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Abstract

In Machine Learning there are often parameters of the model or the training algorithm
that have to be known before the actual learning begins. These hyperparameters
can make a big difference to the success of a machine learning model, especially
since these models grow more complex as research on them advances. Advanced
automatic hyperparameter optimization algorithms were developed to find optimal
hyperparameters as fast as possible. I implement and compare two different approaches
in the context of SG++, a toolbox that uses Sparse Grids to perform different classical
machine learning tasks. Harmonica successively reduces the optimization search
space while Bayesian Optimization tries the most promising hyperparameter setting
based on previous results. I test them on regression and density estimation tasks and
discuss the strengths and weaknesses of both to show different use cases. Harmonica
requires more resources while being trivial to parallelize and more thorough in its
search. Bayesian Optimization converges faster and finds the optimal solution as long
as certain conditions are met.
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Abstrakt

Viele Parameter für Machine Learning Modelle und Algorithmen müssen vor dem
eigentlichen Lernprozess festgelegt werden. Diese sogenannten Hyperparameter kön-
nen maßgeblich über den Erfolg eines Machine Learning Modells entscheiden, vor allem,
da diese Modelle im Rahmen des wissenschaftlichen Fortschritts zunehmend komplexer
werden. Fortgeschrittene automatische Hyperparameter-Optimierungsalgorithmen
wurden entwickelt, um Hyperparameter so schnell wie möglich optimal zu beset-
zen. Ich implementiere und vergleiche zwei verschiedene Ansätze im Kontext von
SG++, einer Software, die Sparse Grids benutzt, um verschiedene klassische Machine
Learning Aufgaben zu bewältigen. Harmonica reduziert schrittweise den Suchraum
der Optimierung, wogegen Bayes’sche Optimierung immer die vielversprechenste
Hyperparameter-Konfiguration basierend auf vorherigen Resultaten testet. Ich über-
prüfe die Leistung der Algorithmen anhand von Regression und Dichte-Abschätzung
in SG++, vergleiche sie und zeige verschiedene Anwendungsfälle. Harmonica benötigt
mehr Resourcen, aber ist einfacher zu parallelisieren und gründlicher in der Suche.
Bayes’sche Optimierung konvergiert schneller und findet das Optimum solang gewisse
Bedingungen erfüllt sind.
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1 Introduction

In this chapter I will introduce the general context in which hyperparameter optimiza-
tion is important. In the end, the structure of the thesis will be outlined.

1.1 Machine Learning

In the past years, machine learning has seen a rise in popularity. Both a cause and
a consequence of this is the usage of more computational power to support more
complex models. In statistics and machine learning, data-based models are used to
represent complex relations between different observable statistics. If these statistics
are correlated, usually because of some presumed causality, the correlation can be
used to predict some statistics based on the observation of others. A popular machine
learning example is image classification. The statistics are the raw pixel data of an
image and its class, describing the contents of the image in terms of predefined classes.
Because the class membership is generally difficult to obtain algorithmically, a machine
learning model can be used to predict it from the raw pixel data. To make this possible,
the model needs data to "learn" from. This learning, also called training or fitting, is
performed by an algorithm that modifies parameters of the model in such a way, that
the model fits the data well afterwards. In the image classification example a neural
network, the model, is trained by means of gradient descent, the algorithm, to minimize
a loss function that models the quality of the fit. Step-wise the weights of the neurons
in the neural network get adjusted until the loss function converges. After this learning
process, the model has implicitly stored knowledge about the images in its parameters,
which are the weights of its neurons. They enable the trained network to make correct
predictions for future images.

1.2 Hyperparameters

As these models grow more flexible to be able to describe the growing amounts of
data that are available, they also need more tuning and configuration to make use
of that flexibility. This tuning often comes in the form of hyperparameters, a term
that describes all parameters that have to be determined before the actual process of
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1 Introduction

fitting a model to the data can start. These hyperparameters exist because data-based
models are designed to work in different scenarios, requiring modifications to both
algorithm and model. In the past these modifications were often done by using domain
knowledge (educated guessing) or rules of thumb. However, hyperparameters are
generally difficult to set. A common hyperparameter in the neural network case is the
learning rate. It changes the rate at which neuron weights are adjusted per learning
step and is essential for the performance of a neural network. While the consensus
is that low learning rates slow learning down and high learning rates might keep
the network from converging, the best choice depends on the data, because knowing
the best learning approach beforehand essentially requires to have solved the initial
problem beforehand as well.

To choose hyperparameters effectively and automatically, a range of hyperparameter
optimization approaches exist, most of them train the model multiple times with differ-
ent hyperparameter settings. For my thesis I implemented and tested two algorithms
and applied them to machine learning tasks performed with SG++, a toolbox using
sparse grids for a range of different applications.

1.3 Thesis Outline

In Chapter 2, I will introduce hyperparameter optimization, past work in the domain
and important notation. I will then give a brief introduction into SG++ in Chapter 3. To
gain an in-depth understanding I recommend reading [Pfl10]. After that, in Chapter 4 I
will explain the two algorithms Harmonica and Bayesian Optimization with a focus on
general strategy and mathematical theory. Implementational details follow in Chapter 5,
where I discuss the structure of the SG++ datamining pipeline, my additions to it and
specifics regarding both algorithms. In the end, in Chapter 6 I present my results and
in Chapter 7 I draw conclusions and present opportunities for future work.

2



2 Hyperparamter Optimization

In this chapter, I am going to explain hyperparameters in the context of optimization
and refer to existing literature on the topic.

