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Non-Uniform Rational B-Spline Basis Functions and Isogeometric Analysis
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Figure 1: Piece-wise polynomial basis functions

Classical Finite Element Analysis (FEA) uses typically C 0-continuous basis functions across the elements which also
attain low polynomial order, see Figure 1(a), for numerically confronting Boundary Value Problems (BVPs).

On the other hand, Isogeometric Analysis (IGA), proposed �rst in [1], makes use of high order functions the so-called
Non-Uniform Rational B-Spline (NURBS) basis functions which in addition may attain higher than C 0-continuity across
the elements. Using the NURBS basis functions the low order basis functions can be also represented. The NURBS
basis functions can be iteratively computed in 1D using the Cox-De-Boor formula:

Ni ,0 (ξ) =

{
1 if ξ ∈ [ξi , ξi+1[ ,
0 elsewhere ,

and Ni ,p (ξ) =
ξ − ξi
ξi+p − ξi

Ni ,p−1 (ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1

Ni+1,p−1 (ξ)

Ri ,p (ξ) =
Ni ,p (ξ)∑n

j=1Nj ,p (ξ)wj

where ξ ∈ Ξ, Ξ denotes the so-called knot vector of the NURBS patch, Ni ,p, Ri ,p and wi are the are the B-Spline basis
functions, the corresponding NURBS basis functions and their weights, respectively. In more than one dimensions, the
NURBS basis functions are constructed as a tensor product of the 1D basis functions.

Multipatch isogeometric membrane analysis
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Figure 2: Multipatch membrane analysis

One of the main promises of IGA is the integra-
tion of design and analysis. Since the design
models consist in principle of trimmed multi-
patches, methods have to be developed for im-
posing continuity constraints across the di�er-
ent patches. Those methods depend on the
underlying BVP. In particular for the membrane
problem [2] only continuity of the displacement
�eld across the subdomains su�ces in terms of
the requirements of the corresponding varia-
tional form. Additionally, the membrane struc-
tures need to be subject into embedded cables

at their free edges Γ
(i)
c in order a unique static

equilibrium state to be guaranteed. The varia-
tional form of the membrane problem without
the continuity constraints writes; for each time
instance t ∈ T �nd a d ∈ V t such that,〈

δd, ρd̈
〉
0,Ω\γi

+
〈
δd, cḋ

〉
0,Ω\γi

+ a (δd,d) = l (δd) for all δd ∈ V .

The inner products 〈·, ·〉0,Ω\γi : V × V , the form a : V × V → R and the linear functional l : V → R are de�ned as,〈
δd, ρd̈

〉
0,Ω\γi

: =

∫
Ω\γi

δd 0
i ρd̈

0
i dΩ ,

a (δd,d) : =

∫
Ω\γi

δd 0
i

∂εαβ (d)

∂d 0
i

(
nαβ (d) + nαβ0

)
dΩ +

∫
Γc

δd 0
i

∂ε̃ (d)

∂d 0
i

(ñ (d) + ñ0) dΓ ,

l (δd) : =

∫
Ω\γi

δd 0
i b0i dΩ ,

Let K(i) stand for the tangent sti�ness matrix of patch Ω(i). The coupled tangent sti�ness matrix of the steady-state
system at the î th Newton-Rapshon iteration which also accounts for the weak enforcement of the Dirichlet boundary
conditions can be formulated through various methods [3, 4] as shown below.
• Using the Penalty method:
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• Using the Lagrange Multipliers method
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• Using the Nitsche method:
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The stabilization parameters β̃, β in this case can be estimated piecewise for each Dirichlet and interface boundary as

the maximum eigenvalues λ̃(i), λ
(i ,j)

of the following eigenvalue problems such that a unique equilibrium state exists,

det
(
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The tangent sti�ness matrix of the dynamic system can be then easily computed using the damping and the mass
matrices in conjunction with the selected time integration method which within this study is the Bossak scheme.
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(a) Single patch design of a four point sail (b) Form-found shape of a single patch four
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(c) 3-patch design of a four point sail (d) Form-found shape of a 3-patch patch four

point sail using Nitsche
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Figure 3: Form-�nding analysis for both a single and a multipatch four point sail

