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Robust Ballistic Catching: A Hybrid System
Stabilization Problem

Markus M. Schill and Martin Buss

Abstract—This paper addresses a remaining gap between to-
day’s academic catching robots and their future in industrial ap-
plications: reliable task execution. A novel parameterization is de-
rived to reduce the three-dimensional (3-D) catching problem to
1-D on the ballistic flight path. Vice versa, an efficient dynamical
system formulation allows reconstruction of solutions from 1-D to
3-D. Hence, the body of the work in hybrid dynamical systems
theory, in particular on the 1-D bouncing ball problem, becomes
available for robotic catching. Uniform Zeno asymptotic stabil-
ity from bouncing ball literature is adapted, as an example, and
extended to fit the catching problem. A quantitative stability mea-
sure and the importance of the initial relative state between the
object and end-effector are discussed. As a result, constrained dy-
namic optimization maximizes convergence speed while satisfying
all kinematic and dynamic limits. Thus, for the first time, a quan-
titative success-oriented comparison of catching motions becomes
available. The feasible and optimal solution is then validated on
two symmetric robots autonomously playing throw and catch.

Index Terms—Catching, contact modeling, dexterous manipula-
tion, manipulation planning, nonprehensile manipulation.

I. INTRODUCTION

ROBOTS catching an object is a challenging and frequently
considered testbed to demonstrate the performance of ob-

ject tracking combined with motion planning in highly dynamic
environments. A successful catch relies on good solutions in
both tracking and planning. Vice versa, a failed attempt is typ-
ically explained with shortcomings of the proposed solutions,
e.g., neglected dynamic feasibility or inaccurate estimation of
the object state. The complexity of many proposed systems hin-
ders an analytic derivation of the mixture of errors that lead to
the observed failures. This paper presents a novel and provably

Manuscript received February 12, 2018; revised June 21, 2018; accepted Au-
gust 24, 2018. Date of publication October 31, 2018; date of current version
December 4, 2018. This paper was recommended for publication by Associate
Editor K. Hauser and Editor A. Billard upon evaluation of the reviewers’ com-
ments. This work was supported in part by the ERC Advanced Grant SHRINE
Agreement 267877 and in part by the Technical University of Munich–Institute
for Advanced Study (tum-ias.de), funded by the German Excellence Initiative.
(Corresponding author: Markus M. Schill.)

The authors are with the Chair of Automatic Control Engineering, Technical
University of Munich, München 80290, Germany (e-mail:, m.schill@tum.de;
mb@tum.de).

This paper has supplementary downloadable multimedia material available at
http://ieeexplore.ieee.org provided by the authors. This includes a video showing
a sequence of successful catching attempts. Six slow motions related to the initial
relative states discussed in the paper visualize the effect of advantageous and
disadvantageous choices. The potential to robustly catch objects of complex
shape or multiple objects with different shapes is demonstrated. This material
is 59 MB in size.

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TRO.2018.2868857

Fig. 1. Dynamical system parameterization enables ballistic nonprehensile
catching with dynamically feasible offline motions using hybrid bouncing ball
formalisms.

robust method for robotic catching. The approach is validated
in a prototypical experimental setup.

Many previous works consider static catching with a grip-
per [1]–[4], where the goal is to track and predict the object
flight trajectory with high precision as quickly as possible. The
remaining time is then used to move the catching robot to a
reachable kinematic goal posture such that the gripper inter-
cepts the flight path and catches the object at the right moment.
This approach generates impact forces and a rebound that can
cause the object to bounce off the gripper in case of uncertain-
ties. Thus, static approaches are limited to soft, relatively light
objects, or compliant end-effectors.

Dynamic catching, in which the robot adapts to the motion
of the object [5]–[9], allows handling of a wider range of ob-
jects and is less sensitive to timing accuracy [10]. Without a
gripper, the goal is formulated as a generic nonprehensile [11],
[12] catching task based on the fundamental dynamics [13] that
model continuous contact between a free flying object and the
robot end-effector.

This paper isolates fundamental hybrid dynamics of the catch-
ing problem, cf., Fig. 1, applying to most robots that could catch
objects robustly. Our novel approach is characterized by three
main contributions.

1) Dimensionality reduction closes the gap between ballistic
catching and related hybrid control theory: allows transfer
of (future) progress in hybrid control theory to robotic
catching.

2) Uncertainty of object states and restitution behavior in-
cluded as collisions are inevitable, even for dynamic
catching–dynamic catching is realized robustly.

3) A single catching motion applies for a range of objects
and initial object states (no replanning): guaranteed dy-
namically feasible robot motions can be found offline.

Hence, for the first time, experimental success in ballistic
robotic catching becomes predictable and robust. The experi-
mental success at the end of this paper generalizes to various
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robots. This generality and robustness of the proposed approach
is promising for many future (industrial) applications.

A. Robotic Catching

The fundamental problem of catching is to bring a fast flying
object to rest by interaction with a robot end-effector.

Interestingly, one of the first catching systems accomplishes
the task dynamically (velocity and acceleration matching) [5],
[6] and not statically. In this early work, a 4-DOF robot with a
gripper closes perpendicular to the flight direction in order to
avoid impact of the object with the end-effector. The dynamic
approach is necessary because vision systems are still too im-
precise to determine accurate arrival times. The closing of the
grasping end-effector also took a considerably long time. About
the same time a “mirror law” was proposed in [7] to generate the
motion for a dynamic catch in combination with a well-tuned
PD-controller after the initial impact. The related problem of
kinematic and dynamic feasibility is not treated formally.

More recent work addresses some of the feasibility problems
in dynamic catching. In [8], the goal definition is extended to
match the acceleration of a thrown basketball. In the case of
kinematically or dynamically infeasible desired robot motions,
an indirect catch is introduced, which is a single controlled re-
bound before the actual catch. In [14], the idea of direct and
indirect catching is generalized to polygonal objects. Kinemat-
ically feasible offline trajectories are generated in [10] as the
basis for a linear parameter varying (LPV) approach. With the
LPV system definition asymptotic convergence to the object’s
trajectory is shown. Dynamic feasibility is neglected, which is
later made responsible for some of the failed catching attempts
in the experimental evaluation.

So far, no ballistic catching approach has formally included
the inevitable appearance of impacts that are due to uncertain
knowledge of the object state. In our preliminary analysis [9],
we showed in simulation and experiments that uncertain object
states may lead to undesirable relative motions if pure veloc-
ity matching is pursued. A reachability analysis showed that
a proper treatment of relative acceleration has the potential to
perform a graspless catch on a ballistic trajectory. These re-
sults are in line with the findings of Schaal and Atkeson [13],
and more recently Ronsse et al. [15] and Reist and D’Andrea
[16], which suggest that negative acceleration has a focusing
effect on manipulation with rebounds. In this paper, we formal-
ize, for the first time, the treatment of relative acceleration in
robotic catching by means of Lyapunov-based stability analysis
of the fundamental hybrid system dynamics, which expresses
the problem of converging to a fixed point.

B. Hybrid Bouncing Ball

Highly related to catching with rebounds is the problem of
a ball bouncing on a table under a constant gravitational field.
Being a generic example for a process that is partially of continu-
ous (flow) and partially of discrete (jump) nature, the bouncing
ball is not only an illustrative example, but has motivated a
body of work. A commonly revisited problem is to stabilize the
ball on a periodic orbit at the example of robotic juggling [7],
[15]–[25]. One approach is the use of measure differential

equations [21] to model and analyze this problem. Most of
the juggling approaches, however, have chosen a Poincaré map
approach [7], [15], [16], [20]–[22] to tackle the problem of pe-
riodic stability. All of these Poincaré map approaches model
the continuous phase with the parabolic solution in the world
coordinates and then analyze the implications of intermittent
contacts with a (mostly periodically) moving table. Thereby,
the work in [15] and [16] confirms Schaal’s early observation in
[19] of the significant influence of the table acceleration on the
orbital stability behavior.

Today, the progress in hybrid dynamical system theory en-
ables a unified treatment of partially continuous and partially
discrete problems. An extensive overview of the hybrid dynam-
ical system framework we use and related stability for time-
invariant hybrid systems can be found in [26]. Applications of
this framework on the juggling problem can be found in [23]
and [24].

For the graspless robotic catching in this paper, the fundamen-
tal underlying problem of making the ball converge to a fixed
point on the table or end-effector [27] differs from juggling. The
main difference here is the occurrence of Zeno behavior, which
is the unique ability of hybrid systems to exhibit an infinite num-
ber of discrete events in finite time. Literature on Zeno behavior
often focuses on conditions for its existence [28]–[30] for gen-
eral, even nonlinear, hybrid systems and how the existence cor-
relates to asymptotic stability [31]–[33]. The generality of these
approaches, however, hinders explicit calculations of Zeno limit
points or the finite Zeno time for particular initial conditions.
Works [34] and [35] are a great improvement toward an explicit
consideration of Zeno behavior in real-world robotics. Follow-
ing the work of Goebel and Teel [32], they showed general
Zeno stability for a nonautonomous bouncing ball system with
set-valued relative acceleration. Concentrating on the relative
dynamics between constraint and ball, they derived a necessary
and sufficient condition for uniform Zeno asymptotic stability
(UZAS) in [35] by means of a ratio between the acceleration
and the kinematic coefficient of restitution. The success guaran-
tees and extensions presented in our paper build upon this ratio
and the sophisticated Lyapunov function introduced for their
proof.

C. System Overview and Outline

We consider a blind robot–robot throwing and catching sce-
nario, in which each robot is capable of performing both tasks,
without change of hardware or tools. On the one hand, not re-
quiring visual feedback comes with the advantage of arbitrary
scalability. Even very short distances or widely covered flight
trajectories are possible. On the other hand, visual feedback can
always be added to further increase flexibility and robustness.