Hyperparameters in machine learning describe a set of variables that modify how
a certain model is derived from data. These parameters can modify the algorithm
that performs this process but they can also be a parameter of the model that the
algorithm can’t reasonably determine itself. Most model parameters are being de-
termined through training by applying the machine learning algorithm to the data.
Typically efficient methods like gradient descent or analytical minimization are used
to optimize these parameters during training. By exploiting the model structure and
smoothness assumptions, these optimization techniques can be fast and precise. For
hyperparameters this process is more difficult because the optimization problem is far
less constrained. Hyperparameters are usually not independent of each other so the
number of possible combinations of hyperparameter values rise exponentially with the
amount of hyperparameters. In the past, hyperparameters were set by the machine
learning practitioner based on domain knowledge and trial and error. However, as
machine learning models got more complex and sensitive to hyperparameter choices,
the use of automatic hyperparameter optimization methods became more important.

Because training machine learning models is computationally expensive, the main
goal is to find good or optimal points with as few function evaluations as possible.
The most trivial approach to solve this problem is random search. This means that for
each evaluation all hyperparameters are chosen randomly within their viable range.
Although this is not very efficient, there are several advantages to random search over
more sophisticated algorithms. Besides the ease of implementation, it’s also trivial
to parallelize and most notably it needs no assumptions about the function or the
underlying search space to be valid.

In the end every efficient hyperparameter optimization algorithm makes some as-
sumptions and exploits them to gain an advantage over random search. Choosing the
best algorithm therefore depends a lot on the characteristics of the model and the kind
of hyperparameters it has.
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2 Hyperparamter Optimization

2.1 Previous Work

During my thesis I mainly focused on two algorithms: Harmonica [HKY17] and
Bayesian Optimization [SLA12][BCF10][Sha+16]. The first uses random search as
a baseline but reduces the search space after it has gathered enough information.
The second algorithm models the function as a Bayesian Process and maximizes an
acquisition function based on all previous results to determine the best point to sample
next.

Other approaches include Hyperband [Li+16] and Fabolas [Kle+17], both of which
use dynamic resource allocation. Hyperband is an advanced form of successive halving
[JT15], a technique that tests a lot of samples with low resources and grants more
resources to promising samples. These resources can be training episodes or dataset
sizes. Fabolas is a Bayesian Optimization variant that samples across variable dataset
size while optimizing the information about the optimum at full dataset size. This can
save time while being able to test more samples. In some domains, where gradients are
available, hypergradients can be calculated by chaining gradients through the training
process [MDA15].

2.2 Parameters

I have identified three different types of parameter. The main types are continuous
and discrete parameters. Optimization over them is different in several aspects and the
algorithms use different tools to deal with them. In terms of implementation it’s also
reasonable to use different number types to store their values. The third parameter type,
the categorical parameter, is a variant of the discrete parameter. The difference lies in the
spacial relationship of different values. Discrete parameters are assumed to be ordered
while categorical are not. For example, 2 is a middle point between 1 and 3, however
it might be difficult to find such a middle point for a number of different functions
like linear, exponential and sine. For Bayesian Optimization this differentiation is
important because it uses distance to reason about similarity. Harmonica doesn’t do
this so it is not affected. My solution is to set the distance between two categories of
a categorical parameter to 1 if they are not the same and 0 if they are. Geometrically
this is equal to placing n different categories on the corners of a regular n-simplex
in an (n− 1)-dimensional space. For two, three, and four categories that would be a
line, triangle, and tetrahedron respectively. The geometrical explanation only gives
the guarantee that this is indeed a valid distance measure in Euclidean space, the
implementation d(p1, p2) = (p1!=p2) of course doesn’t rely on it.
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2 Hyperparamter Optimization

2.3 Evaluation Function

Now I am going to take a quick look at the evaluation process in the context of
optimization and clarify notation. This is about the process of fitting or training a
model to train data and then testing it on test data (or performing cross-validation). It
can be seen as a function mapping from the space of hyperparameters to a score. I will
call the function evaluation function and the input a hyperparameter configuration or
simply a sample point. The output corresponds to the mean squared error between
prediction and ground truth when applying the trained model to the test set.

This function can now be studied with respect to optimization options. In general, the
function is assumed to be non-convex as convexity would require the hyperparameters
to interact in a specific way. In fact with a good number of hyperparameters it’s highly
likely that multiple local optima exist. Looking at the smoothness of the function,
noise is important. In the presence of noise, the function is generally not smooth,
which is why typically, there are no gradient-based methods found in hyperparameter
optimization. When accounting for noise, the underlying function can still be smooth.
This becomes important when choosing the kernel function for Bayesian Optimization
later in Section 4.2.2.

2.4 Exploration vs. Exploitation

Exploration and exploitation are two important counterparts when describing search
strategies. The idea is that every algorithm has to choose between exploring the domain
further in the hopes of finding a new separate previously unknown optimum and
exploiting the current optimum to find an even better point nearby. This trade-off in
the end decides about speed and success at finding the true optimum. An exploitation
heavy algorithm will usually be faster with a chance of finding the true optimum
very late or not at all. Random Search is a good example of a purely exploration
based method. It has no mechanism to exploit the knowledge gained while sampling.
From the two algorithms I implement, Bayesian Optimization has a stronger focus on
exploitation, while Harmonica spends a lot of time on exploration. These terms will be
used throughout my thesis, most importantly when discussing results in Chapter 6.
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3 SG++

