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Abstract—In this letter, a simplified thermal model is used to
derive a closed-form expression for the frequency dependency
of the current-to-wavelength tuning coefficient (FM response) of
vertical-cavity surface-emitting lasers (VCSELs). It explains the
experimentally observed square root law and shows very good
agreement with measured FM responses of two different VCSEL
types. It yields significantly improved accuracy compared to the
usually assumed first-order low-pass model.

Index Terms—Dynamic wavelength tuning, laser theory, tunable
vertical-cavity surface-emitting lasers (VCSELs).

I. INTRODUCTION

THE DYNAMICS of the current-to-wavelength tuning co-
efficient of a laser diode including vertical-cavity surface-

emitting lasers (VCSELs) have usually been described with a
first-order low-pass model [1]–[4]. The obtained typical values
of the VCSEL thermal time constants are around 1 s [4],
[5], which corresponds to a 3-dB cutoff frequency of

kHz. In a first-order low-pass model, the cur-
rent-to-wavelength tuning coefficient is above cutoff frequency
inversely proportional to the frequency, i.e., the tuning coeffi-
cient drops by a factor of 2 if the frequency is doubled.

Experimental characterization of the frequency dependency
of the current-to-wavelength tuning coefficient, which is de-
noted as the frequency modulation (FM) response, has recently
been carried out for VCSELs with different internal struc-
tures. It turned out that the FM response of VCSELs follows
a square root law [6], i.e., above cutoff frequency the cur-
rent-to-wavelength tuning coefficient drops approximately by a
factor of if the frequency is doubled. These characteristics
have been very beneficial, e.g., for high-speed tuning at 5 MHz
of a 1680-nm VCSEL used for methane sensing [7], which
would be impossible if the thermal tuning has a first-order
low-pass behavior with a cutoff frequency around 160 kHz.

A theory of the FM response for distributed feedback (DFB)
lasers already exists that matches the measured laser behavior
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[8]. For a theoretical analysis and explanation of the measured
square root law of FM response of VCSELs, we developed a
simplified thermal VCSEL model based on the heat equation
and computed the FM response analytically. The current mod-
ulation causes an internal heating in the laser, which results
in a refractive index variation in the laser material, so that the
emitted wavelength changes. The active region of the VCSEL
is modeled as a Gaussian-distributed instantaneous plane heat
source. The average temperature in the active region over time
is assumed to be proportional to the time-dependent wavelength
of the laser. The FM impulse response (thermal impulse re-
sponse) is therefore the variation of the average temperature in
the mode volume over time, when a heat impulse is generated
at time . The Fourier transform of this impulse response
then gives the FM response of the laser.

II. SIMPLIFIED THERMAL VCSEL MODEL AND DERIVATION

OF FM RESPONSE

For the theoretical calculations, assumptions about the heat
source, conduction medium, and optical mode distribution have
been made as follows.

1) Heat source: The active region generates the heat and is
modeled as an infinitely thin plane heat source at .
The strength of heat generation in the infinitely thin plane
is radially Gaussian distributed with the standard deviation

. The heat production is a -function and occurs at .
2) Optical mode: The optical mode is radially Gaussian dis-

tributed with the standard deviation and the average
temperature of the active region affects the emitted wave-
length. The extension ( ) of the optical field is neglected
in this simplified thermal analysis, which fits well to usual
VCSELs with small ratio.

3) Conduction medium: The medium is isotropic and extends
infinitely in the , , and positive direction. The substrate
acts as an ideal heat sink, i.e., it is kept at a constant tem-
perature.

The idealized VCSEL model is shown in Fig. 1.
The equations for the transient heat distribution in the VCSEL

are given by the heat equation for an isotropic solid (see [9,
eq. 1.6.7 ]) with appropriate boundary condition and intensity
distribution of the heat source (unit: watts per cubed meter)

(1)

for (2)

The thermal diffusivity is a material constant, which
is a measure of transient heat flow and is defined as the thermal
conductivity divided by the product of specific heat capacity
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Fig. 1. Schematic cross-section in the � � � plane of the idealized VCSEL
structure. The active region (solid black) is modeled as an infinitely thin plane at
� � � that generates heat with radially Gaussian distributed intensity (standard
deviation: � ). The substrate is located at � � �� and kept at a constant
temperature. DBR is distributed Bragg reflector.

times density . The plane heat source is assumed to have a
Gaussian-distributed intensity, i.e.,

(3)

whereby the source is located in the plane and the stan-
dard deviation of the distribution is assumed to be the current
aperture radius .

