βθ,k)
θ (t,x) =

√
ie−iθ∆φ

(βθ,k)
E (ie−iθτ,x) decaying, continuum,

∆φ
(κθ,k)
θ (x) = ∆φ

(−ieiθκθ,k)
E (ie−iθτ,x) oscillating, continuum.

(C.24)

The above implies, after analytic continuation of the integral in κθ in (C.23) to an integral
over ie−iθκE (where κE ∈ R)

Iθ = ie−iθ

 ∑
dec,disc

∆φλE(ie−iθt,x)∆φλE(ie−iθt′,x′) +
∑∫

dec,cont

d3k∆φ
(βθ,k)
E,− (ie−iθt,x)

×∆φ
(βθ,k)
E,+ (ie−iθt′,x′) +

∫
osc

dκEd3k∆φ
(κE ,k)
E,− (ie−iθt,x)∆φ

(κE ,k)
E,+ (ie−iθt,x)

)
.

The term in parenthesis is nothing but the sum over projectors over the Euclidean eigen-
functions, analytically continued in time. Assuming a complete Euclidean basis, this is
nothing but δ(ie−iθ(t− t′))δ3(x− x′). Thus,

Iθ = ie−iθδ(ie−iθ(t− t′))δ3(x− x′) = δ(t− t′)δ3(x− x′). (C.25)

In summary, the sum over the rotated projectors onto the rotated eigenfunctions is equal
to the identity, which shows that the rotated basis is complete.
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C.3 Analytic continuation of the functional determinants

Given the orthonormal eigenfunctions for arbitrary θ and given the completeness, the
differential operatorMθ can be expanded into a basis of orthogonal projectors:

Mθ(x, x
′) =

∑
dec,disc

λ∆φλθ (x)∆φλθ (x′) +
∑∫

dec,cont

d3k λ(k) ∆φ
(βθ,k)
θ,− (x)∆φ

(βθ,k)
θ,+ (x′)

+

∫
osc

dκθd
3k λθ(κθ,k) ∆φ

(κθ,k)
θ,− (x)∆φ

(κθ,k)
θ,+ (x′). (C.26)

The determinant is a sum of the spectrum

log detMθ = tr logMθ =
∑

dec,disc

log λ+ V (3)
∑∫

dec,cont

d3k

(2π)3
log λ(k)

+ V
(4)
θ

∫
osc

dκθd
3k

(2π)4
log λθ(κθ,k). (C.27)

Above, V (3) = (2π)3δ3
k(0) is the three-dimensional volume of the k-space, and V

(4)
θ =

(2π)4δκθ(0)δ3
k(0) the full four-dimensional volume of the dual space of the {κθ,k} space.

Now we argue that the determinant in Eq. (C.27) only depends on θ through the vol-
ume factors, in a way consistent with the replacement of Euclidean time T with T → ieiθT .
Compared to the Euclidean case, as argued before the eigenvalues of the temporally decay-
ing solutions are invariant under rotations of the time contour, so that their contributions
to the determinant are as in Euclidean space.

Regarding the contribution from the last integral in Eq. (C.27), one can express the
eigenvalues in terms of the Euclidean ones through the above motivated κ rotation:

λθ(κθ,k) = λE(−ieiθκθ,k). (C.28)

In this way,

V
(4)
θ

∫
osc

dκθd
3k log λθ(κθ,k) = V

(4)
θ

∫
osc

dκθd
3k log λE(−ieiθκθ,k). (C.29)

Using the Cauchy theorem to rotate the integral κθ → ie−iθκE , one has

log detMcont
θ = ie−iθV

(4)
θ

∫
osc

dκEd3k log λE(κE ,k), (C.30)

meaning that the contribution to the determinant from the continuous spectrum for general
θ is simply obtained from Euclidean result by the analytic continuation V (4)

E → ie−iθV
(4)
θ

or T → ie−iθT . The integration along the temporal arcs at infinity vanishes when one
chooses a proper regularization scheme [138].