SG++ is a toolbox implemented in C++ that provides various methods using adaptive
sparse grids as a mathematical model. These methods range from solving differential
equations over likelihood approximation to datamining. In the datamining context
sparse grids are used to approximate functions for tasks like regression or classification
on big datasets. Recently there have been efforts to create a user-friendly pipeline that
makes many of the already existing algorithms accessible through a single program that
can be configured with a json file. Over the course of my Bachelor’s thesis I explored
different techniques for hyperparameter optimization while implementing a module
for this task for the datamining pipeline. In this chapter, I explain sparse grids and the
hyperparameters I optimize.
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Figure 3.1: Composition of the red function left by adding of the hierarchical "hat" basis
functions on the right. (from [Pfl10])
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3 SG++

3.1 Sparse Grids

Sparse grids is a numerical method to represent a multidimensional function based
on a discretization in the form of a grid. Usually grid-based approaches require a
number of grid points that grows exponentially with the number of dimensions. This
makes computations quickly too expansive to perform reasonably, a phenomenon
known as the curse of dimensionality. Sparse grids provide a way of overcoming this
to some extent by only modeling important grid points while leaving out the majority
of the full grid. This is done by placing hierarchical basis functions on the grid and
combining them to build an approximation of the modeled function (see Figure 3.1).
By placing basis functions hierarchically as seen on the right and determining the
right combination of coefficients, the red function on the left can be constructed. This
technique allows the leaving out of a lot of basis functions whose coefficients would be
very small. [Pfl10, Chapter 2]

l1=1 l1=2 l1=3 l1

l2=1

l2=2

l2=3

l2

Figure 3.2: Unrefined grid structure of level 6 for two (left) and three (right) dimensions.
(from [Pfl10])

3.2 Refinements

Sparse grids can be created a priori in certain structures that manage to approximate a
function efficiently (see Figure 3.2). It has been shown by [BG04] that, under certain
smoothness assumptions, the approximation has relatively low bounds in computation
cost as well as in error. However, regardless of smoothness, local error estimation on
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3 SG++

the grid can be used to refine it by adding grid points in regions, where the function
approximation is the worst. This is done after a grid is fitted to data and such local
error estimation becomes possible. There are different refinement criteria possible, the
easiest being the coefficients of the existing basis functions. High coefficients indicate
big deviations from the parent basis function in the hierarchical structure. If a grid
point is identified as a good refinement candidate, its hierarchical children are added
to the grid. Multiple points can be refined at once this way during one refinement step.
After that the grid point coefficients get reevaluated. Multiple of such refinement steps
can be performed. [Pfl10, Chapter 2]

3.3 Parameters

Having covered the basics of sparse grids, I will list and explain the different hy-
perparameters present in the datamining pipeline. I optimize hyperparameters for
two applications, regression and density estimation. The last is a part of the bigger
classification task. Both applications use sparse grids in a similar way and rely on the
same hyperparameters governing grid construction. When discussing test results in
Chapter 6, I will explain technical differences. For now, I will treat them equally.

One very important hyperparameter fixes the number of refinement steps that are
performed. Including this parameter in the optimization poses a problem though.
Because refinement steps are performed in order on the same existing model, testing
multiple times with a different maximum number of refinement steps leads to doing
redundant calculations. There are different possible workarounds for this. After
evaluating a sample, the results for every refinement step could be returned. This
would however complicate the basic definition of the optimization problem and every
algorithm would need some specific tweak to deal with that. Additionally if the
algorithm later wanted to test more refinements it would still have to recalculate all
previous refinement steps. Because of these problems I decided to leave the parameter
out of the optimization and instead refine every model as long as it improves the
score up to a maximum number of refinements that has to be fixed beforehand. I do
this because the decline in performance after a certain amount of refinements can be
attributed to overfitting and some experimental runs have shown it to be unlikely that
performance increases again after falling once.

There are generally a number of different basis functions available, I will use two of
those: Linear and modified linear. Both are "hat" functions as shown in Figure 3.1 for
the 1-dimensional case. On the inside of the grid they are identical but on the boundary,
the simple approach is always 0. The modified linear basis function solves this problem
by going up at the boundary instead of down.

8



3 SG++

Table 3.1: Hyperparameters for SG++ regression

Name Type

Grid Basis Function Categorical
Grid Level Discrete
Max. Refinement Points Discrete
Refinement Threshold Continuous
Regularization Lambda Continuous

The grid level is the hierarchical depth of the unrefined grid in its standard pattern
as visible in Figure 3.2. The pattern is already sparse so it doesn’t contain all possible
grid points but the number of points still rise exponentially with the grid level.

The refinement threshold defines the minimum value for the refinement criterion
necessary for refinement.

The maximum number of refinement points refers to the points that are selected for
refinement. The limit doesn’t have to be exhausted but it can be beneficial to have such
a limit.

Lambda is a regularization parameter that affects the process of evaluating the coeffi-
cients for the basis functions. A higher lambda generally leads to smaller coefficients.
This can be used to counter overfitting but when to high will drastically flatten the
function approximation.

9



4 Algorithms

This chapter is about the two hyperparameter optimization algorithms I tested and
implemented. I will describe the procedure of each algorithm while roughly explaining
important maths along the way. Some steps will be explained in more detail in
the implementation chapter. At the end of the chapter, I will briefly talk about
parellelization as it is important to compare both algorithms.

4.1 Harmonica

The first algorithm, called Harmonica, was recently introduced in [HKY17]. For an
in-depth explanation, I recommend reading the original paper as I will only explain
core aspects and skip over a lot of theory.