In order to enable a focused discussion, this paper distin-
guishes between four general robot motion phases per throwing
and catching sequence, visualized in Fig. 2.

P1) A first robot throws an object. In this paper, optimal
control based motion planning maintains dynamic feasi-
bility and ensures dynamic fixation of the object during
acceleration. At nonprehensile release, a limited and re-
peatable uncertainty in the object state remains.
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Fig. 2. Block diagram outlining the four phases for joint robot–robot throwing
and catching.

P2) A second robot accelerates from rest to the goal state,
which is the initial state of P3. Again, optimal control-
based motion planning is used.

P3) The second robot performs a decelerating motion on the
ballistic flight path. Dynamic requirements that enable
reliable ballistic catching and feasible motion planning
are the major subject of this paper. Along the discussion,
special attention is paid to the relative state between
the object and end-effector at the start of the following
motion.

P4) The second robot has to leave the ballistic flight path at
some point while still in motion. Again, optimal control-
based motion planning is used, but here with an inequal-
ity constraint that ensures negative relative acceleration
in normal end-effector direction. Due to kinematic and
dynamic limitations of typical robots, a continuous con-
tact at the end of P3 is mostly not possible or not desirable
from an efficiency (throughput) perspective.

Focusing on P3 and the transition to P4, the remainder of the
paper is structured as follows. Section II starts with a general-
ized formulation of the catching problem. It is followed by a
novel parameterization, which relates 3-D ballistic catching to
the hybrid bouncing ball in 1-D. Based on boundedness of the
relative acceleration, an asymptotic stability notion of the rela-
tive hybrid dynamical system is introduced in Section III and a
bound on the maximal rebound height is derived. In Section IV,
we discuss the predictability of catching success for spherical
and arbitrarily shaped objects. In Section V, the feasibility prob-
lem is resolved with optimization-based motion planning and
solutions to the individual phases are described in more detail.
In order to give a better understanding of the theoretic deriva-
tions, realistic numerical examples with discussion can be found
throughout the paper. Section VI presents an experimental eval-
uation based on the previous examples. Section VII concludes
the paper.

Fig. 3. Distance measure h between the object surface SO and end-effector
surface SE . Rotations of the object lead to a bounded uncertainty in h for
identical distances between the object center of mass and SE .

II. CATCHING AS 1-D PROBLEM

Here, we formulate the general problem of catching rigid, ar-
bitrarily shaped, and fast flying objects in 3-D space. Particular
attention is paid to the various uncertainties that can occur. Due
to these uncertainties, at some point in the catching process,
the object collides inevitably with the robot end-effector mul-
tiple times. So far, the purpose of grippers in dynamic robotic
catching has been to compensate for the hardly predictable mul-
ticollision outcome. But, one could never be certain whether
some of the experimental failures are still due to collisions.
Therefore, we here establish a relation between the well-known
bouncing ball in hybrid control theory and the robotic catching
problem.

Finally, a novel parameterization is derived, which formu-
lates the acceleration of the end-effector as input to the robotic
catching system. The parameterization builds on the assumption
that the object center of mass follows a ballistic trajectory. This
applies for rigid objects with a sufficiently large mass-surface ra-
tio such that the influence of aerodynamic drag is small. Hence,
given a translational object state at one point in time and despite
the uncertainties described in this section, the path on which the
object center of mass travels is predictable and independent of
shapes. A large range of parts in industrial production processes
fulfills this property.

As the first main result of this paper, solutions for the 1-
D hybrid bouncing ball are easily transferred back into 3-D
catching. Hence, recent progress in hybrid control theory (see
Section III) becomes available for robotic catching.

A. Catching Problem Formulation With Bounded Uncertainty

Consider a generalized object with surface SO and a robot
catching end-effector with desired catching surface SE as de-
picted in Fig. 3. The catching surfaceSE can be of various types,
e.g., a simple plate, the palm of a gripper, or the bottom of a box
as discussed later in this paper. The distance between SO and
SE is then defined as

h := min
pO ∈SO ,pE ∈SE

‖pO − pE ‖ (1)

where pO and pE are points on the object and end-effector sur-
face, respectively. Initially, surfacesSO and SE are disjoint such
that the object is above the end-effector. The time derivatives of
h are the relative velocity ν := d

dt h and the relative acceleration
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γ := − d2

dt2 h. Hence, the goal of catching an arbitrarily shaped,
fast flying rigid object corresponds to

h(t → ∞) = 0 and ν(t → ∞) = 0 (2)

where γ > 0 must hold.1 In a catching scenario, various uncer-
tainties occur and are difficult to measure or predict. Nonethe-
less, boundedness can be assumed for them. The following three
types will be distinguished to account for these uncertainties.

U1) Uncertainty in the initial state h(0) and ν(0): e.g., due to
imprecise object state estimation including orientation
and rotation gained from real-time vision or based on
the repeatable, open-loop robot throws as in this paper.

U2) Time-varying uncertainties in γ(t): e.g., due to object
rotation, neglected aerodynamic drag, imprecise robot
motions, and object motions deviating from the ballistic
path. Errors in the estimation of h and ν for t > 0 as a
consequence of U1 lead to a translational object motion
in parallel to SE (perpendicular to h), which in turn
affects the relative acceleration.

U3) Collisions in catching are inevitable due to U1 and U2.
The outcome of such collisions is unpredictable and,
thus, kinematic restitution perpendicular to SE must be
considered uncertain, too.

From the aforementioned problem and uncertainty formu-
lation follows that catching an arbitrarily shaped, fast flying,
rigid object is similar to stabilizing a 1-D bouncing ball with
considerable uncertainties. The remainder of this paper, thus,
concentrates on maximizing robustness against U1–U3 gener-
ally, instead of calculating scenario specific bounds for all the
uncertainties.

B. One-dimensional Hybrid Bouncing Ball

In order to analyze the transition into continuous contact,
we define relative system states x := [h ν ]� with continuous
dynamics

ẋ = f(t,x) :=
[
x2 −γ(t)

]�
. (3)

These continuous dynamics, however, fail to describe the entire
system behavior because collisions with the end-effector surface
will occur, i.e., when h = 0 in Fig. 3. For the collisions between
the ball and end-effector in this paper, we choose the com-
mon Newtonian restitution model,2 which is an instantaneous
damped inversion of the arrival speed described by a coefficient
of restitution ρ ∈ [0, 1). Such restitution constitutes the discrete
dynamics

x+ = g(x) :=
[
0 −ρx2

]�
. (4)

In order to allow a combined stability analysis of the contin-
uous and discrete dynamics, we formulate the hybrid bouncing

1In practice, one may replace the asymptotic formulation in (2) with a finite
time goal depending on the individual setup. Section IV discusses this issue by
means of Zeno behavior resulting in (29).

2The inaccuracy of this model is largely compensated by the robustness
against U3. This robustness is gained by the UZAS notion in Section III.

Fig. 4. Flow set (5) and jump set (6) of the hybrid bouncing ball H with
states x1 as the height of the ball and x2 as its velocity. The cones illustrate the
influence of the γ-sign on the vector field (7) in phase space. The dashed line
indicates the jump map (8).

ball dynamics H = (C,D,f , g) in the form of [26] as

C = {x : x1 ≥ 0} (5)

D = {x : x1 = 0, x2 ≤ 0} (6)

ẋ = f(t,x) for all x ∈ C, t ∈ [0,∞) (7)

x+ = g(x) for all x ∈ D (8)

where (C,f) describe the continuous domain and dynamics
(flow) and (D, g) describe the discrete domain and dynamics
(jump). Note that this is a nonautonomous system because γ(t)
is a time-varying function.

Fig. 4 visualizes the flow- and jump-sets given in (5) and
(6). The cones depict the vector field that results from (7) in
phase space depending on the sign of γ. Directions for γ ≤ 0,
illustrated by the dotted quadrants of the cones, are prevented in
the remainder of this paper. For γ > 0 the system is guaranteed
to hit the end-effector at some point in time, but a time-varying
γ may still lead to increasing velocities x2(tc) between impacts
and, thus, unstable behavior. Section III tackles stability for
γ > 0 and its relation to the coefficient of restitution ρ.

As will be shown, success in open-loop nonprehensile catch-
ing corresponds to finding accelerations γ(t) for t ≥ 0, which
provide asymptotic stability with respect to the compact set
A := {x : x1 = 0, x2 = 0}, cf. (2), for a large set of initial
relative states. A desirable, asymptotically stabilizing, 1-D so-
lution γ∗(t) may directly be applied to a ballistic catch using
the dynamical system parameterization derived next. Conditions
for γ∗(t) to become asymptotically stabilizing are discussed in
Section III.

C. Parameterization of the Ballistic Motion

Consider a reference frame denoted by orthogonal unit vec-
tors û, v̂, and ŵ, depicted in the right part of Fig. 5. The first
two unit vectors û and v̂ are parallel to the floor. The third unit
vector ŵ is normal to the floor and, thus, aligned parallel with
the direction of gravity g. Hence, during free flight, a rotation
around ŵ exists such that the velocity in v̂-direction becomes
zero. From here on we, thus, assume v̇ = 0 at all times allowing
planar treatment in the û-ŵ-plane of flight.
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Fig. 5. Left: Hybrid bouncing ball with accelerated end-effector acting as
unilateral constraint. Right: 2-D ballistic trajectory after rotation around ŵ such
that v̂ is normal to the flight plane. The release point is given at time t = tr < 0.