Although the argument given so far is general and should be in principle applicable
to a general saddle point φ̄, including the bounce, we give some explicit simple examples
below.
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C.4 Examples

Constant vacuum configuration

In this case the background is constant, we have a constant effect mass m ≡ U ′′(φ̄).
The eigenfunctions are simply plane waves and the spectrum is continuous. In Euclidean
spacetime, the eigenfunctions are

∆φ
(κE ,k)
E (τ,x) =

1

(2π)2
eik̂·x̂, (C.31)

where x̂ = (τ,x) is the Euclidean position four-vector, and k̂ = (κE ,k). The reciprocal
eigenfunctions are simply obtained by substituting k̂ with −k̂, so that one gets∫

d4x̂∆φk̂E,−(x̂)∆φk̂
′
E,+(x̂) = δ4(k̂ − k̂′). (C.32)

The eigenvalues are given by δmnk̂mk̂n +m2 ≡ k̂2 +m2 and the determinant is

log detME = V
(4)
E

∫
d4k̂

(2π)4
log(k̂2 +m2) =

∫
d4x̂ UCW. (C.33)

The result is the spacetime integral of the CW potential evaluated at the vacuum, as it
should be.

In Minkowski space the eigenfunctions are also improperly normalizable plane waves.
With Lorentz notation xµ = (t,x), kµ = (k0,k), these are:

∆φk(x) =
1

(2π)2
eik·x. (C.34)

Note how the solutions can be obtained from the Euclidean ones in (C.31) by doing
τ → ie−iθt, κE → −ieiθk0, with θ = 0.27 Again, the above Minkowski solutions are
normalized as in Eq. (C.32), and are eigenfunctions ofMθ=0 with eigenvalues −k2 +m2.
The determinant is then

log detM0 = V
(4)

0

∫
d4k

(2π)4
log(−k2 +m2), (C.35)

which can be related to the Euclidean result by analytic continuation of T → ie−iθT for
θ = 0.

Quantum mechanical kink

The quantum mechanical kink solves the equation[
− d2

dτ2
+ U ′(φ̄)

]
φ̄ = 0. (C.36)

27In the Minkowski path integral, we have ε as a regulator in both the iε-prescription (for picking the
vacuum) and the complex bounce. But arriving here, we can safely take θ = 0.
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with a potential

U(φ) = −1

2
µ2φ2 +

λ

4!
φ4. (C.37)

The solution is φ̄ = v tanh γ(τ − τ0), with γ = µ/
√

2. Writing u = tanh γ(τ − τ0), the
eigenvalue equation [

− d2

dτ2
+ U ′′(φ̄)

]
∆φE(τ) = λ∆φE(τ) (C.38)

becomes [
d

du
(1− u2)

d

du
− $2

1− u2
+ 6

]
∆φE(u) = 0, $2 = 4− λ/γ2. (C.39)

The solutions are the associated Legendre functions of second degree and order $:

∆φE(u) =
√
NE($)P$2 (u), (C.40)

with NE($) is a normalization constant.
First, one may note that the effective mass of the scalar field in the (degenerate)

vacuum, reached by the kink at τ =∞, is given by

m2 = 4γ2. (C.41)

From the work [114] we know there are only 2 discrete eigenvalues corresponding to $ = 1

(with a positive eigenvalue λ = 3γ2) and $ = 2 (giving a zero mode, associated with time
translations). There is no negative mode because the kink is not a true bounce which
should be like a kink-anti-kink configuration. There are continuum modes associated with
complex $.

To understand this in terms of asymptotic expansions, for $ 6= 1 we may relate the
Legendre functions to Jacobi polynomials, writing

P$2 (u) =
1

cos($π/2)

(
u+ 1

u− 1

)$
2

(3−$)$P
−$,$
2 (u), |u| < 1, $ 6= 1. (C.42)

The asymptotic expansions for τ → ±∞—corresponding to u = ±1—give

P$2 (τ) ∼ 1

2 cos($π/2)
(−1)

$
2 eγ$τ (3−$)$(1−$)(2−$), τ →∞,

P$2 (τ) ∼ 1

2 cos($π/2)
(−1)

$
2 eγ$τ (3−$)$(1 +$)(2 +$), τ → −∞.