Harmonica uses knowledge derived from Fourier Analysis of Boolean functions
to reduce the search space through multiple stages. Essentially it applies regression
on the evaluation function after doing a sufficient number of (random) samples. The
regression is done with special predictor variables that allow the algorithm to restrict
the search space based on the regression results. This means that Harmonica looks
for general trends in the function hoping that the optimum can be found following
that trend. This works especially well if there are a lot of hyperparameters and if the
interaction between them is not too complicated on a bigger level.

4.1.1 Parameter Space

The algorithm expects a hyperparameter configuration to consist of only boolean
variables so an implementation needs to provide a transformation to boolean space.
For continuous hyperparameters this means that the parameter has to be reduced to
a discrete space with 2bi values resulting in bi boolean variables that represent the
parameter in the algorithm. For discrete variables I recommend to test a range of
different values equal to a power of 2. Otherwise the mapping to boolean space either
has to map values twice or leave some out completely which could potentially lead to
undesired results. For clarification, harmonica has no concept of the hyperparameters
that are represented by the boolean variables. It can only bring them into context by
means of the constraints explained below.

10



4 Algorithms

4.1.2 Regression

Once the mapping is complete, n (around 200) samples are randomly drawn from
the space of 2b total combinations of boolean parameters. The drawing process could
also be done non-random but, to preserve theoretical guarantees, it is important that
the values of each parameter are expected to appear equally. After all samples are
evaluated, the boolean search space gets halved successively by introducing constraints
based on regression coefficients. The predictor variables are generated by the parity
function {−1, 1}n ⇒ {−1, 1} : p(X) = ∏x∈X x. Sets of up to 3 boolean parameters are
used to create predictor variables that model the interaction of these parameters. Sets
of size 1 are simply all the parameters themselves. Sets of size 2 are all combinations of
two parameters. The predictors calculated from these sets will be 1 for samples that
have the same (boolean) values for both boolean parameters included in the calculation
of that predictor. If the boolean parameters have different values, they are −1. This is
useful because it enables the algorithm to model any situation where the choice of two
parameters depends on each other. If, for example, two boolean parameters are used
to represent the same continuous parameter, their joined predictor separates the two
central points on the scale from the two outer points. Predictors for sets of size 3 are
calculated accordingly and can model more complicated relationships.

Table 4.1: Example for joined predictor with continuous parameters.

Continuous Parameter 0 1 2 3

Boolean Parameters (−1,−1) (−1, 1) (1,−1) (1, 1)

Joined Predictor 1 −1 −1 1

Ordinary Least Squares Regression with an L1-Regularization term, so-called Lasso
Regularization, generates coefficients for each predictor variable. Sorted by absolute
value the highest coefficients are transformed into constraints such that the predictor
variable can only take on the better value in the constrained search space.

4.1.3 Search space reduction

This means that after adding a number of constraints, some boolean variables are either
fixed in place or (if the predictor contained multiple variables) dependent on other
variables. The independent remaining variables can then be used to construct the
constrained space. In the next stage there are again n (or less) random samples drawn,
now from the constrained space. This is done by randomly setting the independent

11



4 Algorithms

variables and adjusting the others accordingly. After the samples are evaluated, another
round of constraints can be added and so on.

4.2 Bayesian Optimization

Bayesian Optimization is a relatively old procedure, first described in [Moc77]. The
general strategy of Bayesian Optimization is to view the evaluation function as a
random function, place a prior over it and use the posterior to predict the performance
of future samples. The random function is typically modeled with a Gaussian Process.
This means that the sample points are jointly Gaussian distributed. To learn more
about Gaussian Processes I recommend reading [RW06]. I will only highlight the
mathematical properties that are relevant for implementation. After that I will talk
about the choice of the kernel function, a measure of similarity used in the Gaussian
Process. Finally the acquisition function takes the Gaussian Process prediction and
returns a measure for the potential that lies in sampling that point next. By maximizing
this function the next sample point is determined. This point is then evaluated and
the Gaussian process in updated which in turn changes the acquisition function. The
procedure is visualized in Figure 4.1.

4.2.1 Gaussian Process

Since the Gaussian Process describes a multivariate normal distribution over all samples,
a single sample point can be described by a univariate Gaussian with statistics µt(x)
and σ2

t (x) [BCF10]. Intuitively speaking, points that are close to an already sampled
point have a similar mean and low variance. Those farther away have high variance
and a mean that relies mostly on the prior mean. Using those two values, with the
acquisition function one can pursue both exploration (high variance) and exploitation
(high mean). Assuming there are already a number of observations {x1:t, f1:t}, mean
and variance of a new candidate xt+1 can be calculated as follows [BCF10]:

K =

k(x1, x1) . . . k(x1, xt)
...

. . .
...

k(xt, x1) . . . k(xt, xt)

 (4.1)

The covariance matrix K of the Gaussian Process is a Gram matrix (or kernel matrix)
built by the kernel function k(x, x′). As long as the kernel function k(x, x′) is a valid
kernel [RW06], this matrix will always be symmetric and positive-definite. This property
can later be of use in the implementation section 5.3.
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acquisition max

acquisition function (u( ·))

observation (x)
objective fn (f( ·))

t = 2

new observation (xt)

t = 3

posterior mean (µ( ·))

posterior uncertainty
(µ( ·)±σ( ·))

t = 4

Figure 1: An example of using Bayesian optimization on a toy 1D design problem.
The figures show a Gaussian process (GP) approximation of the objective function over
four iterations of sampled values of the objective function. The figure also shows the
acquisition function in the lower shaded plots. The acquisition is high where the GP
predicts a high objective (exploitation) and where the prediction uncertainty is high
(exploration)—areas with both attributes are sampled first. Note that the area on the
far left remains unsampled, as while it has high uncertainty, it is (correctly) predicted
to offer little improvement over the highest observation.