Remark 1: With an appropriate rotation around ŵ, assuming
v̇ = 0 is generally mild because no acceleration due to gravity
occurs in v̂-direction. In the presence of collisions, assuming
v̇ = 0 is only mild for spherical objects. Due to the poor pre-
dictability of polygonal collisions, instantaneous changes of v̇
may occur. Motion in this direction, however, may be easily
countered with a box-like end-effector design and consideration
of U3.

In the following, a parameterization is derived for the flight
path angle α, which describes the vertical direction in the û-
ŵ-plane of flight. Based on the parabolic equations of ballistic
flight, it is shown that the flight path angle α can be expressed
as a function of the horizontal position u to describe the 1-D
motion on the ballistic path. The dotted line in Fig. 5 represents
such a ballistic path. This path is uniquely defined for free object
flight if the object position and velocity vector is known at one
point in time. Therefore, in order to define the path, the release
at tr < 0 with object position (ur , wr ), object speed νr , and
object flight path angle αr are taken as given. Uncertainties at
tr map to U1 and are therefore included.

The object position for t > tr is

u(t) = ur + νr (t − tr ) cos αr (9)

w(t) = wr + νr (t − tr ) sin αr − 1
2
g(t − tr )2 . (10)

For the parameterization along the ballistic trajectory, substitute
the time of flight by the u-coordinate, which identifies the object
state uniquely. Solving (9) for t gives

t(u) =
u − ur

νr cos αr
+ tr (11)

which is only a function of constants and the position u. Hence,
velocities for a particular object trajectory can be expressed in
terms of constants and u by

ẇ(u) = νr sin αr − g
u − ur

νr cos αr
(12)

u̇ = νr cos αr . (13)

The flight path angle after release may be denoted by α(t) for
t > tr or, using (11)–(13), in the parametrized form

α(u) = atan

(
ẇ(u)

u̇

)
(14)

which results in a negative α for the catching situation in Fig. 5.

Using the aforementioned parameterization in terms of u, the
object acceleration in flight direction is given by

γO (u) = −g sin (α(u)) . (15)

The parametrized velocity of the free flying object in flight
direction using (12) is given by

νO (u) =
√

u̇2 + (ẇ(u))2 . (16)

See also Fig. 5 for direction and sign conventions.
The focus in this paper, however, is on the motion an end-

effector has to perform on the ballistic path in order to stabilize
the nonprehensile catch. Therefore, we define a second pair
of variables for end-effector acceleration γE and velocity νE .
These two variables are defined on the ballistic path and are
thoroughly discussed in the remainder of this paper. As d

dt νE =
γE , the acceleration γE is the input to the robotic catching
system and νE (t0) is an initial speed on the path that needs
further discussion.

D. End-Effector Motion on the Ballistic Path

Here, we present the first main contribution of this paper:
A dynamical system motion generator for P3 to reconstruct an
end-effector trajectory ξ := [ νE uE wE ]� from solutions γ∗(t)
of H.

A stabilizing relative acceleration γ∗(t) on the ballistic path
of an object in the û-ŵ-plane is tracked with an end-effector
motion described by the nonlinear dynamical system

ξ̇ = φ(t, ξ) =

⎡

⎢
⎣

γE (t, ξ2)

ξ1 cos (α (ξ2))

ξ1 sin (α (ξ2))

⎤

⎥
⎦ , ξ0 = ξ(t = 0) (17)

with acceleration γE (t, ξ2) = γO (ξ2) − γ∗(t) and α from (14)
evaluated at ξ2 = uE . Hereby, the first state ξ1 = νE is the 1-D
end-effector velocity on the ballistic path, whereas the other two
states determine the position of the end-effector in the plane of
flight, cf., Fig. 5.

The initial end-effector state is defined

ξ0 =

⎡

⎢
⎣

νO (0) + x2(0)

u(0) + (x1(0) + r) cos (α(0))

w(0) + (x1(0) + r) sin (α(0))

⎤

⎥
⎦ (18)

using (9), (10), (14), and (16). The scalar r denotes the radius of
the object circumcircle and therefore ensures that the object and
end-effector are initially disjoint.3 Note also that (18) is based on
the assumption of sufficiently small (x1(0) + r), which allows
to assume γO (uE ) � γO (u) in the remainder of this paper. For
a given initial end-effector state ξ0 , the desired end-effector
trajectory ξ(t), thus, results from a numeric integration of (17)
with input γ∗(t).

Section III analyzes and discusses the influence of γ on bounc-
ing ball dynamics and, thus, on robotic catching. The choice of

3If a range of differently sized objects should be caught with the same setup,
one may simply choose r from the largest possible object at the cost of increasing
U1.
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the relative initial state x(0) is crucial for the success of an
open-loop catch and will be discussed in Section IV. As a re-
sult, Section V proposes an optimization-based motion planner
for robotic catching that finds γ∗(t) while taking dynamic limi-
tations of the robot into account.

III. STABILIZING RELATIVE MOTIONS

In this section, we regard stability of the 1-D bouncing ball
(5)–(8) in the presence of U1–U3. First, the theorem of Or et al.
[35] on uniform Zeno asymptotic stability (UZAS)4 is reviewed.
Then, we derive a corollary on the maximum possible rebound
height for the UZAS system. At the end of the Section, an
academic example illustrates robustness of the presented theory
to U1–U3.

A. Review of Uniform Zeno Asymptotic Stability

Consider the hybrid dynamical system H from (5)–(8) with
set-valued acceleration

γ(t) ∈ [γmin , γmax] , where 0 < γmin ≤ γmax . (19)

Or et al. then proved the following theorem in [35].
Theorem 1 (Or et al. [35, Th. 1]): The origin of a bouncing

ball H with set-valued acceleration (19), possesses uniform
Zeno stability if and only if

ρ2 <
γmin

γmax
(20)

holds.
For the detailed proof refer to [35]. Here, we sketch and

discuss the major steps of the proof, which allow a novel view
on the robustness problem formulated in U1–U3.

The proof relies on a sophisticated Lyapunov function V :
U → R≥0 with U =

{
x ∈ R2 : W (x) > 0

}
defined by

V (x) = κx2 +
√

W (x), where W (x)=
1

2p(x2)
x2

2 +x1

with p(x2) =

{
γmax , if x2 ≤ 0

γmin , if x2 > 0

and κ =
(

1√
2γmax

− ρ√
2γmin

)
1

1 + ρ
. (21)

Interestingly this piecewise defined Lyapunov function is con-
tinuous and continuously differentiable on dom V even though
kinetic energy is deducted instantaneously from the hybrid
bouncing ball system at every collision

V (g(x)) = V (x) (22)

for all x ∈ D. Furthermore, by verifying that

〈∇V (x),f〉 ≤ −κγmin (23)

holds for all x ∈ C\{0}, one concludes that V (x) is a strictly
decreasing Lyapunov function. Therefore the origin is UZAS.

4Zeno behavior describes the occurrence of infinitely many impacts in a finite
amount of time. Formal definition, e.g., in [35, Def. 1].

Fig. 6. Flow and jump sets of the hybrid bouncing ball H over a single period
starting at x(0). The acceleration γ satisfies (19) and (20). Any fast or slowly
varying acceleration within the bounded set leads to a lower rebound height
than a single switch from the lower to the upper bound at the maximum height
(γ = −p(x2 )), which is the “most unstable solution” [35].

For the bouncing ball follows from (19) robustness with re-
spect to uncertain relative acceleration (U2) as visualized with
single flow periods in Fig. 6. From (20) follows robustness
with respect to uncertain restitution behavior (see U3). Further-
more, it becomes possible to establish continuous contact with
a single open-loop acceleration γ(t) for a range of initial states
x(0) ∈ C ∪ D, which relates to U1. Hereby, γ(t) might even be
chosen constant. As a result, given a sufficiently small U1 pro-
vided by the repeatable robot throw, the approach in this paper
does not require replanning of the catching motion, nor does it
require real-time measurements of the object state.

B. Bounded Rebound Height

Besides the stability of system H, we are also interested in a
bound on the rebound height after an arbitrary point in time t′

subject to (19) and (20). The following corollary offers an easily
applicable answer. Thereby, the abbreviations for the relative
height x1(t′) =: h′ and relative velocity x2(t′) =: ν ′ are used.

Corollary 1: If the acceleration γ(t) of the hybrid bouncing
ball system H satisfies (19) and (20) for all t > t′, then the
maximum possible rebound height for all t > t′ is limited by

x̄1(h′, ν ′) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

h′ +
(ν ′)2

2γmin
for ν ′ ≥ 0

max

[

h′,
ρ2

(
(ν ′)2 + 2γmaxh

′)

2γmin

]

for ν ′ < 0

(24)

based on the relative state x(t′) =: [h′ ν ′ ]�.
Proof: Due to (19), the ball reaches the highest point at zero

relative velocity (x2 = 0) in every rebounding cycle. Further-
more, due to the UZAS property, in every consecutive cycle
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the highest point x1(x2 = 0) is smaller than in the previous
one. Hence, in order to compute x̄1 , it is sufficient to calculate
the first x1(x2 = 0) after t′ in the presence of the worst case
acceleration scenario given by p(x2) in (21).

The first case in (24) represents the rising phase, i.e., ν ′ ≥
0. Here, we simply take the current height h′ in addition to
the height that could be gained by transforming the current
kinetic energy into potential energy under the smallest possible
acceleration.