(C.43)

For $ = 1 one has P 1
2 (u) = −3u

√
1− u2, which gives

P 1
2 (τ) ∼ − 6e−γτ , τ →∞,
P 1

2 (τ) ∼ 6eγτ , τ → −∞.
(C.44)

Note how for $ = 1, 2 we recover a suppressed behaviour at both ends, in accordance
with the fact that there is a discrete mode. There are no other values of $ 6= 1, 2 for
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which we have a decaying behaviour for both τ = ±∞, which confirms that there are only
two discrete modes. Furthermore, the continuum spectrum can only come from oscillating
solutions, which demand complex $:

$ =
iκE
γ

=
2iκE
m+

, κE ∈ R. (C.45)

In this case the continuum eigenvalues are

λcont = γ2(4−$2) = m2 + κ2
E , (C.46)

where we used (C.41). This is in accordance with our general result for the Euclidean
eigenvalues in the continuum, (C.14). The eigenfunctions in the continuum are then of
the form

∆φκEE (u) =
√
NE(κE)P$2 (u)

∣∣∣
$= 2i

m
κE
. (C.47)

The reciprocal eigenfunctions are obtained by simply changing the sign of κE , as follows
from the identity ∫ 1

−1

du

1− u2
P iξ2 (u)P−iξ

′

2 (u) =
2 sinhπξ

ξ
δ(ξ − ξ′), (C.48)

which implies that our eigenfunctions (C.47) satisfy∫ ∞
−∞

dτ ∆φκEE,−φ(τ)∆φ
κ′E
E,+φ(τ) =

m2

2κ
NE(κE) sinh

2κEπ

m
δ(κE − κ′E). (C.49)

This fixes the Euclidean normalization constant as

NE(κE) =
2κE

m2 sinh 2κEπ
m

. (C.50)

For a rotated time countour, one can rewrite the equation for the fluctuations in terms
of a variable ũ = v tanh γie−iθ(t − t0). The resulting equation is identical to (C.39),
after substituting u with ũ. Thus its solutions will be the associated Legendre functions
evaluated at ũ. This is equivalent to the analytic continuation of the Euclidean solutions
with the substitution τ → ie−iθt.

The asymptotic expansions can be obtained from (C.43), (C.44) by the same analytic
continuation, giving

P$2 (ie−iθt) ∼ 1

2 cos($π/2)
(−1)

$
2 eγ$t sin θeiγ$t cos θ(3−$)$(1−$)(2−$), t→∞,

P$2 (ie−iθt) ∼ 1

2 cos($π/2)
(−1)

$
2 eγ$t sin θeiγ$t cos θ(3−$)$(1 +$)(2 +$), t→ −∞,

P 1
2 (ie−iθt) ∼ − 6e−γt sin θe−iγ cos θt, t→∞,
P 1

2 (ie−iθt) ∼ 6eγt sin θeiγ cos θt, t→ −∞.

Again, for $ = 1, 2 the solutions decay at infinite time for θ > 0, and define valid
discrete modes. For asymptotic oscillatory solutions we need

e−iθγ$ = κθ, κθ ∈ R,⇒ $ =
eiθκθ
γ

=
2eiθκθ
m

. (C.51)
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These values of $ can be obtained from the corresponding Euclidean ones, (C.45), by
an analytic continuation κE → −ieiθκθ, as expected from our general arguments. The
continuum eigenvalues can be obtained by doing the same substitution in (C.14), which
gives a result agreeing with (C.15).

The normalization of the continuum eigenfunctions for arbitrary θ follows from relating
the solutions to the Euclidean ones, as in the first section. We now have

∆φκθθ (t) =
√
N∆φ−ie

iθκθ
E (ie−iθt) (C.52)

and the same arguments used in (C.22a) imply that the rotated functions are orthogonal,
and N = 1. The relation between the determinants follows from the arguments of the first
section.