The posterior captures our updated beliefs about the unknown objective func-
tion. One may also interpret this step of Bayesian optimization as estimating
the objective function with a surrogate function (also called a response sur-
face), described formally in §2.1 with the posterior mean function of a Gaussian
process.

To sample efficiently, Bayesian optimization uses an acquisition function to
determine the next location xt+1 ∈ A to sample. The decision represents an
automatic trade-off between exploration (where the objective function is very
uncertain) and exploitation (trying values of x where the objective function is
expected to be high). This optimization technique has the nice property that it
aims to minimize the number of objective function evaluations. Moreover, it is
likely to do well even in settings where the objective function has multiple local
maxima.

3

Figure 4.1: Demonstration of Bayesian Optimization on a 1D toy problem. Multiple
steps show the change in Gaussian Process predictions and acquisition
function. (from [BCF10])
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Additionally for a new candidate xt+1 I need the similarity to the observations as
given by [BCF10]:

k =

k(xt+1, x1)
...

k(xt+1, xt)

 (4.2)

Now for this candidate the mean and variance are [BCF10]:

µt(xt+1) = kTK−1f1:t (4.3)

σ2
t (xt+1) = k(xt+1, xt+1)− kTK−1k (4.4)

4.2.2 Kernel Function

As just shown, the purpose of the kernel function is to model the covariance matrix
of the Gaussian Process by providing a similarity measure. As such it is essentially
defining the main properties of the model function. Whether it can approximate the
evaluation function well depends on the choice of the kernel. The most common kernel
is the squared exponential kernel:

k(x, x′) = e−
‖x−x′‖2

2σ2 (4.5)

There are also other options that differ mostly in smoothness. The squared exponen-
tial kernel is infinitely differentiable so it’s a smooth kernel. Testing different kernel
functions could be beneficial in the future but for now only one kernel was used. Now
there is still an open parameter σ2 that is different from the σ2

t used in the Gaussian
Process. This variance measure decides how detailed the function model will be. A
smaller σ2 will cause points with equal distance to be perceived as less similar. This
increases the detail as points are less influenced by the global trend. However with
the mention of distance there arises a bigger problem. To calculate this distance the
different hyperparameters have to be put in a spacial relation of some kind. The σ2

can then be seen as a scaling factor for that space. Since introducing additional hy-
perparameters in hyperparameter optimization is always unwanted there are methods
to find the scaling factors for each hyperparameter. This process is called Automatic
Relevance Determination (ARD) because the scaling factor can be seen as the relevance
of a parameter for the output of the evaluation function. The simplest approach here is
to maximize the marginal likelihood of the Gaussian Process fit under different kernel
parameters, which simplifies to [Sha+16]:
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p(f1:t|x1:t) ∼ −fT
1:tK

−1f1:t − log|K| (4.6)

The two parts of that likelihood can be interpreted as model fit and model complexity
as smoother matrices have smaller determinants [Sha+16]. This means fitting a Gaussian
Process behaves similar to logistic regression.

4.2.3 Acquisition Function

The acquisition function combines mean and variance given by the Gaussian Process in
a sampling quality measure. There are several different acquisition functions to choose
from. The simplest calculates the probability of improvement over the best previous
result. On first thought this is a good idea but it doesn’t take into account the amount
of improvement that is achieved and thus focuses on minimal improvements. The next
step is to calculate expected improvement [BCF10]:

EI(x) =

{
(µ(x)− f (x+))Φ(Z) + σ(x)φ(Z) if σ(x) > 0

0 if σ(x) = 0
(4.7)

Z =
µ(x)− f (x+)

σ(x)
(4.8)

It calculates the expectation over the deviation of the mean that would result in an
overall improvement. Now the potential of uncertain points to outperform the best
previous result (x+) by a bigger margin is captured as well. There are other acquisition
functions like Entropy Search, which tries to predict the information gain about the
optimum but a comparison in [SLA12] shows that Expected Improvement can compete
with more recent approaches while still being relatively simple to implement.

4.3 Parallelization

When solving problems with high computational demand as is the case in hyperpa-
rameter optimization, parallelization can often help to accelerate testing cycles. This
is why, even though I did not implement parallel routines, it is important to compare
the algorithms with respect to potential parellelization. Bayesian Optimization is a
mathematically very elegant way of achieving good results in a short amount of time.
However, it is inherently serial and therefore difficult to parallelize. Still there are
multiple approaches for parallel Bayesian Optimization. One is building a joined acqui-
sition function for the next 4 or 8 samples, but this makes the auxiliary optimization a
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lot more difficult [WF16]. Another pretends that the result for a running evaluation
is already in and starts another evaluation based on the predicted value. All these
approaches manage to use parallel architecture but the increase in performance is
usually not proportional to the additional resources spent. Harmonica, on the other
hand, always evaluates a lot of samples at once so it is trivial to parallelize and able to
fully use additional resources. This means that every performance comparison depends
on the amount of resources available.
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In this chapter I will explain the class structure of the datamining pipeline in SG++
with focus on my own additions. Afterwards implementational details for specific parts
of both algorithms will be given, procedures and terms introduced in Chapter 4 are
assumed to be known.

5.1 Datamining Pipeline

Here I will give an overview over the structure of the code I worked on. In Figure 5.1 I
provide a simple class diagram to visualize the relationship of the new classes.