In the falling case ν ′ < 0, a collision occurs before the next
peak height is reached. Denoting the first postimpact velocity
after t′ as ν+ , we already know from the previous step with
h′ = 0 that x̄1 = (ν + )2

2γm in
. With the restitution law ν+ = −ρν−

the relation to the preimpact state becomes

x̄1 =
(−ρν−)2

2γmin
. (25)

Finally, the maximum possible velocity of ν− is what we get
from the kinetic energy of ν ′ in addition to the velocity gained
by transforming h′ into kinetic energy under the largest possible
acceleration

ν− = −
√

(ν ′)2 + 2γmaxh′. (26)

Inserting (26) in (25) results in the second line of (24), con-
sidering that x̄1 must never be smaller than the current height
h′. �

For acceleration ratios (20) close to one, the presented the-
orem and corollary are not restrictive because nearly the full
range of the coefficient of restitution ρ is allowed. Vice versa,
the restrictions on ρ become tight if a large range of accelerations
γ must be covered.

In nonprehensile robotic catching, we will later see that con-
vergence speed improves as γmin increases, which can also be
concluded from (23). Large acceleration, however, may only be
provided in P3 (following) because P4 (deceleration) is typi-
cally governed by comparably little acceleration. Under typical
conditions the Zeno time may lie in P4, illustrated with Example
1 at the end of this section. Therefore we have to deal with a
restrictively large range of accelerations.

C. Illustrative Example and Discussion

During P3 the robot tracks the ballistic flight path and is ca-
pable to produce a large relative acceleration. The tracking du-
ration of P3 is limited by the kinematic and dynamic constraints
of the robot. If tracking is not possible anymore, P4 starts and
provides only low relative acceleration. Here, we present a re-
alistic example to discuss UZAS from Theorem 1 and the novel
Corollary 1 focusing on uncertainty U2 in P3 and P4.

Example 1: Consider a relative initial state x(0) =
[
0 0.9

]�

at start of P3, which means the hybrid bouncing ballH is initially
in contact and has positive velocity. The restitution is chosen
ρ = 0.35. In P3, the robot moves according to (17) with the goal
to apply γ∗ = 25 ms−2 . In P4, the goal is to maintain previously
established contact with γ > 4 ms−2 . Two acceleration patterns
are simulated to represent U2 in the presence of these goals.
Both are depicted in the lower plot of Fig. 7. The solid line

Fig. 7. Height of a bouncing ball over time with initial state x(0) = [0 0.9]�
and restitution ρ = 0.35. The dashed lines in the upper plot indicate the respec-
tive upper bound x̄1 from (24), which is decreasing. The Lyapunov function
(middle) based on (21) is continuous and decreasing to zero in finite (Zeno)
time. Dynamics after the Zeno time are not considered. The upper acceleration
bound γm ax drops at tf = 0.1 s, which accounts for limited robot tracking
capabilities.

shows a simulation of noisy acceleration by means of a high-
frequent sine function between 20 ms−2 and 30 ms−2 in P3 and
between 4 ms−2 and 20 ms−2 in P4. The dotted line depicts
a simulation of the “most unstable acceleration” [35] that is
γ = −p(x2) using the previously mentioned bounds.

The first two plots of Fig. 7 show the simulation result for
height and Lyapunov function value (21) over time for a se-
quence of impacts. The fast variations of γ, which intend to
simulate noise, are not visible in the two upper plots, which
is due to the low pass property of the double integrating flow.
Moreover, the Lyapunov function value decreases faster during
t < 0.1 s, which is in line with (23) and, thus, we conclude that
large γmin is desirable.

In addition, the first plot also displays the evaluation of Corol-
lary 1 with dashed lines. For this evaluation, uncertainty U2 and
the drop in relative acceleration at t = 0.1 s is taken into ac-
count by γP3

max = 30 ms−2 and γP3
min = 4 ms−2 , which reduces

to γP4
max = 20 ms−2 and γP4

min = 4 ms−2 for t > 0.1 s. At the ex-
ample of a maximum rebound height hmax = 5 mm, indicated
by the horizontal line in the first plot of Fig. 7, one can see that
(24) already holds from t = 0.1 s. The simulated Zeno time here
is at t = 0.34 s in the most unstable case. Limiting the analysis
to only those solutions that have Zeno times that lie in P3 might,
thus, be overly restrictive. Hence, Section IV will introduce a
box-like end-effector and analyze the maximal Zeno time in a
formal way.

IV. TOWARD PREDICTABLE SUCCESS

So far, solving the general catching problem (2) in the pres-
ence of U1–U3 robustly has become possible using (17) and
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(20). Nonetheless, Example 1 illustrates that the lack of relative
acceleration in P4 leads to a large range γ(t) ∈ [γmin , γmax] if
(20) has to consider potential acceleration changes in both P3
and P4. Furthermore, the end-effector has been considered pla-
nar. In practice, relative motions perpendicular to the distance
measure h inevitably occur. Therefore, we here discuss a re-
striction of (2) to increase practical applicability and we discuss
to what extend a box shaped end-effector allows negligence of
motions perpendicular to h.

A. Success Prediction Based on the Maximal Zeno Time

The UZAS condition (20) formulates if the general catching
goal (2) can be achieved as t → ∞ and, thus, if a finite Zeno
time Z exists. Consequently, the notion of a maximal Zeno time
[35] becomes also applicable.

Theorem 2 (Or et al. [35, Th. 2]): If condition (20) is satis-
fied, all solutions are Zeno and their maximal Zeno time is given
by

Zmax(h′, ν ′) =

⎧
⎪⎪⎨

⎪⎪⎩

ν ′ + σU0,min

γmin
for ν ′ ≥ νc

ν ′ + U0,max(1 + βδ)
γmax

for ν ′ < νc

(27)

where

U0,max =
√

(ν ′)2 + 2γmaxh′

U0,min =
√

(ν ′)2 + 2γminh′

νc = −
√

2γminh′

σ2 − 1
, δ =

γmax

γmin

β = 2ρ
1 + ρ

1 − ρ2δ
, σ =

√
1 + 2β + δβ2 . (28)

Proof: See proof in [35, Th. 2]. �
In practice, the general formulation with t → ∞ evaluated at

t = 0 s requires to consider acceleration changes in both phases
P3 and P4. Large values Zmax and small valid ranges for ρ
are the result. Therefore, we here propose the limitation of the
time horizon to the tracking phase P3 with controllable relative
acceleration. The general catching goal (2), thus, reformulates to

h(t → tf ) = 0 and ν(t → tf ) = 0. (29)

Hence, successful catching becomes predictable for initial rela-
tive states that fulfill Zmax(x(0)) < tf , also subject to U1–U3.

Example 1 (revisited): Consider the acceleration range of P3
as described in Example 1 and restitution ρ = 0.35. Fig. 8 then
visualizes the maximal possible Zeno time (27) at the start of
P3 (t0 = 0) depending on the initial relative state x(0). The
solid contour indicates Zmax = 0.1 s, which allows to conclude
that all initial relative states enclosed by this contour and the
horizontal axis fulfill (29), and, thus, lead to continuous con-
tact already in P3. The dash-dotted contour indicates the effect
of U3, which illustrates that (27) is monotonically decreasing
(admissible U1 fulfilling Zmax < tf increases) as ρ decreases.

Hence, the proposed approach applies for all potential resti-
tutions below ρ and, thus, provides robustness for a range of ma-

Fig. 8. Contours indicating the maximal Zeno time (27) for Example 1 ac-
celeration bounds in P3

(
γ(t) ∈ [20, 30] ms−2

)
subject to the initial relative

state x′ = x(0) and ρ = 0.35. All initial states below the solid contour ful-
fill Zm ax < tf = 0.1 s. The dash-dotted contour indicates the trend of the
Zm ax < tf contour as ρ decreases.

terials (U3) without need for replanning. Even more important
is the resulting potential to overcome the problem of the diffi-
cult and imprecise estimation of an object dependent restitution
behavior.

From the revisited example, it becomes clear that in the pres-
ence of U1–U3 a robust initial relative state xrob(0) must lie in
the center of the area enclosed by the solid contour in Fig. 8.
The best choice for a nominal initial state, however, depends
on the expected magnitude in each dimension of U1. Nonethe-
less, the following corollary gives an orientation for potentially
good nominal initial relative velocities. In view of Fig. 8, the fol-
lowing corollary returns the velocity x2(0) for which the solid
parabolic contour reaches the maximal x1(0)-value.

Corollary 2: Assume condition (20) is satisfied, then the
nominal initial relative velocity

xrob
2 (0) = −γminZmax

2β + δβ2 (30)

maximizes the range of x1(0) for which (29) holds, where
Zmax = tf − t0 is the duration of P3 and β is calculated based
on the maximum expected restitution in h-direction.

Proof: First, rearrange the first case in (27) to become a
function of Zmax and ν given by

h =
(1 − σ2)ν2 − 2γminZmaxν + (γminZmax)2

2σ2γmin
. (31)

Then, take the derivative

dh

dν
=

(1 − σ2)ν − γminZmax

σ2γmin
(32)

where setting (32) equal to zero results in

ν =
γminZmax

1 − σ2 = −γminZmax

2β + δβ2 . (33)

Considering that σ2 > 1, a second derivative d2 h
dν 2 will always

be negative and thus (33) is a maximum.5 Repeating steps (31)–
(33) for the second case in (27) returns the same result. �

5Note here that (33) is directly related to νc in (28), e.g., by inserting the first
case of (27) into (33) and resolving for ν .
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Fig. 9. Simulation results of Example 2 to evaluate the influence on the relative acceleration in h-direction of motions perpendicular to h (a) and (b) and of
object rotation (c) and (d). In (a) and (b), the motion perpendicular to h has a magnitude of 1.4 ms−1 for which it stays within the previously assumed acceleration
bounds. In (c), the rotation of 20 rad s−1 about one object axis does not violate the acceleration bounds, except for the moment when the nearest edge of the object
switches. In (d), the rotation of 40 rad s−1 about one object axis leads to permanent violation of the acceleration bounds.