As a check on whether one should rotate the κ parameter of the solutions in the discrete
spectrum, we plot the continuation of the discrete modes P 1

2 (tanh τ), P 1
2 (tanh τ) that arises

when substituting both τ → ie−iθt, and modifying the indices 1 → −ieiθt,2 → −2ieiθt.
As can be seen in Fig. C.1, this gives rise to an exponential blowup of the solutions, which
can be understood from (C.51): for $ 6= 1, 2 one gets the same exponential for t→ ±∞,
so that the solution blows up at one end.
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Figure C.1: Left. Double continutation of P 1
2 (tanh τ) with θ = 0.99π/2. Right. Double

continutation of P 2
2 (tanh τ) with θ = 0.99999π/2

A further test concerns verifying (C.17) for the continuation of the discrete eigenfunc-
tions P 1

2 , P
2
2 . Doing numerical integration this can be seen to hold (tested for θ = bπ/2,

with b ∈ {0.01, 1}, with an accuracy in one part in 1012).

QFT kink in planar-wall limit

The thin-wall tunneling problem in four-dimensional spacetime is analogous to the quan-
tum mechanical kink, but with additional spatial degrees of freedom. We consider a scalar
theory with the same potential as in (C.37). In hyperspherical coordinates, and assuming
an O(4) symmetry for the scalar background, the latter must satisfy[

− d2

dρ2
− 3

ρ

d

dρ
+ U ′(φ̄)

]
φ̄(ρ) = 0. (C.53)
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In the thin-wall approximation, the (1/ρ)d/dρ term in the bounce equation can be ne-
glected, the equation becomes the same as in quantum mechanics and one has again the
kink as a solution (but now as a function of the Euclidean radial coordinate ρ):

φ̄(ρ) = v tanh γ(ρ−R), (C.54)

where R is meant to be large, so that the configuration interpolates between the two vacua
at φ = ±v. For very large R, within a given region the wall will look planar. Its profile
is a function of a single coordinate that we may identify with the Euclidean time. In this
way we are back to a quantum mechanical kink background.

Interpreting the bounce background as depending on the Euclidean time, the eigenequa-
tions become [

− d2

dτ2
−∇2 + U ′′(φ̄(τ))

]
∆φ = λ∆φ. (C.55)

Expanding in eigenfunctions of the 3d Laplacian, we write

∆φ(τ,x) = ϕ(τ)eik·x, (C.56)

so that one has [
− d2

dτ2
+ U ′′(φ̄(τ))

]
ϕ = (λ− k2)ϕ. (C.57)

This is identical to the equation (C.38) of the fluctuations of the quantum mechanical
kink, after replacing λ → λ − k2. Thus proceeding as before we change variables to
u = tanh γ(τ − R) and find solutions in terms of Legendre polynomials P$2 (u), but now
with eigenvalues given by

λ = γ2(4−$2) + k2. (C.58)

There is a continuum spectrum depending on k, while for $ there are again 2 discrete
choices $ = 1, 2 giving temporally decaying solutions, and a continuum giving temporally
oscillating solutions. The latter have $ as in (C.45), and continuum eigenvalues of the
form

λ = m2 + κ2
E + k2, (C.59)

exactly as in (C.14). The properly normalized real Euclidean eigenfunctions in the con-
tinuum are:

∆φ
(κE ,k)
E φ(x̂) =

√
NE(κE)

(2π)3
P$2 (u)

∣∣∣∣∣
$= 2i

m
κE

eik·x, (C.60)

with NE(κE) given by (C.50), and with the reciprocal eigenfunctions obtained by changing
κE ,k with −κE ,−k. The scalar products go as∫

d4x ∆φ
(κE ,k)
E,− (x̂)∆φ

(κ′E ,k
′)

E,+ (x̂) = δ(κE − κ′E)δ3(k− k′). (C.61)
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The contribution to the determinant of the continuum modes is then

log detME = V
(4)
E

∫
d4k̂

(2π)4
log(k̂2 +m2), (C.62)

where we defined a 4 vector k̂ = (κE ,k).
The continuation to rotated time of the eigenfunctions and determinant goes exactly

as in the kink case, as the only difference now is the k dependence in the eigenfunctions
and eigenvalues, which is not changed by the analytic continuation process.