5.1.1 Module Structure

At the core of the datamining pipeline are three modules that are implemented using
the "Abstract Factory Pattern". The DataSource provides access to the data, the Fitter
contains the model like regression or classification and the Scorer handles interaction
between the two, managing evaluation and scoring of the model based on test sets or
cross-validation.

5.1.2 New Module: HPO

My addition to the project is the hpo module. It contains classes that are directly
responsible for the implementation of the algorithms, hyperparameter representation
classes and FitterFactory classes that build Fitter classes with their corresponding
configuration and provide a model-independent interface for the algorithms. The
abstract FitterFactory stores maps for each of the three parameter types that map
strings to the respective parameter class. It has methods that allow the algorithms
to get information about these parameters and then manipulate them. The concrete
factory adds parameters to those maps in it’s constructor and implements a buildFitter()
method that assembles a configuration for the specific fitter by getting (manipulated)
values from the parameter classes.

The hyperparameter classes contain the range on which the parameter is supposed to
be tested as well as discretization choices specific to Harmonica. HyperparameterOpti-
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FitterFactory

continuousParameters

buildFitter()

ConcreteFitterFactory

buildFitter()

ContinuousParameter

DiscreteParameter

HyperParameter

discreteParameters 
categoricalParameters

HyperparameterOptimizer

DataSource

Scorer

HarmonicaBayesianOptimization

ConfigurationBit

ConfigurationRestriction

BOConfig

Figure 5.1: Module Structure. Manipulation of hyperparameters is realized through
abstract factory and parameter classes.
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mizer is the class that similar to SparseGridMiner in the base package brings together
the different modules, in this case the DataSource, the concrete FitterFactory and the
HPOScorer which is a modification of the SplittingScorer. The HyperparameterOp-
timizer is assembled by a UniversalMinerFactory that calls configuration processing
and creates all the important classes.

For both of the two algorithms Harmonica and Bayesian Optimization there is a main
class that provides all main methods to run the algorithm in multiple steps. They are
called from the the HyperparameterOptimizer. There are also a range of helper classes
to represent different mechanics used in each algorithm. Additionally both algorithms
require functionality from the Solver and Optimization modules in SG++.

5.2 Harmonica

This section explains how the different steps explained in Section 4.1 are implemented
and what classes are used to represent the different structures.

5.2.1 Preparation

Starting with Harmonica the implementation is centered around the ConfigurationBit
class that represents the boolean variables Harmonica takes as input. The objects
of this class are stored by the parameter classes and pointers to them are retrieved
through the FitterFactory. Now the first step in the algorithm is to create random
configurations. This is done by creating a list of random integers without duplicates.
They are then translated into the boolean representation {−1, 1}b and used to set the
ConfigurationBits accordingly. Simultaneously the Fitters are build and the regression
matrix is filled. A structure of pointers to the ConfigurationBits is used to model which
bits each predictor variable is calculated from. This structure is later reused to build
the constraints.

5.2.2 Model Evaluation

After the preparation step the Fitters are evaluated. This is currently done in a for-
loop so parallel implementation on one or even multiple machines would be possible
without much intrusion into the system. The main part, calculating the constrained
space, follows next.
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5.2.3 Regression

The Lasso Regression is performed using the results and the previously build matrix.
This can be done with an SLE-solver. I used the Fista solver from the Solver module
because it already has the Lasso Regularization function as an option. Because the solver
is build for sparse grids but the matrix is relatively small I had to provide standard
matrix multiplication without usage of a grid to the solver in a helper class. After the
regression is done, I sort the weight vector by absolute value and add constraints based
on the sign of the weight.

5.2.4 Constraint Generation

For each constraint an object of class ConfigurationRestriction is created that is at-
tached to the ConfigurationBits that are affected. After that the method fixConfigBits()
is called for the first time. It’s general purpose is to resolve all existing constraints. It
does so by searching for constraints for which all but one bit are already set. The value
of that last bit can then be calculated. Once there are no more constraints that can be
resolved, any bit can be set without causing a contradiction. In my case this will be
the first unset bit that will at the same time be added to a list of free bits. This list will
later be used to create configurations in the reduced space. Right now, while adding
constraints, after resolving is finished, all of the constraints should be satisfied. If this
is not the case, the new constraint is removed again as it is in conflict with already
existing constraints.

5.2.5 Stages

Once the desired amount of constraints is added the previously taken samples are
reconsidered. If they lie in the constrained space, their information is still useful for the
next stage and can be used again in the next regression phase. The next stage starts
again by creating a list of unique random integers that get converted to boolean space.
This time the reduced space {−1, 1}b−r gets translated into the full space by resolving
the constraints for each configuration using the fixConfigBits() function. After that the
fitters are again evaluated and new constraints built. This process can be repeated as
often as desired but in practice 2-3 stages are a good compromise between exploration
and exploitation. [HKY17]
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5.3 Bayesian Optimization

This section explains details mostly surrounding numerics and optimization for Bayesian
Optimization. In practice to start the algorithm, the Gaussian Process is initially built
with a few (here 10) random samples. Hyperparameter configurations for Bayesian Op-
timization are stored by a dedicated class that also provides a range of helper methods.
Then the implementation mostly follows the procedure described in Section 4.2.

5.3.1 Matrix Decomposition

First the kernel matrix is formed. Calculating mean and variance requires the inverse,
but matrix inversion can lead to numerical instability. However, because a kernel matrix
is always positive-definite (see Section 4.2.1), Cholesky Decomposition can be applied.
I supplied two methods for decomposing and then solving a system accordingly. The
decomposition only has to be done once per sample while the solving is done for every
sample candidate during optimization of the acquisition function.