As a result, we recommend to first target a relative veloc-
ity according to Corollary 2 for the motion planning of future
catching robots as the knowledge of object states is inevitably
imprecise (U1). For example due to object state estimation errors
of vision systems or blind throwing robots, neglected aerody-
namic drag or unknown object shape. Hence, a negative offset
for x2(0), besides providing the necessary negative relative ac-
celeration (γ > 0), is suggested as primary measure to increase
success in robotic catching. If reliable success is achieved, one
may then further reduce impact velocities with velocity match-
ing x2(0) → 0, as considered in most previous dynamic catch-
ing approaches of lower success rate.

B. Previously Neglected Motions in View of Arbitrary Shapes

In this paper, the velocity components of the object perpendic-
ular to the distance measure h are neglected during parameteri-
zation and stability analysis. But, such parallel motions slowly
start to occur for t > 0 and become nonnegligible in magnitude
when the end-effector has to move away from the ballistic path
with start of P4. In case of nonspherical objects, already the first
collision in P3 may induce significant motions perpendicular to
h. We, here consider the following three major issues related to
motions perpendicular to h.

1) Unpredictable Velocity Transformation: Rotation or ve-
locities perpendicular to h may be transformed into velocity
in h-direction at collisions, whereas the outcome of such col-
lisions with objects of arbitrary shape is hardly predictable.
Even coefficients of restitution ρ > 1 in h-direction are likely
to occur. On the other hand, frictional losses tend to be higher
for polygonal objects compared to spherical ones. Therefore,
calculations from the previous section cannot predict success
or failure for arbitrarily shaped objects in a quantitative way.
Nonetheless, Theorem 2 and Corollary 2 allow to analyze the
qualitative effect of many variables. In order to regain explicit-
ness lost through impacts, the object state after collisions, or at

least h and ν, must be measurable. Taking such measurements
is a challenge itself, especially for small rebounds and, thus, lie
beyond the scope of this paper.

2) Effect on Acceleration Uncertainty (U2): Rotation or ve-
locities perpendicular to h are the major source of U2, including
errors and unmodeled changing tilt angles of the end effec-
tor. The presented theorems and corollaries all rely only on
the boundedness of the relative acceleration γ(t), which al-
ready includes robustness against U2. They do explicitly not
require knowledge of a particular acceleration pattern. There-
fore, the goal here is to exemplary study the influence of pre-
viously neglected effects on the range of occurring relative
accelerations.

Example 2: Consider a cube-object starting above the end-
effector as depicted in Fig. 9. Four scenarios are simulated
whereas the end-effector motion is always planned for con-
stant γ∗(t) = 25 ms−2 . Motions described in this second issue,
thus, cause all the deviation of relative acceleration in the upper
plots of Fig. 9. The initial absolute part velocity in h-direction
is chosen νO = 3.5 ms−1 and the initial relative velocity is cho-
sen ν(0) = −0.3 ms−1 . In the first two scenarios, the relative
velocity perpendicular to h has, thus, a comparably large magni-
tude being chosen 1.4 ms−1 . As can be seen in the acceleration
plots, the deviation from γ∗ in this simulation is at most 5 ms−2 .
Hence, the conservative choice of acceleration bounds used in
Example 1 covers a notably large range of unmodeled veloci-
ties perpendicular to h. The other two scenarios (c-d) in Fig. 9
illustrate the effect of rotation on the relative acceleration γ(t).
In view of (1) and its derivatives, the closest vertex can switch,
resulting in a velocity jump and, thus, very large relative ac-
celeration instants. Therefore, nonspherical parts temporarily
violate (20) here. Very fast rotations as shown in scenario (d) as
well as very fast velocities perpendicular to h can even lead to
permanent violations.

As Example 2 illustrates, the notion of set-valued accelera-
tion introduced with (19) compensates a considerable range of
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Fig. 10. Left: Kinematic model for n actuated rotational degrees of freedom.
The û-ŵ-frame coincides with the robot base. Right: Unactuated, box-like end-
effector with height hm ax and prismatic joint as “virtually” actuated DOF
qn +1 .

rotational and translational velocities neglected in Sections II
and III.

3) Limited End-Effector Domain: The object may leave the
limited domain of a planar end-effector.

So far, the end-effector has been assumed planar like a plate.
However, even if (29) holds and no form or force closure is used,
the object may start to roll or slide on the end-effector after
entering P4. Therefore, we propose the box-like end-effector
design in Fig. 10 to prevent objects from falling off. Moreover,
such motions parallel to SE have an additive or subtractive
effect (depending on the direction) on the relative acceleration
between the object and end-effector, similar to what has been
analyzed with Example 2. Contact with the box walls may even
induce additional velocity. In order to prevent the object from
losing contact with SE , motion planning in P4 must pursue
sufficiently large negative relative acceleration.

In case of spherical objects and in view of Corollary 1, a
box-like end-effector may even enable successful catching if

x̄1(h′, ν ′) < hmax at t′ = tf (34)

holds, whereas hmax denotes the box height reduced by the ob-
ject radius, cf., Fig. 10. Again, we revisit Example 1 to quantify
the effect of the box height with the help of Corollary 1.

Example 1 (revisited): Consider the acceleration range of P3
as described in Example 1, restitution ρ = 0.35 and the same
range of potential initial relative states as in Fig. 8. A simulation
now calculates how the relative object state x evolves until
tf = 100 ms based on the “most unstable” acceleration pattern
illustrated in Fig. 7. At time t = tf , Corollary 1 is evaluated
for all x(tf ) = [hf νf ]� using γP4

max = 20 ms−2 and γP4
min =

4 ms−2 . Fig. 11 illustrates the results.
Similar to the discussion in Section IV-A, negative relative

velocities turn out advantageous as rebounds remain comparably
small with respect to distance uncertainties.

V. FEASIBLE MOTIONS

In this section, we present an optimization-based motion plan-
ning approach to realize the stability concept from Section III
in the ballistic catching scenario. In order to maintain stability
claims, kinematic and dynamic feasibility of end-effector mo-
tions is always guaranteed. Therefore, the section begins with a

Fig. 11. Contours indicating the maximal possible rebound height (24) for
Example 1 acceleration bounds

(
γ(t) ∈ [20, 30] ms−2

)
at the end of P3 (t′ =

tf ) and subject to ρ = 0.35. All initial states below the solid contour fulfill
x̄1 (hf , νf ) = 0 mm (Zeno solutions). The dash-dotted contour depicts the
x̄1 (hf , νf ) <5 mm contour.

standard formulation of the dynamic model. It follows an aug-
mentation of the related standard kinematic (SK) description
with an additional, “virtual” degree of freedom, enabled by the
nonprehensile approach.

A. Kinematic and Dynamic Model

Here, we formulate the n-DOF dynamics of a serial manip-
ulator and an augmentation to (n + 1)-DOF kinematics. The
augmentation results from the nonprehensile approach because
the end-effector provides a range of possible contact points.

1) Standard Kinematics (SK) and Dynamics: Consider a
robot with n actuated rotational degrees of freedom q̄ ∈ Rn

as shown in Fig. 10 on the left. The dynamic equations for this
serial robotic structure have the well known form

M(q̄)¨̄q + C(q̄, ˙̄q) ˙̄q + G(q̄) = τ (35)

with the mass matrix M ∈ Rn×n , the Coriolis matrix C ∈
Rn×n , the gravitational vector G ∈ Rn , and the input torque
τ ∈ Rn . This paper will demonstrate that n = 2 is sufficient for
the dynamically challenging task of robotic catching using the
following augmentation.

2) Augmented Kinematics (AK): The augmentation is moti-
vated by preliminary investigations for the 2-DOF SK in our
experimental setup. With 2-DOF no redundancy, except for
the choice between over- and underarm configuration, exists
given the ballistic path and a desired end-effector acceleration
on this path. The motion of a ball thrown from an exemplary
distance of 1.77 m cannot be tracked. In order to find a joint
trajectory q̄(t) that is nonetheless kinematically and dynami-
cally feasible, we exploit the nonprehensile DOF. surface of the
end-effector. So, the contact point is an extra degree of freedom,
though not actuated. For an extensive evaluation of kinematic
augmentation in nonprehensile scenarios, the reader may refer
to [36].

In the planar catching scenario, it is sufficient if any point of
the end-effector surface tracks the desired trajectory. In other
words, the ball can land anywhere on the surface of the end-
effector. So, the contact point is an extra degree of freedom,
though not actuated. We account for this by augmenting the
kinematic model with an additional, virtually actuated prismatic
DOF q =

[
q̄� qn+1

]�
, as visualized in Fig. 10.
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The newly introduced redundancy is resolved using a nor-
malized cubic Hermite spline

qn+1(t, tf ,p) =
1
t3f

(2p1 − 2p2 + tf p3 + tf p4) t3

− 1
t2f

(3p1 − 3p2 + 2tf p3 + tf p4) t2 + p3t + p1 (36)

on the interval t ∈ [0, tf ] with 0 and tf being the start and
end of P3 (see Fig. 2), respectively. The vector p ∈ R4 collects
the polynomial coefficients. With the Hermite spline (36), the
last joint is later constrained intuitively as the coefficients p :=[
qn+1(0) qn+1(tf ) q̇n+1(0) q̇n+1(tf )

]�
are the displacement

and the velocity of qn+1 at start and end of P3.
Given a particular parameterization p, a standard inverse kine-

matic problem for the first n joints of q ∈ Rn+1 with

q(t) = ζ(t, uE (t), wE (t),p, tf ) (37)

remains. In case of n = 2 the overarm configuration is chosen.
The first time derivatives of uE and wE are known from the
solution of (17). The second time derivative is calculated by
means of a numeric forward differentiation. Hence, the first
and second order differential inverse kinematics are uniquely
defined by

q̇(t) = J−1 [
u̇E ẇE

]�
(38)

q̈(t) = J−1
([

üE ẅE

]� − J̇ q̇
)

(39)

with the Jacobian J and its elementwise analytic time deriva-
tive J̇(q, q̇) = d

dt J(q). Note that we do not need to consider
singularities here, because such solutions are rejected by the
optimization performed next.