The benchmark problem of the form-
�nding analysis over a four-point sail of
dimensions 10 m × 10 m is herein used
for demonstrating the form-�nding re-
sults using the Nitsche method for the
multipatch coupling. Form-�nding [5] is
a method for �nding the shape of static
equilibrium with respect to the applied
prestress. This shape ensures that the
distribution of the stresses along the do-
main are such that a unique static equi-
librium state exists. Additionally, ca-
bles are embedded into the sail at its
four edges highlighted on Fig. 3 by
green. The sail has Young's modulus
E = 210 GPa and poisson ratio ν = 0.4
whereas the applied prestress is assumed
isotropic equal to n0 = 200 KPa. More-
over, the Young's modulus and the pre-
stress value for the cables is Ẽ = 210GPa
and ñ0 = 2 MN, respectively, for which
the edges of the sail become arcs of a cir-
cle with given radius. In Fig. 3(b), 3(d)
a comparison of the form-�nding results
when using a single and a 3-patch sail is
given. Additionally, in Fig. 3(e) the evo-
lution of the stabilization parameters for
the multipatch coupling throughout the
form-�nding iterations is demonstrated.
The stabilization parameters β̃ and β, for
the application of weak Dirichlet bound-
ary conditions and patch coupling, re-
spectively, are estimated at each Dirich-
let boundary and each interface by solv-
ing a set of eigenvalue problems. Those
parameters converge asymptotically to a
constant value as the form-found shape
is obtained. A relatively high jump of
the stabilization parameters is observed
at the beginning of the form-�nding iterations due to that large shape changes occur at the �rst form-�nding iterations.

Main sail of a sailing boat
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Figure 4: Modal and transient analysis for a sailcloth

A model of the main sail of a sailing boat is herein used as
a second example. Subsequently, the geometry is divided
into two patches as shown in Fig. 4(a). The Young's mod-
ulus, the poisson's ratio and the density of the sailcloth are
chosen as E = 1.8 GPa, ν = 0.3 and ρ = 1150 Kg/m,
respectively. The thickness of the sail is t = 1 mm. Sub-
sequently, the prestress is assumed isotropic of magnitude
n0 = 102Pa. Two cables are embedded on the sail's bound-
aries, with the same material properties as for the sailcloth
but with ten times higher prestress. For patch 1 bi-cubic
elements are employed whereas for patch 2 biquadratic.
A modal analysis of the corresponding geometrically linear
problem is performed and some of the resulting eigenmodes
are shown in Fig. 4(c)-4(j) for both the single- and the
multipatch settings. A transient analysis is subsequently
performed using the Bossak time integration scheme be-
tween the time interval [−6 s, 18 s] and the 2-norm of the
displacement of the sailcloth's centroid through the time
is shown in Fig. 4(b). For the coupling of the di�erent
patches along their common interfaces as well as the appli-
cation of weak Dirichlet boundary conditions the Penalty,
the Lagrange Multipliers and the Nitsche method are em-
ployed. For the given discretization all coupling meth-
ods yield identical results which demonstrate a phase shift
when compared to the results from the single patch anal-
ysis which can be attributed to the spatial discretization.
In what concerns the coupling properties, for the Penalty
method the corresponding Penalty parameters are chosen
as β = 7.905 × 108 and β̃ = 4.722 × 105 by scaling the
material matrix of the problem with the minimum element
sizes. In what concerns the Lagrange Multipliers method,
the number of elements concerning the Lagrange Multi-
pliers discretization for the patch interface are chosen the
same as for patch 1 along the interface and for the Dirichlet
boundary the d3/4e of the elements of each patch at the
boundary. Contrary to the previously mentioned methods,
no parameter has to be chosen for the Nitsche method.
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