5.3.2 Acquisition Optimization

For this optimization I iterate over all combinations of discrete parameters and for
every combination I run a gradient-free solver to optimize the continuous parameters. I
use a Mulistart Nelder-Mead algorithm provided by the optimization module of SG++.
It starts at multiple random points and iteratively optimizes from there. It expects a
function mapping a vector to a scalar. This function is provided in the form of the
acquisitionOuter() function that handles calculation of kernel values and ultimately calls
the desired acquisition function. (here: Expected Improvement) It is to be noted that
the time required to perform this auxiliary optimization is assumed to be insignificant
compared to evaluating the score function. This assumption holds true in all tested
cases but in general the optimization method might have to be tuned accordingly by
reducing the number of start points or the number of optimization steps.

After the optimization is done, the best configuration gets evaluated and the re-
sult is used to update the Gaussian Process. Another row/column is added to the
(symmetrical) kernel matrix and it is decomposed again.

5.3.3 ARD

Another important step is to perform the Automatic Relevance Determination (ARD).
For this I reused the same optimizer as for the acquisition function though gradient-
based solvers or more advanced ARD methods could be used. Because ARD modifies
the kernel for each optimization step, the kernel matrix has to be decomposed for every
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step as well. The time required lies in O(n3) steps, where n is the number of samples, so
ARD is significantly more expensive than maximizing the acquisition function. For my
case it was still viable to do ARD after every sample but this is not strictly necessary.
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This chapter is about testing the algorithms in the SG++ context and discussing strengths
and weaknesses. I will introduce the different test cases and afterwards explain and
interpret the results visible in the figures.

6.1 Test Cases

Most of my testing focuses on the regression task in the datamining pipeline. This
is because density estimation was only partly available in the pipeline at the time
of testing. Specifically refinement was not possible for density estimation, which is
responsible for most of the hyperparameters.

6.1.1 Regression

For regression I tested on two different datasets that are available through the SG++
project and were used before in [Pfl10] for regression testing.

Table 6.1: Hyperparameters for SG++ regression

Name Type Range Bits

Grid Basis Function Categorical linear, modlinear 1
Grid Level Discrete [1, 4] 2
Max. Refinement Points Discrete [1, 4] 2
Refinement Threshold Continuous 10[−5,−2] 3
Regularization Lambda Continuous 10[−7,0] 5

The first is the artificial 10-dimensional friedman dataset. Five of those dimensions
are correlated with the target while the rest serve as decoy variables. Additionally
there is a normally distributed noise term with variance 1 so the best MSE achievable
without overfitting is also given by 1. The second dataset is the DR5 dataset which is a
real-world dataset used for redshift estimation of galaxies. It has four dimensions and
contains mostly data with high observation certainty. For both datasets the training
set size is set to 10,000 while the test set is 50,000 in size. Testing is relatively fast and
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there is enough data available, which allows getting high accuracy in performance
evaluation.

The hyperparameters for regression contain all parameters introduced in Chapter 3.
The ranges are based on prior tests but could be applied to most datasets as they are
relatively broad.

6.1.2 Density Estimation

For density estimation I optimized two hyperparameters (grid level and regularization
lambda) when running density estimation on a handcrafted dataset. For this task I
designed a 4-dimensional probability density function like this:

p(a, b, c, d) = (3− 6|a− 0.5|)2(−6b2 + 6b)(2a + 2)(5b + 2)c2a+1(1− c2a+2)5b+1 (6.1)

The function, visualized in Figure 6.1, is a valid PDF on the interval [0, 1] with
absolute density values under 10 making it relatively broad. It consists of two quadratic
components a and b and a Kumaraswamy distribution for c that takes a and b as
parameters to allow for interdimensional interactions. d doesn’t affect the density at all,
so the function is uniformly distributed in d. It’s important to notice that this PDF is
close to 0 at all boundaries and mostly smooth with the exception of the seam caused
by the absolute in a. I wrote a simple script to create datasets that are distributed
according to this function. To follow the implementation of the pipeline, testing is done
by calculating the mean squared error between density estimation and actual density
for a test set that itself is distributed according to the PDF. The procedure could be
altered to test the estimation at different points yielding different results. However,
I think accuracy in the high density ranges might be more important for tasks like
classification, so I stayed with that testing procedure. Since training without refining is
fast, both train and test sets contain 50,000 samples each.

Table 6.2: Hyperparameters for SG++ density estimation

Name Type Range Bits

Grid Level Discrete [4, 7] 2
Regularization Lambda Continuous 10[−10,0] 7

The hyperparameters for density estimation testing are grid level and the lambda
from regularization. I wanted to optimize over the basis function as well but the
modified linear basis function didn’t work for high grid levels producing numerical
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Figure 6.1: Artificial probability density function on domain [0, 1]4 for c = 0.5 and any
value for d.

instability errors. As it performs worse on lower levels as well, I decided to fix the basis
function to linear only. Because refinement was unavailable and no grid points can be
added after the initial fit, higher grid levels are needed to get good results. This is why
I only tested higher grid levels.

6.2 Test Results

Here are the results of my test and a few words of interpretation for each. Overall, the
results show that both algorithms work well for all test scenarios.

6.2.1 Friedman

In Figure 6.2 you can see the performance of the two algorithms on the Friedman
dataset. For clarity of the graph I don’t show the individual sample points.