B. Kinematic and Dynamic Constraints

In order to maintain kinematic and dynamic feasibility with
the optimization-based motion planning approach, torque,6

power, and angular velocity limits are defined in

0 ≥ h(q, q̇, τ ) =

⎡

⎢
⎢
⎣

|τ (t)| − τmax

τ (t) ˙̄q(t) − Pmax

| ˙̄q(t)| − ˙̄qmax

⎤

⎥
⎥
⎦ ∈ R3n . (40)

The constraints in h apply in all motion planning phases. Using
qsum =

∑n
i=1 qi(t), the vector

0 ≥ h(3)(q, q̇, τ ) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

qsum − qmax

−qsum + qmin

−qn+1(t)

qn+1(t) − qn+1,max

˙̄q(tf ) − ˙̄qmin

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R4+n (41)

6Due to the use of gears, bushed dc motors and a power consideration on
mechanical level, deceleration at high velocities is supported by large frictional
effects. The negative torque limit is therefore more restrictive in all relevant
situations than a negative power limit.

TABLE I
PARAMETER AND CONSTRAINT VALUES FOR 2-DOF

collects kinematic constraints particularly for the most impor-
tant P3, indicated by the superscript (3) . The first pair in (41)
constrains the sum of joint angles to ensure that the end-effector
box is opened in the direction of the approaching ball, e.g.,
compare the SK in Fig. 10 and the right-hand robot in Fig. 18.
In case of more than two actuated DOF, the first pair in (41)
may be replaced by an equality constraint that restricts the an-
gle between the end-effector’s normal vector (cf., [9]) and ŵ to
α(uE ). As a result, relative velocities perpendicular to h, and
therefore U1 and U2, would reduce. The second pair of con-
straints is the length of the virtual prismatic joint qn+1 . Note
that its derivatives q̇n+1 and q̈n+1 are not constrained in h(3) ,
which can then be exploited by an optimization program. The
constraint parameters of the robots used in this paper are pre-
sented in Table I. The dynamic limits therein are chosen below
the hardware specification to leave an action margin for the
low-level joint controller after the optimization.

C. Motion Planning for P3

Most critical for nonprehensile catching is P3 (cf., Fig. 2),
in which the robot end-effector follows the ballistic flight path
of the ball. So far, the theorems in Section III defined, which
range of the relative acceleration γ(t) stabilizes a bouncing ball
on this ballistic path. The dynamical system motion generator
(17) with initial state (18) allows to reconstruct the 3-D end-
effector motion. A beneficial choice of x(0) was discussed in
Section IV.

Still undefined at this point are the redundancy parameters p,
the final time (duration) of P3 tf , and the shape of γ(t). These
remaining design parameters must now be chosen while being
implicitly constrained by (40) and (41).

Our motion planning approach is the formulation of a con-
strained dynamic optimization problem

minimize
p,tf ,γ (t)

− κγmintf

s.t. (35) using (17)–(18) and (36)–(39)

h(q, q̇, τ ) ≤ 0, h(3)(q, q̇, τ ) ≤ 0 (42)
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Fig. 12. Block diagram visualizing the generation of the workspace motion
by (17) based on γ and ξ0 . Using the augmented differential inverse kinematics
together with p, the motion translates into joint space and the constraints for
the dynamic optimization problem (42) are obtained.

visualized in Fig. 12. The chosen cost function partially orig-
inates in (23), which quantifies the convergence speed of the
Zeno behavior that inevitably occurs during any nonideal con-
tact transition. We then propose to multiply the quantified con-
vergence speed with tf to maximize robustness. The most im-
portant property of this cost function is its independence from
the initial relative state x(0), which accounts for the use in an
uncertain environment. Nonetheless, it should be noted that a
desired x(0) needs to be chosen for initializing the integration
of (17) with (18) during constraint handling.

In order to solve the problem as a static optimization problem
with one of the many available solvers7 the acceleration γ(t)
needs to be parametrized and constraints evaluated at discrete
time steps. Here, we simply choose γ constant and consider an
acceleration uncertainty γmin = γ − Δγ and γmax = γ + Δγ.
The dynamic constraints are evaluated at N equally distributed
discrete points in time tk = tf k

N −1 , k = 0, 1, . . . N − 1. The vec-
tor of constraints, thus, enlarges to h ∈ R(3n+4)N +n .

Many other choices for γ(t) and the other optimization vari-
ables are possible and depend on the requirements of the appli-
cation. For example, the release state at time tr on the throwing
side could be added in order to adapt the ballistic trajectory to
the dynamic capabilities of the catching robot or the dynamics
could be parametrized to optimize the catching robot for this
particular task at the design stage.

Example 3: Consider the release point, angle and ve-
locity given as in our experiment (n = 2) with ur =
u(tr ) = −1.77 m, wr = w(tr ) = 0.52 m, αr = 37◦, and νr =
4.50 ms−1 . The optimization variables are constrained by
the values in Table II. The inequality constraints h from
(40) are discretized over time with N = 50. Solving (42)

7We use Sequential Quadratic Programming (SQP) in MATLAB.

TABLE II
BOUNDS ON THE OPTIMIZATION VARIABLES

Fig. 13. Required torque of the two actuated joints to perform the P3 motion
in Example 3. While the motion governed by the AK stays within the limits of
τ1 ,m ax = 54 N·m and τ2 ,m ax = 38 N·m, a following motion with the standard
2-DOF kinematics would be dynamically infeasible.

Fig. 14. Exploitation of nonprehensile augmented DOF q3 in Example 3. The
frames visualize how the end-effector is used to track the ball’s flight path in
P3.

then results in κγmintf = 0.12, a constant relative accel-
eration γ∗(t) = 39.5 ms−2 and P3 duration tf = 0.101 s.
For the augmented DOF the optimization returns p =[

0.013 m 0.003 m −0.57 ms−1 0.055 ms−1 ]
.

The torques required to perform the P3 motion on the time
interval t ∈ [0, tf] are depicted in Fig. 13. While the motion
based on the AK stays within the limits, a following motion
with the SK would be dynamically infeasible. The most signif-
icant difference is observed at the beginning of the following
motion because here the desired velocity is the highest. In the
second half, the dynamic requirements become smaller and stay
within the constraints. This is owed to the fact that the desired
relative acceleration results in a decreasing desired velocity. The
dynamic requirements at the start of P3 are generally only met
at very few points by the SK in our robot’s workspace. The plot
and frames in Fig. 14 illustrate how the AK exploit the virtual
DOF to achieve dynamic feasibility. Further examples regarding
virtual joint exploitation may be found in [36]. Fig. 15 shows
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Fig. 15. Contours indicating the maximal Zeno time (27) for Example 3
acceleration bounds in P3

(
γ(t) ∈ [29.5, 49.5] ms−2

)
with the same scale as

in Fig. 8, but doubled Δγ for increased robustness. The solid contour marks
Zm ax = 0.101 s in view of (29). A further result of the optimization compared
to Fig. 8 is the reduction of the maximum occurring Zeno time from 0.28 s to
0.22 s in the depicted subspace.

the maximal Zeno time as described in Section IV-A, but here
with the optimized solutions for γ and tf from Example 3. In
comparison to Fig. 8, the Zeno times with respect to the initial
relative state have generally decreased.

D. Acceleration Planning for Throwing and Catching

In P1 and P2, cf., Fig. 2, the throwing and the catching robot
accelerate from a resting position to a dynamic goal state. In P4,
the catching robot decelerates from a dynamic state to a resting
position. These three phases demand the solution of two-point
boundary value problems of the same dynamical system (robot)
with different nonlinear constraints. Our method of choice is the
formulation of a constrained optimal control problem

minimize
τ

1
2

∫
τ�τdt

s.t. (35), h(q, q̇, τ ) ≤ 0, h(1,4)(t, q, q̇, τ ) ≤ 0

h0(q, q̇, t0 , tf ) = 0 (43)

that penalizes large absolute torques quadratically. This ap-
proach allows to account for the appearance of large rotational
velocities that require operation close to the motor velocity lim-
its or to the peak torque limits of the gears. Indicated by the
different superscripts of h, P1 and P4 require task-dependent
nonlinear constraints, which are described in the following dis-
cussion.

For throwing acceleration (P1), the goal state of the robot
is determined by the desired release state of the ball. As the
throw is carried out without grasping, the relative acceleration
in normal end-effector direction must always be negative in this
phase. A way of calculating this relative normal acceleration is
explained in [9] and contained in h(1,4) . In order to fix the ball in
tangential direction, we have advanced the end-effector design
of the Shannon-juggler by Schaal and Atkeson [13] from the
V-shape to the one depicted in Fig. 16. This design exploits cen-
tripetal forces during the rotational acceleration to fix a spherical
object in a known position relative to the end-effector. Stopping
at the release instant tr is realized by resetting the desired joint
velocities to zero. The desired joint angles are kept constant for

Fig. 16. End-effector design that reduces contact surface with the ball and
thus avoids jamming. Spherical objects are automatically driven to the depicted
throwing position, cuboids must be placed manually.