A very subtle point is that Eq. (C.62) is not equal to the spacetime integral of the
Coleman-Weinberg potential. This is because V (4)

E is defined as (2π)4δκE (0)δ3
k(0) which

is not necessarily equal to
∫

d4x due to the nontrivial background φ̄. See Ref. [138].
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Appendix D

Decay Rate from the WKB Method

In this appendix, we rederive the decay rate (A.20) from solving the static Schrödinger
equation using the WKB expansion. This derivation closely follows the calculation of the
ground energy in a symmetric double-well potential given in Ref. [42].

Before we start, we find it helpful to comment on the unit system used in our field
theory version of the action for quantum mechanics:

SE =

∫
dt

[
1

2

(
dx

dτ

)2

− V (x)

]
. (D.1)

Here, we have set the mass for the particle to be one such that the kinetic term looks like
that in field theory. This makes the “field”, x(τ), have unusual dimension. We first fix the
time τ with energy dimension −1, i.e., [τ ] = −1. Therefore the “field” x(τ) has the energy
dimension −1/2. That is,

[τ ] = −1, [x] = −1

2
, [V (x)] = 1, [V ′′(x)] = [m2] = 2. (D.2)

Further from Eq. (A.8), we have [A] = 1. (This is consistent with that A = 2
√

3µ in the
kink example. See below Eq. (A.30).)

For xp < x < x+ (see Fig. 2.1), we have the following WKB wave function

ψWKB(x) =
c1√
κ(x)

e
1
~
∫ x
xp
dx′ κ(x′)

+
c2√
κ(x)

e
− 1

~
∫ x
xp
dx′ κ(x′)

, (D.3)

where κ(x) =
√

2(U(x)− E). We are going to match this wavefunction with those near
the turning points xp and x+. Let us first consider the region around x+. In this region,
the potential is U = m2(x+ − x)2/2 and we expect an approximately ground state in this
parabolic potential. For a wave function, due to the normalization∫

dx ψ2
WKB(x) = 1, (D.4)

we have

[ψWKB(x)] =
1

4
, [κ(x)] =

1

4
, [c1] = [c2] =

1

2
. (D.5)

The dimensional system will help us to check the consistency of the equations and expres-
sions. For such a bound state, we have to consider the quantum ground energy, writing
E = ~m (1/2 + ε) where ε denotes a small correction. Expand κ(x) as

κ(x) =
√

2U(x)− E√
2U(x)

, (D.6)
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and substitute the above equation to Eq. (D.3). Using∫ x

xp

dx′
√

2U(x′) =

∫ x+

xp

dx′
√

2U(x′) +

∫ x

x+

dx′
√

2U(x′)

=
B

2
− 1

2
m(x+ − x)2. (D.7)

We obtain

ψWKB(x) =
c1√

m(x+ − x)
e

1
~(B2 −

1
2
m(x+−x)2+Em−1 ln(B−1/2m3/2A−1(x+−x)))

+
c2√

m(x+ − x)
e−

1
~(B2 −

1
2
m(x+−x)2+Em−1 ln(B−1/2m3/2A−1(x+−x))), (D.8)

where we have used Eq. (A.11). Substituting E = ~m (1/2 + ε) into the above expression,
we finally have

ψWKB(x) =
(
c1 e

B/2~B−1/4A−1/2m1/4e−
m
2~ (x+−x)2

+
c2

m5/4(x+ − x)
e−B/2~B1/4A1/2e

m
2~ (x+−x)2

)
× [1 +O(ε)]. (D.9)