The transient temperature response at an arbi-
trary point at time can be calculated by spatial convo-
lution of the transient point heat source response and the source
distribution (see [9, eq. 10.2.5]). The boundary condi-
tion (2) is satisfied by using the method of images (see [9, Sec.
10.10]). With the disc heat source located at , we asso-
ciate the mirrored sink with the same strength but opposite sign
at . The superposition of these two sources will give
a zero temperature at .

The average temperature of the active region is de-
termined by averaging with respect to the optical
mode distribution

(4)

As noted in the assumptions above, the optical mode distribution
is also chosen to be a Gaussian function

(5)

The FM frequency response is obtained by Fourier transforming
the thermal impulse response. The Fourier transform is denoted
by a hat accent.

The results are

(6)

Fig. 2. (a) Exact (solid curve) and approximate [(10), broken curve] relation-
ship of the normalized cutoff frequency � �� and the tuning coefficient at dc
condition with constant � , � , and �, when � is adjusted. (b) 	 ��� for dif-
ferent � with constant � , � , and � (curves are shown in the same order as
listed in the legend).

(7)

and the FM response is defined by

(8)

Basically, depends on two parameters. First, the fre-
quency scale parameter

(9)

scales the FM response in frequency. The 3-dB cutoff frequency
is approximately proportional to , i.e.,

(10)

or rather

(11)

If , , and are held constant, the cutoff frequency
has an inverse quadratic relationship with the tuning coefficient
at dc condition, which is proportional to [Fig. 2(a)].

The second parameter is the VCSEL form factor

(12)

which is the quotient of the distance of the active region to the
substrate and the square mean of the current aperture radius
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Fig. 3. Measurement data of FM response ������ of GaAs VCSEL (triangles)
and InP VCSEL (circles) with the calculated FM response according to the sim-
plified thermal model (broken curve). The solid curve represents the first-order
low pass with the cutoff frequency 110 kHz, which is the same for the GaAs
VCSEL.

and the optical mode radius . A decreasing (active re-
gion nearer to the heat sink) or with constant , , and
increases the cutoff frequency but lowers the tuning coefficient
[Fig. 2(b)]. It should be noted that the tuning behavior for high
frequencies does not depend on or (constant and pa-
rameters), because the curves have the same asymptote. In the
simulation, the heat source and the optical mode are assumed to
be both Gaussian distributed with the same radius. This is not a
limitation, because according to calculations the same result for

is obtained if is kept constant.
In the case of no boundary condition (i.e., ), the FM

response can be expressed in terms of a confluent hypergeo-
metric function of the second kind (see [10, 13.6.39]), which
is related to the generalized hypergeometric function

(13)

(14)

(15)

Note that approaches its final value 1 very
quickly for . This demonstrates that has basically

behavior for and thus shows that
follows a square root law. For decreasing the slope of the
FM response at high frequencies in doubly logarithmic scale
remains at 1/2 [see Fig. 2(b)], because the second summand in
(7) reaches zero very quickly for increasing .

III. COMPARISON WITH EXPERIMENTAL DATA

In Fig. 3, measurement data of the FM response of two dif-
ferent types of VCSELs [6] is shown in conjunction with the
theoretical model presented in this letter with fitted parameters
for and . The values in parentheses behind are the expected

values determined by dividing the current aperture radius of the
VCSEL and the approximate distance of the active region to
the substrate. An expected value for [see (9)] is not known,
because the average thermal conductivity as well as the average
thermal diffusivity of the compound semiconductor material are
difficult to obtain and beyond the scope of this letter.

1) GaAs-based VCSEL (763 nm, ULM Photonics):
m, (expected: 2.6), kHz

( kHz).
2) InP-based VCSEL (1853 nm, VERTILAS):

m, (expected: 0.8), kHz (
kHz).

IV. CONCLUSION

As shown in this letter, it is possible to derive closed-form
expressions for the FM impulse and frequency response that
give a significantly better qualitative description of the actual de-
vice behavior than the common first-order low-pass model. The
calculation is based on the assumptions of a two-dimensional
Gaussian-distributed plane heat source and optical mode distri-
bution. The analytical expression of the FM response shows a
square root behavior for high frequencies and recreates the mea-
surement result with good accuracy. Compared to the thermal
properties of conventional edge emitting lasers, VCSELs show
a different 3-D heat propagation, which results in this square
root behavior and a much higher cutoff frequency.
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