Fig. 17. Visualization of the throwing (left) and catching (right) motion.

t ≥ tr , respectively. The resulting throwing motion is visualized
on the left in Fig. 17.

For catching acceleration (P2), the goal state of the robot is
determined by the desired robot state at the beginning of the
subsequent following motion (P3) based on the choice of the
initial state in (17) using inverse kinematics from (37). Unlike
for throwing, no normal acceleration constraint with respect to
the end-effector applies for this phase.

For catching deceleration (P4), the initial state is the last state
of the following motion, which does not change due to the offline
computation of P3. The final state of this phase is the resting po-
sition from which the throwing motion starts accelerating in the
next step. During this phase the relative acceleration in normal
end-effector direction must be kept negative (h(1,4)) to maintain
stable bouncing and then continuous contact with the ball.

VI. EXPERIMENTS

Here, we introduce the experimental setup shown in Fig. 18.
Then, several sets of experiments with a large amount of tri-
als evaluate the effectiveness of the optimization based motion
planner and to what extend the proposed methods allow pre-
diction of success and failure. Moreover, repeatability beyond
spherical objects is demonstrated using a cuboid. A video in
the multimedia attachment provides slow motion scenes of the
experiment.

A. Setup

Two 2-DOF robots that are symmetrically mounted in a ver-
tical plane serve as the basis for the experiments. Fig. 18 visual-
izes the setup and Table I summarizes the robot’s kinematic and
dynamic parameters that are also used for the optimizations in
the previous section. A simple high-gain PD-controller jointly
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Fig. 18. Experimental setup with two symmetric robots acting in a common
vertical plane. Each robot has two actuated rotational degrees of freedom and is
capable of performing both the throwing and the catching task, without change
of hardware.

operates both robots at 1 kHz. If we let the joint displacement
error and joint velocity error be e and ė, respectively, the con-
trol law is τ = KP e + KD ė with KP = 12000 and KD = 100.
The joints consist of RE40 Maxon DC motors, MR Maxon (type
L) 1024-bit encoders, and HFUC Harmonic Drive 1:100 gears.
Hence, the joint displacement on the load side is measured with
an accuracy of 1.5 · 10−5 rad.

At the end of the kinematic chain, very simple, nonactuated,
box-like end-effectors are mounted, which is the major differ-
ence in comparison to grasping-based catching. As a result of
our simplistic setup, the timely interception of an object’s flight
trajectory (with appropriate gripper orientation) is not anymore
sufficient for successful catching. Hence, a P3 catching motion
will lead to (partial) failure, if the occurring uncertainties U1–
U3 are not sufficiently compensated. For example, any static
catching approach would result in a success rate of 0%.

Choosing the described robot–robot scenario also allows to
exclude human throwers and complex vision systems as po-
tential sources for failed catching attempts. Moreover, robotic
throws are repeatable except for uncertainties, which can be as-
sumed bounded. Given that no significant in-flight perturbations
occur, we can then link experimental catching success with crit-
ical parameters discussed in theory and simulation beforehand,
e.g., relative acceleration or initial relative states. With the robust
choice of the critical parameters proposed in this paper, offline
motion planning and open-loop operation become sufficient for
successful catching.

Due to the robustness considerations derived in this paper,
no visual feedback is needed during operation. Nonetheless, we
must perform a nonrecurring calibration of the release angle αr

and velocity νr . The first reason is that in the nonprehensile
throwing approach the ball does not leave the box immediately,
but slides along the edge of the box for a short time. During
sliding, the revolute joints perform a small angular overshoot,
which depends on various parameters. However, even for a sim-
ple PD-controlled robot the error in the release angle αr , here
approximately 3◦, does not differ notably in-between trials. Sec-
ond, the experimental setup is not perfectly symmetric, which re-
quires a difference in the release velocity νr of 2% depending on
the direction. The velocity is modified using standard dynamic
trajectory scaling [37]. The remaining uncertainties and inaccu-
racies must be compensated by the robust catch.

TABLE III
EXPERIMENTAL SETS

Fig. 19. Successful trials out of 80 for each test set xa
0 – xf

0 from Figs. 8, 11,
and 15. See Table III for details.

B. Evaluation and Discussion

The experiment intends to validate the presented formalism
in terms of catching success and dynamic feasibility. Moreover,
we take advantage of the repeatability the robot–robot experi-
ment provides in order to evaluate the robustness quantification
from Section IV-A. Therefore, the six test sets xa−f (0) listed in
Table III are carried out based on the three realistic simulation
examples used throughout the paper. As a reference, each test
set is additionally marked in Figs. 8, 11, and 15, respectively.
Calibration and throwing motion are the same for all trials and
sets. The statistical results are depicted in Fig. 19, each based
on 80 sequential trials per set, 40 in each direction. Slow motion
examples of typical catches (success and failure) are provided
with the media attachment.

The first three sets xa−c(0) have not undergone the cost op-
timization (42) and are based on Example 1 using a low edge8

box. Nonetheless, we used the implementation of (42) to find
a dynamically feasible joint trajectory. Fig. 20 exemplarily il-
lustrates the small errors. The initial relative velocity for the
sets xa−b(0) is chosen according to Corollary 2, whereas xc(0)
represents velocity matching, a common choice in literature.
Comparing the good results of xa(0) with the inferior results
of xc(0), the increased robustness through the use of Corollary
2 becomes apparent. Moreover, the robustness quantification
(27)–(29) correctly predicts significantly worse performance for
xb(0) compared to xa(0) as the maximal Zeno time of xb(0) is
longer than the P3 duration. Hence, the experiment underlines
the suitability of (27)–(29) to determine the range of potentially
successful initial relative states for particular catching motions.
Nonetheless, even in the presented controlled environment,
various uncertainty factors exist, which prevent exact predic-
tions of success and failure.

Test set xd(0) in comparison to set xb(0) serves to vali-
date Corollary 1 and therefore evaluate the influence of the box

8As low edge boxes we regard edge heights of less or equal than the distance
between an object’s center of mass and its farthermost point on SO .
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Fig. 20. Very small mean joint errors during P3 of ten xa (0)-trials verify
dynamic feasibility. The shaded areas indicate tree times the standard deviation.
From these errors results a worst case Euclidean error in the workspace of less
than 3 mm.

Fig. 21. Frames illustrating the successful catch of a cuboid.

height on the catching robustness. Noting that the initial relative
state xd(0) fulfills (34) and not (29), the correctly predicted im-
provement supports the use of Corollary 1 to explore the effect
of box height on catching success. Furthermore, the experiments
validate a beneficial effect using the cost function (42), which
originated in the proof of Theorem 1.

Test set xe(0) evaluates the optimized P3 motion as described
in Example 3. In view of Corollary 2, the reduced initial rel-
ative velocity ν(0) = −0.68 ms−1 accounts for the changes in
γ, Δγ, and tf . As can be seen from the results in Table III,
the optimized solution improved the already good results from
xa(0) to a sequence of 80 successful catches without failure.
The improvements are mainly due to the increased relative ac-
celeration. Hence, we may here infer that the presented approach
sufficiently compensates for the occurring uncertainties U1–U3
in case of the ball object.

The cuboid depicted in Fig. 16 is used in set xf (0) to evalu-
ate the potential generalizability for arbitrary object shapes. We,
here use the same robot motions as in the previous set xe(0),
which provides more robustness against the unpredictable col-
lision effects than the data in Example 2. In contrast to the
ball experiments, note that an operator relocates the cuboid af-
ter every catch to the throwing position shown in Fig. 16 as
the end-effector design automates relocation only for spherical
objects. The result are 78 successful catches, cf., Fig. 21, in a
sequence of 80 using a low edge box. Due to these promising
results, we believe that the Zeno-based approach constitutes a
suitable basis for a more rigorous generalization in terms of
arbitrary object shapes.

VII. CONCLUSION

In this paper, we presented a novel and provably robust frame-
work for robotic catching of spherical objects. The achieved ro-

bustness allows for uncertainties at all planning stages, including
but not limited to imprecise impact models and imprecise esti-
mation of the object state. A particular emphasis is placed on
the latter, which equals an uncertain initial state in our model.
As a result, it could be shown in simulation and experiment
that goal definitions in robotic catching with a particular nega-
tive initial relative velocity between the object and end-effector
significantly increase the success rate.

Analyzing the robustness is made possible through param-
eterization of 3-D catching as a 1-D problem on the ballistic
path. Therefore, we close the gap between robotic catching and
the 1-D bouncing ball problem often considered in hybrid con-
trol theory. With the 1-D model, progress in hybrid control
theory becomes accessible. A particular approach focusing on
the Zeno behavior of bouncing balls, that is the occurrence
of infinitely many impacts in a finite amount of time, is ap-
plied and extended. The 1-D solutions are then transformed
back into 3-D while respecting all relevant kinematic and dy-
namic limitations. Considering these constraints prevents dy-
namically infeasible motions, which were declared a major rea-
son for erroneous experiments in the past. The limitations could
even be satisfied with 2-DOF robots because the nonprehen-
sile task execution was exploited in form of a virtual prismatic
joint.

The robustness with respect to the impact model has shown to
be particularly beneficial for catching polygonal objects, which
are known to suffer from the poor predictability of collision
outcomes. Collisions of polygonal objects, however, transform
normal relative velocity partially into tangential relative veloc-
ity, which was neglected in the process of parameterization. The
neglected tangential relative motion influences the normal rel-
ative acceleration [9], which we analyze in simulation. Hence,
the success claims are less precise for such objects or a larger
range of relative acceleration must be considered at planning
stage. Nonetheless, an experiment could show reliable catching
for a cuboid.