First off, there appear to be hyperparameter configurations that don’t really work in
the sense that the error is near 200 for quite a number of samples. For this reason I cut
the graph in three parts that show different parts of the error range, all linearly scaled.
This way I can demonstrate different things in the same graph. For both algorithms I
show the samples that improve over the previous best result, as well as the median,
which is calculated for a block of 25 samples (one column in the graph). The median
is a good indicator for the general search strategy. Harmonica searches completely
random in its first stage before applying two constraints. These constraints manage to
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Figure 6.2: Test error over time on Friedman dataset, scaled linearly to highlight three
different ranges. Median is evaluated for 25 samples each and demonstrates
search behaviour. Bayesian Optimization focuses on good regions quickly
while Harmonica does so slowly with each stage. Both algorithms find
points near the optimum fast.

exclude the worst samples so the median drops to the medium range between 1 and 3.
In its final stage after applying two more constraints, the median drops again and it
can improve on its previous best result by a very small amount. Bayesian Optimization
on the other hand explores mostly during the first 75 samples. Then the median is
constantly very close to the optimum showing its greedy search strategy. Note that
Bayesian Optimization still explores the rest of the search space using a small fraction
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Figure 6.3: Test error over time on Friedman datset, enhanced to show initial develop-
ment. Dashed line marks end of random search for Bayesian Optimization.
It improves more frequently than Harmonica, which is de facto random
search in stage 1.

of its time, this can not be seen by looking at the median. Most importantly, both
algorithms find the optimum within approximately 100 samples. A closeup of this
region can be seen in Figure 6.3. The first 10 samples for Bayesian Optimization are
random sampled as a warm up. At this point it has already found some good results.
This means that the optimum for this task and dataset is relatively wide and easy to find.
However, Bayesian Optimization can still improve frequently, especially comparing to
Harmonica that is completely random during those first 100 samples.

6.2.2 DR5

The test on the DR5 dataset, visible in Figure 6.4, produces results, differing in a few
aspects. Overall the results, plotted to base 10−3 are very good and comparable to
results shown in [Pfl10]. However, in this test Bayesian Optimization fails to find the
same optimum that Harmonica finds. After inspecting the data, there appears to be a
small sub-optimum, that the grid points of Harmonica happen to fall into. This doesn’t
mean, Harmonica is the better algorithm but it demonstrates potential problems of
both algorithms. Bayesian Optimization doesn’t always explore enough and Harmonica
is dependent on its grid discretization.
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Figure 6.4: Test error over time on DR5 dataset. Bayesian Optimization fails to find the
true optimum, but Harmonica might have a lucky discretization advantage.
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6.2.3 Density Estimation

Because there are less hyperparameters involved the search is generally easier and
harmonica can be run with less samples per stage but, apart from that, the results are
similar to the other tests. Compared to the other tests, the error is relatively high as a
result of missing refinement.
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Figure 6.5: Test error over time on handcrafted density estimation dataset. Because
of low dimensionality in the hyperparameters, both algorithms perform
similar. The median is mostly governed by the discrete choice of grid level
as small changes in the continuous lambda don’t affect the result a lot.
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Hyperparameter optimization is a complicated topic and after research, implementation
and testing I can say that there is no algorithm that is right for every situation. For
application in the SG++ datamining pipeline, Bayesian Optimization has proven to
deliver good results fast, making it a good standard tool to make learning from data
work without requiring prior knowledge about any hyperparameters. Harmonica
is probably better suited for use in multi-machine parallel settings. It needs a lot
of samples but explores a big part of the search space and could handle a lot more
parameters than currently needed for SG++ [HKY17].

7.1 Future Work

In the end I will present a few possible topics for future work. All of those suggestions
should fit in with my current implementation and improve upon the current state in a
meaningful way.

7.1.1 Parallelization

As explained in Chapter 4, Harmonica is easy to implement in parallel although
cross-machine parellelization would still require significant setup. In my opinion this
kind of resource intensive optimization is only useful for very specific situations but
it can deliver certainty that indeed the optimum is found. Bayesian Optimization is
significantly more difficult to parallelize and requires adopting different approaches
on a fundamental level. Considering that a lot of the evaluation computation in SG++
can already be run in parallel, I expect there to be only minimal gain from a parallel
Bayesian Optimization approach.

7.1.2 Dataset Subsampling

An interesting approach that could work for SG++ is dataset subsampling. Basically
it means that samples are taken with different amounts of data in the training set.
The idea is to save time by doing cheaper samples on smaller training sets while still
learning about the behaviour at full size. The biggest problem is, that this correlation is
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previously unknown. Hyperband [Li+16] circumvents this by sampling across a wide
range of sizes and running the best samples of each size bracket on the full dataset.
This approach might work for SG++ but the base principle can also be applied to
Bayesian Optimization and, to some extent, Harmonica. Fabolas [Kle+17] is a version of
Bayesian Optimization that optimizes both the evaluation function and the evaluation
time needed to learn as quickly as possible about the optimum at full dataset size. And
according to the authors, Harmonica can learn constraints on small dataset subsamples
as well, but this has the risk of excluding the optimum based on false presumptions
about the underlying correlations. From small test it seems that good results on small
datasets often transfer to good results on large datasets for regression in SG++ but
theoretically this can’t be guaranteed.

7.1.3 Combining Algorithms

Another possibility is to combine different approaches. For example, after exploring
the search space with harmonica, the results could be used as input for Bayesian
Optimization to refine them further. This way the different strengths of both algorithms
can be combined.
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