To fix the coefficients, we need to match ψWKB(x) to the solutions of the Schrödinger
equation. First, we consider the match to the solution of the following equation

−~2

2
∂2
xψ(x) +

1

2
m2 (x− x+)2 ψ(x) = E ψ(x) (D.10)

for|x − x+| � ~. Since ε is a small number, we will solve this problem perturbatively
around ε = 0. For ε = 0, we have two solutions

ψ1(x) = m1/4 e−m(x+−x)2/2~, (D.11)

and

ψ2(x) =
1

m1/4(x+ − x)
em(x+−x)2/2~, (D.12)

where the latter is valid for |x−x+| � ~. The factors of m1/4 and m−1/4 are included for
dimensional reason. For nonvanishing ε, writing ψ(x) = ψ1(x) + δψ(x), we have

−~2

2
∂2
xδψ(x) +

1

2
m2(x− x+)2 δψ(x) = (~m)εψ1(x). (D.13)

The solution can be readily seen to be

ψ(x) = ψ1(x)− ε
∫ ∞
x

dx′ ψ1(x′) [ψ1(x′)ψ2(x)− ψ2(x′)ψ1(x)], (D.14)

where ψ(x) vanishes for x→∞. This automatically takes care of the match for x−x+ � ~.
For x− x+ � ~, we can approximately use the following relation∫ ∞

x
dx′ ψ2

1(x′) ≈
∫ ∞
−∞

dx′ ψ2
1(x′) =

√
π~ (D.15)
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to obtain

ψ(x) = N

[
m1/4e−m(x+−x)2/2~ [1 +O(ε)]− ε

√
π~

m1/4(x+ − x)
em(x+−x)2/2~

]
, (D.16)

where we have included a normalization factor. Comparing Eq. (D.16) with Eq. (D.9), we
have

mε = −c2

c1

√
B

π~
e−B/~A. (D.17)

The ratio c2/c1 can be determined by doing the match around xp. In this region,
U(x) = U ′(xp)(x − xp). The state is not a bound state and we can simply take E = 0.
Hence, we have the the following Schrödinger equation,

−~2

2
∂2
xψ(x) + U ′(xp)(x− xp)ψ(x) = 0. (D.18)

Defining y = x− xp and y = (~2/(2U ′(xp)))
1/3z, we have

∂2
zψ(z)− zψ(z) = 0. (D.19)

The solutions to this equation are Airy functions. The asymptotic forms of the Airy
functions are well known:

Ai(z)→ 1

2
√
π
z−1/4 exp

(
−2

3
z3/2

)
for z → +∞, (D.20)

Ai(z)→ 1√
π
|z|−1/4 cos

(
2

3
|z|3/2 − π

4

)
for z → −∞. (D.21)

and

Bi(z)→ 1√
π
z−1/4 exp

(
2

3
z3/2

)
for z → +∞, (D.22)

Bi(z)→ 1√
π
|z|−1/4 cos

(
2

3
|z|3/2 +

π

4

)
for z → −∞. (D.23)

This gives the following connection formulas: if for x > xp, we have

c1√
κ(x)

exp

[∫ x

xp

dx′ κ(x′)

]
+

c2√
κ(x)

exp

[
−
∫ x

xp

dx′ κ(x′)

]
, (D.24)

then the solution for x < xp takes the form

2 c2√
k(x)

cos

[∫ xp

x
dx′ k(x′)− π

4

]
− c1√

k(x)
sin

[∫ xp

x
dx′ k(x′)− π

4

]
, (D.25)

where k(x) =
√
−2U(x) and we have used κ(x) ∼

√
z for z > 0 and k(x) ∼

√
|z| for

z < 0.

129



To have a pure outgoing boundary condition for x < xp, we let c1 = i 2c2. This gives
us

mε =
i

2

√
B

π~
e−B/~A, (D.26)

which is imaginary. Finally, we obtain the decay rate

Γ =
2

~
ImE =

√
B

π~
e−B/~A, (D.27)

in agreement with the result derived from the path integral.
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