Depending on the application, one may not only search for
maximum success but also for minimum impact forces, min-
imum impact velocity, or a robot linkage optimized for the
catching task. The 1-D model with the relative acceleration as
input constitutes an easy and powerful tool to formulate such
alternative goals. The presented methods may then be used to
identify what hardware is necessary to achieve the goal, e.g.,
dynamical capabilities of the robot or object state accuracy. In
order to achieve more accuracy or inter–trial flexibility, existing
object tracking frameworks could be added and combined with
a more flexible version of virtual joint motion planning [36].
As most promising, we expect the effect of accurate proximity
sensing of h with high-temporal resolution because it would
allow for closed-loop robotic catching.
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“Dynamic manipulation: Nonprehensile ball catching,” in Proc. Mediter-
ranean Conf. Control Automat., 2010, pp. 365–370.

[9] M. M. Schill, F. Gruber, and M. Buss, “Quasi-direct nonprehensile catch-
ing with uncertain object states,” in Proc. IEEE Int. Conf. Robot. Autom.,
2015, pp. 2468–2474.

[10] S. S. M. Salehian, M. Khoramshahi, and A. Billard, “A dynamical system
approach for softly catching a flying object: Theory and experiment,”
IEEE Trans. Robot., vol. 32, no. 2, pp. 462–471, Apr. 2016.

[11] K. M. Lynch and M. T. Mason, “Dynamic nonprehensile manipulation:
Controllability, planning, and experiments,” Int. J. Robot. Res., vol. 18,
no. 1, pp. 64–92, 1999.

[12] F. Ruggiero, V. Lippiello, and B. Siciliano, “Nonprehensile dynamic ma-
nipulation: A survey,” IEEE Robot. Autom. Lett., vol. 3, no. 3, pp. 1711–
1718, Jul. 2018.

[13] S. Schaal and C. G. Atkeson, “Open loop stable control strategies for robot
juggling,” in Proc. IEEE Int. Conf. Robot. Autom., 1993, pp. 913–918.

[14] A. Pekarovskiy, F. Stockmann, M. Okada, and M. Buss, “Hierarchical
robustness approach for nonprehensile catching of rigid objects,” in Proc.
IEEE/RSJ Int. Conf. Intell. Robot. Syst., 2014, pp. 3649–3654.

[15] R. Ronsse, P. Lefevre, and R. Sepulchre, “Sensorless stabilization of
bounce juggling,” IEEE Trans. Robot., vol. 22, no. 1, pp. 147–159,
Feb. 2006.

[16] P. Reist and R. D’Andrea, “Design and analysis of a blind juggling robot,”
IEEE Trans. Robot., vol. 28, no. 6, pp. 1228–1243, Dec. 2012.

[17] A. A. Rizzi and D. E. Koditschek, “Further progress in robot juggling:
the spatial two-juggle,” in Proc. IEEE Int. Conf. Robot. Autom., 1993,
pp. 919–924.

[18] T. L. Vincent, “Controlling a ball to bounce at a fixed height,” in Proc.
IEEE Amer. Contr. Conf., 1995, pp. 842–846.

[19] S. Schaal, C. G. Atkeson, and D. Sternad, “One-handed juggling: A dy-
namical approach to a rhythmic movement task,” J. Motor Behav., vol. 28,
no. 2, pp. 165–183, 1996.

[20] A. Zavala-Rio and B. Brogliato, “On the control of a one degree-of-
freedom juggling robot,” Dyn. Control, vol. 9, no. 1, pp. 67–90, 1999.

[21] B. Brogliato, Nonsmooth Mechanics: Models, Dynamics, and Control,
2nd ed., (ser. Communications and control engineering). New York, NY,
USA: Springer, 1999.

[22] R. Ronsse, P. Lefevre, and R. Sepulchre, “Rhythmic feedback control of
a blind planar juggler,” IEEE Trans. Robot., vol. 23, no. 4, pp. 790–802,
Aug. 2007.

[23] R. G. Sanfelice, A. R. Teel, and R. Sepulchre, “A hybrid systems approach
to trajectory tracking control for juggling systems,” in Proc. IEEE Conf.
Dec. Contr., 2007, pp. 5282–5287.

[24] J. J. BenjaminBiemond, N. van de Wouw, Heemels, W. P. Maurice H.
Heemels, and H. Nijmeijer, “Tracking control for hybrid systems with
state-triggered jumps,” IEEE Trans. Automat. Contr., vol. 58, no. 4,
pp. 876–890, Apr. 2013.

[25] A. Saccon, N. van de Wouw, and H. Nijmeijer, “Sensitivity analysis of
hybrid systems with state jumps with application to trajectory tracking,”
in Proc. IEEE Conf. Dec. Contr., 2014, pp. 3065–3070.

[26] R. Goebel, R. G. Sanfelice, and A. Teel, “Hybrid dynamical systems,”
IEEE Contr. Syst., vol. 29, no. 2, pp. 28–93, Apr. 2009.

[27] K. M. Lynch and T. D. Murphey, “Control of nonprehensile manipula-
tion,” in Control Problems in Robotics, (ser. Springer Tracts in Advanced
Robotics.) New York, NY, USA: Springer, 2003, vol. 4, pp. 39–57.

[28] J. Zhang, K. H. Johansson, J. Lygeros, and S. Sastry, “Zeno hybrid sys-
tems,” Int. J. Robust Nonl. Contr., vol. 11, no. 5, pp. 435–451, 2001.

[29] M. K. Camlibel and J. M. Schumacher, “On the zeno behavior of lin-
ear complementarity systems,” in Proc. IEEE Conf. Dec. Contr., 2001,
pp. 346–351.

[30] M. Heymann, FengLin, G. Meyer, and S. Resmerita, “Analysis of zeno
behaviors in a class of hybrid systems,” IEEE Trans. Automat. Contr.,
vol. 50, no. 3, pp. 376–383, Mar. 2005.

[31] A. D. Ames, P. Tabuada, and S. Sastry, “On the stability of zeno equilibria,”
in Proc. 9th Int. Workshop Hybrid Syst. Comput. Control. Berlin, Germany:
Springer, 2006, pp. 34–48.

[32] R. Goebel and A. R. Teel, “Lyapunov characterization of zeno behavior in
hybrid systems,” in Proc. IEEE Conf. Dec. Contr., 2008, pp. 2752–2757.

[33] Y. Or and A. D. Ames, “Stability and completion of zeno equilibria in
lagrangian hybrid systems,” IEEE Trans. Automat. Contr., vol. 56, no. 6,
pp. 1322–1336, Jun. 2011.

[34] A. Lamperski and A. D. Ames, “On the existence of zeno behavior in
hybrid systems with non-isolated zeno equilibria,” in Proc. IEEE Conf.
Dec. Contr., 2008, pp. 2776–2781.

[35] Y. Or and A. R. Teel, “Zeno stability of the set-valued bouncing ball,”
IEEE Trans. Automat. Contr., vol. 56, no. 2, pp. 447–452, Feb. 2011.

[36] M. M. Schill and M. Buss, “Kinematic trajectory planning for dynamically
unconstrained nonprehensile joints,” IEEE Robot. Autom. Lett., vol. 3,
no. 2, pp. 728–734, Apr. 2018.

[37] J. M. Hollerbach, “Dynamic scaling of manipulator trajectories,” J. Dyn.
Sys. Meas. Contr., vol. 106, no. 1, pp. 102–106, 1984.

Markus M. Schill received the Bachelor’s degree
and the Diploma Engineer degree in electrical en-
gineering from the Department of Electrical Engi-
neering and Information Technology, Technical Uni-
versity of Munich, Munich, Germany, in 2010 and
2012, respectively. He is currently working toward
the Ph.D. degree in hybrid system stabilization and
robot motion planning for robust manipulation from
the Chair of Automatic Control Engineering, Depart-
ment of Electrical and Computer Engineering, Tech-
nical University of Munich, Germany.

Since 2013, he has been a Researcher with the Chair of Automatic Control
Engineering, Department of Electrical and Computer Engineering, Technical
University of Munich, Germany. His research interests include the area of auto-
matic control and robotics with a focus on hybrid systems and optimal motion
planning.

Martin Buss received the Diploma Engineer degree
in electrical engineering from the Technical Univer-
sity Darmstadt, Darmstadt, Germany, in 1990 and
the Doctor of Engineering degree in electrical en-
gineering from University of Tokyo, Tokyo, Japan,
in 1994. He received the Habilitation degree from
the Department of Electrical Engineering and Infor-
mation Technology, Technical University of Munich,
Munich, Germany, in 2000.

In 1988, he was a Research Student with the Sci-
ence University of Tokyo, Japan, for one year. As a

Postdoctoral Researcher, he stayed with the Department of Systems Engineer-
ing, Australian National University, Canberra, ACT, Australia, from 1994 to
1995. From 1995 to 2000, he was a Senior Research Assistant and Lecturer
with the Institute of Automatic Control Engineering, Department of Electri-
cal Engineering and Information Technology, Technical University of Munich,
Germany. He has been appointed as a Full Professor, the Head of the Con-
trol Systems Group and the Deputy Director of the Institute of Energy and
Automation Technology, Faculty IV–Electrical Engineering and Computer Sci-
ence, Technical University Berlin, Berlin, Germany, from 2000 to 2003. Since
2003, he has been a full Professor (Chair) with the Chair of Automatic Control
Engineering, Technical University of Munich, Germany. From 2006 to 2014,
he was the Coordinator of the DFG Excellence Research Cluster Cognition for
Technical Systems CoTeSys.

Dr. Buss has been awarded the ERC Advanced Grant SHRINE.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


